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ABSTRACT

A block-fading multi-user OFDMA downlink can be charac-
terized by its outage probability region. For application in
wireless resource allocation, a computationally efficient ap-
proximation of the outage region is required. The outage re-
gion is fully characterized by its Pareto efficient boundary. As
a result, a finite set ofwell-distributed Pareto efficient samples
provides the desired efficient approximation. The method of
proper equality constraints (PEC) is employed to compute
efficient points. In addition, an algorithm for choosing the
equality constraints is presented, which provides a good dis-
tribution of samples and ensures fast convergence of the non-
convex PEC optimization.

1. INTRODUCTION

We investigate the outage probability region of a block-fading
multi-user downlink with orthogonal multiple access. Out-
age probability is the appropriate information-theoretic per-
formance metric in a block-fading channel ifa codeword spans
only a small number of channel realizations and if the chan-
nel statistics, but not the channel realization, are known at
the transmitter [1]. In a single-user system, for a given rate,
a unique outage probability value results. In multi-user sys-
tems, however, available resources at the transmitter can be
shifted between users. For each resource allocation, an outage
probability tuple results, which contains the outage probabil-
ities of all users for this particular resource allocation. Vary-
ing about all feasible power allocations yields the set of all
achievable outage probability tuples - the outage probability
region. This is in full analogy to the capacity region of the
non-fading (static) broadcast channel [2].

Recently, the capacity region of the (non-fading) MIMO
broadcast channel has received wide attention (see, e.g., [3].
Computing the outage probability (loosely speaking) requires
averaging over the statistics of the channel, which makes the
problem ofcomputing the outage probability region even more
involved than computing the capacity region. Recent work
on outage probability has focused on single-user MISO and
MIMO systems (see, e.g., [4]). In this paper, we consider

a comparably simple multi-user system model, with single
antenna receivers and transmitter, and the users being sepa-
rated by an orthogonal multiple access scheme. Our interest
for such a system arose in the context of OFDMA systems.
Therefore, we consider two different types of resources to be
allocated: transmit power (continuous resource) and subcar-
riers (discrete resource).

In general, it is not possible to find an analytical descrip-
tion of the outage probability region. As a result, we can
only compute an approximation of the outage probability re-
gion by numerically computing a finite number of achiev-
able outage probability tuples. From an information theoretic
viewpoint, the computational complexity for computing an
approximation of the outage probability region is of minor
interest. In the last decade, however, near-capacity coding
techniques have emerged, making information theoretic per-
formance metrics a candidate for implementation in wireless
systems. In order to base resource allocation in a wireless
multiuser system on the outage probability region, computa-
tionally efficient algorithms for computing a good approxima-
tion are required. In the following, we develop an algorithm
for approximating the outage probability region that provides
a good approximation with only a limited number of samples
and a low computational complexity per sample.

The approximated outage region provides a characteriza-
tion of the coded physical layer in terms of achievable outage
probability tuples. In a wireless multi-user communication
system, a second instance is needed to decide which of the
achievable tuples actually to use for transmission, i.e., which
tuple results in best system performance. The outage region
provides this instance with an abstracted view of the coded
physical layer. This encapsulation property forms the basis
for a modular cross-layer optimization [5].

The proposed algorithm is based on the observation that
computing an efficient approximation of an achievable region
is closely related to the mathematical theory ofmultiobjective
optimization [6]. As motivated in Section 3, the outage region
is approximated by a set oftuples that have the property ofbe-
ing Pareto efficient. In Section 4, we discuss how to compute
a single Pareto efficient sample by applying the method of



"proper equality constraints" [7] to the outage-based resource
allocation problem. In Section 5, an algorithm for achieving
a good distribution of samples is presented, and an approxi-
mated outage region for a sample three user system is shown.

2. SYSTEM MODEL

We consider a multi-user system with a single transmitter
sending data to K non-cooperating single-antenna receivers.
The channels to the users are assumed to be frequency flat
Rayleigh block-fading. An Orthogonal Frequency Division
Multiple Access (OFDMA) scheme with N, subcarriers is ap-
plied to separate the users. The OFDMA mode is introduced
to add additional degrees of freedom in the resource alloca-
tion. We employ the usual representation of an OFDM sys-
tem as a set ofparallel subchannels (e.g., [8]). Let Nk C No,+
denote the number of subcarriers allocated to user k. More-
over, let 5k denote the transmit power allocated to user k. The
available transmit power at the transmitter is limited to Etr.
Due to the fact that the channels are frequency flat, 5k is dis-
tributed equally on all subcarriers allocated to user k. The
received signal on the n-th subcarrier allocated to user k is
given by

Yk,n hkXk,n + T1k,n,

where Xk,n denotes the unit norm transmit symbol, and rk,n r
CAV(O, o-2) is additive white Gaussian noise, assumed to have
equal variance on all subcarriers of user k. According to
the Rayleigh block-fading assumption, the channels hk -

CAV(O, Pk) are assumed to be constant during one coded OFDM
block and independent from block to block [1]. The transmit-
ter knows the average channel gains Pk, but not the actual
channels hk, while the receivers are assumed to have perfect
knowledge of their respective hk.

3. PROBLEM SETUP

For each user, a data stream with rate Rk (in bits per OFDM
symbol) is transmitted. Due to the limited channel knowl-
edge of the transmitter, this rate may be higher than the chan-
nel capacity offered by the set of subcarriers allocated to user
k, resulting in a channel outage. While the computation of
the outage probability is rather involved for OFDM over fre-
quency selective channels [8], for frequency flat channels it
is simply the outage probability of a single subcarrier for a
rate requirement of Rk, i.e., the overall rate Rk is "divided"
among the allocated subcarriers. For a resource allocation
6 = (61, ..* *K) and N = (N1... Nk), the outage proba-
bility k of user k is given by:

Ek(6, N) = 1 - exp -2 Nk 1) k k ).
6kPk
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Figure 1. Outage Probability Region (9 and Efficient Set S

The resulting outage probabilities for all users are collected
in a tuple e = (El ..., K). The set of feasible resource
allocations is given by

g = {(6,N) C Ro0+ X No,+: 61 < Etr, N| < Nc}.

The achievable outage region 0 is obtained (theoretically) by
computing e(6, N) for all feasible resource allocations. For
the case ofK = 2 users, a sample outage region is shown in
Fig. 1.

We aim at a computationally efficient approximation of
the outage region. Given an achievable outage tuple, we know
that any tuple for which at least one user has higher outage is
also achievable. Thus, the outage region is fully character-
ized by the set of the smallest achievable outage tuples, i.e.,
by those tuples on the boundary of (9 for which the outage
probability of one user can only be further decreased by in-
creasing the outage probability of at least one other user. The
latter property is just the definition of Pareto efficiency [6].
Accordingly, the smallest tuples constitute the so-called effi-
cient set S. See Fig. 1 for an illustration of the efficient set.

Computing the efficient set corresponds to solving a mul-
tiobjective optimization (MOO) problem [6]:

S = min e(6,N).
(6,N)Gg

(2)

Note that in contrast to single-objective optimization, the so-
lution of a MOO problem is in general given by a set.

Finding an analytical solution to problem (2) is not possi-
ble. Therefore, we seek a good approximation ofS by afinite
number ofefficient tuples e.

4. PARETO OPTIMAL RESOURCE ALLOCATION

There exists a wide variety ofmethods for solvingMOO prob-
lems [9]. In this paper, we employ the method of proper



equality constraints (PEC) [7] for determining a set of effi-
cient outage tuples. From Fig. 1 it is clear that the outage re-
gion is non-convex. In contrast to other MOO methods, such
as the popular weighted sum method [9], the PEC method is
applicable to problems with a non-convex achievable region.

In the PEC method, all but one objectives are constrained
to equal a predefined value, while the remaining objective is
minimized under these additional equality constraints. With-
out loss of generality, we choose E1 as the objective to be
minimized, and add the constraints Ek E£Vk > 1. In
the context of PEC, the constraints Ek E' are denoted as
parametric constraints. In the example from Fig. 1, the PEC
optimization corresponds to minimizing E1 on the intersection
between 0 and the horizontal line E2 = E'. If the intersection
is not empty, an efficient tuple results. If it is empty, i.e., the
parametric constraints are too demanding, no solution to the
PEC optimization exists. In the following, we assume that a
PEC solution exists. A strategy for choosing feasible para-
metric constraints is discussed in Section 5. For a general
MOO problem, it is also possible that a PEC solution is not
efficient, due to "folds" in the achievable region [7]. For prob-
lem (2), however, all PEC solutions are efficient. An intuition
that the outage region contains no folds is given by Fig. 1, a
rigorous proof is provided in [10].

With E2K = (E,2 , EK) and e' = (E ... E, ), the
PEC problem reads as

min E1 s.t. (6, N) C 9, £2K = £

Next, we state that a necessary condition for a resource
allocation to be optimum is that it uses all available resources:

e(6, N) C S 6i|, = Etr A ||N|1 = NC. (3)

The proof is straightforward: Consider a resource allocation
that does not use all available resources and the correspond-
ing outage tuple E. Pick one user k with Nk > 0 and add all
remaining resources to this user. This will reduce the outage
probability of this user without affecting the outage probabil-
ities of the other users. Thus, E is not Pareto efficient.

The required transmit power for user k, k > 1, to fulfill
the parametric constraint Ek = E', given a number of Nk
subcarriers, is given by

Rk
65k(Nk, E) = - 2Nk

Pk ln(l -E)

With (5), (6) and (4), the PEC problem is transformed into
the minimization of E1 with respect to the subcarriers allo-
cated to the users 2, ... , K:

1in E1(N2:K) s.t. N2:K C
N2:K

with

E1(N2:K) = (11(N2:K, £), N1(N2:K)), and

gE {N2:K C NK-1: 61(N2:K, ') >> 0, N|N2:K|1 < NC}

The function E1(N2:K) is non-convex. Despite this non-
convexity, the optimum subcarrier allocation for the paramet-
ric constraint e' can be determined based on local gradient
information. Consider the real-valued extension of gE,:

gEl = {N2:K C Ro±+ : l1(N2:K,E') > 0, ||N2:K|l<1 NC

We have the following result:

Theorem 4.1. On int g, VE1 (N2:K) = 0 has at most one
solution. Ifa solutionN exists, E1(N) is the unique minimum
of 1 (N2:K) on int gE/.

Proof The gradient of E1 can be written as:

VE1 = fl(N2:K)9(N2:K),
2 2 R/

fli(N2:K) ex2 2:K

with

1)Nl (N2:K))

Note that in the interior of gEl, we have 61 > 0 and N1 > 0.
The Hessian V2E1 then computes as follows:

V2 1 flJ(g) + gVTfl,

where J(g) is the Jacobian ofg. It is positive definite, as

J(g) =(1+ 2 n2 iK ) I+D+A

where D is a diagonal matrix with positive entries and A is
a skew-symmetric matrix. Therefore at each point N, where

2g(N) = 0, the Hessian V E1 is positive definite and conse-
quently N can only lead to a minimum of E1. If there was
another solution N with g(N) = 0 and N :t N in int Fl,,
this point would also have to be a minimum, which constitutes
a contradiction. Hence N is, if existent, the only extremum
on int gel. 0

With N2:K = (N2, ... , NK) and (3), we can write

61(N2:K, )

K

Etr -Zk(Nkz,£ E)
k=2

and

K

Nl (N2:K) = NC - Nk-
k=2

Now consider the case that the solutionN exists on int El.
In this case, the optimum (discrete) subcarrier allocation Nopt
is determined by a simple discrete gradient descent method.

(5) The critical point in the optimization is choosing an initial
subcarrier allocation Ninit. For the algorithm to succeed, it is
required that

(6)~~~~~£E(N.nt e) C ilit 9,E. (7)



Starting from a valid initialization, a gradient based method
finds the unique minimum if care is taken that the iteration
does not leave int gEl. At each iteration, we simply de- or
increment the number of subcarriers allocated to one of the
user by one, depending on the gradient. Moreover, due to the
discrete nature of N2:K it is simple to detect those steps that
would lead outside of int gEl.

In the second case, i.e., no optimum exists on int g,l, the
optimum subcarrier allocation lies on the boundary of El,.
However, every subcarrier allocation on the boundary of F,%
corresponds to the case that at least one user gets no resources,
i.e., the outage probability of those users is equal to 1. As a
result, we can circumvent this case by limiting our considera-
tions to k <£k,max, with

Ek,max < 1.

While choosing E' < k,max is simple, it is not obvious which
choices of e' guarantee that 1(N,pt) < 1. This issue is ad-
dressed in Section 5. The cases in which B users get no re-
sources can be treated by removing these users from the opti-
mization and considering a K -B system.

The stepsize AE'(i) is determined as follows: Assuming that
AE'(J) is small enough and that the optimum subcarrier allo-
cation does not change, the increment in E1 is approximated
by

£( a2 £2

with

&E1(N~ 1)

'2 / i( 1)
2 2

The distance d between two subsequent samples is given by

d (A $(())2 + (A/Kj))2 A2AE ) (a2))2 + 1.

Accordingly, in order to obtain a distance d between samples,
A () is set to2

A (i) d
2

ac(J)2 +1

5. CHOOSING THE PARAMETRIC CONSTRAINTS

For a parametric constraint e' = (£ ...., >f), a single ef-
ficient sample e = (E1, e') is generated. An approximation
of the efficient set is obtained by computing samples e for
different choices of e'. Clearly, the choice of the parametric
constraints e' determines the distribution of the samples, i.e.,
choosing e' in a careful manner is crucial for the quality of
the approximation.

Moreover, in the previous section it was shown that it is
important to choose e' such that the iterations of the subcar-
rier allocation optimization start in int gE,.

In this section, we develop an iterative algorithm for de-
termining a set of parametric constrains el. In the following,
superscript (j) is used to denote the j-th iteration. For sim-
plicity of presentation, we first consider the case ofK = 2
users. In this case, ' =£. The algorithm starts with

2'(0) = E2,max and Nit) 2

Setting E' to the largest value of interest makes the maximum
amount of transmit power available to user 1 (for the given
subcarrier allocation). As a result, it is likely that (7) holds.
If (7) does not hold for this choice of E' and Ninit, E2,max iS
increased until (7) holds. Alternatively, one could try more
elaborate choices for Ninit than simply dividing the subcarri-
ers equally among users.

Next, the minimization from Section 4 is carried out, yield-
ing an optimum subcarrier allocation No(t)

At the j-th iteration, j > 0, £ is decremented by zAE1 W:

E2( ) = £2( ) - '(.

For /'(), the optimum subcarrier allocation N(j) is de-Formine, whopt
termined, with

Ni) = No(pt- -1)

Due to the fact that the optimum subcarrier allocation usu-
ally does not change significantly between subsequent sam-
ples, using N (j7- 1) as initialization results in fast convergence
of the minimization. Moreover, a good initialization ensures
that (7) holds, even for small E'. The algorithm stops when
E1(Nj) E,:()) > Ei,max.

The extension to an arbitrary numberK ofusers is straight-
forward. First, 'e = Ef,max, Vt > 1. Starting with f = 2,
£, is decremented until E1 > Ei,max. If f < K, for each value
of /,l is first set to E±+,max and then decremented until
E1 > Ei,max. This recursive rule is applied to E' in the same
manner.

For K = 3 users, an approximation of the efficient set for
an example system is shown in Fig. 2. Note that the region
is viewed from "behind" for a better visual impression. The
sampling parameters are Ek,max = 0.1 and d = 0.01. The
system parameters are given by N, = 512, R1 = 3NC, R2
R3 = Nc,Pk = 1 2= , and

Etr
10 log10 K,72NC 15dB.

The circles in Fig. 2 correspond to the samples computed by
the algorithm. The samples are connected by lines to indi-
cate how the algorithm explores the efficient set. It starts with
£2 = £ = 0.1, then first decrements E/, then a single decre-2 3 ,3,
ment in E', and so on. On average 5.6 iterations per sample
were needed. While the distribution of samples is generally
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Figure 2. Approximation of (9 for K = 3 users

good, for small values of E' an undesirable accumulation re-

sults. The distance between neighboring trajectories is small,
due to the fact that small changes in E' and E3 result in large
changes in E1. We can conclude that it is desirable to choose
the least sensitive objective as the target objective in the PEC
problem. This leads to the idea of computing K subsets of
S, with Et, t 1, .... K, as the target objective for the t-th
subset and then taking the union of those subsets as the ap-

proximation of the outage region. In order to minimize the
overlap between the subsets, a modified stopping criterion is
needed. A small sensitivity of the target objective Et is de-
sired, therefore E' is not incremented further if

09t > T,

where T > 1 determines the overlap of the subsets. Note
that this approach depends on a specific property of problem
(2) (the sensitivity of Et increases when decreasing E'). The
resulting approximation for a threshold value of T 2 for
the example system is shown in Fig. 3. The modified algo-
rithm avoids an accumulation of samples and provides a good
overall distribution.

6. CONCLUSIONS

A method to approximate of the outage probability region of
an OFDMA multi-user downlink was presented. The approx-

imation is obtained by sampling the efficient boundary of the
region. The sampling algorithm consists of two components:
a non-convex discrete optimization, and an algorithm that a)
controls the distribution of samples and b) ensures feasible
parametric constraints. The proposed method achieves a good
distribution of samples on the efficient set.

Figure 3. Approximation of (9 by 3 subsets
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