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Abstract—In the realm of the cooperative control of multi-
agent systems (MASs) with unknown dynamics, Gaussian
process (GP) regression is widely used to infer the uncertainties
due to its modeling flexibility of nonlinear functions and
the existence of a theoretical prediction error bound. Online
learning, which involves incorporating newly acquired training
data into Gaussian process models, promises to improve control
performance by enhancing predictions during the operation.
Therefore, this paper investigates the online cooperative learning
algorithm for MAS control. Moreover, an event-triggered data
selection mechanism, inspired by the analysis of a centralized
event-trigger, is introduced to reduce the model update frequency
and enhance the data efficiency. With the proposed learning-
based control, the practical convergence of the MAS is validated
with guaranteed tracking performance via the Lyapunov theory.
Furthermore, the exclusion of the Zeno behavior for individual
agents is shown. Finally, the effectiveness of the proposed event-
triggered online learning method is demonstrated in simulations.

Index Terms—JLearning-based control, cooperative learning,
event-triggered learning, Gaussian processes, multi-agent system.

I. INTRODUCTION

Cooperative control for the multi-agent system (MAS)
with unknown models or environmental uncertainties has
drawn large attention over the past two decades, particularly
in fields such as aerial drones [1], underwater vehicles
[2] and networked sensors [3]. To compensate for the
uncertainties, machine learning methods are employed on
each agent to learn the unknown components from collected
data, and then subsequently integrate into the model-based
controller design [4], [5]. Specifically, among machine
learning techniques, Gaussian process (GP) regression [6] is
popular for model estimation in safety-critical control [7]—[9]
due to its capability of inferring unknown dynamics with a
probabilistically guaranteed prediction performance [10].
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The efficacy of learning-based control systems is usually
contingent upon the accuracy of the predictions from GP mod-
els, which can be enhanced by leveraging more training data
[11]. Therefore, cooperative learning is utilized to augment
the inference accuracy while managing large datasets within
MAS by dividing the overall data set into several sets of
individual agents, where the predictions are aggregated via
the communication networks. For instance, incorporating the
communication graph among agents, a topology-aware aggre-
gation method is first introduced in [12], inspired the product
of experts (PoE) [13]. Moreover, several variants [14], [15]
are introduced to reduce the computational complexity from
cooperative learning. Additionally, applying consensus theory,
a dynamics average consensus algorithm is incorporated into
GP aggregation [16] to synchronize the individual predictions
from each agent. However, the performance of cooperative
learning with aggregation methods remains constrained by the
precision of the local GP regression models.

To surmount this limitation and further improve prediction
accuracy, the integration of online learning emerges as a
promising strategy during system operation. Among online
learning methods for MAS, collective online learning of GP is
proposed to bolster the precision of the local GP model in each
agent, by real-time optimization of hyper-parameters through
the streaming data [17]. However, considering the design of
this algorithm is strongly based on empirical approximations,
the extension of the prediction error bound from the exact
GP regression is blocked and thus its practical application in
safety-critical scenarios is constrained. In addition to the above
methods, online data collection yields more accurate prediction
models by generating larger data sets [18], while maintaining
the existence of the prediction error bound [19]. The online
data collection for multi-agent system is introduced in [20]
to achieve formation control, and in [21] for rigidity-based
flocking control. Note that the prediction in [21], [22] uses
merely local GP models on each agent, i.e., without coop-
erative learning. The combination of online and cooperative
learning for control performance improvement of MAS, to
the best knowledge of the authors, has not been addressed
yet. Moreover, these works, while intuitive and practical for
improving the local GP models, raise concerns about data
storage and computational resource requirements due to the
accumulated data. Furthermore, while the adopted time-trigger
serves as an intuitive and practical strategy to reduce com-
putational demands, it overlook the varying significance of



JOURNAL OF KX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021

data with respect to control performance, often resulting in the
collection of unnecessary data and diminished data efficiency.

In response to the concern of data efficiency, a smart data
selection strategy becomes imperative, ensuring the exclusive
collection of necessary data. Event-triggered data selection
methods, recognized for their efficiency in control scenarios,
offer benefits in terms of data storage and computational
resources while maintaining desired control performance [23],
[24]. The concept of event-triggered learning has been ex-
tensively explored in the control of MASs based on neural
networks (NNs) [25]. The trigger mechanisms are designed
to determine the instances for updating control inputs [26] or
broadcasting the weights in the fully connected layer of NN for
cooperative learning [27], aiming to alleviate communication
burdens. While these methods are shown effective for NN-
based control, they strongly depend on the unique regression
form of NNs, i.e., linear regression with nonlinear features,
which hampers a straightforward extension to other learning-
based control in MAS, including GP-based methods [20]. In
the realm of event-triggered online learning with GPs via
data collection, studies have been conducted on single-system
control using feedback linearization [28] and back-stepping
[29]. However, these studies presume complete knowledge
of system states, rendering them impractical for deployment
in networked MASs. Therefore, for the robustness and scal-
ability of the proposed event-trigger mechanism, the capa-
bility of distributed computation becomes pivotal. Although
event-triggered learning mechanisms have been investigated
in model-based and NN-based control, as far as we are aware,
the study of effective GP-based online learning control using
event-triggered data collection especially in distributed ways
has not been explored in the existing literature.

A. Contribution and Structure

In this work, we develop online cooperative learning
strategies for GP-based MAS control with event-triggered
mechanisms. To begin, a learning-based leader-follower time-
varying formation control framework for high-order MASs in
directed topology with unknown dynamics is proposed, where
the derived methodology extends naturally to other control
tasks, such as consensus control. To improve the learning
performance during the operation, a general cooperative online
learning strategy based on aggregation and online data collec-
tion is proposed, and its prediction performance is analyzed.
Furthermore, to enhance streaming data collection efficiency
and alleviate computational burdens from prediction model
updates, a distributed event-triggered online learning strategy
is designed, which is inspired by the analysis of centralized
approach. To obviate the requirement for a central node with
access to all agents, we further propose a fully distributed
event-triggered approach, which not only exhibits enhanced
scalability but also entails fewer model updates, all while
maintaining guaranteed prediction performance. Moreover,
the achievement of desired control performance, i.e., ensuring
an overall tracking error bound around the equilibrium point,
is substantiated by using the proposed event-triggered online
learning mechanisms. Additionally, a rigorous analysis is

provided to show the exclusion of Zeno behavior for each
agent within the MAS. Finally, the effectiveness of the
proposed event-triggered online learning algorithm is demon-
strated through simulations, which shows the enhancement
of the control performance with less frequent model updates
compared to time-triggered learning and offline learning.

The remainder of the paper is structured as follows:
Section II outlines the problem setting. In Section III,
cooperative online learning with Gaussian process regression
is discussed for MAS control with their performance analysis.
The centralized and distributed event-triggered online learning
mechanisms are proposed in Section IV with the discussion
of the Zeno behavior. Numerical simulations are presented in
Section V to demonstrate the effectiveness of the proposed
method. Finally, Section VI concludes the paper.

B. Notation and Graph Theory

The natural numbers with/without zero are denoted by
N/N_, real positive numbers with and without zero by Ry
and R, respectively. Minimum/maximum eigenvalues of a
square matrix A are denoted by A(A)/A(A). Unless explicitly
specified, | -| refers to the element-wise absolute operator, and
||I-|| represents the Euclidean norm. The i-th entry of a vector
a is represented as a;, whereas a;; signifies the element at
the intersection of the ¢-th row and the j-th column within
matrix A. The symbol ® denotes the Kronecker product.
The diagonal operator for scalar inputs denotes diag(-), and
the block diagonal operator for vector/matrix inputs denotes
blkdiag(-). The identity matrix with the dimension of m x m
is denoted by I,,, and the column vector m X 1 vector with
all components equal to one is denoted as 1,,.

The communication network for information exchange
among N € N, agents is defined by a directed graph
G = {V,&}, where V = {1,--- N} is the vertex set
representing the indices of agents and &€ € V x V is the
edge set. The agent ¢ can receive the information from agent
j when (j,4) € £,Vi,j € V. The topology of the graph
is characterized by a weighted adjacency matrix denoted
as A € RV*N_ The entries a;; > 0 when there exists a
communication channel from agent j to agent ¢, i.e., (j,i) € &,
otherwise a;; = 0,Vi,j € V. Furthermore, the out-degree
Laplacian matrix is defined as £ = {l;;}; jev € RV*YN with
li; = Z;\;l ai; and l;; = —ay; for j # 1. The set N; contains
all the neighbor agents of agent i, i.e., N; = {j € V|a;; > 0},
and the set ; is defined as N; = {j € V|j € N; A i€ N}
such that agent j can get x; from agent ¢ and vice versa.

II. PROBLEM SETTING AND PRELIMINARIES
A. Multi-Agent System
In this paper, we consider a MAS with N € N, homo-
geneous agents. The i-th agent follows a n-order continuous
dynamical system with n € N described as
m.i,k = Tjk+1, Vk = 17 e, — 17
©in = h(z;) + g(xi)ui + f(x), i €V, (1
where the p € N dimension states denote x; ; € RP,Vj =
1,---,n. The concatenated system states and control input for
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agent i denote x; = [x! |, -, &l |7 € XCR"™ and u; € R?
with ¢ €N, respectively. The continuous function h(-) : X —
R™ and the non-singular continuous function g(-) : X — R"P<¢
represent the known parts of the system dynamics, which are
usually obtained by using the first principle. Note that the non-
singular g(-) is a prerequisite for feedback controller design
[30], which ensures each agent is controllable at any state
in X [16]. The unmodeled part and external environmental
uncertainties are encoded into function f(-) : X—RP, so it is
considered as unknown but identical for each agent.

Remark 1: The homogeneous multi-agent system with
identical unknown functions f(-) considered in this paper
allows cooperative learning, i.e., the employment of data-
driven models from neighbors to enhance local prediction. For
heterogeneous MAS with different unknown f;(-), cooperative
learning by aggregating predictions from neighbors becomes
meaningless. Such individual learning is covered in the pro-
posed cooperative learning framework as a special case with
no trust to neighbors’ predictions. Considering the focus of this
paper lies on the design of event-triggered cooperative online
learning, the extension to heterogeneous MAS with different
distributed control laws is left for future work.

In this paper, the dimensions of the state in every order, i.e.,
T; i, and control input u, are set as scalar, indicating p=¢g=1
for notational simplicity. The derived results can be directly
extended to high-dimensional systems by using Kronecker
product and multi-output machine learning methods.

The control objective is to achieve a leader-follower time-
varying formation, where the dynamics of the leader follows

x'l,k = xl7k+1, Vk = 1, e, N — 1, x'l,n = Il,r(t), (2)
where the leader states denote z; = [z1, - ,2;,]7 € R"
with 2, € R,Vk = 1,---,n and the known continuous

function z;,(-) : Ro,.+ — R. Moreover, each agent tracks the
leader but keeps a predefined relative time-varying distance as

éi,n = Si,r(t) (3)

for all ¢+ € )V, where its concatenated states s; =
[$i1, -+ ,8in)T € R™ with s, € R,Vk = 1,--- ,n and the
known continuous function s; ,-(-) : Rg + — R. The structures
of the leader and relative trajectory in (2) and (3) guarantee
that all agents 7 € V) are capable of following its own reference
x; + 8; [16]. Furthermore, the desired reference x; + s; for
each agent ¢ and the derivative of the highest order of leader
dynamics x;,-(-) satisfy the following assumption.
Assumption 1: There exist well-defined positive constants
F,,F.; € Ry, such that z;,(-) and the derivative of the
references &; + §; are bounded as |z, (t)| < F; and ||&;(t) +
$;(t)|| < F; respectively for Vt€ Ry 1 and Vi € V.
In practice, the dynamics of the leader a; in (2) and relative
distances s; in (3) for Vi € V are designed such that
x; + s; € X, indicating each entry in x; + s; is bounded.
Then, the boundness of its derivative, i.e., ||&;(¢t)+$;(¢)||, only
requires bounded z; ,-(-) and s; ,(-) for Vt€Ry 1 considering
the structures in (2) and (3). Since the dynamics of the leader
and relative reference are design choices, Assumption 1 is not
restrictive. It can be easily satisfied by choosing x;1(¢) and
s;,1(t) as at least (n+1)-th smooth, i.e., z;1(+), s;,1(-) € C" L.

gi,k} = Si,k+15 Vk = 1a y 1 — 17

Note that, while the the states s; and s; ,-(-) are available for
each agent ¢, only the agents connected to the leader are able to
obtain the information of leader states x; and z; ,-(-). In order
to describe the connectivity between the leader and followers,
a diagonal matrix B=diag(by1, - -, bxn) ERNMN is adopted,
where b;; = 1 indicates the agent ¢ receives the information
from the leader and b;; = 0 otherwise. Due to the existence
of leader disconnection, the controlled system cannot achieve
asymptotically stability with formation error =0, where

Y=x—s—1yQux @)
with ¢ = [2],--- ,2%]7 and s = [sT,--- | sk]T. Instead,
the formation error ¥ is bounded by a positive constant
v € Rg, ie, ||9] < 9. To achieve the cooperative
control for the leader-follower formation task, the following
assumption on the communication topology is required.

Assumption 2 ([31]): The augmented graph characterized

by L and B contains a spanning tree. Moreover, the leader is
the root without incoming edge from the agents.
Assumption 2 is commonly found in MAS control to ensure
the information of the leader is directly available by some
agents, and propagates through the network [12], [16]. More-
over, Assumption 2 is essential to guarantee the achievement
of leader-follower task and leads to the following lemma.

Lemma 1 ([32]): Suppose Assumption 2 holds and choose
g € RY and P € RV*Y defined as

a=la1, - an]"=(L+B) "1y, P=diag(q; "', -, qy")

Let Q@ = P(L+B)+(L+B)TP € RV*N  then the matrices
P and @ are symmetric positive definite.

Lemma 1 provides a choice of the Lyapunov function for
high-order MAS [33] used for stability analysis in Section III.

B. Distributed Control Law

To achieve the leader-follower time-varying formation con-
trol task within the multi-agent framework, a distributed con-
trol structure for the individual agent 7 is proposed as

wi =g~ @) (6(Ti, iy Tri) — (i) — filxs)), VeV, (5)

where the linear consensus law ¢(-, -, -) is designed using the
local information J; = x; — s; of the agent ¢, and the received
neighboring information set Z; = | J jen;, Jj 1s shared from its
neighbors. The reference information 7,.; for each agent i is
defined according to the connectivity with the leader as
{ml;xl,msiasi,r}; if bu =1
Tri = . : (6)
{{Sm Sir}s if bj; =0
Given the J;, Z; and J,;, the linear consensus law ¢(-) can
be evaluated only with the local and neighbor information,
allowing distributed computation, which is designed as

T, Liy, Tri) = —cri + Sip + bisxy r, @)

where control gain denotes ¢ € R, and the filtered error is
r; = ZZ=1 Ak€;.%- The synchronization errors e; j, for the k-th
dimension are calculated as

€k = ZjeNi @ij(Zi g — Tjg) + bi¥i (8)



JOURNAL OF KX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021

forVk=1,- - -, n with ?9Z]f =T k—Si,k—Llk and ji,k =T k—Si,k-
Meanwhile, the coefficients A1, -, A\,—1 €R and A\, €R are
chosen such that the matrix A € R(*=DX("=1) i5 Hurwitz with

In—2

0
A — (n—2)x1
[/\27 e

)\ 1)\1 (9)

_)\7: ! ) A’rL—l]
Remark 2: The control law in (5) is commonly found
for high-order MAS (1) aligned with many applications,
such as robotics [34], [35] with n = 2 and electrohydraulic
systems [36] with n = 4. For other system classes such as
strict feedback nonlinear systems [37] and non-affine systems
[38], [39], nontrivial design of the distributed control law
is required, e.g., through a special-shaped Laplacian matrix.
Considering the focus of this paper is on the event-trigger
design for cooperative online learning, the extension of the
derived method to these systems is left in future works.

The compensation functions f,» (+) in (5) predict the unknown
function f(-) through the data-driven method using the data
set collected individually by each agent 7 € V), which satisfies
the following assumption.

Assumption 3: The data pair {a:(g) i(g)} is available for
each agent i € V at any time ¢,”’ € Ry 4,¢ € N, where
yl(g) = x(g) + w(g) € R of

(g) follows a zero-mean, independent and identical Gaussian
dlstrlbutlon ie, w ~ N(0,02 ;) with 0, > 0.
Assumption 3 indicates each agent collects the data set on
their own, without sharing among them. The requirement of
full state measurement, i.e., «;, is usually found in controller
design for nonlinear system [30] and MAS [12], [16]. More-
over, Assumption 3 allows noisy observations of f(-) due to
known g(-) and h(-) and through numerical approximation of

;) n, e.g., via finite difference inducing Gaussian error [28].

Additionally, Assumption 3 also facilitates the online data
collection for the prediction model update. For GP model
update with high data efficiency, an event-triggered mechanism
is required for online learning in MAS, that employs a smart
data selection strategy to store only the necessary data and
ensures a desired control performance. To this end, the event-
triggered mechanism is designed such that {m(g),yl(g)} is

added into the data set of agent ¢ at time tEg) satisfying

The measurement noise w;)

tfc) = 1nf{tZ Tt > tEc—l) AN pz(tl) > ﬁz(tz)}7 (10)
where p;(t;) and p;(t;) are the simplified versions of the trig-
ger function and its threshold function, respectively. For cen-
tralized event-trigger, it has p;(t;) = p(Ujev{J;(t:), Tr; (t:) })
and p;(t;) = p(Ujev{T;(t:), Jr;(t:)}) requiring global in-
formation for evaluation. In the distributed scenario, p;(t;)
and p;(t;) only employ local and neighboring informa-
tion, i pilti) — p(T(t:) Tilt), Tra(t:)) and pilts) —
p(TJi(t:), Zi(t:), Jr.i(t;)), allowing distributed computation on
each agent ¢ € V. Note that we set both p(-) and p(-) as
time-varying functions for better explanability of the trigger
condition (10), whose detailed design, i.e., explicit expression
of p(-) and p(-), for centralized and distributed scenarios are
described in Section III and Section IV, respectively.

III. COOPERATIVE ONLINE LEARNING BASED
DISTRIBUTED CONTROL WITH GAUSSIAN PROCESSES

A. Gaussian Process Regression

A Gaussian process induces a distribution of the
unknown function f(-) characterized by the mean function
m(-) : X — R and kernel function x(-,-) : XxX — Rg 4,
ie., f(-) ~ GP(m(:), (-, -)). Particularly, the mean function
m(-) reflects the prior knowledge, which is set as m(-) = 0
considering f(-) is fully unknown, since all known part in the
dynamics (1) is encoded into h(-). And the kernel function
(-, ) indicates the covariance between two samples and is
assumed to satisfy the following condition.

Assumption 4: The continuous function f(-) belongs to a
function space defined by a Gaussian process GP(0, k(-,))
with stationary and Lipschitz continuous kernel function with
Lipschitz constant L,, € R;. Moreover, the kernel function
k(z,x') = k(||z — ’||) is monotonically decreasing with
respect to [l — 2’|, and £(0) = o} with o7 € R,
Assumption 4 defines the prior distribution of unknown
function f(-) by choosing suitable kernel. The Lipschitz
continuity of x(-,-) only requires the kernel function to be
continuous by considering the compact input domain X,
which holds for most kernels, such as square exponential
kernel, rational quadratic kernel, and their combination [6].
Therefore, this assumption imposes no significant restrictions.

Given the data set D with M € N samples, ie., D =
{z9),y M, | satisfying Assumption 3 under the variance
of measurement noise as o2 with o, > 0. Then the posterior
mean () and variance o%(+) of the GP model are

p(a) = ki (x)(K + ooly) 'y, (11)
02(33) = k(z,x) — ki§(w)(K + O'iI]w)_lkx(iL'),
where y = [y(1)7... 7y( )]T K = {k(x (1) m(]))} 1M

and kx(z) = [k(z, M), -, x(z, a:(M))]T The posterior
mean p(-) is used for the estimation of f(-), while the posterior
variance o2(-) is employed to quantify the prediction error as
shown in the following lemma.

Lemma 2 ([40]): Predict an unknown function f(-) sat-
isfying Assumption 4 using GP regression with a data set
satisfying Assumption 3. Pick 7 € Ry and 6 € (0,1) C R,
the prediction error is upper bounded as

|f (@) = p(@)| < ns(x) =

with a probability of at least 1 — §, where

55—22k 1log<
o (\/ELJ+Lf+LM)T

with T, = maxgpex 7 and z;, = mingex xx for x; as the
k-th dimension of «, and Ly, L, and L, are the Lipschitz
constants for the unknown function f(-), the posterior mean
u(+) and variance o(-), respectively.

Although with conservatism, Lemma 2 provides a calculable
uniform prediction error bound on the compact domain X.
The detailed computations for Lipschitz constants L,, L,
and L; refer to [40]. Due to the computable error bound

Bso(x) + s, Ve € X

(T —zy,) + 1) — 2logd,
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ns(+), GP regression is widely used in safe learning-based
control with guarantee [16], [19], [41].

B. Cooperative Online Learning

In our setting, a GP model is deployed on each agent
¢ with individual data set D; satisfying Assumption 3 with
measurement noise variance o,; and kernel function &;(-)
under Assumption 4 with £;(0) = 0%, and o5; € Ry. To
obtain the prediction of f(-) cooperatively in MASs, each
agent ¢ shares its states @x; with its bidirectional neighbors
in NV, such that its neighbor agents ¥j € N; calculate the
prediction 415 (;) at x; using their own data set ID;. Notably,
only the predictions from agents in A are available on agent
i, since any agent j belonging to N;\A; cannot calculate the
prediction yi;(;) for agent 4. This is because @; cannot send
to agent j due to the lack of transmission channel from j
to 7, i.e., (4,7) ¢ £ Combining the local prediction p;(z;)
and the received neighboring predictions {j;(x;)};cn,. the
compensation fl(wl) in (5) is formulated using aggregation
method with a general form as

fi(xi) = wii () pixs) + Zjem wij(x:)pi(x:), (12)
where w;;(-) : X = Ry 4 indicates the aggregation weight
respective to f1;(x;) defined for specific aggregation such as
POE [13]. Since online learning strategy is applied such that
each agent i adds newly generated data pair {z!*),y{*)} at
tl(-g) into the local data set ID;. The aggregated prediction error
bound after the GP model update is shown as follows.

Lemma 3: Let the assumptions in Lemma 2 be satisfied for
all local GP models on the agents in the MAS, and employ
the aggregation method in (12) for agent ¢ € V. Define g, as
the solution of the optimal problem for € V as

g, =sup Er;"(a:): sup (w ( a:l +Z ()0, wl>
x; €X x;eX
JEN;
st o () = 00,04(2) /(07 (®3) + 05,) '/, (13)

where the aggregation weight w; (mz) for agent j € {i, N;} is
evaluated at x; after the GP model update at agent i. Moreover,
let w;f;(2;) maintain the property of 3-,r; v,y w;;(-) = 1 and
choose 6 € (0, N71), then the prediction error after GP model
update by using the cooperative learning in (12) is bounded as

|l — (@)l < iy, = VBssi + .

with probability of at least 1 — N§, where ff(-) is the
aggregated prediction after local model update at agent 1.
Proof: Considering each agent ¢ collects the data pairs on
its own and adds them into the local data set ID;, the posterior
variance o (x) after GP model update agent i is written as

(0" (%))* =r:(0)

Va,; € X,

P i e T )
otz o2 (x)o?
s

where M; is the number of training samples in D; before
adding the collected data pairs. The kernel vector kx ;(x)
and Gram matrix K; follow the definition in (11) using the
kernel function k;(-,-) evaluated with I;. Note that (14) is
equivalent to the expression of the constraint in (13), such
that the prediction error bound at agent ¢ is written as

Pr{|p (x)— f ()| <nf(x) =/ Bso ] (@) +7s, VL € X} > 1-6

from Lemma 2, where ,uj'() denotes the posterior mean
after model update on agent i. Recall the condition for the
aggregation weights as . (N} wfj() = 1, the aggregated
prediction error is bounded by

(@) = £ (@) <w (@:)|f (@) = pf (2.)] (15)
+ ZJ'GM wj;(a:z)|f(a:7) — ()]

Moreover, consider the prediction error bound for predictions
from agents j € A; according to Lemma 2 as Pr{|f(x;) —
wi(x)| <mj(x;),Vae; € X} >1—0, the aggregated prediction
error is bounded by

| f(x:)— f+(w7z)‘<wm(wl)nz () +Z
=/Bs (wi; Nz +Z

= Bé&i (.’131) +75 < v 6Qi + v = Qé,i

with probability of at least 1 — N < 1 — |N;|d by using the
union bound in the first inequality [42]. [ ]

Lemma 3 shows the aggregated prediction error bound n 5
for each agent 7 € V with online learning under the condition
of aggregation weights as Z]e{z,M} wi;(-)=1. This condition
is set to overcome the explosive prediction variance when
leaving the training data [11], and is commonly found in most
well-known aggregation methods, such as mixture of experts
(MOE, [43]) with the form

Wi (fﬂz)m ()
s(@i)oj(m:))+s

wij (i) = wij, VieV,jeN, (16)
and product of experts [13] with the form
-2
whor “(x; _
wij(x;) = EA () vieV,jeN; (A7)

Zke/\/» 'kalz2($i)7
w1th auxiliary constants w;; € Ro . Note that the choice of

w;; for POE can be arbltrary, i.e., not necessary to satisfy
> jefi N} Wi =1, while the constants for MOE requires the
condition of > Jeli NG} Wi = 1. With the explicit formulations
of the aggregation methods (12) as in (16) and (17), the
solution &; of (13) has the closed form calculated as follows.

Corollary 1: The solution &, in (13) with aggregation

—1

methods MOE in (16) and POE in (17) are derived as follows:

(i) For MOE, 6, =w;i(0};+0,}) +§ oWisorss (18)
(ii) For POE, 52— _ Z{G{“Ni} .19
t w’ﬁ(a’ .2+o' 2)+Z - wro 2
11\~ 0,1 fy JEN; g% f.g

Proof: (1) Due to the constant aggregation weights Wij
in (16), the monotonically increasing of &; w.r.t ;' (z;) and
o;(z;) for j € N is obvious. C0n51der1ng the deﬁmtlon of
6 (x;) in (13), it is derived &) (x;) < (aft +o, ) /2,

’L
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due to the monotonic increasing of &, (x;) w.r.t &;(z;) with
Gi(x;) < oy, for Vo; € X and positive x;(-,-). Similarly,
considering o;(x;) < oy ; from (11) with positive definite
kernel k; (-, -), the result in (18) is straightforwardly obtained.
(ii) For POE, apply (17) into (12) and consider the definition
of 6] (;) in (13), the updated variance ;" (x;) is written as

(o (@) T+ X jen, wijo (@)
(o7 (x0)~ 2D N, Wiio; (i)

which is not monotonic w.r.t the posterior variance o;(-) from
each agent j € {4, N;}. Then, applying the Cauchy-Schwarz
inequality on the numerator of (20), it yields

(3 wim @) <32 i) (3 wipos ). @

je{i,N:} je{iNiy  je{i,NG}

6 (x;) = v (20)
w

such that &;(x;) in (20) is bounded by

Gi(x;) < ( Z w,;"j)l/z( —|—Z w5075 Hx) )71/2,

jef{i,Ni} je{i,N;}

where the right-hand side is monotonically increasing w.r.t
oj(z;) for j € {i,N;}. Therefore, the supremum of the right
hand side is achieved when & (z) = (o}, +0,7)7Y% and
oj(x) =0y  for j € N;, leading to the result in (19) |

Corollary 1 shows exact expression of &, with the
aggregation methods using MOE (16) and POE (17). Note
that the prediction error bound of online cooperative learning
is non-zero due to the presence of measurement noise o, ;
and uncontrollable prediction performance from neighbors
Jj €N, resulting in conservative estimation by using o ;.

Moreover, Lemma 3 also allows the derivation of the over-
all prediction error bound using online cooperative learning,
which is shown as follows.

Corollary 2: Let all assumptions in Lemma 3 hold, then
the concatenated prediction error for all agents ¢ € V is

bounded by | f(z) — f(@)| < ] = I[A;,. - it; 1" |
with probability of at least 1 — N25, where f+(z) =
@), fi(@n)]” and f(@) = [f(a1), -, fl@n)]".

Proof: The overall prediction error is written as || f* ()
F@P =y 1f (@) = f7 (@) < Yoy iy, = I75]* with
probability of at least 1 — N2§ due to the union bound, which
concludes the proof. ]
Corollary 2 shows the overall prediction error bound, which
is used to determine the control performance, i.e., tracking
error bound, in Section III-C.

C. Control Performance Analysis

In this subsection, the control performance, in particular
the ultimate boundness of the error 9, is analyzed through
Lyapunov theorem for the MAS with (1) controlled by the
distributed controller (5) with cooperative learning in (12).
With the time-varying data sets and GP models due to the on-
line learning, the control law (5) is piece-wise continuous and
leads to a switching controller. This results in a closed-loop
hybrid system, whose stability is analyzed through common

Lyapunov function approach. For a high order MAS in (1),
the common Lyapunov candidate V' is usually chosen as

V=Vi+V, with Vi=rTPr, Vo=ec'Pe, (22
where € = [, -+ el |]7 € R(=YN jg defined as the con-

catenated synchronization error with e, = [e1 5, , € N7k]T €
RN Vk = 1,---,n. The positive definite matrix P, for r is
chosen as P in Lemma 1 such that Q, = P.(L + B) +
(L + B)T P,. And the weight matrix P. for € is calculated
by P. = P., ® Iy, where the positive definite matrix
P_ ; is the solution of the continuous Lyapunov equation
ATP&s + P. ;A = —Q. for a given symmetric positive
definite Q). ;. Note that the existence and uniqueness of P ,
are guaranteed by considering A in (9) as Hurwitz. Moreover,
define z = [rT,e”]? and P, = blkdiag(P,, P.), then the
Lyapunov candidate in (22) is reformulated as V' = 2TP,z.
Owing to the unknown system dynamics f(-) and considering
a non-zero prediction error bound as specified in Lemma 3,
it is intuitive that the overall tracking error denoted as ¥ =
 —s— 1,y ®x; cannot be nullified, instead it is upper bounded
by ¥ described in Section II-A. This also leads to a non-
zero guaranteed lower bound of V, confines the variable z
within certain bounds considering Eq. (22). Specifically, the
relationship between z and 17 is shown in the following lemma.

Lemma 4: Consider the MAS (1) connected through a com-
munication network satisfying Assumption 2 and controlled by
(5). Choose the Lyapunov candidate as (22) and

X = [(L+B)HI(A+ ][t AlIP)AT (P)AEP:)) 2.

If there exists a positive constant Z € Rg 4, such that the
negativity of V is shown for V||z|| > Z. Choose 9 = xZ, then
the tracking error is ultimately bounded by 9, i.e., |9 < 9.

Proof: Considering the identical leader for each agent,
the synchronization error in (8) is reformulated as e; ) =
Zje/\&, @i (Vi —95 1)+, such that their concatenations
ey, for all dimensions k € 1,---,n — 1 are written as

er = (L+ By, [e7,el]T =(I,(L+B))D

with ’l§ = [19{, s ,BZ]T,~I§]€ = [791,k7 cee ,ﬂN’k]T and g, =
[e1,n,- ,eNan]T. Since ¥ and ¥} are both composed of 1J; i,
inducing ||9||=||¥||, the norm of ¥ is bounded using (24) as

19l = 1191l < Il +B)~ |l €], (25)

considering ||[e”,eL]T|| = ||[eT, €T]||. Combining the defini-
tion of the ﬁltered error r in (22) and synchronization error
e;,k in (8), the derivative of & denotes

e=(A@Iy)e+ (t@Iy)r=(t,Al0Iy)z  (26)
with ¢ = [0,---,0,A, YT € R""L, such that the overall
tracking error in (25) is further bounded by
1911 < I(€ + B) M2 (lex]* + [1€]1)
<€+ B)7HP (1 + It Al 121
considering ||e1]] < ||z||, since &1 is only one part of z.

Furthermore, considering that V' is in quadratic form as in
(22) inducing V > A(P.)||z||?, it has

19 < [I(€ + B)THI((L+ [I[£, AlI*)A~

(23)

(24)

YpH)V)V2 @27)
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Next, we show the upper bound of V. Considering the case
when V > \(P,)x 292, where ||z|| > x~J = z is directly
derlved due to the fact that V' < A(P.)|z||?>. Moreover,
Z leads to V <0,
i.e., the decrease of V. Therefore, V' is ultimately bounded as
V < A(P.)x~29%. Apply the boundness of V into (27), then
the result in the lemma is straightforwardly derived. ]

Lemma 4 shows the overall tracking error 9 is bounded, if
the positive value Z exists and is well defined such that V<0
when ||z|| > z. The expression of z and then 4 is derived by
observing the time derivative of V in (22) and using Lemma 4,
whose result is shown in the following theorem.

Theorem 1: Consider the control of MAS (1) with Assump-
tion 1 under a communicate graph satisfying Assumption 2.
The compensation f +( -) is obtained by aggregation online GP
predictions satisfying Assumption 3 and (N} wi;()=1
Pick 6 € (0,1/N?) and choose ¢ € R, in (5), such that
Q. € R*"VxnN g positive definite defined as

AnQr — 22,0 P, —W
_\II Qe

with A =[A1, -+, A1), & = PATA®Iy)+ (T P.)®

Iy and Q. = Q. s ® Iy. Then, the tracking error ||| is

bounded by ¥ = x¢|¢ + 7 5H with a probability of at least

1 — N26, where ¢ =11, in]|T €RN, ;= (1—by;)F, Vi=
, N with F} deﬁned in Assumptlon 1 and

HQ)PA(L+B).

Proof: The tracking error bound 9 is derived through
common Lyapunov theory, where the sign of V=Vi+W
from (22) is investigated. First, we show the time derivative
of V7 in (22), which is written as V1 =77 P.r+rT P,.7, where

Q.= (28)

£ =22\~ 29)

n—1
r = Zk: AkEk + )\nsn - (AT®IN)E+>\nEn

Considering the definition of &, with the synchronization
errors in (8) and the system dynamics (1), €,, is formulated as

€, = (L+B)(f(z) + G(z)u

where f(x) = [f(x1), -+ ,f(xn)]T. Applying the consensus
law ¢(-) in (7) and compensation f+( -) into (5), the concate-

— Sy — ]-N:Cl r)a (30)

nated control input w = [uy,--- ,uy]T is written as
u=G Yx)(—cr + s, + Blyz, — fH(z), (G
where r = [r1,--- ,7n]T, 8 =[sr1, -, sr.n]T and G(z) =

diag(g(x1), -+, g(xn)). Moreover, taking w from (31) and
€ from (26) into (30), the derivative of r is written as 7 =
ATtRIN—cAn (LA+B))r+(ATARIN e+, (L+B)p T, where
Wt =(B-Ix)1yz,+ f(x)— f(z ) Due to the definition
of Q, and the fact that ATt = A\, A1, it has

Vl = —T'T(C)\nQr - 2)\")\;i1P7-)7' (32)
+2r" P.(ATA @ In)e + Ao (L + B)ypT).

nl’

Moreover, considering € in (26) and Lemma 1, the derivative
of V5 in (22) is straightforwardly derived as follows

Vo= —e'Q.e + 26T (P. st ® In)r. (33)

Combining with (32) and (33) and using the definition of z,
the derivative of V' is written as

V=-—2"Q.z+ 20, r"P.(L+B)ypT
<= AQ)Iz)1? + 20|12 P-(L+B) |||
<= M@ )=zl = €llw™ D,

where the first and second inequalities are satisfied due to the
positive definite of @, from the choice of ¢ in (28) and the
definition of £ in (29), respectively. Because of the uncertainty
of unknown function f(-), it is not possible to compute the
exact norm of 1T, Instead, the upper bound of |1 || can be
derived using both the triangular inequality and the prediction
error bound described in Corollary 2. Specifically, the norm
of ¥ is bounded under Assumption 1 and b;; < 1,Vi € V as

[t < |(In = B)Lnfar, | + [ f(=) — fH (@) (39)
< |(Iy = BN EF + a5 ()] = [le + 25 ()]

with a probability of at least 1 — N2§ using the union bound,
where 715 (z) = [i);; (z1), - i3 v (@n)]" with 7], (2;) =

(34)

VBso; (z;) + s and o (x;) defined in Lemma 3. The
vector ¢+ = (Iy — B)1yF, with positive entries denotes

the leader misconnection term with the bounded |z; .| by F;
from Assumption 1. Moreover, considering the prediction error
bound of the cooperative online learning in Lemma 3, the norm
of 1% in (35) is further bounded by [|4"[| < [|e+4),]|, leading
to the probabilistic bound as

V< =A@Q:) =12 = €lle + )

Defining Z in Lemma 4 as z = ¢||¢ + 17|, the negativity of 14
is achieved when ||z|| > Z from (36). Then apply the result
in Lemma 4, the boundness of ||+}|| in Theorem 1 is derived,
inheriting the probability of at least 1 — N24. [

Theorem 1 shows the tracking error bound ¥ under the
distributed control with cooperative online learning strategy.
The tracking error bound ¥ also reflected by Z is related to
both the prediction accuracy and connectivity with the leader
reflected by ¢ + 77 with additional coefficient £. Despite the
non-zero 17 from Corollary 2 and non-zero ¢ from leader mis-
connection, the arbitrary small tracking error bound ¥ can be
achieved by choosing sufficiently large control gain c such that

A(Q).) is large inducing small £ and thus small Z.

However, Theorem 1 requires s ;(-) to be smaller than 7
for each agent 7 € V without specifying the data collectlon
strategy. In the next section, smart data selection strategies are
proposed, aiming to enhance data efficiency while maintaining
the desired control performance.

(36)

IV. EVENT-TRIGGERED ONLINE LEARNING

This section delves into the development of intelligent on-
line data selection strategies for efficient training data storage,
leveraging event-triggered mechanisms. It commences with a
centralized event-triggered approach in Section IV-A, followed
by the distributed event-trigger in Section IV-B, accompanied
by the theoretical performance guarantee. Furthermore, in both
centralized and distributed event-triggered cooperative online
learning, exclusion of Zeno behavior is shown in Section IV-C.
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Note that with event-triggered online learning mechanism,
only GP models on some of agents will be updated at time t.
For notational simplicity, define a time related index function
w;(-) : Ro 4+ — {0,1} for agent i € V as

(37

) 1, if agent ¢ is updated at ¢
0, otherwise

With the index function w;(+), the aggregated prediction error
bound for agent 7 is defined as 75 ;(-)with expression

M5, (xi () =ws ()5 (2 (1)) + (1 =i ()54 (2i (1)) (38)

for all i € V, where 7s,(-) and 77 ,(-) are recalled as the
error bound with and without online learning, respectively.
Moreover, the concatenated prediction error bound denotes

ns(x) = [fs1(x1), -, s,n(xn)]"

A. Centralized Event-triggered Online Learning

Before the design of distributed even-trigger online learning,
the centralized version is first analyzed here, which assumes
the existence of a centralized node collecting global informa-
tion and then transmitting the online learning decision to each
relevant agent. The centralized event-trigger for cooperative
learning is devised by extending the previous research for sin-
gle agent in [19], [28], [29] to multi-agent setting. Specifically
to maintain a predefined upper tracking error bound ¥, > ¥
with 9 defined in Theorem 1, the centralized trigger function
and its threshold are designed as

p=lle+nas(@)|, p=¢& max{]lz],x I}, (39)

where the time input in (39) is dropped, i.e., p(t) — p, for
notational simplicity under the assumption of all the employed
variables in the same time instances. Note that the condition
9. > ¥ indicates there exist constants ¢; € R, selected for each
agent i €, such that 0, is reformulated as J. =&x|[e+7 -+
with € = [e1, -+, en]?. The strictly positive ¢; excludes the
Zeno behavior on agent ¢, which is shown in Section IV-C.
The control performance is shown as follows.

Proposition 1: Let all assumptions in Theorem 1 hold.
Choose ¢; € Ry for each agent ¢ € V and adopt the online
learning strategy with the centralized event-trigger (39) for
Je=Exle+7, + €. Design ¢;(-) : {0,1} =R as the “cost”
for model update at agent i € V. If p(t) > p(t), update the GP
models with w; =1 by adding new samples into the local data
set, where w; for ¢ €) are obtained by solving

min 30 @), stlutin(e) el < ol @0
with each entry of 7j5(x) defined in (37) and (38) respectively.
Pick § € (0, N~2), then the tracking error ||| is bounded by
. with probability of at least 1 — N?2§.

Proof: See appendix. ]

Remark 3: To satisfy the same constraint of (40), there
exists a heuristic selection method, which only update the local
GP model with #)s,;(x;) < 7); ., such that the trigger condition
for each agent i € V) becomes

pi=p(7s,i(x:) —ﬁg,i) , pi=max{p (s () —ﬁ57i),0}~ 41

This method indicates agent ¢ will update its local GP only at
t when both 75 ;(z;) > 1), . and p(t) > p(t) are satisfied.

Note that the condition in (39) is equivalent to choosing
p* = let+ns(@)|? and p* = &~ max{||z]|?, x *0Z}, where
the trigger threshold p* is also written as

pr =& max{||z[* — X720} + e + 0, +€l”. (42)

The form in (42) is regarded as the combination of transient
requirement with z, desired tracking error bound 9, and
guaranteed performance after model update with 7). Intu-
itively, (42) can be converted to the distributed version by
decomposition of z and considering the individual prediction
performance guarantee after model update, which is detailed

discussed in the next subsection.

B. Distributed Event-triggered Online Learning

For robustness and scalability of the information topology,
the distributed event-triggered mechanism is proposed inspired
from (42). To achieve the tracking error bound 94 = &x|[e +
7+ €| with positive entries of € as €;, Vi € V, the distributed
trigger condition in (10) is written for each agent 7 € V as

pi = (Rsi(ai) + 1) (43)
pi = € 2 max { ||z —x203/N, 0} + (1, +eit+er)”,

where ||zi|| = [ri,ei1, s €in—1]T, ti = (1 —by;) F recalled
from (35). Similarly to (39), the time input is dropped,
ie., pi(t) — p; and p;(t) — p;, for notational simplicity.
Note that all terms in p; and p; in (43) including z; can
be calculated using only local and neighboring information,
realizing distributed evaluation.

Considering the maximum operator in (43) and comparing
the values of p; and p;, the agents are divided into 4 cases
based on the criterion as

o Safe set S: Agent i € S means ||z;|| < x~'94/VN;

o Trigger set T: Agent ¢ € T means trigger condition with

(43) is satisfied, i.e., p; > p;.
Moreover, define S, T as the complement sets for S,
T respectively, satisfying SUS = TUT = V and
SNS=TNT = (). Note that there exists overlap between S
and T, such that the 4 cases for agents are defined as SN T,
SNT, SNT and SN T with the following properties.

Property 1: (i) If i€ T or i €SNT, then s ;(x;) §ﬁ67i+ei;
(i) If i € SNT, then ||z;|| > x '94/V'N;

(iii) If i € SNT, then [|24]|* > X205/ N+€>(pi—(n, Htitei)?).
Proof: See appendix. 7 [ ]

Property 1 shows relevant properties of the distributed
event-trigger in (43) for stability analysis. Considering (36),
where ||z|| and 7)5(-) contribute the negative and positive part
inV, Property 1 ensures the positive term is sufficiently small
when i € S by observing Property 1 (i), while the negative
term is sufficiently large when i €S from Property 1 (ii & iii).

The control performance with distributed event-triggered
online cooperative learning (43) is shown as follows.

Theorem 2: Consider the MAS (1), where agents com-
municate through a network satisfying Assumption 2. The
unknown function f(-) is predicted by using GP regression
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satisfying Assumption 3 and 4 and the aggregation method
(12). The control task is to track the reference trajectory
satisfying Assumption 1 and x;(0) = s;(0) +;(0), Vi € V at
initial time ¢ = 0. For such a task, employ the proposed control
law (5) with (7) and the distributed event-trigger mechanism
for online learning with (43) and ¢; € R;,V:e € V. Pick
§ € (0, N~2), and then the tracking error ||| is bounded
by 94 = Ex|le+ 75+ €l| with probability of at least 1 — N?26.

Proof: Given a desired tracking error bound 9 and using
the inverse result in Lemma 4, it requires to prove V <0if
lz|| > x~'9. Dividing the agents according to the maximum
operator and trigger condition into S NT, SNT,SNT and
SN T with properties shown in Property 1, the concatenated
effects of the prediction error and leader misconnection, i.e.,
t + 7s(x) + €, is upper bounded by

et 7is(@) +elP=> (i (@) +e) + > pit > ps

1€T ieSNT  ieSNT
SZ (it e ). Smﬁ(bi+ﬁ5'+ei)2+§:'e§m’rpl

- Z =Y LZ + 776 1+61 +Zlegﬂ’ﬂ‘ L7.+775 z+€l) )
Moreover, considering Zlev(%—i—n& +€i)? = [letn +el? =

(€x)~292/N from the condition of ¥4 in Theorem 2, the upper
bound for ||t + 7j5(x) + €||? is further written as

o +Af () + €l|* <(x)295/N (44)
+ Ziegm’r(pi — (4 + ﬁé,i + 61.)2).

Furthermore, considering Property 1 the concatenated error z
is lower bounded by

2 _ 2 > 112 2
(TR SO 7 = S P L S
> XHYN+Y (YN +E(pi— (1 Avitei)?))
i€SNT ie€SNT

= X2OASI/NY_, pi

ESﬁT

(45)

(1, H1i+)?).

Apply (44) and (45) into (36), then V is upper bounded by

_ AQ:)| =] 2 42 P
< IEWIzm??gﬂ@z” &lle+,?)

Q)| =|9? o
(|2l + Elle + 0D (IS - 1).

(46)

<_

Next, we recall the case with ||z|| > x~!94, which indicates at
least one agent satisfying ||z;]| > x~'94/v/N by considering
the contradiction with ||z;]| < x~*J4/V/N, Vi € V inducing
2] < Yiep X 292/N = (x~'¥4)%. This also means [S| >
Lif ||z]| > x~'94. Then, the negativity of V in (46) is directly
obtained for ||z|| > x 4. Let Z = x~'9; and apply the
result in Lemma 4, the boundness of ||[9| by 94 is derived. ®

Theorem 2 shows the bounded tracking error ||| with the
proposed distributed event-trigger (43). The stability analysis
in Theorem 2 provides a guideline for devising the distributed
event-trigger, which means any design satisfying Property 1
guarantee the tracking error bound with .

C. Zeno Behavior for Event-triggered Cooperative Learning

The Zeno behavior is an essential problem for event-
triggered strategies [44], meaning infinite triggers in finite
time. In this subsection, we discuss the Zeno behavior on each
agent ¢ using the proposed centralized and distributed event-
trigger, i.e., (39) and (43) respectively. Note that the exclusion
of the Zeno behavior on each agent ¢ € V prohibits the jump of
x;, which means it requires limited changing rate of the agent
states, i.e., «;, under the proposed controller (5). The upper
bound of x; for Vi € V is shown in the following lemma.

Lemma 5: Let all the assumptions in Lemma 3 with
centralized event-trigger mechanism with (39) and any update
model selection methods, or Theorem 2 with distributed event-
trigger strategy in (43) hold. Choose ¢; € R, for each agent
i €V, such that J. = &x|le+7, + €. Pick § € (0,N7?),
then &,(t), Vi € V is probabilistic bounded, i.e., Pr{|&;(t)| <
F; VteRg +} >1—N?6 for F;€R, defined as

Fy=Fp i+ (14+V2e(lii+bi) N ) D+ (1—bii) Fy+0s.5, (47)

A and 75, is obtained by solving

,;] - Sup (w“(a:l)az i +Z _ wm(wl)aj(acz)). (48)

where \* = maxy_ ...

The real positive constants F;.; and F; are the upper bounds
for ||&; + $;|| and || respectively as in Assumption 1.
Proof: The bound of ||&;| is derived by finding the
supremum of the tracking error ||J;|| for all i € V. Apply
the control law (5) with (7) and (12), then the error dynamics

w.r.t ¥; = [791',1;' R 19i7n]T_With ﬁi,k =ik —Sik— Tk for the
controlled system yields ¥;  =v; p4+1, Vk=1,---,n—1 and
Dim = —cri — (1= big)w, + fas) — filws),

where f;(-) = wlff() + (1 — ;) fi(+) represents the applied

aggregated prediction under event-trlgger mechanism  using

the notation wo; in Section IV. Then, =[di1, - in]T

is bounded using the triangular inequahty by

[19: <1031, -+ Dsa Tl + [0, (49)
W25 - Din - clrs L= bi) [ [ f (220)—fi () -

Consider Assumption 1 and recall 75,(-) in Section IV as
the probabilistic prediction error bound of |f(-) — f;(-)| with
probability of at least 1 — N inherited from Lemma 3, (49)
is reformulated by using ||[9i 2, -, 90 [F|| < [|9:]] < |9 as

9ll <D + clril + (1 = bia) Fy + 7s,i(@i),  (50)

which holds with probability of at least 1 — NJ. Due
to the definition of the filtered error r; in (7), the norm
of r; is bounded by using Cauchy-Schwarz inequality and
considering non-negative X, as |r;|? < >°7_ | A?|e; x|, where
the synchronization errors |e; 5| from (8) is bounded by

—’ bu"'z au Lk"’Z
,Z ]k+2(bz‘i+lii)(2jeM aij|0i k195,
(b“f + ZZZ) '191 k> (51)

where [;; is recalled as the i-th entry of the diagonal of
Laplacian matrix £ such that l;; > a;;,Vj € V due to the

aa] ]k|
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non-negative of a;;. Moreover, considering b;; > 0, it has
0 < a;; < b +1;,Vj € V. Using the Young’s inequality on
[9; 51|95, (51) is further bounded by

|€i,k|2§(bii+lii)2ze{ N} ]k-f—(bu+ln)(zjevflij(19?k+19?k))
2

<2(bi; + li1)* Zjev 92, (52)

considering {¢,N;} C V and a;; = 0,Vj ¢ N;. Apply the

boundness of |e; x| in (52), the upper bound of the filtered
error r; is written as

|rl|2 < 2([11 +bu Zk 1 k Z]EV J:k
< 2([1'1‘ + bii /\* Zkzl Zjev gk

Note that [|9]* = Y7 _, Z] 119 %[%, then it is derived that
Iri| < V2(lii + big)N*||9]|. Next, we investigate the upper
bound of 75,;(-) in (50). Since the optimization problem (48)
for agent ¢ covers the case in (13) by removing the constraint
on o;(+), it has 75571' > ﬁ(” such that

+(1- (53)

Ms,i () < @i . @)i5,i < Ns.ir Vi € X.
Apply the upper bound for |r;| and (53) into (50), then |||
is upper bounded by [|9;]| < (1+v/2¢(li; +bii)\*) |9+ (1 —
bi;) Fi-+17)s.;. Moreover, considering ||a;|| = || + $; + 94| <
& + $i|| + ||9:]| and the boundness of the reference in
Assumption 1 as well as the tracking error bound 9. from
Proposition 1 or Theorem 2, the upper bound F; in (47)
of state changing rate for agent i, i.e., ||&;||, is derived.
Furthermore, the probability as at least 1 — N2 is inherited
by considering the usage of all the local predictions in .. W
Besides the bounded state changing rate, the exclusion of
the Zeno behavior also requires the continuity of the prediction
performance reflected by its error bound 7s,(-) w.rt. @,
which means the derivative of 7js,(x;) , i.e., Vijs(z;) =
d7s i (2;)/dex;, is bounded. However, considering the event-
triggered online learning, Vﬁ(;yi(:ci(tz(-g))) is not continuous at
tz(-g) due to the change of the GP model with updated data
set. Therefore, we intend to bound Vijs,(x;(t)) on agent i
in the time interval without model update locally or on the
neighbors, i.e., t; € [t;,%;), where ¢ and ¢ are defined as

t; = MaX;e(; N} ceNy { 50 ERg+: t( ) <t } (54)
Ei = minje{i,ﬁg},CENJr {t;g) S RO 4t t( <) >t } (55)
Note that considering the definition of 7js;(-) as
M5:(-) = +/Bsdi(-) + s, the boundness of Vijs,(x;)

only requires the bounded V&;(x;). The existence of a well-
defined upper bound for | V&;(;)|| is easy to see by assuming
the aggregation weight w;;(x;),Vj € {i,N;} is continuous.
Then, w;;(x;) is Lipschitz continuous within the compact
domain X with the Lipschitz constant defined as L, ;; € Ro 1
for j € {i,N;} and i € V. The detailed expression for L,, ;;
is shown in [45]. Moreover, the individual posterior variance
o;(+) is also Lipschitz continuous with Lipschitz constant L, ;
as shown in Lemma 2 under Assumption 4, whose detailed
expression in [40], [42]. With the Lipschitz aggregation

weights and individual posterior variances and the choice of
wij € Ro,4 such that 3, 5.y wi;(-) = 1, the upper bound
of ||Vé;(x;)| is obtained for Vi € V by considering

IVa@) || <Y (Ve (@) |0 (@) +wij ()| Vo (:)]])
JEfi NG

< Zje{im} (Lu.ijoj (i) +wij(@i) Lo ;)

< P )
= Zje{i,j\’fi} (Le,ijofj+Los)

for all ; € X, where the third inequality is derived by consid-
ering o;(-) <oy ; from (11) and w;;(-) < 1. For notational sim-
plicity, define the upper bound for ||Vé;(x;)||, i.e., Lipschitz
constant for 6 (a;), as L; = > jeiniy(Lw,ijoritLe, ;). The
boundness in whole time domain R 4 is directly derived by
considering ||V&;(-)|| < Lo.; in [t;, ;) with (54) for Vt; € Ry 4.

With the bounded state changing rate as in Lemma 5 and
bounded change of prediction performance analyzed above,
the exclusion of the Zeno behavior for the both proposed
centralized and distributed event-trigger mechanism shown in
(39) and (43) is proven as follows.

Proposition 2: Let all assumptions in Lemma 5 hold and
use the event-triggered online cooperative learning with either
centralized mechanism in (39) with heuristic update model
selection in (41) or distributed mechanism in (43), in which
€; € Ry is chosen for each agent i € V. Pick 6 € (0, N—2),
then the inter-event time A = ¢ — {9 v e N for
each agent ¢ 6 V is lower bounded by A, € R, as A; =
(vBsFE; L, i) Le; with probability of at least 1—N?26.

Proof: From the design of trigger condition in (42) and
(43) with the heuristic model selection strategy in (41), it is
obvious the model update will be activated on agent ¢ at t( s+

(s+1) (s+1) (s+1)

if p;(t;"" ) > pi(t;” ") indicating 75 s (;(¢;"" 7)) > QM +
€;. Moreover, considering the model update on the agent i
occurs at t;g) such that the aggregated prediction error bound
after model update is upper bounded as ﬁgi(xi(tgg))) < s,
from Lemma 3. Note that no new data pairs are added into the
data set I; in (£, ¢{°™)), such that the prediction model on
agent 7 maintains unchanged. With the same prediction model,
the difference between ﬁgi(wi(tl(-g))) and A (; (t1°T) is
lower bounded by ¢;, which is also written as

e < fsi(@ (1)) — i (@i (t1)))

t(;+1)

i

< / 181 (a04(7) ldr = \/Bs / (Gi(as ().

()
t;°

(56)

Using the chain rule, the derivative of ;(x;) is bounded by

TdUZ(wz) ‘dgl( x;)

@ <l|z:
dz

|03 ()| =

‘ <Fij:a,i

with probability of at least 1 — N2§ using F; and L, ; from
Lemma 5. Then, (56) is reformulated as ¢; <\/675Fi1ig)iAE§),
indicating the boundness as Az(»g) > A, holds for V¢eN. =

Proposition 2 shows the minimal trigger interval for each
agent is non-zero by using both centralized and distributed
event-triggered mechanism for cooperative online learning, in-
dicating the exclusion of the Zeno behavior. Note that although
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the proof for centralized event-trigger only works for heuristic
update model selection strategy in (41), the Zeno behavior
exclusion for other selection methods is easily derived by
using the similar methods in [19], [29], which considers
the minimal trigger interval for the whole MAS. Moreover,
Proposition 2 directly shows, only choosing strict positive
€; leads to guaranteed non-zero minimal trigger interval A,,
resulting in Zeno behavior exclusion. Combining with the
tracking error bound in Proposition 1 and Theorem 2, there
exists a trade-off between the control performance and update
frequency, i.e., larger €; induces worse tracking performance
but allowing low model update rate.

V. NUMERICAL SIMULATIONS
A. Toy Example

In this section', we consider a multi-agent system including
N = 4 agents. Each agent i € V = {1,2,3,4} follows
the dynamics in (1) with n =2, h(z;) =0, g(x;) =1 and
f(z;) = 5sin(10x;1) + 0.5/(1 + exp(z;,2/10)) + 10, where
the input domain is set as X = [—1.5,1.5] x [-0.6,0.6].
The agents are connected with a directed communication
network defined by the edge set as £ = {(2,3),(3,1),(3,2),
(3,4),(4,1),(4,2),(4,3)} and a;; = 1,Y(j,¢) € &. More-
over, only agent 1 and 3 have the access to the leader,
ie, b; = 1 for¢t = 1,3 and b; = 0 for i = 2,4.
The prediction of f(-) is obtained by (12) using POE [13],
such that the aggregation weights w;;(-) are calculated as
wij(x;) = Uj_z(:ci)(zkem 0% (x;)t, Vie V,j €N, and
wij(x;) = 0 otherwise. Moreover, consider 7 = (JN;| +
) ((e;7 + a;?) + Zjef\’/i a;?)_lias the 1solution of (13),
such that it is easy to see Lo; = (INi[+1)2 3 c(; 5y Lo
The kernel functions «(+, -) in all local Gaussian processes are
identical, which is in square exponential form as k;(x;, ;) =
a?,iexp(—0.5l;2||a:i —x}||?), VieV with op; = 1,1; = 0.1.
The data pairs for the prediction satisfy Assumption 3 with
the measurements y; perturbed by Gaussian noise with o, ; =
0.01, ¥i € V. The initial data sets vary depending on the
applied learning methods, and are discussed later. The grid
factor and probability for uniform error bound in Lemma 2
are set as 7 = 107 and 6 = 0.001, respectively. The control
objective is to track the leader trajectory with x; 1 = sin(2¢/5),
Ty = Iy, T, = 21,2 and maintain relative states for each
agent i as s; 1 =0.01sin(6t + 2mi/N), s;2==5i1, Sir =S 2.
The control law (5) is designed for each agent ¢, where the
control gains in (7) are set as c=20 and A\; = A5 =1. Moreover,
select Q. =1 and then the matrix @), in (28) is ensured to be
positive definite. The simulation time is set to 40.

To demonstrate the effectiveness of the proposed event-
triggered online learning method, we compare the tracking
error ||9(¢)|| by using the following learning strategies:

1) Offline cooperative learning [12]: Each agent i €V pro-
vides the prediction o;(-) using the initial data set, con-
taining 200 random samples uniformly distributed in X;

2) Centralized event-trigger (CET): The trigger in (39)
with heuristic update model selection in (41).

The code is available at https:/drive.google.com/drive/folders/1cOdToV_
h__VWfHNKmi-ib- VioJSpKCGq?usp=sharing.
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Figure 1: Overall tracking error with respect to time.
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Figure 2: Trigger instances for CET and DET for each agent.
Specifically, for CET 131, 130, 122 and 120 samples are
collected for agent 1 to 4. The minimal trigger interval for
each agent denotes 0.036, 0.027, 0.020 and 0.020. With DET,
each agent collects 154, 150, 132 and 131 data pairs under
minimal trigger interval 0.025, 0.024, 0.016 and 0.021.

3) Distributed event-trigger (DET): The trigger in (43).

4) Time-trigger (TT) [20]: Update the local GPs on each

agent every 0.015 time interval.

5) Exact model: Let f;(-) = f(-) in (5) for Vi € V.

Note that the trigger interval for TT, i.e., 0.015, is set such
that it is similar to the minimal trigger interval by using CET
and DET as shown in Fig. 2. Moreover, for both CET and
DET, the initial data sets for each agent are set as empty, and
€; in (15) are chosen as €, =0, ; — (0;12 + 0;2-2)_1/2, YieV.
The effectiveness of the above learning methods is shown in
the following subsections.

1) Performance with Event-triggered Online Learning:
First, we observe the effectiveness of different cooperative
learning strategies for MAS with same initial condition, i.e.,
x;(0) = =z,(0) 4+ s;(0),Vi € V. The overall tracking error
|9(t)]] w.r.t time is shown in Fig. 1. It is easy to see, online
learning behaviors much better with smaller tracking error
compared to offline learning. While with longer transition
phase, both event-triggered learning induces similar perfor-
mance after ¢ = 20 as TT. Moreover, the performance between
CET and DET is similar, indicating almost no performance
loss from the distributed computation.

Besides the tracking error, the number of triggers reflect
the data efficiency, where we only consider the triggers for
event-triggered online learning mechanisms shown in Fig. 2.
It is obvious that most trigger occurs before ¢ =18 due to the
periodic references, indicating the collected data set around
t = 18 is sufficient for the guaranteed tracking performance
in Lemma 3. Only few triggers happens after ¢t =20 for DET
due to its slight conservatism, which results in near 20% more
triggers compared to the CET.

2) Monte Carlo Test: To test the generalization of the
proposed event-triggered cooperative online learning methods,
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Figure 3: Maximal tracking error in the steady state.
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Figure 4: Maximal size of data set, which for offline learning
is 200 from the size of initial data set and for TT is 2667 due
to the fixed trigger interval 0.015. With CET, the maximal size
of the data set for each agent 1 to 4 denotes 157+13, 152+13,
145+ 14 and 135+ 12, respectively. The maximal numbers of
training samples collected through DET are 177+16, 17515,
158 £17 and 153 £ 15 for agent 1 to 4, respectively.
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a Mont-Carlo test is employed, in which each algorithm is
repeated for 100 times by using different initial states, i.e.,
uniformly distributed «;(0) € X, uniformly distributed initial
data set for offline learning and normally distributed random
measurement noise w; for each agent i € V.

The control performance for each learning algorithm is
reflected by the ultimate tracking error bound as shown in
Fig. 3. In practice, we consider the maximal tracking error in
t € [20,40], in order to neglect larger ||| from poor initial
states 2(0) and focus on the steady states. It is obvious, online
learning induces much smaller tracking error than offline
learning, due to better adaption of the data set for the control
task. The slightly worse performance from event-triggered
learning compared to TT is due to the underestimation of
the performance of GP update by merely using one-point GP
accuracy in Lemma 3. Moreover, to evaluate the data efficiency
by using event-triggered data collection, the trigger times from
each methods are compared.

The number of triggers reflecting the data efficiency is
depicted in Fig. 4 with the maximal number of training
samples in each data set. It is obvious that both event-triggered
online learning mechanisms results in the data set with slightly
less than 200 samples, which is close to the designed initial
data set for offline learning. Combined with the comparison
of control performance in Fig. 3, where event-triggered online
cooperative learning mechanism achieves smaller ultimate
tracking error bound, the improved data efficiency is shown
by choosing more informative data related to the control task
using event-triggered online learning.

B. Manipulators with 2 Degrees of Freedoms

In this subsection, a multi-agent system consisting of
N = 6 manipulators with 2 degrees of freedoms (DoFs)
is considered, where the communication topology is de-
scribed as G = {V,&} with V = {1,---,6} and & =

{(1,2),(1,6),(2,3),(3,2),(4, 3),(4,5),(5,6),(6,5) }. Each ma-
nipulator follows a second order dynamics in (1) with g(x;)=
M_1($i71)T($i,1), h(ml) = M_l(.’BiJ)fh(:Bi) and n = 2,
p=q=2, where x; 1, x; 2 represent the absolute position and
translational velocity of end effector for each manipulator ¢ in
inertial coordinate with the compact domain X=[-1.5, 1.5]%.
The mass matrix M (x; 1), Jacobian matrix T'(x; 1) and gen-
eralized force fj,(x;) are known and calculated in appendix
with corresponding manipulators’ properties. The unknown
function f(-) represents the friction effect directly affected
on the end effector and is written as

Fla) = 5sin(a;1,1) + 3cos(wi1,1) + 234, +6
" 13cos(wia,2) + beos(xi12) + xﬁQ,Q +10|’

where x; ;. denotes the k-th entry of x; ; for Vk=1,---,p.
Moreover, only agents 1 and 4 have access to the leader,
indicating bi1 = bys = 1 and b“ = 0 for Vi € V\{1,4}
The prediction of f(-) on each agent is obtained using
Gaussian process regression with squared exponential kernel
as ki(zi,xl) = exp(2||lz; — 2}||?) for Vi € V and POE
as aggregation strategy. The training data pairs satisfy As-
sumption 3 with the standard deviation of the measurement
noise as o,; = 0.01 for Vi € V. The grid factor and
probability for calculating the uniform prediction error bound
in Lemma 2 are set as 7 = 1078 and § = 0.1, respectively.
The control objective is designed such that the end effector of
each manipulator tracks a leader trajectory defined as

@ 1 (t)=[sin(0.5t),cos(0.5t)| T2y 2 (t)=k1 1 (1), 21, (t) =1 2(1)
with relative states for each manipulator 7 as
si1(t) = 0.2[cos(1.5¢ + im/3), sin(1.5t + i /3)]7,
Si2(t) = 8;1(1), Si () = 8;2(2).

The control parameters in (5) are set as ¢ = 10, A = [1,1]7.
Moreover, choose Q. = I, inducing positive definite @, in
(28). The simulation time is set from 0 to 40.

To demonstrate the effectiveness of the proposed event-
triggered online learning strategies, the tracking error ||9(¢)]]
and the number of trigger events are compared among the
learning strategies in Section V-A. Note that the number of
initial data set for offline learning increases to 350 due to the
expansion of the system dimension p. The comparison results
are shown in the following subsections.

1) Performance with Event-triggered Online Learning:
To show the effectiveness of different cooperative learning
strategies, the tracking errors from the same initial states,
ie, x1(0) = [0.8147,0.9058,0.1270,0.9134]7, z5(0) =
[0.6324,0.0975,0.2785,0.5469]7, x3(0) = [0.9575,0.9649,
0.1576,0.9706]7, 4(0) = [0.9572,0.4854,0.8003,0.1419]T,
x5(0) = [0.4218,0.9157,0.7922,0.9595]%, x6(0) = [0.6557,
0.0357,0.8491,0.9340]T, are compared. The tracking error
||9:(t)]| for each agent ¢ € V are shown in Fig. 5. It is
obvious to see online learning performs better with lower
|9 (t)]| for Vi € V, while with offline learning the tracking
error is much larger than with other methods especially due
to the lack of sufficient data in the domain around references.
Note that the tracking error does not tend to 0 due to the
non-fully connection between the agents and leader inducing
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Figure 5: Tracking error of each agent over time.
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Figure 6: Trigger instances for CET and DET for each agent.
Specifically, for CET 250, 238, 273, 263, 277 and 260 samples
are collected for agent 1 to 6. With DET, each agent collects
274, 258, 303, 288, 303 and 286 data pairs.

non-zeros ¢ in Theorem 1. However, the tracking performance
of CET, DET and TT is similar, showing the efficiency of
the event-triggered strategies.

The time instances for each trigger in centralized and
distributed event-triggered online learning are shown in Fig. 6
for each agent. It is seen that total number of data pairs in each
agent is smaller than 350, which is the size of initial data set
for offline learning. Moreover, no trigger occurs after ¢t = 25,
indicating sufficiently accurate GP prediction is achieved for
the entire MAS and desired tracking performance.

2) Monte Carlo Test: The statistical property of the derived
theorems are demonstrated through Monte Carlo Test, where
the simulations are repeated for 100 times with random initial
states z(0) sampled from uniform distribution in [0, 1]"V?,
normally distributed measurement noise and random initial
data set with ") € X, Vi € V, Vo = 1,--- 350 for offline
learning. The control performance for each learning algorithm
is reflected by the ultimate tracking error as shown in Fig. 7.
Specifically, the overall tracking error ||¢(t)| over time ¢ is
shown in Fig. 7a. Moreover, Fig. 7b indicates the ultimate
tracking error by considering the maximal ||9(¢)| after ¢t = 20,
such that the initial behavior of the systems is excluded.

The online learning efficiency is reflected by the maximal
size of eventual training data set on each agent shown in
Fig. 8. It is easy to see that the maximal number of data
pairs in the training data set for each agent with both event-
triggered online learning mechanisms results is less than 350
samples, which is the designed size of initial data set for offline
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(a) Mean and variance of overall tracking error with respect to time
from 100 times Monte Carlo tests.
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] (b) Maximal tracking error in the steady state.
Figure 7: Tracking error from different learning strategy.
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Figure 8: Maximal size of data set, which for offline learning
is 350 from the size of initial data set and for TT is 2667 due
to the fixed trigger interval 0.015. With CET, the maximal
size of the data set for each agent 1 to 6 denotes 246+ 5,
25149, 265+12, 26810, 271+8 and 26616, respectively.
The maximal numbers of training samples collected through
DET are 268+7, 277+10, 290+13, 294+12, 298+8 and
295£7 for agent 1 to 6, respectively.

learning. Moreover, in comparison to centralized methods, the
distributed approach allows agents to collect only a slightly
larger amount of data without the need for an extra computa-
tional center. Combining with the observation in Fig. 6, limited
data is eventually added into individual data set for each agent
with event-triggered strategies. In comparison, time-triggered
method intends to collect data without termination, which
results in an infinitely growing data set linear with operating
time and high demand on the computational resources.

VI. CONCLUSIONS

In this paper, we consider a distributed control framework
for leader-following time-varying formation control with co-
operative online learning algorithm using GP regression. For
high data efficiency with guaranteed control performance, two
event-triggered mechanisms are proposed for online learning,
namely the centralized and distributed version. Inspired from
the centralized event-triggered learning design, the distributed
trigger condition is evaluated only based on the local and
neighboring information on each agent. Moreover, we show
the exclusion of the Zeno behavior on each agent for both
centralized and distributed event-trigger. Finally, the effec-
tiveness of both proposed event-triggered cooperative online
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learning strategies is demonstrated in the simulations, which
show that each agent collects fewer data and triggers less GP
model update compared with other approaches while achieving
a guaranteed control performance.

APPENDIX

Proof of Proposition 1: The proof follows [28], where
the sign of V for ||z|| > x ™', is investigated such that
(39) is reformulated as p = ||z|. Then, two cases divided
by (39) is considered. In the case with p(t) < p(t) indi-
cating no model update, the negativity of V is shown as
V < ~A(Q.)|12]|(€p—¢lle+s(@)]) < 0 by considering (34)
with (35). If p(t) > p(t), then the model update is activated,
and with ||z|| > x4, it has

V < =A@ |12 (x e = Elle + a5 (2)])
< -AQ:)IzNE e + 115 + €ll = [le + 0y() +€]) <0,

where the second inequality is derived by using the definition
of ¥, and the result from (40). Until here, the negativity of 1%
when ||z|| > x =19, is proven, which concludes the proof by
letting Z = x4, and using the result in Lemma 4. [ ]
Proof of Property 1: (i) The property for agent i €T is
obvious, since the GP model update is activated on agent @
such that 75 ;(x;) = ﬁ}l(wz) <i),, <1 .+¢€ by considering
Lemma 3 and positive ¢;. To prove the property for agent
i € SNT, the trigger condition is investigated for i € T as
Pi <pi= (ﬁa Z.-Hi—f—ei)Q due to the definition of S, which leads
to 7s,; () :’ﬁm(mi) gﬁéi + ¢; from the design of p; in (43).
(ii) This property is dir,ectly derived by the definition of S,
which is recalled as ||z;| > x~'9/VN.
(iii) Considering the definition of S and T, it has for agent
i€SNT as p; <E2||z4l|>—x 205/ N+ (1), Z,—l-Li—l-éi)Q, which
is equivalent to Property 1 (3). 7 ]
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