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Zusammenfassung

Kausale Entdeckung bedeutet, einen gerichteten azyklischen Graphen (DAG) zu lernen, der ein kausales
Modell kodiert. Aufgrund des groflen kombinatorischen Suchraums kann dieses Modellauswahlproblem
schwierig zu l6sen sein, insbesondere wenn nicht-parametrische Kausalmodelle betrachtet werden. Eine
neuere Forschungsrichtung versucht, die kombinatorische Suche zu umgehen, indem sie die kausale Ent-
deckung als kontinuierliches Optimierungsproblem betrachtet. Zu diesem Zweck werden Beschriankungen
angenommen, die die Azyklizitidt des Graphen charakterisieren. Bestehende Arbeiten zu nicht-parametrischen
Einstellungen basieren auf endlich-dimensionalen Approximationen der nicht-parametrischen Beziehung
zwischen den Knoten, was zu einem Score-basierten kontinuierlichen Optimierungsproblem unter einer
glatten Azyklizititsbeschriankung fiihrt. In dieser Arbeit entwickeln wir einen alternativen Approximation-
sansatz, indem wir mit reproduzierenden Kernel-Hilbert-Rdumen (RKHS) arbeiten und allgemeine sparsam-
keitsinduzierende Regularisierungsterme verwenden, die auf partiellen Ableitungen beruhen. In diesem
Rahmen fiihren wir einen erweiterten RKHS-Reprisentantensatz ein. Um Azyklizitit zu erhalten, befiir-
worten wir die log-determinante Formulierung der Azyklizitdtsbeschrinkung und zeigen ihre Stabilitit.
SchlieBlich untersuchen wir die Leistung unseres resultierenden RKHS-DAGMA-Verfahrens in einer Reihe
von Simulationen sowie einer illustrativen Datenanalyse.

Abstract

Causal discovery amounts to learning a directed acyclic graph (DAG) that encodes a causal model. Due to
its large combinatorial search space, this model selection problem can be challenging to solve, especially
when considering non-parametric causal models. A line of recent research seeks to sidestep the combi-
natorial search by framing causal discovery as a continuous optimization problem. To this end, one adopts
constraints that characterize the acyclicity of the graph. Existing works on non-parametric settings are based
on finite-dimensional approximations of the non-parametric relationship between the nodes, resulting in a
score-based continuous optimization problem under a smooth acyclicity constraint. In this work, we develop
an alternative approximation approach by working with reproducing kernel Hilbert spaces (RKHS) and us-
ing general sparsity-inducing regularization terms that are based on partial derivatives. Under this setting,
we introduce an extended RKHS Representer Theorem. To hold acyclicity, we advocate the log-determinant
formulation of the acyclicity constraint and show its stability. Finally, we examine the performance of our
resulting RKHS-DAGMA procedure in a set of simulations as well as illustrative data analysis.
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1 Introduction

Structural equation models (SEMs) based on directed acyclic graphs (DAGs, also known as Bayesian net-
works) have found wide-spread applications ranging from computational biology [Zha+23] to manufactur-
ing [G¥24] and finance [Ji+18]. In the realm of computational biology, Zhang et al. [Zha+23] developed a
causal active learning strategy that employs a Bayesian update for the causal model to identify interventions
that are optimal. Within the financial sector, Ji et al. [Ji+18] used DAG to uncover the contemporaneous and
lagged relations between Bitcoin and other asset classes. In the framework of SEMs, to represent a joint
dependence structure, every variable is modeled as a function of a subset of the other variables as well as
noise. In this setting, models based on DAGs assume that there are no causal feedback loops. Such an as-
sumption can be restrictive but is key for allowing the definition of non-linear models. Indeed, it is generally
unclear whether cyclic systems of structural equations admit a unique solution or a solution at all.

In many applications, the underlying DAG is not known, and methods for causal discovery, which learn
the DAG from data, promise to offer useful insights. Numerous algorithms have been proposed for causal
discovery, see, e.g., Drton and Maathuis [DM17] or Spirtes and Zhang [SZ19]. One classical approach
is provided by constraint-based algorithms which are based on testing conditional independences [MT99;
SGI91; Tsa+03]. A second prominent approach is given by score-based algorithms [Chi02; HGC95]. In this
work, our focus will be on a score-based approach. Specifically, we will take up a recent theme whose aim
is to find a DAG that minimizes a model selection score based on a continuous optimization problem with a
continuous acyclicity constraint imposed on a weighted adjacency matrix W. This theme was initiated in the
NOTEARS algorithm [Zhe+18] which assumes a linear SEM and uses an exponential acyclicity constraint
changing the combinatorial optimization problem into a continuous optimization problem that is solved in
an augmented Lagrangian scheme. More precisely, consider W € R%*? as the weighted adjacency matrix
of a graph G with d nodes whose edges correspond to the direct effects in a linear SEM. Let W o W be the
Hadamard product. Then the constraint of Zheng et al. [Zhe+18] is posed through the exponential acyclicity
function hexp(W) = Tr(e"°") — d. With the resulting constraint, score-based causal discovery becomes
amenable to the application of commonly used gradient-proxy algorithms for (non-) linear optimization
problems. Several follow-up works proposed other acyclicity characterizations [BAR22; Naz+23; NGZ20;
Yu+19]. Following related literature, we refer to this general approach as differentiable causal discovery.

Recent work also extended this methodology to non-parametric settings. Suppose we observe a d-
dimensional stochastic system comprised of the real-valued random variables (X j);lzl. In a directed graph-
ical model presented through structural equations, each variable X; exhibits a relationship with the other
coordinates of random vector X := (X j)?:l- Assuming additive noise ¢;, but allowing for non-linearity, it
then holds that

Xi=fi(X)+e, j=1,...d. (1.1)

Here, each function f; : R? — R is measurable and is modeled to belong to a function class of interest. In
particular, f; does not depend on coordinate X;. Zheng et al. [Zhe+20] treat what we refer to as differentiable
causal discovery in a nonparametric setting. Namely, the authors propose to approximate the functions f;
by multi-layer perceptrons or via a (truncated) basis expansion in the original functional space, i.e., in the
space of functions where both the functions and their derivatives are square-integrable over domain X (an
expansion is then possible via the trigonometric basis of functions) and minimize the corresponding residual
loss subject to trace-based acyclicity constraint for the expansions of functions f;. In the sequel, we work
under additional assumptions that the functions are continuously differentiable (which as we will show is for
example ensured when considering Gaussian RKHS). In the MLP framework of Zheng et al. [Zhe+20], the
entry Wy ; of the weighted adjacency matrix is defined as the L, norm of the kth column of the weight matrix
in the first hidden layer of the jth MLP. In the case of approximation by basis expansions, the general non-
parametric model is assumed to be an additive model, so f;(X) = Xx4; fjx (Xx), with each fj approximated
by a finite number of orthonormal elements from the basis in the space of differentiable functions which
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1 Introduction

derivatives are square-integrable. Then Wy is defined as the L, norm of the coefficients corresponding to
the basis approximation of fji.

Both the MLP approximation and the basis expansions in Zheng et al. [Zhe+20] yield finite-dimensional
optimization problems in terms of neural network weights or basis coefficients. The current MLP approx-
imation is sensitive to the size of hidden units. Although increasing the size of the hidden layers increases
the flexibility of MLP functions, larger networks require more samples to estimate the parameters [Zhe+20].
Moreover, the current MLP approximation relies on random initialization for the weights which causes obvi-
ous randomness in results [see the illustration from WBD24, Figure 2 therein]. Fine-tuning the architecture
of a neural network is, thus, a non-trivial task. On the other hand, the basis expansion approximation adopted
in the earlier work is restricted through its focus on additive models.

Contributions. In this work, we introduce a novel kernel-based methodology for differentiable causal
discovery in non-parametric settings. Our contributions can be summarized as follows:

* We approximate each function in (1.1) with the help of an RKHS given by a differentiable kernel
k and establish a version of an RKHS Representer Theorem for an empirical acyclicity-constrained
optimization problem (similar to that of Rosasco et al. [Ros+13] in the statistical learning scenario).
Given data (x* )L, this leads to optimizing functions that are combinations of evaluations of the kernel
and its partial derivatives:

(1.2)

n i n d 3k( ’)
; aik(x,x") + Z Zﬁai%

i=1 a=1 s=x!

* We use the implication that if x — f;(x) is continuously differentiable for all x in a connected and

compact sample space X, then gTE = 0 implies that f; does not depend on xi. Thus, we define the

weighted adjacency matrix directly via the partial derivatives of the functions f;, which is model-
agnostic as one does not define the weights in terms of approximations to f;.

* We base our optimization on the DAGMA method [BAR22] and adopt the log-determinant acyclic-
ity constraint hjqe, for which we demonstrate stable optimization behaviour on the boundary of the
domain.

* We explore the behavior of kernel-based differentiable causal discovery in simulation experiments as
well as the collection of cause-effect datasets [Moo+16]. The code for our experiments is available at
the author’s GitHub site.!

Outline. Chapter 2 sets up notation and reviews the basic settings for directed acyclic graph (DAG) as well
as the DAG learning problem. In chapter 3, we investigate the DAG learning problem under the assumption
of the linear structure equation model (SEM), demonstrating that it can be reformulated as an equality con-
strained optimization problem. Then we review two essential optimization methods, namely the Lagrange
rule and the augmented Lagrange multiplier method [Nem99], to solve equality constrained optimization
problems. Finally, we study the application of the augmented Lagrange scheme to the DAG learning prob-
lem within the framework of linear SEM, resulting in the linear NOTEARS algorithm [Zhe+18]. Chapter
4 modifies the linear NOTEARS algorithm by incorporating adaptive Lasso to facilitate learning a sparse
DAG. This modification allows for adaptive penalty levels applied to different coefficients of the weighted
adjacency matrix [Xu+22]. Chapter 5 extends the linear NOTEARS algorithm into general non-parametric
DAGs [Zhe+20]. Moreover, we summarize the existing acyclicity constraints and discuss their stability
[Naz+23]. We also introduce an alternative optimization scheme "DAGMA” using the central path ap-
proach [BAR22]. In chapter 6, we review fundamental facts for kernels and reproducing kernel Hilbert
space (RKHS) as well as the RKHS Representer Theorem [SCO08]. In chapter 7, we introduce the spar-
sity regularizer and develop a novel extended RKHS Representer Theorem for the constrained optimization
problem with acyclicity constraint. Based on this, we formulate the overall learning objective and assemble
the "DAGMA” optimization scheme. Finally, we compare the performance of RKHS-DAGMA with dif-
ferent versions of nonparametric NOTEARS [Zhe+20] in numerical experiments in chapter 8. Additional
details on the optimization methods are given in the Appendix.

"https://github.com/yurou-1liang/RKHS—-DAGMA



2 Graphical Modelling

A Bayesian network is a probabilistic graphical model that represents a set of random variables and their
conditional dependencies via a directed acyclic graph (DAG) whose nodes represent the random variables.
Each edge represents a direct conditional dependency. In this chapter, we review some basic settings for
DAGs from Lauritzen [Lau96] and the DAG learning problem.

Definition 2.1 (DAG). Let G be a graph with vertices V = {vy,...,vq} and edges E C VXV, i.e. G = (V,E).
If E is a set of ordered pairs, then G is called a directed graph. A walk is a finite or infinite sequence of edges
which joins a sequence of vertices. A finite walk of G is a sequence of edges (e, ez, . . ., ex_1) for which there
is a sequence of vertices (v1,0s,...,0,) such that e; = (v;,0;41) fori € {1,...,k — 1}. The walk is called
closed if vy = vg. If a directed graph has no closed walk, it is called a directed acyclic graph (DAG).

Definition 2.2 (Adjacency matrix). Suppose a graph G = (V,E), a square d X d matrix A is called an
adjacency matrix of G if A;jj = 1 when there is a directed edge from vertex i to j and A;; = 0 otherwise.

Definition 2.3 (Local Markov property). A DAG model G satisfies the local Markov property, if for all
aeV:a L {nd(a)\ pa(a) | pa(a)} where nd(a) are the non-descendants of a, pa(a) are the parents of
a.

Example 2.4. The following DAG implies that B 1L C|A and B 1L D|(A, C).

Figure 2.1

Denote [d] := {1,2,...,d}. Consider a directed graph G = (V, E) with vertex set V = [d] and edge set
E Cc V X V. As usual, we define the set of parents of a vertex i € V as pa(i) = {j € V : (j,i) € E}. We
associate with the graph G a random vector X = (X, ..., X;) taking values in X ¢ R? with its distribution
P over on some probability space (Q, ¥, P), and we assume X is a bounded connected non-empty open set.

Proposition 2.5. For a subset A C [d], let X4 = (X;)ica. Similarly, for a rectangular Borel set B € 8 (]Rd )
B= x?lei, we define By = X;jcaB;. When A = 0, we set X4 = 0 and B4 = {0}. The probabilistic graphical
model [Maa+19] corresponding to graph G is the family of joint distributions Px for X under which

d
Px(B) = P(X € B) = ]—[ P(X; € Bi | Xpa(i) € Bpa(y) VB =xL,B; € B(RY).

i=1

Proof. Assume the statement holds for all DAGs with k vertices. For DAG G with k + 1 vertices, we reorder
the index of vertices so that (k + 1)—th vertex has no descendant. By Bayes’ Rule,

P((X1, ..., Xk+1) € Blis1])
]P(Xpa(k+1) € Bpa(k+1))

=P((X1, ..., Xk+1) € Birs1] | Xpa(k+1) € Bpa(k+1))

= P(Xk+1 € Bis1 | Xpa(ks1) € Bpaksr)) - P((X1,.. ., Xk) € Bli) | Xpa(k+1) € Bpa(ks1))

3



2 Graphical Modelling

where we use the local Markov property for the second equation. Then

P((X1, ..., Xk+1) € Blis1]) = P(Xkt1 € Biat | Xpa(ks1) € Bpaks)) - P((X1, ..., Xk) € Bx))
k+1

= l_[ P(X; € B; | Xpa(i)),

i=1
where the second equality follows by assumption. The statement follows by induction. O

Suppose for all j € [d], the conditional expectations have the form E[X;[X,a(j)] = f;(X) + €, where fj:
X — R does not depend on Xj if k ¢ pa(j), and (e j)j cla) Are stochastic error terms that are independent

over j. Let X € R™*4 pe a data matrix whose rows x', i =1,...,n represent n i.i.d. observations. Let x;'. be
the j—th coordinate of the i—th observation. We denote the loss function by ¢ : R X R — R,. The typical
loss function is the quadratic loss: £(y,y) = (y — y)%. The goal is to estimate the functional dependency
structure of random vector X which can be represented as a DAG on the space of vertices V. More precisely,

the goal is to estimate f = (fi, ..., f7) by minimizing the score function
1 d n . .
L(f) := = Z Z £(x}, fj(x")) subject to the dependencies in f corresponding to a DAG. 2.1
n
j=1 i=1

We describe structure learning in two cases: linear structural equation models [Zhe+18] and general non-
parametric structural equation models [Zhe+20].



3 Structure Learning in Linear Structural Equation
Models

In this chapter, we introduce the linear NOTEARS algorithm developed by Zheng et al. [Zhe+18] based
on the linear structural equation model (SEM). Let W = {wy]...|wg} € R?4. For random vector X =
(Xi,...,Xq), we assume a linear SEM: X; = w;X +¢;, and (ej)j c[4) are stochastic error terms that are
independent over j. Thus, W define a graph G(W) on d nodes with the adjacency matrix A(W);; = 1 (4,20}
In causal inference, one usually expect that a random variable depends only on a few other random variables.

Since W;; represents the direct impact of X; to X, we favor a weight W for which each entry W;; is small.
Thus, #;-regularization ||W||; = Zf =1 |Wij| is added to the score function. Thus, the aim is to solve

1
min —||X — XW||% + A||W||, subject to G(W) is a DAG, (3.1)
WeRdxd 2n

where ”AHF = \/Zi,j:l |Aij|2-

3.1 Acyclicity Characterization

It is shown that the optimization problem (3.1) is NP-hard due to the combinatorial search space caused
by the acyclicity constraint [CHMO04]. To solve this problem, Zheng et al. [Zhe+18] introduced a continu-
ous acyclicity constraint, transforming (3.1) into a continuous optimization problem. Ideally, an acyclicity
constraint h should satisfy following desiderata:

DI1. k(W) = 0if and only if W is acyclic;
D2. The values of h quantify the "DAG-ness" of the graph;
D3. his smooth. More precisely, k is at least twice continuous differentiable everywhere;

D4. h and its derivative are easy to compute.

Note that the desiderata D1 characterizes the acyclicity. D2 means that the values of h quantify how
severe violations from acyclicity become as G(W) moves further from DAG. Furthermore, D3 and D4
ensure the continuous optimization problem resulted by A can be solved by numerous common optimization
methods, for example, the augmented Lagrangian scheme which will be investigated in detail in section 3.2.

To stuglydthe acyclicity constraint, let us consider first the simpler case of binary adjacency matrices
B € {0, 1}4%4,

Special case: Binary adjacency matrices

Proposition 3.1.1. [Zhe+18, Proposition 1] Suppose B € {0,1}%%. Let 1;(B) € C be the i—th large
eigenvalue of B w.rt. complex magnitude, i.e., |A\{(B)| < |A2(B)| < --- < |Aq(B)|, and let r(B) be the
spectral radius of B, i.e., r(B) = |Aq(B)|. Let G(B) denote the graph with adjacency matrix B. Suppose
r(B) < 1, then G(B) is a DAG if and only if tr(I — B)™! = d.

Proof. Since tr(B*) counts the number of length-k closed walks in a directed graph, then G(B) is acyclic if
and only if tr(B¥) = 0 forall k = 1,.. ., co, which is equivalent to P Z?zl(Bk)i,- = Dy tr(B*) = 0. Note
that under the assumption r(B) < 1, we have (I - B) ™' = 377 B*. Then

d
(Bk)ii =d+0=d.
=1

tr(I-B) ™' =tr(I) + i tr(B¥) = d + Z

[s6]
k=1 k=1 i

We conclude the statement. O



3 Structure Learning in Linear Structural Equation Models

However, the condition r(B) < 1 is generally not true. The following acyclicity characterization holds
for all possible B.

Proposition 3.1.2. [Zhe+18, Proposition 2] For binary matrix B € {0,1}%*¢, G(B) is a DAG if and only if
tr(eP) = d.

Proof. As in the proof of Proposition 3.1.1, B is acyclic if and only if (B¥); = 0 forall k = 1,...,c0 and
i=1,...,d, which is equivalent to

o d ) k
tr(B¥)
0= (BY)ii/k! = Z 0 d=tr(eP) —d.
k=1 i=1 k=0

O]

For the map heyp : {0, 1}9%4 5 R, B  tr(eP) — d, the domain B is defined on discrete space, hence
the derivative of h is not well-defined, which means the desiderata D4 is not satisfied. The following steps
extend this acyclicity characterization to continuous domain R%*¢.

The general case: Weighted adjacency matrices

Theorem 3.1.3 (Exponential acyclicity constraint). [Zhe+18, Theorem 1] A matrix W € R4 is the weight
matrix of a DAG G(W) if and only if the exponential acyclicity constraint ho,(W) = tr(e"°V) —d =0,
where W o W denotes the Hadamard product. Moreover, h.y,(W) has a simple gradient

Vhexp(w) = (eWOW)T o2W
and satisfies all desiderata (D1)-(D4).
Proof. Let A(W) be the adjacency matrix of G(W). G(W) is acyclic if and only if (A(W)¥);; = 0 for all
k>1,i=1,...,d. Since
AW);j = ]]'{Wij?':o} = ]l{wizj>0}>
then (A(W)k)ii =o0forallk > 1,i = 1,...,d if and only if [(W o W)k]l-i =0forallk > 1,i=1,...,d.
Similar to the proof of Proposition 3.1.2, we conclude that A(W) := tr(e"°") —d = 0 if and only if G(W) is

a DAG. The gradient of h is followed by numerical calculations. Consequently, desiderata (D1), (D3), and
(D4) are satisfied. Note that tr(A(W) + A(W)? +...) counts the number of closed walks in G(W). Thus

exp(tr(A(W)) = X7, % re-weights these counts. Replacing A(W) by W o W amounts to counting
weighted closed walks, where the weight of each edge is wfj. Thus, the desiderata (D2) holds. 0

By Theorem 3.1.3, the optimization problem (3.1) is equivalent to the following equality constrained
problem:

1 )
min X = XWE+ AW S8 hesp (W) = 0. (3.2)

In the next section, we review some optimization methods to solve (3.2).

3.2 Optimization

First, we consider the following general equality constrained problem (ECP):

hi(x)
mir}i f(x) subject to h(x) = : =0, 3.3)
xeR hm (x)
where f(x), h;(x),i =1,...,m are smooth (at least twice continuously differentiable) real-valued functions.

First, we review some optimization problems to solve (3.3) and then apply them to solve the constrained
optimization problem (3.2).

6



3.2 Optimization

3.2.1 Lagrange Rule

hi(x)

: =0}.
hm ()
2. A feasible solution x is called regular for the system of constraints of the problem (3.3) if Vh;(x),i =

1,...,m are linearly independent vectors in R™ or equivalently, the m X d matrix Vh(x) has full row
rank m.

Definition 3.2.1. 1. The feasible surface is defined as S := {x € R? : h(x) = (

3. A continuous map f : R?*?¢ — R s said to be differentiable at a point u € R?*? if there exists a linear
functional T that maps from R¥*¢ to R, such that

i LW+o) — fw) —Tol _

00 o]l

If f is differentiable at u, the operator T is called the derivative of f at u. The operator is usually
denoted by Df (u) or Vf(u). If f is differentiable at every point of an open subset U C R%*?, then
f is called differentiable on U. If f is differentiable at u, then for every v € R4 Df(u)(v) =

d
- u+to).
dt t=0f( )

4. For a continuous map f : R? — R, if f is differentiable at u € R?, the directional derivative of f
along a vector v € R? valued at u is defined by the limit

flu+to) - f(u)
t

= Df (u)(0) = Vf(u) - 0.

Vof(u) := }1_1)1’(1)

5. A point x is called critical point of a function f if Vf(x) = 0.
Theorem 3.2.2 (Taylor’s Theorem). [Sar]

1. Univariate version: Let k > 1 be an integer and let the function f : R — R be (k + 1) times
continuously differentiable on some open interval around the point a € R. Then for any x on this
interval:

(k) (k+1)
(x—a)?+---+ f—k!(a) (x —a)f + f(—k _: 1(){) (x — a)k*!

f(x)=f(a)+ f(a)(x —a) + f_”z(!a)

for some real number & between a and x.

2. Multivariate version: Let k > 1 be an integer and let f : R — R be a (k + 1) times continuously
differentiable function on some open interval around the point a € R%. Then for any x on this interval:

k o a
fo=f@+ Y Oy 3 PIO gy

! a!
la|=1 la|=k+1

where & is some point on the line segment connecting a and x. The notations mean:
e a=(ay,as...,a,) is a multi-index of non-negative integers;
s lal=ay+- - +ap;

s al=olay! ... ayl;

glal
. Daf: P fo.

an
1 ---0Xp

s (x—a)*=(x1—a)®(x2—ax))®...(x, — ay)*.



3 Structure Learning in Linear Structural Equation Models

3. Matrix version: Let k > 1 be an integer and let f : R4 — R be a (k + 1) times continuously
differentiable function on some open interval around the point Wy € R¥*?. Then for any W on this
interval:

k a
swy = fowy+ ) ZL M ey S

|a|=1 ’ |a|=k+1

D* f(Wg)

o (W -Wp)*,

where Wy is some point on the line segment between W and Wy. The notations mean:
e a= (a1, A1, ..., Qqq) Is a multi-index of non-negative integers;
o lal =2 aij;
e ! =11 aijl;
o [W-Wol® =TT, ;(wij — (wo)ij) .

To get “geometrically tractable” feasible sets, it is assumed that at every point of the feasible sets, it
should admit a tangent plane”, which means the plane is the best approximate of the surface near that
point. So a natural candidate of the tangent plane to the surface S at a point x € S is the set of those points y
obtained by the linearization at x of the smooth equations defining S:

hiy) = hi(x) + (y =07 V hi(x) = (y - %) 7 hi(x).
Hence, we denote

Ty = {y| (y—x)T Vhi(x) =0,i= 1,...,m} = {yl Vh(x)(y—x) :0}>
[Vhi(x)]"

where V h(x) = : =0e R™
[Vhm(x)]T

The next theorem says if x is a regular solution, then T, indeed defines the tangent plane to S at point x.

Theorem 3.2.3 (Theorem on Tangent plane). [Nem99, Theorem 8.2.1] Let x € S be a regular solution of
h(x) = 0 where h; is twice differentiable for all i = 1,. .., m. Then Ty is the tangent plane to S at x, namely,
there exists constant C s.t.

1. the distance from an arbitrary point x’ € S of the surface to Ty is of the second order of magnitude as
compared to the distance from x’ to x:

Vx' €Sy €Ty : X' =y ll, < Cllx" - xl|5;

2. the distance from an arbitrary point y' € T of the tangent plane to the surface is of the second order
of magnitude as compared to the distance from y’ to x:

Vy € T, I(x' €9) : [lx' - oIl < Clly’ - x]3-
Proof. 1. For any x’ € S, by Taylor’s Theorem:
B() = hi() + (2 =0T 9 by + 2 (= 0D (B (¢ - )
where ¢ is on the line segment between x and x’. Since x, x’ € S, i.e., h;(x) = h;(x") = 0, then
& =07 @) = 5 — 0 DO ).

In (3.3), h; is assumed to be twice continuously differentiable. Thus D?h(&) is continuous on the
compact set defined by the line segment between x and x’, and HDZh(f)”2 < Cy consequently. Then

& =0T )] = 2~ 0 DO~ %) < il -
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for some positive constant C;. For a fixed x’, we can take ay’ € Ty s.t.:

Ix" = y'll, < Col(x" = )7 V hi(x) = (y = %)7 V hi(x) | = CiCallx’ - x5,

=0

where C, denotes a positive constant.
2. By Taylor’s Theorem, for any y’ € T:

hy) = b + (' =07 7 @) + 2y — ) DDy~ ),

where & is on the line segment between x and y’. Since x is feasible and y’ € Ty, similarly to the
proof of statement 1, we can obtain that |h;(y’)| < Cs|ly’ — xllg for some positive constant C3. We
take x’ € Ss.t. [[x" —y'||, < C4lh(x") — h(y’)| for some positive constant C4. Since x” € S, then
%" =y'll, < Calh(y')| < CsCully’ - x[15-

O

Remark 3.2.4. Note that we assume for every x € S, there exists Ty, Theorem 3.2.3 shows that the plane
approximates the surface S locally within accuracy which is “infinitesimal of higher order” as compared to
the distance to x.

Theorem 3.2.5 (First Order Necessary Optimality conditions for ECP - the Lagrange rule). [Nem99, The-
orem 8.2.2] Let x* be a locally optimal solution of ECP (3.3) and let it be a regular point for the system of
equality constraints of the problem (3.3). Note that Ty~ is well-defined by regularity, then following proper-
ties hold:

1. The directional derivative of f taken at x* in every direction along the plane Ty~ is zero:

Forall e with x* +e € Ty : e' V f(x*) = 0,i.e., if Vh(x*)-e=0, thene' v f(x*) =0.

2. There exists uniquely defined (by x*) Lagrange multipliers A7,i = 1,...,m, s.t.
m
VF() + A hi(x) =0,
i=1
or equivalently, for the Lagrange function

L(x;A) = f(x) + i Aihi(x) = £(x) + ATh(x) : VL(x*;1*) = 0.

i=1

Proof. 1. The statement can be proved by contradiction. Assume there exists a direction e with Vh(x*)e = 0
and e’ V f(x*) # 0. W.Lo.g. we can assume e’ V f(x*) < 0 (otherwise we replace e by —e). Consider
Yy, = x* + te, then Vh(x*)(y, — x*) = Vh(x*) - te = 0 since x* is feasible. Thus, y, € Tyx-. Note that

%ltzof(yt) =e' V f(x*) & o< 0, then for all small enough ¢ :

“
flyn) < flx) = 5t (3:4)
By the regularity of x* and Theorem 3.2.3, for every ¢, there exists a x; € S s.t.
lye = xell, < Cllye = x"Il; = Cllell3 ¢*. (3.5)
——
=:Cy

Since f is continuously differentiable, then by Mean Value Theorem, f is Lipschitz continuous in the neigh-
bourhood of x*. Thus for small enough ¢ > 0,

3.5)
If(x:) = f(ys)] < Collxs —yell, < C1Cot°.
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By (3.4): f(y:) — f(x;) < f(x*) = f(x;:) — 5t which implies
Fl) < )+ f) = Flyn) = 5t < F) +1f () = flyol = 5t < f(x) = St +CCt% (36)

Since (3.6) holds for arbitrary small and positive ¢, it follows f(x;) < f(x*). Note that x; is a feasible
solution of ECP (3.3), thus f(x;) < f(x*) which contradicts to that x* is optimal solution of ECP (3.3).

2. Since x* is locally optimal of (ECP), by statement 1: For all e with x* + e € T, it holds e; v f(x*) =0,
i.e., Vf(x*) is orthogonal to {e| Vv h(x*)e = 0}. Recall from linear algebra: a vector p is orthogonal to
{e : Ae = 0} if and only if p + ATA = 0 for a certain vector A. Denote p := Vf(x*) = 0, A := Vh(x*), then
there exists Lagrange multipliers A* € R™ s.t.

0=V (x")+[Vh(x*)]TA* = Vf(x") + Z A7V hi(x7).
i=1
Uniqueness of A*: From the above proof, — v f(x*) = [Vh(x*)]TA*. Since x* is regular, Vh(x*) has full

rank, thus A* is unique. O

Remark 3.2.6. To see the necessity of the regularity of a feasible solution, we introduce the following
example. Let’s consider the ECP:

hi(x) = (x1 —1)*+x5 =1

min x, S.t. .
2 {hz(x) = +1)%+x5 =1

Then,
v () = (205D = 2(8) - 2(3).
v ha(x) = (2090 V) = 231) +2(h).
So Vhy(x) and Vhy(x) are linearly dependent at feasible point (x1,x2) = (0,0), which means the feasible
point (x1, x2) = (0,0) is not regular. Denote A = (A1, A;) 7, the Lagrange function is
L(x,2) = L(x, A, 42) =x2 + A1 [(e1 — D+ x5 — 1] + A [(x; + 1D)* +x5 — 1] = 0.
Then,

a-[/(x! Al: /12) —

Ew ((1)) +2M (%)) - ((1))] +24[(¥L) + ((1))] = 2(A + o) (51) + (Z)LZ T 2,11)_

Note that the only feasible point is (x1,x2) = (0, 0), so there doesn’t exists (Ay, A2) s.t. w =0.

Theorem 3.2.7 (Second Order Optimality conditions for ECP). [Nem99, Theorem 8.2.3] Let x* be a feasible
solution for the ECP (3.3), let x* be regular for the system of constraints of the problem (3.3), and let

L(x;) = f(x) + Z Aihi(x) = f(x) + ATh(x)
i=1
be the Lagrange function of the problem. Then.

1. [Second Order Necessary Optimality condition]
Let x* be a locally optimal solution to the problem. Then x* satisfies the First Order Optimality condition:

AN Ve L(xAT) =0; ViL(x\AT) =0
and, besides this, the Hessian of the Lagrangian with respect to x, reduced to the tangent plane is positive

semidefinite:
Vh(x*)e=0 = e"[VEL(x*;1")]e > 0.

10
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2. [Second Order Sufficient Optimality condition]
Let x* satisfy the First Order Optimality condition

AN Ve L(xAY) =0; ViL(xA) =0
and let, besides this, the Hessian of the Lagrangian with respect to x, reduced to the tangent plane, be

positive definite:
Vh(x)e=0,e 0 = e' [VEL(x";1%)]e > 0.

Then x* is locally optimal solution to the problem.

3.2.2 Augmented Lagrange Multiplier Method

Although the Lagrange rule is powerful, in practice, it is computationally costly or even impossible to get
the closed-form solution from the Lagrange rule. In this section, we introduce an iterative way to solve ECP
(3.3) which is called the augmented Lagrange multiplier method. We consider the same ECP (3.3).

Definition 3.2.8 (Non-degenerate solution). A feasible solution x* to ECP (3.3) is called a non-degenerate
solution to the ECP if x*

1. is regular for the constraints of the problem;

2. satisfies the second-order sufficient optimality conditions, i.e.,
AN VeL(x*;A%) = 0; v L(x";A%) =0, 3.7
and the Hessian of the Lagrange function w.r.t. x reduced to the tangent plane is positive definite:
Vh(x*)e=0,e 20 = e  [VEL(x";1")]e > 0.
Remark 3.2.9. Above definition involves both x* and the Lagrange multiplier A*, which is a property of the

pair (x*, A*). Since x* is regular for the constraints, by Theorem 3.2.5, there exists a Lagrange multiplier A*
satisfying (3.7), and is uniquely defined by x*, so the definition is indeed a property of x* alone.

Back to the ECP (3.3), let us add a quadratic penalty term so that the penalized objective: f,(x) =
f(x)+3p X2 h¥(x). And we define ECP,:
min f,(x) subject to h(x) = 0. (3.8)
xeR4
Note that the penalty term is zero on the feasible surface, so ECP, (3.8) is equivalent to ECP (3.3). The
following lemma shows the advantage of ECP,, (3.8).
Lemma 3.2.10. Let x; be a non-degenerate local solution to ECP, (3.8), and let

Lp(x,2) = £5(x) + ATh(x) = fo(x) + ) Aihi(x)
i=1

be the Lagrange function of ECP, (3.8). Let /1;‘, denote the vector of Lagrange multipliers corresponding to
the solution x; so that Vx L,(x*,A*) =0,

1. let x* denote the non-degenerate solution to ECP (3.3), and let A* be the Lagrange multiplier corre-
sponding to x* s.t. VyL(x*,A*) =0, then x* = x;‘), A* = /1;.
2. for p large enough, the matrix V2L, (x*, A*) is positive definite.

Proof. 1. Since ECP (3.3) and ECP,, (3.8) are equivalent on the feasible surface, then x* = x;. We write
always x* for simplicity. Note that

Vi L) = Vaf () + 2 hilx) = 0,
i=1

h(x*)=0

Ve fp(0) = Vef () +p 3 hi(x) T hi(x) "= Vafy(x) = Vef ().

Since 4, is uniquely defined by VL, (x", 1) = Vi fp(x*) + p A, Vi (x*) =0, then A7 = A%, thus
we write always A* for simplicity.

11
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2. Note that
Lp(x,2) = fo(x) + ) Ahi(x) = f(x) + ) Aihi(x) + gp D k()7 = LixA)+ %p D ()7,
i=1 i=1 i=1 i=1

then "
VaLp(x,2) = VxL(xA) +p ) hi(x) Vi hix).
i=1

Furthermore,

VELy(x.2) = VELxA) +p ) Vehi () [Vehi (0] +p Y hilx) V2 hi(x).
— i=1 i=1
=H(x,A)

=:B(x)

[Thy ()]
[V (3)]

Vin (x,A) = H(x,A) + pAT (x)A(x) + pB(x).

Denote A(x) := V h(x) = ( ) then

By assumption, x* is a non-degenerate solution of (ECP), i.e., H(x*, 1) is positive definite at the sub-
space T of directions tangent to feasible surface at point x*. Note that for any s € RY, sTAT (x*)A(x*)s =
|A(x*)s]? > 0,i.e., AT(x*)A(x*) is positive semidefinite. Note that x* is feasible, then for any s € R%:

sT V2 L(x"A%)s =s H(x", 2%)s + psTAT (x")A(x")s. (3.9)

Let T be the kernel of matrix A(x*): T := {s|A(x*)s = 0} = {s| V h(x*)s = 0}.
If s € T,(3.9) = sTH(x*,A*)s > 0 by the non-degeneration of x*.
Ifs¢T:s"TAT(x*)A(x*)s > 0, then (3.9) > 0 for p large enough.
O

Lemma 3.2.11. [Nem99, Theorem 11.1.1] If V% L(x, A) is positive definite on entire space, then there exists
a convex neighbourhood V of x* in R? and a convex neighbourhood A of A* in R™ s.1.

1. forevery A € A, L)(x) : x — L(x,A) is strongly convex in 'V, so the critical point x* (1) is uniquely
defined in V, and x*(A) is a non-degenerate minimizer of L, in'V.

2. Define optimal value of Ly(x) inV as: L(A) = Ly(x*(A)), L(A) : A = L;(x*(A)) is concave and
twice continuous differentiable in A with gradient v L(A) = h(x*(4)).

Remark 3.2.12. Since x*(1") is feasible, by Lemma 3.2.11 statement 2 it follows v, .£(A*) = 0. Due to the
concavity of £(A), £ attains its maximum over A at point A*. By Lemma 3.2.11: (x*,A*) is local saddle
point of Lagrange function, more precisely, there exists a neighbourhood of (x*, A*) (namely, V' X A) s.t.
L|(vxa) attains at (x*, A*) its minimum in x and its maximum in A. Therefore, to find x*, it’s same as to
solve the dual problem: (D?”): mfx L(A) where L(A) = mxinL(x, A).

Theorem 3.2.13 (Augmented Lagrange Multiplier Method). [Nem99, section 11.2] To solve ECP (3.3),
augmented Lagrange function is defined as: L,(x,A) := f(x) + ATh(x) + §||h(x)||2. At k—th iteration, we
update

xi = argming L, (x, Ax_1),
/‘lk = Ak—l + ph(Xk)

Proof. Consider ECP, (3.8): mir}i f(x)+ §||h(x)||2 s.t. h(x) = 0 which is equivalent to ECP (3.3) on the
xeR

feasible surface. ECP, has the Lagrange function:
p m m
— i 2 .
LA = f0)+75 Zl h2(x) + ;A,h,(x)

12
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By Lemma 3.2.11: Take p large enough s.t. the Hessian V2L,(x, 1) taken at point (x*, 1*) is positive
definite on the entire space, where x* denotes the non-degenerate solution of (ECP) to be approximated,
and let A* be the corresponding vector of Lagrange multipliers (existence by Theorem 3.2.5). By Remark
3.2.12: To find x*, it’s enough to solve the dual problem (D?) :

A) wh A) = mi JA).
max £,(1) where £,(3) = min £, (x.1)

So at k—th step: we update

x = argmin, L, (x, Ax_1),
A = argminy L, (xg, A).

By Lemma 3.2.11: v, L, (xx, A) = h(xg), so Ax can be updated by gradient descent:

Ak = Ak—1 + ph(xy).

3.2.3 Linear NOTEARS Algorithm

Recall that to estimate the dependency structure under linear SEM, we aim at solving the ECP (3.2):

o1 2
i o IX = XWHE + AW s.Lhexp (W) =0,

where hexp (W) := tr(e"°W) — d. Note that (3.2) is a non-convex constrained problem since the feasible set
{W : hexp (W) = 0} is a non-convex set (see following counter-example).

Example 3.2.14. Consider W; = (8 (1)) and W, = ((1) 8) Then for W;, we have following linear SEM:

X1 =&,
Xy =X + &9,
For W,, we obtain
X1:X2+€1,
XZ:Ez.
Note that
& tr(Wh) tr(w?)
Wlk=0Vk22,SOhexp(Wl)=Z k!l —2= 0!1 =2 = hexp(W3) = 0.
k=0
However,
1\k 1\0 1
<y oz e oz e(E Y
h (1W+1W)—Z PR v R AR L VAP SSPINS SU
Pl Mg 2_k=0 k! = 0! 1! =TT

Zheng et al. [Zhe+18] developed an algorithm called linear NOTEARS based on the augmented Lagrange
multiplier methods to solve the ECP (3.2) whose Lagrange function is

1
LOW.@) = —IIX = XWIE + AW+ Z ey (W) + athey (W),
where p > 0 and o denotes the Lagrange multiplier.

13
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Algorithm 1 Linear NOTEARS

1: Input: Data matrix X, initial guess (W, o) with Wy € R?*?, «, € R, progress rate & € (0, 1), tolerance
£ > 0, threshold w > 0.

2: Qutput: W, the estimated weighted adjacency matrix.

3. fort «—0,1,2... do

4 Solve primal W;y; «— arg miny, £P (W, a;) with p such that hexp(Wii1) < Ehexp(Wr).

5: Dual ascent ;41 «— o + ph(Wyy1).

6 if hexp(Wii1) < ¢ then

7 set W = W41 and break.

8: Threshold matrix W = W - 1(|W| > w).

Remark 3.2.15. 1. The subproblem in line 4 of algorithm 1 can be solved by the proximal quasi-Newton
(PQN) method [Zho+14] which is given in detail in the appendix A.1.

2. In the realization of the linear NOTEARS algorithm from Zheng et al. [Zhe+18], the initial guess of
(Wh, ) is simple zero matrix and constant O respectively. Meanwhile, the progress rate & is set to
0.25, if the condition h(W,41) < ER(W}) is not satisfied, then p is updated by 10 times of itself. The
default value of the tolerance ¢ and threshold w are 1 X 10~% and 0.3 respectively.

14



4 Structure Learning in Linear Structural Equation
Models Based on Adaptive Lasso

The linear NOTEARS algorithm uses strict thresholding which is not flexible for practical data. On the
other hand, the penalty term for sparsity in loss function from (3.2) treats all coefficients with indistinctive
penalty levels. This construction puts much more penalty on large coefficients rather than false positive ones
(the weight of the edges be learned as existence but actually not). This may result in false positive edges
that cannot be zeroed out and miss-learned results for edges with large weights. To avoid these problems,
Xu et al. [Xu+22] developed the linear NOTEARS-AL algorithm which extends the linear NOTEARS algo-
rithm with adaptive Lasso to achieve learning the sparse DAG structure from purely observational data and
showed its asymptotic oracle properties.

One intuition is to apply adaptive penalty levels to different coefficients. More precisely, one can modify
3.2)to

d
. 1 2 .
Wrenﬂi‘rilxd %HX - XW||5 + An UZZI |cijWi;j| subject to hexp (W) = 0, 4.1)

where c;; represents the specified penalty for W;;. More details about how to choose c;; are given in the
section 4.2.

Expecting minor false positive edges can be shrunk to zeros while reserving the true edges at the same
time, we would like the corresponding c;; to be larger for the former and small for the latter so that minor
false edges are heavily penalized and true positive edges are lightly penalized. Xu et al. [Xu+22] shows,
with a proper choice of ¢;; and under some mild conditions, the adaptive Lasso method satisfies asymptotic
oracle properties that are described in detail in section 4.1.

ECP (4.1) can be solved in a similar way to solving the ECP (3.2) corresponding to the linear NOTEARS
algorithm, namely, by the augmented Lagrange multiplier method. The first step of each iteration is to find
the local minimum of the augmented Lagrange function with a fixed Lagrange multiplier « from the last
iteration:

d
. 1
min  Ly(W) = - [1X = XWIE+ 20 D leiWyl + & lhexp (W)I? + ey (W).

WeRdxd ~
i,j=1

4.1 Asymptotic Oracle Properties
Definition 4.1.1 (Convergence in probability). A sequence {D,} of random matrices converges to a random
matrix D in probability (denoted by D, 4 D)ifforall e > 0: lim P(||D, — D||p > ¢) = 0.
n—oo
Xu et al. [Xu+22] considered the following two conditions:

CI1. Under the assumed linear SEM: X; = ijX +¢j,j = 1,...,d, the random noise ¢; are identically
independent distributed with mean 0 and variance 0% < 0.

C2. For data matrix X € R4, 1XTX converges to a positive definite matrix D € R?* in probability.
Notation 4.1.2. W € R%*? denotes underlying true weighted adjacency matrix. Define

A ={(i, j) : W;; # 0}={indices for terms whose true parameters are non-zero},
Ac ={(i, j) : W;; = 0}={indices for terms that do not exist in the underlying true model},
A ={(i,j) : (i,j) € A}, and assume w.l.o.g A; = {(i, 1), (i, 2),..., (i, d;)}.

15
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We assume that condition C2 holds, i.e., %XTX S D. LetD = (Blg Bl;) where Djq is a d; X d;
1 1

1 xl

Lo

x 4

symmetric matrix corresponding to the coefficients with index in A;. Then let X gz, =
X" x"
1 d;

I/Vvli &1i
denote the corresponding submatrix of the data matrix X. Similarly, denote W4, = ( : ) Leteg; := ( : )

Wa,i Eni
€ R™! be the random noise of n observations corresponding to the random variable X;.

A sequence of random variables Y, is said to be O,(n™) from some m € R if for any ¢ > 0, there exists a
constant M > 0 and a positive integer N such that:

P(|Y,| <M-n™)>1-¢foralln > N.
{Yy} is said to be 0, (n™) if y
lim P(|—| > ¢) = 0 for every positive «.
n—oo nm

Lemma 4.1.3 (Local minimizer). [Xu+22, Theorem 1] Under the conditions C1 and C2, let a, = Aycqa
where c g represents the random c;;’s associated with the non-zero coefficients in W. If a, = 0,(n?) for

some q < —%, then there exists a local minimizer of L,(W), denoted by W,,, which means, there exists € > 0
such that Ly(W) = Ln(W,) for all W with “W —W, W, - w||F = 0,(n}).

< e. Moreover, it satisfies ‘
F

51,1 51,2 Ce 51,d

O1 022 ... 024

Proof. Letn, :=nf withp < 0,8 = with ||8]|r = ¢, where ¢ is a constant.

8i1 a2 ... Oda
Du(8) = Ly(W + 7,8) — Lp(W)

= In(W +1128) = Lu(W) + Ay > cij{|Wij + 15| — Wi}
Lj
+ L lhexp (W + 1) = lhexp (W1} + ey (W +128) = hep (W),
where [,(W) = - ||X - XWI||2. Let an;j = Ancij, (i, j) € A, we obtain that for n — oo, i.e., W+1,8 — W,
Dn(8) 2 ln(W +128) = la(W) + > i {IWiy + 131 = [ Wy }+
(i.j)eA
Ellhexp (W +108) [ = hexp(W) [} + alhesp (W +11n8) = hesp(W))}
A-€q.
> (W +128) = L(W) =10 D anijldijl+
(i.j)eA
Elhep (W +1,8)* = 1h(W)I} + ar{hexp (W +16) = hexp(W)}

Taylor 1
2 1 W) (108) + 2 (18) 7L W) (008) 1+ 0p(10) ~ 1 " a1+
(i,j)eA
g“hexp(w + ’7n6)|2 - |hexp(W)|2} + a{hexp(w +1n0) — hexp(w)}

= I+II+1II+1V,
where we define
I:= V1, (W)" (1,9);
IT = 5 (128) T [70,(W)] (308) (1 + 0p (1)

Il = —n, Z an,ijl0il;
(i,j)eA

IV i= 2 {lhexp(W + 18)1 = lhexp (W)I} + sy (W + 7108) = henp(W)}:
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Denote U := X — XW, then by the Chain Rule

(W) _ 1 ZallUllF IX-XW)y 1 Z”’: I(—XW)yy
— U - ——=

ow,;  n Uy oW, " 2n oW

=1 k,l=1
d d
1 X . W, 1
== > (X - XW)g - == ) (X = XW)e; Xp
- Z( ki W, - Z( )i X
k,l1=1 k=1
BES 1
=== 3 (X)X = XW)i; = == [XT (X = XW)];;
n P n
In other words, a(uv,v) = —% [XT(X - XW)].
For I,
I=V1(W)" (126) = na(VI,(W) )6
1 1 1
= (—— (X - XW)"X)6 = ——n,(Vn—-(X - XW)X)4.
n \Vn n
=A
Since
1+ 1 .
IAllF = ~X"X=D|l +—lIDlp) (=W
F N——
=B
1 D
n||-X"X-D -B+” ”FB,
n F n

the second term is Op(n‘%). Consider the first term, for any ¢ > 0:

p VXX - Dl - B

>¢)=P(n >

F

) =0,

1
n 2

1
X'X-D
n

1
“B>e¢) > ]P(”—XTX -D
n

Sl ™

F
for n — oo by condition C2, then \/ﬁ(%XTX -D)YI-WT) = Op(n‘%). Therefore, I = —Op(\/%ryn)é.
For 11,

—nn{é'T[ XTX]é}(l +0,(1)) > 0.

For I11,

I = -np Z an,ijldij| = —npAnid,
(i,j)eA

where A = max{a,;;/q" : (i, j) € A}, and A € O(1) by the assumption a, = 0,(n?).
For IV, since h(W) > 0 for all W € R?*?, we can drive that

IV = Chexp(W + 18) = hexp(W)]{Z [hesp(W +128) + hexp (W)] + a}.
So for p > 0 large enough, IV > 0. Thus,

Dn(6)2—0p(\/_nn)6+ n2{87 [~ XTX](S}(I +0,(1)) = npAn?d +1V.

For n large enough, %XTX — D by condition C2, then IT = Op,(n*’). When p > —%, f—II = Op(nf”%) > 1
for n — oo, which means that II dominates I. Similarly, by g < —%, we obtain that I dominates III, then for
any given ¢ > 0, there exists a large enough constant ¢ such that

]P{”iarﬁg Ly(W+n,6) >L, (W)} >1-e¢. 4.2)
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4 Structure Learning in Linear Structural Equation Models Based on Adaptive Lasso

By Extreme Value Theorem and the continuity of L, (W), there exists a minimizer of L,(W) over the com-
pact set {W +1,0 : ||5||r < c}. Then by (4.2), with probability at least 1 — ¢, the minimizer is inside the ball
{W + 1,8 : |8l < ¢}, which implies the minimizer is a local minimizer of L,(W) over R¥*¢. Hence, we
can conclude that there exists a local minimizer of L, (W) (denoted by Wn) such that for 0 > p > -1

~ _1
[#: - W], = 0p00) = 0pn 7.
Definition 4.1.4 (Triangular array). A triangular array of random variables is of the form

Yy
31 Ygz Y33

SR

where the random variables in each row
1. are independent of each other;
2. have zero mean;
3. have finite variance.

Lemma 4.1.5 (Multivariate Lindeberg-Feller CLT). ([Vaa00]) Suppose {yni}ti<n is a triangular array of
d X 1 random vectors such that s, = % 2 (Yni), Vi = ,11 ” Var( Yni) — V where V is positive definite. If

for every ¢ > 0, 1 [||ym||2]l{”ym”22£\f}] — 0, then \/ns, 4 N(0,V).
Lemma 4.1.6. Assume the mild condition: For all fixed i =1, ...,n, it holds
2, k211 1
max (X, = max [(e)2 -+ (55)21F = o(nb),

and additionally let conditions C1 and C2 hold, then LX;IL_.&',- 4 N (0, 6?Djp).

Vn
xf
Proof. Let x];(_ :=| : | € R%. Consider the vector x¥e; where ¢; is the random noise scalar, then
; :
k
X d;

1% 1
k
ni= - § X a.€ki = _X;[.Ei,
n i n 4
k=1
1w 1w o2 condition 2
=~ E Var(xI;[igki) == E o xﬂl (xﬂ ) = _X;{,-Xﬂi —  o’Dy.
1) x’;[.gk,- is a triangular array: By condition 1, e; 1L ;. By condition 2, it follows

k k k k \T
]E[xﬂifk,-] =0; Var(xﬂigk,-) = azxﬂi (xﬂ,—) < 00,

2) Lindeberg-Feller condition:

1% B 2
; Z ]E[Hxﬂieki 1

2 {Hxﬁl.fki“ 2evn} n

n

_1 k|
1= - EHEMZH’% et | 2o

1
= Z]E leril?0(M) L {exsj0(1)2e1] = Elleil?0(n) L {1, j0(1)2e}]-

=T,

Since T, 5 0 and consequently, E[T,,] — 0, then by multivariate Lindeberg-Feller CLT, the statement
holds. O
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4.1 Asymptotic Oracle Properties

. S . . . . ()2 (x )?
Remark 4.1.7. The mild condition in Lemma 4.1.6 is satisfied by the design since ——————
0Oasn — oo forall k =1,...,n and fixed i.

Theorem 4.1.8 (Oracle properties). [Xu+22, Theorem 1] Under conditions I and 2, let b, := A,ca, where
caq, represents the c;;’s associated with the zero coefficients in W, let Wy, be the local minimizer from Lemma
4.1.3, if \Jnb, — oo as n — oo, then W, satisfies following properties:

(Sparsity) lim ]P(Wj(c =0)=1,
n—oo
(Asymptotic normality) For all i € {1,2,...,d} : \n(Wa, — Wa,) LA N(0,6°D;;') as n — co.

Proof. Sparsity: It’s sufficient to show that for all (i, j) € A,:

aLn(W) if — A, .

W, <0 if —e, <W;; <0,
w=Ww

oL, (W) : n

oW, >0 if 0 < W <ep,
w=w

with probability going to 1 where ¢, = O(n‘%). From the proof of Lemma 4.1.3: For [,(W) := % [|1X — XWH%,

(W) 1 ¢ . 1 ot _
av(v,--) = =~ [XT (X = XW)]yj = ——[XT (X = XW + XW - XW)];;
= —%[(XT)i.(X.j - XW;)] + %[XTX(W -W)l;j
- —%[(XT),-A(XJ- - XW,)] + %(XT),-. [X(W -W)];

1, o1 1+ —~
=~ LX) (X = XW)] + = (X7 ; X (Wej = Wiy).

Together with Theorem 3.1.3,

AL, (W - 1, _

+ Ancij sign{ Wiz} + 2W (phexp(W) + ) (") ).
By Lemma 4.1.3 and condition C2,

LX) - X)) = 07,

1 T ~ -1
~(XT): ;xk(wkj = Wej) = Op(n”2).

By Theorem 3.1.3, h(W) > 0, then for p large enough:

—~ ~ Woir <0 if —e, <Wi; <0
2W;; (phexp(W) + WeWyT n S Wijp =5
1 (Phexp (W) + @) (e 1 {> 0 if0<W;<e,.
Since e, = O(n™%), then |2W;; (phexp (W) + @) (e"W)]| = O(n™%).
Consider the term A,,¢;; sign{Wij}, let by ;j = Aycij. Therefore, for all (i, j) € A, if Vb, ;; — oo, then the
ALy, (W)

sign of W, is dominated by sign{Wi it

Asymptotic normality: Denote
1 2 — _P 2
(W) = - |IX = XWIlg, (W) = Ay 3 leijWigl, HIW) = % hexp(W)I + ahesy (W),
Lj
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4 Structure Learning in Linear Structural Equation Models Based on Adaptive Lasso

so that
L,(W) =I(W) +II(W) + I1I(W),

then
Valn(Wa,) = Val(Wa,) +Vall(Wa,) + v a,I1(Wa,).

By the Taylor expansion at Wy{i =Wag,, as n — oo:
vﬂil(wﬂi) = VﬂiI(Wﬂi) + [vzj[ll(wﬂz)] (Wﬂl - Wﬂz) + (Wﬂi - Wﬂi)op(l)
1 1 ~ ~
= __X:;[(Xﬂl - XﬂiWﬂi) + _X;[Xﬂl(wﬂl - Wﬂl) + (Wﬂ, - Wﬂ,)op(l)
n “h n Jt
Let C 4, denote corresponding adaptive penalty weights c;;s, then

Vy{iII(Wy{i) = AnCﬂi sign(Wy{i)
= AnCa, sign(Wa,) + (Wa, — Wy[i)OP(l).

Moreover,

v II(Wa,) = (phexy(W,) + ) ¥ h(Won,)
— (p(tr(eW:}(ioW;ﬂi) —d)+ a)(eWy{ioWy{i)T ° zwﬂi

= (W, = Wiy, Jop(1).

Since Wﬂi is the sub weighted adjacency matrix of the local minimizer W, of L,(W), then

—~ 1 1 —~ .
0=VaglL,(Wg,) =~ ;X;{i (Xa, - Xa,Waq,) + ;X;{ixﬂ,—(wﬂi - Wa,) + 1nCa, sign(W,)
+ (Wa, — Wa,)o,(1). (4.3)

By an = AnCaa, anij = Op(n_%)9 and HW.?I - Wﬂ”F = Op(n_%)’

1 1 —~ _1
0= (43) = —;X;i (Xy[l. — Xj{in{i) + ;X;iXﬂi(Wj[i - Wﬂi) + op(n 2),

then
1 ~ 1
W;X;ixﬂi(wﬂi - Wa,) = $X;i (Xa, — Xa,Wa,) —0p(1),
and equivalently,
—~ 1 _ 1
\/E(Wﬂ, - Wﬂl) = (EX;{IX.?L) ! [%X;{l (Xﬂl - XﬂiWﬂi) _Op(l)]-
S —
coniiitionz 1 =J

0
By Lemma 4.1.6 and it’s remark: [ 4 N (0, 0%D;y) which implies that
VA(Wa, — Wa,) = N(0,6°Digh).

O

Remark 4.1.9. The sparsity property shows that given a,, = 0,,(n9) for some g < —1'\/nb,, — oo, then linear

NOTEARS-AL (algorithm 2) can consistently remove all irrelevant variables with probability tending to 1.

The asymptotic normality property shows that by magnifying the difference by 4/n for non-zero estimators,
the pattern turns out to be a normal distribution.
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4.2 Proper Choice of Specified Penalty

4.2 Proper Choice of Specified Penalty

It remains to determine proper c;;’s so that the non-zero related part a, = 0,(n9) for some q < —% and zero
related part \/nb, — oo are satisfied. Define the ordinary least square (OLS) estimates

—~

1
Wois = arg miny, . gaxd 2—||X - XW||}2, subject to hexp (W) =0 4.4)
n

Similar to Lemma 4.1.3, we can obtain that ”WOZS - W” = Op(n‘%) Suppose A,\/n — 0, Ann% — oo for

some specific r > 0, we can define ¢;; = —=———, then for (i, j) € A,

I
O Sl]

an 1 An o

_1 ”» _1
n :z |Wolsij|rn 2

For (i, j) € A¢, \nb, = IW -+/n. Note that W,s is Vn—consistent, therefore,
olslj

A
(IWyj| + [Cn™z2])r

An An  rtl n—co
n=—nz — oo.

~(Cn)r c

\nb, >

4.3 NOTEARS with Adaptive Lasso

Hence, the algorithm is divided into two parts:

1. Solve Wols from Equation (4.4);
2. Plug adaptive penalty parameter C = (c;;)(; jye[q4]? in Equation (4.1) and solve it.
Part 1: Similar to the linear NOTEARS algorithm, (4.4) can be solved by the augmented Lagrange multiplier
method. More precisely, at (k + 1)—th iteration, we update
. 1
Wiey1 = arg MmNy, c gdxd %”X - XWH% + glhexp(W”Z + akhexp(w),

Uier1 = Ok + Phexp(Wis1).

Then we obtain the adaptive penalty parameters matrix C € R¥*¢ with entries c; =

IWolsl] |Y

Part 2: Let W := C o W where o denotes the Hadamard product. Consequently, W = W @ C where ©
denotes the Hadamard division. Then (4.1) can be transformed as

1
arg miny,_ cgaxd gnx — XWc @ C||% + An||[Well; subject to hex,(We @ C) = 0. 4.5)
Similarly, ECP (4.5) can be solved by the augmented Lagrange multiplier method, i.e., at (£+1)—th iteration:
WCM = arg mlnwceRdxd ||X XWe o C“F +An ”WCHF + _lhexp(WC @ C)|2 +a; exp(WC @ C) (4.6)
Q1 = O + phexp(WC,+1 @ C)'

Note that (4.6) can be solved by PQN method (appendix A.1), and we obtain the following gradient terms
similarly to the proof of Lemma 4.1.3 and by Theorem 3.1.3 respectively:

I 1X - XWe @ C|%
oWe

1
=——-X"(X-XWe00)oC.
n
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4 Structure Learning in Linear Structural Equation Models Based on Adaptive Lasso

Let WC denote the solution of ECP (4.5), then Wn = I/T/c @ C is the final estimate for W. Summing up above
steps, Xu et al. [Xu+22] concluded the following algorithm:

Algorithm 2 Linear NOTEARS with adaptive lasso

1: Input: Data matrix X, initial guess (W, ap) with Wy € R4 gy € R, progress rate £ € (0,1), and
tolerance £ > 0.

2: Qutput: W, the estimated weighted adjacency matrix.

3: OLS Loop:

4: fork < 0,1,2,... do

5: Solve Wiy = arg miny, caxd o 1X = XWI|% + 2| hexp (W) |2 + achexp (W) with p such that
hexp(WkH) < Ehexp(wk)~

6: Dual ascent ajy1 < i + phexp(Wii1).

7: if hexp(Wis1) < €, then

8: set Wols =W, C:=10 |Wols|y, We := C o W and break.

9: Adaptive lasso loop:

10: fort <« 0,1,2,... do

11: Solve We 41 = arg miny, gaxa 751X = XWe @ Cll34+A, [|We | p+5 [ hexp (We @C) |2+t hexp (We @C)
12: with p such that hex,(We 141 @ C) < Ehexp(We,r @ C).

13: Dual ascent @41 = o + phexp(We,t41 @ C).

14: if heyp(Wit1) < €, then

15: set We, = W41 and break.

16: Return the adaptive estimate W, = Wc,n oC.

The results of NOTEARS-based methods are sensitive to the value of hyper-parameter A,,. Xu et al.
[Xu+22] utilizes cross-validation to find the optimal A,. With a set of candidates of 1,,, by NOTEARS-AL,

—~

we can obtain a set of candidate models S = {s,,n = 1,2...,N}, where s, = {(i,j) € {1,...,d}* : Wp;; #

0}.

Algorithm 3 The Cross-validation method

Step 0. Divide the data X into validation set X, and training set X, and |X,| = ny, |X;¢| = ns, ny+n; = n.
For model s, (n =1,2,...,N). Using the training set X;, compute the solution W}, where

1

- WX

~, .
W, = arg My eRaxd, W

— 2
X, - (WHTX, .

Evaluate the prediction performance of W,f on the validation set X, by loss function ﬁ
Take the model s € {S, : n =1,..., N} with smallest loss on validation set X,,.

A more sufficient validation set is needed to find the best model to achieve model-selection consistency,
especially when the candidate model set is large. Instead of using the traditional K-fold cross-validation
method, whose validation set is only 1/K of data, Xu et al. [Xu+22] suggested swapping the proportion of
the validation set and training set.

22



5 Structure Learning in General Non-Parametric
Structural Equation Models

The linear dependence structure is a stringent restriction on the class of models. Zheng et al. [Zhe+20]
extended the linear NOTEARS to general non-parametric SEMs by approximating the non-parametric re-
lationships between the random variables by either multi-layer perceptrons or via a (truncated) basis ex-
pansion, namely, NOTEARS-MLP and NOTEARS-SOB. As in the case of linear NOTEARS, Zheng et al.
[Zhe+18] remained the exponential acyclicity constraint hex, (W) := tr(e"°") — d and also utilized the
augmented Lagrange scheme. In section 5.1, we investigate both NOTEARS-MLP and NOTEARS-SOB
in detail. Several follow-up works proposed other acyclicity characterizations [BAR22; Naz+23; NGZ20;
Yu+19]. In section 5.2, we summarize those existing acyclicity constraints and discuss their stability. Be-
sides the augmented Lagrange scheme, Bello, Aragam, and Ravikumar [BAR22] developed a preferable
optimization approach called DAGMA which is studied in section 5.3.

Recall that X = (X,...,Xy) is a random vector whose dependency structure is encoded by a DAG
G = (V,E) on d nodes. Under the setting of general non-parametric SEM, we assume that for all j € [d],
the conditional expectations have the form E[X|X,(jy] = fj(X) +¢;, where f;: X — R does not depend on
Xk if k ¢ pa(j), and (¢;) jela) Are stochastic error terms that are independent over j. Let G(f) be the graph
defined by f. We denote by C!(X) the space of continuously differentiable functions over X. Furthermore,
let IPx be the distribution of the random vector X, we use the usual notation for the Px— equivalence classes
of square-integrable functions w.r.t. measure Py, i.e., we denote L, (X, Px) the (equivalence) class of real-
valued functions [ f] such that f i 2(x)IPx(dx) is finite. We will drop dependence on the domain and on the
underlying distribution Py and simply write Ly := Ly(X) or L, := L,(R?) in cases when the domain is clear
from the context. Furthermore, we denote ||-||., to be the essential supremum norm w.r.t Lebesque measure
on a (subset) X C R. For an element g € C'(X), g : X — R we denote a—ikg(x) for its partial derivative (as

amap x a—ikg(x)) and denote a—ﬁkg(x) |x=s for its value at point x = s.

Given data matrix X € R™9 whose rows x,,i = 1,...,n, represent n i.i.d. observations. We consider the
quadratic loss: £(y,y) = ||y — g’jllg, the aim is to estimate f = (fi, ..., fz) by minimizing the score function:

d

minL(/) = % D3 e, £(x)) subject to G(f) € DAG. .1)
7=1 =1

Let H'(R?) denote a subset of C'(X) where the function and its derivative are both square-integrable. We
assume that each f; € H'(RY).

5.1 Non-Parametric NOTEARS Algorithms

5.1.1 Acyclicity Characterization

Definition 5.1.1 (Weighted adjacency matrix). Let i f; denote the partial derivative of fj(x) w.r.t. xg.
The weighted adjacency matrix W = W(f) = W(fi, ..., fy) € R¥9 is defined with entries (W(H)k,; =

o £l
Remark 5.1.2. [W(f)lk; = ||acfill. = (J |9kfil?dp)? = 0 if and only if af; = 0. Since f; € C'(X),
o f; = 0 is equivalent to that f; is independent of Xj.. Therefore, W(f)x; encodes the dependency structure

among X;.
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5 Structure Learning in General Non-Parametric Structural Equation Models

Similar to the linear NOTEARS algorithm in chapter 3, we have the exponential acyclicity constraint
hexp(W (f)) = tr(e"°") — d. Then the ECP (5.1) can be transformed to

rr}inL(f) subject to hexp (W(f)) = 0. 5.2)

5.1.2 Approximation Families

Since ECP (5.2) is infinite-dimensional, the key is to reduce it to a finite dimension. The general recipe is
as follows:

1. Choose a model family for the conditional expectation E[X;|X,q(j)] (e.g. general nonparametric,
additive, index, etc.);

2. Choose a suitable family of approximations that can be parametrized by some parameters 0 (e.g.
neutral networks, orthogonal series, etc.);

3. Translate the loss function L(f) and constraint W (f) into parametric forms L(0) and W (6) using the
approximating family;

4. Solve the resulting finite-dimensional problem.

Zheng et al. [Zhe+20] developed two approximation families, the multilayer perceptrons and basis ex-
pansions.

Multilayer Perceptrons

Consider a multilayer perceptron (MLP) with h hidden layers and a single activation function o : R — R:
MLP(u; AV, ..., AM) = 6(AWo(... AP c(ADu)))

where AD e R™>*mMi-1 im0 = d.

Theorem 5.1.3 (Universal Approximation Theorem [HSW89]). For any f; € H Y(R%), a MLP can approx-

imate f; arbitrarily well by increasing the number of the hidden layers h or the number of hidden neurons

my in each layer.

Proposition 5.1.4 (Independency identification). [Zhe+20, Proposition 1] Consider

F ={flf(u) = MLP(u; AW, ... .,A(h)),f independent of uy },
Fo = {f1f () = MLP(u; AV, ..., AM) kth col of AV = 0},

then F = 5.

Proof. 1. Fo € F:forany fy € F, fo(u) = MLP(u;A(l),...,A(h)), whereAl(;C) =0forallb=1,...,m.
Thus the linear function A(Vy is independent of uy. Therefore,

fotw) = MLP(1; AY .. AP = 6(AW (... AP c(ADu)))
is independent of uy, which means f; € 7.

2. F C Fp: forany f € F, f(u) = MLP(w; A, ..., AM) and f is independent of ux. We will show
that f € %, by constructing a matrix AW such that

Fu) = MLP(u;A(”,A(Z), N .,A("))

and AIE}C) =0forall b=1,...,my. Let @ be the vector such that #; = 0 and ;s = uy for all k&’ # k.
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5.1 Non-Parametric NOTEARS Algorithms

Since @ and u differ only on the kth dimension, and f is independent of uy, we have

Flu) = f@) = MLP(L?;A(I), . ..,A<h>). (5.3)
Now define A1) be the matrix such that Aé}c) =0 and A}(J}C), Al(;}c) for all k” # k. Then we have the
following observation: for each entry s € {1,...,my},
( (1) ) ZAsk’uk’ Z Ask’uk’

k' #k

_ZAk,uk,z( (1))

Hence,
A0y = AW,

Therefore, by (5.3)
fuw) = f(a)
= MLP(a;A“), o ,A(h))

- U(A(mg(. : -A<2>0(A<1>a)))
_ (,(Aul)c,(. . -A<2>0(A<1>u)))

- MLP(u;A“),A(Z), N .,A<h>).

By definition of %, we know that MLP(u;A(l),Am, .. .,A(h)) € %o. Thus, f € F; which completes

the proof.
O

Let 0; = (AD, ..., AM) denote the parameters for the jth MLP and 6 = (6, ...,6,). By Proposition
5.1.4, it follows kth-column(Aj.l)) ’ = 0 if and only if [W(f)]x; ||ak f]|| 2 = 0. Therefore, Zheng et al.

[Zhe+20] define [W(0)]; = ||kth—column(A§ ))H . Moreover, to enforce sparsity, the regularization term
2
||A§.1) ” =Dk |(A§.1)) ik| 1s added to the score function. The problem (5.2) can be reduced to
) )
1 d n ) .
min - " ) (x) - MLP(x';6,))" + A”Aj.” St g (W(O)) =0. (5.4)
j=1 i=1

0

Basis Expansions

Theorem 5.1.5 (Approximation theorem [Sch67]). Let {¢,}, be the orthonormal basis of H'(R) s.t.
E[¢-(X)] = 0 for all r, then for any f € H' (R) can be written umquely

fuw) = Z aror(u), ar = /]Rd or(u) f(u)du.
r=1

Zheng et al. [Zhe+20] assumed an additive model with one-dimensional expansions. More precisely,

filug, ... uq) = Zf]k(uk) = Z jirr (ug).

k+#j
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5 Structure Learning in General Non-Parametric Structural Equation Models

Proposition 5.1.6 (Approximation error [Efr08]). For any f(u) = X7, ar@r(u), define finite series ]?R =
25:1 ar@r. Given integers Ry, assume fji. is sufficiently smooth, which means, fji is m times continuously
differentiable for m large enough. Then H fik — ]’”]?;f
the order O(d/mkin Ry).

, = O(1/Ry), so the overall approximation error is on
L

Note that [W(f)]x; = ;—)J;’]; = 0 if and only if ajr, = 0 for all r and in practice, we approximate fj

by finite basis expansion, i.e., fjr(ux) = 21:51 ajkr@r(ux). It suffices to check that only aji, = 0 for all
o = 0,s0let 0 = {ajk, Vj, k,r}, Zheng et al. [Zhe+20] define
[W(O)]x; = [2F, aj.kr]%. Let @ be the matrix [®¢]ir = ¢,(X."”) € R™R. After adding orthogonal series
smoothing [Rav+09] and #;-regularization term to enforce sparsity, the ECP (5.2) can be reduced to:

r = 1,..., R which is equivalent to Zfﬁl ajz.

d n
1 . 1
min — Z Z(x; - Z[q’k]f' o)t + A Z S ® i+ Z||ajk||1 st hep(W(B)) = 0. (5.5)

0 2n £ <4
j=t =1 k#j k#j k#j

5.1.3 Optimization

Both (5.4) and (5.5) are optimization problems with #; —regularization, which can be written in the following
generic form:
rnginL(@) + A0|]; s.t. (W (0)) = 0. (5.6)

As in the linear case, (5.6) can be solved by an augmented Lagrange scheme with the Lagrange function:
LP(0r, ar) = L(0) + §|h(w(9t))|2 +a:h(W(0,)) + A110]];.

Zheng et al. [Zhe+20] concluded the following non-parametric NOTEARS algorithm:

Algorithm 4 Non-parametric NOTEARS algorithm

—

: Input: Data matrix X, initial guess (W, ap) with W, € R4 ¢, € R, progress rate £ € (0, 1), tolerance
£ > 0 and threshold & > 0.
: Output: W, the estimated weighted adjacency matrix.
cfort«—0,1,2... do
Solve primal 0,41 < argminy, L”(0;, a;) with p such that h(0:41) < Eh(0;).
Dual ascent a;41 < a; + ph(W(6;)).
if (W (0r+1)) < ¢, then
set W = W(0,41) and break.
. Threshold matrix W = W - L(W| > ).

2 A A S

Remark 5.1.7. 1. Similarly, the subproblem in line 4 of the algorithm 4 can be solved by the proximal
quasi-Newton (PQN) method [Zho+14] in the appendix A.1. Moreover, since the ¢ —regularizer is
not differentiable at 0. Zheng et al. [Zhe+20] cast (5.6) into a box-constrained form:

minF() + A|0]l, & min F(0" - 67)+ LT (% - 07).
6 0+>0,0->0

2. Inthe realization of the NOTEARS-MLP and NOTEARS-SOB algorithms from Zheng et al. [Zhe+20],
the initial guess of « is simple constant 0, and W} is randomly initialized. In case of NOTEARS-MLP,
the sigmoid function is used as the activation function. Meanwhile, the progress rate & is set to 0.25,
if the condition h(W;,1) < ER(W,) is not satisfied, then p is updated by 10 times of itself. The default
value of the tolerance ¢ and threshold w are 1 X 10~% and 0.3 respectively.

3. Let H'([-x, x]) denote the space of functions over [—z, | that the functions and their deriva-
tives are both square-integrable. Considering the norm ||| (5) = ( /s |f(x)|%dx + /s |f ’(x)|2dx)%,
{sin(kx),cos(kx),k = 1,...,00} is a basis of H'([-x, 7]).

26



5.2 Stability of Acyclicity Constraints

Proof. For any f € H'([-r, x]), define
fulx) = % + ;(ak cos(kx) + by sin(kx)),

where

2 [ e

/ f(x) cos(nx)dx;
1

b, = —‘/7r f(x) sin(nx)dx.

T

By Dirichlet’s Theorem, f(x) = lim f,(x). Hence, we obtain that
n—0oo

f(x) = Z(—kak sin(kx) + kb cos(kx));
k=1

f(x) = ) (~kag sin(kx) + kb cos(kx)).
k=1

By Parseval’s Theorem:

I = £l =7 ) K(ai + 0. (5.7)

k=n+1

Since f’ € L?, by Parseval’s Theorem, X7, k*(a% + b?) < co. ’ —ntHiz =57 —0

for n — co. Similarly, ||f —f,,||i2 — 0 for n — co. Thus,

If = fallgr — 0asn — oo,

which means {sin(kx), cos(kx),k = 1,...,00} is a basis of H!([-7x, 7]). The orthogonality follows
from the orthogonality of sin(kx) and cos(kx) for k > 0. O

When constructing NOTEARS-SOB, Zheng et al. [Zhe+20] used the orthogonal series ¢,(u) =
spsin(u/s;), s, =2/((2r — 1)), r = 1,2,...,10 [HS12] to approximate functions in H; (R).

5.2 Stability of Acyclicity Constraints

Besides the exponential acyclicity constraint in the NOTEARS algorithm, there are several other acyclicity
constraints. In this section, we summarize the class of existing acyclicity constraints and discuss their sta-
bility during optimization. Since W o W has non-negative entries, we write A € R”%d instead of W o W in
this chapter for simplicity.

Nazaret et al. [Naz+23] developed the definition of power series trace constraints and gave three criteria
for stability. This paper showed that the power series trace constraints are unstable. Moreover, it also
introduced the spectral acyclicity constraint and showed its stability.

Definition 5.2.1 (Power Series Trace Family). [Naz+23, Deﬁnmon 1] For any non- negatlve coefﬁcients
(ar)ren+ € ]R>O, consider the power series f5(x) = X7 1akx Then for any matrix A € ]R 4 with non-
negative entries, the Power Series Trace (PST) function is defined as

(9]

ha(A) = Trlfu(A)] ZakTr [AF].

k=1
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5 Structure Learning in General Non-Parametric Structural Equation Models

Remark 5.2.2. Since Tr(A¥) represents the total weight of all length-k cycles in G(A) where the weight of
a cycle is the product of its edge weights. h,(A) can be seen as a linear combination of weights of cycles in
all possible lengths in the graph represented by A.

Theorem 5.2.3 (PST constraint). [Naz+23, Theorem 1] For any sequence (ar)ien+ € RY.

>0
ax > 0 for all k € [d], then for any matrix A € ]R‘?éd,

if we have
we have

ha(A) =0 < Aisacyclic,
ha(A) Z O;
Vha(A) = 232, kag(AT)E

We say that h, is a PST constraint.

Proof. For any matrix A € ]Réxod, we have

Traf = )] ﬁAi{_w. (5.8)

(igsmig) €ld]R¥1 £=1
ig=if

G(A) has a cycle of length k if and only if there exists (i, ..., ix) € [d]**! such that iy = i, and for all £ €
[k] : Ai,_,;, > 0. Then by (5.8), G(A) has a cycle of length-k if and only if Tr [AF] > o.
Since ar > 0 for all k € [d], then

ha(A) =0 — Tr[AF] =0.Vk € [d].
<= A doesn’t contain any cycle of any length k € [d].
<= Ais acyclic.

Since A > 0, then Tr[A¥] > 0 and consequently, h,(A) > 0. The gradient of h, follows directly by
computation. O

Example 5.2.4. By Theorem 5.2.3, several standard power series are PST constraints. For example,

Name  a; fa ha Vh,
hexp % exp(x) -1  Trexp(A) —d exp(A)
hiog z log(1%) —logdet(I-A4) (I-A)™!
hiny 1 = Tr(I — A)~! (I-A)~2

Bbinom ( d ) (1+x)9 -1 Tr(I+A)¥ —d d(I+A)d?

Nazaret et al. [Naz+23] introduced following three criteria for acyclicity constraints to exhibit stable
optimization.

Definition 5.2.5. [Naz+23, Definition 2] An acyclicity constraint 4 is stable if these criteria hold for almost
every A € IR”QSd :
e E-stable h(tA) = O; . (1).

o V-stable If h(A) # 0, then h(cA) = Q.+ (¢), which means, for ¢ — 07, h(cA) > ce for some positive
constant c.

» D-stable h(A) and Vh(A) are well-defined.

Remark 5.2.6. E-stability ensures that h does not explode to infinity; D-stability ensures that A and its
gradient exist. V-stability ensures h does not vanish rapidly to 0. Without V-stability, h(Agy) can shrink
quickly very close to 0 during the optimization process, while G(Ag) remains far from a DAG.

Theorem 5.2.7 (PST unstability). [Naz+23, Theorem 2] Ford > 2, any PST constraint h, is both E-unstable
and V-unstable. More precisely,
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5.2 Stability of Acyclicity Constraints

o E-unstable A € R¥ h,(tA) = Qg0 (17).

>0

o Veunstable 3A € R4 h,(eA) = Op_o+ (7).

>0 »
Also, any PST constraint for which f, has a finite radius of convergence is D-unstable (e.g., hiog, hiny).
Proof. Take a PST constraint h, for some (ag)i € ]R‘éxod with a; > 0 for k € [d]. The E-unstability and

V-unstability are shown by a particular adjacency matrix C. Define C as the adjacency matrix of the cycle
1—2— ... > d— 1with edges weights of 1. That is:

[0 1 0 ... ... 0]
6o 1. 0 ... 0
C=
0
0 1
1 0 0 J

We have C¢ = I; and Tr[ck] = { 61 gg ; 8 rlgggcdi . We obtain for any t € Ry,

ha(tC) = d Z aggt™.
=1

In particular, since the coefficient (ax)ren+ = 0 and ag > 0, we have for any

t > 0,ha(tC) > dagt? = Qi ysoo(t?).

This proves the E-instability.
Define u = min(1, r,/2) where r, is the radius of convergence of f;. Then, for any ¢ € [0, u?),

+00
ha(eC) =d Z apqe®
=1

+00
_ fdd(z a[dg(t’—l)d)

=1

+00

< gdd(z a[duZ([—l)d)

=1

+00
< edd(z a[dU(d + ad) (5.9)

=1
< ed(fo(u) + ag).
= O£_>()+ (é'd),

where we obtain (5.9) by noting that 2(¢ — 1) > ¢ and u < 1. Finally, since u < rg, f,(u) is finite. Hence the
result.

The D-instability result follows from the definition of the radius of convergence. O

Another class of acyclicity constraints is based on the spectrum of the weighted adjacency matrix.
Proposition 5.2.8. For any matrix A € ]R‘gad, the followings are equivalent:

1. G(A) € DAGs.

2. AK =0 for some k > 1, i.e. A is nilpontent.

3. The spectral radius of A: r(A) = 0.
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Proof. 1 «— 2:
»&": Assume AF = 0 for some k > 1, then there does not exist a walk of arbitrary high length.
If G(A) is a cycle, there exists a walk of arbitrarily high length, which is a contradiction to the above.
=" If G(A) is acyclic, then similarly to the case based on linear SEMs, all diagonal elements of A are
zeros, which implies that A is nilpotent.
2 & 3: Anilpontent &< all eigenvalues 1;(A) =0 Vi € [d] & spectral radius r(A) = 0. O

Based on Proposition 5.2.8, two other acyclicity constraints are developed. We write W o W instead of
A explicitly for the following theorem.

Theorem 5.2.9 (Log-determinant acyclicity characterization). [BAR22, Theorem 1] Let s > 0, define W* =
(W € R>|s > r(W o W)} where r(W o W) denotes the spectral radius of W o W, and let h$, : W — R
be defined as ki, (W) = —logdet(sI — W o W) +dlogs. Then the following holds:

Idet
Idet

(i) hj,, (W) >0, with hj, (W) =0 ifand only if G(W) is a DAG.

Idet

(ii) VhS, (W) =2(sI—WoW)~ T oW, with Vh;,,, (W) = 0if and only if G(W) is a DAG.

Idet
Proof. Note that for any s > 0 and matrix B € R¥*“, we have det(sB) = s?B. Then, logdet(sI — W o W) —
dlogs = log(s? det(I — s™'W o W)) — dlog s = log det(I — s™'W o W). Moreover, since W o W € W*, we
have that s > r(W o W) or equivalently 1 > r(s™'W o W). Therefore, we set s = 1 w.Lo.g.

(i1): By matrix calculus,

Vh 1 (W) =2(sI-WoW) Tow.

Note that the gradient is well-defined since (sI — W o W) is an M-matrix and by Berman and Plemmons
[BP94], the inverse (sI — W o W)~! exists. By Taylor’s Theorem,

(sI-Wow)! —I+—(W W)+—(woW)2

Therefore, after taking the transpose, [(sI — W o W)~T]; ;j is non-zero if and only if there exists a walk from
j to i. After taking the Hadamard product, [(sI — W o W)~T o W]; ; is non-zero if and only if W;; # 0 and
[(sI =W o W)~T];; # 0, which means there exists a direct edge from i to j and also a walk from j to i,
which implies that there exists a closed walk from i to i passing through j. Thus, VA, (W) = 0 if and only
if G(W) is a DAG.

(1): It holds

Idet

d
K (W) = —log det(I — WoW)——log(l—[A(I W o W) =Z—log(1—/11~(l—WoW)),

i=1 i=1

thus at the boundary of W?*, h} delt(W) — oo. Therefore, the global minima of A’7

of W* and corresponds to the set of the stationary points, i.e., Vh
local and global minima of h; delt.
By Proposition 5.2.8 if W is a DAG, then A;(W o W) = 0 for all i, which implies det(I — W o W) = 1, and

consequently A5T1 (W) = 0. Since DAGs are global minima, this implies that for all W € W*, e lt(W) >
0.

Tdet I must be in the interior

; det(W) = 0. Together with (ii), DAGs are

Idet

Theorem 5.2.10. hj, (-) satisfies the following stability properties:

Forall A € ]Rif)d it holds:

o V-stable If hS, (A) # 0, then for e — 0%, hS, (eA) > ce for some positive constant c.

Idet ld t

* D-stable h;,, t(A) and Vh

and only if A is a DAG.

e (A) are well-defined where Vh;, (A) = (slg — A)~ T with vh;,, (A) =0if

Proof. * D-stable: Proved by Theorem 5.2.9.
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5.2 Stability of Acyclicity Constraints

* V-stable: Note that log det(sI — A) — dlogs = log(s? det(I — s™'A)) — dlogs = logdet(I — s~'A).
Moverover, s > p(A) is equivalent to 1 > p(s~1A). So let’s consider s = 1 w.l.o.g. For any ¢ > 0 such
that ¢|p(A)| < 1 it holds

d d
Biger(e4) = —log det(I — eA) = ~log([ [ (I - eA)) = )’ ~log(1 — ed:(4).

i=1 i=1

We prove the statement of the Theorem under the assumption that the eigenvalues {1;(A)};c[q) of A
are complex numbers and under the additional assumption that Z?zl Ai(A) # 0. Using the Cauchy-
integral formula applied for the principal branch of the complex logarithm function z +— log(1 — z)
(which is analytic within domain |z| < 1) we get:

) £22(A) [ log(1-w)dw
_Iog(l —edi(A)) = edi(A) + 2Ti /0 (eA;(A) — W)WZ’

where 7 is any closed circle or radius 7y, €|A;(A)| < ry < 1. Therefore, summing over all complex
values A;(A) and by using triangle inequality |a — b| > |a| — |b|, for a, b € C we deduce that it holds:

d
D (4
i=1

is continuous, therefore, by Weierstrass Theorem, it is bounded on 7,
eldi(A)| (A)I

d

2~ log(1 — eAi(4))

i=1

d

1 912 log(1 - w)dw
- Zf 2@y | ——

> €
- n (W — A (A))w?

log(1-w)

Now, notice that w — e (A)

log(1-w)
w—el; (A)
and 7, is a circle of radius ry we obtain by using ML inequality for the complex integral:

(since 7o is bounded domain), yielding that < K, for some K > 0. Finally, since

log(1 - w)dw

gzxf(A) (A

< 276?22 (A)

which in turn implies that

d d d
;—log(l —eli(A))] = €;Ai(/\) - aez ;Af(A)
:e‘i/li(A) — eziﬂf(A)
“ KMMZ
Ai(A
Z (A)] -
22, 2:a)
= ET,

where the last inequality holds provided ¢ is chosen small enough (more precisely if we choose ¢ <

d 5
min {| p(A)|™, %}). Thus, we proved the claim.
2

O]

Theorem 5.2.11 (Spectral acyclicity constraint). [Naz+23, Theorem 3] The spectral radius is an acyclicity
constraint

hspectrai(A) == |14(A)| =0 &= G(A) is a DAG.

It’s differentiable almost everywhere, with gradient

vhspectral(A) = Udu;/U;ud,

where ug, vg are respectively the right and left eigenvectors associated with A4(A).
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Proof. By Proposition 5.2.8, hgpecirai(A) = 0 if and only if G(A) is a DAG. Magnus [Mag85] shows that
hgpectral 1s differentiable at every A that has mutually distinct eigenvalues, with the formula provided in the
Theorem. The set of matrices with all distinct eigenvalues is dense in the set of matrices [HJ12, Theo-
rem 2.4.7.1], which finalizes the proof. O

Remark 5.2.12. Since C is algebraically closed, then every matrix has eigenvalues in C. So hgpecyral is well
defined everywhere.
Theorem 5.2.13 (Stability of spectrum based constraints). [Naz+23, Theorem 4] hypecira is stable.
Proof. * E-stable: For any s > 0 and matrix A, Agpeciral (SA) = |$|Agpectral (A) = Os00(5).
* V-stable: For any ¢ > 0 and matrix A such that hgpecral (A) > 0,
hspeciral (EA) = [€]hspeciral (A) = Qe+ ().

¢ D-stable: Proved by Theorem 5.2.11.
O

Remark 5.2.14. Note that PST constraints are V-unstable for d > 2. Furthermore, although hgpecyral 1S
E-stable, V-stable and D-stable, we observe that in practice, for the same weighted adjacency matrix W,
hspectral (W) and h det(W) operate on distinctly different scales, with Agpecirat (W) being substantially larger
than h} det(W). This considerable difference in magnitude raises challenges in assessing whether hgpecyral (W)
can be regarded as sufficiently small to be considered zero. Thus, we choose hj; (W) as our acyclicity

constraint.

5.3 Alternative Optimization Scheme: DAGMA

Besides the augmented Lagrange scheme, Bello, Aragam, and Ravikumar [BAR22] developed a simpler
optimization method named DAGMA which resembles the central path approach of barrier methods [BVO04].
We consider the same ECP (5.6) from Section 5.1.3 with the log-determinant acyclicity constraint.

min L(6) + All6lly s.t. hige,(W(6)) =0. (5.10)

Algorithm 5 DAGMA

1: Input: Data matrix X, initial central path coefficient y(o), decay factor @ € (0,1), £; parameter A > 0,
log-det parameter s > 0, number of iterations T and threshold w > 0.

2: Output: W, the estimated weighted adjacency matrix.

3: Initialize (*) so that W(u(®) € W?.

4: fort «—0,1,2..., T —1do

5 Starting at 4", solve p"*1) = argmin, ' (L(0) + A|16]],) + B, (W (6)).

6 Set y(+1) = g0,

7

. Threshold matrix W = W(0T)) - L([W(6T)| > w).

Lemma 5.3.1. [BAR22, Lemma 6] Algorithm 5 returns a DAG whenever ,u(t ) = 0.

Proof. In the proof of Theorem 5.2.9, it is shown that DAGs are global minima of A}, . Note that at the
limit of the central path (4(*) — 0), we solve the following problem:

0 = argmin, ki, (W (6)).
Thus, the solution W(g) must be a DAG. O

Remark 5.3.2. 1. We require that the initial point W(6()) be inside W*. Since the zero matrix is in the
interior of W* for any s > 0, one can simply set 8(®) = 0.

2. The default value of the hyperparameters are (®) = 1, = 0.1, f; = 0.01,s = 1,T = 4.
3. Line 5 can be solved by ADAM optimizer [KB14].
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6 Kernel Methods and RKHS Representer Theorem

In this chapter, we review the kernel method, reproducing kernel Hilbert space (RKHS) and their relevant
properties, and most importantly, the RKHS Representer Theorem as presented in Steinwart and Christmann
[SCO08].

6.1 Kernel Methods and their Properties

Definition 6.1.1 (Kernel and its feature map). [SCO8, Definition 4.1] Let K denote the set R or C, and let
X be a non-empty set. Then a function k : X X X — K is called a kernel on X if there exists a K-Hilbert
space Hy and a map ® : X — Hj such that for all x, x” € X we have

k(x,x") = (P(x"), D(x))n,.
We call @ a feature map and H, a feature space of k.
Remark 6.1.2. Note that kernel k does not determine feature map ® nor feature space Hy uniquely.

Deﬁl_litiqn 6.1.3 (Kernel matrix). [SCO08, Definition 6.1.2] For fixed x!,...,x" € X, the n X n matrix K :=
(k(x',x7));  is called the kernel matrix.

A function k : X X X — R is called positive semi-definite if, for all n € N, «ay,...,a, € R and all

x!,...,x™ € X, the kernel matrix is positive semi-definite, i.e.,

Z Z aajk(x',x7) > 0. (6.1
=1 j=1

Furthermore, k is said to be positive definite if, for mutually distinct x, ..., x" € X, equality in (6.1) holds
only for @; = ... = @, = 0. Finally, k is called symmetric if k(x, x") = k(x’, x) for all x,x" € X.

Remark 6.1.4. A kernel k with feature map ® : X — H is always positive definite, since for n €
N,ai,...,a, € R and x1,...,x" € X we have

n n n n
Z Z aiajk(xi, x!) = Z a;®(xh), Z ajCI)(xj) > 0.
i=1 j=1 i=1 j=1 H,

If k is an R-valued kernel, then k is always symmetric.

Proposition 6.1.5 (Sufficient and necessary condition for kernels). [SCOS8, Theorem 4.16] A function k :
X X X — Ris a kernel if and only if it is symmetric and positive definite.

6.2 RKHS and its Properties

Definition 6.2.1. [SCOS8, Definition 4.18] Let X # (0 and H be a K-Hilbert function space over X, i.e., a
K-Hilbert space that consists of functions mapping from X into K.

1. A function k : X x X — K is called a reproducing kernel of H if we have k(-,x) € H for all x € X
and the reproducing property

f) = {f,kCx)m
holds for all f € H and all x € X.
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2. The space H is called a reproducing kernel Hilbert space (RKHS) over X if for all x € X the Dirac
functional §, : H — K defined by

O (f) =f(x), feH,
1s continuous.

Remark 6.2.2 (Reproducing kernels are kernels). [SCO8, Lemma 4.19] Let H be a Hilbert function space
over X that has a reproducing kernel k. Then H is an RKHS and H is also a feature space of k, where the
feature map ® : X — H is given by

d(x) =k(,x), xelX.

We call @ the canonical feature map.

Theorem 6.2.3 (Every RKHS has a unique reproducing kernel). [SCOS, Theorem 4.20] Let H be an RKHS
over X. Let H' be the space of linear functionals that map from H to K. Then k : X X X — K defined by

k(x,x") == (5x,0x ), x,x €KX,
is the only reproducing kernel of H.

Theorem 6.2.4 (Every kernel has a unique RKHS). [SCOS, Theorem 4.21] Let X # 0 and k be a kernel
over X with feature space Hy and feature map ¢y : X — Hy. Then

H:={f:X — K| 3w e Hywith f(x) = (w, §o(x))g, for all x € X}
equipped with the norm

Az = inf{llwllg, : w € Ho with f = (w, $o(-))r, }

is the only RKHS for which k is a reproducing kernel. Consequently, both definitions are independent of the
choice of Hy and ®,. Moreover, RKHS H of k is "smallest" feature space of k in the sense that, the operator
V : Hy — H defined by

Vw = (w, @ (-))m,, w € H,

is a metric surjection, i.e., VBy, = By, where By, and By are the open unit balls of Hy and H, respectively.
Finally, the set

n
Hy,, = {Zaik(-,xi) neNay,...,0, € Kxt ... x" EX}
i=1

is dense in H, and for f := Y1, aik (-, x') € Hyy we have
n n ) )
UG = D0 D" astgi(x, 7).
i=1 j=1

Theorem 6.2.4 can be used to determine the RKHS of a given kernel and its modification such as re-
strictions. Recall that every C-valued kernel on X that is actually R-valued has an R-feature space. The
following Corollary describes the corresponding R-RKHS.

Corollary 6.2.5. [SCOS8, Corollary 4.22] Let k : X X X — C be a kernel and H its corresponding C-RKHS.
If we actually have k(x,x’) € R for all x,x’ € X, then

Hr={f:X ->R|3ge€ HwithReg = f}
equipped with the norm
Ifllbg = inf{llgllsz : g € HwithReg = f},  f € Hg,
is the R-RKHS of the R-valued kernel k.

Definition 6.2.6. 1. The supremum norm of a kernel k is defined as [|k||c := sup,.c x Vk(x,x).
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2. Let k be a kernel on X with feature map ® : X — H. Define kernel metric dy on X:
For x,x" € X, dip(x,x") :== ||®(x) — ®(x")|| 5.

Remark 6.2.7. 1. Let H be RKHS of kernel k, note that k is a reproducing kernel of H by Theorem
6.2.4, then k(-,x") € H Vx’ € X. By reproducing property,

k(x,x') = k(. x") (x) = k(. x"), k(- x))n.

Then
ke, x )P = 1K Cx) b Co)dul® < kG - e CGolls = k(x', x7) - k(x, x),

where the last inequality is followed by the Cauchy-Schwarz inequality. Therefore, sup, ... x k(x, x")| =
sup,.. x k(x,x). So k is bounded if and only if

Ikl == sup Vk(x,x) < oco.
xeX

di(x,x') = V(@(x) = B(x'), D(x) — D(x'))y
= V(@(x), ®(x)) — 2(@(x), D(x'))p + (D(x'), D(x'))11
= Vk(x,x) — 2k(x,x") + k(x’, x").

So dj is independent of choice of ®.

In the following, we introduce some properties of RKHS. (Chapter 4.3 of Steinwart and Christmann
[SCO08])

Proposition 6.2.8 (RKHSs of bounded kernels). [SCOS, Lemma 4.23] Let X be a set and k be a kernel on X
with RKHS H. Then k is bounded if and only if every f € H is bounded. Moreover, in this case the inclusion
id : H — £ (X) is continuous and we have ||id : H — £ (X)|| = || k]| co-

Proposition 6.2.9 (RKHSs of measurable kernels). [SCOS, Lemma 4.24] Let X be a measurable space and
k be a kernel on X with RKHS H. Then all f{ € H are measurable if and only if k(-,x) : X — R is
measurable for all x € X.

Proposition 6.2.10 (Differentiability of feature maps). [SCOS, Lemma 4.34] Let X C R? be an open subset,
k be a kernel on X, H be a feature space of k, and ® : X — H be a feature map of k. Let 9;0;.qk denote
the mixed partial derivative of k(x,x") wrt. i—th coordinates in x and x’ and let i € {1,...,d} be an index
such that the mixed partial derivative 9;9;,qk exists and is continuous. Then the partial derivative 3;® of
® : X — H with respect to the i—th coordinate exists, is continuous, and for all x,x" € X we have

(0i®(x), 0;@(x"))r = 9;01ak (x,X") = 9yyqdik (x, x”).
In other words, 9;0;,q4k is a kernel on X X X with feature map ;9.

Remark 6.2.11. In Theorem 7.2.1, we prove the “differentiable reproducing property” which is similar to
Proposition 6.2.10.

One of the most commonly used kernels is the Gaussian RBF kernel:

Definition 6.2.12 (Gaussian RBF kernel). [SCO08, Proposition 4.10] Ford € N,y > 0, x = (xy,...,%xg) €
RY, and x’ = (x1, .. .,xL’i) € R?, we define

: I = I SNy
ky(x,x") := exp —T =exp|-y Z(xj - xp)7|.
j=1

ky is called the Gaussian RBF kernel with width y.

Proposition 6.2.13. [SCOS, Proposition 4.46] For 0 < y; < y, < oo, and non-empty set X C R?, let Hy,
and H,, denote the RKHS corresponding to the Gaussian RBF kernel with width y, and y, respectively. We

obtain id : Hy,(X) — Hy, (X) with [lid : Hy,(X) = Hy, (X)]| < ()%,
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6 Kernel Methods and RKHS Representer Theorem

6.3 RKHS Representer Theorem

We assume in machine learning approach that we have collected D := ((x!,y'), ..., (x",y")) of input/output
pairs. We use this to learn a function f : X — Y such that f(x) is a good approximation pf possible response
y to an arbitrary x. Let IP denote the unknown probability distribution on X X Y. More precisely, a pair
(x,y) is generated in two steps. First, the input value x is generated according to the marginal distribution
Px. Second, the output value y is generated according to the conditional probability P(-|x) on Y given the
value of x. Note that by letting x be generated by an unknown distribution PPy, we basically assume that we
have no control over how the input values have been and will be observed. Furthermore, assuming that the
output value y to a given x is stochastically generated by IP(-|x) accommodates the fact that in general, the
information contained in x may not be sufficient to determine a single response in a deterministic manner.
In particular, this assumption includes the two extreme cases where all input values determine an almost
surely unique output value. Finally, assuming that the conditional probability IP(:|x) is unknown contributes
to the fact that we assume that we do not have a reasonable description of the relationship between the input
and output values.

Moreover, in order to access the quality of a learned function f, it’s not sufficient to consider the value
of the loss function ¢(x, y, f (x)) for a particular choice of (x, y), but in fact we need to consider how small
the function (x,y) — ¢(x,y, f(x)) is. Here, we consider the commonly used expected loss of f defined as
below:

Definition 6.3.1 (¢-risk). [SCO8, Definition 2.2] Let £ : X X Y X R — [0, o0) be a loss function and P be a
probability measure on X X Y. Then, for a measurable function f : X — R, the ¢-risk is defined by

Rep(f) = /X 0 f()dP(x.y) = /X /y £(x. . £ () dP(y|x)dPx ().

For a given sequence of data observations D := ((x',y'),...,(x",y")) € (X x Y)", we write D :=
%Z?:l O(xi,yi)» Where §(yi i) denotes the Dirac measure at (x,y"). In other words, D is the empirical
measure associated to D. The risk of a function f : X — R with respect to this measure is called the
empirical ¢-risk:

Rep(f) =+ 2 66y, fx).

i=1

Lemma 6.3.2 (Convexity of risks). [SCO8, Lemma 2.13] Let £ : X X Y X R — [0, ) be a (strictly) convex
loss and P be a distribution on X X Y. Then R, p : Lo(X) — [0, 00] is (strictly) convex.

Letf: X XY xR — [0,00) be aloss, H be the RKHS of a bounded measurable kernel k on X. We
consider the regularized empirical ¢-risk:

Ry 5, () = Afll +Reo (f). (6.2)

reg

Let fp » denote the minimizer of R DA

(+) in H. More precisely,
Aol +Reo(foa) = inf A +Reo ()

We call fp ; as empirical SVM solution.

Lemma 6.3.3 (Existence of minimizers). [SCOS8, Theorem A.6.9] Let E be a reflexive Banach space and
f + E > R U {oo} be a convex and lower semi-continuous map. If there exists an M > 0 such that
{x € E: f(x) < M} is non-empty and bounded, then f has a global minimum, i.e., there exists an xy € E
with

f(xo) < f(x),  x€E.

Moreover, if f is strictly convex, then x is the only element minimizing f.
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6.3 RKHS Representer Theorem

Theorem 6.3.4 (RKHS Representer theorem). [SCOS8, Theorem 5.5] Let £ : X X Y X R — [0,0) be a
convex loss and D = ((x,y"),..., (x",y")) € (X x Y)". Furthermore, let H be an RKHS of a bounded
measurable kernel k over X. Then, for all A > 0, there exists a unique empirical solution fp ) € H of the

regularized empirical €-risk (6.2). In addition, there exist (ay, . .., a,) € R such that
n .
foa(x) = ) aik(x,x"), x€X. 6.3)
i=1

reg

The above theorem shows that the empirical minimizer of R,

combination of the canonical feature map.

(f) can be represented by a linear

Proof. * Uniqueness: Assume that ngﬂ L) = Allf ||f{ + Re.p(f) has two minimizers fi, f, € H with
fi # f2. Since we have

SR+ 10 = 5 fom = 5 (LA I + Il = 2Ch o) = 1A = Flly > o

Then,
1 1 1
S fodir < Al + S 1l (6.4)

Consider f* := 1 (fi + f2),

" 1 1 1 1 641 1
1l = H;ﬁ FR| = IR+ S fn + S IAIE < IR + S IAIE.

2
H
"ll“logether with the convexity of f — R, o (f) and )Lllflllé +Rep(fi) = )Llllelﬂ + Re.p(f2), it follows
that

AF Nz + R (fF) < AN +Ren(f)-

reg

Thus f; is not a minimizer of RL, DA

(f) which contradicts to the assumption.

* Existence: Since convergence in H implies pointwise convergence, we obtain the continuity of R, o :
H — [0, 00) by the continuity of L. Then Lemma 6.3.2 shows the convexity of this map. Moreover,
= Af f{ is also convex and continuous, and hence so is f — A||f ||§I +R;.o(f). Now consider the
set

A=A{f e H: AIfllf +Ren(f) < M},

where M := R, p(0). Then 0 € A obviously. In addition, f € A implies /1||f||§{ < M, and hence

Ac (M/A) 2By, where By is the closed unit ball of H. In other words, A is a non-empty and bounded
subset, and thus Lemma 6.3.3 gives the existence of a minimizer fp .

 Representation (6.3): We denote X’ := {x’ : i = 1,...,n} and H|x- := span{k(-,x') : i = 1,...,n}.
Let H|y, be the orthogonal complement of H|x- in H. Then by the Hilbert Projection Theorem it

follows that every f; € H, j € [d] can be uniquely decomposed as f; = fj” + ij, where fj” € H|x’ and

ij € H &,. By reproducing property, it holds

f}J_(xi) — <f}J_’k(,’xi)>H =0.

Thus,
Reo(f1) = Reo(f).

Note that (fll, f+) = 0, hence

1 = |17, + 70 = 1]
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6 Kernel Methods and RKHS Representer Theorem

‘We conclude that

inf Allfll7; +Ren(f) < inf AllfllF +Reo(f)
feH f

EH'X’

2
7+ Reo(Fh)
< inf A1y +Reo ()

= inf /1’
feH
Therefore, we obtain that

}rellf{/lllfllfq +Rep(f) = feifrhfx, AllfllE +Re.p (),

which finalizes the proof.
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7 Structure Learning in General Non-Parametric
Structural Equation Models based on RKHS

The general non-parametric NOTEARS algorithms introduced in chapter 5 approximate the non-linear rela-
tionships between random variables either by MLPs or basis expansions. However, the MLP approximation
is sensitive to the size of hidden units. Although increasing the size of the hidden layers increases the flexi-
bility of MLP functions, larger networks require more samples to estimate the parameters [Zhe+20]. More-
over, the current MLP approximation relies on random initialization for the weights which causes obvious
randomness in results [see the illustration from WBD?24, Figure 2 therein]. Fine-tuning the architecture of
a neural network is, thus, a non-trivial task. On the other hand, basis expansion approximation is restricted
through its focus on additive models. Motivated by these, we introduce a novel approximation family by
kernel methods in this chapter. In section 7.1, we introduce a model-agnostic sparsity regularizer based
on partial derivatives. Similar to Rosasco et al. [Ros+13], we establish a version of an RKHS Representer
Theorem for an empirical acyclicity constrained optimization problem. We approximate the non-parametric
relationships with the help of an RKHS given by a differentiable kernel. Finally, we assemble the DAGMA
optimization scheme (section 5.3) and develop an algorithm called "RKHS-DAGMA” in section 7.3.

7.1 Sparsity Regularizer

In causal inference, we usually expect that a random variable depends only on a few other random variables.
In other words, we favor functions for which each partial derivative is small at different points. Recall that
we assume functions fj;: X — R, j € [d] are in the class C!(X), and the functions f; and their derivatives
are both square-integrable. Denote Px to be the joint distribution of the random vector X, we consider
the following sparsity regularizer (see Rosasco et al. [Ros+13] for applications in statistical learning and
asymptotic optimality of the obtained minimizer on the classes of functions which contain RKHS H).

\/ / aff(x) Py (dx). (7.1)

To develop a version of the data-based decision rule we need to consider an empirical counterpart for
|I-|2 of the derivative. Thus, we "mimic" it by plugging in the empirical measure D := % i1 O(xi)- We set

_J z":(aﬁ(x)

fj()

Qi(f) = Z

k=1

Hafj()

OxXj

Then the empirical estimate of (7.1) is

9fi ()
X

d
QP (f) =)

k=1

n

Similarly, the empirical estimate of the coefficient W) of the weighted adjacency matrix is

D _ Haﬁ'(')

X

n
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7 Structure Learning in General Non-Parametric Structural Equation Models based on RKHS

7.2 Constrained Empirical Optimization Problem Solved by Kernel
Methods

For each j € [d], we assume f;: X — R,j € [d] is in a reproducing kernel Hilbert space (RKHS) H

generated by a bounded continuously-differentiable kernel k on X and use an additional term /1|| f]”; to
penalize function complexity. Then we aim to minimize the following loss function:

d n
Z {% Z(xj — [N +1(2QP (f)) + /1||f]HiI)} s.t. My w?) =o, (7.2)
i=1

J=1

where 7, A are positive numbers and s > 0 being some fixed number (typically set to 1). Following ideas as
in Rosasco et al. [Ros+13], we show a version of RKHS Representer Theorem for the optimization criteria
(7.2) with the log-determinant acyclicity constraint. The main point of the result below is to show that
the solution of the log-determinant constrained empirical minimization problem (7.2) over the reproducing
Hilbert space H admits a solution of the form (for every j € [d]):

7 Z k() + Y Zﬁm o)

i=1 a=1 Sa

s=x1

Theorem 7.2.1. Let X be a bounded connected non-empty open set in R%, k(-, -) be a bounded countiniously
differentiable kernel. Then the constrained minimizer of (7.2) can be written as

ok
7 () = Z alk(x, x') + Z Z/}J (x N rex (1.3)
i=1 a=1 s=x!
where o/, (ﬁél ", €R"anda,j € [d]. Then,
ot nooo n g ak(x P R j ok(x!,x!)
|fj = Z a{aljk(xi,xl) +2 ZOH + ﬁ‘]u b Tox l . (7.4)
i,l=1 i,I=1 a=1 a i,I=1 a,b=1

Proof. (7.3): Consider arbitrary elements f,g € H; since g € H and H is complete, there exists a sequence
of elements (g),>;, g» € H such that it converges to g in the norm of Hilbert space H. Furthermore, for
every n € N we have:

uchy-Schwarz

Fogndu = Pu < K g = Pul = K. gn — 9)nl e 1Nl - lgn = gl

Note that since k is bounded it implies that f is bounded [see ex. SC08, Lemma 4.23]. Furthermore, since
gn — ¢ in the norm of the space H we have that

Jim (f, gn)yy = (f:9) =0,

which implies that map x +— (-, x); is continuous. Similarly, one can prove scalar product is continuous in
the first coordinate.

For coherence of further proof, we first refine the proof that for the open set X c R?, for every a € [d],
x € X we have that a—iak(-, x) € H and moreover that "differential reproducing property" holds, i.e., that

:<f,ik(-,s) > ,Vx € X, feH.

934 s=xI H
Namely, we refine the proof (see Theorem 1 point a), b) in Zhou [ZhoOS8]) in case ¢ = 0 to show that
the "derivative element" exists in H. We deviate from the proof of Theorem 1 in the part to establish that
differential reproducing property holds for all f € H. The latter part is different from that of Zhou [Zho08] as
it uses the completeness of H and the fact that weak convergence and pointwise convergence are equivalent
in RKHS H.
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7.2 Constrained Empirical Optimization Problem Solved by Kernel Methods

Consider arbitrary x € X; since X is open there exists r > 0 such that X, := {x +y,y € R?, llyll, <r} cC
X. For a € [d], denote e, to be a—th orthonormal vector in the standard Euclidean basis in R?. For arbitrary
x € X denote hy, to be the function hy, : X — R such that hy,(y) = a%ak(s, Y)|s=x forall y € X, i.e., for

allx, y — a—‘;k(s, Y)|s=x. Since, from the definition of the RKHS, k(-, x) € H we have that set of functions
H— R
1
{;(k(-,x+tea) —k(,x)),t] < r} (7.5)

is such that it holds for every ¢, |¢]| < r:

2

Hk(-,x +teg) — k(- x)
t

1
= t—z(k(x +teg, x +teg) — k(x, x +tey) — k(x + teg, x) + k(x, x))
H
2

2
)
o0

k(., )

0X,0X,

where the last inequality follows from the fact that k(-, -) is a continuously differentiable function in every
coordinate and application of the Mean Value Theorem (twice, once in every coordinate). The latter inequal-

ity implies that set (7.5) lies within a ball of radius ||#Zxak( Y )H in Hilbert space H; it is known (since
x—weak convergence is equivalent to weak convergence in Hilbert spaces) that the ball in the Hilbert space
is weakly sequentially compact (see ex. [Rud91], Chapter 3). Thus, there exist a sequence (f,), such that
lim,,,o t, = 0 and the sequence i(k(-,x + tyeq) — k(-,x)) converges weakly to an element h, € H. The
latter means that for arbitrary f € H it holds:

: 1
hm<—(k(-,X+tnea) —k(-,x)),f> = (hx, - (7.6)
n—oo tn H
Consider f = k(-,y), where y € X arbitrary. Since k(-,y) is differentiable (as a function of first coordinate)
we have that for the LHS of the last equality it holds:

lim <tl(k(sx + tnea) - k(’ X)), k(9 y)>

n—oo

1
= lim t—(k(x+ thea y) — k(x,y))
H n—oo f,

= iix,a(y)'

S=X

0
= a—sak(& y)

But from the other side, it holds that

lim <tl(k(-,x +theq) — k(- x)), k(- y)> = (hx, k(y,-)) = he(v)

n—oo
H

and this for arbitrary y € X. We conclude that h,, = h, (as a map X — R) and since h, € H, so does
h, and by identifying a—iak(-, x) := h, the existence of such element that a%ak(x, y) = <a%ak(x, I, k(- y)>
follows.

Now we show that "differentiable reproducing property" holds, i.e., that the convergence to the limit
a—ia(k(-, x)) is pointwise (and not only as a weak limit) and we can exchange the differential and inner
product sign. The latter is equivalent to the folklore fact that the weak convergence is equivalent to pointwise
convergence when the underlying space is RKHS. Indeed, consider any sequence g, that converges weakly
to an element g € H. The latter means we have for all f € H it holds that lim,—e{gn, f) = (g, f).
Then, in particular, the latter holds for all k(x, -), x € X yielding the necessity. To show the sufficiency,
if lim, o0 gn(x) = g(x) for all x € X then lim,—,0{gn, ) = (g, ) for all f € span{k(x,-)} (by linearity
of the inner product and its continuity). The claim then follows since H is complete. From this statement
we deduce that the limit in Equation (7.6) is actually a pointwise limit, thus for every x € X we have
lim; %(k(-,x +teg) —k(-,x)) = a—;’cak(~,x) and moreover for every f € H holds:

flx+te) = f(x) _f ()
i ,

ox,

< 9 k(-,x),f> = <lim 1(k(-,x+ teg) — k(-,x)),f> = lim
H t—0 f t—0

0x,
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7 Structure Learning in General Non-Parametric Structural Equation Models based on RKHS

where we used continuity of inner product and reproducing property in the second equality. Thus, we have
that derivative exists and the "differential" reproducing property holds.

Denote X’ := {x’,i = 1,...,n} and H|x := span{k(-, x%), ak( :5) leeyi i =1,...,n,a = 1,...,d}, let
|  be the orthogonal complement of H|x- in H (notice that it ex1sts and well- deﬁned as every element in
the span exist and well-defined). Then, from the Hilbert Projection Theorem it follows that every f; € H,

Jj € [d] can be uniquely decomposed as f; = fj|| + fjl, where fj|| € H|x’ and f]l € H&
Let e, € R? being a-th vector of the standard Euclidean basis in R?; by reproducing property and definition

of H&, in H, it holds

FrG) = (k) =

Using the fact (proved above) that for f; € H the differentiation reproducing property holds, together with
the orthogonal property we get:

afl k(- fLeH},
( ) <f; ’a (,S)Is:xi>H | 0

ox, s,

By reproducing property in H, we deduce that for every j € [d], it holds
1 < : 1 <
o _Zl<x;- ~fi) = o Zl<x;- ~ £ )%
1= i=
whereas the differential reproducing property implies that it holds

" afz(x‘) 1 (3f”<x )

<f>——Z ——Z = w2 ().
i=1
Notice furthermore, that
|| _ |12 @
H 0xq n 0xgq
which in turn implies that Qf) (fj) = QID ( fj”).
Thus, by denoting
d n
R (f) + 1P () + AR = ) {zi 3~ ()7 + 202 (f) + A||ﬁ||;]},
j=1 i=1

for f = (fi,..., fy) € H®? (where we denote the direct product of d copies of H as H®?), we get that over
the acyclicity constraint the following chain of the equalities holds:

inf Reo(f) +1(2Q2 () + A f1%,.)
fGHd hlde‘(WD (f))=0
= inf Re. o (f1) + 2202 (F1) + A2 + Al )
feH f=fl+fL,
fler|d,.ng (WP (£))=0
= inf Re o (f1) + 202 (1) + 21120

ferd f=flafs flemd,,
”fL”Hd 0.he € (W2 (flh)=0

= inf RLo(f) + 1P (f) + A f113)-
feH|L, ks (WP (f))=0

Thus, we showed that it holds:

o, Re,o(f) + 7P () + Allf15) = nf, Re,o(f) +72Q7 (f) + Allf1I5.)
€ € ’
B (W2 (£))=0 B (W2 (f))=0
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7.2 Constrained Empirical Optimization Problem Solved by Kernel Methods

Thus, the first claim of the Theorem holds.
To prove (7.4), we first note that by the differential reproducing property it holds that

ok(-,x) ok(-y) Pk(x,y)
H =

< oxa  9yp 0xXa0yp

.7

Plugging in the formula for the solution of the constrained minimization problem and using reproducing and
differential reproducing properties we obtain:

Rl :< S " ak( x)’ ﬁ(’,lak( lx)>
(S 0+ 5 S B2 S 5,5 2

i=1 i=1 a=1

- Sttt o2 5 S [0 ),k<-,x">>H

il=1 il=1 a=1

n d i
- 8k(-,x’) 8k(-,x)
i pi
+ E , E ‘ﬁai bl< oxi ' oxl
H

d ak(x xl)
Z ﬂalﬁbla— (78)

l b
i,I=1 a,b=1 a0

which finalizes the proof. O

Motivated by Theorem 7.2.1, we estimate every function f; by their kernel estimators as above. We
provide our algorithm with the common-used Gaussian kernel which is based on the Euclidean distance of

two input data points. For y > 0, j € [d] let k, 7. R9"! 5 R be a Gaussian kernel defined as

d
k;j(x, x') = exp(—y_2 Z(xi - x;)z), (7.9)
i%)

’

2
’ xX—x . . .
i.e., it corresponds to the Gaussian kernel k), (x, X ) = exp ( — H—Z‘z) evaluated as if the j—th coordinate
was set to a constant.
Note that each random variable can’t be the cause of itself, f; shouldn’t have x; as its input, thus we

replace k in (7.3) with k™7 to approximate f;, i.e.

f](x) Zajk ](xx)+ZZﬂJ ok~ (xs)

i=1 a=1

s=x!
Let 6; = {a, ﬁii :a € [d],i € [n]} denote the parameters for f; and 0 = (0, .., 0;). Then the loss function
is constructed as follows:

d n

1 N T ~0 =012

> {% Dl - P+ e[2QP(F ) + Al ||H]}. (7.10)

j=1 i=1
To evaluate the acyclicity constraint on the dataset, using Representer Theorem for the function ﬁ we
consequently obtain for every k, j € [d]:

~0
W25 = wP (o), = ffaxix)
akf(xx no 4 8kf(x x)zé 711
{ZZ! xi +:1;ﬁ 8x8xa } 71D
and consequently
- d n 9
Qf)(ﬁg):ZJ;Z ffa Sl Zwﬂ(e)k] (7.12)
k=1 i=1
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7 Structure Learning in General Non-Parametric Structural Equation Models based on RKHS

Remark 7.2.2. Since we exploit the Gaussian kernel, we want that the decision rule (and, generally speak-
ing, considered classes of prediction functions) returned by the Algorithm to belong to the space of continuously-
differentiable functions (and thus implying the condition that if partial derivative exists and equal to zero
then the function does not depend on that coordinate). Below we justify this fact by showing that any func-
tion that belongs to Gaussian RKHS H, (X) also belongs to C'(X). Let H, be the RKHS of the real-valued
Gaussian RBF kernel k, for y > 0. Notice, from Theorem 10.45 in Wendland [Wen04] it follows that, since
ky(-,-) is (infinitely many times) differentiable, so the associated RKHS H, (X) is a subset of the space of
continuously differentiable functions. Therefore, the inclusion H,(X) c C'(X) holds, which implies that
for every f € Hy itholds ||fllc:(x) < 0.

7.3 Optimization

Combining Equations (7.10), (7.11), (7.12) together with log-determinant acyclicity constraint, we obtain
the following constrained empirical optimization problem:

d n
3 1 . —~0 i\ D —~0 ~0,2
meln; {% ;(x; — i N2+ 222 ) + AIf; ||H]}
s.t. —logdet(sl; — W2 (0) o WP (8)) + dlog(s) = 0.
As introduced in DAGMA, we use a central path optimization method to solve the constrained optimization

problem. We give our method in Algorithm 6 and call it RKHS-DAGMA. Note that the subproblem (7.13)
of Algorithm 6 means that starting at § = 6(*), (*+1) is obtained by the ADAM optimizer [KB14].

Algorithm 6 RKHS-DAGMA

1: Input: Data matrix X, initial coefficient (learning step) u(*) (e.g., 1), decay factor « € (0,1) (e.g., 0.1),
sparsity parameter 7 (e.g., 1 x 10~%), function complexity parameter A (e.g., 1 X 10~%), log-det parameter
s > 0 (e.g., 1), number of iterations T (e.g., 6) and threshold w (e.g., 0.1).
Output: W, the estimated weighted adjacency matrix.
Initialize 6(*) so that W2 (9(©)) € W,
fort — 0toT - 1do

Starting at 6(*), solve

d n
0+ = argminy u® {% Mt -7 )+ e202(F) + A|{fj9||§{]}) + B (WP(9)). (7.13)
i=1

j=1

6: Set (1) = qu(®),
7: Threshold matrix W = W2(0D) . 1(W2(61)) > w).
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8 Experiments

The contents of this section are divided into three parts. First, we analyze the performance of the RKHS-
DAGMA model in a rather simplistic setting of the bivariate prediction (distinguishing cause-effect) within
artificially constructed toy models. Second, we evaluate and compare the properties of the RKHS-DAGMA
solution with non-parametric NOTEARS algorithms like NOTEARS-MLP and NOTEARS-SOB on the
sampled directed Erd6s-Rényi graphs of growing dimension. Finally, we compare the performance of
RKHS-DAGMA with NOTEARS-MLP and NOTEARS-SOB on the real-world bivariate datasets [Moo+16].

8.1 Toy Example

We illustrate the performance of RKHS-DAGMA by two simple simulations with two nodes and 100 data
points. Plots show the ground truth data points of corresponding simulations (blue) and estimated function
values (red) obtained by RKHS-DAGMA in the bivariate causal models Y = X% + ¢, X ~ U[0, 10] (left) and
Y = 10sin(X)+¢, X ~ U[-3, 3] (right). Denote W, as the estimated weighted adjacency matrix without any

thresholding. Results of figure 8.1(a) correspond to the estimated matrix Wes = ( 6.22 >(<) 104 10(')35). Thus,
0 4.91

results of 8.1(b) give Wys = (8 49%10-% 0 ) In both cases, we observe Wi, is significantly large, and

W, is sufficiently small to be ignored after thresholding, indicating that the RKHS-DAGMA finds correct
causal relationships. (see 8.1 and explanations therein).
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(a) quadratic relationship (b) sinus relationship

Figure 8.1 Toy examples

8.2 Structure Learning

Next, we examine the structure recovery of RKHS-DAGMA compared to the baselines nonparametric
NOTEARS methods by comparing the estimated DAG with the ground truth generated from Erd6s-Rényi
directed graph with the given topological ordering of the vertices. Noting that in Zheng et al. [Zhe+20],
several graph models are considered such as ER1, ER2, ER4, SF1, SF2, SF4 where ERm denotes Erd&s-
Rényi graph with m X d edges; same for scale-free (SF) graph. Here we focus on one of the hardest settings,
the ER4 graphs where the enhancements of NOTEARS algorithms are less competitive compared to other
algorithms like fast greedy equivalence search [Ram+17], DAG-GNN [Yu+19], greedy equivalence search
with generalized scores [Hua+18] (see Figure 4 in Zheng et al. [Zhe+20]).
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8 Experiments

Simulation Given ground truth DAG, we simulate ER4 DAGs according to the procedure of Zheng et al.
[Zhe+20] with the functional relationship in the following three ways: The first way is by the Gaussian
process:

fi(X) =9;(Xpa(j)) +¢;V j € [d],

where g; is sampled from RBF GP with lengthscale 1. In detail, for the sub data matrix X,,(;) € R™?
where p < d, gj(Xpa(j)) ~ N (0, K(Xpa(j)s Xpa(j))) with

¥ - fbllﬁ)

K(Xpa(j)> Xpa(j))ab = exp (— 212

where ¥, x¥? denotes the a—th and b—th row of Xpa(j) respectively and lengthscale [ = 1. Moreover, ¢; ~
N(0,1,) is a standard Gaussian noise.
We call the second way additive GP:

FOO= >0 g +e),

kepa(j)

where each g ; is sampled from RBF GP with lengthscale 1.

The third way is by a MLP network with hidden size 100 and a sigmoid activation function where all weights
are sampled from U ((-2.0,-0.5) U (0.5,2.0)). Moreover, we add an additional simulation type called the
combinatorial model where the non-linear relationship is a linear combination of various common non-linear
functions:

FOO= >0 g +e),

kepa(j)

where gy ; is randomly picked from following non-linear functions:
g(x) = exp(—|x|), g(x) = 0.05x% g(x) = sin(x).

As mentioned in Bello, Aragam, and Ravikumar [BAR22], the initial point Ww(0©) is required to be
inside W*. Zero matrix is always inside W* for any s > 0, thus we set parameters 6(®) be 0. Since
our approximation method and sparsity regularizer fundamentally differ from NOTEARS algorithms, the
hyperparameters A and r are tuned by grid search. In RKHS-DAGMA, we take sparsity parameter r =
1x 107%, function complexity parameter A = 1 x 10~> and threshold w = 0.1. Additionally, we take (® =1
and the default value for T = 6, if the resulting weighted adjacency matrix is not a DAG, we enhance T to
7. We set y = 0.4d for the Gaussian kernel (see Remark 8.2.1 for the intuitive explanation of such choice, a
proper parameter choice should also be done by grid search). Due to the explicit computation of derivatives
and Hessian of the kernel function, we set the maximum number of iterations of the ADAM optimizer to 10%
of corresponding values in DAGMA to compensate for the additional cost. For NOTEARS algorithms, we
choose the default hyperparameters as described in Waxman, Butler, and Djuri¢ [WBD24] and Zheng et al.
[Zhe+20]. We choose the structural Hamming distance (SHD) which is the total number of edge additions,
deletions, and reversals needed to convert the estimated graph into the true graph, to evaluate the model
performance. Thus, the lower the SHD is, the better the model performs. To avoid the scaling impact, we
plot the model comparison separately.
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8.2 Structure Learning
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Figure 8.2 Comparison between RKHS-DAGMA and NOTEARS-MLP by SHD (lower is better) for random data
generated from 8.2(a) the ER-4 GP model, 8.2(b) the ER-4 GP-additive model, 8.2(c) the ER-4 MLP model, 8.2(d)
the model with combination of functions. Boxplots show the median and quartiles across 10 different simulations for
each simulation model.
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Figure 8.3 Comparison between RKHS-DAGMA and NOTEARS-SOB by SHD (lower is better) for random data
generated from 8.3(a) the ER-4 GP model, 8.3(b) the ER-4 GP-additive model, 8.3(c) the ER-4 MLP model, 8.3(d)
the model with combination of functions. Boxplots show the median and quartiles across 10 different simulations for
each simulation model.

Our results indicate that RKHS-DAGMA consistently outperforms NOTEARS-SOB among all types of
simulations in structured Hamming distance (SHD). Additionally, compared to NOTEARS-MLP, RKHS-
DAGMA demonstrates superior performance (in terms of the SHD) in simulations based on GP, additive
GP, and combinatorial models, while maintaining competitive results in MLP experiments (see figure 8.2
and figure 8.3).

Remark 8.2.1. While considering the experimental setting with different dimensions of the underlying
Erd6s-Rényi graphs, we notice that the complexity of the decision rule increases as the dimension grows.
Thus, one observes a "classical" phenomenon of the curse of dimensionality [see for example Gir21; Gy02].
In a nutshell, high-dimensional i.i.d. observations are "essentially" equidistant from each other while the
distance between the points grows with the growing dimension, which poses a problem for high-dimensional
metric-based methods. To handle this problem, one employs an observation that in order to reduce the
estimation error of the signal one uses decision rules of higher regularity.

In our case, since we are employing the machinery of RKHS rules based on the Gaussian kernel (7.9),
and since we have that for the RKHS it holds H,, C H,, for yo > y; > 0 and H, being the Gaussian

llx

RKHS with reproducing kernel k(x, ) := ky (x, ") = exp(—y;z'llz) (see Proposition 6.2.13), it would result

with the larger choice of y when the dimensionality of the problem (ER(4d)) is large. Notice that for the
bounded domains X the same effect (i.e., restricting to the spaces of larger smoothness), when estimating
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8.3 Real Data

the unknown functions with Gaussian kernel, can be ensured by considering the re-scaled domain with
parameter )l/.

8.3 Real Data

Finally, we compared the model performance of RKHS-DAGMA to that of NOTEARS-MLP, and NOTEARS-
SOB on a benchmark collection of different datasets with cause-effect pairs from Mooij et al. [Moo+16].
These are the bivariate datasets, each consisting of one pair of statistically dependent variables. We remove
6 datasets that contain multi-dimensional random variables. First, we standardize all remaining datasets. If
the sample size exceeds 400, the dataset is divided into 300 grids based on the first covariate to reduce com-
putational costs. The median of each grid is then calculated and used for model evaluation. RKHS-DAGMA
achieves the best accuracy of 55.88% among the remaining 102 different datasets, while NOTEARS-SOB
and NOTEARS-MLP achieve an accuracy of 45.10% and 0.98% correspondingly. We suppose the bad per-
formance of NOTEARS-MLP is due to the small sample size with a relatively large number of hidden units
compared to the number of nodes and the specific definition of the weighted adjacency matrix depends on
the weight of the first hidden layer which may be quite different than those defined by derivatives [WBD24].
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9 Conclusion

In this work, we addressed the non-parametric DAG learning problem utilizing a procedure that exploits
the machinery of infinite-dimensional (Gaussian) RKHS. Namely, we showed in Theorem 7.2.1 that the
RKHS-DAGMA Algorithm which solves a (combined) constrained empirical optimization problem with
log-determinant acyclicity constraint, admits an explicit solution as a finite-dimensional representation of
the kernel elements of the data and their derivatives. Furthermore, this solution can be computed using
central path methods similar to the ones used in the DAGMA algorithm. We compared the efficiency of
the RKHS-DAGMA algorithm with the known baselines in the setting of nonparametric structural equation
modeling such as NOTEARS-MLP and NOTEARS-SOB (see ex. Zheng et al. [Zhe+20]) in the settings
comparable to those of Zheng et al. [Zhe+20]. The versatility of the non-linear RKHS-DAGMA algorithm
appears to be especially useful on the datasets where the non-linear nature of dependency (see experiments
on the cause-effect data in Subsection 8.3) comes into play. The code is available at https://github.
com/yurou-liang/RKHS-DAGMA.
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A Appendix

A.1 Proximal Quasi-Newton (PQN) Method

Consider the problem (P): min f(w) = l(w) + A||w||;, where [(®) is a convex differentiable loss function,
w

then w can be updated by the following algorithm:

Algorithm 7 PQN for unconstrained problem [Zho+14]

Input: wy, go = VI(wy), activate set A = [p] = 1,...,p, L-BFGS memory size m, termination criterion ¢
Fork=0,1,2...:

(a) Shrink A to rule out j with w; = 0 or small subgradient |9;L(w)|.

(b) If shrinking stopping criteria is satisfied,
(i) Reset A = [p] and L-BFGS memory.
(i) Update shrinking stopping criteria and continue.

(c) Solve following equation for descent direction dy using coordinate update below on active set:
1
dj = argmin g, g,;rd + EdTBkd + Ao +d||;,

where gy is the gradient of f(w) and By is the L-BFGS approximation of the Hessian of /(@) which
is computed by followings:

(d)
B, = By — QRQ" = B, — QO,
where s; = @1 — @ and y; = gr41 — g1,

-1

S/BoS: L 5
Q:=[BoS: Y:|,R:= [ Lt _5} ,Q:=RQ",
t t

St =[S0+ ->8t-1], Y = [Yos - - - Yi-1],
i sl yj—1 ifi>j,
D, = diag[sy yo, - - - 8, 1yr-1] and (Lr)i; = {Ol 1Yj-1 o
BO = y;‘r—lst—l/s;r_ls[_ll.

In practice, the memory of BFGS is limited to m.
(e) Note that for each coordinate j, problem (c) has a closed form update d < d + z"e; given by

1 b A
z*=argmin25 Bjj 22+(gj+(Bd)j)z+/1| (wt)j+dj+z|=—c+5(c—a,a),
—— —_— —— —_————
a b c

where the soft threshold function S(x, a) := sign(x) max(|x| — g, 0).
(f) Line search for step size p € (0, 1] until the following ”Armijo rule” is satisfied:

flax+pdi) < fax) + per (Ml +diclly = Mloxlly + gy di),

where c; is some small constant, typically set to 107 or 10™4.

(g) Generate new iterate wy4+; «— @i + pdy.
(h) Update g,s,y, O, R, Q restricted to A.

53






Bibliography

[BAR22]

[BP94]

[BV04]
[Chi02]

[CHMO04]
[DM17]
[Efr08]
[Gir21]
[G+24]
[Gy02]
[HGC95]

[HJ12]
[HSW89]

[Hua+18]

[HS12]

[Ji+18]

[KB14]

[Lau96]
[Maa+19]

[Mag85]

[MT99]

K. Bello, B. Aragam, and P. Ravikumar. “DAGMA: Learning DAGs via m-matrices and a
log-determinant acyclicity characterization”. In: Advances in Neural Information Processing
Systems 35 (2022), pp. 8226-8239.

A. Berman and R. J. Plemmons. Nonnegative matrices in the mathematical sciences. SIAM,
1994.

S. P. Boyd and L. Vandenberghe. Convex optimization. Cambridge university press, 2004.

D. M. Chickering. “Optimal structure identification with greedy search”. In: Journal of machine
learning research 3.Nov (2002), pp. 507-554.

M. Chickering, D. Heckerman, and C. Meek. “Large-sample learning of Bayesian networks is
NP-hard”. In: Journal of Machine Learning Research 5 (2004), pp. 1287-1330.

M. Drton and M. H. Maathuis. “Structure learning in graphical modeling”. In: Annu. Rev. Stat.
Appl. 4 (2017), pp. 365-393.

S. Efromovich. Nonparametric curve estimation: methods, theory, and applications. Springer
Science & Business Media, 2008.

C. Giraud. Introduction to high-dimensional statistics. Chapman and Hall/CRC, 2021.

K. Gobleretal. “causalAssembly: Generating Realistic Production Data for Benchmarking
Causal Discovery”. In: Proceedings of the Third Conference on Causal Learning and Reason-
ing. Vol. 236. Proceedings of Machine Learning Research. PMLR, 2024, pp. 609-642.

L. Gyorfi et al. A distribution-free theory of nonparametric regression. Springer Series in Statis-
tics. Springer-Verlag, New York, 2002, pp. xvi+647.

D. Heckerman, D. Geiger, and D. M. Chickering. “Learning Bayesian networks: The combina-
tion of knowledge and statistical data”. In: Machine Learning 20 (1995), pp. 197-243.

R. A. Horn and C. R. Johnson. Matrix analysis. Cambridge university press, 2012.

K. Hornik, M. Stinchcombe, and H. White. “Multilayer feedforward networks are universal
approximators”. In: Neural networks 2.5 (1989), pp. 359-366.

B. Huang et al. “Generalized score functions for causal discovery”. In: Proceedings of the
24th ACM SIGKDD international conference on knowledge discovery & data mining. 2018,
pp- 1551-1560.

Z. Huseynov and A. Shykhammedov. “On bases of sines and cosines in Sobolev spaces”. In:
Applied Mathematics Letters 25.3 (2012), pp. 275-278. I1SSN: 0893-9659.

Q. Ji et al. “Network causality structures among Bitcoin and other financial assets: A directed
acyclic graph approach”. In: The Quarterly Review of Economics and Finance 70 (2018),
pp- 203-213.

D. P. Kingma and J. Ba. “Adam: A method for stochastic optimization”. In: arXiv preprint
arXiv:1412.6980 (2014).

S. L. Lauritzen. Graphical models. Vol. 17. Clarendon Press, 1996.

M. Maathuis et al., eds. Handbook of graphical models. Chapman & Hall/CRC Handbooks of
Modern Statistical Methods. CRC Press, Boca Raton, FL, 2019, pp. xviii+536.

J. R. Magnus. “On differentiating eigenvalues and eigenvectors”. In: Econometric theory 1.2
(1985), pp. 179-191.

D. Margaritis and S. Thrun. “Bayesian network induction via local neighborhoods”. In: Ad-
vances in Neural Information Processing Systems 12 (1999).

55



Bibliography

[Moo+16] J. M. Mooij et al. “Distinguishing Cause from Effect Using Observational Data: Methods and
Benchmarks”. In: Journal of Machine Learning Research 17.32 (2016), pp. 1-102.

[Naz+23]  A.Nazaretet al. “Stable Differentiable Causal Discovery”. In: arXiv preprint arXiv:2311.10263
(2023).

[Nem99]  A. Nemirovsky. “Optimization II. Numerical methods for nonlinear continuous optimization”.
In: (1999).

[NGZ20] I. Ng, A. Ghassami, and K. Zhang. “On the role of sparsity and DAG constraints for learning
linear DAGs”. In: Advances in Neural Information Processing Systems 33 (2020), pp. 17943—
17954.

[Ram+17] J.Ramsey et al. “A million variables and more: the fast greedy equivalence search algorithm for
learning high-dimensional graphical causal models, with an application to functional magnetic
resonance images”. In: International Journal of Data Science and Analytics 3 (2017), pp. 121-
129.

[Rav+09] P. Ravikumar et al. “Sparse additive models”. In: Journal of the Royal Statistical Society Series
B: Statistical Methodology 71.5 (2009), pp. 1009-1030.

[Ros+13] L. A. Rosasco et al. “Nonparametric sparsity and regularization”. In: JLMR (2013).
[Rud91] W. Rudin. Functional analysis. Vol. 2. McGraw-Hil, 1991.
[Sar] V. de Sartenejas. “TAYLOR SERIES FOR MULTI-VARIABLE FUNCTIONS”. In: ().

[Sch67] S. C. Schwartz. “Estimation of probability density by an orthogonal series”. In: The Annals of
Mathematical Statistics (1967), pp. 1261-1265.

[SGO1] P. Spirtes and C. Glymour. “An algorithm for fast recovery of sparse causal graphs”. In: Social
Science Computer Review 9.1 (1991), pp. 62-72.

[SZ19] P. Spirtes and K. Zhang. “Search for causal models”. In: Handbook of graphical models. Chap-
man & Hall/CRC Handb. Mod. Stat. Methods. CRC Press, Boca Raton, FL, 2019, pp. 439—
469.

[SCO08] I. Steinwart and A. Christmann. Support vector machines. Springer Science & Business Media,
2008.

[Tsa+03] I. Tsamardinos et al. “Algorithms for large scale Markov blanket discovery.” In: FLAIRS.
Vol. 2. 2003, pp. 376-81.

[Vaa00] A. W. Van der Vaart. Asymptotic statistics. Vol. 3. Cambridge university press, 2000.

[WBD24] D. Waxman, K. Butler, and P. M. Djurié. “Dagma-DCE: Interpretable, Non-Parametric Differ-
entiable Causal Discovery”. In: IEEE Open Journal of Signal Processing (2024).

[Wen04]  H. Wendland. Scattered data approximation. Vol. 17. Cambridge university press, 2004.

[Xu+22]  D. Xuetal. “On the sparse DAG structure learning based on adaptive Lasso”. In: arXiv preprint
arXiv:2209.02946 (2022).

[Yu+19] Y. Yu et al. “DAG-GNN: DAG structure learning with graph neural networks”. In: International
Conference on Machine Learning. PMLR. 2019, pp. 7154-7163.

[Zha+23] J. Zhang et al. “Active learning for optimal intervention design in causal models”. In: Nature
Machine Intelligence 5.10 (2023), pp. 1066—-1075.

[Zhe+18] X. Zheng et al. “DAGs with NO TEARS: Continuous optimization for structure learning”. In:
Advances in Neural Information Processing Systems 31 (2018).

[Zhe+20] X. Zheng et al. “Learning sparse nonparametric DAGs”. In: International Conference on Arti-
ficial Intelligence and Statistics. PMLR. 2020, pp. 3414-3425.

[Zho+14] K. Zhong et al. “Proximal quasi-newton for computationally intensive 11-regularized m-estimators”.
In: Advances in Neural Information Processing Systems 27 (2014).

[Zho08] D.-X. Zhou. “Derivative reproducing properties for kernel methods in learning theory”. In:
Journal of computational and Applied Mathematics 220.1-2 (2008), pp. 456—463.

56



