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unspecified. It is shown that, given assessment frequency and forecasting horizon, the

choice of the sampling scheme can greatly affect the outcome of risk assessment pro-
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Overlapping data for a general class of weak white noise processes and for a general class of variance esti-
Temporal aggregation mators. The problem of spurious seasonality can be overcome by using overlapping return

data for estimation of risk measures.
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1. Introduction

Reliable estimation and prediction of the risk of financial instruments is key to sound financial risk management. In this
paper, we address consequences of assessing risk for horizons that exceed the assessment frequency. This is commonly the
case when asset managers rebalance weekly or monthly but assess and report risk at a daily frequency, situations that arise
in banking (Basel III) and insurance (Solvency II) regulation. According to the Basel Committee on Banking Supervision (BCBS,
2016; 2019), for example, in Basel III, banks have to estimate the ten-day-ahead expected shortfall, i.e., the conditional loss
expectation given that a predefined value-at-risk level is exceeded, on a daily basis.

In practice, the time interval over which returns are measured, the forecasting horizon and the frequency with which
assessments take place are all specified by regulation or management policies. Typically, however, the sampling frequency of
the data underlying the empirical analysis remains unspecified. For example BCBS (2016, §181 c¢) and BCBS (2019, MAR 33.4)
state that the required ten-day expected shortfall estimates need to be derived without scaling from shorter horizons and
allow using overlapping return data. Various studies have investigated possible consequences of using overlapping returns
for risk estimation or, more general, for statistical inference (see, for example, Bod et al. (2002), Britten-Jones et al. (2011),
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Fig. 1. Illustration of different combinations of return intervals and sampling schemes for deriving h-day-ahead risk measures. Each panel consists of two
rows: The first row sketches the data used for estimation of h-day-ahead risk measure RM, ., at time t and the second row those at ¢ + 1 for risk measure
RMg i p1)c41- Panel (a) shows a scheme with daily sampling of daily returns. Here, risk estimates need to be scaled up to derive h-day-ahead risk estimates.
Panel (b) illustrates the sampling scheme when using overlapping h-day returns. Panel (c) indicates the scheme when using non-overlapping h-day returns.

Danielsson et al. (2016), Hansen and Hodrick (1980), Hedegaard and Hodrick (2016), Kluitman and Franses (2002), Mittnik
(2011), Sun et al. (2009), and Taylor and Fang (2018)). What has not been studied are the consequences of the implicit
overlap that arises when assessing risk measures at a higher frequency than the horizon for risk assessment.

If the sampling frequency of the return data is more granular than the horizon for risk assessment, three strategies for
estimating and forecasting risk measures are commonly adopted: (a) derive a risk estimate that matches the return interval
specified (e.g., one-day volatility from daily return data) and then either use (square-root) scaling or derive model-based
multi-step forecasts to obtain estimates for longer (e.g., monthly, annual) horizons; (b) temporally aggregate the underlying
data so that they match the horizon for risk assessment, leading to analyses with overlapping samples; or (c) temporally
aggregate the data so that samples do not overlap. A detailed analysis and discussion of the tradeoff between sampling
frequency and forecast horizon is given in Andersen and Bollerslev (1998) and Andersen et al. (1999). More recently Kole
et al. (2017) also studied the impact of temporal and portfolio aggregation on the quality of ten-day ahead value-at-risk (i.e.,
loss quantile) forecasts.

In the following, we restrict our analysis to the return variance, since other risk measures, such as volatility, value-at-
risk or expected shortfall, are directly or indirectly related to variance. Moreover, for the sake of simplicity, we assume that
returns are recorded at a daily frequency—implying that the most granular sampling and assessment frequency is daily.
Note, however, our results also apply to intraday analyses. To better illustrate the estimation strategies (a)-(c), Fig. 1 depicts
possible specifications for return interval and data sampling schemes in h-day-ahead assessments. The two rows in each
of the three panels indicate the return data used for estimation on day t and t + 1, respectively. Panel (a) reflects the
sampling scheme for risk estimation based on daily return data. In this case, to derive h-day-horizon estimates, one needs
to either rely on a scaling rule that approximates h-day risk from one-day estimates or resort to some multi-step forecasting
procedure. Panel (b) illustrate the sampling when estimating with overlapping h-day returns at times t and t + 1. Finally,
Panel (c) shows the sampling scheme for returns when estimates are based on non-overlapping return intervals, revealing
the implicit overlap when the assessment frequency is higher than the data sampling frequency. It is the latter scheme that
is the main focus here.

Frankland et al. (2019) discuss the calibration of value-at-risk models with overlapping data and consider sampling strate-
gies (a)-(c) in the context of Solvency II regulation. They focus on comparing strategy (b) (overlapping returns) with strategy
(c) (non-overlapping returns) with regards to the bias and mean squared error when estimating the first four cumulants.
They also explore sampling strategies in line with our strategy (a), i.e., the use of non-overlapping data of higher frequency
(e.g., monthly) for model estimation in combination with annualization or temporal-aggregation. Moreover, biases arising
from the usage of overlapping returns (sampling strategy (b)) when estimating volatilities, variances or other risk measures
have been studied in Bod et al. (2002), Kluitman and Franses (2002), Sun et al. (2009), and Taylor and Fang (2018).

Our work differs in two respects: First, we focus directly on strategies based on longer, namely, h-day-return intervals.
Given that BCBS (2016, 2019) explicitly rules out any risk assessment based on scaling (but also to avoid excessive clutter),
we do not consider scaling strategies. For a discussion of the square-root-of-time scaling see Christoffersen et al. (1998),
Danielsson and Zigrand (2006), Diebold et al. (1997) and McNeil and Frey (2000). Scaling rules under other than multivari-
ate normal processes and, especially, serially dependent observations are also derived in Embrechts et al. (2005). Second,
whereas the focus of previous studies has been primarily on the accuracy of risk estimates (i.e., bias, variance, mean squared
error etc.) at a given period, our focus is on the dynamic properties of risk estimates.

The choice between (b) (overlapping returns) and (c) (non-overlapping returns) is an ongoing debate among practitioners
as well as researchers. The two sampling strategies have, for example, been compared and discussed in the context of insur-
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ance regulation (Frankland et al., 2019) and banking regulation (Kontaxis and Tsolas, 2021; 2022). According to Kontaxis and
Tsolas (2021, 2022) and Frankland et al. (2019), financial institutions tend to use overlapping returns for estimating risk mea-
sures like value-at-risk. One of the main arguments for using overlapping returns is limited data availability. On the other
hand, Kontaxis and Tsolas (2021, 2022) argue that non-overlapping returns might be preferable because overlapping returns
are, by construction, highly autocorrelated (see Section 3.2). This induced autocorrelation structure can render backtesting
procedures invalid. Moreover, it may introduce problems in estimating risk measures and in statistical tests (see Kontaxis
and Tsolas (2021, 2022) and Frankland et al. (2019)). Whereas Frankland et al. (2019) conclude that using overlapping returns
is preferable for risk estimation, Kontaxis and Tsolas (2021, 2022) recommend using non-overlapping returns.

When assessing variances at a higher frequency (e.g., daily) from non-overlapping return data that have longer return
interval (e.g., weekly or monthly returns) we need to be concerned. We show that standard variance estimators, such as the
moving-window sample variance or the exponentially-weighted moving average (EWMA) variance estimator (Longerstaey
and Spencer, 1996), tend to exhibit strong but spurious sawtooth-type patterns. Risk managers who are obliged to assess risk
more often (e.g., daily) than the horizon for risk-assessment implies (e.g., ten days in the Basel IIl or 259 days in the Solvency
Il framework) need to be aware that this tends to induce strong spurious seasonal patterns in their risk estimates. We
demonstrate this phenomenon both empirically from real data and theoretically for well-behaved data-generating processes
(DGPs), such as Gaussian white noise or GARCH(p, q) processes. We derive the theoretical autocorrelation function (ACF) for
sequences of successive variance estimates for a broad class of DGPs and variance estimators. Moreover, we present variance
estimators, based on overlapping h-day-return intervals, that overcome the problem of spurious seasonality. Our theoretical
results are in line with the simulation-based results of Frankland et al. (2019), who, for risk assessment, favor sampling
strategy (b) (overlapping returns) combined with bias correction over sampling strategy (c) (non-overlapping returns).

The paper is organized as follows. In Section 2, using real data, we empirically illustrate and explain the presence of
spurious seasonality in sequentially estimated variances. Section 3 defines the DGPs considered in this study, summarizes
relevant results pertaining to stochastic processes and temporal aggregation, and derives quadratic-form representations
for variance estimators. The theoretical ACF for sequences of daily estimated variances is derived in Section 4. Moreover,
the phenomenon of spurious seasonality is illustrated and explained on theoretical grounds. Alternative variance estimators
based on overlapping return intervals that do not suffer from spurious seasonality are discussed in Section 5. Section 6 sum-
marizes and concludes. All proofs are deferred to Appendix A. Additional results and figures are provided in Appendix B.

2. Spurious Seasonality in Variance Estimates from Temporally Aggregated, Non-Overlapping Returns

We are especially interested in the dynamic properties of sequential variance estimates. To illustrate the issue, we con-
sider bi-weekly returns (i.e., returns over ten trading days) of the Dow Jones Industrial Average (DJIA). Our data source is
Williamson (2021). We look at two ways of displaying sequential variance estimates. First, we compute ten different bi-
weekly return series, one for each of the ten trading days in the two-week window. For each of the ten return series we
derive series of bi-weekly variance estimates, using the EWMA variance estimator (Longerstaey and Spencer, 1996)

OB = e L S A i) 1)
(h),t,x tr(g(h)‘A‘)\) 1_)\A pard (h),t—hs (h),t,x) s .

where 1 . is the h-day return at time ¢t and p(y) ;) = % Z§=’01 )»‘Sf(h),c_ha is the EWMA estimator for the first moment.

h - (A-2)2(A-222)\ 1 ias- i =
O A = (1 - (17)\A)2(17)\2)) is the bias-correction factor, see (3.2). We set A =0.96 and

use a moving-window of length A = 100. The upper graph in Fig. 2 shows the ten different series of variance estimates,
(0(210).10t+r./\)f62' for 1 <t <10, each corresponding to a specific starting day. The lower graph in Fig. 2 is obtained by
connecting the ten bi-weekly variance estimates to form a single, daily sequence of estimates. In other words, in the upper
graph in Fig. 2 the assessment and sampling frequencies are synchronized and equal to the aggregation horizon of h = 10
days. By synchronization of the assessment and sampling frequency we mean that the value of t € {1,...,h} is the same
for the series of bi-weekly returns, (r(19) 10¢4,2)tez, Used for the estimation and the series of bi-weekly variance estimates,
(0(210).10t+r./\)f62' That is, both series are sampled on the same equidistant grid where we observe bi-weekly returns and
estimate the variance every h-th day. In contrast, the lower graph of Fig. 2 shows the daily sequence of EWMA variance
estimates, (a(zh),t,k)tez’ based on non-overlapping h-day returns. The distance between two adjacent points of the sequence
of variance estimates is always one day rather than ten days, as is the case with the plots in the upper graph. The lower
graph is obtained from the upper graph by appropriately joining the bi-weekly estimates, (0(2]0).[,/\)&2, obtained at a daily
frequency and shown in the upper graph. Note that for each specific day t there is exactly one variance estimate o(zh)_m
giving rise to the daily series shown in the lower graph of Fig. 2 and which is constructed by picking the respective estimate
from one of the ten color-coded (color figures can be found in the online version of the article) variance series, each with
h-day assessment frequency, shown in the upper graph. Thus, “appropriately joining” means that the lower graph can be
obtained from the upper graph by repeatably iterating in the same order through the ten different color-coded series. The
first (last) estimates in both graphs are for 01-Jan-2010 (for 31-Dec-2020). The corresponding ten-day log-returns are plotted
at the bottom of both graphs with axis on the right.

The multiplicative constant
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Fig. 2. Estimated EWMA variances of the Dow Jones Industrial Average (DJIA) based on ten-day log-returns with a window length of 100 bi-weekly returns
and an EWMA parameter of A = 0.96. The first (last) estimates in both graphs are for 01-Jan-2010 (for 31-Dec-2020). The upper graph shows the ten series
of bi-weekly variance estimates, each corresponding to a specific weekday and start date, and the lower graph the daily series of bi-weekly variance
estimates. The corresponding ten-day log-returns are plotted at the bottom of both graphs with axis on the right.

Each variance estimate shown in Fig. 2 is based on non-overlapping ten-day returns. However, the assessment frequency
of the estimates is higher than the sampling frequency of the underlying data set. As a consequence, there is a substantial
overlap in data used for successive estimates.

The pronounced sawtooth pattern of the series of daily variance estimates shown in the lower graph of Fig. 2 has direct
consequences for the capital requirements of financial institutions. For simplicity, consider a long position in an equity
instrument like the DJIA. Under certain conditions (e.g., for Gaussian white noise processes or GARCH processes with normal
or Student-t distributed innovations for the returns), risk measures like value-at-risk or expected shortfall are proportional
to the (conditional) volatility. This means that series of estimates for these risk measures are prone to exhibit the equivalent
sawtooth patterns as the series of variance estimates. These periodic fluctuations in risk estimates lead to corresponding
periodic fluctuations in risk capital, for which provision must be made. Also, periodic fluctuations in value-at-risk estimates
might require risk mitigation activities and can have an impact on the results of backtests that are commonly employed
for validating risk models (see Christoffersen (1998) and Kuester et al. (2006) for an overview on backtesting methods to
validate value-at-risk predictions).

In the following, we study the pronounced sawtooth pattern of the series of daily variance estimates shown in the lower
graph of Fig. 2. Furthermore, we investigate the reason for the slowly changing patterns in the ten variance series plotted in
the upper graph of Fig. 2. To characterize the properties of estimated variance sequences we examine their ACF. The sample
ACF of the daily series of estimates, (0(210)1.)\)[6%' based on bi-weekly data, shown in Fig. 3, displays a systematic periodic
pattern, a feature we refer to as spurious seasonality. As will be shown below, this seasonal pattern is due to the sampling
scheme for the data used for variance estimation.

3. Prerequisites and Notation

In this section we introduce the two stochastic processes used in the analysis below, establish necessary notation, and
briefly summarize relevant results on the temporal aggregation of stochastic processes. Finally, we introduce the (condi-
tional) variance estimators that are the focus of this study.



JID: ECOSTA [m3Gsc;July 23, 2022;13:8]

M.S. Kurz and S. Mittnik Econometrics and Statistics xxx (XXxX) xXx

0.2 ‘ ‘ ‘
0 50 100 150 200 250

14

Fig. 3. Sample autocorrelation function (ACF) for the daily series of bi-weekly EWMA variance estimates based on non-overlapping ten-day log-returns.
The plot shows the sample ACF for the series of EWMA variance estimates for the Dow Jones Industrial Average (DJIA) from 01-Jan-2010 to 31-Dec-2020.

3.1. Data Generating Stochastic Processes

We consider two DGPs, the Gaussian white noise process and the GARCH(p, q) process. Both processes are so-called weak
white noise processes.

Definition 3.1. A stochastic process, (x;):cz, is called weak white noise process, if Vt, t1,t; € Z, t1 # ty:

(i) E[xt] = m, with || < oo,
(ii) Var[x;] = 02, with 0 < 62 < o,
(iii) Cov[xt,,xt,]1=0.

The Gaussian white noise process (Example 3.1) is the special case of independent and identically distributed (i.i.d.)
random variables with normal distribution.

Example 3.1. A stochastic process, (X;):cz, is called Gaussian white noise process, if (x;);cz is @ weak white noise process
and x, & N(u,o?).

As a second case we consider the generalized autoregressive conditional heteroskedasticity (GARCH) process
(Example 3.2) introduced by Engle (1982) and Bollerslev (1986), a model class that is widely used both in academic re-
search and in practice in order to model the volatility of financial returns.

Example 3.2. Let (& )z be a sequence of i.i.d. random variables and let p € N and q € Ny. Further, let op > 0, oy, ..., 0q >

0 and B4,....Bp >0 and assume Zf’zl o; +Zf’=1 Bi < 1, such that the process is weakly stationary. Then, a GARCH(p, q
process, (x¢)¢ez, With strictly positive volatility process, (o¢)¢ez, is defined by

q p
2 2 2
Xe=o0,  of=ao+ Yy axi i+ Biol,.
i=1 i=1

The restrictions on the parameter space stated in Example 3.2 guarantee a positive conditional variance ¢ in the case of
normally distributed innovations (Bollerslev, 1986). Nelson and Cao (1992) state weaker sufficient conditions for a positive
conditional variance which are also necessary (Tsai and Chan, 2008).
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3.2. Temporal Aggregation of Returns and Stochastic Processes

Let (P;)tcz denote the process of daily prices of an asset, (rt)tcz with 1 = In(P;) —In(P_;) the process of daily log-

returns, and let vector r; 5 := [rH;H, Te 542> Tt—1s rt]/ collect the § daily returns from day t — § + 1 up to and including
day t. h-day returns, h > 1, are then given by
h-1
Ttye =In(P) —In(P_p) = Z I j= 1;1rt.hs
j=0

where 1; is an h x 1 column vector of ones. We call h the aggregation horizon.

In the following, we will always assume that the process of daily log-returns, (1¢):cz, is generated by a weak white
noise process (Definition 3.1) and, in some instances, consider the Gaussian white noise (Example 3.1) and the GARCH(p, q)
process (Definition 3.2) as special cases.

If we assume that the daily log-return series, (1¢);cz, is a Gaussian white noise process with E[r;] = ;4 = 0 and variance
E[r?] = 02 < oo, the temporally aggregated series, (T(ny tn)tez, Where the sampling frequency coincides with the aggregation
horizon, is again a Gaussian white noise process but with variance E[r%h)lh] =ho? < cc. The situation changes, however,
when the sampling frequency is lower than the aggregation horizon. This would, for example, be the case when sampling
h-day returns, h > 1, on a daily basis. Then, () )tz turns out to be a non-invertible moving average process of order h — 1
(in short: MA(h — 1) process) (Hansen and Hodrick, 1980), with parameters 6; =1 for 1 <j<h—1, ie, rg), = Z?;(]) Te_j=

ZZ‘;} Ojre_j+re, where (rt)ecz is the weak white noise series of daily log-returns. The theoretical ACF Prip.c (O for the
process (rn) ¢)tez is given by (cf. Mittnik (1988) or Zinde-Walsh (1988))

i 00 -y
Ior(h),t (Z) = Corr[r(h),ts r(h),t—l] = Z?;(} 912 ok ' IE' = h 1’

0 el = h,
where we set 6y =1 for notational simplicity. Similar results can also be obtained under some regularity conditions for
GARCH(p, q) processes. Temporal aggregation of GARCH processes has been investigated by Drost and Nijman (1993), Chan
(2022) studies the temporal aggregation of some nonlinear time series processes, and a survey of studies on temporal ag-
gregation of various types of univariate and multivariate time series processes is provided by Silvestrini and Veredas (2008).

3.3. Estimating Variances

Analogous to the vector of daily returns, let r) ; o = [h) t—n(a—1)> T(h).t—h(A—2)+ - - - T(h).t—h- Thy.¢ ] De the A-period vector
of non-overlapping h-day returns up to and including time t. Denoting the A x A identity matrix by I, we define the
hA x A matrix H=1I, ® 1;, where ® is the Kronecker product, so that rg) , o = H'r pa.

The most common estimator for the dispersion of returns is the sample variance. Defining the idempotent matrix D e
RAXA, D=1, — L1511, the moving-window sample variance for non-overlapping h-day returns is given by

A1
1
Ohye = A1 > Ty s — awy)* = AT .. AD'DF(hy .
5=0

= ﬁrghAHDH/rtyhA,
with py e = A VAT r.a = 5 VAH'T pa being the sample mean.

Below, we only discuss moving-window-type estimators. We restrict ourselves to this kind of estimators because, in
practice, estimation is always based on a finite amount of data, so that finite-sample properties are of relevance. The gen-
eralization of the results to the increasing-window case is straightforward. Asymptotic properties of sample variances when
data are generated by a GARCH process are derived in Horvath et al. (2006).

Many variance estimators can be written as quadratic forms of a vector of daily returns, 1, i.e., U(zh),r = r;whA Qr; ha»

where Q e R"AxhA js 3 positive definite, symmetric matrix. Examples are the sample variance given above, but also the
exponentially-weighted moving average (EWMA) variance estimator (Longerstaey and Spencer, 1996).

If we assume a weak white noise process (Definition 3.1) for (r;)¢ez with Var[r;] = o2, we have E[r;th or Al = o?tr(Q),
and the bias of the variance estimator, 1}, , QF¢ pa, is

Bias[r;th or, nal = E[r{th ory pal — Var[rg ] = o?(tr(Q) — h). (3.1)
Therefore, variance estimates of the form r; , , Qr; s, can be bias-corrected by multiplying with factor :r(hig)' i.e,, by using

Ol = TnaQriena (3.2)
as variance estimate with Q = ﬁg. Throughout the paper, we will use the bias-corrected versions of the variance esti-

mators but will, in general, only define Q. Quantities Q and Q are always related by Q = %Q.
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Specifically, the sample variance for non-overlapping h-day returns is given by
2 /
Oyt = r[,hAQ(h),Art,hAs (3.3)

with Qy ao = tHDH' = L (I ® 1) (s — £141,)(IA ®1}), and the EWMA variance for non-overlapping h-day returns
(2.1) by

h 1o &

2 § 2 /
o = ATy tns — =r r, s 34
WE2 7t (Qpyan) 1—AA ;:0: (Thy.e-ns — Mqny.en) ha Q). aaTena (3.4)

with Q) a3 =HE'AEH = (I ® 1) (In —W13)A(Ix —1aW)(I, ®1}) and A € (0.1). Vector we RA*T and matrices

A E e RA*A are defined by w = =40 5 [AA71, 3872, A1, 1,]/, A = Diag(w) = (w1)y) ©I, and E =1, — 1,W, respec-

tively, with ® denoting the Hadamard product.

4. Theoretical Autocorrelation of Estimated Variances
4.1. Theoretical Derivation

Let matrices K, L € R"A+6xhA pe defined by K = [0y .. Iya]’ and L = [I 5, 0y .,], € = 0, where 0y, ., denotes an hA x ¢
matrix of zeros, so that r, o =K'ty yay, and re_, ya = L't ya . Variance estimators are then given by the quadratic-form

‘7(211)_t = r;,hAQrt,hA = r;,hAHKQK/rt_hAﬁ-v (41)

We obtain the sample variance specified in (3.3) for Q = Q) o and the EWMA variance specified in (3.4) for Q = Q) A 2-
Similarly, the (¢ days) lagged variance estimator is given by

2 4 R /
Oy t—e = T o naQre—eha =T pa QLT pa e (4.2)

(zh) . (zh) +_» as quadratic forms

of the very same vector of daily returns, r; 4 ,,. The quadratic forms KQK' and LQL' turn out to be block-diagonal matrices,
with KQK’ = blkDiag(0;,, Q) and LQL = blkDiag(Q, 0¢,).

Next, to further analyze the properties of estimated variances based on non-overlapping h-day returns assessed at a
frequency higher than the aggregation horizon, we derive the theoretical ACF of the series of estimated variances, (O(th)fez'
Theorem 4.1 states a well-known result about the covariance of two quadratic forms of the same multivariate normally
distributed random vector. It follows directly from results in Magnus (1978) on moments of products of quadratic forms for
multivariate normally distributed random variables.

Expressions (4.1) and (4.2) allow us to write the variance estimator, o and its lagged version, o

Theorem 4.1. Let A, B < R™" be symmetric matrices and X be a multivariate normally distributed n x 1 vector with p = E[X]
and X =E[(X — u)(X — )] = E[XX'] — pp'. For the quadratic forms X’AX and X'BX we have

Cov[X'AX, X'BX] = 2tr(AXBX) + 4u/AZBp.

The following corollary to Theorem 4.1 establishes the theoretical autocovariance function of the variances given by
the quadratic forms (3.2) when the daily log-returns, (r¢)¢cz, follow a Gaussian white noise process. For the sake of
simplicity, we assume a Gaussian white noise process with zero mean. In case of E[r]=u #0, we have y_, (¢)=

(h).t

204 tr(KQK'LQL) + 4u20 215, KQK'LQL 1y .
Corollary 4.1. Let (rt);cz be a Gaussian white noise process (Example 3.1) with E[r¢] = 0 and variance Var[r;] = o2 and consider

variance estimates of the form o 1 AQrepa (EQ. (3.2)). Then, the theoretical autocovariance of the series (0(2,1) Dtez, for
¢ >0, is given by

2 —
(W.t —

Vo2

(h).t

(¢) = Cov[od) 1 0G| = 20* tr(KQK'LQL').

Note that for ¢ > hA
Vor, (€)= 20% tr(KQK'LQL') = 20 tr(0y5 s @ Opana Q) = 0,

and, by definition, the theoretical ACF for ¢ > 0 is given by pa(zh)t(f) = ya(zh) . (Z)/ya(zh)[(O).

In the following, we extend Theorem 4.1 to a more general class of weak white noise processes which contains many
zero-mean weak white noise processes—especially, the Gaussian white noise process with & = 0 and GARCH(p, q) processes.

7
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Theorem 4.2. Let (x;);cz, be a stochastic process with E[|x;|!] < oo, for t€Z and i<4. For t;,ty,t3,t4 € Z with Vi, je
{t1,ty, t3, t4}, i # j, we assume

E[x;,] =0, (43)

E[x¢,xe,Xe;%t,] = 0, (4.4)

E[x}x,] =0, (4.5)

E[x} X%, ] = 0. (4.6)
Let X = [xq....,xn] and define X*® = X ® X =[x, ..., x2]. Furthermore, define vector Ry20 € R™1 and matrices Tx, Tya0 €
R by

Ex =EIXX'], pyo =EX*°] and Zyo =EX*°X°] — pyo Wo
respectively. Then, for symmetric matrices A, B € R™", we have
Cov[X'AX, X'BX] = tr(C(Zy20 + Iy20 My20)) — tr(AZx)tr(BEy),
where C = ab’ +2A ® B© (1,1}, — Iy), with a = diag(A) = (A© In)1, and b = diag(B) = (B® Iy)1,.

Again, a corollary to Theorem 4.2 establishes the theoretical autocovariance function of the quadratic-form variance es-
timator when the daily log-return process, (rt)¢cz, is a weak white noise process (Definition 3.1) satisfying the moment
conditions (4.3)-(4.6).

Corollary 4.2. Let (r¢);cz, be a weak white noise process fulfilling the moment conditions (4.3)-(4.6). Moreover, let o2 = Var|[r¢] =

E[r?] and 129, |, =Tt pare O Tepase and define vector Moo € RIA+ExT gnd matrix % o € RhA+ExhA+E py
hA+e A+

20 20 20 ’
o =E[r and X.o =E[r r — o )
M’f.mw [ f’hAH] LAY [ t.hA+e t.hA+/é] ”“r”m( M’f.?mc

respectively. Then, considering variance estimates of the form ‘7(211) =1, AQFepa, the theoretical autocovariance of the series
(U(zh) ez, for £> 0, is given by

Yoz, () = tr(czrf.% +[) +20*(tr(KQK'LQL') — a'b),

with € = ab’ + 2(KQK') © (LQL') ® (1pa 4 Aja ¢ — Inae). where a = diag(KQK') and b = diag(LQL).
Remark 4.1. The following processes satisfy the conditions of Corollary 4.2 and especially the moment conditions (4.3)-(4.6):

(i) For u = 0, the Gaussian white noise process (Example 3.1) clearly fulfills all conditions.

(ii) Let (x:)tez be a GARCH(p,q) process as defined in Example 3.2. For the innovations, (&t)¢ez, We assume a se-
quence of i.i.d. random variables being symmetrically distributed such that odd moments are zero. We further as-
sume that the first four moments of (x;);c7 exist (conditions for the existence of moments can be found in He and
Terdsvirta (1999b) and Bollerslev (1986) for the GARCH(1,1) case and in Ling and McAleer (2002a) for the GARCH(p, q)
process). Our Appendix B.1 shows that under these conditions the GARCH(p, q) satisfies all conditions such that
Corollary 4.2 holds.

(iii) Due to the moment conditions (4.3)-(4.6), the theoretical autocovariance in Corollary 4.2 only depends on the variance

02 = Var|re], Roo and the variance-covariance matrix of the vector of squares, X0 - If the daily returns are, for
thA+e t.hA+e
example, asymmetrically distributed or follow a GARCH process with leverage, the moment conditions have to be

weakened and additional terms, like unconditional skewness, are necessary to compute theoretical autocovariances.
Note that these moments are often not available in closed form (He et al., 2008).

(iv) Moment conditions (4.3)-(4.5) can be verified for general classes of GARCH processes x; = o;&; under the assump-
tion of zero-mean symmetrically distributed i.i.d. innovations and the existence of the first four moments. However,
moment condition (4.6) needs to be verified specifically for each type of GARCH process and, in case (4.6) does not
hold, a suitable generalization of Theorem 4.2 would be required. For discussions on families of GARCH processes and
conditions on stationarity and the existence of moments see He and Terdsvirta (1999b) and Ling and McAleer (2002b).

The functional form of the relevant unconditional moments for different GARCH processes have been derived in He and
Terdsvirta (1999a) and Karanasos (1999).
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4.2. lllustration

We illustrate the theoretical results of the previous section by presenting plots of the theoretical ACF and those obtained
from a simulation study. All illustrations in this section are for a GARCH(1,1) DGP and the EWMA variance estimator (3.4).
Appendix B.2 presents plots for a Gaussian white noise data generating process and variance being estimated by the sample
variance (3.3).

Let (rt)tez be generated by the GARCH(1,1) process

r =08, O0F =ag+airt, + ol (4.7)

with & 1. N(0,1) and parameter vector, [ag, &1, 1] = [0.01,0.05,0.94]’, parameter values that are typical for daily stock
returns. As estimator for the h-day variance at time t we use the EWMA estimator (3.4) with A = 0.96. In view of the Basel
III rules (BCBS, 2016), we chose h = 10 as aggregation horizon, i.e., we consider a bi-weekly target horizon as, for example,
in Kole et al. (2017).

As for the ten-day return series itself, we can obtain ten different series of estimates for the variance if we synchronize
assessment and sampling frequencies to be equal to the aggregation horizon of h =10 days, namely, (U(zh).ht +‘[,K)t€Z’ for
1 < 1 < h. By synchronization of the assessment and sampling frequency we mean that the value of 7 € {1,...,h} is the
same for the series of h-day returns, (1) prir 2 )tez, and the series of (assessed) variance estimates, (O’(zh)_mﬂ_)\)rez- That is,
both series are sampled on the same equidistant grid where we observe h-day returns and estimate the variance every h-th
day. As window length for the rolling-window estimates we choose A = 100, giving rise to hA = 1000 daily observations
which corresponds to roughly four years of return data. At any point in time, each estimate is based on A non-overlapping
h-day returns or hA daily returns. Two consecutive estimates, U(Zh),t.)\ and a(h) 1A (or 0(2,7)171’)\), have hA — 2 daily re-
turn observations in common. We simulate GARCH(1,1) process (4.7) with a sample size of 2000 trading days, about eight
calendar years.

The upper graph in Fig. 4 shows the ten different series of variance estimates, (U(%l)_thﬂ_)\)tez, 1 <t < h, obtained
when assessment and sampling frequencies are synchronized. In each of the ten plots, two adjacent points of the series,

(o(zh)_thﬂ_k)fez, 1 < t < h, have distance h = 10. The lower graph shows the sequence of daily EWMA variance estimates,

(U(Zh),t, 5 )tez, based on non-overlapping h-day returns.

The plots for the simulations in Fig. 4 are constructed as those for the DJIA returns in Fig. 2. The daily series of EWMA
variance estimates (lower graph in Fig. 4) fluctuates in a highly regular fashion, mimicking a strong seasonal pattern. Clearly,
from a risk management perspective, such strong fluctuations are bound to have detrimental implications as they induce
volatile risk capital charges and risk mitigation activities.

To derive the theoretical autocovariances of the series of variance estimates, (a(zm o tes

for the daily returns, (1)cz, we use the fact that the variance-covariance matrix of the vector of squared returns, r2®

assuming a GARCH(1,1) process

tha+e =
[rtz_hA_Hl, ..., 2], is given by the symmetric Toeplitz matrix (cf. He and Terdsvirta (1999a) or Karanasos (1999))
]/r[z(O), 1<i<hA+¢, j=0,
X 1
el =) EU CichA+e—1,1<j<hA+e—i

(a1 +B1)1-7°
whnere V.. an 2 enote € variance an eoretical nrst-order autocovariance, respectively, o € squared returns
here ¥,,(0) and ., (1) denote the vari d theoretical first-order autocovari tively, of th d ret
t t

from a GARCH(1,1) process. Thus, if daily returns follow a GARCH(1,1) process, the theoretical autocorrelation of the process

of daily exponentially-weighted moving-average variances (3.4), (U(Zh).t ,)tez, based on non-overlapping h-day returns, can

be computed via Corollary 4.2 by plugging in QA X 2o and Var(r;) = og/(1 — @y — B1) into the formula for the
+L

theoretical autocovariance and scaling via ,0(r (Z) o3 ( )/ J/U (O)

The theoretical ACF with estimates based on dally return samples of size hA = 1000 is presented on the left in Fig. 5.
The graph shows the effect for the aggregation horizons h = 5, 10, 20, amounting to quasi-weekly, quasi-bi-weekly and quasi-
monthly return periods. It demonstrates that the theoretical ACF of EWMA variances, o, 2 (¢), based on non-overlapping

(h).t.h

h-day returns, is highly cyclical and slowly decaying. The (spurious) seasonality that is present in the sample ACF of es-
timated variances for the DJIA data (Fig. 3) is compatible with the (spurious) seasonality in the theoretical ACF in Fig. 5.
The right graph in Fig. 5 further illustrates the interaction between aggregation horizon, h, and the window length, A. The
aggregation horizon is bi-weekly (h = 10) and the window length, A, assumes values 25, 50 and 100, i.e., roughly one, two
and four calendar years of daily returns, respectively.

Although the formula for the theoretical autocovariance ya(zh )“\(5) in Corollary 4.2 turns out to be useful, it offers little

insight into where the spurious seasonality exactly comes from or how the amplitude of the periodic spurious seasonality
in the theoretical ACF depends on the variance estimator or the DGP. Appendix B.3 expresses the theoretical ACF as the sum
of three components, which provide more insight and show that the term (KQK’) ® (LQL') is crucially responsible for the
spurious seasonality in the theoretical ACF.

The upper graph in Fig. 4 shows a pronounced periodicity, though it is not always the same observation within the h-
day periods that assumes the highest or lowest value. In other words, the order statistics of the different estimates within
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Fig. 4. Time series of EWMA variance estimates (3.4), a(zh)m, for simulated daily return series from GARCH(1,1) process (4.7). The upper plot shows the
estimates (0(210),1m+r,A)f€Z' for 1 < t < 10. The lower plot shows the series (zr(zm)M )tez. Both plots are based on bi-weekly (h = 10) returns and estimation

window A = 100.
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Fig. 5. The ACF of EWMA variances (3.4), a(zh).[ ,» for daily returns from GARCH(1,1) process (4.7). For the left plot we use a fixed number of daily returns

to derive the EWMA variances. The right plot depicts the ACF of EWMA variances based on bi-weekly (h = 10) returns and estimation windows A =
25,50, 100.
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Fig. 6. The ACF of the first difference of EWMA variances (3.4), G(Zh),m- for daily returns from GARCH(1,1) process (4.7). For the left plot we use a fixed
number of daily returns to derive the EWMA variances. The right plot depicts the ACF of the first difference of EWMA variances based on bi-weekly (h = 10)
returns and estimation windows A = 25, 50, 100.

an h-day period fluctuate, but do so rather slowly. Therefore, if the focus is on bi-weekly risk estimation but assessment
occurs at a daily frequency, then, by construction, the ordering of the ten different variance estimates in a two-week period
gradually changes over time. The color-coded series of EWMA variances in the upper graph of Fig. 4 make clear that, at
some point in time, any particular color may be on top (or bottom) and that there is a high probability that this will also
hold for the following h-day period.

To get further insights into why the order statistics gradually change over time, we take a look at the theoretical auto-
covariance of the first difference of the estimated variances,

Vo2 (Z) = zya'(zm‘t (e) - VU(Zh),r (( + 1) - yo(zh).r(u - 1|)7 ¢>0.

(h),z_g(zh)f—l
The theoretical ACF of the first differences of the estimated variances, o> 2
(h.t.A "% (h).t-1,
the same settings as for the theoretical ACF of the EWMA variances shown in Fig. 5.

The plots in Fig. 6 demonstrate that the series of first differences is highly autocorrelated for lags being multiples of the
aggregation horizon, h. This means, the change of the estimate from one day to another is highly autocorrelated with that of
h days ago. At lags that are not multiples of h, the autocorrelations of the first-order differences are quite small and slightly
negative. This behavior explains the slowly changing ordering of the h different variance series in the upper graph of Fig. 4.

(¢), is plotted in Fig. 6, where we used
A

5. The Case of Overlapping Aggregated Returns

The previous section showed that daily variance estimates based on non-overlapping h-day returns exhibit spurious sea-
sonality. In cases where the aggregation horizon is fixed, the only alternative is to synchronize both assessment and sam-
pling at a daily frequency, i.e., to use overlapping h-day returns for daily risk estimations. In the following we consider
variance estimators for overlapping returns that avoid spurious seasonality.

The simplest variance estimator based on overlapping h-day returns is to apply standard formulas for variance estimators
to sets of overlapping return observations. The quadratic-form representation for the sample variance for overlapping h-day
returns is given by

1 h(A-1)

h o
G2y = —= > Mty — mye)> =17 Tepas 5.1
M= By a) HA D +1 2 (twy,e—r — Pnye) tha Q). aTena (5.1)

with Q) A = fratrot z’};g S'Sj, So=H—1,1,J, H=I,®1,, and S;=H;—al},J, for 1<j<h—1, where J=H+
Y IH,a=[1,, 0] and
Onj  Om-jxa-1)
Oha-y  Ia1®1, |,
0; 0j.(a-1)

H;=
where 0, is a column vector with n zeros and 0,,;; denotes a n x m matrix of zeros. The EWMA variance for overlapping
h-day returns is given by

h
~2 _
Oyt =

1- )\4% (A1) z ~
D A hyime = Pnyen)? =T pa Qe aalena

h(A—D+1

= (5.2)
tr(Quma)1-A"%

1
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Fig. 7. Time series of EWMA variance estimates with overlapping data (5.2), &(Zh),t.?\’ for simulated daily return series from GARCH(1,1) process (4.7). The
upper plot shows the estimates (6(2]0)_10[“_.)[52, for 1 < 7 < 10. The lower plot shows the series (&(Z]O)M)[EZ. Both plots are based on bi-weekly (h = 10)

returns and estimation window A = 100.

with @ a5 = Y13 AhETS;, S =H' ~1,y'C’ and §; = H} —ay'C, for 1< j<h—1, with G=H+ Y"1 A1 H; and, for
X € (0,1), T =Diag(y) = (y1y) © I, where y = HM‘%[)\A—l’AA—Z,””)J’ 1. ]/'

If we apply the EWMA variance estimator for overlapping returns (5.2) to the same simulated GARCH(1,1) series underly-
ing Fig. 4, we obtain the series of variance estimators plotted in Fig. 7. The lower graph in Fig. 7 clearly shows the absence
of spurious seasonality as compared to the lower graph in Fig. 4. The ten different series of variance estimates (upper graph
in Fig. 7), where assessment and sampling frequencies are in sync and equal to the aggregation horizon, h, turn out to be
much more stable; and long-memory effects in the order statistics, associated with h-day periods, are no longer present.

Note that the theoretical autocovariances for the daily EWMA variance estimates for overlapping returns can again be
obtained from Corollary 4.2. The corresponding theoretical ACF of the estimated variances is shown in Fig. 8. The DGP and
the combinations of aggregation horizons, h, and estimation window length, A, are the same as in Fig. 5. The periodicity
in the theoretical ACF has been eliminated, and the functional form of the theoretical ACF seems reasonable for an EWMA
type estimator of the variance.

In Fig. 9 we repeat the analysis for the DJIA in Section 2 but use the variance estimates for overlapping returns (5.2) in-
stead. The construction of the plot is exactly as in Fig. 2. We see that the problem of spurious seasonality is no longer
present and that the ten different variance series, shown in the upper graph of Fig. 9, do no longer show the slow change
in their positions.

In contrast to Fig. 2, the pronounced sawtooth pattern in the series of daily variance estimates has vanished, as is evident
from the lower graph in Fig. 9. Clearly, this has direct implications for the implied capital requirements of financial institu-
tions. Considering again a long position in an equity instrument like the DJIA, risk measures like value-at-risk or expected
shortfall, which are under certain assumptions proportional to the (conditional) volatility, will also no longer be prone to

12



JID: ECOSTA [m3Gsc;July 23, 2022;13:8]

M.S. Kurz and S. Mittnik Econometrics and Statistics xxx (XXxX) xXx
hA = 1000 fixed h = 10 fixed
e — —— 1 -
0.8 0.8
> 06 < 06
3 —h=5&A=200] = —h=10& A =25
&“ 0.4 —h=10& A =100 &“ 0.4 —h=10& A =50
= h=20& A=50 ]| h=10 & A =100
O O
=< 0.2 =< 0.2
0 0
-0.2 -0.2
0 20 40 0 50 100 150 200 250
l l

Fig. 8. The ACF of EWMA variances for overlapping returns (5.2), for daily returns from GARCH(1,1) process (4.7). For the left plot we use a fixed number
of daily returns to derive the EWMA variances. The right plot depicts the ACF of EWMA variances based on bi-weekly (h = 10) returns and estimation
windows A = 25,50, 100.
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Fig. 9. Estimated EWMA variances for overlapping returns of the Dow Jones Industrial Average (DJIA) based on ten-day log-returns with a window length
of 100 bi-weekly returns and an EWMA parameter of A = 0.96. The first (last) estimates in both graphs are for 01-Jan-2010 (for 31-Dec-2020). The upper
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of bi-weekly variance estimates. The corresponding ten-day log-returns are plotted at the bottom of both graphs with axis on the right.
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exhibit spurious seasonality. This is a clear advantage of the variance estimator based on overlapping returns, as it largely
alleviates or even avoids spurious behavior in risk-capital calculations. To fully assess the benefits in practice, empirical
studies involving a realistic market portfolio would be in order. The consequences of spurious seasonality for backtesting
procedures (cf. Christoffersen, 1998) to validate predictive risk models are also of interest for future research. Note however
that, as pointed out by Kontaxis and Tsolas (2021), the autocorrelation structure of overlapping returns are a challenge for
backtesting procedures. The procedures may need to be adapted in order to evaluate risk estimates with an assessment
frequency that is more granular than the time horizon for risk assessment.

Another approach to avoid spurious seasonality is to simply take the average of the last h sample variances based on non-
overlapping h-day returns. In the (ultra-)high-frequency context, this type of post-averaging of subsampling-based variance
estimates has been proposed in Zhang et al. (2005) to overcome problems arising from microstructure noise. It is referred to
as two-scales realized volatility and provides a consistent estimator of integrated volatility under the assumption of additive
white noise. The two-scales variance estimator can also be written as a quadratic form and it can be interpreted as an
estimator using overlapping return data. Graphical evidence (not shown here) indicates that also this estimator is not prone
to spurious seasonality.

6. Concluding Remarks

We have investigated the phenomenon of spurious seasonality in sequentially estimated variances. It arises when the
estimation frequency is higher than the sampling frequency of the (non-overlapping) return data used for estimation. The
phenomenon, which, to our knowledge, has not yet been addressed in the literature, is attributable to an implicit overlap in
the return data used for estimation. To provide a better understanding of this phenomenon, we have analyzed the properties
of series of variance estimates in terms of their theoretical autocorrelation functions, considering a large class of DGPs and
different variance estimators. We have shown ways to overcome the problem of spurious seasonality using overlapping
return data. Our theoretical results are in line with the simulation-based results of Frankland et al. (2019), who, for risk
assessment, favor overlapping data sampling combined with bias correction over non-overlapping data sampling.

In our analysis, we have focused exclusively on variance estimation. However, the phenomenon of spurious seasonality
also translates directly to other risk measures, such as value-at-risk or expected shortfall, which are commonly used in
order to determine the capital requirements of financial institutions. As a consequence, capital charges based on such risk
estimates will be subject to spurious seasonality. Risk managers and regulators need to be aware of that phenomenon and,
more importantly, understand it in order to establish sound risk management practices.

Our findings also provide an explanation for the variation in daily GARCH-parameter estimates derived from different
non-overlapping monthly samples reported in Hedegaard and Hodrick (2016). Finally, although we have simplified our dis-
cussion by focusing on a daily data frequency, it should be understood that spurious seasonality also arises with other
frequencies, such as in (ultra-)high-frequency realized-volatility analysis. Future research could address the phenomenon of
spurious seasonality in multivariate settings, in the context of portfolio analysis and in the presence of time-varying GARCH
structures.
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Appendix A. Proofs of Results
A.1. Proof of Theorem 4.1

This follows directly from Lemma 6.2 in Magnus (1978).
A.2. Proof of Corollary 4.1

Let the daily returns, (r;);, follow a Gaussian white noise process (Example 3.1) with E[r;] = 0 and variances Var[r;] =
o2. Then, E[ry pase] =Opare and E[Fepaief ya,,] = 02ha s, S0 that, due to independence, the joint distribution of vec-
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tor re a4 is @ multivariate normal distribution with zero mean vector and variance-covariance matrix o2l ,. Using
Theorem 4.1, it follows that

Cov[o G 1 Oy o] = 2tr(KQK 0 Typ 1 LQL 0I5 ) = 20* tr(KQK'LQL").

A.3. Proof of Theorem 4.2

For the covariance of the quadratic forms we get

Cov[X'AX, X'BX] = E[X'AXX'BX] — E[X'AX]E[X'BX]

= Z Z Z Z a,-jbk,E[x,-ijkx,] — tl'(E[X/AX])tI'(E[X/BX])

i1 j=1 k=1 I=1
non n n

= Z Zaﬁbij[x,-zx?] + Z Z (aijbfj + aijbﬁ)E[Xl»ZX]Z-] - E[tl"(X/AX)]E[tl'(X/BX)]
io1 j=1 o1 j=1.j#i

non
= Z Z(aﬁb]‘j + IL{#j}Zaijb,-j)E[xizxf] — E[tl‘(X,AX)]E[tI'(X/BX)]
io1 j=1

— E[X2°'CX%®] — E[tr(AXX)|E[tr(BXX")]

— tr(CE[X2®X2®"]) — tr(AE[XX'])tr(BE[XX'])
= tr(C(Zyo0 + fyoo My20)) — tr(AZx)tr(BEx)
= tr(CTp0) + Moo Chlyzo — tr(ATx)tr(BEx).

A.4. Proof of Corollary 4.2

From Theorem 4.2 we get

Voi, (0 = 0(C€(Tpg +Rpo Woo )) = (KQK Ey,, Jr(LQLEr,,,.,).

t.ha+e

with € =ab’ +2(KQK') ® (LQL) ® (1pay Aja e —Ihaie), Where a=diag(KQK') and b= diag(LQL'). By assumption,
(rt)tez follows a weak white noise process (Definition 3.1) with zero mean, implying

Hpo = E[r72, . ] = Var[re]lpase = 0% Tha

and
Zrne = Ellenasel pase] = Varlrelia e = 02 Iha e
Plugging in gives
Yor . ) = tr(C(erz?M + 0" parThay,)) — o tr(KQK )tr(LQL')
=tr(CZp0 ) +0*(1ha Clhase — tr(Q)?).

t.hA+e
Furthermore, with A := KQK’ and B := LQL’ we have
1;1A+ZC1hA+Z = 1;1A+e (ab, +2A0Bo (lhA+11;1A+i - IhA+t))1hA+t
= 1jp @D 1p 42150 (A BO TharMha ) lnare — 21ha (AO BO Ina ) Thaye
———
=tr(A)  =tr(B)
=tr(Q)? + 215, (AOB) 15, — 2a'b
= tr(Q)? + 2tr(AB) — 2a’b
= tr(Q)? + 2tr(KQK'LQL) — 2a’b.
This implies
Yoz, (0) = tr(CT0 ) +0*(tr(Q)? + 2tr(KQK'LQL') — 2a'b — tr(Q)?)
Wt t.hA+e
=tr(CZz0 )+ 20*(tr(KQK'LQL') — a'b).
t.hA+e



JID: ECOSTA [m3Gsc;July 23, 2022;13:8]

M.S. Kurz and S. Mittnik Econometrics and Statistics xxx (XXxX) xXx
Appendix B. Additional Results and Figures
B.1. GARCH(p, q) Fulfills the Conditions of Corollary 4.2

Let (rt)tez, With 1 = orer, be a GARCH(p, q) process as defined in Example 3.2. We further assume that the first four
moments of r; exist. Conditions for the existence of moments can be found in He and Terdsvirta (1999b) and Bollerslev
(1986) for the GARCH(1,1) model and for the GARCH(p, q) model in Ling and McAleer (2002a). The functional form of the
moments are given in He and Terdsvirta (1999a) and Karanasos (1999).

It is well known that GARCH processes are weak white noise processes (Definition 3.1), so it remains to show that the
moment conditions (4.3)-(4.6) of Theorem 4.2 are satisfied. The first moment condition (4.3) is obviously fulfilled for the
zero-mean process (1¢)tez.

Let Z; :={rs : s < t}. W.Lo.g. assume t; < t; < t3 < tg, then it holds

E[re,re,1e; 1, ] = E[E[re, 1e,TesTe, | Zey—1]] = Elre 1, Ty 0¢, El €6, 121,111 = O,
which shows that moment condition (4.4) holds for GARCH(p, q) processes with symmetric innovation distributions and
existing fourth moments. If t; < t;, we obtain

E[T?, ] = E[E[r?1 1t | Ze,-1]] = E[raatzE[Stzmz—l]] =0
and, if t; > ty, it follows that
E[r; 1t,] = E[E[1} 11,1, -1 1] = Elr,0.E[ ], | Z:, 111 = O,

showing that moment condition (4.5) holds for GARCH(p, q) processes with symmetric innovation distributions and existing
fourth moments. Let t; < max{t,, t3} and w.l.o.g. t3 > t;, then

E[ri e le ] = E[E[rrz1 1,71 Ze, 1] = E[ri 1t,04,Ele41Ze,1]] = 0.

W.lo.g. assume q > 3, otherwise set o = 0 for r > q in the following derivation. If t; > max{t,, t3}, E[s?] =02 and wlo.g.
ti =t tp =t—1and t3 =t — 2, we have

E[ri Te,Te, ] = E[rtzrt,1rr,2] = E[E[rtzrt,1r[72|It,1]] = E[rmnsz[UtzstzIIH]]

q p
= E[r_11_207E[eZ]] = 0 2E[re_11e_2 (ato + Zairtz,,- + Zﬂjgtz,j)]
iz -1

P
= 02oE[reate 2]+ 0% ) BiElrate 207 |1+ 0 E[r} 41 2] + 0% 0E[re 117 5]
j=1

q
+0? ZaiE[rtflrtfzrtz,,’]
i=3

)4
o? Z lng[rt—ZU[Z_jO’t—lE[gt—l |Z:1]]
=1
-0,

which shows that moment condition (4.6) holds for GARCH(p, q) processes with symmetric innovation distributions and
existing fourth moments.

B.2. Gaussian White Noise Process with the Sample Variance

Figs. 10 and 11 in this section of the appendix are analogous to Figs. 4 and 5 but with GARCH(1,1) (4.7) being replaced
by Gaussian white noise as DGP and the EWMA variance (3.4) being substituted by the sample variance (3.3).

B.3. Functional Form and Amplitude of the Periodic Spurious Seasonality in the Theoretical ACF

The theoretical autocovariance function of the quadratic-form variance estimator, when the daily log-return process,
(rt)tez, is @ weak white noise process satisfying the moment conditions (4.3)-(4.6), is given in Corollary 4.2 for ¢ > 0 by

Yor, () = r(CTpq ) +20°%(tr(KQK'LQL) — a'b).

with € =ab’' +2(KQK') ® (LQL) ® (14a Va4, — Inaye). Where a = diag(KQK’) and b =diag(LQL'). The expression is
rather compact, but lacks intuition. It is not obvious where exactly the spurious seasonality is coming from and how the
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Fig. 10. Time series of sample variance estimates (3.3), o (Zh) .» for simulated daily return series from the Gaussian white noise process with variance o2=1.
The upper plot shows the estimates (or(w) 10ts¢)tezs for 1< T < 10. The lower plot shows the series (‘7(10) rez. Both plots are based on bi-weekly (h = 10)
returns and estimation window A = 100.
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Fig. 11. The ACF of sample variances (3.3), o, (h) .» for daily returns from the Gaussian white noise process with o = 1. For the left plot we use a fixed
number of daily returns to derive the sample variances. The right plot depicts the ACF of sample variances based on bi-weekly (h = 10) returns and
estimation windows A = 25, 50, 100.
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Fig. 12. The ACF, its components s;(-), S2(-), s3(-), and peak-to-peak amplitudes, a(-), of sample variances (first and third row), lefl),t' and EWMA variances
(second and fourth row), (7(211),z.w for different lags ¢. The time-scale on the horizontal axis represents lags of ¢ days. In the first two rows, for the daily

returns a Gaussian white noise process with 02 =1 is assumed and in the third and fourth row the GARCH(1,1) process (4.7). All plots are based on
bi-weekly (h = 10) returns and estimation window A = 100.

amplitude of the periodic spurious seasonality in the theoretical ACF depends on the variance estimator and the DGP. To
provide more insight, we re-write the theoretical autocovariance as a sum of three components

Yoz, . () =51(Q) +52(Q) +53(Q),

with
51(Q) = b/Er?% - 2(c* +y2(0))a'b,
52(Q) = 2tr((KQK) © (LQL’))er?M),

$3(Q) 1= 20*1j5,, (KQK') © (LQL)) a4

The three terms depend on the variance estimator defining Q and the DGP, which impacts o4 " V2 (0) and X 50 . In the
thA+e

following we consider again the Gaussian white noise process with 02 =1 and GARCH(1,1) process (4.7). As variance esti-
mators, we study the sample variance and the EWMA variance based on non-overlapping h-day returns with h = 10. The
window length is set to A = 100.

Fig. 12 shows the theoretical ACF of the estimated variances, paz (Z) and the three components s,-(paz (z)):

$i(Qm, A)/ya (0) Note that the components add up to the theoretlcal ACF ie, p, 2 ((Z) = Z; 1Si (pa (Z)) The two

top rows correspond to the Gaussian white noise process with the sample variance in the ﬁrst row and the EWMA variance
in the second row. Accordingly, the third and fourth row show the results for the GARCH(1,1) process and the respective
variance estimators. We see that the first component s;(po_> (¢)) is not contributing to the periodic spurious seasonality
(h).t
effect and the functional form depends on the variance estimator and the DGP. The second component, s (0,2 (£)), is not
Tin.e
periodic for the Gaussian white noise process but periodic for the GARCH(1,1) process. This is due to the fact that Zrzo is

t,hA+e
diagonal for Gaussian white noise but not for GARCH(1,1) processes, since squared observations are autocorrelated. In case

of the sample variance, the peak-to-peak amplitude in s, (o, (Z)) is decreasing more slowly than for the EWMA variance
(h
estimator. The third term, s3(o,2 (¢)), is periodic in all four cases and the functional form of the amplitude is compara-
().t

ble to those of the second component. The fifth column shows the contribution of the second and third component to the
peak-to-peak amplitudes, denoted by a(p_ > (¢)). The peak-to-peak amplitudes have been approximated by fitting linear
(h).t
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functions (for the sample variance) and exponential functions (for the EWMA variance) through the peaks and taking the
pointwise differences between the fitted functions. The fitted curves are shown in blue and red in the plots of s,(-) and
s3(-). We see that the peak-to-peak amplitude of the sample variance is decreasing in ¢, and it is larger for the Gaussian
white noise process than for the GARCH(1,1) process. The peak-to-peak amplitudes for the EWMA variances are comparable
to those of the sample variance for small values of ¢, but the amplitudes are decreasing much faster in ¢.

The crucial term in both periodic components, s,(Q) and s3(Q), is (KQK’) ® (LQL’). The block-structure of Q1A and
Q) A and the fact that KQK’ = blkDiag(0,,,, Q) and LQL' = blkDiag(Q, 0,,;) have a block-diagonal structure reveal how
the periodicity of length h is generated, when different lags, ¢, are considered and the Hadamard product of the matrices
KQK' and LQL’ is formed.
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