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Abstract

In analogy to the fan-beam geometry used in computerized tomography we
investigate point X-rays in discrete tomography and their instability behaviour.
We construct arbitrarily large irreducible switching components. After applying
any affine resp. projective transformation the tomograpically equivalent lattice
sets overlap in at most the minimal number of lattice points to define the
transformation. Thus, compared with parallel X-rays even worse instability
results are discovered.

Considering the reconstruction problem in the discrete tomography of quasicys-
tals we have to determine all subsets of a finite point set which can be separated
by an up to translation fixed so-called window, i. e. a ball or polytope. We
show that both cases can be dealt with in polynomial. Also, we are concerned
with the characterization and the calculation of smallest separating balls and
triangles.
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Chapter 1

Introduction

1.1 Computational complexity

The running time of an algorithm to solve a problem instance usually de-
pends on the input size which is defined by the length of the string of symbols
encoding the problem instance using the binary encoding scheme. We speak
of an instance of a problem if all parameters of the problem are specified.
The running time is defined by the number of steps in which the Turing ma-
chine reaches the end state. For more details about Turing machines and
binary encoding we refer to [107], [68].

An algorithm is called a polynomial-time algorithm if there exists a poly-
nomial so that for any instance of size at most n the running time is bounded
from above by the polynomial at n.

The class of recognition problems that can be solved by a polynomial-time al-
gorithm is denoted by P.

The class of recognition problems so that for any ”yes’-instance there exists a
certificate, the length of which is bounded by a polynomial in the size of the
”yes”-instance and which can be checked in polynomial time for validity, is de-
noted by N'P. Thereby, the class P belongs to the class N'P.

Let Aq, A be two recognition problems. We say that A; reduces in polynomial
time to Ag if and only if there exists a polynomial-time algorithm A; for A;
that uses several times as a subroutine at unit cost a (hypothetical) algorithm
Ay for Ay. We call A a polynomial-time reduction of A; to As.

We say that a recognition problem A; polynomially transforms to another
recognition problem As if, given any string x, we can construct a string y
within polynomial time so that = is a ”yes”-instance of A; if and only if y is a
”yes”-instance of As.

A recognition problem A € NP is said to be N’P-complete if all other prob-
lems in NP polynomially transform to A.

If all recognition problems within the class AP polynomially reduce to some
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recognition problem A, i. e. A is as hard as any problem in NP, but we are not
able to argue that A € NP, the recognition problem A is said to be N'P-hard.
Moreover, the term N P-hard is sometimes used to describe optimization prob-
lems, the recognition problems of which are NP-complete.

To characterize the asymptotic behaviour of the running time of an algorithm
let us introduce the following notation using the Landau symbol:

Let f(n), g(n) be two positive-valued functions defined on the set N of natural
numbers. We write

f(n) € O(g(n)) (1.1)

if there exists a constant ¢ > 0 so that, for large enough n, f(n) < c- g(n).
We do not want to go in more details as the basics mentioned here suffice in the
following. For more details and complexity classes, however, we refer to [107]

again.
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1.2 Inverse problems

An inverse problem is posed in a way that is inverted from that in which
direct problems are posed determining the effect b € Y of a given cause
x € X according to a definite mathematical model A, i. e. Az = b.

A common feature of inverse problems is their instability, i. e. small changes
in the data may give rise to large changes in the solution. Around the turn
of the last century, Hadamard clearly formulated the concept of a well-posed
problem. He took existence, uniqueness and stability of solutions to be the
characteristics of a well-posed problem.

If at least one of the demands on the solution is not satisfied, the problem is
called ill-posed.

Existence and uniqueness are usually guaranteed by taking the least square
solution of ||Az — b|| of minimal norm, which exists and is uniquely determined
if b € im(A) @ im(A)*, where im(A) denotes the range of the operator A. The
inverse mapping AT : im(A)@im(A)t C Y — X is called the Moore-Penrose
generalized inverse of the operator A, which is continuous if and only if the
range im(A) is closed. To restore continuity, a regularization of AT is used,
which is a family (77,),>0 of continuous operators T’, : Y — X satisfying

&mo T,b=A"b (1.2)

on the domain of AT. Let b € Y be an approximation of b according to the
data error ||b—b¢|| < € and let y(¢) denote the regularization parameter so that

v(e) — 0, (1.3)
1Ty e)lle =0 (1.4)

for € — 0. It yields that

[Ty — ATDI| < [Ty (5 = D)|| + || Ty )0 — ATD] (1.5)
< ||T'y(e)||6 + ||T'y(e)b - A+b||

— 0,

and thus the inverse problem to Az = b can approximately be solved. De-
termining a good regularization parameter is a major issue in the theory of
ill-posed problems.

Some well-known examples for regularization methods are given by the trun-
cated singular value decomposition neglecting the small singular values,
which cause large error within the inversion process, the Tikhonov-Phillips
regularization, which moves the small singular values away from 0, and iter-
ative and projective regularizations, see for example [114], [103], [102].

In the following we introduce the field of computerized tomography as an ex-
ample for an inverse problem and its discrete correspondents geometric and
discrete tomography.
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1.2.1 Computerized tomography

In the early 1970s computerized tomography was introduced in diagnostic
radiology and since then, many other applications of computerized tomography
have become known.

In computerized tomography as well as in geometric tomography, which we will
introduce in more details later, the available data to reconstruct a function are
line integrals (or more general k-dimensional hyperplane integrals) through the
considered object called X-rays (or more general k-dimensional X-ray trans-
forms).

The most prominent example of computerized tomography is transmission com-
puter tomography in diagnostic radiology. In that field a cross-section of the
human body is scanned by an X-ray beam, whose intensity loss is recorded by
a detector and processed by a computer to produce a two-dimensional image.
If Iy denotes the initial intensity of the beam L, which we think of as a straight
line, I; its intensity after having passed the body and f(x) the attenuation
coefficient of the object at the point x, then

L - J i@y (1.6)

Iy
describes the relationship between those parameters.
For the parallel scanning geometry a single source and a single detector are
required, which move in parallel and rotate during the scanning process. Besides
the parallel scanning geometry leading to the Radon transform and the ray
transform, which integrate a function f on R™ over hyperplanes resp. over
straight lines and coincide in the case n = 2, also the fan-beam scanning
geometry is in use in computerized tomography, leading to the cone beam
transform. In that case the source runs on a circle around the body, firing a
whole fan of X-rays, which are simultaneously recorded by a linear detector
array for each source position.
In 1917, the Austrian mathematician J. Radon published a paper that demon-
strated that an objective function f can be recovered from all its projections,
if f is infinitely differentiable and rapidly decreasing, see [112]. Later it was
shown that an infinite set of projections is already enough to determine an
objective function f, if the function is located within L3(R?), see [121], which
improves the result of Radon, but is still impractical.

1.2.2 Geometric tomography

If the function to be reconstructed assumes only discrete values, the methods
and algorithms which are in use are quite different than those which are used
in computerized tomography and belong to fields such as combinatorics, con-
vex analysis, linear and integer programming, and measure theory. A typical
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example for that case is the reconstruction of the characteristic function of a
set that is 1 in the interior and 0 outside the set.

In 1949 Lorentz used the connections to the analysis of functions and gave
necessary and sufficient conditions on uniqueness and consistency of a function-
pair, see [95].

In the case of continuous tomography we speak of geometric tomography,
which specially focusses on the analysis of the relevant geometric questions and
studies geometric objects rather than density functions. Roughly speaking, it
deals with the retrieval of information about a geometric object (e. g. a convex
polytope or body, a star-shaped body, a compact or measurable set) from data
about its sections, or projections, or both, see [53]. The subject has connections
with convex geometry, stereology, geometric probing in robotics, computerized
tomography, and other areas.

The discussion of geometric connections was started by Hammer, who in 1961
raised the problem:

When is a planar convex body uniquely determined by its X-rays?

In that context the (parallel) X-ray X, K of a convex body K in the direction
u € S' on the unit circle ' is the function defined on u* which gives the length
of each chord of K parallel to u.

Gardner and McMullen proved that it is possible to find four X-ray directions
that will uniquely determine all planar convex bodies, see [53], Theorem 1.2.11.
Besides parallel X-rays, also point X-rays are investigated in geometric tomo-
graphy, which correspond to the fan-beam X-rays in computerized tomography.
A point X-ray X,K resp. a directed point X-ray D,K of a planar convex
body K at a point p gives the lengths of all the intersections of the body with
the lines through the point p resp. with rays issuing from the point p.

First results in that context are given by Falconer, see [33] and [48]. The main
result of Volci¢ states that any set of four points in general position in the plane
has the property that the point X-rays at these points will distinguish between
any two convex bodies, see [53], Theorem 5.3.8, [33] and [129].

For directed X-rays, three noncollinear points will suffice for that purpose,
see [53], Theorem 5.3.6.

1.2.3 Discrete tomography

In a further step away from continuous tomography (see geometric tomogra-
phy), the domain of the functions to be reconstructed is often assumed to be
discrete, too.

Research on discrete tomography was stimulated in the 1990s as a result of
advances in electron microscopy that made it possible to count the number of
atoms in each projected column of a crystal lattice, in several directions. The
novel method was called QUantitative ANalysis of The Information provided
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by Transmission Electron Microscopy, abbreviated QUANTITEM, for details
see [84],[119] and [64]. Unfortunately, the signal-to-noise ratio turned out to
be prohibitively large for this technique. Recently, new techniques have been
developed based on high-resolution electron microscopy (HREM) image simu-
lation and exit wave reconstruction that provide a much better signal-to-noise
ratio, see [78], [79]. The improvement of field emission high-resolution transmis-
sion electron microscopes (HRTEM) including the introduction of aberration
correctors extended their resolution to sub-Angstrom values.

Five American major electron microscopy centres are teaming up for a project
called Transmission Electron Aberration-corrected Microscope (TEAM), which
is funded by the U.S. Department of Energy’s Office of Basic Energy Sciences.
One of the goals is to achieve a resolution of 0.5 Angstrom - about one-million
times smaller than the diameter of a human hair - by the end of the decade. One
of the challenges is to develop a complex system of lenses to correct the aber-
rated images, which are created by the optical system of present microscopes,
see [26], [135].

Motivated by the crystalline structure, the domain of the function to be recon-
structed is mostly given by the lattice set Z™ or can often be reduced to it by
some affine transformation. In the following we restrict to the case that a planar
lattice set F' C Z? has to be reconstructed by its line sum values along a set S of
lattice directions. A lattice direction u € S is defined by u = (r,s) € Z2\{0}
satisfying ged(r, s) = 1.

The line sum value along some line [ := {(i,j) € Z?|rj — si = t} in direction u
(or X-ray data in analogy to the continuous case) is given by |F N | resp. by
Z(i,j)emﬁ f(i,7) for the characteristic function f of the lattice set F.
Nonuniqueness is represented by so-called switching components with re-
spect to the set S of lattice directions, which are given by those integer func-
tions ¢ on the lattice set Z? having finite support so that all line sum values
in any lattice direction u € S are equal to 0. Moreover, if the range of one
of those functions g is given by {—1,0,+1} and if {(7,7)|g(i,j) = 1} C F and
{(i,4)|g(i,j) = =1} N F = 0, the lattice set F is not uniquely determined by its
line sum values. Changing all elements within a switching component is called
a switching operation.

By elementary switching component we refer to the switching component

g(i,j) = coeffi ([ ("y" 1)), (1.7)

u=(r,s)€S

which corresponds to the smallest projection of the |S|-dimensional unit cube
into the lattice set Z2, and its translations, compare [69].

Fishburn and Shepp introduce the concept of additivity, which describes the
uniqueness of the reconstruction on the domain [0, 1] instead of {0, 1} for each
lattice position, see [50]. Additivity is necessary and sufficient for uniqueness
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in the case m = 2 lattice directions because of the total unimodularity of the
system matrix, and is sufficient but not necessary if m > 3.

Many problems of discrete tomography are first discussed as combinatorial prob-
lems during the late 1950s and 1960s. In 1957 Ryser published a necessary and
sufficient consistency condition for a pair of integral vectors being the row and
column sum vectors of a binary matrix, see [115]. By giving a constructive
proof of his theorem, Ryser provided the first reconstruction algorithm. In the
same year Gale proved the same consistency condition as Ryser, but applying
it to flows in networks, see [52].

A discrete analogue of Gardner and McMullen’s theorem in geometric tomogra-
phy was obtained by Gardner and Gritzmann, who showed that convex lattice
sets in Z? are determined by certain prescribed sets of four lattice directions,
see [54].

The complexity of consistency, reconstruction and uniqueness is investi-
gated in [55]. For a finite set S of lattice directions and at least m = |S| = 3
pairwise different lattice directions, the problems

CONSISTENCY(S)
Instance: For each u € S a function f, : D(u) — Ny, where D(u) is a
finite set of lattice lines parallel to u.

Question: Does there exist an F C Z?2 so that X, F = f, for all u € S?
and

UNIQUENESS(S)
Instance: Lattice set F' C Z? of finite cardinality.
Question: Does there exist an F' C Z? having the same X-ray values

as I according to the direction set S?
are N'P-complete and the problem

RECONSTRUCTION(S)

Instance: For each u € S a function f, : D(u) — Ny, where D(u) is a
finite set of lattice lines parallel to wu.

Task: Construct a solution F' (if one exists), which satisfies X, F' = f,

for all w € S.

is N'P-hard, see [55] and [73], section 4.4, whereas in the case m = 2 all those
problems are solved in polynomial time. Moreover, the complexity for the
polyatomic case is investigated in [30] and [56].

Recent results are concerned with the stability of lattice sets according to small
changes within the X-ray data, see [7], [3], [6], [4], [5]. Large instability was
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discovered for m > 3 lattice directions. In particular, it was shown that for any
a € N there exist two finite lattice sets F7, Fh satisfying

e Iy for k = 1,2 is uniquely determined by the X-rays X, Fj for

j=1...,m,
.FlﬂFQZ(D,
] ’Fl‘ = ’FQ‘ za,

> ues [ XuF1 — XuFa|l1 = 2(m — 1),

|FiNt(F)| < (3-2m7241)2((32m—44)% +-2) for each affine transformation
t: 7% — 72

Besides electron microscopy and material sciences, in particular the reconstruc-
tion of crystalline structures from images produced by quantitative high resolu-
tion transmission electron microscopy, discrete tomography has various interest-
ing applications and connections to medical imaging, image processing, graph
theory, scheduling (see [32], [109]), quality control in semiconductor industry
(see [7]), data coding, statistical data security (see [77], [49]), game theory, and
SO on.
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1.3 Separability problems

Many problems in supervised machine learning can be formulated as classifying
objects into a finite set of categories, based on a given training set. Numerous
powerful statistical learning techniques such as decision trees, support vector
machines, logistic regression, etc. have been developed.

The geometric version of the classifying problem is formulated as the following
separability problem:

Given a subset S C P within the finite point set P C R"”, find some ball,
polytope, etc. so that the point set S is located inside, but the point set P\S
is located outside.

We give a short overview of some results which we will refer to later:
Separation by polyhedrals or balls is discussed in literature, see [98, 106]. In
[106] both detecting spherical separability and finding a smallest separating ball
are answered in polynomial time in the number of points for fixed space dimen-
sion. More precisely, both can be solved in O(3"" - |P|) arithmetic operations
for the finite point set P C R"™ and the dimension n of the space. Polytopal
separability is treated in [98] by deciding whether two finite point sets can be
separated by a fixed number of hyperplanes.

Klee and Laskowski describe in [86] an algorithmic approach to find a minimal
enclosing triangle for a planar set of points P C R?, where minimal refers to
the Lebesgue measure. Enclosing a convex polytope can be done in linear time
with respect to the number of vertices. Therefore, the running time of their
algorithm is restricted by the algorithmic calculation of the convex hull of the
point set, which can be done by Graham scan in O(|P| - log|P|) arithmetic
operations, see [59].

Hurtado is concerned with the problem of separating two finite point sets by
wedges and strips in [75]. In the wedge case both detecting separability and de-
termining all vertices of separating wedges is done in O(|P|-log | P|) arithmetic
operations.
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1.4 Overview and main results

The main results of this thesis are contained in the Chapters 2 up to 7. All
chapters are mainly self-contained.

Chapter 2 is concerned with the reconstruction of quasicrystals, in particular the
separability problems which appear in that context. Chapter 3 and Chapter 4
examine instabilities and the possibility to locate convex lattice sets for point
X-rays, in each case also surveying the consequences to the parallel case. Chap-
ter 5 and Chapter 6 treat the characterization of small errors and the construc-
tion of large instabilities in a bounded lattice set for parallel X-rays. Chapter 7
takes underlying periodicity assumptions of a bounded lattice set into account.
More details are given in the following.

Chapter 2

Considering the reconstruction problem in the discrete tomography of quasicrys-
talline structures, there also appears some separability question (for motivation
and more details see later):

Let W C R”™ be some compact subset in the Euclidean space R"™, which is
known up to translation. We have to determine all separable subsets S within
the point set P, i. e. the set

{SCPFHeER": t+W)NP=S5and (R"\(t+W))NS = 0}. (1.8)

Deciding separability as considered in literature is now replaced by calculating
all separable subsets. Furthermore, for any polytope W the position of the
hyperplanes to each other is now fixed in contrary to the considerations in [98].
In Chapter 2 we present algorithms for the polytopal and the spherical case,
which run in polynomial time O(m™*!-|P|"*1) resp. O(|P|"*?) for fixed space
dimension n and the number m of facets in the polytopal case. By worst case
analysis we see that there are at most O(|P|™) separable subsets in both cases.
Furthermore, some annotations to the elliptic case, to the intersection and union
of balls and the union of polytopes are also given.

In Chapter 2 we are also concerned with minimal separating balls and trian-
gles. As minimality causes that both interior and exterior points are possibly
located on the boundary of the separating ball or triangle, we characterize the
approximability of minimal separating balls and triangles. By using ideas from
both triangular enclosing in [86], [105], [85] and wedge separability in [75], we
attend the generalization of minimal triangular enclosing as given in [86] to min-
imal triangular separability, which can be solved in O(|P|? - log|P|) arithmetic
operations.
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Chapter 3

In Chapter 3 we consider point X-rays in analogy to the fan-beam geometry in
computerized tomography and investigate the instability in that case. Based
on projective methods as already used in [45], it turns out that point X-rays
lead to even worse assertions than in the case of parallel X-rays. Besides affine
transformations we also take projective transformations into account in order to
exclude that the worse results are only based on the different geometries which
underlie the projective mapping and the affine transformations. For both cases
we can show that the number of overlappings of the constructed lattice sets is
constant with respect to the number of point X-ray sources and depend only
on the dimension n of the lattice set, if we consider the general case Z" instead
of Z2. In particular, we get for m > 3 point X-ray sources pi,...,pn that for
each a € N there exist two finite lattice sets Fy, Fo C Z" satisfying

o Fy for k = 1,2 is uniquely determined by the point X-rays X, F}. for

j=1....m,
° FlﬁFQZQ),
o || =[Fp| > a,

Yo [ Xp Fr — Xy, Fo| = 2(m — 1),

|F1 Nt(Fy)|] < n+1 for each affine transformation ¢ : Z" — Z",

|F1 N pre(F2)| < n+ 2 for each projective transformation p : P — P™.

We also take a look at some uniqueness aspects according to convexity as-
sumptions and the consequences of our instability results to the case of parallel
X-rays. We can push the upper bound of the number of overlappings with re-
gard to affine transformations to the value 2" ~! —1 for translations #(z) := z+b
and half-around rotations ¢(z) := —z + b and to the value 4 in the other cases.
Other non-projective methods reduce the upper bound to some multiple of the
smallest possible cardinality of a switching component.

Chapter 4

In Chapter 4 the situation is a little bit changed. Now we assume that the
lattice set is well-known, but not its position. Thus, we are concerned with the
question how many sources are needed to uniquely determine its location with
regard to affine lattice transformations by its directed and undirected point
X-ray values. The analogue question is also asked for the case of parallel
X-rays.
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Chapter 5

We know that error values in the right hand side data can cause large changes
within the original data, see [7]. Hence, some knowledge of the possible error
vectors and the location of possible nearby reconstructions to a reference tem-
plate can help to exclude large changes or to reject some template within the
quality control in semiconductor industry on the basis of its X-ray data all the

Salme.

Chapter 6

Instabilities as considered in [7] can reach large scale, but seem to be sparsely
located. Therefore, in Chapter 6 we consider the size of instabilities for a
bounded lattice set.

Chapter 7

We analyse periodicity assumptions for a bounded lattice set in Chapter 7. Mo-
tivated by the necessary width of conducting paths on wafers in semiconductor
industry, jumps are admitted at certain horizontal and vertical positions of
fixed interrelated distance. Necessary uniqueness conditions in the cases with
and without absorption are quoted and interpreted within the process of scal-
ing and rescaling. Moreover, some remarks about stability and instability are
given, in particular possible right hand side error data are investigated.



Chapter 2

Separation of point sets

2.1 Motivation

In the following we investigate the discrete tomography of systems of ape-
riodic order, more precisely, of so-called mathematical quasicrystals (or
model sets). The main motivation for our interest comes from the physical
existence of quasicrystals. Model sets which arise by definition from so-called
cut and project schemes, compare [100], are commonly accepted to be good
mathematical models for quasicrystalline structures, see [122].

A well-known class of planar model sets is the class of cyclotomic model
sets A C Z[&x], where & is a primitive kth root of unity (e. g., { = e%) and
k¢ {1,2,3,4,6}, including the planar model sets associated with the Ammann-
Beenker tiling (k = 8), the Tiibingen triangle tiling (k = 5) and the shield tiling
(k = 12), for illustration see [74].

Let k € N\{1,2,3,4,6}, let p(k) = [{l € N|1 < I < k,ged(l,k) = 1}|be
the Euler’s totient function and let the set {o;|i € {1,..., @}, o1(z) = =
the identity} arise from the Galois group of Q(&x)/Q according to the corre-
sponding cyclotomic field Q(&) by choosing exactly one automorphism for each
pair of complex conjugate automorphisms. The class of cyclotomic model sets
arises from cut and project schemes of the following form, where we follow the
algebraic setting of Pleasants, see [110]:

™ Tint
R2 - R2 x (Rz)@—l . (Rz)@—l
U dense U lattice U dense

1-1 1-1 o

elr)
Zlgr] e {lz=01(2),(02(2), - 0em (2) | 2 € ZIGk]} —  (Zl&) T !
—— 2
=:L —a =L
=L

Given any subset W C (Rz)@_l with 0 # int(W) C W C clos(int(W)) com-

17
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pact (in particular, W is relatively compact) and any ¢ € R?, we obtain a planar
model set Ay (t, W) := t+ Ay (W) relative to the above cut and project scheme
by the setting

Ak(W) = {Z S Z[gk] ’Z* S W},
compare [100, 110] for more details and more general settings, and [11] for

ek) 1.
1 s called

general background. Further, the space R? resp. the space (R?)

the physical resp. the internal space, W is referred to as the window of
(k)

Ap(t,W) and *: L — (R%)"2 ~

The class of cyclotomic model sets is defined as the union of all sets

is the so-called star map.

M(Z[&)) == {A(t, W) |t e RZEW C (R2)@‘1 with (2.1)

0 # int(W) C W C clos(int(WW)) compact }

for k € N\{1,2,3,4,6}.
For example, the planar model set associated with the Ammann-Beenker tiling,
see [8],[13] and [51], can be described in algebraic terms as

App = {z € Z[&g] | z* € O the regular octagon of unit edge length
centred at the origin}, (2.2)

where the star map * is the Galois automorphism within the Galois group of
Q(£8)/Q defined by &g — &5
Using standard results of elementary algebra, it is shown that the decomposition

problem for cyclotomic model sets can be solved in polynomial time, see [74]
and [12]:

Theorem 2.1.1

Let k > 3, let 01,...,0m € Z[¢] be m > 2 (pairwise non-parallel) module
directions and let L,, be the set of lines in direction o;, i € {1,...,m}. Fur-
thermore, let p,, : Lo, — No, i € {1,...,m} be functions with finite support

supp(po,;) C E?Fk]. The problem of decomposing the grid

m

Gipo, lie{l,.m}} = ﬂ( U 1) (2.3)

i=1 lesupp(po;)

into its equivalence classes modulo Z[{| according to the equivalence relation
g~ g = g—g €Z[&] (2.4)

can be solved in polynomial time. Whenever the module directions are fixed,
there are only finitely many possible equivalence classes.
The phenomenon of multiple equivalence classes modulo Z[{] in the grid can
also occur in the crystallographic cases k = 3 and k = 4.
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Now we turn to the reconstruction problem for X-ray data in two module
directions:

Let 01,09 € Z[] be two (non-parallel) module directions, let p,, : L, — Ny,
Doy : Lo, — No be two functions with finite support and let W C (RQ)@_1 be a
window satisfying ) # int(W) C W C clos(int(W)). The task is to reconstruct

a finite set F' if existent which is contained in a cyclotomic model set
A(t, 7+ W) € M(Z[E]) (2.5)
k)

with t € R? and 7 € (R?)™2 ~! and satisfies X, (F) = po, and X,,(F) = po,.
By Theorem 2.1.1 we can assume that the equivalence classes of the grid
G{po, poy} Mmodulo Z[&x| are given, say G Doy poy} = Us_,G; where G; —t; C Z[&]
for suitable t; € R?. Due to the definition of (cyclotomic) model sets, not every
subset of the equivalence class G; that conforms to the X -ray data is admissible,
more precisely, a possible reconstruction F' C G; must satisfy:

(k)
it

31 e (R? C(F—t)y cr+ W (2.6)

Therefore, we have to know all subsets (F' —t;)* within each set (G; —t;)* which

can be separated by the window W.

Definition 2.1.2 (separation with respect to the point set P)

Let ) # P C R™ be a nonempty finite point set within the Euclidean space R".
We say that a subset P’ C P can be separated with respect to the point
set P by the window W C R", if

pet+ W forallpe P, (2.7)
pét+W forallpe P\P (2.8)

for some translation vector t € R™.
We write

Sepy (P) := {P" C P|P' can be separated with respect to P by W}.
(2.9)

Thus, we have to determine the set
Sepy (G — t1)*) = {(Gs — t)* N (r + W) | 7 € (R?) 21}, (2.10)

which contains all those subsets of (G; — t;)* that are separable from its com-
plement by a translate of the window W'.

Our target is to find an algorithm for the determination of the set Sepy, (P) that
requires a polynomial number of arithmetic operations in terms of the size |P)|
for fixed space dimension n. This problem is tractable for special classes of
windows:

In the case of spherical and polytopal windows we will present algorithms which
take O(|P|"*2) resp. O(m™*! . |P|"*!) arithmetic operations, where m is the

number of facets in the polytopal case.
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2.2 Separation by hyperplanes

The basic idea that is used to determine all sets which can be separated by
hyperplanes is also used later for spherical and polytopal separation. Therefore,
we want to consider the separability problem for hyperplanes first, although that
case will not be directly applied to quasicrystalline reconstruction problems.

Definition 2.2.1 (hyperplane)
For a # 0,b € R™ we define

Hup = {z € R"|a’2z = a"b}, (2.11)
Ha%b = {z e R"|aTz < a’b}. (2.12)

The first one is the (unique) hyperplane with normal vector a which contains
the point b € R", the second one is the associated closed halfspace in the
opposite direction of the normal vector a. The sets Ha%b, H;b and H a> p are
analogously defined.

Definition 2.2.2 (separation by a hyperplane)

Let ) # P C R™ be a nonempty finite point set within the Euclidean space R".
A subset S C P can be separated by a hyperplane with respect to the
point set P, if there exist a # 0,b € R™ so that

S CHS, (2.13)

P\S C H, (2.14)
We write

H(P) := {S C P|S can be separated by a hyperplane with (2.15)

respect to P}.

Given two finite point sets S, P\S C R", the problem of finding a hyperplane H
which separates the point sets S and P\S (called linear separability prob-
lem) can be formulated as linear programming problem for n + 1 variables
and |P| constraints. Thus, for fixed space dimension n the linear separability
problem can be solved in O(|P|) arithmetic operations, compare [98], [97].

For fixed space dimension n and fixed number m of hyperplanes also the
m-polyhedral separability problem of deciding whether the point set S can be
separated with respect to the point set P by the intersection of m halfspaces is
solved in polynomial time within the cardinality |P| of the point set P, see [98].
But in the case of separation by polytopes in Section 2.3 the hyperplanes sup-
porting the facets of the polytopal window cannot be chosen independently
from each other. Therefore, the idea presented in [98] cannot be used for our
purpose.
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Moreover, our question of separation by a hyperplane is more than recognizing
whether a subset S C P can be separated with respect to a finite point set
P C R". We want to find all subsets of the point set P which can be separated
with respect to the point set P.

In 1968 Vapnik and Chervonenkis discovered the connection between the con-
cept of VC dimension (Vapnik-Chervonenkis dimension) and the growth
function within the context of learning theory, see [126], [127] and [125]:

The VC dimension of a set of functions is the maximal number h of vectors
21,...,2p that can be separated into two classes in all 2" possible ways by us-
ing functions of the set. In the case of linear functions in the n-dimensional
Euclidean space R™ the VC dimension is equal to the value h = n + 1. The
growth function is denoted by

G(l) :=In sup N(z1,...,2) (2.16)
2150y 2]
for the number N (z1,...,z) of different separations of the point set {z1,...,2}

according to the given set of functions. If the VC dimension h of the fixed set
of functions is finite, the growth function is bounded by the inequality

Gll) < h- ln(% +1) (2.17)

with G(h) = h -1n2 for | = h. Thus, in general the number of subsets
S C P within the finite point set P C R" exponentially grows within the
space dimension n.

Without loss of generality let us assume that the affine space spanned by the
point set P has dimension n, as otherwise we can reduce all considerations to
the lower dimensional problem of finding all subsets of the point set P which
can be separated within the affine subspace aff(P). Therefore, we know that
PN (R"\H,y) # 0 for any hyperplane Hgy,.

First of all, we want to give a rough idea of the algorithm which we intend to
develop. Let us assume that S € H(P) and that the hyperplane H separates
the point set S with respect to the point set P. If the hyperplane H itself does
not contain n affinely independent points of the point set P, we may rotate the
hyperplane H (leaving the affine subspace aff(H N P) fixed), until the rotated
hyperplane H' hits a new point within the point set P. By iterating that process
we end up with a hyperplane which is spanned by n affinely independent points
within the point set P and, additionally, the point set S is contained in one of
the closed halfspaces associated with the hyperplane.

The additional points in the first rotation step (and analogously in each further
rotation step) can be calculated by only using the hyperplane H' and the fixed
affine subspace aff (P N H), as we will see later.

The above described procedure is helpful because there is only a polynomial
number of hyperplanes which are spanned by n affinely independent points
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within the point set P. Thus, let us start with all those hyperplanes, and for
each of them let us try to reverse the process of iterative rotations to recover
all separable subsets S € H(P).

Lemma 2.2.3 Let ) # S € H(P) and let H,p, be one of the hyperplanes which
separates the point set S with respect to the point set P and which satisfies
be Hyp,NS. (Such a hyperplane exists as we can find one by translating a
separating hyperplane until it hits at least one point of the point set S.)

If dimaff(H,, N S) <n—1 there exists a vector ' € R™ so that

1.H5,NPCS,

2. HZ,NPCP\S,

3. HmbﬂS C Ha/’bﬁP,

4. dimaff(Hy , N P) = dimaff(H,, NS) + 1.

In particular, the point set S (resp. the point set P\S ) still lies within the closed
halfspace H; , (Tesp. H; p)» the point set H,p, NS remains on the separating
hyperplane, bvut some of t/te additional points added on the hyperplane in order
to increase the affine dimension by 1 possibly belong to the point set P\S.

Proof
Since PN (R™\H, ) # 0 there is at least one vector a € R™ so that

aff (Hqp NS) C aff(Hgp N P) (2.18)
and

dimaff(Hgp N P) > dimaff(Hgp N S). (2.19)
Therefore, the vector

(L = Amin) - @+ Amin - @ # 0, (2.20)
where \pin 18 given by

Amin = min{A > 0 dim aff (H(_).q1 x5 N P) > dimaff (H,, N S)},

(2.21)
satisfies 1. - 3.
Now let us choose the vector a’ so that 1. - 3. and
dimaff(Hy p N P) > dimaff(H,, N P) + 1 (2.22)
are satisfied and that k with respect to the setting
l:=dimaff(Hq, N P), (2.23)

I+ k :=dimaff(Hy , N P) (2.24)



2.2. SEPARATION BY HYPERPLANES 23

attains the minimal value that is possible for any vector a’ satisfying 1. - 3.
and (2.22). We claim that also 4. is fulfilled, which means that k = 1.

For that purpose let us assume that k > 1. Let the point set {p1,...,pi+1} C
H,p NS be affinely independent and let us extend that point set to an affinely
independent point set {p1,...,Pi41,Pi+2; - Pitk+1}y C He py N P. Without loss
of generality let us assume that pi1p+1 € P\S. Then we can find some vector
v € R"\{0} so that

vl (pj —p1)=0forj=2,...,1+k, (2.25)

v" (prsrs1 —p1) > 0. (2:26)
Thus, it yields for e > 0 sufficiently small and the vector a := a’ + € - v that

dimaff(Hgp, N P) < dimaff(Hap N P) < dimaff(Hy , N P) (2.27)

in contradiction to the choice of the vector a’, as the conditions 1.-3. are still
fulfilled for the vector a because of

" prirt = (@ +€e-v) (p1 + (Proks1 — p1)) =
=a"p1+ e v Pk — p1) > @ pr. (2.28)

O

Lemma 2.2.4 The step from the vector a to the vector a’ in Lemma 2.2.3 can
be reversed in the sense that the point set S € H(P) is the union

(Hy,NP)U(Hz, N HyypNP) (2.29)

of the point set H5 ,(\P and the intersection of the point set P with the embedded
closed halfspace wz"thz'n the affine subspace aff(H, , N P) which is given by the
embedded hyperplane aff(Hy, N P).

Proof

The rotation in Lemma 2.2.3 satisfies 1.-4. Thus, we get that

S=H;,NP=(H5,NP\(H;,NHy,NP)= (2.30)
= (Hg,NP)U(H:,NHyyNP). (2.31)
O

Of course, we neither know the relevant affine subspace aff(H,p N P) by start-
ing with the affine space aff(Hy p N P) nor the relevant embedded halfspace
within the affine space aff(Hy , N P) which is given by the embedded hyper-
plane aff(H,;, N P), in order to determine the point set S. But by treating all
point sets of dimaff (Hy , N P) affinely independent points within the point set
Hy NP and both embedded halfspaces with respect to the chosen point set, we
can calculate a subset of the set H(P) which contains the point set S. That is
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used in the following algorithm.:

The iterative application of Lemma 2.2.8 shows that we can start with the hyper-
planes which are given by affinely independent n-sets P within the point set P,
in order to calculate all separable sets O # S € H(P). Each possibly applied
step according to Lemma 2.2.3 has to be reversed. After reversing one step we
can either stop the procedure or reduce the further calculation to the fized space
with respect to the rotation in Lemma 2.2.3, as further additional points which
have to be eliminated in the next reversing step only lie within that subspace.

For notational purpose within the algorithm let us define the set Sequ(P) of
descending sequences with respect to the point set P.

Notation 2.2.5
For some point set P of cardinality |P| < n let

denote the set of all descending sequences (77‘15‘, ..., P1) of point sets P; starting
with the point set P so that |P;| = j for j = 1,...,|P| and each set includes

the consecutive one.

SEPARATIONBYHYPERPLANES,,(P)
Input: finite point set () # P C R" of full affine dimension
Output: H(P)

(1) M« {0}

(2)  foreach P C P, P affinely independent, |P| =n

(3) foreach P = (P,,...,P1) € Sequ(P)

(4) for j=ntol

(5) HJ, — aff(P;) which is the (embedded) hyper-
plane within aff (P;11) resp. R™ for j =n

(6) H7]3’<,H7j3’> — the associated (embedded) open
halfspaces within aff (P;;1) resp. R" for j =n

7) M — MU UL {(Hp U UL Hy) 0PI, €

{Hp™, Hp™ 1},
(8)  return M

Theorem 2.2.6

The algorithm determines the set H(P) of all subsets within a nonempty finite
point set P C R™ which can be separated with respect to the point set P by a
hyperplane in O(|P|"*1) arithmetic operations.

Proof

Notice, that according to Definition 2.1.2 also the empty set belongs to H(P),
i.e. ) € H(P).

Using Lemma 2.2.3 and Lemma 2.2.4 all point sets (H;;UU;L:Z H;)NPin (7) can



2.2. SEPARATION BY HYPERPLANES 25

be separated with respect to the point set P by a hyperplane, as any point set
(HbU Uj—; Hj) NP results from a sequence of rotations, see also the motivation
of the algorithm before. Notice, that all point sets ) # S € H(P) are actually
reached, as we consider all affinely independent subsets P C P of cardinality n
and all sequences (Py,...,P1) € Sequ(P). Therefore, every calculated point
set within the algorithm belongs to the set H(P) and every point set S € H(P)
is determined by the algorithm.

For the complexity assertion let us notice that the number of affinely indepen-
dent subsets P C P of cardinality n is bounded from above by

( ”;’ ) c O(|P). (2.33)

For every point set P we have to consider n! descending sequences

(Pn,...,P1) € Sequ(P), which does not depend on the cardinality |P| of the
point set P. For each descending sequence the membership of every point within
the point set P to the embedded hyperplanes Hg; and halfspaces H; has to be
tested, compare (7) within the algorithm. Thus, the total complexity is given

by
O(|P|™*1) (2.34)

for fixed space dimension n and is therefore polynomial within the cardinal-
ity |P| of the point set P. O

Remark 2.2.7 The algorithmic approach for polytopal separation in
Section 2.3 needs all subsets P’ within a finite point set P which can be sep-
arated by a hyperplane passing through some point ¢ € R" not necessarily
contained in the point set P. The algorithm presented before can be adapted
to that case by

1. M « () in (1), as the empty set does not have to belong to the set of
separable subsets and is calculated in (7), if it is separable,

2. ¢ € P C PU/{q} in (2), because the separating hyperplanes have to pass
through the point ¢,

3. P1 = {q} in (3) because of the same reason as before.

Of course, complexity and correctness are given in analogy to Theorem 2.2.6.

Definition 2.2.8
For notational purpose let us write

Hqy(P) :={S C P|S can be separated with respect to P (2.35)
by a hyperplane passing through q € R"}.
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2.3 Separation by polytopes

Now let us consider the case of separation by a full-dimensional polytopal win-
dow W = {z € R"|Ax < b} for A € R™ "™ and b € R™. In [98] the case of
separation by a fixed number of hyperplanes, but non-specified arrangement is
treated. To be more precise, for fixed space dimension n the question whether
two given point sets can be separated by the intersection of a fixed number m
of arbitrary halfspaces is answered in polynomial time by determining all sep-
arable subsets within the union of the two point sets.

In our case, however, the arrangement of the hyperplanes which support the
facets of the polytopal window is fixed. We will present an algorithmic ap-
proach of complexity O(m" 1| P|"t1) for the number m of facets to determine
all subsets within the point set P which can be separated with respect to the
point set P by a given full-dimensional polytopal window.

In many situations below the knowledge about the set of translation vectors
t € R" for some fixed point p € P so that p € t + W will help us to determine
all subsets P’ C P which can be separated with respect to the point set P by
the window W .

Definition 2.3.1 (suspension set)
The suspension set Ag of a point set () C R"™ with respect to some window
W C R™ is defined by

Ag ={teR"pet+ W forall p e Q}. (2.36)

For a single point g € R" we simply write A, instead of Aggy.

The suspension set Ag of a discrete point set () describes the set of all trans-
lation vectors t € R™ so that all points p € ) are contained in the translated
window t + W . Therefore, the set Sepy, (P) is alternatively given by

Sepy (P) = {S C P|As\ | J 4, +#0}. (2.37)
peP\S

Lemma 2.3.2 The suspension set A, of a point p € R™ with respect to the
window W 1is given by

Ay=p—W. (2.38)
Especially, in the polytopal case W = {x € R"|Ax < b} we get that

Ap=p+{—2z € R"| Az < b} = {x € R"|Az > Ap — b}. (2.39)

Proof
The equivalence

pet+Wop—teWst—pe-Wetep—-W (2.40)
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leads to the general assertion.
In the case of polytopal windows we calculate that

Ap=p+{-2eR"Az<bl={y:=p-z eR"Ap—y) <b} =
= {y € R"|Ay > Ap — b}. (2.41)

O

Notation 2.3.3
For later purpose let us denote by aj, the kth row of the matrix A and let us
define bi by

by, := (Ap — b = ajp — by (2.42)

fork=1,...,mandp € P.
Let S € Sepy, (P) be a separable subset of the point set P C R™ so that the
translated window t + W separates the point set S with respect to the point
set P. As we will see later, the translation vector t can be identified by another
translation vector t + At so that the translation vector t + At is given by the
intersection of n hyperplanes in general position within the set of all supporting
hyperplanes of the polytopal suspension sets A, for p € P and satisfies
> >
e altd < pW = al(t+At)¢ < pW forallk=1,...,mandp€ P,

e dimspan{a|al (t + At) = b for some p € P} = n.

Therefore, the idea of the presented algorithm is to consider all intersection
points of n hyperplanes in general position within the set of the at most m - |P)|
supporting hyperplanes of the polytopal suspension sets. In order to consider
all classes of translation vectors —/At back from the translation vector t + /\t
to the original translation vector t to determine the associated separable point
sets, the set Ho({a1,...,an}) is calculated and the relationship of its members
to the set of closed halfspaces given by the hyperplanes {af(t + At) =0} for
k=1,...,m and p € P which are not left in direction —At is used (for details
see also later).
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SEPARATIONBYPOLYTOPES,,(P, W)

Input: finite point set ) # P C R", window W = {z € R"|
alz <bgfor k=1,...,m}, dim(W)=n

Output: Sepy, (P)

(1) M —{0}
(2)  calculate Ho({a1,...,am})
(3) foreach k€ {1,...,m}andpe P
(4) by, < ap — by
(5) foreach U := {(ak,,Pk,);--- (ak,,Pr,)} With pp, € P,
{ak,,...,ax,} C {a1,...,an} linearly independent
" " [
(6) Su+—Nj={z eR |a;£j:17 = bkj’}
(7) foreach N € Ho({a1,...,am}) U{{a1,...,an}}
(8) M «— MU{p € P| alSy > t or(afSy =

b and ar, € N) for k=1,...,m}
(9)  return M

Theorem 2.3.4

The algorithm determines the set Sepy,(P) of all subsets within a nonempty
finite point set P C R™ which can be separated with respect to the point set P by
a fixed polytopal window W of dimension n with m facets in O(m***1.|p|"t1)
arithmetic operations.

Proof

Let S € Sepy, (P) and let t € R™ be a translation vector so that (t+W)NP = S.
In the case that dimspan{ay|alt = b} for some p € P} < n there is a further
translation vector /At so that

>

e alt < »W = al(t+ At) by forallk=1,...,m andp € P,

I VANAY

e dimspan{ai|al (t + At) = b} for some p € P} > dimspan{ay|a}t = b}
for some p € P},

as we will show in the following:

Let | := dimspan{ay|alt = b} for some p € P} < n and let {a,,...,a} C
{a1,...,an} be a basis of the linear space span{ay|alt = b} for some p € P}.
There exists a vector 0 # v € {a,,...,ax, }* so that

dim span{ag|af (t +v) = b for some p € P} >, (2.43)

as the polytopal window W is assumed to be full-dimensional by dim(W) = n.
By the setting At := Ay - v for

Amin = min{\ > 0| criterion (2.43) is satisfied for X - v instead of v }
(2.44)
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we have found the translation vector At as mentioned before.

Using inductive arguments the translation vector t + At is given by the inter-
section of n supporting hyperplanes in general position.

In the case that al (t + At) = a] t +a] At =V for At # 0 we calculate that

ajt > b <= af At <0. (2.45)

Therefore, we have to determine the set Ho({ai,...,an}) of all subsets of the
point set {ay,...,an,} which can be separated by a hyperplane passing through
the point 0 € R™ in order to decide which halfspaces {x € R"|a}x > b} so that
al (t + At) = b are not left by the translation —/\t of the translation vector
t + At back to the translation vector t.

For the complexity assertion let us notice that at most

( " ) € O((m- PI)") (2.46)

n-sets of hyperplanes in general position have to be considered in (5). Calculat-
ing the intersection point is done in constant time for fixed space dimension n.
The cardinality of Ho({a1,...,an}) is given by O(m™), its calculation needs
O(m"™*1) arithmetic operations according to the results of separation by hyper-
planes before. The calculation of the values bi for k € {1,...,m} and p € P
needs O(m|P|) arithmetic operations in total. For every point p € P and every
k € {1,...,m} we have to decide to which halfspace given by the hyperplane
{afz = b} the intersection point Sy as given in the algorithm belongs. The
total complexity is therefore given by

O™+ m|P| + (| PI)" " -m|P)) = O(m®* 1 |P"*1)  (247)

for fixed space dimension n and is thus polynomial within the number m of
facets and the cardinality |P| of the point set P. O

Remark 2.3.5 The condition dim(W) = n above is not really restrictive. In
the case that dim(WW) < n let us assume that 0 € aff(W) by applying some
translation on the polytopal window W if necessary. Now we only have to divide
the point set P into its equivalence classes modulo the affine space aff(WW)
denoted by Equy,(P) in the following, i. e. the points p;,pe € P lie in the
same equivalence class P’ € Equy, (P) if and only if p; — ps € aff(W). For each
equivalence class P’ € Equy, (P) we have to apply the algorithm above on the
affine space aff (P’) instead of the Euclidean space R™. Thus, the total amount
of arithmetic operations is bounded by
Z O(m2vdim(W)+1 . ’P/‘dim(W)—i-l)
P’eEquyy, (P)
< O(m2-dim(W)+1 . ( Z ‘P/Ddim(W)-i-l)
P’eEquyy, (P)

< O(m2-dim(W)+1 . ‘P‘dim(W)—i-l)' (2.48)
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The complexity in Theorem 2.3.4 and Remark 2.3.5 can be reduced to
O(m"™*1 - |P|"*1) resp. to O(mImW)+1 .| p|dim(W)+1) arithmetic operations.

For that purpose let us modify the algorithm of separation by hyperplanes:

SEPARATIONBYHYPERPLANES (P, P')
Input: finite point sets ) # P' ¢ P C R", dimaff(P") =

dim aff (P)

Output: H(P, P')

(1) M« {0}

(2) foreach P C P/, P affinely independent, |P| =

dim aff (P)

(3) foreach P = (Pgimaft(p), - - - P1) € Sequ(P)

(4) for j = dimaff(P) to 1

(5) Hg; — aff(P;) the (embedded) hyperplane
within aff(Pj;1) resp. aff(P)

(6) Hgf, H%> «— the associated (embedded) open
halfspaces within aff(Pj11) resp. aff(P)

(7) M — MOUZT " P (R LU Hy)nPIH; €

{Hp=, H5” 1,
(8)  return M

Notice, that the set H(P) is given by

H(P) = U H(P, P'), (2.49)

P’ C P affinely independent,
dim aff(P’) = dim aff(P)

where the set H(P, P’) denotes the output of the algorithm above.

Moreover, by the reformulation the algorithmic approach for separation by hy-
perplanes is generalized to the case that we do not consider point sets of full
dimension for later purpose in Section 2.4.

Remark 2.3.6 The algorithm above can also be adapted to the case of sepa-
ration by hyperplanes passing through some point ¢ € R™ by

1. M « () in (1), as the empty set does not have to belong to the set of
separable subsets and is calculated in (7), if it is separable,

2. ¢ € P C P'U{q} in (2), because the separating hyperplanes have to pass
through the point ¢, and |P| = dim aff(PU {q}), because the point ¢ does
possibly not lie within the affine space aff(P),



2.3. SEPARATION BY POLYTOPES 31

3. P1 = {q} in (3), because the separating hyperplanes have to pass through
the point q.

It yields also in that case that

H,(P) = U H, (P, P"), (2.50)
P’ C P affinely independent,
dim aff (P’) = dim aff (P)
where the set Hy(P, P’) denotes the output of the modified algorithm.

Now we are prepared to formulate the new complexity assertion.

Corollary 2.3.7 The set Sepy, (P) of all subsets within a nonempty finite point
set P C R™ which can be separated with respect to the point set P by a fized poly-
topal window W of dimension n with m facets is determined in O(m"™+1.|P|"+1)
arithmetic operations.

If dim(W) < n we need at most O(mI™W)+1 .| p|dimWV)+Ly grithmetic opera-
tions.

Proof

Let us reformulate the algorithm presented for the separation by polytopes before
by

1. canceling (2) and inserting

(5') calculate Ho({a1, .. am},{ak,, - ar,}),

which takes O(n!-m) arithmetic operations instead of O(m
culates at most O(n!) different subsets of the set {a1,...,am},

2. N € Ho({a1,...,am}, {ak,, ... ar,}) U{{as,...,am}} in (7) instead of
N e Ho({a1,...,an})U{{a1,...,am}}, which reduces the number O(m')
of loops to the amount O(n!).

") and cal-

Thus, the complexity of the modified algorithm is given by
O(m|P| + (m|P|)" - [n! - m +n!-m|P|]) = O((m|P|)" - m|P|) (2.51)

for fixed space dimension n. Because of Remark 2.3.6 the modifications preserve
the correctness of the algorithm.

For lower-dimensional windows we again divide the point set P into its
equivalence classes, see Remark 2.3.5, and apply the modified algorithm to each
of those equivalence classes. O

Remark 2.3.8 Separation by open polytopal windows W = {Az < b} is simi-
larly treated by making some small modifications. We only have to replace (8)
within the algorithm by
M «— MU {p € Plaj Sy > or (a} Sy = b}, and ai, ¢ N)
for k=1,...,m}, (2.52)
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as we calculate that aft > bz if and only if a;‘gﬁt < 0 in the case that
al (t+At) = b Thus, all open halfspaces {z € R"[a] z > V], al (t+Lt) = b},
which are reached by the translation —/A\t of the translation vector t 4+ /At back
to the translation vector ¢, are determined using the complementary sets of the
point sets N € Ho({a1,...,am}).

Remark 2.3.9 The algorithm for the polytopal case can be adapted to treat
windows W which are finite unions of polytopes, for example star-shaped win-
dows like the 6-star given in Figure 2.1.

We again use the suspension sets of every point p € P with respect to the
window W and their supporting hyperplanes, the dotted lines in Figure 2.1 for
the 6-star example. The intersection points as well as all classes of possible
translation vectors have to be determined again. To calculate the set of all
separable subsets within the point set P we now have to decide for each point
p € P whether the translation vector t lies in one of the parts of its suspension
set (i. e. in the hexagon or in one of the six triangles in the 6-star case) or in
none of them.

Figure 2.1: 6-star window as union of polytopes
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2.4 Separation by balls of fixed radius

Let Br(M) denote the ball with centre M and radius R. In the following con-
siderations we will investigate the separation problem for the spherical window
W = Bpg(0) of fixed radius R.

We know from [106] that both detecting spherical separability of two finite
point sets S, P\S C R" and finding the smallest separating sphere can be done
in O(3"’|P|) arithmetic operations by solving the lincar program

max ds. t. (2.53)
a1,...,an,C,
Zamz’ +ZP? = Z(Pz' +5ai)” - ZZG? <cforp=(p1,...,pn) €S,
=1 i=1 =1 =1
(2.54)
n n
Zazpl+zpzzzc+dforp:(pl7apn)EP\Sv (255)
i=1 i=1
within the Euclidean space R"*! after the embedding
R™ — R™", (2.56)
n
(a:l,...,a:n)n—>(xl,...,xn,Za:?) (2.57)
i=1
resp. the convex quadratic program with linear constraints
n zn: Ztes.t (2.58
B TP AR )
1=
Zaipi—l-Zp? = Z(pi+ §ai)2 - ZZ&? <cforp=(p1,...,pn) €5,
i=1 i=1 i=1 =1
(2.59)
n n
Z a;p; + pr > cfor p=(p1,...,pn) € P\S, (2.60)
i=1 i=1

using the techniques presented in [97].

%JH) arithmetic operations by

The largest separating sphere is found in O(|P|L
combinatorial methods. As the adequate optimization problem to (2.58)-(2.60)
to find the largest separating sphere results in a concave quadratic program,
Megiddo’s algorithm in [97] cannot be applied. The ideas used to find the
largest separating sphere can suitably be modified in order to also determine
smallest circles in O(|P)| L%Hl) arithmetic operations. Therefore, we can decide
in O(|P|l21%1) arithmetic operations whether the point sets S, P\S C R” can
be separated by a ball of fixed radius R, which is also best possible in the space

dimension n for the methods used in [106].
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However, the separability question we will answer in the following is again
concerned with the determination of all subsets within a finite point set P which
can be separated with respect to the point set P by a ball of fixed radius R.
We want to start with a rough description of how the later presented algorithm
works. Let us assume that S € Sepp, (P) and that t € R" is some translation
vector so that the translated window ¢ + Br(0) separates the point set S with
respect to the point set P. If the ball £t + Br(0) is not uniquely determined by
its boundary points bd(t + Br(0)) N P within the point set P, we can try to
rotate the ball ¢t + Br(0) while leaving the boundary points bd(¢ + Br(0)) N P
on the boundary of the rotated ball, until a new point hits the boundary. By
iteration we end up with a ball that contains the point set S, and the dimension
of the affine space spanned by the boundary points within the point set P is
maximal.

We will see later that any rotational process as described before can be
represented by a small translation vector. To reverse the rotational process,
the non-preserved boundary points are calculated by the point sets which are
separated with respect to all boundary points within the point set P by hyper-
planes passing through the centre of the ball.

The following definitions will help us within the later algorithm to decide
whether a given affinely independent point set P’ C P can be further ex-
tended to a larger affinely independent subset P” of the point set P so that
P" C bd(Br(M)) for some suitably chosen centre M.

Definition 2.4.1 (minimal radius RF,
Let P! C R"™ be a finite point set within the Euclidean space R"™. The minimal
radius RTI,Z;- with respect to the point set P’ is defined by

n

R

P { oo, if the point set P’ is affinely dependent (2.61)

i) mind R|3M : PP C bd(Bg(M))}, otherwise

Remark 2.4.2 If P’ = {p}, the minimal radius with respect to the point set P’
is given by R — .

min
Definition 2.4.3 (R-maximal affinely independent set)

Let P C P be a subset of the point set P. The point set P’ is called an
R-maximal affinely independent subset of cardinality |P'|, if

RP <R, (2.62)

min —

REVPY S R for every p € P\P'. (2.63)

min

In order to calculate the inner points int(Br(M)) N P and the boundary points
bd(Br(M)) N P of the ball Br(M) which lie within the point set P, we will
use the following assertions within the later presented algorithm.
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Lemma 2.4.4 In the following let P’ be an R-mazimal affinely independent

subset of the point set P.

If Rr]:in = R and 2 < |P'| < n+1, the centre of the ball is uniquely determined
by the intersection of hyperplanes within the affine subspace aff(P"). The centre
of the ball is calculated in constant time for fized space dimension n.

If RE. < R and |P'| < n, it yields that

1. bd(Br(M)) N P C aff(P') for every M satisfying P' C bd(Br(M)),

2. int(Br(M)) N P = int(Bge (M)) N P for every M satisfying
P C bd(Bgr(M)) and M uniquely specified by P' C bd(Bppr (M)).

If RE' < R and |P'| = n, we have to calculate two balls centred in M, My.

min

Let us define

pi=arg min IRPVY _ Ry, (2.64)
R = R (2.65)

M the centre uniquely determined by P’ U {p} C bd(Bg(M)) (2.66)

and let My be the reflection of the point My on the affine subspace aff(P'). Let
us assume that the points My, My, lie on the same side of the affine subspace
aff (P') for k =1,2.

We get that

1. bd(Br(M1))NP =bd(Br(M2))NP =bd(Byp (M)) for M the orthogo-

nal projection of the point My resp. of the point My on the affine subspace

aff(P'),
‘ int(Bp( _k))U(bd(BR(Mk))mHg—’k, € JFR<R
2. int(Br(My)) = { int(Bp(M},)) U (bd(Bg(Mj)) N H%_Zk ej:,) if R> R
= int(Bp(My)) U (bd(Br(Mp)) N HS, | gy it sy per)-

Proof

The assertion for RY. = R and 2 < |P'| <n+1 is clear.

Let us look at the case that RY. < R and that |P'| < n.

Assuming that assertion 1. is not fulfilled, there is at least one point
p € P\ aff (P") which satisfies Ri;gl{p} < R in contradiction to the R-maximal
affine independency of the point set P’.

For assertion 2. let us assume that int(Br(My)) N P # int(Br(Ma2)) N P for
My, My satisfying P' C bd(Br(M)) and P' C bd(Br(Mz)). For the parame-
terization

v:10,1] — {z € R"|||[p — z|| = R for all p € P'} =: bd(K),
7(0) = My, (2.67)
v(1) = M
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and for
7 := min{\ € [0, 1]|int(Br(y()\))) N P # int(Br(M;)) N P} (2.68)

we get that there is an R-maximal affinely independent subset P" within the
point set bd(Br(y(7))) N P which satisfies P' C P" C P, in contradiction to
the assumption that the point set P' is R-mazximal.

Therefore, if we can show that

(| int(Br(M))N P Cint(B
Mebd(K)

RE! (M))nP (2.69)
c |J mt(BrM)NP,
Mebd(K)

we result in assertion 2. by using that int(Br(M;)) NP = int(Br(Ma)) NP for
every two points My, My satisfying P’ C bd(Br(Mi)) and P' C bd(Br(Ms)).
For the first inclusion let p € (\yrepq(x) MU(BR(M)) NP and let us choose some
M € bd(K) satisfying (M — M)T(p — M) < 0. Using the cosinus theorem, we
calculate that

lp = M|[* < B? — ||M — M|]® = (Ryy;,)? (2.70)

min

and therefore p € int(B ,pr

min

(M)).
For the second inclusion let p € int(Bpp (M)) N P and let us choose some

M € bd(K) satisfying (M — M)T(p — M) > 0. It yields that
I = MI[* < (Rigia)® + [|M = M|* = R, (271)

using the cosinus theorem again, and therefore p € Uy epacx) Int(Br(M)) N P.

< R and that |P'| = n. Because
of the R-mazimal affine independency of the point set P', assertion 1. is clear.

Now let us look at the remaining case that R,ﬁ;n

Thus, assertion 2. is left to show. We will restrict the following considerations
to the case k = 1, i. e. we will only look at the situation for the points M-
and M.

We know that

|My1 —pl| = R for p € aff(P') N bd(Bg(M)) (2.72)
by the definition of the point M. Let the point p< be defined by

p< :=bd(Bg(M)) N (My +R(M — My)) N H (2.73)

M—My,peP’

By using the cosinus theorem, we deduce that

||M1—p<||{ i }||M1—p<||=R{ i }R (2.74)
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in the case that R < R resp. in the case that R > R and that the distance
||[My — pl|| defined on the boundary bd(Br(My)) of the ball Bp(My) is strictly
monoton within the angle between p — My and My — My. Thus, we result in
assertion 2. O
In the following algorithm we calculate the R-mazimal affinely independent sub-
sets P’ C P within the point set P as well as their associated balls. Notice, that
in the case that dim aff (P') = n—1, in particular |P'| = n, we have to consider
two balls in general. Furthermore, in the case that dimaff(P") = n, in partic-
ular |P'| = n+ 1, we also have to calculate the ball itself and its reflection on
the hyperplane aff(P) for any n-subset P C P’, as every n-point set P is not
R-mazximal, but the point set P’ cannot be reached as boundary points by any
rotation of the reflected ball.

In order to determine all separable subsets of the point set P which result from
small translations of the centre of the ball afterwards, we have to calculate all
sets of boundary points which can be separated by a hyperplane passing through
the centre of the ball, for details see later. Because of (2.49) resp. of (2.50)
that calculation can be started with the R-mazimal affinely independent point
set P’ instead of the complete set of boundary points within the point set P.



38

CHAPTER 2. SEPARATION OF POINT SETS

SEPARATIONBYBALLS,(P)
Input: finite point set () # P C R", radius R
Output: Sepp, (P)

(1) T« {0}
(2) foreach R-maximal affinely independent subset P’ C P
(3) if RP. =R
(4) M «+ the uniquely determined centre of the ball
(5) foreach N € H/(bd(Br(M))N P, P)U{0}
(6) T — T U{(Br(M) N P)\N}
(7) if |P|=n+1
(8) foreach P C P’ with |P|=n
9) M « the reflection of M on aff(P)
(10) if dim aff(bd(Bg(M))NP) <n
(11) foreach N € H(bd(Br(M))NP, P)U{0}
(12) T — TU{(Br(M) N P)\N}
(13) if RP. < Rand |P'| <n
(14) M «— the uniquely determined projection of any
centre on aff (P’)
(15) foreach N € H(bd(Byr (M))N P, P')U{0}
(16) T — T U{(Byp (M) P)\N}
(17) if RP. < Rand |P'|=n
(18) b argminyep pr |Ro®) — R
(19) R Ry
(20) M « the centre uniquely determined by P'U{p} C
bd(B (M)
(21) My « the reflection of M; on aff(P’)
(22) M « the uniquely determined projection of M;
resp. of My on aff(P’)
(23) foreach k € {1,2}
(24) int(Br(My)) — int(Bg(3y)) U (bd(Bg(3) N
Honin-mya—siper)
(25) foreach N € H(bd(BRﬁ’m(M)) NP PYU{D}
(26) T « T U {((int(Bg(M;)) U bd(Bgpr (M) N
P)\N}
(27) T« T U {((int(Br(M2)) Ubd(Bper (M))) N
PN}

(28) return T



2.4. SEPARATION BY BALLS OF FIXED RADIUS 39

In the spherical case the suspension set Ag of some subset S C P of the finite
point set P is given by

As=()Brp)n (] R™\Bxz(p). (2.75)

peS peP\S

The following lemma characterizes the situation that the closure of the suspen-
sion set Ag has less connected components than its interior.

Lemma 2.4.5 Let P C R"” be a finite point set within the Fuclidean space R™
and let S C P be a subset of the point set P. Let the open set G be defined by

G = () int(BrP)N [ R"\Br(p) (2.76)

peS peP\S
and let Gy, ...,Gy be its connected components. If
z € bd(G;) Nbd(Gj) for 1 <i#j <k, (2.77)

i. e. the closure clos(G) = GUbA(G) of the open set G has less than k connected
components, then there exists a maximal affinely independent subset P' C P
within the point set

P :={p € Plz € bd(Bg(p))} (2.78)

satisfying R,ﬁ;n = R.
Proof
Locally considered within a small area Bc(x) around the point x, we result for

e — 0 in the notation of tangential spaces and can therefore describe the sets
int(Bg(p)), (R™\Bgr(p)) U {x} for p € P and the set G by

int(Bgr(p)) ~ H, ,, forpe PNS, (2.79)

(R"\Br(p)) U {a} ~ H ., for p € PN (P\S), (2.80)

Gr( () Hiwen () Hyoo)\z} (2.81)
pEPNS pEPN(P\S)

The =-notation shall denote the focus on the local consideration within the
area Be(x) and the process € — 0.

If the convex polyhedron I = (,cpng Hy MpePr(p\s) Hpg_mﬂ has two con-
nected components after the deletion of the point x, the condition dim I = 1 has

to be fulfilled, in particular it yields that

I= () Hy,, (2.82)
pEPN(P\S)

18 a line within the Fuclidean space R™. Therefore, we necessarily have that
I C Hy_y . for everyp € P, in particular all normal vectors p—x are orthogonal



40 CHAPTER 2. SEPARATION OF POINT SETS

to the line I.
Let us define the radius R by

R :=min{R|IM € R" : P C bd(Br(M))} (2.83)

and let M € aff(P) denote the centre of the ball Bp(M) which satisfies
P C bd(Bz(M)).

Let us assume that R < R and that there exists some point p € PN HASZ[_:M
By the cosinus theorem we calculate that

R? =|lp— M|[* > [lp — al|* + ||o = M|]* = R* + |l — M]|]%, (2.84)

in contradiction to R < R. Therefore, we get that P C Hﬁ_wz in the case

that R < R. |
For P C Hg  we conclude that the point x + ( — M) ¢ I lies within the

)

closed halfspace Hpg_x’x for every point p € P in contradiction to (2.82).
Thus, it yields that R = R and that Rﬁ;n = R for some mazimal affinely

independent subset P' C P within the point set P. O

Remark 2.4.6 According to Lemma 2.4.5 any point x which satisfies (2.77)
is determined by an R-maximal affinely independent subset P’ C P within the
point set P as defined in (2.78).

Theorem 2.4.7

The algorithm presented before determines the set Sepp,(P) of all subsets
within a nonempty finite point set P C R™ which can be separated with respect
to the point set P by a ball of radius R in O(|P|"*?) arithmetic operations.
Proof

Let S € Sepp, (P) and let B := Br(M) be a ball which separates the point
set S with respect to the point set P. We will show that the point set S is
calculated by the algorithm.

If bd(B) N P # () and min{R|3M : bd(B) N P C bd(Bz(M))} = R, then there
exists an R-maximal affinely independent point set P’ C (bd(B)NP) within the
set of boundary points bd(B) N P, and the point set S is calculated in (3)-(6)
for N = ().

If bd(B) N P # § and min{R[3M : bd(B) N P C bd(Bx(M))} < R, then it
yields that dimaff(bd(B) N P) < n. Therefore, there is at least one further
centre point M’ which satisfies (bd(B) N P) C bd(Bgr(M')). Let the point
M := M + ¢(M' — M) be defined for a sufficiently small ¢ > 0 so that

P nint(B) C int(Br(M)), (2.85)
PN (R™\B) c R"\Bgr(M), (2.86)
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i. e. Iinterior and exterior points remain interior and exterior points. It yields
that p € int(Br(M)) for every point p € P Nbd(B), as

MM e (] bd(4,)= (] bd(Br(), (2.87)
pebd(B)NP pebd(B)NP

but the line segment given by the boundary points M, M’ € bd(A,) = bd(Bgr(p))
except the points M, M’ themselves lies within the interior of the suspension set
A, = Br(p) for every p € bd(B)NP. Therefore, the case that bd(B)NP # () and
min{R|IM : bd(B) N P C bd(Bx(M))} < R can be reduced to the remaining
case that bd(B) N P = 0.
The idea behind the following procedure is to successively move the centre M
of the ball B to a new centre M' which satisfies

<
L |p=M|{ > ¢ R=|lp— M|

S c BR(M’)_O P and (R™\Br(M')) N P'C P\S,

R for every p € P, 1. e.

I AVARVAN

2. dimaff(bd(Bg(M")) N P) > dim aff (bd(Br(M)) N P)

after each motion.
By considering the point M’ := M + sgn(dist(p,, M) — R)MHZZ%%H for

p := mindist(p, bd(B)), (2.88)
peP
Py := arg mindist(p, bd(B)) (2.89)
peP

instead of the point M, we can guarantee that at least one point p € P lies on
the sphere of the ball Br(M'). Condition 1. is satisfied because of the choice
of the value p and the point p,, in (2.88)-(2.89).

Thus, let us assume that min{R|3M : bd(Br(M)) N P C bd(Bz(M))} < R
and that 0 < k := dim aff(bd(Br(M)) N P) <n — 1.

If any affinely independent point set P' C bd(Br(M)) N P is not R-maximal,
then there exists another centre point

M € {x € R"|||p— z|| = R for all p € bd(Br(M)) N P} =: bd(K) (2.90)

within the set bd(K) of possible centre points (the sphere of an at least
2-dimensional ball) which satisfies

dim aff(bd(Br(M)) N P) > dim aff(bd(Bgr(M)) N P). (2.91)
For the parameterization
~:[0,1] — bd(K), (2.92)

7(0) = M, (2.93)
y(1) =M (2.94)
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and for

7 := min{\ € [0, 1]| dim aff (bd(Br(y()))) N P)
> dim aff (bd(Br(M)) N P)} (2.95)

the new centre M’ may be chosen by M' := ~(7).

After iteratively applying the procedure as often as possible, let M’ be the
new centre. We end up with some R-maximal affinely independent subset P’ C
bd(Bgr(M)) or in the case that min{R|3M : bd(Br(M'))NP C bd(BR(M))} <
R and dimaff(bd(Br(M')) N P) = n — 1. In particular, in the second case
the two possible centre points are uniquely specified by the boundary points
bd(Bgr(M')) N P and the radius R, and for none of the two centre points a
further motion step can be applied. The reflection of the ball centred in the
point M’ on the affine subspace aff(bd(Br(M')) N P) is characterized by an
R-maximal affinely independent subset of boundary points, if the ball itself is
not, and we result in (8)-(10).

According to Lemma 2.4.5 and Remark 2.4.6 the centre M of any separating
ball Br(M) can directly be moved to the new centre M' # M by some vector
e - At for € > 0 sufficiently small. In the case that (M' —p)T (M’ — p) = R? we
calculate that

(M —e-At) = p]"[(M' — e At) —p] < R? (2.96)
& 2T (M —p) > ENtTAL (2.97)
e AtT(M —p) > 0. (2.98)

Therefore, we have to determine all subsets within the set bd(Br(M')) N P
of boundary points which can be separated by a hyperplane passing through
the point M’', in order to decide which boundary points of the ball Br(M')
do not lie within the ball Br(M' — At) for some small translation vector /At.
Therefore, any point set S € Sepy, (P) is calculated by the algorithm.
Otherwise, every point set which is calculated within the algorithm can also be
separated with respect to the point set P. That is clear for the subsets of the
point set P which are separated by any ball specified by an R-maximal affinely
independent subset P’ C P of the point set P. Furthermore, all small motions
of the centre of each ball are taken into account by the calculation of the set
Har(.) resp. of the set H(.) as just mentioned.

For the complexity assertion let us notice that the number of all subsets at
most of cardinality n + 1 within the point set P and therefore the number of
all R-maximal affinely independent subsets P’ C P within the point set P is
bounded by

< n|i|1 ) c O(|P|n+l). (2.99)
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The calculation of the sets Hy;(.,.) and H(.,.) without testing the points p € P
only depends on the space dimension n, as we start with |P'| < n+ 1, but the
space dimension n is considered to be fixed. For every point p € P we have to
determine to which sets the point p belongs. Therefore, the total complexity is
given by

O(|P|"2) (2.100)

for fixed space dimension n and thus polynomial within the cardinality |P| of
the point set P. O

Remark 2.4.8 Because of the fixed radius R it would actually be enough to
treat all affinely independent subsets P’ C P of cardinality |P’| < n within the

point set P which satisfy RP. < R. But in the case that |P'| = n and that
Ry

outer and boundary points) needs the calculation of square roots, which can

< R the exact determination of the centres of the two balls (for inner,

efficiently be done only approximately by Heron’s method.

Remark 2.4.9 By only small modifications we can also treat the case of open
balls. In (6), (12), (16), (26) and (27) within the algorithm for closed balls we
only have to take the complementary of the set N within the set of boundary
points instead of the set itself.

Remark 2.4.10 The algorithmic idea can easily be adapted to the case of
ellipsoids instead of balls by a linear transformation applied to the point set P.
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2.5 Separation by balls of arbitrary radius

In the following we will treat the problem of separation by balls of arbitrary
radius. Detecting spherical separability for two finite point sets S, P\S C R"
is possible in O(3"’|P|) resp. in O(|P|) arithmetic operations for fixed space
dimension n, see [106]. But we are again interested in the question how to
determine all separable subsets S within a finite point set P C R".

In the following we will introduce two methods to solve the separation problem
using different embeddings in a higher dimensional Euclidean space and the
separation algorithm for balls of fixed radius resp. the separation algorithm for
hyperplanes.

2.5.1 Separation by balls of fixed radius after embedding

The idea behind the first algorithmic treatment is to embed the point set
P C R™ in the Euclidean space R"*! by

Rn Rn+1 7

2 < :f ) (2.101)

and use the algorithm for balls of fixed radius for some suitable radius R. All
subsets S C P which can be separated with respect to the point set P by
any ball of radius » < R are calculated by that method. Thus, by choosing the
radius R sufficiently large, the calculation of all subsets of the point set P which
can be separated by some ball of arbitrary radius takes O(|P|"*3) arithmetic
operations.

The following definition will help us to determine the radius R suitably large
within the lemma afterwards.

Definition 2.5.1 (minimal radius RE,
Let P' C R"™ be a set of points within the Euclidean space R™ of cardinality
|P'| < n+ 1. The minimal radius RY, with respect to the point set P' is
defined by

R

P { 0, if the point set P’ is affinely dependent (2.102)

M) mind{R|3M : P! € bd(Bg(M))}, otherwise

Lemma 2.5.2 Let the Euclidean space R™ be embedded in the Fuclidean space
Rn—i—l by

Rn Rn+1 ’

o < :f ) (2.103)
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and let the radius R be chosen large enough by

R > max R

P/
in- 2.104
P/CP|P/|<nt1 ( )

Then the problem of separation by balls of arbitrary radius with respect to the
finite point set P C R"™ is solved by the separation algorithm for balls of fixed

radius R applied to the embedded point set {( ]19 ) |p € P}.

Proof

Because of the used embedding we have to show that any subset S C P within
the point set P which can be separated with respect to the point set P by a ball
of arbitrary radius is also separated by a ball of radius at most of value R.

Let the subset S C P be separated with respect to the point set P by the ball
B := B,(M). After some translation if necessary we can assume without loss
of generality that the set of points within the point set P which lie on the sphere
of the ball B is not empty. Let A := aff(P N bd(B)) be the affine subspace
spanned by the point set PNbd(B). If PN(R™\A) = (), then there is an affinely
independent subset P' C bd(B)N P within the set of boundary points bd(B)N P
so that RY. < R by the choice of the value R in (2.104).

min
| )
P2

Figure 2.2: Variation of the radius in order to extend the set of boundary points

b3

within the point set P

Thus, let us consider the case that P N (R™\A) # 0. By wvariation of the
radius v (see Figure 2.2) so that the boundary points within the point set P
still remain boundary points, we can find a ball B,./(M') so that bd(B) N P &
bd (B, (M"))NP. In particular, the set of boundary points within the point set P
is extended, but for every ball Br, (My) for My := M + AX(M' — M), X € [0,1]
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and 7y := ||p — M,|| for some boundary point p € bd(B) N P satisfying

bd(B) N P C bd(Br, (M,)) (2.105)
we have that

bd(Br, (My)) N P =bd(B) N P. (2.106)
The choice of the radius v' and the point M' implies that

int(B.(M')NPCS, (2.107)
(R™\B,,(M")) NS = . (2.108)

Thus, we return to the separation of the set S by a tiny reverse variation of the
radius 1.

Using inductive arguments the radius R as chosen in (2.104) is therefore large
enough to calculate the point set S by some ball of radius at most of value R.
O

Remark 2.5.3 The determination of the radius R within Lemma 2.5.2 takes
O(|P|"*1) arithmetic operations as for all (affinely independent) subsets P’ C P
within the point set P of cardinality lower or equal to the value n+1 the minimal
radius RY” has to be calculated.

min
Theorem 2.5.4
Let ) # P C R™ be a nonempty finite point set within the Euclidean space R".
All subsets which can be separated with respect to the point set P by a ball of
arbitrary radius are determined in O(|P|"*2) arithmetic operations.
Proof
Because of the embedding (2.103) and because of Lemma 2.5.2 all subsets which
can be separated with respect to the point set P by any ball are calculated by
applying the algorithm for balls of fixed radius on the embedded point set.
Notice, that the embedded point set does not contain any R-maximal affinely

independent subset of cardinality n + 2, as
dim aﬁ({( 11) > |p € P}) = dimaff(P) < n. (2.109)

Therefore, taking also Remark 2.5.3 into account, the complexity of the com-
plete algorithm is actually given by O(|P|"*2) (instead of O(|P|"*3)). O
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2.5.2 Separation by hyperplanes after embedding

The determination of all subsets within the point set P which can be separated
with respect to the point set P by any ball is solved more elegant and also in
O(|P|"*2) arithmetic operations by using another kind of embedding.

Let the embedding be given by
Rn N Rn+1,
n
(:El,...,:L‘n)i—>(l’1,...,ZL‘n,ZJE?), (2.110)
i=1

which is already used in [106]. The plane

n n n
-2 Zaixi + Ty = R? - Z a? for x,11 = Zx? (2.111)
i=1 i=1 i=1

within the transformed Euclidean space R"*! can be rewritten by

n

> (zi—a;)* = R (2.112)

i=1

Thus, the separation problem for balls of arbitrary radius within the Euclidean
space R™ is solved by the separation algorithm for hyperplanes within the Eu-
clidean space R"™1 in O(|P|"*?) arithmetic operations for fixed space dimen-
sion n.
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2.6 Separation by the intersection of two balls

The general case of separation by m balls each of arbitrary radius can easily
be reduced to the case of separation by hyperplanes using the embedding as
denoted in (2.110). Of course, all O(|P|"*!) possibilities for each of the m hy-
perplanes in the Euclidean space R™! have to be combined so that we result
in (O(|P"*1))™ = O(|P|™"+1) separation possibilities. Each point p € P
has to be tested for each of those separation possiblities in order to decide to
which part the point belongs. Altogether, we have to invest O(|P|™("+1)+1)
arithmetic operations. Thus, for fixed number m of balls and fixed space di-
mension n the determination of all subsets within the point set P which can be
separated with respect to the point set P are determined in polynomial time
within the cardinality |P| of the point set P.

In the following the determination of all subsets within the point set P which can
be separated with respect to the point set P by the intersection
W = Bpg(0) N Bgr(M) of two balls of equal radius R will be discussed. The
separation algorithm for one ball can be adapted by considering both the points
within the point set P themselves and the points shifted by the vector —M.

Lemma 2.6.1 Let P C R" be a finite point set within the Euclidean space R"™,
let S1US2US3USy = P be a partition of the point set P and let the point M € R™
be fixed. It yields that

Bgr(t) N Br(t+ M)NP =51, (
(Br(E)\Bg(t + M)) NP = S, (
(Br(t+ M)\Bg(t)) N P = Ss, (2.115
(R™\(BR(t) U Br(t + M))) N P = 5 (

for some translation vector t € R™ if and only if

S1U(=M + S1)U S U (=M + S3) C Bg(t), (2.117)
((=M + S3) US3U Sy U (=M + Sy)) N Br(t) = 0. (2.118)
Proof

First of all let us assume that the translation wvector t € R"™ satisfies
(2.118)-(2.116). As

S, US3 C BR(t + M) <~ (—M + Sl) U (—M + 53) C BR(t), (2.119)

(SoUS) NBr(t+ M) =0 <= ((—M + So) U (=M + S4)) N Bg(t) =0,
(2.120)

the conditions (2.117) and (2.118) are also satisfied for the translation vector t.
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Now let us assume that (2.117)-(2.118) are fulfilled for some translation vector
t € R". We again use (2.119) and (2.120) to deduce that

Sy C Br(t) N Bg(t+ M), (2.121)
Sy C Bg(t),Se N Br(t+ M) =0, (2.122)
S3 C Bg(t + M), SsnN Br(t) =10, (2.123)
Sy N (Bgr(t) UBR(t+ M)) =0. (2.124)

Therefore, the conditions (2.113)-(2.116) are also satisfied for the translation
vector t. g
By using Lemma 2.6.1 we can determine all subsets S C P within a finite point
set P which can be separated with respect to the point set P by the window
W = Bg(0) N Br(M) for fized radius R and fived M in O(|P|"*2) arithmetic
operations.

Theorem 2.6.2

Let ) # P C R™ be a nonempty finite point set within the Euclidean space R™
and let the window W = Bg(0) N Br(M) be given for fixed radius R and fixed
M € R™. All subsets S C P within the point set P which can be separated
with respect to the point set P by the window W are calculated in O(|P|"*2)
arithmetic operations.

Proof

Let us define the point set P := PU(—M + P) by the union of the point set P
and its translate by the vector —M. All subsets S within the point set P which
can be separated with respect to the point set P by the window W := Bg(0)
are calculated in O((2|P|)"t2) = O(|P|"*?) arithmetic operations according to
Theorem 2.4.7. By using Lemma 2.6.1 the set of all subsets S C P which can
be separated within the original problem is given by the set

{Sg|S C P can be separated with respect to P by W}, (2.125)
where the point set Sg C P is defined by

Sg:={pePlpeSand — M +pe S} (2.126)

U

Remark 2.6.3 Of course, the result of Theorem 2.6.2 can be generalized to
m balls of fixed radius and fixed My := 0, My, Mo, ..., M,,_1 € R™ if we solve
the separability problem for the point set P := Uflal —M;+ P and the window
W := Bg(0) and replace the definition (2.126) of the point set Sg by

Sg={peP|-M+peSforl=0,...,m—1}. (2.127)
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Thus, all subsets S C P within the point set P C R™ which can be separated
with respect to the point set P by the window W := (; Br(M;_1) are deter-
mined in O(m™*2|P|"*2) arithmetic operations.

The union of m balls instead of their intersection is treated, if we replace the
definition (2.126) of the point set Sg by

Sg:={peP|—M+peS for somel € {0,...,m—1}}. (2.128)

Corollary 2.6.4 Let ) # P C R™ be a nonempty finite point set within the
Euclidean space R™ and let the window W (R) = Bgr(0) N Br(M) be given in
dependence on some non-specified radius R, but for fixed M € R™. All subsets
S C P within the point set P which can be separated with respect to the point
set P by the window W (R) for some radius R > 0 are calculated in O(|P|"*?2)
arithmetic operations.

Proof

As before in Theorem 2.6.2 the problem can be reduced to the case of separation
by one ball with now arbitrary radius. O

Remark 2.6.5 Generalizations to more than two balls and to the union instead
of the intersection of the balls are also possible in the case of arbitrary radius.
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2.7 Worst-case analysis

2.7.1 Worst-case analysis for the separation by balls and hy-
perplanes

In the following we will examine the worst-case situation within the determina-
tion of all separable subsets with respect to balls and hyperplanes.

Lemma 2.7.1 There exists a finite point configuration P C R™ within the
Euclidean space R™ that contains O(|P|"*1) subsets S C P within the point
set P which can be separated with respect to the point set P by balls of arbitrary
radius resp. that contains O(|P|™) subsets S C P within the point set P which
can be separated with respect to the point set P by balls of fized radius resp. by
hyperplanes.

Proof

Let the point set P be defined by

n
Pi={pig=—i-eli=1,....k}U| J{pis:=i-eli=1,... K} (2129)
=1

Figure 2.3: Worst-case construction for balls (k =4, n = 2)

There are k"t = (%)"*1 € O(|P|"*1) different subsets P := {po, D1, --,Pn}
within the point set P with py € {—i-e1li =1,...,k} andp; € {i-eli = 1,...,k}
for 1 <1 < n, which uniquely determine balls Bp with spherical points P, as
each point set P is affinely independent. Notice, that the ball Bp separates the
point set

{p1,0,02,0,---,P0} U{p1,1,02,1,- -, 01} U{p1,2, P22 - - -, D2 }U
o UAp1n, P2y Pt (2.130)
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with respect to the point set P, as the point 0 € R™ and therefore all points within
the set in (2.130) lie within the ball Bp because of convexity arguments, and
the other points within the point set P lie outside the ball Bp, for illustration
see Figure 2.3. Therefore, there are at least O(|P|"*) subsets within the point
set P which can be separated with respect to the point set P by a ball of arbitrary
radius.

The assertions for the cases of separation by hyperplanes and by balls of fixed
radius are implied by the embeddings (2.101) and (2.110) and the assertion for
the case of separation by balls of arbitrary radius. O

Remark 2.7.2 The complexity of any algorithm which determines all
separable subsets within a finite point set P is bounded from below by the num-
ber of separable subsets. Therefore, according to the results in Lemma 2.7.1
the presented separation algorithms for balls and hyperplanes are best possi-
ble up to multiplication by some factor O(|P|) resp. by some factor O(|P|?).
Notice, that we have to expend O(|P|) arithmetic operations to decide which
points within the point set P belong to the separable set. Treating balls of
fixed radius the further expenditure by the factor O(|P|) is caused by the fact
that we also have to consider (n + 1)-subsets within the point set P in order to
avoid calculating square roots to determine the centres of the balls.
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2.7.2 Worst-case analysis for the separation by polytopes

Now we will examine the worst-case situation within the determination of all
subsets which can be separated by polytopal windows.

Lemma 2.7.3 There exists a finite point configuration P C R™ within the
FEuclidean space R™ that contains O(|P|") subsets S C P within the point set P
which can be separated with respect to the point set P by a fized polytope.
Proof

Without loss of generality (as we will explain later) let us look at the case that
the polytopal window W is given by the cube W := [0,1|". Let the point set
P :={p1,...,pnx} be defined by

i 3 3 )
pi.—(%,z,...,z)forz—l,...,k‘, (2.131)
3 1 3 3 .
Pk+i —(Z,%,Z,...,Z) fOT’Z—l,...,k, (2132)
3 3 1 .
p(n—l)k—l—i = (Z, ceey Z’ ﬂ) fO'f'Z = 1,.. .,k. (2133)
T I
| |
| |
| |
| |
(0,1) (L,
| B
s ps% :
(XXX .
I I
I I
- — = 4 _p4 _._ [ R - |
I I
| o :
@ |
—— [
I I
(0,0 (1,0)

Figure 2.4: Worst-case construction for cubes (k =4, n = 2)

For every translation vector t = (t1,...,t,) so that t; € {;—kb =1,...,k+1}
the point set

U pi—1yns 2k - t: < 5 < e} (2.134)
i=1
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18 separated by the window t +W with respect to the point set P, see Figure 2./
for illustration. Therefore, there are at least (k + 1)" = (‘—I;l + 1" € O(|P|")
separable subsets within the point set P.

Now let us dicuss the case of general polytopal windows:

Let aq,...,a, be the linearly independent mormal wvectors of m hyperplanes
defining one of the vertices of some polytopal window. Without loss of gen-
erality let us assume that the vertex is given by the point 0 € R™. By a linear
transformation  which maps the standard orthonormal basis vectors
er = (1,0,...,0),...,e, = (0,...,0,1) to the suitably ordered and linearly
independent vectors —\ai,...,—Aay, for some sufficiently small factor A > 0
the vertex 0 of the cube [0,1]™ and its n determining facets (more precisely,
their supporting hyperplanes) are mapped to the polytopal vertez 0 and n of its
incident facets (more precisely, their supporting hyperplanes). Therefore, the
general polytopal case is reduced to the case W = [0,1|" and its consideration
before. O

Remark 2.7.4 Unions of polytopes lead to the same worst-case result by con-
sidering some appropriate vertex of some of the united polytopes.
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2.7.3 Worst-case analysis for the separation by the intersection
of two balls

Finally, we show that also in the case of separation by the intersection of balls
the number of separable subsets can reach the complexity of the algorithm up
to some factor O(|P|?).

Lemma 2.7.5 There exists a finite point configuration P C R™ within the
Euclidean space R™ that contains O(|P|") subsets S C P within the point set P
which can be separated with respect to the point set P by the intersection of two
balls Br(0)NBr(At) for fized radius R and fized relational position /At of their
centres.
Proof
Without loss of generality let us assume that the relational position At of the
two ball centres is given by At := Xey for some 0 < A < 2- R. Let us define the
points
o1 .
pii= i e fori=1,... k, (2.135)
Plj—1)hi =1 2_1k‘€j fori=1,....,kand j=2,...,n (2.136)

and let us fix the parameter 0 < p < % -4/ R% — (%)2, where the value S is
defined by

S = max{ R, P |5y € (pi_1yers - Dk} ) (2.137)

Let the point set P be defined by P := {q; :== upili = 1,...,nk}. For every
subset {q1,...,qn} C P within the point set P so that ¢; € {qi—1)k+1>-- - > ik}
fori=1,...,n we calculate by using the cosinus theorem that the first compo-
nent of the centre M of each of the two balls determined by the spherical points
Giy - -+ qn and the radius R is bounded from below by the absolut value

dist(M, aff ({1, ..., dn})) = \/ B2 — (RE~n))2

min

= VR = (- Ry s JR? S (R2- (51 =5 (2139)

If the first component of the centre M is positive, we calculate that

aist (M — At0) < (2 + (B ) <[ v 2 -

; ) =R

(2.139)

for every point q € {Gi,...,qn}, which implies that

U{aa-1yps1.-- - @} = (BR(M) N BR(M — At)) N P, (2.140)
=1
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Analogous to Lemma 2.7.1 the number of subsets within the point set P which
can be separated with respect to the point set P is therefore given at least by the
value k" = (LEhn € o(|Pm). O

n
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2.8 Minimal separating balls and (planar) polytopes

We have discussed the algorithmic determination of all subsets S C P within a
finite point set P C R™ which can be separated with respect to the point set P
before. In the polytopal case the separating polytope was assumed to be known
up to translation.

Now let some subset S C P within the finite point set P be specified. In the
following we attend the determination of a minimal ball resp. of a minimal
polytope with fixed number m of facets which separates the subset S C P with
respect to the point set P, if spherical resp. polytopal separation is possible at
all. Minimal refers to the volume given by the Lebesgue n-measure.

The smallest separating ball is determined in O(|P|) arithmetic operations for
fized space dimension n by solving a conver quadratic minimization problem in
the Euclidean space R™' with linear constraints by the techniques presented
in [97], see [106] and compare the beginning of Section 2.4. In general, points
within both the point set S and its complementary point set P\S are located on
the boundary of the calculated ball. We characterize in which cases a minimal
separating ball resp. a locally minimal separating triangle can at least be ap-
proximated in the case that its boundary also contains points within the point
set P\S.

The smallest triangle which contains a finite point set S C R? is attained in
O(]S|-log|S|) arithmetic operations, as the convex hull of the point set S is de-
termined in O(|S|-log|S|) arithmetic operations and all local minimal triangles
which enclose the convex polygon conv(S) are calculated in linear time within
the number of vertices of the polygon conv(S), see [86] and [85].

We extend the triangular enclosing problem to minimal triangular separability
by generalizing some assertions in [86], [105] and formulate an algorithm based
on wedge separability to determine a minimal separating triangle in
O(|P|? - log |P|) arithmetic operations.
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2.8.1 Minimal separation and approximation

In the present subsection we will take a look at the cases in which a minimal
separating window can be approximated. Notice, that minimality will actually
have to be replaced by the term infimum, if boundary points of the window belong
to both point sets S and P\S. But we will continue speaking of minimality in
the following.

First of all let us consider in which cases the minimal separating ball can at
least be approrimated if boundary points also belong to the complementary point
set P\'S of the point set S.

Lemma 2.8.1 Let the subset S C P within the finite point set P C R"™ be
specified. The ball By . (Mpmin) of minimal radius which separates the point
set S with respect to the point set P, i. e.

S C By, . (Mpin), (2.141)
(P\S) Nint(Br, , (Mmin)) = 0, (2.142)

can be approzimated by a sequence (By, (M;))ien of balls which separate the point
set S with respect to the point set P, i. e.

(P\S) N By, (M;) =0, (2.144)

if and only if

N He S plpre) 70 (2.145)
(p.a)eT
for the set T == {(p,q) € (bd(B,,,. (Muyin)))*p € S,q € P\S}.
Proof

Let us assume that the minimal separating ball By, . (Mpmin) can be approzi-
mated by a sequence (By,(M;))ien of balls so that

Ti — Tmin (2147)

for i — oco. In particular, let M; € H(fl ) At for every p € S and q € P\S,

as ||p — M;l| < |lg — M;l| has to be fulﬁlled Therefore we conclude that

, <
M; € ﬂ H(q —p),5(p+q) . ﬂ q- p,z(p+q 7 0. (2.148)
pES,qeP\S (p,q) T

For the reverse direction let us assume that condition (2.145) is satisfied.
For every sufficiently small wvalue ¢ > 0 we can find some point

< _ i _ . .
Me € Npper Hq—p,%(p—i—q) so that ||Me — Myin|| = €, which satisfies that the
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ball B, (M.) separates the point set S with respect to the point set P for the
radius

Te = max — M|, 2.149

pe€SNbd(Br ;. (Mmnin)) ||p || ( )
as |lg — Mc|| > re for q € bd(By, , (Mmin)) N P\S, if the value ¢ > 0 is
chosen sufficiently small, and then also both interior and exterior points are
preserved. ]
Some consequences for the planar case are formulated within the following corol-
lary.

Corollary 2.8.2 Let the subset S C P within the finite planar point set P C R?
be specified.

1. If |S| > 2, the minimal separating ball By, . (Mp) has at least two
boundary points within the point set S, 1. e.

|bd(B,,;,,(Mpin)) N S| > 2. (2.150)

2. The minimal separating ball By, . (Myin) cannot be approximated by a
sequence of actually separating balls if and only if there are two bound-
ary points p1,p2 € bd(By,,,,(Mmin)) NS within the point set S so that
both open halfspaces H= and H> N

o ) (p2—p1)+.p1 (p2—p1)
within the point set P\S, i. e.

o contain boundary points

Héz—pl)lpl m bd(Brmin(Mmin)) m P\S # 07 (2151)
HE sy NVDA(Br,, (Minin)) 0 P\S # 0. (2.152)

Proof

The minimality of the separating ball By . (M) implies that

bd(Br,,,,(Mmin)) NS # 0. (2.153)

Thus, for the first assertion let us assume that bd(By, , (Mmin)) NS = {po}
and let the value T be defined by

7 := max — Mpinl |- 2.154
o ||p | (2.154)

Then for every sufficiently small

Tmin — T
0<6<%

5 (2.155)



60 CHAPTER 2. SEPARATION OF POINT SETS

we get that By, . —c(Mpmin + € WM) NP =S as
— Mo
1P~ (Miin + € - 7o < lp = M| + € (2.156)
||p0 - mm”
<TF+€e< pin — € (2.157)

for every point p € S and By, —(Mpin +€- WM) C By, (Myin), which
contradicts the minimality of the radius Tmp.
For the equivalence in assertion 2. let us assume that the points
p1,p2 € bd(By,,,. (Mpmin)) NS satisfy (2.151)-(2.152) and that

q € H(p2 o)t Nbd(By,,. (Muyin)) N P\S, (2.158)

qo € H(p o)t Nbd(B,,,,, (Mpmin)) N P\S. (2.159)

Thus, for every point p1 € bd(By, ., (Mmin)) ﬂSﬂHél —e)
point py € bd(By,,,, (Mmin)) NS N H(?n ) (by taking one of the points p1,

p2) so that the points q1,q2 lie on different szdes of the line passing through the

we can find some

points p1, pa. (Similar arguments work for every point py € bd(By, . (Mmin))N

SN H(Zl et and some point p2 € bd(B;, . (Mpmin)) NS N H(fn—qz)l,ql')

For every point §1 € H(p I ﬂP\Sﬂbd( rrin (Mimin)) and every point ga €
< <

(132—;51)%:51 NP\SNbd(B m,m(Mmm)) the set H 51,1 (1) N qu—m,%(ﬁﬁr«jz)

describes the interior of a cone with apex Mmm, whzch contains the point py,

but not the points ps, q1 and gs. Therefore, we conclude that

<
( QTHq—p,%(erq) (2.160)
p,q)€
< < _
< ﬂ qu—ﬁk,%(ﬁwm) 4 Hziz—ﬁk,%(ﬁqu) =0

([71,[72)61),]&221,2
for the set T as defined in Lemma 2.8.1 and the set

D = {(@, @) € (P\S) Nbd(Br,,,, (Mmin)))*|a1 € H

(P2—pP1)+,p1’
G2 € H(p2 o)t ,131}' (2.161)
Thus, condition (2.145) in Lemma 2.8.1 is not satisfied.
In the case that no boundary points within the point set bd(B, . (Mmin)) NS

satisfy the conditions (2.151)-(2.152) let us choose the points p1, D2 €
bd(By,,,, (Mmin)) NS so that

S .
(P2—p1)+,p1 n bd(B"mm (Mmm)) NPCS, (2.162)
HE, osp NDA(Br, (Minin)) NP C P\S. (2.163)

The minimal separating ball By, . (M) can be approzimated by a sequence
of balls B, (M) for

M, = My — - - P22V (2.164)
(P2 — p1)* ]
— [|p1 = Me|| < Famin + € (2.165)
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and the value € > 0 sufficiently small so that interior and exterior points are
preserved, as the ball B, (M.) actually separates the point set S with respect to
the point set P. O
Next let us look at minimal separating triangles. The following equivalence
characterizes the case that a locally minimal separating triangle can be approz-
imated by a sequence of triangles which actually separate the point set S with
respect to the point set P.

Lemma 2.8.3 Let the subset S C P within the finite planar point set
P C R? be specified. A locally minimal triangle T with vertices A, B, C can
be approximated by a sequence of triangles which actually separate the point
set S with respect to the point set P if and only if the boundary bd(T') of the
triangle T can be divided into line segments s1, Sa, S3 so that

1. ULy s = bd(T),

2. Ui# sins; ={A,B,C} NS, in particular, vertices of the triangle T are
taken twice if and only if they belong to the point set S,

3. fori=1,2,3 the point set SNs; can be separated with respect to the point
set PNs; by a line.

Proof

Let the line segments s1, So, 3 satisfy conditions 1.-3. and let the point q; be the
intersection point of the line segment s; and one of the lines which separates
the point set S N s; with respect to the point set P N s; for i = 1,2,3. If
siN(P\S) # 0 fori e {1,2,3}, we apply a small rotation on the line containing
the line segment s; which remains the point q; fized so that interior and exterior
points are not concerned. Because of the conditions 1.-3. also the boundary
points bd(T) N P of the triangle T within the point set P are separated now.
By choosing each rotation angle sufficiently small the area of the new triangle
is arbitrarily close to the area of the original triangle T .

For the reverse direction let us also restrict to the set of boundary points
bd(T) N P, as interior and exterior points are not concerned by any sufficiently
nearby approximation T’ of the triangle T'. Let e denote some edge of the orig-
inal triangle T and let €' be its approximation within the triangle T'. As the
approrimating triangle T' separates the point set S with respect to the point
set P, the approzimating edge €' of the edge e has to separate the point set SNe
with respect to the point set P Ne. Notice, that every vertex of the triangle T
which lies within the point set S can be added to both adjacent edges so that we
result in the conditions 1.-3. O

Example 2.8.4 To illustrate Lemma 2.8.3 let us look at the situation as given
in Figure 2.5.
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C
("

Figure 2.5: Approximating locally minimal triangles

The filled circles belong to the point set S, the non-filled circles to its comple-
mentary point set P\S. The line segments s1, s, s3 with respect to Lemma 2.8.3

are given by
s1:=a\{C}U{B}, (2.166)

sg:=bU{A,C}, (2.167)
sg = c\{B}U{A}. (2.168)
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2.8.2 Algorithmic determination of minimal separating trian-
gles

In order to determine a minimal resp. an infimium triangle which separates
the point set S C P with respect to the finite planar point set P C R?, we will
calculate all locally minimal triangles. Finding a minimal enclosing triangle of
a finite point set S, which is also based on the idea of calculating all locally
minimal enclosing triangles, is considered in [86] and [105]. We will generalize
some results of [86] and [105] in the following in order to get an algorithmic
approach for our problem of minimal triangular separability.

For further considerations let us assume that the convex hull conv(S) of the
point set S does not contain any point within its complementary point set P\S,
as otherwise separation by any convex polygon is not possible at all.

Lemma 2.8.5 Let the subset S C P within the finite planar point set P C R? be
specified and let T' denote a (locally) minimal separating triangle, which satisfies

int(T) NP C S, (2.169)
RA\T)NS = 0. (2.170)

1. Every edge of the triangle T contains at least one point within the point
set S.

2. If the centre point ¢ of an edge e does not lie within the convex hull
conv(S) of the point set S, then there exist a point p € SN e and a point
q € (P\S) Ne so that the point p lies between the two points ¢ and q.

3. FEvery locally minimal separating triangle possesses at least one edge which
is incident to at least two points within the point set P.
Moreover, there exists another triangle T' of same area having at least two
edges each of which contains at least two points within the point set P.

Proof

Assuming that condition 1. is mot satisfied, the area of the triangle T is re-
duced by moving the edge in the opposite direction of its normal vector, which
contradicts the local minimality of the triangle T.

Let e denote some edge of the triangle T. If neither the centre point c of the
edge e lies within the polygon conv(S) nor condition 2. is satisfied, the edge e
can be rotated by fixing some point which separates the point set S N e and the
point set {c} U ((P\S) Ne) so that by choosing the rotation angle sufficiently
small both condition (2.169) and condition (2.170) remain fulfilled, but the area
of the new triangle is smaller than the area of the original triangle T':

The added area and the subtracted area are described by two triangles which
have the same angle (the rotation angle) within the fixed point. The adjacent
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Figure 2.6: Edge rotation so that the resulting triangle has a smaller area

edges of the added triangle are shorter than the adjacent edges of the subtracted
triangle, see Figure 2.6.

The triangle T is also not locally minimal according to [86] if only the centre
points of the edges belong to the point set P. Thus, to show assertion 3. let
us assume that |es N P| > 2 and that |ey N P| = |e; N P| = 1. Because of the
conditions 1. and 2. the centre points ci,co of the edges e1,es belong to the
point set S. Analogous to [105] let us move the vertex C which is incident to
the edges eq and ez, while the distance dist(C,e3) of the vertex C' to the edge e
and the contact points c1,ca of the triangle with the convex polygon conv(S)
remain fized. We stop the motion by the time that one of the edges ey, ey is
incident to at least two points within the point set P. As the base length of
value 2 - dist(ci,co) and the height dist(C,e3) of the triangle are not changed
during the motion of the vertex C, the area remains fized. O
The following result will be used to compute all locally minimal triangles within
the later presented algorithmic approach.

Lemma 2.8.6 Let the subset S C P within the finite planar point set P C R?
be specified. The number of lines which contain two points within the point set S
resp. one point within each of the two point sets S and P\S and which possibly
support one of the locally minimal triangles lies within O(|P|). Those lines are
determined in O(|P|-log |P|) resp. in O(|P|?) arithmetic operations.

Proof

Each line which is incident to two points within the point set S and which
contains an edge of a locally minimal separating triangle supports the convex
hull conv(S) of the point set S. The number of edges of the convex hull conv(S)
is bounded by the value |S| < |P|. The convex hull conv(S) is calculated in
O(|S]|-log |S|) < O(|P|-log | P|) arithmetic operations by Graham scan, see [59].
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For any point g € P\S there are exactly two lines ly,ls incident to the point q
and to at least one point within the point set S and possibly supporting an edge
of a locally minimal separating triangle. The lines l1,ls are given by those lines
which pass through the point q and which support the convex polygon conv(S).
Their total number is bounded from above by the value 2 - |P\S| < 2-|P|.

For the complexity assertion let p € conv(S), let the edges ey, ey of the convex
polygon conv(S) be incident to the point p and let l(e1),l(e2) denote their sup-
porting lines. The line which passes through the point p € conv(S) and some
point ¢ € P\S is identical to the line ly resp. to the line ly if and only if the
point q and the convex polygon conv(S) once lie on the same, once on opposite
sides of the lines l(e1), l(e2), see Figure 2.7 for illustration.

Figure 2.7: The convex hull conv(S) of the point set S and the lines which
possibly contain an edge of a locally minimal triangle

Thus, we have to determine the location of each point q € P\S with respect
to the consecutively ordered lines supporting the edges of the convexr polygon
conv(S). That takes at most O(|P|?) arithmetic operations in total. O
If we fix one of the lines which possibly contain an edge of a locally minimal
triangle, see Lemma 2.8.6, the remaining separability problem is reduced to the
question of wedge separability. Both the decision of whether two finite point sets
are wedge separable and the computation of the regions of vertices which belong
to separating wedges are discussed in [75]. Similar techniques as applied for
wedge separability are already used in [46] in order to obtain a convex polygon
which separates two finite point sets and is minimal within the number of edges.
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Definition 2.8.7 (wedge separability)

A wedge within the Euclidean plane R? is bounded by two rays which start
from some common vertex.

A subset S C P within the finite planar point set P C R? is called wedge
separable with respect to the point set P, if there exists a wedge which

contains all the points of the point set S, but none of its complementary point
set P\S.

Theorem 2.8.8

Let the subset S C P within the finite planar point set P C R? be speci-
fied. Wedge separability for the point set S with respect to the point set P
can be decided in O(|P| - log|P|) arithmetic operations. Moreover, the re-
gions of vertices which belong to the separating wedges are also calculated in
O(|P| -log | P|) arithmetic operations.

The number of segments and rays of those regions is bounded from above by
the value 4 - |P|. Each of those segments and rays is contained within one of
the lines as described in Lemma 2.8.6.

The number of intersection points of each segment or ray with some line which
contains one of the edges of a locally minimal separating triangle is given
by O(P)).

Proof

For details we refer to [75].

The last assertion is trivial as every line which contains an edge of the convex
polygon conv(S) possibly intersects the segment or the ray. O

For ordering purpose let us introduce the following notation.

Notation 2.8.9

Let 11,15 be two lines within the Euclidean plane R? with common point p. The
angle between the two lines ly, lo denoted by Z(ly,l3) is given by the rotation
angle in clockwise direction around the fixed point p.

Lemma 2.8.10 Let the subset S C P within the finite planar point set P C R?
be specified and let the vertices of the convex polygon conv(S) be numbered in
clockwise direction. The lines in Lemma 2.8.6 are sorted in O(|P] - log|P|)
arithmetic operations according to

pr<p2 forpr€linNSpp€lanNS
lh <ly:& or , (2.171)
P1 = P2 and l(l_,ll) < l(l_, lg)

if | denotes the line which passes through the point pi and through the point
p1 — 1 (modulo the number of vertices of the convex polygon conv(S)).

Proof

Every line l in Lemma 2.8.6 is characterized by two points within the point set P.



2.8. MINIMAL SEPARATING BALLS AND (PLANAR) POLYTOPES 67

At least one of them lies within the point set S. In the case that 1 NS =1,NS
we have to decide whether Z(1,11) < Z(l,13) is fulfilled. That can be done in
constant time by examining the position of the second point incident to the
line ly with respect to the lines | and l;. O
Now we are ready to calculate minimal separating triangles on the basis of the
wedge separability problem.

Theorem 2.8.11

Let the subset S C P within the finite planar point set P C R? be specified.
A minimal resp. infimum triangle which can be approximated by triangles
actually separating the point set S with respect to the point set P is determined
in O(|P|? - log|P|) arithmetic operations.

Proof

Deciding for each point p € P and each line | in Lemma 2.8.6 whether the
point p is incident to the line | or to which of the associated halfspaces the
point p belongs takes O(|P|?) arithmetic operations in total.

The point set P N1 which is incident to some line [ in Lemma 2.8.6 is sorted in
O(|PNl|-log |PNl|) arithmetic operations, which takes at most O(|P|*-log | P|)
arithmetic operations in total.

According to Lemma 2.8.5 at least one edge of a locally minimal separating
triangle is contained in one of the lines given in Lemma 2.8.6. Thus, let us fix
some of those lines and refer to it by [ in the following. Let

M = (p17p27"'apkp"'apkzv"'ap[/l) (2172)

denote the sortation of the point set PNl and let [; and l5 be those subsequences
of the sequence M; which are characterized by

I :={p1,...,pr, } C P\S, (2.173)
l_g = {pkz,...,le} C P\S, (2.174)
(I\(l Ulz)) N P\S = 0. (2.175)

The line | can be rotated so that either the point sets l; and ./\/ll\l_l or the
point sets lo and M\l lie on different sides of the line | afterwards. Thus,
the triangular separability problem is reduced to one of the following wedge
separability problems, compare Lemma 2.8.3, as we are only interested in locally
minimal triangles which can be approximated by actually separating ones:

1. Separate the point set S with respect to the point set (PN (It U1))\l
2. Separate the point set S with respect to the point set (PN (1T U1))\l2

In both cases It denotes the open halfspace with respect to the line | so that
the closed halfspace IT Ul contains the convex polygon conv(S).
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Let s be one of the at most 4 - |P| segments or rays (the blue-coloured ray in
Figure 2.8) which border the regions of vertices belonging to separating wedges,
compare Theorem 2.8.8. Let ls denote the line which contains the segment or
the ray s.

l

Figure 2.8: Partial segments and contact points

According to assertion 3. in Lemma 2.8.5 two lines each possibly containing an
edge of one of the locally minimal separating triangles are fixed by the lines [
and l;. Thus, it remains to treat all possible locations of the third edge.
Regarding the structure of the regions of wedge vertices, compare [75], crite-
rion 2. in Lemma 2.8.5 can only be applied to those lines which pass through
one of the end points of the segment or the ray s and its associated contact
point with the convex polygon conv(S).

Thus, it remains to decide whether the contact point of the third edge with the
convex polygon conv(S) is centred within the third edge. For that purpose let
p be one of the possible contact points within the third edge and let l,, denote
the line which is parallel to the line | and which satisfies d(l,1,) = 2 - d(p,l) =
2-d(p,l,). We have to decide whether the line l,, passes through the segment or
ray s. Thus, using binary search techniques, a locally minimal triangle can be
found in O(log | P|), if one exists at all for fixed lines | and l5. The vertex of the
wedge belongs to the boundary of one of the regions of wedge vertices. Thus,
it can be approximated by a sequence of actually separating wedge vertices.
Therefore, each calculated triangle can be approximated by triangles which ac-
tually separate the point set S with respect to the point set P.
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The area of each locally minimal triangle is calculated in constant time within
the cardinality |P| of the point set P and helps us to determine one of the
minimal separating triangles amongst all locally minimal ones. U

MIMIMALSEPARATINGTRIANGLE(S, P)

Input: finite point set () # P C R?, subset S C P
Output: minimal/infimum separating triangle T
1 T+—0

2 area(T) < oo

3 calculate conv(S) by Graham scan

L « {lines [ C R%|e C [ for some edge e of conv(S)}
L« LU {lines | C R?|g,p, €l for ¢ € P\S and p, € S

one of the contact points with conv(S)}

A~ N S /S /S
e~

(@)
T — Y —

(6) L7 « sortation of £ according to Lemma 2.8.10
(7)  foreachl e L
(8) M — (p1,P2, - Phys-- s Phys---»PL,) the sortation

of the point set PN

9) l:1<—{p1,-~,pk1},

(10) lo — {pky,--.,pr,} according to (2.173)-(2.175)

(11) [T « open halfspace associated with the line [ so that
conv(S) C (1UIT)

(12) fori=1to2

(13) calculate the regions of vertices of wedges which

separate S with respect to PN (1T UI\l;)

(14) S/ « {segments and rays of the regions}

(15) foreach s € S/

(16) ls < the line which contains s

(17) ls « the line found by binary search in £

according to criterion 1. and 2. in Lemma 2.8.5
(18) T, «— the triangle given by the lines [, I and I,
(19) if area(Ts) < area(T)
(20) T — T,
(21) area(T) «— area(Ty)
(22) return T

Remark 2.8.12 Separability problems within the Euclidean space R? are con-
sidered in [76]. Amongst others, separability by a constant number of planes is
discussed by the authors. However, up to now it is not clear whether it might
be possible to extend the presented algorithm in order to answer the question
of minimal prismatic or minimal tetrahedral separability. That would extend
minimal triangular separability to dimension 3.
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Chapter 3

Point X-rays and instability

Different scanning geometries are used in the field of computerized tomography.
Besides the parallel scanning geometry also the cone beam scanning geometry is
in application. With the attempt to transfer some more results of computerized
tomography to the field of discrete tomography, let us examine the situation
using point X-rays instead of parallel X-rays.

Definition 3.0.1 (undirected point X-ray)
Let p € Z? be a lattice point and let F C 7Z? be a finite lattice set. The
(undirected) point X-ray of the lattice set F' at the lattice point p is defined

by
XpF(u):=|{qge Flg—p=X-ufor A € R}| (3.1)
for any lattice direction u = (r,s) € Z*\{0} so that ged(r,s) = 1.

Remark 3.0.2 For general purpose in Section 3.5, the (undirected) point
X-ray of some lattice set F' C Z™ at some lattice point p € Z™ is defined by

X,F(u) :==1|{q € Flg—p=X-ufor A € R}| (3.2)

for any lattice direction u = (uq,...,u,) # 0 so that ged(uq,...,u,) = 1.

It is shown in [45] that for any set of point X-ray sources there are tomogra-
phically equivalent and distinct lattice sets. Adapting some ideas used in [45]
leads us also in the case of point X-rays to strong instability assertions analo-
gous to [7]:

We construct arbitrarily large irreducible switching components to show strong
instability results. By having Ryser’s Theorem (see [115] and [73], Chapter 3)
in mind, which states for the parallel case and two projection directions that
tomographically equivalent lattice sets can be transformed into each other by
elementary switching operations, we consider m > n different X-ray sources
to guarantee the irreducibility of the switching components, if n denotes the

71



72 CHAPTER 3. POINT X-RAYS AND INSTABILITY

dimension of the lattice set Z™. Moreover, we guarantee that some pair of ar-
bitrarily large and tomographically equivalent lattice sets Fy, Fo C Z? overlap
in at most 3 lattice points after applying any affine transformation resp. in at
most n+1 lattice points for the generalized case that the lattice sets Fy, Fy C Z™
are located within the lattice set Z™.

In order to exclude the case that the results are only based on perspective
aspects, we also examine the projective besides the affine difference of the con-
structed lattice sets Fy, Fy C Z? and guarantee that the lattice sets overlap in
at most 4 lattice points after any projective transformation resp. in at most
n + 2 lattice points, if the lattice sets Fy, F5 C Z" are located within the lattice
set Z™.

Furthermore, we will take a look at the consequences for the case that the point
X-ray sources are located within the convex hull of the two lattice sets as well
as the uniqueness of convex lattice sets according to point X-rays.

Finally, we turn back to the case of parallel X-rays. By applying the techniques
which are used for the case of point X-rays and which are based on projective
transformations as well as the knowledge of the solvability of equation systems,
we show that some pair of arbitrarily large and tomographically equivalent
lattice sets I, Fy € Z? overlap in more than 4 lattice points after some affine
transformation only in the case of translation ¢(z) := x + b or in the case of
half-around rotation ¢(x) := —x + b. In that case the upper bound of the
number of overlaps is decreased compared with the results in [7], [5], [3], but
still exponential within the number m of point X-ray sources.

Afterwards, we take a look at non-projective construction methods and reduce
further attempts of strengthening the affine dissimilarity assertion to the search
of switching components of minimal cardinality.
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3.1 Basic construction

First of all we will concentrate on the basic construction, which is based on
ideas in [45]. Some modifications will later be applied in order to show affine
and perspective dissimilarity.

Theorem 3.1.1

Let m > 3 and suppose that p; = (p1;,p2j) € Z?, j = 1,...,m are distinct
lattice points within the lattice set Z2. For any o € N there exist two finite
lattice sets Fy, Iy C 72 satisfying

e [} for k = 1,2 is uniquely determined by the point X-rays X F} for
j=1....m,

o [NNE, = @,
[ ’Fl‘ = ’FQ‘ > a,
i Zgl ’XpiFl - XpiF2‘ = 2(m - 1)'

Proof
Let the projective transformation ¢ be defined by

@ : P — P2 (3.3)
(,D(l‘l, e ,l’m+1) =
m m m
O E T prmi + immir, Y B bpoii + commir, Y AT+ azmin),
i=1 i=1 i=1

using homogeneous coordinates in both projective spaces P™ and P2. Its re-
striction prm as mapping between the Euclidean spaces R™ and R? is given

by
@orm : R™ — R2, (3.5)

Z?ll Hi_lbplixi + Zgl Ri_lbpgixi + 02) (3 6)
Yo ki 4a T Y KT b a7 ’

prm () = (
The parameters

K= K(P11,P12, - - -, Pim> D21, D225 - - - » D2m) € N\ {1}, (3.7)
a=a(k),b=>b(k) €N,

1 = c1(k,a,b),co = ca(k,a,b) €Z

will be suitably specified later. The jth vector e; in the standard orthonormal
basis of the Euclidean space R™*! is mapped to o(e;) = (/ij_lbplj, Hj_lbpgj,
kI71b) for j = 1,...,m, which shows that the projective transformation ¢
maps the jth coordinate direction within the Euclidean space R™ to the lattice
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point p; for j =1,...,m. In the case that o < (I 4 1) - 2™=2 let us recursively
define the staircase-like switching component Ggm) U Ggm) C Z™ by

G® = {(j,4,0,...,0) € Z™|j =0,...,1}, (3.10)

G = [(j41,4,0,...,0) €Z™j=0,....1 —1}U{(0,1,0...,0)},
(3.11)

GV =GV VU (e; + GV ™) for j=3,....m, (3.12)

GV =GV VU (e;+ GV for j=3,...,m. (3.13)

The lattice sets Iy, Iy are given by
Fi 1= pam(G\{0}), (3.14)
Fy = opm (GY\{(0,1,0...,0)}) (3.15)

for suitably large chosen parameter x > | and suitably chosen parameters
a, b, c1,co with respect to the dependencies as given in (3.7)-(3.9).

Figure 3.1: The lattice sets Ggg) (filled circles) and Gég) (non-filled circles) for
I = 4, the red-coloured lattice points indicate the eliminated ones for the lattice
sets FY, Iy

The following lemmata will show that the parameters k, a, b, c1, co can be chosen
so that

1. (‘DRm(Ggm))UQORm (Gém)) C 72, 1. e. integrality is guaranteed for the lattice
sets Fy, Fy (see Lemma 3.2.3),

2. FiNFE, C chm(Ggm)) N (‘DRm(Ggm)) = (), i. e. the lattice sets F|, Fy are
distinct (see Lemma 3.2.4),

3. Xy, Fi(u) € {0,1} for j = 1,...,m, k = 1,2 and any lattice direction
u € Z*\{0} (see Lemma 3.2.5),

4. (N, U, ,wem, pi+R-u)NZ? = (‘DRm(Ggm))UQORm(Ggm)) for k = 1,2 and
the set My := {(p,u) € {p1, .., pm} ¥ Z\{0}| X, (rm (GI™)) (1) # 0},
i. e. the grid is given by @Rm(Ggm)) U prm (Ggm)) = @Rm(Ggm) U Ggm))
(see Lemma 3.2.6).
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For that purpose we use polynomial theory in each lemma. To avoid equality
for two different polynomials within the parameters, we only have to forbid
some parameter combinations, which we will call combinations of forbidden
parameters. These elimination strategies can be suitably combined (see some
later remarks within the proofs of the lemmata).

Notice, that for any lattice points x,y € Ggm) U Ggm) there is an alternating
path (xg = z,x1,...,24 = y) according to the construction of the lattice sets
Ggm), Ggm) so that x; € Ggm) UG;m), Ti+1 —x; € span(ej,) for some vector ej, in
the standard orthonormal basis of the Euclidean space R™ and the consecutive

) resp. to the

lattice points x;,x;+1 do not both belong to the lattice set Ggm
lattice set Ggm). Therefore, the uniqueness of the lattice sets Fy and F5 is

implied by 3. and 4. The assertion of Theorem 3.1.1 follows immediately. [J

Remark 3.1.2 The argument using the existence of an alternating path is
necessary. For example in the case that m = 3 and that

G = {(0,0,0),(1,1,0),(1,0,1),(0,1,1)}
(

U((5,5,0) + {(1,0,0), (0,1,0), (0,0,1), (1,1,1)}), (3.16)
G ={(1,0,0),(0,1,0),(0,0,1),(1,1,1)}
U((5,5,0) + {(0,0,0), (1,1,0), (1,0,1), (0,1,1)}) (3.17)

as illustrated in Figure 3.2 the grid within the lattice set Z3 is given by the
lattice set Ggg) U Gg?)) = {0,1}> U ((5,5,0) 4+ {0,1}?). The projection data
in the directions ej,es and e3 are given by the values 0 and 1. A suitable
choice of the parameters for the projective transformation ¢ remains those
properties. Nevertheless, the lattice sets F} := @Rm(Ggg)\{(O, 0,0)}) and Fy :=
PRm (Gég)\{(O, 1,0)}) are not uniquely determined by their point X-rays.

e
,’*"1, ,,i,{df
eo
,,,,,,,,,,,,,,,,,,,,,,, 9,;,,'}1/,,,,,,,,,,,,,

Figure 3.2: The lattice sets Ggg) (filled circles) and Ggg) (non-filled circles)
within the counter-example, the red-coloured lattice points indicate the elimi-
nated ones for the lattice sets Fp, Iy
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3.2 Technical lemmata

The basic ideas to prove Theorem 3.1.1 are given before. Now we will work on
the technical details.

The following lemma constitutes some later assumptions on the location of
the point X-ray sources p1,...,pm by applying some translation on the lattice
set Z2.

Lemma 3.2.1 Any translation

t:R? - R? (3.18)
t(x):=xz+b (3.19)

for b € Z? applied to the point X -ray sources pi, .. .,pm and to any finite lattice
set F' C 7?2 results in

Xt(pj)t(F) =X, F (3.20)
for 7 =1,...,m. Therefore, we can assume that

1. pij #0 fori = 1,2 and j = 1,...,m, in particular, that p; # 0 for

j=1....m,
2da<mipu>:0©i:j
Pb2i  P2j

by translation.

Proof

For any x € F and for j =1,...,m we calculate that
t(x) —tpj) =A-u for \€Z (3.21)
S(@x+b)—(pj+b)=xz—pj=A u (3.22)

Therefore, we can assume 1. by translation.
For 2. we conclude that

det P1i P1j — b det P1i Pij + det P1i Pij 0
p2i +b p2j+b 11 DP2i P2y
(3.23)

is possible for all b € Z if and only if py; = p1; in a first step and then also
D2i = P2j- U
The next lemma helps us to make some more later used assumptions on the
location of the point X -ray sources.
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Lemma 3.2.2 Any linear transformation
t:R?* - R?, (3.24)
t(z) == Ax (3.25)
for A € 7Z2*% and det(A) = £1 applied to the point X -ray sources pi, ..., Ppm
and any lattice set ' C 7?2 results in

Xi(poyt(F)(u) = Xp F (7 (u)) (3.26)

for i = 1,...,m and every lattice direction u € Z?\{0}. Moreover, we get
that t(Z?) = Z2. Therefore, the transformation t can be inverted on the lattice
set 72,

Thus, we can assume that

pi—p; €L -egUZL- ey, (3.27)
fori#£j.
Proof
For any x € F we calculate that
t(x) —t(pi) =A-u for N\ € Z (3.28)
SAr—Api=Alx—p)=Ausz—p =X A" u (3.29)
fori=1,...,m and A~ -u € Z?, as det(A) = £1. Therefore, we can assume

without loss of generality that (3.27) is fulfilled by applying a linear transfor-
mation on the X -ray sources if necessary:

Let (1,5) € Z*\{(1,0),(0,1)} be some lattice direction so that p; —p; ¢ R-(1,s)
for all i # j. There are infinitely many lattice directions (r',s") .= (r',;s-17"+1)

1 /
so that ged(r',s') =1, p; —pj ¢ R- (1, ") and det (A 0

s s

The following lemma shows that suitably chosen parameter values lead to the
fact that the projected lattice sets Iy, Fy actually lie within the lattice set Z>.
There is even some degree of freedom left within the choice of the parame-
ters c1,co.

Lemma 3.2.3 Let the lattice sets Fy, Fy be defined by Fy := goRm(Ggm)\{O}),
F = (,DRm(Ggm)\{(O,l,O, ...,0)}) as in the proof of Theorem 3.1.1.

For fized parameter k we can find integer values a,b so that Fy, Fy C Z*?. The
set of possible parameter combinations (c1,ce) with respect to fized parameters
K, a,b has infinite cardinality.

Proof

The ideas are similar to those in [45]. Notice, that

m

S W e € {01,k 1)) = {01, A" 1), (3.30)
=1
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By a result of Green and Tao (see [60]) we can choose a, b € N so that each
member of the arithmetic progression

{a,a+b,...,a+ (K™ —1)b} (3.31)

is a prime. Therefore, using the Chinese Remainder Theorem, we can find
infinitely many pairs of parameters (c1,c2) satisfying

m m

cp=—> & 'bprw; mod (Y kbx; +a) (3.32)
i=1 i=1

for any x € {0,...,k —1}"™ and k = 1,2, in order to guarantee that the lattice
sets Fy and Fy are subsets of the lattice set 72 for k > . g
The next lemma guarantees that the lattice sets Iy, Fs are distinct, if we only
choose at least one of the parameters ci, co large enough in absolute value.

Lemma 3.2.4 Let the lattice sets Fy, Fy C Z? be defined as in the proof of
Theorem 3.1.1 by Fy = chm(Ggm)\{O}), Fy = QORm(Ggm)\{(O,l,O, ..,0)}).
Let the parameters k,a,b be fized and let the parameters c1,co be given up to

modularity with respect to Lemma 3.2.3. The parameters c1,co can be chosen
so that Fy N Fy = 0.

Proof
With similar arguments as in [{5] we conclude for x' 2% € {0,...,x — 1},
1 # T2 that
orm (z') = prm (z?) (3.33)
& (Z K o) + a)(z K opria? + cx) = (3.34)
i=1 i=1
(Z K2 a)(z K oprixt + cp) for k=1,2 (3.35)
i=1 i=1
= x| < ](Z Kbl + a)(z K opaa?) —
i=1 i=1
O rbaf +a) (> s bpri)) (3.36)
i=1 i=1
<2(a+ (k" = 1)b)(™ — 1)bmax |p;;| for k =1,2. (3.37)

Therefore, we result in contradiction by choosing one of the parameters ci,co
large enough in absolute value. O
The following lemma assures that the point X -ray data of the lattice sets Fy, Fy
do not extend the value 1 for suitably chosen parameters k and c1,co.
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Lemma 3.2.5 Let the lattice sets Fy, Fy C 7% be defined as in the proof of
Theorem 3.1.1 by Fy 1= grm (GS"\{0}), Fy 1= opm (GY\{(0,1,0,...,0)}).
For suitably large chosen parameter k > | within the projective transformation
(3.8)-(3.4) we can find a pair of parameters (c1,c2) so that

X, Fi(u) € {0,1} (3.38)

forj=1,...,m, k=1,2 and any lattice direction u € Z*\{0}.

Proof

Notice, that because of Lemma 3.2.8 there are infinitely many possible pairs of
parameters (c1,ce) for fived values k,a,b.

The lattice points p;, erm (x1), prm (2%) are collinear for the lattice points
!, 2? € Ggm) U Gém) if and only if erm(x') — pj, prm(z?) — p; are linearly
dependent, which is again equivalent to

det ( Sy & (pr — pug)al + e Yoy & b(pr — pig)at + & >

Z?; ’fi_lb(pzi - 102j)113,1 + Co 2?21 ’fi_lb(pzi - p2j):17,2 + C2

(3.39)
m m
= El(z K b(pai — poj); — Z K b(pai — poj)ai )+ (3.40)
27:1 :1
+e () w7 0(p — pry)xl = > KT b(pr — p1j)al)
i=1 i=1
+ terms of lower degree =0 (3.41)
for ¢ :=c1 —a-pij, C2:=cy—a-py. If
m m
Z K 1b(pai — paj)ri — Z K b(pai — poj)Ti # 0 (3.42)
i=1 i=1

and if the parameter co is fized, there is exactly one solution for the parameter ¢,
resp. for the parameter ¢y within the infinite set of possibilities. The situation
s stmilar in the case that

m m

> KT (i = puy)ai = Y KT b(pr — pij)at £ 0 (3.43)
i=1 i=1
and that the roles of the parameters ci,co are changed.
There are still infinitely many possibilities for the tuple (c1,c2), even if we elim-
wnate all those pairs of the parameters ci,co according to all possible combina-
tions of the point X -ray source p; and the lattice points prm (z1), rm(z?) for
some lattice points x', 2% € Ggm) U Ggm), as the elimination corresponds to the
elimination of a finite number of lattice lines within the two-dimensional lattice
set {(c1,c2)|c1, co permissible according to Lemma 3.2.3}, if (3.42) or (3.43) is
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satisfied.
Thus, we have to exclude the case that both

m m

Z lii_lb(pzi - 102j)517z2 - Z “i_lb(pzi - pzj)le =0 (3.44)
i=1 i=1

and
> AT — py)ai = ) T b(py — pij)af = 0. (3.45)
i=1 i=1

The parameter k can be assumed to be chosen sufficiently large, i.e.
k>4 -m-1-max(|p;l). (3.46)

Therefore, we state that

(pi — pj)xil = (p; — pj)ilt? fori=1,....m (3.47)
has to be necessarily satisfied, as it iteratively yields fork =m—1,m—2,...,1
that

k . k .
SIE??E | 2; "{Z_l(psi - psj)xil - 2 ’{Z_l(psi - psj)$12|
1= 1=
<4-k-1-&"1 max |py| (3.48)
<4-m-1-6F max |py| (3.49)

<Kk < max |5 (Ds(er1) = Psj)Thi1 — K (D) — Do) Tip

for xllg-l,-]_ # x%+1 and pi41 # pj-

As pi # pj for i # j, the case x} # x? within the equation system (3.47) is
only possible for i = j. Therefore, because of the definition of the lattice sets
Ggm) and Ggm) we conclude that either z* = x? or the lattice points z*,x% do
not both belong to the lattice set alm resp. to the lattice set Ggm), as different
elements within the lattice set Ggm]} resp. the lattice set Ggm) differ in at least
two components. ]
Now we will see that the lattice set rm (G1) U @rm (G2) is closed with respect
to the calculation of its grid.

Lemma 3.2.6 Let the lattice sets Ggm), Ggm) C Z™ be defined as in the proof
of Theorem 3.1.1.

For suitably large chosen parameter k within the projective transformation
(8.3)-(3.4) we can find a pair of parameters (cq,c2) in dependence on suitable
parameters a, b so that the grid is given by

(N U i +R-w)NZ2 = opn(G™) Urn (GS™) (3.50)
J=1(pj,u)€Mj,
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for k=1,2 and the set

My, = {(p,w) € {p1,- .} x ZA{0} X (mm (GI"))(w) # 0} (3.51)

Proof
Let us assume that there is some lattice point s = (s1, s2) within the grid

(ﬁ U p+Rwnz?= ﬂ U »+R-uwnz? (3.52)

J=1(pj,u)eM; J=1(pj,u)eM>

which does not belong to the lattice set (,D]Rm(Ggm) U Ggm)). Then the lattice
point s is the intersection point of m lines passing through the lattice points
i orm (2F) for k = 1,....m and some lattice point ¥ € Ggm). The lat-
tice point s lies on the lines passing through the lattice points py, prm (z*) for
k =1,2,3 (and similar for any index set {i1,i2,i3} C {1,...,m} of cardinal-
ity 3) if and only if

det(s — pg, prm (2%) — pp) = 0 for k=1,2,3 (3.53)
& (51— piw) Aok — (82 — par) Aip = 0 for k =1,2,3 (3.54)
- SlAQk — SQAlk = Bk fOT’ k= 1, 2,3 (355)

for Ay, By defined by

Ay = [Z & (i — pu )t + (e — api)), (3.56)
i1
By, := pix Aok — par A (3.57)

Let us look at the case that the lines passing through the lattice points p1, prm (z1)
resp. through the lattice points pa, ¢rm (x?) are identical (parallelism does not
matter, as in that case the intersection point s does not exist at all), which
occurs if and only if ' = x2 by using the result of Lemma 3.2.5 for the param-
eter k chosen sufficiently large. The vectors ggm(z') — p1, wrm(x') — pa are
linearly dependent if and only if

det q1 p11q q — p12gq
q — Pp219 q — P22¢
= c1q(p21 — p22) + c2q(p12 —p11) +--- =0 (3.58)
for

¢" = K opriw] + e, (3.59)
1

K7l +a # 0. (3.60)

=
[l
NgER:

-
Il
—
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As p1 # p2 we can assume by again eliminating forbidden parameter tuples
(c1,¢2) (compare the proof of Lemma 3.2.5) that the case of identical lines does
not occur. Thus, the rank of the linear equation system (3.55) is at least 2.
(Notice for general purpose, that the elimination of the forbidden parameter
combinations (c1,c2) in Lemma 3.2.5 and the eliminations here as well as later
can suitably be combined.) Therefore, the linear equation system (3.55) can be

solved if and only if

Ay A By Ag Aqy By
det | Ay Ajp By | =det | Ay — Ay Ap— A By— DBy | =
Az A1z Bs Aoz — Aoy A3 — A B3 — DBy
(3.61)
= c3[(p13 — p11) (A1 — A11) — (p12 — p11)(Aiz — A+
+c1[(pas — p21)(A22 — Ao1) — (P22 — p21)(Azz — Aon)|+
+ terms of lower degree = (3.62)
= &[(p1s —pr)O_ K b(pri — pr2)ad =D KT b(prs — pri)ai)—
i=1 i=1
—(p12 = p11)O_ K b(p1i — pra)zi — D KT b(pri — pra)ai)]+
=1 i=1
+ci[(p2s — p21) (O K b(p2i — pa2)ai — Y k7 b(pai — par)zi)
i=1 1=1
—(p22 = p21) (D K b(p2s — paz)ad = Y KT b(pai — por)al))+
i=1 1=1
+ terms of lower degree = 0. (3.63)

We have to check in which cases it is possible that both the coefficient of c2
and the coefficient of c3 are equal to 0, as otherwise we simply reduce the set
of admissible parameter combinations (c1,c2) again. Similar as in the proof of
Lemma 3.2.5 we reduce to equality for each coefficient of k* by assuming that

the parameter r is chosen sufficiently large by
k> 16-1-m - (max [p;;])? (3.64)

Notice, that if :Ell = ZE? = :Ef’ for any i = 1,2,...,m, the coefficient of k™!
equals 0. Thus, considering the case i > 3 we reduce our examinations without
loss of generality to the case that le =1 and 3:3 = xf’ =0, as :Ezl,xf,azf’ € {0,1}.

The equation system reduces to

(Pr2 — Pk3)(Pri — PR1) = 0 for k= 1,2, (3.65)

but the case that py; — prj = 0 for any k € {1,2} and i # j is excluded by
Lemma 3.2.2.
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In the case that i € {1,2,3} the value of ! can be arbitrarily chosen, as the
coefficient of ! is equal to zero. Thus, it remains to consider the case that

j { # 0 for exactly one j # i (3.66)

“| =0 otherwise (in particular, x: =0)

using the arguments of equality for z} = x? = z3

as before. We analogously
result in contradiction. Thus, x # 0 is only possible for i = j.

Therefore, we deduce that

F =2 + Mpey, for k=1,2,3 (3.67)
for some lattice point 2° € Ggm) because of the definition of the lattice sets Ggm)
and Ggm). By Lemma 3.2.5 the lines given by the lattice points py, erm (2¥)
have at most one common intersection point, as (3.46) is satisfied by (3.64)
and as the parameter tuple (c1,c2) can be chosen besides the eliminated pairs of
parameters in Lemma 3.2.5. Thus, we get that s = prm (2°) € @Rm(Ggm)UGgm))
i contradiction to our assumption at the beginning. O
The following theorem will show that already the basic construction as given in
Theorem 3.1.1 leads to some affine dissimilarity assertion.

Theorem 3.2.7
Let the lattice sets Iy, Fy C Z? be defined as in the proof of Theorem 3.1.1 by

Fi = gan (G\{0}), B = ¢n (GE\{(0,1,0,....,0)}).

Let the parameters k,a,b be fixed and let the parameters c1,co be given up to
modularity with respect to Lemma 3.2.3. The parameters c1,cs can be chosen
so that

|Fy N E(F)] < Jprm (GT™) N (orm (GS™))] < 2 (3.68)

for any affine transformation t : R?> — R? defined by

t(z);:<g _i>x+<l;:>,A2+B27éO (3.69)
resp. by

t(@;:(é _i>x+<2),A2+BQ;&0. (3.70)
Proof

We will only consider the case that the affine transformation t is given by (3.69),
as the arguments for the affine transformation in (3.70) are similar. Let us
assume that the lattice point @rm (2¥) is mapped to the lattice point @rm (zF+1)
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for k =1,3,5 and 2!, 23,25 € Ggm), 2,2, 28 € Ggm) pairwise distinct lattice
points. Necessarily, the equation system

{ t(prm (21)) — rm (22) = t(prm (2%)) — prm (22)

Hppm (2)) — prm (22) = tppm (7)) — grm (28) (3.71)

( a4 11 i 4 1 1y
A'[q—i—q—z+cl(q—l—q—3)]—Bj'[q—il—q—;+02(q—1—q—3)]—
_ 1 _ 1 @ _ 4
i 4 _61(32 ?4)4_ " qi a3 1 1
A'[q—i—q—.§+c2(q—1—qj)]‘FB;'[q—iQ—q—g—i‘Cl(q—l—q—g)]:
_ 1 _ 1 9 _ 9
L L _62(q2 q4)+ @2 @ (3.72)
q 95 A _1Iy_p.1%_ 4% 1 1y =
A- [q_i T +cl(q1 q5)] Bi [qil qs +62(q1 q5)] -
_ 1 _ 1 2 _ %
) ) _cl(qz ‘IG)+ q; ql?s L
q 95 1 _ 1 4L % 1 1y =
A'[q_i_q_s_‘_@(ql qs)]—i_B; [qiz s +Cl(q1 qs)]_
_ (A1 3 q
( _62(4_2_q_6)+q_§ ®
for qy, qé defined by
m
qr = Z k" Lbak 4 o prime, (3.73)
i=1
m
q = Zm’_lbplixf (3.74)
i=1

has to be solved for the variables A, B.
Let us consider the first two equations for the variables A, B. As the determi-
nant of the coefficient matrix is given by

1 1
(A + c%)(a — q—3)2 + terms of lower degree (3.75)

as polynomial within the parameters c1,co and as q1,qs are different primes,
we can assume in general (by a suitable choice for the parameter tuple (c1,cz))
that the rank of the complete equation system (3.72) is at least 2. Let us look
at the extended coefficient matrix with respect to the first three equations. Its
determinant is calculated by

1 1 1 1.1 1 1 1. .1 1
A= = )= ) = (= )=~ )+
q1 q3 41 q3 42 g6 q1 q5 42 q4

+ lower terms in cq. (3.76)

The coefficient of ¢} is equal to zero if and only if

q495(q3 — q1)(g6 — q2) = q3q6(q5 — q1)(q4 — q2)- (3.77)

Without loss of generality we can assume that qg > ¢; for i = 1,...,5, as
otherwise we use the same suitable permutation for both the triple (1,3,5)
and the triple (2,4, 6) of indices within the equation system (3.71). Therefore,
condition (3.77) cannot be satisfied for the primes qi,...,qs, as the prime gg
does not divide any of the left hand side factors. O
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3.3 Affine, projective and perspective dissimilarity

Now we will treat affine and projective aspects, in order to show both affine
and perspective dissimilarity for instable lattice sets.

Definition 3.3.1 (perspective transformation)

A projective transformation p : P? — P2, [x] s [Ax] is called perspective, if
there are two planes 7 and m within the Euclidean space R?® so that the linear
transformation f : R? — R3, x — Ax maps the plane 7 rigidly on the plane T,
which means that any two points separated by a distance d in the plane 7 are
mapped to points separated by the same distance d in the plane 7.

Remark 3.3.2 Notice, that not every projective transformation has to be per-
spective, but every projective transformation can be expressed as the composite
of at most three perspective transformations, see [24].

The following considerations of projective dissimilarity aspects are motivated
by the case of perspectivity. In the practical background of discrete tomo-
graphy in semiconductor industry perspectivity aspects can be interpreted by
tilting the template, which is shot by a point source in the production process.
Furthermore, by considering projective transformations we also want to exclude
that the large affine dissimilarity is only based on the different geometries which
underlie the projective mapping within the construction of the lattice sets and
the affine transformations.

For further purpose let us redefine the lattice sets

G§2): {(j>j2707---70)|j:0717"'71}7 (3.78)
G = {(j+1,520,...,0)j =0,1,....1 — 1} U{(0,12,0,...,0)} (3.79)

and the lattice sets G/ ), ng ) for j=3,...,m iteratively as before.

Figure 3.3: The lattice sets G§3) (filled circles) and Gg?)) (non-filled circles) for
=3
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The following two lemmata discuss collinearity within both the Euclidean
space R? and the projective space P2.

Lemma 3.3.3 Let the lattice sets Ggm), Ggm) C Z™ be defined with respect to
the redefinition (3.78)-(3.79) and let ¢ be the projective transformation as given
by (3.3)-(3.4).

Let t : R? — R? be any affine transformation which maps the lattice point
orm (2F) to the lattice point prm (xFTY) for k =1,3,5 and for pairwise distinct
lattice points x*, x3, x° € Ggm) and 2%, z*, 2 € Ggm). Then the lattice points
orm (x1), prm(2®) and prm(2®) are in general noncollinear by elimination of
forbidden parameter tuples (c1,cz).

Proof

In the case that the lattice points ggrm(x'), prm(23) and prm () are collinear
for xt, a3 2® € Ggm), i. e.

orm (1) + Merm (23) — prm (21)) = prm (2°) for some X € R, (3.80)

we calculate X = X(c1) by the first line of the equation system (3.80) in depen-
dence on the parameter ¢y and A = A(cg) by the second line in dependence on
the parameter co. But the value A cannot really depend on the parameters c;
and ¢y because of elimination arguments as before. Thus, as the affine trans-
formation t maps the lattice point grm (2*) to the lattice point pgm (xFT1) for
k=1,3,5, we result in the necessary condition that

1 1 1 1
+ A( — ) = forl=0,1
q1+1 a3+1 q1+1 d5+1

m
and q := Z K bak 4+ a prime (3.81)

i=1

11 11
GA=B LB B (377) (3.82)

s @ @

Therefore, similar arguments as in the proof of Lemma 3.2.7 lead to contradic-
tion. Thus, the lattice points prm ('), wrm(2®) and @rm(z°) are in general
noncollinear. g

Lemma 3.3.4 Let the lattice sets Ggm), Gém) C Z™ be defined with respect to
the redefinition (3.78)-(3.79) and let ¢ be the projective transformation as given
by (3.3)-(3.4).

Let a', 22,23 € G,im) be pairwise distinct lattice points for some k € {1,2}.
The projective points o(z'), (x?), p(x3) € P? are in general noncollinear by
elimination of forbidden parameter tuples (cq,c2).

Proof

Let us assume that the projective points @(x'), p(z?), o(x®) € P? are collinear,
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which is the case if and only if the vectors (x'), p(2?), p(2®) € R? are linearly
dependent, i.e.

q%+cl q%+cl q%—l—cl q%-i—Cl Q%—Q% Q?{—Q%
det | ?+co GG+er @3+ | =det| ¢+ B—a} B¢
¢1+a g+a qg3+a G+ta @—q B3—q

2 2 2 92 1.1 1 1
=y - det L4 430 — ¢o - det -4 B30 +
@2 —q 43— q1 @2 —q1 43— q1

@ —q g — g
+a-det [ 2 L BT )+ terms of lower degree =0 (3.83)
@ —49 43— 4

for
g = Z K bpak, (3.84)
i=1
qr = Z i (3.85)
i=1

Because of the same arguments as before we have to examine the case that the

coefficients of both monomials c1 and co are equal to 0. Let the values tymaz, Jmaz
be defined by

imaz := max{i|(2? — z}) # 0}, (3.86)
Jmaz = max{j](x? — x]l) # 0}. (3.87)

By permuting the index set {1,2,3} within (3.83) if necessary, we can assume
that imaz 7 Jmaz of MaxX(imazs Jmaz) = 3, as :Ef € {0,1} fori >3 andk =1,2,3.
Thus, we calculate that

l l l l
det [ B0 BT (3.88)
@2—q g3—4q1
= pimazt b (5w @ =T Y Plimas — Plimas) T
terms of lower degree in k. (3.89)

Therefore, we result in py,... = Dljma. fOr | = 1,2, which contradicts the fact

that p; # p; fori # j.
In the case that max(imaz, jmaz) < 2 we calculate that

Y Y
det [ 2700 G740 ) (3.90)
92 —q1 43— q1

= sb? (o] — a1)(23 — 23) — (23 — 23) (2] — 1)) (P — piz) = 0 for 1 =1,2

2 1\/..3 1 2 1\/..3 1
& (2] — 1) (75 — 13) — (23 — 23) (2] —27) =0 (3.91)
3 1 2 1
3 1_ Ty =Ty Ty — Ty 2 1
1 1 ﬂji{’ _ 33% :E% _ :E% 1 1 ( )

oot =123 and 23 = 23 (3.93)
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in contradiction to the fact that x> # x. Therefore, the projective points p(x'),
o(z?), p(z3) are in general noncollinear. O

Remark 3.3.5 If the parameters a,b are chosen so that the length of the
arithmetic progression with respect to the parameters a,b extends the needed
length by r, then the parameter a can be replaced by one of the values a + b,
a+2-b,...,a+r-b. Thus, within the lemma before the case that the coefficient
of the parameter a is equal to 0 can alternatively be considered:
For max(imaz, Jmaz) = 3 and imaezr # Jmae We also calculate that

11 11
det | 279 93 (3.94)
¢ —a @ —df
— K:ima;v“l‘jma:v_zbz(x?maz — xilma;v)(x?maz - x}maz) det(pimax7pjmax)+
+ terms of lower degree in x # 0, (3.95)

as det(Pi,,ues Pjmaes) 7 0 according to Lemma 3.2.1.
Analogously, the case 00 = Jmaz = 2 is treated by

11 11

det < Goma G ) = (3.96)
9 — 91 43— q1

= r'0%[(a} — 1) (23 — 23) — (25 — 23)(2f — 21)] det (p1,p2) =0 (3.97)

& (2] — ) (23 — 23) — (25 — 23) (2} —21) =0 (3.98)

o2 =5 (3.99)

Now we can formulate a stronger version of Theorem 3.1.1 by stating large
affine dissimilarity for all affine transformations.

Theorem 3.3.6
The assertion of Theorem 3.1.1 can be extended so that in addition

IFy N E(F)] < Jprm (GT™) Nt (orm (GS™))] < 3 (3.100)

for any affine transformation t : R? — R2.

Proof

Let ¢ be the projective transformation as given in (3.3)-(3.4) and let the lattice
sets Ggm), Gém) be defined with respect to the redefinition (3.78)-(3.79) and the
lattice sets I, F» by

F = orn (G {0}), (3.101)
Fy = orm (GY\{0,12,0, ..., 0}). (3.102)

As in fact the staircase-like construction of the lattice set Ggm) U Ggm) is used
in Section 3.2, we only have to concentrate on the extention with respect to the
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affine dissimilarity assertion. But notice that in some cases, for example for the
lower bound of the parameter k, we have to replace the term [ by the term [°.

Let us assume that
t: rm (2¥) — @pm (1) for k=1,3,5,7 (3.103)

and z!', 23, 2%, 27 € Ggm), x2, 2%, 28 28 € Ggm) pairwise distinct lattice points.
According to Lemma 3.3.3 none triple of the lattice points @gm(z*) for
k =1,3,5,7 resp. for k = 2,4,6,8 is collinear. Using the Fundamental The-
orem of Affine Geometry (see for example [24]) and the construction strategy
for unique affine transformations, the linear equation system

A1 (prm (2°) — orm (1) + A2 (0rm (2°) — prm (21)) = Qrm (27) — e (21),
(3.104)

M (rm (21) = orm (22)) + A2 (prm (2°) = prm (22)) = e (2°) — e (2°)
(3.105)

is uniquely solved according to our mapping assumption (3.103).

Let us look at the extended coefficient matrix of the equation system
(3.104)-(3.105) with respect to the first component equations resp. with re-
spect to the second component equations. Let us assume that the extended
coefficient matrix has rank 1 for sufficiently many v;a]ues ?f tfle parameter ¢y

resp. of the parameter cy, which implies that £— = #—% if and only if

q5 41 a6 92

(3.77), but that cannot be the case.

Therefore, the parameters \i, Ay are uniquely determined, but calculated in
dependence on the parameter ¢y for the first component equations resp. in de-
pendence on the parameter cy for the second component equations in general.
Let us assume that the values A\, Ao are independent on the parameters
c1, ¢, as otherwise we can eliminate bad parameter combinations again. Both
equations within the equation system (3.104) together imply that

L det (e @) —prn(eh) prn(@) — gmn(a) ) 5106
1= - :
det < PRmM (.Z'g) — PRm (.Z'l) PRmM (f]}'s) — PRm (f]}'l) >
11 11
det q7q7q1 + El(q% - q%) q5q5q1 + El(qis - q%)
G-a4 | ; (L -1 G-ad 5 (L -1y
q7 2 q7 q1 g5 2 q5 q1 3 107
o a-a | /1 1y @-4 | - /1 1 (3.107)
det( S, tal W) g +Cl<q—5—q—1>>
B-4G | - /1 1y @-4 | - /1 1
& telG ) Teorely )
1 (=2 =
— ch + CQC + D75
— Q1QQQ7[ 75 75 ] — _3const1 (3108)

1 = 2 — 1
o (01035 + 02035 + Dss] - a7
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for

gk = Z /ﬁi_lbxf + a prime, (3.109)
i=1

g, = Y &' b, (3.110)
=1

& = a+qi, (3.111)

Clo = (01 — qm)(dh — d)) — (@1 — an)(d, — db), (3.112)

Dy = qil(a, — a1)(@ — ai) — (a3, — ai)(an — a1))- (3.113)

Notice, that const; # 0 as C’% %0 or 0%5 # 0, using the same arguments as
in Lemma 3.3.4. Furthermore, the value C. = does not depend on the choice of
the parameter a, and therefore also the value const; does not depend on the
parameter a.
Analogously, both equations within the equation system (3.105) together imply
that

w0 101G + @2Clg + Dss] g,

A\ = BOB = — consty (3.114)

T = —
424496 (6103 + &0 + Dag]  as

for consty # 0 independent on a.

We calculate by taking the statement at the beginning of Remark 3.3.5 into
account that

Ll const; = o constg (3.115)
qr qs

& 3¢ const] = qqq7 consto (3.116)
< consty; = consty and g3qs = q4q7, (3.117)

as qr € Zla] has leading coefficient 1 for k = 1,...,8. As all values q; are
prime, equation q3qs = qaq7 cannot be fulfilled for different values qi, which
contradicts our assumption that the parameter values A1, Ay are independent
on the parameters cq, co. ]
In order to formulate projective dissimilarity assertions as well, let us now
extend Lemma 3.3.4 by some translational arguments for later purpose.

Lemma 3.3.7 Let the lattice set Ggm) U Gém) be defined with respect to the
redefinition in (3.79) and let x', 22, ... 2° € Ggm) U Gém) be distinct lattice
points. Let the values qu, qr be defined by (3.84), (3.85). For the parameter
setting

c1 = —qi, (3.118)

= —q3, (3.119)
a:=—qu (3.120)
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we calculate that

q%—i—cl q%—i—cl q%—kcl
det | #+co G+e G+e | =
¢1+a g+a qg3+a
G —q @—a 93—l
=det | (-2 B-4f &
91 —q4 q2—q1 43— qQ1

qi—i—cl q%—i—cl q%—kcl
det | gf+c2 @+c2 @G+e
qQ1+a gq+a qg+a

“-¢ G-a a-—dqa
=det | ¢—¢? B—-q &-
0 G2 —q4 q3—qa

qé—i—cl q%—i—cl q%—kcl
det | ¢Z+c2 @+c2 @G+
gs +ta q+a q3+a

0 - a @ —aq
=det| 0 B —a @
gs —q4 42 — g5 {43 — (g5

#0, (3.121)
#0, (3.122)
#0 (3.123)

in general by applying some translation if necessary.
Considering also the index sets {1,2,4}, {1,3,4} instead of {2,3,4} in (3.122)
resp. the index sets {1,2,5}, {1,3,5} instead of {2,3,5} in (3.123), each triple

of the projective points p(x'), p(x?), p(x3),

o(z*) € P? resp. of the projective

points o(x'), o(2?), o(z3), o(z®) € P? is noncollinear for the parameter setting

(8.118)-(3.120).
Proof
We calculate that

4 — a5 % —aqi % —aqi
det | ¢f =5 +k(n—a5) &5 —ai+k(e—aq) @3 —ai+k(—aq)
g1 — qa q2 — 1 43 — q1
a1 — a3 G-ad B-aq
=det | G-E+klau—a) G-¢ d-d | = (3.124)
q1 — q4 92 —q1 43 —q1

1 1.1 1
49 — 41 43 — 4
=k- (g5 — qu) - det 2 A
492 —q1 43 —q1

for the translation

(p1j,p2j) € R? = (p1j,poj + k) € R2.

) + terms of lower degree in k

(3.125)
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Taking also the translation

(p1j,p25) = (p1j + K, p2j) (3.126)

into account, we result in assertion (3.121), as the case that

1 _ 1 1_ 1 2 __ 2 2 _ 2
e e A I N B et (3.127)
@2 —q1 43— q1 @2 —q1 43— ¢

has already been excluded within the proof of Lemma 3.5.4 before.
To show assertion (3.122) similar arguments are applied.

Assertion (3.123) is given for pairwise distinct lattice points x%, 23,z 2° as

11 11
det [ 27 % BG4 (3.128)
9 — 45 43 — 45

by Remark 3.3.5. 0

Now we are ready to strengthen Theorem 3.3.6 by showing large projective and
therefore large perspective dissimilarity for the lattice sets Fy, Fb.

Theorem 3.3.8
The assertion of Theorem 3.3.6 can be extended so that in addition

|Fy N pge (F2)| < 4 (3.129)

for any projective and therefore also perspective transformation p : P? — P?
and pg2 : R? — R? its restriction to the Euclidean space R2.

Proof

Let ¢ be the projective transformation as given in (3.3)-(3.4) and let the lattice
sets Ggm), Ggm) be defined with respect to the redefinition (3.78)-(3.79) and the
lattice sets I, Fy by

Fi = gpe (GY\{0}), (3.130)
Fy = orm (GY\{0,12,0,...,0}). (3.131)

Again, we only have to concentrate on the extention with respect to the pro-
jective dissimilarity assertion.

In the following we will use notation (3.84) and notation (3.85).

Let us assume that

[orm (2%),1] € P — [ppm (2F1),1] € P? for k =1,3,...,9 (3.132)

by some projective transformation

p:P? — P2, (3.133)
sl sl
pil x| = |A| 29 , A = (a;j)i j=1,2,3 nonsingular, (3.134)

1 1
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which is the case if and only if the homogeneous linear equation system

Al G+e | =Mn q,%H + ¢ fork=1,3,...,9 (3.135)
qr +a Q41+ a
of dimension 15 x 14 within the variables a;j, i,j = 1,2,3 and Api1,

k = 1,3,5,7,9 is nontrivially solved by A\y+1 # 0 for k = 1,3,5,7,9 and the
matrix A = (a;j)i =123 nonsingular. For the further argumentation let the
linear equation system (3.135) be denoted by

B (a1, a12,013, 021, .-, a3, A2, ..., —A0)” =0, (3.136)
for the (15 x 14)-dimensional matrix

B = (bij)i=1,...15 j=1,..,14 := (3.137)

bi1 bia2 43 0 0 O O O O0bjio O O 0 0
0 0 0bygbasbag 0O 0 Obygig 0 0 0 0

0 0 0 0 0 0bsy bsgbgobsio 0 0 0 0
biq1 bap by3 0O 0 O O 0 O Obg11 O 0 0
O O O b5_]4 b575 b5,6 O O O Ob5,11 O O O

0 0 0 0 0 0 berbeg bsg Obsg11 0 0 0
byibrabzs 0O 0 0 0 0 0 0 Obrgz 0 0
— 0 0 O bg)4 b875 bg)ﬁ O 0 O 0 Ob8712 0 0
0 0 0 0 0 0bg7 bgg bgg 0 0bg2 0 0
bi0,10102b103 0 0 0 O 0 0 O O Obioas 0
0 0 Ob11_’4b1175b11_’6 0 0 0 0 0 0b11713 0

0 0 0 0 0 0b12,7b12,8 51279 0 0 0b12713 0
51371 b13)2 51373 0 0 0 0 0 0 0 0 0 0 513714
0 0 O0bigabiasbug 0 0 0 0 0 0 0b14,14

0 0 0 0 0 Obsrbissbise 0 0 0  Obgsia

and for

(b1,1,b1,2,01.3) = (b2,4,b25,b2.6) = (b3,7,b38,b39) :=
= (g +c1,4f + c2,q1 + ),

(ba,1,b4,2,b43) = (b54,055,b56) = (b6,7,b6.8,b6,9) :=
= (g3 + 1,63 + 2,93 + a),

(b7,1,b7,2,b73) = (bs 4,b85,bs.6) = (bo,7,b9 8,b9,0) :=
= (g5 + 1, G + 2,05 + a),

(b10,1,010,2,010,3) = (b11,4,b11,5,b11,6) = (b12,7, b12,8, b12,9) =
= (g7 +c1, @ + 2,47 + a),

(b13,1,b13,2,013,3) = (b14,4, 0145, b146) = (b15,7, 0158, b159) =
= (g9 + c1,43 + 2,90 + ),
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(b1,10,b2,10,b3,10) == (g3 + c1.43 + c2,q2 + a),
(ba11,b511,0611) == (g1 + c1, 45 + c2,qa + a),
(b7,12,bs,12,bo,12) == (¢ + c1. 4§ + c2, 46 + @),
(b10,13,b11,13, b12,13) = (a8 + c1, 45 + c2, s + a),
(

bi3,14,b14.14,015.14) = (gl + €1, % + c2,q10 + ).

Using both the Fundamental Theorem of Projective Geometry (see for exam-
ple [24]) and Lemma 3.3.7, we know that the 12 x 12 submatrices (b;;); j=1,...12
and (bij)i=1,..9,13,14,15,j=1,...,12 are regular for the parameter setting c¢; := —qé,
cy = —qg and a := —qqo:

As no triple of the projective points p(x!'), p(x3), p(2°), o(z7) € P? and no
triple of the projective points ¢(x2), p(z1), o(2°), p(2®) € P? are collinear, the
projective transformation

o(z¥) > (@) for k=1,3,5,7 (3.138)

is uniquely determined. In particular, the values a;; for i,j = 1,2,3 and the
values \p+1 for k = 1,3,5,7 are uniquely specified up to some common multiple.
Thus, if the variable A\g is fixed to the value 1, the other variables a;; for
i,j = 1,2,3 and A\gyq for k = 1,3,5 are uniquely determined by the linear
equation system

(bi,j)i,j:17,..712(a171, e ,a373, —)\2, ceey —/\6)T = (3139)
= (07 707Q8 _qu)T

if and only if the matrix (b; ;)i j=1,.12 is regular. Similar arguments work to
show the regularity of the matrix (bi;)i=1,..9.13,14,15,j=1,...12-
Let the vectors B; € R'?, B; € R for i =1,...,15 be defined by

Bi = (bi71, e ,bi712), (3140)
Bi = (bi,la e ,bi,14). (3141)

Notice, that it yields that

Bz € span{Bu,..., By, Bis, (qlg — ¢8) Bua — (¢iy — @) B3, Bis}\
span{By,...,Bg} = (3.142)
= span{B1,. .., By, (qip — 48)Bia — (¢ip — ¢8) B13, B, Bis }\
span{ By, ..., By}

because of iy — q& # 0 and ¢3, — ¢2 # 0, as we have that 2® # 2'° and pij 70
according to Lemma 3.2.1. Thus, by the Exchange Theorem of linear algebra
the vector Bys within the basis { By, ..., B1a} of the 12-dimensional vector space
span{ By, ..., Bi2} spanned by the vectors By,...,Bis can be replaced by the
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vector By or by the vector (g1, —qs)B14a— (¢30 — q2) B13. Therefore, we conclude
that

Span{Bl, L ,BH, 315} C {l‘ c R14|:E13 =14 = 0}, (3.143)
dimspan{By,..., B, Bis} = 12 (3.144)
resp. that

span{Bi, ..., Bi1, (q1p — a8)Bua — (6o — @) Bis}
C {z e RM|z13 = 214 = 0}, (3.145)
dimspan{Bl, ..., B, (q%o — qé)BM — (q%o — qg)Blg} = 12. (3.146)

Because of qgs — qi0 # 0, g3 — qig # 0 and ¢2 — 3, # 0 we get that (Bia)13 # 0,
(B13)14 # 0 and (Bi4)14 # 0. Therefore, the matrix B has full rank for the
parameter setting c1 := —qé, cy = —qg and a := —q19. Thus, we conclude that
the determinant of at least one quadratic (14 x 14)-submatrix of the matrix
B has to be polynomial in at least one of the three parameters c1, co and a.
Thus, in general the matrix B has full rank, which implies that the equation
system (3.136) is only solved by a;; = 0 for i,j = 1,...,3 and A\p; = 0 for
k =1,3,5,7,9. That fact leads to contradiction to assumption (3.132) at the
beginning. O
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3.4 Point X-rays located within the convex hull

Several uniqueness and nonuniqueness results with respect to convex lattice sets
and point X -rays are given in [45]. Especially for collinear point X -ray sources
some results of [54] for the parallel X -ray geometry are transferred. But now we
concentrate on the class of lattice sets satisfying that the point X-ray sources
are located within their convex hulls.

In geometric tomography a convex body is determined by two point X-ray
sources within the interior of a convex body. We will see that in discrete to-
mography convex lattice sets are uniquely determined by three noncollinear
point X-ray sources by the further information that at least two of them lie
within the lattice set.

That is not the case, if we weaken the assumption. For any finite number m of
point X-ray sources p1,...,pm,m We can construct two tomographically equiva-
lent lattice sets Fi, Fy so that {p1,...,pm} C conv(Fi\Fz) N conv(Fy\F).

The switching construction will be used to also show strong instability under
the assumption that the point X-ray sources pi,...,pm are located within the
convex hull of each considered lattice set.

3.4.1 Convex lattice sets uniquely determined by m = 3 point
X-ray sources

In geometric tomography two point X-ray sources suffice to determine convex
bodies, if they are located within the interior of the convex bodies, see [53]. In
contrast to that we will see that in discrete tomography convex lattice sets are
uniquely determined by three noncollinear point X-ray sources, if we further
know that at least two of them lie within the lattice sets, but two point X -rays
are not enough in general.

Lemma 3.4.1 Let F\,Fy C Z? be two finite lattice sets and let p € Z? be a
lattice point. The lattice point p either belongs to both lattice sets Fy, Fy or to
none of them, if the lattice sets Fi, Fy have the same point X -ray with respect
to the lattice point p.

Proof

The finiteness of the lattice set Fy implies that X,Fi(u) > 1 for all lattice
directions v € Z*\{0} is only possible if and only if the lattice point p belongs
to the lattice set Fi:

If p € F it is easy to see that X, Fi(u) > 1 is implied for all lattice directions w.
In the case that p ¢ Fy there is at least one line | passing through the lattice
point p which, however, does not pass through the lattice set F7.

The same is true for the lattice set Fy. O

Lemma 3.4.2 Any convez finite lattice set F' C Z? is uniquely determined by
the point X-rays with respect to three distinct and noncollinear lattice points
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p1, P2, p3 € F within the lattice set F.

By considering the point X-rays with respect to two distinct lattice points
p1,p2 € F within the lattice set F', uniqueness is given besides the lattice set
{x € FNZ2|x — p1 = A(p2 — p1) for A € R}.

Proof

Let us assume that the lattice sets F',F C Z? are tomographically equivalent
with respect to the lattice points py,p2. Without loss of generality let us as-
sume that the line | := {x € R}z — p1 = A(pa — p1) for X € R?} is given by
| = {x € R%|zy = 0}. Let us further assume that (FAF)\l # 0. Fori,j =1,2
let us rotate the line | so that the lattice point p; remains fixed, until the ro-
tated halfline which has not contained the lattice points p1, ps at the beginning
passes through some lattice point within the lattice set FAF' N {(—1)z9 < 0},
if FAF' N{(=1)/zo < 0} # 0. We will denote that lattice point by q;j in the
following. Notice, that the lattice points qi1,qa1 or the lattice points qi2, qao ex-
ist because of the assumption that (FAF")\l # 0. Without loss of generality let
us assume in the following that all four lattice points exist. Let the open cones
G, Gy be defined by

Gi = { (g1 — pi) + A2(qi2 — pi)| A1, A2 > 0} (3.147)

fori=1,2 and notice that (Gy UGy) N (FAF') C .

h21

Figure 3.4: Uniqueness except for one line by two point X-rays

Now let us look at the lines h; j for i,j = 1,2 which are incident to the lattice
points p;,qy j for i € {1,2}\{i}. Because of the convexity of the lattice sets F
and F' and as p; € FNF' and qy j € FAF', all lattice points incident to the
line h;; which lie between the lattice points p; and gy ;j have to belong to the
lattice set F' (resp. to the lattice set F') if qy j € F (resp. if gy j € F').

Let h € {h11,h12,h21,ha2} denote that line which encloses the smallest angle
with the line | and let i(h), i'(h) and j(h) denote the indices with respect to
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the line h. Then it yields that h\{p;n) + X - (qr(n),j(n) — Pin))|0 < A < 1} C
G1 U Gy. That is the case as each line passing through the lattice points p;
and qy j has a smaller angle with the line | than the line passing through the
lattice points py and qy j, and thus FAF" 0 (M\{pin) + X - (@ n),jn) — Piw))]
0<A<1})=0.

Therefore, we result in contradiction to the tomographic equivalence of the lat-
tice sets F, F', as the lattice point Qir(h),j(n) belongs to only one of the two lattice
sets F,F'. Thus, the lattice set F is uniquely determined besides those lattice
points which lie on the line [.

If the lattice points p1,p2,p3 are moncollinear, every lattice point within
the lattice set 72 is not incident to at least one of the three lines
{z € Rz —p; = Ap; — pi) for X € R} fori,j € {1,2,3}, i # j. Thus,
any convez finite lattice set F C 72 is uniquely determined by three distinct and
noncollinear lattice points p1,p2, p3 € F within the lattice set F'. ]

Remark 3.4.3 In geometric tomography any convex body is uniquely deter-
mined by the point X-rays with respect to two distinct points pq, po, if they are
located within the interior of the convex body, see [53], Theorem 5.3.3. The
difference between geometric and discrete tomography is caused by the fact
that the line passing through the points p; and ps has measure 0 in geometric
tomography, but not in discrete tomography.

Corollary 3.4.4 Any convez finite lattice set F C 72 is uniquely determined by
the point X -rays with respect to three noncollinear lattice points p1,po,ps € Z2,
if at least two of them belong to the lattice set F'.

Proof

In the case that p1,p2 € F uniqueness is given up to the lattice points which are
incident to the line | = {x € R%|z —p1 = X(pa —p1) for A € R?} passing through
the lattice points p1 and ps. As the lattice points py,pe, p3 are assumed to be
noncollinear, the point X -ray with respect to the lattice point ps determines the
remaining lattice points, which are located on the line . ]
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3.4.2 Nonuniqueness according to point X-ray sources located
within the convex hull

As we will show now, the uniqueness result for convex lattice sets before cannot
be transferred to the case that the point X-ray sources are located within the
convex hull of the finite lattice set. The following nonuniqueness result with
respect to point X -rays is formulated in order to extend the instability assertion
to the case that the point X -ray sources pi,...,pm lie within the convex hull of
the finite lattice sets in the next subsection.

Theorem 3.4.5

Let m > 1 and suppose that p; = (p1j,p2;) € 72, j = 1,...,m are distinct
lattice points within the lattice set Z2. For any o € N there exist two finite
lattice sets Fy, I, C Z? which are tomographically equivalent and satisfy

FiNF =0, (3.148)

|| = || > (3.149)

{p1,...,pm} C conv(Fy) N conv(Fy). (3.150)
Proof

For m = 2 resp. for m = 1 arbitrarily large and tomographically equivalent
lattice sets are located on the line which passes through the lattice points pq
and py resp. on one of the lines which pass through the lattice point p1. Thus,
it remains to treat the case that m > 3.

For that purpose let the value | € N be chosen sufficiently large with respect to
the value o and let the lattice sets Ggm) and Ggm) be defined with respect to
(3.10)-(3.13) resp. with respect to the redefinition in (3.78)-(3.79). To indicate
the choice of the parameters a, b, ¢; and ¢ let the restriction of the projective
transformation as given in (3.5)-(3.6) be denoted by p&%* in the following.
Let the lattice sets I, F5 be defined by

4 o
. J o AJ
P o= | gmbae @i, (3.151)
j=1
! a; bl (m)
= wgm 2(Gy ). (3.152)
j=1
The parameters b and aj,c;{,cg for j = 1,2,3,4 are chosen according to

Lemma 3.2.3 and Lemma 3.2.4 to assure the following facts:

1. By choosing a sufficiently large arithmetic progression characterized by
the parameters a, b, all values Y ;" , ﬁi_lbxf +a; for zk € Ggm) UGgm) and
j=1,2,3,4 are different primes by the setting a; := a and aj = a+X\;-b,
J = 2,3,4 for some integer value \; > 0 so that a; > > ", ﬁ’_lbxf +aj_1
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for every lattice point z¥F € Ggm) U Gém). Thus, integrality is guaranteed
for the lattice sets Fy, Fs.

2. For any lattice point z* € Ggm) U Ggm) we can assure that

a1,b,ctcl
° ( R 1272
ters c}, ¢y >0,

(z%)); > max|p; ;| for i = 1,2 by choosing some parame-

2 2 2 2
. ( az,b,c1,c3 az,b,cy,c3

Prm 2 (2F))1 > max|p; | and (e T2 (27))2 < —max|p; 5| by
choosing some parameters c% > 0, C% < 0,

3 .3 3 .3
o (PR (ak))) < —max|piy| and (g T2 (@%))e > max[p;;| by

choosing some parameters c‘i’ <0, cg’ >0,

4 4
ag,b,ci,c5
 (ogm

4 A
eters cy,cy < 0.

(z%)); < —max|p; ;| for i = 1,2 by choosing some param-

Therefore, we result in {p1,...,pm} C conv(F1\F) Nconv(Fy\F}).
. 4 aj,b,c{,c% m aj,b,c{,c% m
3. It yields that F1 N > = U;—; ¢gm (GT") N ogm (G™) = 0 by
choosing |c)1|, |c;| large enough for j = 1,2,3,4.

0

Remark 3.4.6 In the case that m > 3 we can also define the lattice sets Fj
and Fy by

3

Fro= | ) gt gim), (3.153)
j=1
K a; b, (m)
By o= ol cim) (3.154)
j=1

by choosing the parameters b and a;, c{, cé for j = 1,2,3 as follows:
Let the parameters c%, C%, C%, c%, cif, cg’ be chosen as in 2. and 3. within the proof
of Theorem 3.4.5. If we further guarantee that both

2 .2
(cp;é;b’cl’cz (xk))g < —5 - max |p;;| (3.155)
m ) m )
& —c3 > 5 - max \p”](z Kbz 4 ag) + Z K opaia (3.156)
i=1 i=1
m .
< —c3 > max|p;;| - (6 max Zlil_lbznf +5-as) (3.157)

Z‘kEG;m)UGém) i=1
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and
a27b7C%7C% k 0427b7€%70% k
—(pm 7 (@"))2 = (PP (2"))1 > 2 - max |pij| (3.158)
m m
< —c% > 2 - max Ipz‘j|(z Kb + az) + Z KT pri + c%+
i=1 i=1
m .
+> K by (3.159)
i=1
m .
< —c3 > 2 max|p;| - (2- max (Z KTN0xR) ag) +
xkEGgm)UG;m) i=1
for ¢ >0 (3.160)
and analogously that
3 i—1
—cy > il ba¥ +5- 3.161
it > maxlpyl (6 max 3 Z 571 + 5 - ag), (3.161)
—c} > 2 - max [py| - (2 max (Z K N0xk) + az) + & for &3 > 0
{EkEGgm)UGg’n) i=1
(3.162)
are satisfied, the hyperplane
1 ! 1 ’
{z € R?| x = —max|py| ), (3.163)
1 1 — max |p;j|
separates the lattice sets
bd
U e e™ uat), (3.164)
7=2,3
alvb c1.ch (m) (m)
the hyperplane {x1 = max |p;;|} the lattice sets
bd
U eml G ues™), (3.166)
j=1,2
a3,b 01’02 (m) (m)
{p1,...,pm}Up Gy UGy ), (3.167)
and the hyperplane {x2 = max|p;;|} the lattice sets
bd
U e em™ uat), (3.168)
j=1,3
a27b cf.ch (m) (m)
{p1,...,pm}Up Gy UGy ), (3.169)

see Figure 3.5 for illustration.
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Figure 3.5: Separation by the hyperplane (the point X-ray sources p; are blue-
coloured and the points of the lattice set F} U Fy are red-coloured)

Thus, we can still assure that {p1,...,pm} C conv(F1\Fy)Nconv(F>\F) while
respecting the general demands on the parameters cZ fori=1,2and j =1,2,3.
That observation will help us in Section 3.4.3 to construct lattice sets of insta-
bility with respect to the error value 3 - 2(m — 1).

An interesting, but open question is the classification of uniquely determined
subclasses of lattice sets with respect to the demand that the point X-ray
sources are located within the convex hull of the lattice sets.
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3.4.3 Instability for point X-ray sources located within the con-
vex hull

Now let us strengthen the instability results for point X-rays by the further
demand that the point X-ray sources lie within the convex hull of the consid-
ered lattice sets. Also for that case large instability is shown for the error value
3-2(m — 1) instead of the error value 2(m — 1), if m > 3 denotes the number
of point X-rays. For that purpose we use Remark 3.4.6 and combine three
switching components as constructed in Section 3.3. Affine and projective dis-
similarity assertions are enlarged to the complete construction.

Theorem 3.4.7

Let m > 3 and suppose that p; = (p1j,p2j) € 72, j = 1,...,m are distinct
lattice points within the lattice set Z2. For any o € N there exist two finite
lattice sets Fy, Iy C 72 satisfying

o [} for k = 1,2 is uniquely determined by the point X-rays X, F} for
j=1....m,

e FiNE, =10,

o [Fi|=[F|>a,

e {p1,...,pm} C conv(Fy) Nconv(Fy),
o S 1Xp Fy — Xp Fy| = 3-2(m — 1).

Moreover, for any affine transformation

t:R? - R? (3.170)

x— Ax+b (3.171)
so that the matrix A € R?*? js nonsingular, b € R? and any projective trans-
formation

p:P? — P% (3.172)

x = (r1,22,23) — Dz (3.173)

so that the matrix D € R3*3 is nonsingular and its restriction to the Euclidean
space R? is given by

pr2 : R? — R?, (3.174)
P(l', 1)1 p(JE, 1)2
= (r1,x2) , 3.175
)= (e s plaw ) (3175)
we get that
’Fl N t(Fg)’ <3, (3176)

[F1 N pge (F2)] < 4. (3.177)
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Proof
Let the lattice sets I, Iy be defined by
3
Foo= | ] gl glm)y, (3.178)
j=1
3
Fy = gp%%b 1.6 (G(m)) (3.179)
j=1

subject to the redefinition of the lattice sets Gg ™ and G in (3.78)-(3.79).

For the integrality of the lattice sets Fy, Fy and for both the condition that
F1 N Fy = 0 and the condition that {py,...,pm} C conv(Fy) N conv(Fy) we
refer to Theorem 3.4.5 and Remark 3.4.6. Thus, it remains to show that

Lemma 3.2.5, Lemma 3.2.6, Theorem 3.3.6 and Theorem 3.3.8 can be enlarged

to the combined lattice sets Fy, Fy by successively choosing the parameters ci,

1 2 2.1 1\ 2 _ 2.1 .1 3 3¢1 1 2 2y 3_ 3,1 1 2 2
¢y, €] = ci(cq, ¢3), 5 = c3(cq, ¢3) and ¢f = ¢5(cy, ¢3, ¢4, ¢3), ¢ = c3(cq, €3, ¢1,C3)

in dependence on the parameters fixed before:

1. To extend Lemma 3.2.5 we have to avoid the additional case of collinear-
ajy b, 0{1 ’0%1 (:L'l) Ajg 7b70{2’0%2 (

ity for the lattice points py, pgm R 2?) and jo > 7j1,

which is equivalent to

Jj2 J2

J
det ( 0 b,cIt, c21( 1) pk,@%ﬁ b,e1? ey (z 2) —pk) = (3.180)

— det ZZ:l “Zi_jb(Pu - plk)fii +o 2%1 H%_jb(pu - plk)ffz +&
Yot K b(p2i — pak)x; + ) Y oisy K b(p2i — pok)xi + ey’

(3.181)
= (Y w T 0(pr — pu)a + ) — 2O KT b(pai — par)w) + &)
i=1 i=1
+ constant term =0 (3.182)

forc] c] aj - Pigs Cb == ¢ — aj * Pag.-
In particular, the determinant is a linear polynomial within both parame-
ters c] and 072 if the parameters c{l, 67 ! are fixed so that both conditions

SR 1b(p1z pik)Tl + &' # 0 and S KT b(pey — pok)zt + & #0
)L o)
2 .

are satisfied for every lattice point z' € Ggm U

2. To extend Lemma 3.2.6 we have to consider the determinant of the ex-
tended coefficient matrix of the linear equation system

Ik
ajk7b c1 ,Co

det ( — Pk, Prm

& 81 A9, — s9A1, = By, for k = 1,2,3 (3.184)

(z*) — pk> =0 fork=1,2,3 (3.183)
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within the variables s1,—so, where Ay, By, are defined by

m
A= & 0o — pue)af + (A — aj o), (3.185)
i=1
By, := p1r Aok — par Atk (3.186)
The equation system again corresponds to the intersection of three lines
bk Tk
passing through the lattice points pk,gpﬁlg,ﬁ’ e (zF) for k = 1,2,3 and

Jr € {1,2,3}. It remains to examine the equation system (3.184) for the
additional cases j1 > jo = j3, j1 = j2 > js and j1 > jo > j3 by successively
using the elimination arguments of forbidden parameter tuples:

(a) In the case that j; > jo = js the determinant of the extended coef-
ficient matrix in (3.184) is calculated by

i A12 Bg A22 A12
)} [det + p11 - det -
2 | ( A1z Bs ) b ( Aoz A >]
' Aga B Agy Aio
—c]'[det + po1 - det +
il < A3 Bs ) b < Agz Aug >]
+ terms of lower degree in c{l and c%l = (3.187)
= M [(?)? - (py2 — pa3) + terms of lower degree in ¢J*]—
—c{l [(c§2)2 - (p13 — p12) + terms of lower degree in 6;2] +...

Thus, as py # ps the determinant is polynomial of degree 1 within
the parameters ¢]', ¢ in general.

(b) In the case that j; = jo > js we calculate that

(011)2(1921 — p22)Agg — (C’gl)z(pu — p11) A3+
+ terms of lower degree in c{l and c%l. (3.188)

Thus, as p1 # p2 and by choosing the parameters 6{276‘;2 so that
A3 # 0 and Ass # 0, the determinant is polynomial of degree 2
within the parameters c)', c3'.

(c) In the last case that j; > jo > j3 we calculate that

i A12 Bg A22 A12
Y det + - det — 3.189
2| ( A1z Bz ) bu ( Axz Asg >] ( )

; A22 B2 A22 A12
—c}' [det + po1 - det +
vl ( Ags  Bs ) b ( Aoz Ais >]
+ terms of lower degree in c{l and c%l =

= (11— pr2) Az + () + .-
0{1[612(1922 —p21)A23+6‘;2(...)—|—...] +...
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Thus, as p1 # p2 and by choosing the parameters c{?’, ;’ so that
Ay3 # 0 and Ass # 0, the determinant is polynomial of degree 1
within the parameters ¢}, c}'.

. J1 J1
aj1:b,¢17,3

3. Next we want to extend Lemma 3.3.3. The lattice points pgm, (z1),
ajy ,b,cjl.2 ,022 2 @jg ,b,c{?’ ,cég 3 . . .
Prm (%) and @y (z°) are collinear for the lattice points
zl a2 a? € Ggm) U Gém) if and only if

J3 I3 J2 J2
ajg,b,cl ,Co 3 ajo ,b,c1% 65 2
det (@Rm (z°) — Prm (z%),
J1

b Jj1 J b J2 J2
SD?RJ;J €176 (xl) . ()0](11{37%7 €150 (1’2)> —0. (3191)

It remains to consider the additional cases j1 > jo,j3 and j1 = jo > j3
within equation (3.191).
In the case that j; > jo,js the determinant in (3.191) is calculated by

le Qo 3byc23 I3 ;o b,ci2 2
% @) - T )
1
le b3 I8 pd2 g2
1 a4, ,0,C77,C 3 Ajq,0,C97,C 2
—a(ngj,i ) —epm T (@)t (3:192)
+ terms of lower degree
for
m
qr = Z /{Z_lba:f + a;, - (3193)
i=1
j 7b7 j37 I3 j 7b7 j27 J2 . . .
Thus, as ¢ 2 (2) # 2”2 (22) the determinant is linear as

polynomial within the parameters c{l,c;l.
In the case that j1 = jo > j3 the determinant is calculated by

1 1. .1 1

Y T LR

2(Q1 Q2)[1Q3 1Q2+ ]
. 1 1 1
—N(—= - )[P—= ==+ ]+... 3.194
1(q1 qz)[2Q3 2q2+ |+ ( )

Thus, the determinant is quadratic within the parameters cjl,cél in gen-
eral.

4. In a further step let us extend Lemma 3.3.4. The lattice points
bt gl (x1), iz bt 7’ (2?) and @%s et e’ (23) are collinear if and
only if

ad+d Gt g+
det | ¢f+c) g+ 3+ | =0 (3.195)
T a2 a3
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for qi defined as in (3.193) and for qL defined by

a =Y _ K bpaf (3.196)
for k=1,2,3.
In the case that j; > jo = j3 we calculate that

e as — ) + ] — B (@ —g) ]+ (3.197)

in the case that j1 > jo > j3 we calculate that
R N A GRS
PR (3.198)
and in the case that j1 = jo > j3 we calculate that
Al (@—a)+.. - (@—a)+-..]+. .. (3.199)

Thus, in each case the determinant is polynomial of degree 1 within the
parameters ci', ', as the values gy, are different primes.

. To show the affine dissimilarity assertion let the parameters Ay, Ay be

calculated analogously to Theorem 3.3.6. (By the setting ci = ¢ = c3,

el = c2 = ¢3 we again argue that the parameters \1, A\g are uniquely
determined by that calculation.) Because of the same arguments as there
we can assume that the parameters A1, Ao do not really depend on the

parameters ci,c3, ¢3,c3 and ¢3, c3.

(a) In the case that j1 = js3 = j5 = j7 and jo = js = jog = Js
the parameter \i is calculated by \; = constq Z—i = constg for
consty, conste # 0 using the same arguments as before. Therefore,
the parameter a can suitably be adapted.

(b) Let us take a look at the case that j; ¢ {j1,7j3,75,77}\{n} for
le {1’375’7} (resp. that j; ¢ {j2,j4,j6,j8}\{jl} for | € {2’47 6’8}):
Without loss of generality let us assume that j; ¢ {j1,js,j5}. But
then the parameter A1 which is calculated analogously to (3.106) is

7b7 j17 It
linear in the parameters o, c” as the lattice points pgy, pa1 e 62 (z1)

?

a;. ,b,c’® ,cJ
pa’ 12 (2°) are different.

(c) It is left to consider the case that without loss of generality js = jr,
J1 = js and that the indices ja, j4, j, jg do not fit to the case (b):
The parameter Ay is calculated by A\ = q3 > consty for consty # 0, as

ajy,b,¢ ilvcél 1 s bc1 7Cé ;
the lattice points g, (@), egm (2°) are different. Oth-
erwise, the parameter \ is calculated by some multiple of a rational
polynomial within the linear factors g2, q4, qs, qs € Rla]. Again, the
parameter a can suitably be adapted.
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6. For the projective dissimilarity assertion we have to generalize

Lemma 3.3.7 to the successive choice of the parameter tuples (C%,C%),
(C%’C%) and (C?’Cg): o

Let the projective points @%k et gt (z*) be given for k = 1,...,5 satis-
fying j5 > ja > j1,j2, js- Let qi and g\, be defined by (3.193), (3.196) and

let us denote

T = Qk — jy.s (3.200)
A= —g, (3.201)
=g, (3.202)
aj, == —qa. (3.203)

Notice, that gy, ,qy, are different numbers, if ji, = ji,.

(a) In the case that j; = jo > js forl € {1,4,5} we calculate analogously
to Lemma 3.3.7 for the translation (pij,p2;) — (p1j,p2j + k) that

a + c{l q + c{z G+ c{3
det | G+ +k-a B+ +k- @ G+ +k-a | = (3.204)
q + aj, 72 t+ aj, g3 + ajg
g + ¢ ®—q g+’
=det | ¢+ +k-a @G—at+k(@R-q) G+ +kG
q + aj, @2 —q g3 + ajg
g +cf B—a @+
=det | ¢f+c) —k-a;, @G—af G+ —k-ay |=
Qi + aj, G2 —q g3+ ajs
= ()l —k-aj)-c® (g2 — @) + terms at most of degree 1 within k, ¢}*
(3.205)
—keq- o (@—q)+... forji=js (3.206)
keas (G — 0 for i < i :
aj, - t* (@ — @) + ... forji <js

which is in general linear within the parameter k except for one value
of the parameter ¢}’ so that possibly the previous fixed parameter
c}® has to be adapted.

(b) In the case that j; > jo = js for I € {1,4,5} we calculate for the
translation (p1;,p2;) — (p15,p2; + k) that

gt + ¢ g + cp? a3 + of’
det [ 7+ +k-a @G+ +k-q@ @G+ +ka | = (3207)
q + aj, G2 + aj, g3 + ajg
a +cff @ - g g+ cf’
=det | ¢?+c)+kq G-G+k (@-—B) G+L+Ek- 3
q + aj, G2 —G3 43 + ajs
g+ @ —ai g+ P
=det | ¢f+c) —k-a;, @&—d3 G+ —k-a, |=
q + aj, G2 — @3 3+ ajg

= ()l —k-a;) ¢ (@ — @) + terms at most of degree 1 within k, ¢},
(3.208)
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which is again linear within the parameter k in general because of
the same arguments as before.

(c) In the case that j; > jo > js for I € {1,4,5} we calculate for the
translation (p1j,p2j) — (p1j7p2j + k) that

q +cf g + cf? g + cf?

det | G+ +k-a G+P+k- @ G+F+k-g | = (3209
q + ajy G2 + aj, 43 + ajs

= (' +k-q@) - (gs + aj;) + terms at most of degree 1 within k, ¢}

(3.210)

k@ —a@) @)+ for i =s (3.211)
—k~(jl~c{2~((73+aj3)+..‘ for j; < js

which is again polynomial within the parameter k by possibly adapt-
ing the previously fixed parameter ¢}’.

Therefore, we can successively choose the parameter tuples (ci,ci),
(c3(ct,ch), c3(ch, b)) and (c3(cl, e, 2, c2), c3(ch, cd, 2, c3)) in order to guar-
antee noncollinearity for the parameter setting (3.201)-(3.203), which is
necessary to extend Theorem 3.3.8. (Possibly we have to apply some
translation or have to adapt previously fixed parameters.) For the exten-
tion of Theorem 3.3.8 we use analogous arguments as before in the proof

of Theorem 3.3.8 itself.
O

Remark 3.4.8 Notice, that the error value according to our construction is
given by the value 3 - 2(m — 1) instead of the minimal data error of value
2(m —1). The smallest possible error value, however, is not known for the case
that the point X-ray sources are located within the convex hull of the lattice

sets.
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3.5 On the generalization to the lattice set Z"

In the following we will focus on some generalized version of the instability
results before by considering the lattice set Z" for n > 2 instead of only the
planar lattice set Z2.

Without loss of generality let us assume that the number m > 3 of point X-ray
sources is greater than the dimension n > 2 of the considered lattice set Z", as
otherwise we project on the affine span of the m point X-ray sources instead of
the lattice set Z". Let the projective transformation ¢” be defined by

" PT— P (3.212)

S kT pixi + ¢y forj=1,...,n
S T+ azmg forj=n+1

O (T, Tg1)j = {

and its restriction g, : R™ — R" between the Euclidean spaces R™ and R"
analogously as before.

As similar methods are used as before, we will not describe every argument in
detail for the generalized assertions in the following.

1. For the integrality and the distinctness of the lattice sets
F o= @ﬁm(Ggm)\{O}), Fy = cpﬁm(Gém)\{(O,lz,O,...,O} we recall the
arguments in Lemma 3.2.3 and Lemma 3.2.4.

2. We also show that X, Fi(u) € {0,1} is satisfied for j = 1,...,m,
k = 1,2 and any lattice direction wu, as the collinearity of the lattice
points pj, ¢Rn (x1), ¢B.(2?) leads to n simultaneous conditions for every
component similar to those in (3.44)-(3.45). The same arguments as ap-
plied to the case n = 2 before work to show that the lattice points z', 22

cannot both belong to the lattice set F} resp. to the lattice set Fj.

3. We adapt Lemma 3.2.6 to the case n > 2 by demanding that the determi-
nant of every (2 x 2)-submatrix within the (n X 2)-matrices
[s — Dk, PRm (zF) — pi] for k = 1,...,m equals 0, in order to general-
ize the equation system (3.53). Similar arguments as used there assure
that the lines passing through the lattice points ¢gm (%) and pj are not
identical. By looking at each (3 x 3)-submatrix within the extended coeffi-
cient matrix which belongs to the determinant equations for the variables
s1, —S9 and by examining the situation that all coefficients of any mono-
mial ¢ for k = 1,...,n equal zero in all occuring equations (3.63), we
result in (3.65) for £k = 1,...,n. The further argumentation again leads
to contradiction, as Lemma 3.2.2 can be generalized to the case n > 2 by
choosing a := e, + ZKk N e, k=3,...,n for suitable parameters \;.

4. In order to treat the affine dissimilarity assertion, let us assume in the
following that the lattice points ¢&. (x1), @Rm (23), ..., Pka(2?"T1) € Iy
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as well as the lattice points ¢, (22), Rm (z1), ..., Pkm(2?"T2) € F are
affinely independent. Let us apply the Fundamental Theorem of Affine
Geometry as in Theorem 3.3.6 by assuming that

O (2F) = @R (2P for k=1,3,...,2n+3 (3.213)
by some affine transformation ¢ : R®™ — R" ¢(z) := Az + b for
A N i = Ggm), 2,2t .. Pt e Ggm) pairwise distinct lattice

points if and only if the equation system

D AR (2P — B (21) = PR (@F?) — R (2!),  (3.214)
i=1

S Nl (2272) — Pl (22)) = i (22H) — i (22)  (3.215)
i=1

within the variables Aq,..., A, is uniquely solved.
Let the matrix A = (a; )i j=1,..n be defined by
Ghji1 — 4 1 1
_ BT 0 0, (3.216)
q2j+1 q25+1 q1

ai,j =

for gk, g, ¢k given by (3.109)-(3.111). Notice, that
1
(q)" Tl= @21
~det (q1(ghj 41 — qi) + Gi(q1 — q2j41))
Ci(A)ey + -+ Cp(A)én + Co(A)qr

= T oo ,Ci(A) eRfori=0,...,n
7=0124)

det A =

(3.217)

ij=1,.n

(3.218)

is at most of degree 1 as polynomial in the ring R[éy,...,é,], as the
determinant of any (k x k)-dimensional submatrix of the matrix

451 — 1 1
0y, B =G _ (C L _)> (3.219)
q25+1 el 42j+1 91 /;i=1,.n

J=1,...,

equals 0 for k& > 2. Moreover, the coefficients C;(A) for i = 0,...,n
are independent on the parameter a, as the differences ¢1 — goj41 for
j=1,...,n are independent on the parameter a.

The same arguments work to show that any component

adj(A)g,; = (—1)k+l det(a; )iz, j4k = (3.220)
(_1)k+l

()t Hj:17___7n,j7ék q25+1
~det(q1(ga11 — 1) + @@ — @2j1))izrger = (3.221)

_, CPl(adj(A))e + CF'(adj(A
= Zﬁél Z i_l J )) ;ékQQO'-i-i J( ))q1’0f7l(adj(A)) €R (3'222)
7=0,....,n,j J
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of the adjacency matrix adj(A) to the matrix A is at most of degree 1
as polynomial in the ring R[éy,. .., ¢,] as well and that the coefficients
C’f’l(adj(A)) fort=0,1,...,nand k,l = 1,...,n are also independent on
the parameter a.

We calculate that

Bnis—hU | = 11
:1L2n+3 + €1 ( q2n+3 q1 )
adj(A) . = (3.223)
9ng3—dT | = 1 1
7qL2n+3 "(q2n+3 o q_l)

< Z adj(A)1k(q1(g5nr3 — ab) + (@1 — q2n+3)))
q192n+3

=1,...,n
(3.224)

- ( 1 Z": (_1)l+k
N192n+3 . (@) ! Hj=1,...,n,j7el 42j+1
~det ((q1(ghj1 — i) + G — q2j1))igh ) - (3.225)
(q1(G5nss — aF) + k(a1 — G2n43)))i=1....m

_ <Z?:1 Di(A)éi + Dé(A)%) ,Di(A) € R, (3.226)
I=1,...,n

=1,..

as any (mixed) quadratic term in the parameters ¢y, ..., ¢, appears twice,
but different signed:

For some fixed index [ let us consider the quadratic term with respect to
the monomial ¢, ¢, for ky # ko so that |k; — k2| = 1. Notice, that the co-
efficient of ¢y, (q1 — goj41) in det(q1(gh; 41 — 1) +E(q1 — q2j11) )izhs, 1 and
the coefficient of &, (q1 —qoj+1) in det(q1(gh; 1 — 1) +E(q1—q2j11) )ik 2
are equal for every j # [. Thus, the factors (—1)*#2 (—1)"**1 are respon-
sible for the cancelation. To reduce the general case |k; — ka| > 1 to the
case considered before, we have to apply |k — ko| — 1 transpositions pre-
serving the calculation, as (—1)!*F1 . (=1)!*k2 . (—1)l=k2l=1 — _1_ Thus,
also in the case that |k; — ko| > 1 the (mixed) quadratic terms are can-

celed.
Therefore, the parameters A1,...,\, in (3.214) are calculated as rational
polynomials over the ring R[¢y,. .., ¢,,a] by
A | 1
M 1 i Talgm —w)
= dj(A : . (3.227
; der(A) j(4) P (3.227)
on+3~ 91 = 1 1
" q2n+3 + c"(42n+3 o q_l)

By (3.226) and by (3.218) we know the factorization into the linear factors.
Similar results are obtained using the equation system (3.215) instead of
the equation system (3.214).



3.5. ON THE GENERALIZATION TO THE LATTICE SET 7 113

As q1, ..., qonyq are different primes, we conclude analogously as before in
the case n = 2 that the equation system (3.214)-(3.215) cannot be solved
for the parameters A1, ..., A, in general. Thus, we result in contradiction
to our mapping assumption (3.213).

Therefore, any kind of affine overlapping for the lattice sets Fi, Fy is
bounded from above by

I Nt(F)| <n+1 (3.228)

for any affine transformation ¢ : R" — R™.

The assumption of affine independency at the beginning is not really re-
strictive, as any affine transformation obtains affine dependencies. Thus,
we can restrict the calculation of the dependency parameters A; to a min-
imal set of affinely dependent lattice points and lower dimension.

5. Next we will show the projective dissimilarity assertion for the generalized
situation within the lattice set Z"™ for n > 2. For that purpose let us
assume that

[Phm (2F),1] € P > [ (zFT1),1] € P for k=1,3,...,2n+5

(3.229)
by some projective transformation
p: P — P (3.230)
I I
p: : — | A : ;A = (a;j)ij=1,. n+1 nonsingular.
T T
1 1
(3.231)

As in the case n = 2 let us look at the associated homogeneous linear
equation system

T
B(a1,1,a1,2, .-, 01041,02,1, - - s Gn1,n41, —A2, - - -, —Aopg6)” =0,
(3.232)

which has to be nontrivially solved by A\ # 0 for k =1,3,...,2n+5 and
the matrix A = (a; )i j=1,...n+1 nonsingular. Let us look at the parameter

setting ¢ := —qlz( ) for i =1,...,n and a := —gy(,43). Each subset of

n+2
n 4 1 projective points within the set {¢"(2*)|k = 1,2,...,2n + 6} C P®
which does not include both the projective point @"(xz("”)) and the
projective point gp"(:z:2("+3)) can be assumed to be noncollinear:

Without loss of generality let us assume that

" (x") € span{" (%), ..., " (@)} C R (3.233)
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and
dim span{¢"(z2),..., " (z!TH)} =1, (3.234)

the value 2 < < n (compare the distinctness assertion in Lemma 3.2.4)
attaining the minimal value. In the following argumentation it is only
important that neither the projective point " (m2(”+2)) nor the projective
point ¢"(z2("*+3)) occupies the role of ¢™(z') in (3.233). We calculate for
the linear space span{™(z'),..., " (z!*1)} that

span{p"(z!),..., " (2t} = (3.235)
= span{y" (z%) — " (2"), ..., " (") — " (")} (3.236)
# {xp41 =0} (3.237)

for the linearly independent vectors @™ (22)—¢"(z1), ..., " (2! T =™ (z1),
as qp # q1 for k = 2,..., 1+ 1. For further considerations let us assume
that [ = n, as otherwise we reduce to lower dimension.

As in the case n = 2 let us consider the translations p; € R" — p;+k-e, €
R"™ for r = 1,...,n and the calculation of the determinant after some
row and column manipulations adequate to (3.124). As the vector space
{zn+1 = 0} represents any combination of translations, the determinant
is not equal to zero in general by having (3.237) in mind.

Thus, the submatrices

(0ij)i=1,....(n+1)(n+2).j=1,....(n+1) (n+2) (3.238)

and

(bi,j)i:l,...,(n+1)(n+1),(n+1)(n+2)+1,...,(n—l—l)(n+2)+n+1,j:1,...,(n+1)(n+2)
(3.239)

of the matrix B = (bij)i=1, . (n+1)(n+3).j=1,....(n+1)(n+1)4nt2 are regular.
As before we use the Exchange Theorem of linear algebra in order to
replace the (n + 1)(n + 2)-th row within the first matrix to find a basis
of {z € R(n+1)(n+l)+n+2|$(n+1)(n+1)+n+2 = L(n+1)(n+1)+n+1 = 0}, which
can be completed to a basis of the Euclidean space R D (n+1)+n+2 1y
two rows or manipulated rows within the matrix B afterwards. Thus,

the setting ¢; := —qlz( ) for I =1,...,n and a := —gy(,43) shows that

n+2
the determinant of at least one of the maximal quadratic submatrices
of the matrix B has to be polynomial in at least one of the parameters
Cly...,Cn,a. Therefore, the mapping assumption (3.229) cannot be ful-

filled besides some parameter combinations, which we have to eliminate.

Now we are ready to formulate the generalized version of the instability result
for point X-rays.
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Theorem 3.5.1

Let m > 3 and n > 2 satisfying m > n and suppose that p; = (p1j,...,pPnj) €

7", j =1,...,m are distinct lattice points within the lattice set Z"™. For any
a € N there exist two finite lattice sets Fy, Fy C Z™ which satisfy

o Fy for k = 1,2 is uniquely determined by the point X-rays X, F}, for

j=1...,m,
e [1NFy =1,
o |F|| =|F;| > a,
o > Xy F1 — Xp, o] =2(m —1).
Moreover, it yields that
|F1Nt(Fy)| <n+1
for any affine transformation t : R” — R" and
|Fi N pre (F2)| <n+2

for any projective transformation p : P* — P™ and pgrn
to the FEuclidean space R™.

Proof

All necessary generalizations are mentioned before.

(3.240)

(3.241)

: R™ — R"™ its restriction
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3.6 Consequences for the parallel geometry

The usage of projective transformations to get instability results for point X -ray
sources and the technical methods used before motivate us to look at parallel
X-rays again. We will show that for any set of m different lattice directions
there are two uniquely determined and distinct finite lattice sets Iy, Fy C 7>
of same, but arbitrarily large cardinality which have distance 2(m — 1) within
the right hand side data and satisfy

|FNnt(Fy)|<2m ™t —1 (3.242)

for any affine transformation t : R? — R2. Therefore, the result in [7], [5], [3]
also based on projection methods can be strengthened without using algebraic
curves, but the knowledge of the solvability of equation systems, as the upper
bound in [5], [3] is given by the value (3 -2™72 + 1)2((32m — 44)? + 2) =:
f(m) instead of the value 2™~! — 1 =: g(m). The new upper bound g(m) is
still exponential within the number m of X-ray directions, but it yields that
g(m) € O(y/ f(m)).

Moreover, we can guarantee that |Fy N t(Fy)| rises above the value 4 only in
the translational case t(x) := x + b for b € Z?* or for some half-around rotation
t(x) := —x +b for b € Z°.

In the following the elimination of forbidden parameter values will not be dis-
cussed in detail, as the strategy is the same as in the sections before.

Later, non-projective construction methods reduce further attempts of strength-
ening the affine dissimilarity to the search of switching components of minimal
cardinality.

3.6.1 Technical details

Let uj = (u1j,uzj) € Z*\{0}, j = 1,...,m be m different X-ray directions
satisfying gcd(uij,u;) = 1 and let the projective transformation ¢ be defined
by
©:P" — P2, (3.243)
(L1, Tpp1) 1= (3.244)

m m
(Z Hit1iTi + Tm1, Z [iU2iTi + Tyt 1, Tme1)

i=1 1=1
for suitably chosen parameters (i1, ..., tm € N, using homogeneous coordinates
in both projective spaces P™ and P?. The restriction of the projective transfor-
mation ¢ as mapping between the Euclidean spaces R™ and R? is denoted by
(Prm again.
The parameters p; € N will be suitably specified by choosing non-forbidden
parameter tuples.
The following assertions can be formulated:
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1. The jth vector e; in the standard orthonormal basis of the Euclidean
space R™1 js mapped to ¢(e;) = (pjuj, pjuz;,0) for j = 1,...,m,
which shows that the projective transformation ¢ maps the jth coordinate
direction within the Euclidean space R™ to the lattice direction u; for
j=1...,m.

2. Integrality for the projected lattice set prm (Z™) is trivially given because
of ujj,pj € Z fori=1,2and j=1,...,m.

3. Let us assume that

orm (21) = ppm (2?) (3.245)
m m

& Z izt = Z piugizs for k =1,2 (3.246)
i=1 i=1

szl =2 fori=1,2,...,m (3.247)

by choosing p; >> p,—1 sufficiently large with respect to the values
max |u;;| and max |z¥|.

4. Let us assume that

prm (21) — rm (27) = My (3.248)
o dot [ 2 il — ) wy )
Doty piuzi(z] —x3)  ug
= Z,ul(le — x?)det (uj,uj) =0 (3.249)
i=1
& (o7 — 2?) det(us,uj) =0 fori =1,2,...,m (3.250)

by choosing p; >> p;—1 sufficiently large with respect to the values
max | det(u;, uj)| and max |z} — 2?|.
Therefore, it yields that X, Fy, € {0,1}, if we assume that the lattice
points x' # x? differ in at least two components (not only in the jth

component) for all lattice points x*,2? € F}, for k = 1,2.

5. Let some lattice point s be the intersection point of m lines in the di-
rections u; for j = 1,...,m passing through the lattice points prm (29),
i e.

§2 — (Z:il ,uzu2z$g + 1) U,
(3.251)

det (s — @rm (27),u;) = det ( s1= (Ui piunaw; +1) g ) —0

m m
& S1Uj — SaUlj = UQj(Z piugiz] +1) — Ulj(z pitgiz! + 1)
i=1 i=1
(3.252)
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for j =1,2,...,m. According to the proof of Theorem 2.5 in [73] we can
assume that the lattice directions ui,us and us are given by

U1::<(1)),UQ::<(1)),U3::<1), (3253)

as parallelism and intersection points are preserved by any affine trans-
formation, in particular by the affine transformation used there. To guar-
antee the solvability of the equation system (3.252), we necessarily have
to demand that the determinant of the extended coefficient matrix with
respect to the first three equations is equal to zero, i. e.

0 -1 —(21L piugiw} +1)
det [ 10 S it + 1 = (3.254)

1 =1 37 wuga — 30 piugiad

Zuzu%x + 1 Z ,Ufzulzx + 1
+(Z it — Z piugiad) = 0 (3.255)
i=1 ]

& ugi(x — x3) = i (2? — 23) for i=1,2,. (3.256)

by choosing p; >> p;—1 sufficiently large with respect to the values
max |u;;| and max |z} — z?|. Fori=1,2,3 we conclude that

3 =3, (3.257)
Ty = a3, (3.258)
xl = a2 (3.259)

In the case that i > 3 we have to demand that
1

Uy X — T
det [ " 5

Uy X; —I;

Thus, the set of possible values for each component i has to be suitably

restricted in order to exclude that condition (3.260) is satisfied besides the

case that x} = z?

EIJURS NN

> =0. (3.260)

= 3. If that has been done, then there exists a lattice
point g within the original lattice set Z'™ which is mapped to the lattice
point s by the restriction prm of the projective transformation ¢ and
which is given by the intersection of the lines in the directions e; passing
through the lattice points ¥’ for j = 1,2,3 because of (3.257)-(3.260).
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3.6.2 Main result

The technical details before will help us to strengthen the instability results
in [5], [3] by a suitable definition of recursively defined lattice sets
Ggl), Gg) C Z™ within the original lattice set Z'™ for sufficiently large | € N.

Theorem 3.6.1

Let m > 3 and suppose that u; = (u1j,uz;) € Z*\{0}, j = 1,...,m are different
X-ray directions satisfying ged(uij,u2;) = 1. For any o € N there exist two
finite lattice sets Fi, Fy C Z? so that

o Iy for k = 1,2 is uniquely determined by the X-rays X, Fy for
j=1...,m,

o F1NFy =1,
o [F1|=[F|>a,
o > | Xy, F1 — Xy, Fol =2(m —1).
Moreover, it yields that
|F1Nt(Fy)| <4 (3.261)

for any affine transformation t : R> — R? 2 + Ax + b with +1 # A € R?*?
nonsingular, b € R?. For any translation t : R> — R?,z — z 4+ b we can
guarantee that

|FyNt(Fy)| <2m 2 — 1. (3.262)

The worst-case situation with respect to the used construction of the lattice
sets F1, Fy occurs for the translation t(x) := x + u; in the X-ray direction u,;
forj=1,...,m.

For any rotation t : R? — R?, z — —x + b we can guarantee that

Py Nt(Fy)| <2m™ ! —1. (3.263)

The upper bound 2™ ' — 1 is reached by the affine transformation
t(x) := —x+2-prm(q) and m odd, if g denotes the center of some cuboid within
the construction of the lattice sets which are projected by prm : R™ — R? into

the plane.
Proof ' '
The recursive construction of the lattice sets G(J),Gé]) CZm™forj=1,...,1

below is based on m-dimensional cuboids, which are combined to a big switching
component. First the general idea is pointed out by constructing the lattice
sets Ggl), Ggl) and proving the affine dissimilarity assertion for the projections
of those sets. The lattice sets C:Ygl), égl) result from the lattice sets Ggl), Ggl)
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Figure 3.6: The lattice sets Ggg) (filled circles) and Ggg) (non-filled circles)
for | = 3 and m = 3 resp. the lattice sets Ggg) N{r € R*zy = 0} and
G¥ N {zreRYwy =0}, if m=14

by small modifications to also guarantee the uniqueness of their projections
(1 ~(1

Fy = opn(G), Fa := o (GY)). -

Let us recursively define the lattice sets ng), ng) cZ™m™forj=1,...,1 by

GV =Y alell < {1,2,...,m}, 21}, (3.264)
el
G =1 atell c {1,2,...,m},ged(2, |1]) = 1}, (3.265)
el
GV =GV VU dbei + Y alel0 £ 1 {1,2,...,m},2||1]},
k=1 i=1 el
J—1 m
. -
G =GN dbes) (3.266)
k=1 i=1
=1 m )
U{Zzafel + Z agei|l - {17 2,... >m}7g0d(27 |I|) = 1}
k=1 i=1 el

for m odd resp. by

j—1m—1
GV =GV VU ke + Y dlel0 £ 1 {12, m} 21},
k=1 i=1 el
) ) J—1m—1
G =GN S aber) (3.267)
k=1 i=1
j—1m—1 )
U D afei+ ) alell c{1,2,...,m},ged(2, 1)) = 1}

k=1 i=1 el

for m even and the integer value | chosen large enough by

[ > max( 9). (3.268)

(0%
gm=1_1’
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The integer numbers af € N are suitably specified besides forbidden values with
respect to condition (3.260) and the following solvability restrictions:

The definition of the lattice sets Ggl), Gg) and the facts in Section 3.6.1 with re-
spect to the suitable choice of the parameters i1, ..., iy, imply analogously to
the case of point X-rays the assertion of Theorem 3.6.1 besides the unique-
ness and the affine dissimilarity of the lattice sets Fy := chm(Ggl))\{pl},
Fy = @Rm(Gg))\{pg} C Z? and the lattice points p; € chm(Ggl) N Ggl))),
P2 € chm(Gg) N Gél)) lying on the same line in direction u.

To show the affine dissimilarity assertion let us assume that

t: orm (z®) > @pm (@) for k=1,3,...,9 (3.269)
by some affine transformation t : R?> — R?, t(x) := Az + b for z*,23,... 2"
€ Ggl), R N = Gél) pairwise distinct lattice points, which implies that

A(prm (2*) — grm (21)) = prm (z"71) — prm (27) for k= 3,5,...,9.

(3.270)
We can assume by elimination of some parameter combinations (fi1,. .., lm,
al,...,al,,....ak, ... al)) that the matrix A = (@ij)ij=1,2 Is uniquely specified

by the equation system (3.270) for k = 3,5 (resp. for any subset {ji,j2} C
{3,5,...,9} of cardinality 2). That is the case as the matrix

A(a:?’)l A(a:?’)g 0 0

O 0 A(.’L’3)1 A(a:?’)g
3.271
A(a:5)1 A(a:5)2 0 0 ( )

0 0 A(l‘5)1 A(ZES)Q

is in general regular for
kg — 1 for k odd

A k — (,0(3: )q (,0(3: )q 0 3.272
(@%)q { o(z%), — p(z?), for k even ( )

and g = 1,2. For that purpose let us assume without loss of generality that the

5 3 1

difference x® — x' depends on the parameter af , but not the difference x> — x*.

Because of 4. in Section 3.6.1 we calculate that

A(:Eg)l A(:Eg)g .
det ( Ay Aa) > = (3.273)

A(@®)y A(x?),

= £, - det
U1 U2;

> -a¥ 4 terms of lower degree  (3.274)

is polynomial of degree 1 within the parameter af. Thus, we only have to adapt
the parameter af to guarantee the regularity of the matrix (3.271).
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We necessarily have to demand for the solvability of the equation system (3.270)
that the extended coefficient matrix

A(:Eg)l A(:Eg)g 0 0 A(JE4)1
0 0 A(l‘g)l A(:Eg)Q A(JE4)2

AxP) AN(xP)2 0 0 A(z%); (3.275)
0 0 A(l‘5)1 A(ZES)Q A(ZEG)Q

A(ZE7)1 A(ZE7)2 0 0 A(:Es)l

of the equation system for k = 3,5,7 (resp. for any subset {ji,j2,73} C
{3,5,...,9} of cardinality 3) is singular. Let the coefficients coeff; j(x?) € {0,1}
of the lattice point x? be defined by the representation

I m
z? = ZZcoeﬁ‘Lk(xq)afei €Zlal,....al ... d, ... d ]. (3.276)
k=1 i=1

Because of the regularity of the submatrix (3.271) we have to demand that
coeff; (2% — 22) # 0 implies that coeff; ;(z7 — x') # 0:

First of all, let us look at the case that coeff; (2% — 2?) = coeff; y(z* — 2?) = 0.
Let us assume that coeff; (27 — 2') = 0. Because of the regularity of the
submatrix (3.271) the determinant of the complete matrix (3.275) is polynomial
at least of degree 1 within the parameter a¥. Therefore, the matrix (3.275)
cannot be singular in general.

It is left to treat the case that coeff; (28 — 22) # 0, coeff; (2 — 2?) # 0 and
coeff; k(2% — 2%) # 0 (by some permutation of the indices if necessary). Notice,
that coeff; ;(x® — 2%) # 0 implies that either the lattice point 2% or the lattice
point x% depends on the parameter af. Thus, it yields that coeffi,k(a:8 —2?) =
coeff; k(1 —2%) = coeff; (2° —2?) € {£1}. By changing the roles of the indices
1 and 7 and the roles of the indices 2 and 8 we reduce to the first case again,
as coeff; j(z? — 28) # 0 and coeff; (z* — 2%) = coeff; 1 (2° — 2%) = 0.

By considering all differences 2/t — 72 for ji,jo € {2,4,...,10} and by using
similar arguments for the inverse affine transformation t~', we conclude that
the difference vector x/* — x72 depends on some parameter af if and only if the

difference vector z71t1 — z72+1 depends on the parameter af.
Let us assume that without loss of generality
coeft;, 1, (2% — %) = coeff;, 1, (2® — 2%) = (3.277)
= coeft;, i, (7 — x') = — coeft;, 1, (z7 — z") (3.278)
for iy # io and let
coeff i, (21T — 27211y = coeff, ., (27 — 272) (3.279)

forig ¢ {i1,i2} and ji,j2 € {1,3,5,7}, i. e. the signs of at least 1, but at most 2
pairs of correspondent coefficients with respect to 3 distinct indices {i1,1i2,13}
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differ. That can be done, as the lattice points z', 23,25, 27 € C?gl) do not lie
on the same line in direction e; for any i = 1,...,m and as the lattice points
A I L= égl) do not lie on the same 2-dimensional affine subspace parallel

to span{e;, , €;, } because of the construction of the lattice sets Ggl), égl). As

A(prm (271) = prm (272)) = prm (@7171) — ppm (27241 (3.280)
for all j1 # ja, j1,J2 € {1,3,5,7} and all parameter combinations (i1, ..., tm,
a%,...,a;l,...,all,...,a%), especially for all besides the parameters ,uij,aijj,

j €{1,2,3} set to zero, we conclude that

Uiy > Uy, (3281)
Uiy F— — Uiy, (3.282)

by the linear transformation l(x) := A-x, which cannot be the case for pairwise
linearly independent vectors w;, , Ui, , Wi, -

Thus, the affine transformation t in (3.269) simply describes the rigid translation
t(z) ==z +0b for

b= prm (2%) — prm (¢1) = pre (21) — pron (%) = PR (2°) — g (2°) =
= prm (2%) — prem (27) = prm (¢'%) — prm (2°) (3.284)
or the rigid half-around rotation t(z) := —x + b for
b= prem(2') + prm (2%) = pren (2%) + pren (2%) = pre (%) + pre () =
= prm (27) + @rm (28) = prm (2°) + prm (210). (3.285)
In the first case we conclude that

coeﬁ‘i7k(x2 —zh) = coeﬂ?i,k(:n4 — ) = coeﬁ‘i7k(x6 —2%) =

= coeff; (% — 27) = coeff; (2! — 2%) for all i, k (3.286)

in general besides some parameter combinations. Therefore, the lattice points

xb a3, .., 2" resp. the lattice points %, z*, ..., z'0 are vertices of the same
cuboid 47V aFe; +[0,a9) x - -+ x [0,a%,). The cuboids of the two sets of
lattice points x*,z3,. .., 2° and 22, z*, ..., x'0 are even identical because of the

2m71

rigidity of the translation ¢. Thus, we get that |F1Nt(F)] < 25——1=2""2—-1
in the translational case t(x) := x + b.

In the rotational case we also claim that the lattice points x', 22, ..., z'° are

vertices of the same cuboid Zz;ll moafe; +10,ad] x -+ x [0, af,]:

Because of (3.285) and the definition of the lattice sets Ggl),Gg) C Z™ as
combinations of cuboids we conclude that either both the lattice points x',
2% and the lattice points z%, x* or both the lattice points x', z* and the lat-
tice points 2%, 23 belong to the same cuboid. In the case that those cuboids
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do not coincide, there exists some parameter af because of the distinctness
of the lattice points and the construction of the lattice sets Ggl), Gg) so that

only one of the difference vectors x' — 23, 2> — z* depends on the parame-

ter af in contradiction to the rigidity of the rotation t. Thus, we result in
|Fy Nt(F)| < 25 —1=2m"1 —1 for the rotational case t(z) := —z + b.

For the other cases we conclude that |Fy Nt(Fy)| < 4.

The uniqueness of the lattice sets I, Iy is left to show. For that purpose let

us define the modified lattice sets é(l), ég) C Z™ by

!
GV =GV U O adeill € {1,2,... ;m},ged(2,]1]) = 1))

iel j=1

m [
\0.) O e, ‘

i=1 j=1 j

ale}, (3.287)

l
=1

l
Gy =GP U ahell c {1,2,...,m},2|1]})

icl j=1

m l
\{0,Y 0O al)ei,ater} (3.288)

i=1 j=1

in the case that m is odd resp. by

GV = @V U el c {1,2,....m},ged (2, |1]) = 1})

el
m—1
\{0, Z aie;,aiel f, (3.289)
i=1
~(1 ! _
G = (G UL aeill c {1,2,...,m},2|1]})
el
m—1
\{0,) aei,ater} (3.290)
i=1
in the case that m is even for a; := zzzl ag, i € {1,2,...,m — 1} and

am € Z\{0}, see Figure 3.7 for illustration.
The lattice sets Fy, Fy C 7?2 are redefined by

Fy = opm (G), (3.291)
Fy == orm (GD). (3.292)
Because of | > 10 the lattice points ', ..., z'0 within the mapping assumption

(3.269) can be assumed to be actually located within the lattice set Ggl) U Gg)
by suitably breaking the construction of the lattice set égl) U ég). Therefore,
the dissimilarity assertion is shown in the same way as before.
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Figure 3.7: The lattice sets égg) (filled circles) and G’gg) (non-filled circles)
for | = 3 and m = 3 resp. the lattice sets G’gg) N{z € RYzy = 0} and
C?gs) N{x € R*z4 = 0} if m = 4, the red-coloured lattice points would close the
switching component

According to 5. in Section 3.6.1 the uniqueness of the lattice sets Fi, Fy can
be shown by determining the grid of the lattice set Ggl) U ég) and showing the
uniqueness of the lattice set égl) resp. of the lattice set Gg).
For m odd let the lattice point y lie within the grid of the lattice set égl) U égl).
Then there are lattice points z', ... 2™ € égl) U ég) satisfying y — z' € R - ¢;
fori =1,...,m. By considering the orthogonal projections onto all subspaces
span{e;, , e;,} for pairwise distinct indices i1,i2 € {1,2,...,m}, we conclude in
the case that m is odd that any grid point y = (i, (z' + R - ¢;) for 2 € égl)
) has to be a vertex of one of the cuboids according to the
combination of the cuboids within the definition of the lattice sets Ggl), ég)
and thus

resp. for z* € éél

y € égl) U ég) U {Z ale;, z:(al1 +a?)e;, . . ., Z:(al1 + o+ ab)e ).
i=1 i=1 i=1
(3.293)

To be more precise, let us assume that the lattice point y = (z' + R - e1)N
(z2 + R - e2) is not a vertex of any of the cuboids. Thus, the lattice points
x', 22 belong to different, but - to guarantee the existence of the lattice point

y - neighboured cuboids so that

ag + {(a({Jrl ce] — ag - e2), (a%“ t€2 — alf -e1)}). (3.294)
1

ye ()

m  q
i=1 j=
But (y +R-e3) N (é&l) U éél)) = () in both cases.

As the lattice points a%el and 23:1 a{el are eliminated from the lattice set

égl) U ég), we can decide by the line sum values of the lattice set égl)
resp. of the lattice set éél) whether the lattice points of the first cuboid
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{Yicralell C {1,2,...,m}}In (égl) U égl)) belong to the reconstructed lattice
set.

If the lattice points ), ; ate;, I € {1,2,...,m},|I| = m — 1 belong to the
reconstructed lattice set, then the membership of the lattice points
S ate; + > ;ate;, I C {1,2,...,m}, |I| = 2 to the reconstructed lattice
set is determined as well. Using inductive arguments we see that the com-
plete lattice set is uniquely determined by its line sum values in the directions
€ly.--,Em.

Otherwise, if the lattice points ), ; ate; #aler, I C{1,2,... . m},|I| =m—2
belong to the reconstructed lattice set, we have to consider both the case that
the lattice point > i* | ale; belongs to the lattice set and the case that the lattice
points > " ale; + aiek for k =1,...,m belong to the lattice set. In the first
case also the lattice points Y " aje;+> ;e ate;, I C {1,2,...,m}, |[I| =m—1
are reconstructed. Then the further reconstruction process is uniquely given by
the same arguments as before. Thus, both the lattice point al, e,, and the lattice
point 2321 aem belong to the reconstructed lattice set. But that is not pos-
sible as the line sum values do not extend the value 1. Thus, the lattice points
S ailei + a%ek for k = 1,...,m have to belong to the reconstructed lattice
set. Now we again apply inductive arguments. Thus, uniqueness is shown for
the lattice sets Fy, Fy in the case that m is odd.

If m is even, we conclude by using the same arguments as before after projection
onto the hyperplane {x,, = 0} that any grid point y = ()io,(z* + R - ¢;) for
xt € égl) resp. ' € éél) is given by y = 4 +b-em, b € {0,al,...,d\  a,}
for § some grid point of the lattice set (G1 U Go) N {x,, = 0}. Taking into
account how the cuboids are combined, the value of b can further be specified
in dependence on the lattice point g so that the lattice point y has to lie within
the lattice set

m—1 m—1 m—1

(1) A

Gg) U Gg) U {Z ale;, (al +a?)e,, . .., Z(ail + -+ ab)e;d. (3.295)
i=1 i=1 i=1

To be more precise, the fact that y = (z' +R-ey) N (22 +R-ey) for 2', 22 € C?gl)

resp. x',2? € ég) implies that (z')y = (22)4. Therefore, the lattice points

x', 2% and then also the lattice point y are vertices of the same cuboid, if
(x1)y = (2%)4 # 0, as the values al,,...,al,,a,, are pairwise different in gen-
eral. If (v1), = (2%)4 = 0, the situation is reduced to the case that m is odd.

The further uniqueness consideration is reduced to the case that m is odd
by looking at the implications for the lattice points within the hyperplane
{x,, = 0}. The remaining lattice points within the lattice set are then deter-
mined by the line sum values for the lines in direction e,, and the implications

within each cuboid separately. O

Remark 3.6.2 In the case of point X-rays we have seen that the number of
overlappings after some affine transformation can be bounded from above by
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the value 3 in the planar case, see Subsection 3.3. For parallel X-rays, however,
that bound cannot be reached by using the construction of the lattice sets Fi, Fo
as in the proof of Theorem 3.6.1, even if we restrict our consideration to affine
transformations t(z) := Ax + b for A # +1I:

Let the number of X-ray directions be given by m = 4 and let the affine
transformation ¢ : R? — R?,x — Ax + b be defined by

A- V1 = Vg, (3.296)
A- V3 = V3, (3297)
bi—t— At (3.298)

for the point

m
§:= Zafei, (3.299)

the projection

4
t:= %(@Rm(s + Z ale;) + prm(s)) (3.300)
i=1

of the center of the gth cuboid and the vectors

v = @grm (s + ale;) — ¢, (3.301)
vy 1= @rm (s + aje; + ales) — ¢, (3.302)
v i = @grm (s + ases) — grm (s + aley). (3.303)

For illustration see Figure 3.8.

©---0
/1 /1
/ /
S S
/ _
/ /‘ / /
_/__e /
7 P
/ /
1, 't
» 6---o
uz
Uy
Ui

Figure 3.8: The projection of the gth cuboid. The blue-coloured point ¢ de-
notes the projection of the center of the cuboid, the red-coloured points do not
actually occur in the whole construction.

Thus, in total |Fy Nt(Fy)| = 4 lattice points overlap after applying the affine
transformation ¢ on the lattice set F5.
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3.6.3 Non-projective construction methods

Non-projective switching constructions reduce further attempts of strengthen-
ing the affine dissimilarity to the search of switching components of minimal
cardinality.

Theorem 3.6.3

Let m > 3 and suppose that u; = (uy;,u2;) € Z*\{0}, j = 1,...,m are pairwise
distinct lattice directions satisfying ged(uij,ugj) = 1. Let Gy, Ga C Z? be two
tomographically equivalent lattice sets of minimal cardinality which satisfy

0< X, Gr<1fork=1,2. (3.304)
Then there are two finite lattice sets Fy, Fy C Z? so that

o Iy for k = 1,2 is uniquely determined by the X-rays X, Fy for
j=1...,m,

e FiNE, =10,

o [Fi|=|F|2a,

° 27;1 | X, F1 — Xy, Fol =2(m — 1)
and

9
’Fl ﬁt(Fg)’ <9. ‘Gﬂ < 5 2m (3305)

for any affine transformation t : R? — R?, z +— Az + b with A € R**2 nonsin-
gular and b € R2.

Proof

Let p1 € G1,q1,q2,q3 € G2 be different lattice points satisfying q; € p1 + R - u;
for i = 1,2,3. Notice, that the vectors q1 — p1,q2 — p1 and g3 — p1 are pairwise
linearly independent. Without loss of generality let us assume that p; = 0.
Let the value | € N be chosen sufficiently large by | > max(—=5— rea ‘ 7,9) and let us
define the lattice sets Fy, Fy C Z? by

l

F1 = (U '+Ai‘G1)\{517-">@l}7 (3306)
=1
l
F2 (U ,UZ_‘_A G2)\{q3vv27"'> l} (3307)
=1
for
U :=p1 =0, (3.308)

Ui =01 + Xi—1° q(i+1 mod 3)+1 for i =2,...,1 (3.309)
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Figure 3.9: The lattice sets Fy (filled circles) and Fb (non-filled circles) for
m = 3 and u; = (1,0), ug = (0,1), ug = (1,1), the red-coloured lattice points
would close the switching component

and A1, ..., A\ € Z suitably chosen in the following.
We can guarantee that in general the grid G(Fy) of the lattice set F satisfies

l

) clJa (3.310)

i=1

for the ith subgrid

Gi =G+ N\ -Gy) (3.311)
of the lattice set v;+ ;-G fori = 1,...,l by suitably choosing the parameter \;
in dependence on the parameters \i,...,\j_q1 fori=2,...,1:

Without loss of generality let us restrict to the case m = 3. We will apply
inductive arguments on the integer k = 1,...,l. The case k = 1 is clear. Thus,
let us conclude from k — 1 to k for fixed parameters \i,...,\._1. Let y be

the intersection point of some line in direction us passing through some point
within the subgrid G, and two further lines in direction w1 and in direction us
each passing through some point within the union Ufz_ll G; of subgrids. Because
of the finiteness of the lattice sets there is only a finite number of values for the
parameter A\, which we have to exclude in order to assure that y € U;:ll Gi, as
the line in direction us has to pass through the lattice point v) to guarantee
the existence of the intersection point y of the three lines in general. The same
is true permuting the lattice directions or changing the roles of the two lattice
sets Gy, and Ufz_ll G.
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Therefore, any lattice point p = ()~ w;+R-u; for w; € Fy within the grid G(F})
of the lattice set Fy which is not equal to v; for i = 2,...,l can uniquely be
mapped to one of the subgrids G;. For the lattice points v;, i = 2,...,l we
cannot differentiate between the subgrids G;_1 and G;.

In the following we will show the uniqueness of the lattice set I|. For that
purpose let us assume that the lattice set Fi is not uniquely determined by its
X-ray data. Let the value L be defined by

L:=min{i € {1,...,[}|FAF, NG; # 0} (3.312)

for some lattice set Fy ~iom Fi which is tomographically equivalent to the
lattice set I'y. We conclude that

|(F1\F1) NGy N (5L+1 +R- u])| — |(F1\F1) NGrN (5L+1 +R- u])| =
= |[(F\F1) NGL| = [(F\F1) N Gr[} (3.313)

for j = 1,...,m, as [(F1\F1) NG, NI — |(FL\F1) NG NIl = 0 for any line
l # vr41 + R - u; in direction u;.

Furthermore, notice that

[(FI\F1) NG N (Op41 + R-up)| = [(FI\F1) N G N (Op41 + R - uy)]
=D € {0,+1} (3.314)

is implied by assumption (3.304) and the construction of the lattice sets F, Fy,
as p1 € Gy and q1,q2,q3 € Ga.

In the case that D = 0 we result in contradiction to the minimality of the lattice
sets G1, Gy by the tomographic equivalence of the lattice sets

Gy = (FI\F1) NGy, C o + A - (Gi\{p1}), (3.315)
Go = (F1\F1) NGy (3.316)

of cardinality |G| = |Ga| < |G1| — 1, as X,,,G; < X, Fy <1 for j = 1,2.

In the case that D = +1 let us add the lattice point vr+1 to both lattice sets
Fy and Fy and continue further considerations on the subgrid Gy, and the union
Uz-: +19j of subgrids separately. According to the definition of the value L we
again result in contradiction to the minimality of the lattice sets G1, Gy by the
tomographic equivalence of the lattice sets

Gy == (F\(Fy U{oL41}) NG C oL+ AL - (Gi\{p1}), (3.317)
Go = ((FLU{oL1 )\F1) N Gr) (3.318)

of cardinality |G| = |Ga| < |G1| — 1, as X,,,G; < X, Fy <1 for j = 1,2.
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If the lattice set Fy is not uniquely determined by its X-ray data, we have to
modify the construction of the lattice sets Fy, Fo by

l

F= (R U U Ui + Ai - GO, -, 07, G3 ) (3.319)
i=1+1

. 7

Fy = (F2 U U Ui+ N ‘G2)\{51y@l+17--'>@[} (3320)
i=1+1

for [ =2 mod 3 so that
U+ AL Q4 1)+1 mod 3]+1 = U T A7 @2 = T, (3.321)
i. e. the switching construction is closed, and the lattice point ¢3 is defined by
qs = (2_1[ + A G2) N (01 + R - ug). (3.322)

Now, the same arguments as before (and with respect to the ordering of the
indices inversely applied to the lattice set Fg) help us to show that both the
Jattice set Fy and the lattice set Fy are uniquely determined by having (3.304)
and q3, q3 € U1 + R - ug in mind.

Finally, to show the upper bound (3.305) of the affine dissimilarity let us assume
that

t:aF— 2" for k=1,3,5,7 (3.323)

by some affine transformation t : R> — R?, t(z) := Az +b and pairwise distinct
lattice points ', 2, 2%, 27 € F} and 22, 2%, 2%, 2% € F,. Let us further assume
that x! € Qil,x?’ € Q,-3,x5 € g,-s,:ﬁ € G, lie in different subgrids and that
lij, —ij,| > 3 for all indices ji,jo € {1,3,5,7}, j1 # j2 by the assumption
that |Fy Nt(F2)| > 9-|G1|. Notice, that in general none triple of the lattice

points x',x3, 25, 27 € F| and therefore also none triple of the lattice points

22, 2%, 2% 28 € F) is collinear:

3 25 and let us

Without loss of generality let us consider the lattice points z', z
assume that i1 = 1, i3 = 4 and i5 = 7. For fixed parameters A\, ..., s we can
choose the parameters \s, \g so that the lattice points x', 23 and v7; do not lie
on the same line by using the fact that the vectors ¢; = q; — py for i = 1,2,3
are pairwise linearly independent. Therefore, there is only a finite number of
values for the parameter \; so that the lattice points z', x> and x° do not lie
in general position.

Now let us assume that iz > i; for j € {1,...,6,8} and that (7 —z'); depends
on the parameter \;.. (Otherwise, (z7 — x')2 has to depend on the parame-
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ter \;..) Then the determinant of the matrix

(xt — 2% (2t — 2?), 0 0 (23 — 2ty
0 0 (x* —22); (2 —2%)y (23 —2'),
(8 —22); (2% — 2?), 0 0 (25 — ),
0 0 (28 —22); (28 —2%)y (25 —2l),
(28 —22); (2B — 2?), 0 0 (27 — 1),

(3.324)

is polynomial of degree 1 within the parameter \;., as the lattice points x2, z*, x°

are not collinear. Thus, the matrix (3.324) is in general regular in contradiction
to the mapping assumption (3.323). Similar arguments work to show that
i7 <ij for j € {1,...,6,8} is also not possible.
Let r be any index value so that {z',..., 2%} N (G,;1 UG, 2) = 0 using the fact
that |ij, —i;,| > 3 for any indices ji,j2 € {1,3,5,7}, j1 # j2. Let us break the
construction by eliminating the subgrids G,11, Gr+2 and let us close it again by
further subgrids Gyy1, G192, Gi13. The arguments before can now be applied to
finish proving that {il, 13, 15, i7} = {ig, 14,16, ig}.
Without loss of generality let us assume that iy > i; for j = 1,3,5, that ia # ir
(by taking the index iy or the index ig otherwise) and that (x” — z'); depends
on the parameter \;.. If 2® — 2% does not depend on the parameter iy, the
determinant of the matrix (3.324) is polynomial within the parameter \;. :
The determinant of the submatrix

< e ) (3.325)

(28 —22);  (2® — 22)y

is not equal to zero as polynomial within the parameter \;,, as either the
6 422 has to depend on the parameter \;. and
by using the fact that {i1,is,15,i7} = {i2,14,1¢,48} and that the lattice points
22, 2%, 2% do not lie on the same line in general because of the considerations
before.

difference % —x2 or the difference x

Thus, we result in i, = i1 for k = 1,3,5,7 by using similar arguments of
breaking and closing the grid as before.

Let us assume that iy = ig > 1; for j = 1,...,6 and let the affine transformation
t(x) := Az + b be uniquely determined by x* +— zFt! for k = 1,3,5. Let the
lattice point z7 be independently on the parameter )\;, mapped on the lattice
point 28, which implies that

AZ_JZ'7 +b= Vi s (3.326)
A" — vy,) = 2% — 0y, (3.327)

i. e. the lattice point v;, is fixed by the affine transformation t. Similar argu-
ments work to show that the lattice points v;; for j = 1,3,5 are also fixed by
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the affine transformation t. But the lattice points v;,, U;, and v;, lie in general
position besides some eliminated parameter combinations. Therefore, the affine
transformation fixes all lattice points, which implies that ' = 2> € F1NFy # ()
in contradiction to the choice of the lattice points x',...,2% as pairwise

distinct. O

Remark 3.6.4 The cardinality of the lattice set G; in Theorem 3.6.3 can be
bounded by |G| < 3 651

For that purpose let us define the lattice sets Gy := {(0,0),(2,1),(1,2)},
Go = {(1,0),(0,1),(2,2)}. According to the proof of Theorem 2.5 in [73]
there is an affine transformation T'(i,7) = (iajc; + jyica,iqecy + jyace) for
c1 = B1y2 — Poy1, ¢2 i= a2 — a1 and any set of linearly independent lat-
tice directions uy = (aq,@2), uz = (81, 02), us = (71,72) so that the lattice
sets Gy = T(G1),Gy := T(G3) are tomographically equivalent according to
the lattice directions w1, us,us. For every set of three further lattice directions
ug, us, ug € Z2\{0} we construct six translates of the construction before. The
translates are arranged according to some multiple of the transformation of the
lattice set él U ég with respect to the lattice directions uy, us, ug to avoid any
kind of overlapping. In some components the roles of the lattice sets G1,Gs
have to be changed.

The construction is illustrated in Figure 3.10 for m = 6 and the lattice directions
up = (1,0),ug = (0,1),us = (1,1), ug = (3,1),us = (2,1),us = (1,2). The
transformation for the three lattice directions uy = (3,1),us = (2,1),us = (1,2)
is given by T'(i,7) = (9-i4+1-7,3-i+2-7).

Figure 3.10: The construction for m = 6 and u; = (1,0),ue = (0,1),u3 = (1,1),
Ug = (3, 1),U5 = (2, 1),u6 = (1,2)

Remark 3.6.5 The assumption (3.304) in Theorem 3.6.3 is actually used to
show the uniqueness of the two lattice sets Fy, Fy. Because of (3.304) we are able
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to reduce any switching component which consists of the lattice set Fj (resp.
of the lattice set Fy) and one of its tomographically equivalent lattice sets to
the subgrids G; for ¢ = 1,...,l by adding some lattice point v; for i € {2,...,1}
to both lattice sets if necessary and consider the switching component on the
union U;_:ll G; of subgrids and on the union ngz G; of subgrids separately.

If we do not demand restriction (3.304), we possibly have to add some lattice
point ©; more than once for i € {2,...,1}.

We do not know whether the minimality of the tomographically equivalent lat-
tice sets G1, Go already implies nonadditivity and thus that any lattice point v;
is actually added at most once. Therefore, the arguments within the proof
before do not work anymore without assumption (3.304).

It is not clear whether the lattice sets GG1, GGo of minimal cardinality in Theo-
rem 3.6.3 resp. their cardinality |G| = |G2| can efficiently be determined for
any set of lattice directions uy, ..., Un,.

In the following let us look at some related problem of finding the shortest
vector v within a finite dimensional lattice set I' = Z - vy + --- + Z - v,, which
satisfies [|v]|co = 1.

Lemma 3.6.6 The recognition problem

SHORTEST VECTOR, Ly =1
Instance: A basis v1,...,v, € Z"™ of a lattice set I', w € N,
Question: Is there a nonzero vector x € T' satisfying ||z||3 < w,

[|#]loo = 17

is N'P-complete.

Proof

For any vector x € T both conditions ||x||3 < w and ||x||sc = 1 can be checked
i linear time within the length of the vector x. Therefore, it remains to show
that every problem within the class N'P polynomially transforms to SHORTEST
VECTOR, Lo, = 1.

It suffices to polynomially transform the recognition problem

MINIMAL DISTANCE
Instance: A binary m x n-matriz H, w € N.
Question: Is there a vector x = (z1,...,x,) € Z5\{0} at most of

weight w satisfying Hx' =02

established in coding theory, which is shown to be N'P-complete in [128].

For that purpose let H be a binary m X n-matriz of rank m. Let us deter-
mine a basis v1,...Vn—m € 25 of the kernel {x € Z%|Hz' = 0} by Gaussian
elimination. As all code vectors ¢ with respect to the control matrix H are in-
tegral linear combinations of the vectors v, ..., vn_m modulo 2, they are given
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by integral linear combinations of the vectors vi,...,Vn_m,2€1,...,2 €, un-
der the condition that ||c||ec < 1, see [21]. The deterministic polynomial-time
LLL-algorithm, see [94], is extended to not necessarily independent vectors by
Pohst, see [111], [31]. Using the modified LLL-algorithm, we finish the reduction
of MINIMAL DISTANCE to SHORTEST VECTOR, Lo =1 by determining
an integer basis of the lattice set I' = {d> 7" Nvi + Y i1 20, - €| Ni, i € Z}.
O

Remark 3.6.7 The recognition problem SHORTEST VECTOR, Lo, = 1 is
related to the question whether we can find a switching component at most of
size w in discrete tomography with respect to a given set of lattice directions.
But notice that the set of input vectors related to discrete tomography is more
specific, because the vectors arise from the elementary integer switching com-
ponents as given in [69] by applying all valid translations.

Furthermore, restriction (3.304) within Theorem 3.6.3 is not considered by
SHORTEST VECTOR, Ly, = 1.
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Chapter 4

Locating lattice sets

Within the present chapter let us assume that the planar lattice set F' is well-
known, but not its location within the lattice set Z2. Now our aim is to observe
the translations, rotations and reflections of the planar lattice set F' within the
lattice set Z2? by analysing the projection data of the planar lattice set F with
respect to parallel or point X-rays. We have to examine in which cases the
lattice set F' and its Euclidean transformation are different, but have the same
projection data. Some results are based on ideas which are already used in [45].

4.1 Locating lattice sets by point X-rays

In the present section we will look at both directed and undirected point
X-rays. To complete the definition of point X-rays in Chapter 3, let us define
the directed point X-ray of a lattice set F C Z? at some lattice point p € Z2.

Definition 4.1.1 (directed point X-ray)
Let p € Z? be a lattice point and let F C 7Z? be a finite lattice set. The
directed point X-ray of the lattice set F at the lattice point p is defined by

D,F(u) :=1|{q € Flg—p=X-u for A\ > 0} (4.1)

for any lattice direction u = (r,s) € Z*\{0}, ged(r,s) = 1.

The following lemma describes the directed and undirected point X -rays of the
transformed lattice set t(F) C Z? with respect to some affine lattice transfor-
mation t : Z? — 72 in terms of the X-rays of the original lattice set F' C Z2.

Lemma 4.1.2 Let t : R? — R% t(x) := Az + b be some affine transformation
for A€ Z2*2 b€ Z? and det(A) = £1. We calculate that t(Z?) = Z* and that

Xpt(F)(u) = X g-1(p—p) F (A" ), (4.2)

Dyt(F)(u) = D g1 F (A )

137
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for any lattice point p € Z2.

Proof

For the first part of the assertion we refer to Lemma 3.2.2.
The second part is implied by the equivalence

(Az+b)—p=XA-u (4.4)
A YAz +b—p) =z —-Alp—b)=X-A"1u

for any lattice point x € F. g

4.1.1 Lattice translations

First of all let us consider point X -rays and lattice translations. The follow-
ing theorem shows that a single point X -ray does not determine the translated
position of a lattice set in general.

Theorem 4.1.3
Let p € Z? be a lattice point and let b € Z>\{0}. For any lattice set
F = F\ UF, C Z? satisfying

Fi—p=p+b-F, (4.6)

F,c(p+R-b)\{p,p+0}, (4.7)
i. e. the lattice set F\(p+ R - b) is symmetric with respect to the point p + %b,
we get that

X, F(u) = Xy () = X, (F — b)(w) (48)

for every lattice direction u € Z*\{0}, i. e. the translation by the vector —b
leads to equal X-ray data. In particular, for any lattice point p € Z? the two
translates (p—p)+F, (p—p—b)+ F C Z? of the lattice set F' have equal X -ray
values with respect to the lattice point p.

On the other hand, if the lattice set F' is convex and fulfills condition (4.8)
for some b € Z*\{0}, then the lattice set F' can be written by F' = F; U F},
satistying (4.6)-(4.7).

Proof

Assuming (4.6)-(4.7) we calculate that

|Fal, forO#ueR-b

XPF2(U):Xp+bF2(u):{ 0 fOfO#U%Rb

and that
Fi—p=p+b-I (
eVreR3reF:x—p=p+b—2a (
sVreRI e :x—p=uanda’ — (p+0b) =—u (4.12
& X,F1(u) = XpipFi(u) for all u € Z2\{0}. (
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The second equality in (4.8) follows immediately by Lemma 4.1.2.
As

Xp(F' +p = p)(u) = Xp_pp) F'(u) = XpF (u), (4.14)
Xp(F+p—p—0)(u) = Xp_(5p—p)F(u) = XpiF'(u), (4.15)

we get the assertion for any lattice point p € Z2.

For the last assertion let us assume that the lattice set F' is convex and fulfills
XpF = X, F (4.16)

for some b € Z*\{0}. Let us consider both the case that p ¢ F and the case
that p € I' separately in the following.

1. In the case that p ¢ F there exists a line j passing through the lattice
point p so that because of its convexity the lattice set F' completely lies
on one of the sides of the line j and both the lattice set ' and the lattice
point p + b lie on the same side of the line j, if F\(p+ R -b) # () and the
lattice set F'\(p + R - b) is not located on one line:

Let us assume that F\(p +R-b) # 0 and that the lattice set F' and the
lattice point p + b lie on different sides of the line j (including the case
that p+0b € j). Let us determine the extremal lines [} := p + R - w; and
I, := p+ R -wu; with respect to the lattice point p and the lattice set F' so

that
I, NF #0, (4.17)
LNF #0, (4.18)
FCp+ {)\1’&1 + )\gur|)\1, Ao > 0}, (4.19)
ulu; > 0, (4.20)

see Figure 4.1.

Figure 4.1: Extremal lines with respect to the lattice point p and the lattice
set F' (red-coloured points)
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Notice, that u, ¢ R -y, if the lattice set F\(p + R - b) is not located on
one line. As F\(p+R-b) # () and as the lattice point p+b and the lattice
set F' lie on different sides of the line j, there is always a lattice direction
u € {uy,u} so that X,(u)(F) # 0, but X,+4(u)(F) = 0 in contradiction
to assumption (4.16).

Because of p+b ¢ F using Lemma 3.4.1, we can also determine a line j'
passing through the lattice point p + b so that the lattice set F' and the
lattice point p lie on the same side of the line j'.

Because of assumption (4.16) the lattice set F := F\(p + R - b) and its
symmetric copy G := —(F — (p+3b)) + (p+ £b) with respect to the point
p+ %b have the same X-ray values with respect to the lattice points p
and p +b. Now let us assume that FAG # (). Based on the idea used to
prove Theorem 4.2 in [45], let us define the linel by | :== p+ R - b and let
1 # | be that line which encloses the smallest angle with the line [ so that

iN(FAG) # 0, (4.21)
iN{p,p+b} #0. (4.22)

By using the tomographic equivalence of the lattice sets F' and G, let
us assume that without loss of generality the lattice points p, v1 € F\G
and vy € G\F are located in that order on the line i, as because of
the minimality of the enclosed angle both lattice points v; € F\G and
vo € G\F have to lie on the same side of the lattice point p. (In the
contrary case the line passing through the lattice points p+ b and vy resp.
ve would enclose a smaller angle.)

7

Figure 4.2: Unique determination of the lattice set F
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Using similar tomographic arguments the lattice points p+b, vy, v3 € G\ F
are located in that order on the line which passes through the lattice points
p+b and vy. That is the case as vz # (p+ 3b) — (v1 — (p + b)) € G\F
and thus the lattice set G is not located on one single line. By assuming
the ordering vs,p + b, vy, there exists no line passing through the lattice
point p + b so that both the lattice point p and the lattice set G > v, v3
lie on the same side of that line.

Thus, the lattice point vi € F\G lies within the triangle which is given
by the vertices vo,vs, (p+ 3b) — (v1 — (p+ £b)) € G\F in contradiction to
the convexity assumption on the lattice set F.

. In the case that p € F the lattice point p + b also has to lie within the

lattice set I' because of Lemma 3.4.1. Let us define the lattice sets Fy, Fy
by

Fy:=FN(p+R-b), (4.23)
F1 = F\F2 (424)

and the lines [, g1 and go by

l:'=p+R-b, (4.25)
91,92 L 1 so that p € g1,p+ b € go, (4.26)

see Figure 4.3.

Figure 4.3: The lines [, g1, g2, h and A/
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Let the line h be given by

hnFy # 0, (4.27)
ho{p,p+b} #0 (4.28)

enclosing the smallest angle with the line | under all those lines. All lattice
points within the lattice set F'N h are uniquely determined by the X -ray
value along the line h because of the convexity of the lattice set F':

The lattice set F' N h has to completely lie on the same side with respect
to the lattice point p (in the illustrated case) resp. with respect to the
lattice point p + b, as in the case that the line g, separates the lattice
point p + b and some lattice point ¢ € h N F resp. in the case that the
line g9 separates the lattice point p and some lattice point ¢ € h N F the
line h/ passing through the lattice point p + b resp. through the lattice
point p and the lattice point q also satisfies (4.27)-(4.28) and encloses a
smaller angle with the line [.

Because of assumption (4.16) the same arguments can also be applied to
the line h||h passing through the lattice point p + b resp. through the
lattice point p. Thus, we actually determine a set of lattice points which
is symmetric with respect to the point p + %b. Repeating the arguments
we result in (4.6) for the lattice set F}.

0

The consequences of Theorem 4.1.3 for directed point X -rays are formulated in
the following corollary.

Corollary 4.1.4 Let p € Z? be a lattice point and let b € Z>\{0}. If
D,F =D, ,F = D,(F — b), (4.29)

we result in P Cl:=p+R-b.

Proof

Let us assume that F\(p+R-b) # (0. As we consider directed point X -rays, we
can assume without loss of generality that the lattice set F\(p+R-b) completely
lies on one side of the line l. Thus, the extremal lattice directions u; and u, as
specified in Theorem 4.1.3 differ for the lattice points p and p+b in contradiction
to assumption (4.29). O
Now let us consider two undirected point X -rays and extend Theorem 4.1.3 to
that case.

Corollary 4.1.5 Let p1,ps € Z? be two distinct lattice points, let F C Z? be a
convex lattice set and let b € Z2\{0}. If

X F = Xp10F = X, (F —b) for k=1,2, (4.30)
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we conclude that F C t+R - (py — py1) for some t € Z2.

Proof

Let 1 :=p1 +R-(pa — p1) be that line which passes through both lattice points p;
and py. Let us assume that F\(t+1) # 0 for every translation vector t € Z? and
let us choose that line h & {p1 +R-b,ps +R-b} which passes through one of the
points p1+%b, pg—k%b and some lattice point x € F' so that the angle between the
line h and the line | gets minimal. Notice, that the lattice set F\(px + R -b) is
symmetric with respect to the point pi + %b fork =1,2, compare Theorem 4.1.5.
Thus, the line h contains pairs of points which are symmetric with respect to
the point p1 + %b resp. with respect to the point ps + %b. Therefore, as the lines
h and | are not parallel, we can always find another line h' passing through the
point pa + %b, if the line h passes through the point p1 + %b (and vice versa),
and one of those pairwise points (that one which has larger distance to the point
po+ %b resp. to the point p1 + %b) so that hO W' NF # (0 and the line h' encloses
a smaller angle with the line | in contradiction to the choice of the line h, see

Figure 4.4. ]
h
\
h/
b
l S~
n
h
b \
\
> y I
-
\ ““s
I —o—3 5.
I : iz

Figure 4.4: The line h enclosing the smallest angle with the line [ and the
construction of the line b’/

Remark 4.1.6 Because of Corollary 4.1.5 and Lemma 4.1.2 three noncollinear
point X-ray sources uniquely determine the translated position of any convex
lattice set F' C Z2.
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4.1.2 Lattice rotations and reflections

Now let us consider lattice rotations and lattice reflections.

The next two lemmata are concerned with the Euclidean transformation
t: 7% — 7% t(x) := —Ix + b for some b € Z* and both undirected and di-
rected X-rays.

Lemma 4.1.7 Let p € Z? be a lattice point and let F C Z? be some lattice set.
Then there exists an Euclidean transformation t : 72 — 72 so that the lattice
set F' and the lattice set t(F) have equal (undirected) X -ray values within the
lattice point p.

Proof

Because of t —p=—(p—x) = —[(2-p — ) — p| the Euclidean transformation
t: 7% — 72 defined by

t(x):=—I(zr—p)+p=2-p—x (4.31)
implies the assertion. O

Lemma 4.1.8 Let p € Z? be some lattice point and let the Euclidean transfor-
mation t : 72 — 72 be defined by t(z) := —Ix + b for some b € Z*. For any
lattice set F' = F| U Fy C Z? satisfying

1
Fy =b— Fy (i. e. Fy is symmetric with respect to the point §b)’ (4.32)

Fy Clp,b—p| (4.33)
we get that
D,F = Dyt(F). (4.34)

On the other hand, if the lattice set F is convex and fulfills condition (4.34),
then the lattice set F' is given by F = F} U Fy satisfying (4.32)-(4.32).

Proof

According to Lemma 4.1.2 we calculate that

Dyt(F)(u) = D 41— F(A'u) = Dy F(—u) (4.35)

for t(x) := —Ix +b, i. e. for A:= —I. Therefore, the lattice sets Iy, Fy and
thus also the lattice set F = Fy U Fy fulfill (4.54).

For the second assertion let us assume that the lattice set F' is convexr and
fulfills condition (4.34). Using (4.35) the lattice sets F' := F\(]p,b — p[) and
G = t(F) have the same X-ray values within the lattice points p and b — p.
Notice, that condition (4.34) and the convezity of the lattice set F' imply that
(FAG)N(p+R-(b—2-p) = 0. Thus, if FAG # 0 we can use the same
arguments as in Theorem 4.1.8 for the lattice point b — p instead of the lattice
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point p — b and we again result in contradition to the convexity assumption on
the lattice set F', compare Figure 4.2:

As directed X -rays are considered, we can treat FAG on each side of the line
l:=p+R-(b—2-p) separately. Thus, the lattice points vy, vy and v3 also
have to lie on the same side of the line | in the now considered case and some
lattice point vy exists on the other side by using the symmetry of the lattice set
FAG. O
The directed point X-ray within o single lattice point cannot determine the
rotation or reflection of a convex lattice set in general.

Lemma 4.1.9 Let p € Z? be a lattice point and let A € Sym({—1, +1}>)\{*I}
be some matrixz within the symmetric group

Sym({—1,+1}?) :=< ( (1) _2 ) , ( 2 _(1) > > (4.36)

of the square {—1,+1}2 C Z2. Then there exist a convez lattice set F € Z* and
some b € Z* so that

D,F = D,t(F) (4.37)

for the Euclidean transformation t : 72 — 72, t(x) := Az + b, but F # t(F).
Moreover, the lattice points within the lattice set FAt(F') are not located on the
linep+R- (A Y(p—b) —p).

Proof

Let us assume that p = (0,0).

1. In the case of reflection let the matriz A be given without loss of generality

by
-1 0
(1) w

and let us define the lattice sets Fy, Fy by

Fy = {(30,30), (—45, 35), (24, 84)}, (4.39)
Fy = {(—30,30), (45, 35), (—24,84)} (4.40)

having the same projection values within the lattice points p1 = (—60,0)
and py = (60,0) for symmetric lattice directions ui, us := A~ uy. Thus,
we calculate for the lattice set F' and the Fuclidean transformation
t: 7% — 7?2 defined by

F = (60,0) + COHV(Fl U FQ)\Fl, (4.41)
t(z) :== Az +b for b:= —A(120,0)T (4.42)
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that
D(0,0)F (1) = D120,0)F (A~ ) (4.43)
& Do) F(u) = Dp-1(_pF(A™ ) (4.44)
< Do,0)F (1) = D(0,0)t(F)(u) (4.45)

and that FAt(F) = (60,0) + (Fy U Fy) € R - (120,0).

2. In the case of rotation let us consider without loss of generality the matrix

0 1
() »

Let the convez lattice set F' and the Euclidean transformation t : 72 — 72
be defined by

Fo={(2,1),(2,2)}, (4.47)
t(x) := Az + b for b:= —A(3,0)T. (4.48)

We calculate that

Doy F(u) = D_s-1, (A~ u) = Dy o)t (F)(u), (4.49)

OG- ()
G-l

but FAL(F) = {(2,1),(2,2)}A{(1,1), (2, 1)} = {(1,1),(2,2)} £ R- (3,0).

as

O
The following two lemmata consider the case of two point X -ray sources and
reflections t : 72 — 72 t(x) := Az + b specified by A € Sym({—1,+1}?) and
b1l {z € R}Az = z}.

Lemma 4.1.10 Let F C Z2 be a convex lattice set and let the Euclidean trans-
formation t : 7> — 72 be defined by

t(x)::<_(1) ?)xﬂi(é) (4.52)

for d € Z. There exist two distinct point X -ray sources p1,ps € Z* so that the
position of the lattice set t(F\(R - e1)) is uniquely determined by its directed
point X -rays with respect to the lattice points p1,po.
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Proof
Let us define py := (0,0) and py := (1,0). According to Lemma 4.1.2 we have
to examine whether it is possible that

Dy, F(u) = DP4F(A_IU)’ (4.53)
Dy, F(u) = Dy, F(A™ u) (4.54)

for some lattice set F' satisfying t(F') # F and ps := (a,0), ps := (a + 1,0) for
some a :=d — 1.

In the case that p; # p; for i # j we have to consider four distinct lattice points
p1,p2,ps and py. Thus, we make use of Corollary 6.6 in [45], which states
that the undirected (instead of directed) X -ray values of a set of four lattice
points within the lattice set Z? incident to one line uniquely determine the set
of convezx lattice sets which do not meet that line, if there is no ordering of the
four lattice points so that their cross ratio is equal to 2,3 or 4.

Therefore, let us calculate the cross ratio

det 0 a det Latl
11 1 1 o2
[p1, D2, 3, pa] = ; ; . = 57 (4.55)
det at det “
1 1 1 1

of the four lattice points p1, pa, p3 and py for a fized ordering and examine the

case of equality to some value within the set

1 1 1 k
Si={k,-1-k1—— ——, ——|k 2,3,4}1} = 4.56
1= k1= 3 ok € {2,3,4}) (456)
1 1 2 13 1 3 14
={2,=,-1:3,=,-2, 2, -2, 2.4 - -3 = _ 4.
{ 727 73737 737 272) 747 3747 373}7 ( 57)

see [20], Proposition 6.3.2. Because of

a? 1 1 [ b
pe b©a2 b@ a — (4.58)

the value a and therefore also the value d is not integral, if b € S\{%}
Therefore, we conclude by using Corollary 6.6 within [45] that equal directed
point X -rays within the lattice points pi,pe for the lattice sets F and t(F)
imply that t(F\(R-e1)) = F\(R-e1) if d € Z\{-1,0,1,2,3}.

Thus, it remains to treat the case that

p1 = (070)7p2 =P3 = (1,0),174 = (270) (459)
for d =2 (and similar for d =0), the case that

p1=p3=(0,0),p2 = ps = (1,0) (4.60)
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for d =1 and the case that
p1 = (0,0),p2 = (1,0),p3 = (2,0),ps = (3,0) (4.61)

for d = 3 (and similar for d = —1). In each case we can treat the lattice sets
Fn{xe > 0} and FN{xa < 0} separately, as we consider directed point X -rays.

1. In the case (4.59) we show in a first step that the lattice set
FN({0,1,2} xN) for any convez lattice set F C 72 is uniquely determined
by the directed point X -rays within the lattice points p1,ps = p3,Pa:

As the lattice set F is convex, we know that the points F' N {x1 = 0},
Fn{zy =1} and FN{x; = 2} lie consecutively on each corresponding
vertical line. Let us define the values

t; == max{0} U {xs|(i,z2) € FN{x2 > 0}} (4.62)

fori=20,1,2. We will show that tqg = to < ty:

If 0 < tg < to there exists a lattice point (1,0) + \(—1,t2) € F for some
A € N\{1} so that (0,t3) € conv{(1,0) + A(—1,t32),(2,t2), (0,%0)} N Z2,
which implies that (0,t2) € F in contradiction to the definition of the
value tg.

The convexity of the lattice set F' implies that if (0,tg = t2),(2,t2) € F
then also the lattice point (1,tg = t2) has to belong to the lattice set F'
and thus t1 > to = to.

To show fortg = ta # 0 orty # 0 that the values tg = to, t1 are determined
by the mazximal values Umax, Vmax which satisfy that

Dy, F(—1,u) = Dp, F(1,u) # 0, (4.63)
Dy, F(1,0) = Dy, F(—1,0) £0, (4.64)

let us assume that 0 < tg = to < Umax. 1Then there exist two lattice points

q1:=(1,0) + pq - (_Lumax) S (465)
qo = (1,0) + o - (Lumax) er (466)

for some py, po € N\{1} and
(0, Umax ) (2, Umax) € conviqi, g2, (0,t0), (2,12)} N Z2 (4.67)

in contradiction to the assumption that tg = to < Umax-
Similar convexity arguments work to show that the value v determines
the value t1, as

(1, vmax) € conv{(1,%1),(0,0) + u1 - (1, Umax),
(2’ 0) + 2 - (_1, Umax)} (4.68)
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for py, pe € N\{1} and t; < vpax.

In order to show that the complete lattice set F'N{xy > 0} is uniquely de-
termined by the X -rays with respect to the lattice points p1, ps = p3, pa, let
us assume that there exists a convex lattice set F' C 72 which is tomograph-
ically equivalent to the convex lattice set F' so that (FAF)N{xzy > 0} # 0.
Let us assume that (FAF)N{zy > 0yN{x1 > 2} # () and let us choose the
line g passing through the lattice point py = (2,0) and through the lattice
set FAFN{xg > 0}N{x1 > 2} which encloses the smallest angle with the
vertical line {x1 = 2}. Without loss of generality let us assume that the
lattice points py, v1 € F\F, vy € F\F lie in that order on the line g. Let
h be the line which passes through the lattice points p1 and ve. Because
of the tomographic equivalence of the lattice sets F' and F there exists a
further lattice point vz € F\F so that the lattice points p1,va,v3 lie in that
order on the line h. Notice, that because of (4.53)-(4.54) there exists some
lattice point vy € FN{xe >0} N{x; <0} so that va € conv{vy,vs,v4} in
contradiction to the convexity of the lattice set F'.

As we treat directed X -rays and as the lattice points p1, p2 = p3, ps are
neighboured on the line R - e1, uniqueness is also given for the lattice set
F n{zy = 0} because of (4.53)-(4.54) and the convexity of the lattice
set F'.

Similar arguments also work for the case (4.60).

2. For the case (4.61) let the values t; for i = 0,1,2,3 be defined as be-
fore in (4.62). If we assume that 0 < to < t3 the lattice point (0,t3)
lies within the triangle conv{(0,%g), (3,t3),(1,0) + X - (=1,t3)} for some
A € N\{1} in contradiction to the convexity of the lattice set F. If we
assume that 0 < t1 < to the lattice point (1,t9) lies within the triangle
conv{(1,t1),(2,t2),(2,0) + p- (—1,t2)} for some p € N\{1} in contradic-
tion to the convexity of the lattice set F' again. Further convexity argu-
ments then imply that tg = t3 < t1 = to.

The values tg = t3 and t; = to (if they are greater than 0) are specified in
the same manner as in the case (4.59) by the maximal arguments umax,
Umax Which satisfy

Dy F(=1,u) = Dy, F(1,u) #0, (4.69)

D,,F(1,v) = Dy, F(—1,v) # 0. (4.70)

By applying the further arguments already used for the case (4.59), we

conclude that also in the case (4.61) the lattice set FN{xy > 0} is uniquely
determined.

Altogether, by using Lemma 4.1.2 the lattice points p; = (0,0) and py = (1,0)

uniquely determine the location of the lattice set F\R - ey for any convez lattice
set ' C 72 after any reflection (4.52). O
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Lemma 4.1.11 Let F C Z2 be a convex lattice set and let the Euclidean trans-
formation t : Z?> — 72 be defined by

t(z)::<g é>x+d'<_1> (4.71)

for d € Z. There exist three distinct point X -ray sources pi,pa,q € Z? so that
the position of the lattice set t(F\(p1+R - (p2 —p1))) is uniquely determined by
its directed point X -rays with respect to the lattice points p1, p2 and q.

Proof

Let us define p1 := (0,1), pa := (1,0) and q := (1,1). Using the results of
Corollary 6.6 in [45] and the considerations within the proof of Lemma 4.1.10,
1t remains to look at the cases

P1 :(07 1)7])2 :p3:(170)7p4:(27_1)7 (4 72)
q1:=q=(1,1),q2 = (2,0),
p1=p3=(0,1),p2 = ps = (1,0),
4.73

{Q13ZQZQ2:(171) ()
p1 = (07 1)7])2 - (170)7]73 - (27 _1)7p4 - (37 _2)7 (4 74)
q1 ‘=4 = (17 1)7q2 - (37 _1)

Let the values t; be defined by
t; ;= max{0} U{A € N|p(i) + \- (1,1) € F'} (4.75)

for p(i) € {p1,p2,p3,P4,q1,q2} satisfying (p(i) +R-(1,1)) N (R-ey) = (4,0).

1. In the case (4.72) the same arguments as used in Lemma 4.1.10 help us
to show that t_1 = t3 < t1 and tg = to. The values t_1,...,ts (if they
are greater than 0) are determined by the mazimal arguments ubiax for
p € {p2 =p3,q1,q2} and v € {(1,0),(0,1)} which satisfy

Dy(v+u-(1,1)) £0 (4.76)

by using similar arguments as before. In particular, the values ufni;g(l’o),

(0,1 . (1,0 (0,1 .
ufﬁag( ) determine the value ty = to, the values ufﬁag( ), u?ﬁag( ) determine

the value t1, and the values u?ﬁ;&o’l), u?ﬁég’o) determine the value t_1 = t3.
The final considerations to show that the lattice set t(F\(p1 +R-(p2—p1)))

is uniquely determined are analogous to those in Lemma 4.1.10 before.

The case (4.73) is treated in the same manner.

2. In the case (4.74) we analogously conclude thatt_y = t5, to = t4. The val-
uest_1 = ts and tog = t4 are specified by the mazximal arguments Umax, Umax

satisfying
Dy ((0,1) +u-(1,1)) = Dg,((1,0) +u- (1,1)) # 0, (4.77)
D,,((0,1) +v-(1,1)) = Dp,((1,0) +v-(1,1)) #0 (4.78)
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as in Lemma 4.1.10.

Analogous to Lemma 4.1.10 we show that the lattice set
F\({p2 = (1,0),p3 = (2,—1),(2,0)} +R-(1,1)) is uniquely determined by
the directed point X -rays with respect to the lattice points p1,p2, ps3, P4, q1
and qo using the convexity of the lattice set F'.

Thus, let us finally assume that the lattice set FN({p2,ps3, (2,0)}xR-(1,1))
is not uniquely determined. In particular, let the lattice sets F' and F be
tomographically equivalent. Let g be that line which passes through the
lattice point py or the lattice point ps and the lattice set FAF enclosing
the smallest angle with the line po + R - (p3s — p2). Without loss of gener-
ality let us assume that the lattice points pa, v € F\F and vo € F\F
lie in that order on the line g. Thus, the line which passes through
the lattice points p1 and v1 also has to pass through some lattice point
vy € (F\F)N (p2 + R (1,1)). Therefore, we result in contradiction to
the choice of the line g, as the line incident to the lattice points ps and vs
encloses a smaller angle with the line pa + R - (p3 — p2).

0

Remark 4.1.12 As convex lattice sets are uniquely determined by four specific
point X-ray sources located on one line, see [45], the location of any convex
lattice set after any Fuclidean lattice transformation is also determined by those
points. But it is not clear if possibly three point X-ray sources are enough for
that purpose.
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4.2 Locating lattice sets by parallel X-rays

In the case of parallel X-rays the location of any translated lattice set is already
determined by two distinct lattice directions. Thus, let us immediately extend
our consideration to the class of Euclidean lattice transformations.

Lemma 4.2.1 Let F C Z? be a convexr lattice set and let A €
Sym({—1, +1}2)\{—1} be some matriz within the symmetric group of the square
{—1,+1}2 C Z%. There are two distinct lattice directions uy = (r1,s1),
ug = (o, 82) € Z2, ged(ry, si) = 1 so that F = t(F) is implied by

Xy, F = Xy, t(F) for k=1,2 (4.79)

for the Buclidean transformation t : Z2 — 72, t(x) := Ax + b, b € Z2.
In the case that A := —I and that ui,us,uz € Z> are three distinct lattice
directions there exist a lattice set F C 72 and some b € Z? so that

Xy F = Xy t(F) fork=1,2,3, (4.80)

but F' # t(F).

Proof

Let the lattice directions ui,ug be defined by uy = (1,2), ug := (1,3).Using
Lemma 4.1.2 and the results of [54] for A # £1I, we have to calculate the cross
ratio

det (u1,us) det (ug, uyg)
det (ug, us) det (uq,uyq)

w1, ug, uz, us] = (4.81)

for uy,us,ug := Auy,ug := Aus after rearranging in order of increasing angle
with the positive x-axis, see [20]. The cross ratio does not equal %, %,2,3 or 4

for any matriz A € Sym({—1,+1}*)\{*I}, as

A= ( -Lo ) = Aup = (—1,2), Aug = (—1,3)

01
25
= [U1,UQ,A’U,2,AU1] = ﬂa (482)
1 0
A= < 0 1 ) :>A’LL1:(1,—2),A’LL2:(1,—3)
25
= [U1,UQ,A’U,2,AU1] - ﬁa (483)
0 —1
A= < N ) = Auy = (~2,1), Aup = (~3,1)
50
= [u1,ug, Auy, Aug] = (4.84)

4_97
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A= < 01 ) — Auy = (2,—1), Aus = (3,—1)

-1 0
50
= [Ul,Ug,A’U,l,AUg] = 4_97 (485)
0 1
A= < 10 ) = Aup = (2,1), Aug = (3,1)
25
= [AUQ,AU1,U1,U2] - ﬁ’ (486)
0 —1
4 ( 10 ) = Auy = (=2, —1), Aup = (=3, 1)
25
= [U1,UQ,A7,L2,AU1,] = ﬂ (487)

Thus, the first part of the assertion is implied by [54].

Let the lattice set Iy U Fy be given by the vertex set of the lattice U-polygon with
respect to the lattice directions uy,us,uz € Z2, see [54], so that no two vertices
within the lattice set Fy resp. within the lattice set Fy are neighboured. Let the
conveg lattice set F and the Euclidean transformation t : Z2 — 72 be defined by

F := (conv(Fy U Fy) N Z3)\ F, (4.88)
t(z) =Tz +2-b (4.89)

for the center b of the convex lattice set conv(Fy U Fy). As the lattice sets F1,
Fy are tomographically equivalent, it yields that

Xy F = Xy t(F) for k=1,2,3, (4.90)

but t(F)AF = F; U Fy because of the definition of the lattice sets Fy, Fy
and F. 0

Remark 4.2.2 According to [54] any set of four distinct lattice directions with
cross ratio not equal to %, %, 2,3 or 4 uniquely determines the class of convex
lattice sets. Thus, also the lattice motions of a convex lattice set F' C Z? are
uniquely determined by those four lattice directions.
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Chapter 5

Characterizing small error
values

According to [7], [5] and [3] we know that small error within the X-ray values
can cause large changes within the original data and that the smallest right
hand side difference for two finite lattice sets I, F» C Z? of same cardinality
and m distinct X-ray directions is given by 2(m — 1).

In the following we will take a closer look at the right hand side data. We
are interested in possible combinations of directions on which different X-ray
values can occur for two finite lattice sets Fi, Fy C Z? of same cardinality.
Furthermore, we want to detect some characteristics arising within the error
values.

That information possibly helps us to decide which templates can be rejected on
the basis of its X-ray data within the quality control in semiconductor industry.
To guarantee stability for any quality control algorithm, let us assume that
no admissible template is rejected within the quality control in semiconductor
industry. Then using Bayes decision theory (see for example [43]) the perfor-
mance of any control algorithm is characterized by the conditional probability
of rejecting a nonadmissible template. Therefore, in order to optimize the per-
formance of the algorithm by suitable rejection rules, we have to characterize
possible right hand side differences for global assertions resp. possible right
hand side differences according to an a priori known reference template for
local assertions.

For further purpose let us define the error partition of two finite lattice sets
F\,Fy C Z?, which describes the partitioning of the complete right hand side
error o || Xy F1 — X, F3||1 on the lattice directions within the direction set S.

Definition 5.0.1 (error partition)

Let Fy,Fy C Z? be two finite lattice sets and let S = {(r1,51), ..., (Tm,5m)} C
7Z2\{0} be a set of distinct lattice directions satisfying gcd(r;,s;) = 1 for
i =1,...,m. The error partition part(Fy, Fy) of the lattice sets Iy and F»

155
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with respect to the set S of lattice directions is defined by

part(Fy, Fy) := (5.1)
(HX(Tilvsil)Fl - X(Tilvsil)F2H1’ e HX(TZm 7Sim)F1 B X(Ti7rlvsi7rL)F2"1)
so that ||X(n] ,Sz‘j)Fl - X(Tz‘j 75z‘j)F2||1 > ||X(Tij+1’5ij+1)F1 — X(Tij+1’sij+1)F2||1 for

j=1,...,m—1.

5.1 The case of m = 3 X-ray directions

First of all let us consider the application of m = 3 X-ray directions. We will
differentiate between the case that exactly one of the directions is afflicted with
error and the case that two directions are afflicted with error.

5.1.1 Error values arising in one direction

In the case of m = 3 X-ray directions the location of the error values is char-
acterized by the following lemma, if the error values arise in exactly one of the
directions.

Lemma 5.1.1 Let Fy, I, C Z? be two finite lattice sets of same cardinality so
that

1 X1 — Xl = I Xq0f1 — Xa0 2l =0, (5:2)

[ Xy Fr — X Felh = 4. (5.3)
Then the nonzero values of the difference vector Xy 1)F1 — X(1,1)F2 are ordered
either by

1,-1,-1,1 (resp. —1,1,1,—1) (5.4)
or by

1,—2,1 (resp. —1,2,—1). (5.5)

In each case the distances between the first two and the last two error lines
defined by the number of lines which have to be passed from one line to the
other one are equal.

Proof

Because of (5.2) the signed lattice set Fo— Fy can be written as an integral linear
combination of elementary switching components with respect to the horizontal
and the vertical direction, each of which is represented by the polynomial

Dsw(,y) = (x —1)(y — 1) (5.6)
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o o -1 42 -1
fJ 0
ST

Figure 5.1: Elementary switching component according to horizontal and ver-
tical directions and its diagonal line sums

up to translation. The diagonal projection values along direction (1,1) are given
by

Psw(2) = Dsw(x = 2,y = z_l) = 24221 =

=21 (z—-1)% (5.7)

1. e. monzero line sum values are located on neighboured lines as indicated by the
difference 1 between the exponents within the polynomial ps, and have values
—1, +2, —1, see Figure 5.1.

Because of (5.3) the diagonal projection values of the signed lattice set Fy — Fy
are represented by the polynomial

p(z) = 2% + 292 — 2% — ™ (5.8)

for ai,a2,a3,a4 € N without loss of generality and a; # a; for i € {1,2},
Jj €4{3,4}. We calculate that

Pswlp (5.9)
— (z —1)|sgn(a; — ag)z™n@va)(Gla—asl=1 4 4 q)
+sgn(ag — ag)zZ™n@2:00) (Glazmaal=1 oy oy ) (5.10)
< sgn(a; — as)|a; — ag| + sgn(az — aq)|ag — ag| =0
by setting z =1 (5.11)
< sgn(a; — ag)sgn(az — ayq) = —1 and |ay; — as| = |ag — a4] (5.12)

as a1 — ag,as — aq # 0.
Thus, the polynomaial p is given by
p(z) = £25(2070 — 20 — 22 4 1) (5.13)

for a:=lay —a3| = |ag — a4, b:=|a; —as| > 0 and ¢ := min;—; 4 a;. O
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Remark 5.1.2 The assertion of Lemma 5.1.1 can be generalized to any set of
m = 3 X-ray directions and one faulty direction:

Without loss of generality the horizontal and the vertical direction belong to
the set of X-ray directions and the lines in those directions are not afflicted
with error by applying a nonsingular transformation if necessary, see for exam-
ple [73], Chapter 2. The diagonal projection values of an elementary switching
component with respect to the horizontal and the vertical direction along the
third lattice direction (rs,ss) with r3,s3 > 0 without loss of generality (the
other case is similarly treated) are represented by

(27— 1) = 1) = —2 9z = 1% (5 o L 1) 1),
(5.14)

i. e. a multiple of the polynomial (z — 1)2. That is the case as the value
J— 2= %( jrs —is3) describes the ordinate distance for the line incident to
any lattice point (7, j) and thus the value jrs—iss gives the distance of the lattice
point (4, j) to the line incident to the lattice point (0,0), as ged(rs, s3) = 1.

Remark 5.1.3 Analogous to Lemma 5.1.1 let us now assume that an error of
value 6 occurs in direction (1,1) and is represented by the polynomial

p(z) — 01 4 02 | A3 _ a4 _ 05 _ 06 (515)

for ai,...,a6 € Ng and a; # a; for i € {1,2,3}, j € {4,5,6}. We calculate that

3

Psw|p = Z sgn(a; — agyi)la; — asyi| =0, (5.16)
i=1

which implies that

£ p(2) = (70— 1) =2 - 1) =20 - 1) = (5.17)
— Za-l—b _ Za+C _ Zb+d + ZC + Zd —1 —+ Zb — Zb = (518)
_ (Za-l-b o za+C _ Zb + zC) _ (Zb+d — Zb — Zd + 1) (519)

for a,b,c,d,e € Z, a,b > 0 so that none of the monomials within (5.17) is
canceled. In particular, the representation of the error values can be expressed
by the sum of two polynomials each representing an error of value 4, see (5.19).

5.1.2 Error values arising in two directions

The following lemma characterizes the location of the error values in the case
of m = 3 X-ray directions and two directions afflicted with error. The results
for one afflicted direction above will help us to prove the following assertion.
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Lemma 5.1.4 Let Fy, F5 C Z? be two finite lattice sets of same cardinality so
that

X0, F1 — Xy Pl = | X1 — Xanfell =2, (5.20)
[ X (1,081 — X0 F2/[1 = 0. (5.21)

Then the signed lattice set F1—Fy is tomographically equivalent to two differently
signed lattice points (the intersection points of the (+1)- resp. the (—1)-error
lines), which lie on the same horizontal line.

Proof

In order to reduce the described situation to the case in Lemma 5.1.1, let us add
two signed lattice points which are located on the same horizontal line, but not
on any diagonal error line and cancel the vertical error values, see Figure 5.2.

Figure 5.2: Shifting the vertical error in direction (1,1)

Applying the knowledge of Lemma 5.1.1 to the modified situation, we see that
the added lattice points can be shifted in vertical direction so that both signed
lattice points also lie on the diagonal error lines and thus cancel any kind of
error. ]

Remark 5.1.5 The assertion of Lemma 5.1.4 can be generalized to any set of
m = 3 X-ray directions by similar arguments as in Remark 5.1.2 again.
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5.2 The case of m =4 X-ray directions

The results above for m = 3 X-ray directions help us to make some assertions
for the case of m = 4 X-ray directions. Let us assume that the direction set is
given by S = {(0,1),(1,0),(1,1),(1,—1)}, i. e. we consider horizontal, vertical
and diagonal projections. In the following we examine the case of error value
2(m — 1) = 6 by treating all possible error partitions separately.

5.2.1 The case part(F, I,) = (6,0,0,0)

After applying an orthogonal transformation if necessary, error occurs along
direction (1,1) and is represented according to Remark 5.1.3 by

qi(z) = (2270 — 1) — 2°(2* — 1) — 292> — 1) (5.22)
or by
@z) =2z — 1) — (22— 1) — 24P = 1) (5.23)

for a,b,c,d € Ny without loss of generality and a,b > 0 so that none of the
monomials is canceled.

The signed lattice set F» — F} is represented by an integral linear combination
of elementary switching components with respect to the directions (1,0), (0, 1)
and (1,—1), each of which is represented by the polynomial

Psw(t,y) = (@ =Dy - D@ —y) =y’ +a+a’y —y—ay® -2 (5.24)
up to translation. The projection values along direction (1,1) are given by

Psw(2) = Psw(@ =2,y =27 ) = =272 (2" =22 +22 - 1) = (5.25)
=22 (2 -2+ 1) -1)=—22- (213 +1). (526)

We calculate that

Psw|q1 (5.27)
= (2= 1)+ D) -2 o+ ) = =D 1) (5.28)
— (z-1)(z+1)] (5.29)
2 DT e ) = (T DR 4 1)
ifb>c
=2 e DT e ) = (T (T 4 D)
ifec>b
(5.30)
(b—c)a=0bd by setting z =1
— 2|b or 2|d = 2|a or 2|(b — ¢), . B (5.31)
{ ocd(2,bd) = 1 — ged(2,a(b— ) —1 ¥ Sotting z=—1

— (b—ca=0bd (5.32)
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and analogously that
Psw|qa = a(b+¢) = b(d — ¢). (5.33)

Lemma 5.2.1 Let Fy, Fy be two finite lattice sets of same cardinality and
of error partition part(Fy, Fy) = (6,0,0,0) with respect to the direction set
S = {(0,1),(1,0),(1,1),(1,—=1)}. Let the error values along direction (1,1) be
represented by the polynomial

q(z) = (22— 1) — 2520 — 1) = 2b7¢(2" = 1) = (5.34)
= 22 e pPe g ey be (5.35)

forb>b—c > 0. There are two finite lattice sets Fy, Fy of same cardinality so
that |Fy — Fy| = 6 and the signed lattice set F| — I has the same X -ray data
as the signed lattice set Iy — Fb.

The same is true if the error values along direction (1,1) are represented by the
polynomial

@z) =222 —1) — (2P —1) = 2T2P - 1) (5.36)

forb+2c>b>0.
Proof
Let the lattice sets Fy, Fy be defined by

Fy = {(i,§) € Z%| coeff; j(pp,) = 1}, (5.37)

By = {(i,j) € 7?| coeff; j(pz,) = 1} (5.38)
for the polynomials

g, () =y + 2+ 2"y, (5.39)
P, (@, y) ==y + 2y’ + 2, (5.40)

see Figure 5.3 for illustration.

Figure 5.3: Signed lattice set Fy — F} for q1(z) = (2'10—1)—22(2°—1) = 23(2° —1)
and pp, (z,y) =y° + 2% + 2°y°, pg (x,y) =y* + 2°y° + 2°
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We calculate that

(P, —pp)(@=2y=2)= (s —prp)lr=1ly=2 =

= (pp, —Pp)(@=2y=1)=0, (5.41)
(P, —pp)@=2y=2"") = +2"+2") - (a7 + 2+ ") =
= 270q1(2). (5.42)

Thus, the lattice sets Fy, Fy with respect to the assertion of the lemma are given
by the lattice sets Fy, Fy up to some translation.

For the second case we define the lattice sets Fy, Fy by (5.37)-(5.38) for the
polynomials

pp (2,y) ==y + 2yt + 2Pt (5.43)
pp, (2, y) = Yoo a4 abteye, (5.44)
U

The following lemma shows that the error representations (5.34), (5.36) are
also necessary for the assertion within the lemma before.

Lemma 5.2.2 Let Fy,Fy C Z? be two finite lattice sets of same cardinality,
of error partition part(Fy, Fy) = (6,0,0,0) with respect to the direction set
S = {(0,1),(1,0),(1,1),(1,—1)} and with error along direction (1,1). There
are two finite lattice sets Fy, Fy C 72 of cardinality 3 so that the signed lattice
sets Fy — Fy and Fy — Fy are tomographically equivalent if and only if the
error along direction (1,1) is represented by (5.34) resp. by (5.36) up to some
translation.

Proof

Because of Lemma 5.2.1 it is left to show that the error along direction (1,1)
is always represented by (5.34) resp. by (5.36) for two lattice sets Fy, Fy of
cardinality 3 which are tomographically equivalent with respect to the direction
set S =1{(0,1),(1,0),(—1,1)}.

For that purpose let us assume that (0,0) € Fy and (A,0), (0, B), (C,—C) € F,
(or vice versa) for A,B,C # 0 and C # A,C # —B, as otherwise the switch-
ing component with respect to the direction set {(1,0),(0,1),(1,—1)} cannot be
closed by the remaining two lattice points within the lattice set Fy, for illustra-
tion see Figure 5.4.

Let us intersect the horizontal and the vertical line passing through the lat-
tice point (C,—C) with the diagonal lines passing through the lattice points
(A,0),(0,B). The case

(0,B) + A(1,—1) = (C,...) & A =C, (5.45)
(A,0)+p(l,-1)=(...,-C)eu=C (5.46)
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Figure 5.4: The lattice sets Fy, Fy satisfying |Fy| = |Fy| for part(Fy, Fy) =

(6,0,0,0)

implies that Fy = {(0,0),(C,B — C),(A+ C,—C)}. But as
{(C,B-0C),(A+C,—C)}N((A,0)+R-(0,1)) =0 (5.47)

for A+ C and C # 0, the lattice set Fy is not tomographically equivalent to the
lattice set F5.

The case
(0,B)+A1,-1)=(...,—C)= AX=B+C, (5.48)
(A,0) +pu(l,-1)=(C,...) epu=C-A (5.49)

implies that Fy = {(0,0), (B+C,—C),(C,A—C)}. As we have to demand that

(B+C,—C) € (A,0) +R - (0,1), (5.50)
(C,A—C)e (0,B)+R-(1,0), (5.51)

we conclude that
A=DB+C. (5.52)

Therefore, the signed lattice set Fy — Fy is represented by the polynomial

(s, — Ppy) (@) = 2 + 4P + 20y — 1 - 2B+C

=1+t +yB 424 ByB-A _ A

—C _ ,C A=C _

Yy Yy
yB=A — g A-ByB (5.53)

and the error values along direction (1,1) by the polynomial

PE, —pﬁl(w:z,y:z_l) = (5.54)
= 1424478424728 2A-B_ A28 _ (5.55)

= (248 1) —ARAT B 1) — 2 B4 B ). (5.56)

]

5.2.2 The case part(F}, Fy) = (4,2,0,0)

The case part(Fy, Fy) = (4,2,0,0) is not possible as part(Fy, Fy) = (2,0,0) does
not occur for m = 3 lattice directions, see [6], [3].
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5.2.3 The case part(F, I,) = (2,2,2,0)

By considering triples of directions each of error partition part(Fy, F») = (2,2,0)
the distances x1, xo and xg between the parallel error lines along each of the three
directions afflicted with error are implied to be equal, see Figure 5.5. Therefore,
as indicated in Figure 5.5 on the right hand side, the error values along the
horizontal and the vertical direction can be shifted to direction (1,1) (or to di-
rection (1,—1)) by two signed lattice points, which are the intersection points
of the horizontal and the vertical (+1)-error lines resp. (—1)-error lines. The
X-ray data along direction (1, —1) (resp. along direction (1,1)) are not changed
by that procedure. Because of [6], [3] the smallest error value for m =4 X-ray
directions is equal to the value 2(m — 1) = 6. Thus, the inserted signed lattice
points also have to lie on the diagonal error lines.

1 0 0 +1
+1 —1 1
+1 £ -1
e
7
e
1 .
7’
. i
7 e
4 7
7 e
4 e
—& 0
7
' e
#1 ,
4
l Ty ’
4
1 , 0
'

Figure 5.5: Shifting the horizontal and the vertical error in direction (1,1)



5.3. REJECTING LATTICE SETS 165

5.3 Rejecting lattice sets

In the following we are interested in the question whether an unknown template
F C 7% can be algorithmically rejected with respect to a reference template
Fy C Z2 on the basis of its X -ray data br along the directions (1,0), (0,1),(1,1)
for m = 3 resp. along the directions (1,0), (0,1),(1,1),(1,—1) form =4 X-ray
directions, i. e. whether the difference vector bp, — bp of the right hand side
data implies a large symmetric difference FAFy for the templates F' and Fy.

5.3.1 The case m = 3 and error partition part(F, Fy) = (4,0,0)

If the error values bp, — bp are represented up to translation by the polynomial
p(z) — Za-l—b_

we have to decide whether the case

2¢—2 41 fora,b > 0 and the error lines are denoted by 11, 1o, 3, 14,

4
(!E,y),(!ﬂ _a7y+b) € FO N (Ull) and (:E - avy)7($7y+b) 7é FO (557)
i=1
or the case
4
(!E,y),(!ﬂ - b7y+a) € FO N (Ull) and (:E - b,y),(x,y—l—a) 7é FO (558)
i=1

is possible for some (x,y) € Z2.

Figure 5.6: Error rejection for m = 3 and error partition part(F, Fy) =(4,0,0)

Otherwise, the template F' can be rejected on the basis of its X -ray data bp with
respect to an error tolerance |FAFy| up to the value 5.

5.3.2 The case m = 3 and error partition part(F, [,) = (2,2,0)

If the intersection point Si of the (+1)-error lines lies within the set Fy, but
not the intersection point Sy of the (—1)-error lines, the template F' cannot be
rejected with respect to an error tolerance of value 2.

Let us examine the situation that the lattice set F C 72 satisfies |FAFy| = 4 in
the following.
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Lemma 5.3.1 Let the error partition of two finite lattice sets F,Fy C Z? be
given by part(F, Fy) = (2,2,0) and let the horizontal direction not be afflicted
with error. Let S1 = (zs,,ys,) denote the intersection point of the (+1)-error
lines and Sy = (xs,,Ys,) the intersection point of the (—1)-error lines so that
ys, = Ys, according to Lemma 5.1.4 and a :=zg, —xg, > 0.

There exists a lattice set F C Z? which is tomographically equivalent to the
lattice set F' and satisfies |FAFy| = 4 if and only if

(xS1 - b7 Yys; — b)7 (955‘17%‘1 —a— b) € F07 (5 59)
(xS1 +aay51 _b)a(m51 _bayS1 _a’_b) #FO

or
(zs,,ys, +b), (x5, +a+b,ys, +a+b) e F, (5.60)
(xs, +a,ys, +a+b),(xs, +a+bys, +b)# Fy '

for b e Z\{0},b > —a.

Proof

The signed lattice sets in (5.59) resp. in (5.60) fit to the error lines. Therefore,
it remains to show that all signed lattice sets of cardinality 4 which fit to the
error lines are given by (5.59) and (5.60).

Because of the error partition, the four lattice points of the signed lattice set
F — Fy lie on two horizontal lines and one pair of lattice points additionally on
the same vertical, another pair of lattice points on the same diagonal line. The
possible cases are illustrated in Figure 5.7, in which the first case is described
by (5.59) for b > 0, the second case by (5.60) for b > 0, and the third case both

by (5.60) for —a < b= —by <0 and by (5.59) for —a < b= —by <O0. O
s¥-2 _/s2
g
b U
s a
o o / S2

bl
Pat b /T /T/
§la S2

Figure 5.7: Error rejection for m = 3 and error partition part(F, Fy) = (2,2,0)

5.3.3 The case m = 4 and error partition part(F, Fy) = (6,0,0,0)

In the proof of Lemma 5.2.2 all signed lattice sets of cardinality 6 are charac-
terized. Therefore, if either the case of cardinality 6 is excluded at all by the
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error representation or it does not occur that all elements within any signed
lattice set in Lemma 5.2.2 which lie on the (+1)-error lines and none of those
lattice points which lie on the (—1)-error lines belong to the lattice set Fy, the
template F can be rejected on the basis of its X-ray data with respect to an
error tolerance |FAFy| up to the value 7.

5.3.4 The case m =4 and error partition part(F, Fy) = (2,2,2,0)

We already know that the template F can be rejected on the basis of its
X-ray data with respect to an error tolerance up to the value 3, if the inter-
section point Sy of the (4+1)-error lines does not belong to the lattice set Fy or
the intersection point Sz of the (—1)-error lines belongs to the lattice set Fy.
The next theorem extends the rejection possibility to an error tolerance up to
the value 7.

Theorem 5.3.2

Let the error partition of two finite lattice sets F, Fy C Z? of same cardinality
be given by part(F, Fy) = (2,2,2,0) and let direction (1,—1) be not afflicted
with error. Without loss of generality let us assume that the intersection point
of the (+1)-error lines is given by S1 = (0,1) and the intersection point of the
(—1)-error lines by Sz = (1,0).

If the case

51 e Fy and 52 Qé Fy (561)

and the case

{<Q1+041+u2+w42+anefb (5.62)

(1+,0), 2+t 1+1),(1,2+1) ¢ Fy

for t € R\{0} are excluded, the template F' can be rejected on the basis of its
X-ray data with respect to an error tolerance up to the value 7.

Proof

To exclude the situation (5.61) let us assume that the lattice point Sy does not
belong to any signed lattice set with respect to the X-ray data bg, —br. Thus,
let the lattice point (0,1+t) belong to the signed lattice set for some t # 0. As
direction (1,—1) is not afflicted with error, we conclude that the lattice point
(1,t), the lattice point (14 %, L) or the lattice point (1 + ¢,0) also belongs to
the signed lattice set.

1. In the first case horizontal and after that vertical line sum conditions
imply that the lattice points

2+t 1+1),(t—1,t),(2+1¢1),(—1,0) (5.63)
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also belong to the signed lattice set, see Figure 5.8, which is represented
by the polynomial

t—1

Qt(w,y) _ +y1+t _ I'yt o x?—l—tyl—i-t 4 .Z't_lyt 4 1’2+ty —r ’ (564)

but ¢4(z = z,y = 2) = — 32y 21 34t -1 — () jg satisfied if and
only ift = 0.

Figure 5.8: Error rejection for m = 4, error partition part(F, Fy) = (2,2,2,0)
and the lattice points (0,1 + t), (1,¢) belong to the signed lattice set

2. In the second case horizontal and after that vertical line sum conditions

imply that the signed lattice set is represented by the polynomial
qda;y)::y1+t——w1+%y%——1y1+t+-w_1+%y%-+14+%y——x_1+%,
(5.65)
see Figure 5.9, but we again calculate that q;(x = z,y = z) # 0 for t # 0.

+

Si

®--

Figure 5.9: Error rejection for m = 4, error partition part(F, Fy) = (2,2,2,0)
and the lattice points (0,1 + ), (1 + 5, &) belong to the signed lattice set
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3. In the third case successively applying the line sum conditions for di-
rection (1,1), direction (1,0), direction (1,—1) and direction (0,1), the
signed lattice set is represented by the polynomial

N 1+t 2+t 1+t 2+t 24+t 1+t 2+t
@lz,y) =y T —xyT Ty Ty T Ty,

(5.66)

see Figure 5.10. Thus, the case (5.62) has to be excluded for the possibility
of rejection.

S

Figure 5.10: Error rejection for m = 4, error partition part(F, Fy) = (2,2,2,0)
and the lattice points (0,1 +t), (1 +¢,0) belong to the signed lattice set
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Chapter 6

Instability within a finite
lattice set

Even small differences in the right hand side data possibly lead to large dis-
crepancy in the original data, see [7] and also compare the constructions for the
parallel case in Section 3.6.

But the constructions used to prove that assertion seem to be very sparse dis-
tributed. Thus, we want to construct instabilities within a finite lattice set with
respect to the four standard directions, i. e. the horizontal, the vertical and the
two diagonal lattice directions.

Lemma 6.0.1 Let G = {(i,j) € Z*|0 < i < 47,0 < j < 4n} be the finite lattice
set called reference area in the following and let the set S of lattice directions
be given by S = {(1,0),(0,1),(1,1),(1,—1)}. Then there are two lattice sets
By C G within the reference area G satisfying

o Fy, Fy are uniquely determined by their X -rays,
® > es || XuF1 — Xy Bl = 6,

o [N NF,=10,

o |[Fi|=|FR|=4n—1.

Proof
Let the polynomial g = g(x,y) and the lattice sets Fy, Fy C 72 be defined by

- ((xy)ﬁ B 1)(x2ﬁy72ﬁ —1) (6.1)
_[yzﬁ(l +ay 4+ (xy)ﬁfl) — a:y%(l +xy+---+ (I?JYPQ) - ygﬁil]_
" ()"~ 1),

Py = {(i,]) € Z°| coeff; ;(g) = +1}, 02

Fy = {(i,j) € Z*| coefl; ;(g) = —1}

171
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in dependence on the value n, i. e. the lattice set F1UF»U{(0,3n—1), (n,4n—1)}
corresponds to a switching component with respect to the horizontal and the
vertical direction and its translates in both direction (1,1) and direction (1,—1).
For dllustration look at Figure 6.1:

The red lattice points belong to the lattice set Fy, the blue ones to the lattice
set Fy. The additional lattice points (0,3n—1), (n,4n—1) to close the switching
component are black-coloured.
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Figure 6.1: The lattice sets Fi, Fo for n =4

The assertion of the lemma besides the uniqueness of the lattice sets Fy, Fs is
directly implied by the definition of the lattice sets Iy, Fy. Thus, let us concen-
trate on the uniqueness of the lattice sets Iy, Fs in the following:

First of all (0,2n) € Fy is determined because of the directions (0,1),(1,1),
(1,—1). (Notice, that the horizontal and the vertical line sum values restrict
our consideration to the reference area G. Taking the X -rays in direction (0,1)
and in direction (1,1) into account, the lattice point (0,27 — 1) could alterna-
tively belong to the lattice set Fy, but that is mot possible because of the line
sums in direction (1,—1).)

After that the X -ray data according to the directions (1,0), (1,1) and (1,—1)
help us to decide that the lattice point (2n + 1,0) belongs to the lattice set F.
Because of the directions (0,1), (1,1) and (1,0) we can fir 2n,n — 1) € Fy
next. Now we successively apply arguments which are similar to the argu-
ments for the lattice points (0,2n), (2n + 1,0) before, in order to determine
that the lattice points (1,2n+1),(2n+2,1),...,(k,2n+k), 2n+1+k, k), ...,
(n—2,3n—2),3n — 1,7 —2),(n — 1,30 — 1) belong to the lattice set F}.
Because of the line sum values according to the directions (0,1) and (1,1)
the lattice point (3n,n) belongs to the lattice set Fy, because of the directions
(1,0) and (1,1) we can fir (n + 1,3n) € Fy. Again, successively applying
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similar arguments to the lattice points (3n + 1,7 + 1),(n + 2,3n + 1),...,
(3n+k,n+k), (n+1+k,3n+k), ..., (4n—2,2n—2), (2n—1,4n—2), (4n—1,2n—1),
the complete lattice set Fy is uniquely determined.

Similar arguments also work to show the uniqueness of the lattice set Fy, as the
lattice sets Fy, Fy are symmetric. O
Now we try to get an even better lower bound for the largest appearing instability
with respect to the direction set S = {(1,0),(0,1),(1,1),(1,—1)} by the usage
of the following lemma and the remark afterwards.

Lemma 6.0.2 [t yields that

k—2 - k—1 k—2
d o Z @-Dy-1)=> (zp)' -z (xy) —y"" (6.4)
i=0 j=i =0 =0
for k> 2.
Proof
For k =2 we calculate that
0
a;ZZij—l —D=@-Hy—-)=ay—xz—y+1= (6.5)
=0 Jj=t

1
Z (zy)’ — azz (zy)* (6.6)
=0

Now we want to conclude from k to k+ 1:

(k+1)—2  (k+1)—
Z Z (x—1D(y—-1)= (6.7)
k=2 k-2 k—2
= 2y i —1)(y—1)+ Z diyF e — D)y — 1)+ (6.8)
i=0  j=i i=0
Py @ -y - 1) = (6.9)
k—l k—2
— —2 gl )y — 1)+ (6.10)
z:O 2=0
e R N (6.11)
(k+1)—1 (k+1)—2
= Y @y)i—a Y (wy) -yt (6.12)
i=0 i=0
O
Remark 6.0.3 Because of Lemma 6.0.2 we transform
k-2 k-2
Zwizyj(w— Dy —1)- ((zp)f =)z —y) = (6.13)
=0 j—i

=h-[((zy)* = )z —y)] (6.14)
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for
k—

1
hi=Y (zy) — xz zy)t — 7t (6.15)
1=0

The components z(zy)* - h, —y(zy)* - h, —z - h and y - h of the polynomial g do
not overlap for k > 4, as ((zy)* — 1) within (6.14) denotes a sufficiently large
shift in direction (1,1) and the components —x - h and y - h do not overlap if
Yoy ¢ {(ay)i)i = 0,... k — 1} U {x(zy)'i = 0,...,k — 2}, which is the
case if and only if k& ¢ {2,3}, for illustration see Figure 6.2.

Theorem 6.0.4

Let G = {(i,j) € Z*|0 < i < 2n + 1,0 < j < 2n + 1} denote the reference
area for n > 4 and let S := {(1,0),(0,1),(1,1),(1 — 1)} be the set of lattice
directions. Then there are two lattice sets Fy,Fo C G within the reference
area G satisfying

e [y, Fy are uniquely determined by their X-rays,
® > s [ XuFt — Xy Bl =6,

o F1NFy =1,

o |Fy| =|F| =4n— 1.

Proof
Let the polynomials g = g(x,%),g = g(z,y) and the lattice sets Fy, Fy C Z* be
defined by

= Z Z (z =Dy =1 ((zy)" = Dz —y), (6.16)
9 =g (@ )ﬁ - 1y", (6.17)
= {(i,j) € Z*| coeft; ;(g) = +1}, (6.18)

FQ = {(4,5) € Z*| coeff; ;(g) = —1} (6.19)

in dependence on the value n. For illustration of the lattice sets in the case
that n = 4 see Figure 6.2.

Because of the definition of the lattice sets Fy, Fo and because of Remark 6.0.3
it remains to show the uniqueness of the lattice set F5 as in Lemma 6.0.1. The
uniqueness of the lattice set F then implies the uniqueness of the symmetric
lattice set FY.

Taking step by step the line sums of the lines
Iy :={(i,j) € Z*|i = 0}, (
b= {(i,J) € Z’i +j =1}, (

Iy == {(i, ) € Z2j = 0}, (6.22
={(i.5) € 2%|i +j =2} (
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Figure 6.2: Instability for horizontal, vertical and diagonal directions, the lattice
set Fy is red-coloured, the lattice set F5 is blue-coloured

into account, we conclude that (1,0),(1,1) € Fy, but no further point incident
to the lines ly,...,l4 belongs to the lattice set Fy. For inductive purpose let us
define the lines

lps = 1(,5) € Z2i = p— 1}, (6.24)
lap—2 = {(6,5) € Z%li+ j = 2p — 1}, (6.25)
lip—1 = {(i,) € 2%|j = p— 1}, (6.26)
lap = {(i,5) € Z°|i + j = 2p} (6.27)
forp=2,...,n— 1. We want to conclude from p — 1 to p for p < n.
Because of the fact that the lattice points
(170)7 (17 1)7 ey (p - 1>p - 2)7 (p - 1>p - 1) € F2 (628)

are already determined, we can also fix (p,p — 1), (p,p) € Fy by taking a look
at the line sums of the lines lyp_3, ..., lsp in the mentioned order. To determine
(n,7 — 1) € Fy we additionally use the lines ly;_3 = {(i,j) € Z*|j = n — 1}
and lyn—o = {(i,7) € Z*)i + j = 2n — 1}.

Now let us define the lines lyz—1, . - . ,lanr3 by
l4ﬁ—1 = {(Zaj) € Zzh +] = 2ﬁ}a (629)
Liagrsr = {(i,5) € Z*i—j =1} forl = —1,...,2. (6.30)
The line sum values of the lines lyz_1,...,lsn+rs Imply that we can fix

B\{(n + 1,2n — 1)} C F,. After that the difference values within the
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X-rays of the lattice set Fo\{(n + 1,2n — 1)} and the lattice set Fs determine
the remaining lattice point (i + 1,2n — 1). O

Remark 6.0.5 If we define the density Mg of instability with respect to
the reference area G := {(i,7) € Z%|0 <i < n1,0 < j < ng} and the set S of m
distinct lattice directions by

B AF
Mg := max AR (6.31)
(F1,F2)eF  mning

for (Fy, Fy) € F if and only if
1. Iy, F5 are uniquely determined by their X-rays,
2. |F1| = |F3l,
3. iNF, =10,
4. Y es | XuF1 — Xy Fol|r = 2(m — 1),

then Theorem 6.0.4 shows that

M - 2(4n — 1) N 4
(000000 = Da i D2+ 1) i -ng

(6.32)

Remark 6.0.6 To show the uniqueness of the lattice sets F}, Fy in Theo-
rem 6.0.4, we have not actually used the binarity of the lattice sets. Thus, the
assertion can be extended to additive lattice sets as defined in [50] instead of
uniquely determined lattice sets.

Remark 6.0.7 The construction of the lattice sets Fi, F» in Theorem 6.0.4
can be generalized to any direction set S = {(1,0), (0,1), (r1,s1), (2, s2)} for
r1,79,81 > 0 and s < 0. For that purpose let us define the polynomials

g=g(x,y), h="h(x,y) by

k—1 k—2

b= (@my™) = Y @y = (™) (6.33)
i=0 1=0

g :=h-(("y*)F = 1)(z!™ — yb52) (6.34)

for some parameters k,l € N. By the choice of [ we have to guarantee that the

components
he((@y™)F = 1)t (6.35)
he ((@"y™)" = 1)(=y"*2) (6.36)

of the polynomial g do not overlap.



Chapter 7

Weaving patterns in discrete
tomography

In order to detect errors within templates in semiconductor industry, modelling
the conductor paths with weaving patterns is motivated by the following as-

sumptions:

e The conductor path must have both minimal width and height in order
to be permeable.

e The conductor path is assumed to have only horizontal and vertical changes

of direction.

e Moreover, the changes are assumed to arise only in prescribed distances,
the characteristic parameters of the weaving patterns.

177



178 CHAPTER 7. WEAVING PATTERNS IN DISCRETE TOMOGRAPHY

7.1 Preliminaries and definitions

We have to introduce what we are talking about if we say that we examine
weaving patterns as special underlying structure of the considered lattice set.
In order to define weaving patterns we use some definitions from coding theory.

Definition 7.1.1 (direct product of codes )

Let g be a prime number and let F, be the finite field with q elements. Let
v : (Fg)* — (F,)™ be an injective linear transformation and let d : F, x F, — Ny,
d(w,w’) == [{ilw; # w;}| define a metric on the vector space (Fy)", i. e.

1. d(w,w") =0 < w =w' (identity of indiscernibles),
2. d(w,w") = d(w',w) (symmetry),
3. d(w,w") + d(w",w") > d(w,w") (triangle inequality).

Then ~((F,)¥) is called a linear (n,k,d),-code with minimal distance
d:= minmw/@(mq)k)’w#w/ d(w, w’).

Let C; be a linear (n1, k1,d;)4-code and let Co be a linear (ng, ko, d2)4-code.
Then the linear (ning, kika, di1dy),-code

C1®Cy := {R € F;?*™| any row/column of R is a codeword in C1/Co} (7.1)

is called the direct product of the codes C1 and Cs.

Definition 7.1.2 (weaving patterns)

For q = 2 within the previous definition any element R € F3?*™ can be (canon-
ically) identified with a lattice set. If we speak of the set of weaving patterns
with row structure C; and column structure Cs, then we mean the set
C1 ® Cqy as set of lattice sets. Codewords in C1 ® Cy are also called weaving
patterns.

In the following we will restrict our considerations to regular p X g-weaving
patterns.

Definition 7.1.3 (regular p X g-weaving patterns)
Forpy,...,pr € NwedefineC(py,...,px) as the linear (Zle Diy k, ming<;<g pi)2-
code G(pu,...,pr)(F2)* with generator matrix

1y,
G(p1,...,pr) = (7.2)
1,

k

and 1,, :=(1,...,1) € F5".
The set C; ® Co is called a set of regular p x ¢-weaving patterns if
Ci1=C(p,...,p) and Co =C(q,...,q).
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7.2 Algebraic aspects of switching components

In [69] a complete characterization of switching components within finite lattice
sets is given. By taking the special structure of regular p X g-weaving patterns
into account we get adequate assertions for our case.

First of all we introduce some definitions already used in [69] as well as some
further or modified definitions.

Definition 7.2.1
1. Let (r,s) € Z*\{0} for ged(r,s) = 1 and r > 0. We define f(r,s)(%y) =
FOusrnss) (T, y) for

a,b 1
oy — 1, lfa,b 2 0
_ 7.3
f(a,b)($7y) { xa_y|b|7 jfaZO,b<0 ( )
and M\,s := lcm(m, m) > 0.

2. For a set S of lattice directions we define Fs by

FS(£)Z/) = H f(r,s)($7y) (7.4)

(r,s)eS

and F(u,v;S) by

F(u,U;S) (:Ev y) = xuvaS(gja y) (75)

3. We further define M, ,.s) by

p—1qg—1

M(uo,vo;S) (iv .7) = Coeﬁi,j(z Z F(uo+u,vo+v;5)) (76)
u=0 v=0

for plug, qlvo and (i, j) € Z2.

Remark 7.2.2 The parameter )\, is defined as the smallest parameter A which
fulfills p|A\r and ¢|As, the polynomial f(r,s) (z,y) describes the periodicity in
direction (r, s).

The product of the periodicities over all lattice directions within the set S
is described by the polynomial Fg(z,y), its translation in direction (u,v) by
F(u,v;S) (xa y) o

The value M, 4, 5)(2', Jj) represents the coefficient of 2'y? within the elementary
switching component with respect to the regular p x g-weaving pattern structure
which is characterized by (ug,vp).

Using the following lemma we will characterize switching components within
regular p x g-weaving patterns subsequent to the lemma.
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Lemma 7.2.3 Let (r,s) be a lattice direction. Assuming regular p X q-weaving
pattern structure, the function g : 7Z?> — 7 with finite support has zero line
sums along the lines in direction (r, s) if and only if f(r,s) (z,y) divides h(x,y) :=
> ijyeze 906 )x'y in Z[z, y).

Proof

For further considerations let us assume that the support of the function g lies
within the reference area

G=1{(i,j) € Z*|0 <i < ny,0 < j < na}. (7.7)

IfoP —1 = (z—1)(aP L+ 2P~ 2+ ... + 1) divides h(x,y), then also x — 1 divides
h(xz,y). The same is true for y? — 1 and y — 1. As we further calculate that

x)‘"sry)‘”s 1= (a"y — 1)(( r 8))\7.5 1y (xT’yS))\r.s 244 1) (7.8)
and that
x)\r-sr i y)\r-s|s\ _ (JZT . y|s\)((x7’))w-s—1 + (xr))\rs_2y|5‘ 4.4 (y|8‘))w-s—l)7 (79)

one direction of the assertion is clear because of the equivalence without weaving
pattern structure in [69].

Let us now assume that all horizontal line sums equal zero. Taking the regular
P X q-weaving pattern structure into account we calculate that

hw,y) = > g, )2y’ = (7.10)
(i,5)eG
na—1
ZZQZ]J):UJZ:E = (7.11)
J=0 pli

ng—1 ng—1

p—1
:ZkaZQZJ:E—ly —I—Z ZQZ] (7.12)

k=0 J=0 pli
plknz_lj p a1

=2 Dy =1 Y i) ] (7.13)
k=0 Jj=0 pli

as zp‘ig(z’,j) = %Z?lolg(z j) =0 forj =1,...,n9 — 1. Therefore, 2P — 1
divides h(x,y). Analogously, y?—1 divides h(z,y) if the vertical line sums equal
zero.

To treat the non-horizontal and non-vertical lattice directions (r, s) let us assume
that r,s > 0 without loss of generality. Let us look at the left-upper most line
in direction (r,s) passing through at least one non-zero value and let us fiz one
of these positions (ug,vo).

By the choice of the line (see Figure 7.1) all non-zero positions (u,v) on that
line satisfy

(u,v) = (ug,v0) + kAps(r, s) for some k € Z. (7.14)
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Figure 7.1: Left-upper most line in direction (7, s)

Therefore, the polynomial

> g(i, j)a'y’ (7.15)

(4,7)€(uo,v0)+2Z-(r,8)

and also

hl(a:,y) = (716)

S GNP Qe )Ly ey
(1,4) € (uo,v0) +2Z-(75)

are divided by (x ="y * —1). Using inductive arguments for h(z,y)—h'(z,y),
we get a finite sequence (h*),—1,..1 so that h(z,y) = Zﬁzl h*(z,y) and
(xrsTyArss — 1) divides each h*(x,y).

Thus, also h(z,y) is divided by (z "y =S — 1). O

Theorem 7.2.4

Assuming regular p x g-weaving pattern structure, the function g : Z> — 7
with finite support has zero line sums along the lines corresponding to the
directions in the set S if and only if g can uniquely be written as

9= curMuus). (7.17)

plu qlv

Proof

According to the definition of M, ,.s) and Lemma 7.2.3 every function (7.17)
has zero line sums.

Thus, it is left to show analogously to [69] that every function g with zero line
sums can be written in the mentioned form and that the M, ,.s) are linearly
independent. The second is absolutely clear by the same arguments as in [69)].
Now let us take any function g : Z?> — 7 which has zero line sums and let
h@,y) = > jez g(i, 7)x'y? be its polynomial representation. By Lemma 7.2.3
we know that Fg(x,y) divides h(z,y), i. e. there is a polynomial t(z,y) =
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> Cup"y” satistying t(z, y)Fs(x,y) = h(x,y). By taking the regular p x ¢-
weaving pattern structure of the function g into account, we get that

p—1g—1

t(z,y) = Z Cug oY Z Z:E“y” (7.18)
pluo,qlvo u=0v=0

and conclude that the function g can be written in the mentioned form. O

Example 7.2.5 Figure 7.2 shows an elementary switching component, which is
described by My vo.s) for some ug € 2-Z, vy € 1-Z and S = {(1,0), (1,1), (1,2)}.

Figure 7.2: Elementary switching component in regular 2 x 1-weaving patterns
with respect to the direction set S = {(1,0), (1,1),(1,2)}
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7.3 Uniqueness results

If we know how large an elementary switching component gets for a fixed set
of lattice directions, we have an upper bound on the size of a reference area

G=1{(i,j) €Z*)|0<i<ny,0<j<ny} (7.19)

we can guarantee uniqueness on.

Theorem 7.3.1

Let C1®C5 be a set of regular px g-weaving patterns. Any kind of nonuniqueness
is suppressed if one of the following conditions is satisfied for the number ny of
columns and the number ny of rows:

- P q
] : 7.20
" ; Cm(gcd(n ri)’ ng(QaSi))T o (720
= P q
1 i 7.21
"2 Z Cm(gcd(n i)’ gcd(q,si))’S +a (7.21)

i=1

Proof

According to Theorem 7.2.4 the elementary switching components within regu-
lar p x g-weaving patterns are represented by My, v,.s. Their width and height
are equal to the right hand side data in (7.20) and (7.21). O

Remark 7.3.2 If ged(p, ;) = ged(q, i) = ged(p, q) = 1, we get that

m
ni<pqy ri+p, (7.22)
i=1

m
ng <pQZ\Si\ +4q. (7.23)
i=1
Therefore, the size of the elementary switching components quadratically grows
within the factor pq.

Example 7.3.3 Let the parameters p, ¢ be chosen by p = 2,¢ = 3 and let
us restrict to a quadratic reference area GG. With respect to the direction set
S = {(3,2), (5,2), (3,4)} we calculate that (pq)(3 +5 + 3) + 2 = 68 and
(pq)(24+2+4)+3 = 51. Thus, the choice ny = ny = 66 € p-ZNgq-7Z guarantees
uniqueness.

Regular p x g-weaving patterns can be interpreted within a process of scaling
and rescaling.
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Corollary 7.3.4 Within the process of scaling and rescaling by the scaling fac-
tors p, q, uniqueness with respect to the direction set S := {(r1,81),..., (Tm,Sm)}
18 tmproved by the factor

m P q X
2 ic1 lem( gty geatasn)7

7.24
Pt (729
for the horizontal lines and by the factor
Z;ll lcm(ng(I;)ﬂ"i)’ ngg],Si) )‘SZ‘ (7 25)
q- > |sil
for the vertical lines.
Proof
The assertion is implied by Theorem 7.3.1 after division by p resp. by q for the
rescaling process and by > it i resp. by > i |si. O

Remark 7.3.5 In the case that ged(p, ;) = ged(q, si) = ged(p,q) = 1 the
process of scaling and rescaling provides improvement by the factor ¢ for the
horizontal lines and by the factor p for the vertical lines.
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7.4 Absorption and weaving patterns

In [71] Hajdu and Tijdeman characterize those functions g : G — Z defined on
the reference area G (as given in (7.7)) which have zero line sums under absorp-
tion. We want to transfer the results to regular p x g-weaving patterns. For that
purpose let us recapitulate some algebraic knowledge about pure polynomials.

Lemma 7.4.1 Let X! — a € k[X] be a pure polynomial over the field k and let
a :=\/a define the lth root of a.

1. The splitting field K of X' — a contains the splitting field k; of X* — 1.
2. ' —a =0 if and only if B = al for some ¢ satisfying ¢! —1 = 0.
3. K =k(a) =k a).

Proof
For the proof we refer to [93)]. O

Remark 7.4.2 There exists some 3 € R, 3 > 0 satisfying 3/ —a =0, i. e. 3 is
a root of the polynomial X! — a, if and only if @ > 0, in particular 3 = /a.
By taking in mind that the absorption rate (3 is a real value greater than or
equal to 1, 1. e. 8 € R, 3 > 1, we characterize those absorption rates which lead
to nonuniqueness in regular p X g-weaving patterns.

Lemma 7.4.3 (relevant absorption rates) Nonuniqueness is possible for the
absorption rate B,s € R, Brs > 1 along the X-ray direction (r,s) if and only if

there exists a polynomial Py having coefficients in {0, 41} so that Prs(B)s) =0

for \pg = lcm(m, M). Those absorption rates are given by B.s = *r/Ji

for any root p € R\QU {1}, u > 1 of some polynomial with coefficients in

{0, £1}.

Proof

1. If Brs is transcendent, then there exists no polynomial P,s so that
P.s(Brs) =0 and thus uniqueness is guaranteed.

2. The binarity within discrete tomography restricts us to polynomials with
coefficients in {0, 4+1}. Thus, let P,s = Zf:o c; X' € {0,£1}[X] forcy, #0
and let B.s = g for p,q € N and ged(p,q) = 1. Furthermore, let | be
defined by

[ := min{i|c; # 0}, (7.26)

which is strictly smaller than k for P,s(B,s) = 0 and 5.5 > 1. We calculate
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that
D b _ it S
Ps(z) =06 ap'd" =0s ap® == ap'd"’ (7.27)
e i=0 i=0
k . .
& apldtl = - Z ' (7.28)
1=[+1

As q # 1 divides Zi-:ol eip'q® 7, but not cip® and as the term pt! divides
Zf:lﬂ eip'q® 7, but not ¢plg®!t for p # 1, all rational absorption rates
greater than 1 guarantee uniqueness.

3. The case s = 1 (no absorption) is already treated at the beginning of
this chapter.

4. For the horizontal direction the reqular p X q-weaving pattern structure
implies that any absorption rate 31 o which does not guarantee uniqueness
is a oot of some polynomial

Po(X)=(1+X 4+ X1 a(xP). (7.29)

As the term (1+ X +--- 4+ XP~1) has no positive root, it remains to look
at the polynomials > c¢;(XP)" and their roots.

Similar arguments work for any lattice direction (r,s) by applying the ar-
guments in Lemma 7.2.3 using the left-upper most line (if r,s > 0) for the
non-horizontal and the non-vertical directions again. Thus, we only have

to consider the polynomials 3. c;(X ) for A\pg := lcm(m, m).

5. Let Y cj(XMs)t = T[.(X*s — ;) € {0,£1}[X] be the factorization of
some polynomial > ¢;Y" for Y = XArs within 4. over its splitting field.
Thus, any relevant absorption rate is given by

Bi = /i (7.30)
for some p; € R\Q, p; > 1. O

0

The results before help us to give an upper bound on the size of the reference
area we can guarantee uniqueness on in the case of absorption.

Definition 7.4.4 (degree of the absorption rate 3 )
The degree deg(3) of the absorption rate (3 > 1 is defined by

deg(pB) := min{deg(P)|0 # P € {0,£1}[X] and P((3) = 0}. (7.31)

If none polynomial exists at all, we define deg(f) := co.
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Theorem 7.4.5 (size of switching components)
Any kind of nonuniqueness is suppressed on the reference area G := {(i, j) € Z?|
0 < i < ny,0 < j < ng} if one of the following conditions is satisfied for

Aris; = lem(qt—, coqbsy)) and the absorption rate By, in direction (ry, s;),
t=1,...,m:
- A
ny < Z Ar;s;deg (B, )i (7.32)
i=1
- A
ng < Z Arisideg(Br,s;")|sil (7.33)
i=1
Proof
The assertion is implied by Lemma 7.4.3. O

Lemma 7.4.6 The absorption rates of small degree are characterized by

1. deg(f) =1« (=1,
2. deg(ﬂ):2<:>6:1+—2‘/5.

Proof

1. The polynomial X — 1 is the only one of degree 1 which has coefficients
in {0,£1} and some root at least of value 1.

2. (a) The polynomial X?>+aX+b of degree 2 has the roots Bija = —a£va®-4b \/2@2—417
in C. As (8 has to be real and as a,b € {0,£1}, the condition
a? — 4b > 0 implies that b € {0, —1}.
(b) The setting b = 0 implies that the degree of any root is less than 2.
Thus, we conclude that b = —1.

(c) For a =0 we get that X? —1 = (X +1)(X — 1) and thus also in that
case the degree of any root is less than 2.

(d) Because of the condition > 1 we conclude that a = —1 and thus
8= 1+2\/5. ]
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7.5 Some remarks about stability and instability

Even if we completely exclude nonuniqueness by choosing the reference area not
too large, it is not clear at all whether instabilities are suppressed. Thus, let us
take a look at instabilities within reqular p X q-weaving patterns and their right
hand side data in the following.

For two finite lattice sets of equal cardinality and m different lattice directions
the smallest difference not equal to zero between their right hand side data is
2(m—1), see [6], [3]. But this result cannot be transferred to the case of reqular
p X q-weaving patterns by simply multiplying by the factor p - q, see Figure 7.3.

Figure 7.3: Two lattice sets F} (blue), Fy (red) within regular 3 x l-weaving
patterns having right hand side difference 4 with respect to the direction set

S:={(1,0),(0,1),(1,-1)}

If |Fi| # |Fy| the regular p X q-weaving pattern structure implies that
|F1AF,| > pq and thus the difference in the right hand side data is bounded
from below by the value m - pq.

In the case of horizontal or vertical discrepancy for |Fy| = |Fy| the difference
in the right hand side data is at least 2 - pq if only the horizontal or the vertical
direction is concerned resp. 4-pq if both the horizontal and the vertical direction
are concerned.

For later use let us formulate the following two lemmata.

Lemma 7.5.1 Let us consider reqular p X g-weaving patterns and the lattice
direction (r,s) (without loss of generality r,s > 0) satisfying

ged(p, q) = ged(p, ) = ged(g, s) = 1. (7.34)

Every line in direction (v, s) passes through at least one lattice point (kp,lq—1),
i. e. through the left-upper corner of at least one p X g-rectangle.

Proof

Let us look at the equation system

A-(T‘):(m'p) for A\, p1, po € Z. (7.35)
s 2 - q
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Condition (7.34) implies that

AXeEp-Z, (7.36)
NEq-Z (7.37)

and therefore
ANEp-ZNqg-Z=Ilem(p,q)-Z=1pq- L. (7.38)

Now let us assume that there is a line in direction (r,s) which does not pass
through any lattice point (kp,lq — 1). But then there are two lattice points
(kip+1i,lig + ), (kap +i,l2g + j) so that

(kip+i,l1g +7) + A(r, s) = (kap + i, laqg + j), (7.39)
< (kip, l1q) + A(r, s) = (ka2p, l2q) (7.40)
for some 0 < X\ < pq in contradiction to (7.38). O

Lemma 7.5.2 Let the distance of two lines be defined by the number of lines
which have to be passed from one line to the other one. Then, the lines along
direction (r,s) which are incident to the lattice points (0,0) and (p,0) resp.
(0,q) for p,q € Z have distance ps resp. qr to each other.

Proof

Because of

A N A
tig) =7~ ()i=_(rj = si) (7.41)

and as ged(r, s) = 1, the smallest ordinate distance equals % The assertion is
then implied by

S 1

tpo) =0- o S (7.42)
s 1
to,g) =9 — ;0 =qr- . (7.43)

O

Theorem 7.5.3

In the case that ged(p,r) = ged(q, s) = ged(p, q) = 1 there are two finite lattice
sets F1, Fy of same cardinality within the regular p X q-weaving patterns so that
the right hand side difference with respect to the direction (r, s) is given by the
value 2 and the error lines have distance

A-lem(ps, gr) = X - psqr (7.44)

to each other for some A € N\{0}.
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Proof
Using Lemma 7.5.2 each p x g-rectangle is represented by

P — 129" —1

s —1 " —1

(I+a®+-+@)PHA+a"+... (")) = (7.45)

in that way that the exponents correspond to a successive numeration of the
lines in direction (r,s). Because of divisibility in number theory we get that

aPf — 129" — 1

s —1 2" —1

|z" — 1< n € psqr- N, (7.46)
which implies the assertion of the theorem by keeping Lemma 7.5.1 in mind. [

Remark 7.5.4 Because of ged(r,s) = 1 the polynomials z° — 1 and z" — 1
have no common factor besides the term z — 1. Thus, if ged(ps, qr) # 1 the
polynomials 142" +- -+ 2@ V7" and 1425+ - - +2P~Ys have common factors,
f::__ll fcp:__ll does not divide 2™ — 1 for

any n € N. Therefore, the smallest difference value within the right hand side

which implies that the polynomial g =

data not equal to zero is at least of value 4.

The following lemma generalizes the result of Lemma 7.5.2 to the case that
ged(ps, gr) # 1 and helps us to extend Theorem 7.5.3 afterwards.

Lemma 7.5.5 The distance (defined as in Lemma 7.5.2) of two lattice points
(Mp, g — 1), (Nap, poq — 1) € Z2 lies within ged(ps, qr) - Z.

Proof

The wusage of Lemma 7.5.2 gives us that two lattice points (0,—1),
(Ap, ug — 1) € Z* have distance |\ps — uqr| to each other. Therefore, some
knowledge about divisibility in number theory implies that the smallest distance
equals the value ged(ps,qr) and thus every distance value has to lie within
ged(ps, qr) - Z. O

Corollary 7.5.6 In the case that

ged(ps, gr) = ged(p, ) - ged(q, s) (7.47)

there are two finite lattice sets Fy, Fy of same cardinality within the regular
p X q-weaving patterns so that the right hand side difference with respect to the
direction (r,s) is given by the value 2 - ged(ps, qr), which is the smallest error
value not equal to zero.

Proof

We bundle ged(p,r) x ged(q, s)-rectangles and consider only the lines passing
through the left-upper corners of those rectangles (if r,s > 0). Thus, the situ-
ation is reduced to the case in Theorem 7.5.83 and therefore the smallest error
value is given by the value 2 - ged(ps, qr). O
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Now let us consider the case that ged(ps,qr) # ged(p,r) - ged(q, s). Because of
the representation (7.45) of any p X q-rectangle and because of Lemma 7.5.5 we
calulate that

(T p T D) (P g 1) - R (a8l Pan)) =

" -1 2P -1
_ ) . h(z8d(Ps.ar)y — 7.48
w1 -7 M ) (7.48)
ged(ps,qr) ged(ps,qr) qr ps
(;1;7") ged(p,r)  — 1 (3;5) ged(s)  — 1 gecdpsgr) — 1 gecdlps,ar) — ] h( )
IET — 1 l‘s — 1 ygcd(p,r) _ 1 ygcd(q,s) — 1

for y := x8ed(psar)

, gcdéz(zs,q;) 1 R gcd((iz(zs,q)r) 1

ged(p,r)  — ged(g,s)  — r s

= (a") — . () — .(ylcm(gcd&s,qr-)7gcd(§s,qr>) —1) (7.49)
xr — xr° —

for some polynomial h

- gcdc({z(zs,q;) 1 ( R gcdc({z(zs,q)r) 1
ged(p,r — ged(q,s —
_ (w ) - ) x ) — . (xlcm(ps,qr) o 1) (750)

Thus, there are two finite lattice sets Fy, Fo of same cardinality which have right

hand side difference of value

~ged(ps, gr) ged(ps, gr) _o. (ged(ps, qr))?
ged(p,r)  ged(q, s) ged(p,r) ged(q, s)’

ged(ps,qr)

monomials. But that value is not always the

(7.51)

as the first factor within (7.50) represents a sum of monomials and the

ged(ps,qr)
second factor a sum of 2ed(qs)

smallest right hand side difference besides the value 0 as the following example
shows.

Example 7.5.7 Let the polynomial i be given by
h(z):=az'—1 (7.52)
and the parameters p,q,7,s by p = ¢ = 2, r = 3 and s = 5, in particular it
yields that ged(ps, gr) = ged(p, q) = 2. We calculate that
xP$ — 129" — 1
z5—1 2" -1
= (1+x3+x5+x8)(az8 —-1) = —1 =23 — 2% 4 2t 4 213 4 216,

A4y = (25 4 1) (2% + 1)h(2?) =

Therefore, there exist two finite lattice sets Fi,Fy within the regular
2 x 2-weaving patterns which have right hand side difference of value

2
23— <o BABSAr)” o, g

ged(p, ) ged(q, s)

The next two lemmata take a closer look at some special situations in the case
that ged(ps, qr) # ged(p, r) - ged(q, s).
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Lemma 7.5.8 Let r + s = 0 mod ged(ps,qr). Then, there exist two finite
lattice sets Fi, Fy of same cardinality within the reqular p X q-weaving patterns
which have right hand side difference equal to the value

2:-[pg—(p-Dg-1]=2-(p+qg-1). (7.53)

In the case thatp = q = 2 and ged(p, ) = ged(q, s) = 1 the value 2-(p+q—1) = 6
18 minimal among all non-zero right hand side differences.

Proof

The first assertion follows by the calculation

(Lta"+o 4 @)Y o+ @ 1) =
=@ 44 @) @)

“( Al e @) et e (@) = (7.54)
= (@ (@) o (@@ @) @)

—(I+a" 4+ @) S 4 ()P,

To show the second assertion by regarding Remark 7.5.4 let us assume that there
exist two finite lattice sets I, Fy of same cardinality which have right hand side
difference of value 4. Without loss of generality let 0 < r < s and let the left-
upper most error line be incident to the 2x2-rectangle {(0,0), (0,1), (1,0), (1,1)}.
In the case that r < s the lines incident to the lattice points (0,1), (0,0) have
to be afflicted with error, but the line incident to the lattice point (1,0) must
not, and in the case r = s = 1 the line incident to both lattice points (1,0)
and (0,1) may only assume error value 1. That is implied by the fact that the
sum of same signed error values may not extend the value 2. But because of
ged(q, s) = ged(2,8) = 1 that is not possible as s ¢ ged(ps,qr)-N = 2-N in
contradiction to our assumption. ]

Remark 7.5.9 Because of ged(r, s) = 1 neither the parameter r nor the pa-
rameter s has common prime factors with the value ged(ps, gr) in Lemma 7.5.8.
Thus, we calculate that ged(ps, gr) = ged(p, q) and 2+ (p+qg—1) > 2-ged(ps, qr)
forp=qg>2.

Lemma 7.5.10 Let ged(ps, qr) = ged(p,q) = p = q and let
r,s=1 modp (orr,s=—1 mod p). (7.55)

The right hand side difference of two finite lattice sets of same cardinality
within reqular p X q-weaving patterns which are not tomographically equivalent
18 bounded from below by the value

2p+2>2-ged(ps,qr) =2 p. (7.56)
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Proof

Let us assume that there exist two finite lattice sets Fy, Fo which are not to-
mographically equivalent and which have right hand side difference at most of
value 2p. Without loss of generality let r < s. Because of condition (7.55) the
equation

kr =tp+ lir +las (7.57)

cannot be fulfilled for 0 < k <p, 0 <141y <k, l1,lo > 0 and any nonnegative
parameter t € N as equality is also not reached by taking both sides modulo p,
i. e. every lattice point (0,k) for k =0,...,p— 1 causes right hand side error
if the lattice set {(i,7)|0 <i,j < p— 1} represents the left-upper most rectangle
within the lattice set Fy U Fy. Similar arguments work for the right-down most
p X g-rectangle. Thus, it remains to take a closer look at the possibility that the
error value 2p occurs:

(T2 + ... 2D 4 4 xPD9)p(aP) = (7.58)
= (142" +... 2@ 1)
= (1+2°+ ... 2P V)p@P) = (2! — 1) (7.59)

The monomial x° within the first factor on the left hand side in equation (7.59)
18 canceled if and only if

pt+0=s<=s=0 modp (7.60)

in contradiction to (7.55). O

Remark 7.5.11 If we consider each direction separately the choice of a good
direction for uniqueness aspects and the guarantee of large differences in the
right hand side data are in general contrary aims. Taking the last results into
account we can summarize that we get rather good results for both error treating
and uniqueness aspects if ged(ps, gr) = ged(p, q).

Actually, we need assertions which depend on the complete right hand side data
instead of only those with respect to one direction.

Lemma 7.5.12 Let the direction set be given by S := {(r1,51), .-, (Tm,Sm)}
so that ged(psi,qri) = 1. Then, there exist two finite lattice sets Fy, Fy of
same cardinality within the reqular p X q-weaving patterns which have right
hand side difference at most of value 2™ resp. of value
(1,0),(0,1) € S.

If S = {(r,s),(1,0),(0,1))} and gcd(ps,qr) = 1, the value 2™~ = 4 is minimal
among all non-zero right hand side differences.

Proof

In the same manner as in the proof of Theorem 7.5.8 any elementary switch-

2m=1 yn the case that

ing component within the reqular p X q-weaving patterns for the direction set
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S\{(r1,s1)} is represented by the polynomial

xpsl—l xqu—l

Aros.(rj81—85T1) _
x5 —1am —1 H(x e 2 (7.:61)
j=2
for \ps := lcm(m, m), which divides the polynomial
(zPT151 — 1)2 H (x)‘“"(’"sl_s”) —1) (7.62)

(T’,S)ES\{(Tl,81),(1,0),(0,1)}

in the case that (0,1),(1,0) € S resp. the polynomial

($pqr181 . 1) H (x)\r-s~(7’51—57“1) _ 1) (7‘63)
(r,s)€S\{(r1,51)}

in the other case.

If binarity is violated for the elementary switching component, we will apply
larger translations in the directions (rj,s;) € S\{(r1,s1),(1,0),(0,1)}. The
switching component is again represented by (7.61) if we replace A5, by
kj - Ar,s; for those directions (rj,s;) and sufficiently large k; € N. Thus, the
assertion is implied.

The minimality of the value 4 is given by [6], [3]. O
It is an open question how to get a complete characterization of possible right
hand side differences. In particular, the smallest data error is not known in
general for the complete right hand side data.
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