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1. Introduction
1.1. Background

This paper concerns optimal regularity results for vector-valued solutions to linear elliptic systems (and
their parabolic counterparts), with free boundaries, for the so-called transmission problem

div((A+ (B — A)xp)Vu) =0 in By; (1.1)

see below for notational specification and exact definitions.
The transmission problem has long been under scrutiny and subject to intense study from various aspects:
existence, regularity, geometry of the free boundary, etc. Its importance has shown to be central in many

* Corresponding author.
E-mail addresses: alessio.figalli@math.ethz.ch (A. Figalli), sunghan@kth.se (S. Kim), henriksh@kth.se (H. Shahgholian).
1 A.F. is supported by the European Research Council under the Grant Agreement No. 721675 “Regularity and Stability in
Partial Differential Equations (RSPDE).”
2 S.K. was supported by postdoctoral fellowship from Knut and Alice Wallenberg Foundation, Sweden.
3 H.Sh. was partially supported by Swedish Research Council.

https://doi.org/10.1016/j.na.2022.112911
0362-546X/© 2022 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http:
//creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.na.2022.112911
http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2022.112911&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:alessio.figalli@math.ethz.ch
mailto:sunghan@kth.se
mailto:henriksh@kth.se
https://doi.org/10.1016/j.na.2022.112911
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

A. Figalli, S. Kim and H. Shahgholian Nonlinear Analysis 221 (2022) 112911

applications when composite materials are used. To avoid digression from the main mathematical problem,
we refer the interested reader to two books that cover such applications [1,2].

In this paper we introduce yet another type of question, concerning the fine regularity of solutions. Indeed,
under rather general assumptions, we prove that if a solution to this problem is Lipschitz in D, then it is
Lipschitz in the ball By /5. The proof is inspired by the approach in [3,4], where the authors proved similar
results for the scalar obstacle-type problems.

Our results can be set in the context of optimal regularity of solutions, subject to harmonic continuation
property (see Section 4 for an explanation) in classical inverse-conductivity problem, as treated in [5] (see
also [6] for the two-dimensional case). Related results have been considered in [7,8]. It needs to be remarked
that the techniques from these references do not apply to our setting, since our problem has different
prerequisites and is of a different nature. Indeed, under harmonic-continuation-property assumption, one
uses the well-established monotonicity formula to prove Lipschitz regularity of solutions, as done in [5].
The approach of [5] to prove Lipschitz regularity for solutions could be extended also to the case of C2-
continuation-property; see Section 4.1 for some explanation. Our approach is more general, as we only assume
the solution to be Lipschitz “on one side”; i.e., Vu € L (D), and the proof applies to linear systems and
possibly to several other equations. We shall discuss this further, along with other aspects of the problem,
in Section 4.

It is noteworthy that we do not impose any assumption on the regularity of 9D. As for regular boundaries,
one can obtain the Lipschitz regularity of u across 9D, without the assumption Vu € L*°(D). For instance,
in [9], it is proved that Vu € L® when 9D is C1'®, and that the derivatives of u are Hélder continuous up to
0D from each side. Let us also mention a classical work [10] that proves square integrability of the gradient
along 0D when 0D is assumed to be Lipschitz regular.

1.2. Definitions and standing assumptions

Throughout the paper, the parameters n, m, A, 4, and w will be fixed, unless stated otherwise. By (f)..r,
we shall denote the average of f over the ball B,.(2), i.e.,

1
[B(2)| J5,2)

In addition, we shall simply write (f),. for (f)o.,. In Section 3, we shall follow the usual parabolic terminology:
parabolic cubes Q,.(X) = B,(z) x (t — r?,t) with X = (z,t) € R"™, Q, = Q,(0), the parabolic distance
dp(X, X') = \/|z — /> + (t — #), and the parabolic boundary

0yQr(X) = (B.(x) x {t —*}) U (0B,(z) x (t — 1%, t)).

(Nzg = f(z)dz.

The following elliptic system and also its parabolic counterpart (see (1.7)) are the main equations treated
in this paper:
div((A+ (B—A)xp)Vu) =0 in By (1.2)

where A = (a?jﬁ )Ef‘]’@fn?, and B = (baﬂ )}zf‘fég are coefficient mappings, and D C R™ is an open subset.

We say u is a weak solution of (1.2) in By, if u € W12(By;R™) and

/ (a%ﬁ + (bfjﬂ - a%ﬁ) XD) Dpu? Do dx = 0,
By

for any ¢ € T/VO1 ’2(31; R™), where we used summation convention over repeated indices.
We specify the conditions on the coefficients A and B as follows:
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(i) (Ellipticity) There exists a constant A € (0, 1) such that
s s aB g ¢J s af ¢ ¢ 2
win {igtarescl i | > el (13)

for any & € R™™.
(ii) (Boundedness) With the same A as above,

1
max 4 sup g |, sup [b3] b < < (1.4)
B B A

forany 1 <i4,7 <mand any 1 <, < n.
(iii) (Regularity) There exist a Dini modulus of continuity’ w and a constant A > 0 such that afjﬁ €
C%*(By) and

af

iy <A, 1.5

[a” }COvW(Bl) - (15)
foreach 1 < «,8 <m and each 1 <14,5 < m.

Note that we only require B to be bounded measurable, where B is the matrix coefficient for the domain D

where u is assumed to be Lipschitz.

1.3. Main results
Our main theorem for elliptic system is the following.

Theorem 1.1. Let D C R" be an open set, and A,B : By — R m? satisfy (1.3), (1.4), and (1.5). Let
u € WH2(B1;R™) be a weak solution of (1.2) in By, and assume further that Vu € L°(B; N D). Then
u € WH°(By2;R™) and

IVulloes, 1) < Cllull 2y + 1Vl 2o (5y00)): (16)
where C' > 0 depends only onn, m, A\, A, and w.
We also prove the parabolic counterpart of the above regularity theory for weak solutions of
Ou =div((A+ (B—A)xp)Vu) in Q1 = By x (—1,0), (1.7)

where A and B are now also time-dependent, Vu is the spatial gradient of u, and D is an open subset in
R We call u a weak solution of (1.7) in Q;, provided

u € L¥((=1,0); L*(By; R™)) N L*((~1,0); WH*(By; R™))

and

/ (a%ﬁ + (b%ﬁ — a%ﬁ) XD) Dpul Dpip' dX = 't dX,
Q1 Q1

for any ¢ € W12((—1,0); L*(B1; R™)) N L2((—1,0); Wh2(By; R™)) with (-, —1) = ¢(-,0) = 0 on B;. Here
and in the sequel, we denote d,(X,Y) = \/|x —y|? 4 (t—s) for X = (z,t) and Y = (y, ).

4 That is, w : (0,1] — (0, 00) is a non-decreasing function satisfying

1
lim w(r) =0 and / w(r) dr < oo.
r
0

r—0
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Theorem 1.2. Let D C R™"! be an open set, and let A,B : Q; — R m? satisfy (1.3), (1.4), and
(1.5) (with By replaced by Q1 = By x (—1,0)). Suppose that u is a weak solution of (1.7) in Q1 satisfying
Vu € L*®(Q1 N D). Then for any X,Y € Q3 with X #Y,

[u(X) —u(¥)] _ C(

dy(X,Y) esssup [|u(-, 1)l p2(p,) + |VU||L°<>(Q10D)> ; (1.8)

te(—1,0)

where C' > 0 depends only onn, m, A\, A, and w.

Remark 1.3. Theorems 1.1 and 1.2 can be easily extended to the case when the right hand sides of (1.1)
and (1.7) are replaced with div F', for some Dini continuous mapping F'. Here we treat the homogeneous
right hand side only for the sake of simplicity. We shall leave such a generalisation to the interested reader.

1.4. Organisation of the paper

The paper is organised as follows. In Sections 2 and 3, we prove respectively Theorem 1.1 and Theorem 1.2.
In Section 4, we shall discuss some relevant problems at a heuristic level, and present some open questions
for the interested reader. In Appendix, we include some technical lemmas.

2. Proof of Theorem 1.1 : elliptic case

As mentioned before, the analysis here follows closely Sections 2.1 and 2.2 in [4]. To simplify the
exposition, we shall assume, in addition to the assumptions in Theorem 1.1, that

HUHL?(Bl) +IVull oo (prmy) < 1, (2.1)

unless stated otherwise. The general case can be recovered by considering

u

U = .
lullL2(my) + [IVull Lo (DnBy)

Lemma 2.1.  Under the assumption of Theorem 1.1 and (2.1), one has Vu € BMO(Bs,4; R™), and
u € C¥(Bs;4;R™) for any o € (0,1). In particular, for each z € Byjp and any r € (0 1

, 1), there exists a
vectorial affine function ¢, , such that

/ \Vu — Ve, > dz < Cr™, (2.2)
Br(z)
where C' > 0 depends only onn, m, A\, A, and w.

Proof. Note that, due to the assumptions (1.4) and (2.1), our Eq. (1.2) can be written as
div(AVu) = div F, with F' = (A — B)xpVu € L (B1;R™").

Hence, choosing a vectorial affine function ¢, , satisfying V¢, , = (Vu). ., the conclusion follows by ellipticity
regularity theory (e.g., Theorem 4.1 in [11]), thanks to the assumption that A is Dini continuous on By. O

The following lemma is the analogue of Proposition 2.4 in [4]. We need the following definition:
D,,={x€Bi:rz+z2¢€ B.(z)N D}, (2.3)

and D, = Dy .
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Lemma 2.2. Assume that w(1) < %, 2 € By, m € (0, i), and let £, , be as in Lemma 2.1. There exist

constants ¢ > 1 and M > 1, depending only onn, m, A\, A, and w, such that if |V, .| > M, then

D= |
|D. /2| < % + cw(r)®™. (2.4)
Proof. Throughout the proof, C' and C), will be universal constants, depending only on n, m, A, 4, and
w, with C), further depending on p, and they may vary from one appearance to another. With no loss of
generality, we can assume z = 0.

Fix r € (0, %), and let ¢, = {y, be a vectorial affine function satisfying (2.2). In what follows, we shall

write

up(x) = . (2.5)

Let v, be the weak solution of

{div(A(O)VUT) =0 in By, (2.6)

v — (up — £,) € Wol’Z(Bl;Rm).
Then the interior gradient estimate for constant elliptic systems, followed by the Poincaré inequality, yields
IVorllLoe (B, ,5) < Cllor = (ve)1llp2(sy) < ClIVOR|L2(8y) (2.7)

(recall that (v,); denotes the average of v, over By). Using v, — (u, — £,) € Wy'?(B1; R™) as a test function
in (2.6), we obtain

ATl ) < / 022 (0)0, 0! D303 da = / 02(0)00i 05 (ud — £9) da
By By
C
< XHVU?“”LZ(BQHV(UT —L)|l2(By)s
and consequently
||V”Ur||L2(Bl) < C|V(ur — ET)HLQ(Bl)'

Combining this inequality with (2.7), and then employing the L? — BMO estimate (2.2) for Vu, we arrive
at
||er||L°°(B2/3) + ”va”LQ(Bl) <C. (2.8)

We now observe that the vector-valued function
Wy = Uy — gr — Upr

is a weak solution of
{div(ArVwr) =div(F,. + ¢,) in By,

w, € Wy?(By; R™),

where An(@) = A(re),  do(@) = (A4,(0) — An(2))(VE, + Vo), 09)
B,(z) = B(rz), and F.(z)=(A.(z)— B.(x))xD, V.
Recalling (2.8), we have
[frllLoe(By)5) + 190l L2(py) < Cw(r)(IVE] +1). (2.10)

On the other hand, the Lipschitz regularity assumption (2.1) on u|p, together with (1.4), implies that for
any 1 <p < oo

/B |F.|P dz < C,|D,|. (2.11)
1

5
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Since w, = 0 on 9B, classical energy estimates combined with (2.10) and (2.11) yield

/ Vw, | do < C’/ |Fy + ¢ da
B B1
< C(|Dr| +w(r)?(|VE| +1)2) .

(2.12)

Next, it follows from the local LP-theory (Theorem 7.2 in [12]), along with (2.12), (2.10), and (2.11), that
for each p > n it holds

Vw,|Pdx < C, | ||Vw, | +/ E. + ¢, P dz
/31/2 | | P <| HL?(BQ/?,) Byys | | (2.13)
< Cp(IDr] + (w(r))? (VL] + 1)P).
Finally, combining (2.8), (2.13), and (2.1), and using that
V(v +w,) = Vu, — Vi,
for any p > n we obtain
D, O B ||V, < / (Vo] + [V, | + |V |)Pde
2 DrNB;
2
(2.14)

< 3”/ (Vo ” + [Vw, " + [Vu, ") da
DrﬁBl
3

< Cy(IDy] + w(r)P(|VL] + 1)P).

Finally, we choose p = 3n and M = (22"C3,)"/®™ in the statement of the proposition, where Cs,
is the constant appearing in the last line of (2.14) with p = 3n. In this way, we have by assumption
that |V£,[*" > M3 = 22nCs,. Hence, dividing by [V/,|*" both sides of (2.14), and using the relation
|Dy 2| = 2"| D, N By 2], we get
1
Dol € 52l + Calr)

This finishes the proof. [

Now we are ready to prove the main theorem of this section. With Lemma 2.2 at hand, one can proceed
as in the proof of Theorem 1.1 in [4], with some modification due to the dependence of A on z.

Proof of Theorem 1.1. As discussed before, we can assume that u satisfies (2.1). Also, up to rescaling,
we can assume that w(1) < 1.
We shall prove that, for every Lebesgue point z € By, \ D of Vu € L?(By), it holds

[Vu(2)| < CoM, (2.15)

where Cy > 1 depends only on n, m, A, A, and w. Since almost every point in B/, \ D is a Lebesgue point
of Vu, this will conclude the proof.

Without loss of generality, we can assume that z = 0. For r € (0, %), we denote by £, a vectorial affine
function as in Lemma 2.1. As in the proof of Theorem 1.1 in [4], we split the argument into two cases:

(Case 1) liminfy_ o0 [Vly—&| < 2M,
(Case 2) liminfy o0 [Vly—1| > 2M,

where M > 1 is the large constant chosen from Lemma 2.2.
6
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In what follows, we shall denote by C' a generic constant that depends only on n, m, A, A, and w, which
may vary upon each occasion.

In Case 1, the result follows immediately from the L? — BMO estimate (2.2), and the assumption that
the origin is a Lebesgue point of Vu.

In Case 2, we define kg € N as

ko = min{k € N: |V{ly;| > M for any j > k}.

In virtue of Caccioppoli’s inequality for (1.2) and (2.1), we know that ||Vu||L2(Bl/2) < C, so it follows by
(2.2) that
[Viy-1| < ||VU||L2(131/2) +C <2C.

Hence, by taking M larger if necessary, we can ensure that kg > 2,
By the definition of kg, we have |V{y_ky+1| < M. Also, (2.2) implies that [V{, — V5| < C for any
r € (0,2). Thus
|Vly—ko| < C+ M. (2.16)

On the other hand, since
|Vly—ro—j| > M, for any j € N,

we can apply (2.4) at each level r = 2-k0=J to get
-1
|Dyxo—5| < C <2—j" +)° 2—1%(2—’60—7‘“)3”) : (2.17)
i=0

where we also used [D,—x,| < |By].
Without loss of generality, assume that «(0) = £,.(0) = 0, let u, be as in (2.5), and define

Thanks to (2.2) and Poincaré inequality, we have
@ lw12m,) < C- (2.18)
Moreover, 1, is a weak solution of
div(A, Vi,) = div(F, + é,) in By, (2.19)
where A, and F, are as in (2.9), while
br = (4:(0) = A,)VLy.

Thanks to (1.4), (2.1), (2.17), and the scaling relation |D, N By—;| = 279" D,—;, |, for any integer j > 1 we
obtain
/ |F. —k0|2d$ < C‘Dz—ko N By |
By—j
j—1
<27nC (2—3’" +y 2—J’"w(2—’fo—j+i)3n> :
i=0
In addition, it follows from (1.5) and (2.16) that

/ [k | dar < 279mCw(27R079) (1 + M2,
2—J
7
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Combining these two estimates together, we arrive at
a 2
/ |Fykg + Gg-ko| dz < CM?p"p(p)?, for all p € (0,1/2), (2.20)
Bp

where
1/2

(o) = o2 + (p" / 1 S dT) +wi(p). (2.21)

Since w is a Dini modulus of continuity, it follows from Lemma A.2 (with o = £n > 1) that f01/2 p~Yp(p)dp <
oo. In addition, one can easily verify that 1(p) is non-decreasing in p € (0, 3) and lim,_,o ¥ (p) = 0. Hence,
¥ as in (2.21) is also a Dini modulus of continuity.

Recalling that 1,-x, is a weak solution of (2.19) satisfying (2.18), one can deduce from [13, Proposition
2.1, Remark 2.2] along with (2.20) that

/ |y kg — é|2 dr < CM?p" 241 (p)?, for all p € (0,1/4), (2.22)

Bp

for certain modulus of continuity v depending only on 1, and some vectorial affine function 0 satisfying
10(0)] + |VI| < CM. (2.23)
In view of (2.19), we have
div(Ay—ro V(y—1y — 0) = div(F,—x, + sz—ko) in By,

in the weak sense, where
i’g*ko = (lngko + (Aszo (0) - Az*ko)vg'

Hence, we can deduce from Caccioppoli inequality, (1.5), (2.20), (2.22), and (2.23), that

J

A2
~2 Wy—ry — ¥ ~ 2
|v1f12_k0—V€| deC 5 <m:2|+|F2—ko +¢2—k0| )dx
P

p

< OM?p" (Y1(p)* +1(p)* + w(p)?)
< CM?p",

for any p € (0,po), where py is chosen so as to satisfy 11(po)? + ¥(po)? + w(po)? < 1. Since Vu, x, =
Viy—ky + Viby—r,, we deduce from (2.16), (2.23), and the last inequality, that

J,

for any p € (0, %) Dividing by p™ both sides, letting p — 0, and recalling that the origin is a Lebesgue point

\Vty—iy|> dz < C <V€2k0|2p" +/

Bp

ngkoﬁczx) < CMp",
P

of Vu (and thus that of Vu,-x,), we arrive at

[Vu(0)] = [Vuy—r, (0)] < CM,

proving (2.15) for z = 0.
Repeating this argument at any Lebesgue point z € By /o \ D, the proof is finished. [
8
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3. Proof of Theorem 1.2 : parabolic case

This section is concerned with transmission problems of uniformly parabolic systems,

Ou=div((A+ (B — A)xp)Vu) in Qq, (3.1)
where A = (a%ﬁ)}éz}ﬂfgnm and B = (bf;ﬁ)}g?jiggnm are assumed to verify (1.3), (1.4), and (1.5), with By
replaced by the unit parabolic cube, Q; = By x (—1,0) C R™*!; in particular, the Dini continuity (1.5),
should now be understood in the parabolic terminology, i.e.,

g (X) = ag (V)] < Aw(d,y(X,Y),

j

for any X = (x,t),Y = (y,5) € Q1, where d,(X,Y) = \/|z — y|* + |t — 5| is the parabolic distance between
X and Y.

Most of the argument follows Section 2 and [14]. We shall focus on the part that requires new ideas, and
omit the arguments that can be derived from the previous section with minor modification.

Analogously to the elliptic case, in addition to the assumptions of Theorem 1.2, we can always suppose
that

esssup/ lu(z, 1) dx + IVul| oo (pnoy) < 1. (3.2)
te(~1,0) /B,

Let us begin with the log-Lipschitz type estimate.

Lemma 3.1. There exists a positive constant C, depending only onn, m, A\, A, andw, such that the following
holds: for each Z = (z,5) € Q12 and r € (0, %), there exists some time-independent vectorial linear function
Lz for which |Viz | < C|logr| and

sup / lu(z,t) — u(z, ) — Lz, (z)|° de < Cr"+2. (3.3)
te(—r2+s,s) J Br(z)

Proof. Note that u is a weak solution of
Oy — div(AVu) = div F in Qq,

where F' = (A — B)xpVu. Due to (1.4) and (3.2), ||[F||ze(q,) < C for some C' > 0, depending only on n,
m, and A. Hence, we can apply Lemma A.3 for each Z € Q;/,. This yields a constant vector az € R™,
with |az| < C, and a time-independent vectorial linear function £z ,, for each r € (0, %), such that
|Viz | < Cllogr| and

ess sup / lu(z,t) —ay — bz, (z)]* dz < CrF2.
te(—r2+s,s) J Br(z)

In particular, using the bound |V/z .| < Cllogr| we easily deduce that az = u(Z) for a.e. Z € Q1/2, and

that |az —ay| < Cdy(Z,Y)|logd,(Z,Y)| for any Z,Y € Q2. Thus, after redefining u in a set of null

measure if necessary, we can conclude that u is continuous in Q; /2, and az = u(Z) for all Z € Q2. Due to

the continuity, we can also replace esssup (in ¢) with sup. This finishes the proof. O

Define, for each r € (0, 1),

Dz, ={(z,t) € Qy: (rz,7*t) + Z € Q,(Z) N D}, (3.4)

and D, = Dy ,. We shall prove a geometric decay of the Lebesgue measure of Dy, provided that |[V{z |
is sufficiently large.
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Lemma 3.2. Assume that w(r)|logr| < 3 for allr € (0,2]. Let Z € Q12 and r € (0, 1) be given, and let
Lz be as in Lemma 3.1 with r € (0, %) There are some constants C > 0 and M > 1, depending only on n,
m, A\, A, and w, such that if |Vlz .| > M, then

DZT‘
|DZ7T/2‘ < | 9 |

< St + Cuw(r)3nT4, (3.5)

Remark 3.3. Note that the assumption w(r)|logr| < % for all r € (0, 3] can always be satisfied with a
Dini modulus of continuity w, after some scaling; see Lemma A.1.

Proof. Throughout this proof, we denote by C' a generic constant depending on n, m, A\, A, and w, only. For
the matter of simplicity, we shall take Z = (0,0). The general case will follow the same lines of argument.
Subtracting a constant vector if necessary, we assume that u(0,0) = 0, and write

2
t
ur(xat) = U(rx,,ir )

Let ¢, = £y, be as in Lemma 3.1. Note that W, = u, — £, is a weak solution of
Oy, = div(A, Vi, + F, 4+ ¢,) in Q1, (3.6)

where .

Ap(z,t) = A(rz, 7t),  ¢p(x,t) = (Ap(z,t) — A,(0,0))VL,,

B.(x,t) = B(rx,'er), and F.(z,t) = (B.(z,t) — A.(z,t))xD, Vu,.
Also by (3.3), we have

sup / (i (1) de < C. (3.7)
te(—1,0) /By

Recall from Lemma 3.1 that [V¢,| < C|logr|. Thus, by (1.5) and the assumption w(p)|logp| < 3 for all
p € (0, 3], we have

[ 16,1 ax < cletlosel? <. (39)
Q3/4
On the other hand, thanks to (1.3), (1.4), and (3.2), for any p > 1 it holds
/ L7 dX < Cp|Dy . (3.9)
Q3/4
Therefore, it follows from the Caccioppoli inequality for (3.6) that

/ Vi, |* dX < C. (3.10)
Q3/4

Consider now the weak solution v, to
8t’l}7. = le(A(O, O)vvr) in Q3/47
vy = W (= up — 1) on 9,Q3/4-

Combining (3.10) and the interior gradient estimate for constant, linear parabolic systems, we deduce that
Vo, € L*(Q/3) and
HVUTHLDO(QQ/g) < C. (311)

Observe that the auxiliary function

Wy = Up — by — Vp = Wy — U,

10
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is a weak solution of

(3.12)

Oyw, = diV(Arva + Fr+ Qbr) in Q3/47
wy =0 on 9,Q3/4,

where A, and F, are as above, while ¢, = (A, —A4,(0,0))(V{, 4+ Vuv,). By (3.10), (3.9), and (3.12), we obtain

esssup/ |wr(x,t)|2dx+/ [V, |> dX
)Y/ B34

tE(—%,O Q3/4
<c [ (B[4l ax (319
Q3/4
< C(|Dy| + w(r)*(|Ve.| +1)?).
On the other hand, it also follows from (3.11) that
||¢T||L00(Q2/3) <w(r)(|VEL] +1). (3.14)

Applying the interior LP-theory [15, Theorem 4.IV] to the parabolic system (3.12), and using (3.9), (3.13),

and (3.14), we arrive at
/ |V, |"dX < C, (/
Q1/2 Q2/3

+Cp/ |F + ¢, P dX
Q

2/3

< Cp(ID| + w(r)?(IVE,| + 1)P).

p/2
(Jwe* + VwTIQ)dX>

(3.15)

The rest of the proof can be finished by following the lines of the proof of Lemma 2.2; we use (3.11), (3.15),
and (3.2) in replacement of (2.8), (2.13), and (2.1), respectively. We omit the details. O

Now we are in position to prove Theorem 1.2.

Proof of Theorem 1.2. We can assume that v is normalised, so to satisfy (3.2). We shall first prove the
Lipschitz regularity of u in space, and then verify the %—Hélder continuity of w in time.

As in the proof of Theorem 1.1, to prove (1.8) it suffices to prove that Vu(Z) < CoM for all Lebesgue
point Z € Q)2 \ D of Vu € L?*(—1,0; L?(B;)), where Cy > 1 is a constant depending only on n, m, A, 4,
and w. Again, we present the proof with Z = (0, 0) for notational convenience.

Let ¢, = {y, be as in Lemma 3.1. Choosing M > 1 as in Lemma 3.2, we are left with the following
dichotomy:

(Case 1) liminfy_ o0 [Vly—&| < 2M,
(Case 2) liminfy_ o0 [Vly—r| > 2M.

We can handle each case separately, as in the proof of Theorem 1.1. The argument can be repeated here
almost verbatim; as for the proof for the parabolic counterpart to (2.22), we use Lemma A.4 instead of [13,
Proposition 2.1]. This proves the Lipschitz regularity of u in space, with estimate

IVul[re(q@, 5) < CoM < C, (3.16)

Q12

where C' is a constant depending only on n, m, A, A, and w.

To show the %—Lipschitz regularity of u in time, let Z = (2,5) € Q14,7 € (0, %) be arbitrary, and choose
{7 as a time-independent vectorial linear function satisfying Lemma 3.1. In what follows, we shall write by
C a large constant that may differ at each occasion, yet depends only on n, m, A, A, and w.

11
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Following the derivation of (3.10), we obtain that

ess sup / \Vu(z,t) — Vig,|>de < Cr",
te(—r2+s,s) J Br(z)

and thus, along with (3.16), we have

Vg, P<CO+ % €ss sup / |Vu(z,t)]> dz < C.
r(2)

te(—r2+s,s)

Utilising this inequality in (3.3), we obtain that

sup / lu(z,t) — u(z,s)|* de < Cr"t? + C 0.0 (z)| da
te(—r2+s,s) J Br(z) Br(z)

< C,',,TL+2.
Since the choice of Z € Q1,4 and r € (0, %) was arbitrary, we conclude that for any X, Y € Q1/4,
[u(X) — u(Y)| < Cdy(X, V),

proving the %—Lipschitz regularity in time as well. [J

4. Discussions and future directions
4.1. Optimal regularity of solutions

In this section, we shall discuss the scalar case, although the whole discussion carries over to the vectorial
case.

The question of transition of regularity from one phase to another phase for solutions to (ellip-
tic/parabolic) equations has a central role in the analysis of free boundary problems. Although such
questions arise in many applications, the mere mathematical point of view is of wide interest among people
in PDE/FBP. They are central in studying a larger class of equations that do not have variational or
constrained formulation, as pointed out by two of the current authors in [4].

A question that appears in potential theory (and mostly known in scalar case) is the so-called harmonic
continuation property. To explain this, let D be a given domain in R", and let ogp denote the surface
measure. Consider the single layer potentials® U%P(z) = F % dopp, where “x” denotes convolution, and F
is the (normalised) fundamental solution of the Laplace operator, so that AU?P = —dopp in the sense of
distributions. We say 0D has the harmonic continuation property near z € 9D if there exist » > 0 and a
harmonic function A in B,(z) such that U%P = h in D N B,.(2).

For analytic boundaries, this property holds true due to Cauchy—Kowalevskaya theorem. This is a
consequence of the fact that one can solve Av = 0 in D N B,(z) with Cauchy-data v = 0, and |[Vv| =1 on
0D N B,.(z). Since AU?P = Av = —dopp, the function h :== U?P — vy p is harmonic in B,.(z) and satisfies
h = U?P in D¢ N B,(z); thus, D has the harmonic continuation property near z € dD.

Suppose now 90D has the harmonic continuation property close to a boundary point z € 9D, where D
is given with no a priori regularity assumption for its boundary. The question that arise is: “How regular
is the boundary D N B,.(2)?” To study this question, one may (and probably should) start with a simpler
question, namely, finding the optimal regularity of v = U?P —h in B, /2(2), where h is the harmonic function
in B,(z) mentioned above. This amounts to finding the optimal regularity of U%" in B, s2(2)\ D, given that
0D has harmonic continuation property.

5 We assume 8D has some a priori regularity such that the single layer potential is well defined.

12
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In [5] the authors consider this problem in scalar case for Lipschitz domains by setting v = U?P — h, so
that it satisfies Av = —dogp and v = 0 in D. They prove, using a suitable monotonicity formula, that v is
uniformly Lipschitz in B, 5(z) \ D.

The above regularity question for the single layer potential is directly connected to the transmission
problem studied in this paper. Indeed, for Lipschitz domains one can express solutions to the transmission
problem through integral operators, using layer potentials; see [16] (scalar case) or [1] (vectorial case).
However, it is unknown to us how the Lipschitz regularity assumption on 0D can be weakened to allow
this reformulation. This remains an interesting question to answer.

Our result in this paper indicates that, if we can rephrase the question in terms of the transmission
problem (1.1), then the single layer potential U?P, with D having harmonic continuation property, should
be uniformly Lipschitz in B, /5(z). As pointed out in the introduction, the method of [5] works well if we
replace the harmonic continuation property with C? continuation of the single layer potential, in Lipschitz
domains.® A natural question is how far one can stretch this relaxation of regularity. Our result indicates that
if U9 is uniformly Lipschitz in D, then this Lipschitz regularity can be transmitted across the boundary.
This naturally is true across regular boundary points, and preserves the uniform Lipschitz-norm up to
a multiplicative constant, in a neighbourhood the boundary. This neighbourhood, however, may possibly
become smaller as we come closer to a non-smooth boundary point. The tantalising question that arises
is what a priori conditions (if any) one should impose on 0D to guarantee the transmission of Lipschitz
regularity across the boundary for the single layer potential.

We shall now formulate two questions that might be of interest to readers.

Question 1. Can one generalise our results to the setting of singular/degenerate operators, such as the
p-Laplacian?

Question 2. Consider nonlinear transmission systems,
div(A(Vu)xpe + B(Vu)xp) =0,

where both A and B are strongly elliptic, nonlinear operators. It is well-known that nonlinear systems do
not have Lipschitz solutions, in general, even if A = B (so the system is homogeneous) and the dependence
on Vu is smooth. This remains true even for minimisers of a nonlinear functional, see [18]. It is also known
that the boundary regularity fails for nonlinear systems, even if the boundary data is smooth, see e.g., [19].
However, if we assume that « is Lipschitz up to 0D, then the Lipschitz regularity may have some chances
of propagating to the other side, in some small neighbourhood, depending on the geometry of 9D. This is
because the governing system yields a matching condition of the normal derivatives of u on dD: formally,

A?(VU|DC)VQ + B?(V’U,|D)l/a = 0’

whenever the outward normal v is defined on dD. This may leave us in a better situation than a Dirichlet
boundary problem, since for the latter problem the normal derivatives of the solution does not need to match
those of the boundary data.

For instance, let D be a hyperplane. Then from the assumptions that u is Lipschitz up to 9D from D,
and that the equation yields a matching condition of the normal derivative of u on 9D, it is reasonable in
Question 2 to expect the propagation of the Lipschitz regularity to the other side.

6 The proof of [5] uses the well-known ACF-monotonicity formula, in the harmonic continuation case. For C?-continuation
case one can use Caffarelli-Jerison—Kenig monotonicity formula, [17].
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On the other hand, if D has a cusp so that D does not have positive density at a point on dD, then
the nice information from D may lose its effect, and the nonlinearity of the operators in Question 2 does
not supplement the loss of information. More precisely, in the blowup regime the limit solution of u will
solve div A(Vug) = 0 everywhere (recall that A is the governing operator in the region D). Unlike the case
of linear systems, the blowup limit ug may fail to be Lipschitz, so this strategy cannot give any regularity
improvement for the original solution wu.

This discussion shows that there is still much to explore for the case of nonlinear systems regarding the
propagation of the Lipschitz regularity, and we leave this problem open for the future.

4.2. Regularity of the free boundary

In this section we want to discuss the challenging question of regularity of dD. For scalar case, the authors
in [5] study the regularity of those part of 9D where the solution does not degenerate; i.e., behaves “linearly”.
They prove that, under a priori Lipschitz regularity assumption or a flatness and e-monotonicity of the
solution (in a cone of directions), the free boundary is C1:.

Still in the scalar case, when D is given by a level set, the authors in [20] prove that flat points are almost
everywhere with respect to the measure Aut (in their setting, this is a positive measure whose support is
of o-finite (n — 1)-dimensional Hausdorff measure).

The methods in both [5,20] can be carried out in our setting for the scalar case, under suitable assumptions
on the interface 0D. For instance, if u = £ in D for some affine function ¢, then u — ¢ is essentially the same
as in these papers, provided that u — ¢ is non-degenerate across dD. One may also be able to generalise this
by replacing ¢ with some f € C1(Bj). However, the methods in both [5,20] cannot be extended to the
systems, since all the techniques are based on maximum/comparison principles.

In the case of systems, the regularity theory for free boundary problems is wide open, despite its
importance. Some essential techniques, such as comparison principles and monotonicity formulas, which are
well established for scalar problems, tend to fail for systems in general. Therefore, one has to come up with
a new technique to analyse vectorial free boundary problems. In this direction, it will also be interesting to
see if one can recover the regularity theory for scalar free boundary problems with energy methods only, and
then carry it over to systems. We shall not discuss this issue in more depth, as it goes beyond the scope of
this paper.

Appendix A. Technical tools

Let us begin with some lemmas for Dini moduli of continuity. Recall that w is said to be a Dini modulus
L w(r)

continuity, if w : (0,1] — (0, c0) is a non-decreasing function satisfying lim, o w(r) = 0, and [; = ) dr < oo.

0

Lemma A.1. Ifw is a Dini modulus of continuity, then lim,_,qw(r) log% = 0.

Proof. Let § > 0 be arbitrary. Then from the Dini condition, there exists some 71 € (0, 3) such that for

any r € (0,7r1),

1 1
o> / w(s) ds > w(r)/ s _ w(r) log1 —w(r)log 1 > 0.
., S , S T T

Now we choose a sufficiently small ro € (0,71) such that w(r)log % < § for all r € (0,73). Then
1 1 1
0 <w(r)log— < w(r)log— < §+ w(r)log— < 26,
& r e

for all r € (0, r2), proving that lim,_,qw(r) log% =0. O
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The next lemma is used to prove that ¢ as in (2.21) is a Dini modulus of continuity.

Lemma A.2. Letw be a Dini modulus of continuity. Then for any o > 1,

Proof. According to Lemma A.1, there is some r¢ € (0, 1] such that w(r)log 2 < 1 for all r € (0,r9). To
simplify the notation, we shall assume, without loss of any generality, that ro = 1.
Write 0(r) = /7% frl wp((f# dp, and let € € (0, %) be arbitrary. By Hoélder inequality,

1 1 1 192 1 |«
(/ Mdr) g/ 7Tadr/ O (r)llog5[" .
€ r € r\log§| € r

The first integral on the right hand side is bounded uniformly for ¢ € (0, 1), since by assumption a > 1.

2

Hence, it suffices to prove the boundedness of the second integral.
By the Fubini theorem, and integration by parts

LRlog 5" [u(p) [0 .
/ —=2 dr —/ aiﬁ))/ “Llog(r/2)|" dr dp

T
<C/ |10g2|

cof
¢ pllog§|

where C' > 1 is a constant depending only on «. Since o > 1, the integral on the rightmost side is bounded

uniformly for all € € (0, 1), from which the assertion of the lemma follows immediately. [

In what follows, we shall present an interior BM O-type estimate and C'-estimate, for the spatial gradients
for weak solutions to linear parabolic systems with Dini coefficients. Although these estimates are well
understood by experts, we present the proofs for the sake of convenience for non-expert readers.

Let us begin with an interior log-Lipschitz estimate.

Lemma A.3. Let A € L“((fl,O);LQ(Bl;R"QmZ)) satisfy (1.3), (1.4), and (1.5), with a modulus of
continuity w verifying the Dini condition, and let F € L?((—1,0); L?(B1;R™)) be given. Suppose that u is a
weak solution of Oyu—div(AVu) = div F' in Q1. Then there exists a constant C' > 1, depending only onn, m,
A, A, and w, such that the following holds: if [, |F|?dX < r™*2 for allr € (0,1), and I5, lu(z, ) dz < 1
for a.e. t € (=1,0), then for each r € (0, %), there exist a vectorial time-independent linear function £, and
a vector a € R™, independent of v, such that |a| < C, |V¢,.| < Cllogr|, and

ess sup / lu(z,t) — a — b (z)* de < Cr™t2.
te(—r2,0)

Proof. The proof involves standard approximation techniques.

According to Lemma A.l, w satisfies lim,_ow(r)log % = 0. For this reason, after suitable scaling
argument, it suffices to prove the following claim: there are some small positive constants p and 7, depending
only on n, m, A, 4, and w, such that if, in addition to the assumptions in the statement, for all » € (—1,0),

w(r)|logr| <n and / |F|?dX < n?r™t2, (A1)

T
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then for each k = 1,2, ..., there exists a time-independent vectorial affine function ¢; such that
106 (0) — i1 (0)| < ep®,  |Vly| < ck (A.2)
and
ess sup / lu(z, t) — lp(2)|? do < pP ), (A.3)
te(—u2k,0) /B

where ¢ > 1 depends only on n, m and .

In what follows, ¢ will be a constant depending only on n, m, and A, and C will be a constant depending
further on A and w. These constants may differ at each appearance.

Let p € (0, %) be a sufficiently small number, to be determined, and suppose that we have found, for some
integer k > 0, a time-independent vectorial affine function ¢y, for which (A.3) holds; note that for k = 0, we
can simply choose £y = 0 so the initial case is satisfied.

Define . ok .
t)— /¢
Uk(l‘,t): 'LL(,U, Z, [ l k(lj‘ CL’)
I
Then uy is a weak solution of
8tuk - div(AkVuk) = div Fk in Ql, (A4)

where
Ak (17, t) = A(/ukxv ,u2kt)7

Fi(x,t) = F(ux, 1% t) + (A(u"z, p>*t) — A(0,0)) VL.
Also, by (A.3) and the Caccioppoli inequality, u satisfies
ess sup / lug(a, )| da +/ |Vur|? dX < c. (A.5)
te(—1,0)J By Q3/4

Clearly, Ay, satisfies the same structure conditions (1.3), (1.4), and (1.5). On the other hand, by (A.1) and
(A.2), we can deduce that

0
/ /B |Fy)? da dt < 20 + (nm? Akw(p¥))? < 4n?, (A.6)
—1 1
provided that we choose u so as to satisfy
|log 1| > n?m?A. (A7)

Consider the weak solution vy to

{atvk = div(4x(0,0)Vuy) in Qsy4, (AS)

Vg = U on 9,Q3/4-

Let 8. € C§°(R) be a mollifier. Then we can use . * (v — uy) as the test function to (A.8). Due to (A.5),
we obtain B
ess sup / |8e % vg|? dx—l—/ / IV (Be * vp)|* d dt < c.
Bsys -Z+e/B

te(—15+e,—¢) 3/4

Hence, letting € — 0, we arrive at

ess sup / \vk(w,t)|2dﬂc+/ Vol dX < c. (A.9)
te(—1%,0) Y/ Bs)a Q3/4
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Thus, by interior C? estimates for constant linear parabolic systems, we can find some time-independent
vectorial affine function fk such that
1€k(0)] + V| < c, (A.10)

and
sup / |vg(x,t) — ék(x)|2 dr < er™t4, (A.11)
te(—r2,0) J Br
On the other hand, subtracting (A.4) from (A.8), and then using S, * (vy, — ux) as the test function to the
resulting system (with S, being the mollifier as above), thanks to (1.5), (A.1), (A.5), and (A.9), we deduce
that

ess sup / |8 * (v, — uk)|2 dx
B34

te(—%-‘re,—e)

< c/ (|F]? 4+ w(p®) | Vor|?) dX < en?. (A.12)
Q3/4
Letting € — 0, and combining the resulting expression with (A.11), yields

esssup [ fune,t) — Bu(o)l” do < a4 ) < (A.13)
te(—p?,0) /By

4 1" *2 hold, and then

provided that we first choose p sufficiently small so that both (A.7) and cpnt* < 4
. Clearly, i and n depend only on n, m, A\, A, and w.

select n accordingly so that cn? < £pm+2
To this end, we define

lor(2) = () + i (;;) ,

which is again a vectorial affine function. In view of (A.1), (A.10), (A.11), and (A.13), this proves the
induction hypotheses (A.2) and (A.3) with k replaced by k + 1. The proof is now finished by the induction
principle. O

Next, we establish an interior C' estimate.

Lemma A.4. Under the same setting as in Lemma 3.1, there exists a constant C' > 1, depending only
onn, m, A\, A, and w, such that the following holds: if er |F|2dx < w(r)r"*? for all r € (0,1), and
I5, lu(z,t)>dz < 1 for a.e. t € (—1,0), then there exists a time-independent vectorial affine function ¢
such that [£(0)| + |V{| < C, and

ess sup / lu(z, t) — £ dz < Cr" 2w (1),
te(—r2,0) Y Br

where wy is a modulus of continuity depending only on w.

Proof. The proof follows essentially the same lines as that of Lemma 3.1, and it is omitted. O
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