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ABSTRACT

In this paper, di�erent techniques for the estimation
of the signal parameters and/or the channel coe�-
cients for single-input/multiple-output systems, are pre-
sented. These methods are based, either on the use
of a small part of observations or on the minimization
of a quadratic form with quadratic constraint. Simu-
lations have been established and these techniques are
compared to the classical approaches.

1 INTRODUCTION

Most standard approaches in array signal processing
make no use of any available information about the sig-
nal structure. However, many man-made signals have a
rich structure that can be used to improve the estima-
tor performance. In digital communication applications,
the transmitted signals are often cyclostationary, which
implies that their autocorrelation functions are periodic.
Di�erent approaches using signal structure is based on
high-order statistics. As is well-known, all information
about a Gaussian signal is conveyed in the �rst and sec-
ond order moments.
Recently, several techniques are presented for blind

source separation and channel identi�cation using sec-
ond order statistics. Among the existing second-order
statistics based methods, the subspace method shown
in [1] appears to be very robust to noise. The concept
behind the subspace method is also versatile, which not
only has proved to be useful for many array processing
problems. It has already been shown that blind iden-
ti�cation is feasible based on spatial covariance matri-
ces. These matrices show a simple structure that allows
straightforward blind identi�cation procedures based on
eigendecomposition. When the source signals are tem-
porally correlated but still mutually independent, it
is possible to base source separation on this property.
Also, if the source signals have di�erent spectra, then
it is easy to identify the transfer matrix. If sources are
temporally correlated with di�erent spectra, then sepa-
ration can be achieved using only second-order statistics.
In this paper, we present some techniques to estimate,
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"blindly" and "directly", the channel matrix and the
signal parameters. The �rst technique is based on the
minimization of quadratic form with a quadratic con-
straint, this method uses only a part of received data.
The second technique is an improved approach of the
technique presented in [3]. Finally, we compare these
methods to existing techniques.

2 PROBLEM FORMULATION

Let the following notations: AT , A+, A� are, respec-
tively, the transpose, the transpose conjugate and the
conjugate of the matrix A. diag(:) is the diagonal ma-
trix. I is the identity matrix, and E[:] is the statistical
expectation. In the mathematical formulas: matrices
(capital) \A" and vectors \a" are in boldface type. The
scalars are represented by normal character \a". N , P
and T are the number of sensors, number of sources and
the number of realizations, respectively.
Consider a generic P-input/N-output causal discrete-

time noisy linear time-invariant digital (MIMO) system
describe by the convolution equation:

r(k) =
PX
p=1

Mp�1X
m=0

hp(m)sp(k �m) + n(k); (1)

where r(k) is an N-dimensional vector of system out-
puts, fhp(l) : l = 0; 1; :::; Lp � 1g is the �nite impulse
response (FIR) associated to the pth user's scalar input
signal sp(k), and n(k) denotes the additive noise. The
precedent equation can be rewritten as:

r(k) =
PX
p=1

Hpsp(k) + n(k); (2)

r(k) = Hs(k) + n(k) = x(k) + n(k); (3)

where x(k) is the LN noise-free output vector, s(k) is
the (N+M) input vector (source signals),Hp is de�ned
asLN�(N+M) matrix,Hp = [hp(0) ::: hp(Lp � 1)],
and H = [H1 ::: HP ] is the LN � (N + M)
channel convolution matrix. L = L1 + L2 + ::: +
LP is the overall order of the system. The vector
s(k) is obtained by stacking the P vectors sp(k) =



[sp(k):::sp(k � Lp + 1)]T . The input signals sp(k) are
taken from a �nite modulation-dependent alphabet �.
In SDMA communications, the precedent equation mod-
els the complex baseband transfer function between the
information symbols sp(k) emitted by the sources and
the oversampled array outputs [4]. In this contribution,
we assume the case of one user (P=1).
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with, Hl is the channel matrix. To solve this problem
we assume the following conditions:
A1: The matrix H is full column rank.
A2: The signal sl is statistically independent.
A3: The noise nl are Gaussian random vectors, in-

dependent of the signal and independent of each other
with zero mean and covariance matrix �2I.
It follows from these assumptions that the (LN�LN)

covariance matrix of the observation vector r(k) is given
by: � = E

�
rlr

+
l

�
. The identi�cation is based on the

LN � LN received covariance matrix � = Hl�sH
+
l +

�n; Let �n = �2I and �s = E
�
sls

+
l

�
are the noise

and signal covariance matrices, respectively. Below, a
"special" partition of the received data is used in order
to estimate the channel parameters.

3 MODELING OF THE RECEIVED SIGNAL

and BLIND CHANNEL IDENTIFICATION

It's assumed that the matrix H is of full rank (N +M),
that is, (N + M) rows of H are linearly independent
and hence the other rows can be expressed as a linear
combination of these (N +M) rows. Hereafter, the �rst
(N +M) rows are assumed to be linearly independent
and the received signal vector r is partioned as follows:24 r1�

r2

35 =

24X�
Y

35 s+
24n1�
n2

35 ; (5)

where X 2 C(N+M)�(N+M) and Y 2
CLN�(LN�(N+M)) . The linear combiner or the
operator � 2 C(N+M)�LN�(N+M) is de�ned as:

�+X = Y ; (6)

or; [ �+ j �ILN�(N+M) ]

24X�
Y

35 = Q+H = 0;

where ILN�(N+M) and 0 are the identity and the null

matrices, respectively, and Q 2 CLN�(N+M)�(N+M) .
The precedent equation implies that the vectors of H
are orthogonal to the columns of Q. This means that
the subspace spanned by the columns of the matrix Q,
spanfQg, is included in spanfVng, where Vn is the
noise subspace, i.e., the eigenvectors associated with
the smallest eigenvalues of the data covariance matrix
�. Now, since Q contains the block ILN�(N+M), its
LN � (N +M) columns are linearly independent, there-
fore, spanfQg=spanfVng. It follows that the linear
combiner de�nes the noise subspace. Note that, in con-
trast to the basis de�ned by Vn, the basis de�ned by the
columns ofQ is not orthonormal. However, the result of
applying Householder transforms to Q will enable us to
�nd an orthonormal basis forQ and an orthonormal ba-
sis for its orthonormal complement, which is the signal
subspace, Vs.

3.1 Blind subspace method

Here, we recall the blind subspace approach [1], this

method yields an estimate bH of H by solving the equa-
tion U+

n
bH = 0, in a least square sense (where bH is

subject to the same structure as H). This estimate is
uniquely (up to a constant scalar) equal to H. From
[1], we have, U+

nH = h+Un = 0; where Un is the
L(M +1)� (N +M) matrix obtained by stacking the L
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The solution derived in [1] relies are the following op-
timization procedure:

bhSS = arg min
khk=1

h+Uh; (7)

with,

U =
LN�M�N�1X

i=1

U(i)
n U(i)+

n :

The solution of the precedent quadratic form under
unit-norm constraint, is reached for bhSS = b�bvN , wherebvN is the unit-norm eigenvector associated with the
smallest eigenvalue of the matrix U , for uniqueness, it is
assumed that the �rst component of bvN is positive. Andb� is the missing scalar factor, representing the norm of

h [6]: b� =j tr
�

1
N (b�� b�2I)� j 12 , b�2 is the noise power.



3.2 Fast blind linear operator's method

The classical channel subspace method is based on the
eigendecomposition of the data covariance matrix. How-
ever, this operation is too expensive in term of compu-
tational load. In some real time applications, the use
of this method is di�cult. In order to avoid this eigen-
decomposition, we suggest to use the linear operator
de�ned above to estimate the noise subspace [4]. As, we
showed the resulting noise subspace of the linear oper-
ator is equivalent to the eigenstructure noise subspace.
Indeed, the estimation of the data covariance matrix
and the noise subspace need K(LN)2 + (LN)3 using
classical eigendecomposition, and (LN)2(K+N +M)+
LN(N + M)2 for the linear operator. The fast blind
channel identi�cation [4] is based on the equation (7).
The optimization criterion, when the linear operator is
used, takes the form,bhlin = arg min

khk=1
h+Qh; (8)

with,

Q =
LN�M�N�1X

i=1

Q(i)Q(i)+;

Q(i) is the L(M+1)�(M+N) �ltering matrix associ-
ated with ith column q(i) of Q [4]. The advantage is the
non-eigendecomposition of the received covariance ma-
trix. We note here that the channel parameter vector is
estimated via a quadratic optimization whose solution
can be obtained in closed form by using eigendecom-
position. For the resolution of the precedent equation,
many solutions had presented in [1]. We consider the
minimization subject to a quadratic constraint. There-
fore, minimize bh subject to k h k= 1; the solution is the
unit-norm eigenvector associated to the smallest eigen-
value of Q.

4 DIRECT BLIND MULTICHANNEL IDEN-

TIFICATION

In this section, we propose to use a linear combination of
the rows of the channel matrix. Indeed, it assumed that
the matrix channel H is of full rank (N +M), that is,
(N +M) rows of H are linearly independent and hence
the other rows can be expressed as a linear combination
of these (N+M) rows. From the partition of the channel

matrix H =

24X�
Y

35 ; where X is a square matrix (N +

M)� (N +M) and Y is a matrix of dimension (LN �
M�N)�(N+M), we, only, estimate the channel matrix
X of dimension (N +M)� (N +M). First, we consider
the case of noise free:

x1(k) = X s(k);

where x1(k) is a part of the vector observation x(k) of
dimension (N+M)�1. The covariance matrix of x1(k)

is estimatated by �11 = E[x1(k)x
+
1 (k)], then �11 =

X�sX+.
From the follwing partitions of the data covariances

matrices,

�(0) =

�
�11(0) j �12(0)
�21(0) j �22(0)

�
=

�
XX+ j XY+

YX+ j YY+

�
;

and the partition of �(1),

�(1) =

�
�11(1) j �12(1)
�21(1) j �22(1)

�
=

�
XJ1X+ j XJ1Y+

YJ1X+ j YJ1Y+

�
;

we have, �11(0) = XX+ and �11(1) = XJ1X+, with
J1 is the shift matrix.
It is easy to see that:

x+i [�11(0)]
�1xi = 1;

and,

x+i [�11(1)]
�1xi = 0:

Those formulas are well known as the generalized
eigenvalue problem. This system can be represented in
a closed form through a generalized Rayleigh quotient:

�(xi) =
x+i [�11(1)]

�1xi

x+i [�11(0)]
�1xi

;

i.e. the problem of the minimization of a quadratic
form with a quadratic constraint. We remark that
[�11(1)]�1 is not, always, positive de�nite, then this
equation have not a closed form solutions. Therefore,
instead of �11(1), a combination of this matrix with its
transpose conjugate is used. However, we can use the
conjugate gradient techniques to obtain the desired so-
lutions. These systems are, still, available in the case of
an additive white noise.
Using the same partition as above, in the next section,

we estimate, directly, the signal parameters from a small
part of the data.

5 BLIND MULTICHANNEL DECONVOLU-

TION

In this section, we propose an improved version of the
technique presented in [3]. The idea of this approach is,
by avoiding the noise e�ect and using, only, a part of
observations, the estimation of the vector z such as,

z+x1(n) = z+X s(n) = ej�s(n� k);

where � is a phase ambiguity inherent to the problem.
we use a cost function to �nd this vector z, in order
to deconvolve the transmitted sequence. The vector z
is estimate from the following quadratic form with a
quadratic constraint:



z+[XX+ ]z = 1;

and,

z+[XGX+ ]z = 0;

where G is a symetric matrix of rank (N +M � 1)
with a null subspace whose associated eigenvector is x =
[0 1 0]. In order to increase the algorithm's e�ciency,
an alternative implementation based on the following
criterion is,

min
z

�
z+BB+z

z+Az

�
;

where BB+ is a positive de�nite matrix, with B =
XGX+ and A = XX+. The solution of this equation is
the eigenvector corresponding to the minimum general-
ized eigenvalue of (BB+;A).
The main goal is to increase the e�ciency of the orig-

inal approach by using, solely, the (N + M) elements
of the observation vector. Also, the improved method
allows a reduction of the noise and the complexity load.

6 PERFORMANCE EVALUATION

To study the performance of the presented approaches,
we consider a stationary scenario. The channel coe�-
cients are given in [1], the number of virtual channels is
L = 4; the width of the temporal window is N = 10;
the degree of the ISI is M = 4.
A Monte Carlo simulation was conducted to evalu-

ate the performance of the presented methods. We var-
ied the number of symbols (K) and the signal-to-noise
ratio (SNR) in function of the normalized root mean-
square error (NRMSE) de�ned below. For each K

and SNR, 100 Monte Carlo runs were conducted for
di�erent realisations. The number K of data samples
used to estimate each h ranges from 100 to 1000. The
normalized root mean-square error (NRMSE) is em-
ployed as a performancemeasure of the input estimates:

NRMSE =
1

k h k

 
1

T

TX
t=1

k bht � h k2

!1=2

; where T is

the number of trials (100 in our cases), bht is the estimate
of the inputs from the tth trial. The signal to noise ratio

(SNR) is de�ned as SNR = 10 log10
EfkHs(k)k2g
Efkn(k)k2g .

These �gures show that the channel identi�cation
by the linear operator or by the direct method have,
slightly, the same performance as the well-known
method, the subspace approach. In addtion, we have
with the two �rst methods an important reduction of
computational load because we, only, use a small part
of data.

7 CONCLUSION

Several techniques were presented to identify the chan-
nel and/or to estimate the signal parameters. These

100 200 300 400 500 600 700 800 900 1000
10

−2

10
−1

10
0

Number of Samples

N
or

m
al

iz
ed

 R
oo

t M
ea

n−
S

qu
ar

e 
E

rr
or

 (
N

R
M

S
E

)

Linear Operator Method

Subspace Approach

Direct Identification

SNR=3dB

Figure 1: Normalized Root mean-square error of the
channel parameters estimates in function of the number
of samples.
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Figure 2: Normalized Root mean-square error of the
channel parameters estimates in function of SNR.

methods are based on well-known methods of subspace
and Tong's approach. These improvements allow a di-
rect equalization and the identi�cation of the channel
using, only, a small part of data.
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