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ABSTRACT

In this work, Maximum Likelihood-detection (ML-detection)
for MIMO systems operating on quantized data is consid-
ered. It turns out that the optimal decision rule is generally
intractable. Therefore, we propose a suboptimal solution with
lower complexity. Assuming a Rayleigh fading MIMO envi-
ronment, an upper bound on the error probability is derived
for the case where the number of transmit and receive anten-
nas are equal. Furthermore, we introduce a new performance
measure that relates the outage properties to the bit resolution
in this context.

1. INTRODUCTION

The use of multiple antennas at both sides of the communica-
tion link (MIMO) is known to improve the power as well as
the bandwidth efficiency of communication systems. A com-
mon assumption that is made when designing receiver struc-
tures for these links is to assume that the outputs of the chan-
nel are continuous. In practice, however, an analog-to-digital
(A/D) conversion is applied to the received signal in order to
be processed in the digital domain. In this case, the perfor-
mance of MIMO systems can be limited by the resolution of
the analog-to-digital converter (ADC) and some performance
measures utilized in the literature can become useless in this
context. Especially in high speed application, the reliance on
the resolution of the quantizer becomes, from the practical
point of view, unjustified due to the high power consumption
and the circuit complexity of such components [1]. In this
case, quantization can dramatically affect the performance of
the proposed designs.

The following work is a complementary work to [2, 3,
4], where we have modified the conventional linear and non-
linear receiver designs, namely the minimum mean square er-
ror (MMSE) linear receiver and the MMSE-Decision feed-
back receiver, to take into account the presence of the quan-
tizer in a non-empirical way. Here, we will study the perfor-
mance of Maximum Likelihood detection (ML-detection) in
the context of quantized MIMO system.

The ML-detector based on quantized data is actually much
more complex than the conventional ML-detector in the un-
quantized case, since it requires the computation of the cu-

mulative distribution function of multivariate Gaussian dis-
tribution. Therefore, we propose a ”naive” ML approach to
come up with lower complexity while having almost the same
performance. Besides, we revise the definition of the well-
established performance measure of diversity for Rayleigh
fading MIMO channels affected by the quantization process,
and derive a relation between the bit resolution and the out-
age probability at asymptotically high Signal-to-Noise Ratio
(SNR) in this context.

Our paper is organized as follows. Section 2 describes the
system model and notational issues. In Section 3, we discuss
the properties of the chosen quantizer. Then we derive the
optimal detector in Section 4 and its ”naive”, computationally
less complex, approximation in Section 5. Next, we present
some simulation results in Section 6. Finally, in Section 7, we
deal with the relationship between quantizer resolution and
the performance in terms of error rate and outage probability.

In our model we assume perfect channel state information
(CSI) at the receiver, which can be obtained even with coarse
quantization [5].

2. SYSTEM MODEL

We consider a point-to-point MIMO Gaussian channel where
the transmitter employs M antennas and the receiver has N
antennas. Fig. 1 shows the general form of a quantized MIMO
system, where H ∈ C

N×M is the channel matrix. The vec-
tor x ∈ C

M comprises the M transmitted symbols from
a discrete modulation alphabet X . The vector η refers to
zero-mean complex circular Gaussian noise with covariance
Rηη = E[ηηH]. y ∈ C

N is the unquantized channel output

y = Hx + η. (1)

In our system, the real parts yi,R and the imaginary parts yi,I

of the receive signals yi, 1 ≤ i ≤ N , are each quantized by a
b-bit resolution uniform/non-uniform scalar quantizer. Thus,
the resulting quantized signals read as with l ∈ {R, I}

ri,l = Q(yi,l), (2)

where Q(·) denotes the quantization operation. For the case
that we use a uniform symmetric mid-riser type quantizer [6],
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the quantized receive alphabet for each dimension is given by

ri,l ∈ {(−2b

2
− 1

2
+ k)Δi; k = 1, · · · , 2b}, (3)

where Δi is the quantizer step-size (the same for the real and
imaginary dimensions) of each antenna and b the number of
quantizer bits, which is set the same for all the quantizers.

Q(  ) ML
H

x

y r

η
M N

x̂

Fig. 1. Quantized MIMO System.

In the following, we aim to compute the ML-estimate x̂ of the
transmitted uncoded symbol x. Throughout this paper, rαβ

denotes E[αβ∗]., ai symbolizes the i-th element of the vector
a and [a]i,l = ai,l with l ∈ {R, I} is the real or imaginary
part of ai.

3. QUANTIZER DESCRIPTION

Each quantization process is given a distortion factor ρ
(i,l)
q to

indicate the relative amount of quantization noise generated,
which is defined as follows

ρ(i,l)
q =

E[q2
i,l]

ryi,lyi,l

, (4)

where ryi,lyi,l
= E[y2

i,l] is the variance of yi,l and the distor-

tion factor ρ
(i,l)
q depends on the number of quantization bits b,

the quantizer type (uniform or non-uniform) and the probabil-
ity density function of yi,l. In our system, the uniform/non-
uniform quantizer design is based on minimizing the mean
square error (distortion) between the input yi,l and the output
ri,l of each quantizer. In other words, the signal-to-quantization-
noise ratio (SQNR) values that have an inverse relationship
to the distortion factors are maximized. Under this optimal
design of the scalar finite resolution quantizer, whether uni-
form or not, the following equations hold for all 0 ≤ i ≤ N ,
l ∈ {R, I} [6, 7, 8]

E[ri,lqi,l] = 0 (5)

E[ri,lri,l] = (1 − ρ(i,l)
q )ryi,lyi,l

. (6)

Obviously, Eq. (6) follows from Eqs (4) and (5).
Under multipath propagation conditions and for large number
of antennas the quantizer input signals yi,l are approximately
Gaussian distributed and thus, they undergo nearly the same
distortion factor ρq, i.e., ρ

(i,l)
q = ρq ∀i∀l. Furthermore, the

optimal parameters of the uniform as well as the non-uniform
quantizer and the resulting distortion factor ρq for Gaussian

distributed signal are computed in [8, 9, 10], for different bit
resolutions b.
If a uniform quantizer is used, the step size Δi for each an-
tenna i is computed as

Δi =

√
ryiyi

2
· Δ =

√
ryiyi

2
· 2cq2

−b, (7)

where Δ and cq are the optimal step size and clip level, re-
spectively, for a Gaussian source with unit variance. In the
high resolution case, it was shown in [10], that the optimal
quantization step Δ for a Gaussian source decreases as

√
b2−b

and that ρq is asymptotically well approximated by Δ2

12 .
In practice, the ADC has a fixed step size Δ′. This implicates
the necessity of an Automatic Gain Control (AGC) as shown
in Fig. 2. The AGC of each antenna i scales its input signal by
a factor βAGC,i such as the ADC output has a variance given
by

rr′r′ = (
Δ′

Δ
)2(1 − ρq). (8)

We assume that the system has an instantaneous AGC. Thus,
the AGC calibration will not be considered.
In the rest of this paper, we concentrate on the case of uniform
quantization.

ADCyi,l ri,l
r′i,l

βAGC,i β−1
AGC,i

Fig. 2. Automatic Gain Control for the ADC.

4. ML-DETECTION BASED ON QUANTIZED DATA

Since we have a finite number of transmit and receive sig-
nal points, the channel model can be referred to as a Discrete
Memoryless Channel (DMC) and characterized by a transi-
tion probability matrix P = [P (r|x)]. The ML-detector
maximizes the conditioned probability P (r|x) for a given re-
ceived quantized vector r

max
x∈XM

P (r|x) = max
x∈XM

P (y ∈ D(r)|x) (9)

= max
x∈XM

∫
D(r)

p(y|x)dy, (10)

where

p(y|x) =
1

πN |Rηη| exp
(−(y − Hx)HR−1

ηη (y − Hx)
)
,

(11)
and D(r) represents the quantized hyper-rectangular region
in the (2N)-dimensional real space corresponding to the con-
struction vector (centroid) r, i.e.,

D(r) =
{
y ∈ C

N |blow(ri,l) ≤ yi,l ≤ bup(ri,l);

∀i ∈ {1, . . . , N}, and l ∈ {R, I}} ,
(12)
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where the lower and upper boundaries of the quantization re-
gion read as

blow(ri,l) =

{
ri,l − Δi

2 for ri,l ≥ −Δi

2 (2b − 2)

−∞ otherwise,

and

bup(ri,l) =

{
ri,l + Δi

2 for ri,l ≤ Δi

2 (2b − 2)

+∞ otherwise.

The integral in expression (10) is generally intractable and
we have to resort to numerical and stochastic methods. Only
if the noise is uncorrelated, we can express it as the product
of the conditional probabilities on each receiver dimension
using the one-dimensional cumulative Gaussian distribution
function. For the case Rηη = σ2

ηI , Eq. (10) becomes then

P (r|x) =
∏
i,l

∫ bup(ri,l)

blow(ri,l)

1√
πση

exp

(
−
(

yi,l − (Hx)i,l

ση

)2
)
dyi,l

=
∏
i,l

{
Φ

(
bup(ri,l) − (Hx)i,l

ση/
√

2

)
−

Φ

(
blow(ri,l) − (Hx)i,l

ση/
√

2

)}
,

(13)
where Φ(x) represents the cumulative Gaussian distribution
and reads as

Φ(x) =
1√
2π

∫ x

−∞

exp(−t2)dt. (14)

5. ”NAIVE” ML-DETECTION BASED ON
QUANTIZED DATA

The ML-detector based on quantized data is actually much
more complex than the conventional ML-detector in the un-
quatized case, since it requires the computation of the cumula-
tive distribution function of a multivariate Gaussian distribu-
tion. Therefore we propose a ”naive” ML approach based on
a distance measure with R−1

ηη as metric to come up with lower
arithmetic complexity. The idea is the following: As the SNR
goes to infinity, the integral in expression (10) is characterized
by the distance of the noiseless receive vector Hx to the bor-
der ∂D(r), since this distance determines predominately the
probability of a jump from or to the quantized region D(r).
This can be also justified by the following properties of the
Gaussian cumulative distribution function{

Φ(x) ≤ 1
2e

x2

2 for x ≤ 0

Φ(x) ≥ 1 − 1
2e−

x2

2 for x ≥ 0.

Obviously, we have to distinguish the cases whether the noise-
less received vector Hx is within D(r) or not. Fig. 3 shows

an example with 2 receive antennas (only real transmission).
For the case that all possible transmitted symbols are outside
the quantization region D(r), we consider the projection ac-
cording to the minimal distance of each symbol on the border
∂D(r). The symbol which has been most probably transmit-
ted is then the one with the minimal distance to the region
D(r) among all the considered symbols. In Fig. 3, the sym-
bol x4 will be thus picked out as ”naive” ML-estimate.

Ant. 1

Ant. 2

Hx1

Hx2

Hx3

Hx4

Fig. 3. The ”naive” ML approach with possible transmitted
symbol lying outside of D(r), 2-bit quantizer and two receive
antenna.

Fig. 4 illustrates the case of having some possible trans-
mitted symbols within D(r). In this case we consider only
those symbols; and the one with the maximum distance to
the border ∂D(r) is the symbol, that has been most likely
transmitted. In this example, the symbol x3 is chosen as esti-
mate. Mathematically, the naive ML-detection for quantized
data can be described as follows

x̂naive−ML =argmin
x∈XM

dist(Hx, ∂D(r)) · inc(Hx,D(r)),

(15)
where

dist(Hx, ∂D(r)) = min
y∈∂D(r)

√
(Hx − y)HR−1

ηη (Hx − y),

(16)
and

inc(y,D(r)) =

{
1 if y /∈ D(r)

−1 if y ∈ D(r).

The distance (16) can be easily calculated using quadratic op-
timization techniques with linear inequality constraints, also
called quadratic programming (QP)

min
y

‖Hx − y‖2
R

−1
ηη

s.t. inc(y,D(r))=−inc(Hx,D(r)).

(17)
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Ant. 1

Ant. 2

Hx1

Hx2

Hx3

Hx4

Fig. 4. The ”naive” ML approach with possible transmitted
symbol lying within D(r), 2-bit quantizer and two receive
antenna.

For the case of i.i.d. noise, we get the following closed form
solution

dist(Hx, ∂D(r)) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
i,l

{
min

{
[Hx]i,l − blow(ri,l),

−[Hx]i,l + bup(ri,l)}} if Hx ∈ D(r)

⎡
⎣ ∑

i,l
[Hx]i,l−blow(ri,l)≤0

(
[Hx]i,l − blow(ri,l)

)2
+

∑
i,l

−[Hx]i,l+bup(ri,l)≤0

(−[Hx]i,l + bup(ri,l))
2

⎤
⎦

1/2

otherwise.

Although this simplified detector based on the Euclidean mea-
sure has still exponential complexity, since it requires an ex-
haustive search over the set XM , it can be used as a basis for
further developments with efficient search techniques.

6. SIMULATION RESULTS

The performance of the ML-decoder operating on quantized
channel measurements (MLQ) and its approximation (”naive”
MLQ) for a 3-bit quantized 4×4 MIMO systems (QPSK), in
terms of bit error rate (BER) averaged over 90000 Rayleigh
fading channel realizations, is shown in Fig. 5, compared with
the conventional ML-decoder (minimizing the euclidean dis-
tance ||Hx−z||22). Clearly, the exact ML-decoder and its
”naive” version outperform the conventional ML-decoder when
operating on quantized data especially at high SNR. This is
because the effect of quantization error is more pronounced
at higher SNR values when compared to the additive Gaus-
sian noise variance. Moreover, we see that the performance of

the ”naive” approach is very close to the exact one in spite of
the complexity reduction. The performance of our modified
MMSE receiver (WFQ) from [2] and the modified MMSE-
DFE (DFEQ) from [4] is also plotted, for comparison. Since
these receivers are not consistent, they perform inherently
worse than the ML-decoder at high SNR. Obviously, the DFEQ
equalizer leads to a considerable performance gain compared
to the linear MMSE filter - while retaining a comparable com-
plexity - but is still quite far from the ML performance. The
dashed line corresponds to the BER curve for the ML-decoder
if no quantization is applied.
Fig. 6 shows the uncoded BER achieved by the discussed ML-
and ”naive” ML-detectors and the conventional ML-detector
for a 1-bit quantized MIMO-system. Due to the low resolu-
tion, a clear improvement in terms of BER performance can
be achieved by considering the quantization process. We ob-
serve, moreover, that the ”naive” ML approaches closely the
performance of the the exact solution at high SNR values.
This confirms the usefulness of the naive MLQ approach even
under low resolution quantization.
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Fig. 5. MLQ ”Naive” MLQ vs. ML conventional, ML with-
out quantization, DFEQ and WFQ, QPSK modulation with
M = 4, N = 4 and 3−bit uniform quantizer.

7. DIVERSITY AND OUTAGE OF THE
ML-DETECTOR BASED ON QUANTIZED DATA: A

NEW DEFINITION

Let us examine in more details the performance of quantized
MIMO system in the context of Rayleigh fading channels
having independent complex Gaussian distributed coefficients
with zero mean and unit variance. For the unquantized MIMO
systems, a common used performance measure is the achiev-
able diversity order, which indicate the asymptotic slope of
the average probability of error Pe(SNR) as a function of the
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Fig. 6. Naive MLQ and MLQ vs. ML conventional, QPSK
modulation with M = 4, N = 4 and 1−bit uniform quan-
tizer.

average SNR

D = lim
SNR→∞

− log Pe(SNR)

log SNR
. (18)

ML-detection achieves a diversity of order N when there is
no joint processing among the streams [11], [12].
However, for a b-bit quantized M × N MIMO system and
for asymptotically high SNR, we reach an error floor region.
Here the bit error ratio is mainly characterized by bad channel
realizations, where the quantizer resolution is not sufficient to
distinguish between all transmitted symbols affected by the
channel. The conventional definition of the diversity does not
make a sense in our context since it leads to a diversity order
of zero independently of the number of antennas. Therefore,
we suggest the following new definition of diversity in the
context of quantized MIMO systems

DQ = lim
b→∞

− log2Pe(b)

b
, (19)

where we consider the error rate Pe(b) in the noiseless case
(Rηη = 0). DQ describes the advantage in terms of the er-
ror exponent from increasing the resolution b. In the error
floor region of quantized MIMO systems, the BER is domi-
nated by the fact that the channel matrix H is atypically ill-
conditioned, also known as ”bad channel event” (outage event
O) [11], which occurs when the bit resolution is not enough
to support the rate of each sub-channel.
First, we aim to study the error floor region by deriving an up-
per bound for the error probability as a function of b, so that
we can determine the minimal quantizer resolution to assure
a certain error probability. In the case of a bad channel event,

the receiver can not distinguish between two symbols Hxi

and Hxj (i 
= j), which are close to each other. In order to
characterize this outage phenomena, let us define dH as the
minimum distance between two different constellation points
affected by the channel matrix H

dH = min
x1,x2∈AM

‖H(x1 − x2)‖2. (20)

Now, if dH ≤ √
2
∑

i Δ2
i , where Δi ∼ cq · 2−b+1

√
ryiyi

2

(see (7)) is the optimal step size for the antenna i (in real and
imaginary part), then there may exist two noiseless received
points that lie inside the same 2N -dimensional quantization
region, whose 2N edges are given by Δi

1. Therefore, we
can upper bound the BER (or also the Symbol Error Ratio
(SER)), dominated by the outage probability in the noiseless
case (Rηη = 0), as

Pe ∼ P (O) ≤ P

⎛
⎝dH ≤

√
2
∑

i

Δ2
i

⎞
⎠ (21)

= P

⎛
⎝dH ≤ cq2

−b+1

√∑
i

ryiyi

⎞
⎠ (22)

= P

(
dH ≤ cq2

−b+1

√
tr

[
HHH

])
(23)

= P

⎛
⎝dH ≤ cq2

−b+1

√√√√ N∑
i=1

λ2
i

⎞
⎠ , (24)

where the λis are the singular values of the channel matrix
H .
On the other hand, we have

dH = min
x1,x2∈A

‖H(x1 − x2)‖2 ≥ λmindmin, (25)

where λmin = mini λi is the minimum singular value of the
matrix H and dmin is the minimum distance between two
points of the used constellation. Assuming that each stream
carries a square constellation of L points. Each (real/imaginary)
component has

√
L levels, equally spaced and separated by d,

with total power equal to 1/2 (as the total power per stream is
normalized to unity, Rxx = I). Thus

dmin =

√
6

L − 1
. (26)

1Here, we assume that all received noiseless signal points lie on the gran-
ularity region of the quantizer, which holds in the high resolution case.
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Therefore, Eq. (24) becomes

Pe ≤ P (dH ≤ cq2
−b+1

√∑
i

λ2
i ) (27)

≤ P (λmin

√
6

L − 1
≤ cq2

−b+1

√∑
i

λ2
i ) (28)

= P

(√∑
i λ2

i

λmin
≥ 2b−1

√
6

cq

√
L − 1

)
. (29)

For M = N , in other words for square channel matrices,√P
i λ2

i

λmin
= κD is known as the Demmel condition number of

H . For a matrix with i.i.d. normal random complex entries,
following holds [13]

P (κD ≥ t) = 1 −
(

1 − M

t2

)M2−1

for t ≥
√

M. (30)

Therefore, Eq.(29) becomes

Pe ≤ 1 −
(

1 − c2
q · M · (L − 1)

3 · 22b−1

)M2−1

. (31)

Using this expression, we can determine the bit resolution
to guarantee a certain error probability. Note that this up-
per bound is not tight in general, and holds only for the case
M = N . Thus we resort to simulations to evaluate the influ-
ence of the number of bits and antennas on the error exponent
and give a simulative approximation of the diversity order in
terms of quantization bits as defined in (19). Fig.7 and 8 show
the error exponent as function of the bit resolution for differ-
ent number of receive antennas N and number of bits b, for
M = 3 and M = 4, respectively. It can be observed that
the diversity order DQ as defined in (19), is bounded between
N and 2N . Furthermore, we see from these figures that, for
given bit resolution the error exponent increases linearly with
the number of receive antennas, with a slope of approximately
b. All in all, the slope of error exponent is almost proportional
to the product N · b for high b or N , which means that lower
BER can be achieved by increasing either the number of bits
or the number of receive antennas.
On the other hand, Fig. 9 shows the error exponent achieved
by the linear MMSE receiver for quantized MIMO derived in
[2]. In this case, only a slope nearly given by N − M − 1
with respect to the resolution b is reached. This simulative re-
sults seems to be in accordance with the results known for the
(conventional) diversity measure in (18) [11], but an analytic
approach for the quantized case is still missing.

8. CONCLUTION

We discussed optimal ML-detection for quantized MIMO sys-
tems in a Rayleigh fading environment. Since the solution
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Fig. 7. Error exponent of a MIMO system with an ML-
detector operating on quantized data, QPSK modulation,
M = 3, N ∈ {1, 2, 3, 4} and b ∈ {2, 3, 4}.

turns to be computationally intractable, we presented a nearly
optimal (”naive”) ML-detector, which shows almost the same
performance for high SNR in terms of BER as the optimal
solution, and thus outperforms the conventional ML receiver.
We also examined the effect of quantization on the BER for
asymptotic high SNR (error floor region) and derived a rela-
tion between the outage probability and the number of bits.
Hereby, we introduced a new definition of diversity in this
context. Interesting topics for the future are exploring further
developments for the ”naive” ML-detector, in order to over-
come the exponential complexity, and considering scenarios
with only Partial Channel State Information (PCSI) at the re-
ceiver side.
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