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Abstract

Numerical optimization methods show great potential to support the aircraft engine blade
design process. They can reduce cost and time and yield better final results, for instance,
concerning energy efficiency. A review of the state of the art reveals four open challenges:
expensive design evaluations, multiple (physically coupled) disciplines and components, high-
dimensional design variables, and high-dimensional coupling variables or constraints. Surro-
gate-based optimization (SBO) methods can tackle the first challenge. They (partly) replace
the expensive high-fidelity evaluations by low-fidelity surrogate models. Bayesian optimization
(BO) with Gaussian process (GP) models is particularly efficient for cases with a low number
of high-fidelity samples. However, the optimization performance is impaired by the remaining
three challenges. The aim of this work is to develop SBO approaches that can solve all four
challenges to enhance the computational efficiency of parametric blade shape optimization.

The method developments are motivated by and tested on three industrial use cases with
challenging characteristics. The first approach is an inter- instead of multidisciplinary de-
sign optimization (MDQ), short IDO. It distinguishes main and side discipline, represented
by high- and low-fidelity models, respectively. The second advancement extends and com-
bines two adaptive design space reduction methods for high-dimensional constrained BO.
More precisely, the hybrid approach reduces the dimensionality by principal component anal-
ysis (PCA-BO) and localizes the search inside a trust region (TR-BO). The third method ex-
ploits the multi-component structure of high-dimensional multi-stage blade optimization tasks.
The novel cooperative components BO (CC-BO) decomposes the large overall problem into
smaller interconnected subproblems, either according to the underlying structure or randomly.

In the context of this thesis, the proposed methods enable efficient blade optimizations with
up to 223 design variables, 42 constraints, and expensive aerodynamic and structural sim-
ulations. In all three use cases, they reduce the optimization wall times for a given design
improvement by a factor of four or more. The two BO-based approaches additionally achieve
considerably better blade designs after a maximum affordable number of high-fidelity evalua-
tions. Analytical test problems are employed to thoroughly study the working mechanisms of
the developed algorithms. In summary, the proposed SBO methods significantly extend the
efficiently manageable problem scope and dimensionality for aircraft engine blade design and
beyond.



Kurzfassung

Numerische Optimierungsmethoden haben groBBes Potenzial, den Auslegungsprozess von
Triebwerksbeschaufelung zu unterstltzen. Sie kdnnen Kosten und Zeit einsparen und besse-
re Endergebnisse liefern, zum Beispiel hinsichtlich der Energieeffizienz. Der Stand der Tech-
nik offenbart vier aktuelle Herausforderungen: teure Design-Auswertungen, mehrere (phy-
sikalisch gekoppelte) Disziplinen und Komponenten, hochdimensionale Designvariablen und
hochdimensionale Kopplungsvariablen oder Nebenbedingungen. Ersatzmodell-basierte Op-
timierungsmethoden (SBO) kénnen die erste Herausforderung bewaltigen. Sie ersetzen die
kostspieligen high-fidelity Auswertungen (teilweise) durch low-fidelity Ersatzmodelle. Bayes’-
sche Optimierung (BO) mit GauB-Prozess (GP) Modellen ist besonders fir Falle mit einer
geringen Anzahl von high-fidelity Auswertungen effizient. Die Optimierungsperformance wird
jedoch durch die Ubrigen drei Herausforderungen beeintrachtigt. Ziel dieser Arbeit ist es,
SBO-Ansatze zu entwickeln, die alle vier Herausforderungen adressieren und somit die Re-
cheneffizienz der parametrischen Formoptimierung der Schaufeln verbessern.

Die Methodenentwicklungen sind durch drei industrielle Anwendungsféalle mit herausfordern-
den Eigenschaften motiviert und werden an diesen getestet. Der erste Ansatz ist eine inter-
(IDO) anstatt multidisziplinare Designoptimierung (MDO). IDO unterscheidet zwischen Haupt-
und Nebendisziplin, die durch high-fidelity bzw. low-fidelity Modelle reprasentiert werden. Die
zweite Entwicklung erweitert und kombiniert zwei adaptive Methoden zur Verkleinerung des
Designraums flir hochdimensionale BO mit Nebenbedingungen. Der hybride Ansatz reduziert
die Dimension durch Hauptkomponentenanalyse (PCA-BO) und lokalisiert die Suche inner-
halb einer Trust Region (TR-BO). Die dritte Methode nutzt die Mehrkomponentenstruktur von
hochdimensionalen mehrstufigen Schaufeloptimierungen. Die neuartige kooperative Kom-
ponenten BO (CC-BO) zerlegt das groBe Gesamtproblem in kleinere zusammenhéngende
Teilprobleme, entweder entsprechend der zugrunde liegenden Struktur oder zufallig.

Die vorgeschlagenen Methoden ermdglichen im Kontext dieser Arbeit effiziente Schaufelop-
timierungen mit bis zu 223 Designvariablen, 42 Randbedingungen, sowie teuren aerodyna-
mischen und strukturmechanischen Simulationen. In allen drei Anwendungsfallen reduzieren
sie die Optimierungszeiten fir eine gegebene Designverbesserung um mindestens Faktor
vier. Die beiden BO-basierten Ansétze erzielen zudem deutlich bessere Schaufeldesigns
nach einer maximal leistbaren Anzahl von high-fidelity Auswertungen. Anhand von analyti-
schen Testproblemen werden die Wirkmechanismen der entwickelten Algorithmen eingehend
untersucht. Zusammenfassend lasst sich sagen, dass die vorgeschlagenen SBO-Methoden
den effizient handhabbaren Problemumfang und die Dimensionalitat fir die Auslegung von
Triebwerksbeschaufelung und dartiber hinaus erheblich erweitern.
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1 Introduction

Europe’s vision for sustainable aviation [4] comprises social, environmental, and economic
aspects. Aviation serves our society by connecting people and cultures. It strives for high
safety, customer satisfaction, and a low negative impact on all citizens. The latter also involves
a low environmental impact, with the goal of climate-neutral aviation by 2050 [4]. Economic
competitiveness requires low development, production, and operation costs, including high
energy efficiency.

For a reduced climate impact and energy consumption, the propulsion technology plays a
major role. Modern aircraft engines ingest air, compress it, mix it with fuel, combust the
mixture, and use the hot exhaust gases to drive a turbine that powers the compressor and,
finally, to generate thrust. Axial compressors and turbines consist of a sequence of blade
rows, which are alternately rotating and static, as illustrated in Figure 1.1. A rotor plus the
associated stator form a stage. Blade design is essential for the engine’s overall performance,
efficiency, and stability.

For reduced development time and cost, numerical optimization methods can accelerate the
design process and eventually yield better designs. They require a clear definition of an
objective function, the design parameters, and potential constraints. Optimization algorithms
then iteratively adjust design variables and evaluate their effect on objective(s) and constraints
via numerical simulations. Thereby, they help engineers to efficiently explore complex design
spaces and find superior solutions.

Turbomachinery blade design involves multiple disciplines, notably aerodynamics and struc-
tural mechanics. A typical optimization problem is to maximize the aerodynamic performance
by varying blade shape parameters while not exceeding a structural stress limit. The design
evaluation involves computationally expensive computational fluid dynamics (CFD) and finite
element (FE) simulations. Exemplary results are depicted in Figure 1.2. Conflicting disci-
plinary requirements and interdisciplinary coupling make blade optimization a complex task.

This thesis is based on three first author publications [1, 2, 3], which can be found in Ap-
pendix A. All three propose and assess novel optimization approaches aimed at aircraft en-
gine blade design applications and beyond. The underlying research was conducted at the

Figure 1.1 Blade rows in a high-pressure compressor frontblock. An inlet guide vane is followed by
four stages of rotor and stator blades.
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Figure 1.2 Mach number at the mid plane of the geometry in Figure 1.1 as result of a CFD simulation
(left) and static principal stress on a rotor blade surface and disc as result of a FE simulation (right).
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Technical University of Munich (TUM) in cooperation with the MTU Aero Engines AG and with
a research stay at ONERA, the French Aerospace Lab, in Toulouse. It was funded by the Bay-
erische Luftfahrtforschungs- und technologieférderung of the Bayerisches Staatsministerium
fur Wirtschaft, Landesentwicklung und Energie (StMWi) and the TUM. The remainder of this
chapter outlines the state of the art to identify open challenges. They lead to the research
aims and objectives addressed in this thesis.

1.1 State of the art

Reviews on turbomachinery [5, 6] and multidisciplinary optimization [7, 8] all name compu-
tational cost as one of the main challenges to be addressed by future research. For tur-
bomachinery optimization in particular, the following sources of high computational cost can
be identified [5]: expensive simulations, multidisciplinary and multi-row optimizations, design
problems with many design variables and constraints, and optimizations under uncertainty.
This section outlines the state of the art of aircraft engine blade optimization with regard to
these aspects.

The evaluation of blade designs relies on costly simulations. CFD and FE analyses entail wall
times of up to several hours, even in high-performance computing environments. On the one
hand, accurate evaluations, including multiple disciplines and blade rows, enable better design
choices. This causes the trend of increasing simulation fidelity over the entire design process.
On the other hand, optimizations should require as few of these high-fidelity evaluations as
possible to save computational cost. Two types of general optimization approaches exist for
this purpose: gradient-based and gradient-free, with the latter often being surrogate-based.

Gradient-based approaches enable a fast convergence to a local optimum, while gradient-
free ones can find the global optimum in a larger number of iterations. Hottois et al. [9]
and Chatel and Verstraete [10] compared a sequential quadratic programming algorithm with
adjoint gradient computation and a Gaussian process surrogate model-assisted evolutionary
algorithm for aerodynamic turbomachinery blade design. Both algorithms converged to similar
results, indicating that the two basic problems might be unimodal anyway. The computational
cost of the adjoint method is independent of the number of design variables but grows with
the number of objectives and constraints. Gradient-free methods, conversely, scale poorly
with the number of design variables but well with many constraints. The two test cases [9, 10]
were advantageous for the adjoint method, with 19 and 44 design parameters, respectively,
but only 2 constraints each. This led to a difference of factor 2 and 3 in computational cost.
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Combinations of gradient-based and -free methods can be employed to get the best of both
worlds [11, 12].

For gradient-based methods, the crucial challenge is the local sensitivity computation. Finite
difference methods are often prohibitively expensive. Adjoint formulations are much more ef-
ficient but intrusive, complex, and hence not always available. Aero-structural optimizations of
turbomachinery components require adjoint formulations of both aerodynamic and structural
analyses [13, 14, 15]. Another option is to replace the structural simulations with surrogate
models [16, 17]. Aero-structural coupling effects are, if at all, imposed via fixed boundary con-
ditions. The author is not aware of adjoint applications with variable aero-structural coupling
for aircraft engine component design. Multi-row optimizations require an adjoint formulation of
the rotor-stator interface [18, 19], and are often limited by a large memory requirement. For a
deeper insight, Lavimi et al. [20] recently reviewed the state of the art of adjoint turbomachin-
ery optimization.

In gradient-free approaches, the complex simulations of multidisciplinary and multi-row prob-
lems can be treated as a black box. Surrogate models of the simulations are often employed
for convergence with a reduced number of high-fidelity evaluations. They have a negligible
evaluation time but lower fidelity. In aero-structural turbomachinery design optimization [21,
22, 23, 24], Gaussian process (GP) models and neural networks are the most commonly used
surrogates. They are usually combined with evolutionary or genetic algorithms as optimizers.
In all four above references, the surrogate models are updated during the optimization with
the enriched high-fidelity database. The ones with GP models [21, 22, 23] all rely on an infill
criterion that balances exploration and exploitation to determine the next query point. These
approaches are called Bayesian optimization (BO). The above references do not consider
variable aero-structural coupling but merely include fixed boundary conditions to represent
the static coupling effect or neglect it entirely. Turbomachinery blade optimizations with vari-
able multidisciplinary coupling [25, 26] are the exception because of the prohibitively high
computational effort. Multi-row and -stage optimizations usually consider aerodynamic inter-
actions. However, surrogate-based multi-stage optimizations [27, 28, 29] are rare due to the
large problem size.

Also besides multi-stage optimizations, there is a trend toward larger problems. The more
design parameters and appropriate constraints are considered, the more detailed and hence
better the optimization results can get in theory. In practice, these improvements are limited
by the surrogate-based optimizers’ capabilities. The challenge of a high-dimensional design
space is its exponentially growing volume, also known as the curse of dimensionality. The
most obvious and popular remedy in the scope of turbomachinery optimization is dimension-
ality reduction. This comprises variable screening [30], partial least squares methods [31],
proper-orthogonal decomposition [32], and active subspaces [33]. An alternative are trust re-
gion approaches [34]. The above high-dimensional references deal with original design space
dimensions between 30 and 57. With this in mind, the multi-stage blade design problems
[27, 28, 29] with 103 to 352 free variables are extremely challenging for surrogate-based op-
timization (SBO) approaches. The challenge of many constraints from different disciplines is
to identify the often very small portion of feasible designs. This can be achieved by penalty
approaches [22], special infill criteria [35], or classification techniques [36].

Optimization under uncertainty was addressed in previous dissertations by Antinori [37], Ar-
senyev [38], and Ludwig [39]. All three were also performed at TUM in cooperation with MTU.
Arsenyev implemented, among other things, an efficient global optimization (EGO) algorithm
[35]. At MTU, the BO-like optimizer AutoOpti by the German Aerospace Center (DLR) [40] is
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Table 1.1 Challenges of the application cases, which are addressed in the appended publications.

challenge application case / publication
| ] [}
expensive design evaluations v v v
multiple disciplines / components v v
high-dimensional input / design variables v v
high-dimensional output / constraints v v

productively used. It was shown to efficiently handle aero-structural [23] and multi-stage [27]
turbomachinery design problems with more than 200 design variables [40]. The two turboma-
chinery optimization algorithms by Arsenyev et al. [35] from TUM and MTU and Siller et al.
[40] from the DLR are a special state of the art in this work, as they are used for, compared
to, and enhanced by new approaches.

1.2 Research aim and objectives

As outlined in the above state of the art, (coupled) multidisciplinary and multi-stage optimiza-
tions are rarely used in an industrial context. Design tasks with many design variables and
constraints still pose a challenge. The common limiting factor of these large-scale problems
is their high computational effort. Accordingly, the aim of this work is to reduce the compu-
tational cost of aircraft engine blade optimization. More efficient methods enable larger-scale
optimizations at an industrially acceptable computational effort and runtime. Practicable ap-
proaches for larger optimization problems, in turn, yield better blade designs.

The associated challenges for SBO methods lead to the more concrete research objectives
of this work. The thesis is based on three publications with a specific application each. Aca-
demic examples and analytical benchmarks are useful for method development. Beyond that,
the industrial use cases in this work ensure the relevance of the developed approaches for
real-world applications. The research objectives are therefore formulated first from a general
perspective, and then with regard to the individual application cases. Table 1.1 links the overall
challenges to the case-specific aspects.

Overall challenges

Expensive design evaluations can provide high-fidelity results as basis for well-informed de-
sign decisions. In this work, the 3D CFD and FE simulations are (partly) replaced by low-
fidelity models in SBO algorithms. The first research objective is to generate sufficiently ac-
curate surrogate models based on scarce high-fidelity data. The second is to employ these
cheap-to-evaluate models beneficially for efficient optimizations.

Multiple disciplines or components combined in a single optimization problem can yield better
designs in a shorter time than sequential single-discipline or -component optimizations. For in-
stance, aerodynamics and structural mechanics often have counteracting objectives that need
to be balanced. Aerodynamic interaction effects can be exploited in multi-stage optimizations.
Here, the research objective is to use the known problem structure to cope with the increased
evaluation cost and problem size, including potential coupling variables.
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High-dimensional input or design variables are required for detailed design, like 3D blade
shape optimizations, and arise for large control volumes, for example multi-stage configura-
tions. The associated research objective is to overcome the curse of dimensionality in SBO.

High-dimensional output models are needed for coupling variables, like gas load distributions,
or many constraints, which reflect the complex blade design requirements. The first objective
is to reduce the training (and evaluation) cost of surrogate models with high-dimensional out-
put. The second is to efficiently handle a large number of nonlinear and severely restricting
constraints in the optimization.

Case-specific aspects

As illustrated in Table 1.1, at least two of the above overall challenges are addressed in each
of the three appended publications. Every publication includes a specific application along
the design process chain, which serves as both motivation and test case for the developed
approaches. All use cases are 3D parametric shape optimizations of turbofan engine high-
pressure compressor (HPC) blades under aerodynamic and, in two out of three cases, struc-
tural mechanical aspects. All of them rely on 3D CFD (and FE) simulations and hence face
the first challenge of expensive design evaluations.

Application | is a single-stage aero-structural blade optimization with focus on structural me-
chanics. Aero-structural coupling should be considered. Here, one first needs to choose suit-
able surrogate models for the scalar objective and constraints, as well as the high-dimensional
coupling variables. Then, the question is how to combine low- and high-fidelity disciplinary
models in the optimization. A suitable approach should both enhance the computational effi-
ciency and maintain the organizational integrability.

Application Il is a detailed single-stage aerodynamic blade optimization. Focusing on BO,
the high design space dimension makes the GP models inaccurate and the infill criterion
optimization inefficient. The specific research objective is to employ adaptive design space
reduction approaches to improve the performance of high-dimensional constrained BO.

Application Ill'is a detailed four-stage aero-structural blade optimization with an aerodynamic
design objective. For this case, the objective is to develop a coupled problem decomposition
method to enable the very high-dimensional and highly constrained BO. The approach should
effectively incorporate the known problem structure but also work without this knowledge, to
be generally applicable.

1.3 Thesis outline

The remainder of the thesis is structured as follows: Chapter 2 outlines the state of the art of
SBO methods. The focus is on GP models and BO for high-dimensional and multidisciplinary
problems, in accordance with the above stated challenges. Chapter 3 provides the context for
the aircraft engine blade design applications, from the basic working principles to the specific
use cases. The two chapters thereby provide the starting point for the method developments
in the appended publications. Chapter 4 summarizes the publications’ content. In the discus-
sion of individual and joint contributions in Chapter 5, the proposed methods and obtained
results are critically reflected with regard to the above state of the art and research objectives.
Chapter 6 concludes the thesis by a summary and outlook.



2 Surrogate-based optimization methods

Expensive design evaluations are the connecting challenge of all methods developed in this
work, see Table 1.1. In the realm of global optimization, surrogate-based approaches are
commonly used to make the most out of scarce high-fidelity evaluation results. Figure 2.1
illustrates the adaptive surrogate-based optimization (SBO) process. To begin with, a design
of experiments (DoE) generates initial sample points to be evaluated by the high-fidelity model.
Afterward, the following process is iteratively repeated until a termination criterion is met:
The surrogate models are fitted to the high-fidelity sample data. New promising points are
searched based on the cheap-to-evaluate surrogates. Finally, the resulting infill sample points
are evaluated to enrich the high-fidelity database.

A particularly sample-efficient method was proposed by Jones et al. [41, 42] and simply called
efficient global optimization (EGO). It is inspired by Bayesian optimization (BO), initially intro-
duced by Mockus [43]. Although EGO refers to a more specific class of algorithms, the two
names are often used synonymously. Both profit from the advantage of Gaussian process
(GP), also called Kriging [44, 45, 46], surrogate models. GP models predict the model uncer-
tainty in addition to an output value. With this information, the optimizer can not only exploit
the model but also efficiently explore the design space to iteratively enhance the surrogate
model with good infill points.

Sections 2.1, 2.2, and 2.3 summarize the state of the art of DoE, GP surrogate models and
BO, respectively. Section 2.4 outlines strategies for multi-disciplinary (and -component) design
optimization (MDO). After the basics, current method variants for high-dimensional problems
are reviewed in all sections. Therewith, the methods in this chapter address all challenges
from Table 1.1, and provide a starting point for the new developments in the appended publi-
cations.

2.1 Design of experiments

DoE techniques [47] should cover the input or design space with as few expensive high-
fidelity samples as possible. The quality of the DoE has a high impact on the accuracy of the
surrogate model. Popular approaches are Monte Carlo sampling, that is essentially random
sampling, and Latin hypercube sampling (LHS). LHS was proposed by McKay et al. [48] and
is used in all appended publications.

To generate n samples via LHS, each dimension of the design space is divided into n intervals
of equal probability. In case of a uniform probability distribution, this means equally sized
intervals. A unique interval is chosen for each of the n samples in each dimension. Within
the chosen interval, the sample is placed either centered or randomly. For an improved space
filling, the LHS can be optimized with respect to various criteria, like maximin distances [49].

The input or design space volume grows exponentially with its dimension d. Hence, the num-
ber of samples required for a constant sample density increases exponentially with d [50, 51].



2 Surrogate-based optimization methods

initial design
J
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(Section 2.1)
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high-fidelity evaluation
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termination yes

criterion met? optimized design
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based on high-fidelity data
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|

infill point search
based on surrogate model(s)
(Section 2.3)

Figure 2.1 Adaptive surrogate-based optimization process.

Defining the number of input or design variables for surrogate models or optimization thus
includes a trade-off between computational cost and accuracy. In engineering design, the
number of variables is usually chosen based on expert knowledge.

2.2 Gaussian process surrogate models

Surrogate models, or metamodels, approximate the input-output relation y = f(x) of expen-
sive evaluations solely based on a finite sample data set (X, y). In the context of SBO, inputs
are mostly the design variables, and outputs are the objective and constraints. This section
focuses on GP models, which are used in all appended publications. Other popular metamod-
els include polynomials, radial basis functions, support vector regression, and deep neural
networks. For comprehensive reviews of surrogate modeling for optimization, the reader is re-
ferred to Forrester et al. [52] and Khatouri et al. [53]. The basics of GP modeling are followed
by special approaches for high-dimensional model input or output.

2.2.1 Basics

GP models reproduce the fact that there is an infinite number of functions to fit a set of training
samples. They use GPs to determine the probability of each of these functions. The resulting
probability distribution gives information about the most probable of these functions, as well
as the confidence in the prediction. Due to their probabilistic nature, GP models are especially
well-suited for scarce data. The basics of GP models for machine learning are summarized
in the popular book by Rasmussen and Williams [54]. For a more intuitive understanding
of the GP building blocks and the influence of settings and hyperparameters, the interactive
publication by Gortler et al. [55] is recommended. The below equations are based on the
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books by Keane et al. [56] and Forrester et al. [52], which can be consulted for derivations
and more details.

Gaussian process

Gaussian stochastic processes are multivariate normal probability distributions over functions.
They are defined by a set of random variables. Any finite number of these random variables
has a joint Gaussian distribution. A GP Z(x) is defined by a mean p(x) and covariance
C(z,z).
Z(x) ~ N(u(=),C(z, ")),
with C(z,2') = 0?R(z, z').

The covariance is expressed as the product of the process variance o2 and a correlation
function R(x, '), also called kernel. For a d-dimensional input space, the popular squared
exponential kernel (also known as radial basis function kernel) is defined as

2.1)

d
Rrpr(z, @) = [ exp (—9z‘\$i - 932’2) : (2.2)
i—1

The above kernel and its generalization, the Matern kernel, belong to the group of stationary
kernels. Stationary means that they only depend on the relative position of the two points «
and z’, here their Euclidean distance, and not their absolute location. The closer the points
are, the stronger the corresponding function values are correlated. The lengthscale 0 is a
kernel hyperparameter. Here, a vector 8 € R? is considered, but it can also be simplified to
a scalar in the isotropic case. Duvenaud [57] provides more information on the kernel choice
and formulation.

Gaussian process model

For the purpose of GP surrogate modeling, a response y = f(x) is considered as a random
variable Y'(-). This is contrary to its actual character as the result of deterministic computa-
tions. In ordinary Kriging, used herein, it is modeled as the sum of a constant mean 3 and a
stationary GP Z(x).

Y(x)=p5+Z(x). (2.3)

The mean, or trend, § is an unknown constant and thus needs to be estimated. While a
constant trend is sufficient for most cases, it can be replaced by a polynomial in . However,
this entails more hyperparameters to be estimated. The stationary GP Z(x) has a zero mean
p(x) = 0 and a stationary covariance function C(x, z’).

Gaussian process model fit

The GP prior in Equation (2.3) can be fit to a sample data set (X, y) using Bayesian inference.
The resulting GP posterior can then be used to predict the response and model uncertainty.
The model fit involves estimating the mean 3 and the process variance o2, as well as optimiz-
ing the kernel hyperparameters 8. Maximum likelihood estimation is widely used to find the
most probable values of the unknown parameters given the sample data set. For numerical
stability reasons, commonly the log-likelihood function is maximized.

(0, 8,0%) = —% nin(2r) +nino? + In | R| + %(y 18Ry —18)]. (24

z
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Figure 2.2 GP model (left) of the Forrester [52] function f(z) = (62 —2)? sin(12x —4) and correspond-
ing maximum likelihood estimation (right).

With n samples, R € R™*" is the matrix of correlation among the samples, and 1 € R" is a
column vector of ones. The correlation matrix R depends on the lengthscale 6. Estimates of
3 and o2 are obtained by setting the respective derivatives to zero.

= ("R TRy,
. 1 A _ A
62 = ~(y - 18)"R(y — 1P).

Inserting Equations (2.5) into Equation (2.4) and omitting the constant terms yields the con-
centrated log-likelihood as a function of the kernel hyperparameters @ only.

(2.5)

L(0) = —% [n Iné2 4 1In \Ry} : (2.6)

It has no analytical solution, so numerical optimization techniques are employed to search for
the best 8. The multimodal function landscape makes multi-start gradient-based methods,
like BFGS, or global optimizers, like Cobyla, a common choice. The right side of Figure 2.2
shows an example of a concentrated log-likelihood function given the samples on the left.

Gaussian process model prediction

An unknown output y = f(x) is assumed to have a joint Gaussian distribution with the sam-
ples y. Its prediction ¢ is the most probable realization of the posterior stochastic process
Y (x). The predicted response j) and mean squared error, equal to the variance ¢, can then
be computed as A A

jg(x) =B +r(@) R (y - 1),

o*(x) = 62 [1 - () R 'r(z)] . (2.7)

Here, r(x) € R is the vector of correlation between the n samples in X and the new point x.
Note that §j(z) — 3 for 7(x) — 0. This conservative prediction in case of strong extrapolation
makes GP models well-suited for scarce data. The left part of Figure 2.2 shows an example
of a posterior GP surrogate model.

2.2.2 High-dimensional input models

With growing input dimension d, the average distance between two points increases for a given
number of samples n [50, 51]. Expensive design evaluations limit the affordable number of
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samples. The resulting data sparsity makes the surrogate models less accurate. In addition,
the difference between the distances of the closest and farthest point pairs decreases [50,
51]. The stationary kernels used in GP, like the one in Equation (2.2), depend on distance
measures. As a result, the range of correlations decreases with growing dimension d, making
them less meaningful.

Increasing the number of samples, however, involves not only a linearly growing computational
effort for the expensive sample evaluation. The computational cost of inverting R € R™*"
scales with O(n?) [56]. It is required for every concentrated log-likelihood function evaluation
in Equation (2.6) (with 52 from Equation (2.5)) during the iterative GP model fit and for every
prediction in Equation (2.7). Moreover, the number of hyperparameters & € R? increases.
This makes the multimodal concentrated log-likelihood maximization more difficult and, thus,
computationally expensive.

Simplified models entail a lower computational effort. If data is scarce, they can even yield
more accurate predictions. Therefore, approaches for GP modeling with high-dimensional in-
put generally make some simplifying assumption(s). Binois et al. [58] reviewed approaches to
overcome the above challenges. They distinguish three method categories, each relying on a
distinct assumption. In the remainder of this section, the main idea of each category is out-
lined, followed by some examples. The ideas can be directly transferred to high-dimensional
BO. Strategies that are tailored to the use within BO are summarized in Section 2.3.2.

Variable selection
Variable selection is based on the assumption that some variables do not affect the output.
f(x) = g(xr) with I C {1,...,d},|I| <d. (2.8)

Consequently, only a lower-dimensional part x; of the overall variables « is used as surrogate
model input. The influence of the remaining ones is neglected.

Correlation or sensitivity analyses [59] are often employed before the GP modeling. They can
provide a decision basis but rely on scarce sample data. The review article by Becker et al.
[60] focuses on this difficulty. A correlation analysis is used in publication I, as discussed in
Section 5.1. The influence of the variables can also be estimated after the GP model fit. The
smaller an optimized kernel lengthscale 6;, for instance in Equation (2.2), the smaller the cor-
relations and, hence, its relevance. This approach is called automatic relevance determination
[54]. It is also implemented in AutoOpti [61], which is employed in publication | and compared
in publication 111

A drawback of the above variable selection methods is that the assumption in Equation (2.8)
does not hold for most well-posed modeling problems. If all input variables have a non-zero
influence, entirely neglecting the less influential ones usually yields less accurate models than
the approaches below.

Additive decomposition
Additive GP models assume an additive structure. In the simplest case, the output can be
approximated by a sum of d functions of single variables.

d

flx) = Zg,(mz) (2.9)

=1
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In contrast to variable selection approaches, not the dimension is reduced, but the interaction
between variables is limited.

Generalizing the above assumption, Duvenaud et al. [62] proposed a kernel that can the-
oretically model additive interactions up to d-th order. The additive GP posterior allows to
automatically determine relevant interaction orders. In practice, scarce data usually limits ac-
curately modeled interactions to second order. Another option is to approximate the output as
sum of functions of lower-dimensional variable groups. Approaches for both disjoint [63] and
overlapping [64] variable groups exist in the literature. Alternatively, the interaction structure
can be determined by functional analysis of variance prior to the GP model fit. The structure
is then translated into the form of the kernel [65].

The downside of the additive structure is the high number of terms with at least one hyperpa-
rameter each. This makes the GP model fit difficult. Various approaches for a more efficient
hyperparameter estimation are presented along with the above additive models.

Low-dimensional embeddings

Another structural assumption is that of low intrinsic dimensionality. It means that most of
the output variation can be observed in a low-dimensional subspace of the input domain.
Considering a linear mapping between original and reduced input space, the output can be
approximated as

f(x) ~ g(ATx) = g(z) with A € R>" r < d. (2.10)

The latent variables z = ATz € R” in the reduced subspace represent the most influential
directions in the original design space. Non-linear mappings offer increased flexibility but
require more sample data for fitting. The following approaches rely on linear embeddings.

The projection matrix A can be viewed as just another hyperparameter of the GP model. Tri-
pathy et al. [66] followed this concept and use maximum likelihood estimation to first learn
an orthogonal A and, second, the remaining hyperparameters of the GP model in the low-
dimensional subspace. If derivatives are available as a result of the expensive design eval-
uations, the active subspace method [67] can be employed to determine A. Bouhlel et al.
[68] use Kriging with partial least squares (PLS), short KPLS. It finds the directions, called
principal components, with maximum correlation between input and output variables. The re-
sulting information is incorporated directly into the correlation function to reduce the number
of hyperparameters 6; from d to r.

Besides estimating a sufficiently accurate linear mapping, finding an appropriate reduced di-
mension r is not always straightforward. For the above approaches, r is automatically deter-
mined via the Bayesian information criterion [66], eigenvalue gaps [69], and Wold’s R criterion
[68].

2.2.3 High-dimensional output models

The above considerations aim at modeling a scalar output y = f(x) as function of an input
x € R? based on a set of n samples. However, most engineering applications include more
than a single output quantity of interest. This requires surrogate models of a vector-valued
output y € R™. For instance, constraint values must be satisfied in addition to the objective
function. Coupled MDO approaches, see Section 2.4, additionally involve coupling variables.

11
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Vector-valued coupling variables from mesh-based simulations easily exceed m = 103 outputs
and are, hence, considered high-dimensional.

Multi-task GPs [70] exploit potential correlations between multiple outputs for more accurate
predictions. This blows up the correlation matrix to R € R™"*™" as well as the computational
cost of its inversion to @(m>3n?). Multi-output GPs simply construct a separate model for
each output. The associated computational effort only increases linearly with m (O(mn?)),
making them better suited for high-dimensional output. Even though the multi-output model fit
and prediction can theoretically be run in parallel, wall times can be prohibitive, as common
computational environments cannot efficiently handle that many tasks in parallel. Another
issue is the high memory usage.

Reduced order modeling

Reduced order modeling (ROM) approaches can compress a high number of m outputs to
k < m reduced bases. The underlying idea is that multiple output samples have common
features. These features, or reduced bases, can be extracted by modal decomposition meth-
ods. The contained information decreases rapidly with the modes’ rank. Therefore, the first
few modes are sufficient to reconstruct the output without losing much accuracy. In other
words, ROM implies a low intrinsic dimensionality. Its assumption is similar to that of the
low-dimensional embeddings for high-dimensional input GP models outlined in the previous
Section 2.2.2.

In case of high-dimensional output GP models, ROM can drastically reduce the number of
outputs to be modeled. As the m-dimensional output can be reconstructed from k£ < m
reduced bases, only & GP models are required. Entirely data-driven ROM is called non-
intrusive because it does not require access to the high-fidelity evaluation code. That makes it
a very flexible tool and well-suited for black-box optimization. Proper-orthogonal decomposi-
tion (POD) is one of the most popular non-intrusive ROM approaches and is described below.
Alternatives to POD are dynamic mode decomposition or autoencoders. Yu et al. [71] provide
a review of non-intrusive ROM with applications in fluid mechanics.

POD is combined with GP interpolation (POD+l) to model aero-structural coupling via the
gas load field in publication |. Moreover, the same principle is utilized in the context of high-
dimensional BO for design space reduction (DSR) instead of ROM. Table 2.1 in Section 2.3.2
establishes the connection between the two methods. The two publications are summarized
and discussed in Chapter 4 and 5.

Proper-orthogonal decomposition

POD decomposes a physical field into orthogonal modes or principal components. The non-
intrusive version is called snapshot POD and was initially proposed by Sirovich [72] for fluid
mechanics problems. Here, snapshots are time or spatially dependent output samples, for
instance a gas load field on the blade surface. The below presented process of snapshot
POD is similar to linear principal component analysis (PCA) in the field of statistics. Despite
different target applications, the mathematical basics are directly transferable. The tutorial by
Weiss [73] is recommended for more detailed explanations of the topic.

Prior to the POD, the output samples are arranged in form of a snapshot matrix Q@ € R™*™.
Each row is centered around its origin by subtracting the ensemble mean vector y € R™.

12
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Singular value decomposition (SVD) is then used to decompose the snapshot matrix into
orthogonal basis vectors and singular values.

Q=UxvT. (2.11)

Here, U € R™*" is a left-singular matrix with the orthogonal basis vectors or POD modes
¢, = 1,...,n as columns. ¥ € R"*" is a diagonal matrix containing the non-negative
singular values o in descending order. V' € R"™*" is a right-singular matrix and holds the
same information as U. Note that the POD modes are just mathematical objects expressing
correlations in multi-dimensional output data. When applied to physical fields, they allow for
some physical interpretation but should not be confused with the fields’ actual modes.

Proper-orthogonal decomposition for reduced order modeling

The higher the singular value o, the higher the influence of the corresponding POD mode
¢; on the total variance. This sorting enables an approximation of the snapshots in Q by
truncating the three matrices after the first k£ basis vectors and singular values.

Q~U,x, VT (2.12)

The truncated matrices are U, € R™*%, 5, € RF** and V;, € R™**. POD is optimal in the
sense that it loses as little information as possible for any reduced rank. The reduced rank k&
can be user-defined or automatically determined such that

k52

Lifl %>k (2.13)
7=19j

The above criterion means that the variance, or proportion of energy, covered by the first &

modes should be larger or equal to a user-defined threshold, often x = 95%. The captured

variance usually drops rapidly with the rank. Hence, the number of degrees of freedom can

be reduced by several orders of magnitude and k < n, m.

The lower-dimensional representation of Q € R™*" is obtained by projecting the snapshots
onto the reduced subspace spanned by the dominant POD modes via UfQ € RF*". This
linear mapping can be applied to any output vector y € R™. The result is the POD coefficient
vector a € R¥, containing k coefficients «;.

a=Ujl(y—1y),

o (2.14)
aj:gz’)jr(y—y),j:l,...,k.

The back projection is an approximation, as k < n, m. With U~ = U, the high-dimensional
output is computed by a linear combination of POD modes and coefficients.

k
yry+Ura=9y+) ¢ (2.15)
j=1
Proper-orthogonal decomposition + interpolation
ROM via POD is, among other things, useful for high-dimensional output surrogates. Modeling

only k < m coefficients instead of m outputs saves computational cost, run time, and memory.

13
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The approach is known as POD and interpolation (POD+l) [74]. In this work, GP models
are used for the interpolation step. A corresponding PCA-GP [75] was also proposed in the
statistics community.

First, the output samples are projected onto the low-dimensional subspace according to Equa-
tion (2.14). This yields the POD coefficient samples ; € R", 5 = 1,..., k. Second, a sepa-
rate model is fit for each POD coefficient, based on the sample set (X, ;). The GP model fit
and prediction follow the basic procedure from Section 2.2.1. For an unknown input x, the pre-
dicted POD coefficients &;(x) are mapped back to the original space according to Equation
(2.15).

2.3 Bayesian optimization

The DoE and surrogate models described above are essential building blocks of every SBO
algorithm. The optimization task is to minimize an objective function f(x) by varying a design
variable vector x within its lower and upper bounds.

minimize  f(x)
J (2.16)
by varying xp, < x < @y, € R

If the surrogate model is sufficiently accurate, the problem can be efficiently solved by replac-
ing the high-fidelity evaluation f(x) with a surrogate model f(m). This approach is employed
in publication |, see Section 4.1 and 5.1. However, global surrogate accuracy is often limited
by sparse sample data due to expensive high-fidelity evaluations and a high-dimensional de-
sign space. A solution is adaptive SBO methods, which locally refine the surrogates in regions
of interest. They were outlined in the beginning of this chapter and illustrated in Figure 2.1.
For a deep-dive into SBO, the reader is referred to Forrester et al. [52] and Gramacy [76].
This section focuses on BO as an adaptive SBO technique relying on GP models. In the fol-
lowing, the basic method is described, and approaches for high-dimensional design spaces
and constrained problems are reviewed. High-dimensional constrained BO approaches are
developed in publication Il and Ill, summarized and discussed in Chapter 4 and 5.

2.3.1 Basics

BO is a class of algorithms for global optimization of black-box functions. It can make the
most out of a small high-fidelity evaluation budget. Therefore, BO is particularly suitable for
expensive-to-evaluate functions, for instance costly numerical simulations. The adaptive SBO
approach leverages probabilistic surrogates, mostly GP models, to find new promising points.
These infill points are then evaluated and added to the high-fidelity sample dataset. The review
by Shabhriari et al. [77] and the book by Garnett [78] provide comprehensive summaries of BO,
from basics to more specialized approaches. The review by Lam et al. [79] focuses on BO
methods for aerospace design applications.

Infill criterion

GP models form the basis of BO and were already covered in the previous Section 2.2. They
predict an objective function value f(x) for an unknown design variable vector x. Additionally,
they estimate the model uncertainty in form of the variance o(x), see Equation (2.7). In

14
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every BO iteration, the question is where to place the next query point for the high-fidelity
evaluation. The most straightforward idea is to exploit the GP model by minimizing f(a:).
However, this might mislead the search because the GP model only approximates the high-
fidelity evaluation. A countermeasure is to increase the model accuracy by maximizing the
model uncertainty o(x). The infill point search is, hence, always a trade-off between model
exploitation and design space exploration.

Various infill point search strategies exist in the literature. Commonly, an infill criterion, or
acquisition function, is optimized based on posterior GP model evaluations. A basic criterion
is the probability of improvement (PI) [80] over the previous best design. Going one step
further, the expected improvement (El) [41] quantifies the magnitude of improvement. The
upper confidence bound of the GP model (GP-UCB) [81] is a more optimistic criterion when
proposed in a maximization setting (in contrast to our problem definition in Equation (2.16)).
Finally, the idea of Thompson sampling (TS) [82] is to use a random realization of the GP
posterior as acquisition function.

El is employed as infill criterion throughout this work. The original idea was formulated by
Mockus [43]. Later, El was reintroduced by Jones et al. [41, 42] for the EGO algorithm.

Bl(@) = BlI(2)) = (fuin — (@))% (W) +ol@) (W) em

The predicted improvement over the current best objective function value fui, for a given point
T iS fmin — f(:zc). Accordingly, the first term favors exploitation. The second term includes the
model uncertainty o (x) and, hence, promotes exploration. ¢ and ¢ are the normal cumulative
distribution function and probability density function, respectively (unrelated to and not to be

confused with the POD modes in the previous section).

Infill criterion optimization

Figure 2.3 illustrates two BO iterations featuring the GP model and the EI maximization. The
start is the initial GP model of the Forrester [52] function from Figure 2.2, replicated on the top
left. The corresponding EI maximum on the bottom left is near the current best sample. This
means that the first BO iteration is an exploitative step. The infill point is evaluated and added
as the red sample to the enhanced GP model on the top right. The corresponding EI on the
bottom right is now maximized in the region of the highest model variance. Nevertheless, it
still shows a local maximum near the true objective minimum.

The acquisition functions on the bottom of Figure 2.3 are not only multimodal but also show
large plateaus with zero EIl. These plateaus make the infill criterion optimization extra challeng-
ing. Classical population methods like genetic algorithms and differential evolution are com-
mon choices for simple problems. Covariance matrix adaptation evolution strategies (CMA-
ES) [83] are usually more computationally efficient. Direct methods, such as the dividing
rectangles (DIRECT) or Nelder-Mead simplex (NMS) algorithm, were already considered at
the beginning of EGO [42] and are still a valid choice.

In this work, the multi-start NMS infill criterion optimization implementation of Arsenyev [38] is
used. The NMS algorithm [84, 85] optimizes the acquisition function by reflecting, expanding,
contracting, and shrinking a simplex according to a series of rules. It is a local search method
and thus requires multiple restarts to cope with the highly multimodal acquisition function
landscape. Good starting points for an El maximization generally lie between the existing
samples. Schonlau et al. [42] proposed to generate one starting simplex per sample point.
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Figure 2.3 Two BO iterations with GP model (top) and infill point search (bottom) based on the re-
spective model. The first iteration (left) yields a model exploitation near the current best sample. The
second iteration (right) yields a design space exploration in the region of the highest model variance.

Each simplex has d + 1 vertices, which are generated by changing one coordinate of the
sample point at a time. It is set to the mean value of the closest adjacent samples in the
respective coordinate direction. Arsenyev [38] add some starting simplexes around random
points to enhance the exploration capabilities. Moreover, he first maximizes the GP model
variance to get the starting simplexes for the El maximization out of the plateau region.

Batch infill criterion optimization

Multi-start local optimization approaches have the additional advantage that they can easily be
run in parallel and yield several local optima. Therefore, they are also well-suited for batch infill
point search. Evaluating ¢ > 1 infill points in parallel in every BO iteration is a very effective
way to save wall time, which is key in most industrial settings. Arsenyev [38] cluster the local
optima and then choose the centers of the ¢ best clusters as next infill points, to avoid very
close points [86]. The clustering approach is also used in this work.

Another approach for parallel infill is the so-called ¢-El [87]. It aims at finding an optimal
batch of ¢ infill points at once. An analytical expression exists only for ¢ = 2. For ¢ >
2, the ¢-El is approximated by Monte Carlo simulations. Nevertheless, the ¢-El evaluation
becomes prohibitively expensive for large ¢. The ¢-El has a gd-dimensional search space for
optimization, which also quickly becomes difficult. A more efficient alternative are ¢ sequential
El optimizations [87]. The chosen but not yet evaluated infill points are assigned a value and
provisionally added to the sample data set, such that o (x;,a11) = 0. The assigned value can be
a constant or the GP prediction, called constant liar or Kriging believer strategy, respectively.
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For arbitrarily large batches, TS is a suitable acquisition function [82]. One can simply draw ¢
independent samples from the GP posterior in parallel.

2.3.2 High-dimensional optimization

BO exploits the advantages of GP models but also inherits their challenges for high design
space dimensions d. The causes of sparse samples, inaccurate models, and expensive model
fits were already explained in Section 2.2.2. Moreover, acquisition functions, like El in Equation
(2.17), are extremely difficult to optimize in high dimensions. As illustrated at the bottom of
Figure 2.3 for d = 1, the El function has flat regions with zero gradient and narrow local
optima. With growing dimension d, the flat regions account for an increasing part of the design
space [78], where optimizers easily get stuck. Besides, an increasing proportion of the design
space is near the domain boundaries. The large model variance near the boundaries causes
over-exploration [58]. Finally, a truly global search with a high d and small sample budget is
unrealistic.

Most high-dimensional BO approaches rely on design space reduction methods. Dimen-
sion and interaction reduction strategies fall into the same three categories as for the high-
dimensional GP models in Section 2.2.2. Localization is an additional option, mostly achieved
via trust region (TR) approaches. Binois et al. [58] summarized problems and review solutions
for high-dimensional BO. Santoni et al. [88] compared standard BO to algorithms of the above
categories on the black-box optimization benchmarking (BBOB) functions. While BO is very
sample efficient for d = 10, its performance deteriorates for d > 20. For higher d, the benefit
of the approaches below depends on the validity of the respective underlying assumptions.

Variable selection

The variable selection approaches for GP models in Section 2.2.2 can also be employed
prior to BO. They determine the relevant variables based on usually scarce initial sample
data. Fixing the remaining variables before the optimization, one risks to prematurely neglect
actually influential variables. Spagnol [89] presented a global sensitivity index tailored to high-
dimensional constrained optimization instead of modeling problems, along with an adaptive
procedure to select active variables in each BO iteration.

An alternative is a random variable selection in every iteration. In contrast to classical variable
selection strategies, all variables are treated as equally relevant and are hence considered
at some point in the optimization. The dropout method [90] follows this idea by running BO
with a reduced number r < d of randomly selected design variables in every iteration. For
the high-fidelity function evaluation, the left-out dimensions are filled in by random values, the
best so far values, or a mixture of both.

The cooperative approach CoEGO [91] relies on a similar idea. Instead of an entirely random
selection in each iteration, Zhan et al. [91] randomly decompose the design space and then
activate a different part in every iteration. Once all parts were considered, a new random
decomposition is performed. Moreover, the inactive variables are not entirely neglected in BO
but fixed to so-called context vectors. Only the active dimensions are varied in both the GP
model fit and the infill criterion optimization. The context vectors are adaptively set to the best
so far GP model hyperparameters 6, ; and design points Tpest,;-

CoEGO is an inspiration for the high-dimensional multi-component BO approach presented
in publication Ill. The proposed cooperative components BO (CC-BO) is summarized and
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discussed in Section 4.3 and 5.3. The detailed CC-BO algorithm description can be found in
Appendix A.3.

Additive decomposition

Under the assumption of additivity, the objective function can be approximated by a sum of
functions, see Section 2.2.2. Each term of the additive GP model then depends only on a
lower-dimensional subset of the design variables. Add-GP-UCB [63] applies the same con-
cept to formulate and optimize additive GP-UCB acquisition functions. Each term of the ac-
quisition function then depends only on one term of the above GP models. It can be optimized
separately by varying a lower-dimensional subset of the design variables. This means that
the infill search space volume is only exponentially proportional to the lower subset dimension
r < d. Consequently, the infill point search becomes much simpler and more efficient.

Initially proposed for disjoint variable groups [63], Add-GP-UCB was also generalized to over-
lapping subsets [64]. The overlap requires a message passing algorithm for the infill criterion
optimization to incorporate dependency information. Generally unknown additive structures
and dependencies limit the practical applicability of the above methods. Several approaches
have been proposed to discover a suitable design space decomposition into disjoint [92] and
overlapping [93] variable groups. However, learning a decomposition based on sparse sample
data can be misleading. Random decompositions [94] are a good alternative, independent of
the available data.

Low-dimensional embeddings

Random projections can be used to realize the assumption of low intrinsic dimensionality, see
Section 2.2.2. REMBO [95] randomly samples the entries of the projection matrix A € R¥x"
from A(0,1). As defined in Equation (2.10), z = AT2 maps a high-dimensional design
variable onto a lower-dimensional embedding. Wang et al. [95] proved that, provided a lower
intrinsic dimensionality » < d, for any « € R there is a point z € R", such that

f(x) = f((AT)12) = g(z) with A € R>" r < d. (2.18)

Consequently, one can optimize g(z) instead of f(x) without any loss of accuracy. The GP
model fit and the infill point search can be performed in the lower-dimensional subspace.
While the projection matrix A is random, the generally unknown intrinsic lower dimension r
is still difficult to estimate. Numerous approaches for BO in lower-dimensional subspaces
followed REMBO. The low-dimensional embedding is chosen randomly [96, 97, 98], inferred
from sample data [99, 100], or determined as a combination of both [101].

Raponi et al. [100] use PCA to learn the linear projection and the reduced dimension from
sample data. As stated in Section 2.2.3, linear PCA and snapshot POD have the same math-
ematical basis. Table 2.1 lists the equivalent variables to POD in Section 2.2.3. In contrast to
the high-dimensional output for POD, the high-dimensional design variables are generally not
correlated. PCA-BO [100] adds a weighting according to the points’ merit in between the cen-
tering and SVD to enforce the correlation. The result are the centered and weighted design
variable samples X”. They are the input for the PCA, equivalent to the snapshot matrix for
POD. In each BO iteration, A is computed by a new PCA based on all centered and weighted
samples. The reduced dimension r is determined via Equation (2.13). As input to the GP
model fit, the unweighted samples X are projected onto the lower-dimensional embedding
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Table 2.1 Equivalent variables of PCA for design space reduction (DSR) and POD for reduced order
modeling (ROM), see Section 2.2.3. They are used in publication Il and I, respectively.

variable \ PCA for DSR POD for ROM
high dimension d m
reduced dimension r k
high-dimensional vector x € R? y € R™
reduced-dimensional vector zeR" acRF
snapshot matrix X" e Rrxd Q c Rvxm
(back) projection matrix A € RIxr U, € Rmxk

according to Equation (2.14). A penalization of the acquisition function ensures that all infill
points belong to the original space xj;, < «* < x, after the back projection with Equation
(2.15).

PCA-BO is modified to enable batch infill and constraint handling in publication Il. This makes
it applicable to aircraft engine blade optimization. The novel approach is summarized and
discussed in Section 4.2 and 5.2. A detailed algorithm description is provided in Appendix
A2.

Trust regions

Trust regions localize the search by reducing the design variable ranges instead of dimen-
sion or interaction. The assumption is that the optimum lies close to the best so far design.
Therefore, the trust region is adaptively centered around the current best point. Its commonly
box-shaped bounds are contracted or expanded depending on the optimization progress (or
model uncertainty). The trust region includes a drastically reduced design space volume.
Moreover, the localization counteracts over-exploration.

Regis et al. [102] proposed a trust region implementation, called TRIKE, with the ratio of
actual improvement to El as criterion for contraction or expansion. While the GP model is still
fit in the entire space, the El is then maximized inside the trust region. The trust region BO
(TuRBO) by Eriksson et al. [103] uses TS as acquisition function to enable efficient batch infill.
The trust region is tightened or extended after a predefined number of iterations without or
with improvement, respectively. GP models are fit on the samples in the TR only, to allow for
heterogeneous function landscapes.

The drawback of localization can be overcome by restarts once the El falls below a certain
threshold [102]. For batch high-fidelity evaluations, multiple parallel trust regions can be man-
aged by a bandit strategy [103]. Diouane et al. [104] alter between local iterations inside the
TR and global ones in the full design space.

We utilize the localization by using a trust region BO (TR-BO) after the more global PCA-BO
in publication Il. TRIKE is combined with ideas from TuRBO to enable batch infill. The reader
is referred to the summary and discussion of contributions in Section 4.2 and 5.2, and the
detailed algorithm description in Appendix A.2.

2.3.3 Constrained optimization

The above-referenced TURBO [103] is one of the very few high-dimensional BO algorithms
with an extension to constrained problems [105]. Most engineering design tasks are sub-
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ject to constraints, though. Equality constraints can be reformulated as two close inequality
constraints. In the problem definition below, inequality constraints are denoted by the vector
h(x).

minimize  f(x)

subject to  h(xz) <0 € R™! (2.19)

by varying oy, <@ < xyp € R

For BO, constraint GP models are required in addition to the objective function f(x). Ap-
proaches for modeling a vector-valued output y = [f, ha, ..., hn]? € R™ were summarized
in Section 2.2.3. New infill points are then searched by exploiting and enhancing these surro-
gates to find a feasible optimized design.

Infill criterion

Parr et al. [106] compared infill criteria for constrained problems (and batch infill). The uncon-
strained acquisition functions from Section 2.3.1 can be optimized subject to the constraints
[107]. GP model predictions can replace expensive constraint evaluations. Most other ap-
proaches transform the constrained problem into an unconstrained one. A classical option
is to add a penalty term to the unconstrained infill criterion if the surrogate predicts a con-
straint violation. The penalty can be a simple constant [108] or computed by an augmented
Lagrangian formulation [109]. The above methods do not take the constraint GP model un-
certainty into account. Consequently, inaccurate initial constraint surrogates can mislead the
search because they are not specifically enhanced.

In contrast, the expected violation (EV) [110] and probability of feasibility (PF) [42] criteria
include the predicted variance. They are formulated in analogy to El and PI, respectively. EV
quantifies the magnitude of the constraint violation. If all samples are infeasible, EV can be
used as standalone criterion to find feasible regions. In this case, the PF would be mostly zero
and therefore difficult to optimize. PF is mostly combined with El to improve the current best
feasible design.

—hj()

PF,(x) = P|F;(x)] = ® J . 2.20
J( ) [ ]( )] (Uhj(w)> ( )
All constraints hj,j = 2,...,m are formulated such that h;(x) < 0. The constraint GP

model predicts the mean value ﬁj(a:) and the standard deviation oy, (x) for a given point z.
Alternatively, PF can be computed based on a probabilistic support vector machine (SVM)
[111]. The classifier predicts whether a point is feasible with a single SVM for all constraints.
This can be advantageous in case of many constraints. Another approach for BO with high-
dimensional constraints is to reduce the number of constraints via PCA [112], similar to POD+I
in Section 2.2.3. Apart from these two methods, there is very little work on BO with high-
dimensional output constraints.

Finally, the constrained EIl (CEl) is the product of the El of the objective function in Equation
(2.17) and the individual PFs for all constraints in Equation (2.20) [42]. CEl is used as con-
strained acquisition function throughout this work. It can be maximized with the (batch) infill
criterion optimization methods from Section 2.3.1.
CEl(z) = E[I(x) N F(x)] = E[I(x)] - H P[Fj(x)]. (2.21)
J=2
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2.4 Multidisciplinary design optimization

In engineering design, constraints often come from various disciplines. The basic idea of
MDO [113] is to consider multidisciplinary interactions directly in the design optimization. On
the design optimization level, these interactions entail trade-offs due to conflicting disciplinary
design requirements. On the design evaluation level, they involve coupled multidisciplinary
analyses (MDA). For both aspects, MDO can yield better results in less time compared to
sequential or iterative disciplinary optimizations. Papageorgiou et al. [7] reviewed recent
advancements in aerospace MDO. Martins and Ning [114] summarized engineering design
optimization approaches and also cover MDO.

They state that the terms discipline and component can be used interchangeably in the MDO
context. This implies that the same methods can be used for any kind of coupled system. A
classical example with conflicting disciplinary requirements is aero-structural design. Appli-
cations are shape optimizations of aircraft wings, wind turbine rotors, or the aircraft engine
blades herein. Systems with multiple physical components include the multi-stage axial com-
pressors described in the next Chapter 3.

2.4.1 Basics

Design variables « and constraints h(x) in MDO problems can be local or global. The first only
apply to a single component, while the latter affect more than one component or discipline.
In addition, a coupled MDA introduces coupling variables. For a static aero-structural blade
analysis, the disciplines are coupled via aerodynamic pressure forces on the blade surface and
structural displacements of the blade which affect each other. A coupled MDA is a nonlinear
system of equations. It is usually solved by fixed-point iteration methods, such as nonlinear
block Jacobi or Gauss-Seidel. The result is a set of coupling variables which satisfies the
multidisciplinary equilibrium. The MDA is often itself a computationally expensive task that
requires several disciplinary evaluations.

If the MDA is treated as a common evaluation, common optimization techniques, like BO, can
be used. However, MDO methods can combine the tasks of satisfying the multidisciplinary
equilibrium and finding a feasible optimized design in a more efficient way. Various MDO archi-
tectures were proposed for this purpose. The architectures organize the disciplinary analyses
and optimization methods (and potential surrogate models). Tailored problem formulations
and solution strategies exploit the underlying problem structure. Martins and Lambe [115]
provide a comprehensive summary of MDO architectures. They distinguish monolithic and
distributed architectures.

The various architectures served as inspiration for the interdisciplinary design optimization
(IDO) in publication | and the high-dimensional multi-component CC-BO in publication IIl.
Both combine ideas from monolithic and distributed approaches to their advantage. They
are summarized and discussed in Chapter 4 and 5.

Monolithic optimization architectures

Monolithic architectures define a single optimization problem. Here, the problem formulations
mainly differ in how much of the multidisciplinary interaction is moved from the analysis to the
optimization problem. This introduces additional design variables and constraints, increasing
the optimization problem size. Monolithic architectures are most frequently used in practice
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because they generally show a good convergence behavior [114]. Multidisciplinary feasible
(MDF) and individual discipline feasible (IDF) are two of the earliest and most popular mono-
lithic formulations [116].

MDF treats the coupled MDA like any other high-fidelity evaluation. Hence, the optimization
problem can be solved with the common methods described above. The full MDA in every iter-
ation guarantees physical compatibility but can be computationally expensive. IDF uncouples
the disciplinary analyses by letting the optimizer also solve for coupling variables that satisfy
interdisciplinary feasibility. It introduces the coupling variables as additional design variables
and additional consistency constraints. IDF accelerates the analysis but increases the number
of design variables and constraints. Dubreuil et al. [117, 118] proposed a BO approach for
monolithic MDO formulations. It is based on coupled disciplinary GP models and was shown
to work with both the MDF and IDF formulation.

Distributed optimization architectures

Distributed architectures decompose the MDO problem into discipline level subproblems,
which are coordinated by a system level problem. The idea is to exploit the multidisciplinary
problem structure for a more efficient optimization. Distributed strategies mimic the organi-
zation of disciplinary development teams and, thus, can fit well into the industrial context. In
practice, the high coordination effort on the system level often causes a slow convergence
[114]. Nevertheless, they can bring an advantage for special problem structures. One distin-
guishes distributed MDF and IDF architectures, depending on whether they enforce multidis-
ciplinary consistency via a coupled analysis or in the optimization. A main representative of
each class is outlined in the following.

Concurrent subspace optimization (CSSO) [119] is a distributed MDF architecture. In the
surrogate-based version by Sellar et al. [120], it solves the system level problem based on
metamodels. The discipline subproblems use the high-fidelity analysis for the corresponding
discipline and surrogates for all others. The surrogate models are iteratively updated. Col-
laborative optimization (CO) [121] is a distributed IDF architecture. The system level problem
minimizes the objective function, while the discipline subproblems minimize system incompat-
ibility subject to local constraints. With its fully independent disciplinary subproblems, CO is
well-suited for a small number of coupling variables. The author is not aware of a BO approach
for distributed MDO.

2.4.2 High-dimensional coupling

Monolithic MDF has the smallest single problem formulation. The distributed approaches par-
tition the task into even smaller problems, each including only a subset of the design variables
and constraints. On the downside, the subproblems must be coordinated on the system level.
The challenges and remedies of a high number of design variables and constraints in SBO
were discussed in the previous Sections 2.2 and 2.3. They can be transferred to MDO.

Independent of the architecture, MDO tasks can additionally contain interdisciplinary coupling
variables. Evaluations are often performed by high-fidelity numerical methods, such as CFD or
FE simulations. They rely on discretized computational meshes. This entails high-dimensional
fields of coupling variables, such as pressure or displacement fields with up to several thou-
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sand nodal values each. Let us consider two disciplines with vector-valued coupling variables
denoted by y, € R™ 5 =1,2.

Y1 = fi(®,Y2), Y2 = fo(z, 1) (2.22)

In case of expensive disciplinary solvers f;,i = 1,2, surrogate models of the coupling vari-
ables can accelerate the MDA and MDO. The high dimensionality requires some kind of ROM.
POD, see Section 2.2.3, is also a popular method in the MDO context. POD+l is employed
to model the unidirectional coupling via gas loads in publication I, see the summary and dis-
cussion in Section 4.1 and 5.1. Modeling a mutually coupled system entails a much higher
computational effort. Two approaches are outlined in the following.

Proper-orthogonal decomposition + interpolation

Coelho et al. [122] proposed to use POD to reduce the high-dimensional coupling variables
to a few POD coefficients a; € R¥i k; < m;, i =1,2.

ar = gi1(x), az = go(T). (2.23)

This reduces the amount of data to be exchanged and resolves geometry and mesh com-
patibility issues at the interface. POD+| surrogate models can partly replace the expensive
disciplinary analyses. The samples are evaluated by a fully coupled MDA. Hence, several dis-
ciplinary analyses are required for a single output sample, which satisfies the multidisciplinary
equilibrium.

Berthelin et al. [123] proposed to further increase the computational efficiency by uncoupling
the MDA, such that every disciplinary analysis can be used as a sample. The result are
disciplinary POD (DPOD) coefficients of the mutually dependent coupling variables.

a) = gi1(z,az), ag = ga(x, a1). (2.24)

Implementing the above equation as coupled DPOD+| models is a very complex task. First, it
requires a specific sample generation strategy for well-distributed coupling variables. Second,
the reduced disciplinary GP models must be locally enriched for an accurate random MDA
at a given point . Both POD+| models are shown to perform well for static aero-structural
problems with low numbers of 2 [122] to 8 [123] design variables.
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The SBO approaches developed in this work are motivated by and tested on aircraft engine
blade design applications. The MTU provided three challenging industrial use cases. All of
them are aero(-structural) 3D high-pressure compressor (HPC) blade design optimizations.

This chapter first conveys the basic working principle and structure of jet engines, focusing
on the HPC blades. Second, it gives the overall blade design process context, including
aerodynamic and structural 3D blade design requirements. Third, the modular aero-structural
simulation workflow is described, used in all the blade optimizations. Finally, the three ap-
plication cases are briefly outlined. Their characteristics pose the challenges treated in the
appended publications, which are summarized in the next chapter.

3.1 Jet engine structure

Today’s aircraft engines are mostly jet engines [125, 126]. They convert the fuel’s energy into a
fast air jet that propels the aircraft. Their working principle follows the thermodynamic Brayton
cycle. It consists of ingestion, compression, combustion, expansion, and exhaust of the air
passing through the engine. The working cycle is reflected in the basic jet engine structure,
illustrated in Figure 3.1. It is composed of an air intake (here with a fan), a compressor, a
combustion chamber, a turbine, and a nozzle. Compressor and turbine are connected via a
shaft. Due to the high turbine entry temperature, the turbine can drive the compressor with
only a small part of its expansion ratio. The remaining expansion produces the thrust.

Figure 3.1 shows a modern geared turbofan engine for civil aviation. A large fan at the intake
is driven by a low-pressure turbine that extracts power from the exhaust gases. The fan
accelerates an additional big mass of air to a comparatively low jet velocity in a bypass duct
outside the core engine. The specific fuel consumption is proportional to the square of the jet
velocity, while thrust increases only linearly with it. Therefore, turbofans require less fuel (and
produce lower emissions and noise) for a given thrust. Turbojet engines, in contrast, do not
have a fan and are mainly employed for military applications, where a high flight speed and
large thrust have top priority. Turboprop and -shaft engines power unducted fans, propellers,
or helicopter rotors.

Axial compressors and turbines, like the ones in Figure 3.1, consist of an axial sequence
of blade rows that are alternately rotating and static. Both rotor blades and stator vanes
have an airfoil cross-section. Rotor blades are mounted on discs that connect them to the
shaft that is in turn supported by the casing via bearings. Especially compressor rotors are
often manufactured as bladed disks (blisks), that is blades and disk in one piece. Blisks
are smaller, lighter, and enable better aerodynamics than conventional designs with separate
blades. Stator vanes are directly attached to the engine casing.

For a high compression efficiency, the rotational speed of the fan and compressor rotors
should increase in axial direction. This is achieved by a split in two (or sometimes even

24



3 Aircraft engine blade design applications

ingestion compression expansion 1 exhaust

combustion

)

/%
,‘:l'
~‘~
2 J
S
1)
S
o)
S a_)_g 0C>
1S Q| g =
I} E|ls 2
o c| 2 5
[0} 'CCD 4—'9
o 5} N
o = G)N
5 o 2 = 5| o
? 9 A o 4 ol €
s| 8 8 sl g8l g
-8LL o DQ_ = 3
— | & ] Ol ¥ ol ©
c| = E < El < L <
CD;O 2 o| .2 ;x
ol 2 J§ = ol c ol ©

Figure 3.1 Geared turbofan engine with description of working cycle (top) and components (bottom).
Modified original illustration by MTU [124].

three) shafts, one with a high-pressure turbine (HPT) and compressor (HPC), and one with a
low-pressure turbine (LPT) and compressor (LPC) and a fan. In a geared turbofan engine, the
fan can rotate even slower due to a gear to the low-pressure shaft.

All applications in this work focus on the HPC blades. As the air passes the rotor, it absorbs
energy in form of a pressure and temperature rise. The stator then removes the swirl and
generates a static pressure rise. The combination of a rotor and a downstream stator is called
a stage. The stage pressure ratio is proportional to the change in tangential (or whirl) velocity
that is limited to avoid flow separation. While pressure and temperature rise from stage to
stage, the axial velocity is approximately maintained by a decreasing annulus area and, thus,
blade height. Figure 1 in publication Ill in Appendix A.3 shows a four-stage HPC frontblock
annulus with blades.

3.2 Compressor blade design process

Compressor blade design [127, 128] is the art of defining the best possible blade geometry.
The compressor’s task is to produce a required pressure ratio at a given mass flow. This
must be achieved as efficiently as possible at the aero design point (ADP) and stable and
safe over the entire operating range. Compressor blade design is a complex iterative process.
It includes multiple disciplines with conflicting requirements, most importantly aerodynamics,
structural mechanics, and aeroelastics. Nigro et al. [129] presented an example of an entire
axial compressor blade design process. It consists of several iteratively adapted optimization
problems based on aerodynamic simulations of various fidelities and structural analyses.
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Figure 3.2 Axial compressor overall characteristic map, modified original illustration by Rolls Royce
[125]. A sufficient margin between working and surge line ensures stability over a wide operating
range.

Aerodynamic design

Aerodynamics is the key discipline and, thus, the starting point of the blade design process.
First, the compressor concept is defined based on 1D and 2D methods. An example are
throughflow computations by the streamline geometry method. This yields the flow path,
the work distribution between the stages, and the number of blades. Even if it does not yet
provide blade shapes, the resulting velocity triangles can be used to create preliminary blade
geometries. Second, the individual 3D blade shapes are designed based on steady-state
3D CFD simulations. The preliminary blade geometry is refined for increased efficiency and
a sufficient surge margin while maintaining the specifications of the previous design steps.
Finally, the design of casing treatments and endwall contouring can further enhance efficiency
and stability but often requires expensive, unsteady CFD simulations.

For modern transonic HPC profiles, an increased efficiency at the ADP can be attained by
reducing secondary flow losses. One distinguishes between profile losses, shock losses, and
endwall losses. The isentropic efficiency is the ratio of isentropic and polytropic work, that
is loss-free and actual work, for an equivalent compression ratio. It is as a function of the
compressor pressure ratio 7, temperature ratio 7, and isentropic exponent k.

k—1
me =1 3.1)
T—1
A sufficient surge margin ensures stability over a wide operating range. It can be inferred from
the compressor characteristic map in Figure 3.2. It is the pressure ratio difference between
working and surge line. Surge can occur during transient operations like rapid acceleration,
when the operating point moves above the working line. It is an oscillation of the mass flow,

resulting in a loss in pressure rise and, in the worst case, a loss of thrust.

Structural design

Aerodynamically good compressor blades are usually relatively thin but must also endure high
mechanical loads. Static and modal structural analyses are performed by 3D FE simulations.
Static forces comprise centrifugal loads, gas loads, and thermal loads. The first dominate,
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Figure 3.3 Campbell diagram of a compressor rotor. The operating range is from idle, over cruise
(ADP), and take-off (TO), to red-line (RL). Engine orders (EO) and eigenfrequencies should not cross
within this range to avoid resonances.

while the latter are more important at the higher turbine temperatures. With the FE result
of a 3D stress state, the design goal is usually to reduce or limit the von Mises stress or
the maximum principal stress. To avoid high dynamic loads, potential resonances should be
avoided within the operating range, especially close to ADP speed. They can be identified
in the Campbell diagram in Figure 3.3 as crossings of the engine orders (EO) and blade
eigenfrequencies. Usually, some resonances remain after frequency tuning. The endurance
strength margin indicates to what extent the blades can withstand the remaining dynamic
loads.

Aerodynamic and structural behavior are coupled via the gas loads acting on the blade surface
and the blade deformations from the so-called cold to the hot geometry. Moreover, unsteady
aeroelastic phenomena such as flutter and forced response can damage the blade. Special
cases like bird strike should also be considered in the design process. The blade geometry
design must be coordinated with other disciplines and components, also outside the core gas
flow path. The designer additionally ensures manufacturing, assembly, maintenance, repair,
overhaul, and certification requirements. This might, in turn, require modifications of the blade
design.

Design optimization

Numerical optimization methods can support the compressor blade design process. Given the
current state of technology, the goal is not a single optimization that yields the optimal blade
geometry for manufacturing. Instead, parts of the manual design process are automated to
quickly get optimized blade geometries as input for the next steps in the development process.
The engineer’s task is to define the optimization problem and analyze the results, which is
again an iterative process and requires much expertise. The optimization problem definition
consists of blade design parameters and quantities of interest that reflect the above outlined
design objectives and constraints. Moreover, an automated evaluation workflow is needed to
compute these quantities as a function of the parameters.
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The optimization applications in this work focus on the 3D blade design under aerodynamics
and structural mechanics aspects. Even if the design problems in the three appended publi-
cations differ, they have common design parameters and quantities of interest. The 3D blade
shapes are defined by 2D airfoil profiles and their radial stacking. The design parameterization
is depicted in all three publications in the Appendix A. It is also used in the productive manual
design process. The parameterization allows for large variations of the blade shape and a
targeted modification of local flow phenomena. For more details, the reader is referred to the
work of Nagel [130, 131].

By varying these design parameters, the isentropic efficiency at the ADP should be increased
or maintained. The compatibility to the rest of the system is preserved by proper interface
boundary conditions and additional constraints, such as a constant mass flow and down-
stream flow angle at the ADP. An accurate surge margin computation would require evalua-
tions at many more operating points, which is prohibitively expensive. An additional operating
point at the same rotational speed but closer to the surge line is evaluated to implicitly ensure
a sufficient surge margin. Structural objectives and constraints include reduced or limited
maximum principal stresses and critical eigenfrequencies from the Campbell diagram. Addi-
tional geometric aspects, like profile thickness and constriction, ensure manufacturability and
generally reasonable designs.

3.3 Aero-structural design evaluation workflow

An automated 3D aero-structural design evaluation workflow provides the above quantities of
interest. Parts of this workflow are replaced by surrogate models to enhance the optimiza-
tions in this work. For the surrogate modeling, it is helpful to know the characteristics of the
input-output relationships, like non-linearity, multi-modality, or continuity. For the optimization
method development, an understanding of the multidisciplinary problem structure is beneficial.

The design evaluation workflow comprises blade geometry generations and subsequent par-
allel CFD simulations, and static and dynamic FE analyses. The blades and vanes of different
rows are generated separately. They are then all set into the annulus geometry for the aerody-
namic computations or individually attached to the disc geometry for the structural analyses.
The two expensive simulations are described in the following. Figure 2 in publication Il in
Appendix A.3 shows an example of our multi-stage aero-structural evaluation process.

Aerodynamic analysis

The CFD [132] simulations in this work are steady computations of the viscous and compress-
ible 3D flow around rotor blades and stator vanes in the HPC annulus. Denton and Dawes
[133] and Adamczyk [134] summarized the basics of CFD for turbomachinery design. Pinto
et al. [135] and Sandberg and Michelassi [136] outlined the current state of the art.

The governing equations of viscous fluid flow are the Navier-Stokes equations. They are
derived from the conservation equations of mass, momentum, and energy. The nonlinear
second-order partial differential equations have no analytical solution but can be solved by
CFD simulations. In practice, mostly the Reynolds-averaged form of the Navier-Stokes equa-
tions (RANS) is used. The temporal averaging of turbulent effects yields additional unknown
source terms. They are approximated by turbulence models, here the k-w eddy viscosity
model [137].
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Figure 3.4 CFD geometry of an HPC stage with boundary conditions. The rotating parts are marked
in blue, the stationary ones in gray.

The flow field is discretized by a numerical mesh. It consists of multiple structured mesh
blocks. The very dense mesh perpendicular to the surfaces is used for a fine resolution of
the boundary layer flow. Here, a good mesh quality is especially challenging to achieve.
An unstructured meshing would be used for details like cavities. The aerodynamic mesh is
generated by AutoGrid [138].

Cyclic symmetry can be used to model only one blade or vane per row for computational
efficiency. However, the number of blades or vanes usually differs from row to row. This
impedes the use of cyclic symmetry in multi-row simulations. One solution is the mixing plane
approach [139]. Here, the flow at the rotor-stator interface is averaged in circumferential
direction. Once the simulations are converged, the averaged values on both sides of the
interface match.

Figure 3.4 shows an example of a single stage geometry with boundary conditions. The flow
domain boundaries are very close to the blades and, hence, highly influential. Blade and
annulus surfaces are modeled as non-slip walls. Inlet and outlet conditions are usually set
based on 2D simulations of a bigger control volume that provide radial distributions of the
flow field quantities. At the inlet, the upstream flow state is prescribed. At the outlet, the
downstream potential effect is imposed via the static pressure. Both are set as non-reflecting
boundary conditions [140].

The 3D RANS equations are solved by the finite volume method using the flow solver TRACE
[141], developed by the DLR in cooperation with MTU. The result is a 3D flow field, fully
characterized by a velocity vector, density, pressure, and temperature. For example, Figure
2 in publication | in Appendix A.1 shows the pressure field on the blade surface and annulus
walls. Figure 7 in publication Il shows the Mach number field on the mid plane, with a shock on
the rotor blade suction side. The flow solution is post-processed to get the scalar quantities
of interest specified in the previous section. Depending on the quantity, this is achieved by
mass-, flux-, or area-averaging.
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Figure 3.5 FE geometry of the HPC rotor in Figure 3.4 with gas load field on the pressure side.

Structural analysis

The 3D FE [142] simulations in the application cases comprise nonlinear static and modal
analyses of the rotor blades with discs. Dhondt [143] covers the topic of FE methods for
structural (and thermo-) mechanics. The book contains the theory behind CalculiX, an open-
source FE software including pre- and post-processor. It is used for all structural analyses in
this work.

The governing equations in structural mechanics are kinematic, constitutive, and balance (or
conservation) equations. The weak form of the latter are the governing equations for the FE
method. Blades and disc are discretized by a numerical mesh of solid elements that can be
structured or unstructured. The titanium alloy of the blade is modeled as isotropic linear elastic
material. The same hot blade geometry is used for both aerodynamic and structural analyses.
There is no hot-to-cold transformation prior to the FE simulations.

Figure 3.5 shows an example of a rotor geometry for the structural analysis. Like for the
aerodynamic analysis, modeling one rotor blade is sufficient due to cyclic symmetry. The
discs are fixed in the casing by prescribing zero displacement in circumferential and axial
direction. Centrifugal loads depend on the rotational speed and the changing blade geometry.
Gas loads are given as radial distributions, computed by 2D simulations and thus independent
of the 3D blade shape. They are then interpolated onto the blade pressure side surface and
remain fixed throughout the optimization. Figure 3.5 shows the resulting distribution. The
peaks at hub and tip compensate for the stresses below and above the pressure side surface,
respectively. Thermal loads are also imposed as fixed distributions independent of the 3D
blade shape. They only affect the material properties.

The result of the static analyses are displacement, strain, and stress distributions. An exam-
ple of the maximum principal stress field on the rotor blade surface are shown in Figure 3 and
14 of publication | in Appendix A.1, with a stress concentration in the fillet. The maximum
principal stress is a nodal value that can change its position and is therefore particularly diffi-
cult to predict. Modal analyses yield eigenmodes and -frequencies as basis for the Campbell
diagram.
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3 Aircraft engine blade design applications

All evaluations are performed on a high-performance computing cluster. Single simulations
are distributed over several CPUs, and several simulations can be run in parallel to save wall
time. For the set-ups in this work [1, 2, 3], geometry generation and structural simulations
take up to 3 and 6 minutes, respectively. The major part of the evaluation time comes from
the aerodynamic analyses, with 18 to 119 minutes for our use cases. It must be noted that the
CFD simulations in this work are set up to be as fast as possible while still being representa-
tive for the method development. In industrial practice, wall times can be much longer. The
high computational cost makes aero-structural coupling inside optimizations often prohibitively
expensive. Especially if CFD simulations are used, sample-efficient optimization methods are
essential for industrial applicability.

3.4 Application cases

In the context of the above described jet engine structure, design, and analysis process, all
three applications in this work are 3D HPC blade design optimizations based on steady CFD
and static and dynamic FE analyses. The characteristics of the three application cases are
outlined in Table 3.1.

Case | is afillet stress minimization of an HPC rotor while maintaining the aerodynamic per-
formance. This is, for instance, useful after the purely aerodynamic preliminary 1D and 2D
design phase. 3D blade shape-dependent gas loads can be considered for more accurate
structural simulations.

Case llis a detailed design to maximize the efficiency of an HPC stage. Structural aspects can
here be implicitly taken into account by geometric constraints, like minimum blade thicknesses.

Case lllis an efficiency maximization of the first four HPC stages under structural constraints.
Considering inter-stage effects and allowing for changes in the stage loading can enable an
even better performance. Multi-stage 3D blade design is not yet part of the above outlined
design process because the problem is too large to be treated by customary optimization
algorithms.

The general notion of large-scale can be specified according to its source(s). In this work,
that is long simulation times, many design variables or constraints, or the inclusion of mul-
tiple disciplines or components. These characteristics are also quantified in Table 3.1. The
connection to the corresponding challenges addressed in this work is established in Table 1.1.
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3 Aircraft engine blade design applications

Table 3.1 Characteristics of the 3D HPC blade design optimization application cases, which are treated

in the appended publications.

characteristic

application case / publication

design variables

objective function

constraint disciplines

blade shape
parameters HPC
stage 3

min. worst principal
stresses in fillet

aerodynamics,

blade shape

parameters HPC

stage 2

max. isentropic
efficiency

aerodynamics,

blade shape
parameters HPC
stages 1-4

max. isentropic
efficiency

aerodynamics,

structural geometry structural
mechanics, mechanics,
geometry geometry
aero-structural coupling variable low-fidelity - fixed
gas loads
wall time per design 33 min 20 min 122 min
evaluation
number of design variables 18 55 223
number of objectives 1 1 1
number of constraints 25 20 42
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4 Summary of appended publications

Each application case serves as motivation and test for one of the three publications in Ap-
pendix A. This chapter contains a one-page summary of each publication. It is followed by a
list of individual author contributions. Methods and results are further discussed in Chapter 5.

4.1 Publication |

Existing MDO architectures, outlined in Section 2.4, consider all disciplines as equally impor-
tant. However, industrial optimizations are seldom truly multidisciplinary, as most companies
are organized in disciplinary design teams. Their primary objective is disciplinary improve-
ment, with the secondary constraint not to interfere with the other discipline(s).

In publication |, we proposed a distinction between primary and secondary, or main and side
discipline, reflected in the model fidelity. Our novel interdisciplinary design optimization (IDO)
approach facilitates the organizational integration and improves the computational efficiency.
The main discipline is represented as accurately as possible by a high-fidelity simulation
model. The side discipline and its coupling to the main discipline are computed as accu-
rately as necessary by low-fidelity surrogate models. Scalar side discipline constraints are
modeled by GPs and high-dimensional coupling variables by a combination of POD and GPs.

The proposed approach is tested on the application case |, summarized in Section 3.4 and
Table 3.1. An HPC rotor blade should be optimized for minimum worst principal stresses in the
fillet while satisfying geometric, aerodynamic, and structural constraints. The main discipline
structural mechanics is computed by 3D FE simulations. The training samples for the side
discipline aerodynamics are evaluated with 3D CFD. A high-fidelity aerodynamic simulation
takes about 5 times more wall time than a structural one.

The surrogate models are trained on 300 samples. This is half of the number of evaluations
in the optimization. The accuracy estimate is based on 10-fold cross-validation. The posterior
GP models of the aerodynamic constraints achieve the predefined goals of maximum 5% root
mean square error (RMSE) and minimum 90% coefficient of determination R2. The POD
of the gas load field is performed separately for the four blade sides. Altogether, the over
4000 nodal values can be reduced to 33 POD coefficients. The POD+GP models also reach
the accuracy goals, with a slight deviation at the leading edge (LE) due to high gradients.
The surrogate models are straightforward to hand over from the aerodynamic to the structural
mechanics team. The shared data is small, and the mathematical surrogate model evaluation
requires neither expert knowledge nor costly software licenses.

The multi-fidelity IDO is compared to a high-fidelity MDO with a fixed coupling, as described
in Section 3.3. A variable high-fidelity coupling would be prohibitively expensive. The ex-
periments comprise 5 runs per method with 30 optimization iterations with ¢ = 20 parallel
evaluations each. AutoOpti [40] is used as optimizer. All 10 runs show a similar convergence
behavior and achieve more than 40% stress reduction. The design evaluations dominate the
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4 Summary of appended publications

wall time, which IDO reduces by 80%. The optimized designs obtained with IDO are validated
by high-fidelity aerodynamic simulations. The results show that the constraints are largely
satisfied, and the gas loads are visibly accurate, especially on the highly loaded pressure side
(PS). The predicted small error on the LE is confirmed. Finally, the optimized designs of MDO
and IDO are similar. This means that for IDO, both the increase in gas load accuracy and the
decrease in aerodynamic model accuracy are not visible in the optimization result.

Individual contribution of authors

* Lisa Pretsch: Conceptualization, Methodology, Software, Formal analysis and investigation,
Writing

* llya Arsenyev: Formal analysis and investigation, Writing - review and editing, Supervision
+ Catharina Czech: Writing - review and editing

» Fabian Duddeck: Writing - review and editing, Supervision

4.2 Publication Il

Various approaches to overcome the curse of dimensionality for BO are reviewed in Section
2.3.2. Nevertheless, only a few of them are applied to industrial engineering optimizations, let
alone aircraft engine blade design. Most existing methods are not readily applicable because
they cannot handle constraints or exploit simulation parallelism.

In publication Il, we propose a twofold adaptive design space reduction strategy for BO, which
fulfills the above requirements. We extend two existing unconstrained single-infill approaches,
PCA-BO [100], see Section 2.3.2, and a trust region BO (TR-BO) [102, 103], see Section
2.3.2. Their sequential combination exploits the respective advantages of the two methods.
They complement each other, as PCA-BO usually exhibits a fast initial convergence but then
stagnates. TR-BO localizes the search and is, hence, better suited for a detailed search close
to the optimum.

First, PCA-BO acts on a lower-dimensional embedding inferred from a PCA of weighted sam-
ples. We modified the weighting so that feasible samples have more influence on the PCA
than infeasible ones. The resulting lower-dimensional parameterization is unsuitable for the
GP models. Therefore, we fit them in the original design space. The batch infill would make
the reduced dimension drop quickly over the number of iterations. The reduced dimension
is, therefore, kept constant after the first iteration. Second, TR-BO tightens the design space
bounds. The basic method follows TRIKE [102]. The trust region update criterion must be
fulfilled for several consecutive iterations to work more robustly with batch infill, like in TuURBO
[103]. The switch from PCA-BO with reduced dimension and wide bounds to TR-BO with full
dimension and tightened bounds is with the first TR contraction.

The Rastrigin function was used to test the two base methods [100, 102] and is therefore
also employed in publication Il. The analytical test problem has 40 design variables and 4
constraints. The blade design application case Il was characterized in Section 3.4 and Table
3.1. It is an aerodynamic blade optimization with 55 design variables and 20 constraints. The
objective is to maximize the isentropic efficiency. The proposed hybrid approach and its parts
are compared to the reference BO on both problems.
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For the 40D analytical problem, the experiments comprise 30 runs per method with 90 ini-
tial samples and 36 optimization iterations with ¢ = 10 evaluations each. PCA-BO reduces
the design space dimension from d = 40 to » = 24 on average. The switch and first TR
reduction is after about 8 iterations. The convergence results qualitatively match their uncon-
strained single-infill counterparts [100, 102]. Compared to BO, PCA-BO exhibits a steeper
initial convergence, and TR-BO enables further improvements in the later iterations. As ex-
pected, experiments with GP model fit in the reduced space show a worse performance than
the proposed PCA-BO and TR-BO with surrogates in the original space. The algorithm run-
time is more than halved using one or both design space reduction strategies.

For the 55D blade design task, 5 runs per method were performed with 245 initial samples,
followed by 96 optimization iterations with ¢ = 10 parallel high-fidelity evaluations each. The
dimensionality reduction for PCA-BO is comparatively small, from d = 55 design variables to
r = 40 to 42 principal components. Nevertheless, the initial convergence slope of PCA-BO is
about twice as steep as that of BO and TR-BO. Unlike for the analytical problem, PCA-BO ex-
hibits continuous improvements until the final iteration. TR-BO achieves only minor additional
improvements. As a result, PCA-BO and the hybrid approach reach the final feasible objective
function value of BO and TR-BO in only 30 iterations instead of the full 96. They finally achieve
about 25% higher isentropic efficiencies. The especially good performance of PCA-BO can
be explained by its better ability to propose infill points that yield successful evaluations and
feasible designs. This underlines its suitability for complex real-world applications.

Individual contribution of authors

* Lisa Pretsch: Conceptualization, Methodology, Software, Formal analysis and investigation,
Writing

« llya Arsenyev: Formal analysis and investigation, Writing - review and editing, Supervision
» Elena Raponi: Writing - review and editing, Supervision

» Fabian Duddeck: Writing - review and editing, Supervision

4.3 Publication Il

Distributed MDO architectures, summarized in Section 2.4.1, seem promising for our very
high-dimensional multi-stage blade design case Ill. They decompose the overall optimization
into smaller discipline or component subproblems. However, the coordination in an additional
system subproblem hampers the convergence.

In publication 1ll, we developed an interconnected problem decomposition approach for BO
without the need for a system level coordination. Our novel cooperative components BO
(CC-BO) approach is inspired by distributed MDF architectures and the cooperative EGO
(CoEGO) algorithm [91]. We decompose the optimization problem according to the underlying
multi-component problem structure. In every BO iteration, the GP model fit and infill criterion
optimization are performed sequentially for each subproblem. The component subproblems
follow the overall objective but are solved by varying only the associated component design
variables. The remaining design variables are fixed to so-called context vectors. This ensures
the inter-component cooperation. The evaluations are treated as multi-component system
analyses and do not require a decomposition.
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The lower-dimensional component design spaces simplify the subproblem optimizations. In
this way, CC-BO enables a sample-efficient convergence for high-dimensional constrained
problems. The same concept is also applicable without a multi-component problem structure.
In contrast to the informed CC-BO described above, we proposed a more general random
CC-BO. Here, the design space is decomposed randomly into a user-defined number of com-
ponents in every BO iteration.

An analytical test case was developed to represent the relevant problem characteristics: a
multi-component structure, high design space dimension, and constraints. The popular con-
strained Branin function [106] is transformed into a 100D 2-component problem. The industrial
application case Il was outlined in Section 3.4 and Table 3.1. It is a 4-stage aero-structural
HPC blade design with 223 design variables, 42 constraints, and 2h wall time per high-fidelity
evaluation. The individual stages are aerodynamically coupled. Conversely, the stages’ blade
geometry and structural behavior are uncoupled. For our informed CC-BO approach, this
causes two additional advantages: The surrogate models of geometric and structural con-
straints have lower-dimensional input variables. Furthermore, the component subproblems
have fewer active constraints.

For the analytical case, we compare our informed and random CC-BO to BO as baseline
and PCA-BO [100, 2], SCBO [105], and AutoOpti [40] as state of the art. The experiments
comprise 10 repetitions per algorithm with 101 initial samples and 40 optimization iterations
with batches of ¢ = 10 parallel evaluations each. CC-BO and AutoOpti largely outperform the
other algorithms. Informed CC-BO with ¢ = 2 components yields the fastest convergence.
Additional numerical experiments on the working mechanisms reveal that the cooperative
components approach is beneficial for high-dimensional GP model fit and infill criterion op-
timization. Moreover, the informed CC-BO is an effective way to incorporate information on
the multi-component problem structure.

Based on the analytical results, informed and random CC-BO, BO, and AutoOpti [40] are
run on the multi-stage blade design case. We perform 5 runs per method with 241 initial
samples, followed by 100 optimization iterations with ¢ = 10 parallel evaluations each. While
the baseline BO performs poorly, the two CC-BO versions yield the best results. Unlike the
analytical case, random CC-BO with ¢ = 20 components converges even faster than the
informed version with ¢ = 4 physical components. Informed CC-BO exhibits a better constraint
fulfillment. The results show the particular advantages of the two CC-BO versions: random
CC-BO allows a flexible choice of a low subproblem dimension, while informed CC-BO exploits
prior knowledge. Consequently, both informed and random CC-BO can be the best choice for
the problem at hand.

Individual contribution of authors

+ Lisa Pretsch: Conceptualization, Methodology, Software, Formal analysis and investigation,
Writing

« llya Arsenyev: Formal analysis and investigation, Writing - review and editing, Supervision
+ Nathalie Bartoli: Writing - review and editing, Supervision

» Fabian Duddeck: Writing - review and editing, Supervision
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5 Discussion of contributions

This chapter discusses first the individual and then the joint contribution of the three pub-
lications in Appendix A. They are compared to the state of the art of aircraft engine blade
optimization from Section 1.1. Moreover, the contributions are embedded in the SBO meth-
ods from Chapter 2. Finally, the research objectives formulated in the introduction Section
1.2 provide the basis for a critical reflection of the presented work. The discussion reveals
limitations of the proposed methods and identifies possibilities for future work.

5.1 Publication |

Comparison to state of the art

The contribution of publication | is an IDO approach tailored to aero-structural aircraft engine
blade optimization. The first novelty is the interdisciplinary perspective, which is reflected by
the distinction of main and side discipline with different model fidelities. Of the aero-structural
blade optimizations referenced in Section 1.1, Cuciumita et al. [16, 17] come closest to this
idea. They combine high-fidelity aerodynamic simulations with surrogate models of the struc-
tural constraints in an adjoint optimization. All others keep the fully multidisciplinary view with
similar model fidelity for all disciplines.

The second novelty is the variable low-fidelity coupling via POD+I for aero-structural blade
design. The surrogate models reuse the sample evaluations of the constraint models and
predict the gas load field in milliseconds. Most references in Section 1.1 neglect coupling due
to its high computational cost. Note that the coupling effects are not always entirely ignored
but imposed via precomputed values, which are independent of the 3D blade shape. This is
also the case for our reference MDO, and was described in Section 3.3. The few coupled
blade optimizations [25, 26] use a CO architecture, which is only suitable for a small number
of coupling variables [115]. None of them employ POD+| models to approximate the high-
dimensional coupling variables.

Embedding in existing methods

The GP models of the aerodynamic constraints have a moderate input dimension d = 18.
Nevertheless, a correlation analysis is used to identify variables with little effect on the output,
reducing the input dimension to » = |I| = 12. The remaining variables are selected as GP
model input, as outlined in Section 2.2.2. The next applications Il and Il have a considerably
higher dimension but comparable initial sampling budget. It becomes clear that the models
can no longer be globally accurate. Therefore, BO (as adaptive SBO) is combined with more
elaborate design space reduction technigues in the next publications.

The interdisciplinary coupling via POD+l models is assumed to be unidirectional. The as-
sumption resolves issues of high sampling cost for a coupled MDA [122] or a very compli-
cated procedure to uncouple the disciplinary solvers [123], discussed in Section 2.4.2. The
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assumption is valid if the mutual coupling does not dominate effect of 3D blade shape mod-
ifications on the aerodynamic or structural behavior. It is, for instance, no longer true for the
often large deflections and aerodynamic loads of aircraft wings. In this case, one of the two
POD-+I approaches in Section 2.4.2 can be used.

In our case, the difference between the variable low-fidelity coupling in IDO and the fixed cou-
pling in MDO is invisible in the optimization results. The main reason are the much higher
centrifugal loads, which dominate the structural behavior. The enhanced coupling effect is
smaller than the dispersion of the optimized designs of different runs. The dispersion is due to
the probabilistic nature of the SBO in combination with a limited number of iterations. There-
fore, the coupling remains fixed in publication Ill. Nonetheless, the trade-off between disci-
plinary requirements is important [14, 16]. It can be effectively taken into account in an IDO
or MDO.

The proposed IDO incorporates some MDO concepts but overall differs from the classical
MDO architectures in Section 2.4. The IDO problem formulation is similar to a single CSSO
subproblem. As such, it is closer to a monolithic MDF, with a single optimization problem and
coupling via the analysis. Besides, IDO adopts some ideas of distributed MDO. It leans on
industrial design team organization and aims for disciplinary independence. The simple struc-
ture with a single optimization problem and unidirectional coupling enables a straightforward
extension to more than one side discipline.

Reflection of research objectives

The first case-specific objective in Section 1.2 was to choose suitable surrogate models. GP
models are well-established in aero-structural blade optimization [21, 22, 23]. Comparisons
against polynomial response surfaces and radial basis function models confirmed their high
accuracy. The comparisons were omitted in publication | for the sake of brevity. POD+| models
are rarely used in turbomachinery design [144]. To the best knowledge of the author, publi-
cation | marks the first instance of POD+I for blade aero-structural coupling. The choice is
backed up by its good performance in aero-structural wing optimization [122, 123].

The second objective was to combine these models for computational efficiency and organi-
zational integrability. IDO tackles both challenges at once. The efficiency is affected by the
computational cost of main and side discipline. The 80% wall time gains of IDO in publication
| are caused entirely by the 80% shorter wall time of the FE simulations compared to the CFD
simulations. This advantage is lost if the main discipline is more expensive to evaluate than
the side discipline. Independent of the evaluation times, the overall CPU hours are always re-
duced if less samples are evaluated in the DoE than in the overall optimization. In publication
I, 300 sample evaluations are opposed to 600 evaluations per optimization.

The computational savings increase even further if the evaluation results or surrogate models
are used in more than one optimization. It is common industrial practice to repeat optimiza-
tions with modified objectives or constraints, see Section 3.2. The evaluation results provide
training data for models with the same input but possibly different output. The surrogate mod-
els from publication | can be reused provided the same input and output. This restriction no
longer applies when learning the entire numerical solution instead of the input-output relation-
ship. For example, graph neural networks are well-suited for mesh-based simulations [145]
and can learn entire flow fields [146]. Various outputs can then be extracted in a postprocess-
ing step.
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5.2 Publication Il

Comparison to state of the art

The contribution of publication Il is a twofold adaptive design space reduction approach for BO.
It enables efficient and effective high-dimensional constrained turbomachinery blade design.
The state of the art in Section 1.1 includes literature references for both PCA (or POD) [32] and
trust regions [34]. They were applied for blade optimizations with 30 and 48 design variables,
respectively. The first novelty of publication Il is employing these design space reduction
methods with BO. BO is arguably one of the most popular SBO methods in engineering design
and, thus, highly relevant.

Compared to Zhang et al. [32], another novelty is the adaptive use of PCA in every iteration,
instead of only prior to the optimization. The original BO profits from its adaptive nature, and
so does PCA-BO [100]. The third novelty is the combination of the two methods, in a way that
compensates for their weaknesses and profits from their strengths.

Embedding in existing methods

The combination is not only a novelty for blade design applications but for high-dimensional
BO methods in general, see Section 2.3.2. Santoni et al. [88] suggested combining PCA-BO
[100] and TuRBO [103] in future work but do not present a corresponding approach. The
BAxUS [147] algorithm comes closest to this idea, with a combination of random embeddings
[95, 96] and trust regions [103]. For our learned embeddings in PCA-BO, a parallel instead of
sequential combination with trust regions, like in BAXUS, might also be a promising approach.

The other methodological novelty is the extension of PCA-BO and TR-BO to handle con-
straints and enable batch infill. The extension makes the design space reduction methods
applicable to industrial blade optimization in the first place. A major modification is the GP
model fit in the original design space. The results for the analytical test case show a clear ad-
vantage of this choice for both PCA-BO and TR-BO. For PCA-BO, the principal components
that are suitable to find a feasible objective function improvement are unsuitable to represent
the individual response variations. For TR-BO, the part of the samples inside the trust region
provide a worse training base than all available samples, especially if the function landscape
is rather homogeneous.

Other options for high-dimensional GP modeling are summarized above in Section 2.2.2. In
particular, KPLS [68] was tested for the two test cases in publication Il. The results were not
published to avoid confusions due to the similarities between PCA and PLS. Note that KPLS
significantly accelerates the fitting but does generally not enhance the model accuracy [68].
This can only be achieved by additional information. The informed CC-BO in publication Il
uses prior knowledge on input-output dependencies for variable selection.

The main working mechanism of PCA-BO is dimension reduction. However, the reduced
dimension » = 40 can still be considered high-dimensional. For such a high intrinsic dimen-
sionality, random embedding methods like REMBO [95] are expected to perform poorly. In
addition to the mere dimensionality reduction, PCA filters out bad designs. The filtering ability
was already used in previous applications of PCA or POD prior to wing optimization [148, 149].
For our blade design case, bad designs are ones with a high constraint violation. PCA-BO
doubles the ratio of feasible infill points compared to BO and TR-BO. These findings reveal
the big potential of PCA-BO for constrained problems.
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SCBO [105] is one, if not the only, high-dimensional BO algorithm with dedicated constraint
handling and batch infill. The trust region approach relies on TS as infill criterion. We therefore
chose to modify TRIKE [102] instead. It uses El and is as such consistent with our original
BO algorithm [38], PCA-BO [100], as well as many other BO methods for engineering design.

Reflection of research objective

The research objective for application Il in Section 1.2 was to employ adaptive design space
reduction approaches to improve the performance of high-dimensional constrained BO for a
detailed industrial blade design. We chose PCA-BO [100] and TR-BO [102, 103] because
they showed promising results in benchmarking studies [88] and complement each other well.
The original methods are modified to meet the needs of our application. They fulfill the aim of
a faster convergence to eventually better designs. Beyond that, PCA-BO exhibits an excep-
tionally high ratio of successfully evaluated and feasible points. This ability is very valuable for
a robust performance in real-world problems.

With regard to the multi-stage test case lll, the question is how well our design space reduction
approach scales to even higher dimensions. The good performance for the single-stage ap-
plication Il relies heavily on PCA-BO. It learns the lower-dimensional parameterization based
on sparse sample data. This becomes increasingly inaccurate, if the evaluation budget does
not grow proportionally with the dimension. Moreover, the possibly inaccurate initial PCA is
highly influential. All subsequent PCAs are based on the initial plus all infill sample points. The
latter lie on the previous principal components and thereby reinforce their influence. Despite
these limitations, PCA-BO outperforms the reference BO for the 100D analytical problem in
publication Il1.

5.3 Publication Il

Comparison to state of the art

The contribution of publication Ill is CC-BO, a coupled problem decomposition strategy for
high-dimensional constrained BO. It overcomes the limitations of the design space reduction
methods used in publication Il. Therewith, CC-BO clearly outperforms them and other state-
of-the-art BO algorithms on a 100D and a 223D test case.

The development is motivated by the multi-stage aero-structural blade design application IlI.
Even if a detailed multi-stage optimization is not a complete novelty, it is still rare because of
the large problem size. References of previous multi-stage SBO approaches [27, 28, 29] were
given in the state of the art in Section 1.1. The main novelty is that we exploit the underlying
multi-component structure to solve this problem with informed CC-BO. Random CC-BO relies
on the same concept, but with the novelty of exploiting the partial separability for a sample-
efficient convergence.

Embedding in existing methods

CoEGO [91], summarized in Section 2.3.2, provides the methodological basis to implement
our idea. The original algorithm aims for a lower algorithm runtime. In contrast, we strive
for convergence with a lower number of iterations, that is with a lower number of expensive
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high-fidelity evaluations. The required modifications include sequential solutions of all sub-
problems in every iteration, and, thus, a novel context vector update. Moreover, we adapt
the algorithm to handle constraints and find batches of infill points, like in publication Il. The
physical component decomposition in informed CC-BO is another difference to CoEGO.

Distributed MDO approaches, outlined in Section 2.4.1, provide the conceptual basis for the
proposed informed CC-BO algorithm. On the evaluation level, the multi-component coupling
is resolved in the MDA. CC-BO can, hence, be classified as distributed MDF architecture. On
the optimization level, the multi-component coupling is represented by the context vectors.
The sequential component subproblem optimizations make a system subproblem unneces-
sary. This is the main difference to and advantage over common distributed MDO strategies.
Thereby, the problem decomposition enhances the convergence for high-dimensional prob-
lems.

The open question is in how far informed CC-BO can be used for other high-dimensional
MDO problems. First, our multi-component problem has only local design variables, which
affect a single component. Additional annulus parameters would be global design variables.
They could be grouped in one or more additional system components, which are treated just
like the other components. Nevertheless, like most distributed architectures, CC-BO makes
most sense with mainly local variables. Second, we have both global aerodynamic objective
and constraints and local structural and geometric constraints. Third, the coupled multi-stage
CFD simulations are treated as a black box. Coupling variables do hence not appear in the
optimization. This is typical for MDF architectures. Besides the coupled components, our
multi-stage problem features the uncoupled disciplines aerodynamics and structural mechan-
ics. Coupled disciplines would add another layer of complexity, which could be handled by
EGMDO [117, 118] or simplified by IDO from publication I.

In contrast to the informed version, random CC-BO is applicable to any high-dimensional
constrained optimization task. It does not require a particular problem structure. The high-
dimensional GP modeling and BO methods reviewed in Section 2.2.2 and 2.3.2 also exploit
structural assumptions, like additivity or low intrinsic dimensionality. For instance, the additive
structure is either based on prior knowledge [63] or sample data [92], or chosen randomly
[94]. Informed CC-BO exploits prior knowledge. For general applicability, we initially tried
to infer this knowledge from sample data via a sensitivity analysis with sparse PCE [150].
However, the sparse samples allowed only for very inaccurate results. Finally, the random
decomposition was shown to be successful.

Reflection of research objective

The case-specific research objective in Section 1.2 is to employ interconnected problem de-
composition for efficient very high-dimensional and constrained BO. Informed CC-BO is tai-
lored to the multi-stage application Ill. Here, the decomposition into stage subproblems yields
an additional advantage for the constrained problem. The local geometric and structural con-
straints depend only on single stage design variables. In the GP modeling, this allows for
an informed variable selection and, hence, more accurate models. In the infill criterion opti-
mization, only a subset of all constraints are active. This simplifies the constraint satisfaction,
which is an important factor for highly constrained problems.

The generalization to random CC-BO is not only generally applicable. It additionally allows for
a flexible choice of the number of components ¢, and, thereby, an arbitrarily low subproblem
dimension d;. In publication IIl, we recommended d; ~ 10. This is still well manageable by BO
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and not too small. The blade design application showed that the lower component dimension
can even outweigh the advantage of additional information. The good performance with the
chosen settings provides the starting point for further studies on the effect of the number of
components.

5.4 Synthesis

The three appended publications have similar applications and associated challenges. More-
over, they share the base methods GP and BO. The proposed solutions rely on the same
principles of dimension reduction for POD+| and PCA-BO, as well as MDO strategies for IDO
and CC-BO. Yet the appended publications each present a new independent approach for a
specific application case. The proposed methods were not combined because good scientific
publications present a clearly defined contribution to the state of the art. Combining many
aspects makes the method description confusing and the individual performances difficult to
assess. Nevertheless, we took care that the three approaches can be combined without any
problems.

The performance gains in all three publications are caused by multiple factors. We identified
these factors in a thorough result analysis. The success of IDO depends on the surrogate
accuracy, which we estimated prior to the optimization and validated afterward. In addition
to our hybrid PCA-BO and TR-BO algorithm, we also tested its parts to see their individual
contribution and looked at the design space reduction progress. We ran random CC-BO not
only with a supposedly beneficial number of components but also with the same number as
informed CC-BO for a meaningful comparison. The CC-BO working mechanisms were broken
down into the separate and combined effects of its distinctive building blocks.

The final question is whether a combination of the proposed approaches could be advanta-
geous. IDO can be used with the proposed BO algorithms, just like it was with AutoOpti [40].
It would reduce the computational effort but not yield better optimized designs for a given
number of iterations. The component subproblems in CC-BO can be solved with PCA-BO
and TR-BO. PCA makes most sense when applied to each subproblem separately. The sub-
sequent TR application is straightforward. Preliminary results for the multi-stage test case
[l with the combination of CC-BO, PCA-BO, and TR-BO showed slight improvements over
CC-BO alone. A well-founded statement requires further tests.
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The state of the art in Chapter 1 reveals four open challenges of aircraft engine blade optimiza-
tion: expensive design evaluations, multiple disciplines and components, high-dimensional in-
put or design variables, and high-dimensional output or constraints. They impede the search
for the best blade designs at an industrially acceptable time and cost. The aim of this work was
to reduce the computational effort of high-dimensional aero-structural blade optimizations. It
contributes to the overarching goal of the fast development of better aircraft engines.

The design evaluations are computationally expensive and do not all provide gradients. This
makes SBO methods, summarized in Chapter 2, an evident choice. GP surrogate models
used within BO are especially sample-efficient. GP models and BO are frequently used for var-
ious engineering design tasks. Their advancement for multidisciplinary and high-dimensional
applications is, thus, highly relevant.

Furthermore, the method developments in this work are motivated by specific industrial use
cases. Their demanding characteristics, described in Chapter 3 and Table 3.1, reveal the re-
search gaps. The proposed methods were integrated into a productive industrial optimization
framework, where they enable significant improvements in real applications. The presented
solutions are, hence, not only academically interesting but also industrially relevant.

Proposed methods

Each of the three appended publications presented a novel approach for one of the application
cases and beyond. The publications were summarized in Chapter 4 and are attached in
Appendix A. As a conclusion, the individual methods are reconnected to the overall challenges
formulated in the introduction Section 1.2. Table 6.1 provides an overview of the solutions as
an answer to Table 1.1.

Expensive design evaluations dominate the optimization wall time in blade design applica-
tions. The computational efficiency can, hence, be increased by reducing the evaluation time,
as in publication |. Another option is to reduce the number of high-fidelity evaluations required
for a good optimized design, as in publications Il and Ill. Throughout this work, the expensive
evaluations are partly replaced by GP surrogate model predictions. Given an adequate sam-
ple density, the models can be sufficiently accurate for blade design applications. This was
confirmed by the high-fidelity validation in publication I. In publications Il and I, the initially
sparse samples, and thus inaccurate models, are adaptively enhanced by BO.

Multiple disciplines are weakly coupled in our novel IDO approach. With only global design
variables that affect both disciplines, IDO is a monolithic strategy. It mimics the interdisci-
plinary perspective of disciplinary design teams. The distinction between high-fidelity main
discipline and low-fidelity side discipline considerably reduces the overall design evaluation
effort. Multiple components are fully coupled in our proposed CC-BO approach. The purely lo-
cal design variables make the distributed architecture an appropriate choice. We decompose
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Table 6.1 Solutions to challenges of the application cases, which are proposed in the appended publi-
cations.

challenge solution for application case / in publication

| Il ]
expensive design partial replacement by BO BO
evaluations GP models
multiple disciplines / interdisciplinary - cooperative
components optimization (IDO) components

optimization (CC-BO)

high-dimensional - dimensionality problem
input / design reduction (PCA-BO) + decomposition
variables trust region (TR-BO)
high-dimensional dimensionality - problem
output / constraints reduction (POD+l) decomposition

the optimization problem into its physical components, the stages. The smaller interconnected
subproblems enable a fast convergence for high-dimensional problems.

High-dimensional input or design variables were shown to slow down the convergence of BO
for dimensions d = 40 and 55 in publication Il and prevent notable improvements for d =
100 and 223 in publication Ill. In case Il, the adaptive design space reduction approaches
considerably speed up the convergence. The reduction in our modified and combined PCA-
BO and TR-BO is based on sample data and the optimization progress, respectively. In case
[ll, the novel problem decomposition method enables significant improvements in the first
place. The decomposition in our CC-BO is based on prior information or generated randomly.

High-dimensional output models entail a high training effort. High-dimensional coupling vari-
ables were reduced by POD and then interpolated by GP models (POD+l) in publication I.
Many constraints hinder the application of most existing BO approaches. However, they
severely restrict the feasible design space for the blade design applications. The superior
constraint handling of both our modified PCA-BO and novel informed CC-BO contributes to
their good performance. PCA-BO filters out infeasible designs, while informed CC-BO reduces
the number of active constraints per subproblem.

Innovative contributions

The originality of the proposed methods was discussed in Chapter 5. The innovative contribu-
tions of the individual publications are summarized below.

Publication | presents the inter- instead of multidisciplinary optimization approach IDO. lts
novelty is the distinction between main and side discipline, which is reflected by different
model fidelities in the optimization. The low-fidelity coupling is the first application of POD+l
to approximate high-dimensional coupling variables in aircraft engine blade design.

Publication Il features a novel sequential combination of PCA-BO and TR-BO to overcome
the course of dimensionality. The existing methods are extended to handle constraints and
batch infill, both of which are rare in high-dimensional BO. This enables the application to
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industrial turbomachinery blade design, where it marks the first instance of adaptive design
space reduction for BO.

Publication Il introduces an innovative problem decomposition approach for high-dimensional
BO. Both informed and random CC-BO are the first methods of their kind to exploit partial
separability for a sample-efficient convergence. The informed version was initially developed
for multi-stage aircraft engine blade design. In contrast to previous multi-stage approaches, it
effectively exploits the underlying multi-component structure.

Perspectives

The discussion in Chapter 5 revealed the limitations of the proposed individual approaches.
Moreover, it indicated interesting directions for further studies and developments. This thesis
concludes with perspectives for future work, which contribute to the overall aim of efficient
high-dimensional aero-structural blade optimization.

This work was focused on reducing the computational effort or number of high-fidelity eval-
uations because they dominate the wall time. However, the time spent on modeling and
optimization also grows with the problem size. High-dimensional GP modeling could be ac-
celerated by KPLS [68], see Section 2.2.2. High-dimensional BO with TS [82] replaces the
expensive infill criterion optimization by a simple sampling, compare Section 2.3.1. TS and all
methods in this work are well-suited for batch evaluations, which reduce the wall time per high-
fidelity simulation. Just like the evaluations, the optimization algorithm could be parallelized,
as started in publication III.

In all appended publications, GP surrogate models were employed to approximate the objec-
tive, constraints, and coupling variables as a function of the design variables. Models of the
resulting flow or displacement field [145, 146] as a function of the design variables or even
mesh and boundary conditions would be more versatile. Such low-fidelity models could be
reused for various problems, for example within our IDO. Besides, surrogate models could
predict and, hence, help to avoid simulation failures. Especially if the failures occur at the
physical stability limits [151], classifiers can provide a benefit for BO [152]. Furthermore, sur-
rogate models could enhance or accelerate the high-fidelity evaluations. For instance, one
could approximate the surge margin [153]. The important but expensive-to-evaluate stability
indicator is only considered implicitly in our applications, as explained in Section 3.2.

Future use cases include full aero-structural coupling and even larger control volumes. The
coupling can either be considered by a high-fidelity MDA, via ROMs [123], or within EGMDO
[117, 118]. The two latter options could be combined with our PCA-BO, TR-BO, or CC-BO to
maintain their good performance for high-dimensional design spaces with limited samples. A
larger control volume could include the entire, in our case 8-stage, HPC. Moreover, one could
add annulus design parameters for greater design flexibility. The resulting increase in design
space dimension might already be manageable due to the proposed methods.
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Abstract

Multidisciplinary design optimization has great potential to support the turbomachinery development process by improving
designs at reduced time and cost. As part of the industrial compressor design process, we seek for a rotor blade geometry
that minimizes stresses without impairing the aerodynamic performance. However, the presence of structural mechanics,
aerodynamics, and their interdisciplinary coupling poses challenges concerning computational effort and organizational
integration. In order to reduce both computation times and the required exchange between disciplinary design teams, we
propose an inter- instead of multidisciplinary design optimization approach tailored to the studied optimization problem.
This involves a distinction between main and side discipline. The main discipline, structural mechanics, is computed by
accurate high-fidelity finite element models. The side discipline, aerodynamics, is represented by efficient low-fidelity
models, using Kriging and proper-orthogonal decomposition to approximate constraints and the gas load field as coupling
variable. The proposed approach is shown to yield a valid blade design with reasonable computational effort for training the
aerodynamic low-fidelity models and significantly reduced optimization times compared to a high-fidelity multidisciplinary
design optimization. Especially for expensive side disciplines like aerodynamics, the multi-fidelity interdisciplinary design
optimization has the potential to consider the effects of all involved disciplines at little additional cost and organizational
complexity, while keeping the focus on the main discipline.

Keywords Multidisciplinary design optimization - Multi-fidelity methods - Kriging - Proper-orthogonal decomposition -
Turbomachinery

1 Introduction

Reduced development costs and decreased emissions are two
of the goals set by the aerospace industry and the European
Commission (2011) in the Flightpath 2050. Reduced devel-
opment costs imply shorter design cycles with less iterations
between the disciplines, motivating the use of multidiscipli-
nary approaches. Decreased emissions can be achieved by
either innovative concepts or by optimizing existing aircraft
components.
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TUM School of Engineering and Design, Technical
University of Munich, Arcisstr. 21, 80333 Munich, Germany
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One of the main aircraft engine components is the com-
pressor, responsible for raising the pressure level of the
intake air, while it passes through several rows of rotor
and stator blades, see Fig. 1. The compressor development
involves several engineering disciplines, notably aerodynam-
ics and structural mechanics.

1.1 Aero-structural optimization problem
statement

As part of the industrial aero-structural compressor design
process, we seek for the best possible blade geometry. After
the initial design optimization by the aerodynamic depart-
ment, the second step is a structural optimization of individ-
ual blades. However, design changes that are beneficial from
the structural mechanics point of view may counteract the
aerodynamic performance and disturb the aerodynamic inte-
gration with the neighboring stages. Structural blade design
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Fig. 1 High-pressure compressor frontblock annulus geometry illus-
tration with inlet guide vane (IGV) and four stages of rotor and stator
blades. The third-stage rotor and stator blades, highlighted in orange
and red, are the subject of the treated optimization problem. The
arrows indicate the airflow in x-direction

problems should thus include aerodynamic constraints and
aero-structural coupling.

A frequently arising optimization problem is the minimi-
zation of stresses in the compressor blades without impair-
ing the aerodynamic performance. It is herein studied for
the third-stage rotor blade, highlighted in orange in Fig. 1.
Figure 2 shows the qualitative pressure field on the third-
stage surfaces, as a result of CFD simulations with the ini-
tial geometry. It induces aerodynamic loads, the gas loads,
which in turn affect the stress field, depicted in Fig. 3 for the
rotor suction side.

The blade design problem can be treated either by an
iterative process between disciplinary design teams or in a
multidisciplinary design optimization (MDO) (Sobieszczan-
ski-Sobieski and Haftka 1997). Papageorgiou et al. (2018)
reviewed recent advancements and challenges in MDO of
aerial vehicles and provided a roadmap including nine fun-
damental elements, among others computational efficiency
and organizational integration.

For the above-mentioned aero-structural compressor
blade design task, these two elements are particularly chal-
lenging and inhibit the application of MDO as a standard
tool in the industrial development process. First, computing
times can be prohibitively long if expensive aerodynamic
simulations are performed in addition to the structural
analyses in every optimization iteration. Interdisciplinary
coupling additionally increases computational cost and com-
plexity. It is therefore often neglected or strongly simplified
at the expense of model accuracy. Second, the integration
into company structures is usually difficult, as disciplinary
department boundaries impede multidisciplinary develop-
ments. The aim for a practical optimization approach thus
is as little disciplinary interdependence as possible and as
much as needed for a useful optimization result. In other
words, a multidisciplinary feasible solution should be
obtained while maintaining the division of work between
responsible discipline-focused company units.
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Fig.2 Pressure field on the third-stage rotor and stator blade surface
and annulus walls as a result of the CFD simulations. The four pro-
file sides pressure side (PS), suction side (SS), leading edge (LE), and
trailing edge (TE) are indicated on the rotor blade
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Fig. 3 Maximum principal stress field on the rotor blade suction side
as a result of the FE simulations. The stresses depend on the rotor
blade geometry and are induced by centrifugal forces, thermal loads,
and gas loads. The latter result from the aerodynamic pressures in
Fig. 2. The dashed line indicates the fillet region

1.2 Multi-fidelity approaches

The first challenge, the computational efficiency, is com-
monly tackled by parallelized computations and multi-
fidelity methods. An additional option is adjoint methods
for efficient gradient-based optimization, not discussed
herein, as used among others by He et al. (2020) in an
uncoupled aero-structural compressor blade optimiza-
tion. Multi-fidelity methods (Viana et al. 2014) speed up
computations by complementing a comparatively small
number of high-fidelity simulations, here finite element
(FE) and computational fluid dynamics (CFD) simulations,
with a large amount of low-fidelity model evaluations.
The latter are cheaper to evaluate, while providing use-
ful information within the design domain. They are also
called surrogate models or metamodels. Before outlining
our ideas, we review recent literature on the application
of low-fidelity models in aero-structural optimization of
aircraft engine blades.
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The most widely used low-fidelity models are data-fit
models. Cuciumita et al. (2021) approximated a maximum
stress constraint by a radial basis function (RBF) model.
Aissa and Verstraete (2019) proposed a bounded Kriging
model as robust method for surrogate-assisted MDO of
compressor blades. Neural networks were recently used
by Ghalandari et al. (2019) to model aerodynamic per-
formance and stress levels, or by Vanti et al. (2018) in an
uncoupled aeroelastic optimization.

Another type of low-fidelity models are reduced-order
models, including proper-orthogonal decomposition
(POD). Benamara et al. (2017) proposed multi-fidelity
non-intrusive POD to predict isentropic efficiency and
pressure ratio. Instead of approximating the response vari-
ables, Zhang et al. (2018) replaced the 30 original design
parameters in the MDO by only four POD coefficients to
decrease computation time.

In the above turbomachinery references, static aero-
structural coupling is mostly neglected. In aircraft wing
optimization, Coelho et al. (2009) used reduced-order
models to approximate pressure loading and displacement
field. The low-fidelity models enabled coupling at little
additional computational cost, enhancing the accuracy of
the disciplinary high-fidelity results.

The second challenge, the organizational integration
of MDO, is a much less active research area (Papageor-
giou et al. 2018). Lian and Liou (2006) are one of the
few references to address both challenges together for a
statically coupled aero-structural compressor optimization.
They used genetic algorithms solely based on quadratic
response surface models. These low-fidelity models were
in turn based on high-fidelity samples with unidirectional
coupling via the aerodynamic pressure field, realized
by sequential CFD and FE simulations. Hu et al. (2016)
employed a collaborative optimization (CO) strategy for a
bidirectionally coupled aero-structural turbine blade opti-
mization. The distributed CO strategy guarantees disci-
plinary autonomy for better organizational integration. Its
commonly prohibitive computational expense was reduced
by quadratic response surface models, based on data from
medium-fidelity aerodynamic and structural analyses and
high-fidelity fluid—structure interaction simulations.

The above literature references have in common that
they treat both disciplines as equally important. They do
not exploit the fact that industrial aero-structural optimi-
zations are often performed with focus on monodiscipli-
nary objectives, and include multidisciplinary coupling
and constraints merely not to interfere with the respective
other discipline.

1.3 Proposed approach

This work addresses the question of how low-fidelity models
can be employed to improve the aero-structural optimization
of compressor blades with regard to both computational effi-
ciency and organizational integration.

For the compressor blade optimization problem stated
in the beginning, we propose a multi-fidelity optimization
process which is inter- instead of multidisciplinary. This
involves a distinction between main and side discipline. The
main discipline is structural mechanics, as it is the objective
and focus of the optimization problem. The side discipline
is aerodynamics. The main discipline is represented by a
high-fidelity model. Additionally, the side discipline and the
coupling from side to main discipline is taken into account
by low-fidelity models only. Thereby, the main discipline is
evaluated as accurately as possible, while the side discipline
is computed only as accurately as necessary for a useful
optimization result.

The benefit of the proposed approach is shown by com-
parison to a common uncoupled and purely high-fidelity
MDO. Despite a significant computation speed-up, the
approach provides a valid blade design that is not only struc-
turally optimized, but also respects aerodynamic effects and
constraints.

The paper is structured as follows: In Sect. 2, multi-
fidelity and multidisciplinary optimization approaches are
outlined, followed by the employed low-fidelity modeling
methods in Sect. 3. The proposed interdisciplinary optimi-
zation process is presented in Sect. 4. Afterward, in Sect. 5,
the computational set-up and concrete optimization problem
of the compressor blade application are defined. The results
are presented in Sect. 6 and the paper is concluded by a sum-
mary and outlook in Sect. 7.

2 Multi-fidelity and multidisciplinary
optimization methods

In the present context, optimization (Martins and Ning 2021)
uses numerical methods to seek the overall best design of an
engineering system. It can yield an improved system perfor-
mance at reduced time and cost compared to a conventional
development process. However, the correct problem formu-
lation is crucial and requires expertise in both the involved
engineering discipline(s) and numerical optimization.

A standard optimization problem is to minimize an objec-
tive function by varying the design variables within their
prescribed bounds subject to equality and inequality con-
straints. For compressor blade design, common objectives
are minimum stresses or maximum efficiency, the design
parameters define the blade geometry, and constraints
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concern for example mass flow, pressure ratio, surge margin,
stresses, and eigenfrequencies.

In every optimization iteration, objectives and constraints
need to be evaluated. With aerodynamics and structural
mechanics as the most influential disciplines in compressor
blade design, this usually entails thousands of CFD and FE
simulations.

2.1 Multi-fidelity optimization processes

Expensive high-fidelity simulations can be partly or fully
replaced by efficient low-fidelity model evaluations within
the optimization. Models of various fidelities are combined
in multi-fidelity optimization (MFO) processes, either by
adaptation, fusion, or filtering (Peherstorfer et al. 2018; Kha-
touri et al. 2022).

In adaptive MFO, the low-fidelity model is improved by
high-fidelity results at new sampling points during the opti-
mization. Fusion strategies combine the outputs of models
of different fidelities. Filtering means that the high-fidelity
model is only evaluated if the low-fidelity output meets a
predefined criterion. Note that all of these approaches com-
bine models of multiple fidelities with the same output
parameters and thereby differ from the approach we propose
in Sect. 4.

2.2 Multidisciplinary optimization processes

Just like models of various fidelities are embedded in a
multi-fidelity optimization process, the presence of sev-
eral disciplines allows different approaches for the efficient
organization of the disciplinary analyses and optimization
methods. MDO processes, or architectures, were extensively
reviewed by Martins and Lambe (2013) and compared by
Tedford and Martins (2009) and Gray et al. (2013) based on
benchmark problems. They classify MDO architectures as
monolithic or distributed.

The former treat the MDO problem in a single optimiza-
tion and are therefore simple to implement and well-suited
for small problems. However, they are inefficient for prob-
lems with a large number of disciplines. Here, distributed
architectures may perform better. They decompose the MDO
problem into disciplinary optimization subproblems which
are coordinated by a system-level optimization subprob-
lem. Thereby, they try to mimic the structure of industrial
development teams and strive for independence between the
disciplines. Although the ideas of distributed architectures
seem promising, they exhibit a slow convergence for many
problems (Martins and Ning 2021).

The basic monolithic MDO architecture is the multi-
disciplinary feasible (MDF) approach. It treats the MDO
as a common disciplinary optimization problem, with the
difference that objective and constraints are computed by

@ Springer

multidisciplinary analyses in every optimization iteration.
MDF has the advantage that it makes use of established
optimization and multidisciplinary analysis methods. The
optimization problem remains as small as possible and is
thus also suited for gradient-free methods. Moreover, the
multidisciplinary analysis ensures physical compatibility
after every optimization iteration. This is especially useful
for engineering and industry applications, where the aim
usually is finding a better design, rather than a mathemati-
cal optimum, and optimizations are often terminated pre-
maturely. The main disadvantage is the computational effort
and often slow convergence of the multidisciplinary analyses
in case of strong interdisciplinary coupling.

With regard to the use of low-fidelity models, concurrent
subspace optimization (CSSO) is an interesting distributed
approach. It was introduced by Sobieszczanski-Sobieski
(1989) and extended to the version considered herein by
Sellar et al. (1996). In CSSO, the coordinating system-level
subproblem is optimized based on low-fidelity models. Each
disciplinary subproblem is optimized based on high-fidelity
models for the corresponding discipline and low-fidelity
models for all other disciplines. The disciplinary subproblem
results are used to update the low-fidelity models. Despite
the fast low-fidelity model evaluations, the slow convergence
hinders its efficient application.

3 Low-fidelity models

Before starting the interdisciplinary optimization process,
low-fidelity models of the aerodynamic quantities of interest
must be generated. According to Peherstorfer et al. (2018),
low-fidelity models can be divided into three categories:
data-fit models, projection-based models, and simplified
models. While data-fit models are purely mathematical
response surfaces, projection-based models, hereinafter
referred to as reduced-order models, represent a system by
its most important eigenmodes and thereby provide a cer-
tain physical interpretability. Simplified models, for exam-
ple with a coarser mesh, are based on the original problem
physics. However, their evaluation often takes a lot longer
than for the other two categories and they may be difficult
to combine with the high-fidelity models; that is why they
are omitted in this work.

The process of data-fit and reduced-order model genera-
tion followed for the optimization problem herein is illus-
trated as a flowchart in Fig. 4. First, a set of input points in
the design space is selected, also called design of experi-
ments (DoE) (Giunta et al. 2003). Popular approaches are
Monte Carlo sampling, Latin hypercube sampling (LHS),
and low discrepancy sequences. Then, the corresponding
outputs are computed by high-fidelity simulations, here CFD
for aerodynamics.
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Fig.4 Flowchart of the low-fidelity model generation process. The
high-fidelity aerodynamic model, CFD, is approximated by a data-fit
model, Kriging, and a reduced-order model, consisting of POD and
Kriging

Based on the resulting data set, a correlation or sensitivity
analysis (Saltelli et al. 2007), for instance in form of Spear-
man correlation coefficients (Spearman 1904), can provide
a better understanding of the problem at hand and help to
identify variables with negligible influence on the quantities
of interest. Omitting these variables during the low-fidelity
model generation can allow for more accurate models with
respect to the remaining variables, especially in case of lim-
ited sampling budget.

The CFD results serve as a common training base for
both kinds of low-fidelity models. We use a data-fit model,
Kriging, to approximate the scalar aerodynamic constraints.
A reduced-order model, consisting of POD and Kriging,
approximates the gas load field for aero-structural coupling.
Both are explained in what follows.

3.1 Data-fit model: Kriging

Popular data-fit models are polynomial response surface
models, moving least-squares, RBF interpolation, Kriging,
or support vector regression, summarized by Forrester et al.
(2008). We use Kriging (Krige 1951; Matheron 1963; Sacks
et al. 1989), because it does not assume a certain problem

structure and can thus yield accurate predictions for various
function forms.

Kriging is also known as Gaussian process (GP) regres-
sion (Rasmussen and Williams 2006). It predicts an
unknown output by interpolation between the values in
its vicinity. The response is considered as a random vari-
able, contrary to its actual properties as observed response
obtained by deterministic computations. This takes into
account the actual uncertainty of the prediction.

Since the method is very popular, we only briefly reca-
pitulate the main steps of Kriging model fitting and predic-
tion. To start with, the a-priori GP is defined as sum of mean
and covariance function. In ordinary Kriging, used herein,
the mean is an unknown constant. The covariance is speci-
fied by kernel functions. For modeling physical quantities,
the Matérn kernels are in general preferred over the squared
exponential kernel, because the latter are unrealistically
smooth (Rasmussen and Williams 2006). Then, the model
is fitted to the training data by optimizing the hyperparam-
eters, that is the unknown mean and the kernel parameters,
commonly using maximum likelihood estimation (MLE).
The resulting a-posteriori GP can be used to compute the
most probable output values and the prediction uncertainty
at new input points.

3.2 Reduced-order model: POD + Kriging

While data-fit models approximate scalar quantities, like the
efficiency, reduced-order models approximate multi-dimen-
sional outputs, like the gas load field. The underlying idea
is to extract the most important features, or modes, of the
physical field and then represent the field as a linear com-
bination of these modes. The resulting lower-dimensional
system representation is much easier to handle.

The most popular method for obtaining the lower-
dimensional representation is POD. It is similar to princi-
pal component analysis (PCA) from the field of statistics.
Non-intrusive snapshot POD, developed by Sirovich (1987),
is employed in this work and will be outlined in what fol-
lows. Case studies of snapshot POD in both aerodynamics
and structural mechanics were presented by Swischuk et al.
(2019). An overview of non-intrusive reduced-order models
was provided by Yu et al. (2019).

Following the right branch of Fig. 4, the lower-dimen-
sional outputs, that is the POD coefficients, are approximated
by Kriging models, like in the previous subsection. The pro-
cedure of reduced-order model generation and prediction is
summarized hereinafter. For more details and underlying
equations of snapshot POD, we refer to the above references.

The starting point of POD is the snapshot matrix con-
taining n samples of m-dimensional simulation results.
This matrix is projected onto the subspace spanned by the
dominant modes. Mathematically, this is achieved using thin
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singular value decomposition (SVD). The resulting matrices
can then be truncated after the first k modes, loosing as lit-
tle information as possible for a given reduced rank k. The
reduced rank k can either be specified in advance or chosen
such that the proportion of energy, or variance, captured by
the first k modes should be above or equal to a given thresh-
old «, typically k¥ > 90%. In case of computational meshes
with thousands of nodes, the energy usually decreases rap-
idly with increasing rank and k < m. As lower-dimensional
representation of the high-dimensional samples, the POD
coefficients are computed by projecting the snapshot vectors
onto the first K POD modes.

Afterward, a Kriging model can be trained to approxi-
mate the POD coefficients as a function of the original input.
Note that the number of degrees of freedom to be modeled
decreases from m nodal values to k < m coefficients due to
the model order reduction.

For the low-fidelity model prediction, the POD coeffi-
cients are predicted by the Kriging models. The full-order
physical field can then be approximated as a linear combina-
tion of POD coefficients and modes.

4 Proposed interdisciplinary optimization
process

The goal of this work is a fast and industrially integrable
aero-structural optimization approach for the compressor
blade design problem stated in Sect. 1.1. For this purpose,
we combine the methods explained in the two previous sec-
tions. We propose a combination of a simple MDF archi-
tecture and a multi-fidelity approach inspired by the CSSO
disciplinary subproblems. The resulting interdisciplinary
optimization (IDO) process can be categorized as mono-
lithic architecture and is illustrated as a flowchart in Fig. 5.

The underlying idea is the distinction between main and
side discipline, leading to an inter- rather than multidisci-
plinary optimization problem. It follows the concept of a
disciplinary design team, that maintains an interdisciplinary
exchange with its neighboring teams, but does not have fully
multidisciplinary competences.

The main discipline is the focus of the aforementioned
design team and the optimization objective, here structural
mechanics to minimize stresses. It is evaluated by a high-
fidelity FE model. While the side discipline, aerodynamics,
is neither the optimization objective, nor the expertise of the
design team, it needs to be considered for a useful optimiza-
tion result. Therefore, the side discipline is treated as a low-
fidelity model, which completely replaces the high-fidelity
CFD simulations. It thus generates very little additional
computational effort in each optimization iteration. Instead
of exchanging large amounts of data, complex CFD models,
and simulation tools plus the corresponding licenses, only
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Fig.5 Flowchart of the proposed multi-fidelity IDO process. The
structural mechanics simulations are based on high-fidelity FE mod-
els, the aerodynamic simulations are replaced by low-fidelity models

simple low-fidelity models need to be provided by the aero-
dynamic design team.

Nevertheless, the aerodynamic influence is considered
via both constraints and coupling variables. The constraints
are represented by data-fit models, here Kriging, the high-
dimensional coupling variables by reduced-order models
combining POD and Kriging, see Sect. 3. The effect of the
aerodynamics on the structure is represented by unidirec-
tional coupling, transferring the aerodynamic load field
as a boundary condition for the static structural analysis.
The rapid approximation enables a concurrent coupling,
meaning that it is computed during the structural simula-
tion set-up and requires no additional time, contrary to com-
mon sequential computations. Cross-coupling, in our case a
bidirectional exchange of aerodynamic loads and structural
displacements, would make the sampling much more com-
plex and expensive. Approaches for POD and interpolation
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(POD + I) model generation for cross-coupled multidis-
ciplinary analyses were presented by Coelho et al. (2009)
and Berthelin et al. (2022). Herein, unidirectional coupling
via the aerodynamic loads is assumed to yield sufficiently
accurate results, because the low-fidelity model is not fully
accurate by definition. This also resolves any multidiscipli-
nary analysis convergence issues.

The most widely used approach for aero-structural tur-
bomachinery blade optimization is a MDF architecture with-
out coupling, as employed in most references in Sect. 1.2.
The proposed approach differs in that the aerodynamic simu-
lation is replaced by the low-fidelity models (orange build-
ing blocks in Fig. 5), enabling a speed up and a coupling
via the gas load field (yellow block in Fig. 5). Contrary to
common MFO strategies, as presented by Peherstorfer et al.
(2018), in the proposed approach the multiple fidelities are
not combined within one discipline, but separated between
the disciplines. In particular, adaptation is omitted, because
it would hinder the interdisciplinary applicability.

To summarize, the main discipline structural mechanics
is evaluated as accurately as possible, including updated
coupling via gas loads, while the side discipline aerodynam-
ics is computed only as accurately as necessary for a useful
optimization result. The IDO is much faster than a complete
MDO and better integrable into company structures, because
complex high-fidelity CFD models are no longer required in
the optimization. Provided sufficiently accurate surrogate
models, it fulfills the aim of an industrial MDO, which is
an improved design, rather than a mathematical optimum.

5 Compressor problem set-up

To illustrate the proposed approach, it is applied to a con-
crete compressor rotor blade design problem. More pre-
cisely, we seek to optimize the rotor blade geometry of a
compressor stage so as to minimize the stresses in the fillet,
while fulfilling a number of structural, aerodynamic, and
geometrical constraints. The simulation set-up and optimiza-
tion problem are specified in what follows.

5.1 Computational set-up

Our model represents the third stage of a high-pressure com-
pressor in a next-generation turbofan aircraft engine. It is
based on a model from the Clean Sky 2 (Clean Aviation
2021) project by the European Union.

Geometry parameterization and generation are carried out
using AirFoil Designer pdesk (atech GmbH 2022) and are
explained in Sect. 5.2.

The FE simulations including meshing are performed
in the open-source program CalculiX (Dhondt 2004).
They consist of a static analysis at cruise conditions, and

a dynamic analysis at red line conditions to prevent reso-
nance. The structural analyses are carried out for the rotor
blades only, which are a critical component in the con-
sidered problem. A structural analysis takes on average
6 min on 4 CPUs.

For the CFD simulations, the mesh is generated using
AutoGrid (Cadence 2022). Then, the unsteady RANS
flow solver TRACE (German Aerospace Center 2022) is
employed, which is specialized on compressor and turbine
components. The aerodynamics are computed for cruise
conditions, that is at the aero design point (ADP). Here,
the entire stage is of interest, to investigate the interaction
between rotor and stator. One CFD simulation takes on
average 33 min on 8 CPUs.

A fully coupled multidisciplinary analysis would
require several sequential iterations of FE and CFD simu-
lations to ensure compatibility of structural displacements
and aerodynamic pressures on the blade surface. This
would take a prohibitively long time in each optimiza-
tion iteration. Therefore, the structural displacements are
neglected in the CFD model, also because the aerodynam-
ics are only treated as side discipline. The pressure field
is obtained from a 2D flow solver, which is only capable
of estimating a 1D radial distribution of the total pres-
sure loads. It represents an approximation of the difference
between PS and SS pressures and does not account for
3D blade geometry changes. The resulting loads are then
projected only onto the blades’ PS surface using a heuristic
tool to produce the 2D gas load distribution. The gas load
field is thus considered constant and only applied to the PS
surface unless replaced by the reduced-order model, which
is based on 3D CFD samples. Thermal loads are applied
in a similar manner.

The computational effort of the CFD is considerably
higher than for the FE simulations. This further motivates
the use of aerodynamic low-fidelity models in an optimi-
zation focusing on structural mechanics. For each design
evaluation herein, FE and CFD simulations are run in par-
allel. Additionally, 20 designs are evaluated in parallel to
speed up computations in both sampling and optimization.

The optimizations are run using AutoOpti (Siller et al.
2009), a program tailored to the multidisciplinary optimi-
zation of turbomachinery components, which can handle
high-dimensional non-linearly constrained problems. It
is based on an efficient global optimization (Jones et al.
1998) approach, combining evolutionary algorithms, adap-
tive Kriging surrogate models, and an expected improve-
ment infill criterion. However, our data-fit models for the
side discipline are not directly integrated into the opti-
mizer for the sake of modularity. The optimizer is not the
focus of this work and can theoretically be exchanged with
other gradient-free methods.
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5.2 Optimization problem definition

Our optimization problem represents the second step in the
industrial blade design process, after the initial aerodynamic
design step. We focus on structural mechanics as the main
discipline, but also consider aerodynamic aspects, in order to
reduce the number of subsequent interdisciplinary iterations.
The optimization problem is defined in Table 1.

We seek for a rotor blade geometry, which minimizes the
maximum static principal stress oy ., in the fillet, that is
the transition between blade hub and disk in a blisk (blade
integrated disk), indicated in Fig. 3. Low maximum stresses
in the fillet region are crucial for robust compressor designs.
Structural constraints are the maximum static principal
stresses on the four blade sides PS, SS, LE, and TE, indi-
cated in Fig. 2. Moreover, the first two eigenfrequencies are
constrained to prevent resonance. Aerodynamic constraints
refer to the mass flow, the isentropic efficiency, and an inci-
dence criterion at five radial positions. The equality con-
straint for the mass flow, in order to maintain the initial oper-
ating point, is implemented as narrow two-sided inequality
constraint. In addition, the maximum blade thickness for the
upper part of the blade is constrained to avoid extremely thin
profiles. This is particularly important to prevent significant
changes in the higher frequency torsion modes of the blade,
which are not explicitly set as structural constraints. The
constriction at eleven radial positions is limited for good
manufacturability.

The design variables are rotor blade geometry parameters,
as illustrated in Fig. 6.

The free design parameters are the blade angles «, the
stagger fi5, the wedge angles y, and the distance wedge .
These parameters define the 2D blade profiles for each of the

L
.

(b) blade stacking

<3
!
—

T ~J

Fig.6 Blade geometry parameterization. Modified from Arsenyev
(2018). The parameters in a at blade hub, mid, and tip (see b) are the
design variables of the optimization problem

three radial airfoil sections at hub, mid, and tip by setting the
four base points. The profiles are then constructed by spline

Table 1 Interdisciplinary compressor rotor blade optimization problem with main discipline structural mechanics

Objective Type Discipline

Max. static principal stress oy ,,, in the fillet Minimization Structural mechanics
Constraints Type Discipline

Max. static principal stress oy .., PS, SS, LE, TE Upper bound Structural mechanics
Eigenfrequency f 1, 2 Lower & Upper bound Structural mechanics
Mass flow m Equality constraint (= baseline) Aerodynamics
Isentropic efficiency #;g Lower bound (= baseline) Aerodynamics
Incidence criterion slice 1-5 Upper bound (= baseline) Aerodynamics

Max. blade thickness near tip Lower bound Geometry
Constriction slice 1-11 Lower bound Geometry

Design variables (each for rotor hub, mid, tip) Range (relative to baseline) Discipline

Blade angle « LE, TE +5% Geometry

Stagger fg +4% Geometry

Wedge angle y LE, TE +10% Geometry

Distance wedge / +5% Geometry
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interpolation between these base points, which also separate
the four sides PS, SS, LE, and TE. The resulting 2D profiles
are stacked in radial direction to obtain the 3D blade geometry.
The profiles’ position in space is defined by the axial and cir-
cumferential location of their centers (highlighted in red), which
are fixed within the optimization. The blade shape between the
predefined profiles is interpolated, for instance by fourth-order
splines defined by five radial control points as shown in Fig. 6b.
In this work, the three control points at hub, mid, and tip allow
for second-order splines to interpolate the design variables.
Finally, the transition between blade and disk is smoothed by a
fillet with fixed radius. The stator blade geometry is generated
analogously and remains constant throughout the optimization,
which is common for a structural optimization.

In total, the optimization problem sums up to 26 response
variables (one objective plus 25 constrained variables) and
18 design variables.

6 Results

In the following, data-fit models of the aerodynamic con-
strained variables and reduced-order models of the aero-
dynamic loads are generated to replace the expensive CFD
simulations in the optimization. Multi-fidelity IDO results
are validated and compared to purely high-fidelity MDO
results as a reference.

6.1 Data-fit model generation

The proposed approach involves data-fit models that predict
the aerodynamic constrained variables: the mass flow, the
efficiency, and the five incidence criteria. For the Kriging
model generation, we follow the flowchart in Fig. 4, tak-
ing the left branch. The prediction accuracy is estimated by
10-fold cross-validation. The aim is a NRMSE < 5% (nor-
malized by the respective variable range) and a correlation
coefficient R > 0.9.

The initial design space is the one used later in the optimiza-
tion, see Table 1. The sampling points are obtained by LHS. For
a reasonable sampling effort, the number of CFD simulations
is limited to half of what would be required for a comparable
high-fidelity optimization. 300 sampling points are evaluated,
of which 11 fail, leaving 289 samples available for the training.

Correlations between design and response variables are
analyzed based on Spearman’s correlation coefficients and
scatter plots. The former are shown in Fig. 15 in the appen-
dix. The results indicate that blade angle and stagger vari-
ables correlate strongly with the quantities of interest. Fur-
thermore, wedge angles and distance wedge at hub and tip
are only weakly correlated to the aerodynamic constraints.
These six design variables are therefore kept constant in the
sampling.

The Kriging model implementation relies on the Python
package scikit-learn (Pedregosa et al. 2011) that in turn
builds upon the formulations by Rasmussen and Williams
(2006). An isotropic Matérn 5/2 kernel is chosen, as it yields
the best fit among various considered kernels.

The distribution of the errors over the response variables
is shown by the gray bars in Fig. 7. Although the mean error
measures are below the self-imposed limits, the prediction
of the isentropic efficiency still poses a challenge.

Based on the response variable distribution in the training
data, three significant outliers can be recognized in the set of
289 samples. They can be associated with very unrealistic
geometries generated by the automated sampling. Removing
these outliers, the errors clearly improve, especially for the
isentropic efficiency and the mass flow, see the orange bars
in Fig. 7. Consequently, a Kriging model with Matérn 5/2
kernel, based on the training set without outliers, is chosen
as low-fidelity model for all aerodynamic constraints.

With 33 min per design evaluation and 20 evaluations in
parallel, the sampling runs 8.25 h. Afterward, the aerody-
namic data-fit model generation takes only about 1.5 s. Its
evaluation takes less than one millisecond, instead of 33 min
for a CFD simulation in each optimization iteration.

6.2 Reduced-order model generation

For a concurrent aero-structural coupling in the IDO, we
train reduced-order models of the gas load field on the
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Fig. 7 Error measures for the Kriging data-fit models with and with-
out inclusion of three outliers in the set of 289 samples, based on a
10-fold cross-validation
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blade surface, following the right branch of the flowchart
in Fig. 4. First, the high-dimensional field is reduced to
a low-dimensional representation using POD. Then, the
POD coefficients are predicted by a Kriging model. The
NRMSE (normalized by the range at the respective node)
and R? are estimated using a 10-fold cross-validation based
on the sampling data.

The training data originate from the same sampling as for
the data-fit models and thus requires no additional run time.
For each sample, the pressure field on the blade surface is
interpolated onto the mesh of the structural simulations. Note
that the structural mesh topology remains constant throughout
all simulations. This is a prerequisite for a direct construction
of the snapshot matrix from the nodal gas load values.

The implementation of the POD uses the SVD algorithm
from scipy (Virtanen et al. 2020). It is embedded in a self-
implemented reduced-order model generation, closely fol-
lowing the theory in Sect. 3.2.

The reduced rank k is computed such that « = 99%
of the energy is conserved. Table 2 holds the resulting
reduced ranks, compared to the original full rank, that is
the number of degrees of freedom m, equal to the number
of nodes. The POD is conducted separately for each of
the four blade sides. For pressure and suction side, the
rank is reduced by more than two orders of magnitude,
for leading and trailing edge by a factor of more than
ten. Over the whole blade surface, 4048 nodal values are
reduced to 33 POD coefficients to be approximated by
the data-fit model.

After the model order reduction, the POD coefficients are
computed as output variables for the data-fit model genera-
tion. Here, a Kriging model with Matérn 5/2 kernel is used,
as in Sect. 6.1, and all 289 samples are considered. The over-
all low-fidelity model error estimates, due to the reduction
plus the data-fit approximation, are shown in the lower part
of Table 2. The combination of high loads and a small area
make the prediction on the leading edge challenging. At the
other three blade sides, the self-imposed accuracy targets

Table 2 Ranks and error measures for the reduced-order models of
the gas load field on the four blade sides

PS SS LE TE
Full rank m 1932 1932 92 92
Reduced rank k& 9 11 7 6
NRMSE (%) 3.10 2.73 6.53 3.62
R? 0.965 0.977 0.869 0.966

The full rank is equal to the number of degrees of freedom m on the
respective side. The reduced rank & is obtained by snapshot POD with
k = 99% energy conservation, based on 289 samples. The error meas-
ures of the final model (POD + Kriging) are averaged over the associ-
ated nodes and are based on 10-fold cross-validation
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(NRMSE < 5%, R?> 0.9) are achieved, notably also for the
highly loaded pressure side.

Based on the above accuracy estimates, the reduced-order
models of the gas loads on the blade surface can be consid-
ered a large improvement in accuracy compared to the previ-
ously used constant gas loads. First, the loads predicted by the
reduced-order model are applied to the entire blade surface,
instead of the pressure side only. Moreover, they are based
on 3D CFD, instead of 2D flow solutions, and hence take
into account the blade geometries. As geometry-dependent
boundary conditions in the FE analyses, the reduced-order
model gas loads enable a weak aero-structural coupling.

Since the reduced-order model is generated based on the
same samples as the data-fit models in the previous section,
no additional sampling time is required. The reduced-order
model generation takes less than 10 s. The gas load field is
predicted within milliseconds and the respective input files
for the FE models are written in about 0.2 s during the struc-
tural simulation set-up. Consequently, the structural analyses
in the optimization can start without delay despite the uni-
directional coupling.

6.3 Optimization studies

The proposed multi-fidelity IDO process is compared to
a purely high-fidelity MDO approach as a reference, to
assess the potential to solve the aero-structural compressor
blade optimization problem defined in Sect. 5.2. The two
approaches are specified in Table 3.

Both involve high-fidelity structural analysis via 3D FEM,
as the structural behavior is the focus of the optimization and
thus the main discipline. The aerodynamic constraints are
computed either by high-fidelity 3D CFD or the low-fidelity
data-fit model. The aero-structural coupling is realized either
by a constant gas load field from 2D computations, or by the
low-fidelity reduced-order model predictions based on 3D
CFD. A coupling directly via high-fidelity 3D CFD gas loads
would be prohibitively expensive.

Since the employed evolutionary optimization algorithm
is non-deterministic, both approaches are repeated five times
with the same low- and high-fidelity models. 20 individu-
als are evaluated in parallel for 30 optimization iterations,

Table3 Model fidelities in the two compared optimization
approaches
Structural Aerodynamics Coupling via
mechanics gas loads
MDO High-fidelity High-fidelity Constant

IDO High-fidelity Low-fidelity Low-fidelity

MDO is the high-fidelity reference multidisciplinary optimization,
IDO is the proposed multi-fidelity interdisciplinary approach
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which makes 600 design evaluations in total. Figure 8 shows
the development of the objective function values over the
number of iterations.

Both optimization approaches converge quickly and most
runs achieve a stress reduction by about 40% after 20 itera-
tions, compared to the initial blade from the predesign step.
Afterward, there is only little improvement. The differences
in aerodynamic model fidelity and type of gas loads do not
seem to considerably affect the convergence behavior.

The optimizer itself requires a similar amount of time for
both high- and multi-fidelity optimizations. Consequently,
the aero-structural analysis time, illustrated in Fig. 9, deter-
mines the difference in overall computation time.

Considering 30 iterations with 33 min each, the analysis
time can be reduced by more than 80% from 16.5 h to only
3 h due to the low-fidelity models in the IDO. Additionally,
the 8 CPUs for the CFD simulations are no longer necessary.
For a holistic consideration, the 3 h of simulation time in
the multi-fidelity IDO must be offset by the sampling time,
adding up to 11.25 h. Note that multiple optimizations with
varying objective functions and constraints can be run with
a single sampling, reducing the sampling time per optimiza-
tion. Moreover, the sampling can be arbitrarily parallelized,
depending on the computational resources.

Figure 10 shows the aerodynamic responses for the IDO
results.

The low-fidelity data-fit model results are indicated in
orange. They satisfy all optimization constraints, that is they
lie inside the light gray ranges, as expected for a feasible
optimization result. For validation, the low-fidelity results
are recomputed by high-fidelity CFD simulations, indicated
in black. They show that all aerodynamic inequality con-
straints are also satisfied for the high-fidelity model. The
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Fig.8 Convergence of the objective function, normalized with its ini-
tial value, as a function of the optimization iteration. Only feasible
results with improved objective values are plotted
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Fig.9 Mean simulation time per optimization iteration for the two
different optimization approaches. The whiskers show minimum and
maximum values of the five repetitions

relaxed equality constraint for the mass flow with very nar-
row bounds is slightly violated. The clear trends in the devia-
tions between low- and high-fidelity model predictions can
be explained by all runs converging to a similar region in the
design space, see Fig. 12. The mean, minimum, and maxi-
mum errors are shown in Table 4 in the appendix. In sum-
mary, all deviations are within reasonable limits and do not
undermine the validity of the overall optimization results.

In addition to the aerodynamic result variables, the gas
loads on the rotor blade surface are predicted in the IDO
approach. As an example of the prediction quality, Fig. 11
compares the CFD result and the reduced-order model pre-
diction of the gas load field on the pressure side for an opti-
mized blade design.
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Fig. 10 Aerodynamic response variable values for the multi-fidelity
IDO results, scaled with the respective variable ranges from the sam-
pling. The low-fidelity data-fit model results are indicated in orange, the
high-fidelity CFD validations in black. The feasible ranges, that is where
the optimization constraints are satisfied, are marked in light gray
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Comparing the high- and low-fidelity results in Fig. 11a
and b, distributions are in good agreement. The normalized
error in Fig. 11c indicates that the prediction is very accurate
on the majority of the blade’s pressure side. The error only
increases in the area of high gradients near the leading edge.
The mean, minimum, and maximum errors are shown in
Table 5 in the appendix. Overall, the gas load prediction can
be considered a large improvement in accuracy compared
to the constant loads from the 2D flow simulations. The
computational effort for model generation and evaluation
is negligible, as it exploits existing samples from the scalar
aerodynamic response predictions.

The optimized design variables of the two approaches are
shown in the parallel coordinates plot in Fig. 12.

Both yield the same trends compared to the initial design.
The variation among the results of each approach is larger than
the variations between the approaches. Moreover, the gas load
accuracy improvement in the IDO does also have no visible
effect on the optimization results. Its impact may be weakened
by dominating centrifugal loads in the present case. One can
conclude that the multi-fidelity approach is accurate enough to
provide design proposals for industrial applications, where opti-
mizations are stopped when improvements become minor, like
between 20 and 30 iterations in the convergence plot in Fig. 8.

Figure 13 shows an optimized blade design from the pro-
posed IDO approach in orange, in comparison to the ini-
tial geometry in gray. Starting at the blade hub, the profile
becomes considerably thicker, for higher stiffness in the fillet
region, which in turn reduces the stresses and thus the objec-
tive function. This is realized by an increase in the wedge
angles at both LE and TE hub, that also show a strong cor-
relation to the fillet stresses, see Figs. 12 and 15. Continuing
toward the blade tip, curvature and chord length were signifi-
cantly changed, which is likely to affect higher order eigen-
modes and eigenfrequencies. They should thus be included
for an improved problem formulation in future optimizations.
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Fig. 12 Parallel coordinates plot comparing the results of the two
optimization approaches to the initial design. The design variable val-
ues are scaled with their respective range

The effect of the design changes can be observed in
the stress field, notably the maximum static principal
stresses. The maxima occur on the pressure side, which is
shown in Fig. 14. We compare again the initial and opti-
mized blade design from the proposed IDO approach. The
maximum is shifted from the fillet to a second peak in the
middle, to relieve the fillet region without exceeding the
upper bound set as constraint in the optimization problem.
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0.9 0.302
0.8 0.263
0.7 0.223
0.6 0.184
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(c) error = (a) - (b)

Fig. 11 Gas load field on the pressure side of an optimized rotor blade from the proposed IDO approach, scaled (a,b), and normalized (c) with

the range from the high-fidelity CFD result
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Fig. 13 Optimized rotor blade
design from the proposed

IDO approach in orange. For
comparison, the initial design is
depicted in semitransparent gray

7 Conclusions

An interdisciplinary approach for the optimization of com-
pressor blade geometries so as to minimize structural stresses
without impairing the aerodynamic performance is proposed
in this work. We consider structural mechanics as main
discipline, aerodynamics as side discipline, and static aero-
structural coupling. Combining high- and low-fidelity models,
we imitate the interdisciplinary workflow of design teams in
industry. The main discipline is the objective and focus of
the optimization and therefore evaluated by high-fidelity FE
models. The side discipline computations inside the optimi-
zation are entirely replaced by low-fidelity model evaluations
with almost negligible computation time and model complex-
ity compared to high-fidelity CFD. The scalar aerodynamic
constraints are approximated by Kriging models. The gas
load field is predicted using POD combined with Kriging.

(a) initial design

The latter enables a unidirectional concurrent aero-structural
coupling at no additional time in each optimization iteration
and thereby enhances the high-fidelity structural analysis
accuracy.

Consequently, aerodynamic effects of design changes
can be considered at very low cost inside the optimiza-
tion. Moreover, the required exchange of data and expertise
between disciplinary design teams is greatly reduced, facili-
tating the organizational integration compared to common
multidisciplinary optimization approaches.

The proposed approach is illustrated by a structural com-
pressor blade optimization with 25 structural, aerodynamic,
and geometric constraints and 18 design variables. The
results show that sufficiently accurate low-fidelity models
(NRMSE < 5%, R? > 0.95) can be obtained at reasonable
cost (300 sampling points, as opposed to 600 design evalua-
tions in each optimization). The multi-fidelity optimizations
yield valid designs. Design evaluation times in the optimiza-
tion are reduced by more than 80% compared to the high-
fidelity reference. This shows the great potential to reduce
computation time, especially for expensive side disciplines
like aerodynamics.

Based on the above results, a number of interesting
directions for future research and developments can be
discussed. For different problems, for example if the
aerodynamic design team sets the isentropic efficiency
as objective function, main and side disciplines could
be reversed. Since high-fidelity aerodynamic evalua-
tions are more expensive than structural ones, low-fidel-
ity structural constraints would not reduce the overall
simulation times for parallel disciplinary evaluations.
Here, additional adaptive low-fidelity models for the
main discipline may be useful. For unidirectional cou-
pling variables, however, the low-fidelity models would
still enable a concurrent coupling. The benefit in terms
of organizational integration remains, independent of

xf 1.0

(b) optimized design from the IDO

Fig. 14 Maximum principal stress field on the rotor blade pressure side, normalized with the maximum allowed value defined in the optimiza-
tion problem. In the fillet region, indicated by the dashed line, the stress peak is minimized. On the rest of the blade, the stresses stay below the

maximum allowed value
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the computational effort. Besides, the proposed IDO
approach is readily extendable to additional side disci-
plines, for example thermodynamics in the compressor
blade design. With regard to the organizational struc-
ture of most companies, more than one main discipline
does usually not make sense. Finally, the potential of the
proposed approach should be confirmed for even larger
problems, for example by a multi-stage compressor blade
optimization. The problem size may then require not only
to decouple disciplines, but also split the design domain,
for instance into single stages. Here, reduced-order mod-
els have great potential to predict physical interfaces.

Appendix

See Fig. 15 and Tables 4 and 5.

max. static principal stresses fillet
max. static principal stresses PS
max. static principal stresses SS
max. static principal stresses LE
max. static principal stresses TE
1st eigenfrequency

2nd eigenfrequency

mass flow

isentropic efficiency

incidence criterion slice 1
incidence criterion slice 2
incidence criterion slice 3
incidence criterion slice 4
incidence criterion slice 5

22 &
4:85
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R R
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2
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8 8=
Q0

blade angle TE hub
blade angle TE mid
blade angle TE tip

Table 5 Mean, minimum, and maximum errors of the reduced-order
model gas load predictions for the optimized rotor blades from the
multi-fidelity IDO, normalized by the respective nodal range from the
sampling

Error (%) PS SS LE TE

Mean 7.88 5.27 7.93 12.11
Min 7.26 4.78 4.88 10.75
Max 8.84 5.65 17.53 13.97
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Fig. 15 Spearman’s correlation coefficients for the design and response variables of the optimization problem defined in Table 1. The coef-
ficients indicate a relevant monotonic relationship of the structural responses to all design variables. The aerodynamic responses show a strong
correlation with blade angles and stagger in the middle of the blade, but only weakly relate to wedge angles and distance wedge

Table 4 Mean, minimum, and maximum errors of the data-fit model predictions for the optimized rotor blades from the multi-fidelity IDO, nor-

malized by the respective variable range from the sampling

Error (%) Mass flow Isentropic Incidence crite- Incidence crite- Incidence crite- Incidence Incidence crite-
efficiency rion slice 1 rion slice 2 rion slice 3 criterion slice 4 rion slice 5

Mean 7.46 0.40 2.16 3.64 1.24 3.00 7.00

Min 7.03 0.12 0.80 3.00 0.31 1.92 5.38

Max 8.17 1.03 4.70 4.08 1.83 4.60 9.10
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ABSTRACT

As turbomachinery designs become more complex, shape
optimization tasks involve computationally expensive simulations
and many constraints and design variables. Bayesian optimiza-
tion (BO) is a class of adaptive surrogate-based methods for
global optimization. It can efficiently utilize a small budget
of high-fidelity evaluations and handle a large number of con-
straints. However, it suffers from a hampered convergence rate
for problems with a large number of design variables. Adaptive
design space reductions via principal component analysis (PCA)
and trust region (TR) approaches have been shown to improve
the scalability in different phases of the optimization. Extending
existing methods, we implement the ability to benefit from parallel
high-fidelity evaluations and to handle constraints. We then se-
quentially combine our PCA-BO and TR-BO in a hybrid method
to profit from their respective complexity reduction strategies. We
assess the performance of our hybrid algorithm by comparing it
to vanilla BO on two problems: a 40D analytical test function
and a 55D aerodynamic compressor blade design. The empir-
ical results show that PCA-BO enhances the convergence rate
in the initial optimization phase, while TR-BO allows for further
improvements in the later iterations. Moreover, the algorithm
computation time is more than halved. For the compressor blade
case, our approach yields an equally good design as vanilla BO
after only 20 instead of 96 iterations. The proposed approach
has the potential to extend the good performance of BO to even
higher-dimensional constrained problems, including multi-stage
turbomachinery optimizations.

Keywords: Bayesian optimization, Efficient global optimiza-
tion, Design space reduction, Dimensionality reduction,
Principal component analysis, Trust region, Shape optimiza-
tion, High-pressure compressor
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NOMENCLATURE

objective function

constraint

number of constraints

number of design variables
reduced number of design variables
weight for rescaling in PCA-BO
vector of design variables

vector of reduced design variables
number of sample points

number of parallel infill points
trust region box side length
consecutive iteration threshold
standard deviation

cumulative distribution function
probability density function
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1. INTRODUCTION

Motivated by the vision of climate neutral aviation by 2050
[1, 2], novel aircraft engine concepts are needed in a short time.
Whether it is entirely new (hybrid-)electric systems or the next
generation of gas turbines, the vision’s realization depends on fast
development in every detail. This can be supported by design
optimization methods.

As simulation capabilities evolve, turbomachinery designs
become more complex and shape optimizations contain more
design variables and constraints. If robust adjoint solvers are
available, gradient-based local optimization methods can be em-
ployed to tackle this challenge. Their computational cost is almost
independent of the number of design variables. However, they
scale poorly with a high number of constraints (and objectives) to
be evaluated separately. Gradient-free global methods generally
perform well for many constraints [3].

This work focuses on gradient-free optimization by means of
Bayesian optimization (BO) [4]. BO became popular in engineer-
ing under the name efficient global optimization (EGO) [5, 6]. It

Copyright © 2024 by ASME; reuse license CC-BY 4.0
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is a class of adaptive surrogate-based methods, which can effi-
ciently compute high-quality solutions for optimization problems
with a small budget of high-fidelity evaluations. This is benefi-
cial when dealing with the generally non-convex problems and
expensive simulations in turbomachinery design, where BO is fre-
quently applied [7-9]. However, high-dimensional design spaces
pose a challenge for standard BO methods. Problem complexity
increases exponentially with the input dimension, leading to the
so-called curse of dimensionality.

One of the most commonly employed strategies is to re-
duce the problem dimensionality. Song and Keane [10] used
parameter screening in a Kriging-based aerodynamic engine na-
celle optimization. Even if the simple approach of fixing less
important design variables to their initial value may reduce the
computational cost of the optimization, the cost of the preceding
screening also increases exponentially with the input dimension.
Moreover, the approach is less flexible than most more recently
applied methods.

Lopez et al. [11] combined active subspaces [12] with a
global optimization algorithm, which relies on artificial neural
networks. The approach was compared to an adjoint method,
yielding similar results at reduced computational cost for a 35-
dimensional jet engine fan blade optimization.

Hartwig and Bestle [13] used partial least squares (PLS) in a
Kriging-based 57-dimensional aero-structural optimization of a
gas turbine compressor blade. First, PLS was used to reduce the
internal dimensionality of the Kriging model, as in [14]. Second,
PLS was used to transform but not reduce the design space for
the optimization.

Zhang et al. [15] employed proper-orthogonal decomposi-
tion (POD) for dimensionality reduction prior to an aero engine
compressor optimization. The 30 geometric design variables
could be replaced by 4 POD coefficients in the optimization.
This reduced problem was simpler and faster to be optimized,
however at the cost of accuracy as the POD was not adapted dur-
ing the optimization. POD is also known as principal component
analysis (PCA), as it will be called hereinafter.

PCA was also applied for geometric filtration and dimen-
sionality reduction in airfoil shape optimization in various ways
[16-19]. The underlying idea is that a set of geometries with
good aerodynamic performance has common geometric features,
which can be extracted by PCA. The benefit of a PCA-based pa-
rameterization is threefold: it filters out "bad" designs, reduces
the number of optimization parameters, and yields a well-posed
optimization problem with orthogonal design variables.

Trust region methods are another approach to reduce the
design space in large-scale surrogate-based optimizations. The
above techniques aim at reducing the dimensionality of the prob-
lem, while keeping the original ranges for the optimization. Here,
the dimensionality of the problem is kept constant and the param-
eter variation ranges are iteratively reduced. Trustregion methods
rely on the assumption that the current best point gets closer and
closer to the optimum as the optimization evolves. Thus, their
nature is more exploitative than explorative. Schlaps et al. [20]
showed that their combination of surrogate-based optimization
with a trust region method works well for a highly constrained
compressor vane optimization with 48 design parameters.

In combination with BO, the above methods were rarely ap-
plied in turbomachinery (and airfoil) optimization. None of the
above outlined PCA-based approaches adapt the PCA during the
optimization. In contrast, the good performance of BO origi-
nates especially from the adaptive enhancement of the Kriging
surrogate models.

In this paper, we encapsulate both the concepts of dimen-
sionality reduction and trust regions under the term design space
reduction. We present a twofold adaptive design space reduc-
tion approach for constrained BO. The resulting approach should
improve the performance of BO for high-dimensional optimiza-
tion problems with multiple constraints, particularly in industrial
turbomachinery applications.

Our paper contains three methodological novelties: First, we
sequentially combine dimensionality reduction and trust region
approaches, namely PCA-BO [21] and a trust region-based BO
[22, 23], to complement their individual strengths. Second, we
adapt the two existing methods to handle multiple, potentially
severely restrictive, constraints. The third novelty is a method
extension to generate and evaluate several designs in parallel,
considering the availability of high-performance computing en-
vironments and the importance of wall time for the industrial
design process. These modifications make the adaptive design
space reduction approaches usable for large-scale industrial en-
gineering design problems in the first place.

We analyze the performance of the proposed approach on
an analytical test function and a realistic turbomachinery design
problem. The first is the multimodal Rastrigin function mini-
mization subject to 4 constraints by varying 40 design variables,
taking up previous studies for the original methods. The lat-
ter is a detailed transonic blade design of the second stage of
the high-pressure compressor (HPC) in a modern high-bypass
geared turbofan engine. We seek for a blade design that max-
imizes the efficiency subject to 20 aerodynamic and geometric
constraints by varying 55 blade geometry parameters. This high-
dimensional and severely constrained optimization confirms the
proposed method’s adaptability to complex scenarios.

The remainder of the article is structured as follows: Sec-
tion 2 summarizes the basics of constrained and high-dimensional
BO asreference. The subsequent Section 3 presents our proposed
method, split into the two parts PCA-BO and TR-BO. Its perfor-
mance is tested on the analytical Rastrigin function in Section 4.
The aerodynamic blade design problem is defined in Section 5,
followed by the corresponding optimization results in Section 6.
The paper is concluded by a summary and outlook in Section 7.

2. CONSTRAINED HIGH-DIMENSIONAL BAYESIAN
OPTIMIZATION

The optimization problem is posed in the form

minimize  f(x)
hi(x) <0

by varying x; 1 < x; < X ub

subject to j=1,....m (D)

i=1,...,d
The goal is to minimize a single objective function f(x), subject

to m inequality constraints h;(x), by varying a vector x of d
design variables within their respective lower and upper bounds.

Copyright © 2024 by ASME; reuse license CC-BY 4.0
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2.1 Constrained BO

The basic BO procedure can be understood by the flowchart
in Figure 1, omitting the parts highlighted in color. All steps
with their employed methods and settings are specified below.
Our constrained BO approach is built upon the implementation
described by Arsenyev et al. [24], which can be consulted for
more details. For a broader understanding of surrogate-based
optimization in general, we additionally point the reader to the
reviews by Forrester and Keane [25] and, specifically for BO,
Garnett [26].

DoE. First, a design of experiments (DoE) provides points to
be evaluated by the high-fidelity model, forming an initial sample
set. We choose an optimized Latin hypercube sampling (LHS)
[27] to obtain a more uniform point distribution over the design
space.

High-fidelity evaluation. Second, the high-fidelity evalua-
tions are performed. In our blade design case, these are geometric
and aerodynamic simulations as described in Section 5. Points
with failed simulations get no special treatment and are omitted
in the training data set for lack of evaluation results. We do not
employ a dedicated failure handling [28], because the constraints
are chosen so as to guide the optimization towards successful
design space regions.

Best design update. If feasible points are available, the cur-
rent best design is the feasible one with the best objective func-
tion value. Otherwise, the current best design is the one with
the smallest sum of absolute constraint violations. For a well-
balanced impact, all constraint values are scaled to zero mean and
unit variance beforehand.

GP model fit. The samples are then used to fit a Gaussian
process (GP), or Kriging, low-fidelity model. The resulting pos-
terior distribution returns the mean, that is the predicted output
values, and the prediction uncertainty for arbitrary points in the
design space. The GP prediction cost is negligible compared to
the one of the high-fidelity evaluations. Herein, the GP surro-
gates are generated using the surrogate modeling toolbox [29].
The default settings are kept except for a Matérn 3/2 kernel in-
stead of a squared exponential kernel. The latter is unrealistically
smooth for modeling physical quantities [30], and the GP models
with the Matérn 3/2 kernel showed the highest accuracy among
various tested kernels for our problem. The anisotropic kernel
in combination with the high-dimensional input and output vari-
ables and an increasingly high number of training points makes
the GP model’s hyperparameter fit time consuming. Therefore,
the hyperparameters are optimized for all output variables at once,
maximizing the sum of likelihood function values. This can be
considered sufficiently accurate in view of the time savings for
the large number of constraints.

Infill criterion optimization. Based on this probabilistic sur-
rogate model, an infill criterion, or acquisition function, is opti-
mized. The aim is to find new infill points which either exploit
the model to converge to the optimal design, or explore the design
space to reduce the prediction uncertainty. A popular infill crite-
rion for unconstrained problems is the expected improvement EI.
With constraints, a common criterion, which we also use herein,
is the product of EI and the individual probabilities of feasibility

initial design

{

DoE

{

high-fidelity evaluation

|

best design update

yes optimized

termination criterion met? .
design

no

switch criterion met? ‘
no [

centering & weighting

v
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!

mapping to
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|

GP model fit (in original design space)

v v

penalized infill criterion optimization
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trust region update

in reduced space / in trust region

|

mapping back to
original feature space

I

FIGURE 1: Flowchart of the proposed constrained PCA-BO + TR-
BO approach. The parts which differ from the reference BO are
highlighted in orange for PCA-BO and blue for TR-BO.

PF; [6]. The resulting constrained infill criterion is defined as

CEI(x) = El(x) - 1—[ PF; (x). 2)
j=1

The CEI maximization is performed by a multi-start Nelder-Mead
simplex method. It yields multiple local optima, which are then
clustered to choose several infill point candidates to be evaluated
in parallel, as explained by Arsenyev et al. [24].

Repeat until termination criterion is met. Finally, high-
fidelity evaluations at these infill points provide new adaptive
samples to enhance the GP model. This process of GP model
fit, infill criterion optimization, high-fidelity evaluation, and best
design update is repeated until a termination criterion is met.
We chose the termination criterion as a maximum number of
iterations or minimum distance between infill points.
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2.2 High-dimensional BO

High dimensionality and the associated exponentially in-
creasing problem complexity concerns both major components
of the BO process. The GP model becomes inaccurate for limited
training data. The infill criterion optimization becomes diffi-
cult and inefficient within affordable budgets. As remedy, three
method classes for dimensionality reduction can be distinguished:
variable screening [31], additive models [32], and (non-) linear
embeddings. Examples for the latter are combinations of BO
with random embeddings [33], active subspaces [34], PLS [14],
or PCA, as used herein. A comprehensive summary of challenges
and recent approaches of high-dimensional BO is provided by Bi-
nois and Wycoff [35].

They conclude with the idea that a combination of low-
dimensional modeling and trust region approaches [22, 23, 36]
might be the key to make BO practical for high-dimensional
complex problems. In accordance, the comparison of various
high-dimensional BO approaches by Santoni et al. [37] closed
with the perspective of combining a PCA-assisted BO for fast
convergence towards optimal regions of the design space with a
trust region-based BO for efficient solution refinement.

3. PROPOSED APPROACH: CONSTRAINED PCA-BO +
TR-BO

We take up these suggestions and propose to sequentially ap-
ply PCA-BO [21] and a trust region-based BO (TR-BO) [22, 23].
PCA-BO reduces the design space dimensionality and is thus bet-
ter suited for global search in the initial phase of the optimization
run. TR-BO localizes the search by reducing the design space
size and is therefore more efficient in the later iterations. Starting
with PCA-BO, we switch to TR-BO once there is no improvement
for a predefined number of iterations.

Both of these adaptive design space reduction methods for
BO [21, 22] were originally proposed for unconstrained problems
and tested mainly on analytical functions. As mentioned in the
introduction, they need modifications to enable industrial aero
engine design applications. They must handle constrained high-
dimensional problems and simultaneously evaluate several design
candidates per iteration to exploit the available parallelized com-
puting environment. The resulting two individual BO approaches
are directly explained along with the respective original methods
in the following Subsections 3.1 and 3.2.

3.1 Constrained PCA-BO

Raponi etal. [21] proposed a PCA-BO algorithm for efficient
global optimization of unconstrained high-dimensional problems.
Here, a PCA procedure applied to weighted samples restricts the
search over an adaptive lower-dimensional manifold. This linear
manifold is defined as the space spanned by the orthogonal direc-
tions in the design space along which the objective function value
changes rapidly. Consequently, the infill criterion optimization is
performed in a target-oriented reduced subspace, mitigating the
curse of dimensionality.

A version with nonlinear manifolds based on kernel PCA
was also published [38]. The much higher complexity does,
however, usually not pay off by a considerably better perfor-
mance [37]. Its major drawback is that kernel PCA does not

provide an explicit map back. To overcome this limitation, kernel
PCA-BO reconstructs the counterimages of solutions found in
the low-dimensional space through sub-optimization procedures,
inevitably introducing computational overhead.

The procedure proposed in this work for constrained prob-
lems is illustrated in the left branch of the flowchart in Figure
1. The differences to vanilla BO are highlighted in orange and
are explained below. Please refer to Raponi et al. [21] for more
mathematical details on the parts adopted from the unconstrained
version.

Centering & weighting. As preparation for the PCA fit, the
successfully evaluated sample points x®) k= 1,...,n, must be
rescaled by centering and weighting x’%) = £(X) (%) This al-
lows PCA to find directions in the design space going through
the most promising regions. To compute the weights, the points
are first attributed a rank »(¥). In the original unconstrained for-
mulation [21], the rank is determined according to their objective
function value.

If the method must also handle constraints, this is no longer
appropriate. We therefore rank the points so that among feasible
points, the rank is determined by the objective function value.
Infeasible points are ranked according to the total constraint vio-
lation. The infeasible points’ ranks are then increased by adding
the number of feasible points, so that feasible points are always
ranked superior to all infeasible ones. The weights are computed
as ™ =1Inn - Inr®, and normalized by w® = 111(")/2 ),
The better the point, the lower its rank and the larger its weight.

PCA fit. The PCA is trained on the weighted points x’(¥).
Therefore, the d-dimensional sample points are centered again
and assembled in a matrix X’ € R"™?. The dominant features
can then be determined by a singular value decomposition (SVD)
of X”’. The resulting matrices contain the orthonormal basis vec-
tors, the so-called principal components, and the singular values
in descending order. This sorting enables an approximation of
X" by truncating the matrices after the first r basis vectors and
singular values, losing as little information as possible for any
reduced rank r < d.

The reduced rank can either be specified in advance or chosen
such that the first r variances, that is the squared singular values,
sum up to a given percentage threshold of the total variance of
the data. In this work, we determine r in the initial iteration by
considering a 95% explained variance ratio. We then keep this
value constant throughout the optimization procedure to prevent
premature stagnation. The PCA implementation relies on the
Python package scikit-learn [39] with a full SVD.

Mapping to reduced feature space & back. The PCA yields
a linear map between the original and the reduced feature space.
In the unconstrained PCA-BO [21], all sample points are mapped
to the reduced feature space as input for a faster GP model fit.
With the additional constraints, the reduced feature space is in-
fluenced by various response variables and is thus not suitable to
describe the variation of each individual response. Surrogates in
the reduced space may exhibit high multimodality and be prone
to inaccurate prediction of feasible regions. For instance, sam-
ple points deemed infeasible might be projected relatively close
to feasible ones in the reduced space, or vice versa, potentially
compromising constraint-driven optimization efforts.
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Nevertheless, the infill criterion is optimized based on the
adaptive lower-dimensional parameterization z;,i = 1,...,r
from the PCA. Operating in the new reduced feature space entails
the need for new variable bounds z; 1, < z; < z;u. Neither
should good regions be neglected, nor should the infill points
lie outside the original design space when mapped back. There-
fore, as in [21], we define a larger than necessary hyper-cubic
reduced design space. Its center is the original design space cen-
ter mapped to the reduced space. Its side length is the diameter
of the hyper-sphere tangent to the original space. Finally, every
surrogate model evaluation in the infill point search and every
high-fidelity evaluation of new infill points requires a map back
through L : R” — R4,

Penalized infill criterion optimization in reduced space. A
penalized constrained infill criterion is used to ensure that mapped
back infill points lie within the original design space:

CEI(L(z))
-P(L(z))

PCEI(Z) _ { ifx,"lb S L(Z)i Sxi,ub,iz 1,....d,
otherwise.

3)
If the considered infill point z lies outside the original design
space when mapped back via L(z), the CEI from Equation (2) is
replaced by a negative penalty value P. The penalty is determined
by summing the distances from the original domain bounds, cal-
culated along each direction. Hence, points outside the original
space are automatically discarded in the infill criterion optimiza-
tion.

3.2 Constrained TR-BO

Regis [22] proposed a trust region implementation in
Kriging-based optimization with expected improvement. In other
words, he developed a trust region approach for BO of uncon-
strained high-dimensional problems. We adjust the approach to
our problem by combining it with elements from Eriksson et al.
[23], and denote the proposed method as TR-BO.

Like in PCA-BO, the infill criterion optimization is per-
formed in an iteratively adapted reduced design space. However,
here not the design space dimension, but the size is reduced by
narrowing its bounds. Thereby, the infill point search becomes
more local and thus simplified for large-scale problems. It is per-
formed in a smaller region of the design space, in which we expect
our optimum. The differences between TR-BO and BO are high-
lighted in blue in the right branch of Figure 1 and explained in the
following. Note that the steps have partly been rearranged with
respect to the original method [22], but the working principles
are the same.

Trust region update. The trust region is a hypercube centered
around the current best design Xpeg,; in every iteration ¢. Its size
is also set iteratively and depends on the optimization progress.
We consider all design variables to be scaled to [0, 1] in the
original design space, and set the trust region input parameters
as defined in [22]: Initially, the trust region covers the entire
design space, even if the center lies in a corner. The initial side
length is hence /y = Ihax = 2, and we allow a reduction down to
Imin = 1/64. At iteration ¢, the side length /; is halved if there
is no actual improvement Al = f(Xpest.r—1) — f (Xbest,r). It is
doubled if the Al is greater than or equal to the (non-constrained)

EI = El(xpes,r). The criterion AI/EI does not only consider
sufficient surrogate accuracy, but emphasizes the optimization
progress.

Compared to Regis’ [22] original approach, we modify the
update criteria to get a more robust algorithm for parallel infill
points. Inspired by Eriksson et al. [23], we require the original
update criteria to be fulfilled for T consecutive iterations, instead
of only one. Eriksson et al. set different values of 7 for trust
region expansion and shrinking. For the sake of simplicity, we
set T = d/q/2 for a d-dimensional design space and g parallel
infill points per iteration. At iteration ¢, the trust region size is
thus adapted as

max(l;_1/2, Imin) if Al = 0 for T consecutive

iterations since last resizing,
if AI/EI > 1 for 7 consecutive (4)
iterations since last resizing,

lt = min(2l,_1,lmax)

I otherwise.

Finally, the reduced range is updated to

max (X best,r — lr /2, Xi,1b) < X;
< min(xi,best,t + lt/lxi,ub),i =1,....d. (5)

The presence of constraints can be considered to have lit-
tle impact on the trust region update. Constraint satisfaction is
already implied by the update criterion, because full constraint
satisfaction is a prerequisite for every new best point.

As part of the proposed hybrid approach, the criterion for
switching from PCA-BO to TR-BO is the first TR contraction.
We switch to full dimension and reduced side length /;, = 1 if
Al = 0 for the last 7 iterations. The subsequent TR-BO steps are
performed as specified above.

Infill criterion optimization in trust region. The infill cri-
terion optimization is localized inside the trust region. As the
included hyper-volume is exponentially reduced, also fewer sam-
ple points with CEI = 0 are included. This makes the acquisition
function less multi-modal and hence easier and faster to optimize.
In contrast, we still fit the surrogate model in the full domain in-
cluding all training points for maximum accuracy, especially near
the trust region bounds. A GP fit within the trust region would
allow for region-specific hyperparameter tuning, a feature bene-
ficial for handling inhomogeneous functions [23], which are not
expected in this context.

The downside of the localization is the risk of getting stuck
in a local optimum. Remedies are restarts once the infill crite-
rion falls below a threshold [22], or simultaneous optimization
in ¢ local trust regions [23]. Both come at the cost of an in-
creased number of expensive high-fidelity evaluations. We do
not incorporate any of these globalization strategies, as our hy-
brid approach relies on localization through trust regions as the
operational mechanism in the second phase.

4. RASTRIGIN TEST FUNCTION OPTIMIZATION RESULTS
We first assess the performance of our hybrid algorithm and

its two individual parts by comparing them to a vanilla BO on

an analytical test problem, the Rastrigin function. Additionally,
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FIGURE 2: Objective function (Rastrigin function minimization)
over optimization iteration. The mean and standard deviation over
30 runs per method are plotted based on the current best feasible
objective values of each run and method. Additionally, the mean
and standard deviation of the total CPU time per run is plotted. The
prefix reduced GP denotes versions with GP model fit in the re-
spective reduced space.

versions of PCA-BO and TR-BO with the GP model fit in the
respective reduced space are compared to justify our choice of
a GP model fit in the full design space. The high-fidelity func-
tion evaluations are computationally cheap and thus enable many
repetitions for statistically meaningful comparisons. The uncon-
strained Rastrigin function was amongst others used by Raponi
etal. [21] with d = 10, 20, 40, and Regis [22] with d = 30 to test
their respective methods we build upon. It is part of the black-box
optimization benchmarking (BBOB) test suite [40], which also
provides a constrained version. We examine our methods based
on an instance of the 40-dimensional multi-modal function with
4 nonlinear inequality constraints. They are generated according
to the constrained BBOB formulation by Dufossé et al. [41].

Following the experimental set-up of Raponi et al. [21], we
fix our high-fidelity evaluation budget to 10d + 50, of which 20%
are used for the DoE. Given our test problem dimension d = 40,
this yields 90 initial samples and 36 optimization iterations with
q = 10 parallel high-fidelity evaluations per iteration. BO is non-
deterministic, with the DoE and the initial points of the acquisition
function optimization as main sources of randomness. Therefore,
we perform 30 runs of each method. Every run has an individual
seed to initialize the random state for a fair comparison between
the methods within a single run. All computations are performed
on a single Intel(R) Xeon(R) Gold 6130 CPU @ 2.10GHz.

Figure 2 shows the convergence of the Rastrigin function
minimization over the optimization iterations. Only fully feasible
points are taken into account. PCA-BO reduces the design space
dimension from d = 40 to r = 24 on average. TR-BO performs
the first trust region reduction after 9 iterations on average, our
hybrid algorithm (PCA-BO + TR-BO) already after § iterations.
We therefore roughly divide our analysis in the initial phase up
until 10 iterations and the remainder.

In the initial phase, the TR-BO curve in blue overlays the BO
in gray, and the PCA-BO + TR-BO in green overlays the PCA-

BO curve in orange, because the trust region does not yet actively
reduce the design space. The PCA-BO methods significantly
speed up the initial convergence, just like for the unconstrained
single-infill results by Raponi et al. [21].

PCA-BO stagnates after 10 iterations, as the reduced set of
adaptive design variables represents a limit for further conver-
gence. BO also mostly stagnates after about 25 iterations. In
both cases, TR-BO enables a further convergence, because it
adaptively localizes and hence simplifies the infill point search.
This qualitatively matches the unconstrained single-infill results
by Regis [22].

Since we test on an analytical function, the CPU time per
run is mainly spent on the BO algorithm. The proposed hy-
brid algorithm and its individual parts can approximately halve
the runtime. This is because they perform the computationally
expensive infill criterion optimization in reduced design spaces.
The versions with also the GP model fit in the respective reduced
space halve the runtime once more. However, these savings come
at the cost of decreased model accuracy, causing an earlier stag-
nation for both PCA-BO and TR-BO.

The first tests on the constrained 40D Rastrigin function
show that our constrained and parallel variants of the PCA-BO
and TR-BO algorithms can effectively reduce the design space
in different phases of the optimization. Applied consecutively
in our hybrid method, they can yield a better feasible design at
reduced algorithm runtime for both small and larger high-fidelity
evaluation budgets.

5. HPC AERODYNAMIC BLADE DESIGN

As realistic industrial application, we deal with the second
stage of a generic HPC with eight stages in total. It is inspired by
a modern high-bypass geared turbofan engine.

The annulus geometry and initial blade profiles are pre-
designed based on a previous optimization using 2D streamline
curvature methods. The initial 3D airfoils are generated from the
2D solution with an in-house software and minor manual adjust-
ments. We seek for a detailed rotor blade design with maximum
isentropic efficiency, while fulfilling various geometric and aero-
dynamic constraints. The detailed blade design employs 3D blade
geometry generation and computational fluid dynamics (CFD).

5.1 Blade geometry parameterization

The design problem is characterized by 46 rotor plus 9 sta-
tor blade geometry parameters, which is considered a high di-
mensionality to be effectively addressed by BO [35]. They are
required to enable large variations of complex blade geometries.
The parameters are as mutually independent as possible, and are
chosen for a target-oriented modification of local flow phenom-
ena.

The blade geometry parameters are illustrated in Figure 3.
2D profiles are defined along the streamlines at hub, mid, and
tip, and then stacked to generate the 3D geometry. For the 2D
profiles, four base points are set as joint points between the four
profile segments pressure side (PS), suction side (SS), leading
edge (LE), and trailing edge (TE). Their location with respect to
the profile center is defined by the blade angles «, the stagger
Bs, the wedge angles 7y, and the distance wedge [. The shapes
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FIGURE 3: Blade geometry parameterization. Modified from [42].
The profile parameters (top) at blade hub, mid, and tip (bottom) are
the design variables of the optimization problem

of the PS and SS segment splines are described by the curvature
k, and the aspect ratio parameters of slope p and curvature o.
These parameters are symmetric both at LE (backward), and TE
(forward).

For a smooth 3D blade, the 2D profiles are radially stacked
and interpolated with polynomials of specified orders. The lo-
cation of the blade centers are controlled by the shift s in axial
and circumferential direction. All of these parameters are free to
modify the rotor blades, while only blade angles « and stagger Ss
are considered to alter the stator. The focus is on the rotor blade
design, while the stator parameters only adjust to the changing
boundary conditions due to the large rotor modifications.

5.2 Aerodynamic design evaluation

The above geometry parameters are the input for the high-
fidelity evaluation of new designs, which is outlined in what
follows. The geometry generation is performed by in-house tools
and takes about 2 minutes per design. To enable large design vari-
ations, we set wide variable ranges in the optimization problem.
With the high number of variables, the resulting design space
contains regions where the geometry generation fails. The com-
plex blade geometries make it difficult to identify these regions
in advance. Therefore, the optimizer must handle the simulation
failures.

The aerodynamic analysis is performed by 3D CFD sim-
ulations. The flow solution is based on the RANS equations
and computed by TRACE [43], a program specialized on turbo-
machinery components developed by the Institute of Propulsion
Technology of the German Aerospace Center (DLR) and the MTU
Aero Engines AG. We consider two operating points: the aero de-

TABLE 1: Compressor blades optimization problem definition.

1 objective f(x) type
isentropic efficiency n;s at ADP maximization
20 constraints /1 (x) type of bound

isentropic efficiency n;s at ODP

mass flow rir at ADP

mass flow riz at ODP

downstream flow angle az at ADP
constriction at 11 radial slices of rotor
max. blade thickness delta at 4 radial
slices near rotor tip

max. blade thickness at rotor tip

lower (=baseline)
lower & upper
lower (=baseline)
lower & upper
lower

lower

lower & upper

55 design variables x; type of bound

see Figure 3 lower & upper

sign point (ADP) at cruise conditions, and an off-design point
(ODP). The ODP is a throttled state with the same rotational
speed as the ADP but higher back pressure, which is used to
ensure acceptable off-design performance. The flow around the
two blades is transonic. The aerodynamic analysis has by far the
highest simulation expense, with about 18 minutes on 16 CPUs
per design point, thus 32 CPUs in total.

5.3 Design optimization problem

Our detailed blade design optimization problem for the sec-
ond stage of a HPC is defined in Table 1. We aim at maximizing
the isentropic efficiency at cruise conditions by modifying the
rotor and stator blade geometry parameters described above. The
optimized design must fulfill a number of inequality constraints.
They are computed along with the objective function by the 3D
simulation process outlined before.

When optimizing a single stage, we must ensure that it fits
back into the system. Therefore, boundary conditions are ex-
tracted from the full HPC CFD simulations and additional aero-
dynamic constraints are introduced. In this case, the variation
of mass flow and downstream flow angle is limited by narrow
lower and upper bounds. Additionally, the performance at the
throttled ODP should not degrade during the optimization. This
is realized by a lower bound for the isentropic efficiency and a
minimal requirement for the absolute mass flow.

Concerning the rotor blade geometry, the constriction at 11
radial positions should not be too small to guarantee the manufac-
turability. For the same reason, the tip region should not become
too thin.

The described optimization problem represents a realistic
industrial use case. It requires an optimization algorithm that
can deal with 55 design parameters and 31 constrained response
variables.

6. BLADE OPTIMIZATION RESULTS

We test the proposed approach on the above described HPC
aerodynamic blade design problem by comparing the perfor-
mance of the constrained PCA-BO, TR-BO, their combination,
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and a vanilla BO algorithm as reference. Besides the initial
sampling and the optimization convergence, also the progress of
design space reduction, the ability to handle both simulation fail-
ures and a highly constrained design space, and the final designs
are analyzed.

Due to the increased complexity of the blade design prob-
lem, we double the high-fidelity evaluation budget of the Rastrigin
function optimization to 20d +100. With design space dimension
d = 55, we aim to evaluate 240 initial points and then perform 96
optimization iterations with g = 10 parallel high-fidelity evalua-
tions each. The high CFD simulation times limit the number of
runs per method to 5. Each of the 5 runs has an individual initial
seed for a fair method comparison.

As mentioned in Section 5.2 and specified in Table 2, the
geometry generation fails in about 77% of the design space. This
is mostly because pressure and suction side surfaces interpene-
trate or become very close. In this case, also the constriction
constraints are not satisfied, because the profile thickness is re-
duced in between the LE and TE base points (see Figure 3). The
geometrical constraints thereby drive the optimization towards
regions with successful evaluations and make a dedicated failure
handling in the optimizer unnecessary.

Since the geometry generation is the first and least computa-
tionally expensive step of the high-fidelity evaluation, these failed
simulations do not add much time to the initial sample genera-
tion. We initially evaluate 204 design points to get on average
245 successful samples. The initial sampling phase takes about 6
hours in total, as 20 designs are evaluated in parallel. Apart from
the initial point in the center of the design space, denoted by xy,
all DoE points violate at least one constraint, indicating a small
feasible design space.

PCA-BO is highly dependent on the initial sampling, be-
cause the initial principal components bias the further optimiza-
tion. Figure 4 shows the variance ratio captured by an increasing
number r of principal components which were computed based
on the initial sampling. With only 10 out of 55 dimensions cap-
turing half the variance, and 25 dimensions capturing about 80%
of the variance, it becomes clear that a design space reduction is
possible. The 95% threshold is reached with r = 40 to 42 com-
ponents for the different runs. The resulting dimension reduction
by a fourth shows that the intrinsic problem dimensionality is not
much lower than the original one. In other words, our design
space dimension is not artificially high. The negligible stan-
dard deviation over the 5 different initial sample sets indicates an
almost sample-independent choice of the reduced dimension r.

The optimization progress of the four methods is illustrated
in Figures 5 and 6.  Figure 5 shows the convergence of the
objective, isentropic efficiency maximization, over the number of
iterations on the top and over the wall time on the bottom. Figure
6 shows the associated design space reduction over the number of
iterations, with the reduced dimension r by PCA-BO on the top
and the reduced side length / by TR-BO on the bottom. Note that
designs are only considered as current best Xpeg if they satisfy all
constraints.

The switch from PCA-BO to TR-BO in our hybrid algorithm
can be seen in the upper part of Figure 6. It is indicated by the
jumps up to the original dimension d = 55 between 16 and 35

1 |
2 08
s
8
,§ 0.6 -
s
’ 0.4
= 4
5
% 0.2 —— 95% threshold
mean
+stdv
0 |
T T T T T T
0 10 20 30 40 50

reduced dimension r

FIGURE 4: Variance ratio captured by the first r principal compo-
nents based on the initial sampling. For PCA-BO, we choose r so
as to explain at least 95% of the variance. The mean and the (very
small) standard deviation over 5 runs are plotted, as well as the 95%
threshold.

iterations. Therefore, we roughly split our discussion in the first
20 iterations and the remainder.

In the first iterations, the BO and TR-BO curves and the
PCA-BO and PCA-BO + TR-BO curves are similar but not iden-
tical, unlike in Figure 2 for the Rastrigin test function. The small
deviations are caused by numerical errors in the high-fidelity
evaluations. The initial convergence slope of the two PCA-BO
approaches is about twice as steep as of the other two methods.
For the improvement achieved with adaptive dimension reduc-
tion via PCA in 20 iterations, the methods with full dimension
need about 80 iterations. This behavior is especially useful for
industrial engineering applications, where we seek for a quickly
improved design proposal rather than the mathematical optimum.

Also unlike the analytical tests, PCA-BO does not stagnate
in the later iterations but continuously finds better designs. How-
ever, the standard deviation of the objective is significantly higher
for PCA-BO compared to the results obtained with full dimen-
sion. This might be due to the strong influence of the adaptive
PCA-based reduced design variables, which in turn depend on
different training points gathered during each run.

After the first 20 iterations, all three proposed methods show
a similar convergence rate, but a superior performance to vanilla
BO. TR-BO yields an additional improvement in both cases. The
adaptive design space contraction is, however, less effective than
the dimension reduction via PCA-BO and cannot make up for
the head start in the first iterations. After the full 96 optimiza-
tion iterations, BO reaches on average only 80% of the objective
function improvement of the proposed hybrid approach. This is
a big difference in a detailed design optimization like the one
addressed in this study.

In addition, the vanilla BO algorithm computations take more
than double the time of the three proposed approaches. This can
be deduced from the lower part of Figure 5, which shows the
objective function over the wall time. The simulations take about
96-20 minutes = 32 hours for all four methods and runs. PCA-BO
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FIGURE 5: Obijective function (isentropic efficiency maximization)
over optimization iteration (top) and wall time (bottom). The mean
and standard deviation over 5 runs per method are plotted based
on the current best feasible normalized objective values of each run
and method. On the bottom plot, additionally, the standard devia-
tion of the total wall time per run is indicated with black horizontal
lines.

+ TR-BO takes on average 40 hours to complete the 96 iterations,
so 8 hours are spent on the optimization algorithm. PCA-BO and
TR-BO individually take only a little longer. Vanilla BO, in con-
trast, takes on average 16 hours longer. This indicates again that
design space reductions mitigate problem complexity. Thereby,
they save much more computation time than the additional reduc-
tion steps in the algorithm take.

Coming back to the optimization objective, we compare the
average isentropic stage efficiency improvement f(xpes)/f(x0)
for the proposed hybrid algorithm and BO at two different wall
times: 8 hours, corresponding to 20 iterations of our approach,
and 40 hours, corresponding to the final iteration. In the first 8
hours, the average increase in isentropic stage efficiency is 0.85%
without design space reductions, compared to 1.22% with the
implemented reductions. Despite the considerably better start
of our proposed approach, the improvement between 8§ and 40
hours is similar, yielding on average in total 1.16% versus 1.52%
efficiency improvement with respect to the initial design. These
are significant isentropic stage efficiency improvements given the
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FIGURE 6: Design space reduction over number of optimization it-
erations: The top figure shows the (reduced) design space dimen-
sion r (= d if there is no reduction). The bottom figure shows the
trust region side length /. All 5 runs per method are plotted semi-
transparent, so that less transparent lines indicate several runs
with the same course.

preoptimized initial design.

The blade optimization also tests our approaches’ ability to
handle simulation failures and complex constraints. Table 2 lists
the mean ratios of successful high-fidelity evaluations and feasible
designs in the initial DoE and during the optimizations with 5
runs per method. Among the compared optimization approaches,
PCA-BO’s ability to find successful and feasible points is clearly
superior. With 37% feasible designs it achieves nearly twice the
ratio of BO and TR-BO. This matches our expectations, as the
principal components are computed based on only successful and
preferably feasible designs. Moreover, it explains the even better
performance of PCA-BO on the blade design problem compared
to the analytical test case without failures.

For the final best designs, all 20 constraints are satisfied, in
accordance with our definition of xpe. The isentropic efficiency
increases along with the objective function. All other aerody-
namic constraints are active, meaning that the response value lies
on the constraint bounds. The geometric profile constriction con-
straints are only partly active for the tip sections. The remaining
geometric constraints are mainly needed to drive the search to-
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TABLE 2: Mean ratios of successful simulations and feasible de-
signs during the initial DoE and the iterative phase of the compared
optimization algorithms.

DoE BO PCA-BO TR-BO PCA-BO
+ TR-BO

successful | 23% 47% 57% 36% 439
feasible 0%  19% 37% 19% 25%

Mach
> 1

<1

FIGURE 7: Mach number distribution at the mid plane for initial
(top) and optimized (bottom) design obtained by the proposed BO
approach in the run closest to the mean. The switch from super- to
subsonic flow at Mach = 1 on the rotor suction side is marked by
the black lines.

wards reasonable geometries and are therefore easily fulfilled for
the final best designs.

To conclude the result analysis, we take a look at the main
source of the efficiency improvements. Since the blades are tran-
sonic, there is a shock where the flow over the blade’s suction side
is decelerated to subsonic speeds. The shock-induced boundary
layer separation increases the drag and thus reduces the efficiency.
Figure 7 shows the Mach number distribution at the mid plane
for the initial and optimized design. The latter is from the run of
our hybrid approach with the result closest to the mean. At the
rotor blade suction side, the maximum Mach number is lowered
and the deceleration to Mach < 1 is spread over a longer blade
span, softening the shock for an increase in efficiency.

7. CONCLUSIONS

The outcome of this work is a BO approach for high-
dimensional constrained problems, which is shown to signifi-
cantly accelerate the optimization and further improve the isen-
tropic efficiency of an industrial aero engine blade design. We
propose to facilitate the surrogate-based infill point search in the
high-dimensional design space by a twofold adaptive reduction.
In the first phase, the design space dimension is adaptively re-
duced via PCA. In the second phase, the design space ranges
are adaptively reduced by a trust region approach. Both indi-
vidual parts, PCA-BO and TR-BO, are extensions of existing

approaches to address parallel-constrained scenarios, providing
simultaneously candidate solutions fulfilling constraint feasibil-
ity.

We test our approach on two optimization problems: the
analytical 40D Rastrigin function and an industrial 55D HPC
aerodynamic blade design. The results for the constrained 40D
Rastrigin function show that PCA-BO improves the convergence
rate in the first, more explorative, optimization iterations, and
then stagnates. The algorithm then switches to TR-BO, which lo-
calizes the search for a further objective improvement compared
to vanilla BO. An even larger improvement is achieved for the
55D HPC aerodynamic blade design. Our hybrid approach not
only achieves an equally good design as vanilla BO within just
20 iterations of the full 96, but also demonstrates further capabil-
ity of improvement beyond this point. This can be explained by
the improved failure handling of PCA-BO. Moreover, the algo-
rithm computation times are more than halved. The quick initial
convergence makes PCA-BO a useful tool for industrial engineer-
ing applications, while TR-BO can contribute to better optimize
detailed designs, where minor improvements might matter.

Potential future work includes a speed up of the GP model fit,
for instance by a GP-internal dimension reduction via PLS [14]
or other design space reduction approaches [35]. Besides, PCA-
BO and TR-BO can be employed simultaneously for a smoother
transition. Alternatively, the final local optimization phase can be
done using adjoint methods. This study contributes to the long-
term goal to make the benefits of BO available for even higher-
dimensional constrained design problems. One example is a
multi-stage turbomachinery configuration, where a joint detailed
design can yield better results as aerodynamic inter-stage coupling
is taken into account.
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Abstract Inturbomachinery axial compressor devel-
opment, detailed multi-stage 3D blade optimizations
enable better designs than their common single-stage
counterparts. However, this design problem entails a
prohibitive computational effort for industrial applica-
tion. It is very high-dimensional, highly constrained,
and involves expensive aerodynamic and structural de-
sign evaluations. Bayesian optimization (BO) is well
suited for the two latter characteristics but suffers from
the curse of dimensionality. In contrast to previous ap-
proaches, we exploit the problem’s multi-component
structure to overcome this challenge. We propose to
decompose the overall optimization task into lower-
dimensional component subproblems. Component in-
teractions are fully taken into account by a sequen-
tial cooperative procedure, named cooperative compo-
nents BO (CC-BO). This enormously facilitates the BO
without the need to modify the overall system evalua-
tions. Additionally, we propose a variant with random
subproblem decomposition. We analyze the work-
ing mechanisms of informed and random CC-BO and
compare their performance to standard BO and state-
of-the-art algorithms on two problems: a 100D multi-
component Branin function and a 223D 4-stage aero-
structural compressor blade design. Both proposed
approaches significantly enhance the originally poorly
performing BO and largely outperform the compared
algorithms. The informed version shows an additional
advantage for the well-known multi-component struc-
ture of the analytical problem. The increased flex-
ibility of random CC-BO makes it the best choice
for an efficient global optimization of the multi-stage
blade design. It can be readily applied to other high-
dimensional constrained optimization tasks.

Keywords Bayesian optimization, Efficient global
optimization, Problem decomposition, Multi-
disciplinary design optimization, Turbomachinery,
Blade design

Nomenclature

hyperparameters vector
constraints vector

design variables vector
reduced likelihood function
number of components
number of design variables
objective function

number of response variables
number of sample points
number of parallel infill points
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1 Introduction

Sustainable aviation requires more efficient aircraft en-
gines. Their development can be supported by numeri-
cal optimization [1]. In classical axial turbomachinery
design, a preliminary multi-stage flowpath and blading
optimization is followed by detailed single-stage airfoil
shape optimizations. The first are commonly based on
1D mean-line and 2D throughflow analyses, while the
latter rely on 3D computational fluid dynamics (CFD)
simulations.

However, stage interface boundary conditions that
are fixed after the low-fidelity predesign restrain im-
provements in the subsequent high-fidelity detailed de-
sign step. Detailed multi-stage optimizations based on
3D CFD would allow to improve not only the indi-
vidual stage aerodynamics but also inter-stage effects.
Besides, additional structural mechanics constraints
must be imposed to guarantee safe and reliable opera-
tion. The resulting multi-stage aero-structural design
problem is challenging to optimize, because it contains
a high number of design variables, many constraints
from multiple disciplines, and computationally expen-
sive high-fidelity simulations.

The high-dimensional design space can be well han-
dled by gradient-based optimization algorithms. Wang



et al. [2, 3] enabled multi-stage steady aerodynamic
optimizations by proposing an adjoint treatment of the
mixing planes, a boundary condition formulation for
the blade row interfaces. Ma et al. [4] introduced an
unsteady adjoint formulation for multi-stage turboma-
chinery optimization for a more accurate simulation
of the blade row interactions. More recent adjoint
multi-stage turbomachinery optimization publications
mostly focus on 1.5-stage applications [35, 6, 7]. Draw-
backs of gradient-based optimization are its high com-
putational cost in case of many constraints, and its huge
memory requirement for large control volumes. Be-
sides, robust adjoint solvers may not be available for
all disciplines and finite difference computations are
prohibitively expensive.

This makes gradient-free optimization methods a
popular choice. Schnoes et al. [8] combined low-
fidelity 2D streamline curvature computations with
high-fidelity 3D RANS CFD simulations in a Co-
Kriging-based optimization approach. For a 4-stage
aero-structural compressor design with 119 design pa-
rameters, the 2D methods were not accurate enough
for a benefit compared to a purely high-fidelity opti-
mization. Nevertheless, their high-fidelity bi-objective
optimization via AutoOpti [9] converged in less than
1200 high-fidelity evaluations. Baert et al. [10] per-
formed an aerodynamic optimization of a 4-stage low-
pressure turbine by a radial basis function network-
based evolutionary algorithm. Despite the high num-
ber of 352 design parameters, they obtained an al-
most 50% higher efficiency gain compared to sequen-
tial stage-wise optimizations. Zhang et al. [11] opti-
mized the blade geometries in a 3.5-stage transonic ax-
ial compressor with variable inlet guide vanes (IGVs)
and stators at two operating points. They used a
metamodel-interpreted data mining method to reduce
the 103 design parameters to 15 key variables and
optimized these by a surrogate-based multi-objective
approach. Efficiency and stability improvements were
shown to be achieved by inter- and intra-stage load-
ing redistribution. This shows once more the need for
efficient multi-stage optimization procedures.

The target application in this work is a detailed
parametric blade geometry optimization of the 4-stage
transonic high-pressure compressor (HPC) frontblock
shown in Figure 1. The frontblock’s efficiency should
be maximized while fulfilling constraints from geom-
etry, static structural mechanics, modal analysis, and
aerodynamics. To obtain these multi-disciplinary re-
sponse values, new designs are automatically eval-
vated using the aero-structural simulation workflow

IGV

stage 1  stage 2 stage 3stage 4

Figure 1 High-pressure compressor frontblock annulus ge-
ometry composed of aerodynamically coupled stages. Each
stage consists of one row of rotor blades followed by one
row of stator vanes. The first stage additionally includes an
inlet guide vane (IGV).

shown in Figure 2. As the workflow indicates, we fo-
cus on the overall aerodynamic stage interactions and
the structural behavior of the first two rotors. Gas loads
are kept constant during the optimization, because the
aero-structural coupling effects are usually much less
influential than the centrifugal loads. Our generic in-
dustrial optimization problem amounts to 223 design
variables, 43 nonlinear constraints, and about 2 hours
per high-fidelity evaluation.

Multi-stage turbomachinery optimization can hence
be classified as a high-dimensional, constrained,
and expensive-to-evaluate problem. We focus on
surrogate-based optimization methods, more precisely
Bayesian optimization (BO), because they are well
suited for the two latter characteristics. BO [12] is
a global optimization approach, that iteratively iden-
tifies new infill points to be evaluated by the high-
fidelity model based on an adaptive probabilistic sur-
rogate model. Like most gradient-free methods, it
suffers from the curse of dimensionality, that is a poor
scalability to a large number of design variables [13].

Shifting from the purely mathematical to the engi-
neering point of view, our design problem can also be
classified as multi-component and multi-disciplinary.
The design space can be split into coupled compo-
nents, while the response space can be divided into
uncoupled disciplines. The simulation workflow in
Figure 2 additionally indicates which component de-
sign variables affect which discipline response vari-
ables. This information is illustrated in Table 1. Even
if the multi-stage aero-structural optimization may not
be a typical multi-disciplinary optimization (MDO)
[14] problem, similar approaches can be applied. Dis-
tributed MDO architectures [15] exploit the problem
structure to decompose the overall optimization task
into several smaller and simpler interconnected sub-
problems.
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Figure 2 Aero-structural high-fidelity evaluation workflow
composed of uncoupled disciplinary simulations. The blade
geometries are generated row by row. The aerodynamic
simulations are performed for the overall 4-stage system.
The structural behavior is computed separately for the most
highly loaded rotors in the first two stages.

The innovative idea in this work is to use the concept
of distributed MDO to tackle the challenge of sample-
efficient BO with a large number of design variables
and constraints. The resulting methodological goal is
to develop a novel interconnected problem decomposi-
tion approach for BO. It has the major benefit of smaller
subproblems at optimization level, without requiring
a system decomposition at evaluation level. Thereby,
we enable efficient global multi-stage aero-structural
turbomachinery blade optimizations.

We propose a cooperative components BO (CC-
BO), inspired by distributed MDO strategies and the
cooperative efficient global optimization (CoEGO) ap-
proach by Zhan et al. [16]. We decompose the over-
all optimization task into component subproblems ac-
cording to the known underlying structure. Compo-
nent interactions are fully taken into account by a se-
quential cooperative procedure. The subproblems are
simpler to solve, because of lower-dimensional com-
ponent design spaces, partly lower-dimensional sur-
rogate models, and a reduced number of component
constraints. This makes CC-BO an effective way to
incorporate the problem structure information for a

Table 1 Component-to-discipline dependency information
for multi-stage aero-structural blade design. Stage 1 in-
cludes the IGV.
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significantly faster convergence over the number of
iterations.

The proposed approach is motivated by a particular
problem structure and requires Boolean information
on the relation of design variables to components and
response variables. For the case that no information
is available, we additionally propose a generalized ap-
proach, with a random design space decomposition
into a predefined number of components in every BO
iteration. It outweighs the loss of information by the
advantage of increased flexibility. Depending on the
problem at hand, both informed and random CC-BO
can hence be the better method for high-dimensional,
constrained, and expensive-to-evaluate optimization.

The rest of this paper is structured as follows: Sec-
tion 2 outlines various optimization approaches, as
context for the proposed CC-BO method presentation
in Section 3. Afterwards, in Section 4, we develop
a multi-component analytical problem and perform
comparisons to state-of-the art algorithms, as well as
an analysis of the CC-BO working mechanisms. Sec-
tion 5 provides an optimization problem description
and in-depth result analyses for the multi-stage aero-
structural compressor blade design. The article is con-
cluded by a summary and outlook in Section 6.

2 Optimization approaches

We assume an optimization problem of the form
f(x)
h(x) <0 (1)

x € R,

minimize
subject to

by varying Xxpp < Xx < Xyp,



Our m quantities of interest are a single objective func-
tion f(x) and a set of m — 1 inequality constraints
h(x). We seek for a feasible minimum by varying a
d-dimensional design variable vector x.

2.1 Bayesian optimization

BO [12] is a popular method in engineering design,
where optimization problems are often constrained
and contain expensive-to-evaluate functions. In this
context, it is also known as efficient global optimiza-
tion (EGO) [17]. The basic process is illustrated by
the flowchart in Figure 3, omitting all colored parts.
In this section, we specify the employed methods and
settings step by step. For a deeper understanding, we
refer the reader to the review on surrogate-based op-
timization in general by Forrester and Keane [18] and
BO in particular by Garnett [19].

DoE. The initial step is a design of experiments
(DoE) that distributes points in the design space. For
the analytical test problem, we use an optimized Latin
Hypercube Sampling (LHS) [15] with uniform dis-
tribution in each direction. For the turbomachinery
problem, we opt for a LHS with normal distribution
centered around the initial design to reduce the number
of simulation failures due to extreme designs.

High-fidelity evaluation. The responses for the sam-
ple points are then computed by high-fidelity evalua-
tions, in the compressor case according to the work-
flow in Figure 2. Points with failed simulations are
filtered out. The resulting sample set of design points
and corresponding response values acts as training set
for the surrogate model.

Best design update. The current best design is the
sample point with the best objective function value,
provided that it satisfies all constraints. It is updated
at the end of every BO iteration.

GP model fit. In every iteration, the Gaussian pro-
cess (GP) surrogate models, also referred to as Kriging
models, are fitted based on all available sample points.
Our a-priori GP is the sum of a constant mean and a
stationary GP, defined by its variance and squared ex-
ponential correlation function, also known as kernel.
The model fit is a log-marginal-likelihood function
maximization to optimize the d-dimensional kernel
hyperparameter vector 6. It is performed by a multi-
start Cobyla algorithm [20]. The resulting a-posteriori
GP models not only provide a response prediction, but
also a model uncertainty estimate for every point in
the design space. We use the implementation from the
surrogate modeling toolbox (SMT) [21].

Infill criterion optimization. Based on the cheap-to-
evaluate GP models, we then search for new promis-
ing points to be evaluated by the high-fidelity model.
Therefore, an infill criterion or acquisition function is
optimized, here the product of expected improvement
(ED) and the individual probabilities of feasibility (PF),
yielding the constrained expected improvement (CEI)
[17]. A multi-start Nelder-Mead simplex algorithm
is used as optimizer. It yields multiple local optima,
that are clustered [22] to choose a batch of ¢ infill
points to be evaluated in parallel with the expensive
high-fidelity model.

Repeat until termination criterion is met. BO is an
iterative process, which is repeated until a termination
criterion, here a maximum number of high-fidelity
evaluations, is met.

2.2 High-dimensional Bayesian optimization

With higher design space dimension, the volume in-
creases exponentially and the distance between a con-
stant number of sample points grows. This effect is
known as the curse of dimensionality. It impedes the
good performance of BO for high-dimensional prob-
lems, affecting the two main building blocks of BO.
First, the GP models become inaccurate and the fit
becomes slow for a fixed number of training points.
Second, the infill criterion optimization becomes com-
plicated and inefficient. The infill criterion is generally
difficult to optimize, because of its many local maxima
in promising unexplored regions and large plateaus in
the other parts, and even more so for a high design
space dimension.

These challenges and recent approaches for high-
dimensional BO were summarized by Binois and
Wycoft [13]. They distinguish four groups of reme-
dies: additive models, (non-)linear embeddings, trust
region approaches, and variable selection. The as-
sumption of an additive objective function [23] does
not hold for the compressor efficiency [24]. The
assumption of a low intrinsic problem dimensional-
ity [25] is also not reasonable for detailed compres-
sor blade design [26]. Besides, literature on high-
dimensional BO methods for constrained problems is
comparatively sparse. Transformations into uncon-
strained problems via penalty approaches are not suit-
able for the complex constraints of many engineer-
ing design problems [27]. Therefore, some originally
unconstrained methods were extended to handle con-
strained problems.

An example for linear embeddings is PCA-BO [28],
where a lower-dimensional design space is determined



by a principal component analysis (PCA) of weighted
samples. In its extension to constrained problems by
the authors [26], the infill criterion optimization is
performed in this lower-dimensional subspace. The
approach was shown to significantly speed up the con-
vergence in the first BO iterations on both a 40D
constrained analytical problem and a 55D compres-
sor blade design.

The arguably most popular trust region BO ap-
proach, TuRBO [29], was extended to scalable con-
strained BO (SCBO) [30] by Eriksson et al. It com-
bines three building blocks. First, it counteracts over-
exploration by confining the design space inside a trust
region. Second, it treats heterogeneous functions by
transforming objective and constraints so as to empha-
size optimum and feasible regions, respectively. Third,
it enables a fast generation of large infill point batches
in each iteration by Thompson sampling instead of CEI
maximization. SCBO was shown to outperform state-
of-the-art methods on highly constrained test problems
up to 124D. We use the version provided by BoTorch
[31] with the settings from the SCBO paper [30].

Tailored to turbomachinery design, the BO-like op-
timizer AutoOpti [9] by the German Aerospace Center
(DLR) is productively used in industry. It employs
GP models to approximate high-fidelity responses. A
multi-objective evolutionary strategy is used to opti-
mize a combination of infill criteria, including EI. Its
performance is enhanced by various state-of-the-art
techniques, such as automatic selection of relevant in-
put dimensions, robust GP training, trust regions, and
asynchronous parallel infill points generation. Au-
toOpti was shown to perform well on blade design
problems with up to 230 design parameters [9]. It was
also successfully employed for a 4-stage blade opti-
mization [8].

With regard to our idea of an informed problem de-
composition, the cooperative approach to EGO (Co-
EGO) by Zhan et al. [16] provides a good basis. Co-
EGO does not include any problem information and
therefore randomly decomposes the high-dimensional
design space into a number of lower-dimensional sub-
problems. The GP model fit and the infill criterion
optimization are then performed sequentially for each
subproblem. Context vectors of GP hyperparameters
and design variables maintain the cooperative connec-
tion between the subproblems. After each subprob-
lem solution, a high-fidelity evaluation is run and the
context vectors are updated accordingly. Once all sub-
problems are done, the process is repeated, starting
with a new random design space decomposition.

CoEGO was tested on a set of analytical 100D func-
tions [16]. It was shown to yield a nearly linear reduc-
tion in optimization time as the number of subproblems
increases. However, the convergence over the number
of high-fidelity evaluations slowed down with a grow-
ing number of subproblems. Both of these effects were
enhanced by parallel instead of sequential subproblem
optimizations. The final optimization results of Co-
EGO were competitive with various high-dimensional
BO approaches.

2.3 Multi-disciplinary and multi-component
optimization

Many large-scale problems in engineering design re-
late to systems with multiple disciplines or compo-
nents. Disregarding their structure, they can be treated
as a common optimization problem with a multi-
disciplinary model and solved by the above meth-
ods. This approach is called multi-disciplinary fea-
sible (MDF) and belongs to the group of monolithic
MDO architectures [32].

The term MDO encompasses all kinds of interac-
tions, no matter if between components or disciplines.
The underlying idea is that optimizing a coupled sys-
tem, like the multi-stage compressor, can yield better
designs in a shorter time than sequential optimizations
of the uncoupled parts, for instance the single com-
pressor stages. Martins and Lambe [32] provide an
overview of MDO methods for engineering design.

For large problems, the group of distributed MDO
architectures seems promising. They decompose the
optimization problem into multiple smaller subprob-
lems, which only consider a part of the design variables
and constraints. The idea is to speed up the optimiza-
tion by exploiting the problem structure. The decom-
position mimics the traditional industrial development
process, where complex tasks are split into manage-
able sub-tasks to be performed by disciplinary design
teams. Despite the promising idea, distributed archi-
tectures are rarely used because of their slow conver-
gence [15]. This is due to the high coordination effort,
that is required to guarantee the multi-disciplinary con-
sistency and usually enforced by an additional system-
level optimization.

3 Proposed approach: cooperative
components Bayesian optimization

In contrast to most common MDO problems, our aim
is not to decouple the entire system, for example into



single-stage analyses and optimizations. Instead, we
only want to split the optimization, for instance into
single-stage subproblems. The component subprob-
lems have fewer design variables and constraints and
can thus be more efficiently solved by BO. Multi-
component consistency is thereby always fulfilled for
the analyses and only needs to be maintained inside
the optimizations, resolving the main disadvantage of
distributed MDO approaches.

We propose a cooperative components BO (CC-
BO), which combines the above ideas of distributed
MDO and CoEGO. Similar to distributed MDO, we
split the coupled problem into component subprob-
lems according to the known underlying structure.
Similar to CoEGO, we perform sequential subprob-
lem optimizations linked by context vectors.

CoEGO provides a methodological basis but re-
quires significant changes to fit our purpose. First,
we shift the focus from an accelerated optimization
algorithm to a fast convergence over the number of
iterations, which is decisive in case of expensive high-
fidelity evaluations. Second, we make sure that every
high-fidelity evaluation provides entirely new results
despite the non-random decomposition. Therefore, we
only perform a high-fidelity evaluation once all com-
ponent subproblems were solved. The modification
also entails a different context vector update. More-
over, we add constraint handling and batch evaluation
capabilities. They are required in most engineering
problems and to exploit modern computational envi-
ronments, respectively.

The problem structure information is provided in the
form of two Boolean matrices {0, 1} and {0, 1}4*™.
They describe which design variables belong to which
components and which design variables affect which
responses. Accordingly, d is the number of design
variables, ¢ is the number of components, and m is
the number of responses, that is the objective and con-
straints. We introduce the index i = 1,...,c of the
currently active component, that has a reduced num-
ber of design variables d; < d and responses m; < m.
Moreover, j = 1,...,m indexes the GP models and
k =1,...,q the infill point batches. Figure 3 illus-
trates the proposed CC-BO process. The steps that
differ to standard BO are highlighted in green and will
be explained in what follows.

Shuffle component order. In each CC-BO itera-
tion, we randomly shuffle the component order before
performing the sequential component optimizations.
This guarantees a well-balanced influence of all com-
ponents and can hence enable better overall results.

initial design

DoE

v

— high-fidelity evaluation

v

best GP hyperparameters & design update

termination yes

criterion met? optimized design

no

shuffle component order,
context vectors initialization, i = 1

cooperative GP model fit P
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cooperative infill criterion optimization
component i, for batch k, k = 1,...,¢q
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context vectors update, i =i + 1

no

i>c?
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Figure 3 Flowchart of the proposed CC-BO approach, with
the difference to the reference BO highlighted in green.

Context vectors initialization. The sequential sub-
problem optimizations consist of a GP model fit and
an infill criterion optimization for each component
i = 1,...,c. They are BO-internal maximization
problems of the marginal likelihood ¥ (6#) and the
CEI(x), respectively. Both the GP model hyperpa-
rameters §# € R and the design variables x € R?
are high-dimensional vectors. In CC-BO, these in-
ternal optimizations are performed by varying only
the respective component parameters and fixing all
others to so-called cooperative context vectors. The
context vectors thereby establish the connection to the
other subproblems. They are initialized with the cur-
rent best parameters. We set the GP hyperparame-
ter context vectors to @coop = Opese for each response
j =1,...,m and initialize the infill point context vec-
tor as Xcoop = Xbest-

Cooperative components GP model fit. The m; GP
models are then fitted in parallel. The component
i training set is (X;,Y;), with the set of n samples
of component design parameters X; € R™ % and re-
sponses Y; € R™i_ The cooperative GP model hy-



perparameter fit of component i can then be formulated
as

v (0)
O <0; <Oui, 0;€RY (2
l+i,l=1,...,c.

maximize
by varying
while fixing  6; = Ocoop,i,

The hyperparameter vector 8 is composed of the vari-
able component hyperparameter vector #; and the co-
operative context vector Ocoop,; for all other compo-
nents [ # i. The cooperative components GP model fit
was added as an application in the version 2.7.0 of the
open-source SMT [21].

Besides, there may be responses that exclusively de-
pend on the component i design variables. Including
this problem information, they can be modeled by or-
dinary GPs. Their lower dimensionality yields more
accurate models. As an example, we look at stage 1
from our turbomachinery problem. With the informa-
tion from Table 1, only models of four instead of all
nine disciplines’ responses need to be fitted. Only the
aerodynamic responses are modeled by a cooperative
GP. Geometry, modal, and structural responses can
be approximated by lower-dimensional ordinary GP
models.

Cooperative components infill criterion optimiza-
tion. Based on the surrogate models, we search for a
batch of ¢ component infill points to be evaluated in
parallel. For the first component i = 1, there is a single
context Vector Xcoop = Xbvest- Lherefore, the first com-
ponent i = 1 search is a single optimization. It yields
g component infill points and hence g design variable
context vectors to continue with. For the subsequent
components i > 1, a separate infill point search is run
in parallel for each of the ¢ context vectors. Each of the
parallel searches returns a single infill point, for a total
of g infill points to be evaluated in parallel after the
last component i = ¢. Similar to the cooperative GP
fit in Equation (2), the cooperative constrained infill
criterion optimization of component i is formulated as

maximize CEI(x) = El(x) - l_l PF;(x)
= (3)

Xib; < X; < Xup;, X € RY
l+i,l=1,...,c.

by varying

while fixing  x; = Xcoop, 1>

Moreover, there may be constraints that do not de-
pend on the varied component i design parameters.
Throughout the component  infill search, they remain
constant and so does their PF. This additionally speeds

up the infill search by less surrogate model evalua-
tions and simplifies the CEI function to be maximized.
Considering again stage 1 as an example, according to
Table 1, only the responses of four of the nine disci-
plines affect the CEI for the single-stage infill point
search.

Context vectors update. After each component i
optimization, the context vectors are updated with
the optimized quantities. For the cooperative GP

models, Ocoop,; = @ for each component response
j =1,...,m;. The infill point context vectors are up-
dated as xcoop,; = Xinfin,; for eachbatchk =1,...,4q.

In summary, the informed problem decomposition
has several advantages for BO in a high-dimensional
design space, with a high number of constraints, and
expensive high-fidelity evaluations. Concerning the
high-dimensional design space, the series of lower-
dimensional component subproblems simplify the GP
model fit and infill criterion optimization. Moreover,
information on design-to-response variable dependen-
cies allows for partly lower-dimensional and thus more
accurate GP models. With the same information,
also the large number of constraints can be partly de-
composed, reducing the number of non-constant con-
straints per subproblem. This additionally accelerates
and simplifies the component infill criterion optimiza-
tions. Finally, the combination of the above effects
in sequential cooperative component optimizations al-
lows for a fast convergence over the limited number of
iterations, which is the main goal of CC-BO.

Although the structure is problem-specific, the pro-
posed decomposition approach is generally applicable,
even without information about the problem structure.
If the allocation of design variables to components
is unclear, CC-BO can be applied with a new ran-
dom split in a user-defined number of ¢ components
in every BO iteration. We call this generalization ran-
dom CC-BO, as opposed to the informed CC-BO de-
scribed above. A small ¢ can simplify the cooperation,
whereas a small component dimension d; can improve
the component optimizations. The subproblem di-
mension should therefore be chosen as high as still
well manageable by BO, for instance d; = 10.

If the relation of design to response variables is
unknown, they can be assumed to be fully depen-
dent. Consequently, the advantages of partly lower-
dimensional GP models and fewer non-constant com-
ponent constraints are lost, but the main working
mechanism of simplified lower-dimensional compo-
nent BOs is maintained.



Table 2 Design-to-response variable dependency informa-
tion for multi-component Branin function.

response
variables y

component variables u
design variables x

4 Multi-component Branin function
optimization

We first assess our approach on an analytical test func-
tion. It is easily reproducible and enables in-depth
analyses of our method’s performance and working
principles with much less computational effort com-
pared to a simulation-based problem.

4.1 Branin optimization problem

The test problem should have similar characteristics
to our turbomachinery problem. This means it must
be subject to constraints, exhibit a multi-component
structure, and have a high-dimensional design space.
We choose the popular two-dimensional modified
Branin test function with Gomez#3 constraint, defined
by Parretal. [27], as a basis. For the multi-component
structure, we decompose the Gomez#3 function into a
set of 3 constraints, where /g op depends on both u;
and uy, hj op depends only on u1, and hjp is only
a function of u,. This problem structure is illustrated
in Table 2, analogous to our turbomachinery problem
structure in Table 1. The resulting objective and con-
straint functions are formulated in Equation (4).

51 5 2
fZD(u) = (Mz - m + ;Ml - 6)
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The objective function fop is defined on the two-
dimensional design space u; € [-5,10] and u, €
[0, 15], the multi-component constraint hg op is de-
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Figure 4 Branin function with multi-component con-
straints. The black contours represent the objective func-
tion, the gray lines show the constraint bounds, and the
colored parts indicate the feasible regions. The global op-
timum is at the yellow star.

fined on uj,u; € [0,1], and the single-component
constraints hjop, hoop are defined on uj,uy €
[-1,1]. All functions are normalized to ui,u, €
[-1,1]. The constraints in Equation (4) are already
standardized for 4 < 0 to be consistent with the opti-
mization problem formulation in Equation (1).

Figure 4 illustrates the resulting two-dimensional
problem. The starting point at u; = up = 0.8 is feasi-
ble, like for the turbomachinery problem. Similar to
the original problem by Parr et al. [27], we have two
local and one global minimum, each of which is asso-
ciated to a feasible region. The three feasible regions
are disconnected and include different ranges of func-
tion values. The local optimum in the initial feasible
region is at f = 91.48480, the second local minimum
is at f = 42.56271, and the global optimum is at
S =7.20185 with u] = 0.95151 and u3 = —0.47102.

The high-dimensional design space x € [—1, 1]¢ is
obtained by an artificial scaling, similar to the high-
dimensional unconstrained modified Branin function
by Priem et al. [33]. In order to keep our two-
component problem structure, the random scaling ma-
trix A € R¥ of Priem et al. [33] is replaced by a
separate vector a; € R%/? for each of the two com-
ponents i = 1,2. This vector is generated randomly
and then normalized such that u; = al.Txl- € [-1,1] for
all x; € [—1, 1]9/2. The objective function is thereby
evaluated as f(x) = fop(al x1,alx;) and the three
constraints are computed analogously.
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Figure 5 Convergence of various BO algorithms, including
the proposed CC-BO, for the 100D multi-component con-
strained Branin test function minimization. The mean and
standard deviation of the best feasible objective function
values of 10 runs per algorithm are shown.

4.2 Branin optimization results

We compare our reference BO and the proposed CC-
BO to various state-of-the art high-dimensional con-
strained BO algorithms. Moreover, we analyze the
individual and joint effects of the distinguishing ele-
ments of our CC-BO algorithm on the overall conver-
gence. The high dimension d = 100 is chosen for a
similar component design space dimension d; = 50 as
for our turbomachinery problem. Each algorithm is
run 10 times with a different seed, which yields 10 dif-
ferent initial DoEs. We start the BOs with d+1 = 101
initial LHS points and set the maximum number of
high-fidelity evaluations to 5d+1 = 501. With a batch
of g = 10 infill points per iteration for all algorithms,
this is equivalent to 40 optimization iterations.

Besides BO and informed and random CC-BO, we
compare constrained PCA-BO, SCBO, and AutoOpti,
which were outlined in Section 2.2. Figure 5 shows
the convergence mean and standard deviation of the 10
runs each. All six methods find feasible improvements
of the objective function. However, BO, PCA-BO, and
SCBO do not even find the highest local minimum in
the limited number of iterations. The poor conver-
gence of the reference BO was to be expected, see
Section 2.2.

PCA-BO [26] shows a faster initial convergence than
BO but quickly slows down. The design space dimen-
sion is reduced to 53 or 54 principal components, de-

spite a captured variance ratio of 99%. This indicates
that d + 1 initial samples are not sufficient for a good
PCA with original design space dimension d = 100.

SCBO [30], in contrast, does not actually operate in
a reduced design space, as the trust region side length
never falls below the initial value. The reason might be
the large failure tolerance of 7y = d/q = 10, meaning
that the side length could be reduced no sooner than
every tenth iteration. With a smaller tolerance of 7 =
3, an improved objective function value of around 100
could be reached. Besides, the Thompson sampling
makes it by far the fastest among the tested algorithms.

AutoOpti [9] reliably reaches the global minimum
within 40 iterations. This confirms its good perfor-
mance on high-dimensional and highly constrained
problems, which are typical for turbomachinery de-
sign. The big standard deviations in the runs with
AutoOpti can be explained by the different objective
function values of the three feasible regions, see Fig-
ure 4. This results in a jump of the objective function
value when a better feasible region is found.

Random CC-BO performs a new random split in
¢ = 10 components with d; = 10 in every iteration
for. It converges to the global minimum in 7 of 10
runs. This can be understood as a proof of concept,
that sequential component optimizations connected by
cooperative context vectors can counteract the curse of
dimensionality and thereby enable high-dimensional
BO. Therefore, the cooperative components approach
could also be applied to problems without a particular
problem structure.

Informed CC-BO runs with ¢ = 2 components, ac-
cording to the problem structure in Table 2. It already
finds the feasible region that contains the global op-
timum in the first iteration and then only takes about
15 iterations to reliably find the global optimum. It
is important to state that the other high-dimensional
BO algorithms are not generally inferior, as informed
CC-BO has the advantage of knowing the problem
structure. The results rather show that our CC-BO
approach is a very effective way of incorporating this
information. Despite being based on our indeed in-
ferior reference BO, it can outperform state-of-the art
algorithms like SCBO or AutoOpti.

In addition to the overall CC-BO performance, we
study the effect of the two cooperative building blocks
on the convergence and wall time. We compare all four
combinations of ordinary and cooperative GP model
fits and infill searches to analyze their individual and
joint influence. The term ordinary refers to the build-
ing blocks used in BO, as described in Section 2.1.



Additionally, we distinguish whether problem infor-
mation is available or not. The upper part of Figure
6 shows the resulting convergence of the feasible best
point over the number of iterations.

In the versions without information in Figure 6a, the
number of components is set to ¢ = 2 for a meaningful
comparison. Even without any information, all runs
with one or both cooperative building blocks do at
least reach the highest local minimum at f =~ 91.5 in
the first 20 iterations. Afterwards, at least one run of
each combination also finds the global optimum.

As shown in Figure 6b, problem information alone
has a negligible effect on the convergence, even if it
might make the surrogate models more accurate by
providing design-to-response variable dependencies.
However, it greatly enhances the positive impact of
cooperative GP model fits and infill searches, where
it additionally provides information on how to decom-
pose the design space. All of these informed runs
with one or both cooperative building blocks show a
very steep initial convergence. The version with only
cooperative model fits gets stuck at the second local
minimum at f ~ 42.6 in 6 out of 10 runs. The two
others, with the green curve overlapping the blue one,
converge to the global optimum at f =~ 7.2 in at least
20 iterations.

The lower part of Figure 6 shows the mean wall
times per optimization with standard deviations. All
computations are performed on ten Intel(R) Xeon(R)
Gold 6142 CPUs @ 2.60GHz. Qualitatively, the in-
formation mostly accelerates the cooperative proce-
dures. Cooperative component model fits addition-
ally speed up the algorithms, whereas the cooperative
infill searches take longer. The numbers can be in-
terpreted as algorithm run times, because the high-
fidelity analytical function evaluations are negligibly
fast. Compared to the reference BO, informed CC-BO
takes 27% longer and random CC-BO adds 73% wall
time. All tested algorithms stay below 2 minutes per
high-fidelity evaluation. This is not critical when sim-
ulation times of several hours are expected, like for our
engineering test case.

The main performance indicator is thus the conver-
gence over the number of iterations. The above results
without information show that the cooperative compo-
nents approach is advantageous for high-dimensional
design spaces. If problem information is available,
CC-BO is a highly effective way to incorporate it, even
for the simplest possible structure of our test problem
with only two components and three constraints.

5 Multi-stage aero-structural HPC
blade design

The motivation for CC-BO comes from the industrial
engineering problem of multi-stage aero-structural tur-
bomachinery blade design. Therefore, we assess our
algorithms on the detailed design of the first four
stages, see Figure 1, of a generic 8-stage HPC that
could be part of a modern high-bypass geared turbo-
fan engine.

5.1 Aero-structural design evaluation

Our optimizations are based on 3D blade geometry
generations, finite element (FE) analyses, and CFD
simulations. The high-fidelity evaluation workflow is
illustrated in Figure 2. All building blocks are speci-
fied in the following.

Geometry generation. The blade shapes are defined
by a set of parameters that also serve as design vari-
ables in the optimization. They are illustrated in Figure
7. First, 2D profile parameters are specified at vari-
ous radial positions, mostly at blade hub, mid, and tip.
The locations of the four base points at the intersec-
tion of leading edge (LE), pressure side (PS), trailing
edge (TE), and suction side (SS), are set with respect
to the blade center. They are defined by the blade an-
gles a, the stagger Ss, the wedge angles y, and the
distance wedge [. Second, the splines of the PS and
SS segments are refined by symmetric values of the
curvature k and the aspect ratio parameters of slope p
and curvature 0. The 2D profile centers, highlighted
inred in Figure 7, are shifted in axial and circumferen-
tial direction. The smooth 3D blade is then obtained
by spline interpolation, with the order depending on
the number of radial positions. This process of blade
geometry generation is performed with in-house tools.
It takes about 3 minutes for the nine blade rows in the
4-stage frontblock. The generated hot blade geome-
tries are an input for both structural and aerodynamic
simulations. For the structural models, the disk sector
geometry is added to the rotor blades. For the aero-
dynamic model, the blades are assembled to form the
multi-stage frontblock.

Static & modal structural analysis. The 3D struc-
tural simulations are carried out in the open-source
FE program CalculiX [35]. The rotor blades operate
under centrifugal, gas, and thermal loads. Centrifugal
loads are determined in the FE analysis based on rota-
tional speed. Gas and thermal loads are computed in
advance, prescribed as radial pressure and temperature
distributions, and finally mapped onto the respective
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Figure 6 Influence of the CC-BO building blocks (cooperative components GP model fit, cooperative components infill
criterion optimization) without (a) and with (b) problem structure information for the 100D multi-component constrained
Branin test function minimization. The mean and standard deviation of the best feasible objective function values (top)
and the wall time (bottom) of 10 runs per algorithm are shown.

blade. The structural analyses are performed at cruise
operating conditions and run about 5 minutes on 6
CPUs per row.

Aerodynamic analysis. The 3D CFD simulations
are performed with the steady-state RANS flow solver
TRACE [36] by the German Aerospace Center (DLR)
and MTU Aero Engines AG. For multi-row aerody-
namic analyses, single blade row passages are modeled
by the mixing-plane approach. This means that the
flow state at one side of the row interface is averaged
in peripheral direction and prescribed as a boundary
condition to the other side. The converged flow so-
lution has consistent flow states on both sides of the
mixing plane. In addition to the aerodynamic design
point (ADP) at cruise conditions, an off-design point
(ODP) is considered. It is a throttled state with the
same rotational speed and a higher back pressure. The
CFD simulations are by far the most expensive part of
the high-fidelity evaluation process and take on aver-
age 119 minutes on 32 CPUs per design point.

5.2 Blade optimization problem

Based on the 3D simulation workflow specified above,
we seek for a detailed blade design with maximized ef-
ficiency subject to constraints on aerodynamics, static

stresses, eigenfrequencies, and geometry. The ini-
tial annulus geometry and blade profiles of all four
stages were designed via 2D throughflow computa-
tions. Moreover, the blades in the first two stages, that
are subject to structural constraints, were preoptimized
separately for a feasible initial design. Our multi-stage
aero-structural compressor blade optimization prob-
lem is defined in Table 3. The problem has a single
objective, 42 constraints, and 223 design parameters.

The objective is to maximize the isentropic effi-
ciency at cruise conditions. The optimized 4-stage
frontblock must fit back into the overall engine. This
requires to keep the mass flow and downstream flow
angle close to the initial state, which is imposed by
narrow double-sided inequality constraints. In order
to maintain a good off-design performance, we set a
lower limit for the isentropic efficiency and the mass
flow at the throttled ODP.

Structural mechanics constraints are imposed on the
rotor blades of the first two stages. Being relatively
thin and highly loaded, they are most critical for the
structural integrity and life of the blisks. We constrain
the maximum static principal stresses within the rotor
blade and in the fillet region between blade and disk.
Moreover, the stress difference between PS and SS is
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Table 3 Multi-stage aero-structural compressor blades optimization problem definition.

1 objective f(x) type number discipline

isentropic efficiency n;s at ADP maximization 1 aero

42 constraints . (x) type of bound number discipline

mass flow 71 at ADP lower & upper 1 aero

downstream flow angle az at ADP lower & upper 1 aero

isentropic efficiency n;s at ODP lower (=baseline) 1 aero

mass flow m at ODP lower (=baseline) 1 aero

max. static principal stress 077 max upper 2+2 struct 1+2
on rotor surface, fillet

max. static principal stress difference Aoy max lower & upper 2+2 struct 1+2
between PS and SS on rotor surface, fillet

eigenfrequencies lower &/ upper 9+7 modal 1+2

max. blade thickness at rotor tip lower & upper 1+1 geo 1+2

max. blade thickness delta at radial slices lower 4+4 geo 142
near rotor tip

blade profile constriction lower I+1+1+1 geo 1+2+3+4

223 design variables x number

IGV Rl S1 R2 S2 R3 S3 R4 S4

see Figure 7 6
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Figure 7 Blade geometry parameterization. Modified from
[34].

bounded to guide the optimization to a better balanced
blade design. In addition, several rotor eigenfrequen-
cies are constrained to avoid resonances within the
engine’s operating range. The critical modes and as-
sociated frequency ranges are identified based on the
Campbell diagram, taking into account fundamental

engine orders and excitation from the neighboring sta-
tors.

For the first and second stage rotor, the structural
feasibility could be enforced by large modifications
of the blade thickness distribution in the tip region.
This is unintended and is counteracted by a narrow
lower and upper bound for the maximum tip thickness.
Moreover, we prescribe a decreasing blade thickness
in radial direction near the tip. The combination of a
high number and wide ranges of our rotor blade de-
sign variables can yield unreasonable blade profiles,
like ones with negative constriction. A correspond-
ing aggregated constraint for each of the four stages
prevents such blade shapes.

The design variables are illustrated in Figure 7 and
were described in the previous section. The distribu-
tion of design variables in the IGV, rotor blades (R),
and stator vanes (S) of the four stages is also listed
in Table 3. The rotor blades require a more detailed
design than the stator vanes, because they are aerody-
namically and structurally more complex. The stators
are only modified to adjust to the changing flow condi-
tions due to the rotor blade optimizations. Moreover,
the initial geometry of the first rotor is so complex that
it requires partly higher order polynomials compared
to the second rotor, and has therefore some more de-
sign variables. For the rotors of stage 3 and 4, where no
structural analysis is performed, the chord length dis-
tribution, the ratio of blade thickness to chord length,
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and the stacking in radial direction are kept unchanged
to avoid large effects on their structural behavior.

The total of 223 design variables poses a challenge
for BO, but is required for a detailed design of the
4-stage HPC frontblock. For a single-stage optimiza-
tion with a similar problem and parameterization, a
PCA showed that the design space dimension is not
artificially high [26]. The about four times higher di-
mensionality and limited number of samples do not
allow for reasonable PCA results for our 4-stage prob-
lem. This also makes variable screening and sensi-
tivity analyses inaccurate, risking to neglect actually
important parameters.

5.3 Blade optimization results

Due to the high simulation cost, we focus on four op-
timization approaches. The main reference is our BO,
that is the base for the proposed informed and random
cooperative components algorithms. We additionally
run AutoOpti, because it was successfully employed
for a similar multi-stage problem [8] and showed a
good performance for the analytical test problem in
Section 4. Our analysis includes the DoE, initial model
accuracy, convergence, simulation success, and con-
straint fulfillment. Moreover, we compare the stage-
wise quantities of interest and flow field of the initial
and optimized design.

We perform 5 runs per algorithm with different
seeds. Hence, we initialize the optimizations with
5 different DoEs. Like for the analytical problem, we
aim for d + 1 initial samples and choose a batch size
of ¢ = 10 high-fidelity evaluations per optimization
iteration. The maximum number of iterations is set to
100.

The large design space allows parameter combina-
tions which lead to impossible blade geometries. Inthe
optimization, the geometric constraints usually drive
the search away from these failure regions. In the
DoE, however, this causes many high-fidelity evalu-
ation failures. We use a LHS with a d-dimensional
normal distribution with center at the initial design x
and standard deviation 0.2 - (xy» —X1p), truncated at the
upper and lower bounds. This yields less extreme de-
signs than a uniform distribution but still only 22% suc-
cessfully evaluated sample points. Simulation failures
occur in 75% of the cases in the geometry generation,
15% in the structural analyses, and the remaining 10%
in the aerodynamic simulations. Therefore, the com-
putational overhead of simulation failures in the DoE
is small. With this in mind, we evaluate 5d+1 =1116
designs and get initial training sets with 241 samples

on average. Except for the initial design, none of the
samples fulfills all constraints. This indicates a small
feasible part of the design space.

The high number of constraints would make the GP
model fits a very time consuming task, despite the par-
allelization. Moreover, even for very fast predictions,
the infill criterion optimization times scale nearly lin-
early with the number of surrogate model evaluations.
For a linear speed-up, we group the responses accord-
ing to the 13 physical quantities that are expected to be-
have similarly: constriction stage 1-4, thickness stage
142, stresses stage 1+2, frequencies stage 1+2, mass
flows, downstream velocity angle, and efficiencies. We
then fit only one hyperparameter vector @ per group
by maximizing the sum of the individual likelihood
functions ¢ (6) [21]. As expected, this accelerates
the prediction by 70% and even increases the initial
surrogate accuracy.

The initial model error is estimated by a 5-fold cross-
validation, with one of the initial samplings as training
set and the remaining four as test set. All errors are
normalized with the respective test set variable range.
Without design-to-response variable dependency in-
formation (for BO and random CC-BO), the mean er-
ror is 5.45% for one model per response and 5.29% for
one model per group. With information (for informed
CC-BO), the mean error is 4.67% for one model per re-
sponse and 4.60% for one model per group. Especially
the thickness, stress, and frequency models profit from
the information. All structural models additionally
improve with the grouping, presumably because the
averaging counteracts overfitting. These initial model
accuracies are acceptable, given the very small DoE
and the adaptive enhancement in every optimization
iteration.

The convergence over the optimization iterations is
shown in Figure 8, in form of the maximum feasible
objective function improvement over the initial value.
In addition to the individual 5 runs per algorithm, the
respective mean is indicated by the thicker lines. Our
reference BO only achieves minor feasible improve-
ments for the 223D blade design problem. This was to
be expected, given the theoretical background in Sec-
tion 2.2 and the 100D test problem results in Figure 5.

AutoOpti [9] can handle the large problem much
better. It improves the objective function by 0.49%
compared to the initial design in the 100 iterations.
After the first few iterations, the slope is nearly steady
with no sign of convergence. The long simulation
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Figure 8 Convergence of various BO algorithms, including
the proposed CC-BO, for the 223D multi-stage isentropic
efficiency maximization. The mean (thick) and individual
(thin) best feasible objective function improvements of 5
runs per algorithm are shown.

times prevent further iterations beyond the 1000 high-
fidelity evaluations per run.

For random CC-BO, ¢ = 20 components are ran-
domly set in each iteration. The resulting subproblem
dimensions of d; = 11 to 12 should be well manage-
able by BO. The algorithm struggles to find a feasible
improved design in the first 10 iterations. Afterwards,
random CC-BO exhibits by far the best convergence of
the four compared approaches. It reaches the 0.49%
improvement, that AutoOpti yields in 100 iterations,
after only 35 iterations. It finally converges to on av-
erage 0.84% isentropic efficiency improvement. The
best run even achieves 0.97%. These improvements
are considerable for a detailed optimization, especially
as the first two of four stages were already preoptimized
separately.

Informed CC-BO shows the best convergence in the
firstiterations. Afterwards, it exhibits a similar conver-
gence slope to AutoOpti. The final designs after 100
iterations have on average a 0.04% higher isentropic
efficiency than the ones obtained with AutoOpti. Con-
versely to the Branin case in Figure 5, the lower design
space dimension of the random components outper-
forms the advantage of problem structure information.
The ¢ = 20 random components with d; = 11 to 12
enable much higher efficiency improvements than the
¢ = 4 stage components with d; = 51 to 66. More-
over, a decomposition into different (and varying) vari-
able groups might be preferable from the aerodynamic
point of view.

Table 4 Mean percentage of successful evaluations and
feasible designs during the initial DoE and the optimization
iterations of the compared algorithms.

DoE BO Auto- rand. info.

Opti CC-BO CC-BO
successful | 22% 51%  67% 62% 80%
feasible 0% 44%  30% 14% 61%

The optimizers must handle simulation crashes and
42 influential constraints. Accordingly, the ratios of
successful evaluations and feasible designs in Table 4
provide further insights. On average at least 5 of the
q = 10 parallel simulations per iteration are successful
for all algorithms. The failures are thus no problem.
Random CC-BO yields a remarkably low ratio of feasi-
ble designs. This explains the convergence difficulties
in the first iterations in Figure 8. In contrast, informed
CC-BO shows by far the highest ratios of both suc-
cessful and feasible designs, which also reflects the
steep initial convergence. Here, the advantage of the
problem structure information takes effect. Each stage
subproblem has fewer geometric and structural con-
straints, and their GP models are lower-dimensional
and thus more accurate.

In other words, the physical components are advan-
tageous for the stage-wise geometric and structural
constraints. However, good constraint handling is
less decisive than the authors expected. Overall aero-
dynamic aspects are more important for an efficient
multi-stage blade optimization. The main working
mechanism is hence the reduced subproblem design
space dimension. The success of the problem de-
composition approach shows that the problem is more
separable, though not necessarily along stage inter-
faces, than the objective and constraint formulations
indicate.

To conclude the result analysis, we compare the
initial and best optimized designs obtained with the
tested BO algorithms. The stage characteristics in
Figure 9 provide insights on how the overall isentropic
efficiency improvements are achieved. Quantities of
interest are the stage-wise efficiency and intra- and
inter-stage loading. The initial design curves are over-
lapped by the BO results. This means that BO attains
its minor improvements by tiny design variations.

The other three approaches show significant design
changes. The isentropic efficiency is increased in all
four stages, with the biggest gains in the third and
fourth stage. This was to be expected, as the two first
stages were preoptimized. The reaction coefficient is
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are plotted.

the ratio of static enthalpy rise in the rotor and overall
stage. It is only significantly changed by random CC-
BO, increasing the static pressure rise for the stators of
stage 2 and 4. This flexibility in the intra-stage loading
might be due to the fact that random CC-BO is the only
approach that does not optimize all variables of a stage
at once. The isentropic work coeflicient quantifies
the inter-stage loading. All three approaches shift the
work from the last to the first stage(s). Random CC-
BO additionally relieves stage 2 and increases the load
of stage 3. In summary, random CC-BO makes the
biggest multi-stage design changes, which allow for
the largest feasible efficiency improvements.

The Mach number distributions in Figure 10 show
how the design optimization affects the flow field and,
thus, the overall efficiency. We compare the initial to
the best optimized design. The latter corresponds to
the best random CC-BO run. In the transonic HPC
frontblock, the main loss mechanism is shock-induced
boundary layer separation. Especially in the last two
stages, the shocks on the blades’ suction sides are visi-
bly mitigated. The peak Mach numbers are decreased
and the deceleration to subsonic flow speeds behind
the shocks is less abrupt, explaining the substantial
efficiency gains.

6 Conclusions

The outcome of this work is a novel intercon-
nected problem decomposition approach for high-
dimensional constrained BO. The proposed CC-BO

enables an efficient multi-stage aero-structural turbo-
machinery blade optimization. Following the ideas
of distributed MDO [32], we exploit problem struc-
ture information for a decomposition into multiple in-
terconnected lower-dimensional component subprob-
lems. CC-BO differs in that the decomposition is only
on the optimization level, while the overall system
evaluations remain unaffected. An additional gen-
eralized version without information assumes a new
random structure in every optimization iteration. The
methodological implementation is inspired by CoEGO
[16], with sequential subproblem optimizations con-
nected by context vectors. We adapt the approach to
our aim of an accelerated convergence over the number
of iterations.

We examine the proposed method on a 100D multi-
component Branin function as analytical test, and a
223D 4-stage aero-structural HPC blade design as
generic industrial case. For both problems, the cooper-
ative component approach shows a remarkable impact
on the originally poorly performing BO. Informed and
random CC-BO can efficiently handle the two high-
dimensional optimization problems and largely out-
perform state-of-the-art algorithms. In the analyti-
cal case, the multi-component structure is well known
and can be effectively used to the advantage of in-
formed CC-BO. In the compressor case, the informed
decomposition into the four stages is beneficial for
constraint fulfillment. However, random CC-BO en-
ables a lower subproblem dimensionality and an in-
creased flexibility. This proves to be decisive for an
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efficient multi-stage aerodynamic design. While BO
only achieves marginal improvements, informed CC-
BO gains around 0.5% isentropic efficiency, and ran-
dom CC-BO even converges to a substantial average
improvement of 0.84%.

Potential future research includes extensions and
studies of both the multi-stage turbomachinery de-
sign application and the proposed method. Concern-
ing the application, integrating cavities in the CFD
simulations could yield more accurate results. Ad-
ditional free annulus geometry parameters would en-
able even more flexibility in the multi-stage design.
Methodologically, the effect of the number of com-
ponents ¢ for random CC-BO, and alternative (non-
physical) components for informed CC-BO could be
investigated. The cooperative components procedure
should be readily transferable to other surrogate-based
optimization approaches. The proposed CC-BO can
efficiently handle high-dimensional constrained opti-
mization problems with and without multi-component
structure.
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