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Abstract: We study symmetric minimal surfaces in the three-dimensional Heisenberg group Nil; using the
generalized Weierstrass type representation, the so-called loop group method. In particular, we will present
a general scheme for how to construct minimal surfaces in Nil; with non-trivial geometry. Special emphasis
will be put on equivariant minimal surfaces. Moreover, we will classify equivariant minimal surfaces given
by one-parameter subgroups of the isometry group Iso. (Nils) of Nils.
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In every class of surfaces those with a large group of symmetries have usually particularly nice properties.
The most well known examples are rotationally invariant surfaces, namely surfaces of revolution in Euclidean
3-space R>. More generally, surfaces in R? invariant under helicoidal motion have been studied extensively.
In particular, do Carmo and Dajczer proved that the associated family of a non-zero constant mean curvature
(CMC in short) surface of revolution consists of helicoidal surfaces of constant mean curvature [12].

As is well known, the constancy of mean curvature for surfaces in R> is equivalent to the harmonicity
of the Gauss map. Based on this fundamental connection between CMC surfaces and harmonic maps, we
can construct CMC surfaces via the loop group theoretic Weierstrass type representation of harmonic maps
(now referred as to the generalized Weierstrass type representation) due to Pedit, Wu and the first named
author of the present paper [27]. From the harmonic map point of view, we notice the fundamental fact that
the Gauss map of helicoidal CMC surfaces in R?, especially CMC surfaces of revolution in R>, are symmetric
harmonic maps into the unit 2-sphere S?. Haak [35] gave an alternative proof of the do Carmo-Dajczer theorem
by using the generalized Weierstrass type representation. The general theory of symmetry of CMC surfaces
in R? is well organized [17, 18]. It is known that rotationally symmetric harmonic maps of Riemann surfaces
are characterized as those with a many surface classes. For example, in our previous paper [21], the present
authors established a generalized Weierstrass type representation for minimal surfaces in the 3-dimensional
Heisenberg group Nil; which is one of the model spaces of Thurston geometries [46]. In this paper we study
symmetric minimal surfaces in Nil3 via the generalized Weierstrass type representation established in [21].

To illustrate the methods discussed in this paper, we present here a brief account of the geometry of
symmetric minimal surfaces in the Heisenberg group.

Josef F. Dorfmeister: Fakultét fiir Mathematik, TU-Miinchen, Boltzmann str. 3, D-85747, Garching, Germany, E-mail:
dorfm@ma.tum.de

Jun-ichi Inoeguchi: Department of Mathematics, Hokkaido University, Sapporo, 060-0810, Japan,
E-mail:inoguchi@math.sci.hokudai.ac.jp

*Corresponding Author: Shimpei Kobayashi: Department of Mathematics, Hokkaido University, Sapporo, 060-0810, Japan,
E-mail: shimpei@math.sci.hokudai.ac.jp

80pen Access. © 2022 Josef F. Dorfmeister et al., published by De Gruyter. (O M| This work is licensed under the Creative Commons
Attribution 4.0 License.


https://doi.org/10.1515/coma-2021-0141

286 —— JosefF. Dorfmeister, Jun-ichi Inoguchi, and Shimpei Kobayashi DE GRUYTER

¢ In 1995, Caddeo, Piu and Ratto studied rotational minimal surfaces in Nil3. On the other hand, in 1999,
Figueroa, Mercuri and Pedro studied helicoidal CMC surfaces as well as translation invariant CMC sur-
faces (including minimal ones) in Nils.

¢ Berard and Cavalcante studied the stability of rotational minimal surfaces [2].

Since we only know few examples of symmetric minimal surfaces above constructed using exclusively
methods of classical differential geometry, it is difficult to describe the moduli spaces of minimal surfaces
with symmetry in Nils. To describe a moduli space, one needs first a systematic construction of symmetric
minimal surfaces.

For this purpose we use the generalized Weierstrass representation (loop group method) for minimal sur-
faces in Nils. The starting point of the generalized Weierstrass representation is to connect minimal surfaces
in Nil; and harmonic maps into the hyperbolic 2-space H? as well as loops of flat connections (see Appendix
A of the present paper).

Those interactions between minimal surfaces, harmonic maps and loops of flat connections are derived
from the following important discoveries:

¢ In 2009, Fernandez and Mira found a correspondence between minimal surfaces in Nil; and (non-
maximal) spacelike CMC surfaces in Minkowski 3-space L2 (see [30]).

¢ In 2005, Berdinsky and Taimanov gave a spinor representation and nonlinear Dirac equations of the
surfaces in Nils [4]. Berdinski [3] obtained a system of matrix valued functions which has spinor field
solutions to the nonlinear Dirac equations given in [4] (see Appendix A.4). In case of minimal surfaces,
Berdinsky’s system describes harmonic maps into the Riemannian symmetric space H? = SU; ;/Uj.

It is crucial to understand the serious differences between Euclidean CMC surface theory and minimal
surface theory in Nils. In the Euclidean case, the Gauss map of a CMC surface is a harmonic map into the
unit 2-sphere S = SU,/U;. Next, the universal covering group of the Euclidean motion group is expressed
as SU(2) x su(2). Thus the special unitary group SU(2) acts isometrically on both S? and R3.

On the other hand, the normal Gauss map of a minimal surface in Nil; takes value in the hyperbolic 2-
space H? = SU; 1/U;. However, the identity component of the isometry group of Nils is Nil3 x U;. Thus there
is no isometric action of SU; ; on Nils. This difference means that we can not associate to each g € SU; ; an
isometry of Nils.

From a symmetry point of view, we realize that one-parameter subgroups of SU; ; act on normal Gauss
maps as isometries, but not on the corresponding minimal surfaces in Nils.

Thus we can not apply the general theory of symmetric harmonic maps [14, 17, 18] to minimal surfaces in
N113 .

To overcome these difficulties, in the present paper, we investigate first the action of isometries on min-
imal surfaces in Nil;3 and their effects on the normal Gauss maps. In addition we describe these actions as
monodromy of extended frames. This enables us to study minimal surfaces with symmetry via loop group
method. Based on these fundamental facts, we establish a general theory of minimal surfaces in Nil; with
symmetry. In this paper we consider exclusively minimal surfaces in Nil3 without vertical points. In particu-
lar, we consider only symmetries associated with transformations in the identity component of SU; ;.

This is the first time that the loop group method contributes to the study of minimal surfaces in 3-
dimensional homogeneous Riemannian spaces of non-constant curvature. This paper is organized as follows.
In Section 1, we start with introducing the notion of symmetry for surfaces in Nil5. We give a fundamental char-
acterization of symmetric minimal surfaces in Nil3 in terms of the property of corresponding normal Gauss
maps (Theorem 1.5). Theorem 1.5 clarifies the serious differences between minimal surface theory in Nil; and
that of CMC surfaces in Euclidean 3-space. Based on Theorem 1.5, we will discuss how to construct minimal
surfaces in Nil3 with non-trivial topology via the generalized Weierstrass type representation [21]. We will give
a detailed study of the potentials invariant under all deck transformations. One of the key clues of these stud-
ies is the Iwasawa decomposition of the loop group of SU; ;. Because of the non compactness of SU; 1, the
Iwasawa decomposition of loop group is much involved, see [5, 21, 41]. Note that in case of CMC surfaces in
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RR? the key clue is the loop group of the compact simple Lie group SU,. The non-compactness of SU; ; causes
case by case studies on monodromy matrices. To obtain detailed information on the behavior of extended
frames under deck transformations, we consider meromorphic extensions of minimal surfaces. As a result
we obtain closing conditions for minimal surfaces with symmetry (Theorem 2.11, Corollary 2.12).

In Section 3, we will briefly discuss the construction of minimal cylinders by a method which is analogous
to the one introduced in [23] for CMC cylinders in Euclidean 3-space. In particular, we will show the existence
of such cylinders which are not equivariant, see Example 3.1. In [24], we will discuss minimal cylinders in
Nil; detail. For later use, in Section 4, we recall the classification of homogeneous minimal surfaces in Nils.

In the final section, we start with an explicit description of one-parameter groups of isometries on Nils.
Lemma 5.2 and Theorem 5.3 give a complete description of one-parameter groups of isometries of Nil3 (com-
pare with [33]). These results themselves are valuable for the Riemannian geometry of Nil3. By our results, we
can arrive at the classification of equivariant minimal surfaces in Nilz (Corollary 5.6). It turned out that equiv-
ariant minimal surfaces in Nils (in the sense of Definition 5.1) are exhausted by minimal helicoidal surfaces
and minimal translation invariant surfaces. Our goal of the present paper is to give a construction method
for equivariant minimal surfaces in Nil; via the generalized Weierstrass type representation. To this end,
we need to determine the potentials (data of generalized Weierstrass type representation) for equivariant
minimal surfaces. For the detailed analysis of one-parameter groups of automorphism on Riemann surfaces
and compatible actions of one-parameter groups of isometries of Nil3, we will introduce the notion of R-
equivariant minimal surface and S!-equivariant minimal surface in Nil;. We will determine potentials for
those equivariant minimal surfaces. We will finally give a method of construction of all equivariant minimal
surfaces by virtue of the generalized Weierstrass type representation. An explicit construction of equivariant
minimal surfaces will be done in a future publication [43].

Throughout this paper we will assume that all Riemann surfaces occurring are connected and denote by
S2, H?, C the unit sphere in R?, the unit disk (sometimes equivalently replaced by the upper half-plane H)
and the complex plane, respectively. Since there does not exist any compact minimal surface in Nils [32], each
Riemann surface occurring in this paper will have H? or C as its universal cover.

As we have pointed out before, in this paper we use the generalized Weierstrass type representation es-
tablished in [21]. For the convenience of the reader we have added a fairly extensive Appendix. Here we recall
results of [21] which are of relevance to this paper. But we also expand the discussion of loc.cit., where it is
useful for the goals of this paper. In Appendix A we recall the notation and the results of Sections 1-5 of [21]. In
Appendix B we describe in some detail the various realizations of the normal Gauss map in the unit disk H?,
the upper hemisphere S, and the hyperboloid Q? (a model of the hyperbolic 2-space). This clarifies the dis-
cussion of loc.cit. We also introduce the notion of a general extended frame, which is contained implicitly in
loc.cit, but is needed explicitly for the investigation of symmetries in this paper. Appendix C presents details
beyond loc. cit relating to the representation of extended frames of harmonic maps into any of the three real-
izations of H? listed above, and also to the validity of Theorem 6.1 of loc. cit under weaker assumptions. The
latter actually presents the Sym formula in the way needed for loc. cit and this paper. We thus have corrected
the phrasing of the statement of Theorem 6.1, loc. cit. The proof was given under the weaker assumptions
already in loc. cit. In Appendix D we prove that essentially all (anyway real analytic) geometric matrix func-
tions occurring in this paper can be extended to globally meromorphic matrix functions in two independent
complex variables. This is needed in Section 2.3.1 of this paper. Finally, the last Appendix E gives a geometric
meaning to the linear isomorphism from su; ; to nil3, used in the proof of the Sym formula Theorem 6.1. of
[21].

1 Minimal surfaces with symmetries in Nil;

In this section, we discuss symmetries of minimal surfaces in the 3-dimensional Heisenberg group Nils. For
fundamental properties of the homogeneous Riemannian space Nils, we refer to our previous paper [21] or
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to Appendix A.1. Since there does not exist any compact minimal surface (without boundary) in Nilz, we will
discuss in this paper exclusively non-compact Riemann surfaces.

A symmetry of some surface S in some (metric) space N is an isometry p of N which maps S onto itself:
p(S) = S. In this paper we consider the case, where p is an orientation preserving isometry of Nils. It turns out
(see Theorem 5.9) that in some cases a symmetry is implemented by a pair of maps (v, p) such that the minimal
surface f : R — Nils satisfies f(v.p) = p.f(p) for all p € R, with some Riemann surface R and automorphism
~ € Aut(R). Thus we start from the following definition of symmetric surfaces in a Riemannian manifold. We
will denote by Iso(N) the group of isometries of N and by Iso. (N) its connected identity component.

Definition 1.1. Let f : R — N be a map from a Riemann surface R into a Riemannian manifold N. Moreover,
let v and p be elements of Aut(R) and Iso(N), respectively. Then f is symmetric with respect to (v, p) € Aut(R)x
Iso(N) if

foy=pof (11)
holds.

1.1 Navigating between a Riemann surface and its universal cover

We will frequently consider a conformal immersion f : R — Nil; from some Riemann surface R into the
3-dimensional Heisenberg group Nil; and its lift f : R — Nil; to the universal cover R of R. Then

f=f07'[y,

where 4, : R — R denotes the natural projection.

Following the procedure of [21] we need to consider a matrix valued function &, the generating spinors
Y; and an extended frame F for the discussion of f and the corresponding objects, capped with a “~” for f
(see Appendix A.2).

Note that extended frames are always defined on the universal cover of a given Riemann surface, whence
we always drop the superscript “~” for extended frames. Then we obtain, see also the appendix A.2,

3
frof=0=> ¢re

k=1

with respect to the natural basis {e1, e, e5} of Lie algebra nil5 of Nil; and the corresponding representation
for f. Here 0 and J are defined as

SHEEOIREIC)

for a conformal coordinate z = x + iy. Hence

d=dony and ¢;=¢jomy
forj = 1,2,3. It will be convenient to abbreviate

f(z,2) = (f1(2, 2), f2(2, 2), f3(2, 2))
by f(2) = (f1(2), f2(2), f3(2)). Then

fertofm = & (rerife o) (1.2
- (912,91, 01,0+ AL+ LA D)

in view of the fact that the product in Nil; is given by the formula (see also appendix A.1):

1
(x1,x2,x3) - (Uq, uz, u3) = (X1 + UL, Xy + U, X3+ U3 + §(X1uz -qu1)) . (1.3)
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Now let us consider the generating spinors y; (dz)'/? and 1, (dz)'/? of the conformal immersion f : R — Nils
(see [21, Section 3] or appendix A.2).

We need to express &Ji and ¢; by the 171,- and 1; respectively. These functions are uniquely defined up to
a sign and from the defining equation we obtain 171]2 = z/)}? o M. Since the choice of sign has no effect on the
discussion of minimal surfaces in Nils, without loss of generality we choose the sign such that

l;bj = l/)]- omR.
Next we discuss the relation between the normal Gauss maps of f and f. The left translated unit normal of f
in nil3 to the origin of a conformal immersion f : R — Nil; takes value in the hyperboloid model Q? of the
hyperbolic 2-space H? embedded in the Minkowski 3-space I, see Appendix B.1 or [21]. Via its stereographic
projection of Q2 onto H?, we obtain a map g into the Poincaré disk H? and call it the normal Gauss map.
Since the normal Gauss maps g and g of f and f are expressed by the corresponding generating spinors
(which have the relation stated above) it is clear that we also have

§=gO7T(R.

Considering now a map f with a symmetry (v, p), that s, satisfying equation (1.1), we obtain the corresponding
equation

fG.2) = p.f(2),

where 7 denotes the automorphism of R induced by 7.

1.2 The transformation behaviour of the generating spinors, the normal Gauss map
and the extended frame

First we recall from [21] that the isometry group of Nil; has two connected components. The identity com-
ponent acts by orientation preserving diffeomorphisms and the elements of the other connected component
reverse the orientation. In this paper we will consider exclusively orientation preserving transformations and
therefore will only consider Iso. (Nil3), the identity component of the isometry group Iso(Nils) of Nil;. We re-
call that Iso, (Nils) is isomorphic to the the semi-direct product Nil3 xU; of Nil; and Uy , Isoo(Nil3) = Nil3 x Uy,
with the action:

(a1, az, a3), €').(x1, x2, x3) = (a1, @z, as) - (cos Ox; — sin Ox, sin Ox; + cos Ox2, X3), (1.4)
where “ - ” denotes the product in Nil; defined by (1.3). Since Nil; C Nilz x U; is normal in Iso,(Nil3) we can
write p as

p = ps,
where p € Nil; and s = e'? € U;.
The Lie algebra iso(Nil3) of Iso,(Nil3) is generated by four Killing vector fields
o 1_ 0 o 1 _ o

=—-=X25—, =—+=x1-—, E3=-——
1 aXl 2 2aX3 2 aXZ 2 1()X3 3 aX3

respectively. The commutation relations are respectively

and E, = (1.5)

“Xy5— +X15—
26x1 1aX2’

[E4, E1] = E2, [E4, E2]=-E1 and [Eq, E;] = Es.

Next we recall from Appendix A.2 of the appendix the notation: f 19fdz = ®dz on a simply connected do-
main D that takes values in the complexification ni [(3C of the Lie algebra nil;3. With respect to the natural basis
{e1, e, e3} of nil3, we expand @ as & = 37 _; ¢ye; and obtain (¢1)? +(¢2)? +(¢p3)? = 0, since f is conformal.

Theorem 1.2. Let f : D — Nils be a minimal surface in Nil3 and (v, p) a symmetry of f. Writing p = ps, where
peNilsands = e'? € Uy as above, we obtain for f o ~ the transformation formula

f(.2)10f(1.2) = (5.f(2)) (5.0 (2)) (1.6)
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= (Céfl ~50f2, 50f1 + ¢df, Of3 + %(—fléfz +f25f1)> ,

N ~ .
where 0 = m,c—cos@andﬁ = sin 6.

Proof. Recall that we will use the abbreviation f(z, z) = f(z). Now consider the equation p.f(z) = (ps).f(z)
and differentiate. By the formula for the action of p defined in (1.4), we obtain 3(ps. f(2) = ps.(éf (2)), where
ps.of denotes the action of ps € Iso,(Nil3) on the tangent bundle TNil; = Nil3 x nil3. Hence

f(.2)1of(v.2) = (p.f(2)) 1 0(p.f(2) = (s.f(2)) *.p L.p.(5.0f(2),

thus
f(1.2) 1 0f (7.2) = (s.f(2)) *(5.0f (2)).

Clearly, the right side only involves the “fiber rotation” given by 6. From (1.4), we obtain

5.(0f1, 0f2, Of3) = (cOf1 — 50f2, 50f1 + ¢Of2, Of3),

where ¢ = cos 6 and s = sin 8. Thus in view of the formula given in (1.2), we obtain

(s.)71(s.0f) = (~(cf1 = 5f2), ~(sf1 + cf2), ~f3) - (cf1 — 50f2, 50f1 + cOf2, Of3)
= (c0f1 ~50f2, 531 +cdfz, Ofs + § {~(cf1 ~ sf2)(63f1 + df2) + (sfi + cfo)(cOf1 ~ 59f2) })
- (cdf1 = sdfs, 5361 + 32,3+ 3 (i 2011 )
This completes the proof. O
Corollary 1.3. Retaining the notation used above we obtain the following formula :

(o) '8 0m) = (u,dorhs) = (B2 =0k 1 (B2 +02), 2ada),

where d = ﬁ, (271-, (G=1,2,3)and l]Jj, (j = 1, 2) are the components of (f o7) 1 9(f o) and the corresponding
spinors respectively. From the last section we know f~10f = (¢1, ¢2, ¢3), hence

$1 I T e A
b, ov.z) \s ¢ )"

U1 = €e®21(3(y.2) V2 and B, = ee®*h,(3(v.2) 1/,

Moreover,

with € = £1.

Proof. It only remains to prove the last two claims. To verify this we observe that from the matrix equation
we infer

2 . . _ . . _ 2
2, =1 - iy = 0(y.2) "t (cp1 — 5, — ispy — icghy) = 20(7.2) (e - is)y>
2002 =~y — iy = —(0(1.2)) " (cp1 — 5 + ispy +ichy) = 2(0(7.2)) " (c + is)p?
Thus we obtain in view of the relations discussed in the previous subsection:
P1 = €1€”°P10(v.2) 7 and ;= 26"7,(3(y.2) 7, (1.7)

with €; = £1. The equation above for (s.f)"(s.0f) shows that the third component does not change with 6.
Therefore we have )11,9(y.2)"* = 1, and €; = €, = € = +1 follows. O
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As a consequence, the normal Gauss map satisfies the following transformation formula

5 i9/2 _
8(y.2) = zj - ee—ie/zl/% - e“g(2). (1.8)

This shows that g(v.z) = R.g(z), that is,

Corollary 1.4. Retaining the notation above, the normal Gauss map has the transformation behaviour g o v =
R o g, where R is the rotation about 0 € H? by the angle 6.

Next we consider an extended frame F of the minimal surface f in Nil5. By equation (B.2) we know that any
other extended frame F of f is given by F' = AF for some A € ASU; 1, such that A|;_; = id. Applying this to
f=fo ~ we obtain in view of (1.7) the equation

F(y.2,72,A = 1) = M(y, A = )F(z, 2, A = Dk(y, , 2) (1.9)

where

V@2 [Vo@.2)
V(D) '\ fo(v.2)

M(v,A=1)= diag(e’g, e’ig), k(v, z, z) = diag c Uy, (1.10)

and in particular M(1,A = 1) =id.

1.3 Characterizing symmetries of a minimal immersion by symmetries of its
associated normal Gauss map

In the theorem below we characterize symmetric minimal surfaces in Nil3 by symmetric harmonic normal
Gauss maps. Note that the unit disk H? is represented in the form H? = SU1,1/U; as a Riemannian symmetric
space, where SU; ; acts by Mobius transformations and the base point is z = 0.

Theorem 1.5. Let R be a Riemann surface, f : R — Nil; a minimal surface and g : R — H? the normal Gauss
map of f. Then the following statements hold:

(a) Iff is symmetric relative to (v, p), then g is symmetric relative to (v, R), that is,
goy=Rog

holds, where R is a rotation about 0 € H? such that the angle of R is given by that of the fiber rotation of p.

(b) Conversely, if g is symmetric with respect to (v, R) such that R is a rotation about O € H?, then f is symmetric
with respect to (v, p), that is,

foy=pof (1.12)

holds, where p is an element in Iso,(Nil3) and such that the angle of the fiber rotation of p is given by that
of R.

Proof. Recall that we will use the abbreviation f(z, z) = f(2).

Part (a): The claim follows from (1.8).

Part (b): Let g : R — H? be the normal Gauss map of f and assume g(v.z) = e'?g(z) = R.g(z) holds. Since
f is already defined on R, it is easy to see that it suffices to verify equation (1.11) on the universal cover. Hence
we can assume without loss of generality that R is simply-connected.

Let F be an extended frame of the minimal surface f as in (A.17) such that the immersion (Z,; o f)| A=1
obtained by inserting F into the Sym formula (C.3) at A = 1 becomes the original minimal surface f. (Note
that such an extended frame exists by Theorem C.3.)
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Then the extended frame F of f satisfies
F(z,2,A) = F(y.2,7.2,A) = M(y, NF(z, 2, Dk(v, 2, 2), (112)

where
-0 -0
M(y, A = 1) = diag(e'?, e7'2), andin particular M(1,A=1) =id,

and k(v, z, z) is a A-independent U;-valued map, see also Proposition 2.1. So far, in the last equation, M and
k may not be defined uniquely. However, since the monodromy of g is a one-parameter group, the lift F, for
A = 1, inherits the property of having a one-parameter group of monodromy matrices. As a consequence, the
matrix k is a crossed homomorphism, see also Section 2.1. The introduction of A does not change k, whence
the monodromy matrix is a (A-dependent) one-parameter group. From this the representation above follows
uniquely.

Now a straightforward computation shows that f changes by ~ as

fGy.2) = (AdDf;5(2) + X)°
i d
+ <Ad(M) <—%Aa,1fﬂ_3(z)> + %[X, Ad(M)ng (2)] + Y> s
and thus

Foaes = { A + X0+ (1 A @) + ¥

A=1

where X and Y are defined by
X=-iA@QMM ™, and Y =-210,X - —%AaA(A(aAM)M"l),

respectively.! Note [X, Ad(M)f; 5 (2))4 = [x°, (Ad(M)f 5 (2))°14 and (fis(2))° = (f(z))" . Then we set

1 * -q+1
X|A—1=P51+q52+*53=2(_q_ip q* p)’

and

1 (-ir *
Y|/1_1=*81+*82+T83=2<* ir)’

where the basis &;(i = 1, 2, 3) was defined in (B.1), p, g, r are some real constants. Altogether this shows

Fr2)as = {Ad(M)f(z) o 2 (100, (adnfi ()] + T}

1 < —ir -q+ ip)
T =3 . . ’
2 \-g-ip ir
Hencef and thus the resulting minimal surface f = (& o f)| 1=1 in Nil3 is symmetric with respect to (v, p),
that is,

A=1

where

f(y.2) = p.f(2),
holds, where p is given by p = ((p, g, 1), €®). The angle of fiber rotation is clearly given by that of R. O

Remark 1.6.

1 X and Y are slightly different from X, and Y, defined in [21], thatis, X = -X; and Y = %YA, respectively.
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1. Part (a) in Theorem 1.5 is due to Daniel [11] in the case where either p is a translation by an element of
Nil; or a rotation.

2. The proof of part (a) above works for general p € Iso,(Nil3) and part (b) proves the converse of part (a).

3. We would like to point out that part (a) actually holds for any surface in Nils. In the proof of part (b) we
used the Sym-formula for minimal surfaces. Thus at this point we do not know whether it holds for any
surface in Nils, or not.

2 Minimal surfaces in Nil; from non-simply-connected surfaces

In this section we will discuss how one can construct minimal surfaces in Nil; which are defined on a non-
simply-connected Riemann surface R. The description will use potentials as discussed in [21]. We will discuss
the corresponding closing conditions of the monodromy representation of the fundamental group 7, (R).
There are naturally two parts in this discussion.

2.1 Invariant potentials

Let R be an arbitrary connected non-compact Riemann surface and m, : R — R its universal cover. Let
f+ R — Nil; be a minimal surface. Then also f : R — Nils, defined byf = fomg is aminimal surface. Clearly,
this surface satisfies f o 7 = f for all T € 711(R), where the latter group is considered as the group of deck
transformations of R acting on R. For a minimal surface in Nil; we have always considered the corresponding
normal Gauss map. In the present situation we obtain two normal Gauss maps, g : R — H? for fand & : R
H? for f. They are related by § = g o 7. Let F denote the extended frame of &. (For more on the relation
between the surface and its lift to the universal cover, see Section 1.1.)

Hereafter we use loop groups for our study. We refer to Appendix A.5 for fundamental facts on loop groups
used frequently in this paper.

Proposition 2.1. For any extended frame F of § and for every T € m1(R), there exists some diagonal matrix
k(t, z,z) in Uy and M(t, A) taking values in ASUy 14 such that

F(r.z2,72,0) = M(t, )E(z, 2, Dk(1,2,2) and M(t,A=1)=id. (2.1)
Proof. Since f is symmetric with respect to (7, id), (1.9) can be rephrased as
F(r.z,Tz,A=1) = M(t,A=1)F(z,2,A = 1)k(1,2,2) and M(1,A=1)=id.

Therefore
F(r.z,7.2,0) = M(t, VF(z, 2, Vk(t, z, 2, A)

follows, where M and k take values in ASU;,14 and Uy, respectively. To show k is independent of A, look at
the Maurer-Cartan form & of F. Then the Maurer-Cartan forms of F(r.z, 7.z, A) and F(z, z, A) have the same
A distribution. Thus k is independent of A. Therefore (2.1) holds. O

Note that we also use 7 for the induced action of T on R and I~<(T, z, z) satisfies the “crossed-homomorphism”
property:
I~<(;ur, z,%) = k(t, z, 2)I~<(;u, T.2,T.2).

Then we have the following theorem.
Theorem 2.2. Every crossed homomorphism ]~((T, z, Z) occurring above is a “co-boundary”, that is, it can be

written in the form
k(t,z,2) = ko(z, ko' (1.2, 72),
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where ko is a real-analytic U-valued function. In particular, the frame F = Fky satisfies F(t.z,T.Z,A) =
M(t, VE(z, 2, A) for T € m1(R). As a consequence, for every minimal surface in Nil; there exists a frame de-
fined on R. More precisely,

F(t.z,TZ,A=1) = M(1,A = 1)F(z,2,A = 1)

fort € m(R).
Remark 2.3. It is important to distinguish our extended frame built from the ¥;’s in (A.17) from the above
“invariant frame”.

Before giving the proof we recall: Following the discussion for other surface classes, like CMC surfaces in R3,
one will construct an invariant potential. For this one usually needs to do two steps. The first step follows the
Appendix of [27]:

Theorem 2.4 (Lemma 4.11 in [27]). If R is non-compact, then there exists some (real analytic) matrix function
V. : R — A*SL,Cy such that the matrix C defined by
C(z,A) :=F(z,2, )V.(z,2,A)

is holomorphicinz € Rand A € C".

Now C inherits from its construction and from F the transformation behaviour
C(t.z, ) = M(t, ) C(z, VW, (1, z, M), (2.2)
where T € m;(R) and W, : R A*SL,Cy is holomorphic in z and A. The second step is to prove the existence
of an invariant potential.
Theorem 2.5. The matrix function W. is a crossed homomorphism, that is, the identity
Wi(tu, z,A) = Wa(t, u.z, VWi (u, z, A)

holds for all T, u € m1(R). Moreover, there exists some holomorphic matrix function P, : R - A*SL,Cy such
that
W.(1,2,A) = P+(z, )P+ (1.2, ) .

In particular, C = CP; satisfies
C(r.z,A) = M(t,)C(z, A)

forallt e my(R)and all A € C".
Proof. Following the proof of Theorem 3.2 of [19] or the proof of Theorem 31.2 of [34] and using Theorem

8.2 in [6] which implies the vanishing of H' (D, A*SL,Cy), one obtains that the cocycle W, (v, z, A) splits in
A*SL,Cy. O

From Theorem 2.5 we immediately have the following Corollary.

Corollary 2.6. The differential one-form n = C"1dC is invariant under 1, (R) and is called an invariant holo-
morphic potential. In particular, each minimal surface of Nilz can be constructed from some invariant holomor-
phic potential.

Proof of Theorem 2.2. Let F be as in Proposition 2.1 and C as in Theorem 2.5. Then F = CP;'V;! = CL.. Here
L. is real analytic. From the equation (2.1) we now obtain

C(r.z, VLi(1.2,T:Z,A) = M(1, ) C(z, )L+(z, z, Vk(z, z, 2).
Since C(t.z, A) = M(t, A)C(z, A) this equation yields the equation

L+(T-Z) ﬁy A) = L+(Z, Zy A)I}(Ty Z, 2)
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and this implies k! (1.2, 7.2) = ky'(z, 2)k(t, z, 2), where k;' denotes the leading term of L., that is, the
expansion of L, with respect to A is given by L. = k3! + AL,; + - - -. Note that in this equation we can assume
without loss of generality that ko is unitary, and the claim follows. O

2.2 From invariant potentials to surfaces

In this subsection we start from some Riemann surface R and consider a holomorphic potential  which is
defined on the simply-connected cover R of R and is invariant under the fundamental group m1(R) as in
Corollary 2.6. Reversing the construction discussed above (which lead from an immersion to an invariant
potential), we first solve the ODE

dc =Cn,

with C(zg, A) € ASL,C, for some base point zy € R 1tis easy to see that any such C satisfies
C(t.z,A) = p(1,A)C(z, A)

for all T € m1;(R) and where p(-, A) : 711(R) — ASL,Cy is @ homomorphism. From the discussion of the pre-
vious subsection we know that the monodromy matrix p(t, A) needs to be contained in ASU; 1,. We therefore
need to consider two cases:

The monodromy case 1: The matrix p(t, A) is contained in ASU, 1, for all T € m;(R). This case will be
discussed in Section 2.3.

The monodromy case 2: The matrix p(7, A) is not contained in ASU; 14 for all T € 711 (R), but one can
associate with C another monodromy matrix which is contained in ASUj 1. This case will be discussed in
Section 2.4.

2.3 The monodromy case 1

We want to retrieve the relation between C and F. For this purpose, we quote [41] (see also [5, Theorem 2.1]):

Theorem 2.7 (Iwasawa decomposition). There is an open and dense subset J = Je U Iy of R such that
C(z,A) € ASUy 14 - A*SL,Cq

ifz € Je, and
C(z,A) € ASUq 14 - wp - A"SL,Cq

ifz € 9y, where wo = (7;’,1 ") .

The open dense subset J will be called the Iwasawa core. It consists of two connected open cells, called Iwa-
sawa cells. The next step in our construction procedure will be an Iwasawa decomposition of C. We distinguish
the two cases listed in the theorem above.

Theorem 2.8. Let n be an invariant potential on R and C a solution to dC = Cn. Assume that the monodromy
representation p of C relative to m1(R) takes value in ASU1 14. For z € Je, take the (unique) Iwasawa decompo-
sition

C(Zy A) :F(292) A)V+(Z,2, A)! (2-3)
where the diagonal entries of V., for the expansion V, = V.o + AV,1 + A2V, --- are assumed to be positive.
Then

1. For each symmetry (1, p(t, A)) of C the automorphism T € m,(R) leaves J. and J, invariant and acts bi-
holomorphically there.
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2. F(t.z,7.z,A) = p(t,A)F(z, 2z, A) for all z € Je.

Proof. (1) By the definition of a symmetry we have C(r.z,A) = p(t, A)C(z, A) with p(7,A) € ASU;,14. Us-
ing (2.3) we derive C(t.z,A) = p(1,A)F(z,z,A)V.(z, z, A). This is an Iwasawa decomposition with factors
p(t,N)F(z,z,A) and V.(z,z, A). Hence 7.z € Je. Let now w € Jy. Then T(w) ¢ Je, since T leaves J, invariant.
Since 7 is an open map, the image of J, under 7 can not attain a point in R\ Je Uy either.

(2) The general theory tells us F(r.z,7.z,A) = p(t, A)F(z, z, D)k(z, z). On the other hand, we obtain
from (2.3) the equations F(t1.z, 7.z, )V.(1.2, 7.2, A) = C(1.2,A) = p(1,A)C(z, A) = p(7, V)F(z, 2, )V.(z, 2, A).
Hence k(z, 2) = V.(z, 2, )V (1.2, T.Z, 1) and k is actually the leading term of this product. But by assump-
tion, the leading term is positive real, while k is unitary. Therefore k = id. O

Remark 2.9. The frame F obtained by Theorem 2.8 is a general extended frame of a harmonic map into H? in
the sense of Definition B.1, and it is an extended frame of some minimal surface in Nils.

Note, as a consequence of part (1) above, T also acts bijectively on R\Je UJy. To discuss the behaviour of the
extended frame under 7 € m,(R) on z € Jy, in the next subsubsection we consider an analytic continuation
of a minimal surface defined on z € J. to a minimal surface defined on z € Jy, using a unique meromorphic
extension.

2.3.1 Meromorphic extension of a minimal surface

In this subsubsection we extend a result of [20] to the present paper. We start by explaining what this result
means for the surfaces considered in [20, Section 9.3, 9.4], that is, the constant mean curvature O < H < 1
surfaces in the hyperbolic 3-space H°. Let D be a simply connected domain in C and e € ID. Moreover, let
be a holomorphic potential for a surface of the class considered. Then, solving the ODE dC = Cn, C(e, A) = id
we obtain a “holomorphic extended frame” defined on . It turns out that the “Gauss map” has as target
space a non-compact 4-symmetric space SL,C/U;. The Lie group SL,C defining this 4-symmetric space is
non-compact. In particular, not each matrix in the twisted loop group of SL,C associated to the 4-symmetric
space SL,C/U; has an Iwasawa decomposition of the form (2.3). However, as in the case of the present paper,
there exist two open Iwasawa cells, J. and Jy for which C has a decomposition similar to what was stated in the
Iwasawa decomposition Theorem just above. Applying the Sym-formula to the frame obtained by the Iwasawa
decomposition for z € J. one obtains a surface of the type considered (actually a surface on each connected
component of Je. It is not difficult to show that these surfaces are uniquely determined by C.) One can apply a
similar procedure for the set J,,. This way one always obtains (at least) two surfaces, one on J. and one on Jy,.
How are these surfaces related? One can show that, in general, any extended frame defined from C by Iwasawa
decomposition experiences a catastrophic singularity along the boundary between J. and Jy. It is now of great
importance, that each constant mean curvature H < 1 surface in the hyperbolic 3-space H> defined by the
extended frame (via the Sym formula for constant mean curvature H < 1 surfaces in H>) has a meromorphic
extension to two complex variables (z, w) € D x . Thus this extension is a complex(ified) meromorphic
surface which restricts on J. U Jy to meromorphic surfaces of constant mean curvature 0 < H < 1. Loosely
speaking, each constant mean curvature O < H < 1 surface in H> defined on the first cell J. can be analytically
continued to the second cell J,. For more details we refer to [20, Section 9.4](see also [23, Theorem 3.2]).
There is only little known about how these real surfaces are related. In general, these surfaces are highly
singular along the boundary between J. and Jy. But in some cases the surfaces extend smoothly across the
boundary (with vanishing functional determinant, of course.) See [42] for some results in this direction.
Analogously, in the situation considered in this paper, the Sym formula in (C.3) for minimal surfaces in
Nil; defined on J. can be analytically continued to J,. This works as follows: Let C = FV, be an Iwasawa
decomposition for z € Je. In view of [23, Theorem 3.2], which can be checked to also hold in the present case,
one can extend FI meromorphically to D x I, where I is a properly chosen A-independent diagonal matrix.
Moreover, note that the proof of [23, Theorem 3.2] shows that l% >0forz € Jo and l% < O for z € Jy, where
lo is the (1, 1)-entry of I. These facts are proven in Appendix D below in detail. Then the Sym formula f; 5 for
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spacelike surface in IL? in (C.2) can be rephrased as
fro = =iA@AFD)F) ™" - 5 Ad(FDos,

where 03 = ((1) _01 ) Then f 5 clearly has a meromorphic extension to D x D. Therefore the formula in (C.3)

F= () - LA,

and the whole Sym formula have accordingly a meromorphic extension to DxD. Note, so far we have used the
meromorphic extension of the frame obtained by an Iwasawa decomposition for values in the first Iwasawa
cell Je.

Next we want to express this formula for the immersion by a formula using the frame occurring in the
Iwasawa decomposition of C(z, A) for z € J,,. Let C = Fwo V+ be an Iwasawa decomposition for z € J,. On the
one hand, choosing a A-independent diagonal matrix k with positive entries such that k2 = —1"2 (note that
the (1, 1)-entry I, of I satisfies ~I;% > O for z € Jy), we have that

C = (Flk *woHwokl™1V,) 2.4)

is the Iwasawa decomposition for z € Jy, see Appendix D.1 below. The formula just above yields, written
out, the original formula C = FV.. This is also an Iwasawa decomposition for the second Iwasawa cell, thus
F = Flk ' wg!. Therefore

Fl = F(Uok.

Then, for z € J, f; 5 can be rephrased as
fis =~ (Fwo))(Fwo) " - %Ad(f’wo)@

Thus it is natural to use for z € J,, formula (C.3) and the whole Sym formula and to use this formula for Fw,.
Therefore in the second Iwasawa cell actually Fw is “the frame” to use.

2.3.2 Symmetries of the meromorphic extension

Here we discuss symmetries of the meromorphic extension of a minimal surface. Like in [23, Section 3] we con-
sider the pair of potentials (n(z, A, p(n(w, /1))), where ¢ denotes the involution of the loop algebra Asl,Cg
defined by (D.1) which determines the real form Asu, 14, the Lie algebra of ASUy,14.

Assume that 7 is an invariant potential under 71, (R), thus ¢(n) is also invariant under 771 (R). Consider
the pair of differential equations

d(C,R) = (C,R)(n, o(n)).

Then we obtain for the second potential the solution R(w, 1) = ¢(C(w, A)), where ¢ denotes the real form
involution on the group level. Assume that

p(t,A) € ASU 14,
for some 1 € 11 (R). Then relative to (7, p) both solutions have the same monodromy matrix, that is,
C(r.z) = p(t,A)C(2), R(T.w)=p(t,)R(W).
By using (D.2) and (D.3), we have
Uz, w, N) = C(z, YV:'(z, w, ) = R(w, )V (z, w, )B(z, w),

whence
Rw, ) C(z,A) = V_(z, w, ) 'B(z, W)V.(z, w, A), (2.5
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where V_(z, w, A) and V.(z, w, A) have leading term id and B is diagonal.

In this form all three factors are uniquely determined. Therefore, since the left side does not change, if
one replaces w by 7.w and z by 7.z, this also holds for the three factors on the right side. Substituting this
into (2.5), we obtain the equations

R(E.w, )7 C(1.z, 1) = R(w, V)1C(z, A),
Vilt.z, T.Ww,A) = Vu(z, w,A), and B(r.z, T.w)=B(z,w).

Then
U(t.z, 7.w, A) = p(1, YU(z, w, A)S+(z, w, ),

for some plus matrix S.. Since $U = UB™}, it follows that S, is diagonal.

2.3.3 The case C(z, A) € ASUy,14 + Wo - A*SL,Cq in the monodromy case 1

For z € J, we choose the (unique) Iwasawa decomposition
C(z,A) = F(z, 2, Dwo Vi(z, 2, M), (2.6)

where the diagonal of the first term of ¥, is assumed positive. In this subsubsection it is our goal to find a
transformation formula for symmetries of the surface over J, generated by some potential n. We recall that
one should use the Iwasawa decomposition formula (2.4) and hence should use

Fwo = Flk!

in the usual Sym formula not F. This was obtained above by using [23, Theorem 3.2] generalized to our present
case, see Appendix D for details. To find the correct transformation formula for symmetries we need to proceed
analogously.

Theorem 2.10. Retain the assumptions of Theorem 2.8 and choose the unique Iwasawa decomposition C =
FwoV, forz € 3y as in (2.6). Then for all z € Iy,

F(r.z,7.2z, Dwo = p(t, VF(z, 2, Nwy.

Proof. The general theory tells us F(1.z, 7.z, )wo(A) = p(t, VF(z, 2, Nwo(M)k(z, 2). On the other hand, we
obtain from (2.3) the equations

F(r.z, 7.2, DwoVi(1.2,T.2, A) = C(1.2, A) = p(1,A)C(z, A) = p(1, VE(z, 2, Dwo Vi (2, 2, A).

Hence k(z, 2) = V.(z,2, AV, (1.2, 7.z, ) L and k is actually the leading term of this product. But by assump-
tion, the leading term is positive real, while k is unitary. Therefore k =id. O

2.3.4 The closing condition

Let us consider next a single symmetry (7, p(t, 1)) of C(z, A). Then from Theorem 1.5 we infer that 7 can induce
a symmetry of some minimal surface in Nils if and only if p(7, A = 1) has only unimodular eigenvalues. Let
us consider now F = SF , where

S(A) takes values in ASU; 1, and S(A = 1) diagonalizes p(7, A = 1). 2.7

Then we obtain the following theorem.
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Theorem 2.11. Retain the notation and the assumptions of Theorem 2.8 and assume that S satisfies 2.7). Let f
be the minimal surface in Nil; defined on Je or Jy, and defined from F = SF or SFw, via the Sym formula (C.3).
Then the monodromy matrix M(t, A) = S(A)p(t, A)S(A)~! is in ASU1 1, has only unimodular eigenvalues and is
diagonal for A = 1. Moreover, f |=1 Satisfies

frz,t2,A=1)=f(z,2,1=1)
forallz € Je or z € Jy if and only if
M@A=1)=+id, X°A=1)=0 and Y(A=1)=0 2.8)
holds, where X = —iA(0,M)M ™" and Y = -310,(A(0,M)M ™), respectively.

Proof. We abbreviate f(z,z,A = 1) by f(2). We want to characterize what it means that f(7.z) = f(z) holds.
Using the definition of the action of the group of isometries we obtain (setting f = (fl , fz , fg)) as in the proof
of Part (b) in Theorem 1.5 :

(fi(1.2), o (1.2), f5(1.2)) = (D, g, 1), €°).(F1(2), 2 (2), F5(2))
= (p, q, 1) - (cos 6f1(2) — sin 6f,(2), sin 6f1 (2) + cos 6f>(2), f3(2)),

where 6 and (p, g, r) are defined by M(t, A = 1) = diag(e'?, e~'%),

1 * -q+ip 1 (-ir *
Xl == , and Y|.1=2 ,
-1 2<—q—ip N ) -1 2(* ir)

respectively. As a consequence, the following conditions are equivalent to f(7.z) = f(2) :

p+cos6fi(2) - sin6f,(2) = fi(2), g +sin6fi(2) + cos 0> (2) = f»(2)
r+f3(2) + %(p(sin 6f1(2) + cos 6f(2)) - q(sin 8f1 (2) + cos 6f»(2)) = f5(2).

It is easy to verify that the first two equations only have a z-independent solution if cos 6 # 1. This does not
make sense in our case, since f defines a surface. We thus can assume without loss of generality that cos 6 = 1.
Butin this case p = g = r = 0 and the claim follows, since M, X° and Y? clearly satisfy the conditions (2.8). [

The condition M(7, A = 1) = id implies that we can choose without loss of generality S(A1) = id above. Hence
we obtain

Corollary 2.12. Retain the notation and the assumptions of Theorem 2.11. Let | be the minimal surface in Nil
defined on Je or J,, and defined from F or Fwg via the Sym formula (C.3). In particular, assume that the mon-
odromy matrices M(t, A) = p(t, A) arein ASU; 15 and all T € m1(R) and attain the value id for A = 1. Thenf|,1=1
satisfies forallz € Jeorz € Iy and all T € m1(R) :

faz,T2,A=1)=f(z,2,A=1)
if and only if the following holds:
X°A=1)=0 and Y%A=1)=0.

Remark 2.13. If the general extended frame is in one of the two open cells, then it will stay in the same open
cell when subjected to the action of some symmetry. As a consequence, if a frame ever reaches the boundary
between the two open Iwasawa cells, then it will stay there under the action of any symmetry. If (1, p) denotes
a symmetry of some f, then the image f(DD) is the union of three parts: f(Je), f(Jw), and f(B), where B denotes
the boundary between the open Iwasawa cells.
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2.4 The monodromy case 2

We respectively discuss the monodromy case 2 with z € Je or z € .

2.4.1 Thecaseofz € Je

For the construction of a symmetry (v, p) one frequently starts from some potential 17, which is (say up to a
gauge) invariant under v
noy=n#Ws,

where W, : D — A*SL,C, and where # means “gauging”, that is,
n#W, = WinW. + W;ldw,.
Note that 1 is an invariant potential under ~ if W, = id. Then the solution C(z, A) to
dC=Cn
with some initial condition C(z = zg, A) € ASL,Cy, z € Je satisfies
C(y.z,A) = L(v, ) C(z, )W(v, 2z, A) (29
for some L € ASL,C,. If L € ASUj 14, then the Iwasawa decomposition C = FV, implies
F(y.z,7.2z,A) = L(v, DF(z, Z, Dk(v, z, 2),

for some diagonal matrix k € U;. In general one will obtain L ¢ ASU; ;4. Then the formula just above can not
be obtained. So it seems impossible to obtain a symmetry associated with the action of . However, in some
cases a symmetry (v, p) does exist (see for example [16]). Then in addition to (2.9) we also have

C(y.z,A) = p(v, D C(z, 1)Q:+(, 2, A),
with p(v, A) € ASUy,14. Then
L(’V’ A)_lp(’Y! A)C(Z, A) = C(Z’ A)W"‘(’Y’ zZ, A)Q"’(’Y’ z, /\)_1'

Since we consider surfaces defined on J. we choose a base point zo € Je such that C(zg, A) = id. Putting z = zq
yields
L(v, )'p(y, A) = Wiy, 20, Q4 (3, 20, V7.

As a consequence
p(’Y, A) = L(’Y: A)b+(% A) S ASU],]U

and
b+(v,A)C(z, A) = C(z, A)B+(v, z, A)

with B, (v, 2z,A) = Wi (v, 2, )Q: (v, z, )7L
Theorem 2.14. Assume 1) is a potential for a minimal surface in Nil; and satisfies
noy=n#W.

forsome W, € A*SL,Cq, v € Aut(D) and where # denotes gauging. Then for the solution to dC = Cn, C(zp, A) =
id for some fixed base point zy € Je, we obtain

~'C=LCW,,

where L € ASL,Cq. Moreover, the following statements are equivalent:
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1. There exists a p € ASUy,14 Such that (v, p) is a symmetry of the minimal surface in Nil; associated with 1.
2. There exists some b, € A*SL,Cg such that the following conditions are satisfied:

(@ LOb:A)™ € ASUL, 1,

(b) b+(A)C(z,A) = C(z, A)B+(z, A) for some B.(z, A) € A*SL,Cg,

(c) L(A)b+(A)|,_; has unimodular eigenvalues.

Proof. From the discussion above, the necessary part is clear. Thus we only need to prove sufficiency. But
Co~ = LCW, = Lb:*b.CW, = p(A)CB.W. with p(A) = L(A)b.(A)"L. Since p is in ASU 14, the statement is
proven. O

Remark 2.15.

1. The third condition in (2) of Theorem 2.14, that is, L(A)b.+(A)!|,_; has unimodular eigenvalues, is purely
local, since in general the eigenvalues of L(A)b+(1)* on A € S! are not unimodular, see Remark 5.23.

2. We will apply this result to the construction of equivariant minimal surfaces with a complex period else-
where.

3. Note, the case just discussed can only happen, if there exist several “monodromy matrices” M(v, A) and
“gauges” T.(v, z, A) satisfying C(y.z, A) = M(y, )C(z, A)T+(~, z, A). In particular, the isotropy group of
the dressing action is “non-trivial” at the surface determined by C(z, 7).

2.4.2 Thecaseofz € Jy

This case is similar to the case of z € J.. We again consider some potential 77, which is (say up to a gauge)
invariant under v
noy=n#Ws,

where W, : D — A*SL,Cy. Then any solution C(z, A) to
dC =Cn
with some initial condition C(z = zg, A) € ASL,Cy, zo € Iy satisfies
C(y.z,A) = L(v, D) C(z, YW (v, 2, A) (2.10)
for some L € ASL,Cy. If L € ASU; 14, then the Iwasawa decomposition C = Fwo V. implies
F(v.z,7.2, wo = L(v, VF(z, z, DwoH: (2, 2, A)

for some matrix H.. But since we have assumed L to be in ASU; 14, we obtain Hy € ASUj,14, whence
H.(z,z,A) = k(v, z, z) for some diagonal matrix k € Uj.

In general one will obtain L ¢ ASU; 1,. Then the formula just above can not be obtained. So it seems
impossible to obtain a symmetry associated with the action of 4. However, in some cases a symmetry (v, p)
does exist (see for example [16]). Then in addition to (2.10) we also have

C(y.z,A) = p(v, N)C(z, )Q+ (v, 2, A),
with p(v, A) € ASU3,1,. Then
L(’Ya A)_lp(% /\)C(Z5 A) = C(Z’ A)W+(’Y, Z, A)Q*(’Y’ z, A)_l'

Since we consider surfaces defined on J, we choose a base point zy € J, such that C(zg, A) = wq. Putting
z = zg in the last equation above yields

Ly, V7 p(y, Vwo = woWa(y, 20, )Quly, 20, V71
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As a consequence, setting b = wo W (v, 2o, A)Q+ (7, 20, A) Lwy!, we derive
p(% /1) = L(% A)b(’)/s A) € ASUl,lO’

and
b(v,M)C(z, A) = C(z, )B+(~, z, A)

with B+ (v, 2, A) = Wi(y, 2, )Q+(v, z, A)~* and
wy' b wo € ATSL,Co.
Theorem 2.16. Assume 1 is a potential for a minimal surface in Nil; and satisfies
no~y=n#W,

forsome W, € A*SL,Cq, v € Aut(D) and where # denotes gauging. Then for the solution to dC = Cn, C(zp, A) =
wo for some fixed base point zo € J we obtain

y'C=LCwWy,
where L € ASL,Cg. Moreover, the following statements are equivalent:

1. There exists a p € ASU1 14 such that (v, p) is a symmetry of the minimal surface in Nil; associated with 1.
2. There exists some b € ASL,C such that the following conditions are satisfied:

(a) wy'bwy € A*SL,Cy,

(b) Lb e ASUl’lg,

(c) bC = CB; for some B.(z,A) € A*SL,Cg,

(d) L(A)b(A)|,=1 has unimodular eigenvalues.

Proof. From the discussion above, the necessary part is clear. Thus we only need to prove sufficiency. But
Co~=LCW, = Lbb™1CW. = p(A)CB;' W, with p(A) = L(A)b(A), where we have used that item (b) above also
holds for bt and B;!. Since p is in ASU; 14, the statement is proven. O

3 Minimal cylinders

The construction method for minimal surfaces in Nil; outlined above applies to all minimal surfaces in Nils
which have a non-trivial fundamental group. The case of a trivial fundamental group has already been dis-
cussed in [21].

For most subclasses of minimal surfaces in Nils, as generally for all (sub-)classes of “integrable surfaces”,
a thorough discussion usually requires additional and special techniques. Most of the rest of this paper is
devoted to a discussion of “equivariant” minimal surfaces in Nils. This also includes the class of homogeneous
surfaces mentioned in the next section.

Another natural class of surfaces consists of all minimal cylinders in Nils. A thorough discussion of this
class of minimal surfaces in Nil; would go beyond the scope of this paper, but will be presented in [24].

In this section we will present an example of a non-equivariant minimal cylinder in Nil;. We have proven
mathematically all the required properties (in particular the closing conditions for the period) in [24], but
will point out here only the basic data and show some pictures computed following the loop group method
presented in this paper.

Example 3.1 (A minimal cylinder in Nil3). Let { be the holomorphic potential, defined on C,

a0 v® 0 -v(@
{(z,) =2 (—v(z) o ) dz+ A (v(z) 0 > dz, (3.1)
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where . .
v(z) = w
(~i +sinz)?

Clearly, the scalar function v, and consequently the one-form {(z, A), are invariant under the transformation
z — z + p, where p is any integer multiple of 271. For our goal of constructing a minimal cylinder in Nil; we
consider this potential to have the period p = 27.

Let us consider the solution dC = C{ with C(0, A) = id. Then Cy(z) = C(z, A = 1) is given by
Co(Z) =id.

Note, that Co(z + p) = Co(2z) holds forall z € C.

Since ( takes values in Asuy 14 for z € R, it is easy to verify that for real z the matrix function C(z, A) is,
up to a diagonal gauge, an extended frame of some minimal surface f in Nil3. Moreover, one can verify that
the matrix function C(z, 1) defined above satisfies

Clz+p,A) = MQA)C(z, A) (3.2

with M(A) € ASU; 1, for A € S and
M(A=1)=Colp) =id. (3.3)

Now a straightforward computation shows X°|;_; = 0 and Y%|,_; = 0, respectively. This proves that the
minimal surface in Nil3 constructed by the potential stated above yields, for A = 1, a minimal cylinder in Nils.
This fact is illustrated by the following pictures:

Figure 3.1: Two views of the same minimal cylinder in Nil; from the hermitian potential { given in (3.1). The right-hand side pic-
ture is a rotation view of the left-hand side picture. The figures are made from MATLAB program of the loop group construction
outlined in Appendix B programmed by David Brander (Technical University of Denmark).

Finally we point out that the minimal cylinder just constructed is not equivariant, since the Abresch-
Rosenberg differential of the surface is 4(cos® z + sin? 3z)dz? which has zeros on C while it is constant on C
for the equivariant case.
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4 Homogeneous minimal surfaces in Nil;

The homogeneous minimal surfaces in Nil; were classified in Appendix B of [21]. For the sake of completeness
we recall this result.

4.1 Classification of homogeneous minimal surfaces

A surface f : M — Nils is called homogeneous if there exists an injectively immersed Lie group G C Iso.(Nil3)
which acts transitively on f(M).

Since Iso. (Nil3) acts transitively on all of Nils, clearly G # Isoo(Nil3). If dim G = 3, then, for every point in
f(M), there exists a 1-dimensional isotropy group. After left translation by same element in Nil; C Iso.(Nil3),
we can assume that f(M) contains some element c of the center of Nil; and we take this element as our base
point. Since Nil; is normal in Isoo(Nil3) one can write every h € Iso(Nil;) in the form h = p¢p where p € Nils
and ¢ € U; as we have used in the proof of Theorem 1.5. We obtain ¢ = h(c) = pc, whence p = id. This shows
that the isotropy group is U; and we can assume without loss of generality that G contains a 2-dimensional
subgroup Gy C Nil; which already acts transitively. A simple argument with Lie algebras shows that there is,
up to conjugacy, exactly one 2-dimensional subgroup permitting conjugacy by elements of Iso, (Nils).

Finally, assume that we have some 2-dimensional subgroup G C Iso.(Nil3) which acts transitively on
some minimal surface f(R) in Nil;. We can assume again that f(RR) in Nil; contains an element ¢ € center(Nils)
and that G is not contained in Nils.

Proposition 4.1. Homogeneous surfaces in Nil5 are congruent to one of the following surfaces:

1. An orbit of a normal subgroup
G(O) = {(x1, tx1,x3) € Nils | x1, x3 € R} C Nils,

or
G(o0) = {(0, x2, x3) € Nil3 | x2, x3 € R} C Nils.

2. An orbit of the Lie subgroup
{((0,0,5s),e")| s, t € R} C Nil3 x Uy.

In the former case, surfaces are vertical planes. Surfaces in the latter case are Hopf cylinders over circles. Thus
the only homogeneous minimal surfaces in Nil; are vertical planes. In particular the quadratic differential B
vanishes identically on homogeneous surfaces.

Remark 4.2.

1. Note that part (1) follows from [21] and part (2) follows from Theorem 5.3 below.

2. The homogeneous minimal surfaces in Nil3 are exactly those minimal surfaces in Nil; for which the func-
tion w in (A.7) cannot be defined, that is, they are exactly those minimal surfaces in Nil; for which the
loop group approach does not work, that is, the case of B = 0.

5 Equivariant minimal surfaces in Nil;

In this section we will discuss minimal surfaces in Nil; which possess a one-parameter group of symmetries.
We begin by stating the following basic definition.
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Definition 5.1. Let f : R — Nilz be a surface. Then f is called equivariant, if there exists a pair of one-
parameter groups (v¢, pt) € Aut(R) x Iso.(Nil3) such that

fovi=peof (5.1)
holds.

In Theorem 5.9, we will show that if a minimal surface S C Nil; is invariant under a one-parameter group
pt € Isoo(Nil3), p¢.S = S, there exists a special Riemann surface S, an immersion f : S — Nil3 with f(S) = S
and a one-parameter group ¢ € Aut(S) such that f is equivariant in the sense of (5.1) with respect to (v¢, p¢).

5.1 One-parameter groups of Iso,(Nil;)

To carry out our study of equivariant minimal surfaces we will need a more detailed description of the isom-
etry group Iso. (Nils). By definition, each element of the isometry group Isoo(Nil3) = Nil3 x Uy is of the form
(a1, az, as), e'). Recall the group multiplication

1
(ai, az, az) - (x1, X2, x3) = (01 +X1,0a +X3,a3 + X3 + 5(01)(2 - ale))

of Nil; and the action of Iso,(Nil3) on Nils:
(a1, az, a3), €%) - (x1, x2, x3) = (a1, az, az) - (cos Ox; — sin Ox,, sin Ox; + cos Ox2, X3).

Note, the isometry ((0, 0, 0), ') acts on Nil; as a homomorphism of groups. It will be convenient to introduce
a “shorthand writing” for certain typical group elements. We will use

a=(ay,a),0),1), c¢=(0,0,c),1), e?=(0,0,0),e".

Then everything is expressed in terms of a = (ay, a,) = a; +ia,, cand e?.In particular we have: Each element
p of Iso.(Nil3) can be written uniquely in the form

p= ace'd.
Here is the list of the multiplications of the basic generators with respect to the semi-direct product group
structure introduced above:

The group of all ¢ is a one-dimensional group isomorphic to R.

The group of all e is a one-dimensional group isomorphic to S!.

The centralizer of Iso,(Nil3) consist exactly of all .

Fora, B € C = R?, aB = (a+P)c(a, ) holds, where c(a, B) = 1 Im(&-B) and “ - ” denotes the multiplication
of the complex numbers & and S.

5. For B € C~ R?, €8 = (% - B)el, where “ - ” again denotes the multiplication of the complex numbers
Band e

W e

Putting this all together, one can easily verify
(aceie)(ﬁbe") =(a+e? -B) (c +0+ % Im(a - ' -,8)) UG
Note that the identity element in Iso(Nil3) is 1 = ((0, 0, 0), 1) and
(ace®)™ = e ?(-0)(-a) = (-7 - a)(-)e ™. (5.2)
Finally for a = ac € Nils, we have e?a = (¢! - @)ce’® and denotes it by

e% = e%[ale’?, (5.3)
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thatis, e?[a] = (- a)c. In particular e?[c] = ¢ follows. Finally we mention that the one-parameter group py €

Iso, (Nil3) generated by the Killing vector field E; = —x> aixl +X1 % consists of rotations pg = ((0, 0, 0), e'?) of

angle 6 about the x3-axis. In our shorthand writing this is pg = €.

An isometry p{) € Nil3 x U; of the form

P = (el = (0,0, ct), €',

where ¢ € center(Nils), t € R, is called a helicoidal motion with pitch c. By what was said above it is clear that
this motion moves the points in Nil; along the e3-axis Re; and rotates them about this axis simultaneously.
The family of all transformations pi‘) forms for fixed ¢ a one-parameter group. In general, a helicoidal motion
along the axis a + Res through the point a = (a; + ias, 0) = (a1, a», 0) € R? ¢ Nil; and with pitch ¢ has the
form:

Pl = a{(tc)eltat = (to){ael }at € Isoo(Nils). (5.4)

Clearly, the transformations pﬁ""‘) (t € R) form a one-parameter group. Moreover, a simple computation
yields the natural and unique representation:

. 2 .
pE"“) =(a-(1-¢€") (ct - \(xT sin t) e'l. (5.5)
A translation motion p; € Nils in direction (ay, as, ¢) € Nils is given by

pe = (ta)(te) € Isoo(Nils). (5.6)

In general one can consider any one-parameter group, not only a translation motion nor only a helicoidal
motion along the axes a + Res, a = a”. However, the following Theorem 5.3 implies that actually any one-
parameter group which is not given by translations can be interpreted as a helicoidal motion, (for example
[33, Theorem 2]).

Lemma5.2. Letp = p¢ c Isoo(Nil3) with p = mopc, where my € R?, p¢ € center(Nil;) and ¢ = e'9 € Uy for
some q ¢ 2nZ. Then p can be represented uniquely in the form

p=capa’

for some a € R? c Nil; and ¢ € center(Nil;).

Proof. We compute the coefficients of any expression of the form
caga?
with ¢ € center(Nil;), a = a" = a; + ia, and ¢ = e'. Since ¢ satisfies (5.3), ¢pa = ¢lal¢g and we derive
apat = a(pap™") ¢ = agla 19,
Now a straightforward computation shows that w = (cagpa )¢ has the coefficients

. . 1 .
Wi =di;-a,cosq+a,sing, w,=da,-a;sing-a,cosq, Wws =c—§(%+a%)smq,

where we set w = (wy, wp, w3) € Nils. Using q ¢ 2nZ it is easy to prove that (aq, az, ¢) — (Wy, wp, w3) is
a diffeomorphism from R> to R3. Therefore the p defined by p can be derived from some (a1, a5, ¢) and the
claim follows. O

Theorem 5.3. Assume p; is a one-parameter group in Iso.(Nil3) which is not contained entirely in Nils. Then
with the notation of Lemma 5.2, p; can be represented in the form

-1
pe = capa,

where ¢; = tc € center(Nil3), a = a € Nil; is independent of t, and ¢, = €' with q # 0.
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Proof. Let p¢ denote the given one-parameter group. We can write p; = mp¢¢p¢. Assuming without loss of
generality g(0) = 0 this decomposition is unique. By definition p¢.s = MrrspersPrrs. Moreover,

PiPs = TP PemtspsPs = Ve, she,sPePs.

The equality psss = p¢ps now implies that ¢, is a one-parameter group. Hence ¢; = e!/¢ where g # 0, otherwise
p¢ would be contained entirely in Nil;. Now we write p; = ctatqbta[l as in Lemma 5.2. Then

PsPr = (Csas(l)sa;l)(crar(;bra;l) = Pr+s.
Using formula ¢pa = ¢p[al¢p by (5.3), we rephrase the middle term above as

(Csasd)sa;l)(crard)ra;l) = (csasPs [agl])(cr(bs [ar(,br[a;l]](;bsw)
= (Cstras({bs[a;l])((l)s[ar¢r[a;1]]¢r+s),

where we have also used that ¢s[c;] = ¢, holds, since ¢[c] = ¢ for all ¢ € center(Nil;). Comparing this to prs
we observe

(cresas ¢s [agl])((ﬁs [ar(f)r[a;l]]) = Cr+sQr+s ¢r+s [[X;J}s] . (5.7)

Recall that a; has no component in center(Nil3), that is, a; = ai‘, whence ¢¢[a;] = €' . a;. But then
ArisPrislarls] = ares — €909 . . modulo center(Nil3) and (as¢s[as ) (ps[ardr[art]]) = as — 7 - as +
esq . (a, — e™a,) modulo center(Nil;) follows. As a consequence we obtain the following equation of com-
plex numbers

(1-e'P)-as+e% - (1-eay = (1-e9*9) . qg,r. (5.8)

Differentiating (5.8) for s at s = 0 we obtain —iq - ag + ig(1 - €'9") - ay = —iq - 9" - &, + (1 - €197) - % - ay. This
equation simplifies to yield

. i d

iq - (ar-ap) = (1-€'")- AR (5.9)
Differentiating (5.8) for r at r = 0, we obtain e'%*(-ig)ao = —ige'®® - as + (1 - €'%) - L a5, which simplifies to

ige'® - (as — ag) = (1 - ') - %as. (5.10)

From (5.9) and (5.10), we obtain that a; is constant (say equal to a). Since now a = ar = as = @r+s and since
also (5.7) holds, we obtain
(Crcsa(l)s [ail])(d)s[a(pr[ail”) = Cr+sa¢r+s [ail]- (5.11)

Since ¢+ is a homomorphism of Nil;, we obtain
(psla  D(gpslagr[a 1)) = (ps[a " D(pslal)(@s[epr[a D).
Therefore the factors on the right cancel. This implies ¢;cs = ¢r+s and the claim follows. O

Remark 5.4. The theorem above was stated (without proof) in Theorem 2 in [33].

In view of Theorem 5.3 above we introduce the following definition.
Definition 5.5. Let f : R — Nils be a conformal immersion from a Riemann surface R into Nils.

1. fis said to be a helicoidal surface if the image f(R) is invariant under a one-parameter group of helicoidal
motions {pE"”‘)}teR as defined in (5.5), that is,

FR) = p&® f(R)

holds for all t € R. In particular, f is said to be a rotational surface if the helicoidal motion does not have
a pitch.
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2. fis said to be a translation invariant surface if the image f(R) is invariant under a one-parameter group
of translation motions {p;};cg defined as in (5.6), that is,

fR) = pe.f(R)

holds for all t € R.
As a corollary of Theorem 5.3, we have the following.

Corollary 5.6. The family of equivariant minimal surfaces in the sense of Definition 5.1 consists of all minimal
helicoidal surfaces and all minimal translational surfaces.

Example 5.7. The standard helicoid
f(x1,x2) = (x1, X2, ctan ™' (x2/x1))

is a helicoidal minimal surface in Nils. In fact this surface is invariant under the helicoidal motion of pitch c.

Remark 5.8. Caddeo, Piu and Ratto [8] studied rotational surfaces of constant mean curvature (including
minimal surfaces) in Nil; via “equivariant submanifold geometry” in the sense of W. Y. Hsiang [37]. Moreover,
Figueroa, Mercuri and Pedrosa [33] investigated surfaces of constant mean curvature invariant under some
one-parameter isometry group. For minimal surfaces the results of this paper recover their results. The moduli
space of all equivariant minimal surfaces in Nil; will be given in the forthcoming paper [43].

5.2 Equivariance induced by one-parameter groups of Iso,(Nils)

We now show that a one-parameter group of symmetries of a conformal minimal immersion f from a Riemann
surface R in Nil; induces a minimal horizontal plane or a one-parameter group of symmetries for a conformal
minimal immersion f of a strip S. More precisely we have the following theorem.

Theorem 5.9. Let f be a conformal minimal immersion from a Riemann surface R into Nil; and p; a one-
parameter group in Iso. (Nil3) acting as a group of symmetries of f, that is, p;.f(R) = f(R) holds.

1. Assume that the one-parameter group p; acts with fixed points. Then f(R) is a horizontal plane.
2. Assume that the one-parameter group p; acts without fixed points. Then there exists an open strip S C C
containing the real axis and an immersion f : S — Nil5 such that f(R) = f(S) and

pef(2) = f(ye.2),
forall z € S, holds.

Proof. (1): Since py is classified as in Definition 5.5 and has fixed points by assumption, it must be a rota-
tion around the axis through a point (a, b, 0) € Nil; parallel to the e3-axis. Then we can choose a simply-
connected domain D ¢ C which contains z = 0 and a minimal immersion f : D — Nil; such that f(D) ¢ f(R)
and f(0) is one of fixed points of p¢. Moreover there exists a ; : z — ze'’ as a local one-parameter group of
D such that 0 € D is a fixed point of ~; and f is equivariant with respect to (v, p¢). Then for the harmonic
normal Gauss map g : D — H? and an extended frame F of f we obtain

iat

gz, v.2) =e'“gl(z, 2) (5.12)

for some a € R and the extended frame F satisfies

F('YI'Z’ W! /U = MI(A)F(Z) z, A)k(t’ z, 2)! (5-13)
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where M;(A) € ASU; 1, and M(A = 1) = diag(e®!/?, e%*/2) and k(t, z, Z) € U, see Proposition 2.1. For z = 0
we infer

F(0, A) = M:(A)F(0, A)k(t, 0), (5.14)
Replacing F by F(z,z,A) = F(0,A)'F(z,z,1), we obtain F(0,A) = id and, setting M;) =
F(0, A)"IM:(A)F(0, A) we derive
F(ve.z, 702, A) = My(ADF(z, 2, Dk(t, z, Z). (5.15)
As a consequence we obtain
M(A) = k(t, 0) = ko(t). (5.16)

In particular, ko(t) = M;(A) is independent of A and contained in U;. Hence M;(A) is diagonal. As a conse-
quence we have two cases:

Case 1. M;(A) = id for all t € R. In this case also M(A) = id for all t € R. But then f(ei’z) = f(z) for all
t € Rand f is not a surface.

Case 2. M;(A) = ko(t) = diag(e'®/2, elat/2) 2 id, that is, a € R \ 2Z. Since F(0, A) = id we can perform
the Birkhoff decomposition F(z, z, A) = F_(z, )L+ (z, Z, A) around z = 0 and obtain

F (y.z, ) = ko(O)F_(z, Dko(t) L. (5.17)

Note that F(0, 0, A) = id implies that F_ is holomorphic with respect to z in an open neighbourhood of z = 0.
Let n-(z,A) = F='dF_, then n-(z,A) = A"*&(z)dz is the normalized potential associated with the minimal
surface f, the normal Gauss map g, and the frame F. Then we obtain from (5.17):

£(e2)el = ko(H)¢(2)ko() L. (5.18)

. 0 -p
&=A1 (Bp1 0) , (5.19)

aty(z), (5.20)

Writing

the equation (5.18) yields
p(eltz)elt —e
and we have
B(e''z)e? = B(z), (5.21)

since B(z)dz? is a globally defined quadratic differential. Note that a takes values in R \ 277Z. From the last
equation it now follows that B(z) is identically zero.

From equation (5.20) we infer that p is of the form p(z) = p,-zj for some j € Z and p; # 0. Moreover,
j+1=aholds.

Since we know that F- is holomorphic at z = 0 it follows that p is holomorphic at z = 0, whence j > 0
follows. Now, if j > 0, then the surface f has a branch point at z = 0, a contradiction. As a consequence, j = O.
This case has already been considered in [21, Section 6] and it was shown that the corresponding minimal
surfaces are horizontal planes. Then since the Abresch-Rosenberg differential Bdz? vanishes on f(D) ¢ f(R),
it vanishes on f(R) and the whole surface f(R) is the horizontal plane.

(2): Since p; acts without fixed points on f(R), around any po € f(R) there exists a chart g : Dg — Nils
such that (0) = po and Dy is an open rectangle containing the origin and with axes parallel to the usual
coordinate axes of R?. Moreover, for all z € Dy and sufficiently small ¢t € I = (€, €) we have with fo = f o 1q:

foz +t) = p¢.fol(2).

This follows from the fact that the (never vanishing) vector field generating the one-parameter group action
p¢ can be represented as a% in some chart.

Let S denote the strip parallel to the real axis and containing R which has the same height as Dg. By [7]
there exists a Delaunay type matrix D(A) which generates a minimal immersion f}} on S which coincides with
fo on Dy, see also Theorem 5.20.
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We claim f(S) C f(R). Suppose this is wrong, then there exists a line segment L in S, parallel to the
x-axis, such that ff} leaves f(R) at some endpoint I of L. Let us write ly = (to, yo) and let us assume without
loss of generality to > 0. Let s > 0 such that (s, y) € Do. Then ty = ms +s” with 0 < s" < sand m € Z. As
a consequence fg(o +1t9) = (ps)™.fo(s") € f(R). Now we can choose a small chart around g = fg(to) which
corresponds to a small box in R? centered at (¢o, yo) such that, analogous to the argument above, fg maps the
small box into f(RR). Hence fg maps a strictly larger line segment L c LF into f(R). This contradiction implies
£3S) € F(R).

Finally we want to show fg (S) = f(R). For this we choose S considered above as large as possible. Let us
consider first the case, where S ends in the upper half-plane at the line T, and in the lower half-plane at the
line T, both parallel to the x-axis. If there exists any point in f(R) which is not contained in fg(S), then we
choose a curve in f(R) connecting such a point with fg(O). This curve needs to intersect fg(Tu) or fg(Tl). At
a point of intersection we apply the argument above and obtain an open strip containing the corresponding
boundary line of the image of fg. Therefore fg can be extended beyond this boundary line, a contradiction.
We thus only need to consider the case ,where the strip is either half-infinite or all of C and where in f(R)
there is a boundary point gqq of fg (S), which can be obtained by taking a limit to oo inside S. Then by the
argument above we obtain a finite open strip B containing g and an equivariant conformal map f, such that
on some sub-strip of B and some half-plane the conformal maps fg and f, have the same image. Since both
maps are equivariant under real translations, they induce a bi-holomorphic change of coordinates of the type
(x,y) — (x, h(y)). Hence h(y) = y + c. This is impossible, since one strip has infinite width and the other one
has only finite width. O

Remark 5.10. Above we have shown that the invariance of f(R) under a one-parameter group without fixed
points can be realized by an immersion of some open strip S. However, in general it is not possible to define
a one-parameter group on the original surface R.

5.3 One-parameter groups of Aut(R)

It is well known that only a few Riemann surfaces admit a one-parameter group of automorphisms. For
non-compact simply-connected Riemann surfaces only the following cases occur (up to conjugation by bi-
holomorphic automorphisms (see, for example [29, Section V-4]): Let us denote the complex plane by C and
the upper half plane by H, thatis H = {z € C | Imz > 0}.

(1a) C and all translations parallel to the x-axis,
(1b) C and all multiplications z — ez with a € C".

(2a) H and all translations parallel to the real axis,
(2b) H and all multiplications z — az with a positive real,
(2c) H and all automorphisms fixing the point i.

In the cases (1b) and (2c) the Riemann surface contains a point which is fixed by the one-parameter group.
We will show in Theorem 5.13 below that these cases only consist of very special minimal surfaces. In case
(1b), if one removes the origin and considers the map C — C'=C~ {0}, w — e, then the group action
pulls back to translation parallel to the x-axis. A similar observation holds in case (2c), if one interprets it
as rotation about the origin of the unit disk. In case (2b), one can map H via z — log(z) - irr/2 to the strip
parallel to the real axis between y = /2 and y = -7/2 such that the one-parameter group turns into the
group of translations parallel to the real axis.

In the following cases one can consider the universal cover and thus obtains strips with the one-
parameter group of translations parallel to the real axis.

(3a) H? = H? . {0} and all rotations about the origin,
(3b) C" and all multiplications z — e'*z with a € C”,
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(3c) A, p and all rotations about the origin, whereO < a < band A, , = {z€ C,0 < a < |z| < b}.

Beyond the cases listed above, only tori admit one-parameter groups of automorphisms. Note that above
already all conformal types of cylinders have been listed.

Definition 5.11. Equivariant surfaces for which the group acts by translations (on a strip) will be called
R-equivariant. Equivariant surfaces for which the group acts by rotations (about a point) will be called S!-
equivariant.

The cases (1b) and (3b) do not fall directly into these two categories. Note, all S*-equivariant cases have a
natural fixed point contained in the domain of definition, or not.

Theorem 5.12. Let f : R — Nils be an equivariant minimal surface of the type (3a), (3b) or (3c). Since the fixed
point of ¢ is not contained in R, one can realize the universal cover S of R as a strip containing the x-axis, such
that the induced map f : S — Nil; is R-equivariant relative to all real translations in the first two cases and in
direction a in the last case. Moreover, in the cases (3a) and (3¢) f is periodic and has a (smallest) positive real
period, and in the case (3b) the period is 27/ a.

Proof. We only need to prove the last assertion. Suppose there does not exist a smallest positive period. Then
there exists a sequence pn of positive periods converging to 0. Since f is real analytic, f is constant, a contra-
diction, since f is assumed to be a surface. In the case (3b) we consider the universal cover 7z : C — C*, w —
e, Then the given action corresponds to w — w + t. Hence the period is 271/a. O

5.4 Special equivariant minimal surfaces

Next we will show that S!-equivariant minimal surfaces with fixed point or vanishing Abresch-Rosenberg
differential are very special.

Theorem 5.13.

1. Consider an equivariant minimal surface in Nil3 with fixed point in Nils, that is, it is in one of the cases (1b)
or (2c). Then the Abresch-Rosenberg differential vanishes identically and such a minimal surface is only a
horizontal plane.

2. Consider an equivariant minimal surface in Nils without fixed point and vanishing Abresch-Rosenberg dif-
ferential. Then such a minimal surface is only a vertical plane.

Proof. (1) The statement follows directly from (1) in Theorem 5.9.
(2) By Proposition 2 in [21], such a minimal surface is only a horizontal plane or a vertical plane. The only
vertical plane does not have any fixed point. O

5.5 Basics about R-equivariant minimal surfaces

By our discussion in Sections 5.3 and 5.4, from here on we only need to consider R-equivariant surfaces which
are defined on some strip S and have non-vanishing Abresch-Rosenberg differentials. Specific properties of
the different cases will be discussed elsewhere. For simplicity of notation we will, as before, abbreviate a
function p(z, z) by p(z). Hence the expression p(z) does not necessarily denote a function depending only on
z.

Theorem 5.14. Let f : S — Nil; be an R-equivariant minimal surface relative to the one-parameter group
(ves Pe)s vt-z = z + t, and p¢ a one-parameter group in Isoo (Nil3) which is not contained in Nils. Let g denote the
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(non-holomorphic) normal Gauss map of f. Then we obtain
fz+t)=peflz) and glz+1t) = eg(z) (5.22)

withO # a € R.
Moreover,

1. For an extended frame F of f as given in (A.17), there exists some k(t, z) € U satisfying
F(z+t,A) = Mi(A)F(z, Mk(t, 2), (5.23)

where M; € ASU 14, M¢(A = 1) = diag(e!®/?, e71at/2),
2. There exists a unitary diagonal matrix ¢ such that the frame F, = F{ satisfies k,(t, z) = id.

Proof. The transformation behaviour (5.23) of F follows, since F : S — ASU; 1sisaliftofg: S — H?, see also
(1.12). Also note, since M¢|;- is a homomorphism, it is easy to verify that k(t, z) satisfies the cocycle condition

k(t+s,z) = k(t, 2)k(s,z+ t), (5.24)
and we obtain (see for example Theorem 2.2 and [26, Theorem 4.1]):
k(t,z) = 6(z)e(z + )1,

where £(z) = ¢(x + iy) = k(x, iy)™L. 2 As a consequence, replacing the original frame F by F¢ one obtains an
extended frame as desired. O

Remark 5.15.

1. In the theorem above one could also permit one-parameter families p; which are contained in Nils. This
case will be discussed in Section 5.10 below.
2. Theorem 5.14 also holds for any general extended frame F of a harmonic map g which satisfies (5.22).

Definition 5.16. A general extended frame satisfying
F(z+t,A) = M{(A)F(z, A)

will be called R-equivariant.

5.6 A chain of extended frames

For a detailed discussion of the relation between spacelike CMC surfaces in Minkowski 3-space > and min-
imal surfaces in Nil; it is important to use extended frames with specific additional properties. In [21], also
see (A.17), a specific extended frame was defined for all A = 1 and the matrix entries were (by definition) the
spinors associated with the associated family {f!} 1est of f. Note that the spinors of a minimal surface in Nil;
are defined uniquely up to a common sign. By continuity in A, the choice of sign for the 1; thus is the same
for all A, whence irrelevant.

Hence the first extended frame in our chain is an extended frame mentioned above and denoted by F(z, A)
in (5.23). As pointed out in Theorem 5.14, this extended frame will, in general, not be R-equivariant under the

2 The following is a brief proof:

22z + )7 = kx, iy) Tk(x + t, iy)
= k(x, iy)™! {k(x, iy)k(t, iy + X)} = k(t, 2).

Where we have used equation (5.24) with z replaced by iy, t by x and s by t.
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action of the translational one-parameter group z — z +t. But we have shown that there exists some function
{(z) such that F, = F¢ defines an R-equivariant general extended frame for the translational one-parameter
group. The frame F, is our second frame. Finally we consider an R-equivariant extended frame which also
attains the value id at z = 0 for all A: F(z, A) = F,(0, )" F,(z, A).

Thus we have the following triple of extended frames

F—sF, — F. (5.25)

Remark 5.17. Note, the frames F and F, generate the same surfaces in I.?> and in Nil; via the respective Sym
formulas. The frame F generates in I.°> a surface which is isometric to the previously generated surface, but the
corresponding surface in Nil; has, in general, no simple relation to the other (two) surfaces in Nil;. However,
as will explained below, exactly this frame yields a very simple “degree-one-potential” from which we will
be able to construct what we want. Note, in such a chain, if one assumes that any of these extended frames
has a translational one-parameter group of symmetries, then all three frames have such a symmetry. The
frames F are R-equivariant general extended frames of the normal Gauss map g, where g : S — H? is non-
holomorphic (since the surface has non-vanishing Abresch-Rosenberg differential) harmonic, and also define
spacelike CMC surfaces in Minkowski 3-space .. For more details on R-equivariant harmonic maps see, for
example [7] and for spacelike CMC surfaces in > see, for example [5].

5.7 The construction principle

In order to construct R-equivariant minimal surfaces in Nil; we will start in general from some special po-
tential and will arrive at some R-equivariant general extended frame F, assuming the monodromy has the
required properties. (In a sense just reversing the arrows in (5.25) above.) What special potentials we will
need to start from will be the contents of the next sections.

At any rate, we will obtain the transformation behaviour (for t € Rand z € S):

Flz+t,A) = MN)EF(z, 1)

and we also know F (0, A) = id. We will apply [7] to construct all of such frames. Note, while the potential will
be defined on some strip S, F may be defined on some smaller strip S’ only, see [43].

After F has been constructed we want to use this frame to construct R-equivariant minimal surfaces in
Nils. But for this it is important to require that M; is diagonalizable for A = 1. In particular, the eigenvalues of
M ¢ need to be unimodular at A = 1, see Theorem 5.14. Therefore, in general, we need to change the frame F
to another frame, for which the monodromy is diagonal for A = 1. This is achieved by putting F = SF, where
S diagonalizes the monodromy as required. (For more details see below.) Comparing to the chain of frames
above we observe, that this new frame plays the role of F,.

Remark 5.18. The general extended frame F with the right choice of initial condition S gives the extended
frame F, = SF, which is not F. However, this is irrelevant for the resulting minimal immersion f. More pre-
cisely, if one plugs F and F, into the Sym formula, then the resulting minimal surfaces are the same. Thus we
will only consider F,.

As pointed out already above, the change from F to F, is by multiplication:
Fy(z, M) = SWE(z,A)

with S(A) € ASU;,14. Note since M; is diagonalizable at A = 1 for all ¢ € R, one can choose S(A) such that the
monodromy M(A) = S(A)M;(A)S(A)~" of F, is diagonal for A = 1. More precisely, since M;(A = 1) diagonaliz-
able, we have two cases:

Case 1. The eigenvalues of M;(A = 1) are both 1. This means M;(A = 1) = id. Then we can choose S(A) €
ASUy 1, arbitrary.
Case 2. The unimodular eigenvalues of M ¢(A = 1) are different. In this case there exists some matrix S € SU; ;
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such that SM,(A = 1)S' is diagonal. Inserting A and A~ respectively off-diagonal into S we obtain a matrix
S(A) € ASU4, 14 such that M¢(A) = S(MA)S(A) is diagonal for A = 1.3

Altogether we obtain that F,(z, A) = S(A)F(z, A) is a general extended frame for g which has monodromy
M¢(A), and M¢(A = 1) is diagonal. As a consequence, we obtain an R-equivariant minimal surface in Nils
defined on some strip S’ containing the real axis by applying the Sym formula stated in Section C.2.

Remark 5.19. In both cases above the choice of “initial condition” S € ASUj 14 is not unique. Here is what
happens for different choices:

Case 1. In the case of M «(A = 1) = id different initial conditions generally yield different equivariant
minimal surfaces, see Section 5.10.

Case 2. Assume the eigenvalues of M ¢«(A = 1) are unimodular and different. Let S € ASU1 14 be another
initial condition such that SM;S|;_; = SM;S™|;_;. Then § = §S with some loop & € ASU} 1, such that §|,_, is
diagonal. Let F, and F, be the corresponding general extended frames associated with the initial conditions S
and S, respectively. Then we obtain F, = 6F,. Inserting F, and F, into the Sym formula, the resulting minimal
surfaces are the same up to a rigid motion (see the proof of (b) of Theorem 1.5 for the computation).

5.8 Degree one potentials

In the last subsection we have seen that for every R-equivariant minimal surface in Nil; its normal Gauss map
is an R-equivariant harmonic map into H?. These maps have been investigated in [5]. It will be more helpful
to us to follow the approach of [7], translated into our setting. Here is our rendering of results of these two
papers which are particularly relevant to this paper.
We consider f : S — Nils to be an R-equivariant minimal surface relative to the one-parameter group
(vt pt)s Y.z = z + ¢, that is,
fOre.2) = pe.f(2).

Letg : S — H? denote its (non-holomorphic) harmonic normal Gauss map and F an R-equivariant general
extended frame for g which attains the value identity at 0. Let M ¢(A) € ASU4,1, denote the monodromy of F.

By following [7, Section 3] in our setting and [5] we obtain the following characterization of all R-
equivariant minimal surfaces in Nils:

Theorem 5.20. Every R-equivariant non-holomorphic harmonic map g : S — H? associated with an R-
equivariant minimal surface in Nil3 can be obtained from a constant holomorphic potential n = Ddz of the
form

De Asul,w, D(/U = /\71W_1 +Wo + AWl, detD(/\ = 1) >0, (W—1)12 #0, (526)

where all w; are independent of A and z and (w_1)1, denotes the (1, 2)-entry of w_1. In particular D has purely
imaginary eigenvalues for A = 1.

Conversely, every constant n = Ddz as in (5.26) with initial condition S € ASU; 14 such that SDS™|,_; is
diagonal, generates an R-equivariant harmonic map g : S — H? defined on some strip S C C parallel to the
real axis, and, by the Sym-formula (C.3), generates an R-equivariant minimal surface in Nils.

Proof. Following the proof of [7, Section 3] verbatim we obtain the first two statements of (5.26). The last
statement expresses the fact that we assume f to be an immersion at the base point “z = 0”. Hence, to finish
the proof of the first part of the claim we only need to prove the statement about the eigenvalues of D. But
for the monodromy M; of F defined in the last subsection we have M:(A) = F,(0, )" MA)F,(0, A). Thus
M¢(A = 1) has the same eigenvalues as M;(A = 1), where M; is the monodromy of a general extended frame
F,.But M(A) = exp(tD(A)) by definition of D(A), see [7], and we know that #;(A = 1) is diagonalizable for all ¢.

3 S may depend on t, however, a straightforward computation shows that S = diag(u(t), u(t)"1)S where S is independent of t.
Thus we can assume without loss of generality that S is independent of t.
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Hence D(A = 1) has only purely imaginary eigenvalues and the claim follows. The proof of the second part of
the claim follows from [7, Section 3] and the fact that we need diagonalizable monodromy in our situation. [

Remark 5.21.

1. The potential n = Ddz will be called the degree one potential of an R-equivariant minimal surface f.

2. The theorem above does not specify the size of the strip S in the second part of the theorem, since the
Iwasawa decomposition of exp(zD) is not global. This issue will be discussed in the forthcoming paper
[43].

3. Since D € Asuy 14, the diagonalizablity condition in Theorem 5.20 immediately implies that det D(A =
1) = 0 and moreover, when det D(A = 1) = 0, then D(A = 1) = 0 follows. On the contrary, in Proposition
5.31 when det D(A = 1) = 0 and D(A = 1) # 0 or det D(A = 1) < 0, we obtain non-equivariant minimal
immersions which have an equivariant normal Gauss map.

With the notation of Theorem 5.20, and the explanation of the construction principle in the previous subsec-
tion, the procedure of constructing R-equivariant minimal surfaces in Nil; from degree one potentials D is as
follows:

Let us consider the solution C, taking values in ASL,Cy, of the holomorphic ODE dC = Cn with p = Ddz
and initial condition id, Hence we obtain C(z, A) = exp(zD(A)). Then we perform an Iwasawa decomposition
of C near z = 0. We obtain

C=Fv,,

where F and V, take values in ASU; 15 and A*SL,Cy, respectively. We then choose S € ASU; 1, such that it
diagonalizes D for A = 1, that is S(A) exp(tD(A))S(A)~! is diagonal at A = 1. Since S(A) exp(tD(A))S(A)~! takes
values in ASUy 14, we have for F, = SWF

Fyz+t,A) = M{(DFy(z,A), M(A) = SQA) exp(tD(A)S(A) .

Then by the construction, F, is a general extended frame of some R-equivariant harmonic map g : S — H?2.
Moreover since M(A = 1) is diagonal by construction, the corresponding minimal surface f in Nil; is also
R-equivariant:

fz+1t) = pe.f(2)
where p; € Isoo(Nil3).

5.9 Monodromy matrices and symmetries induced by R-equivariant actions

Note that to compute p; for all R-equivariant minimal surfaces, which are obtained from degree one poten-
tials, it is not necessary to work out the Iwasawa decomposition explicitly. It suffices to know the monodromy
M:(A) = S(A) exp(tD(A))S(A) 1. In particular, the transformation behaviour of the R-equivariant minimal sur-
face f in Nil; under the transformation z — z + t:

fz+t) =pe.f(2), pe=((ps,qe,70)s eite),

is determined by M explicitly. In fact we consider a degree one potential 7 = Ddz, z € Cand A € C", and
write the matrix D in the form

1[0 a ic O 0 b ic Ala+Ab
D) =A" = 2
W =1 (b o) " (o —ic> A (a o) (A‘1b+/\a _ic ) ’ (5.27)

where a € C*,b € C,c € Rand detD(A = 1) = ¢? - |a + b|? = 0. Then Theorem 1.5 actually tells us how to
compute e'® and pt. Let f be the immersion obtained by inserting F, = S(A)F into the Sym formula (C.3) with
A = 1. Then the proof of Theorem 1.5 shows that f changes under ~; as follows

>

Foe2) = { AT + 5187, (s 1) X + v |
A=1
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where f; 5 is the map defined in (C.2), and
Xc = ~IOMIM;Y, Y, = ~2A0,X, = -2 A0, (M@ MOM; D),
As proved in Theorem 1.5, the resulting minimal surface f satisfies

f(ye.2) = pe.f(z) with pg = ((pt’Qt,rt), e“e)

where we set = detD|,_; = ¢ — |a + b|* = 0,

— 1 * —qt + lp[ _ 1 —irt *
Kther =3 <_qt_ipt * and Vi =3\« 4, )

We want to compute X; and Y; in more detail. For this we write A = eV, then for any function H(A) we have
r_ d s d

H = EH = lAﬁH. ThUS

1
T2
A straightforward computation shows the following corollary.

Xe=-MM;', Y, {Mthl - (Mthl)z} .

Corollary 5.22. If M; = SM,S™1, then X; and Y; can be computed as
Xy = =S ([5‘13, M + Mt) S,

1 . . N NI
Vilpor = 5 ([s LS L+ Lo —Lr 1Lt) MRS,

where we set Ly = [S71S, M,] + Mt.

Note, an inspection of the last two formulas yields that X;|,_; and Y¢|,-1, and therefore also p;, can be com-
puted from D.

Remark 5.23. The condition det D(A = 1) > 0, that is, the monodromy matrix M:(A) = S(A) exp(tD(A))S(A)?
has unimodular eigenvalues at A = 1, is purely local, since det D(A) takes non-positive values in general only
for some A € S*.

5.10 Translation invariant minimal surfaces

It is clear that all R-equivariant minimal surfaces induce some one-parameter group {p};cr C 1500 (Nil3),
and by Theorem 5.3, such one-parameter groups describe a helicoidal motion or a translation motion. There-
fore in the following sections we characterize helicoidal and translation invariant minimal surfaces by the
degree one-potentials in detail.

In this section we characterize translation invariant (5.6) minimal surfaces in Nils.

Theorem 5.24. Let f be a translation invariant minimal surface. Then f is R-equivariant. Moreover, the corre-
sponding degree one potential n = Ddz as in (5.27) satisfies D|)-; = O.

Conversely, let n = Ddz be as in (5.27) a degree one potential satisfying D|;-; = 0. Then the resulting
R-equivariant minimal surface is a translation invariant minimal surface.

Proof. Let f be a translation invariant minimal surface. Then it is clear that f does not have a fixed point on
the surface and thus it is an R-equivariant surface by Theorem 5.9 and Theorem 5.12 and thus there exists a
degree one potential Ddz with D as in (5.27). We also know f(z + t) = p;.f(z) with p; a one-parameter group
of isometries of Nil3 as described in (5.6). In general, the rotation part of a symmetry p; yields, up to a factor
1/2 the eigenvalues of M(A) at A = 1. Under our assumption the rotation part of p; is trivial, whence the
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eigenvalues of M¢(A) are identically 1 at A = 1. But then the eigenvalues of D(A = 1) vanish and since this
matrix is diagonalizable, D(A = 1) = O follows.

Conversely, let us start from some degree one potential D satisfying D|;_; = O. From this we infer that
M tlie1 = exp(tD)|p=; = id, whence the resulting equivariant surface does not have a rotation part, that is,
0 = 0. Hence by Theorem 1.5, we conclude that the original one-parameter group in Iso.(Nil3) actually is
contained in Nil3. Therefore the surface is a translation invariant minimal surface. O

We now compute the one-parameter group {p¢}¢cr With pr = (p¢, g¢, 7¢) € Nils given by the degree one
potential Ddz with D|,_; = O as follows. Since D|;_; = 0, we obtain that D has the form

~ 0 aA™t-p) .
D(A)_<a(—)l‘1+/\) o ), acCr

We know from Section 5.7 that in the present case we can choose for C(z, A) any in initial condition S(A) taking
values in ASU 1.

Example 5.25. We first choose the initial condition S(A1) = id. Then M; = exp(tD) and by Corollary 5.22, we
have
(1, 2)-entry of X¢|;-1 = 2iat and (1, 1)-entry of Y¢|,—; = O.

Thus p; is given by
pt = ((pt, qt, 1), 1) = (4tRea, 4tIma, 0), 1). (5.28)

Thus the surface is a translation invariant minimal surface with a direction p; given in (5.28).

Example 5.26. We next normalize without loss of generality to a = 1: Conjugate, if necessary, D by a diagonal
matrix so that a is changed into a positive real number. Then change the complex coordinates by scaling.
Now we choose another initial condition S, namely S|,-; = “boost”,

coshp  esinhp
Slicq = . e SU; 1, ,q €R).
a1 <e"1 sinhp  coshp 1 (p.g )

Note, any Se ASU4 14 can be decomposed as
S= diag(eil, e Hs, (E €R, Se ASUng) ,

where S|;- is a boost. Then the resulting surface defined by using the initial condition S is congruent to the
surface given by the initial condition S. Thus we only need to consider a boost as an initial condition. Without
loss of generality we can assume p > 0 and g € [0, 2m). Since the Iwasawa decomposition of exp(zD) = FV.
can be computed directly as

exp(zD) = ex 0 A -zA ox 0 (z-2)A
PUTI =P a1z 0 Pliczesm o )

a straightforward computation yields

SFlyy - cosh s cosh p - ie'? sinh s sinh p isinh s cosh p + !9 cosh s sinh p
A= —isinhscoshp + e coshssinhp coshscoshp +ie"¥sinhssinhp )’

where s = 2 Im(z). From this it is easy to see that as spinors 1 and i, at A = 1 one can choose
Y1luoq = Vi(coshscoshp —ie'sinhssinhp), a[,-; = Vi(isinhs cosh p + €' cosh s sinh p).

Then another straightforward computation shows that the conformal factor of the metric of the resulting
surface is

e"2 = 2(11|? + |2 [?) = 2m cosh <4y +cosh™! <@>> ,
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where m = \/(cosh 2p)? - (singsinh 2p)? and z = x + iy. Here note that m > 0. In particular if g = 0,
then [1)1|% + [2|? = cosh 2p cosh 4y. From this, for any pair (p, q) € [0, o) x [0, 277), there exists a (, 0) €
[0, o0) x {0} such that the conformal factors are the same function up to a translation in y. Therefore the
resulting translation invariant minimal surfaces are parameterized by p € [0, oo).

For the present case, where g = 0, the resulting translation invariant minimal surface can be computed

as follows:
coshs isinhs
SF=S§ )
(—i sinhs coshs )

coshp sinhp

where s = 2Im(A™'z) and S|,_; = <Sinhp coshp

) . Then the resulting surface f can be computed as in the
proof of Theorem 1.5

d

- d
f2) = (Ad(S)f13(2)) + (Ad(S) <‘%/\6Af]]} (Z))) +X°+ (%[X, Ad(S)fys (2)] + Y) }A=1’

where X = -iA(0,5)S}, Y = -120,X,

fis(@per = ( -jcosh(4y)  2ix - ;sinh(4y)>

-2ix - } sinh(4y) 1 cosh(4y)
and
iy — x cosh(4y) ix sinh(4y)

] —ix sinh(4 —iy - x cosh(4
DA - ( )y xcoshlty )>

Let us consider the minimal surface

=1

. d
@) - (A9 @)+ (4d9) (3000003 ) |

Then the term X° + (% [X, Ad(S)fy:(2)] + Y) d ’A denotes the translation of fs(z). Moreover, the resulting min-
-1

imal translation invariant surface f5(z) is explicitly given by

4 cosh(2p)x + sinh(2p) cosh(4y)
fs(z) = sinh(4y) , (5.29)
-2 sinh(2p)y + 2 cosh(2p)x sinh(4y)

where z = x+iy. It is easy to see that f(z) satisfies (5.30) and thus it is a translation invariant minimal surface.

Remark 5.27. Note that fs in (5.29) is exactly the same surface as the following one given in [33, Theorem 6],
[39, Part II, Example 1.8]:

X3 = X2 o 2 4 %ln (xz + m> (5.30)

2 2
with ¢ = sinh 2p € R (see also [11, Example 8.2]). These surfaces are products of two appropriate curves (see
[39, Part II, Example 1.8], [40]).
5.11 Helicoidal minimal surface
Next we consider helicoidal surfaces, in particular R-equivariant surfaces for which p; is not contained en-

tirely in Nil5. By Theorem 5.20 and Theorem 5.24 this is exactly the case when the degree one potential D
satisfies det D|;_; = c? - |a + b|? > 0.
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Computations with general coefficients a, b, c are obviously quite laborious. Therefore we will restrict
here to the case (5.31) below. Note that coefficients can be changed/simplified by using scalings of coordinates
and/or immersions and one can move from one surface to another one in the same associated family etc. It is
conjectured, that up to such manipulations the basic helicoidal surfaces can all be generated from the ones
with a = 1 and ¢ = 2. Therefore, we normalize a and c as

a=1 and c=2, (5.31)

respectively. It seems that we can prove that without loss of generality a and ¢ can be normalized as in (5.31),
however, it is rather complicated and we postpone the proof until the forthcoming paper [43].
Then the condition det D|,_; > O is equivalent to that b is inside the open disk

ID>={be(C||1+b\2<4}, (5.32)
that is, the disk with center (-1, 0) and radius 2 in the complex plane. Thus we have the following theorem.

Theorem 5.28. Let f be a helicoidal minimal surface in Nils;. Then the corresponding degree one potential
n = Ddz satisfies det D|;—, > 0. Conversely, let n = Ddz be a degree one potential which satisfies condition
(5.31) and det D|;-1 > 0. Then there exists a helicoidal minimal surface with respect to the axis through the point
a = a € Nil; parallel to the es-axis with pitch ¢, where a and ¢ are defined by

. iQ+0(=6+b+b(3+2Reb)+40)

, 5.33

21 +b)Wh-02 )
_ _ 2 K2 AV

._ ~23Reb (Reb)ﬂ [bI°Reb - |b]*) (5.34)

with ¢ = \/detD[j.; = /3 -2Reb - |b|2 < 2.
Moreover, the minimal helicoidal surface becomes a rotational surface (for obvious reasons usually called
catenoid) if and only if the pitch ¢ vanishes, that is, if

3Reb - (Reb)® - |b|*Reb - |b|*> =0 (5.35)
holds.

Proof. Clearly, any helicoidal minimal surface f does not have a fixed point on the surface and thus it is an R-
equivariant surface by Theorem 5.12. Thus the normal Gauss map g is also equivariant and thus there exists a
degree one potential = Ddz by Theorem 5.20. Since f it is not a translation minimal surface, the eigenvalues
of the monodromy matrix M; are unimodular and distinct, thus D satisfies det D|,_; > O.
Conversely, let n = Ddz be a degree one potential which satisfies condition (5.31) and det D|;_; > O.
Then let e; and e, denote orthonormal (with respect to the indefinite Hermitian inner product) eigenvec-
tors of D|,_;. Then (ey, e;) € SU; 1 and the matrix S, given by

S = diag(1"?, 171%)(ey, e,) diag(A "1/, A1?), (5.36)
is contained in ASU 14. If we choose S as an initial condition for the solution to dC = Cn, then we obtain
Mi|j1 = Sexp(tD)S™*|,_; = diag(e', e™*").
Then by using Corollary 5.22, X; = —iA(0,M;)M; and Y; = %AaA(A(aAMt)Mt‘l) can be computed as
the (1, 2)-entry of X¢|;-1 = %a (1 - eZiZt),

: 2
the (1, 1)-entry of Y¢|j-1 = —% (cZZt - % sin 2€t> ,
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where a, ¢ and ¢ are given in (5.33) and (5.34), respectively. Thus in the relation f(4;.z) = p;.f(z) the one-
parameter group p; can be computed:

. . 2 .
pe = ((Re(a(l - 2 Im(a(1 - %), 20t - |aT sin 2£t) , ez’“) )

From (5.5), p; is a helicoidal motion with angle 2/t through the point (Re(a), Im(a), 0) and the pitch c.
Finally, from (5.33) and (5.34) it is easy to see that the helicoidal motion gives a rotation if and only if the
pitch ¢ vanishes, that is, (5.35) holds. This completes the proof. O

Remark 5.29.

1. Let us consider the case b = 0 in (5.27) with @ = 1 and ¢ = 2. It is easy to see that det D|;_; > 0 holds.
Moreover, this case was already considered in [21], and the resulting surface is a horizontal plane or a
horizontal umbrella depending on the initial condition S. Since we are interested in the case of equivariant
minimal surfaces, we consider only horizontal planes.

2. Let us consider the case b = 1 in (5.27) with a = 1 and ¢ = 2. It is easy to see that det D|;-; > 0 holds.
Moreover, this case was already considered in [21], and the resulting surface is a horizontal plane.

3. Letusconsiderthecasea = 1in(5.27) withc = 1-band 0 < b < 1.1tis easy to see that det D|;_; > O holds.
It is known that the resulting spacelike CMC surface f; ; in I.?, see Figure 3 in [5], is given by elementary
functions. It has been called semitrough [36, page 98] and the corresponding minimal surface is the same
surface as the one given in Example 8.4 of [11].

5.12 Minimal surfaces with R-equivariant normal Gauss maps

As we have shown that equivariant minimal surfaces Nil; have equivariant non-holomorphic harmonic nor-
mal Gauss maps and they induce the degree one potentials n = D dz. Conversely, n = D dz with D|.; = O
or det D|;-; > O induces an equivariant minimal surface in Nil;. In particular in the case of detD|,.; > 0O,
the initial condition S € ASU; ;4 is important to construct an helicoidal minimal surface, and it is essentially
unique. If we choose an arbitrary intial condition S € ASU; ;4, then the resulting minimal surface is no longer
equivariant.

Corollary 5.30. Let n = Ddz be a degree one potential which satisfies the condition (5.31) and det D|,_; > O.
Then there exist a two-parameter family of minimal surfaces which are symmetric with respect to (v, p) given by
vz z+ 2V detD]/1=1 andp = ((p, q, 1), 1) given in (5.37), that is, the resulting surface is periodic, but it is
not equivariant in general.

Proof. We choose an initial condition S in the construction of the resulting minimal surface f given by the
degree one potential n = Ddz such that

coshp  esinhp

§=BoS € ASUy,15, where Boly=( _;
oS € 1,10, Where Bo[j_ (elqsinhp coshp

> »,q €R),

and S is the initial condition given in (5.36). Then the monodromy matrix
M; = BoSexp(tD)S Byt

at A = 1 can be computed as M|,_; = Bo diag(ei*!, e7*‘)By"|;_;, where ¢ = v/detD|,_; > 0. Therefore, for
to = 271/¢, we obtain M t,(A = 1) = id, and thus the resulting surface is symmetric with respect to (v, p), where
v:z—z+2n/¢andp = ((p, q, 1), 1) and p, q, r € R are given by

S 1 * -q+i N 1 (-ir *
Xtola=1 = 5 <—q— ip q* p) , Yiolpa1 = 5 ( N ir> , (5.37)
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with
~ F N ~ 1 (% ~_ N
Xto|A=1 = —MtOMtol ’/1=1’ Yto |A=1 = Z {MtOMtol - (MtoMtol)z} }A=1'
Here - denotes the derivative with respect to v, A = e'*. This completes the proof. O

It is also natural to think about the remaining cases, that is, the cases where det D|,_; = O with D|,_; # O or
det D|)-1 < O.Itis easy to see that the resulting normal Gauss maps from such degree one potentials n = D dz
are R-equivariant, however, the minimal surfaces in Nil3 are not equivariant.

Proposition 5.31. Let n = Ddz be a degree one potential which satisfies the condition
detD|j-q =0 with D|j.; # OordetD|;; <O.

Then the normal Gauss map of the resulting minimal surface in Nils is equivariant, however the resulting surface
itself does not have any symmetry.

Proof. From the construction, it is clear that the normal Gauss map is equivariant. Since the monodromy
matrix given by the potential n does not have unimodular eigenvalues, thus the resulting surface does not
have any symmetry by Theorem 1.5. O

A Preliminary results on Nils, surfaces in Nil; and flat connections
for the harmonic normal Gauss map

A.1 Heisenberg group Nil;
As in [21] we realize the three-dimensional Heisenberg group Nil; by R? with the group multiplication
1
(a1, az, a3) - (x1, x2,x3) = (611 +X1,042 + X2, a3 + X3 + E(alxz - 612X1)> .
and the left-invariant metric
1 2
ds? = dx? +dx3 + (dx3 + E()(2(1)(1 - xldxz)> .

The Lie algebra of Nil; will be denoted nil;. The standard basis e, e,, e5 of nil; = R> induces left-invariant
vector fields which will be denoted by E1, E>, E3, see (1.5). By D we will always denote a non-compact simply-
connected Riemann surface. Usually this will mean ID the unit disk or the complex plane.

A.2 Surfaces in Nil3

Let f : R — Nils be a conformal immersion of a Riemann surface.

We consider the 1-form f10fdz = ®dz on a simply connected domain ID ¢ R (or the universal cover
of R) that takes values in the complexification ni[éc of the Lie algebra nil3. With respect to the natural basis
{e1, ea, e3} of nil3, we expand & as & = ZLI ¢rer and obtain that (¢1)? + (¢2)* + (¢p3)* = 0, since f is
conformal. Then there exist complex valued functions ¥, and i, such that

¢1= @) - i, B2 =i((¥)* + D), b3 =213,

where 1, denotes the complex conjugate of 1,. It is easy to check that 1;(dz)'/? and 1, (dz)"/? are well
defined on R. More precisely, 1/)1(dz)1/ 2 and l/)z(dZ)l/ 2 are respective sections of the spin bundles ¥ and £
over R.
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The sections 1, (dz)'/? and 1, (dz)"/? are called the generating spinors of the conformally immersed sur-
face f in Nil;. The conformal factor e of the induced metric (df, df) and the left translated vector field f 1N
of the unit normal N to nil3 can be expressed by the generating spinors as follows:

e = 4(j1 > + |2 *)?, (A1)

and

1
12 + |12
where Re and Im denote the real and the imaginary part of a complex number respectively. We define a func-
tion h by

fIN- (2Reprw2)er + 21m(pryo)er + (al - [921es ) (a2

h=e"*(fN, es) = 291 | - [1ha]). (A3)

Then we get a section h(dz)'/2(dz)"/? of ¥ ® £. This section is called the support of f. The coefficient function
h is called the support function of f with respect to z. The support function h is represented as h = e*/2 cos 9.
Here 9 denotes the angle between N and the Reeb vector field E5 (called the contact angle of f). From [21,
Proposition 3.3], it is known that f has support zero at p, that is, h(p) = 0 if and only if E; is tangent to f at p.
Thus a surface f is said to be nowhere vertical if it is nowhere tangent to E3.

In this paper we will usually assume that any surface considered in this paper is nowhere vertical. In
this case, the map f~*N has a nowhere vanishing third component. We usually normalize things so that this
component is positive.

Remark A.1. From (A.1) it follows that f has branch points exactly where 11 (p) = ¥>(p) = 0 holds. From (A.3)
it follows that f is vertical exactly, where |)1(p)| = |2(p)| holds. Hence a nowhere vertical surface has no
branch points and thus will be an immersion.

A.3 The normal Gauss map

We identify the Lie algebra nil; of Nil; with Euclidean 3-space R? via the natural basis {e1, e, e3}. Under this
identification, the map f~'N can be considered as a map into the unit 2-sphere S?  nil;. We now consider
the normal Gauss map g of the surface f in Nils. The map g is defined as the composition of the stereographic
projection 7 from the south pole with f"N, thatis, g = mo f !N : D — C U {co} and thus, applying the
stereographic projection to f 1N defined in (A.2), we obtain

g- V2
U
Note that the unit normal N is represented in terms of the normal Gauss map g as
fIN= _ (2 Re(g)e; + 2Im(g)e, + (1 - |g|2)e3> . (A4)
1+]g]?

The formula (A.4) implies that f is nowhere vertical if and only if |g| < 1 or |g| > 1, and our usual assumptions
imply that always |g| < 1 holds.

Remark A.2. The normal Gauss map of a vertical plane satisfies |g| = 1. Conversely, if the normal Gauss map
g of a conformal minimal immersion f satisfies |g| = 1, then f is a vertical plane.

A.4 Nonlinear Dirac equation and the Abresch-Rosenberg differential

It is known that the generating spinors ; and ), satisfy the following nonlinear Dirac equation, see [4, 21]

for example:
l/)l e 6_1/)2+UI/)1 _ 0
()= (o) (5): 9
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where H .
—yp-_Zouz 1
U=V yett 4h, (A.6)

and e*/2 and h are expressed by ¥, and 1, via (A.1) and (A.3). * The complex function U(= V) is called the
Dirac potential of the nonlinear Dirac operator .

The Hopf differential A dz? is the (2, 0)-part of the second fundamental form of f derived from N. It is easy
to see that A can be expanded as

A =2(h10%; - P20y1) + 4iPi(h2)°.

Next, define B as the complex valued function

B—1(2H+i)/~1 where A=A+ ¢
T4 ’ N 2H+i'

Here A and ¢; are respectively the Hopf differential and the e3-component of f 1 of for f in Nils. The complex
quadratic differential A dz? will be called the Berdinsky-Taimanov differential. It is known that 2Bdz? is the
original Abresch-Rosenberg differential [1, 30]. In this paper, by abuse of notation, we call Bdz? the Abresch-
Rosenberg differential. We define a function w using the Dirac potential U(= V) by

w/2 _ a0 _ =_E u/2 i
e U=V 2e +4h. (A7)

Here, to define the complex function w, we need to assume that the mean curvature H and the support func-
tion h do not have any common zero. For nonzero constant mean curvature surfaces this is no restriction,
however, for minimal surfaces, this assumption is equivalent to that h never vanishes, that is, that these sur-
faces are nowhere vertical. The opposite, minimal vertical surfaces which are always vertical are just vertical
planes, as explained above.

Theorem A.3 ([3]). Let D be a simply connected domain in C and f : D — Nils a conformal immersion and w
the complex function defined in (A.7). Then the vector 1 = (i1, V) satisfies the system of equations

0P =pU, oY =9V, (A.8)
where

0 —Be /2

= _ _ . A9
<ew/2 %aw+%aHe‘W/2+“/2> (A.9)

i 1ow + LoHev/Z+ul2 _gwi2
N Be™/2 o /)’

Here e" never vanishes on D.

Conversely, every vector solution l]) to (A.8), where e" never vanishes on D and where (A.7), (A.9), (A.1) and
(A.3) are satisfied, is a solution to the nonlinear Dirac equation (A.5) with (A.6) and therefore is induced by some
conformal immersion into Nils.

A.5 Loop groups

Here we recall definitions of various loop groups, see [44] in detail. Let SL,C be a special linear Lie group of
degree 2, and define a twisted loop group of SL,C, that is, a space of maps from S! into SL,C:

ASL,Co = {g : S* = SL,C | g(-A) = 0g(A)}, (A.10)

where 0 = Ad(03). We induce a suitable topology (such as a Wiener topology) on ASL,Cy such that ASL,Cgy
becomes an infinite dimensional Banach Lie group. Then we can define several subgroups of ASL,Cy:

_ -1
ASU; 14 = g € ASL,Cy | 03 (g(1//1)f) o3 = g}, (A11)

4 The potential in [4] differs from ours by multiplication —2.
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A*SL,Cq = {g € ASL,Cy | g can be extended holomorphically to D*}, (A.12)

where D* (resp. D”) denotes inside (resp. outside) of the unit disk on the extended plane C U {ec}. These
subgroups ASU1 14, A*SL,Cy and A™SL,C, are called the twisted loop group of SU, 1, the “positive” and the
“negative” loop groups of SL,C, respectively. By A{SL,C, we denote the subgroup of elements of A*SL,Cq
which take the value identity at zero. Similarly, by AxSL,Cs we denote the subgroup of elements of A”SL,Cq4
which take the value identity at infinity.

A.6 Flat connections

Recall that from our assumptions we know that the unit normal f~1N is upward, that is, the e3-component
of f1N is positive. We assume from now on that

H = constant.

Hence the matrices U and ¥V in (A.9) above simplify. Next we introduce a parameter A as follows

1 -1,w/2 B,—W/2
P _ 70w -1""e A _ 0 -ABe
u <)tlBeW/2 0 ) >V (Aew/z low ’ (A13)

At this point we state a result which is crucial for the rest of the paper.

Theorem A.4. Assume that the mean curvature H is constant. Then equation (A.8) is solvable if and only if the
matrix zero-curvature condition
ot - VA [0, 7 (A.14)

holds.

Proof. Writing out the integrability condition for (A.8) we obtain an equation, where (1, ¥,) is multiplied
to U2 - 72 - [0, V). Working out the equation (A.14) and subtracting one side from the other, we obtain a
diagonal matrix of trace 0. Since (11, Y,) only vanishes on a nowhere dense set, the integrability condition
is equivalent to that the diagonal coefficients vanish. But this is the claim. O

From (A.14), it follows that there exists a matrix valued function F : D — AGL,Cy such that F-1dF = U'dz +
az.
For the purposes of this paper it will be convenient to change the matrices U* and ¥ by the gauge

diag(e ™/*, e "/*). We thus obtain the equation
o = Uldz + Vidz (A.15)
with coefficient matrices
Law A tew/2 -15w -ABew/2
Ut = 7 , vt = 4 - . A.16
(/11Be‘"’/2 -1ow Ae"/? Fow (A.16)

Note that this system of equations still is integrable, that is, satisfies the integrability condition (A.14) for the
new coefficient matrices. Using this matrix zero-curvature condition. we can show that minimal surfaces in
Nil; are characterized in terms of their normal Gauss map as follows. We first recall Theorem 5.3 in [21].

Theorem A.5. Let f : D — Nil; be a conformal immersion which is nowhere vertical and a’ the 1-form defined
in (A.15). Moreover, assume that the unit normal f~' N is upward. Then the following statements are equivalent:

1. fis a minimal surface.
2. d + a’is a family of flat connections of the trivial bundle D x SU1 1.
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3. The normal Gauss map g for f is a non-holomorphic harmonic map into the hyperbolic 2-space H? =
SU;,1/U;.

Remark A.6.

1. The equivalence (1) < (3) has been proven by [31], see also [11, 38]. We have given a new proof for this
reulst in [21].

2. The statement that the non-holomorphic harmonic normal Gauss map into H? implies the item (2) also
holds and will be discussed in greater generality below.

3. We also note that the non-holomorphicity of the normal Gauss map derives from the fact that the upper
right corner of the (1, 0)-part of a? (that is, U) is purely imaginary, and never vanishes, since the surface
is nowhere vertical.

By (2) of Theorem A.5, there exists an F : D — ASUj 1, such that F “1dF = a*. The argument leading to (5.8)
in the proof of Theorem 5.3, [21], shows that actually the following matrix, written in terms of the generating
spinors, solves this equation for A = 1:

1 \ﬁ_lll)l \fi_ll/&)
Fljoi=—mn—ouo—— T _r« A.17
et VI1l? = [Pa|? <\fll,bz Vi, (A17)

The frame F as given in (A.17) will be called an extended frame of the minimal surface f.

Remark A.7. The formula above can be rewritten by using a “hidden symmetry”: In view of (A.7) we obtain
for minimal surfaces in Nil3 the relation

e = 2(l? - 1ol (A18)

where by (A.16) the right upper corner of the (1, 0)-part of a, the Maurer-Cartan form of the moving frame
F(z,z,A) forA =1, is —e"/2.

B The loop group construction of harmonic maps from D into
HZ = SU1’1/U1.

In Appendix A we have considered a minimal immersion into Nil; and have recalled the construction of an
S!-family a? of flat connections. Moreover, we have pointed out that for such a minimal immersion the normal
Gauss map g is a harmonic map into the unit disk H? = SU; 1 /U;. More precisely, g is obtained from f1N by
a stereographic projection (where this is carried out in su; ; = R? which is considered as a Euclidean space).

In this section we briefly recall other realizations of the hyperbolic 2-space H? and how all harmonic
maps into H? = SU1,1/U; can be constructed by the loop group method. This construction is one of the two
main tools for the construction of all minimal surfaces in Nil; by the loop group method.

B.1 Realizing Minkowski 3-space I.? as the usual Euclidean 3-space R3

To relate the setting of the theory of harmonic maps into H? = SU;,1/U; to our setting we need to consider
a natural isomorphism between the usual Euclidean space nil; = R3 with natural basis e, e,, e3, and the
Minkowski 3-space I.° realized by the Lie algebra nil; with natural basis &1, &5, and &3, spelled out explicitly
below.

The Killing form of su; ; induces a Lorentz metric on su; ;. Thus we regard su; ; as the Minkowski 3-space
IL3. The basis of > = su; ;

1(0 i 10 -1 1(-i 0
_1 _1 _1 , B
€1=3 <—i o)’ €2=3 (-1 o) and &5 =5 <o i) (B.1)
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is an orthonormal basis of su; ; = L> with timelike vector €5 relative to the non-degenerate bilinear form
(A,B) = 2 Tr AB.
An explicit isometry J : > — suy,1 is given by the map

t
(X1,Xx2,x3)" = x3€3 —x1&5 - X2&1.

It is easy to verify that that this map is an isomorphism of Lie algebras, where the Lie algebra structure of I3
is given by the usual cross product.

Note that the group SU; ; acts on suy; = L3 by the adjoint representation. In particular, the timelike
vector &3 generates the rotation group SO, = Ad(exp(t€3)) which acts isometrically on > by rotations around
the x3-axis. On the other hand, the isometries exp(t€) and exp(t&,) are so called boosts.

B.2 Realizing the left translated unit normal and the normal Gauss map in su; ;

From Section A.3 we know that f 1N and g are realized in the same 3-dimensional vector space which we will
consider to be the natural R> as well as to be the three-dimensional Minkowski space L>. These (identical
vector) spaces will be provided with the usual non-degenerate bilinear forms relative to the natural basis
e1, ez, e3 respectively and with e5 the timelike vector in the Minkowski case.

By what was said in Section A.3 we know that f~!N takes values in the two sphere S? relative to the
definite metric, actually in the upper hemisphere S2, and g takes values in H?, realized by the hyperbolic
2-space H? as the unit disc (in the definite metric) in the complex plane C perpendicular (in both metrics) to
the es-direction.

The stereographic projection 7 : S — H? (relative to the definite metric) maps f~1 N bi-holomorphically
onto H?. The group SU; ; acts on C by Mébius transformations, leaving H? invariant, and this action trans-
forms via the stereographic projection to a group of conformal transformations on S? which leaves S? invari-
ant.

It is well known that the linear fractional action of SU; ; on S? just mentioned is induced by the standard
linear action of SO*(2, 1) on 2.

More precisely, for a concrete realization one considers the forward light cone with vertex at the “south
pole” —e3 on the x3-axis and its boundary intersecting the x;x;-plane in the unit circle. Then the stereo-
graphic projection from the south pole to the x; x,-plane and the stereographic projection to the hyperboloid

Q= {v eL?|(v,v) = -1, (v,e3)< 0}
inside the open forward light cone give diffeomorphisms, and an isometry from the unit disk H? to the hyper-
bolid Q2.
These projections are equivariant relative to the group actions of SU; ; discussed above. In particular,
the action of SU4 1 is linear and implemented by the adjoint representation.

B.3 General extended frames of harmonic maps into H? = SU; ;/U;

In the last sections we have considered three diffeomorphic space forms of negative curvature, H2, S2, and
Q2

For a given minimal surface f : D — Nil3 we have correspondingly three normal Gauss maps:

e The normal Gauss map g : D — H?, see definition above.
e The translated unit normal f !N = 771 o g : D — S2, with 7 a stereographic projection, see above.
e The corresponding map Ny : D — Q2.

It is known [21] that the normal Gauss map is harmonic. Since the other maps are obtained from g by equiv-
ariant conformal diffeomorphisms, they are harmonic as well.
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By [27], each of these harmonic maps can be obtained by the loop group method: Let us explain briefly
how this works the case of g. Here we have as target space H? = SU;1,1/U;. First one chooses some frame
F : D — SU;,1, which is unique up to right multiplication by an element in U;. Note that this implies g = F
mod U; in our case. Then one introduces (as usual, see for example Section A.6 for more details) the loop
parameter into the Maurer-Cartan form a = F~dF, arriving at a” as above. Solving F"'dF = a’ one obtains
what we call for the time being a “general extended frame F(z, z, A)”. From this extended frame one obtains
the (meromorphic) normalized frame F_(z, A) by a Birkhoff decomposition (see for example Section C.3 for
more details).

The Maurer Cartan form n-(z, A) = F_(z, z, A) *dF-(z, A) is called the normalized potential. This is a mero-
morphic one-form defined on D which has a special form, see for example (C.4).

Starting, conversely, from any normalized potential as stated above, one can reverse the steps: first solve
an ODE, then find a A-dependent frame F € ASU; 1, by an Iwasawa decomposition (see Step I in Section C.3)
and finally one obtains a harmonic map into H? by projection to the quotient space H?.

Definition B.1. The extended frames defined above have not restrictions on the initial conditions nor on any
special additional property. They are therefore called the general extended frames.

Theorem B.2. Foraharmonicmap g : D — SU; 1/U; any two general extended frames F(z, z, A) and F(z, z, A)
for g satisfy

F(z,z,A) = AA)F(z, z, )k(z, 2)
with some A(A) € ASU, 14 satisfying A(A = 1) =id and k € U;.

Proof. LetF(z, z, A) and F(z, Z, A) be general extended frames of g, that is, F(z, z, A = 1) and F(z, 2, A = 1) are
frames of g. Therefore F(z,z,A = 1) = F(z, z, A = 1)k(z, Z) for some k € U;. Now the claim follows. O

Remark B.3.

1. An extended frame F of a minimal surface f as in (A.17) is of course a general extended frame of the
harmonic map induced by the normal Gauss map of f. Moreover, two extended frames F and F of f are
related by

F=AF, (B.2)
with some A(A) € ASU; 1, satisfying A(A = 1) = id. Here k € U, is identity since F|;_; is given by the
generating spinors Y1, Y, of the minimal surface f.

2. If one wants the two loop group procedures outlined above to be inverse to each other, then one can
achieve this by choosing some fixed base point zo € D and assume that all matrix functions occurring
above attain the value id at zg.

C The loop group construction of minimal surfaces in Nil3

C.1 Extended frames of minimal surfaces in Nil; and extended frames of harmonic
maps into H? = SU, ,/U;

For the purposes of this paper we need to use special frames in order to construct minimal surfaces in Nils.

For this we would like to point out, that in the proof of Theorem 6.1 in [21] it was shown that the map
Ny : D — Q2, equivalent to g, has a frame of the form (A.17). Moreover, the (1, 2)-entry of the (1, 0)-part
of the Maurer-Cartan form of this frame never vanishes on D, since we only considered minimal immersions
into Nil3 there. We generalize this result by proving the following “folk theorem”:

Theorem C.1. Assume the matrix valued function F:D— ASU4 14 satisfies

@ = Far,
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where
o' = 0tdz + az (C.)

A a -A'b ~h [ g -Ab
u _</1‘1c -a )’ v _<Ar -q ]’

and where b never vanishes on . Then a = q = iu with u a real valued function, as wellas p = ¢ and r = b.
Moreover, after a diagonal gauge in ASU; 1, we can assume that b is purely imaginary and never vanishes on
D. In this case, after writing b in the form b = —e"/? the matrices U" and V* attain the explicit form stated in
equation (A.15).

with

Sketch of the proof. The first claim follows from F € ASU1 1,. Writing b in the form b = ive® with v and s real
valued functions we see that the diagonal gauge in ASU; 1, with (1, 1)-entry ¢715/2 yerifies the second claim.
Assuming the first two claims are satisfied, then the last claim follows by an evaluation of the integrability
condition of &*. O

Corollary C.2. If F:D— ASUj 14 is a general extended frame of a harmonic map Ny : D — Q?, such that
the (1, 2)-entry of the (1, 0)-part of the Maurer Cartan form of F never vanishes on D, then there exists a matrix
function k : D — U such that F = Fk with F a general extended frame of g which satisfies (A.15) and is of the
form (A.17) for all A € S*. Moreover, equation (A.18) holds for all A € S*.

Proof. By the theorem above we can assume without loss of generality that the Maurer-Cartan form of F has
the form stated in (A.15). Using (A.18) we can define for all A € S the function h which is supposed to become
2(11)? - [i2|). Putting )

Fii = 91V2(R) ™ and  Fip = $ov2(i) 2,

we have rewritten F for all A € S' in the special form (A.17).
O

By the results above we have found very special frames for harmonic maps into Q?. What we still want to
show is that the functions 1; occurring in these frames define a minimal surface in Nil;. We will achieve this
in the next subsection.

C.2 Sym-formula

We regard su; ; as the Minkowski 3-space I as in Section B.1. We identify the Lie algebra nil3 of Nil; with the
Lie algebra su; 1 as a real vector space. Then the corresponding linear isomorphism = : suq,; — nil3 is given
by

su11 3 X181 + X285 + X383 — X1€1 + Xp€3 + X3€3 € nils.

It should be remarked that the linear isomorphism = is not a Lie algebra isomorphism. For geometric meaning
of this linear isomorphism, see Appendix E.

Next we consider the exponential map exp : nil; — Nil;. We define a smooth bijection Z; : su;,; — Nil;
by Zy; := expoZ. Under this identification Nil; = suq 1, and SO, = {exp(t€3)}¢cr acts isometrically on Nils
by rotations around the x3-axis.

In what follows we will take derivatives for the variable A. Note that for A = ! ¢ S!, we have 9, = i10;.
The following result is essentially Theorem 6.1 of [21], but has weaker assumptions. It turns out that the proof
stays correct for the slightly more general assumptions stated just below.

Theorem C.3. Let F : D — ASU; 1, be a general extended frame of a harmonic map g : D — H?, such that
the (1, 2)-entry of the (1, 0)-part of the Maurer Cartan form of F never vanishes on D, and such that F satisfies
the conclusions of Corollary C.2.
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Define the maps f; s and Ny s respectively by
fis = —iA(QF)F ! - %Ad(F)a3. and Ny = %Ad(F)o3, (C.2)
where a3 = (} 9 ). Moreover, define a map fA: D — Nil; by

f/1 = Eh of with f= (fLB)O - %A(a/lfv)d’ €3)

where the superscripts “o” and “d” denote the off-diagonal and diagonal part, respectively. Then, for each A
S1, the following statements hold:

1. The map fi > is a spacelike constant mean curvature surface with mean curvature H = 1/2 in > and Ny 5 is
the timelike unit normal vector of fi 5.

2. The map f" is a minimal surface in Nil; and Ny s is the isometric image of the normal Gauss map of fAinthe
hyperboloid Q? under the natural isometry from the unit disk H? onto Q? (see Section B.2 for details). In
particular, any general extended frame of g is an extended frame of some minimal surface f. Furthermore,
f"\ -1 and f are the same up to a translation.

Conversely, for each minimal surface f : D — Nils there exists an extended frame such that the Sym-formula
applied to this frame produces for A = 1 the given immersion f.

Proof. We only need to prove the “converse” statement. To do this, we choose an extended frame F of the
form (A.17) for the given surface f. By the results above we know that F does induce (for A = 1) a minimal
surface f in Nil; via the Sym formula. Moreover, f and f only differ by a translation in Nils. It thus suffices
to prove that there exists a matrix A(A) € ASUj 1, satisfying A(A = 1) = id such that the frame F = AWF
induces, via the Sym formula, exactly the original surface f for A = 1. In fact if we choose

AQ) = expB() with B(QA) = %Bl(}l A+ %Bz(/\ _Ahy

such that B(A) € Asuy,14, then A(A) € ASU; 1, and A(A = 1) = id. Moreover, the respective minimal surfaces
given by the frames F and F differ by a translation T = (p, g, ) with

p=-Re(b112), q=-Im(b112) and r=-ibyi,
respectively, where b1, is the (12)-entry of B, and b1 is the (11)-entry of B,. O

In view of Corollary C.2, we obtain

Corollary C.4. Let F : D — ASU; 1, be a general extended frame of a harmonic map g : D — H?, such that
the (1, 2)-entry of the (1, 0)-part of the Maurer Cartan form of F never vanishes on D. Define the maps f; > and
Ny as in the last theorem. Then the conclusions of the theorem above also hold.

Moreover, from Corollary A.17 for g and Theorem C.3 we have

Corollary C.5. Let F be an extended frame of a minimal surface f as defined in (A.17), and let a’ denote the
Maurer-Cartan form of F. Moreover let F be a any solution of F1dF = a® which takes values in ASU; 14, that
is, F and F are related in the form F = AF with some z-independent matrix A € ASU1 14. Then plugging Finto
the Sym formula (C.3), we obtain a minimal surfacef in Nil and F is an extended frame forf.

Remark C.6. In general, this surface f is not isometric to the original minimal surface f, see Example 5.26.

C.3 Generalized Weierstrass type representation

We now briefly summarize the results of the generalized Weierstrass type representation in [21, Section 7] as
follows: Let F be an extended frame of some minimal surface f as in (A.17) defined on a simply connected
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domain D. The Birkhoff decomposition, see [21, Theorem 7.1] or [44], of F is given as
F=FF,, F-eA:SL,Cy, F: e A*SL,Cg.

Then by [21, Theorem 7.2] F- is meromorphic with respect to z and moreover, the Maurer-Cartan form F-1dF-
satisfies
_ _ 0 -p
_=F1'dF_ =" dz, Ch
{ < B p—l 0 ) z ( )

where p is a meromorphic function on D and Bdz? is the Abresch-Rosenberg differential which is a holomor-
phic quadratic differential. The meromorphic 1-form &_ as in (C.4) will be called the normalized potential.

Conversely,

Step L. Let £- be a meromorphic 1-form of the form stated in (C.4) which has a global meromorphic solution
to dC = C¢_ and solve the linear ODE:

dc = Cf, with C(Zo, /1) S ASLZ(CU.
Step II. Apply the unique Iwasawa decomposition as stated in [21, Remark 8.1] for C near z,, that is,
C=FV, ¢ ASUl,lo’ . A+SL2(CU or C= F(U()V+ S ASUng cWo A+SL2(C0,

g). Then from Theorem 8.2 in [21], it follows that there exists some diagonal matrix D €

ASU4 14 such that FD or woFD is an extended frame of some minimal surface in Nil; in the sense of Corollary
C.5.
Step II. In the final step, minimal surfaces in Nil5 can be obtained by the Sym formula in Theorem C.3.

where wg = (_21

Remark C.7. We note that the normal Gauss map Nj ; of the resulting minimal surface can be obtained by the
extended frame FD or woFD by

%Ad(F)03 or %Ad(woF)O'g,

which is in fact the unit normal to the spacelike constant mean curvature H = 1/2 surface f; ; in > defined
in (C.2).

We will explain how to produce all minimal surfaces by our method. The main point is Birkhoff splittability of
an extended frame of a minimal surface which satisfies (A.17). Starting from some minimal surface we obtain
a special frame F as in (A.17). Note that F is independent of A. Choose some fixed base point zo € I and

consider By = F(zo). Now consider B(A) = ( AZL ";l“> € ASUy,14, where the by; (1 <1, j < 2) are the entries
12 11

of By. Note that B(A) is Birkhoff splittable B = B_B. with B- = ((1) A; ), and B. lower triangular, as can be

verified by a simple computation. Note that B,1; never vanishes.

Next solve the Maurer-Cartan form equation for F with initial condition B(A) for each A € S. This will
produce an extended frame which coincides with the original F for A = 1 and which will be Birkhoff splittable
near the base point zg.

D Real form involution and global meromorphicity

Let n7(z, A) be a potential for a minimal surface in Nil;. Consider the solution to dC = Cn, satisfying C(0, A) =
id. Let ¢ denote the involution which characterizes the real form ASU; 1, in ASL,Cs. Then we have ¢(g) =

—
03g(1/A) o3 for g € ASL,C,. By abuse of notation, put

@ (n(w, ) = -o3tn(w, 1/A)03. (D.1)
We now introduce ¢ : A(z, w,A) — A(w, z,A) for A : D x D — ASL,C¢ and define (group level)

# (Az, w, 1)) = (pA(z, w, D)) = 05(A(W, 2, 1/1)  05.
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In this sense we abbreviate i
R(w, A) = p(C(w, 1)) = 05:C(W, 1/A) " 03.

Now, analogous to the usual loop group approach to the construction of integrable surfaces we consider next
Q(z,w, A) = R(w, )1 C(z, A) and consider its (meromorphic) Birkhoff decomposition

Q(z, w, ) = Rw, )7 1C(z, A) = Vi(z, w, )S(z, w)V.(z, w, A), (D.2)

where V, and V- have leading term id, and S is a A-independent diagonal matrix. As pointed out in [27], the
entries of V., V_ and S are quotients of the entries of C"'R. As a consequence they are meromorphic functions
on D x D. From (D.2), it is easy to see that

U=CV;'=RVS. (D.3)

D.1 Iwasawa decomposition and the decomposition of B

Eventually, we want to determine S in more detail. To start with we observe
PR =RO™

From this we infer the equations
®(V.)=V_ and @(S)=S". (D.4)

For U = CV;! = RV-1S, we thus obtain $(U) = US™!. We want to prove: S = (1)1 for some A-independent
diagonal matrix I. To begin with we consider S(0, 0). We observe that (D.4) implies that S(0, 0) is real (and
non-zero anyway).
Case 1: S(0, 0) > 0: Writing S(z, w) = diag(eb(z’w), e P@W)) we see that to prove our claim we need to find
some function a(z, w) such that
bz, w) = a(z, w) + a(w, 2)

with a(0, 0) real. But $S = S~! implies
b(w, 2) = b(z, w).

Using this and a power series expansion of b and setting

a(z, w) = Z bamz"w™ + % Z bunz"w".

0<n<m n=0

we obtain b(z, w) = a(z, w) + a(W, z). Hence (so far at least locally) we obtain, as desired, S = (¢1)"1. More-
over, U = Ul™! satisfies $(0) = U. In addition

Wlth V+ = lV+

Case 2: S(0, 0) < 0: Write S = -S, then $So = Sy* and Sy(0, 0) > 0 holds. The argument given just above
produces some k satisfying Sy = (¢k) *k. Then U = Uk satisfies (i)(f]) = —U, what we are not interested in.
Therefore we reconsider

RICc=V1(-idV, = 17:1((¢1w0)’1a)0)f/+,
with wg = (_/(1)_1 g) We obtain
U=CV;'wy' = RV (pwo) . (D.5)

Consequently we arrive at

A

C=0woV, and (i)(f]) =U.
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When w = Z, then § is the anti-linear involution defining ASU; 1, and thus U takes values ASU1,14. Moreover
the leading term of ¥, = IV, has real entries. Let C = FV, be the (unique) Iwasawa decomposition on z € Je
asin (2.3). Then we have U = F and thus

Fl=U

holds, and FI has a unique meromorphic extension. Moreover, on z € Jy, we have
U = Flk wg!

for U defined in (D.5).

E Geometric meaning of the linear isomorphism su; ; and nil3

E.1 Unimodular Lie algebras

Let us consider a 3-dimensional real unimodular Lie algebra g with basis {e;, e,, e3}. This Lie algebra is
defined by the commutation relations:

ler,ea]l =cse3, [ex,es]l=creq, [e3,e1]l=c;er.
We introduce an inner product on g so that {e, e,, e3} is orthonormal with respect to it.
Here we introduce auxiliary parameters uy, U2, us by
1 .
Hi=slciteares)-c, 1=1,2,3.

Now we restrict our attention to the range:

We denote the metric Lie algebra by g(c, 7). The corresponding simply connected Lie group with left invariant
metric is denoted by G(c, 7).
Then we have the following table of sectional curvatures:

K(ey Aey) =-372+2ct, K(es Aes)=K(eg Aes) =12,

The quantity x := K(e; A e5) + 312 = 2¢7 is called the base curvature of G(c, 7).

Example E.1 (Nil3). Let us choose ¢ = 0 then g(0, 7) is isomorphic to nil3(7). We have pu; = y; = -u3 = 7, so
we get K(e1 A e;) = -37%, K(ea A e3) = K(eq A e3) = 2. Hence k = 0.

Example E.2 (SU,1). Nextletus consider the case ¢ < 0. In this case, the Lie algebra is isomorphic to su; ; and
the isometry group of the corresponding simply connected Lie group G(c, 1) is 4-dimensional and K(e; Ae,) =
-37% +2cT, K(e; A e3) = K(eg A e3) = 72. Hence kx = 2¢7 < 0.

One can see that nil3(1r) = lim._,o g(c, 7). We can show that there is a real analytic collapsing G(c, ) —
Nil;(7). Note that for ¢ < 0, G(c, 7) is the universal covering of SU; ;.

E.2 Anti de Sitter space

Now we consider the metric induced from the Killing form of su; ;.
First we take the basis {e1, e;, e3} of g(c, ) as before. Next we choose c so that ¢ = -27 > 0. Moreover
we define a scalar product (-, -); by the rule {e;, e;, e3} is orthogonal and

(e1,e1)r = (€2, e2)p = —(e3,e3)p = 1.
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Denote by w the left invariant 1-form on G(-27, 1) dual to e3. Then the two scalar products are related by
(2= () - 202
This scalar product is given explicitly by

1

This shows that the induced Lorentzian metric is bi-invariant and proportional to the Killing metric. Since
the metric is bi-invariant, we have

(RO, V)Y, X) = 2 (X, YL, [X, Y]

This implies that G(-27, T) is of constant curvature —72.
From these observations we can interpret the isomorphism nil3(1/2) — su; ; in the following way.

1. For 7 > O and ¢ < 0, we consider the unimodular Lie algebra g(c, 7) with basis {e;, e, e3} and equip a
scalar product (-, *) = (-, *)¢,7-
2. Take ¢ = -27 and change the inner product to the scalar product (-, -);. Then we have the Minkowski
3-space > = Re; @ Re, @ Res;
L’ := (g(-27,7), (-, *)1).

The Lie algebra is su; 1.

3. On the other hand, fixing the inner product (-, -) on g(c, 7).
Then the resulting lim._.o g(c, 7) is Euclidean 3-space R? = Re; & Re;, & Res with nilpotent Lie algebra
structure. Thus lim._,q g(c, 7) is nil3(7).

Thus there is a linear isomorphism (identity map)
suy 1 = g(-21, T) «— ¢(0, T) = nil3(1)

given by e; «+— e;.

Thus the isomorphism first observed by Cartier [9] is just the identity map. Note that the simply connected
Lie group G(-27, 7) equipped with left invariant Riemannian metric is the model space PSL; of Thurston
geometry.

E.3 Explicit models

Take the following split-quaternion basis:

of suy,1. We define the basis {&], £3, €5} by
e =—1j, &Y =1k, &% =-7i.

This basis satisfies
[e1, &3] = 27¢€5, [€3, &3] = -27¢], [€5, e1]=-27&s.

We use the scalar product
1
X, Y)r = —tr (XY),
(X, Ve i= 5tr (XY)
then {€7, €7, €1} is orthonormal. The sectional curvature is —-72. If we put e; = €], thenc; = ¢; = 21 < 0
and c3 = 27 > 0.

Thus we have the following fact.
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Theorem E.3. For a positive number T, we take a basis {e1, e>, e3} of suy ; defined by e; = -7 £} . Introduce
two scalar products on suq,1 by

¢ The inner product defined by the rule, {e;, e,, e3} is orthonormal with respect to it.
e The Lorentzian scalar product

1
<X, Y)L = ?tr (XY).
Then we have

e With respect to the Riemannian metric, SU1 ;, has sectional curvatures
K(ei A ey) =-772, K(es Aes)=K(es Aep) =12

The base curvature is —-472.
e With respect to the Lorentzian metric, SU1 1 is of constant curvature -T2,

In both cases the quotient space H? = SU, ,1/U1 is of constant curvature 472,

If we choose T = 1/2, we recover the situations in this article.
If we define the sign € by
{ +1 Riemannian metric
e =

-1 Lorentzian metric.

The we have the unified formula for the sectional curvatures:

K(er Aey) = -3et? - 412, K(e, Aes) = K(es Aeq) = eT?.

E.4 Sister surfaces [10]

Let us take a minimal surface f : D — Nil;(7). Then its sister surface f : D — G(c, T) is defined by the relation
412 =k - 47?, t* =2+ H?, H=-&/4, &=2ct.

If we choose ¢ = —2%, we get —-4H? = ik = —4%2. Thus we may choose H = 7 > 0. Thus 7 = 7/+/2. Hence f is a
constant mean curvature surface in G(—v/21, t/+/2) with mean curvature 7/v/2.
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