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Abstract: While the dominant radiation mechanism of gamma-ray bursts (GRBs) remains a question of
debate, synchrotron emission is one of the foremost candidates to describe the multi-wavelength afterglow
observations. As such, it is expected that GRBs should present some degree of polarization across their
evolution—presenting a feasible means of probing these bursts’ energetic and angular properties. Although
obtaining polarization data is difficult due to the inherent complexities regarding GRB observations,
advances are being made, and theoretical modeling of synchrotron polarization is now more relevant than
ever. In this manuscript, we present the polarization for a fiduciary model, where the synchrotron FS
emission evolving in the radiative–adiabatic regime is described by a radially stratified off-axis outflow.
This is parameterized with a power-law velocity distribution and decelerated in a constant-density
and wind-like external environment. We apply this theoretical polarization model for two select GRBs,
presenting upper limits in their polarization—GRB 170817A, a known off-axis GRB with radio polarization
upper limits, and GRB 190014C, an on-axis case, where the burst was seen from within the half-opening
angle of the jet, with observed optical polarization—in an attempt to constrain their magnetic field geometry
in the emitting region.

Keywords: polarization; synchrotron; grbs

1. Introduction

Gamma-ray Bursts (GRBs) are the most luminescent phenomena in the universe. They
result from the deaths of massive stars [1–4] or the merger of two compact objects, such as
neutron stars (NSs; [5–8]) or a NS with a black hole (BH, [9]). GRBs are evaluated based on
the phenomenology seen during their early and late phases and are often characterized
by the fireball model [10] to distinguish their various sources. The principal and earliest
emission, known as the “prompt emission”, is detected from hard X-rays to γ-rays. This
phase can be explained by the interactions of internal shells of material launched force-
fully from the central engine at various speeds [11,12], photospheric emission from the
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fireball [13–15] or discharges from a Poynting-flux-dominated ejecta [16–19]. Later emis-
sion, known as “afterglow”, (e.g., [10,20–28]) is a long-lasting multi-wavelength emission
detectable in gamma-rays, X-rays, optical, and radio. It is modeled using synchrotron radi-
ation produced when the external environment decelerates the relativistic outflow, and a
significant portion of its energy is transferred. Long GRBs (lGRBs) and short GRBs (sGRBs)
are categorized based on their duration:1 T90 ≤ 2 s or T90 ≥ 2 s,2 respectively [30,31].

Synchrotron radiation is the fundamental emission mechanism in GRB afterglows
in a forward-shock (FS) scenario [32,33]. Nevertheless, synchrotron is contingent on the
existence of magnetic fields. The origin and arrangement of these magnetic fields behind
the shock remain debatable. They can originate from the compression of an existing mag-
netic field within the interstellar medium (ISM; [34,35]) and shock-generated two-stream
instabilities [36,37]. The magnetic field generated by these plasma instabilities is random
in orientation but mostly confined to the plane of the shock [38]. Modeling the source
and arrangement of those fields and other physical properties of GRBs presents a chal-
lenging task. This has necessitated the development of other methods for investigating
these complicated systems. Among these techniques is linear polarization. Linear polar-
ization (Π) has been measured, up to a few percent, from the afterglow of several GRBs.
Some examples include GRB 191221B (Π = 1.2%; [39]) at the late afterglow, GRB 190114C
(Π = 0.8 ± 0.13%; [40]) on the radio band, and the upper limit determinations of GRB
991216 (yielding Π < 7%; [41]) and GRB 170817A (yielding Π < 12%, on the 2.8 GHz
radio band [42]). Meanwhile, for the prompt phase, polarization has been observed in
several bursts, with significant higher polarization degree, such as GRB 021206 (Π = 80%±
20% [43]), GRB 041219A (Π = 98% ± 33% [44]), GRB 120308A (Π = 28% ± 4% [45]), GRB
160821A (Π = 54% ± 16% [46]), and many more. The high value of polarization observed
in the prompt phase would be a strong indicator of synchrotron emission as the mechanism
for the prompt emission, as the high polarization is a characteristic of this emission mech-
anism, and the polarization obtained from a Comptonized spectrum would be smaller,
≲ 20% [47–49]. However, reaching a conclusive result from the current data is problematic,
as much of it has low statistical significance. Previous works, including [35,50–56], have
already investigated the practicality of utilizing polarization models to acquire source-
related information, both in the prompt and afterglow phases. Due to the unfortunately
low number of orbital polarimeters, the brightness of the events, sensitivity, and response
time limitations, collecting polarization data both at the prompt and aftergflow phase has
been one of the most significant impediments towards advancement of the field. Despite
this, progress has been made in the field as a result of multiple global initiatives, and it
is anticipated that we will have abundant data with higher statistical significance to test
various models in the coming years.

This study expands the analytical synchrotron afterglow scenario of the off-axis ho-
mogeneous jet in a stratified environment, which was required to characterize the multi-
wavelength data of GRB 170817A [57] and a sample of GRBs exhibiting off-axis emission.3

The phenomenological model is extended from the adiabatic to the radiative regime, includ-
ing the self-absorption synchrotron phase and the dimensionless factor, which provides
information on the equal arrival time surface (EATS). We show the temporal develop-
ment of polarization from the synchrotron afterglow stratification model and compute the
expected polarization for GRB 170817A [59–63] and GRB 190114C [40,64–66]. For GRB
170817A we employ the available polarimetric upper limits from [42], and for GRB 190114C
the optical polarization data from [40]. Keeping this in mind, the structure of the paper is as
follows: In Section 2, we briefly describe the off-axis jet synchrotron model derived in [57]
with the extension. In Section 3, we introduce the polarization model used in this paper.
In Section 4, we compute the assumed polarization and give the outcomes for our chosen
afterglow-emitting bursts. Finally, in Section 5, we present the conclusion and provide
closing thoughts.
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2. Synchrotron Forward-Shock Model from a Radially Stratified Off-Axis Jet

The multi-wavelength afterglow observations of GRB 170817A are consistent with
the synchrotron FS scenario in the fully adiabatic regime from a radially stratified off-axis
outflow decelerated in a homogeneous medium [67–69]. Ref. [57] extended the synchrotron
FS approach to a stratified environment based on the immediate vicinity of a binary NS
merger proposed to explain the gamma-ray flux in GRB 150101B. Additionally, Ref. [57]
successfully explained the multi-wavelength afterglow observations in GRB 080503, GRB
140903A, and GRB 160821B using the synchrotron off-axis model.

In order to present a polarization model and perform a fully time-evolving analy-
sis, we extend the synchrotron scenario described in [57,67] from adiabatic to radiative
regime including the self-absorption phase and the dimensionless factor ξ which provides
information on the EATS [70,71].

2.1. Synchrotron Scenario

Relativistic electrons are accelerated in the FS and cooled down mainly via synchrotron
emission in the presence of a comoving magnetic field B′ =

√
8πεBe, where e is the

energy density and εB the fraction of magnetic energy given in the FS. Hereafter, we use
the prime and unprimed quantities to refer them in the comoving and observer frames,
respectively. The acceleration process leads to electrons with Lorentz factors (γe) coming
via a distribution of the form N(γe) dγe ∝ γ

−p
e dγe with p as the electron power index. We

consider a radially off-axis jet with an equivalent kinetic energy given by the following:

E = Ẽ Γ−αs
1

(1 + ∆θ2Γ2)3 , (1)

where Ẽ is the characteristic energy, ∆θ = θobs − θj corresponds to the viewing angle
(θobs) and the half-opening angle of the jet (θj) and Γ is the bulk Lorentz factor, and αs is a
mathematical parameter whose value is 1.1 ≤ αs ≤ 2.1, introduced to give a power-law
profile to the kinetic energy. We consider that the circumburst medium can be constant
(n) or stratified (with a profile given by the stellar wind ∝ AWr−2 with AW as the density
parameter).

2.1.1. Constant-Density Medium

We assume an evolution of the FS with an isotropic equivalent-kinetic energy
E = 4π

3 mpc2nr3Γϵ
0Γ2−ϵ (Blandford–McKee solution; [72]), where ϵ = 0 corresponds to

the adiabatic regime and ϵ = 1 to the fully radiative one [73–75], and a radial distance
r = cξΓ2t/(1 + z) with c the speed of light, mp is the proton mass and z is the redshift.
Therefore, the evolution of the bulk Lorentz factor is given by the following:

Γ = 9.8
(

1 + z
1.022

) 3
δ+8−ϵ

ξ−
6

δ+8−ϵ n
− 1

δ+8−ϵ
−4 ∆θ

− 6
δ+8−ϵ

15◦ Γ
− ϵ

δ+8−ϵ
0 Ẽ

1
δ+8−ϵ
52 t

− 3
δ+8−ϵ

5 , (2)

with δ = αs + 6. Using the bulk Lorentz factor (Equation (2)) and the synchrotron afterglow
theory introduced in [10] for the fully adiabatic regime, we derive in this formalism the
relevant quantities of synchrotron emission that originated from the FS. The minimum and
cooling electron Lorentz factors can be written as follows:

γm = 32.6
(

1 + z
1.022

) 3
δ+8−ϵ

ξ−
6

δ+8−ϵ g(p) εe,−2 n
− 1

δ+8−ϵ
−4 ∆θ

− 6
δ+8−ϵ

15◦ Γ
− ϵ

δ+8−ϵ
0 Ẽ

1
δ+8−ϵ
52 t

− 3
δ+8−ϵ

5 , (3)

γc = 4.0 × 108
(

1 + z
1.022

) δ−1−ϵ
δ+8−ϵ

ξ
2(1−δ+ϵ)

δ+8−ϵ (1 + Y)−1 ε−1
B,−4 n

− δ+5−ϵ
δ+8−ϵ

−4 ∆θ
18

δ+8−ϵ
15◦ Γ

3ϵ
δ+8−ϵ
0 Ẽ

− 3
δ+8−ϵ

52

×t
1−δ+ϵ
δ+8−ϵ
5 , (4)
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respectively. Here, Y is the Compton parameter, g(p) = (p − 2)/(p − 1) whereas ϵe is
the fraction of energy given to accelerate the electron population. Using the electron
Lorentz factors (Equation (4)), the characteristic and cooling spectral breaks for synchrotron
radiation are

νm ≃ 2.0 × 10−3 GHz
(

1 + z
1.022

) 4−δ+ϵ
δ+8−ϵ

ξ−
24

δ+8−ϵ ε2
e,−2 ε

1
2
B,−4 n

δ−ϵ
2(δ+8−ϵ)

−4 ∆θ
− 24

δ+8−ϵ
15◦ Γ

− 4ϵ
δ+8−ϵ

0 (5)

×E
4

δ+8−ϵ
52 t

− 12
δ+8−ϵ

5 ,

νc ≃ 7.6 × 104 keV
(

1 + z
1.022

) δ−4−ϵ
δ+8−ϵ

ξ−
4(2+δ−ϵ)

δ+8−ϵ (1 + Y)−2 ε
− 3

2
B,−4 n

− 16+3δ−3ϵ
2(δ+8−ϵ)

−4 ∆θ
24

δ+8−ϵ
15◦ Γ

4ϵ
δ+8−ϵ
0 (6)

×E
− 4

δ+8−ϵ
52 t

− 2(2+δ−ϵ)
δ+8−ϵ

5 ,

respectively. Considering the maximum emissivity, the total number of radiating electrons
and the luminosity distance Dz, the maximum flux emitted by synchrotron radiation is
given by

Fmax ≃ 0.2 mJy
(

1 + z
1.022

) 16−δ+ϵ
δ+8−ϵ

ξ
6(δ−ϵ)
δ+8−ϵ ε

1
2
B,−4 n

8+3δ−3ϵ
2(δ+8−ϵ)

−4 ∆θ
− 48

δ+8−ϵ
15◦ D−2

z,26.3 Γ
− 8ϵ

δ+8−ϵ
0 E

8
δ+8−ϵ
52

×t
3(δ−ϵ)
δ+8−ϵ
5 . (7)

The synchrotron spectral breaks in the self-absorption regime are derived from

νa,1 = νcτ
3
5

m , νa,2 = νmτ
2

p+4
m and νa,3 = νmτ

3
5

c with the optical depths given by τm ≃ 5
3

qenr
B′γ5

m

and τc ≃ 5
3

qenr
B′γ5

c
.

The light curves in the fast cooling regime are as follows:

Fsyn
ν ∝



t ν
1
3 , for ν < νa,3,

t
4+11(δ−ϵ)
3(δ+8−ϵ) ν−

1
2 , for νa,3 < ν < ν

syn
c ,

t
2(δ−1−ϵ)

δ+8−ϵ ν−
p−1

2 , for ν
syn
c < ν < ν

syn
m ,

t
2(2−3p+δ−ϵ)

δ+8−ϵ ν−
p
2 , for ν

syn
m < ν ,

(8)

and in the slow cooling regime they are as follows:

Fsyn
ν ∝


t

2(2+δ−ϵ)
δ+8−ϵ ν2, for ν < νa,1,

t
4+3(δ−ϵ)

δ+8−ϵ ν
1
3 , for νa,1 < ν < ν

syn
m ,

t
3(2−2p+δ−ϵ)

δ+8−ϵ ν−
p−1

2 , for ν
syn
m < ν < ν

syn
c ,

t
2(2−3p+δ−ϵ)

δ+8−ϵ ν−
p
2 , for ν

syn
c < ν .

(9)

Fsyn
ν ∝


t

2(2+δ−ϵ)
δ+8−ϵ ν2, for ν < ν

syn
m ,

t
2(5+δ−ϵ)

δ+8−ϵ ν
5
2 , for ν

syn
m < ν < νa,2,

t
3(2−2p+δ−ϵ)

δ+8−ϵ ν−
p−1

2 , for νa,2 < ν < ν
syn
c ,

t
2(2−3p+δ−ϵ)

δ+8−ϵ ν−
p
2 , for ν

syn
c < ν .

(10)



Galaxies 2024, 12, 60 5 of 16

2.1.2. Stellar-Wind Medium

In the case of a stratified stellar-wind-like medium, the number density is given by
n(r) = ρ(r)

mp
= A

mp
r−2 where A = Ṁ

4π v = 5 × 1011 AW g cm−1, with Ṁ the mass-loss rate
and v the velocity of the outflow (e.g., see [76]). Taking into account the Blandford–McKee
solution for a stratified stellar-wind-like medium, the bulk Lorentz factor derived through
the adiabatic evolution [72,77] is given by

Γ = 16.2
(

1 + z
1.022

) 1
δ+4−ϵ

ξ−
2

δ+4−ϵ A
− 1

δ+4−ϵ
W,−1 ∆θ

− 6
δ+4−ϵ

15◦ Γ
− ϵ

δ+4−ϵ
0 Ẽ

1
δ+4−ϵ
52 t

− 1
δ+4−ϵ

5 , (11)

with the characteristic energy given by Ẽ = 16π
3 (1 + z)−1 ξ2 AW ∆θ6 Γϵ

0 Γδ+4−ϵ t . Using the
bulk Lorentz factor (Equation (11)) and the synchrotron afterglow theory for a wind-like
medium [71,78], we derive the relevant quantities of synchrotron emission for our model in
the fully adiabatic regime. The minimum and cooling electron Lorentz factors are given by

γm = 41.5
(

1 + z
1.022

) 1
δ+4−ϵ

ξ−
2

δ+4−ϵ g(p) εe,−2 ∆θ
−6

δ+4−ϵ
15◦ A

− 1
δ+4−ϵ

W,−1 Γ
− ϵ

δ+4−ϵ
0 Ẽ

1
δ+4−ϵ
52 t

− 1
δ+4−ϵ

5 ,

γc = 52.1
(

1 + z
1.022

)− δ+3−ϵ
δ+4−ϵ

(1 + Y)−1 ξ
2(δ+3−ϵ)

δ+4−ϵ ε−1
B,−4 A

− δ+5−ϵ
δ+4−ϵ

W,−1 ∆θ
− 6

δ+4−ϵ
15◦ Γ

− ϵ
δ+4−ϵ

0 Ẽ
1

δ+4−ϵ
52 (12)

×t
δ+3−ϵ
δ+4−ϵ
5 .

The characteristic and cooling spectral breaks for synchrotron emission are

νm ≃ 1.0 × 1014Hz
(

1 + z
1.022

) 2
δ+4−ϵ

ξ−
2(δ+6−ϵ)

δ+4−ϵ ε2
e,−2 ε

1
2
B,−4 A

δ−ϵ
2(δ+4−ϵ)

W,−1 ∆θ
− 12

δ+4−ϵ
15◦ Γ

− 2ϵ
δ+4−ϵ

0

×E
2

δ+4−ϵ
52 t

− δ+6−ϵ
δ+4−ϵ

5 , (13)

νc ≃ 1.1 × 1014Hz
(

1 + z
1.022

)− 2(δ+3−ϵ)
δ+4−ϵ

ξ
2(δ+2−ϵ)

δ+4−ϵ (1 + Y)−2 ε
− 3

2
B,−4 A

− 3δ+16−3ϵ
2(δ+4−ϵ)

W,−1 ∆θ
− 12

δ+4−ϵ
15◦

×Γ
− 2ϵ

δ+4−ϵ
0 E

2
δ+4−ϵ
52 t

δ+2−ϵ
δ+4−ϵ
5 , (14)

respectively. Given the maximum emissivity in a stratified stellar-wind-like medium, the
maximum flux radiated by synchrotron emission is given by

Fmax ≃ 1.9 × 103 mJy
(

1 + z
1.022

) 2(δ+5−ϵ)
δ+4−ϵ

ξ−
4

δ+4−ϵ ε
1
2
B,−4 A

3δ+8−3ϵ
2(δ+4−ϵ)

W,−1 D2
z,26.3 ∆θ

− 12
δ+4−ϵ

15◦

×Γ
− 2ϵ

δ+4−ϵ
0 E

2
δ+4−ϵ
52 t

− 2
δ+4−ϵ

5 . (15)

The synchrotron spectral breaks in the self-absorption regime are derived from

νa,1 = νcτ
3
5

m , νa,2 = νmτ
2

p+4
m and νa,3 = νmτ

3
5

c with the optical depths given by τm ∝ qe AWr−1

B′γ5
m

and τc ∝ qe AWr−1

B′γ5
c

.
The light curves in the fast cooling regime are

Fsyn
ν ∝



t
8+3(δ−ϵ)

δ+4−ϵ ν
1
3 , for ν < νa,3,

t
ϵ−δ−8

3(δ+4−ϵ) ν−
1
2 , for νa,3 < ν < ν

syn
c ,

t
δ−2−ϵ

2(δ+4−ϵ) ν−
p−1

2 , for ν
syn
c < ν < ν

syn
m ,

t
2(2−3p)+(ϵ−δ)(p−2)

2(δ+4−ϵ) ν−
p
2 , for ν

syn
m < ν ,

(16)
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whereas in the slow cooling regime they are

Fsyn
ν ∝



t
2(2+δ−ϵ)

δ+4−ϵ ν2, for ν < νa,1,

t
δ−ϵ

3(δ+4−ϵ) ν
1
3 , for νa,1 < ν < ν

syn
m ,

t
2+δ−ϵ−p(6+δ−ϵ)

2(δ+4−ϵ) ν−
p−1

2 , for ν
syn
m < ν < ν

syn
c ,

t
2(2−3p)+(ϵ−δ)(p−2)

2(δ+4−ϵ) ν−
p
2 , for ν

syn
c < ν .

(17)

Fsyn
ν ∝



t
2(2+δ−ϵ)

δ+4−ϵ ν2, for ν < ν
syn
m ,

t
14+5(δ−ϵ)
2(δ+4−ϵ) ν

5
2 , for ν

syn
m < ν < νa,2,

t
2+δ−ϵ−p(6+δ−ϵ)

2(δ+4−ϵ) ν−
p−1

2 , for νa,2 < ν < ν
syn
c ,

t
2(2−3p)+(ϵ−δ)(p−2)

2(δ+4−ϵ) ν−
p
2 , for ν

syn
c < ν .

(18)

3. Polarization Model

GRB afterglows are expected to be intrinsically polarized, due to their non-thermal
emission mechanisms. Polarization is commonly attributed to synchrotron radiation be-
hind shock waves. This makes it dependent on the magnetic field configuration and the
geometry of the shock, as they will define the polarization degree (PD) on each point and
its integration over the whole image [51]. The Stokes parameters (I, Q, U, and V) control the
approach to polarization calculation, and normally only linear polarization is considered.
From this point on, we refer to the observer and comoving frames as unprimed and primed,
respectively. The stokes parameters are expressed as

V = 0, θp =
1
2

arctan
U
Q

,

U
I = Π′ sin 2θp,

Q
I
= Π′ cos 2θp. (19)

where θp is the polarization angle. The measured stokes parameters are the sum over the
flux [79], so

U
I =

∫
dFνΠ′ sin 2θp∫

dFν
, Q

I =
∫

dFνΠ′ cos 2θp∫
dFν

, (20)

Π =

√
Q2+U2

I . (21)

The relationship dFν ∝ δ3
DL′

ν′dΩ —where L′
ν′ is the spectral luminosity and dΩ is the

element of the solid angle of the fluid element in relation to the source—allows the in-
troduction of the factors regarding the geometry of the magnetic field and outflow by
using [80]

L′
ν′ ∝ (ν′)−α(sin χ′)εrm ∝ (ν′)−α(1 − (n̂′ · B̂′)2)ε/2rm. (22)

For this work, we consider m = 0 and ε = 1 + α, with α as the spectral index, which we
obtain with the electron power-law index p; i.e., α = (p − 1)/2 [79]. The parameter χ is the
angle between the local magnetic field and the particle’s direction of motion, and due to
the highly beamed nature of synchrotron emission, this angle is also the pitch angle. The
geometrical considerations of polarization can then be taken by averaging this factor over
the local probability distribution of the magnetic field (see Equation (15) of [51]),

Λ =
〈
(1 − n̂′ · B̂′)ε/2

〉
. (23)
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One of the still-unsolved mysteries of GRBs is the configuration of the magnetic field
present at different regions of emission. The considerations regarding the magnetic field
geometry are varied based on the GRB epoch of relevance. For a scenario where the
afterglow is described by an FS, two of the most suitable configurations are a random

perpendicular configuration—where the anisotropy factor b ≡
2
〈

B2
∥

〉
⟨B2

⊥⟩
= 0 is confined to

the shock plane;and an ordered configuration parallel to the velocity vector, where b → ∞.
More complex configurations with multi-component magnetic fields, where the anisotropy
is b > 0, have been conducted [35,38,42,55]. As it is warranted and needed, however, for
the purposes of this paper, we limit ourselves to the two following cases.

• Random magnetic field (B⊥, b = 0)

In this scenario, the symmetry of the random magnetic field configuration, perpendic-
ular to the shock plane, causes the polarization over the image to disappear when the beam-
ing cone is wholly contained within the jet aperture or if it is seen along the axis (θobs = 0).
To break the symmetry, the jet must be viewed close to its edge (q ≡ θobs

θj
≳ 1 + ζ−1/2

j ),
where the missing emission (from θ > θj) results only in partial cancellation [81]. The
equation necessary to calculate this polarization is explicitly laid out as Equation (5) in [79].

• Ordered magnetic field (B∥, b → ∞)

For the ordered magnetic field, a configuration parallel to the velocity vector, the same
symmetry observations hold true and the calculation follows [51,79], with Λ(ζ̃) = Λ∥.

By substituting the following integration limits

cos ψ(ζ̃) =
(1 − q)2ζ j − ζ̃

2q
√

ζ j ζ̃
, ζ j = (Γθj)

2, ζ± = (1 ± q)2ζ j, (24)

with an appropriate prescription of the bulk Lorentz factor Γ(t), the evolution of the
opening angle of the jet θj(t), and the parameters required to describe these expressions as
described in Section 2 and [57], we can obtain the temporal evolution of polarization.

Polarization Evolution for a Forward-Shock

Figures 1 and 2 show the temporal evolution of polarization degree for our chosen
magnetic field configurations in two distinct scenarios regarding the density of the circum-
burst medium—here considered to be a constant density and a wind-like medium. Each
column of these figures represents a chosen combination of the ϵ and ξ parameters. Table 1
shows the values required to generate Figures 1 and 2. We highlight that the generic
values were determined based on the typical range reported for each parameter in the GRB
synchrotron literature (for reviews, see [32,82]). The values of the observation angle are
varied over a range between 8 and 15 deg.4 This range of values is shown in these figures
with different colored lines, each one standing for a value of q0 = θobs

θj,0
, the ratio between

the observation angle and initial opening angle of the jet.

Table 1. Parameters used to calculate the polarization curves for the fiducial model.

Ẽ (1050 erg) n (cm−3) Aw* θj (deg) θobs (deg) Γ0

1 10−2 10−4 5.0 [8, 15] 100
The range [8, 15] for θobs represents the three chosen values of θobs = [8.0, 11.5, 15.0]. * This value is used for
wind-like scenario.
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Figure 1. Polarization curves for our fiducial model, considering a constant medium. The top row
shows the perpendicular magnetic field configuration, the bottom row shows the parallel one. Each
column represent a different pairing ξ and ϵ.
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Figure 2. Same as Figure 1, but for a wind-like medium.

The equivalent kinetic energy presented in Equation (1), which is parameterized with
a power-law velocity distribution, can be visualized as the superposition of a traditional
homogeneous (‘top-hat’) jet E ∝ ∆θΓ−αs and a quasi-spherical component E ∝ Γ−αs .
The homogeneous jet case has been studied by a few works now, such as [83–86] now.
Comparing results with the leftmost column of Figure 1, we see the typical double peak
behavior for a homogeneous jet, reported by [85] for q0 < 5, is present for us as well.
Some discrepancies are shown, with our polarization being initially higher at earlier times
(increasingly so as q0 → 1) and overall in the magnitude of the peaks. The highest likelihood
culprit for these differences is the choice of synchrotron model and parameter values. The
center column of Figure 1 presents the case for a partially radiative scenario, and it behaves
quite similarly to the adiabatic case, with only a change in the magnitude of the peaks being
observable. The deceleration of the relativistic outflow by the circumburst medium is faster
when it lies in the radiative regime rather than adiabatic one, and the temporal evolution
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of polarization is modified [87,88]. For our model, this has resulted in an enhancement
of the increase in polarization as q0 grows, but smaller second peaks. The rightmost side
of Figure 1 displays the case for an adiabatic regime with ξ = 0.56 [71]. The variation
on ξ causes the emission to arrive earlier or later, and this produces a difference in the
magnitudes of the peaks, as observed in Figure 1 [70,71,89]. The polarization behavior flips
in comparison with ξ = 1, with the peak increasing as q0 → 1; comparatively, the second
peak remains mostly the same. The parallel case presents similar behavior for all three
considered cases. A small change is observed in the sharpness of the decline of polarization
at jet-break (where the synchrotron model, the bulk Lorentz factor, changes regime to follow
the on-axis calculations presented by [57]) and post-break, with a sharper decline happening
with a decreasing value of ξ. Figure 2 shows the polarization evolution for the wind-like
medium. Ref. [90] expected that the polarization evolved slower for a wind-like medium,

as the relationship between afterglow timescale and density was t ∝ (E/n)
1

(3−k) ([32,91]
and with k = 2 for a wind-like medium), and this is observed here too. For the convenience
of observation, the limits of the timescale have been expanded. Ref. [92] also calculated
the polarization for stratified media in a fully adiabatic case, with the inclusion of the
reverse-shock contributions as well as EATS integration, as a continuation of their previous
works in polarization [93–95]. When analyzing their FS case, we find that their results also
agree with the slower evolution in a wind-like medium, similarly to [90]. However, we
find a discrepancy in the fact that their model expects the peaks of the forward shock to
appear earlier in a wind-like medium by a more substantial margin when compared to
a constant-density medium, while our work sees the second peak appearing at similar
times for q = 1.6 (∼ 0.01 days) and q = 2.3 (∼0.1 days) and later for q = 3.0 (∼0.4 and
∼2.0 days). Other significant differences between the constant-density medium and this
scenario are the higher initial polarization peak and lower magnitude of the second peak,
which is in all likelihood due to the lower value of the bulk Lorentz factor at later times.
Between the chosen values of ξ and ϵ, we see that a lower value of ξ increases the magnitude
of the first peak while decreasing the magnitude of the second one. This is similar to the
constant-density medium case, with the addendum that the second peak is reduced further
when compared to ξ = 1. For the partially radiative case, the first polarization peak is
similar to the adiabatic case with higher magnitude, but the second polarization peak is
further reduced.

4. Modeling the Polarization of Observed Bursts

In this section, we describe the polarization for two distinct bursts: GRB 170817A and
GRB 190114C. These bursts are expected to be completely different in nature, with GRB
170817A being a sGRB viewed off-axis, and 190114C a lGRB viewed on-axis (from within
the half-opening angle of the jet). This choice of bursts with polarization data allows us to
observe two distinct cases for our model. We use the parameter values obtained by [57,65]
via Markov Chain Monte Carlo (MCMC) simulations to calculate the polarization. For this
section, we will adopt the notation Π(q0 = x±y

±z ) = a±b
±c% to show the polarization for each

value of q0 present.

• GRB 170817A

Figure 3 shows the expected polarization, calculated with our model, for the different
configurations of magnetic fields. GRB 170817A has been modeled by a variety of different
synchrotron scenarios; while the more traditional top-hat off-axis jet has fallen out of favour,
other models such as radially stratified ejecta [62,67,96], structured jets [59,60,97], or the
sum of multiple components [98], can properly describe the multi-wavelength afterglow
observations. One thing to note is that for the period starting two weeks after the burst, the
flux can be described solely by a relativistic collimated jet (see references above and [63]). As
such, the angular structure of the jet is less relevant to describe the late afterglow. We use the
phenomenological model presented in this paper for a constant-density medium with ξ = 1
and ϵ = 0 to obtain the polarization. These conditions reduce our model to the one used
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in [67], where the authors have fitted the synchrotron light curves. We have used the values
reported in Table 2 to generate the polarization curves. For the perpendicular configuration
of magnetic field, we observe an initial ∼ 1.2% polarization for all values of q0. Then, the
polarization begins its evolution towards a first peak of |Π|(q0 = 4.05+0.15

−0.15) ≈ 39−1
+1% at

t ≈ 27 days, with a second peak of |Π|(q0 = 4.05+0.15
−0.15) ≈ 40.5+0.5

−0.5% at t ≈ 100 days. The
parallel configuration has an initially high degree of polarization across the board and low
influence of q0, with Π ≈ 68%, and Π ≈ 60% at the break. The blue inverted triangles
in Figure 3 show the upper limits, of |Π| ≈ 12% at t ≈ 243 days (derived by [42]). The
upper limits are broken by the polarization curves, with |Π|(B⊥) ≈ 19% and Π(B∥) ≈ 25%.
This indicates that the chosen configurations cannot successfully describe the polarization
observed for GRB 170817A. This result is expected in accordance with previous investiga-
tions of GRB 170817A’s polarization (e.g., see [35,38,55,86,99]). Multiple models, ranging
from a traditional top-hat jet to a more complex structured jet, were used in an attempt to
describe the polarization upper limits. However, all works have found that the usage of a
anisotropic magnetic field, be it a random field generated at the shock front or a globally
ordered configuration, breaks the upper limits imposed. The single exception is the case
of a wide-angled quasi-spherical outflow [99], which does not break the upper limits.
However, this particular model is not favored for describing the afterglow flux of the burst.
It is required, then, that the magnetic field at the emitting region must not be anisotropic.
Refs. [35,38] have constrained the anisotropy of the magnetic fields to a dominant per-
pendicular component with a sub-dominant parallel component (0.85 ≲ b ≲ 1.16 and
0.66 ≲ b ≲ 1.49, for each paper, respectively). When [100] modeled the polarization of
this burst, they discovered a more general 3D mixed magnetic field in the RS region of
the jet and a 2D field in the FS region. Their model successfully describes the polarization
upper limits imposed to this burst, with a early time peak arising due to the off-axis FS
observation, with the mixed magnetic field of the RS region maintaining a roughly constant
polarization degree (∼10%) at the upper limit times. Their model predict a constraint of
ϵB ≤ 0.9. More observations on a shorter post-burst period would be needed to constrain
the magnetic field configuration further, and proper modeling of the afterglow light curve
is necessary for breaking the degeneracy between models. Unfortunately, there were no
polarization observations at any other frequency and time [42].

10 3 10 2 10 1 100 101 102

t (days)

0.4

0.3

0.2

0.1

0.0

B
q0 = 3.90
q0 = 4.05
q0 = 4.20

10 3 10 2 10 1 100 101 102

t (days)

0.2

0.4

0.6

B

Figure 3. Expected temporal evolution of the polarization for GRB 170817A for two configurations of
magnetic fields—Perpendicular (B⊥) and Parallel (B∥). These polarization curves were calculated
using the best fit values presented in Table 2. For θobs, we have used the range of 20.5 ± 0.5 deg with
three values linearly spaced between the limits. The inverted triangles represent the polarization
upper limits |Π| = 12% (derived by [42]).

Table 2. Posterior distribution for the parameters used to calculate the polarization the observed GRBs.

Parameters Ẽ (1050 erg) n (10−2 cm−3) θj (deg) θobs (deg) p

GRB 170817A 1.19+0.10
−0.10 1.0+0.10

−0.10 5.0 12.45+0.35
−0.35 2.21

GRB 190114C 1.50+0.49
−0.48 × 10 1.307+0.49

−0.48 × 102 5.0 13.4+0.5
−0.5 2.28
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• GRB 190114C

Figure 4 shows the expected polarization, calculated with our model, for the differ-
ent configurations of magnetic fields. Unlike the previous shown cases, this burst was
expected to be seen on-axis (θobs ≤ θj, q ≤ 1). To reduce the model presented in this work to
one equivalent to the one used in [65,101] we use ξ = 1, ϵ = 0,
and ∆θ, αs → 0. This reduces Equation (1) to E = Ẽ and the bulk Lorentz factor be-
comes Γ ∝ Ẽ1/(8−ϵ)ξ−3/(8−ϵ)n−1/(8−ϵ)Γϵ/(8−ϵ)

0 t−3/(8−ϵ) for a homogeneous medium, and

Γ ∝ Ẽ1/(3−ϵ)ξ−1/(3−ϵ)n−1/(3−ϵ)Γϵ/(3−ϵ)
0 t−1/(3−ϵ) for a wind-like one. GRB 190114C has

plenty of available polarization data; for this work we limit ourselves to the observations
of RINGO3 at the R Band (see [102]). The authors find polarization data ranging from 500
to the 3000s mark. A general agreement regarding GRB 190114C is that this burst show a
clear combination of FS and reverse shock (RS) components, dominating at different times
(see; [40,64–66]). As such, verifying the origin of this polarization is important. Refs. [40]5

and [65] expect that the optical flux is dominated by the RS component at times <500s,
while the FS dominates past that time. We argue then, that the majority of the optical
polarization observations from RINGO3 were of synchrotron origin in a FS scenario, in
concordance with the findings of [103]. However,due to the contention regarding a more
precise time where the dominance of the emission shifts from a RS to a FS case, the point
observed at ∼500s is of dubious origin, as there is no clear dominance of either component
in this specific time. We include this point in Figure 4, under different coloration, but
ignore it to discriminate the wellness of the fit. Furthermore, Ref. [65] expect that the FS
is dominated by a constant medium density, and we take the same assumptions for the
polarization calculations. Modeling of this burst’s light curve indicates that it was viewed
on-axis (θobs ≤ θj), and this is further strengthened by the polarization observed. For both
chosen magnetic field configurations, the values of q0 = 1.0, 1.1 are ruled out. The value
of q0 = 0.65 returns a better fit to the low polarization observed at t ≈ 10−2 days in both
configurations, but the upper limit at t ≈ 3 × 10−2 is broken in the parallel case. This can,
in theory, be remedied by a smaller value of q0, as it would reduce the total polarization,
without effecting the on-axis flux fitting. However, the polarization would return a worse
fit to the observed data point. With this in mind, we rule out the parallel configuration
in the FS as a possibility, with the parameters chosen by [65]. The polarization values
found stayed roughly at |Π|(q0 = 0.65) < 2.5% for the perpendicular configuration at all
times. Ref. [40] analyzed a different set of polarization data, at the radio band, observed at
t ≈ 10−1 days. The author’s flux fitting indicates that this emission was associated with
the RS, and as such, so is the radio polarization. Nonetheless, the authors found that any
off-axis (θobs > θj) scenario breaks the polarization data independent of field configuration
as well, with further considerations to the reverse-shock emission.

10 4 10 3 10 2 10 1 100 101

t (days)

0.2

0.1

0.0

B
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q0 = 0.65
q0 = 1.00
q0 = 1.10

10 4 10 3 10 2 10 1 100 101
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0.2

0.4

B

R Band

Figure 4. Expected temporal evolution of the polarization for GRB 190114C for two configurations of
magnetic fields—Perpendicular (B⊥) and Parallel (B∥). These polarization curves were calculated
using the best fit values presented in Table 2 . For θobs, we have used the range of [3.25, 5.0, 5.5]deg.
Polarization data and upper limits are obtained from [102].

5. Conclusions

We have introduced a polarization phenomenological model as an extension of the ana-
lytical synchrotron afterglow off-axis scenario presented in [57,91,98,104]. This synchrotron
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model can describe the multi-wavelength afterglow observations for both a constant-density
and wind-like medium. We have shown the expected temporal evolution of polarization
with a dependency on the physical parameters associated with afterglow GRB emission
for two configurations of a magnetic field. Regarding our fiducial model, the calculated
polarization took into consideration a broad set of parameters constrained within the typ-
ical values observed for off-axis GRBs. We were able to see the differences in possible
polarization caused by the two different ambient media and the chosen synchrotron model.
We showed that our fiducial model generally agrees with previously found results for a
homogeneous sideways expanding jet for the conditions of a constant-density medium
and an adiabatic case with ξ = 1 [84,85]. We have expanded the scenarios for a partially
radiative regime and a case where ξ < 1. We expect that the variation of these parameters
presents modifications on the temporal evolution of polarization. A partially radiative
regime hastens the deceleration of the relativist outflow by the circumburst medium [87,88],
and this has exacerbated the baseline (ξ = 1, ϵ = 0) profile of polarization—with peak
Π/Πmax increasing further as q0 grows, but the second bump decreasing slightly. On the
other hand, changing ξ alters the arrival time of the emission [70,71,89] and our chosen
value of ξ = 0.56 [71] has caused the polarization behavior regarding q0 to flip, with the
magnitude of the peaks now decreasing as q0 increases. Furthermore, we have calculated
the same polarization for a wind-like medium to verify the possible differences. For the
change in circumburst medium, we have found that the polarization evolves slower in time
and changes in the magnitude of polarization compared to the constant-density medium, in
agreement with [90]. In particular, we have used the available polarimetric upper limits of
GRB 170817A; Π < 12% at 2.8 GHz and t ≈ 244 days [42] to rule out our chosen magnetic
field configurations of anisotropy factors b = 0 and b → ∞. The peaks of polarization also
roughly coincide with the afterglow flux peak in time (see [57,98] for the flux fitting), which
is a result that agrees with the literature [35,50,83,85]. A similar analysis was extended
to GRB 190114C, using the data obtained by RINGO3 [102] to eliminate the possibility
of an off-axis observation and introduce the requirement that θobs ∼ 0.5θj, based on the
parameters of [65]. The requirement of an on-axis observation is also in concordance with
previous analysis of the burst’s light curve and [40] analysis of the RS radio polarization
observed by ALMA. More observations, from seconds after the trigger to months and years,
are needed to infer tighter constraints on polarization and adequate fitting of the light
curves is necessary to obtain adequate parameter values and break degeneracy between
synchrotron models.
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Notes
1 For a debate of controversial situations, see [29].
2 T90 is the time over which a GRB releases from 5% to 95% of the total measured counts.
3 We use the values of the cosmological constants H0 = 69.6 km s−1 Mpc−1, ΩM = 0.286 and ΩΛ = 0.714 [58], which correspond

to a spatially flat universe ΛCDM model.
4 Over the course of this manuscript we will be using deg as the abbreviation of degree.
5 The authors also observe a polarization reading in the radio band and attribute the emission to the RS component.
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