Reduced-Rank Equalization for EDGE Via
Conjugate Gradient Implementation of
Multi-Stage Nested Wiener Filter

Guido Dietl, Michael Joham, and Michael D. Zoltowski

54th IEEE Vehicular Technology Conference (VTC Fall 2001)
Atlantic City, USA

volume 3, pp. 1912-1916, October 7th—11th, 2001

(©2005 IEEE. Personal use of this material is permitted. However, per-
mission to reprint/republish this material for advertising or promotional
purposes or for creating new collective works for resale or redistribution
to servers or lists, or to reuse any copyrighted component of this work
in other works must be obtained from the IEEE.

Munich University of Technology
m Institute for Circuit Theory and Signal Processing
http://Aww.nws.ei.tum.de



Reduced-Rank Equalization for EDGE Via
Conjugate Gradient Implementation of Multi-Stage
Nested Wiener Filter

Guido Dietl, Michaal D. Zoltowski, and Michagl Joham

Abstract— The Wiener filter solves the Wiener-Hopf equation and may
be approximated by the Multi-Stage Nested Wiener Filter (MSNWF) which
lies in the Krylov subspace of the covariance matrix of the observation and
the crosscorrelation vector between the observation and the desired signal.
Moreover, since the covariance matrix is Hermitian, the Lanczos algorithm
can be used to compute the Krylov subspace basis.

The Conjugate Gradient (CG) method is another approach in order to
solve a system of linear equations. In this paper, we derive the relationship
between the CG method and the Lanczos based MSNWF and finally trans-
form the formulas of the MSNWF into those of the CG algorithm. Conse-
quently, we present a CG based MSNWF where the filter weights and the
Mean Square Error (MSE) are updated at each iteration step.

The obtained algorithm is used to linearily equalize the received signal
in an Enhanced Data rates for GSM Evolution (EDGE) system. Simulation
results demonstrate the ability of the MSNWF to reduce receiver complex-
ity while maintaining the same level of system performance.

Keywords—Adaptive Filtering, Conjugate Gradients, EDGE, Multipath
Propagation, Reduced-Rank Equalization, Space-Time Processing, Wire-
less Communications.

|. INTRODUCTION

HE Wiener filter (WF) [1] estimates an unknown signal

do[n] from an observation signal x[n] by minimizing the
Mean Square Error (MSE) and needs only second order statis-
tics. Due to the necessity of solving the Wiener-Hopf equation
the computational complexity is high, especially for observa-
tions xo[n] of high dimensionality.

The Principal Component (PC) method [2] was the first ap-
proach to approximate the WF. The eigenvectors corresponding
to the principal eigenvalues of the covariance matrix of the ob-
servation are composed to a pre-filter matrix which is applied to
the observation signal. Then, a WF of reduced dimensionality
estimates the desired signal from the transformed observation.
An alternative approach uses the Cross-Spectral (CS) metric [3]
instead of the eigenvalue to choose the eigenvectors which com-
pose the pre-filter matrix. More recently, Goldstein et. al. devel-
oped the Multi-Stage Nested Wiener Filter (MSNWF) [4] where
the columns of the pre-filter matrix are no longer eigenvectors of
the covariance matrix. The improvement made by the MSNWF
shows that dimensionality reduction of the observation signal
based on eigenvectors is generally suboptimal.

Honig et. al. [5] observed that the MSNWF is the solution
of the Wiener-Hopf equation in the Krylov subspace of the
covariance matrix of the observation and the crosscorrelation
vector between the observation and the desired signal. Thus,
the Arnoldi algorithm may be used to generate the columns
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of the pre-filter matrix. Moreover, since the covariance ma-
trix is Hermitian, the Arnoldi algorithm can be replaced by the
Lanczos algorithm. The resulting order-recursive version of the
MSNWF [6] updates the filter weights and the Mean Square Er-
ror (MSE) at each iteration step.

Our contribution is to derive the relationship between the
Lanczos based implementation of the MSNWF and the Conju-
gate Gradient (CG) method which was introduced by Hestenes
and Stiefel [7] in order to solve a system of linear equations.
Moreover, we transform the formulas of the Lanczos based
MSNWF algorithm to yield a formulation of the CG algorithm,
and finally present a new implementation of the MSNWF where
the filter weights and the Mean Square Error (MSE) between the
estimated and desired signal are updated at each iteration step.

In the next section, we recall the Lanczos based MSNWF.
Before we show the relationship between the considered algo-
rithms in Section IV, we review the CG algorithm in Section I11.
Finally, we present a new formulation of the MSNWF algorithm
in Section V and apply it to an EDGE system in Section V1.

Throughout the paper the covariance matrix of a vector x[n]
is denoted by R, = E{z[n]z"[n]}, the crosscorrelation of a
vector x[n] and a scalar d[n] is 5.4 = E{x[n]d*[n]}, and the
variance of a scalar d[n] is 0% = E{|d[n]|*}.

Il. LANCzOS BASED MSNWF

Applying the linear filter w € (CNA to the observation signal
xo[n] € CV leads to the estimate dy [n] = w'lxg [n] of the
desired signal dy [n] € C. The mean square error

MSEO = O.tQio — 2Re {wHTmo,do} + ’LUHRmO'LU (1)

is the variance of the error dg [n] — do [n]. The Wiener filter
(WF) minimizes MSE, leading to the Wiener-Hopf equation

RmowO = Txy,do> (2)

whose solution, the WF w, achieves the minimum mean square

error MMSEq = 03, — 7l | R 1 4.
@o[n] Al - ‘El[n]@% ]
i da[n] +Q§2[n] - dn[n]

da[n]

] dn_1[n]

Fig. 1. MSNWF as Filter Bank
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Figure 1 shows the block diagram of the Multi-Stage Nested
Wiener Filter (MSNWEF, [4]) that solves Equation (2). The first
filter ¢, is the normalized matched filter 74, 4, /|74, |2 @nd
the i-th filter ¢; maximizes the real part of the correlation be-
tween its output d;[n] and the output d;_;[n] of the previous
filter ¢;,_;. If we restrict the filters ¢; to be orthonormal, the ¢-th
filter can be computed with following optimization [6]:

t; = arg max E{Re(d;[n]d;_, [n])} 3
sct.: t't=1 and tM, =0k=1,...,i—1.

whose solution is the well known Arnoldi iteration (e. g. [8]):

( 2;11 Pk) Ryotia

t; = ,
(E)

e CV, (4)

with the projector P, = 1y — t,t} onto the space orthogonal
to ¢t and 1 denotes the NV x N identity matrix. Since R, is
Hermitian, we can use the Lanczos algorithm

P,_P; sR;ti_1

t- —
" ||Pic1Pio Ry tioa

Q)

which leads to a tridiagonal covariance matrix R4 of the pre-
filtered observation vector d = [di[n],...,dx[n]]. The scalar
WFs «; estimate the output of the previous filter d;_;[n] from
the error signal &;[n].

For a reduced rank MSNWF we use the first D basis vectors
to build the pre-filter matrix TP = [t;,...,tp] € CNxD
which leads to the length L observation vector dP) [n] =
TP g [n]. The WF to estimate do[n] from d‘®[n] can be

-1
written as w'”) = (TP R, TP)) TPy, o ths,
the rank D approximation of the WF reads as

-1
w?) = 1P (T(D)’HRmOT(D)) TPy 40, (6)

which yields to the mean square error
MSE®) = o2 — wi”M Ryywl”. (7)

Note that the rank D MSNWF is equivalent [5], [6]
to solving the Wiener-Hopf equation in the D-dimensional
Krylov subspace KP)(Rg,,Te,.q4,) and KP)(Ab) =
span([b,Ab,...,A@*l)b .

In [6], a Lanczos algorithm based order-recursive MSNWF
(cf.  Algorithm 1) was presented which exploits the tri-
diagonality of the covariance matrix R}” of d‘”)[n] and

the simple structure of the crosscorrelation vector rfﬁ}o =

[||r:,307do||2,0T]T to compute the WF in reduced dimensions
wfiD) from the previous one wfinl). Additionally, the MSE

is computed at each step.

I11. CONJUGATE GRADIENT ALGORITHM

The Conjugate Gradient (CG) algorithm [7] is an iterative
method in order to solve a system Ax = b of NV linear equations
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CONJUGATE GRADIENT METHOD

) =0
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fori=1to D do
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6 Tit1 =7 +VAp;
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end for

»

in N unknowns where the matrix A € CV* is assumed to be
Hermitian and positive definite. If an exact solution exists, it
is obtained after IV steps. Stopping the iteration after D < N
steps yields an approximate solution of the problem.

Algorithm 1l is one possible implementation of the CG
method. The fundamental recursion formula which updates the
approximate solution of the system Axz = b is Line 5 of Algo-
rithm 11, where p, is the search direction at iteration step ¢ and -y;
is its weight factor. The choice of ; (cf. Line 4 of Algorithm II)
ensures that the approximate solution (¥ minimizes the error
function

e(x) = (cc(N) —m)HA (:c(N) —m)

= 2" Az — 26 — bz + (M) Hp

(8)

on the line x = =Y + p,. (™) denotes the exact solution
of the system. Line 6 of Algorithm Il calculates the residual
riy1 = Az — b which belongs to the approximation ().
The index mismatch is useful for the derivations we make in
Section V. Finally, the remaining Lines 7 and 8 of Algorithm 11



update the search direction p, and ensure its A-conjugacy to any
Vvector p,, j # i, i.€.

plAp; =0  Vi#j. 9)

Thus, the CG algorithm belongs to the family of Conjugate Di-
rections (CD) methods. Moreover, the CG method is a special
case of the CD methods because the residuals are mutually or-
thogonal. It holds

rir; =0  Vi#j

The proofs of Equations (9) and (10) [7], [9] are not shown in
this paper due to space limitations.

(10)

IV. RELATIONSHIP BETWEEN MSNWF AND CG
ALGORITHM

In numerous papers and books [6], [10] it was mentioned that
the Lanczos algorithm which is used by our implementation of
the MSNWF is only a version of the CG algorithm. In the fol-
lowing, the system Ax = b solved by the CG algorithm is re-
placed by the Wiener-Hopf equation (cf. Equation 2). Conse-
quently, the optimization functions in Equations (1) and (8) are
the same except for a constant which does not change the min-
imum. Moreover, the solution at each step ¢ is searched in the
same Krylov subspace KP) (R, ,.4,) (€. 9. [8], [9]). Toes-
tablish the equivalence of both algorithms, we transform [11],
[9] the formulas of the Lanczos based MSNWF to those of the
CG algorithm.

Assume that D > ¢ > 2. Using Lines 17 and 12 of Algo-

rithm 1, and by setting T = [T~ ¢,], it holds for w " that

1 i 7 1—1

Wi = [Pagaoll, TP eh = wl ™ +myw,

(1) (12)
= [|7z0,do l 7111,

where n; and wu; are defined as
_ 1—1

M= [IPaoaly 07 57 i1 ichan 1, (12)
wi =01 (i T Vel — ). (13)

and where o, € R\ {0} is so far an arbitrary factor which
we explain later. Multiplying Line 13 of Algorithm | on the
left side by T and using Equation (13) leads to T (l) =
—0; 15 u; which we replace in Equation (13) in order to get
the recursion formula for u,.; and D > i > 1

Uil = YUy — giyq, w1 = —01t1, (14)

where
Vi = —0i410; ' B; it (15)
9ip1 = Oit1tiy1. (16)

In Equations (11) and (14) we observe the analogies to
Lines 5 and 8 of Algorithm Il if we substitute the vectors u;
and g, by the search direction p, and the residual =, of the
CG algorithm, respectively. In the sequel, we prove that the
remaining formulas of the CG algorithm can be obtained from
the MSNWF, too.

Proposition 1: The vectors g, for D > 4 > 1 can be updated
by the recursion formula

9iv1 = 9g; + niRazyu,

17
gl = Qltla

01 = — ||Tw0,d0H2 )

Where the definition of »; is given in Equation (12) and »; :=
T, 1. Therefore, the vectors g, are residual vectors for D + 1 >
7 z 1,i.e. .

g; = Rgyw{ ™" (18)

— Txy,do

and the absolute value of the factor p; is its length.

Proof: First, we prove Equation (17) by induction. Set
i = 1. Recall that uy = ||7z,.4|l2t1 = —g; and we get by
using 7y := r;} and Lines 7 to 9 of Algorithm |

”rwo,do”z le% (n;ltl - Rwotl)
= 927

g1t mRBRz ur =

= ||’l"gc0,d0||27°1_j7'1,2t2 = 02l

where g5 := ||rm0_,d0|\27’£%7’112. Now assume that Equation (17)
holds for i = n — 1. This leads to Ry u,—1 = n,",(g, —
g,_1)- To prove Equation (17) for ¢ = n if it holds for ¢ =
n— 1, we need the product between R, and Equation (14), i.e.
Ry uy, = ¥p_1 Ry un—1 — Ry, g, Finally, we get by using
the expression for R, u,, and Rz, w,_1

gn + nanoun = - ananotn
+on (147 mtn—1) tn
- Qn—ln;ilnnwn—ltn—l-

(19)

On the other hand, multiplying the recursion formula in Lines 7
to 9 of Algorithm | by g,,11 yields

Qn+ltn+1 =+ Qn-l-lr;%H_lngtn
- Qn+1r7:,11+1rn,ntn (20)
- QnJrlT;;H_lrnfl,ntnfl-
Consequently, since g,,.1 = ont1tny1, Equation (17) of

Proposition 1 is proven if the following three equations are true:

—Onln = Qn+1T7:7];L+17 (21)
on (L4 01 m0tbn—1) = —0n17ppsaums  (22)
anlngilnnd}nfl = Qn+17ﬂ;11+17’n71,n- (23)

Take Equation (21), replace n+1 by ¢ and solve it for o, by using

Equation (12) and the expression c{'-, ") = —r;_5 ;15,4 cll.”)

(cf. Line 13 of Algorithm I). It follows for D > i > 2

(24)
(25)

Qi = —Qi—1Mi—1Ti—1,i,

1
= Pagdolly Tim1ici -

If we plug Equations (25) and (24) in Equations (12) and (15),
respectively, we get simpler formulas for n; and v;

=61, D>i>1,
—2 2 .
Vi =B i D>i>1.

(26)
(27)



Finally, with Equations (24), (26), (27) and Line 11 of Algo-
rithm |, it can easily be shown [11], [9] that Equations (22)
and (23) hold. Thus, Equation (17) is established.

It remains to verify Equation (18) in order to complete the
proof of Proposition 1. Again, this is done by induction. Set

i = 1. Itholds that Reyw!” — ray.dy = —|Ta0.doll2ts = g1,
where wéo) = 0. Assume that Equation (18) holds fori = n—1.
Hence, we get for i = n (cf. Equation 11)

-1
Rmowgn ) Tag,do = Gp_1 1 nnflRmounfl =9y

The last equality holds because of Equation (17) which we have
already proven. |

Up to now we showed, in addition to the already found anolo-
gies, that the residuals g, are updated by a similar formula as the
residuals ;. To derive the remaining problem, we need to show
that the computation of the weight factors 1; and ; is similar to
those of the CG algorithm.

Proposition 2: The factor v; in Equation (14) satisfies the re-

lation .
u; Ry.g;11

i = (28)

ul R, u;

and thus, {u1,...,up} is aset of R, -conjugate vectors.
Proof: Use Equation (14) and the fact that u; R;,g; = 0

forj <i—2[11],[9], to get

U ReGif1 = —0i0i41Tii41- (29)

To optain a similar expression for the denominator on the right
side of Equation (28), substitute w,; given by Equation (14) and
use Equations (16), (27), (29), and Line 10 of Algorithm I.

u?lRwoui—1)>
0?1 Bi-1

Comparing the equation above with Line 11 of Algorithm |

yields the denominator u' R, u; = 0?3; and Equation (28)

is established. Thus, similar to ¢; in Algorithm II, v, and

Equations (14) ensure that the vectors w; are mutually R, -

conjugate. |
Proposition 3: It holds for D >4 > 1 that

H 9 2 —1
u; Ry, u; = 0; <T“ —Ti1,iBi (2 -

H
u; g;

N =— (30)

ul Ry u;’
Thus, with w = w{ "
the error function e(w).

Proof: Replacing g, by Equation (18) and u! R, u; by
0203, and using recursively Equation (11) yields

+ n;u; the value of n; above minimizes

ulyg.
TR = 0B T
because the vectors w; are mutually R, -conjugate (cf. Propo-
sition 2). Now, complete the proof by induction. Set i =
1. It holds by using w; = —pit; and Equation (26) that
0728 Mullry, 4o = Bt = m1. Then, set D > i > 2 and
substitute u; by Equation (13). It follows

—2,5-1, H —15-1 i—1
0; "B Ui Ty dy = 0; 5 Ti—laicl(;st,l) 70,do lly = i,

if we remember that tf‘rmo,do =0forall D >i> 2. |

Thus, we see that the remaining Equations (30) and (28)
which compute the weight factors «; and n; are similar to
Lines 4 and 7 of Algorithm 11. To put it in a nutshell, the Lanc-
zos based MSNWF uses the same formulas as the CG algorithm
if we make the following equivalences:

(@)

approximate solution:  w!” < 2@, 5 <, (31)
search directions: u; < p;, i < 0, (32)
residuals: g; & ;. (33)

V. CG BASED MSNWF

In Section IV we have derived that the Lanczos based
MSNWF can be expressed by the CG algorithm. Thus, Equa-
tions (30) and (28) can be replaced [7], [9] as follows

= Q?Qi

H
_ 911941
T W R VT '
u; xo Ui

gg;

This reduces computational complexity because the matrix vec-
tor multiplication R.,g,,, in Equation (28) is avoided. The
resulting computational complexity for a rank D MSNWEF is
O(N?D), since a matrix vector multiplication with O(N?) has
to be performed at each step.

The Lanczos implementation of the MSNWF computes the
mean square error MSE® at each step. In order to get a re-
cursion formula for MSE” in the CG implementation consider
the first elements in Line 12 of Algorithm | and use this equa-
tion to replace cgr)st 1 in Line 14 of Algorithm I. This yields for
D>i>1 ’

(34)

MSE® = MSEU™V —p,g8g,, MSE® =03 . (35)

Finally, summarizing Equations (34), (11), (35), (17),
and (14) leads to a CG implementation of the MSNWF which is
given by Algorithm Ill. Note that P. S. Chang and A. N. Will-
son, Jr., presented a similar algorithm to solve the Wiener-Hopf
equation in [12]. However, we derived the CG algorithm from
the MSNWF and in addition, our implementation computes the
mean square error at each iteration step.

V1. APPLICATION TO AN EDGE SYSTEM

In the following we consider an EDGE system with 8PSK
modulation and Laurent pulse shaping. The Laurent impulse is
a linearized GMSK impulse [13] which has a duration of five
symbol times. Thus, we have severe intersymbol interference
even without channel distortion. The symbol time T" = 3.69 us
and the two antennas of the mobile station (MS) receive the sig-
nal of a base station which propagates over Rayleigh multipath
fading channels with a delay spread of 7., = 10 us or three
symbol times. We assume a constant channel during one burst
with 148 symbols (excluding guard symbols). The CG based
implementation of the MSNWF is used as a linear equalizer fil-
ter for the received signal at the MS. We sample two times dur-
ing one symbol duration and take 20 samples of each antenna to
build the space-time observation vector x [n], thus, its dimen-
sion N = 40.

Figure 2 shows the measered MSE using the CG based
MSNWF for D € {6,8,10} steps compared to the MMSE
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CG MSNWF
wéo) =0

20 UL = —g1 = Tag,do
Iy = 911{91

4. MSE® = 030
fori=1to D do
6: v=Rgzu;
= l;/ (u?v)
8: 'wéz) = wg*l) + niu;
MSE® = MSE“~Y — p,1;
10: g;41 = g; + 10
liyi =92 191
120 apy = lig1 /1
Uit1 = —Gi11 T Pitlti
14: end for
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Fig. 2. Measured MSE for estimated statistic using CG MSNWF

equalizer or WF which corresponds to the MSNWF with D =
40 steps. The statistics are derived from the least squares esti-
mation of the channel where we used the 26 training symbols of
a burst. We observe that the MSNWF with D = 10 steps is very
close to the MMSE equalizer even for high SNR values.

VII. CONCLUSIONS

In this paper we transformed the formulas of the Lanczos
based implementation of the MSNWF to those of the CG algo-
rithm and obtained a new implementation of MSNWF. Simula-
tion results of an application to an EDGE system showed that
despite the reduced computational complexity, the CG based
MSNWF vyields almost the same results as the MMSE equal-
izer and outperforms other methods of dimension reduction like
the PC or CS method.
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