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Abstract— This paper provides analysis of binary space-time
block codes with optimum decoding for multi-input multi-output
(MIMO) systems with one-bit receive signal quantization. Ex-
haustive investigation of short binary space-time block codes with
unity code rate shows some remarkable results. For instance,
almost all codes perform poorly, except one optimum channel-
dependent code which can achieve large coding gain. There are
no binary 2×2 space-time block codes (including the Alamouti
codes) which can achieve transmit diversity without some chan-
nel knowledge. However, there exist a few semi-universal codes
which are optimum for almost all MIMO channels and can be
selected by feedback from the receiver. Design of longer and
more powerful codes remains a challenge and requires further
research activity.

I. INTRODUCTION

While the discrete-time nature of digital communications is
well understood, the challenges arising from quantization have
been largely neglected by the research community up to now.
This comes about because of two reasons. Firstly, signal quan-
tization, in contrast to time discretization, is a non-linear oper-
ation which complicates theoretical analysis. Secondly, there
exist rather high-resolution analog to digital converters (ADC)
which are believed to produce a quantized signal of such a fine
granularity, that its effects can either be neglected completely
or taken into account by a linear model, which adds quan-
tization noise that is uncorrelated (or even independent) to
the received signal [1]. This is certainly true for single-input
single-output (SISO) systems. For instance, a 64QAM signal
received over a time-dispersive SISO channel with, say, four
multipath components can very well be quantized by a 12 bit
ADC,1 leaving about 4 bits for soft-information to aid in signal
processing and channel decoding, which is sufficiently large to
operate close to channel capacity [2]. However, the reliance on
fine ADC granularity may easily become unjustified as soon
as MIMO systems come into play. Consider now two 64QAM
modulated data streams received over a time-dispersive MIMO
channel with four dominant temporal multipath components.
Now we need at least 18 bit2 of ADC resolution in order to
obtain a fine granular quantization at each receive antenna.
With increasing number of transmit antennas, the ADC res-
olution needed for fine granular quantization soon becomes
infeasible in practice [3]. As a consequence, MIMO systems
with high spectral efficiency are likely to produce coarsely
quantized output from each receive antenna, such that many
different transmitted signals cluster into the same quantized

1With four multipath components there arrive in total 4·64 = 256 different
signals requiring at least log2(256) = 8 bits to be resolved.

2We need at least 14 bits to resolve the 4 · 642 = 16384 received signals,
plus additional 4 bits for soft information.

value and hence, become indistinguishable. In such a case, a
linear system model with addition of quantization noise that
is uncorrelated with the signal is no longer usable. On the
other hand, the "spatial oversampling" provided by the multi-
ple receive antennas of a MIMO system effectively increases
the quantization resolution. Whether or not this increase in
resolution is sufficiently large in order to enable reliable com-
munication at high spectral efficiencies envisioned for MIMO
systems, is however an open question. In [4] it is shown by
the authors that even rather coarse quantization at each receive
antenna leads to channel capacities surprisingly close to the
ones obtainable with fine-granular quantization. However, the
authors also demonstrate in [4] that approaching channel ca-
pacity presents new challenges for the code designers. For in-
stance, convolutional codes with Viterbi decoding, which work
very well with fine-granular ADCs completely break down for
coarse ADC resolution. The design of good channel codes for
coarsely quantized MIMO systems must take the non-linear
behavior of the receive quantization fully into account. This
requires the introduction of channel-adaptive coding, since ef-
fects of quantization strongly depend on the way that the sig-
nals superimpose at the receive antennas.

In this paper, we investigate the performance and properties
of binary space-time block codes used with quantized MIMO
systems assuming optimum decoding, i.e. MAP (maximum
aposteriori probability) decision on the information bits based
on the quantized received codewords. After introducing the
system under consideration we first give a precise definition of
the term coarse quantization in Section II. Using one-bit quan-
tization at each receive antenna, we then derive a closed-form
expression for the residual bit-error probability after MAP de-
coding in the Sections III, IV and V, respectively. We classify
space-time block codes into inseparable, semi-separable and
separable codes in Section VI and show the strikingly different
performance of codes belonging to those classes in Section
VII. By exhaustive search through binary 2 × 2 space-time
block codes we derive several interesting results. It turns out
that almost all codes behave poorly under coarse quantization,
except a single optimum code, which can provide remarkable
coding gain of up to 3dB. While this optimum code depends
on the MIMO channel, we demonstrate the existence of semi-
universal codes, which are (almost) always optimum, irrespec-
tive of the MIMO channel. Interestingly, one of these codes
happens to be a spatial repetition code. Finding optimum codes
for longer block length where exhaustive search is computa-
tionally prohibitive remains a challenge which both requires
and deserves focused research activity.
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Fig. 1. Quantized MIMO System using Space-Time Coding.

II. QUANTIZED MIMO SYSTEMS

Consider the quantized MIMO system depicted in Fig. 1,
where nT transmit antennas are connected to nR receive an-
tennas by a real-valued channel matrix H ∈ R

nR×nT , which
is assumed unknown to the transmitter, but perfectly known
to the receiver. A group of k information bits (b1, b2, . . . , bk)
is encoded into a space-time codeword and then launched into
the channel with transmit power PT/nT simultaneously from
each transmit antenna. Denoting by n the block length, the
MIMO channel has to be used n times in order to transmit k
information bits, yielding an information rate of R = k/n bits
per channel-use. The received signals are perturbed by samples
(ν1, ν2, . . . νnR

) of real-valued, additive, white Gaussian noise
of zero mean and variance σ2

ν before they are fed to the input
of a bank of quantizers (Q1, Q2, . . . ,QnR

) at which output
the quantized signals (y1, y2, . . . , ynR

) appear. By considering
the quantizers as an integral part of the MIMO system, the
latter behaves essentially nonlinear. Let us collect the input
and output signals for a given channel-use into the vectors

x = [x1 x2 . . . xnT
]
T
∈ M, and (1)

y = [y1 y2 . . . ynR
]
T
∈ Q, (2)

respectively, where M is a finite set containing all possible
transmit vectors, while Q is a finite set containing all possible
quantized receive vectors. The input to the space-time decoder
consists of n quantized received vectors which result from
the transmission of a particular codeword. Arranging the n
received vectors into a matrix Y , we obtain:

Qn � Y = Q

(√
PT

nT
HX + N

)
, (3)

where the nT × n matrix X is a space-time codeword of
block length n, and N ∈ R

nR×n contains the spatio-temporal
samples of additive Gaussian noise which we assume to be all
independent and identically distributed. The vector function
Q(.) describes the operation of the bank of quantizers. Finally,
the space-time decoder delivers an estimate (b̂1, b̂2, . . . , b̂k) of
the transmitted information bits which is based on the obser-
vation Y . The decoder performance is heavily influenced by
the signal quantization. It is helpful to define the following
general types of quantization:

Definition 1: The quantization is called SOFT iff

|Q| > |M|. (4)

Otherwise, it is said to be HARD. �

Definition 2: The quantization is called COARSE iff

∃ (x1, x2 �= x1) ∈ M : ỹ1 = ỹ2, (5)

where ỹ1 and ỹ2 are the NOISE-FREE quantized receive vec-
tors corresponding to the transmit vectors x1 and x2, respec-
tively. Otherwise, it is said to be NON-COARSE. �

Hence, a coarsely quantized MIMO system is not able to dis-
tinguish between all possible transmitted vectors in case the
noise power is reduced to zero (or the transmit power increased
towards infinity). This can have degrading effects – like an
error floor for large transmit powers – on the coding perfor-
mance if not taken care of by the space-time encoding system
properly. In this paper we will assume 1-bit quantizers, which
only deliver THE SIGN of their input signal:

Qi(.) = sign(.), i ∈ {1, 2, . . . , nR}. (6)

This always leads to hard quantization. Whether the signals
are also coarsely quantized or not, depends on the channel ma-
trix. We will show, that even for a coarsely quantized MIMO
system the design of high-performance space-time codes is
possible.

III. SPACE-TIME BLOCK ENCODING

A space-time block code (STBC or STB-code) is defined
by the set

X = {X1, X2, . . . ,XM} , (7)

of its M codewords Xj , with j ∈ {1, 2, . . . , M}. In accor-
dance with 1-bit quantizers, we restrict the STB-codewords to
be binary:

Xj ∈ {−1, 1}nT×n = Mn, (8)

where n is the block-length (number of channel-uses per code-
word). Each of the n column vectors of a codeword Xj is
transmitted at once using nT transmit antennas. It therefore
takes n uses of the MIMO channel to transmit the codeword.
Since k information bits are used to select one codeword,
we have M = 2k and an information rate of R = k/n =
log2(M)/n bits per channel-use. All binary nT × n space-
time codes are collected in the set Ω =

{
X1,X2, . . . ,X|Ω|

}
,

with total number of codes given by

|Ω| =

(
2nT·n

M

)
=

(
2nT·n

2R·n

)
. (9)

Hence, we have 0 < R ≤ nT. Finally, we need to assign
a tuple (b1, b2, . . . , bk) of information bits to one of the M
codewords, which is equivalent to establishing an order rela-
tion among the codewords. Since there are M ! possible ways
to order the codewords, there are as many mappings Fj,p

{−1, 1}k � (b1, b2, . . . , bk)
Fj,p

−→ X ∈ Xj (10)

from bits to codewords, where the index p ∈ {1, 2, . . . , M !}
enumerates the mappings. The process of encoding with STBC
Xj then works by first choosing a particular bit-mapping (in-
dex p) and then using k information bits to select a codeword
by application of (10).
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IV. OPTIMUM SPACE-TIME BLOCK DECODING

The task of the optimum STB-decoder is to map the ob-
servation Y given in (3), to estimates (b̂1, b̂2, . . . , b̂k) of the
encoded information bits, such that the residual bit error prob-
ability is minimized. Given that the encoding was done with
STBC Xj and bit-mapping Fj,p, this is accomplished by de-
ciding on an information bit b̂i(Y , j, p) according to the well-
known maximum-aposteriori-probability (MAP) decoding:

b̂i(Y , j, p) =

{
1 if Ψi,j,p(Y ) ≥ 1

−1 else
, (11)

where

Ψi,j,p(Y ) =
Pr [bi = 1|Y ,Xj , p]

Pr [bi = −1|Y ,Xj , p]
(12)

is the likelihood ratio. With Pr[bi = 1] = Pr[bi = −1] = 1/2,
we obtain from Bayes law

Ψi,j,p(Y ) =
Pr [Y |bi = 1,Xj , p]

Pr [Y |bi = −1,Xj, p]
, (13)

=

∑
X∈Bi,j,p

Pr[Y |X]

∑
X∈Bi,j,p

Pr[Y |X]
, (14)

where Bi,j,p ⊂ Xj is defined as the subset of codewords which
are mapped to bi = 1 under Fj,p, while Bi,j,p = Xj\Bi,j,p

is the complementary set of codewords, i.e. those which are
mapped to bi = −1 under Fj,p. Note that |Bi,j,p| = |Bi,j,p| =
M/2. Assuming one-bit quantizers from (6) we have Y ∈
{−1, 1}nR×n and it is straight forward to arrive at

Pr[Y |X] = 2−n·nR

n∏
t=1

nR∏
m=1

erfc
(
− (Y 	 (HX))m,t · γ

)
,

(15)
where γ =

√
PT/(2nTσ2

ν), and erfc(.) is the complemen-
tary error function. The operator 	 denotes component-wise
multiplication, while the notation (.)m,t is used to denote the
element of a matrix at the m-th row and the t-th column,
respectively. By substituting (15) into (14) and the latter into
(11), we obtain a closed-form expression for the decision rule
of the optimum STB-decoder.

V. PERFORMANCE OF THE OPTIMUM DECODER

The residual bit error probability pb,i for the i-th informa-
tion bit after optimum decoding can be given in general as:

pb,i = Pr[b̂i = 1|bi = −1] · Pr[bi = −1]

+ Pr[b̂i = −1|bi = 1] · Pr[bi = 1]. (16)

The total bit error probability is then obtained by averaging
over all information bits:

pb =
1

k

k∑
i=1

pb,i. (17)

Let us first look at the case bi = 1. A codeword X ∈ Bi,j,p

is transmitted and received as Y ∈ {−1, 1}nR×n. The term

(1 − b̂i(Y ))/2 is unity in case the decoder makes an error,
and zero otherwise. We can obtain Pr[b̂i = −1|bi = 1] by
averaging over all possible pairs (X, Y ):

Pr[b̂i = −1|bi = 1] = E(X,Y )

[
1 − b̂i(Y )

2

∣∣∣∣∣ X ∈ Bi,j,p

]

=
∑

X∈Bi,j,p

∑
Y ∈Qn

1 − b̂i(Y )

2
· Pr[Y |X] · Pr[X | X ∈ Bi,j,p].

(18)

A similar expression can be derived for Pr[b̂i = 1|bi = −1].
Since the information bits are chosen independently with same
probability being −1 or 1, the codewords are all equally prob-
able. Because |Bi,j,p| = M/2, we have Pr[X|X ∈ Bi,j,p] =
2/M in (18). The total residual bit error probability becomes:

pb =
1

2Mk

k∑
i=1

∑
Y ∈Qn

⎛
⎝(

1 − b̂i(Y )
) ∑

X∈Bi,j,p

Pr[Y |X]

+
(
1 + b̂i(Y )

) ∑
X∈Bi,j,p

Pr[Y |X]

⎞
⎠ .

(19)

VI. CLASSIFICATION OF SPACE-TIME BLOCK CODES

The bit error performance of a STBC heavily depends on
the type of quantization, the channel and the STBC itself. In
order to explain the strikingly different performance of dif-
ferent STB-codes it will be helpful to classify the STB-codes
into the following classes.

Definition 3: A STBC X is called INSEPARABLE iff

∃ (X1, X2 �= X1) ∈ X : Ỹ 1 = Ỹ 2,

where Ỹ 1 and Ỹ 2 are the NOISE-FREE quantized receive ma-
trices corresponding to the codewords X1 and X2. �

Inseparable STB-codes exist iff the MIMO system is coarsely
quantized. Decoding of an inseparable STBC leads to an error-
floor, since its codewords cannot be separated when the noise
goes to zero or the transmit power approaches infinity.

Definition 4: A STBC X is called SEMI-SEPARABLE iff

1) it is not inseparable

2) ∃Y ∈ Qn : lim
σ2

ν→0

(
max
X∈X

Pr[X|Y ]

)
< 1 . �

While decoding of semi-separable STB-codes does not pro-
duce an error floor, there is still at least one observation Y ,
for which the MAP decoder cannot always decide correctly,
even when the noise power is approaching zero. This behavior
leads to poor performance and exists for both coarse and non-
coarse, hard and soft quantization.

Definition 5: A STBC X is called SEPARABLE iff

. ∀Y ∈ Qn : lim
σ2

ν→0

(
max
X∈X

Pr[X|Y ]

)
= 1. �

For a STBC to have decent performance, it is necessary, yet
not sufficient to be separable. Separable codes do exist for
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Fig. 2. Performance of STBCs in coarsely quantized MIMO systems.

coarsely quantized MIMO systems, as will be demonstrated
in the example in the next Section.

Definition 6: A STBC X is called OPTIMUM among other
STB-codes iff the residual bit error probability pb is minimum
among those codes. �

It is not guaranteed that even an optimum STBC performs bet-
ter than uncoded transmission (i.e. has positive coding gain in
dB). Both for coarse and non-coarse quantization the optimum
STBC may have positive or negative coding gain, depending
on the channel matrix.

VII. INVESTIGATION BY EXAMPLE

In the following let us look at example scenarios and study
the behavior of different STB-codes. To limit computational
complexity we focus on a MIMO system with nT = nR = 2
antennas and codes of block length of n = 2 channel-uses per
codeword. We further restrict the information rate to R = 1 bit
per channel-use, which leads to k = n ·R = 2 information bits
per codeword. Each STBC consists of M = 2k = 4 different
codewords, and there are in total |Ω| = 1820 different binary
2 × 2 STB-codes and M ! = 24 mappings from information
bits to codewords available. Note that there are 70 orthogonal
codes.3 Because of the unity code rate, these orthogonal codes
are binary Alamouti-Codes [5].

A. Constant Channel

Figure 2 shows the residual bit error probability after opti-
mum decoding of all STB-codes. The channel matrix which
was used (see lower left hand corner in Fig. 2) yields a coarsely
quantized MIMO system. We can see that 1564, i.e. about
86% of the STB-codes are inseparable, producing the clearly
visible error floor. Another 244 (13.4%) of the STB-codes are
semi-separable. Even though their bit error probability tends
to zero for large transmit powers, their performance is terribly
poor. Only 12 codes (0.66%) are separable, including the sin-
gle optimum code. Note the huge performance gap between

3There are 8 orthogonal matrices in {−1, 1}2×2 from which a selection of
4 defines a code. Hence, there are 70 different orthogonal codes, the best of
which averaged over Gaussian channels turns out to be given by vec[X] =
[b1, b1,−b2, b2]T, where vec[.] is the column stacking operation, and b1, b2
are the information bits. This code is never inseparable and semi-separable
with lowest probability among all orthogonal codes.
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the optimum and the second best code. In order to judge the
performance better, we compare to uncoded transmission with
the same information rate (i.e. 1 bit per channel-use). This is
achieved by switching off one transmit antenna and transmit-
ting an uncoded bit-stream from the other one. For the channel
matrix used, the better result is obtained by using the first
antenna. The performance is shown in Fig. 2 as the dashed
curve. We can see that all codes, except the optimum one,
behave worse than uncoded transmission. On the other hand,
the optimum code achieves a remarkable coding gain of about
1.9 dB. This optimum code is however channel dependent and
not orthogonal. When we look at the capacity [6]

C = −
1

|M|

|M|∑
m=1

|Q|∑
q=1

Pr[yq|xm] · ld

1

|M|

|M|∑
k=1

Pr[yq|xk]

Pr[yq|xm]
(20)

of the investigated channel, which can be obtained without
transmitter channel knowledge, we can observe from Fig. 3 an-
other interesting behavior which only happens in conjunction
with coarsely quantized MIMO systems. The channel capacity
first rises with increasing transmit power up to a maximum
value in order to drop again towards unity. This non-monotonic
behavior is caused by the coarse quantization. At large transmit
powers only two transmit vectors can be distinguished, yield-
ing a capacity of 1 bit/channel-use. However, the presence of
noise makes all transmit vectors distinguishable with non-zero
probability, which, in this case, leads to a larger capacity at
medium than at high transmit powers. Hence, in coarsely quan-
tized MIMO systems a proper choice of the transmit power is
an important issue to be considered.

B. Gaussian Channels

Let us now look at the average performance of STB-codes
over different channels. To this end we treat the channel matrix
H as a random variable which has independent and identi-
cally distributed (i.i.d.) random entries, with zero mean, unity
variance, which are real valued, Gaussian random variables. It
turns out that, with a chance of 50% such a random channel
matrix leads to a coarsely, otherwise non-coarsely quantized
MIMO system. The major difference between non-coarse and
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coarse quantization is the absence of inseparable codes. Other-
wise the performance is fairly similar to the coarsely quantized
case, with one optimum code and the typical huge gap to the
second best code.

When we look at the residual bit error probability averaged
over all random MIMO channel matrices, we can see the effect
of spatial diversity. Note that because of the one-bit quanti-
zation, we do not expect receive diversity to be gained, since
the sign operation strips the received signals off of reliability
information. However, there may still be the chance to achieve
transmit diversity. In order to gain more insight, let us look
at Fig. 4, which shows the residual bit error probability aver-
aged over the i.i.d. Gaussian channel matrices. While it is well
known, that without receive signal quantization, the Alamouti
codes achieve full transmit diversity [5], we can see from Fig.
4, that the Alamouti codes do not achieve any transmit di-
versity gain at all in conjunction with one-bit quantization
at the receiver. As a matter of fact, there is no binary 2 × 2
STBC, which can achieve transmit diversity WITHOUT at least
some information about the channel or some feedback from the
receiver. As shown in Fig. 4, full transmit diversity is indeed
achievable by always choosing the optimum 2×2 binary STBC
(labeled "optimum coding"). However, note that the optimum
code depends on the channel and therefore some information
about the channel, or feedback from the receiver is needed to
achieve this performance. In the following, we will see that a
one-bit feedback is enough for this purpose.

C. Semi-Universal STB-Codes

While the optimum STBC depends on the MIMO channel
matrix H , a remarkable result is obtained by experimental
evaluation: the existence of semi-universal codes. It turns out
that there exist two STB-codes such that one of them is (al-
most) always the optimum code. In the rare cases where it is

TABLE I

OCCURRENCES OF OPTIMALITY OF THE SEMI-UNIVERSAL CODES

Optimum Code → XSR XISR XSR,ISR other
Coarse 50% 50% 100% 0

Quantization Non-coarse 49.9% 49.9% 99.8% 0.2%

not optimum, it is less than a tenth of a dB away from the
optimum code. These two semi-universal codes are termed
XSR and XISR, respectively, and given by:

XSR,ISR =

{[
1 1

±1 ±1

]
,

[
−1 1
∓1 ±1

]
,

[
1 −1

±1 ∓1

]
,

[
−1 −1
∓1 ∓1

]}
. (21)

Notice that XSR is a simple spatial repetition code, where
identical bits are transmitted from each antenna, while XISR

is an inverted spatial repetition code, where the second an-
tenna transmits the inverted bits of the first antenna. Hence,
the subscripts SR and ISR, respectively. Clearly, the codewords
are unity rank matrices, and hence, not orthogonal. The rela-
tive occurrence of optimality of these semi-universal codes is
shown in Table I, which is obtained by experimental evaluation
of 5000 i.i.d. Gaussian channels. Note that half of the random
channels yield a coarsely quantized MIMO system. As can be
seen from Table I, either XSR or XISR is always optimum in
case of coarse quantization, while in the non-coarsely quan-
tized case one of these codes is optimum with high probability
(99.8%). A feedback of one bit from the receiver indicating
which of these two codes is optimum for the current channel is
therefore almost always sufficient to perform optimum coding
such that the result shown in Fig. 4 can be obtained.

VIII. CONCLUSION

We have obtained the following results in the analysis of
binary STB-codes with MAP decoding for MIMO systems
with one-bit quantization per receive antenna: 1) residual bit
error probability in closed form, 2) classification of STB-codes
in inseparable, semi-separable and separable codes, 3) expla-
nation of the strikingly different behavior of STB-codes us-
ing the defined code classes, 4) exhaustive investigation of
binary 2 × 2 STBC with unity code rate with the following
results: a) almost all STBC perform poorly, except one op-
timum channel-dependent code, b) channel capacity can be-
come a non-monotonic function of transmit power, c) no 2×2
STBC can achieve transmit diversity with zero transmit chan-
nel knowledge, and d) there exist semi-universal codes, which
are almost always optimum, irrespective of the channel. Find-
ing design criteria for longer STBC remains a challenge in
code design and requires further research activity.
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