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a b s t r a c t

Using structural optimization is ideal for the development of complex aluminum cast parts, due to the
high degree of design freedom. Various casting processes exist for production, and these differ in their
boundary conditions and process restrictions. The resulting geometric restrictions have so far only been
taken into account to a limited extent in structural optimization. Hence, there is a desire to determine
simple process restrictions that can be taken into account to generate component geometries that
are as light as possible but can still be produced by casting. This paper addresses the automated
validation and optimization of directional solidification for topology-optimized geometries for castings.
For the parametric description of the component volume, the medial axis transform (MAT) method is
chosen. This approach allows a subsequent evaluation and optimization by methods of graph theory
and feedback into an adapted surface file. The optimization results are finally evaluated by a process
simulation using the finite volume method.

© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Lightweight structures and load-adapted components con-
inue to play a prominent role in discussions on climate neutrality
nd energy efficiency. Due to the wide range of possible com-
onents with complex structures and high functional integration
ombined with efficient production, casting processes are among
he most frequently used manufacturing methods for such opti-
ized components. Aluminum alloys are in particular used for

his purpose because of the high lightweight potential of the
aterial.
To minimize product development times and meet the in-

reasing demands on cast aluminum components, use of topol-
gy optimization and casting simulations has become standard.
owever, up until now, topology optimization, i.e. the load-
dapted design of the component, and casting simulation, i.e. the
anufacturing-appropriate design of the component, have been

nsufficiently coupled.
In this paper, we introduce an approach for coupling the load-

dapted and the manufacturing-appropriate design. To ensure
ompliance with the manufacturing constraints during the topol-
gy optimization, we use a geometry-based substitute model
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that estimates directional solidification purely on the basis of the
component shape using the medial axis transform.

2. Background

Casting processes allow the near-net-shape fabrication of thin-
walled lightweight components [1]. In doing so, liquid metal fills
a mold replacing the air that previously filled it. After filling,
the metal solidifies in the desired geometry of the cavity. During
solidification the specific volume of the metal decreases. This
shrinkage is compensated by adding more liquid melt and is
referred to as feeding. Common casting defects include shrinkage
porosity, which represents areas that cannot be fed sufficiently.
These casting defects either make the part unusable or signifi-
cantly lower the part’s quality. Hence, in casting processes such
as sand-casting or low-pressure die casting, directed solidification
is desirable so that all areas are fed sufficiently and no shrinkage
porosity occurs [2,3].

Consequently, when evaluating the casting process for near-
net-shape products, both the mold filling and the subsequent
solidification of the melt are evaluated for the design of the
casting system and, if necessary, to make adjustments to the
component geometry. Until now, this evaluation has largely been
carried out during the final phase of component design and
requires a high level of manual effort to set up and evaluate the
simulation. To integrate process knowledge in the early phase
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.1016/j.cad.2022.103394
http://www.elsevier.com/locate/cad
http://www.elsevier.com/locate/cad
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cad.2022.103394&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:maximilian.erber@utg.de
https://doi.org/10.1016/j.cad.2022.103394
http://creativecommons.org/licenses/by/4.0/


M. Erber, T. Rosnitschek, C. Hartmann et al. Computer-Aided Design 152 (2022) 103394

o
e
u

s
c
o
u
e
a

2

t
h
o
a

s
u
[
T
s
t
b
t
I
f
l
h
i
o

e
s
v
r
l
d
s
d
T
A
c
m
d
a
c
p

g
d
t
s
i
f
u
p
d
t

f component design, methods are needed that allow a quick
valuation of the geometry. In the past, two method classes were
sed to evaluate solidification behavior:

• Numerical solidification using the finite volume method
(FVM), finite differences method (FDM), or finite element
method (FEM)

• Geometrical approaches.

In the first method class, the numerical determination of the
olidification time is based on the solving of an unsteady heat
onduction equation. In the second method class, the evaluation
f solidification behavior is based solely on component geometry
nder the premise that the geometry is the main factor influ-
ncing solidification. In this paper, we use the term geometrical
pproaches for this class of methods.

.1. Topology optimization of castings

Among computer-aided engineering tools available for struc-
ural optimization, topology optimization (TO) is widely used. It
as reached a certain level of maturity in recent years, with fields
f application extending from structural and civil engineering to
eronautical and aerospace engineering [4–9].
As TO describes the optimal material distribution in a de-

ign space under given loads and constraints, it is commonly
sed during the initial stage of the product development process
10,11]. However, due to geometric complexity, the results of
O are often non-manufacturable design proposals, which re-
ults in extensive redesigning efforts [11–14]. Consequently, the
ransformation of TO results into editable CAD geometries has
ecome a key research area in recent years in order to reduce
he effort needed to redesign or adapt design proposals [15–19].
n addition to the geometry reconstruction of the TO result, it is
urther desired that the design proposal is dedicated to a particu-
ar manufacturing process. Therefore, manufacturing constraints
ave been incorporated into the TO framework. In terms of cast-
ng, these constraints include minimum length scale, symmetry,
r extrusion [14,20].
For implementing manufacturing constraints in TO, Vatanabe

t al. used a unified projection-based approach, while, for in-
tance, Li et al. applied a virtual temperature method to avoid
oids and undercut in the design proposals [14,21]. Particular
eference is made to the demolding direction and the parting
ines of the mold in the literature for the achievement of castable
esign proposals [12,20–22]. These methods shrink the design
pace of an unconstrained TO problem. Therefore, they can be
escribed as significantly narrowing the range of solutions to a
O problem, thereby simplifying the obtained design proposal.
lso, these constraints are derived from practical experience of
asting design, knowing that the constraints generally improve
anufacturing outcomes. Accordingly, these methods essentially
escribe a simplification of the unconstrained design proposal
nd are not capable of describing the limits of stable casting pro-
esses [23]. Therefore, it may be desirable to incorporate detailed
rocess knowledge into the structural optimization process.
Consequently, Zhao et al. considered that hollow structures

enerally are more suited for casting processes and used three-
imensional morphable bars to transform solid into hollow struc-
ures [24]. Alternatively, the incorporation of casting process
imulations can be used to obtain casting design proposals with
mproved manufacturability [23,25]. For evaluating the manu-
acturability of areas within the design space, Heilmeier et al.
sed Djikstra’s shortest path algorithm [26] to investigate high-
ressure die castings [27]. This simplification allowed fast pre-
ictions but neglected the dynamics of the fluid flow as well as

he local thickness of the geometry. Alternatively, Rosnitschek
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et al. used a logarithmic quotient of the solidification time and
the distance to the ingate level to evaluate low-pressure die
castings [23].

A challenge is then the combination of results from TO and
process simulation. Skeletonization techniques are potentially
well suited to overcoming this challenge because they intu-
itively capture meaningful information such as symmetry, local
complexity, adjacency, or local width [11,16]. Skeletonization
techniques can be sub-divided into surface skeletons, such as the
medial axis transform (MAT), or curve skeletons.

While many methods for application to two-dimensional prob-
lems can be found in the literature, sources for three-dimensional
skeletonization methods are relatively scarce [11,16]. Neverthe-
less, medial axis skeletons provide the locus of centers of
maximally inscribed balls, which represent a solid theoretical
basis for the definition of 3D skeletons [16]. Therefore, in Sec-
tion 3, we describe how to use the medial axis transformation
for the geometry-based assurance of directional solidification for
complex topology-optimized casting design proposals.

2.2. Geometrical approaches for solidification estimation

The need for geometrical approaches is based on the require-
ment for low computational cost and to achieve fast decision-
making during the design process. The geometric evaluation
approach neglects other casting process parameters, such as the
heat transfer between mold and component and the thermal
characteristics of the mold material and component material. In
general, no absolute value is determined as an evaluation crite-
rion but rather a relative value that enables the comparison of
different component areas [28]. Based on this relative parameter,
local hotspots are then determined, indicating possible positions
that cannot be fed, leading to shrinkage cavities.

Most models are based on Chvorinov’s rule [29], which pro-
poses the solidification time ts based on the modulus of a compo-
nent. The modulus pertains to the ratio of a heat content volume
V and the heat transferring area A surrounding this volume. The
cast and mold material define the material constant k.

ts = k
(
V
A

)2

(1)

Many researchers have investigated and proposed derivatives
of Chvorinov’s rule. The relationship in Eq. (1) can be either used
interactively by dividing a casting geometry into simple sub-
components or by approximating the relationship if an intuitive
division is not possible. Wlodawer used the first approach and
proposed a rule based on the moduli to ensure the function of
feeders [2]. The other approach is also known as section modulus
and was introduced by Neises et al. [30]. It can be calculated for
any point in the cavity by

M =
2∑N
i=1

1
di

(2)

where N is the number of cooling directions, and di is the shortest
euclidean distance to the casting surface [31]. Upadhya and Ravi
expanded the method for three-dimensional shapes by discretiza-
tion using a rectangular 3D mesh and introduced methods for
further consideration of the casting surface via shape factors or
chills [28,31].

Pao, Ransing, and Sood introduced another approach [32–
34]. They used the distance transform as an evaluation criterion
along the midplane of a casting. This criterion further reduced
the number of evaluated samples, identified solidification paths,
and optimized the heat transfer coefficients for ensuring directed
solidification. Recently, Auger proposed a geometrical modulus
calculation based on the evaluation of single Voronoi cells, which
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Fig. 1. The medial axis transform of a topology optimized cantilever. Every point
n the medial axis transform corresponds to an internal ball, that touches the
eometry’s surface, but does not cross it. Small features and long additional
heets have been filtered with our method. (For interpretation of the references
o color in this figure legend, the reader is referred to the web version of this
rticle.)

llowed the evaluation of complex shapes [35] and Warriner and
onroe used the distance transform for hotspot identification
nd feeder generation [36].

.3. Medial axis transform

In the three-dimensional space, the skeleton of a geometry can
e described using different methods. One method is to describe
he geometry by its midplane, that consists of several surfaces,
ach describing a feature of the geometry. Other skeleton meth-
ds, such as the curve skeleton, describe the geometry by a
ingle curve with corresponding cross-sections for each feature.
n this work, we use the medial surface approach to describe
ur geometries, in order to use the method for different casting
eometries including thin-walled high-pressure die castings.
The medial axis transform, also named medial surface, is the

keleton that describes the topology and geometry of an object by
he set of maximal balls entirely contained within the object [37].
hese skeletons aim to describe the geometric and topological
roperties of an object in an intuitive way [38]. In the exam-
le shown in Fig. 1, the gray surface outlines the volume of a
opology-optimized cantilever. The blue surface defines the me-
ial axis transform. The maximum inscribed sphere (light blue)
pecifies the shortest euclidean distance to the geometry’s surface
or every point on the medial axis.

There are different ways of calculating the medial axis trans-
orm for three-dimensional objects. Mesh-based methods mostly
se the Voronoi diagram for the skeletonization [39,40]. Advan-
ages of these algorithms are a low complexity of O(n2), the
andling of non equally spaced sample points, as well as an
asy process for the reconstruction of the medial axis. Voxel-
ased methods discretize the part’s geometry in advance and
efine the medial axis, for example, by thinning [41,42], distance-
ield methods [43] or using the interior Voronoi diagram [44].
hey can be efficiently calculated in parallel on GPUs, but the
econstruction of the skeleton is a nontrivial problem due to
on-manifold and self-intersecting surfaces [45].
A significant disadvantage of the medial axis is its instability.

wo very similar objects can have significantly different skele-
ons, and a rough surface and discretization errors lead to com-
lex medial surfaces with long additional branches or sheets [40].
herefore, several filtering methods have been proposed, such as
ngle-based filtering [46–48] using the angle at the medial axis
ormed by the connection of the contact points and the medial
oint itself, or distance-based simplification [49] that uses the
istance of the contact points corresponding to a medial axis
oint. Further methods use a volume-based approach [37] or
etermine the importance based on a scale adaptive classifica-

ion [40].

3

Fig. 2. Workflow for creating topology optimized geometries by incorporating
directed solidification. In this work the iterative process has only been performed
once.

2.4. Medial axis for casting evaluation

Research on casting process evaluation using the medial axis
transform is scarce. Sood, Pao, and Ransing presented the only
approach of which the authors are aware [32–34]. Using the
commercial software tool CADfix, they calculated the medial axis
transform of CAD products and evaluated the solidification time
based on the distance to the surface of the casting. By manual
definition of solidification paths along the medial axis surface,
they determined a local variant heat transfer coefficient to ensure
a directed solidification. The validity of this optimization tech-
nique is debatable because the opportunity for local adjustment
of the heat transfer coefficient during the actual casting process is
limited. For this purpose, it would be necessary to apply release
layers of different thicknesses or different thermal conductivity to
the casting mold locally. In addition, these release layers would
also have to be ensured for larger quantities in order to avoid
defects and thus rejects. Another difficulty in this approach is the
transferability of its method to complex geometries, as they are
found in TO. Therefore, some challenges remain unsolved, and the
objective of this paper is to provide solutions:

• The evaluation of complex cast components with geometric
models has so far only been investigated using voxel-based
methods.

• Up until now, it has been necessary to specify the solidifi-
cation path manually, which prevents its use in automated
optimization.

• Up until now, geometrical models have only been used to
evaluate geometries but not to optimize the geometry.

3. Proposed method

Our approach shows a possible way for including process
requirements in the topology optimization for casting geome-
tries. Our proposed workflow is shown in Fig. 2. The objective
of this workflow is to generate a topology-optimized geometry,
that allows directional solidification towards the ingate in order
to reduce casting defects. Therefore, we included the following
topics in this work:

• Generate a surface model produced by topology optimiza-
tion.
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Fig. 3. The three sample geometries, union of cuboids (a), TO results of a
cantilever beam (b), a traverse link (c).

• Compute an approximate medial axis transform (MAT) using
the Voronoi diagram of a set of equally spaced points on the
surface of the geometry.

• Filter the approximate MAT to exclude artifacts like spikes
and small features.

• Use the MAT and its radii to identify local thickness maxima.
Automatically define directional solidification paths from
the ingate towards these maxima.

• Modify the radii along these paths to eliminate local maxima
and reconstruct a modified surface shape of the casting.

• Ideally, export a design proposal where the radius decreases
monotonically from the ingate of the casting.

The induced error caused by the transformation of the surface
of the geometry to the MAT representation and the subsequent
transformation back to a geometry surface, is evaluated by mea-
suring the Hausdorff distance [50] in Section 4.3. The Hausdorff
distance measures the deviation between the original surface
and the reconstructed surface without changing the radii of the
medial axis spheres.

As is common in TO, the starting point is the definition of
the design space and the target volume defining the mass loss
in the design proposal. With this information the TO generates
an optimized structural design proposal. Then we integrate our
process requirements into this design proposal through a geome-
try analysis using Python. Hence, we simplify our geometry based
on its mid planes using the medial axis transform.

A graph is constructed for the medial axis that allows the
identification of material accumulations, also referred to as local
hotspots, in the geometry and paths for a directional solidification
based on graph theory. By iterative adaption of the geometry
along those paths we create a final geometry that is based on
the topology-optimized geometry and additionally exhibits better
castability. A new surface geometry of the final geometry is
exported. Commonly used casting software evaluates the method
in terms of prediction accuracy and optimization results.

In this paper, three different geometries, defined by a trian-
gulated surface geometry, shown in Fig. 3, are used as input
data.

3.1. Topology optimization

For the TO of the investigated samples, we use the common
density-based single isotropic material penalization (SIMP) ap-
proach initially described by Bendsoe and Kikuchi [51]. We solve
a minimum compliance problem with a volume constraint, which
can be formulated as:

min C = min uT
Ku, subject to : v ≤ VT (3) F

4

Fig. 4. Schematic creation of medial axis for a 2D shape defined as a polygon (a),
the sample points on the polygon and their Voronoi diagram (b). By filtering the
Voronoi diagram the medial axis transform is calculated (c). Using the vertices
of the medial axis and their shortest distance to the sample a reconstruction of
the polygon is possible (d).

where C denotes the compliance, and K and u are the stiffness
atrix and displacement vector, respectively. The volume con-
traint is defined by the relative volume v, which must be less
han or equal to the relative target volume VT .

.2. Voronoi diagram for medial axis transform

We use a geometrical evaluation and optimization approach
mplemented in Python [52]. We use the following open-source
odules NumPy [53], Pandas [54], Trimesh [55], PyVista [56],
ciPy [57], NetworkX [58], pymeshfix [59] and Vedo [60] to com-
lete our work. We used various shapes of the dataset introduced
y [61] to test the algorithm in 2D.
Therefore, we use a mesh-based method using the Voronoi

iagram for the calculation of the inner medial axis transform of
he casting. Fig. 4 shows the schematic creation of the medial axis
sing the Voronoi diagram for the polygon shown in Fig. 4a. At
irst a sample P with a specified number of approximately evenly
paced surface points is defined. For the three-dimensional case,
his set is not defined by the facet vertices, but uses random
oints that are approximately evenly spaced on the geometry
urface . The Voronoi diagram is calculated for all sample points,
ee Fig. 4b. This diagram represents a decomposition of the space
ased on the sample. For each Voronoi region, called a Voronoi
ell, the corresponding sample point has the closest distance
ompared to all other sample points. Voronoi vertices v are the
ositions in the diagram which have the same distance to at
east three sample points in the two-dimensional case, and to
t least four sample points in the three-dimensional case. These
ertices are linked by edges in the two-dimensional space and
dditionally by planes in the three-dimensional space. The me-
ial axis transform of an object is defined by the inner vertices
f the Voronoi regions and the boundary segments connecting
hem, shown as black vertices and edges in Fig. 4c. The MAT in
ombination with the closest distance of every MAT vertex to the
ample set contains all information for a reconstruction of the
bject. Therefore in 2D the reconstructed object is the union of
ll circles, with the center defined by the MAT vertices and its
orresponding closest distance to the sample set, as shown in

ig. 4d.
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Fig. 5. Geometric filtering methods for extracting the medial axis transform
from the Voronoi diagram, shown for a single Voronoi cell Vi . Determining the
set of the inner Voronoi vertices by angle filtering (a). Filtering method of small
medial axis balls by expansion of balls (b).

3.3. Angle-based filtering of the voronoi diagram

As illustrated in Fig. 4 the skeleton of an object can be de-
scribed by the subset of the Voronoi diagram, that lies inside an
object. Thus, a fast filtering method of the Voronoi diagram is
needed to derive this skeleton, therefore we propose a method
in this section. The algorithm starts by calculating the Voronoi
diagram of the evenly spaced points p ∈ P . A set Z of eight
vertices of a large box surrounding the geometry is added to the
sample set P . This set Z is neglected for the further filtering and
evaluation and only used for computing the Voronoi diagram.
The information of the surface mesh facilitates the procedure of
filtering the Voronoi diagram of the object. For every point p ∈ P
normal is derived from the information of the adjacent faces
ointing outside of the surface mesh.
For the detection of the inner Voronoi diagram an angle-

ased filtering method, the pseudo code shown in Algorithm 1,
s used. An example of the filtering method is shown in Fig. 5a
or a specific Voronoi cell Vi of the two-dimensional polygon. A
ubset F defines the filtered Voronoi vertices, that should be kept.
ll vertices that span the Voronoi cell are determined for each
oronoi cell Vi with its corresponding point pi and normal −→ni . For
very vertex vj the vector from the current point pi towards this
ertex is calculated, and the angle spanned between the vector
→
ivj and the current normal −→nj is determined. If this angle is
reater than a predefined angle α, the vertex vj is added to the set
. This method is repeated for every Voronoi cell and the filtered
oronoi diagram is defined by all vertices that fulfilled the angle
riterion in Algorithm 1 at least once. This angle-based method
eads to the inner Voronoi diagram. Varying the parameter α
llows a first filtering to avoid sharp additional branches and
heets because of rough surfaces of the geometry.

.4. Simplification of medial axis by expansion of balls

An idea introduced by Miklos is used for the further simplifica-
ion. The scale adaptive classification relies on a size comparison
etween a geometry section and its surrounding geometry. If the
urrent section appears small relative to its surroundings, it is
5

Algorithm 1 Minimum angle filtering.
Input: Sample P , with sample points p and sample normals −→n ,
filtering angle α

Compute VP
F = ∅

for Vi ∈ Voronoi cells V do
Get sample point pi ∈ P
Get normal −→ni
Get Voronoi vertices v ∈ Vi
for each vj ∈ v do

Compute −→pivj

if ̸ (−→ni ,
−→pivj) > α then

F = F ∪
{
vj

}
end if

end for
end for

Output: Filtered Voronoi vertices F

proposed as an irrelevant geometry section and therefore ignored.
This leads to a new shape containing only the significant features
of a geometry [40]. As shown in Fig. 5b the geometry can be
represented by the inner Voronoi vertices and their correspond-
ing distance to the geometry’s surface. Below, we refer to this
representation as medial axis balls, where the ball’s midpoint is
defined by the Voronoi vertex and the radius of the ball is defined
by its shortest euclidean distance to the sample P . By scaling
all ball radii with a specified scaling factor s, irrelevant balls
will be swallowed by bigger neighboring balls, which increase
more, with the same scaling factor s than the irrelevant balls. An
example of this is shown in Fig. 5b for the Voronoi cell Vi. The
small ball defined by the vertex vk with the radius rk will get
wallowed by the ball of vertex vl with the radius rl, if both radii
get expanded by a sufficient high scaling factor s. Whereas Miklos
id not define a neighborhood for his simplification method, we
efine the neighborhood only by the vertices of the surrounding
oronoi cells of the vertex to be observed.

Algorithm 2 Filtering by expansion of balls.
Input: Sample P , Filtered Voronoi vertices F , Voronoi diagram VP ,

Ffinal = copy(F )
Fdelete = ∅

Calculate distance to sample: r(f ∈ F ) = min
p∈P

∥f − p∥

Calculate expanded distance: rexp = s · r
for each Voronoi cell Vi ∈ VP do

Get subset of inner Voronoi vertices
vin = F ∩ (v ∈ Vi)
for each vk ∈ vin do

vothers = vin \ vk
if rexp,others > (rexp,k + ∥vothers − vk∥) then

Fdelete = Fdelete ∪ {vk}

end if
end for

end for

while Vertices in Fdelete on border of MAT: do
for vcheck ∈ Fdelete do

if vcheck on border of MAT: then
Ffinal = Ffinal \ {vcheck}

Fdelete = Fdelete \ {vcheck}

Update MAT
end if

end for
end while

Output: Final filtered Voronoi vertices Ffinal

The pseudo code is shown in Algorithm 2. The filtered Voronoi
diagram F , the sample P , the initial Voronoi diagram V and a
P
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Fig. 6. Transformation of MAT to a graph with additional nodes for surfaces
with more than three vertices for higher precision of shortest path calculations.
Due to a low number of 2000 sample points the smoothness of the medial axis
decreases and there is an increased number of long additional branches due to
discretization errors.

predefined scaling factor s are required for this. For every filtered
ertex f ∈ F the radius, defined by the minimal euclidean
istance to the sample P , is determined and multiplied by the
caling factor s. The filtering method is applied to the subset of all
nner vertices of the Voronoi cell. Therefore, the inner vertices are
plit into the current vertex vk and all other vertices vother . If the
ondition that any of the other ball radii is greater than the sum
f the expanded ball radius rexp,k and the distance of this vertex
owards vertex vk is true, vertex vk will be proposed as irrelevant
nd therefore be included in a set of points Fdelete, that should be

deleted.
The structure of the Voronoi diagram in combination with

the filtered Voronoi vertices allows a mesh-based approxima-
tion of the medial axis. Thus, the Voronoi diagram for a three-
dimensional point cloud has Voronoi vertices as well as Voronoi
edges and Voronoi surfaces. Edges in the diagram represent posi-
tions in space that have an equal distance to three sample points
and are limited by two Voronoi vertices, while faces have the
same distance to two sample points. This information can be used
to approximate the medial axis by filtering the remaining Voronoi
surfaces. Only surfaces whose boundary points are all a subset of
Ffinal are kept. Again, only edges that run along these faces are
considered as edges of the medial axis.

In a subsequent iterative process only those points are deleted
that satisfy the condition of being in the set of Fdelete and lying on
the border of the medial axis to prevent the formation of holes
in the medial axis surface and to ensure its connectivity. The
condition of lying on the MAT border is satisfied if a point has
only one adjacency face.

3.5. Evaluation of the medial axis

The medial axis calculation is followed by a graph-based eval-
uation of the medial axis transform. The nodes of these graphs
are defined by the filtered Voronoi vertices, the links between
the vertices by the remaining edges. Since the number of vertices
of the Voronoi surface varies, as shown in Fig. 6, in our method
surfaces with more than three vertices were additionally decom-
posed into triangles by additional midpoints and links between
each vertex and midpoint. On the one hand this leads to more
precise shortest path calculations and our MAT can be further
edited using modules designed for triangulated meshes. Hotspots,
which would potentially lead to shrinkage porosity in the event
of insufficient feeding, are derived from local maxima of the
radius in the graph. An additional prominence criterion allows
further filtering of the hotspots. This criterion checks for each
local maximum whether its radius is larger than the radii of all

adjacency nodes within a given range along the graph.

6

Shrinkage porosity can be avoided by ensuring sufficient feed-
ing at local material accumulations. This can be achieved on
the one hand by feeding via the ingate of the component or
by additional feeders placed at the component surface. In our
work, directional solidification was to be achieved exclusively via
an isolated ingate, analogous to the process in low-pressure die
casting, in order to keep the model complexity low. Therefore, the
ingate is placed at the thickest section of the part. As a criterion
for sufficient feeding, we propose that every position in the part
must be reachable along a path from the ingate with a decreasing
thickness. Hotspots do not fulfill this criterion. Therefore for every
hotspot the shortest path [26] weighted by the edge lengths along
the graph towards the ingate is calculated, and in a second step
all balls along this path are expanded until no more local maxima
are found except the ingate. This shape modification of the MAT
ensures the manufacturability with less casting defects caused by
shrinkage.

3.6. Reconstruction of optimized geometry

We use a discretization method by voxelization for the re-
construction of the optimized structure defined by the adapted
MAT. For this purpose, the space of the bounding box with an
additional user defined offset is partitioned into equally spaced
voxels defined by their edge length, also referred to as voxel size.
Then, for each Voronoi sphere, all voxel centers located in the
sphere’s domain are identified. The final volume is defined as
the union of all identified voxels of all Voronoi spheres. From
this, the faces between inside and outside voxels are determined
by Boolean comparison of adjacency voxels. These surfaces get
triangulated, taking into account the normal direction pointing
outside the geometry. Then, the generated surface is reduced
to its largest connected component by describing it as a graph,
where the nodes of the graph are defined by the triangles and
the edges of the triangles represent the links in the graph.

Graph methods are then used to find non-manifold edges and
the points representing these edges are deleted. The resulting
holes are closed using existing functions of the pymeshfix mod-
ule [59]. We obtain a watertight mesh that can further be used in
CAD tools or simulation environments. The surface is smoothed
using a Laplacian method and can be exported as a surface object
using the standard file format .stl that is supported for many
software packages.

4. Results

4.1. Medial axis calculation

In order to use the surrogate model of the medial axis transfor-
mation for the evaluation and optimization of cast components,
a stable and sufficiently accurate model transfer for arbitrary
geometries and components must be ensured. Since topology-
optimized components can have complex surfaces, the geometry
(dimensions 160 x 50 x 50 mm) in Fig. 3a with different rough
surfaces was examined as an endurance test. The geometries as
well as their medial axis transformation are shown in Fig. 7.

For this purpose, the component was meshed with 20,000
sample points. These points were then randomly shifted firstly
with a small displacement of up to 0.1% of the component diag-
onal (0̃.17 mm) and then secondly with a high displacement in
range of up to 1% (1.7 mm). This displacement was sufficiently
igh to generate overlaps of individual surfaces. These geometries
ere used to estimate the limits of the angle filtering method

or rough surfaces. The test investigated the stability of the sig-
ificant surfaces of the skeleton. For the evaluation, a filtering
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Fig. 7. Medial axis transformation for a geometry with randomized displaced surface vertices.
Fig. 8. Detection of the local maxima in the structure, shown by way of example for the traverse link. These local maxima represent hotspots, which lead to potential
shrinkage porosity. The hotspots are visualized as light blue spheres in the figure. These hotspots are subsequently reduced to obtain an optimized design geometry.
(a) The central figure shows the union of balls defined by the MAT of the initial geometry (gray). Sections with expanded balls modified by the optimization are
marked in blue. (b) The right figure shows the reconstructed watertight surface mesh, which can be used in other software tools (c). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
angle of 135 degrees and scaling factors of 1.0 for no filtering by
expansion and 1.2 for filtering was used.

For the smooth input geometry, an angle-based filtering of the
oronoi diagram is sufficient to generate the significant medial
xis transformation. Good results are obtained with a filtering
ngle α of 135

◦

. Too small angles lead to an incorrect classifi-
ation of few outer vertices. These errors mainly occur at sharp
dges of the geometry. An angle greater than 160

◦

filters the
AT too drastically, resulting in incomplete connectivity of the
edial axis. An increased scaling factor clears only some vertices
t the inside edges of the input geometry. Small displacements of
he sample points lead to some long additional branches, but no
uter vertices are classified incorrectly. By using a scaling factor
f 1.2 the significant features of the medial axis are highlighted.
f the displacements are too high, the actual medial surface is
ifficult to recognize after the angle-based filtering and individual
oints that lie outside the component are classified as interior
oints. Nevertheless, the basic skeleton of the component can be
onstructed with the help of further filtering.

.2. Hot spot detection of initial and optimized part

By transferring the geometry into a graph, we can use it to
etect potential hot spots in the structure, which may lead to
hrinkage porosity in the castings. For this purpose, we can use
he radii of the medial axis points that provide information about
he geometric entities. Since, in the case of directional solidifica-
ion, geometries that are conical along the solidification path are
7

favorable, the radii of the points should decrease. Hence, thicker
areas should be near the ingate to avoid shrinkage porosity or
areas that cannot be filled due to premature solidification. Con-
sequently, we can define local maxima as any point on the medial
axis graph with a greater radius than its adjacent neighborhood.
We defined this neighborhood by a distance of 15 mm to the
local maximum along the graph. These local maxima represent
potential hotspots. For example, the hotspots of the traverse
arm can be seen as light blue spheres within the volume in
Fig. 8. In the example shown in Fig. 8 the filtering reduces the
number of hotspots from 600 to 25. The optimization of these 25
maxima is sufficient, because many local maxima are only due
to discretization errors and therefore do not have a large impact
on the optimization results. The final geometry is exported in a
standard file format as a surface mesh, as shown in Fig. 8c.

4.3. Reconstruction quality

In this section we present the results of the quality of the
reconstruction of the medial axis transform to a surface model. To
obtain the results, we calculated the medial axis transform of our
example surface models with 20,000 and 100,000 sample points
and reconstructed their non optimized surface. For the evaluation
of the reconstruction quality we calculated the Hausdorff [50]
distance of the new reconstructed geometry’s surface based on
the input geometry’s surface. Therefore, we used the vertices of
the new surface as the sample for the Hausdorff distance. These
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Fig. 9. Hausdorff-Distance of reconstructed geometry. (a) Medial axis calculation
with 20,000 sample points and reconstruction with a voxel size of 1 mm. (b)
Medial axis calculation with 100,000 sample points and reconstruction with a
voxel size of 0.5 mm.

results are shown in Fig. 9, where dark faces of the mesh indi-
cate a small deviation between those two meshes and brighter
faces indicate higher deviations. For a better visualization, the
histogram shows only values in a range of 0 to 1 mm, devia-
tions of more than 1 mm are considered in the 1 mm bin. In
Fig. 9a the medial axis was calculated using 20,000 sample points
and a reconstruction with a voxel size of 1 mm. The maximum
Hausdorff distance is 4.2 mm, but only 1.5% of the new surface
vertices have a distance of more than 1 mm to the original
geometry. The mean deviation is 0.3 mm, which is about 0.06%
of the bounding box diagonal (BBox diagonal). If the number of
8

Fig. 10. Hausdorff-Distance of reconstructed geometry with 20,000 sample
points and reconstruction with a voxel size of 1 mm.

samples for the construction of the medial axis is increased and
the voxel mesh is refined as demonstrated in Fig. 9b for 100,000
sample points, the accuracy of the new mesh can be further
improved, which results in a maximum deviation of 1.2 mm and
a mean deviation of 0.07 mm. As shown in Fig. 10 these maximal
deviations mainly occur on sharp edges of the original geometry
due to the reconstruction using spheres.

4.4. Adaption of part geometry

The optimization method was evaluated by adapting two
topology-optimized geometries shown in Fig. 3b and c. Because
the example of the traverse link has a much more complex
geometry, this example will be used to validate the methodology
in the further course.

The medial axis transformation provides a stable medial axis
even for complex topology-optimized structures, which we use
to define the directional solidification path. In combination with
hotspot detection and the shortest path, we can evaluate the
castability of the design proposal using geometry-based criteria.
Hence, the proposed method provides us data based on geo-
metrical criteria, where adding additional material in the design
space increases the manufacturability by minimizing the risk of
potential casting defects. Fig. 8b shows the final geometry, with
expanded sections are marked in blue.

In particular, the initial design space volume of the traverse
link example is reduced by TO to 39.05%. This topology-optimized
geometry is shown in gray in Fig. 8b. After the medial axis
transformation and hotspot detection, 9.47% of the initial volume,
marked as blue, is again added to prevent shrinkage porosity
in the casting leading to a final volume of 48.52% of the initial
casting, shown as blue in Fig. 8. This addition of material is mainly
due to expansion of medial balls along the shortest paths between
ingate and detected hotspots because a simple reconstruction of
the traverse link without solidification path optimization leads to
a relative change of the volume of +1.32%.

4.5. Calculation times

The calculation times for the three geometries in Fig. 3 are
listed in Table 1. For the filtering an angle of 135 degree and
an expansion factor of 1.2 were used. The calculation times are
most influenced by the number of sample points, respectively the
number of MAT vertices.



M. Erber, T. Rosnitschek, C. Hartmann et al. Computer-Aided Design 152 (2022) 103394

1
g

o

5

u
w
S
p
a
W
t
s
o
T
o
t
f
t
s
i
s

f

Table 1
Performance in seconds for medial axis calculation, the evaluation and geometry adaption for better castability and the final surface reconstruction.
Model Points (sample) Voxel size (mm) Number voxels Vertices MAT MAT creation (s) Evaluation (s) Reconstruction (s)

Union of cuboids 20,000 1.0 714,432 63,040 23.48 – 40.78
Cantilever 20,000 1.0 373,527 46,205 14.82 58.36 5.67
Traverse link 20,000 1.0 12,465,484 62,003 18.25 64.09 70.06
Traverse link 100,000 0.5 98,876,988 300,189 120.29 560.89 2137.16
Fig. 11. Casting process simulation of solely topology-optimized traverse link at
200 s after start of filling. The region of interest (ROI) shows the non-feedable
eometry section. The surrounding mold is not shown in the figure.

Fig. 12. Casting process simulation of topology-optimized and process-
ptimized traverse link at 1200 s after start of filling.

. Validation method

The geometry modification method in this work was evaluated
sing a widely used casting process simulation. The simulation
as performed using Flow-3D software (v5.0 Update 4, Flow
cience Inc., Rottenburg, Germany). Due to the focus on the
revention of shrinkage defects, a mold filling simulation and
subsequent solidification simulation are calculated using FVM.
e used a sand casting process for the validation. Mold filling

akes place via a sprue and the melt enters the mold via a gating
ystem at the thickest part of the component. The orientation
f the casting was chosen to allow a controlled rising filling.
he placement and design of the gating system as well as the
rientation of the geometry in the mold is essential for the
emperature distribution after the filling process and the heat
luxes during the solidification. The temperature distribution at
he end of the mold filling is used as boundary condition for the
olidification simulation. In this research, the gating system is
nsulated to prevent early solidification in the gating system and
prue. Therefore, feeding via the casting system is ensured.
For the topology-optimized geometry without a modification

or better castability the link between the main body and the
9

upper functionally necessary non-design space, marked as region
of interest (ROI) in Fig. 11, solidifies faster than the non-design
space. This results in a shrinkage porosity with a volume of 3942.1
mm3. In the simulation of the modified casting geometry shown
in Fig. 12 the volume of this shrinkage porosity can be signifi-
cantly reduced by 89.4% to a volume of 416.4 mm3, but cannot
be avoided completely. This is due to our optimization criterion of
solely estimating the solidification time by the distance transform
and neglecting heat dissipation along other directions.

6. Discussion

The results show that the presented approach addresses all
three open points listed in Section 2.4. As demonstrated, the pre-
sented mesh-based approximation of the medial axis gives stable
results for arbitrary complex geometries and rough surfaces as
they often result from TO. Hence the method is applicable for the
evaluation of arbitrary casting geometries. Due to the use of the
Voronoi diagram, the medial axis of the casting geometry can be
accurately determined. The mean deviation of 0.06%, respectively
a mean deviation of 0.3 mm, relative to the reference geometry
for a sample size of 20,000 is acceptable in most cases.

Furthermore, by using the mesh-based approach, we can au-
tomatically specify the directed solidification paths by calculating
the shortest path along the medial axis. Therefore, the path’s edge
weights are expressed by the euclidean length of each edge. This
is an easy approach for the optimization, but further optimiza-
tion criteria could be added by changing the edge weights. This
allows the model to be used in automated optimization loops.
Pao, Ransing, and Sood defined the solidification path manu-
ally, therefore, our method represents an improvement on the
state-of-the-art and makes the medial axis transform applica-
ble to arbitrary three-dimensional casting geometries with an
automated directional solidification modification.

While other approaches only evaluate casting geometries, our
approaches presents a method for modifying and optimizing the
casting geometry. A final surface mesh is generated and then
be subsequently used in CAD and simulation software. The ge-
ometry is changed only in areas that are necessary for direc-
tional solidification. By increasing the volume by 9.45%, shrinkage
porosity present in the component can be reduced by 89.4%.
However, complete prevention is not yet possible. We correlated
the solidification time with the closest distance to the geometry’s
surface. Chvorinov and Neises’ rules, see Section 2.2, provide
further evaluation criteria that estimate the solidification by a
sectional modulus of the casting. Our method is not restricted
to the distance to surface as an evaluation criterion and can be
easily adopted for more complex metrics. Therefore, our aim in
our future work is to expand the local solidification approxima-
tion using ray tracing methods and integrate the approach of
Neises et al. [30]. By integrating these methods in the medial axis
model, the accuracy of the solidification time could be approved,
enabling the avoidance of further shrinkage defects. Further the
temperature distribution after the filling process is not included
in any of the proposed methods. By now this distribution can only
be calculated by using computationally expensive fluid dynamics
calculations. Our aim is to connect these filling simulations with
data-driven methods. One interesting additional finding is that
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Fig. 13. Correlation between shortest path, medial axis radius and solidification
ime. The data of the cantilever geometry in 3.b, which is used for a neural
etwork is shown.

e observed a certain correlation for the shortest path, the radii
f the medial axis points, and the solidification time, as depicted
n Fig. 13.

In a first trial, we trained a neural network using Tensor-
low [62] with one normalization layer and three dense layers
ith 64, 128 and 64 neurons, and a ReLU activation for predicting
he solidification time of the cantilever beam example (3.b). The
odel was built so that the solidification time of each mid point

s predicted based on its shortest path length to the ingate along
he MAT and the radius of the medial axis point; for the data
train-test split of 80% to 20% was used. After training the
odel for 2000 epochs, it achieved a coefficient of determination

R2) on the test data of 99.54%, as shown in Fig. 14. Therefore,
e conclude that we can use this correlation to develop meta-
odels for predicting the solidification time in die castings and so

eplacing the time-consuming casting process simulations within
structure-process-optimization framework. Consequently, this
ill be the main subject of our future work.
As the comparison to the solidification simulation shows, we

annot omit a casting simulation as a final evaluation and process
ssurance tool, but for iterations within the optimization process
n Fig. 2 we can use our method to reduce the geometry evalu-
tion time significantly. In the traverse link example, we could
horten the time for the solidification evaluation by 98% from
80 min to 2.5 min. Hence, a high-quality process assurance can-
ot be achieved with our model. Instead, the current state of our
ethod can best be described as evaluation of casting geometries
nd geometry modification for better manufacturability in view
f directed solidification of the design proposal.

. Conclusion

This paper has presented a method for evaluation and opti-
ization of the geometry of castings for directional solidification,
hich automatically defines the solidification paths and reduces
he shrinkage porosity within an arbitrary complex design pro-
osal. For this purpose, we have introduced a mesh-based model
or a parametric description of the geometry along its mid plane.
he proposed method eliminated nearly the entire shrinkage
orosity volume within the design proposals in a few minutes.
herefore, the method can be used for automating structure-
rocess optimization frameworks for castings. The correlation of
he shortest path distance and radius of medial axis points shows
otential for further research in the field of geometric casting
valuation.
10
Fig. 14. By using the shortest path values and the radii of the medial axis points
as inputs for a neural network, the solidification time can be predicted nearly
perfectly for the cantilever beam shown in Fig. 3b.
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