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oo ('H\m" S.Z:O) . For e 1'“7. and ce Ck(U.,lP) we have
ka?
(8e5c) = X D7 (8) i)

) 2 L-")r"‘ c_(i(r'n) . Z L-’l)ﬂ"-‘lc(itr"‘) : 0.

ogr<g s ke

o

Ogscrs ke

DLf.: The Cecln co’/\omol,oaf %roufs ort o[l(%mto( as

l‘_“- 8: Cu('ll.‘I'ZS - C“""(u|2)

"4
'u_‘ I
H (L R) laa &2 C9'(W, RY— C“(u, R)

comorl:  Lote Hee atuuuw'y: Flos o((_{-imik‘o\n wotle Foc Quy Optw COUV of amy HP. spoce.

exomple: HO(w R) = ler $: (U R)= CIUR) i e space of sl ce R

Fod SMRSFY (§c) i) = eliy-eli) =0 Ldrtututr Wiallix @ .

Thet is| IC"( wey ce H°(ulm Hace is o Lamu7 wunstant {\unckom f

s.t. {‘]u.l:(.u)_ Hauce foc o swooth wav;{;otl M H° (u,®) = HJ"ILH)

;f He covtc is co ﬁ‘c,‘lw/[f P\ML (tvl F'"- a ’aaoo( ;ow.—l).



LUM\M o

Let w={W}.,; be ow eptw covwr o'f o Sumsoth w\an{u(.ol M aud

{*P:};GI & Swooth ?arRRo.A c-f uuﬁ\—r subordinale Yo U . The map

C“Cu,R) = 2°H

N e JV R Z_ c((i,,_,,‘i.‘)) ]0;. d‘f;_‘h.-./\‘*f:“

ieTy

is a cochon wmap. That is

g, * olwy,

so that e worp induas

o hoWomorfL).sw» ou col«owoloy

H (U, R) — Hj (n)

wol: g Z: (8)() P, dfs, andfyy,
1€ Sy
K+|

C YT e )y dhand,

i€ Ty T°°

- Z c((i... .iu..)) ‘f’;, ‘*fi.,"-"""{fiuu

K+l
(’n |'u+|) eT
ke |

c(i)=0 if i¢ Ik”
e Y Gy Z (i) f;, &, a o addi,

|-=l (!., |'un) € IK‘-I

@ . z eCingevivn)) le A "dfiuﬂ

'uh) el ru

hue we  defice

= olw,

Thw .:

F U is a aoad. Covir of o Swmooth w.awifol.o( l"l‘ Haw e wap

wmodmetd ou ca[nowol,gy n e Ltvma s aw Lsow\orrlzvlsw, Thet is

H (%, R) £ Hy (M) | Vi .

Covsequincts o All QOM( covics e{ M Wad o He same Cech colnow\oloaf

° CokowoLoN ouly ,u?u\ol_s o  musecBon combinatorics v-f a Saocl Cowsr

o

lf N adwmits & Fnik aeoa( coutr, iy H:,_("') e P;m;ft"ol;w-cus;OV\aL



coof idea : Oue  combines He de Rhaw, cow\rLo( and He Cuh wwfhx nto

a deuble cawa‘;bx caltd +he éltl«‘o(.l Pt\aw‘ r.ow'l.(x.

0 — ROM) =5 Ty =2 Rny 2
! l l l
cup) — J S >
J3 l | l
Cu R)— > 3 . S
I ! ! ’
v R) > > e 4w, ) space of oll p-forws
\I/& ‘l’ \|/ d{(’.“"d oun sets U-;.n...nu.;"

This is conshud-ed <4,

° He {:irs'l' cow s the do Rhawa cow\fl,u(
o He Frsf' colbmun is He Cech toumplex

o all othtr (ows and coluwms we exact sequtnets
Then o Huftr-V:'ll-oJ.c l—rpe obiué-uw- tl/\as'\% wraumint  can be

et ot Hant shows  Heab l—l“(%‘ﬂ) s H,:(n) . n

Kampls: For &7 c’(w,R) =~ i(*-w“n"x)e Rl} where &, €R is as::sunl b u;

Wy
" o C(u, R~ {(gm ¥ ¥ ) eIE"} white e === ko lgallg
§C=C gamyg b gy (§p), = wi-wy
W, ARERLE Lee(S: C= )+ { CogmusdeR [ wea=a, ¥ ~ R
u, s, HO(WR) S R A W (§:C = cteta)e = P

and nmg,xtw(l': .°1): R we hove H'(U,R) = R

1 0 -1



opt !:robhm: the imiwwel ur. of tlatuts of a 30”( covtr of o MW"'L’M

(NS So~called (owrr.g -/-Yfze) is 0«4[)/ Uuowen ﬁc tho .(‘;Wfﬁ/.)l‘
Wiy unlbtvowa ﬁr Fe Ul boble (70r P ) a.,.p(,%r

U‘awpt(& ;

Fre Feo-boled fboers [.('W'Icnce ofa,(uus 2 . whoe 1F betonen 6 aud 1’) .

rtmorles: o A Cl{(u|@) we qq‘v»:‘f'ouwnlmsromo\(, (for a ﬁu\:k Covi~ 'Z{,) He
cuw,;m‘-m"\‘lu. of tcc(n colmu-o(y is L;v\ln' a(albru f’dw ,',rl sf—nri' -

v cankosdt b oo Rham calmm[o:v | whue JZk” i< fuf(hik dwmtusional .

o Mokt }hat He Cechn M-siwa!x i tuded (Cowbihnl-orhll,x\ a s?w.?[,tx.

lv He ecax of S

¢

Aa abstract sivaplicial cowplx is a fawily of sek  Fhat s closerl
swoltr *"“""g] sabsefs

The  simplicial comp lex Cosres pominn o au optn cour of a top. space
is  calud He uirve (o werve mw‘[:bx) of the Covw, Lvm/'s

vt theortmn  shaks Hoab Hle neeve af o aao.( cover of a by - sfauX
is o fimplicial  complex  cbase gpouae Mc  reolzahoa s kamakw

equ}wum"‘ to X (amo( Foms  hag He same (ca)lnowol,oy).



Po'w. core dmabity  wevisi $eld

ba ocde~ bo F?ﬂmm(m"( A moce azuw(. Virsioum o{' te  Pojncart olmalty Ha,
( Heot does vot reolw're *H«e lMaw'-Fo(_»( o be Cawpﬂﬂ") we witd o vemaunt

of de Rhom, coLawala%y foat  cgusidus o.A(,)/ ww.pac{-{./ S'u',Por-‘fi a{,.'ﬂi. fo«-w&.

D?_'{ For a Swmooth (Maudfalo( M, we olefine
JZ':"I ::{ we JZkrl | s,,.”,[,.,) ={pehl uf,#o} is towend’l

) ler (o2 REH— 28'M)
H, (1) := - (OIJJ'Z:"IH —sJ)_:h) the compadily Sur(wrl-:i ot Rhawn C°"“"“°L°:y-

o Far Compnc{' R . chLy H?(h)" H:L tr) .

rlwa wk;:

¢ J)ckl“"l is o vector space st d:ﬁ‘kh—b JLI:"H S0 He otf- wales stuse .

J-lawu/u-, fhere s an issae with 'fuu.c{-or;q[,{+7':
l{: {-’ H-p is Smooth aud boeJéfU thew rurr ({:'w) < f-l( s'uﬂ:(w>)

may not  be comPac'f' . So oue has o vesheet e clase o{- waps :

Dc{:.: A wmap {:”"’/U is cnlleol propt ™ if PrL?mgts of co\Mfo.d' sehs uunalu-f
ore wuv\f)ﬁc‘l',

C"‘_@) If f:= RV a propv Sumooth wap | Fhew  He Puul,u:k wudy F s o

cochatin  wmap F* : JI:A/ - J?.l:h audk Hans  jnducts a  howmomerplusua
B MW = HSt

@ H:(“) is iavasant wads proptr hewobopits. pork enlar | if Mo M

we homeomorplic | Heun H:‘ (R = H: (w)



Tle Proa{:s Fo(iaw e owes o~F J?l‘r’l IH“H wockly . Tle last poiwt i due to
He ]C«d— Hont howeowa:(zlm‘._sms e Propy maaps.

Sowe  dffrvus behween  HL (M) awd H LN :

() k=o0: HO(M) consists of all fe C°(M)  foc which df *0 aud
supp (F) s compact. This wens Hat ou any wn-caw‘;ad-
compontnt of U f kes ko be 2o So

i (HICNY) = # of compact commechd componnsats

(i) He (M) is uok o howsobopy iwwwiiont since foc iuskmace by () we gt
MolioY) = R buk HOIR") ¥ 4o} for auy e .

Lisi) na/u-V:doris: Fhe Puu.bul»{‘b/‘{'lrﬂ"fu(.lnsion ita fhat  cousidug
reshichons does 1o LauéU' wock ig. . Howew, it an be replaced by o
push-forwerd- by -tre-inclusion i siace iy cowpactly supporked K- fori
can be achadid by peo, ln Hae way ome obfums a R.v. woct sequence
Hot goes i He ‘opposihe  dicecRow  woithin Hhe Ut Ll

C = H (uav) — Hw e (V) — HE o) — H (wav) —s

This aéuim tnabls a Pn:of af te  Uauneth {oru.v»Lq..



) HARY T R (compwed b0 HLIM=40Y) . To see fis  consider He

;w\‘{AmRoV‘ wanp _J : -D-:(R) - m, w 3 Jb-" . Tlas e luenr L:u'sukve .
R R

norlouv' if w ois e e. e s a cau.pm"(,y sq”orhol. -fe LQ(R)

c.f o(][: © o, Hee b)/ the {muo(_uw. fhua, af calc. j;u 0. S J’E

a
inomus o ?ut‘jtc’\'ve waaworPlM'swu f : Hc (R) = R .
R
Tl 18 alco ?-\s'cckw B ,f we JZ: [Q) is s.4. ol = O and f (X =j«F((—)-lf : O
R
€ . .
Flauw élf) i= j f[c) dT s iu R, (R) auwd s.f. o‘.a :w, S [w] = Col i

=

H: (R) . Causequm{'(y' f ©H (R =R, isomorplusia
R

C,—euwﬁ.f/iz—lva Hos idea  leads b He ‘QlLou.'«a:

th,‘ Let M be o swootl, oriewbedl  1-dliva. waw"c‘»ll. (l,...'PLDwF Lo.,.up(ar),).

°~"‘°L V' e'l Oy “1« 'I\Jt D‘Lfiuc Hre. pd;hcuz Fa;rivé

HE Y x KU — R (:w],g,ﬂ).ﬁim,z

ond  Fle relabd Do o dM&(/ll—y op-w\Hr-

*

P ) — (Hm) Tl ( [l jnw.,z )

womgls I H s commeckd | Mew  Po wags 1 RT Ho (M) fo

(n+ ] ) e(HItm)".



Thes: ([ Poivicaé obu.aff"l-)') Let [ be a swootl oricabed  n-diw. waw'foli

(.,.,.'FLowl— pr.hp(ar),)| awd I,{e{D.m\"‘l. Then ¥He  Poincnre alMaU?r a‘w'u’*r

s o wvedor ;fmce :soma-rrl/v:_um . Cemsealuw,'l.yl H:_(n) ~ (H: Ln))«

remorle: Tlas can Le rcou-uq viaa & Hlfu"‘V.'tI-vr(s aauwnl.v\"‘. ,f H has o Fm:k

gal covur, Hun tlus can be  dloue by fadtacRon  on He nawbt of eltmatnts
o oa aeaoL covv. u facf‘ wndr Hig  pdds Rowal qssmu...fah‘om, e a;.f':

Cor.: Let M be a swootl, oriecwted  -diva. lMauM-Fv[i (L..iPLowl- I,m,.up(ar),)

ik 16.,;L¢ aoaol covs | aund Kelowiul. Tha He Poimcai Pu,;rl'.,\a is

u-k

a womoleqtuoake  bilinter wmap sk | die H(R) ¢ die HTTCR)

rewnorle: Thas Lgs ot (i) F.'»Jk 6::0@( covuU ;wp[/:(b H«d’
dion (HU), ion (CHM) €@ 0k G e ay fonde i,

vul-ﬂ' s?ACC \/' e lmwl V‘ =\/ .

b l((_ - le=° K(h).v R 1 K=n
owples: MR HalM =1 o kx-S0 HIM=Y | Wk
" ® « R  wefow)
nes M K =]
M couneded, prtubd w-din.  : H.:_ (M=~ R =~ HZ(n)
“ - Q, n comfa.c" .
Q’AA_ HA‘ (H> B { (v M V\DV\—LOW\‘N-I- = Hc(n)



ol Or}cmhdp;u-l«/ s crnaanl -Fprr Poivnenl dmuW?r, E'é' -F,,u-
He Hlsbive sHP 1= [00x(00)/~ ot have C—>uu-c?4.e)

Ho ) = R H_ )

> 0
Ho (hy = R bot H.(h) = o
Ho Ly ~ o Ho(h) = o

oce e(,u\wu.y( onl caun SLow ‘H,w‘l' on uuf won - odtatnble W(MI:O[’J'
cloged  top ]CmMs are af,wvfs ek, Thet is if Ml i any non- or: tukable

nedinn . Smooth wanifold | Hew HL (M) = 0 ¥ HJ(RY |

Lo /Def let 17 be oredd swootls w-dbw. gud S <]
o oritated  U-olvon. suémaw/ﬁ(o{ Flof s f‘af. closed. in .
Thew Hie is o walgue [l e H (M) | calted #e

Poivcaré oanl of Sin H, ob. VW [p7e H(#)
fqz = /L‘? = /72 Ao,
£ < h

ﬁ”’oﬁ: As S is closed Sof’f(?/;) s clsed vof outy 1a £ bul

also iv M.  Since sapp ?4 € Sapp[vz) aS i a clbsd

sebsef af a cau_.facf set ) L“’Z also hag cowr/aaaf .s-z,./pfarf

ou £ | 5o fc‘vz s roell odefaeol .
<



B)’ Stoltes' +bem. Fomoluces a Lt ﬂ.,.cl’i‘omé

/‘[:(’7)—>ﬁ2 il an elent of (H:(("'))*. Ll.r/}..é Fle
w-« [’ &

Ihvese af e Pa:'a..cpu'e’ OLIAQL-‘)L/ ofuolﬁ‘(' H.e_ () — (Hc (I“I))

n- U
was " uu/7td coLo(Ma[W class  [w] e H.Q () f.";-
jc"'z = /"2/\ w.
£ n H

M’@ PO (S caw.‘)anf' o ofitnted [ Wl o take C:H . S He
Poimcwt, dural o‘f Mo Mk ["] eJ—(;_(H)
@ Let 1 be oc[erL( ond T be a onttable ( Fop. closeodl
tqbwawifab( o-f M withh b‘wm"-*’y AT=:S . Thew He Poinca? danl .,.f_

S Miy 00 iy Skl Hhi, we gt ¥ [qle K] (M):

Juoui o2 foe

ws po;u.cwz oo L df' S i I

The Poincwre  dmoal  beloues wictly wndl- o()ffowp(m;sws:
Prot.: L&')L /7 62 Of'l'llﬂlfz S‘woaﬂ; lﬂ‘%:ﬂﬁ_ . F: n—’n an m;(w"‘akou'

’artsuun'mé oUF{cawarFW-SM. au.ol- We € H:l.u{,N) Fle Pomcwt O‘Mﬂ{.

*

o](' SemMm. Thu L, = -F We(s)




ol l-f F:h—aﬂ s o(‘:l.l—-‘l'ﬁkah~r(v.u-s;l/lé‘ tlew We =7 ‘C*N‘F‘” .
Efdof: TL;{ cbtw’achl‘-'};a fmpu'f')r of ?LM Pait-. cavc’ oL{AﬂLL 8;‘/“
V me HM -

nj’l““ﬁcswf?z ‘/F"ﬂz =f]c*,uu$

£s) s n

AL He same Kot j"l" Weesy = jF"—rl A ]C*wfcs)
H:.F[_H) R

By uuiquinness of He Poimcort damal (as whowa[a& clus)‘ W ]Lkwf“).

|
Cc-r,: L&?L ’7 ée O"I'lv"lfo( Stoctl br‘%l-m'_ ) F= N-nN au mw.(w)“akoh'

,artsuuf% ouffeoww—f:l&-sm Lok i kow-al-o??c o te ;hmm'f. oo
LM a ty. closed  ocitbted  cubwmam {ob‘ o Thin S aud -FCSS
hove +o sawme Poineart odmal i .
ch’0£: B)’ ) Pruﬁous prop.  we koo  Hoat W, f’ Weey -
€ nele n-W
HowluU‘ ¢ stuce -F: i"‘- , ut [/mv?_ ‘F*E ;0(_ : HJ). (n) - HJL (l"T) .

So t,-\S = L—"{(s) . A



2{_ Leb 1 obe au orivbed | n-oim.  swooth u«ami\fol»l. with
{2 aoool. covtr amd  SEM o ledim. ompack  oritubd
Subwau..i{obt. The compact Poinewé dual of Siw M is fhe
wwique Lol e KU foo wlich ¥ [ple Ky () -

Jae Jare.
S h

rimovles: | Cow.pmh--tsﬁ ,{ S i assumtd so ot J'rz is wclL—olLfﬁ»uL
- kS

][or all m -
o Eklls“‘\/'ce awd um;qulmiss F,L(ow F‘nw. }‘LQ {:\c*" JLLK”}' tHe

Pricecove Pa‘:riu\al o Fhe r.l.s. ¢ noun- Ol,létl/\u’od{.

© [f‘ M is COLMFM{" e Ipo;v\cwt( ol/vm[,l‘: ‘(_aw\‘;. po}u.urtlo!MﬂL(_
T hwn : (LDCDJ/Ii""\.RGV\ FriMC:FLE)
)_C{ "1 Le oau gr;lvn"(ol.‘ ln-o(,;m. Slovoo‘Hn k«au.;\fal«i u':'HA
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Subv«awifo(,d,, For Luvy  open mv':élnbor'/\ooo(. W of S there
n-U

i o r(prtscud-nkw. wedy, (M) of the wm‘:aa‘- Poincare olumal
of Sin M s sqpplwd e U

reoaprll:  Fhe same  lwolle ][nr He  Povcare ounal O][ oLy o‘-op. closed
Suxbt»aam.;{:o[,o‘(. lbm“' Hug r(,alu.-W't_S a o{}fperw“ Pm{— sh—m{-eay.
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As a Colmf)a.c{‘ Submmwifu(.rl. af u( € has a w.MPac"’ Poiene daral

[C&]E H:-k(.uy w . As I:J has cow.ruc‘f' cu?paf*'( wl can “HVWL

it o wefl.:u(.”) s.4. w, = w w’ 0 ond W=,

T
8 ! n\w

Thin V[-rzje H:[n) : j L*'rl = jb: (_,_1*11\ : fl.:“rLAC:

s =~ u
en‘u

j(.:("l'\w)=j‘fl/\\d

w H
H(utt‘ [vle H:-k(h) s He cow‘aac{'

Poivenwt ool uf— [ (8 o
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@

Lt R obe o wwpact, ontukd  stwoothy v-diw.  mandfold

avd A (ax) [xen} © MxMT fue 'ouaamc subumauns fold

of N« tobaf is He Poincard dual of A jw Hxn

We deoote it by [P) ol woke teat [f1€ Hp (Murt) as

i (M) = e (A) = u-m=u

Let @ o MM — R bt He cavowcal projecHons ot the 't frchc
witt iefan. | L1 [ et s s (do)] e o
of HL(m) | Paicaé poirieq  qits @ dual besis

RS I AT S Y | R j e



Froem  fle  Kéuadki ’4““4%{'\ avd rts oemvalo, we Uuow Haaf
[Tr_". w;'f)ﬂ (T; V::“) PCfrcs!vﬂLS a  bagis of /"/_:_ (rx /7) .

Co l'f] % G5k [(T'_-. “" " (1'_1* V:-s)] ][;’C some  Cpy € R .
B}, o{:q&w’kou of Fle Poincwe odmal (e have

A70 = : heend s ('n-*\)h_r/t Tt
gl 2 puhasler for i (T Y r Ve
A
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\_W*’
=: LHS = RHS
RHS : o&f'—'e i = Rem, ls):= Cx,x). T hee, Te( S e = r'a(
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@ Let ~F-‘ M- be a cwooth {uuckau ou @ ca&-npa.c"'l oritunbed nedbwa . 1

and [ (e f00) [xen} e Muh b aepl
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X |
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e ] Peha e
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37 Poincare obuu(,{-br :
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J)f{cowrusw y:N- 7'{‘: , <P (x,-f(k)) f-\or Which mey* id ' T}o‘f="c,

& w-r L r % w-r . & -
™ W =
Then j 'IT_1 A3 ALY € y m, \Js A kr 'ﬂ‘L wt

Tyt g

[
~—
A

.
>
b
*
—~
o q
"
=M
=t
+
3%
14
5
>
T
4

- (_4 ~(n-r) :FS';
So |[4]- > NE o )a (5w )]
el




Dcf.: Let -F=H—> M bt & Swwthr Wep On a Ciapth  n-diw, Maw-'fa(.o(.
A with {Emik-ouw\, H; “‘1) (E'Q' with H aiwi{kmé 'S @mik 6"""‘ cow.rS.

The LC{:_SCL\LH- numbic of F is ob,filnu(, as :

LUFY = X (- Jrr(_-f*-' HE () — Hfz(n)]
i=o

rlor | Feown #he alef;w;h‘am we obtaiv tvo ILMfm-Fa.,.f ,;rofv/-f(_s:

@ If f:é we Lolma/vfic' e L[f)=’-£é)

Q@ If $is a obi ffeowoc phisin,  Fhon L{&fo9"")=L(f)

t

T hwa 2 If £: N> i< smooth 0w a caw\‘mc‘l" orenhd Maw'.fo(,ol |
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Poiwewl dmol of He greph [Fin FxM | +hen
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A

* LR - --s $ jv""i
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R S e
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Excwsion into  [ufesecoo 'H\mry

DEE Llf l/l.'L be subhnum;{ou.s of a Sweota (Mawfou. M.

K owd L are Fovwral ju U and  we onite Lk L ff

TPk+TFL= Tr“ VpeknL-

L

N
«k 'h‘ﬂv\SVUSo»L K wot frausvursal

pf‘ﬂf-i I£ L(,L we  frmusvusal Smbhanw?fn(i_s a‘f n( fhn

Wal is o cubwman Fﬂu of- 1 with

Cowm(kﬂl—) = cod:'wl(k) + Cod;w(L)

ln parBoaler if  chiw () # diws (L) = i (M) awd T is cowmpact,
teuw  lkal is o fuite set (e o disencle subset of a counpact set
is fuike ) auwd Tok @ToL= TpM Vpeldal .

r-ausvusa,l/lb/ i< Iaem-u-:‘c‘ amd caun be achitvid la/ 'S mall Pu"wbnﬂ‘dws'.

This iy #h conbtut of mauy travsvusality Hicorews . E‘a.:

pcoe_: Let kL be smooth submaw){ou_s of R". Theu

k & (L+x) for o.C. XE Q”.



Th .- Let U,L be Cowf,o.d-‘ ottt ( framsvesal _q“bmauz;[:sus

o‘{' an ovitnked  simootha bmaw'Fu(o{ M. The po;ucn.re, dmal

[wunL]e H;(n) af kal iw M can be wpressed by He

kawl_

Poimeari duals of K avel L as Wi ©

rcwwkc: ° DLF""M an 05‘-"'""“""‘ "'F leal f“’“" k‘Law{ H r'wlu;rts e
— 6 codiw(k)-coclam (L)

Wiak (-1

Ofo(kl‘l'l/é of l:( otmi L . lh ‘Hm; wq_7‘ wK,IL =
o Siuce oQg"“[wunL)g codavn (VmL) = cooldmn (U codun (L) = O&c] [u"){,o(éj[uL)‘
Fle wegz Pfoafmc{- s He twadom [ aulss 14:4- tle Poincort ol af

Kal in HA. L\je S‘Up Fae Pmaf ot r(h@’ oo tLﬁoJoé

Def.: Lt kL be boo  oriented cotmpoct subw\au}\fotols of

oun  ottntd \AAG.M;'EO[}L M ot i (k) + gl (L) = i (M)

andk WAL .
For oty 1.76 'AI\L‘ kt A=(a,,...,a.) aud R:= (b, ... b.)

be Pasik‘wtf onenkd bases o{- TPlA and T;,L ‘rcseecl-(chy.
FoéFN&Ly

ortunked i T
“(Q‘k“"y} e f"!

+ 1

Wit E(p) ”{ o (AR) is{
-1

defive e jntursechon  wain bar J_._UML):: Z elp)
peknL

E(p) is te omutabon of knP of P




Coer. Let L{,L be Cowfad'(oritmhr{"*uv\swr.sa{, su,bw\a\w;FaUs o'[' an

oritmhd_'cohqpat:'f' Simootha (I\&G.UU.'F)(-A o oith poiucwz dmals

Wy and v andk g () + i (L) = djw[h) ~ Thian

l“‘ll—) = j Wy A ‘l\)l_
"

E«)of: As W AW is He PO;V\CWé O(AAa-L o'f lknl aundl

[]e H:f”) | Wt Can weite

jWK_l\WL = J1 ':\ I_ eLF)
I pekal
n knl
kL {Euaw_

whare E(,r)et’l s He oﬁtm""uk‘vm a;.ﬁauu( to P -

Vow consiols +he case whire  ki= A pnd L= L for «

Sumvoth map f:l'l—))‘?_ Thta An r'+ corrts'pauols fo Fhe set of

fixeol Paiwl-s af £.

Dcf.: ° A FJUJL fohn'l' Peﬁ of a  swmootlh (Malp f:r’[—b M is
colled  won- J.Lému.n\t if A,f,f c T, =T does wot have
Tos an bn‘c,ymwtbuc l i.e. oLL"’( o‘.rf - ',1_(.3 X0

° f s a Lefslets wap ;7[ all fs ﬁxu( fo'n»h we howo&émwk



Prog.: Let F=|‘1->l“1 be a swooth Wwap ou a t.ow.‘w.C‘I't ormtnked M .

4) -F has ouly wu-dlé- ‘Gxtl Poim*s ,ﬁt AdTe .

) If AAL | He |D(AR) - Z{ sqn oot (o f - 4L)
P=1(p

= €(p)
Broof: Let p= -pr) jowd e, .. e, a Pas;[:wl,7 oritnbel  basic af Tfr'l
de(ﬂ\;b\;MA Fos;kvd.)/ o nfFid baSe&

(ened - Lewen) of T,

(Pnl’) A '

(bn. def e (-1, (QM'O(-PFC,) of sz) R oamd

(e, 0), ol Lo, o (o8 of T HeM

The wap f;'cm—. e e to He meu' fwo

a 4
T = Tpb 0T 7 s sl by o i (2 af)
AdT; iff Hvs is au :‘sowor[:ln-'svv. whih T fune s cqwivnl(m"

4 4
bo O+ olet (::f) ;—\ olef ( o ol,f-'n.) = dd'(drf"ﬂ-). ls Sign decades

subbodf Uppl”  Fows froc.-. lowu oues

VHu He Uh'lm"‘nﬂow o‘[’ Tl:f.fﬁnun WA"'LL\(_S l",{, Oue of T(,'P)AQ"Z,‘,,/?.

o

vemarll: kot Haat He  choice of omtutakon, ou Tf"l ooee wot wmalc

Sikee o c[muat would  resulf in cou,.ctun‘% sin\s.



ruau. :

LZ{SCL\HZ— \C'xu( Poid‘ Hoeorewm

xeFl is a fuwd point of fiM=h it xz fL, which s
délw:vaapnl' to (vYe [l aA,

T £ T £00)

i ——— (f'ta-1) <o

S~ (f'tm-1) =0

. ! -
(F b 1) 0o Io‘lal.ubfuk FKuL Poivvl"

> X D> X

Thm.: (Le{schch ‘F;ui Poiu‘l' Haww . )

proof:

Let LR be swooth o a tompact | oricutable wanifold F

Thin f has o fixed poiot if LUFI%O.

Suf?c&c Huwre is wo fixed roim‘, “e. r{'_nA=¢_ The, W=HMgn\ A
is  optu aud cowtaing [ Accor&% fo te lowalzaRou priavple
Hoe i o represcatakive 70f e L (ner) of the (co..,.pmf) Poincwe onal
[{F]éu_‘;(nm) of Hae gﬁx(p'n I} w el o S“fla(ff)gu'

l  othe worolsl "P{_ |A=0. Theu L(f) = f‘ff =0 . o
A



This Huoctim cam be hudid v seval diactcKius :

o Oue can le:Co;'/- thet LIF) & invamant  uedes Ltow-o/ﬂffu off

aund ey cle for i f .t alt s ﬁmo( fa.'w‘s becowmte mam-dgmwk
(.'m which case f S o chschh- Maf)

o For Lt)[séhlh )[ we Cae  Lse Hot

LIf) = JPF = j')ofA'PA = _T_(I';'A) = Z Sévn(dd‘(ﬂ‘d,;f))
A

= £0p)
Pxr prfle

So ILLH[ is a lowvo bound ov te wvumbu af freed par'm)‘s.
(/f f: C"— €" is holomorphic, Hen  dit (olpf-4)s0 Loc

Loy F(,:h(- paim‘ o LUEY becowms He ur af ’Gxea( pocnks.

1'4 Hw's wa)/l Onl  (an C.y- a,l" :@ezau/'_c /Aw.' as a Cor‘allqr/)

with bawn(.vy can be rtduced b (ases it onf by

2 Cases
() usivg o boohgy fo twswe Foat OH cootams wo ﬁxa( fa,i,\/-

(i) Q(M;nd /"'az”w' hwo wpits of H uha He  bovolary st
ROM [/~ is without Lauudm-y_

o Mivworinfoble wses can be reduted tp onumbable  oui by
(:) Wlualdne H o @” aund. I#l«'cklu.'va' M, He vocwal

dactcon. The WS&[H‘a ' s e oeteafable (.rt'uz( @A/ is) ond

et Hle Frajec/fdu r:ﬁ'—aﬂ’ 7&917‘ and f hove Hee San~g fived PA-



Ac a risult one oblovns :
Thies (Lefscbetr- Hopf fixed  point Hana. )
Let  f:F1-=N be smooth o o compact manifold M with bounolary.
() f s swoobily bowokopic b a Lefschete map (il has Vie

some Le,[sclufe l«.uwétr).

Gy If £ is Leﬁnwhl Fheu NG Z 590 (.,Qf{1~a(,f))

P o)

s—tw-wlls: @ {/\Jc Cw‘)tta.sh? aémm ;l«\a'/' Ll.f,)= Lg) '.'f F’-"a L\uwo/'?'.(..

- If 'f: ol Hew | LIEY = X (R) | ac de[id" Hop () = H, (r)] = pilry

So X(R) cau be interpreted as self- jabs tchon nana ber
X =0 i 11 can be olsplacd froe chetlf by a wap
howo topc bo the roltnbiby,
Exowple: Lk Rz wue)s { Vec™ [ vV=2}  Tha, %im =0,
coof:  comsidr Vis e UtN\{MY  for come HeHTeC
al [ UG S UGY) | U Y. Then  f hes wo
A;ao( point siwce  flw) =l & WU & V4.
Floccover  f= il via  Ue w-eplitdd | belod .
So Oz L(p =Llid) = Y(H). Jul

ClAWLy‘ Hais “HU“ o tvtry COW.'oac/' conunecfecdd  Lie {\"’“f"



Co<.:

M

recall :

L!,W\um'»

proof:

Pep .

Let 1 be o cowpact gwmooth  manifold with l’duud.n-f and XlMxo.
T hew tury Stmoo Ha wmap {:: Rol Hwt i kowa"opic fo  Hhe r‘aLtv-H{'r has

a f{xu‘. Po»‘d-.

f-‘l‘ rd fw‘o(,;(s Foat L[-f) ’Ll.‘l_) . TL( resnlf '[ua.nwc 'Cow L() = x[“) %0 .
o

Eq. Z(S) =2 Vuets,

lf I[: H—;)“[ s SWOOHA Oown ccvw-(.chi,( COw\PaL‘l' lM.alw.'foM

with bownday | Fh, fe[ £t mm — 1] - 1),

If weln ic ot [wleH (n) , tha TceR Vpeh: wip) = < .
Siuce (f‘u)(,») = wlfP) =c | we have £5iL[wl L | so

]c* s ik MM = K7y o
Lt M obe o smooth, connechd | cownpact maw.’falo( With boundasy

Mot sobisfec HRMZ0 VWO . Thu ey cwoobs f:M=>H

has o ‘Cine‘. PoiuJ',

Erod{ : A({) = #r[f*:H;(n) —_ H;Ln)] : 9, a

Cor.:

( Brouwer 'FZU(. Po;wl- H/lw.) Lt M be a conbemctible coMPac“’ Swootln
\M-w»i{ia(.& with baw-oluy . Thn l-lIU'/ 0wk ous lMu‘) ‘F‘n"’ M hes o

(hdf‘» Paim{-,



Pﬂ'JOf: .Suppgse 'H«ue was o ﬁ'ld- Pc:u"'_ U—Sf‘g cowrucﬁnl.ss wWe  ftaun

q”mp}w\mk -‘[ b/ o Simooth bap fﬁ’!-’*f’l oot also has wp

1 L}

_ k=0
fmu( point. Howtwrl /L(f) =1 since ﬁu(”) ={ o, ktd - é =

Fos 4o reol Fm\Sach(_ spoce IRP"'== S.“/'v whirt x ~ (%) owe caun

H:l (Ph) O 172 1%

. Tlas fm';ul$=
Ha (S, w odd

show Hot  H (RP") r{

Car.: Far n (v(ml tv(r)f COv\HD\IAOMS lmar) F: UZP“—> RPh llm.,s o-

f(‘zw‘. Poiw" .

wn

rlwW‘L(: RP «'s lvw‘!' Cdmh‘v\d';blg -fur o.\,.y v.e/l/, So EFOMW‘U(! (i‘xwl_ Fafu-"‘

Hrtorerm  dloes ot apply -



Deg\ru theo “y

‘Tkw./sz.: Let N w be swoobh ocitoted (Mum:nlcaus o][ He sawe
dwmtugion n aud with {:w‘k. 60001 covirs . ,{: i
counechd ol F: M2/ a swmoeta ':rro[JU' wap Hawe s

o unique deglf)eR  called He o&arze of £, st

vaesivs [ [l we [
] v

rtmorls: © AMole Heat any conbuuons ap -F:”'->/l/ is propY if H s COIAAPDL(’."'.
o ouéﬁf) s also Uvwowwn as Brouwe ob.éru /kfoboéim(, altérfe/Mafp-}a o&(jra
Eroaf: Since -{l is Pw‘oul the FulLLuck fudues a wap -Fﬁ H:(/V)—DH:“')}
Poincart dmals l-}, J-ga‘{ﬂl«u- with  counecked ess 0"(— v ;M‘JUCS Hhat

H:(U) =R awd H: (h = R [ whtit e i # comneckd wwp. of 11

SPmFuLL, . oWt et Heat o‘lalaﬁ via He wwm, obiaamw\:
*
H (w)s LT = jﬂ“ R Howy ——s W)
[2) ]
H.(hy > 1'—3( "2) erR” g S0
12 "1; . { .{ -fv ﬂi
("";H" ah U;: M, ) we ek space R™
— R Saa, FlveTy
. Y . oA we B
sowmorphuisims o we ¢ f I



gihce a.vl?/ w € Jz: (’V> and  aleo a.m)/ -Ftw [3 .D.: (.H) fs

o cloved {o"vv\ (_ns ne dana () i () ) 'HM/ we \‘Cerf_s endnlRvis

o‘[’ colnowatoﬂy classts  and &aLf)Jw = ).: J]L*\,_, . J o .
N H; a

Ui opmanntss llowe 1§ consi drn an w with w X0
1 fellows 1 oy J

uoumE(L: lf fFH—=Wis a ouﬁtoworPL\f;S‘M faat prasvves or

revoses ortataRon | theu o&a[F) =1 or Jl.d(f)v 1  resp.

mie Jeta o Of

£ (h)
dtélf-)

Thim.: Let H,/V.k be uf.’lmhi oo Fli  n-dbicm. Maw;{ﬂws with fl‘m:k
f b

aed covys | avd Naad K comnecked. If n?/v—b k are
popv  swooth waps | Huu /f,r.,,,,r howotopy |

() Howolopy iwvoriawce : ,cz‘g = dig (£) = L a)

) Hutkplicakvitky : deg(hog) = ia(l) - diqla)

(ii7) lf 75/1/ is any rtgu(u’ value of fl Fheu :

ol-l%(f) = L san(dd-(d‘,f))
Pef'lis})

recall : Y s a rlamlw- value "f
bpef i) = detldof)%o

Ry Sards Han. Hhe set of wenular
value s OPlM a.v-i olivse .

I Farlr\'w\(.w'l JJ&(f) ez




ruvalt s neke that Ff +ine wxm»i{:vus ove caw.(mt‘f, Ve 'Pmpu'a.aoﬁ

'][;,,‘.'k %cacL covu" we gum‘n"“”(— ‘7 wwrad—ucxs .

Emof: (-) ’f Haue ¢ ‘:roeu' L\.OVVIOH?Y [,ul—wlu,\ { p 6' Hlan
]L' = 3" cH] (W) H:(“), Sivce the ob-QﬂL owly d-(‘;wa(—.(
o Hus  tnduced wap, we have oll,éﬁf) - o(té lé) .
Ciiy For oy [o] e H: (r) L/ ob.f ' uw'wlueuu&s of Hee ollarct :

j(""é)k“’ :J a"(h*w) = o&é(_a)J W = dg;‘e’ obau«)i w
k

K v ~——

= dlé Uﬁ'a)
f'l('{yl) is a  Sweoth

Gz) B, He ‘néuw value Fhauma .
submawi fold  of  cliwension  dim (M -diws (0) = O, So it
is o diserele set | Gludiis fuilt dut to He fad Hat
Fois propr. So £ Uy = {paped EH L Siee
Lt (e f) $0 e ot opun néighbochaoks  U;ap; st
Hu.' is a difftomecphism oo a mualaborlmod_ of .
W’L'U'Q‘ we assume He W' ol)s\'soivﬂ' awd ot flu)=V Vi

Qn/t*. -F-I(VB = (.J ui . pick O.vn/‘ we J?.: (V) w”’(n

4:/V/w;lw



Thae  f'w = L (f%)

i=q ‘ w

where  each (F‘w)/u. has

Cow\‘.m.c* Sm,;Porf re Ll,- .

Lo d‘{\(f) : o&a(f)/w

J £
T f.[f‘w)/u;

) «
= Z=' ssla (dt'f' (ol-f,'f )) 0

1

U=V ¢ s eown .
f |w‘ ; s oli ffeo

Clrawrlis: o uwobe  Fant fle Ptoﬂ‘f af () okl (oo bis l‘f f-'“/})= ﬂ s in Hus case | we
com choose Vsd f'(v):=¢ | whoeh ;wfl/'lib ~F+w=0 l[.,c we.ﬂ:(v).

o OLP«A(,{’) Cawn be lvg"'u'frd‘tl oS {’N he, d{' uiwd)ma} cf Tl o-l'cuuno‘. /1-/ Lf‘f

uaw.g[.e-' Q%u-i S a ize c| lbl'--’ll' f:.S"-)‘S"I 2 - 3" f"‘ some we 1L .
lf w ‘= 2"‘% Dl.g is +‘~€ sl-anp(»o(, W{AANC ﬁCM ouv S"' +Hu, .F*w ER RN I

go o(la(-f) S n .

proE.-‘ Let N, 0 be swwoobn w-obin.  oritnted muu;]CoL.ts with fiw'k 6000(
covies gud A counected . ’f- a  Swmoota PropY map F: eV,

s wot sur\'s(.c‘\'ve, Hau ol,la(f') =0.



anf: Smm:ose ye A/\f(n). T heu y s a reéu(,u- value uwith

fU) = g . S olyif) =0 n

Frown  hure wt cau obfein o gw«ﬁko\“l’m O)L He ‘FAlﬂ’(ﬂ.wiMJ'nL

Freovwtunm af AL%lerlL :

Thwm.: Lt ][:H-b/l/ be o propu map beborter, 065 tnkd vLUM'Cow\r;AL{" -

M“Mfous w;Hﬂ Fvuk aooo{ CO\/'U" wl«tr( A/ fs Cavnmcr.“"(.. lf {— fs
oeitn fola, Pr&oui«a ((and Hlavs maw—siuamtar) ontside o cowpatt set C,

Hen, f is SurSuHVC .

Stuce f.‘s f)rupu-l f"(f(C)) i Cawfud' ) H.-uz-l,i.l Hwe e a a,ai.,.{—
“Wfﬁd’ due o cout.

x € R\ ‘F-l({’(c>)‘ whidh  Huu  saksfies 7 -.F(z) ¢ flo)

Thin y s a rtam(nr value  [sine  all ceReal Pa.'nl-s be in €)  ouwd

de () = T syadet ( dpf) : | 'uyn| > ©
FGF.IL{/'I) Pec ‘0 JL{’HPF)’O f‘".‘f))*ﬁ
AeroUva to He previons Cor. ]C musk be  switchve. o

.-Lworks: ° I‘C I\ {crlh‘c.u(. f,oim{-sl fs [,auwcl—d_‘ we ca \‘{e[acl (ar:!v.[-nh‘am

Pﬂsu‘/""a( b)/ (U\OW’S;"‘éuLM(' S;vtte h\l)_ Lh.l'\'Cn,L Paiw'-sl BP > Sala ol.(,"'(dpf)

is Hlew coustant +4 oc =1 |



vawu‘ it rNRMLN' ;'f ditm (“)"’l Flis waasy wot  be  conmecked .

E’Q' ](04- M- nd . .F(,x.) R . ‘{Crv‘l\'cn(. Po:'uhl = {01 aund chg,e,&

s B{.’,\a coumpach -l: s ot sw\‘stc‘h’vc.

LCIMMG.'- Ltt F= C“ - C" be rtrrisl—u‘"ﬂ( b)’ -F: R’_“—D IRN‘ whyn, f‘efrlslm’s'ua

Y

€ = Rhtﬂ?h fa Fuas af veal awd fma:'mf Par)t. /f F i kalamarf,hic'
20
Hw  Wpe R = oot (dyf) > O.
BT"O1= HoLOw\N-PLJ-C meams  Fhat e hrivalive  of ench Pafhf- fs 3'.v¢u Lf a
ww.r(.lx hueaws map . At auy aivcu. Po.’ul' Lt H'y  be rtprtstw"u( L/

o counplex Lucobinnn  wmahnx L= xei)y wth X ye R™ T

K -y fxr o
Tacobion o{- Fr‘s Hae, X = (7 % = u‘(o l:)u whece

l/L : = 1 @ L ) .+”_ 2
t= V?( R s o wwmtary H-(MC(l olet (2) = [ob."'(.i)l s0.

o
So for Lwtawer‘alm'r_ b ps wel can rlr(.M( (or?ev.l-v\h‘am pe svviu\d(
bf ‘D\OVI' S:'Méu(.w“ . TL( {M\nd-uuvﬂl/l{'ﬂ-L ;’lllllh . O‘f ﬂ-latb"u 'HA.IA

becowts o special casc of He obove thw. due b0 He \CaLLaw-'uA:

L_b"w""“" Evu)/ wou - cous Famb Pol,/hawu'a,(_ f= C>€C s a propy weap .



I‘mer’l.!

l

Peap. :

Siunee H-'lt)l—bw as ll=e  Hu f’“;““ﬁe of  bowuolid schs has
b be bouwd. Due b covhumily, of  cleed -

ko be closal. Sice for € we haw tompact = closedt bownded
fis a propr wap.

hote  Heat  Hus  olio ruplits Haf He sef of  coRel  points

C= {ac € [ f'0y:0} of any o coustant  polyuomial

s C"""‘f"c"' Sing f‘ S a oun o POLYW'M'.“L (o-uol C-= ¢ if f' HS Lm—-s;.)_

Sowe  rses decjlf-l bos a clste relofon fo Fhe Z_eﬁ‘cl-e/e vamber :

L(é " be a wuucc)‘eo( Compacf arr'(,mfa(. h*aL-w. Maur'fa[oé

and f-'ﬁ"m a  Seaooft ap. They,

,L,.[][*.- H, tny — H;(n)] z olglfJ

lf I-= .Sh or v'f v is oold auwel R: RP.’ . the, -

ALEY = 4+ (=) oleq ()

Eraoﬁ: Due Fo cown pactuess of /7’ H:ln)= H_;lh) anol by pafuc-ve"oha-abf

olitm (H;(h))=4_ &7 ol,ef.’mif'fdv. of dﬂélf) we  have for any we H_’:(n):
{'*w = dg(f} w o So %P[)[#-' HJ:[”.)—ﬁHﬂ"(n)]: O(g(f)
For M edS", RP*'} e bave M, (M) =40] fir all w g {ou}.

Moceove /"‘[][k: /'/_,:[”) - H;(”)] 1 odue Vo counccFeluiss . Jai



The ouart(. tan OLLSO SUvt as Cun obsH"u-chm J-o U(‘-Clna‘n'v:c,) a wap.'

P"’E': Let F: =1 be swooth betetn Cow/mc‘l“ conn gcled | oetutd Maw"FoLo(s

where  odm (1) = 6 = v (W) -1 aud A bas a éaw—vo/w-/ Y72

They f = F / has o(td (F)

= 0 .
LY/
E"’Wl: Cawh'v(U' [N JZHI‘I with f"" =, TL;-(M
fa]
o&c‘](f)=/f"ﬁ’,f f”LF*W=/F*o(w = 0. a]
/
o Stolees v v

The o&dr« af taps rnto S7 15 fm/-b'ca[m-é/' /Lnfgrfam/_ /)W-/é/‘ olune -

The. . : [Ho/f oledr—u /'L:eor-zw.) let H be o CaMfﬁC’L' commeckd

oritated  -olyu. maw‘fo[a( and f,g’ H— £ fwo cueoth wmaps

= <> oleqlfy = deqls)
fz3 29 () = (g
hal!uw"ofn'o

mintl
Def.: Lt n,weR

be  tioo d.kJ'afu/-, closﬂL, oritafed ruéwaw’ﬁ(o(s

of Arvatasions ooa (1) = 0 avd oiw (V) =0, Ther L,'.,.[(,'g aumbir

s o(tf{hu( as (lh,) = 0‘8(’:"’7*/1/_> SMM) ,

. 2
whiee Fley) = 00




£ wmm 2| bl usitg

v Lama/u// fuvonance of Fle
g&areel out Can ﬁr— rasfauce show
dhat ;f 1 is conbuchbl o o ,aar'f-\f

w;fbwuf' /;,./05666.3 /0, Flee [(/'7' 40) s 0,

Homw, - He (b tebead Liuk  hos (hw) =9 a(/éaoaé £ wof

N

"isokopic o the wmbicle .

The w/uaé;},,a wuwnbtr is a gpecial case of fle LL[(;‘G wacber whece

A s a Sf'raé /om'n/-_



Vector {‘clals & ][(»ws

Recoll : A simoothh veckor f»‘eLoL X ov a Swmeoth Mom?faf-d. M au e.lw'wltmf‘l/

be chwackized oc

o sw\_ca{'(v\ (M,QF a ‘A‘ll\tN' olu%vuf\'ov,
X: H— Tn or x = C7tm) = ¢(n)
P X £ o= (e = Xof)

( cambion: Hhe came sywbil 5o used e both )
The cpace ¥(R) of all Cimooth veshoe f:eu_s ou M i o Lie oiacbra.
That s a  vedor space  with o bilineor | auuwk.a map
[0 (M) x 60 — %) cald  Lie beacket | Hrat sabisfoes

the  Zowbi idibky  [x Ly221+ [yi[2,x3)+ [2,[%y1] =0,

lo Has case ) EXr7]= Xy -yx .

Dt-f.: (Pullback of a U{cher f{di) L+t f’ R>A be a Llocal
obiﬁfwmor‘olfv;sw amdl Ve (V). The I)mLLbaok of 7 by f

is defrnd as He o vechr fidd  FUY) € X (M) Haat wqps

MNsp — (o(ﬂC)- \/f'tr! e 1N

rumo.rl/-: 1[0\' o ame‘aL SMDHq MPI ‘f"CY) cawmaVL bc aQﬁ‘uu{ Caus;s"'tuH.)«'



D'—f-f A wweve i lad) = R s called am infrgral cwrve of a veche

feld X € () if Ve elad) : Fle) = X

or equivalintly, foc auy fe C7(R): (f-¢)'t6) = X 4 £

X is calid Ccqu;LLk if each o{ its :'wl'tg-»( cwvdS can be ouflw.( VeeR.

‘J'
/l
If fhe dumnye of y is in e chart (U], ;-_;’-22:.;//
PPy > = 2
2 Pt A Tty
and xf Z vilp) 3% %z o led b, /’7/’:'//.'“:\‘
i rap ¥ y X

P

oL x, (&) = vi(gu—s) :(\,_'oxd)(x,(e),._., k..l.t)) s a srsl'ﬂm of ODE s 7CN x-‘l*),

dt

Given osm o Bal value | this will have a Uni que (vmuiwuL) g0 lmbou |
/Uuk ool o rtPWleMkﬂkom af’ aun imkérw(. Cwut s 'Q ot

au ;M{'Cé"ﬂ-[. Ve Buay ot . Houw&r( fo«- oy pef“l we caw  cloose
an l‘-m"r.éwl. cutve | olewoted 197 ¥e' IP - N . St 6}?(03 =P.

This Lleads to o wma ¢7(-{=,P) =y (&) ct.
f ‘-——TJ \—tr/ !
I

Rx M
for d;eu,)..: G p) we have:

CP" =id  and ¢e° 4’5 - d’eu L 1c°*‘ swafuble {-..s)

This tohvahs fhe fdu.ow;ué:



Defic Let Mobe o sumooks mawifold | U an open wtaglbochaod of 10} 1
v R A oot wanp G U=F witl iz Ple, ) M=
is called o flow 0w M if

(Y @, = id

(i) 4’04’; - ¢e+5 whitn e chfime-
The iafinitesival guitentoc of o flowe @ is He wechor field
X: (Timy— c™th)  f = (”91”“) %[Jr;of-cbit.r) )

A f(ow S cmLL“L gl_oba.(, if W= Rxh.

vimarls:  © X is o bntwr dmvelen as o reswlb of ik o!.t{iu)h‘om via
o dmvakee. I ¥F(f3== d)(k,\a) | Fhea XP(°)=P o o

Xp= ¥plo).

° The $ecun  lotal f(,ow is  somtlumts wsed b cw\?l/\usin Hot o floo
ts  wof v\lussaHLy AM”L‘ A ativaal {Luvo [T for whach W

Lmvunvf' be U(\'tvuLLL {:V\f{'l«d.

Ricully 0w ecseftuce 4 um]qutmcss of CDF Solw Kby  load fo:



Thw - For vy seeoth ueche el K ou o cumeota v«a-n;{:obl. !

‘HAU'( is o u,w;gtwe WM'\‘N\EL FLOM) wlost lv\f ALUHM"O" 3 X.

co.MP(.(J't vechoe Fd.o( —> gxtaba.(, %Caw

IV\ P"lﬁ\ CU\-(”:

D(,ciofﬁ'g whuthar  Hos ic e case bany wof be  tasy, bt

Have we u&L]LwL/ius:éM—\CnL Su{{u-’cm"’ comditfous :

Prop.: Let X be a swooth vechor F;M o. M.

() .su.fF(K) x {Pe l"ll XP*OI cow.pn.d' = X i coMPMe

(i) £ ¥ I>N s aun fuskérs(_ curve with max. down aien _T_‘( Heun

\:(I) compack = I=R

rimorh: Jn fmrHc:A{,au" r'"[ M s cawnpuc'}( theu vy XEX(M) is o

complete vector feld

Defi Ou o swooth mawifeld M v define the ol frormocplicin qrop
Diff (M= { Fe N> h | F i (™ diffeoumorphicmn |

Loei  For muy flor oon P He wap Rt — @, e Diff (M) is o
group howowmorphisi [ frow (B, +) ivto Diff(F) with Comr)oﬁHOvl)
So if M it compact | tuvy swooth vecor feld Acuuuk.c a

o wm ut akve Dut'f‘)mw¢hf Su.b(,)rwf of #rawsﬁtwukonj.



The.:

{ Poiuco.rf" Haff I) Ou o Cow\rac{" cww-u.HA(_ Croofh Mam’fab( M Hare

wists  a wwhtre.'vo.w;cwua veetor Fdl( Xe xlh) iﬁ- Z(”)=U,

preofe (of #e ‘ouly i ot wlicty fots ot require coum eched uces.)
Suppose X is nowhere Vaufrlz\il% al @ s He cocns[:av-ol/fva
~f—Low_ Than all 47£ e howohipic ((witn hownobop sy b). Due
o tommpackniss awd  He fack Hht X 20 Vp Hwe is an €50 ot

Cl’,é has o ]&xul. Polwl', So

0=L(b) = Llid)=2 (). n
|
b= $o=id

r(fL"""rk: nou C°‘M(JDC'I' Maw;][ow_( u{.wn75 a.o(.w\r'l' nowhuve VOLw;slm'Q v(.c"vf ﬁ‘(,(.lg‘

Coc.: (Huir)/ ball . ) Ou cu €vin odhivdngs ounal SPI’W”! SL‘ Fhece ic wo

nowhtre Vuu;_c[m'ua veckor F\‘cti .

el L ond +L.U‘t{06‘(. nwo Lortutian mehac.

foor: X(SIl():Z.'

A approads  for Praw'va He f part’ v e Poin card - Hopf
. s bilir undvshood  whea Coms;otll;ué oL wose qum,.kimh'uc

virsion .



Dl:E Let R be a swwooth waw‘fob(, XEE(H)I awd Pef’l an isolafed
o of X L(,‘I: ]Ci !3-={xe!2“lllzllu}—>l‘l (ka'{.l-o o

Local oljﬁtwworr"/u‘sw. s.t. F(°)=P is the ouly rvo of X i ILLB).

De-{-‘ihc e juadax imel e (X, p) = &&({) whire f"sw“ g™
g e 10
00,

Qiros of « vtehor feld ond Fhe cwrufmwuué st X ¢
NS Ey i il @b o
/l\‘ /T\ =0 NS T?T I Y

+1 +1 +1 i

>

2 -1

Thea,; (Poimcw;- Ho,nfﬂ) Let M1 be « Coa—-pad' Stmeo Fla wauifolo(.'
andk X e X (h) with ouL)f o ‘Fou'k set Of‘ 2¢08

={P€l‘1l XP‘O}. Tht‘,,

X(R) = ) iwdex(X,p)
Péi‘

rlworlks? o Tlis skl holds f—r lmﬂwifolls with baw—\ol-w')f E'L X

S omf’wwo{-—(wlul{va at Hue )paw,.o(nry_

e Ao uu.umakvc/cqw{unuu\'l’ wo.of o‘f also d‘d“""”‘% He udix auwd
Prwf‘,\a te Hhtortun as corollary of Lefsclefy- Hopf s -

xlh) = LLd)=L(d,) = T san (et (4L= dp,))
f F‘d’sci’) - T
u;suw\.iha moq-o{l.a«.uuncr = moUK(XIF)




De{.: A +«~1m,\6u(n\~:om of = loeol.aaica(. space Mis a l«omaworrwskﬂ betwten

fle ag,owdﬂc rulizabon of o ;iw.pua‘n.(, caw‘f.llx andk M .

romek:  Foc swmeoth manifalds h{aux«hkaq olwass st aund can be chosen
st tHe rishickon fo individual siuplixes is  swmoofh.
Oue caw coushnct a vechse f.'do{ X 5.t
(5] tvwy s.'w-f,bx T ois ausfauul b a
pero with Lol (X, ) * ("’)chﬂ

(i) Fhace we wo  other  ecos .

For iwstaunce: 1

A

Tle Poivenl - Han‘ tHatortwn  tHlan S‘NS :

Thw,: For un/ swmeoth  n-ohwm . Mmoo {olo‘- M

Z(l’l) = L ('4): IA; w‘nlr( k-' is +|nl nr, of
i®0

1= dim. simeiu.s v e Hawaub\kow ef n.
Ftwmorlks: o wa wzl  Haus aivts the {v.w-ms ¥X= V-E+F
o eedless b say/, but  te L, 'S allp(w( o the chaict c‘f Jm’avautuh‘du-

while (1)  doese '},



D(, .t Let H e R““ be @ Cm-m‘)a.d' ntl ~data, swmooth  want {lol.-L witu
bommhrf oM . The (rauss paap i M= A A 2 O
Fle s que outward ‘aoiui--'ua wnit vedor  Fhat s oti-koaav\*l, to the

J'A.v\ﬁhﬂ*’ ‘;L.w-(_ o-f M at P The Gomss cwvaluce of A ot p s

kip) = dat (opv)

N
ctmarlls: o Sl wit can iRy T:,,_r)Sh = vl = TR vt can Naarvl

dpv T’,bn—b Tedn g, ot (,o{f\)) malkts sense

9H

For n:l the cwvadunie ot 4 i kl-r): %

white R is Hag radins of— o ball taamnt (o
Rso )

n@ (wve ot P' v n dmiusions , Flare

we " 'PI‘;VL{/:PO‘-L wrvw{—wc_sl' whidh we the o;écuua.l,wts o{- dev .

a

kip) = "2

/

Pl
J

° TIM S{'oma'.vw(. vo lmme .Focw. wLa,,e .D.har'l caun be ot‘nr-es.s!-'L i teouwms

sf Fle épwss wap s (""Lan)PL"nv--."h) z cu-lr(vtp)lv.“..‘lv“)

3]
w(/vu'b we view Vg, - Vq,\’{»l’) e R A)awc.\»-‘-cnu.y,



l,\).'(-b‘ (VOLS”)"( f- -~---'(n) = ot ( xlfﬂl '-°|"€\4 ) Ve Sh we obkain

"

(vkvoLS‘1 )F (Vaioiva) (chSu)qu)( dov Vo, ey alrv\/,‘)

"

et ("‘F). dovvy (--., D(PVV..)

"

d-L{'(l’va) BLL{'(V(.P)| V«l"-lvvn)

u(P) (voLan>P LV..;...,V.,) .

So K voly o @ v*(voLS,,)

Th.: (O;a,uss- Zowuet ) If N i ann twtu-obien, boundwy of an el - dim

Wl

cam(md' Smooth  swbuav ]tob( NeR . e

j K volan = Vol (£") X (3h)
2h

“ ):"IV"‘-I w “4w ( w=2
where Vol (£7) = jwtsh — T =

“
s n=2lm

no bkt : While te L[.bs. s aﬂmmth\'tal, e b ic /mrcl)« ;lofaleafc.l,

oot fk vol/an = j \)*(vuLS“) : ob_é(v’) j VOLS"
N

am s
—

Vol (%)
Siuce by Soard's them,, Fen valus  we optn omd oiwse , Hwre is

a pair {)’.‘71 ¢ s" of reaalar valuis of v, Then

dialod = T aqu(t(Up)) = 3 T oy (et (o))
pev(iy)) foore

22 v ({y,-yY)



NMNows comsbrnet o  uvichee ﬁ((o‘. XP on 9ON b)r PraSech\a Y outo

7}3”. Siuce XP=O<'=>7J_'H,BH > Pell poiucnr{'Haef- (eade to

2 (M) = I iwdm(X,p) .
P
san (old—[df,v)) ) ot wlp) =y
A dostt Lol ceveals  Haat  inolex (X, p) =
CONEE if vlpye-y
go 7{' w is (_\/(vll Flenm JLA('\)) = :]Z-X(_aﬁ) ) o

Foc odd-diu, cowpmf L\;/pu-swfnus , Wt have 2203 =0 aud ke

shakwmunt i wt ke . Hawu( o sua(nl-{.f M;Gotv-{' sl‘m‘zaf leads 4o :

Thim.: (G;a.uss- &oum\lEB If ¥ is tle boundwy o{- on el - dam cam‘md'

Smooth  swbuan ][oM Re Rh” . e

j K volay = Vol () 2 (M)
oh

ihs*tqo{. o{ P'rovc'va 'HAJS ( olueh can nam;w be ocloue L}’ {)(Fl.on'l-\"ua

Poimeni-Hopf t choro Haat  deg ()= X0 ) Lt show koo e fuo

theorewng i""‘f‘f eoeh  ofher i-f n i Lvin

]—l,wllmn: Let M be a Cew'pad' o® tutable w\aqudU. with bouv\dﬂ'r AN,

2x(n) = Z(3)

I{ M hos  odd dbhwmiusion ""kl.vu




M: (sketek) e fake ftmwo cpits N, aud Hh, of M awd alm.e Hlewa
bogther at He boumdwy . The risulbing  mawifld M, s thw

om odd- dimtusional oritntable cowapoact

(me'\{o(n( with o oplw  contr

Uyvly= M, st UFR aad

Uan Uy ¥ M Huuce,

O X(Hy) = XU+ X (U)-Y u,alty)
T -
Pd‘ntﬂ'z dmm'/'!“r - 2 '?C(H) - ztah)

n



Def.:

'f:.'blr buunollt_s - @ olwick meLOHnro,,;\(,\

LMM,L)/ s'om{,{,'.,,a‘ a ](ibu' buudle is a )Lof)oLoa(an space E faat

Luolhs LOCnU./ Lke a Pmo(mcf RBx F.

Let E, ’.7>I F o be {-oFol.aaian s‘oaus onwd T : E— & a COv-‘kmmou,s
surSLcRo-A, ( E, (Z‘ T, F) s o {Eblr buwdle  voith .I?,F;m(_ FH‘- F ;f
-for twuy pé B thue is au oftn lno'yg(,\ &“IN,O,,L u ¢ ouwd o

L\OwlDMrFLﬁ.gm ‘-F: Tl'-|(u) — WUx F £.+' Hee {a(,(aw]ué COWVV\UL{'QS:

' (w) u s UxF
TJ’L/%
w

o A oot (:btr buuelle T oue For wich E.IS,FN( Sumoo Fy

wmmi{-vlo(s and  all  involved wmaps we Sumsotin,

‘ E : base Ef)ace

o

E : Fotnl space

™o [Lwnd“z) PT"\S(CR"M

° T':(Lf’)z: FP 2 fbtr ovy P Mg bics SHF:
B=s"
° '{ (U..,~l {&\E t loed fevialbizabkou F :[o1]

A cechow of & fbir buwdle s o conf wap TIBSE sh Weesid,



om.w-ELts: o A f;roolmd' space E=RBxF is a trivial f;bw bundle .

o The ’*ama}m'l' bunwdle TH af o swmooth lN\ﬂ.v;i{ﬂLd- is an insfauce

o{ o veclor baudle AP Fbv' buv.u(,k' whee Fio a vechr space.

o The Ulin bofile with B=S":F i o instomce of o srkue bumle

e, a ‘CGBU‘ bundle IwL\L'C Fis o SF['N{‘C_

A awcriué sfacc Y F.‘b«r bandle ]tor which 7 ic a

local kowzaworpb,:sw.' and Cconsequintly F a discrete space -

E.a.:" E"S" ‘s a I-wo-ﬁu Cavu‘;ua of @’RP'"

wifh T Sk—> RP"r x > [x] whire x~ -x
© E=Sudy i o two-fuld coulffvé of R:Sol3).

@ Somgoth sechows oe T1T ae wa.cﬁ/ Fle vecho ,44[0(: .

Dt{-‘. Two (Swool’b\) fba bundlles wrE= &‘ w': E'—>’3 with )L/F;(ﬁ[ Fé"‘ F e

:sowor‘:f/vic i-f Heoe & a (‘ff[,}(oworpwsm ¢= E-E" i 1T'°¢=Tr N
[ > E'

A bundle s triviabizable (Ur S-As{- {'riviul/) l‘f it is
N /r'

isowocplic fo tre fvial buvdle E'* BxF. B

Peop..: Evecy  (sumooth) fber bundle  woith  conbmchble R s  fnvialeoble .



Dcf..‘ o A (Su.ooHn) vechor bundle is o (.ﬂmooHnJ ‘thr buudle where Fle

is n‘"({k}) is a veckor space aud where

"/fﬂr.cné 766{/‘ a,v.o‘ each E‘
fl‘c Lrou.!o wwr[)bln's bhag f Coten 5( c[.o.r-(w :.A f-'(x'-) H F - F,‘

s a vector space /'xowar,:ﬁu'.rw,_

The ravlt of a weche buadle is  He olivntusion of F.

°© Two (smooth) vechor budlts over the saw.e R are is0tmorpluc if

flot &ists a (swaoofl) coubuuous wap ({)-‘E—*’E' s, W “'"4) aumel

47 maps each F‘; as  vechor sfu.ce l'sobworfhr'cnl[f oufo F,,'_
af a vechir bundle

o A4 veclor bundle (_EI, Sll F: F') is a subbundl

(_E,B,F,F) ;f E'SE and cath fber F'is o vechr sub space of F..

remarlts: o A’(.Hnou.éln wot  eviclint {\‘OV-\ Fle obove cL\mc"U\"tﬁkhn , @ (smoott)

veckre buudle 150ua0rp bs g @G:ESE' i sk qJ-I Is aaw'h
a (swoofl) v k. l'.(olMcN'/’L.-'tw .
VC(J'O"‘ bmm&l{,

° A’mul—agus fo [I\”A;"u(/l_s tmbld.a‘/;l/é ham . evicy Stmao Hn

ovw a Swwoofl lmuw-.fu(.pl. R is a Subbundle af a frivial veche buudly, .

To wake Fluc wore precise e tnkodamce  fle {aUﬂwlwaf



Dg{.: Tle l/\)l/ni{'mt)r St of fwo vector buumolleg (E.” B, ,F) . :e{'l,?.l
ic Fhe vechkr buwdle (E-.@Ez, R, r.—lFﬂeTF,_) with

E,®E, := { (e, ¢,)e E,xE,| w (e =w;(e,)} and T le, &) m (el

Mote  that et can NQDNL e-a E, as «a subbuadle of E.o® E,_

K Eq-—ﬁ E"@E'z | L:(P'v)l—b((P‘v)‘(F,O'))_

via

Thw.: For tutey  sumootlh vechor buuwdLe (E,B"ITl FY fhee is

a swooth vehoe  buundle (E, B, T, }':") s, thir L\)lm’ﬁne/

Shwn E('Pg is Fvial,
An iw.for{-uvxi- vcaw‘:la o1 suth a Pm}r af’ ll/\)l,\,;’rv\(y Sum invirse

veckor buwdls is  Hle J—amalm‘]' buwndle L& nocawl  buudlle |

Dc_]f:.: Lt RelWw be an twmbtdded swmooth submanifold. The

normal buundle AN of M in W i o(zfimof— as  the vechor

bundle VR —= M wohice A/””FL‘/H{ Wprt = Tw /T }

and T 'UFH =5 p .
T twaor If A< MxM ic He o(/iagéovml, SubMOle:lcﬂLD(' Hew NMA avd TA

age FSOMOTPWC veckor bandles .

N

Th.: lf M s o sweoth mamifvl.r{ evbedded [, some R .

Flau TRnewvRn is fravial ( with 47(.)-'“[ {:‘btr R”) .



A %Lmu—m( cebron ]'Qr a vechre buundl Fo be kuial is the ]C:(,bowi.,\a:

Peop.: A ravlk K weche bumdle (ER v, F) i triviabizable iff Hwt eist
k coubuumous secKoug S, ¢ R—->E s.t. {m— oll Fe& : s_'[p),..., Su (p) are
l/ih(arl-y i.,..u‘umb.mf'.
roor: l{- E i 7$D\Mm‘fl/v;c to F)K QK' Hew vt caw  set S;l.[’)""' (Plei)
W
Fqc‘ av\}’ basig e‘"...,e,‘_ Of m .
Comrriely, we defue @+ E= BxRY cf for auy (pv)=xeE

73
with v =: Z_ v, s'(P) we SC‘/’ ¢L") i= CF, (-V-u"'lvll)) . o

=

rtwmrli'. So o ’-mvaw"’ Lumou( Tf'] f5 ’l‘l‘fv;a.{/;!—oxlnu ( %) whichh case f"ne
rmawauLo( M & called Pamucb;tublt) iff tre we  olim (M) =2k
(] )

veckos felds X x™ exlm) sh Vpeh: span{X0) < TR

Aote that a Parul(d.'&abé waw'falo( 5 ow»/owaﬁu[[// oritn fable

Cor.: Let G be a Lie aroup (e a qroup Hont /s also a Swmeota

waw;}[a[al with swmoott af’dm/a ofouﬁl‘m_c ) . G s ,Dwn/ltl.'zaé(l ‘
Qwof: For owy aéﬁ d_tFue La G- G , b g-h (I,Jb\-l'ﬁ‘n it Swmooth also in a)
avd, Ll v, o, v be a bm:s af Te G (w”’lfl ‘' the jdeu ki—, a{ &) )

Then fvr any FEC;' Xft,” i= OLe_LF’v" {O'ﬂMS a bosis Of 'Eé,-
o



T hu.: Let EL!*H be @ Swootl vedlor bunde Of ranll = ovu ay

S Sy w-o'w:fdl“ I

B H, (E) ~ H, () VK

(i) If E, 11 ot orntatid oud have '[{../k aaw( v, Hun

k-r

HECE) v TRy K (Thowr cnabity )

mﬁ () By wvns;olu';g He  rvosecHou s,: M— E ;x> (x0)
we  see Fhat  E s A-Gwo/‘l’f)' equivalsaf fo H siwce
Tes, = idy awd s o T ?oLE via  Fhe lr\auv\ol-opr
H: R« ES E (¢, (e ) — (p, tv).
(i) LL;;MC,S Poivcaré omality fuwice +oéu‘ha- with ) e 8"("

H (EY = HJ:"'k(E) > Wy = RS OR), a

&f_ lf N is a cow'fmcf" coumecl-u(‘m-.'tmkd swaoofl  man, fold  and
E an orwkd swmowty vedee bavdle ovo M of rauk ~, we dhfiue
He  Thow class  T(E) € H](E) as fue compact Poincwé ool of
M oiw E  (ewbedded via the 200 sechon )  and  the
Euler elass e(E) € H (R o S5 ze)) .

v the defnikou of He Eulo class e cowld have ustol ooy

smoofla setHon -



Lemwma: e(E)Y = 5"('5553) for any  swmooth  sechouw st M- E

Yovor:

Tlnlm.:

Sivce S s l«wwahfl‘c {o Sp viot H: Rx FH — E,

(l:,p)'—J tslp) # (a-¢) s, (p) . o

Let Mobe om oritml-f.d‘ colmfac“', touun tchtd  Sumooth mum:falo( amel
E-5H au ooitukd smoobh vecksr buudle . I E admits

& nowhut vauishiué Sumovtl, sedx’ovl‘ Fleu el(E)= 0.

Lt s: M= E be such a swmoottr sechon ( and bt

te NJ(EY be swh toat [tle HI(E) is He Thom closs

Dut b te cowpactuess of 1 and He sapport of © | e caw
cloose o cefR st He Famac of $:=c¢s  las tmphy intvse hon

with supp (). Thus &[E) = g*(trj> = [E’“ T] = 0, a

Fewnor A : ’f E=TH i the }-a.nacmf' bmwl)“l.l Fuw e (TH) = X(H)- [

wolatre rAGth(H) is any volminae foﬂm o]L Mo with jr"’l-
]

-7 jc(r"') = X(m) s.t. Fhe Hana, «anwmf/ims
/ X
He treswl+ that X (M) =0 if Hoere  axists @ ww.v. vichs th—ol.,

~
Tlas is the Gaunss- Rountf-Chirn fhm,

H{mc{ |




The Euley class is aun wov.w.f;le of a | chaackelshc clng',

lu{orma([yl oo charectiricle class s a 'AAMPPiVlé (E > B) — RH*R)

Feob associnbs fo wiry buudl o chowolony lass of ifs base spoc€ in a wa
4 Y ¢ 4

Hant te  fuvamant unds  baudle tgowarf)(m'.slms.



