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Abstract— The receive antenna gain of an antenna array crit-
ically depends on the receiver noise covariance. Receiver noise
essentially originates from two sources: the receive low-noise am-
plifiers (LNA), and background radiation that is received by the
array. In case that the LNAs are the sole origin of noise, it is state
of the art to argue that the receiver noise is spatially uncorrelated,
for noise originates in components of physically separate LNAs.
However, this argument ignores coupling between antennas due
to their spatial proximity, and moreover the coupling introduced
by the impedance matching network which is located between the
antenna outputs and the LNA inputs. Because of these coupling
effects, the receiver noise is usually spatially correlated even when
independent LNAs are the sole source of noise in the system.
The noise covariance, depends on the following four factors: 1)
antenna spacing of the array, 2) properties of the impedance
matching network, 3) noise-resistance of the LNAs, 4) intensity
of received background noise with respect to noise generated
by the LNAs. Taking these issues into account, we derive, in this
paper, the receive antenna gain of a uniform linear antenna array
of isotrops in closed form. It turns out that the receive antenna
gain can become much larger than the number of antennas. For
the case of low noise-resistance, and low relative intensity of re-
ceived background noise, we show that the receive antenna gain
can even grow exponentially with the number of antennas. These
results are exciting, because they imply that the performance of
communication systems which use multiple receive antennas can
be much better than previously reported.

I. INTRODUCTION

When there are multiple antennas employed only at the re-
ceiver’s side of the radio communication link, one speaks of a
single-input multi-output (SIMO) radio communication system.
In such a SIMO system, one can use the receive antenna array
for beamforming. By linearly combining the received signals,
one can achieve a higher average signal to noise ratio (ASNR)
than is possible with just a single isotropic receive antenna.
This effect is quantified by the so-called receive antenna gain.

The maximum receive antenna gain achievable by optimum
beamforming, critically depends on the spatial covariance of
the receiver noise. In case that this noise is spatially white,
optimum beamforming coincides with the technique of max-
imum ratio combining [1]. It is well known that in this case
the resulting ASNR equals the sum of the individual ASNRs
at each antenna. Hence, for an antenna array with isotropic ra-
diators, the maximum receive antenna gain under white noise
equals the number of antennas.'

On the other hand, if the noise is spatially correlated, opti-
mum beamforming is no longer equivalent to maximum ratio

Herein, the array dimensions are assumed to be small enough such that
each antenna of the array receives the desired signal with the same average
power. With spatially white noise, the ASNR is the same for each antenna.

combining. The maximum receive antenna gain can be both
smaller and larger than the number of isotropic antennas in the
array. It depends on how much noise power is actually con-
tained inside the algebraic sub-space where the desired signal
resides within. The key question therefore is: »How does the
noise covariance matrix look like?«. In order to answer this
question, we have to look more closely into the sources of
noise and the mechanisms of noise coupling.

In radio communication systems, it makes sense to distin-
guish between intrinsic noise, and extrinsic noise. While the
latter comes from background radiation which is received by
the antennas, the intrinsic noise originates from components
of the radio frequency front end — most importantly, from the
first stage of the low noise amplifier (LNA). When intrinsic
noise is the sole source of noise, it is the state of the art to
conjecture that the receiver noise is spatially white — or at least
uncorrelated. However, this conjecture is usually not correct!
While it is true that the noise sources inside each LNA gen-
erate noise independently, the individual noise contributions
superimpose because of physical coupling effects. Such cou-
pling occurs inside the antenna array because of the proximity
of closely spaced antennas (near-field coupling). Coupling also
occurs because of an impedance matching network that is fre-
quently connected between the antenna array and the input
of the LNAs. In this paper, we will see that because of these
effects the receiver usually experiences correlated noise, even
when it originates solely from within independent amplifiers.

An electronic LNA generates two kinds of noise: a voltage
noise, and a current noise [2]. It turns out that current noise
contributes quite differently to the noise covariance than does
voltage noise. Therefore, the noise covariance depends on the
relative intensity of these two kinds of noise contributions. It
is specified by the so-called noise-resistance, which is defined
as the ratio of the root-mean-square (RMS) noise voltage and
the RMS noise current [2]. In this paper, we will see that, the
lower the noise-resistance, the higher the receive antenna gain
becomes. For the case of noise of purely intrinsic origin, a
noise-resistance of zero turns out to let the receive antenna
gain grow exponentially with the number of antennas. Even
though a noise-resistance of zero — which is achieved only by
thermal noise of a resistor — is not possible to achieve with a
real electronic LNA, the result nevertheless unveils remarkable
capabilities of receive antenna arrays, which result from their
genuine noise coupling effects. This result is exciting, since it
shows that the performance of SIMO radio communication sys-
tems can be much better than previously reported. In summary,
the receive antenna gain depends on the following factors:
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Figure 1: Circuit-theoretic model of a receive antenna array cascaded with an impedance matching network and input of a

low-noise amplifier.
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In this paper, we derive the noise covariance and the result-
ing receive antenna gain of a ULA of isotrops in closed form,
making the following two assumptions:

@ The signal bandwidth is very small compared to the car-
rier frequency and to the inverse of the time it takes for an
electro-magnetic wave to propagate across the longest part of
the antenna aperture (so-called narrow-band assumption). This
assumption is met in existing mobile communication systems,
like GSM, or UMTS.

@ The impedance matching network is designed such as to
compensate the imaginary part of the impedance matrix of the
antenna array (so-called power-matching). While this may not
be the best way to design a matching network, this approach
has the advantage that we only need to know the real-part of
the impedance matrix of the antenna array in order to com-
pute the receive antenna gain. This is advantageous because
for computing the real-part of the impedance matrix we do not
have to go into complicated near-field calculations, but instead
can find the solution from a far-field point of view.

II. CIRCUIT-THEORETIC SYSTEM MODEL

We build our calculation of noise covariance on the circuit
theoretic system model from Figure 1. It consists of 3 blocks:
the receive array, the impedance matching network, and the
input of the LNA. The M-antenna receive array is described
as a passive, strictly-linear M—port, while the received sig-
nals are brought into the play by two voltage sources per port.

The voltage ug ;, with ¢ € {1,2,..., M}, models the desired
received signal, while 4y,; models the received background
noise (extrinsic noise). Mutual coupling between the antennas
is described by the impedance matrix Z, € CM*M x V/A,
such that the vector ua = (ua1 ua 2 uAyM)T, of the
receive voltage envelopes can be written as:

(D

where 44 = (ia1 a2 iA_’M)T, denotes the vector of the
envelopes of the electric currents that flow into the antennas,
and the vectors ug € CM*1 x V, and @iy € CM*1 x V, con-
tain as its elements the voltage envelopes of the desired signal
and the background noise, respectively. The received voltages
up are then fed to the input ports of an impedance matching
network, which operation is described by:

—jIm{ZA} jRe{ZA} —A

= . 2
iRe{Zy} o)\ i) @

up = Zaia + ug + un,

C7N

up

The vectors ug € CM*1 x V, and ig € CM*1 x A, contain
the voltage and current envelopes at the output ports of the
matching network. From (1) and (2) follows:

up = Re{Zx}ip +j(us+an), 3)

from which the rationale behind our specific choice of the
matching network becomes clear: the antenna coupling now
depends only on the real-part of the impedance matrix of the
antenna array. Moreover, the received voltages ug, and uy
appear essentially unchanged — merely shifted by 90° in phase
— at the output of the matching network. The voltage envelopes
in up are fed to the inputs of the LNAs. The latter are modeled
by a noiseless resistor R, and two sources which introduce
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the amplifier’s current and voltage noise envelopes, uy ;, and
iN,i, respectively. When we collect these envelopes into the
vectors uy € CM*1 x V, and iy € CM*1 x A, we can write
up = Rin — un — Rip. Substituting this expression into (3),
and solving for g, we find

in = R7'Q(Rix —ux —jix —jus),
where the matrix Q € CM>*M g defined as:
—1
Q =R (RIM n Re{zA}) , (5)

and I, is the M x M identity matrix. Note that Q = Q™ be-
cause Z5 = Z holds due to reciprocity of antennas. The vec-
tor of the output voltage envelopes w= (u; us U M)T,

can be written as u = Rin — Rtp. Together with (4) it there-
fore follows with Iy — Q = R™'QRe{Z, }, that:

(6)

Clearly, the amplifier noise current 2x contributes to the noise
portion of u quite differently than the amplifier noise volt-
age uy, or the background noise uyn. As we will see later, it
makes a big difference in performance, whether current noise
or voltage noise dominates the receiver noise.

u =

Q (jus +Re{Za )} in +uN+jaN).

III. SIGNAL MODEL

In the following, let us consider only the case where the an-
tenna array receives a single planar wave, as is the case in a
line of sight (LOS) environment. The receive signal voltage
envelope vector ug can then be written (see e.g. [3], page
135):

(D

. . N\T
ug = us-(l ein o=2in . e—(M—l).m>

a(0)

where ug € C x V, is the information bearing signal voltage
envelope carried by the electro-magnetic wave, and

®)

where A is the distance between the antennas in the ULA,
and ) is the wavelength of the carrier. The angle 6 denotes
the angle of arrival of the planar wave with respect of the array
axis. By defining the channel vector:

h = jQa(h) e C",

A
w= 27TX cos b,

)

with the array steering vector a(6) defined in (7), and further
defining a receiver noise voltage vector

n = Q(Re{ZA}iN+uN+jﬁN) e CMX1 v, (10)

we can rewrite the system equation (6) as:

u = h-us+n. (11)
The receiver noise covariance matrix is then defined as:
R, = E[mm"] e C"*M x V2 (12)

In the following, we assume that

. .H
E [iniy] = 81Iu, (13)
where § € R, x A2, is a constant, specific to the LNA, and
proportional to the noise bandwidth. All LNAs have the same
current noise intensity, but the current noises of different LNAs
are uncorrelated. We further assume

E [uxuy]| = B'R*Ly, (14)
where 3’ € R L X A2, is a constant, specific to the LNA, and
proportional to the noise bandwidth. Furthermore, let

~ ~H 52

E [axuy] = BR*®, (15)
where 3 € R L X A2, is a constant, that is proportional to the
intensity of the received background noise, and ® € CM*M
describes the spatial correlations. In general, (®);; = 1, for
1€{1,2,..., M}, because all antennas receive background
noise with the same power. When we assume that all of the
three noise sources above are uncorrelated, we find for the
resulting receiver noise covariance:

R, = GR? 1RZ2R2NI g
n = Q 2 e{ A} +ﬁ JVI“FE Q,
T
(16)
where the noise-resistance is defined as:
E ["LLN72-|2] ﬂ/
RN = I i Ry —. (17)
E [IiN,i| } A
IV. OPTIMUM RECEIVE BEAMFORMING
The receiver performs linear beamforming, according to:
s = wlu = wlh-us + w'ln, (18)

where w € CM*! is the beamforming vector, and s € C x V
is the resulting scalar voltage envelope. The signal to noise
ratio after beamforming is given by

wlhhHw

SNR = —_—
wliR,w

E [Jus|?] (19)
Optimum beamforming results in maximization of this SNR,
which leads to the well known solution wgp = R,‘, Lh (see

e.g. [3]). Hence, the maximum achievable SNR becomes:

SNRmax = E [Jus’] h" R, 'h. (20)
When we substitute (9) and (16) into (20) we arrive at:
Hoyx—la(d
SNRyax = E [|US\2] M (1)

BR? ’

where the matrix X € CM*M is defined in (16).
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V. THE REAL-PART OF THE IMPEDANCE MATRIX

In order to compute the optimum SNR we still need to know
the real-part of Z,. This can be computed in the following
way. Suppose that the array does not receive any signal, such
that both ug; =0, and un; = 0, for all antennas. When in
this case a current 24 flows through the antennas, the array
actually becomes a transmitter rather than a receiver. As a
result, an electric field is excited by the array. In a distance r,
well in the far-field, and a direction 6, the magnitude of the
electric field becomes (see e.g., [4] on pp 250 and 258):

e—_j27TT/ A

E=a« at (0)ix, (22)

r

where « is a constant. The power density is then given by (see
e.g., [5], eq. (8) on page 571):

S=dE [|E\2}

o lal® . . .
— 12| B [ifla"(0)a"(0)ia]

(23)

where o’ > 0 is another constant. The radiated power is then
obtained by integrating the power density over a sphere in the
far-field around the array:

Prad :/ SdA

sphere
1 s
= 4rd/ |a]* E |4} (/ a*(0)a™(9)sin(0) dH) A
———— 2 Jo
Ry

c (24)
On the other hand, the electric power put into the array is
given by:

Py = E [Re{iEuA}} . (25)

When we substitute (1) into (25), set ug = un = 0, and recall
that, due to reciprocity of antennas, Z = ZE, we find

Pu = B |l Re{Za}ia].

It is reasonable to assume that the antennas in the array are
lossless. Then the principle of conservation of energy demands
that P, = P;,q. Comparison of (26) with (24) shows that

Re{Zs} = RoC,

(26)

27)

where both the coupling matrix C € RM*M and the radia-

tion resistance Ry € R x V/A, are defined in (24). With the
array steering vector defined in (7), we obtain from (24) by
standard integration:

(C)m ,, = sinc <27r§ (m — n)) , (28)
where )
MY for @ #0,
sinc(z) = (29)
1 for x = 0.

VI. THE RECEIVE ANTENNA GAIN

If only a single isotropic radiator is present, we can see from
(21) applied for M = 1, that the SNR becomes

E [|us|?]
B(R%+ RY) + R23’

as (16) returns Y = (R? + R%)/R? + (/3, for M = 1, as
(@), , = 1, per definition. The receive antenna gain Agx, then
quan7tiﬁes how much more SNR we can obtain by using all
antennas of the array, compared to a single antenna of the
same type:

(30)

S NRsingle =

SNR
A . — max 1
A SNRsingle (3 )
RZ+ Ry fB
_ H —1 0 N
= a ()Y "ah) <R2 + il (31a)

In the following, we set the input resistance R of the LNAs to
be equal to the radiation resistance R of the isotropic antenna.
As a(0)a(f) = M, we find for the receive antenna gain:

a'(0) Y 'a(0 R}
CEH)(H)G(O)()<1+}%+23>. (32)

With the result (27), we have from (16) with R = Ry:

Arx = M

R2 3
T = C?+ 21, P.
+R2 +6

Note that Y depends on the antenna spacing A/, by virtue
of the matrix C. Hence, the receive antenna gain depends on:

(33)

@® number of antennas: M,

@ antenna spacing: A/,

® relative noise-resistance: Rn/ Ry,

@ relative intensity of background noise: Jéi /0,
® correlation of background noise: P,

® direction of beamforming: 6.

VII.

Let us now have a look how much receive antenna gain can
be obtained by a ULA of isotrops. To keep it simple, we as-
sume that the background radiation arrives at the array from
all angles with equal intensity. The correlation matrix ® is
therefore given by [6]:

2
P =
272 / /

With the definition of the steering vector from (7), it follows
from (34) by standard integration that

(@), = o (205 (m =)

where Jo(+) is the Bessel function of the first kind, and zero-th
order. Note that (®), , = 1, as desired.

In the following, we fix the angle 6 of the beamforming
to the value of # = 0, which corresponds to the direction
of the ULA line-up — the so-called »end-fire« direction. Let
us start the numerical evaluation by looking at a (theoretical)
scenario of zero background noise. That is, all noise origins

NUMERICAL EVALUATION AND DISCUSSION

0)dode. (34)

(35)
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Figure 2: Receive antenna gain in dB for two antennas, and zero background noise, as function of antenna spacing.

remaining parameters are § = 0, R = Ry.

from the LNAs. For a small array of M = 2 isotrops, we see
in Figure 2a, the receive antenna gain in dB, as function of an-
tenna separation. As was pointed out earlier, current noise con-
tributes differently to the overall receiver noise than does volt-
age noise. Figure 2a therefore contains four different curves,
which correspond to different values of the noise resistance. A
noise resistance of zero, means that the noise originates solely
from current noise. This is the case for thermal noise of a re-
sistor. One can therefore argue that zero noise resistance corre-
sponds to the case of having an ideal amplifier, which does not
introduce any additional noise besides the inescapable thermal
noise of the real-part of its input resistance. Hence, as can be
seen from the top most curve in Figure 2a, with ideal ampli-
fiers and no reception of background radiation, the receive an-
tenna gain grows unboundedly, as the distance of the antennas
is reduced towards zero. However, as soon as the noise resis-
tance is even slightly greater than zero, the receive antenna
gain first grows towards a maximum value as the antenna sep-
aration is reduced, and then begins to drop. We can see from
Figure 2a, that the peak receive antenna gain increases with
decreasing noise resistance. For high antenna gain it is there-
fore important, that the LNAs are designed such that current
noise dominates over voltage noise. A low noise resistance is
therefore more important than a low noise figure! Note that
for an antenna separation of half of the wavelength, or inte-
ger multiples thereof, the receive antenna gain always equals
the number of antennas. This effect comes about, because the
antennas cease to be coupled for that specific separations.
Let us now have a look at what happens when we allow
some amount of isotropic background radiation to be received
by the array. For the case of zero noise resistance — that is,
for ideal amplifiers which contribute only thermal noise in the
real-part of their input resistance — Figure 2b shows the result-
ing receive antenna gain in dB for a small array of M = 2

— —_ —_ [\
[=)) \© N % (o] —_

Receive Array Gain in dB

W

0.75 1
Antenna spacing, A/

(b) Dependence on isotropic background noise

0 0.25 0.5 1.25 1.5

The

isotrops. Interestingly, the supreme receive antenna gain now
occurs for infinitesimal antenna separation, regardless of the
relative intensity of the background radiation. This intensity
only affects the value of the supreme antenna gain. As can be
seen from Figure 2b, the supreme antenna gain reduces as the
background noise gains importance.

It is interesting to study the behavior of receive antenna gain
when the number of antennas is increased. Figure 3 shows the
results for different noise scenarios and a fixed antenna spac-
ing A = 0.35\. Let us start with the top most curve, which
is obtained for the case of ideal amplifiers, and no reception
of background radiation. Apparently, the receive antenna gain
grows exponentially with the number of antennas! The sec-
ond curve from the top shows what happens when we allow
reception of some background radiation, while still keeping
our amplifiers ideal. As we can observe, the receive antenna
gain starts out growing exponentially with the number of an-
tennas, but at a certain number (in this case around 4 or 5
antennas), begins to flatten out towards a linear growth. For
the third curve from the top, we leave the ideal amplifiers,
and allow some positive noise resistance. Clearly, the effect
of flattening out of the exponential growth is now more pro-
nounced. The more dominant background radiation becomes,
and/or the more dominant amplifier voltage noise becomes
with respect to the amplifier current noise, the less receive
antenna gain one obtains, and the less super-linear it grows
with the number of antennas. What we can learn from Figure 3,
is that even though exponential growth of receive antenna gain
with the number of antennas is possible, such growth is highly
sensitive to the presence of background noise and noise prop-
erties of the LNAs, such that it may not be usable in practice.
Nevertheless, a moderate increase of the receive antenna gain
over the number of antennas should be practical. In the case
B/ = R% /R3 = 0.1, we can still obtain 10.5dB receive an-
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Figure 3: The receive antenna gain in dB, as function of the
number of antennas for several amounts of background noise
and different noise resistance. Here: 6 = 0, and R = Rj.

tenna gain from just 4 antennas. This is 4.5dB more than the
usually expected 6dB gain!

We have already seen that the amount of achievable receive
antenna gain depends on the noise scenario, and on antenna
spacing. It therefore makes sense to optimize the antenna spac-
ing for maximum receive antenna gain. Figure 4 shows the
results. We can observe that the optimum spacing is always
below half of the wavelength. However, the larger the number
of antennas in the array, the more close the spacing should be
to half the wavelength. On the other hand, the less background
noise is received, and/or the more amplifier current noise dom-
inates over amplifier voltage noise (low LNA noise-resistance),
the more closely should the antennas be spaced.

Suppose now the antenna separation is chosen optimally
for receive antenna gain, how much more antenna gain can
be achieved compared to a standard half-wavelength antenna
spacing? The result is shown in Figure 5. While the increase

0.45

N
»

0.35

0.3

B/B =R /R3 =107
B/B = R% /R3 =107

B/8=RX/R3=10""

0.25

Optimum Antenna Spacing, A/

B/8 =R /Rt =1 1

0'052 3 4 5 6 7 8 9 10

Number of Antennas, M

Figure 4: Optimum antenna spacing as function of number of
antennas in different noise scenarios.
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Figure 5: Increase of receive antenna gain in dB, of optimally

spaced antennas, compared to half wavelength spacing. Here:

0 =0, and R = Ry.

in receive antenna gain grows with more antennas, most of
the possible increase in gain is achieved by M = 2 antennas.
This property makes a two element receive antenna array a
promising candidate for radio communication SIMO systems,
for it combines high relative gain in performance, with low
number of radio frequency frontends and low required space.
All presented results qualitatively hold true also for arrays of
Hertzian dipoles [7].

VIII. CONCLUSION

The receive antenna gain depends on the following four key
factors: 1) number of antennas, their radiation characteristics
and spacing, 2) relative intensity and correlation of received
background radiation, 3) noise-resistance of the receive am-
plifiers, and 4) direction of beamforming. In order to obtain
large antenna gain, the amplifier current noise should dominate
over its voltage noise and the received background radiation.
Large receive antenna gains are possible, even increasing ex-
ponentially with the number of antennas. Therefore, it is theo-
retically possible that channel capacity of wireless SIMO sys-
tems grows linearly with the number of antennas — a property
which has up to now been ascribed only to multi-input multi-
output (MIMO) systems. However, such exponential growth is
sensitive to noise-resistance and background noise. Moderate
super-linear growth might be implementable, though.
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