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ABSTRACT

The finite element method is classically based on nodal Lagrange basis functions defined on conforming meshes. In this context, total reaction
forces are commonly computed from the so-called “nodal forces”, yielding higher accuracy and convergence rates than reactions obtained from
the differentiated primal solution (“direct” method). The finite cell method and isogeometric analysis promise to improve the interoperabil-
ity of computer-aided design and computer-aided engineering, enabling a direct approach to the numerical simulation of trimmed geometries.
However, body-unfitted meshes preclude the use of classic nodal reaction algorithms. This work shows that the direct method can perform par-
ticularly poorly for immersed methods. Instead, conservative reactions can be obtained from equilibrium expressions given by the weak problem
formulation, yielding superior accuracy and convergence rates typical of nodal reactions. This approach is also extended to non-interpolatory
basis functions, such as the (truncated) hierarchical B-splines.
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1. INTRODUCTION

In many applications, the goal of finite-element analyses is to ap-
proximate specific physical quantities of interest. These data are
often derived from the primal solution, such as in the case of to-
tal reaction forces or fluxes. Such quantities are often the most
relevant data in engineering design and analysis. The evaluation
of fluxes and forces derived from the primal finite-element solu-
tion has been investigated for conforming meshes in several liter-
ature contributions. For example, in [1-10] the flux is obtained
through a modified variational problem with an additional aux-
iliary field corresponding to the normal flux over the Dirichlet
boundary. Such an approach amounts to a mere post-processing
step, and the resulting flux fulfills equilibrium in a global or local
sense. This technique, referred to as conservative or consistent, is
proven in the above references to be more accurate and achieve
higher convergence orders than the “direct” approach of differ-
entiating the primal solution. In [11], reactions on mesh bound-
aries (subject to strong boundary conditions) are obtained for
the Stokes flow through a variational interpretation similar to the
one discussed in this work. In [ 12], similar formulae for the reac-
tions on (conforming) mesh boundaries are studied, focusing on
coupled problems. In the mentioned publications, the reactions
are computed on Dirichlet boundaries of meshes conforming to
the computational domain. In [ 13], this approach is extended to
computing reactions on (conforming) mesh boundaries subject
to weak boundary conditions. In [14-17], consistent forces on

immersed boundaries are considered on the fluid—structure cou-
pling interface based on an augmented Lagrangian formulation.

In this work, the conservative reactions are first reviewed for
conforming meshes subject to strong Dirichlet boundary con-
ditions. This approach is then extended to non-conforming
trimmed meshes, where the boundary of the geometry does not
match the element boundaries. In particular, the total reaction
flux is computed on boundaries subject to weak boundary con-
ditions, such as the penalty [18] and the symmetric Nitsche’s
[19] methods. The computation of the total fluxes for conform-
ing meshes is viewed as testing a variational form with specific
test functions, serving as “extraction functions” in the framework
of [20]. Namely, the reactions are obtained by the expression
of equilibrium given by the weak form, yielding a total flux in
global equilibrium with the other fluxes and data of the problem.
Reactions are observed to converge with rates two times higher
than the energy-norm error for Nitsche’s method on a trimmed
two-dimensional (2D) benchmark problem with a smooth so-
lution. This phenomenon is often referred to as superconver-
gence [9, 20-22]. The same convergence rates are obtained for
the penalty method, provided that the penalization parameter is
suitably scaled.

Moreover, it is shown how this approach can be generalized to
bases that do not form a partition of unity and are not based on
the concept of “nodes”. For example, this approach is valid for hi-
erarchical B-splines () [23, 24], one promising approach to
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(a) Outer surface.

(b) Internal structure.

(c¢) STL file describing the geometry.

Figure 1 Portion of the facade element [32].

local refinement for isogeometric analysis (IGA) [2S, 26]. The
basic idea of IGA is to use the same functions used to describe
the geometry in computer-aided design (CAD) directly as finite-
element shape functions, tightening the design-through-analysis
iterations. These functions include B-splines and non-uniform
rational B-splines (NURBS (https://en.wikipedia.org/wiki/
Non-uniform_rational B-spline)). The isogeometric approach
is compelling for domains defined by NURBS geometries, as
suitable solution spaces can be constructed on the exact geom-
etry. When the domain of interest is not described exactly by
NURBS geometries, IGA can be combined with the finite-cell
method [27-29], retaining the geometric exactness. The finite-
cell approach allows performing finite-element analysis using
meshes that are not conforming to the domain boundaries. For
further details on these approaches, we refer to [25-28, 30, 31].

The structure of this paper is as follows: Section 2 motivates
the conservative approach for computing the reactions. A three-
dimensional trimmed example with a complex geometry defined
by a Standard Triangle Language (STL) file is considered, show-
ing that the direct method can perform particularly poorly for
immersed meshes, as the weak boundary conditions also indi-
rectly constrain the gradient of the solution. Section 4 explains
how the standard way to compute the reactions can be inter-
preted as testing a variational form with specific test functions.
This point of view serves as a basis to compute conservative

(d) Non-conforming computational mesh.

reactions on trimmed bases not forming a partition of unity in
Sections S and 6. In Section 7, it is shown that the method is su-
perconvergent and approximates the total flux in a smooth two-
dimensional problem with higher accuracy for both the penalty
and Nitsche’s methods. In Section 8, the method is shown to give
consistent results for both the penalty and Nitsche’s methods
in the considered three-dimensional trimmed example. Finally,
Section 9 shows how this approach can be applied to compute
reaction tractions for IGA of trimmed Kirchhoft-Love shells.

2. MOTIVATION

Consider the portion of the facade element [32] shown in
Fig. la. Its design takes advantage of the production freedom
offered by additive manufacturing technologies to combine the
aesthetics of wavy surfaces with functionalities such as insula-
tion, ventilation, load transfer and shading (cf. [32, 33]). These
functionalities lead to a geometry featuring a complex internal
structure and detailed external surfaces (cf. Fig. 1b). The ge-
ometry is described by a fine STL file (courtesy of Dr Moritz
Mungenast), as displayed in Fig. 1c. Note that the STL file does
not define a computational geometry directly suitable for tradi-
tional methods based on conforming meshes.

The objective is to compute the total heat flux across the
structure induced by a temperature difference on two opposite
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(a) Boundary conditions: w = 0 on
the blue surface (I'g) and w = 1 on
the red surface (T'1).

(b) Temperature.

(¢) Heat-flux magnitude on the
cross-section.

Figure 2 Boundary conditions and solution example for the fagade element.

faces. The following Laplace’s equation and boundary condi-
tions serve as a model problem:

-V - (kVu) =0 in€, (1)

u=0 only, ()

u=1 only, (3)

kVu-n=0 ondQ\ ([oUT)). (4)

Here, Q2 C R® denotes the domain defined by the

facadeelement, 'y C 0, and 'y C QR and 'y NT; =@
denote the left and right boundaries highlighted in Fig. 2a,
k € R¥3 denotes the conductivity tensor and n denotes
the outward unit boundary normal. Following the finite-cell
approach [28, 29, 31], a simulation model is constructed
without the need to build a conforming mesh, a potentially
time-consuming step in the total simulation pipeline [25, 26].
The geometry €2 is immersed in a larger rectangular cuboid Q<
that can be straightforwardly meshed by a Cartesian element
grid. As approximation, trivariate B-splines are used, rendering
the immersed approach a trimmed trivariate IGA. Figure 1d
shows an example of elements intersecting the physical domain
. Since the boundaries I'g and I'}, in general, do not coincide
with a subset of element faces, but they are immersed in the
elements, a strong imposition of the temperature boundary
conditions would significantly deteriorate the accuracy. Instead,
these boundary conditions are imposed weakly (cf, e.g. [34,
35]), as explained in detail in Section 3.3. Figures 2b and c show
the temperature and heat flux obtained with B-spline basis
functions of order p = 2 and « being the identity matrix. The
boundary conditions are applied using Nitsche’s method with
stabilization parameter y = 10(p + 1)*/h (cf. Eq. (17) and [36,
37]), where h denotes the mesh size, as explained in Section 3.3.

A question now arises about the way to accurately compute the
total flux from the trimmed discrete solution. Once a numeri-
cal solution u” for the problem of Egs. (1)—(4) is obtained, the
conventional way for conforming finite elements with Lagrange
shape functions and subject to strong boundary conditions can
be summarized as in Table 1. It is yet not immediately clear how
this conventional procedure can be used for trimmed meshes
with non-nodal shape functions, as there are no nodes and the
boundary is immersed in the element domains.

Since the numerical solution " defines a numerical flux kK Vi
for every spatial location x € © (4" is assumed to be at least
continuous), it is, in principle, possible to integrate numeri-
cally kVu" - n over I';. However, total fluxes computed in this
way can have poor accuracy. Figure 3a shows that different to-
tal fluxes are obtained for Nitsche’s method with stabilization
parameter ¥ = 10(p + 1)*/h (cf. Eq. (17) and [36, 37]) and
for the penalty method with penalization parameter § = 10%/h?
(cf. Eq. (15)), where h denotes the mesh size, as explained in
Section 3.3. Although the two methods yield different total
fluxes, Fig. 3b shows that the internal energy converges to the
same value. One reason for this behavior is that the weak bound-
ary conditions applied on curved surfaces indirectly constrain
the solution gradient, as the solution space has a finite dimen-
sion. Such an effect is different for the penalty and Nitsche’s
method, as the latter requires a stabilization parameter generally
lower than the penalty parameter.

Moreover, if the numerical flux is integrated over I'g and I'y,
the obtained values are similar but not in perfect equilibrium.
Such a difference is displayed in Fig. 3¢, where the relative error
between the two fluxes is computed as

W h ‘1]3
e(qo,q1)='1——h

41

: (8)

where g} and q" represent the integrated flux  Vu" - n defined by
the numerical solution " over 'y and 'y, respectively. Namely,
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Table 1 The traditional algorithm for computing the reactions on conforming meshes of nodal partition-of-unity finite elements [ 8, 9, 38, 82-84].

Let n(T") be the set of nodes on I'.

1. For each node A € n(Ty) associated with the nodal shape function Ny,
compute the internal nodal flux

qa = / VN, - (ICVuh) dQ
Q
and the external nodal flux

qi:fNAfdQ+ Nyhdl.
Q Ty
2. The reaction ron I'g is obtained‘by summing the nodal fluxes of

all nodes located on Iy, minus the known external fluxes

r= ) a—di

Aen(ly)

40 —o— Nitsche’s method
~ 45 | -2 Penalty method
< =
s 30 o
< S 40
§ —— Nitsche’s method o
¢ 20| -8 Penalty method z
= g 35

| =
— 10 =
=)
M 30
0
278 27 276 275 278 27 276 275
h h
(a) Total flux obtained by numerical integration. (b) Internal energy.
—o— Nitsche’s method
—- Penalty method
0.4
s
g
< 0.2
0

278 277 276 275
h
(¢) Equilibrium error (cf. Equation (5)).

Figure 3 Flux across the Dirichlet boundary I'y, internal energy and equilibrium for a sequence of bisected meshes.

fulfills equilibrium in a global and local (element) sense [9, 38].
qf' = / kVi' - ndl, i€{0,1)}. (6) Therefore, this information is contained in the solution. The rest
r, of the paper is devoted to the development of a strategy to accu-
rately extract it.
This example indicates that integrating the numerical flux does To this end, the article lays out an explanation for computing
not use all information contained in the finite-element solution. the total flux and reaction forces based on equilibrium consider-
Indeed, the underlying variational principle finds a solution that ations, generalizing the traditional approach to
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(1) non-nodal basis functions that do not necessarily form a
partition of unity,
(2) trimmed meshes.

3. THE MODEL PROBLEM
Let © C R” be a bounded Lipschitz domain with disjoint
Dirichlet and Neumann boundaries I',, I', respectively, such

that [, U T, = 92, I, N T'), = (. The strong form of the heat
conduction problem reads

—V.-(kVu)=f inQ, (7)

u=g onl,, (8)

KVu-n=h onTy, (9)

where k& € RP*P is the thermal-conductivity tensor, h : I', —

R is the prescribed flux, g : I'; — R is the prescribed temper-
ature, f : 2 — R is the volumetric heat supply and n € R” is
the vector normal to the boundary.

3.1 The weak form for strong boundary conditions

Given the set of trial functions Sg,rg(Q) and the test space
WO,Fg(Q)J

Ser,(Q) ={ue H'(Q) |u=g on Ty}, (10)
Wor,(R) = {we H'(Q)[w=0 on T}, (11)
the weak form of the problem reads
find u € S, r ()
such that a(w, u) = I(w)

Vi € Wor, (). W)

Here, a(w, u) and I(w) denote the classic bilinear and linear
forms

a(w, u) = (Vw, kVu)gq, (12)

I(w) = (w, fla+ (w, h)r,. (13)

3.2 The Galerkin form

Problem (W) can be rewritten with homogeneous Dirichlet

boundary conditions by lifting g to €2. In particular, let g €

H'() be such that £9 |r = g Then, uy = u — gq belongs to
g

Wo.r, (€2) and Problem (W) can be stated as

ﬁnduo S W()’rg(Q)
such thata(w, ug) = I(w) —a(w, go) VYw € Wor ().

The Galerkin form of Problem (W) with a finite-dimensional
subspace Wy r,(£2) C Wo.r,(R2) and an approximation g to

gq reads

findu" € W{;,Fg(SZ) C Wo.r, (),

such that a(w", u") = I(w") —a(w", ¢"), Vw'" € Wo.r, (£2).

(G)

3.3 The weak form for weak boundary conditions

In case the temperature boundary conditions are applied weakly,
these are not incorporated in the solution and test spaces. In-
stead, an additional term a,, (-, ) associated with the energy of
the constraint violation is added as follows:

find u € H'(Q)

such that a(w, u) + a,,(w, u) = I(w) Vw e H'(Q).

(w)

The term a,, (w, u) can assume different forms depending on
the weak-boundary approach. For the penalty method [18] with
a penalty parameter 8 € R, a,,(w, u) = ag(w, u) will be de-
fined as

ag(w, u) = (w, B(u—g))r,. (14)

Typically, when using finite-element shape functions of polyno-
mial order p, B is a mesh-dependent parameter scaled with ¥ to
retain the expected convergence rates [39],

-1

where B € R is a user-specified parameter, often dependent on
the material parameters.

For the symmetric Nitsche’s method [19] with stabilization
parameter y € R, a,(w, u) = a, (w, u) is defined as

ay(w, u) = —(kVw-n, u— g)rg — (w, kVu - ﬂ)r‘g
+ (w, y(u=@)r,. (16)
In this work, y is scaled as in the original publication [19]:
1
=7y—. 17
y=77 (17)

For immersed methods, better estimates for ¢ can be obtained
by solving a global or element-local generalized eigenvalue prob-
lem (cf, e.g. [40, 41]). Similar estimates through generalized
eigenvalue problems are also employed for variationally consis-
tent patch coupling (cf,, e.g. [42-49]).

3.4 The trimmed-domain Galerkin form

The finite-dimensional spaces for trimmed analysis can be de-
fined using a fictitious domain Q% containing the physical do-
main Q C Q. The domain Q< can be chosen of a shape that
can be trivially meshed. For example, in two dimensions, £t
can be rectangular and discretized by a Cartesian grid of ele-
ments. A finite-dimensional subspace W"(Qf) ¢ H! (Qf<t)
is defined on such a mesh. For example, W"(Q") can be
spanned by a finite number of B-splines or piecewise polyno-
mials defined on a parameter space €2 combined with the
geometrical mapping Q< = F(QQ) (cf, eg. [8, 26]). It is
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assumed that the functions in W"(Qf) have non-empty sup-
port on €2, namely

supp (W) NQ AW, Vw' e WHQI). (18)
A discrete space for Problem (w) can be defined as
W) :w{wh{g cwh e Wh(QﬁCt)}. (19)

The trimmed Galerkin form of Problem (w) can be formulated
as

find " € W'(Q),
such that a(w", u") + a, (w", u") = 1(w"),
V" e WHQ). (g)

Note that the bilinear and linear forms are still defined as in
Egs. (12) and (13). Specifically, the integrals are computed on
the physical domain  and not on Q. However, from the
implementation point of view, it can be convenient to express
the integrals over £ as integrals over Q" through the domain-
indicator function & : Q¢ — [0, 1]:

(x) = 1 ifx € Q,
“*) =10 otherwise.

In particular, for ul, wh e WH(QE), the following holds

a(w', u") = (Vi kVil)q, (20)
= (Vw", (ak) Vi )gue,  (21)

(W) = W' o+ " e, (22)

= (W', & fgw + (W', B)r,, (23)

where the domain of & and f can be extended onto Q. The
domain-indicator function o penalizes the material outside the
physical domain, recovering the physics of the problem. How-
ever, a discontinuity is introduced in the integrands, requir-
ing non-standard integration rules to retain accuracy (cf, e.g.
[29, 30, 50-57]). See [56] for a comprehensive review. The
domain-indicator function « effectively defines the physical do-
main €2, and its evaluation can be based on any geometric
input allowing to classify given locations as being inside or
outside the domain. For example, the function « can repre-
sent domains defined by STL files through ray-tracing tech-
niques and k-dimensional trees (cf. [ $8]). Similarly, the point in-
side/outside classification can be carried out using simple logical
operations for geometrical models based on constructive solid
geometry (cf. [30,59]). An approach to the direct trimmed anal-
ysis of point clouds is presented in [60]. We refer to [28] to re-
view the analysis of various trimmed geometrical models.

4. CONSERVATIVE REACTIONS TO STRONG
BOUNDARY CONDITIONS

In this section, the traditional way to compute the reactions is
interpreted as testing a weak problem with specific test functions.
This point of view will allow generalizing the computation of the
reactions to trimmed domains and to bases that do not form a

partition of unity. This interpretation is inspired by [3, 9] and
similar to the argumentation therein. However, in this work, the
focus is on obtaining the (integrated) total reaction flux instead
of a “pointwise” approximation of the normal flux by a function
defined on the boundary.

A conservative way to compute the reactions can be derived
by considering a problem compatible with the mixed problem
in Egs. (7)-(9). Namely, other than the temperature boundary
condition u = g on I'y, the compatible reaction flux r is assumed
to exist and is prescribed on I';. The flux r is such that the
condition u = g is retained on I',. The remaining data of the
problem k, f and h are unchanged. For elastic problems, this
corresponds to prescribing the forces that would enforce the
displacement conditions.

In particular, let us consider the following boundary-value
problem with compatible conditions on T',:

—V-(kVu)=f inQ, (24)
u=g onl,, (25)
kVu-n=r only, (26)
kVu-n=h onl}y. (27)

For simplicity, the data k, f, r, g h and the boundary 02 are
assumed to be “smooth enough” for the following manipula-
tions to hold. Given a solution u* € H?(£2) for the mixed prob-
lem of Egs. (7)-(9), it will also be a solution for the problem
of Egs. (24)-(27) withr = (k Vu* - ")|r .Indeed, u’ satisfies
Egs. (24), (25) and (27), as they are thé same as Egs. (7)-
(9). Moreover, Eq. (26) is trivially satisfied by the definition
r= (kVu*- ")|r .

Following standaz;d variational arguments, one can formulate a
weak form by multiplying Eq. (24) by a test function w belonging
to a test space chosen to be W = H' () and integrating over
€2. This yields the following weak form:

findu € Sg_rg(Q),
such that a(w, u) = l(w) + (w, r)r,,

Ve W = H'(Q). (R)
Note that the test space consists of the whole ' (£2) function
space, not requiring the test functions to be zero on any part of
the boundary. In particular, the boundedness of €2 ensures that
the constant w = 1 belongs to the test space W = H'(L2). Test-
ing Problem (R) with w = 1 assures global equilibrium:

OZ/ngdx+.[",,hdx+[" rdx. (28)

g

A solution u* € H*(2) for the original weak Problem (W)
will also solve the strong form in Eqs. (24)-(27) and the com-
patible Problem (R).

Moreover, since WO_FS(Q) is a closed subspace of H'(2),
H' (2) admits the direct-sum representation [61, 62]:

HI(Q) =Wor,(Q) @ Wo,rg(Q)L-

Namely, each w € H'(£2) admits a (unique) representation wy
+ w,, with wy € Wo,rg(Q) and w, € Wo,pg(Q)l. Following
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(8,9, 13], the arbitrariness of wy + wy, = w € 7' (£2) in Prob-
lem (R) implies the arbitrariness of wy and w,, allowing to refor-
mulate the problem as

findu € Sg,pg(Q)

such that a(wo, u) = I(wy), Yw, € Wo,rg(Q), and

(29)

a(wg, u) = 1(wg) + (wg, r)r,, Vw, € Wo_[‘g(Q)L. (30)
Eq. (29) is precisely the original variational form for strong
boundary conditions in Problem (W). Therefore, if the compat-
ible weak Problem (R) has a solution, this will also be the solu-
tion of the original Problem (W). Assuming the latter problem
to have a unique solution in S, r, (2), this will identify the so-
lution to the former problem.

Consequently, given an appropriate reaction flux r that makes
the variational form in Problem (R) compatible with the orig-
inal weak form in Problem (W), the conventional way to com-
pute the reactions for conforming meshes can be interpreted as
testing the variational form in Problem (R) with appropriate test
functions. The total flux computed in this way will naturally sat-
isfy the equilibrium expression given by the variational form.

Specifically,

1. Given a solution u* € Sg,rg(Q) for the original weak
Problem (W), assume that there exists an r € £,(T,)
such that the variational form in Problem (R) holds for
u=u*

2. Then, the unknown total flux f r,’ dI is obtained by test-
ing the compatible variational form in Problem (R) with
afunction w, € H! such that wg|rg =1

3. The obtained total flux |, . rdI’ will be in global equilib-
g

rium with the other fluxes, as the compatible variational
form in Problem (R) also holds forw = 1 € H', yielding
the global equilibrium in the sense of Eq. (28).

Indeed, inserting w, in Problem (R) yields

/ rdl' = (w,, r)rg
r

= a(wg, u") —I(wy), (31)

where the term a(wg, u*) — I(w,) can be evaluated for known
w, and ™.

The test function w, defines the linear functional R, (u) asso-
ciated with the reactions and defined as

ng(u) = a(wg, u) — I(wg). (32)

Note that such a functional is defined not only when r €
L,(T;), but it is continuous for any u € H'($2), and I belongs
to H'(€2)*, the dual space of H' (2).

Similarly, the reactions on multiple disjoint Dirichlet bound-
aries {F;}izl_,,nb, such that

ny
ry=Jri (33)
i=1

can be computed by means of test functions wé such that wé | ri =
1, w;|ré = Ofori##j.

4.1 Reactions for the Galerkin form

Employing the classical nodal finite-element method (cf., e.g. [8,
9, 38, 63]), the space Wo,rg(Q) in the Galerkin Problem (G)
is commonly based on a discretization that partitions €2 into a
finite number of elements {€2,}.—; ,:

a=|Ja.
e=1

Following [8, 9], let n = {1, 2, ..., ns} be the set of indices of
the associated nodes N = {x4}ac, C Q and ng=1{A: x4 €
['g} C 1 be the subset containing indices of nodes lying on I',.
Given the linear-independent nodal shape functions {Nx}4 ¢,
where N, is associated with node x4, the space spanned by
{N4}4 e n admits the direct-sum decomposition

Span{NA}Aen = S]:‘)an{l\IA}Aen\ng 2 Span{NA}Aeng- (34)

[ S ——
Wo,r, (2)

The functions {NA}AGU\77g are a basis for the space Wo,rg(Q),

while {N4} ey, are commonly used to define gh as
g'=) &Nu (35)
Aeng

The discrete linear system of equations takes the form

Kd=F, (36)
where
Kap = a(Ny, Ng), A,Ben,
Ey = 1(Nya), Aen.

Eq. (36) can be partitioned into the blocks associated with the
nodes identified by 1\ 7, and 7,:

el =[5
Kng Ky || 4; Fg |

where
[Koolap = a(Na, Np), A,Ben\n,
[Kog],y = a(Na. Np). A €n\ngB e,
[Kgg]AB =a(Na, N3), A,Ben,.

The upper blocks yield the traditional problem for dy with
strong boundary conditions corresponding to Problem (G):

Kood() - FO - KOgdg- (37)

The lower blocks correspond to the nodal forces associated with
the reactions.

The computation of the reactions viewed as testing the varia-
tional form asin Eq. (31) corresponds in the discrete case to test-
ing the Galerkin form in Problem (G) witha wg € span{Na}acy,

such that w"| r, = 1. For the discrete matrix system of equations,
this corresponds to a left-multiplication by a coeflicient vector
representing the coordinates of wg in the basis {N4} Aen,- In the
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Table 2. Traditional algorithm to compute the reactions viewed as testing the weak and Galerkin form with a specific test function.

Continuous (Eq. (31))
Discrete (Eq. (38))
Algorithm (Table 1)

a(wg, u) —1(wy)

o[- 5]

> Jo VN& - (kVu') = NufdQ2 — [, NyhdD

A€ng

case of the considered nodal partition-of-unity basis {N, }, this
takes the form

conl[Eee]- )

= [o...o|1...1][g}, (38)

where the top block vanishes, as dy solves Eq. (37), and r rep-
resents the nodal reactions. Similarly, given a boundary portion
[y C [y, if it is possible to construct a test function wh 0 €

span{N4} ey, such that w;()h«o = landw 0|Fg\l"o =0, then the
reaction can be obtained by multlphcatlon with a vector com-
posed of the coordinates why0 in the basis {Na}aey,. This corre-
sponds to the traditional algorithm in Table 1, as summarized in
Table 2.

5. CONSERVATIVE REACTIONS FOR
TRIMMED MESHES

Interpreting the total reaction as testing the weak form with spe-
cific test functions serves as a basis to obtain total conservative
reactions for trimmed meshes. In the case of weak boundary
conditions, the test space in Problem (w) naturally consists of
the whole H'(£2), containing elements w such that w| = 1.
Therefore, it is not necessary to consider a compatible problem
including the reactions. Instead, motivated by the principle of
virtual work in Problem (w), the weak boundary condition term
represents the normal flux action on the test functions with trace
on ['. In particular, given a w, € H! such that wg}rg = 1, the

total flux can be computed by evaluating either side of

a(wy, u) —l(wg) = —a, (wg, u). (39)

Note that the total flux computed as in Eq. (39) is in the form
of the extraction expressions studied in [20]. For the Nitsche’s
method in Eq. (16), this is further supported by the fact that
it is variationally consistent. Namely, assuming enough regular-
ity, integrating by parts, and using the arbitrariness of the test
functions, the original strong form in Egs. (7)—(9) is recovered.
Therefore, a weak solution u* € H? for Problem (w), with the
weak boundary- condition term as in Eq. (16), will also solve
both the compatible strong form in Eqs. (24)-(27) with r =
(ke Vu* - n) |r and the associated weak form in Problem (R).
The reactions Z.zcan be computed as in Eq. (31).

For the penalty method [18], the weak form in Problem (w),
with the weak boundary-condition term as in Eq. (14), corre-
sponds to the following perturbed strong form:

-V .- (kVu)=f in Q, (40)
kVu-n+Bu—g)=0 on Iy, (41)
kVu-n=h on I, (42)

From Egq. (41), it follows that (1, & Vu - n)r, = —(1, B(u —
8)r, = —ag(wg, u) = a(wy, u) — I(w,) is a natural approxi-
mation to the flux on I',.

5.1 Reactions for the Galerkin form

In order to compute the total flux on a disjoint portion of the
boundary I'g C I, for partition-of-unity bases on trimmed do-
mains, one strategy can be to define a function w" € W' (Q)
thatis one in a neighborhood of I'y, and has zero trace on I'y\ I'.

In particular, the function w", such that w = 1 for each ele-

|

Q
ment £2, cut by I'y, will also be such that wh | r, = = 1, even fora
complex boundary I' that cannot be 1nterpolated exactly by the
shape functions.

Algorithmically, the only necessary modification to the proce-
dure in Table 1 is to sum the fluxes g, associated with functions
Ny with non-zero trace on I' g and zero trace on I g\ ["y. An exam-
ple is shown in Fig. 4, where standard reactions for nodal linear
shape functions are visually compared to the trimmed-mesh re-
actions with linear and quadratic B-splines shape functions (cf.
[26]). Note that in Fig. 4c, the first two columns of control points
are needed to compute the reactions, as these are the linear
functions with support on the constrained boundary. In Fig. 4d,
the first three columns of control points have to be consid-
ered for computing the reaction, as the basis functions’ support
grows with the order. This procedure can be summarized as in
Table 3.

6. CONSERVATIVE REACTIONS FOR BASES
NOT FORMING A PARTITION OF UNITY

Egs. (31) and (39) are already in a general form, suitable for
bases that do not form a partition of unity. Using the same
ideas as in Section 5, the strategy is to define a test function wh
that is one on each cut element. With the reasonable assump-
tion that the basis functions {N4} can represent constants, let
ca € Rbe the coefficient associated with the shape function Ny,
such that

on Q. (43)

ZCANA =1

A
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(a) Geometry description.

A

<—

<

1.6e-1
|

-2.1e-05 3.2e-1 47e-1  6.3e-01
L | |

(c) Nitsche’s method, linear elements,
stabilization parameter v = 100.

0.0e+00

1.6e-1 3.2e-1 47e-1  6.3e-01
| |

(b) Strong boundary conditions, linear
elements.

-7.7e-06  1.6e-1 3.2e-1 47e-1  64e01
| | |

(d) Nitsche’s method, quadratic B-
splines, stabilization parameter v =
100.

Figure 4 Solution field, mesh and reactions for trimmed meshes. The reactions are depicted as red arrows in the x-direction located at the

control points.

Table 3. Algorithm for computing the reactions on trimmed meshes with partition-of-unity shape functions.

Given the shape functions {N,}, let 7(I'g) = {A : Ny|r, # 0} be the set of indices of shape functions with non-zero trace on I'y. It is

assumed Nalr\r, =0 VA € 7(To).
1.Foreach A € 7j(T'y), compute the discrete fluxes

qA:/ VNy - (kVu") dQ, q;:[NAfdsz—
Q Q

2. The reaction r on Iy is obtained by summing the fluxes of
shape functions with non-zero trace on Iy

r= ) a—di

Aeii(To)

Njhdl.
Iy

The computation of the reactions is summarized in Table 4,
where the sum in Table 3 is generalized to a weighted sum of
fluxes associated with basis functions with non-zero trace on I'.
Note that for partition-of-unity bases, it holds ¢4 = 1 for any A.
In this case, the procedure in Table 4 is the same as the one in
Table 3.

x B-splines
For hierarchical B-splines (H.53), the coefficients {c4 } can be ob-
tained by projecting onto the hierarchical mesh the coefficients
representing the function one on the base level. Since the stan-
dard B-splines form a partition of unity [64], the base-level coef-
ficients are all equal to 1. Let ¢ be the vector of coefficients {c4 }
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Table 4. Algorithm for computing the reactions on trimmed meshes. The basis functions do not need to form a partition of unity.

Given the shape functions {N4}, let 77(Ty) = {A| Nalr, , 7 0} be the set of indices of shape functions with non-zero trace on I'. It is

assumed Ny |p\r, =0 VA € 7i(T).

Let {ca} C R be the coordinates of 1 in the basis {N4}, as in Eq. (43).

1. Foreach A € 77(Ty), compute the discrete fluxes
qa = / VNA . (Kvuh) dQ,
Q

q; = / NAfdQ -
Q

Njhdl.
Ty

2. The reaction r on Iy is obtained by a weighted sum of fluxes associated with

shape functions with non-zero trace on I'y,

r= Y a(aa—dq).

Aeip(ly)

D @BO @

il

©)

.8 —06 =04 -02 0 02 04

0.6
(a) Coefficients for a hierarchical B-spline basis (HB). (b)

©

Coefficients for the integrated-
Legendre basis [Szabé and Babuska,
1991] of order p = 3.

0.8

Figure 5 Example of coefficients (circled numbers) for computing the reactions with bases that do not form a partition of unity.

associated with functions with support on the element €2,, then
¢® can be obtained as follows:

¢ =C1, (44)

where 1 is a vector of ones, and C° is the element hierarchical ex-
traction operator (see [65-67]). Algorithmically, this projection
canbe performed as described in [ 68]. See Fig. Sa for an example
of values for the coefficients {C, }.

6.2 Reactions for integrated Legendre polynomials

The basis functions used in the p-version of the finite-element
method do not form a partition of unity. Given an order p, such
a univariate basis is defined in the interval [—1, 1] as [69]:

() =50+, (45)
()= -, (46)
E(r)=P_(r) i=23,....p+1,  (47)
where & (r) and & (r) are the classical linear shape functions,

while P;_, is defined by an integral expression of the Legendre
polynomials L;

P(r) = /27 / ,1 Loy(t) dt

1

=i (Li(r) = Lia(r)) ,
Since the linear shape functions form a partition of unity & +
& =1lon[—1,1],the remaining high-order functions £,i>3,
will have a zero coeflicient. See Fig. Sb for an example. Similarly,
for a basis obtained by the tensor product of the univariate ba-
sis in Egs. (45)-(47), the coefficients will be the tensor product
of the univariate coefficients. Namely, the linear shape functions
will have coeflicient 1, while the remaining high-order functions
will have a zero coeflicient. In the case of a boundary-conforming
mesh, this section agrees with the extraction of nodal forces pre-
sented in [20, 21]. However, this result is also valid for the more
general case of trimmed meshes.

i=2,3,....

7. 2D BENCHMARK

In this section, a smooth problem involving a flux induced by a
temperature difference on a curved geometry is considered. In
two dimensions, a simple benchmark can be formulated on a
quarter of annulus €2 with inner and outer radii r; and r,, respec-
tively (cf. Fig. 6a). In particular, let us consider

—V-(kVu) =0 inQ= {xe (0,r)*:r < |Ix]| < rz},

u=2In(r;) onTy={xcdQ:|x| =r},
u=2In(r,) onT;={xecdQ:|x| =r},
kVu-n=0 ondQ\ (ToUl),
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(a) Geometry description.

A Y

00e+00 2.0 4.0
\

6.0 8.0e+00
|

(¢) z-component u , of the analyt-
ical flux.

0.0e+00

-2.8e+00 -20 -15 -10
|

i

(b) Analytical solution u.

(d) Example of computational
mesh.

Figure 6 2D benchmark. Geometry, analytical solution and mesh example.

where k is the identity matrix. The analytical solution of the
problem is the harmonic function (cf. Fig. 6b and c)

u="2In|x|.

Note that the data of the problem do not specify any external
flux. The global equilibrium only assures that the flux across the
Dirichlet boundary I'y balances the flux across I';. However,
such total flux cannot be obtained directly from the source term
or the boundary conditions.

The domain €2 is immersed in a Cartesian mesh of the bound-
ing box Qfit = (0, r,)2. One mesh example is shown in Fig. 6d.
The discontinuity in the integrands is resolved by reparame-
terized integration-domains conforming to the physical domain
2, as explained in [54, 55]. The problem is solved with both
Nitsche’s and penalty methods, as in Egs. (14) and (16), with
parameters 8 = 107 (cf. Eq. (15)) and 7 = 10(p + 1)* (cf.
Eq.(17)), similarly to [36,37]. The immersed B-splines analysis
is compared to the solution obtained by a conforming NURBS
mesh with similar element size / and strong Dirichlet boundary
conditions.

The energy error of the numerical solution " is computed
with respect to the bilinear form a(, -) of the original problem

h

without weak boundary conditions. In particular, the error

e(u") = \/% alu—ul, u—uh) (48)

for the conforming mesh is shown in Fig. 7a to have a similar con-
vergence behavior for both Nitsche’s and penalty methods. The
conservative fluxes q and g} are computed on the boundaries
I'p and I'; according to Table 3. The direct fluxes are numeri-
cally integrated as follows:

qf’ = / kVi' - ndl, ie{0,1). (49)
I
Figures 7c and d show the relative flux error
q
; =|1-—— S0
e(q) fr kVu-ndll (50)

for both the direct fluxes e,-(qh) (dashed lines) and for the
conservative ones e;(q°) (solid lines). Note that the conser-
vative reactions yield more accurate results than the direct
approach and show an apparent convergence to the analytical
total flux. Nitsche’s method yields convergence rates that are
two times higher than the strain-energy error rates, similar to
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(d) Nitsche’s method: total flux error.

Figure 7 2D benchmark. Energy error and flux errors for direct fluxes (dashed lines) and conservative fluxes (solid lines).

those obtained with the conforming mesh (cf. Fig. 7b and d).
This phenomenon is often referred to as superconvergence
[9, 20-22]. These rates of convergence are not attained by
the penalty method, as shown in Fig. 7c. Indeed, the penalty
method accurately computes the reactions of a perturbed prob-
lem, and the penalty parameter is scaled with 4. Instead, if the
penalty parameter is scaled as B = B/h*”, then the same rates
of convergence as the conforming mesh and Nitsche’s method
are attained, as shown in Fig. 8a. Note that the conservative
approach is always more accurate than the direct approach for
solutions of the same degree.
The equilibrium error
qo

e(qo,q1)=‘1——
“a

(s1)

is shown in Fig. 8b-d for both direct fluxes e( qg, q}l‘) (dashed
lines) and conservative fluxes e(gj, ;) (solid lines). Note that
the conservative fluxes are in equilibrium up to small numeri-
cal inaccuracies that grow as the condition number with order
O(h™?). The direct-flux equilibrium error is several orders of
magnitude higher than the one for the conservative fluxes.

8. FACADE ELEMENT

The model problem for the facadeelement introduced in
Section 2 is solved with trivariate B-splines . The obtained con-
servative reactions yield a total flux converging to the same value
for both Nitsche’s and penalty methods. This behavior does not
seem to hold for the direct approach: compare Fig. 9a and b with
Fig.3aand c.

9. TRIMMED KIRCHHOFF-LOVE SHELL
EXAMPLE

The presented reaction computation can be extended to the fol-
lowing weak form of the Kirchhoff-Love shell problem with
weak boundary conditions (cf,, e.g. [70-75]):

find u € H*(Q),
such that a(w, u) + b™P (w, u)
+ 0 (w,u) =1(w), VYweH*(Q), (52)
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(a) Penalty method: total flux error with penalty pa-
rameter 3 = B/h%".

(b) Equilibrium error of direct fluxes (dashed lines) and
conservative fluxes (solid lines). The conservative fluxes
(lines below) are in equilibrium up to machine precision.

Figure 8 2D benchmark. Equilibrium error and improved convergence in the flux error obtained by the penalty method. The conservative
fluxes are in equilibrium up to machine precision.
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(a) Total flux. (b) Equilibrium error.

Figure 9 Facade element example. Total flux and equilibrium error for the direct fluxes (dashed lines) and conservative fluxes (solid lines).

f and the traction ¢ over the boundary I';y C 0€2:

l(w):/Qw-fdQ—l—/nw-tdF.

For simplicity, only zero external bending moments are consid-
ered. The term b (w, u) penalizes a displacement different
from g on the boundary I'; C 9€2:

where a(w, u) is the bilinear form representing the internal work

a(w. u) =/Qe(w) . N(u) d§2+/glc(w) . M(u) dS2.

The symbols € and k& denote the membrane and bending strain
tensors, respectively, while N and M are the in-plane stress and
bending moments, respectively. The term [ (w ) is the linear func-
tional representing the external work of a volumetric body load

b8P (w, u) = / BYP w . (u—g) dT,
Fg
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Figure 10 Trimmed Kirchhoff-Love shell example.

where 8% € R is a user-defined penalty parameter. Finally, the
term b™"(w, u) penalizes the normal rotations on the boundary
'y C o2

V' (wou) = | B (n-®(w)) (®(u)-n)dl,
Ty
where B € R is a user-defined penalty parameter, the symbol
n represents the outward in-plane normal to the boundary I'y
and ®(u) = a3(u) — A3 denotes the angle between the shell
normal in its undeformed A; configuration and deformed a3 (u)
configuration after applying the deformation u. See [73, 74] fora
detailed review. Following [74], given Young’s modulus E, Pois-

(f) Reaction tractions with 2 re-

ettt

Hins

(g) Reaction tractions with 5 re-
finement levels.

son’s ratio v, thickness t and size h of the smallest element, the
penalty parameters are scaled as

disp __ p_ Et

ﬁ - ﬂh(17v2)7
ot __ 3 Et?

B =8 12h(1—12)°

where the common parameter B € R is user-defined. In the fol-
lowing, the value 8 = 10° is used, since in [74], this value is
shown to be suitable for various examples in the context of multi-
patch penalty coupling.

Following the reasoning of the previous sections, the ith re-
action component, r;, corresponding to the traction on I, is
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computed by testing the variational form with a test function

wé € H? such that w‘lg" =1, wfl = 0 forj # i and such
r, r,

that (P (ws?) 'n)‘m = 0. In particular, given a known dis-
placement field u* € H?, the ith component of the total reaction
can be computed by evaluating either side of the following equa-
tion:

a(ws', ) — I(wh') = —bHP (W', u¥). (83)

The same strategy as in Sections S and 6 can be applied to
the present case to evaluate the reactions on trimmed geome-
tries with bases that do not form a partition of unity. The global
equilibrium is confirmed in the example shown in Fig. 10a. The
edges of the circular hole on the left (blue curves) are clamped,
while a tractiont = (0, 0,1) " is applied on the straight bound-
ary marked in Fig. 10a (red arrows).

The geometry is described by a B-spline patch stored in a
STandard for the Exchange of Product model data (STEP) file
format [76]. A (trimmed) computational mesh is obtained for
numerical analysis by k-refinement on the geometric patch, as
described in [25, 26]. The STEP file also contains the trimming
curves in the parametric space of the B-spline patch, allowing
to define accurate shell integration rules following [54], as ex-
plained in [72, 77].

The problem is solved with an initial (trimmed) B-spline
patch of uniform degree p = 3. The elements intersecting the
physical domain €2 are shown in Fig. 10a. Figure 10b shows the
displacement magnitude on the deformed geometry. The prob-
lem is also solved with hierarchical B-splines [23, 24] with sev-
eral refinement levels. The elements cut by the clamped bound-
ary are recursively refined up to a refinement level I. Addi-
tionally, some elements totally outside the physical domain are
refined to ensure that the finest-level hierarchical functions are
activated, as explained in [78]. Specifically, for each cut-element
€2, marked for refinement, it is also marked for refinement each
element Q, € Q" \ © contained in the support of basis func-
tions of element £2,. See [78] for details. A graded mesh is ob-
tained by enforcing a mesh-admissibility class equal to one [79,
80]. Namely, each element can have active basis functions be-
longing to at most two consecutive levels. Details can be found
in [79-81]. Figure 10c shows the mesh obtained after | = S re-
cursive refinements, along with the von Mises stress around the
clamped hole.

The basis functions having non-zero trace on the clamped
edge belong to the hierarchical-refinement levels [ and | — 1.
These functions do not form a partition of unity, and the reaction
tractions are computed as described in Section 6.1. The mesh
and discrete reactions for | € {0, 2, 5} are shown in Fig. 10e-g.
Figure 10d shows the relative equilibrium error of the reaction
traction r on the clamped edge with the applied external traction
t computed as follows:

e(r, t) = u (54)
lIt]l2
10. CONCLUSIONS

In this work, we formulated and investigated a conservative ap-
proach for computing reaction forces and fluxes based on the

expression of global equilibrium given by the weak form. The
discussed approach is suitable for trimmed meshes and non-
interpolatory basis functions. We showed that the direct method
consisting of integrating the differentiated primal solution could
perform particularly poorly for immersed methods. Instead, the
conservative approach yields convergence rates two times higher
than the energy-norm error for a two-dimensional benchmark
with a smooth solution and weak boundary conditions. The ap-
proach is generalized to bases not forming a partition of unity,
such as the hierarchical B-splines and the integrated Legendre
polynomials. In conclusion, this work aims at providing an accu-
rate formulation for computing reaction forces and fluxes suit-
able for trimmed discretizations based on (locally refined) non-
interpolatory basis functions.
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