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Abstract: The precision and the reliability of very long
baseline interferometry (VLBI) depend on several factors.
Apart from fabrication discrepancies or meteorological
effects, gravity-induced deformations of the receiving
unit of VLBI radio telescopes are identified as a crucial
error source biasing VLBI products and obtained results
such as the scale of a realized global geodetic reference
frame. Gravity-induced deformations are systematical errors
and yield signal path variations (SPVs). In 1988, Clark and
Thomsen derived a VLBI delaymodel, which was adopted by
the International VLBI Service for Geodesy and Astrometry
(IVS) to reduce these systematic errors. However, the model
parametrizes the SPV by a linear substitute function and
considers only deformations acting rotationally symmetri-
cally. The aim of this investigation is to derive the signal
path variations of a legacy radio telescope and a modern

broadband VGOS-specified radio telescope and to study the
effect of nonrotationally symmetric deformation patterns. For
that purpose, SPVs are obtained from a nonlinear spatial ray
tracing approach. For the first time, a tilt and a displacement
of the subreflector perpendicular to the optical axis of the
feed unit is taken into account. The results prove the com-
monly used VLBI delay model as a suitable first-order delay
model to reduce gravity-induced deformations.

Keywords: antenna deformation, GeoMetre, radio tele-
scope, signal path variation, spatial ray tracing, VGOS, VLBI

1 Introduction

Signal path variations (SPVs) of radio telescopes used for
very long baseline interferometry (VLBI) significantly
limit the achievable accuracy. These variations result
from different effects. Apart from fabrication discrepan-
cies or meteorological effects such as wind, snow, or tem-
perature, the receiving components of VLBI radio tele-
scopes are affected by deformations caused by gravity
(Baars 2007, Ch. 4.6). In particular, thermal and gravita-
tional deformations cause unidirectional errors and sys-
tematically bias the estimated vertical positions of the
VLBI radio telescopes (Wresnik et al. 2006, Varenius
et al. 2021). Hence, the estimated scale of derived global
geodetic reference frames such as the International Ter-
restrial Reference Frame (ITRF) is affected (Altamimi
et al. 2007, 2016). Thermal deformations of the monu-
ment mainly affect the vertical component of VLBI radio
telescopes and are observable by direct monitoring sys-
tems such as invar wire and laser-based instruments or
indirectly by temperature measurements (Wresnik et al.
2006, Song et al. 2022). This systematical error is mini-
mized in the routine analysis of geodetic VLBI data by the
global thermal expansion model of the International
VLBI Service for Geodesy and Astrometry (IVS) (Noth-
nagel 2008, 2020). Since gravitational deformations of
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VLBI radio telescopes are identified as a crucial error
source biasing terrestrial reference frames, working groups
like the IAG/IERS Working Group on Site Survey and Co-
location (Bergstrand 2018) and joint research projects such
as the international GeoMetre (Pollinger et al. 2022a) pro-
ject are invited to evaluate proper compensation models
as well as to derive the gravitationally induced delay.
However, the thermal expansion model was only derived
for a few VLBI sites and finally transferred to the whole
network, considering gravitational deformations is much
more challenging, because current investigations imply an
individual VLBI radio telescope dependent deformation
behavior (see the contributions by Sarti et al. 2009a, Artz
et al. 2014, Nothnagel et al. 2019). For that purpose, the IVS
(2019) highlighted the importance of the gravitational
deformation and recently adopted the resolution on the
“surveys of radio telescopes for modeling of gravitational
deformation” (IVS-Res-2019-01).

On the basis of comprehensive investigations on the
impact of gravitational deformations at the 26 m VLBI
radio telescope in Fairbanks, Alaska, Clark and Thomsen
(1988) proposed a VLBI delay model for prime focus VLBI
radio telescopes. As shown by Abbondanza and Sarti
(2010), this model is readily transferable to secondary
focus VLBI radio telescopes and valid for both Gregorian
and Cassegrain type VLBI radio telescopes. Following the
line of reasoning worked out, Artz et al. (2014) refined the
model and provided a complete VLBI delaymodel for VLBI
radio telescopes. Moreover, this model is recommended by
the IVS for describing signal path variations with respect
to the elevation angle ε and is applied to large VLBI radio
telescopes of the legacy VLBI network (Nothnagel 2020).
Lösler et al. (2019) recently adopted the VLBI delay model
to investigate on the deformation behavior of the next
generation of VLBI radio telescopes. These new VLBI radio
telescopes are more compact in design and form the back-
bone of the next-generation geodetic VLBI system, which
is often referred to as the VLBI Global Observing System
(VGOS) (Schuh and Behrend 2012, Nothnagel et al. 2017).

According to Clark and Thomsen (1988), the VLBI
delay model is given by the weighted sum:

( ) ( ) ( ) ( )= + +L ε α V ε α F ε λα R εΔ Δ Δ Δ ,V F R (1)

where λ represents the telescope design, i.e., =λ 1 for
prime focus VLBI radio telescopes and =λ 2 for sec-
ondary focus VLBI radio telescopes, see also the contri-
bution by Abbondanza and Sarti (2010). For =λ 1, RΔ
denotes the displacement of the receiver, otherwise RΔ
describes the subreflector displacement along the optical
axis. The focal length variation is FΔ , and VΔ is the shift
of the vertex. Corresponding weights are denoted by αR,

αF, and αV and depend on the intrinsic illumination func-
tion of the VLBI radio telescope aperture.

Equation (1) describes a linear SPV model and only
assumes rotationally symmetric deformations (Abbondanza
and Sarti 2010, Artz et al. 2014). This greatly simplifies the
modeling because the spatial problem is reduced to a pro-
jected two-dimensional problem. A slightly different
approach was suggested by Bergstrand et al. (2019).
However, similar to equation (1), this approach is also
based on geometric simplifications and assumes a rota-
tionally symmetric deformation behavior.

This contribution investigates gravity-induced defor-
mations of a legacy VLBI radio telescope as well as of a
VGOS-specified radio telescope. For that purpose, the
20 m Radio Telescope Wettzel (RTW) and the southern
13.2 m Twin Telescope Wettzell (TTW-2) were measured
by means of close-range photogrammetry at the Geodetic
Observatory Wettzell (GOW). Based on these data, the
signal path variations are derived including not only
rotationally but also nonrotationally symmetric deforma-
tion patterns for the first time. The signal path variations
for both VLBI radio telescopes are obtained from spatial ray
tracing because the commonly used VLBI delay model
represented by equation (1) assumes only a rotationally
symmetric deformation behavior. Ray tracing is also applied
by Artz et al. (2014) to validate the VLBI delay model of the
100 m Effelsberg VLBI radio telescope. However, due to the
rotationally symmetric assumption, the authors simplified
the spatial problem to a projected two-dimensional pro-
blem, and the ray tracing was only applied to a single mer-
idian. Spatial ray tracing is strongly recommended, when-
ever the rotationally symmetric assumption is unfounded.
For instance, Lösler et al. (2018) successfully applied spatial
ray tracing to derive the confidence region of the estimated
focal area by bootstrapping and kernel density estimation of
an elliptical formed ring-focus paraboloid. Following this
line of reasoning worked out, ray tracing is applied to the
whole receiving unit of VLBI radio telescopes in this
investigation.

In Section 2, the spatial ray tracing is introduced.
Performing a spatial ray tracing requires a geometrical
parameterization of the feed unit of the VLBI radio tele-
scope as well as the telescope-specific illumination func-
tion. The mathematical models of the main reflector and
the subreflector of the RTW and the TTW-2 are presented
in Sections 2.1 and 2.2, respectively. Section 3 deals with
the illumination function, which serves as weighting
function. The analysis of the data and the obtained
results are presented and are discussed in Section 4.
The resulting deformations of the main reflectors and
the variations of the subreflectors are presented in
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Sections 4.1 and 4.2, respectively. Finally, the signal path
variations are derived in Section 4.3, using the telescope-
specific illumination and the measured deformations.
Section 5 concludes this investigation.

2 Spatial ray tracing

The signal path variations are derived by spatial ray tra-
cing taking not only rotationally but also nonrotationally
symmetric deformation patterns into account in this con-
tribution. As shown in Figure 1(a), a rotationally symmetric
deformation pattern represents a homologous deformation
that only affects datum-independent parameters or shifts
along the optical axis. For instance, a uniformly applied
scaling of components belongs to this deformation pattern.
Applying equation (1) considers only these deformations.

Nonrotationally symmetric deformation patterns occur
whenever the optical axis of the whole feed unit is not
identical to the axis of symmetry of each single component
of the feed unit and are depicted in Figure 1(b). This defor-
mation involves, for instance, a displacement or a tilting of
a single component. In either case, the form type of the
components remains unchanged.

Figure 1 compares rotationally symmetric and non-
rotationally symmetric deformation patterns as well as
their impact on the ray path. Neuralgic points such as
the focal points F1 and F2, the vertex Pv, and the mounting
points Pm of the main reflector are shown for the nonde-
formed case. A certain signal ray path is segmented in the
segment lengths Di and the corresponding normalized

direction vectors ri. The reference plane and the focal
plane define the start point and the end point of the ray
path, respectively.

For the sake of completeness, there is a third class of
deformation pattern that unpredictably deforms the form
of components such as local fabrication discrepancies of
the reflector surface. Due to their unpredictable char-
acter, these deformations are not taken into account in
this analysis. It is assumed that this kind of deformation
is small and not affecting the SPV significantly. In parti-
cular, the panels of the main reflector are stiff designed,
and their positions have been validated by the manufac-
turer at GOW.

The signal path variation is evaluated by numerical
integration. Using appropriate step sizes, the SPV is
obtained from

( )
( ) ( )
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where In is the intrinsic normalized illumination function
of the VLBI radio telescope, r is the distance between the
axis of symmetry of the main reflector and the incoming
ray, γ is the aperture angle with respect to the optical
axis, and DΔ denotes the change of the path length.
The inner sum corresponds to radial distances r along
the ϕth meridian. The outer sum relates to the number
of pie slices covering the full circle.

To derive the SPV, the geometries of the main reflec-
tors as well as the geometries of the subreflectors have to
be parameterized. Sections 2.1 and 2.2 present the basic
equations to parametrize the main reflector and the subre-
flector of the RTW and the TTW-2, respectively. Section 2.3

Figure 1: Comparison of rotationally symmetric and nonrotationally symmetric deformation patterns and their impact on the ray path, which
is segmented in the segment lengths Di and the corresponding normalized direction vectors ri . Deformed components are shown in solid
black lines. (a) Symmetric deformations caused by a displacement of the vertex and a vertical shift of the subreflector along the optical axis
as well as a variation of the focal length of the main reflector. (b) Asymmetric deformations caused by a horizontal shift and a tilting of the
subreflector.
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deals with the change DΔ of the ray path length introduced
in equation (2).

2.1 Radio telescope Wettzell

The 20 m Radio Telescope Wettzell was constructed in the
early 1980s and has been in operation since 1983 (Schüler
et al. 2015). The RTW is part of the legacy VLBI network
and is one of the VLBI radio telescopes with the longest
history in geodetic VLBI as well as one of the most
engaged station with geodetic VLBI sessions (Neidhardt
et al. 2007). The RTW contributes to the IVS and partly
other partners such as the European VLBI network (EVN)
(Neidhardt et al. 2021).

The main reflector is parameterized by a rotationally
symmetric paraboloid, having only one datum-indepen-
dent form parameter a. The canonical form is given by
(Lösler et al. 2017)

( )+ =a x y z ,i i i
2 2 2 (3)

where vector ( )= x y zpi i i i
T contains the coordinates of an

arbitrary surface point. In the canonical form, the parabo-
loid opens upward and the axis of symmetry is identical to
the z-axis. The scale parameter a widens the opening of
the paraboloid and relates to the focal length via

=F
a
1

4
.2 (4)

Introducing five additional isometric parameters, i.e.,

three translation parameters ( )= X Y ZP0
T

0 0 0 as well as
two Euler angles ωx and ωy yield an arbitrarily orientated
paraboloid in space. The common rigid transformation
considering the rotational symmetry is given by

( ) ( )( )= −ω ωp R R P P ,i x y ix y 0 (5)

whereR are orthogonal matrices and denote basic rotations
around the subindexed axis of the (co-rotated) frame. The
translation vector P0 is identical with the three coordinate
components of the vertex position Pv. The surface point Pi

relates to the arbitrarily orientated frame of the paraboloid
and corresponds to the canonical frame position pi.

The RTW is a Cassegrain type VLBI radio telescope,
i.e., the subreflector is located in front of the primary
focal point F1. The subreflector is parameterized by a
rotaionally symmetric hyperboloid of two sheets. The
canonical form reads (Bronshtein et al. 2007, p. 220):

−

+

+ =

x y
A

z
A

1,i i i
2 2

1
2

2

2
2 (6)

where A1 and A2 denote the semi-axes. Substituting equa-
tion (5) into equation (6) yields an arbitrarily orientated
hyperboloid in space. A point Pi lying on the surface of
the subreflector fulfills the following condition:

∣ ∣‖ ‖ − ‖ ‖ = AF P F P 2 ,i i2 2 1 2 2 (7)

where F1 and F2 are the focal points.
Figure 2 depicts a cross-sectional view of a Casse-

grain type radio telescope. The incoming ray is reflected
by the main reflector toward the subreflector, i.e., in the
direction of the joint focal point F1. The second reflection
occurs at the subreflector, where the ray is reflected into
the system focal point F2 of the feed unit. The incidence
angle at F2 with respect to the axis of symmetry is γ. Each
ray path can be divided into three segments of length Di.
In case of a nondeformed VLBI radio telescope, the sum
of these segment lengths is identical for all rays. Nominal
values of the RTW are summarized in Table 1.

Figure 2: A cross-sectional view of a Cassegrain-type VLBI radio
telescope with ray paths. The subreflector is implied by a hyperbola,
and the main reflector is drawn as a parabola. Physical parts of both
reflectors are shown in solid black lines. F1 is the joint focal point of
both reflectors, F2 is the unique system focal point, and γ is the
aperture angle of the feed unit. The vertex of the paraboloid is
denoted by Pv. The distances Di and the corresponding normalized
direction vectors ri are segments of a ray path. Mounting points are
indicated by Pm.

Table 1: Nominal values of the feed unit of the RTW antenna
(DOMES: 14201S004)

Component Description Value

Main reflector Focal length 9 m
Radius (physical) 10 m
Separation of mount points 4.4 m

Subreflector Distance from vertex to system focal 2.55 m
Radius (physical) 1.35 m
Radius (illuminated) 1.32 m

Aperture Maximum aperture angle ∘13.2
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2.2 Twin telescope Wettzell

The Global Geodetic Observing System (GGOS) aims for
an accuracy of 1 mm in the position on a global scale,
which has not been achieved yet (Rothacher et al. 2009,
Plag et al. 2010). To meet these requirements, among
others, the existing VLBI network is being extended by
a new generation of VLBI radio telescopes (Niell et al.
2006). These telescopes are referred to as VGOS radio
telescopes. They are characterized by a more compact
and stiffer construction and are designed for broadband
reception. As shown in Figure 2, the subreflector of legacy
VLBI radio telescopes shadows the surface of the main
reflector and, hence, induces a field of decreased inten-
sity (Cutler 1947). To increase the sensitive area of the
main reflector, most of the VGOS-specified radio tele-
scopes make use of an improved reflector design known
as ring-focus paraboloid.

Since 2013, the GOW operates two VGOS-specified
radio telescopes. Both VLBI radio telescopes are identical
in construction and are referred to as Twin Telescopes
Wettzell (TTW). The northern twin VLBI radio telescope
(TTW-1) acts as a legacy S/X station, and the southern
TTW-2 contributes to the VGOS network and participates
in almost all VGOS and EU-VGOS sessions (Neidhardt
et al. 2021). The TTW antennas make use of the improved
main reflector design, and both VLBI radio telescopes are
equipped with a ring-focus paraboloid.

A rotationally symmetric ring-focus paraboloid inte-
grates a circular cylinder into a rotationally symmetric
paraboloid. According to Lösler et al. (2017), the cano-
nical form is expressed by

{( ) ( ) }− + − =a x r n y r n z .i x i i y i i
2

c ,
2

c ,
2 (8)

Here, rc is the radius of the cylinder and

=

+

n x
x y

,x i
i

i i
, 2 2 (9a)

=

+

n
y

x y
y i

i

i i
, 2 2 (9b)

are the components of the normalized normal vector
( )= n nn 0i x i y i

T
, , , which shifts the ith position pi to the

surface of the paraboloid. The datum-independent form
parameter a relates to the focal length via equation (4).
Substituting equation (5) into equation (8) yields an arbi-
trarily orientated ring-focus paraboloid in space. For

=r 0c , equation (8) parametrizes a rotationally symmetric
paraboloid. For that reason, equation (8) is applicable not
only for most of the legacy VLBI radio telescopes but also
for a large number of VGOS-specified radio telescopes.

The TTW antennas are Gregorian type VLBI radio
telescopes, and the subreflector is located behind the
primary focal points F1, as shown in Figure 3. The main
reflector reflects the incoming ray, and the reflected ray
passes through a primary focal point toward the subre-
flector. Due to the ring-focus design, the main reflector
has an infinite number of focal points F1 forming a focal
circle or ring having radius rc. The subreflector is parame-
terized by an elliptic spindle torus depicted in Figure 4.

Figure 3: Cross-sectional view of a Gregorian type VLBI radio tele-
scope with ring-focus paraboloid. The subreflector is implied by two
tilted ellipses. The main reflector consists of two shifted parabolic
arcs. Physical parts of both reflectors are shown in solid black lines.
F1 is a point of the joint focal ring, F2 depicts the unique system focal
point, and γ is the aperture angle of the feed unit. The vertex is
denoted by Pv. The distances Di and the corresponding normalized
direction vectors ri are segments of a ray path. Mounting points are
indicated by Pm.

Figure 4: Cut open spatial wire-frame model of an elliptic spindle
torus. The physical part of the torus corresponding to the subre-
flector of VGOS-specified radio telescopes is depicted in solid.

Ray tracing-based delay model for VLBI radio telescopes  169



This form results from a rotation of a tilted ellipse around
the axis of symmetry of the main reflector.

The first focal point F1 lies on a circle, which is iden-
tical with the focal circle of the main reflector, and the
second focal point F2 is fixed at the axis of symmetry. This
point corresponds to the system focal point and receives
the ray with angle γ. Nominal values of the twin VLBI
radio telescopes are summarized in Table 2.

Let B1 and B2 be the semi-axes and θ be the tilting
angle of the ellipse with respect to the axis of symmetry,
and the canonical form describing the subreflector geo-
metry reads (Lösler 2021, p. 112) as follows:

+ =

ζ
B

ζ
B

1,1
2

1
2

2
2

2
2 (10)

where = −R B B θsinθ 2
2

1
2 is the radius with respect to

the center of the ellipse, and

( )= + + −ζ z θ x y R θsin cos ,i i i θ1
2 2 (11a)

( )= − + −ζ z θ x y R θcos sin .i i i θ2
2 2 (11b)

Substituting equation (5) into equation (10) yields
an arbitrarily orientated elliptical torus in space. A point
Pi lying on the surface of the subreflector fulfills the
condition:

∣ ∣‖ ‖ + ‖ ‖ = BF P F P 2 .i i2 2 1 2 2 (12)

Therefore, the sum of the segment lengths Di is identical
for all rays, if the VLBI radio telescope is not deformed.

2.3 Ray path segments

The total path length of a certain ray is obtained by sum-
ming up the segment lengths Di, as indicated by Figure 1.

For that purpose, the segments are parameterized by spa-
tial straight lines. The well-known parametric equation of
a line through the point Pi reads

( ) = +D DP P r ,i i i i (13)

where ri is the normalized normal vector, and Di is the
distance between ( )DP i and Pi.

According to Figure 1, the first segment corresponds
to the distance between P1 lying at the reference plane
and P2 at the main reflector. The normal vector of the
reference plane is identical with the axis of symmetry of
the main reflector and, thus, parallel to the incoming rays
r1 The distance between the reference plane and the
mounting points Pm of the main reflector is constant, as
indicated in Figure 1(a). The first segment reads

= + DP P r .2 1 1 1 (14a)

The second segment describes the distance between the
main reflector and the subreflector. The starting point P2
of this segment is the intersection point of the incoming
ray and the main reflector. The normal vector of the tan-
gent plane at the specific position P2 corresponds to the
gradient vector to the surface of the main reflector.
Applying the law of reflection using, for instance, the
Householder transformation yields the direction r2 of
the reflected ray. The intersection point of the resulting
straight line and the subreflector defines the end point P3
of the second segment, i.e.,

= + DP P r .3 2 2 2 (14b)

P3 is the starting point of the third segment, which
describes the distance between the subreflector and the
feed horn. As mentioned earlier, the gradient vector to
the surface of the subreflector defines the tangent plane
at the specific position P3, and the direction r3 towards
the feed horn results from the law of reflection. In case of
a nondeformed VLBI radio telescope, the end point is
identical with the system focal point F2. However, if com-
ponents of the feed unit are deformed, the ray does not
pass F2. According to Artz et al. (2014), the intersection
point P4 of the segment’s straight line and the focal plane
defines the end of the ray path and reads

= + DP P r .4 3 3 3 (14c)

In Figure 1, the feed horn position indicated by the
focal plane is assumed to be fixed with respect to the
elevation axis. This is the case for the VLBI radio tele-
scopes at Wettzell. However, if the feed horn is fixed to
the vertex, the variation between the feed horn and the
elevation axis has to be taken into account by a further
segment according to equation (13).

Table 2: Nominal values of the feed unit of the TTW antennas
(DOMES: 14201S043, 14201S044)

Component Description Value

Main reflector Focal length 3.7 m
Radius (physical) 6.6 m
Radius (illuminated) 6.4 m
Ring radius 0.74 m
Separation of mount points 3.92 m

Subreflector Distance from vertex to system
focal

3.60296 m

Radius (physical/illuminated) 0.74 m
Aperture Maximum aperture angle ∘65
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The variation of a certain ray path is given by

∑= −D D DΔ ˜,
i

i (15)

where D̃ is the total reference path length obtained from
the nondeformed VLBI radio telescope. By applying equa-
tion (2), the SPV results from the evaluation of the
weighted sum of these variations.

3 Illumination function

The illumination describes the exploited intensity of the
areas of the aperture. This telescope-specific function is
usually rotationally symmetric and introduced as a zonal
weighting scheme. The illumination function reduces the
influence of errors by down weighting regions of low
intensity in the outer aperture area (Baars 2007, Ch.
4.2). The normalized illumination function In is directly
introduced in equation (2) to weigh the variations DΔ of
the ray paths. In equation (1), the deformation compo-
nents RΔ , VΔ , and FΔ are weighted by the corresponding
weighting coefficients αR, αV , and αF . As shown by Clark
and Thomsen (1988), these weighting coefficients are
linear dependent, i.e.,

( )= −α λ α1 ,F R (16a)

⎧

⎨
⎩

=

− ′ = =

− −

α λα λ λ
λα
, if 2,

1 , otherwise.V
R

R
(16b)

The mounting of the feed horn of secondary focus VLBI
radio telescopes affects the resulting SPV and is para-
metrized by =λ 2, see equation (1). Depending on the
mount, the feed horn has a fixed distance to the vertex,
indicated by ′ =λ 1, or a fixed distance to the elevation
axis, indicated by ′ =λ 2 (Nothnagel et al. 2019).

As already mentioned, the mount of the feed horn is
fixed with respect to the elevation axis, i.e., ′ =λ 2, for the
VLBI radio telescopes at Wettzell. Integrating the indivi-
dual ray paths, which are weighted by the normalized
telescope-specific illumination function In over the entire
aperture, yields (Lösler et al. 2019):

( ) ( )∫=α I γ h γ γd .R

γ

γ

n

min

max

(16c)

Here, γmin and γmax denote the integration limits, and h is
a function modeling the γ-dependent extra path length
on the subreflector due to a vertical deformation RΔ .

The resulting extra path length caused by a displace-
ment RΔ of the subreflector along the optical axis can be
appropriately approximated by utilizing the geometric
property of the subreflector. According to equation (7),
for Cassegrain type VLBI radio telescopes, the extra path
length results from (Lösler 2021, p. 116)

( ) (∣ ∣ )= ‖ ‖ − ‖ ‖ −h γ
R

AP P F P1
2Δ

2 .4 3 2 1 3 2 2 (17a)

As shown in Figure 5, the subreflector is displaced by RΔ .
The incoming ray is reflected at P3 instead of ′P3, and the
ray achieves the focal plane at P4, see also Figure 1. The
downward induced vertical displacement RΔ shortens the
ray path length modeled by h. Following the same line of
reasoning and in compliance with equation (12), the extra
path length of Gregorian type VLBI radio telescopes is
given by (Lösler et al. 2019)

( ) (∣ ∣ )= ‖ ‖ + ‖ ‖ −h γ
R

BP P F P1
2Δ

2 .4 3 2 1 3 2 2 (17b)

The angle of incidence γ with respect to the optical axis
can readily be obtained from the direction of the incoming
ray path r1 and the received ray path r3, i.e.,

=γ r rcos .1
T

3 (18)

The factor 1
2
in equation (17) ensures the consistency with

the common definition of αR derived by Abbondanza and
Sarti (2010).

Especially for legacy VLBI radio telescopes, the illu-
mination function is often undocumented and has to be

Figure 5: Cross-sectional view of a part of the subreflector of a
Gregorian type VLBI radio telescope. The unshifted subreflector Γ′ is
shown as a hyperbola with focal points F1 and F2 in dotted style. The
solid hyperbola represents the subreflector Γ shifted vertically by

RΔ . The quantities of the reference state are denoted by an apos-
trophe. The signal ray path is depicted for the deformed as well as
the nondeformed case, where r are normalized direction vectors.
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reconstructed from discrete samples. Samples can be
determined, for instance, by discrete measurements, by
simulations, or by beam diagrams. Suitable functions to
model the illumination are evaluated by Abbondanza and
Sarti (2010). Since the best approximation of the field
radiated by a circular feed horn is a Gaussian beam, the
authors highly recommend a Gaussian function, see the
contribution by Abbondanza and Sarti (2010) and the
references inside.

Figure 6 depicts the discrete amplitude sample points
of the RTW and the TTW-2, respectively. According to the
recommendation given by Abbondanza and Sarti (2010),
a common Gaussian function, i.e.,

⎜ ⎟( )
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with coefficients g0, g1, and g2 is used to derive the tele-
scope-specific illumination functions. Here, the height
and the position of the curve’s peak are parametrized
by g0 and g1. The width of the bell-shaped curve is con-
trolled by g2 (Carlton and Devore 2017, p. 172). Numerical
values of the determined coefficients are summarized in

Table 3, and the resulting functions are shown in red in
Figure 6.

To serve as a weighting function of the full aperture,
the illumination function has to be transferred to decimal
units and to be normalized using the normalization factor
kg . This factor results from (Abbondanza and Sarti 2010,
Artz et al. 2014)
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where γmin and γmax denote the integration limits that
correspond to the illuminated part of the aperture, see
Table 3. These integration limits result from the nominal
values given in Tables 1 and 2. Finally, the normalized
illumination function reads
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and the weights of the VLBI delay model given by equa-
tion (1) are obtained from equation (16).

Table 4 summarizes the resulting weighting coeffi-
cients for both VLBI radio telescopes under investigation.
The largest weights αV can be found for variations of the
vertex VΔ . Therefore, even small variations VΔ contribute
significantly to the SPV (Artz et al. 2014).

The focal length variation FΔ itself is a descriptive
parameter commonly associated with gravitational defor-
mation of VLBI radio telescopes. For legacy VLBI radio
telescopes, this variation has only a minor impact on the
SPV because FΔ is down-weighted by αF, see also the

Figure 6: Estimated amplitude functions. Red dots denote the
amplitude samples of the RTW (a) and the TTW-2 (b), respectively.
The related Gaussian functions are depicted in red.

Table 3: Estimated coefficients of the telescope-specific illumina-
tion functions as well as the integration limits for the RTW and the
TTW-2

Parameter RTW TTW-2

g0 ±−30.56 dB 6.89 dB ±−34.59 dB 4.60 dB
g1 ±

∘ ∘23.25 3.22 ±

∘ ∘125.39 9.45
g2 ±

∘ ∘10.54 1.97 ±

∘ ∘61.66 5.09
γmin

∘1.8 ∘0.0
γmax

∘13.2 ∘65.0

Table 4:Weights of the VLBI delay model for the RTW and the TTW-2

Telescope DOMES αV αF αR

RTW 14201S004 −2.11 −0.11 +1.05
TTW-2 14201S044 −1.27 +0.73 +0.64
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contribution by Bergstrand et al. (2019). However, this
conclusion cannot be generalized because the effect of
focal length variations can be significant for VGOS-spe-
cified radio telescopes as shown by Lösler et al. (2019).

4 Analysis and results

To measure deformations at VLBI radio telescopes, sev-
eral methods have been evaluated, especially in the last
decade. Holography (Nikolic et al. 2007, Hunter et al. 2011),
close-range photogrammetry (Shankar et al. 2009, Lösler
et al. 2019), and polar measurement systems such as laser
scanners (Bleiders 2020, Salas et al. 2022) or laser trackers
(Fu et al. 2015) have been successfully applied to investigate
gravitational deformations of VLBI radio telescopes. For a
survey of techniques, the interested reader is referred to
Baars (2007, Ch. 6). Regardless of the used measurement
method, the observed points as well as the related disper-
sion matrix are treated as incoming data to study the defor-
mation behavior of VLBI radio telescopes.

In this contribution, data sets obtained from close-
range photogrammetry using an unmanned aerial vehicle
(UAV) are investigated. The data were acquired during a
measurement campaign at GOW in the fall of 2021. The
RTW and the TTW-2 were measured from 10° to 90° in
elevation using a step-size of 10°. For the RTW, an addi-
tional experiment was performed at ε = 5°. Each data set
refers to a specific elevation position and consists of
observed points located at the main reflector, at the back-
side of the subreflector, and at construction elements
such as the tube or the support struts, see Table 5. The
number of glued targets depends on the dimension of the
components of the receiving unit (see Tables 1 and 2),
and, therefore, varies between both telescopes under
investigation. Figure 7 shows the prepared TTW-2 that
was equipped with discrete black and white coded tar-
gets. The UAV carrying the photogrammetric camera is
visible in front of the TTW-2 main reflector.

The observed points and the related fully populated
dispersion matrix are obtained from a bundle adjustment
using the in-house software package JAiCov (JAiCov 2021).
During the bundle adjustment, the data sets were scaled
uniformly to the reference temperature T0 = 7.8°C used in
VLBI data analysis (Nothnagel 2008), to obtain compar-
able and combinable results.

The deformations of the main reflectors and the sub-
reflectors are addressed in Sections 4.1 and 4.2. The
resulting signal path variations are presented in Section
4.3. Hereafter, subscripts R and T indicate the results of
the RTW and the TTW-2, respectively.

4.1 Main reflector deformations

The ten data sets acquired at the RTW as well as the nine
data sets from the TTW-2 are analyzed individually. The
parameters of the main reflector are adjusted by means of
least-squares treating the points observed at the main
reflector surface as observations. The functional model
introduced for the RTW and TTW-2 is given by equations
(3) and (8), respectively. The stochastic model results

Figure 7: Unmanned aerial vehicle in front of the prepared VGOS
radio telescope TTW-2, which is equipped with photogrammetric
targets at the receiving unit.

Table 5: Number of observed points at the RTW and the TTW-2

Component RTW TTW-2

Main reflector 169 112
Subreflector 6 10
Tube 16 36
Support struts 44 0
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from the fully populated dispersion matrix of the observed
surface points. Since the points were marked by glued-on
targets, the thickness of the targets =w 80 μm and the
corresponding uncertainty =σ 15 μmw have to be taken
into account during the adjustment. For that purpose, the
gradient vector to the surface at each point is determined
and the observed position corrected for the target thickness.
Since the gradient vectors are unknown beforehand, this
compensation must be applied iteratively.

The estimated focal lengths FR of the RTW are depicted
in Figure 8. The error bars indicate the 95% confidence
interval of a single measurement value. The curvature of
the main reflector decreases, the surface becomes flatter
and the estimated focal length increases while the tele-
scope rotates upwards from °0 to °90 . The variation of
the estimated focal length is about 10 mm and is compar-
able to values reported for legacy VLBI radio telescopes
having a similar dimension (see the contributions by Sarti
et al. 2009b, Holst et al. 2017).

These discrete focal lengths are adapted by a common
sine function given by

( ) ( )= + ⋅F ε ε8.9890 m 11.83 mm sin 0.641 ,R (22)

which is depicted in black together with the related 95%
confidence interval in Figure 8. The standard deviations of
the coefficients, i.e., the shift, the amplitude, and the
damping factor, are 0.9 mm, 4.6mm, and 0.37, respectively.

For = °ε 90 , the focal length is ( )° =F 90 8.9990 mR .
Assuming that the nominal values given in Table 1 are
referred to °20 C commonly used in mechanical engineering,

the adapted nominal focal length is ( )° =F̃ 7.8 C 8.9987 mR
and deviates only by about 0.3 mm. Moreover, Dutescu et al.
(1999) applied a terrestrial laser scanner at the RTW to derive
the focal length of the main reflector, and reported a devia-
tion from the nominal focal length of about 13 mm at the

lowest elevation position. This value is confirmed in this
investigation, see Figure 8.

Figure 9 depicts the estimated focal lengths FT of the
TTW-2 as well as the related 95% confidence intervals.
The estimate deviates clearly at = °ε 50 . Due to the tilt
of the camera mounted at the UAV, it is more challenging
to take images of the main reflector surface than, for
instance, in a configuration close to the nadir, because
the orientation of the UAV has to be taken into account
(Greiwe et al. 2020). Due to this discrepancy, the data set
at °50 is excluded from further analyses, and is depicted
in gray.

An adapted cosine function is applied to predict the
focal length variations of the TTW-2. The determined pre-
diction function reads

( ) = − ⋅F ε ε3.6998 m 1.07 mm cosT (23)

and is depicted in black together with the related 95%
confidence interval in Figure 9. The standard deviations
of the coefficients, i.e., the shift and the amplitude, are
0.3 mm and 0.4 mm, respectively.

Similar to the RTW, the focal length increases with
the increasing elevation. However, the maximum varia-
tion of about 1 mm is considerably smaller than for the
RTW, but is comparable to the value reported for a VGOS-
specified radio telescope at the Onsala Space Observatory
(Lösler et al. 2019). The estimated focal length at = °ε 90
is ( )° =F 90 3.6998 mT and differs from the nominal value

( )° =F̃ 7.8 C 3.6995 mT by about 0.3 mm.
As indicated in Figure 1(a), the vertex position VΔ is

affected by a change FΔ in the focal length due to the
position of the main reflector mount Pm (Nothnagel et al.
2019). In virtue of equations (3), (8), and (4), the resulting
shift can readily be expressed by

Figure 8: Estimated focal lengths FR and corresponding prediction
function of the RTW. The error bars and the error band indicate the
95% confidence interval of a single measured value (red dots) and
the prediction function (black line), respectively.

Figure 9: Estimated focal lengths FT and corresponding prediction
function of the TTW-2. The error bars and the error band indicate the
95% confidence interval of a single measured value (blue dots) and
the prediction function (black line), respectively. The grayed out
value at 50° is shown for completeness, but it is not used within the
analysis.
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where ( )°F 90 is the reference focal length, rc is the ring
radius, and sm is the radial distance from the mount to
the axis of symmetry of the main reflector, which is
known from the structural design of the telescope con-
struction. For the RTW, the radial distance is =sm

4.4 m
2

and the ring radius is omitted by =r 0c , see Table 1. For
the TTW-2, the radial distance is =sm

3.92 m
2 and the ring

radius is =r 0.74 mc , see Table 2. The maximum shift
( )°VΔ 0 of the RTW and the TTW-2 is −0.3 mm and

−0.1 mm, respectively. These values are quite small but
are scaled by αV within the VLBI delay model, which are
by far the largest weights, as shown in Table 4.

4.2 Subreflector variations

The variations of the subreflector are investigated using
the positions of targets glued on the backside of the sub-
reflector, see Table 5. The subreflector itself is assumed to
be stiff and untwisted due to its small size compared to
the main reflector.

The mounting of the subreflector differs for both tele-
scopes. Although the quadrupod of the RTW holding the
subreflector is fixed in construction, the subreflector of
the TTW-2 is equipped with a so-called hexapod. The
hexapod mechanically compensates for defocused optics
caused by gravitational deformations by spatially shifting
and rotating the subreflector (Schüler et al. 2015). In geo-
detic VLBI, the subreflector is kept fixed, and the hex-
apod of the TTW-2 is set to inactive. To verify the consis-
tency of the mechanical compensation with respect to the
VLBI delay model, the TTW-2 was observed with active
hexapod and with fixed hecapod.

4.2.1 RTW subreflector variations

Beside the focal length F , isometric parameters describing
the position and the orientation of the main reflector are
estimated. The position is defined by the vertex Pv and the
orientation corresponds to r1. These parameters define the
axis of symmetry by a spatial straight line, defined by
equation (13). To obtain the variations of the subreflector

RΔ along the axis of symmetry, the positions of the six
targets mounted at the backside of the subreflector are
orthogonally projected onto this axis. The variations of
the relative distances between the vertex and the projected

positions indicate the subreflector variations and are
shown in Figure 10.

The variations clearly depend not only on the eleva-
tion angle but also on the target position. Almost iden-
tical values can be found for the points 459 and 460, for
the points 427 and 455, as well as for the points 428 and
454. Moreover, the variations of the points 428 and 454
are negative but almost identical in magnitude to those of
the points 427 and 455.

Figure 11 shows the configuration of the six targets at
the backside of the subreflector. The points 427, 428, 454,

Figure 10: Estimated distances between the vertex of the main
reflector and the projected position of the mounted targets at the
subreflector with respect to 90°. Error bars indicate 95%
confidences.

Figure 11: Target positions at the backside of the subreflector of the
RTW. The center of the subreflector is indicated by Pc.
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and 455 are symmetrically distributed with respect to the
horizontal central axis. Although positive variations are
obtained for the points that are located below this axis,
negative values result from the points located above this
axis. For that reason, the variations depicted in Figure 10
result from a small shift overlaid by an additional tilt of
the subreflector. Moreover, the horizontal central axis is
close to the tiling axis.

The center of the subreflector Pc can easily be recon-
structed from the image data and is (almost) unaffected
by a subreflector tilt. The shift values of the subreflector

RΔ depicted in Figure 12 are obtained from the relative
distances between the projected position of Pc onto the
axis of symmetry and the vertex position Pv of the main
reflector. The error bars indicate the 95% confidence
interval of a single measurement value. The maximum
shift of the subreflector is about 1 mm and, thus, 10 times
smaller compared to the maximum focal length variation.
In contrast to the focal length variations depicted in
Figure 8, which decrease, while the curvature of the
main reflector increases, the subreflector shifts along the
optical axis in the opposite direction. The estimated dis-
tances between the subreflector and the vertex decrease,
while the telescope rotates from °0 to °90 . The adapted
prediction function reads

( ) ( )= ⋅ −R ε εΔ 0.96 mm 1 sinR (25)

and is depicted in black together with the related 95%
confidence interval. The estimated standard deviation of
the amplitude is 0.2 mm.

A tilt of the subreflector describes the vertical angular
deviation between the symmetry axes of the subreflector
and the main reflector. It belongs to the class of nonrota-
tionally symmetric deformation patterns. For the Medicina

VLBI radio telescope, a tilt of the quadrupod holding the
subreflector was reported by Sarti et al. (2009a). However,
the tilt was not considered within the VLBI delay model by
the authors.

Assuming an untwisted subreflector, the normal
vector of the plane defined by the six targets at the back-
side is an appropriate approximation of the axis of sym-
metry of the subreflector to investigate the relative tilt of
the subreflector. Figure 13 depicts the derived angular
deviations τΔ R with respect to °90 . Error bars indicate
the related 95% confidences. From these measured values,
a cosine function is adapted to predict the tilt of the sub-
reflector with respect to the axis of symmetry of the main
reflector. The prediction function reads

( ) = − ° ⋅τ ε εΔ 0.29 cosR (26)

and is depicted in black together with the related 95%
confidence interval. The estimated standard deviation of
the amplitude is °0.02 . The maximum tilt in magnitude is
about ( )° = − °τΔ 0 0.3R and leads to a nonrotationally sym-
metric signal path variation as indicated in Figure 1(b).

Another nonrotationally symmetric deformation pat-
tern results from a shift SΔ of the subreflector perpendi-
cular to the optical axis. To investigate this deformation
behavior, the vertical distances from Pc to the optical axis
are derived. The shift values and the adapted prediction
function, i.e.,

( ) ( )= ⋅ −S ε εΔ 3.25 mm 1 sin ,R (27)

are shown in Figure 14. The estimated standard deviation
of the amplitude is 3.4 mm.

The displacement SΔ R of the subreflector varies in a
range of about 3 mm and, thus, is three times larger than
the estimated shift along the optical axis RΔ R shown in
Figure 12. Moreover, the subreflector shifts upwards with

Figure 12: Estimated shift values RΔ R of the subreflector and corre-
sponding prediction function of the RTW. The error bars and the
error band indicate the 95% confidence interval of a single mea-
sured value (red dots) and the prediction function (black line),
respectively.

Figure 13: Estimated tilts τΔ R of the subreflector and corresponding
prediction function of the RTW. The error bars and the error band
indicate the 95% confidence interval of a single measured value (red
dots) and the prediction function (black line), respectively.
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respect to the optical axis while the telescope rotates
downwards from °90 to °0 . The uncertainties are quite
large because smallest deviations in the estimated axis of
symmetry bias the results. For that reason, further inves-
tigations are recommended to verify this deformation
behavior.

4.2.2 TTW-2 subreflector variations

The TTW-2 is equipped with a movable hexapod holding
the subreflector to mechanically compensate for gravity-
induced deformations. For that reason, the variations of
the subreflector are investigated for the case of a fixed
subreflector as well as for the case of an active subre-
flector. Hereafter, superscripts f and a indicate the con-
figuration with fixed and active subreflector, respectively.

Similar to the RTW, the variations are obtained from
mounted targets at the backside of the subreflector. These
targets are symmetrically distributed at the subreflector.
A best-fit plane is adjusted, and the intersection point
of the plane and the axis of symmetry of the main
reflector is determined. The variation RΔ along the optical
axis is obtained from the distance between the intersec-
tion point and the vertex position.

Figure 15 depicts the estimated shift values RΔ T and
the related 95% confidence intervals for both configura-
tions under consideration. The adapted prediction func-
tions read

( )= ⋅ −R εΔ 1.16 mm 1 sin ,T
f (28a)

( )= − ⋅ −R εΔ 0.41 mm 1 sin ,T
a (28b)

and are shown in black. Here, RΔ T
f corresponds to the mea-

surement configuration with a fixed subreflector shown in

Figure 15(a), and RΔ T
a depicted in Figure 15(b) is the predic-

tion function of the configuration with an active subre-
flector. The standard deviation of the estimated amplitudes
is almost identical and reads 0.7 mm. Similar to the
RTW, the shift of the fixed subreflector along the optical
axis is opposite with respect to the focal length varia-
tions. If the hexapod is active and compensates for grav-
itational inducted deformations, the shift of the subre-
flector along the optical axis is clearly reduced. The
maximum value is reduced from 1.2 to −0.4 mm.

The normal vector of the estimated plane is an
appropriate approximation of the axis of symmetry of
the subreflector and indicates the relative tilt of the sub-
reflector with respect to the axis of symmetry. The
angular derivations τΔ T are determined for the case of
a fixed subreflector as well as for the case of an active
subreflector, and depicted in Figure 16. The deformation
behavior of the fixed subreflector of the TTW-2 is similar
to the RTW, see Figure 13. The prediction functions
given by

Figure 14: Estimated shift values SΔ R of the subreflector and corre-
sponding prediction function of the RTW. The error bars and the error
band indicate the 95% confidence interval of a single measured value
(red dots) and the prediction function (black line), respectively.

Figure 15: Estimated shift values RΔ T of the subreflector and corre-
sponding prediction function of the TTW-2 for (a) a fixed subreflector
and (b) an active subreflector. The error bars and the error band
indicate the 95% confidence interval of a single measured value
(blue and orange dots) and the prediction function (black line),
respectively. The grayed out values at 50° are shown for complete-
ness, but are not used within the analysis.
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= − ° ⋅τ εΔ 0.02 cos ,T
f (29a)

= ° ⋅τ εΔ 0.01 cosT
a (29b)

are depicted in black together with the related 95% con-
fidence interval. The standard deviation of the estimated
amplitudes is almost identical and reads °0.07 .

In case of a fixed subreflector, the amplitude is only
about − °0.02 . Compared to the maximum tilt of the sub-
reflector of the RTW, this value is more than 10 times
smaller. If the hexapod actively compensates for the
deformation, the amplitude is reduced to °0.01 .

The tilt of the subreflector belongs to the class of
nonrotationally symmetric deformation patterns. Due to
the small angles and the short distance between the sub-
reflector and the system focal point F2, the tilt has only a
minor contribution to the total SPV.

A further nonrotationally symmetry deformation pat-
tern is the displacement SΔ of the subreflector perpendi-
cular to the optical axis, see Figure 1(b). The displace-
ment can readily be obtained from the vertical shift

between the geometric centroid of the subreflector plane
and the axis of symmetry of the main reflector. The esti-
mated shift values as well as the adapted prediction func-
tions given by

= − ⋅S εΔ 2.21 mm cos ,T
f (30a)

= ⋅S εΔ 0.94 mm cos ,T
a (30b)

are depicted in Figure 17. The standard deviation of the
estimated amplitudes reads 0.7 mm. The dependency
between SΔ T and the elevation position is clearly visible.
The magnitude of the shift SΔ T perpendicular to the sym-
metry axis of the main reflector is larger by a factor of
about two than the shift RΔ T along this symmetry axis.
The maximum value is −2 mm and 1 mm for the config-
uration using a fixed subreflector and an active subre-
flector, respectively. In contrast to the results obtained
from the RTW, the fixed subreflector of the TTW-2 shifts
downwards with respect to the optical axis, while the
telescope rotates downwards from °90 to °0 .

Figure 16: Estimated tilts τΔ T of the subreflector and corresponding
prediction function of the TTW-2 for (a) a fixed subreflector and (b)
an active subreflector. The error bars and the error band indicate the
95% confidence interval of a single measured value (blue and
orange dots) and the prediction function (black line), respectively.
The grayed out values at 50° are shown for completeness, but are
not used within the analysis.

Figure 17: Estimated shift values SΔ T of the subreflector and corre-
sponding prediction function of the TTW-2 for (a) a fixed subreflector
and (b) an active subreflector. The error bars and the error band
indicate the 95% confidence interval of a single measured value
(blue and orange dots) and the prediction function (black line),
respectively. The grayed out values at 50° are shown for complete-
ness, but are not used within the analysis.
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4.2.3 Verification of TTW-2 subreflector variations

The detected variations RΔ , τΔ , and SΔ are reduced, if the
hexapod actively compensates for gravitationally induced
deformations. However, by comparing the measured
values of the configuration with a fixed subreflector and
an active subreflector in Figures 15–17, an overcompensa-
tion is discernible. The introduced corrections are larger
than the gravitationally induced deformations. The mag-
nitude of the deviations is reduced, but the sign of the
remaining deviations has changed.

These obtained variations strongly depend on the
reliability of the derived axis of symmetry of the main
reflector. In this investigation, the axis results from the
adjustment of the main reflector, and is the best approx-
imation of the true optical axis from the available data.
The realized optical axis can be different from the refer-
ence axis used by the manufacturer and explains the
overcompensation. For instance, the reference axis can
also be defined by other construction elements of the feed
unit like the tube axis, and, thus, may differ from the
estimated axis of symmetry of the main reflector.

Independently of the reference axis used, the differ-
ences between the measured values of both configura-
tions can be compared to the induced correction values
of the manufacturer. The applied correction functions are
industrial secret, but the resulting function values are
available from the control panel of the TTW-2.

Figure 18 depicts the estimated variations obtained
from the differences between the configuration with active
and fixed subreflector by green dots. These differences are
unaffected by gravitational deformations and describe the
changes in position and orientation of the subreflector
induced by the manufacturer. The related 95% confidence
intervals result from the propagation of uncertainty. The
applied correction values of the manufacturer with respect
to °90 are indicated by the black dash-dotted curves. The
induced correction values of the manufacturer coincide with
the estimated values very well. This independent verification
highlights the suitability of UAV for detecting smallest defor-
mations not only at the feed unit of VLBI radio telescopes.

4.3 Signal path variations

The aim of this investigation is to derive the signal path
variations of a legacy VLBI radio telescope and a VGOS-
specified radio telescope and to study the effect of nonro-
tationally symmetric deformation patterns. The common
VLBI delay model derived by Clark and Thomsen (1988)

parametrizes the SPV by a linear substitute function and
considers only rotationally symmetric acting deforma-
tions. For that reason, we resort to the spatial ray tracing
approach, which allows a rigorous combination of any
kind of modelable deformation behavior.

According to equation (2), the SPV is evaluated by
numerical integration, where DΔ takes the focal length
variation FΔ , the shift of the vertex position VΔ , the

Figure 18: Verification of the estimated variations (green dots) of the
subreflector of the TTW-2 with respect to the correction values
applied by the manufacturer (black dash-dotted line). (a)
Verification of the shift values RΔ along the optical axis. (b)
Verification of the shift values SΔ perpendicular to the optical axis.
(c) Verification of the tilt τΔ with respect to the optical axis. The
error bars indicate the 95% confidence interval of an estimate.
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displacements RΔ and SΔ of the subreflector along as well
as perpendicular to the optical axis, respectively, and the
tilt τΔ of the subreflector into account. The changes DΔ of
individual signal path lengths are determined for discrete
positions. These positions result from 100 equidistantly
distributed meridians over the entire area of the main
reflector. Each meridian is sampled by 80 equidistantly
distributed distances. Due to shadowing and deforma-
tions, some of the rays do not reach the main reflector
or the subreflector. These rays are excluded from the
analysis. Moreover, all values are referred to elevation

°90 because we are only interested in the signal path
variations. In this position, VLBI radio telescopes are
assumed to be unaffected by gravity deformations.

The determined prediction functions and also the spa-
tial ray tracing itself are nonlinear problems. Applying a
linearized substitute problem to the nonlinear problem
biases the estimates, because the statistical properties of
linear models cannot be passed to the nonlinear case as
shown by Lösler et al. (2021). The Monte-Carlo simulation
is known to be an asymptotically unbiased estimator as
the sample size m gets large (Rubinstein and Kroese 2017,
p. 108). For that reason, a Monte-Carlo simulation is per-
formed to estimate the SPV, using =m 50,000 samples
per elevation position. In each simulation step, ray tracing
is applied to a randomly deformed receiving unit. For
that purpose, the components of the receiving unit are
deformed using the derived predicting functions, and are
overlaid by additional noise with respect to the dispersion
of the predicting function coefficients.

Applying spatial ray tracing yields the red colored
signal path variations of the RTW depicted in Figure 19.

The light red colored error band indicates the 95% con-
fidence interval. For comparison, the result of the VLBI
delay model given by equation (1) is presented in dash-
dotted style and light gray colored error band.

The tilt of the subreflector and the displacement of
the subreflector perpendicular to the optical axis have only
a minor impact onto the SPV, because both approaches
yield comparable results, and the deviations are less than
0.2 mm. The maximum signal path variation is about
3.5 mm and corresponds to a time delay of about 12 ps.
The maximum standard deviation is about 0.6 mm.

The signal path variations of the TTW-2 are deter-
mined for both the configuration with a fixed subreflector
and the configuration with an active subreflector and are
shown in Figure 20. Figure 20(a) depicts the results of the
estimated SPV for the configuration with a fixed subre-
flector as used in regular geodetic VLBI. The result of the
spatial ray tracing is given by a blue line with dots. The
corresponding light blue error band indicates the 95%

Figure 19: Estimated signal path variations LΔ R of the RTW obtained
from spatial ray tracing using equation (2) (red line with dots) and
the common VLBI delay model given by equation (1) (black dash-
dotted line). The corresponding 95% confidence interval is indicated
by an error band in light red and in light gray, respectively. The
estimates result from a Monte-Carlo simulation.

Figure 20: Estimated signal path variations LΔ T of the TTW-2
obtained from spatial ray tracing using equation (2) and the
common VLBI delay model given by equation (1) (black dash-dotted
line); the blue line with dots corresponds to the configuration with
fixed subreflector (a), and the orange line with dots corresponds to
the configuration with active subreflector (b). Error bands depicted
in corresponding colors indicate the 95% confidence intervals. All
estimates result from Monte-Carlo simulations.
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confidence interval. The results of the VLBI delay model
are depicted by a black dash-dotted curve. The corre-
sponding 95% confidence interval is given by the light
gray colored error band. The difference between the
results is less than 0.2 mm, and both approaches yield
almost comparable results. Thus, the SPV is less affected
by a tilt of the subreflector or a displacement of the sub-
reflector perpendicular to the optical axis. The range of
the signal path variations is about 0.9 mm and corre-
sponds to a time delay of about 3 ps. The maximum stan-
dard deviation is 0.7 mm.

The resulting SPV of the TTW-2 for the configuration
with active subreflector is shown in Figure 20(b). The
result of the spatial ray tracing is shown in orange. The
black dash-dotted curve depicts the SPV of the VLBI delay
model. Error bands indicate the related 95% confidence
intervals. The maximum standard deviation is 0.7 mm.

The differences between the SPV obtained from
the spatial ray tracing and the SPV derived from the
VLBI delay model are quite small. Both approaches yield
almost comparable results. The tilt of the subreflector
and the displacement of the subreflector perpendicular
to the optical axis have only a minor impact onto the
SPV. Therefore, the commonly used VLBI delay model is
a suitable first-order delay model for legacy VLBI radio
telescopes as well as for VGOS-specified radio tele-
scopes and reduces the impact of the main gravita-
tional-related error sources.

The maximum signal path variation of the active sub-
reflector configuration is about −1.4 mm and, thus, is
larger in magnitude as for the configuration with fixed
subreflector. The active hexapod mainly compensates for
gravitationally induced deformations of the subreflector.
Further deformation patterns such as the displacement of
the vertex position are not considered. Therefore, the active
subreflector is a subcomponent optimization. Overlaying
deformation patterns can lead not only to amplification
but also to attenuation and are not addressed by subcom-
ponent optimizations. In contrast to a subcomponent opti-
mization, the VLBI delay model and the spatial ray tracing
take the interdependencies of overlaying deformations into
account. For that reason, the manufacturer-specific com-
pensation is not consistent with the VLBI delay model.
Although the VLBI delay model and the spatial ray tracing
compensate the elevation depended time delay of the
signal, the correction introduced by the manufacturer is
designed to optimize the signal strength. Both approaches
compensate gravitationally inducted deformations but are
incompatible.

Varenius et al. (2021) studied the impact of signal
path variations onto the station coordinates of the legacy

20 m VLBI radio telescope and the 13.2 m VGOS-specified
twin radio telescopes at the Onsala Space Observatory.
Although the horizontal components of the station coor-
dinates are almost unaffected, the changes in the vertical
component coincide with the obtained signal-path varia-
tions. According to this finding, the difference of about
0.2 mm between the SPV obtained from spatial ray tra-
cing and the SPV derived from the VLBI delay model
affects the vertical component of the station coordinate
within the same order of magnitude.

5 Conclusion

The deformation behavior of the feed unit of radio tele-
scopes used for VLBI affects the signal path length and
limits the achievable accuracy in VLBI products. Apart
from fabrication discrepancies or meteorological effects,
gravitationally induced deformations are identified as a
crucial error source that systematically distorts the esti-
mated vertical position of VLBI radio telescopes and,
hence, biases the scale of the derived global geodetic
reference frame (Altamimi et al. 2016). For that reason,
working groups such as the IAG/IERS Working Group on
Site Survey and Co-location (Bergstrand 2018) or joint
research projects like the international GeoMetre (Pol-
linger et al. 2022b) project have been encouraged to
investigate on gravitational deformations of VLBI radio
telescopes to compensate for the systematic errors. Inves-
tigations on the deformations caused by gravity performed
at several VLBI radio telescopes imply an individual VLBI
radio telescope-dependent deformation behavior (see the
contributions by Sarti et al. 2009a, Artz et al. 2014, Noth-
nagel et al. 2019). For that reason, each VLBI radio tele-
scope or at least each type of VLBI radio telescope has to
be investigated individually (Lösler et al. 2019).

The data sets used in this investigation were obtained
during a measurement campaign in the fall of 2021.
Mounted targets at the main reflector surface and the
backside of the subreflector of the legacy 20 m VLBI
Radio Telescope Wettzell as well as the southern 13.2 m
Twin Telescope Wettzell were measured in several eleva-
tion positions by means of close-range photogrammetry
using an unmanned aerial vehicle. Each data set con-
sisting of the target positions and the related fully popu-
lated dispersion matrix was treated as incoming data to
determine the elevation dependent path lengths.

The aim of this contribution was to study the SPV of
the legacy 20 m VLBI Radio Telescope Wettzell as well as
the southern 13.2 m Twin Telescope Wettzell. For the first
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time, the impact of nonrotationally symmetric deforma-
tion patterns onto the signal path variations were inves-
tigated. For that purpose, a spatial ray tracing procedure
was introduced because the commonly used linear VLBI
delay model considers only rotationally symmetric deforma-
tions. Spatial ray tracing is strongly recommended, whenever
the rotationally symmetric assumption is unfounded (Lösler
et al. 2018). The focal length variation FΔ , the displacement of
the vertex VΔ , and the shift of the subreflector RΔ along the
optical axis belong to the class of rotationally symmetric
deformation patterns. Apart from that, the effect of nonrota-
tionally symmetric deformation patterns such as the tilt of
the subreflector τΔ and the displacement SΔ of the subre-
flector perpendicular to the optical axis were considered for
the first time.

The maximum signal path variation of the RTW
obtained from spatial ray tracing is about 3.5 mm and
corresponds to a time delay of about 12 ps. Although
the RTW is equipped with a fixed quadrupod holding
the subreflector, the TTW-2 has a movable hexapod that
allows for a mechanical compensation of gravitationally
induced deformations. To validate the compatibility of
the mechanical compensation with the VLBI delay model,
the TTW-2 was measured in two configurations. In the
first configuration, the subreflector was kept fixed as it
is used in regular geodetic VLBI. In the second configura-
tion, the hexapod actively compensated for deformations
caused by gravity and the subreflector was moved with
respect to the elevation position of the TTW-2. Due to the
compact and stiffer design of VGOS-specified radio tele-
scopes, the SPV of these telescopes are less affected by
gravitationally induced deformations. For the configura-
tion with fixed subreflector, the range of the signal path
variation is about 0.9 mm and corresponds to a time
delay of about 3 ps. However, the maximum signal path
variation increases, if the hexapod actively compensates
for deformations. Although the active hexapod mainly
compensates for gravitationally induced deformations
of the subreflector, the intent of the VLBI delay model
as well as the spatial ray tracing is to model the total
SPV of the feed unit taking interdependencies of over-
laying deformations into account. For that reason, both
approaches have different intents and are incompatible.

The SPV obtained from spatial ray tracing was opposed
to the results derived from the VLBI delay model. Both
approaches yield almost comparable results. For that
reason, the tilt of the subreflector and the displacement
of the subreflector perpendicular to the optical axis have
only a minor impact onto the SPV. The commonly used
VLBI delay model is a suitable first-order delay model for
legacy VLBI radio telescopes as well as for VGOS-specified

radio telescopes and reduces the impact of the main grav-
itational related error sources.
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