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Abstract—The multicast capacity is determined for acyclic net-
works that have deterministic links with broadcasting at the trans-
mitters and no interference at the receivers. Such networks were
studied by M. R. Aref, and are here called Aref networks. The
multicast capacity is shown to have a max-flow, min-cut interpre-
tation. This result complements existing theory for networks of
directed channels, networks of undirected channels, and packet
erasure networks. It is also shown that one cannot always sepa-
rate channel and network coding in Aref networks.

|. INTRODUCTION

Consider a network represented by a directed graph G =
(V, &), where V and £ are the respective sets of vertices and
directed edges. For example, the graph might represent a com-
munication network where the vertices are terminals and the
edges are channels. We study a class of networks known as de-
terministic relay networks with no interference. Such networks
have one input X, associated with every vertex v, and one out-
put Y, , associated with every edge (u,v). By deterministic,
we mean that Y, ,, is some deterministic function of X . By
no interference, we mean that Y,, , is a function of X, only.
These restrictions explicitly permit broadcasting, since the out-
going edges of a vertex share a common input. We remark that
the commonly studied networks that have deterministic point-
to-point channels are special types of these networks. To see
this, collect the inputs of all the outgoing edges from a vertex «
into a vector X ,,, and view X, as being a common input.

The above networks were considered by M. R. Aref in his
Ph. D. thesis [1], and we thus call them Aref networks. Aref
determined the unicast capacity of his networks, i.e., the max-
imum rate for reliable communication of one message from
one source vertex to one destination vertex. A layered coding
scheme turns out to be optimal, i.e., one can separately apply
channel codes to a physical layer, and routing schemes to a net-
work layer. That is, each vertex decodes bit blocks (or packets),
reorganizes them into smaller or larger packets, encodes these
with a channel code, and sends the encoded symbols out on
different edges.

Multicast refers to the scenario when there is one message
transmitted from one source vertex to one or more destina-
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tion vertices. The maximum rate at which one can commu-
nicate reliably is called the multicast capacity, and we deter-
mine this capacity for acyclic Aref networks. We find that, in
general, capacity-achieving coding schemes must use network
coding [2], and not only packet routing, and one cannot separate
the physical and network layers.

This document is organized as follows. In Section Il, we
review problems for which the capacity has a max-flow, min-
cut interpretation. In Section Il1, we define the network model
and problem. In Section IV, we derive the multicast capacity of
Aref networks. In Section V, we show that one cannot always
separate channel and network coding.

Il. MAX-FLow, MIN-CUT RESULTS

The unicast capacity of directed or undirected networks was
shown to have a max-flow, min-cut interpretation by Ford and
Fulkerson, Dantzig and Fulkerson, and Elias, Feinstein and
Shannon [3-5]. The multicast capacity of directed networks
was similarly shown to have a max-flow, min-cut interpreta-
tion by Ahlswede et al. [2] (see also [6]), as long as one can
combine commaodities (or bits) at the vertices. This result was
extended to undirected networks in [7,8]. The important differ-
ence between unicasting and multicasting for these problems
is that multicasting requires the use of network coding, i.e., one
must permit the vertices to combine packets before transmitting
them.

The above papers label each edge by its capacity or capac-
ity region. However, to understand how the physical and net-
work layers interact, one needs to specify a channel model for
each edge, and not only the capacity region. For instance,
for directed graphs one might model the edges as discrete
memoryless channels (DMCs) [9], while for undirected graphs
one might model the edges as two-way channels (TWCs) [8]
(DMCs and TWCs were introduced in [10, Sec. 11] and [11]).
The multicast capacity was in both cases® shown to have a
max-flow, min-cut interpretation, but “min-cut” now refers to
an information-theoretic cut-set bound [12, Sec. 14.10].

The physical-layer model studied here might be considered
an intermediate step toward modeling wireless networks be-
cause it includes broadcasting. Two recent papers take a similar
approach and study packet erasure networks [13,14]. However,
these works require the destinations to know where erasures
have occurred in the network, i.e., the destinations receive ad-
ditional “side information” that is assumed to be present in the

IThe results of [8] require that the TWCs have the property that Shannon’s
outer bound on the capacity region is the capacity region. This technical con-
dition is sometimes met in practice, e.g., if one uses time or frequency division
multiplexing.
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Fig. 1. Example of an Aref network.

packet headers. We will not need to add such an assumption to
our problem.

I1l. MODEL AND PROBLEM

Consider the graph G = (V, &) described above. The random
variable X, associated with vertex u has discrete and finite al-
phabet X,,. We write px, (-) for the distribution of X, and
px, () or p(z,) for the probability that X,, = x,,. Similarly,
the random variable Y, ,, associated with edge (u,v) has dis-
crete and finite alphabet ), ,. We write Y, , = hy o (Xu),
where the function A, ,(-) has domain X, and range Y, ,.
The network is clocked, i.e., all vertices and edges are acti-
vated simultaneously N times, and at every time instant ver-
tex u transmits a symbol z,,, x, € X,, and receives symbols
Yuw,u = huw,u(Tw), Where w is any vertex for which there is an
edge (w,u) in €.

For example, consider the network shown in Fig. 1. Ver-
tex 1 transmits x;, and vertices 2 and 3 observe hy 2(z1) and
h1,3(z1), respectively. The models of [2, 6] have this property:
vertex 1 transmits a vector z; = [z1,1, x1,2], and vertices 2 and
3 observe the respective hy (z12) and hy 3(x1,3). We can, of
course, view this as y12 = hq 2(z;) and y13 = h1 3(z4).

A. Problem and Coding

The multicasting problem has one source vertex (vertex 1),
and several destination vertices that we collect in a set 7. The
source vertex has a message M that is uniformly distributed
over {1,2,...,2N%} where R is the rate and where we assume
that VR is an integer for simplicity. A communication strategy
consists of encoding functions fﬂz)(-), uveV,i=12,...,N,
and decoding functions 7. (-), t € 7. We write 5 = [z, :
u € S]and Yss = [Yuw s u € S,v € S']. We similarly write
Y5 = [Yuw v E S

o Encoders. Suppose M = m. At time 4, vertex 1 transmits

2 = D (m) and every other vertex u receives ggj_)u.

VerteXutransmlts 2 = LY sy
« Decoders. After time N, each destination vertex ¢ puts out

an estimate mt(yﬁ,i,yiﬂ, . ~,y5; ).

The error probability is

P, =Pr [U {ine (Y35 Y5

teT

LY)) # M}] (1)

The rate R is said to be achievable if, for any € > 0, there exist
encoders and decoders that make P, < € for some N. The
multicast capacity C' is the supremum of the achievable rates.

B. Cuts and Values

Consider a set S of vertices and let S be its complement in V.
Siscalledacutif 1 € Sand S contains one or more destination
vertices, i.e., if SN 7 # (). We denote the set of all cuts as A.
The boundary of a cut S is defined as

B(S) ={u: (u,v) € E,u € S,v €S}

Let |V| be the cardinality of V. For fixed input distributions
px, (), x5 ()s - -, pxy,, (+), we define the value of a cut S as

Value(8) = Y H(Y,3) )
u€B(S)
where we recall that Y = = [Y,, : v € S]. The value of a

cut depends on the mput dlstrlbutlons but we do not explicitly
include these as arguments in (2).

IV. MAIN RESULT

We restrict attention to acyclic Aref networks. We can thus
number the vertices so that (u,v) € & implies that v < v. We
can further consider only the subgraph having those vertices
and edges on the paths from the source to the destinations. The
following is our main result.

Theorem 1: The multicast capacity of an acyclic Aref net-
work is

C= max min Value(S). 3)

px, (),px5(+);-0, PX|W(') SeA

This result has a max-flow, min-cut interpretation for fixed

input distributions.  The minimum value of all cuts, in an
information-theoretic sense [12, Sec. 14.10], is
min[(Xs; Yy 5| X5) =min HY, 5| Xg)
= mi 1 4
min Value(S) (4)

where the first equality follows because the network is deter-
ministic, and the second because the X, are independent. We
discuss the derivation of (4) in more detail in Section 1\V-B be-
low.

A. Achievability

We use d-typical sequences for our achievability proof. Let
X™ be the n-fold Cartesian product of X. Let v,(a) be the
number of times the letter a occurs in the sequence x of length
n. The empirical frequency of a in z is

ro(a) = 22, ®

- n
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Fig. 2. A second example of an Aref network.

Let X be the (discrete and finite) alphabet of the entries in z,
and let 6 > 0. Let X be a random variable with alphabet X’
and distribution px (). The sequence z is said to be (robustly)
o-typical with respect to X if

—px(a)] <6 px(a)

for all @ € X (see [15]). The set of é-typical sequences with
respect to X is denoted T5(X). One can similarly define J-
typical sequences and sets with respect to pairs of random vari-
ables. Some of the key properties of these objects are listed in
the Appendix.

We code in L + |V| — 2 blocks of length n, i.e., we set N =
(L+|V|—2)-nfor L > 1. We divide the message m into L
parts that each take on values in {1,2,...,2"%}. The [-th part
of m is denoted m;. The overall rate is R - L/ (L+ V| —2),
but since |V| is f|n|te one can approach R by increasing L.

Let fo() = [f7() i =1,2,...,n], and set £ () =
fé’)(-) for all 4, [, and v, i.e., we use the same encoding func-
tion(s) for each block. We associate z7; (/) and y” (I) (for
(w,u) € &) with the transmissions for the [-th mes:sage my.
That is, we write the (I + u — 1)-th transmitted vector at ver-
tex v and (I + w — 1)-th received vector on edge (w, ) as the
respective z7; (1) and y” (1) and we write yv ()= [y?u NOE
w € VYV, (w,u) € 6] We sometimes drop the index { if
it does not play an important role. We fix the distributions
px: (), px2 (), Pxpy ()

Codebooks. At vertex 1, choose f7*(-) to map each of the
indices in {1,2,...,2"%} to a sequence x} drawn uniformly
from T5(X1). At vertex u, choose f77(-) to map each sequence
inT5(Y,, ) to asequence drawn uniformly from 755 (X, ). Note
that some v in T5(Y,, ) might never be used. Note also that
we have y € T5(Yy,) for all (u,v) because a7, € Ti5(Xu)
for all (see the Appendix, Lemma 4).

Encoding. During the (I 4+ v — 1)-th block:

o Vertex u = 1 transmits z7(1) = fP(my) for I =
1,2,..., Land z7(l) = f*(1) otherwise.

o Vertex u, u # 1, observes y7 (I + 1) and transmits

!7@(@)

2i(0) = £ (v, 0= D)

For instance, the coding strategy for the network shown in
Fig. 2 is given in Table IV-A. Observe how the transmissions
are “pipelined”.

Decoding. Consider a destination vertex ¢. Since y' (1) is
a function of m;, we abuse notation and write this sequence of

vectors as Q{; t(ml). Vertex t decodes m; after block ¢t +1 — 2

by using the function 7i2(-), where we again abuse notation by
using the same expression as in (1). We further define

e (4, (m)

_ {error ify), (my) =y, (mu) for some my # my ©)

my otherwise.

Analysis. In the following, we consider only transmissions
that pertain to the message m;. We thus drop the index [ for
convenience. For example, we write m, 27, and Qz . for my,

zy(l)and y” (1), respectively.

Consider a destination vertex . Let P (t,m,m’) be the av-
erage probability that vertex ¢ cannot distinguish between m
and m’, where the average is over the ensemble of encoding
functions. Let S(m, m') be the set of vertices v for which

Uy (M) # 355, (m) (7

i.e., S(m,m’) is the set of the vertices that can distinguish be-
tween m and m’. We view S(m,m’) as a random variable
that is a function of the encoding functions. We clearly have
1 € §(m,m’). Suppose vertex ¢ cannot distinguish between m
and m/, so that t € S(m,m’) and S(m,m’) is a cut between
vertices 1 and ¢. Let A, be the set of such cuts, i.e., we define
A ={SCV:1€8,tecS} Wecanwrite

P.(t,m,m)

U{Smm =S}

SeEA;

< Z Pr[S(m,m’) =§]. (8)

SeA;

Furthermore, we claim that a necessary condition for the event
S(m,m’) = S is one must have

Y 5(m) =y 5(m) ©

for all w € S(m,m’). To see this, note that if (9) was not
true for some u € S(m,m’), then there is a vertex v € S that
can distinguish between m and m’, contradicting our original
hypothesis. We can thus write

PrS(m,m’) = 8] <Pr | ) {XZS
ueB(S)

H Pr [Xzyg(m

ueB(S)

(m) =Y 5(m)}

- XZ,S(mI)}
(10)

where the equality follows because the X" (m
1,2,...,2™" are statistically independent.

We proceed to upper bound the probabilities in the prod-
uct in (10). We have (z7(m’), y" S(m’)) € T5(Xy,Yus) by
Lemma 4 in the Appendix. The event (9) thus implies

yu€V,m=

(zim),y" s(m)) € To(X, Y, 3).

—u,

(11)



TABLE|
CODING STRATEGY FOR THE NETWORK OF FIG. 2

Block | Message | 1 Transmits | 2 Receives | 2 Transmits 3 Receives Decoder output
1 m(1) i (1) Y7, (1) Y7 (1) ~
2 [ m® | 40 | 4,0 | @0 | g,0.8,0 | wl,0,5,0)
3 m(3) zt(3) Q?Q(?)) z3(2) 3?3(3)7gg,3(2) mt(ﬂis@)aggg@))
a : 75 3) B |, 3).u1,0)

But note that X, (m') is independent of Y 5(m). The proba-

bility of (11) occurring is thus

Ty(Xul . 5(m)| / ITs(X (12)

We use Lemmas 2 and 3 in the Appendix to bound
ITs5(Xu)| > (1 — es(n)) - 20 OHED —(13)
IT5(Xuly? m))] < 2+ H(Xs) (14)

where ¢5(n) — 0 as n — oo. Inserting (13) and (14) into (12),
we have
Prlys s(m) =y 5(m')
< (1 _ Eg(n))_l . 2n(6+52) . 2—nH(Yu,§) (15)
where we have used H (Y, 5[X,) = 0. Inserting (15) into (10),
and using |6(S)| < |€|, we have
Pr[S(m,m’) = 8]
< (1 - 65(71))7‘5' .2n|£\(5+52) . 2analue(S)' (16)
Inserting (16) into (8), and using the fact that the number of cuts
is less than 2!V, we have
P.(t,m,m’)
< (1 _ 66(,,.,/))—\5\ . 2\V\+n\5\(5+52) . 9—nminsen, Value(S).
(17
The above applies to the I-th block of transmission. We now
add the index [ to m;. Let P.(m) be the average probability of
error when the (overall) message m was transmitted. We use

the union bound over all L blocks, all destinations ¢, and all
mj % my to write

By
. 2\V\+n\5\(5+62) .9—n minsena, Value(S).

o (t,my,m))

27LR
(18)

We thus find that the average error probability for any message
can be made small if » is large and

R < —|E|(6 + d2) + g}él/l\l Value(S). (19)
Finally, we optimize over all input distributions, choose § and
02 small, and choose n and L large. The result is that we can
make the overall rate approach C' in (3) while at the same time
ensuring that P, < e for any positive e.

B. Converse

An Aref network is a special case of the networks described
in [12, Sec. 14.10]. We can thus apply [12, Thm. 14.10.1] that
we restate here.

Proposition 1: The multicasting capacity is bounded by

C< max min [(Xs; Y, 5| Xg). (20)
pxl Xo-- X‘V| ( ) SeA )
Proof: See [12, Thm. 14.10.1]. |

We next optimize the distribution in (20).
Lemma 1: For Aref networks, the bound (20) is optimized
by independent inputs.

Proof: For any fixed px, x,...x,, (+), we have

I(Xs; vle) HY,5|X3)
H(Y,s)

< Z Y,s)
u€B(S)

where the first step follows because the network is determin-
istic, and the other steps because conditioning cannot increase
entropy. Furthermore, by replacing the input joint distribution
by the product of its marginals, the mutual information in (20)
is exactly the sum of the entropies in (21). That is, one can
restrict attention to independent inputs. |

We remark that both Proposition 1 and Lemma 1 apply to
cyclic Aref networks as well as acyclic ones. Finally, note that
the right-hand side of (21) is Value(S). Hence, we have the
result that (3) is an upper bound on C.

Cn I

(21)

C. Discussion

For the usual deterministic networks without broadcasting,
one can show that the multicasting capacity is

C=minCy 4
teT

where C} ; is the unicast capacity from vertex 1 to vertex t.
However, for Aref networks such a relationship is not neces-
sarily true. Consider the network shown on the left in Fig. 3.
Suppose the channel from z; to y; 2 and y; 3 is the broadcast
channel shown on the right in Fig. 3. It is easy to see that
Cy2 = Ci13 = log,(3) bits by choosing 3 out of 4 of the
input letters to have probability 1/3. The multicast capacity is,
however, only C = 1.5, and is achieved only if all 4 inputs have
probability 1/4.
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V. ON SEPARATING CHANNEL AND NETWORK CODING

A practically interesting question is whether one can sepa-
rate channel and network coding. It is not so obvious how to de-
fine such separation in general networks, but for Aref networks
a natural definition is as follows. First, on the physical layer
one performs channel coding for each broadcast channel (BC)
to obtain a network comprised of point-to-point links. Second,
on the network layer one performs network coding for the re-
sulting noise-free network. We consider more details of these
layers.

Physical Layer. Suppose that vertex u has m outgoing
edges. Each of the 2™ — 1 non-empty subsets of vertices can
be transmitted a different message, and all 2™ — 1 messages are
independent. The BC at vertex « thus has a 2™ — 1 dimensional
capacity region C,.

For example, consider the BC with m = 2 shown on the left
in Fig. 4. The capacity region C; is a 2" — 1 = 3 dimensional
region. Suppose that R, = (Ro, R1, Rs) is in C1, where Ry
is the common rate, R, the rate to vertex 2, and R, the rate
to vertex 3. Given R, the BC can effectively be replaced by
a network of point-to-point links, PPL(R;) shown on the right
in Fig. 4. More generally, we need to introduce 2™ — 1 —
m auxiliary vertices to convert a BC to a point-to-point link
network.

We apply the above conversion to Aref networks, i.e., at ev-
ery vertex u we replace the BC by a network PPL(R,). We
call the network thus obtained a Point-to-Point Links (PPL) net-
work, and we denote its graph as G’.

Network Layer. Network coding is performed on G’ where
it can achieve the cut-set bound. Code constructions are known,
and have been investigated in detail in [16, 17].

A. Properties of Deterministic BCs

We list three properties of deterministic BCs.

Claim 1: The capacity of a discrete, memoryless, determin-
istic BC with YLQ = th(Xl) and Y173 = h1,3(X1) is the set
of non-negative (Ry, R1, Ry) satisfying

Ry <min{I(T;Y12),I(T;Y13)} (22)
Ry + R; < H(Y12) (23)
Ro+ Ry < H(Y133) (24)
Ry + Ry + Re <min{I(T;Y12),I(T;Y13)}

+ H(Y12Y13|T) (25)

where T' is arbitrary, but one can restrict attention to 7" with
alphabet 7 satisfying |7| < |X1] + 2.
Proof: See Problem 4.11 in [18, p. 391], and [19,20]. W
Claim 2: In order to achieve
Ro+ Ry + Ry = H(Y1,2Y13) (26)

in (25), the triple (Y1,2,Y1,3,7") must form the following two
Markov chains:

Yipg—Yi3—T
Y1,3 — YLQ —T.

(27)
(28)

Proof: For (25) and (26) to be the same, we must have

I(T;Y12) + HY12Y13|T) > H(Y12Y13). (29)
Rearranging terms, we obtain
I(T;Y12) > I(T; Y12Y13). (30)
Equivalently, we have
I(T;Y1,3|Y1,2) <0. (31)

The bound (31) implies that (28) forms a Markov chain. Simi-
larly, it can be shown that (27) forms a Markov chain. |
We continue to write A — B — C to refer to Markov chains.
Claim3: The triple (Y12,Y13,T) satisfies the double
Markov relations (27) and (28) if and only if there exist func-
tions f(-) of Y1 2 and g(-) of Y7 5 such that

(l) f(YLQ) = g(Yl.B) with probablllty 1
(i) [Yi2, Vi3] = [f(Y12),9(Y13)] = T.

Note that if f(Y72) = g(Y1,3) is a constant, then [Y7 2, Y7 3] iS
independent of 7.
Proof: See Problem 4.25 in [18, p. 402]. |

(32)
(33)

B. A Counterexample

We show that layering can be suboptimal. Consider the
Aref network in Fig. 5 that has the BC shown in Fig. 6 be-
tween vertices 1, 2, and 3. The meaning of the graph in Fig. 6
is that b; = hq2(a;) if there is an edge (a;,b;). Similarly,
¢; = his(a;) if there is an edge (a;,c;). The edges (2,4),
(2,5), (3,4), and (3,5) in Fig. 5 represent point-to-point links
with the labeled capacities.
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Fig. 6. The broadcast channel between vertices 1,2, and 3 in Fig. 5.

Claim 4: The multicast capacity of the network shown in
Fig. 5is C = 2, and one can achieve this rate only if the in-
put X is uniform.

Proof: Suppose X; is uniform.  We compute
H(Y1’2Y1’3) = 2, H(YLQ) = 1.5, and H(Yl"g) = 1. We fur-
ther find that mingse Value(S) = 2. However, we also have

C < max H(X;)=2. (34)
PX1(')
Moreover, if X is not uniform, then H(X;) < 2. |

We continue by restricting attention to uniform X;.

Definition 1: (See Problem 3.12 in [18, p. 350].) The joint
distribution the random variables X and Y is indecomposable
if there are no functions f(-) and g(-) with respective domains
X and Y so that

e Pr{f(X)=9g(Y)} =1and

o f(X) takes at least two values with non-zero probability.

Claim 5: If the input distribution to the BC in Fig. 6 is uni-
form, then the joint distribution of Y3 5 and Y; 3 is indecompos-
able.

Proof: Suppose there are functions f(-) and g(-) with re-
spective domains ), o and Vs 3 and Pr{f(Y12) = g(Y13)} =
1 such thatg(cl) # g(CQ). Since fl,g(al) = b; and fl’g(al) =
c1, it follows that f(b1) = g(c1) and f(b2) = g(c2). But this
would imply g(c1) = g(cz), contradicting our hypothesis. W

Next, let the point (R, Ry, R2) be a point in the capacity
region of the BC in Fig. 6. We perform channel coding as spec-
ified above, and obtain the PPL networks shown in Fig. 7.

Claim 6: The PPL networks in Fig. 7 all have multicast ca-
pacity less than 2.

Fig. 7. The PPL network for the network for the Aref network in Fig. 5

Proof: One achieves a multicast rate of 2 only if
Ro+ R1+ Ry = H(YLQ}/L:;) = 2.

It follows by Claims 2 and 3 that there exist functions f(-) and
g(+) satisfying (32) and (33). However, by Claim 5 it follows
that g(-) is constant and, hence, that 7" in Claim 1 is independent
of [Y1,2, Y7 3]. Using (22), this means that Ry = 0. Applying
the cut-set bound for the cuts S = {1,3,5} and S = {1,2,4}
with Ry = 0, we obtain

R +052>2
Ro+1>2

These bounds imply that Ry + Re > 2.5, which contradicts the
condition Ry + Ry < H(Y12Y13) = 2. [ |
Claim 6 shows that layering cannot achieve a rate of 2.

V1. CONCLUSIONS

We have shown that the multicast capacity of acyclic Aref
networks has a max-flow, min-cut interpretation. We have also
shown that one cannot always separate (or layer) channel and
network coding. The sub-optimality of a layering is in contrast
to networks of discrete memoryless channels [9], and certain
networks of two-way channels [8]. It remains to investigate
whether the multicast capacity of Aref Networks with cycles
also has a max-flow, min-cut interpretation.
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APPENDIX A
ROBUSTLY TYPICAL SEQUENCES

Let X be a random variable with (discrete and finite) alpha-
bet X and distribution px (-). Recall that the set of §-typical
sequences with respect to X is

T5(X) ={z € X" : |mz(a) — px(a)] <6 px(a)
foralla € X'} .

For the technical lemmas below, we will also need to define the
support set of X to be Sx = {a € X : px(a) > 0}. Also, let
wx be the smallest nonzero probability of px (-).

Similarly, suppose we have two random variables X and Y’
with respective (discrete and finite) alphabets X and ) and joint



distribution pxy (-). The set of -typical sequences with respect
to X and Y is defined as

T5(X,Y) = {(z,y) € X" x Y":

7 y(a,0) ~ pxy (a,5)] < 5 pav(ad)
forall (a,b) € X x YV}

where 7, (a, b) is an empirical frequency defined in the ob-
vious way. We define the support set of X and Y to be
Sx,y ={(a,b) € X xY : pxy(a,b) > 0}. We define 1 xy t0
be the smallest nonzero probability of pxy (-).

We define the set of conditionally §-typical sequences as

T5(Y|z) ={y € V" : (z,y) € T5(X,Y)}.

The following properties of typical sequences and sets are
proved in the appendix of [15].
Lemma2: Let0 < d < 1and

es(n) = 2|Sx e~ 0 nxn/3, (35)
We have
(1 —es(n)) - 2"I=DHE) <15 X)| < 2n(IHHHX)
Lemma 3: Let0 < §; < o < 1and
)2

_(62-9y)
€5,,6,(n) = 2[Sx yle” TFh

ux,yn/3

We have

(1= €55, (n) - 2°0-HYX) < |75 (V]|
‘T52 (Y|g)| < on(1+62) H(Y|X)

where the upper bound holds for every x € X™, and the lower
bound holds for every z € Ts, (X).

Note that e5(n) and es, 5,(n) approach zero exponentially
with n.

Lemma 4: Suppose we have Y = f(X), z € T5(X) and
y = (f(x1), f(x2),..., f(xs)). Wethen have y € T5(Y) and
(z,y) € T5(X,Y).

Proof:  We have |r,(a) — px(a)] < 0 - px(a) for
all @ € X. Consider a pair (a,b) € X x Y. We clearly
have 7 ,(a,b) = m;(a), pxv(a,b) = px(a), and therefore
(Lg) € T&(X7Y)'

Next, observe that the following is true if (z, y) € T5(X,Y):

=1 Tay(a,0) — pxy(a,b)

acX

Z ‘Wﬁﬁy(a’ b) — pxv(a,b)

acX

<> 6-pxv(a,b)

aceX
=4 'py(b>.

Thus, we find that (z,y) € Ts5(X,Y) impliesy € T5(Y). B

|y (0) — py (b)]
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