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1. Introduction

1.1Design views, transistor netlist, stick diagram

Synthesis of electronic circuits includes two dimensions:

1. An accumulation of implementation details happens (“refinement”).

2. Atransition of the design view happens. This part is usually considered to be the real “synthesis”

process, rather than the refinement.

e The three basic design views are circuit/system behavior, structure and layout.

e The transition from the behavioral view to the structural view is called logic synthesis.

e The transition from the structural view to the layout view is called layout synthesis.
This systematic should be considered as simplified and fuzzy. An industrial design flow is by far more complex!
The following figure illustrates the different design views for a simple CMOS inverter.

Figure 1: Design views of a CMOS inverter
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The process of enrichment is illustrated in Figure 1 by different descriptions on the structural level and the
layout level, which are more or less abstract. For the inverter structure, for instance, either a gate symbol or the
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netlist of the transistors, which contains more implementation details that the simple gate symbol, can be given.
The layout, for instance, can be given in form of polygons that could already comply with the design rules, which
refer to complex distance constraints between polygons. Alternatively, a stick diagram gives a coarse layout plan
as a preliminary step in the layout design process. Please note that the source/drain direction in Figure 1 is
horizontally, but could also done vertically.

Corresponding design views can be created for other digital cells like a NAND gate (Figure 2) or a NOR gate
(Figure 3).

Figure 2: Design views of a NAND gate
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Figure 3: Design views of a NOR gate
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Looking at the transistor netlists of the NAND and NOR gates, we can see that in CMOS logic each input goes to
both a PMOS transistor and to an NMOS transistor. If two inputs are “or-ed” the corresponding PMOS
transistors are put in series and the corresponding NMOS transistors are put in parallel. If two inputs are “and-
ed” the corresponding PMOS transistors are put in parallel and the corresponding NMOS transistors are put in
series. The output signal is at the node where the PMOS and the NMOS parts are connected, and it is the
inverted signal of the “or-ed” and “and-ed” inputs.

This property between logic function and transistor netlist is also illustrated in the following example (Figure 4),
where the parallel and series connections resulting from “or-ing” are marked in green and from “and-ing” in
blue. It is also indicated how complex logic functions result in a sequence of hierarchical parallelizing and
serializing of blocks according to the order of logic operations. In this example, the “or-ing” (green) happens on
top of the “and-ing” (blue).
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Figure 4: Transistor netlist of logic functiony = x; - x5 + X3 x4

y = XX,

Figure 5 shows two alternative stick diagrams of the logic function in Figure 4. The parallel/series connections
that correspond to the logic function and the transistor netlist have been marked accordingly. The left layout
appears to be the better one, as we have a smaller number of contacts, shorter/less routing, and shorter signal
paths. For the stick diagram on the left side, it was utilized that for the NMOS transistors there are two pairs of
two transistors in series, which can share a source/drain contact. This has been the starting point of the stick
diagram on the left side. Hence we look for a method to arrange the order of input signals such that a maximum
number of shared source/drain contacts can be achieved. Such a method will be presented in the following.

Figure 5: Two alternative stick diagrams of logic function y = x1 - x5 + x3 - x4
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1.2Stick lavout design bv Euler paths in the structural graph

The method to design a stick layout will be illustrated with the following example:

Figure 6: Transistor netlist of logic function y = x{ + x, + x3 - x4
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A structural graph that represents the transistor netlist and logic function can be set up. The following
correspondences between netlist and graph hold:

e Vertex = netlist node/signal

e Edge = netlist transistor

e Edge label = input/gate signal
A p-part for the PMOS transistors between VDD and the output node, and an n-part for the NMOS transistors
between the output node and VSS can be set up. This is illustrated in Figure 7 for the example of Figure 6.

Figure 7: Structural graph of logic function y = x1 + x5 + x3 - x4
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As one input signal always refers to the gate of one PMOS transistor and to the gate of one NMOS transistor at a
time, the number of edges of n- and p-part of the structural graph is equal, and there is always one pair of edges

with the same edge label of the respective gate signal.

Therefore, an overall structural graph can be drawn by putting n-part and p-part on top of each other in such a
way that the two edges of n- and p-part that correspond to one input are crossing each other. This is also
illustrated in Figure 7.

e An Euler path is a path over all edges in a graph such that each edge is passed exactly once in this path.
e [f the start vertex and end vertex are identical, an Euler path is denoted as Euler circle/tour.

An Euler path in the structural graph therefore represents an ordering of transistors such that source/drains of
the transistors may be shared (connected, abutted).

If the sequence of edge labels (i.e., gate signals) is the same for an Euler path in the n-part and an Euler path in
the p-part, then the gate signal is only needed in one column of the layout stick diagram. This leads to the
following solution approach.

Solution approach

1. Find all Euler paths of n-part and of p-part of the structural graph.
2. Find an n-part Euler path and a p-part Euler path with identical labeling.
3. If 2.is not possible then break gates to achieve 2. while minimizing the number of breaks.

In the example, we can find Euler paths with identical labeling in the n- and p-part according to 2. (see Figure 8):
X1 > Xy = X3 = X3

Figure 8: Euler paths in n- and p-part of Figure 7 with identical labeling

10
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The Euler paths in the example refer to these signals in the n-part: Y = VUgg = Y = Ng = VUgg

The Euler paths in the example refer to these signals in the p-part: YN, >N = Vgg =Ny

The stick diagram can immediately be given from the Euler paths and corresponding signal orders:

Figure 9: Stick diagram of the logic function of Figure 6

Euler paths can be computed with the Fleury algorithm, which is of the order O (|E|?), where E is the set of
edges.

Euler circles can be computed with the Hierholzer algorithm, which is of the order O (|E|).
Euler paths exist if there are 0 or 2 vertices with odd degree (i.e., nr. of adjacent edges).
Euler tours exist if all nodes have even degree.

Euler tours exist if all edges can be obtained by the union of pairwise disjunct “circle paths” (starting point for
Hierholzer algorithm).

11
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1.3Hierarchical and stacked stick layout design

Usually, (digital) circuit netlists are given as hierarchical gate netlists, where gates are elements of an often quite
complex cell library. Figure 10 shows an illustrative example with 4 gates. From the layout point of view, these
gates become modules, which are first placed (i.e., their position on the chip is determined) and then routed
(i.e., the connections according to the netlist are laid out). This represents a hierarchical proceeding, where the
layout of the modules is predetermined and used within the layout of the whole circuit. In Figure 10, a row-like
placement of the four modules is determined easily. For complex circuits, the placement problem refers to
millions of modules.

Figure 10: Gate netlist example and corresponding placement of gates (modules)
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Aiming at a row-like stick diagram of the four modules according to Figure 10, the stick diagrams of the four
modules (NAND, INV, 2 x NOR) are used. These are given in Figure 11. For the row arrangement with one p-
diffusion row on top of one n-diffusion row, there are several variants for each module, which can be obtained
by mirroring the whole cell or exchanging the columns of the input signals. These variants are indicated in blue
in Figure 11.

More complex types of variants may exist in general. Computing such variants is often called module generation
and is of great importance for basic building blocks of analog circuits.

12
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Figure 11: Stick diagrams of modules of circuit in Figure 10 with indicated module variants
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A corresponding layout for the whole circuit of Figure 10 is given in Figure 12. We can see that module | (NAND)
has been mirrored along its center vertical axis to merge the connections to VDD and VSS with module Il (INV),
and that module IV (NOR) has been mirrored the same way for the same reason and in order to route signal xs
to module lll and signal x, to module Il on a shorter distance.

Figure 12: Stick diagram of circuit in Figure 10

13
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We can see that the complexity of the layout problem is growing quickly with the size of the circuit.

Alternative ways have been developed, like

e Stack transistors on gate signal (multi-diffusion rows, stacked stick diagram)
e  Gate-matrix layout
e Symbolic layout.

The book “Weste/Eshraghian: Principles of CMOS VLSI Design — A Systems Perspective, Addison-Wesley 1985”
gives more details on the “old days” of CAD-supported manual layout design.

Modern layout synthesis tools are based on optimization methods for the placement of modules and
subsequent routing. Some basics for these methods are treated in the rest of this compendium.

1.4 Application-specific integrated circuit (ASIC) design styles

There are two basic design styles for ASICs, standard cells and macro cells. In complex system-on-chips (SoCs)
they appear in combination. Figure 13 outlines the corresponding layout schemes.

Standard cells are arranged in rows, where the height is hardly varying, and where the cell size is varying over
the cell width (see: stick diagram). The power routes (VDD, VSS) are integrated into the rows. The routing is
arranged in so-called channels that alternate with the cell rows. The channels can have variable width according
to the required horizontal routing tracks within the channel. The cells pins are arranged column-like. Vertical
routing can happen at the left or right end of the rows or along vertical feed through cells in a cell row.

Macro cells have very different sizes and aspect ratios, a preliminary placement is obtained by so-called
floorplanning. The placement within a macro-cell can be a standard cell design or another macro cell design.
Placement and routing are more complex than in standard cell design.

14
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Figure 13: Standard cell layout and macro cell layout
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2. Circuit topology description

2.1Netlist description

The netlist describes the connectivity of the circuit and consists of three elements, which are modules, pins,
(signal) nets:

Eq. 1 Module (index) set: M= {ulu=1,..,ny}
Eq.2 Pin (index) set: P={plp=1,..,np}
Eq.3 Net (index) set N = {vlv=1,..,ny}

The netlist consists of two relations, the module-pin relation and the pin-net relation:
Eq. 4 Module-pin relation: MP = {(u, p)|uMPp} < Mx P
Eq.5 Pin-net relation: PN = {(p,v)|pPNv} = PxN

The pin-net relation for instance reads that PN is a circuit-specific set of pairs of pin and net, which is a subset of
all possible pin-net pairs, i.e., the cross product of the sets of pins and nets.

The simplified netlist skips the pins and directly establishes the module-net relation:
Eq. 6 Module-net relation: MN = MP o PN = {(u,v)|uMNv}c Mx N

The module-net relation results from concatenation of the module-pin relation and the pin-net relation:
MN = MP o PN. It holds that (u,v) € MN & uMNv < u(MP o PN)v & 3 ,cp[uMPp A pPNV]

The circuit netlist is mathematically a graph with vertice set VV and edge set E:
Eq.7 Geirc = (Veires Ecire) = (M + P+ N,MP + PN),

where the vertices V are the modules, pins and nets, and where the edges E are the module-pin and pin-net
relations. Accordingly, the simplified netlist is

Eq' 8 Géirc = (V(!iTC’EC,'iTC) = (M + N, MN)

Figure 14 illustrates the circuit graph for a circuit example. On the left side, the module-pin relation and the pin-
net relation are given. On the right side, the module-net relation that results from the concatenation of these
two relations is given. Please note that each of these graphs is a bipartite graph consisting of two disjunct sets,
where the elements of each set are not connected among each other.

Figure 15 gives an idea of a circuit topology of the example netlist in Figure 14. Please note that in Figure 15,
more details have been included compared to the netlist. There is a first idea on the placement of modules and
on the routing of signal nets, and the sizes of the modules and the locations of pins in each module have been
considered (module-pin-net relations as in Figure 14 do not include the module size and pin location).

17
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Figure 14: Example of netlist

circuit netlist simplified netlist

modules pins nets modules nets

HLEM pPEP VEN UueEM vVEN
MPc MxP PN c PxN MN cMxN = MP o PN

Figure 15: Example of circuit topology for circuit netlist in Figure 14
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The reverse relations can also be established:

Eq.9 Net-pin relation: PN~1 = {(v,p)|pPNv} < N x P
Eq. 10 Pin-module relation: MP~1 = {(p,u)|uMPp}cP xM
Eq. 11 Net-module relation: MN~! = {(v,))|uMNv}c N x M

Please note that Figure 14 is the “plotted” graph of the mathematical graph. The corresponding relations of a
mathematical graph can be represented on other ways, for instance by an incidence matrix or as a list of
incident vertex elements of the graph. For the simplified netlist, we have the following definitions:

Eq. 12 Net set of module u: N, = {v|(u,v) € MN}
Eq. 13 Module set of net v : M, = {u|(u,v) € MN}
Eqg. 14 Module-net incidence matrix: MN = |- MN,, |, MN,, = {é (w, Ve)lseeMN

This is illustrated for the example in the following Figure 16:

Figure 16: Module-net list MN, net-module list ¥N %, incidence matrix MN for circuit netlist in Figure 14

Module y | Net set N, Net v Module set M, MN =
of module u of net v

1 a, b a 1,3,4 a b c d e f

2 ¢, def b 1,3 1110000

3 a,b,cd o 2,3,4 2/0 01111

4 a,ce,f d 2,3 3/)111100
o 2.4 410 1 0 1 1
f 2,4

Another list of incident vertices would be:
Eq. 15 Pin set of net v : P, = {pl(p,v) € PN}

In the example, e.g., P, = {1,7,9,12,14}

19
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2.2Net models

Net models are established based on exact pin locations. Instead of the pin locations, module locations can be
used. The module location would be for instance taken as the geometrical center of the module as determined
by the module dimensions.

Net models are used as an approximation of the routing length that can be computed efficiently and used within
the placement process.

Net models usually consist of a minimum set of two-pin connections that spans all adjacent pins or vertices of
the net. There are different models that relate to the technological way of routing. As routing is usually
restricted to vertical and horizontal segments, the distance between two pins/module centers is measured in
the so-called Manhattan distance, which refers to the l;-norm. The distances can be collected in the distance

matrix:
Eq. 16 Distance between pins:

dij = |xi - xj| + |yi - yj| , with (x;,v;), (xj,yj) coordinates of pins i, j
Eq. 17 Distance matrix: D= dj | withd;j=d; and d; =0

Each net represents a complete, undirected, weighted distance graph:
Eq. 18 Distance graph of net v : Gy = (R,P, xR, d;j)
Figure 17 gives an example net with 5 pins.

Figure 17: Example net with pin coordinates and distance matrix

5 b=
Pin | Pin coordinates i
1 (3,1) 1 2 3 4 5
3 |(5-2) ) . . 214 o 7 9 11
4 (9,0) i + 3|5 7 o 6 8
5 (6,5) .3 417 9 6 o 8
5|7 11 8 8 0




! Institute for m
Electronic Design Automation Technische Universitat Minchen

Typical net models are:

e Chain net: This net model refers to the wire-wrap technique. Starting from a certain pin the wire goes
from pin to pin without revisiting any pin a second time, thus building a chain to the end pin.
e Source-sink net: A certain pin known to be the source of a signal has star-like two-pin connections to
every other (sink) pin.
e  Minimum spanning tree (MST): An MST has the following properties, it:
o connects all pins,
o builds on two-pin connections only,
o iscycle/loop-free (i.e., tree),
o has minimum netlength.
e Minimum Steiner tree (St): This is an extension of an MST by allowing virtual pins on already existing
two-pin connections that allow a minimum additional routing to remaining pins.
e Half perimeter (HP) net: This is a very fast estimation of the routing length through the minimum
rectangle enclosing all pins.

Figure 18 shows the five net models for the example of Figure 17 and the corresponding netlengths L:

Figure 18: Net models

R o5 ——
1 1. 1
2 4 2 4 2 —14
3 3 3
& ]
Chain (L = 23) Half perimeter (HP) (L = 16) Source-sink (L = 23)
5 A
— . 5
1 1
2 4 2| I 4
3 3

Minimum spanning tree (MST) (L = 22) Steiner tree (St) (L = 17)
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2.3Minimum spanning tree (MST) construction with the KRUSKAL
algorithm

A spanning tree of net v comprises |P,| — 1 two-pin connections among the |B,| pins of the net.

There are (|B,|—1) + (|B|—2) + = Zlii"ll_llP\,l —i= %lP\,l(lP\,l — 1) possible two-pin connections in a
complete graph.

The number of possible spanning trees is | B, |!PvI=2.

The basic idea of the Kruskal algorithm is, to

e order and then select the edges of the MST along increasing edge weights,
e avoid cycles while selecting edges.

For the example in Figure 17 this results in the ordering of edges (along increasing pin numbers) and selection
(with skipping one edge, which would lead to a cycle) as given in Figure 19. Please note that the MST in Figure 19
corresponds to Figure 18 bottom row, left.

Figure 19: Kruskal process and resulting MST for example net in Figure 17

edge (i, /) (1,2) (1,3) (EE)) a4 (1,5 (2,3)
d;j 4 5 6 7 7 7
Kruskal selection 1. Z (cycle) 4.

22
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Let

Eqg. 19 Gy = (VO, Eo, do,;j ) be an undirected, complete, weighted graph,

Eq. 20 (@ = {di;|(i.)) € Ey}, <) be a priority queue of ordered edge weights of Gy,

Eg. 21 (E, <) be a priority queue of ordered edges such that d(E;) = Q;,

Eq. 22 Gusty = (Vusrw Emsti dij ), 1 =1,..,m,, n, = 0 be the, initially empty, set of disjunct
partial minimum spanning trees,

Eq. 23 Lysst be the, initially zero, length of the minimum spanning tree Gy sr = (VMST, Eysr, dij )

The Kruskal algorithm is sketched in Figure 20, using Eq. 19 to Eq. 23. The algorithm has to consider that with the
addition of new edges to the MST, new partial trees may be opened during the selection process. These partial
trees will merge with adequate edges selected at a later time in the process. The existence of partial MSTs needs
special consideration to find out if a potential edge would lead to a cycle: this would happen only if both vertices
of this edge belong to a single partial MST; if they belong to two different partial MSTs, this would lead to a
merger of this partial MSTs.

Figure 20: Kruskal algorithm

Repeat
Select next edge (i*,j*) from priority queue, i.e., with minimum weight: first (Q, <) = minQ = d;-;-

If both vertices i, j* in same partial MST
Goto “Problem reduction”

If none of vertices i, j*in one of the partial MSTs
Open new partial MST, n,+=1

If vertices i*, j*in two partial MSTs
Merge these partial MSTs, n,,—= 1

“MST construction”:
Attach edge to respective partial MST u: Viygr, U = {i*,j"}, Emysry U= {9}, Lysrt=dij

“Problem reduction”:

(Q' S) \= {di*j*} , (E, <) \= {(l*,]*)}

Until Z#|EMSTM| =|l;,| — 1, i.e., the number of edges in the MST is one less than the number of vertices in
the graph
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The following example illustrates how partial MSTs are created and merged during the Kruskal algorithm. Please
note that different to the assumptions for a signal net, this example does NOT represent a complete graph. We

could imagine that the non-existing connections refer to forbidden routing areas.

Figure 21: Kruskal algorithm on example with several intermediate partial MSTs

19
1L

(©,=)=1{1,2345,6,7,8910,11,12}

(E’ <) = {(a' b)' (a’ f)’ (g’ h)’ (e’ k)’ (b’ g)’ (C’ e)’ (f’ g)’ (b’ C)’ (C’ h)’ (a’ e)’ (h’ k)' (f’ k)}

Step | (i%,j") Lysr n, Eysry o u=1,..,n,
1 | (ab) 1 1 | {(ab)}
2 (a.f) 3 1 {(a,b),(a,f)}
3 (g.h) 6 2 {(a,b),(a,f)}, {(g, M)}
4 (e, k) 10 3 {(a, b), (a, f)}, {(g, h)}, {(6’, k)} (MSTs given above in red)
5 (b,g) 15 2 {(a,b),(a, 1), (b,g9),(g. M)}, {(e,k)}
6 (c,e) 21 2 {(a,b),(a,f),(b,9),(g, 1)}, {(c,e),(e,k)}
7 G 21 2 Z (cycle)
8 (b, c) 29 1 {(a,b),(a,f), (b,c), (b, 9), (c,e), (e, k), (g, )}

While the Kruskal algorithm proceeds along edges, we can also proceed along vertices. This is done by the Prim
algorithm presented in the following.
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2.4Minimum spanning tree (MST) construction with the PRIM
algorithm

The starting point of the PRIM method to construct a minimum spanning tree is the following theorem:

Theorem 1 The edge from a vertex v to its neighbor m (see Figure 22) with minimum corresponding edge
weight d,,,, is part of the minimum spanning tree:

w,m) = argmin(vjj){dvﬂj Erwm}= (v,ym) € Eysr

Figure 22: Neighbors I of vertex vin set N

Theorem 1 allows the construction of a minimum spanning tree by

e starting from any initial vertex,

e searching among his neighbors the edge with minimum weight,

e  “merge” the vertices,

o “merge” the edges and updating the edge weights (take minimum among alternative).

The PRIM process will be illustrated with an example in the following (Figure 23), after that the algorithm will be
given. Explanation of Figure 23:

Step 1: We start with an arbitrary initial minimum spanning tree consisting of one vertex. Here, we take vertex
a. Then, all neighbors of vertex a are considered and the vertex with minimum edge weight is selected.
According to Theorem 1, this edge must be part of the MST. Here we select vertex e, as the edge (a,e) has
minimum weight among all edges to a’s neighbors:
(a,e) = argmin(arj) {daj|j el ={b,ce, f}} =argmin{8,11,5,12}

The corresponding edge weight is marked in red in Figure 23, third column. The selected vertex gets an
intermediate variable name, “z”, and it is added to the MST (step 2, second column). At this stage, the MST
becomes:

Vmsr = {a,e}, Eysr = {(a, 6’)}, Lysr =5
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Figure 23: Example process of MST construction with the Prim method
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The remaining graph G, now is reduced of the selected vertex z. This can be interpreted as merging vertex z

with the existing vertex a and creating a new super node ”"a”. The PRIM algorithm is a so-called “greedy”
algorithm, as it subsequently “swallows” all vertices of the graph.

While swallowing vertex z, two actions have to be taken:

1. Among the remaining vertices, there are multiple edges to the new super node a. Among those the one
with the minimum edge weight must be selected, and the other ones will be deleted. This reduces the
problem size to those edges which can only be candidates for the MST. Column 4 in Figure 23 gives a
snapshot of the graph with edges from the super node to the remaining nodes. In this first step of the
PRIM process, we can see that edge (e, f) has a smaller edge weight than (a, f), (e, ¢) than (a, c), (e, b)
than (a, b). After reduction of vertex z and of the edges with larger weights, we obtain the new
remaining graph in column 5. The new edge weights are marked in green.

2. To save computational time in the further process, it should be stored which respective neighbor of
each vertex in the remaining graph actually leads to the new edge weight. This is done by giving the
nodes labels that refer to the neighbor in the super node with that edge weight. In this step, this is node
e for all remaining nodes b, ¢, f. These labels are marked in green in column 5 of step 1.

The process is now repeated.

Step 2: Vertex b is selected, as edge (a, b) has minimum weight among all edges to a’s neighbors:
(a,b) = argmin,, {daj |j €l ={bc f}} = argmin(5, 8, 7}
As the label of vertex b says that this edge is to vertex e , the MST becomes:

VMST = {a' b! e}, EMST = {(a'e)' (b' e)}' LMST =10
Checking the multiple edges from the new super node a that swallows b (step 2, column 4 of Figure 23), we see

that the edges (a, f) and (b, ¢) have smallest weight. The other edges are deleted, and a new edge weight and
label to vertex c are obtained. This results in the remaining graph in step 2, column 5, of Figure 23.

Step 3: Vertex c is selected, as edge (a, ¢) has minimum weight among all edges to a’s neighbors:
(a,¢) = argmin,, ; {daj |j el = {c,f}} = argmin(5, 7}
As the label of vertex c¢ says that this edge is to vertex b , the MST becomes:

Vustr ={a,b,c, e}, Eysr ={(a e),(b,e),(b,c)}, Lysr =15
Checking the multiple edges from the new super node a that swallows ¢ (step 3, column 4 of Figure 23), we see
that the edges (a, ) has smallest weight. The other edge is deleted, this results in the remaining graph in step 3,
column 5, of Figure 23.

Step 4: Only one vertex remains, which is selected, which leads to the final MST:
VMST = {a' b' Ge, f}' EMST = {(a, e), (b, e), (b' C)r (e' f)}' LMST =22

The algorithm that implements this process is sketched in Figure 24.
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Figure 24: Prim algorithm

Inltla”y, VMST: = {a} (arbitray), EMST: = { }, LMST: = 0, vner(a)label(n): =a, V= VO ) E = EO ) dU = dO,ij
Repeat

Select next vertex z with minimum edge weight d, (sorting algorithm):
(a,z) = argmin(a'n){danm e ')}

“MST construction”:
Add new vertex and edge to MST:
Vusr U= {z}, Eysr U= {(zlabel(2))}, Lysr+=dg;
(label(z) denotes the neighbor of z that corresponds to the minimum edge weight d ;)

“Edge revision for merger of a, z”:
For all neighbors n of vertex z excepta: n € I'(a) \ {a}
If edge (a, n) did not exist
Createedge (a,n): E:=EU{(a,n)}; dg, = d,, ; label(n):=z
Else (check if new edge from a to n induced by z has lower weight than old edge)
fdpm < dan
Update edge weight and label: d,, = d,,; label(n):=z
Endif
Endif
Endfor

“Problem reduction”:
Delete “swallowed” vertex z and all its adjacent edges from graph:
E:=E\{(zn)|nel(2)}, V=V\{z}

Until  |Eysr| = Vol — 1, i.e., the number of edges in the MST is one less than the number of vertices in
the graph

28




- _
Institute for m
Electronic Design Automation Technische Universitat Minchen

2.5Steiner tree (St) approximation with the HANAN algorithm

A Steiner tree is a net that connects all pins without any cycles. Specifically, it allows that additional “Steiner
pins” are added such that the overall routing lengths is smaller than with a minimum spanning trees (which
allows only two-pin connections between existing pins).

The Hanan algorithm (M. Hanan: On Steiner’s Problem with Rectilinear Distances, J. SIAM: Appl. Math., Vol. 14.
No. 2, 1966: M. Servit: Heuristic Algorithms for Rectilinear Steiner Trees, Digital Processes, 7 (1981), pp. 21-32)
for rectilinear Steiner trees is a heuristic with the following features:

1. The pins are ordered and processed along increasing x-coordinates (i.e., from left to right).

2. Each pin is connected to the net tree constructed so far by finding the shortest Manhattan
route/distance with at most one corner to any point of the net tree. If this point is not a pin, a new pin
(“Steiner pin”) is created at this point.

3. New routes are preferably horizontal (—) or vertical (|) without corner, if that is not possible, new
routes have a corner at the x-coordinate of the new pin that is connected up or down (I or 1).

The left side of Figure 25 illustrates an example for a Steiner tree with the Hanan method. In the first step, pin 2
is connected to pin 1. Then, pin 3 is connected by a 1-grid long horizontal route the existing net, and the new
Steiner pin 1 is created. Here, the priority list in the route shapes is illustrated: from left to right, a route should
have a horizontal segment before a corner and then a vertical segment, because the vertical might become a
potential docking station for pins further to the right. If this vertical part would be far left, the next routes would
be longer.

Figure 25: Steiner tree approximation with Hanan algorithm, from left to right (on the left side), from right to
left (on the right side), Pins (filled) are numbered in the order of processing, Steiner points (not filled) are
numbered in the order of their creation
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Please note that a minimum rectilinear Steiner tree can be constructed by creating a grid through each of the

pins (solid lines in Figure 25). It can be shown that the routing segments of the Steiner tree will be on this grid
only (there are no routing segments of the Steiner tree on dotted lines in Figure 25).

The algorithm is a heuristic that cannot guarantee to find a minimum Steiner tree. See for instance the right side
of Figure 25, where the Hanan algorithm is applied to the same net, this time from right to left, with analogous
rules. The Steiner tree on the left side has a length of 21, the one on the right side of 19.
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3. Placement problem description

Figure 26 shows the principal layout design flow. It consists of the steps placement and routing. During
placement, net models are used to approximate the routing effects of the layout for the placement decisions

(complete routing would be too expensive in complex systems). For complexity reasons, placement and routing
each are divided into a global and final step.

Figure 26: Layout design flow
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In global placement, the relative placement of modules is determined, where the modules may still overlap. A
common approach for global placement is quadratic placement (also called force-directed placement).
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Quadratic placement formulates an iterative process with a quadratic optimization problem with equality
constraints in each iteration step. In each iteration step, this leads to a (large, sparse) linear equation system

that has to be solved.

The placement task can be formulated in two flavors:

3.1Assignment

Assignment starts from a given set of positions, where the number of available positions has to be greater or
equal than the number n, of modules. The assighment task consists in assigning modules to the available
(“discrete”) positions, such that the circuit can be routed and with minimum net length. This is illustrated in
Figure 27.

This task refers to the so-called gate array design style, which is a special case of the standard cell design style in
Section 1.1.

The complexity of this task is ny!, as there are ny,! alternatives to assign n,, modules to n,, positions. This
problem is called NP hard, i.e. it is not solvable in polynomial time.

Assignment can be formulated as a permutation, as illustrated in the right part of Figure 27, where a set of
module indices maps onto a set of position indices: (1,2,3,4,5) c M — (3,2,5,1,4) € ® . We can formulate

the module-position relation of assignment as:
Eq. 24 Module-position relation M® = {(u, ) |uMP @} = Mx ®

In the example, we have M® = {(1,3),(2,2), (3,5), (4,1), (5,4)}.

Figure 27: Assignment task, exemplified with 5 modules and 5 locations
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Different sizes of modules need special treatment in assighment (e.g., partitioning into smaller parts that fit into

the grid). The minimum area objective is inherent in the minimum net length objective; requirements on aspect
ratio and dimensions of the resulting array need consideration (e.g., by corresponding sets of available
positions).

3.2Arrangement

Arrangement has more degrees of freedom in the placement task: the modules have different sizes, the
positions and the orientations of the modules may be freely chosen. The arrangement task consists in finding
“continuous” positions, such that the circuit can be routed and with minimum area and minimum net length

This task refers to the macro cell design style in Section 1.1. If the arrangement is done for a high-level system
description where the modules refer to “big” macros like a whole standard cell block, a RAM block, and so one
(see Figure 13), then this task is referred to as “floorplanning”. If the arrangement is done for a detailed system
description, where the modules refer for instance to all cells in the standard cell block, then this task belongs to
the category of placement.

In the following, assignment will be treated first, then arrangement. For both approaches, a suitable net model
has to be developed. This is done in the following section.

3.3Hyperedge net model/nth-order assignment problem

The general description of the circuit topology from the netlist according to Section 2.1 leads to a hypergraph as
illustrated in the top part of Figure 28. A hypergraph is characterized by hyperedges, these are edges that
connect more than two vertices. This corresponds to the property that signal nets connect several modules. The
number of vertices/modules that are connected with a hyperedge/net is called the order of a hyperedge/net.
The maximum order hyperedge determines the order of the resulting assignment problem. In the example of
Figure 28, there is one 3™-order net and one 4™-order net, hence a 4™-order assignment problem.

The n"-order assignment problem then has the objective of minimizing the sum of all net lengths L(v),v € N of
a circuit. (The same problem formulation refers to the arrangement problem, if the net length is taken as
primary objective.)

Eq. 25 n'-order assignment problem: (with n = max, |M,|)

minimizeyq Yyey L(V)
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Figure 28: Circuit topology — from hypergraph of 4th-order to weighted graph
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3.4Clique net model /2M-order(quadratic) assignment problem

The hypergraph model of circuit topology is difficult to handle, therefore a transformation to a regular graph is

done. Each hyperedge is modeled as a clique of edges among all vertices in the respective hyperedge. This leads
to a multigraph in the first place, as illustrated in the lower part of Figure 28. The edges are weighted in order to
reflect the various available orders of nets and the consequences on routing. A common idea for this is starting
from the minimum spanning tree. A net of order m has a minimum spanning tree with m — 1 two-pin
connections. A simple model for the netlength of a net of order n is this number of two-pin connections. Hence

the weight of a hyperedge of order m is assumed to be m — 1. This is transformed into the graph model in that
m-(m-1)

the sum of all edge weights of a clique should also have the value m — 1. This is achieved by:

Eqg. 26 edge weight %for each edge of a clique that refers to a net of order m.

The transition from a multigraph to a graph is done by adding the weights if several edges between two modules
exist and replace these edges with one edge with the resulting sum of weights (blue in Figure 28).

The 2™-order assignment problem then consists in minimizing the weighted distances d between the positions
@(1), p(j) of all modules i, j, where the weights are determined according to the signal nets as described:

Eqg. 27 2"-order/quadratic assignment problem:

2

e . 1
minimize ;¢ Zi,jEM ECU . d(p(i),(p(j)

uznd

The term order” refers to the existence of edges of 2™ order between two modules only. The term

quadratic refers to the objective function in Eq. 27, which can be formulated as a quadratic form (see XXX).

The quadratic placement problem will be formulated in XXX. Quadratic assignment/placement is complex, as
both relations among modules (edge weights) and relations among positions (distance) go into the objective
function. They are interdependent.

Another approach to assignment is to partition the problem such that the assignment of a module to a position
is independent of all other assignments. This is called linear assignment, as it can be formulated as a linear
programming problem. Linear assignment will be treated in the following.
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3.5Linear assignment problem formulation

The linear assignment problem consists in minimizing the sum of costs of assigning modules to positions. These
costs shall be independent of each other. Then, the optimization problem becomes a linear programming
problem:

Eq. 28 Linear assignment problem:

minimizey-o Xiem ki

where K = [k; ;] is the cost matrix with k; ; being the cost (=routing length) of assigning

module i to position j,

and where M'c M is a subset of modules for which the cost of assigning one module to a
position is independent of the assignments of the other modules in M".

The approach requires the computation of subsets of independent modules in the sense that the assignment of
one module in the subset does not affect the routing cost of any other module in the subset. This is the case if
the modules in the subset are not connected by a net. Then, the netlength of assigning one independent
module does not depend on the assignment of the other independent modules in the same subset.

Introducing an example to illustrate linear assignment

Assignment knows different types of modules. These are defined in the following

Eqg. 29 Modules to be assigned: Mg
Eqg. 30 Modules with predefined positions: M
Eg. 31 Auxiliary modules : M,

An introductory example that will be used to demonstrate the linear assignment algorithm is given in the upper
part of Figure 29. It consists of 5 modules to be assigned to 8 available positions, while 2 modules have
predefined positions. One auxiliary module is added, which has no connection to any other module and acts as a
dummy to have equal number of modules and positions. The net-module and module-net lists are given

The assignment cost is determined by constructing a minimum spanning tree (MST) for each net. The length of
the MST of each net is obtained by counting the jumps in Manhattan geometry from one position to another.

The lower left part of Figure 29 shows an initial assignment of the modules to a given 2x4 grid of positions, as
well as the resulting MSTs plus their lengths and the overall length (=cost of initial assignment).
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Figure 29: Net-module list ¥N !, module-net list MN , initial assignment and routing cost of an assignment

example
Net N I\/]lodule set M, Modul;l Net set N, Assignable: Mg = {1,2,3,4, 5}
VE of net v U € of module u Predefined: Mg, = (6,7}
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4. Linear assignment of independent module subsets (STEINBERG

method)

Figure 30 gives an overview of the Steinberg method for linear assignment. The individual steps will be described

in more detail in the subsequent sections.

Figure 30: Steinberg method for linear assignment

Determine all maximum subsets C;,i = 1, ..., n. of independent modules (i.e., cliques in Gy)
// Section 4.1
//
Determine initial assighment
//
Repeat

For each subset C;

Set up cost matrix K for all modules u in C; and all positions ¢ (1) these modules currently have

kupw) = E L(v)
VEN
// Section 4.2

// Note that only nets that are attached to a considered module need to be considered to

// compute a change in cost function, as the lengths of other nets are not affected by a

// repositioning this module

/1

// Note also that each element k,, ,,(,,) in the cost matrix can be determined independently from
// the other modules in subset C;, as the corresponding module is only connected to modules
// outside of this subset

/1

Determine new assignment with minimum cost

k
zyeci wee (i)

by Hungarian method
// Section 4.3
// This is the mathematical core of linear assignment.
Endfor
Until  no further improvement in cost
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4.1Determine maximum independent module subsets (maximum
cliques in a graph)

Eqg. 32 Graph of assignable modules connected by a net:

Gey = (Mg, MN © MN~' 0 (MgXMg \ I))

Eqg. 32 describes mathematically the graph of connected assignable modules by taking the relation from modules
to nets followed by the relation from nets to modules, MN © MN 1, and taking only the combinations of non-
identical assignable modules, Mo XM \ I.

Eg. 33 Graph of assignable modules NOT connected by a net:
Gen = (Mp,MN o MN~1 0 (MgXMp \ 1))

Eg. 33 describes mathematically the graph of unconnected assignable modules by taking the inverse of the
relation from modules to nets followed by the relation from nets to modules, MN © MN~1, and taking only the
combinations of non-identical assignable modules, Mo XM \ I.

For the example in Figure 29 we obtain the graphs G, and G, as shown in Figure 31. We can note several
observation for these graphs:

e The modules with predefined positions do not appear.

e The auxiliary module has no adjacent edge in Gy, and it has an edge to every vertex in G, .

e The graph G, can be constructed from the net-module list (e.g. top left in Figure 29): each net
represents a hyperedge among the modules it connects, which transforms into a so-called clique, which
is a subgraph where every vertex has an edge to every other vertex.

Figure 31: Graph G, of connected and graph G, of unconnected modules of the example in Figure 29

8 8
1 2 3
4 5
Gey Gen
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Eq. 34 A Clique C = (V;,E) ofagraph G = (V;, Eg) is a:

complete, i.e., edges between every pair of vertices: E; = (Vo XV) \ [,
subgraph, i.e., V.V, of G

A clique is described by its vertex set only, hence it can be noted in a simplified way: C = V.

While the cliques in G, are obvious from the net-module list, for assignment we are rather interested in the
(maximum) cliques of G, . In Figure 31 for instance, we can recognize the following maximum cliques:

o {1,3,4,8}
e {1,5,8}
o {2,8}

This means that we can consider a swap for instance among the modules 1, 3, 4, and 8 (8 basically represents a
Joker position that can be occupied in any case), where the cost of assigning for instance module 1 to one of the
positions that 3, 4, 8 currently take, can be determined without knowing in advance where these other modules
will be positioned. Because 1 has no connection with 3, 4, 8, it is only connected to modules “outside” the
clique, which are fixed at this point of consideration, so that the netlength is determined the moment when 1 is
positioned among the available positions of the considered clique.

Theorem 2 (Paull/Unger) for iterative construction of cliques of a graph:
( h
Cy = ! C =g Ep) Ve e P\ {3 A Ec = VeXV)\I L is the set of all cliques
R ———d
power set of V, ie, all subsets complete graph
including nondominant cliques

of graph G = (V;;, E) with regard to vertex subset|V c V

Then, the set of all cliques of graph G with regard to a vertex subset extended by one vertex x,
e,V =V u{x},x eV, \Vis:

(Cv, -
Cy U
Uveeeyy Vool Ve EPVOING A Ve = {x} U rx)y n Ve
e N e’ f——
k vertices from remaining neighbors of x thatarein J
set of nodes in Ng L clique of Cy

Theorem 2 says that the cliques of a graph can be constructed starting from any initial single clique or subset of
cliques (which includes to start from a single node), and then iteratively adding a remaining node x and the
resulting addition of new cliques that result from combining x with its neighbors in existing cliques.
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Figure 32: lllustration of Theorem 2 (Paull/Unger)

Cy ={{1,2,3},{4}}
C, =C,u{{x}u[{2,3,4,..3n{1,2,3}]}
u{(x}u{2,3,4,..3n {41}
= CyU{x23}U{x,4}

= {{1,2,3},{x,2,3}, {x,4})

Figure 32 illustrates the procedure of Theorem 2. At the moment, the vertex set {1, 2, 3, 4} refers to cliques {1,
2, 3} and {4}. Adding vertex {x}, we determine the cut sets of the neighbors of x and these cliques and the node x
to obtain the additional cliques {x, 2, 3} and {x, 4}. Please note that in the overall process, it is only necessary to
keep the dominant cliques. Cliques covered by dominant cliques need not be mentioned separately. For
instance, the dominant clique {x, 4} covers clique {4}.

Figure 33 then illustrates the complete process of constructing the cliques of unconnected modules of the
assignment problem in Figure 29. The auxiliary module 8 is ignored. It can be seen that including 8 into the
process does not yield any change in the intermediate results until module 8 is added. We can see that an
auxiliary module can be ignored throughout the process, and just added to all cliques at the end. This
corresponds to the fact that an auxiliary module basically represents an available position and is never
connected to any real module. At this point of the assignment method according to Figure 30, we have three
cliqgues of unconnected modules, i.e., {2, 8}, {1, 5, 8} and {1, 3, 4, 8}, each of which represents a set of modules
whose assignment costs are not interdependent.
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Figure 33: Clique construction of example in Figure 29 according to Theorem 2
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4.2Set up cost matrix and determine new assignment for clique

repeat it for all cliques, then repeat it until no further
improvement

Figure 34 to Figure 37 illustrate the iterative assignment process according to the Steinberg method (Figure 30).
In particular, setting up the cost matrix is shown. The netlist example in Figure 29 is taken to illustrate the
process. In a first round of three steps, the algorithm goes over the three cliques of independent modules, i.e.
modules not connected by a net, as determined in Figure 33. The top left part of Figure 34 shows the initial
assignment; the two positions A, C, which correspond to the modules 2 and 8 are marked red. We now
investigate the cost of putting 2 and 8 on any of the positions A and C. In the lower part of Figure 34, the cost of
putting module 2 on position A (left) and the cost of putting module 2 on position C (right) is determined. Only
the nets connected to module 2, i.e., nets a, ¢, d, are considered. For these nets, the resulting minimum
spanning trees and their lengths are determined. Module 2 on position A is the initial situation. We can see that
putting module 2 on position C reduces the sum of MST lengths of the affected nets by 1 from 10 to 9. This can
be transferred into the overall cost matrix in the upper right part of Figure 34. The cost matrix is ordered such
that the current situation is given in the diagonal part: 2 on A, 8 on C, with cost of 13 according to Figure 29.
Therefore, the cost of 2 on C is one less, as was determined in the lower part, which results in 12. No
computation has to be done for the auxiliary module 8, as it has no connected nets. Inspection of the cost matrix
immediately suggests to swap 2 and 8, which puts 2 on C and 8 on A. This gives the new situation in the top left
part of Figure 35.

Figure 34: Step 1: cost matrix for clique C; = {2, 8} of example of Figure 29

Current assignment: Cost matrix K =
A . C E . G A C
d a 2|13
02| 8 |23 |¢6 ‘ ‘
8 13
Bd lC——E Fé He b @
4 1 7 New assignment: (2, C), (8, A)

C1={2,8} \ /

Cost of assigning module 2 = sum of MST lengths of nets in N,:

A C E |G A C E
dl e o :'"'"'".:_'_',"""‘,
?2 °3 @ | o2 23
B D Fe H ] 1 1
e D . B.._"I?;c Fe [H
5 4 1 7 5 4 1 7
_(ZJA) -0 (Z,C)
Cost: 10 Cost: 9
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Now, the same procedure is performed for the second clique consisting of modules 1, 5, 8 on positions A, B, F.
We investigate the cost of assigning these three modules on these three positions, which is then given on the
upper right part of Figure 35. The last line of the cost matrix given there refers to the auxiliary module, which
has no nets, the diagonal of the cost matrix refers to the current assignment as before. At this point the overall
assignment process, the reason for the partitioning into independent subsets of modules becomes clear:

modules 1, 5 (and 8) have no net in common that connects them. Therefore, the assignment of module 1 to one
of the available positions A, B, F can be determined before knowing where the modules 5 and 8 will come to lie!
The nondiagonal elements in the cost matrix of this subset of modules can be determined independently of each
other. The lower part of Figure 35 shows the resulting MSTs of assigning module 1 to positions A, B, F (left) and
of assigning module 5 to these positions (right). This gives the resulting MST lengths of nets connected with the
modules in the bottom line. With the respective first entry as initial cost, the resulting deltas in cost can be
transferred to the cost matrix in the upper right part of the figure. From here the actual mathematical
assignment task is starting. It consists in picking the elements in the cost matrix with minimum overall cost
under the constraint that every module gets a position and no position gets more than one module. While in
Figure 35, this can be done manually as indicated by the blue circles, Section 4.3 will describe an algorithm to
solve this problem. The new assignment, (1, A), (5, F), (8, B) gives the starting point for repeating the process for
the next independent module set (1, 3, 4, 8) in Figure 36.

Figure 35: Step 2, starting from assignment result of step 1: cost matrix for clique C, = {1, 5, 8}

Current assignment: Cost matrix K =
A C E G
d a 112 12
8 ¢ 2 3| |6
B Dic |Fe H 5 12 11
'.——l . ° b 8|12 12 12
5 4 1 7
C, = {1,5,8} New assignment: (1, A), (5, F), (8, B)
Cost of assigning module 1 Cost of assigning module 5
= sum of MST lengths of nets in N;: = sum of MST lengths of nets in N5:
A ; C E G A c 4] ]G
[ SO S 9 ® ‘___ - :
P SRR
B .: D Feéq |H Bo._Di‘ _ I_:.‘___I.-LE“
1 5 C ()
7
—(1,F) ~(1,B) ~~(1,A)  —(5,B) ~(5,F) (5 A)
Cost: 2 2 1 7 5 6
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The third step on the independent module set (1, 3, 4, 8) is illustrated in Figure 36. As before, the cost of
assigning the modules 1, 3, 4 on the available positions A, E, D, B is determined through the changes in the MST
lengths of the respective connected nets (lower part of the figure) and transferred into the cost matrix in the
upper right part of the figure. The blue circles indicate the new assignment (1, A), (3,D), (4, E), (8, B) that results.
Its corresponding routing is shown in the top left part of Figure 37.

Figure 36: Step 3, starting from assignment result of step 2: cost matrix for clique C; = {1, 3,4, 8}

Current assighment: Cost matrix K =

A [c_|E_ e
.i_'k q A E D B
oAy OSNO¥:

B D|c |F H

l.—* b al10 (7)) 5 12
8 4 5 7 gl9 9 9 (9

C;=11,3,4,8
3 { } New assignment: (1, A), (3,D), (4, E), (8, B)

N e

Cost of assigning module 1
= sum MST lengths nets in Ny:

Cost of assigning module 3
= sum MST lengths nets in N;:

Cost of assigning module 4
= sum MST lengths nets in N,:

A 5 C E G A C E G
..__ _______________________
1 3;_. —e 2 o1 4o-i=—;-=—.-_a$""2_"l""'§4‘ b 6
B ¢|D 4 |F H B ,|D TC.LE H |
1 1 4 4e | | |
7 i I
—(1,A) —- (1,E) - (1,D) —@G,E) — (3,A) - (3,D) —(4,D) - (4,A) -~ (4, E)
---- (1, B) ----(3,B) ----(4,B)
Cost: 1 1 1 3 4 5 6 3
2 8
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The whole procedure is now repeated, going over all independent module subsets. This repetition happens as
long as there is an improvement over a single subset and corresponding revision of the assignment. It only stops,
when no further improvement on any subset of independent modules is possible.

The right column of Figure 37 shows the respective cost matrices of the first repetition of this example. It can be
seen that no further cost improvement can be achieved on any of these subset. Therefore, the process ends
with the final assignment in Figure 37.

Figure 37: Steps 4, 5, 6, starting from assignment result of step 3

Current assighment:

C B
A [c_Je, e ‘ .
ol o c* T 5 Ci 2 @ 8 no improvement!
1 ¢ 2 4 6
8| 7
B Dl 4 |Fé H @
8 3 5 7
A F B
&) 1 @ g8 8 no improvement!

C3 1 @ 7 7 8§ no improvement!

(=B S S
= o
° Q)
@ -
o
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4.3The Hungarian method for the mathematical problem of linear
assignment

Problem formulation

The task is to find the permutation ¢ (Eq. 24) with minimum cost Z (@) = Yiem k; (Eq. 28).

()

Z (@) has following properties:

1. ky;=20,i,j=1,2,..,ny, ie.the cost are always nonnegative. From that follows:
2. Z(@) = 0 for any permutation ¢. And that means:
3. If Z(p) = 0, then the corresponding permutation ¢ is a solution to the linear assighment problem.

We will use the following example of a permutation of four elements to illustrate the method:

Example: K = k; j is the cost of assigning module i to position j

An initial permutation ¢ refers to (1, 1), (2, 4), (3, 2), (4, 3). It is obtained by going row(module)-wise and taking
the respective minimum available position(column).
It haSCOStZ((ps) == kll +k24 +k32 + k43 == 1 +4‘+4‘+ 7 == 16.

Let us denote the possible permutations with an index and order them such that increasing index refers to
increasing cost. Then, ¢, denotes the permutation with minimum cost:

Z(p1) =min{Z(p)IA=1,...,ny!}

0Z = [Z((pl) <Z(py) < <Z ((pnM,!)] (order in cost Z)

Op = [‘P1 <@y < <X (pnM,!] (order in permutation @)

In the example, we have:

0Z=[14<15<15< - <24 < 24]
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Solution approach

The idea behind the solution approach is to replace the search for minimum numbers in the cost matrix by a
selection of zero elements. This refers to the above mentioned property 3 of the assignment problem: if every
selected cost matrix element is zero, then the overall cost is zero and an optimal solution has been achieved To
achieve this, a subtraction of values in the matrix is introduced that on the one hand creates zero elements, on
the other hand leaves the basic properties of the cost matrix untouched, especially the inherent ordering of
permutations according to their cost.

The solution approach hence consists in applying so-called “@-invariant” operations on cost matrix K until n,,
independent zeros are generated in the cost matrix.

A “@p-invariant” operation is an operation that changes the values of the cost matrix without affecting the
ordering of the permutations with regard to their cost.

Independence of zeros means that the distribution of zero entries in the transformed cost matrix is such that the
minimum cost assignment can be found by adequately selecting zero elements.

There are two basic ¢ -invariant operations:

1. Subtraction of a constant value in a row: The values in row i of cost matrix K determine the order of
assigning module i to any available position. If the same constant value is subtracted from all elements
in this row, this leaves this order unaltered.

2. Subtraction of a constant value in a column: The values in column j of cost matrix K determine the
order of assigning any module to position j. If the same constant value is subtracted from all elements in
this column, this leaves this order unaltered.

These two operations are applied on a matrix such that zero elements are created. The number of resulting
zeros is usually not enough to create an assignment by selection of zeros. Therefore a third operation is
introduced, which is a combination of operations 1 and 2 and therefore is also ¢ —invariant. Operation 3 is
repeated until sufficient independent zero elements have been created in the cost matrix.

Operation 1 (Row transformation)

Operation 1 creates zero elements in the rows of the cost matrix:

Uq Uy e U
(1) U, U, Uz . . . . .
K" =K — : , With u; = min; u;; being the smallest element in row i
Unyy  Unpy = Ungy
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Operation 1 changes the overall cost of a permutation such that the assignment of module i is decremented by

u;. Summing up decrements of all modules yields the new cost function Z()(¢) referring to K™ and any
permutation:

VolZ® () = Z(9) = Tiw;] , u; = min; uy;

For our example, we obtain:

1 0
2l _|o
1] |o
4 0

VolZP(p) =Z(p) —(1+2+1+4) =Z(p)—8],eq, ZW(ps) =16—-8=8

[oolNe ) NN\

2
W = 4
K 7
9

BN e
D= N
BN e
B W w
Ul oY N

2 3
5 8
4 9
8 7

B RN

Operation 2 (Column transformation)

Operation 2 creates zero elements in the columns of the cost matrix:

Vi Uy e Up,,
vy Uy .. vnM . . . . .

K® = K® — : "I, with v; = min; v;; being the smallest element in column j
Vi Uy e Vg,

Operation 2 changes the overall cost of a permutation such that the assignment of any module to position j is
decremented by v;. Summing up decrements of all modules yields the new cost function Z(Z)(fp) referring to

K® and any permutation:

VolZ® (@) = 2P (@) = X v] , v; = min; vy
For our example, we obtain:

B

VolZ®@(@) =ZW - (0+1+2+ 1) =ZW(p)—4=2(p) — 12)] ,eg., Z@(ps) =8—-4=16—-12=4

K(z) =

oo oo
W o N
UTOY N -
[ Y
NN NN
[EE QR
WNNO
= OO
NGNS, ()

1
3
3
4

Looking at K® of the example, it can be seen that although there are 7 zeros, this is not sufficient to get an
assignment from a selection of zeros. We could for instance assign module 1 any of the positions 2, 3, 4, then
assign any of the modules 2, 3, 4 to position 1. But there is no other zero that tells us how to assign the
remaining modules with minimum cost.

In the following, first, operation 3 will be introduced to create more zeros. Then, a theorem will be given that
tells us when there are a sufficient number of independent zeros. This theorem gives rise to an algorithm to
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determine where to create new zeros in the cost matrix. It is based on a so-called cover line system of column

and row lines to cover all existing zeros. A structurally identical algorithm is then given to select the optimal
assignment.

Operation 3 (Specific generation of further zeros)

Operation 3 creates further zero elements in the cost matrix by the following combination of operation 1 and
operation 2:

Determine a cover line system that covers all existing zeros in the cost matrix
Determine the minimum value h of all uncovered cost matrix elements.
Subtract h in all uncovered rows of the cost matrix (basic @-invariant operation 1).

P wnNPR

Add h in all covered columns of the cost matrix (basic @-invariant operation 2).

The structure of operation 3 can be illustrated as follows for a matrix which as a zero in the first row and a zero
in the first column, which are covered by one horizontal and one vertical cover line:

T [0 00 0] [hoo o QI0o T o
_hhhh_l_hOOO\: | -h—h —h

0 h ko h k| R 0 0 of [o 0 —h —h —h
h ko h ol ln oo o _ ~h —h —h

It can be seen that the value h is added on elements that are covered twice, subtracted from uncovered
elements; elements covered once remain unchanged:

ki(jz) — h if element of K®is uncovered
kl.(;.l) = ki(jz) if element of K(®is covered once

kl.(jz) + h ifelement of K®is covered twice

The idea behind cover lines is to filter out zeros that refer to possible minimum cost assignments. A horizontal
cover line of a zero in the cost matrix means the module that corresponds to this row can be assigned with
minimum cost. A vertical cover line of a zero in the cost matrix means that the position that corresponds to this
column can be used for a minimum cost assignment. Uncovered elements in the cost matrix refer to modules or
positions for which minimum cost assignment decisions cannot be made based on zeros (as there aren’t any).
Operation 3 as described leads to at least on more zero in this yet “undecided” region and can be repeated until
every module and position can be assigned based on a zero in the matrix.

Operation 3 changes the cost of assignments compared to the cost given by K(®). If the number of cover rows is
N, and the number of cover columns is n.., we can see that we subtract h in ny, — n., rows and add h in n.,
rows. This gives:
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V¢[Z(4)((P) =Z® ((,0) - (nM’ - ncr) “h+ng- h]

S V(p[Z(‘*)((p) =7Z® (@) — (nyy — ) - h], where n. is the number of cover lines

For our example, we obtain:
L[0
0
K(4) =
0
0

0 0llfr o o o
4 1 0 -1 -1 -1
6
1

s{tlo -1 -1 -1~

4 0 -1 -1 -1

w N No
OO R
N = RO
ocuUTwo
WA OO

v<p[z(4>(7p) =ZD(p)-(4-2)1=Z(p)—2=27(p) —14],eg, ZW(ps) =4—-2=16—14=2

The question now is if we have enough independent zeros or if we need more operations of type 3. The
following theorem helps to get an answer:

Theorem 3 (K6nig & Egervary)

In a matrix with zeros and non-zeros, the minimum number of cover lines of zeros is equal to the
maximum number of independent zeros.

Following this theorem, we compute a cover line system for zeros with minimum number of cover lines. If the
number of cover lines is equal to the number of modules (= number of positions), then we have enough
independent zeros for an optimal assighment. A method to compute a minimum cover line system is described
in the following.

Computing a minimum cover line system for matrix zeros

The approach to compute a minimum cover line system of zeros is greedy: in each step, select a row or column
with a maximum number of yet uncovered zeros. In this way, a fast coverage of zeros is achieved. Figure 38
shows the corresponding procedure.
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Figure 38: Minimum cover line system according to Kénig & Egervary

Remaining matrix is initialized with original matrix
Repeat
For each row i, column j in remaining matrix
n,; = number of zeros in row i
n.; = number of zeros in column j
Endfor
Select row i* or column j* with max; ; (n,;, ¢ j) as new cover line
Delete selected row or column from remaining matrix
Until  all zeros covered (i.e., no zero in remaining matrix)

Let us have a look at the structure matrix of the cost matrix K of our example:

X
0
0
0

SN o o

0
X
X
0

e > B ©

In the first step, the number of zeros in the 4 rows is determined: 3, 2, 1, 2. The same is done for the columns: 3,
1, 2, 2. We can equally select row 1 or column 1, as this will cover 3 zeros. Let us take row 1, then the column 1,
which still allows to cover 3 zeros with on cover line, will be taken in the next step. This yields:

| oo ol |
<X x|
(=R =
> oo

—
>

ere are two uncovered zeros at this time, which require two more cover lines, e.g.:

o o o~ |
> X< <|o
= R (=
M =< oo

Now we have covered all zeros with 4 cover lines. Theorem 3 says that we have 4 independent zeros which is
equal to the number of modules. Therefore, an optimal assignment can now be done. This brings us to the
method to determine an assignment based on independent zeros in the cost matrix, which will be given in the
following.

As a side comment, please note that K™ allows an assignment with zero cost Z(4)(<p1) = 0, as it has enough
independent zeros. Our initial assignment having yAS (¢s) = 2 obviously is not optimal.
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Computing an assignment on cost matrix with sufficient number of independent zeros

The approach to compute a minimum cover line system of zeros is similar to the minimum cover line
computation. The difference is that we prefer to select a zero element that corresponds to a row or a column
with only one zero. While the covering computation wants to capture as many zeros as possible in a single step,
now we want to keep as much freedom for the further search as possible. From another point of view, we want
to take those assignment choices where only on position is optimal for a module (single zero in a row) or where
only one module can be assigned to a position at minimum cost (single zero in a column). If rows or columns
with single zeros do not exist, we would at least look for a minimum number of zeros. As a result, the algorithm
for minimum cover line system computation can be applied, replacing the max by a min operation. Figure 39
shows the corresponding procedure.

Figure 39: Assignment according to Kénig & Egervary

Remaining matrix is initialized with original matrix
Repeat
For each row i, column j in remaining matrix
n,; = number of zeros in row i
n.; = number of zeros in column j
Endfor
Select row i* or column j* with min; j (n,.; , 1, ;) as new assignment (i*, j) or (i, j*), where i or j are
row or column number of the corresponding zero
Delete selected row and column (i*, ) or (i, j*) from remaining matrix
Until  all modules assigned

Let us have a look at the structure matrix of the cost matrix K*) of our example:

X 0 0 O
0 X X 0
0 X X X
0 X 0 X

Row 3 and column 2 have only one zero. Let us select column 2, which means we also select row 1 where the
single zero in column 2 happens. That in turn means we assign module 1 to position 2. Deleting row 1 and

column 2 gives:
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Single zeros now are in column 3 or 4 or row 3. Let us select row 3, which means we also select column 1 where

the single zero in row 3 happens. That in turn means we assign module 3 to position 1. Deleting row 3 and
column 1 gives:

The corresponding assignment with minimum cost is:

?q: {(11 2)1 (2' 4)1 (3' 1)! (4' 3)}

Z®W(p) =0;Z(py) = ZW(py) + 14 = 14

Rectangular cost matrix

The general assignment problem includes the case of rectangular cost matrices. These are transformed into
quadratic cost matrices by adding rows or columns with zeros as required:

if m<n insertn —mzerorows — no operation 2 (each column has a zero)

K . . .
<mxn>'\if m >n insertm — n zero columns — no operation 1 (each row has a zero)
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Overview of the Hungarian method

This is the overview of the method described in this Section 4.3:

Figure 40: Overview of the Hungarian method for linear assignment

If cost matric rectangular then
Make cost matrix quadratic
endif
Perform operation 1
Perform operation 2
Repeat
Compute minimum cover line system for zeros
If not enough independent zeros then
Perform operation 3
endif

Until  enough independent zeros
Compute assignment
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5. Quadratic placement

Chapter 4 dealt with a method for assignment (Section 3.1), where modules are assigned to given positions.
Specifically, a method for linear assignment on subsets of independent modules (Section 3.5) was described.

This chapter will present an approach for arrangement (Section 3.2), where there are no given positions, and the
modules can be freely arranged on a given area. The widely used approach is quadratic placement, which refers
to the clique net model (Section 3.4).

We will first give a heuristic approach to the formulation of quadratic placement. After that, analogies to
mechanics and electrical networks will be pointed out. The mechanics analogy will make clear why quadratic
placement is also denoted as force-directed placement.

An example problem to illustrate quadratic placement is given in the following.

Introducing an example to illustrate quadratic placement

Figure 41 shows an example with 7 modules and 6 nets. The modules 5 to 7 have predefined coordinates. The n-
th order nets on the left side are transformed into cliques of two pin nets on the right side according to Section
3.4,

Figure 41: Quadratic placement example

£ b= b=

ALt () O~ f—m 7@

J \ ¢

Cans = 75 "'*"3:;
! P )
> @1 LD

-(
(0 3‘1 - f‘el"“f? z /{

v ool | P/ Predefined coordinate (X, y )

I ey
(‘ {I (O/ '15.‘ )
7 | 2
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If we allow the multigraph representation, then every net v creates a complete subgraph with undirected edges

among the modules in the module set M,, of net v. Each of these edges has weight 2/|M,,| according to Section
3.4. The edges are denoted by v, ij and collected in the set S:

Eq. 35 S={vij | vENANLjEM, Nj>i}
y . 2
Edge v, ij has weight ¢, ;; = i

In the example in Figure 41, we have S = {a, 13; a,14; a,34; b,12; c,23; d,35; e, 46; f,27} with the given
weights.

5.1Heuristic formulation of quadratic placement

The heuristic approach models the net length contribution of an edge in the circuit graph (e.g., Figure 41 right)
through the quadratic distance of the modules connected by this edge:

1
LE,XL};) =2 cyij (O —%)? + (i —¥)?)
The overall net length is then obtained by summing up the contributions from all edges in S:

1 1
Eq. 36 LOY (xy, e, Xpg, Y1 0 Vi) = Zwijes 5 Cv,ij (% — %)%+ Yy ijes v (Vi — yj)?

L) (xq,.0201) LO) (¥1,..ym)

We can see that the x- and y-coordinates can be separated into independent parts of the objective function.
That means that the solution in x- and y-coordinate can be computed independently, and in parallel.

In the following the description will be done for the x-coordinates. Y-coordinates hold analogously.

. . 1
Eq. 37 miny . L (X, ., X)) with L (xq,...,xy) = Zv,ijesgcv'ij(xi - xj)*

We will take a closer look at the structure of Eq. 37 with regard to modules with predefined coordinates and
modules whose coordinates are to be computed.

The set of edges in the two-vertices clique circuit graph can be partitioned into three disjunct subsets:

Eqg. 38 So: edges v, ij where neither i nor j has predefined coordinates
S edges v, ij where only j has predefined coordinates
Sij edges v, ij where both i and j have predefined coordinates

stousjusij;SonSj=SonSij=5j05ij={}
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L (x4, ..., Xp) in Eq. 37 can be partitioned according to these three sets:

1 1 1
Eq. 39 L (X1, Xm) = Xvijes, 5 Cv,ij (Xi — )%+ Zijes; [E Cy,ij ()% = (CyijX)x; + Ecv,ij(xj)z] +
1
+2 v,ijesi; 3 Cvij (x; — xj)*
In Eq. 39 the coordinates that refer to predefined values are marked in red. They are constants. The remaining

variables refer to modules to be placed, Mg , and are marked in green. It can be seen that Eq. 39 refers to
following structure in matrix/vector notation:

Eq. 40 L (xg) = %xé +C-xg+d" - xg+ const

where x denotes the coordinates of modules to be placed

The linear terms stem from the edge set S, where one module has fixed coordinates, as in the second sum of
Eg. 39, second term.

At this point, we have not explained how the matrix € and vector d” are actually set up. This will be done in
Section 5.4. For the moment, we just want to conclude from the fact that we have a quadratic objective, as Eq.
40 features, hence the term quadratic placement:

Eq. 41 min,_ L (xp), with L (xp) = %xg +Cxg+d" - xg+ const

The solution is obtained by setting the first derivative of the objective function equal to zero, which yields a
linear equation system (C symmetric):

The second order optimality condition requires that that second order derivative of the objective function is
positive definite:

Eqg. 43 V2L (xp) positive definite: € positive definite
The symmetry and positive definiteness of € can be deduced from its setup.

Quadratic placement according Eqg. 42 hence consists in the solution of a linear equations system. This equation
system is usually very large (e.g., millions of coordinates) and sparse, suitable methods to solve it are, e.g.,
conjugate gradient based approaches.

Please note that the term d, in Eq. 42 stems from the existence of modules with predefined coordinates. If
there is no module with predefined coordinates, then d, = 0, and the optimal solution would be the trivial
solution x5 = 0. This is clear from the objective of minimum distance, which is achieved if all modules sit on one
another. Therefore, quadratic placement requires measures to prevent this trivial solution. One (more
important will be mentioned later) ingredient here are fixed modules at the borders of the placement area, e.g.,
microchip pad positions.
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5.2Mechanics approach: force-directed placement

The mechanics approach interprets the routing length/cost of an edge v, ij € S through a spring between the
two modules i, j:

Eqg. 44 costof edge v,ij €S ~ energy of spring between modules i, j with spring rate ¢, ;;

The analogy can be confirmed by looking at the respective equations from mechanics. For the force holds:

Eq. 45 F = D -(x—x)
- Aard N——
force spring  deflection

rate

Then we get for the energy:

D 1
Eq. 46 E =[F-dx=2-(x—x)% - 2cy;(x — %)

energy

This is the same form as our heuristic approach. The proximity requirement due to routing length is in this way
modeled by a spring that pulls two modules together. Hence the name “force-directed placement”.

The optimization problem now consists in obtaining an equilibrium with minimum overall energy, which is
equivalent to obtaining an equilibrium of forces for the overall system as well as for each module:

ViF; =VL (xg;) =0

In literature, the term “force-directed placement” is used more often than “quadratic placement”. This is due to
the fact that additional forces are introduced to solve the problem of module lumps. It was described in
preceding section that all modules are on top of each other if there is no predefined module position. Even if
there are pads or some modules with predefined coordinates, the many remaining modules will tend to placed
too close to each other in the original problem formulation, because too many springs are there that pull them
together. Therefore, additional forces are added, such as forces that pull modules to available free space. These
additional forces are consistent with the original approach of an optimization problem with a quadratic objective
whose solution is obtained through a linear equation system, yet other physical interpretations are used to
approach the solution. But even with additional forces, the quadratic placement will end with overlapping
modules. To finalize the placement to non-overlapping modules, another step called legalization is required.
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5.3Electrical network approach: DC analysis

There is another interpretation of quadratic placement, which is from network theory. Here we have the
following analogies:

Module coordinates = node voltages
Edge weights = branch admittances
Predefined module coordinate of module = voltage source at respective node

The placement optimization problem now is formulated as Kirchhoff current law at circuit nodes, which refers
to a DC analysis, whose solution is a DC operating point.

This approach or interpretation, respectively, can be derived if we look at the rules to set up the linear equation
system for quadratic placement, as done in the following section.

5.4Setting up the linear equation system of quadratic placement

We can distinguish between two cases when we set up the equation system for quadratic placement (Eq. 42)

e Both modules are variable (Figure 42).
e One module is variable, one module is fixed (Figure 43).

Figure 42 and Figure 43 illustrate these two cases with respective edges from the example in Figure 41. The
corresponding cost function is given, after that the derivatives are computed and inserted into the overall
equation system. We recognize that the setup rules are identical to those of the equation system of a nodal
analysis and we can confirm the analogies given in the preceding Section 5.3.

The overall equivalent circuit to the quadratic placement problem can be set up by making:

o edge to admittance with the edge weight as value,
e fixed coordinate to a current source with edge weight times coordinate as value.

Then, the equation system is set up as follows:
Eqg. 48 C: C;; = sum of admittances ¢, ;; at node i
Cij = Cj; = negative admittance c, ;; between node i and node j

d: d; = sum of current sources at node i (arriving at node: +, leaving node: —)
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Figure 42: “Stamp” of an edge with two variable modules in Eq. 42
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Figure 43: “Stamp” of an edge with one variable and one fixed module in Eq. 42
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The overall equivalent circuit of the example in Figure 41 thus becomes:

Figure 44: “Stamp” of an edge with one variable and one fixed module in Eq. 42

Wl N

The corresponding equation system is:

1y 2 N 2 . 2 2
3'3 3 3 2y 0
-1 1+1+1 -1 0 N c
2 1 1414242 2 'x2:11.5
3 3" 3 3 || 1(_ 0 )
2 0 2 - 2 N 2 U4
3 3 33
It has the solution:
[¥1] 0.1948
x| _| 1.3636
X3 —1.1039
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6. Simulated Annealing

Simulated annealing is, like Monte Carlo analysis, a stochastic optimization procedure with a simple basic
structure. It mimics the physical cooling of liquid metal to its crystal structure. The structure of the algorithm is
given in Figure 45. The core of simulated annealing is that

e new solutions are created randomly with a distance to the previous solution that is directly related to
the temperature,
e worse solutions are accepted with a certain probability, which is decreasing with temperature and cost.

The algorithm is continuously decreasing the temperature, such that the current solution can widely vary
between different cost values and among the potential solutions in the beginning and less and less in the course
of the simulated time.

Figure 46 shows examples of the random selection of worse solutions.

Figure 45: Simulated annealing

S= 5 // find an initial solution
T:=T, // set an initial temperature
a:= ay <1 //setthe coolingrate
Ti= T, // set an initial time interval
B = Py >1 [//setthe slowing rate for time interval
t:=20 // set the initial time
Repeat
Fori=r1,1,-1 // repeat the following 7 times
Create Sipia; With random direction %, and length ||Sria1 — SI|~T or T
AC = cost(Siria)) — cost(S)  // difference in cost between previous and trial solution
If AC <0 or uniformrandom < e_AC/T // trial solution taken randomly or if better
S = Strial
Endif
Endfor
ti=t+ 71 // increase the current time
T:=xT // reduce temperature by given cooling rate
Ti=f-7T // increase time interval by given slowing rate
until T = Tyax // stop if maximum time is reached
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Figure 46: New solution is accepted for a (0,1) uniform random number below a respective curve
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7. Grid routing, maze routing, LEE algorithm, DIJKSTRA algorithm

With this chapter, we move on to routing of integrated circuits. A basic approach to routing is the so-called grid

routing, which finds the shortest path between two points (i.e., pins) over a discrete grid of possible steps on a
routing area that includes obstacle regions. The solution is based on the LEE algorithm, which is a problem-
specific form of the general shortest path problem. The general shortest path problem is solved by Dijkstra’s
algorithm, which will be described in the following.

7.1Shortest path algorithm of DIJKSTRA

Dijkstra’s algorithm computes all paths from a vertex a to all other vertices in a weighted root graph G =
(K, Ey, d,ij). A root graph/root tree is defined as a directed graph with a distinct root vertex, from which paths
to all other vertices in the graph exist.

Dijkstra’s algorithm is structurally identical to Prim’s algorithm (Figure 24, Section 2.4, page 25). The differences
are:

e Dijkstra works on directed graph.
e With the merger of edges the weights are updated to denote the path lengths to the respective
successor nodes.

The algorithm is sketched in Figure 47.
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Figure 47: Shortest path algorithm of Dijkstra

Initially, Vsp: = {a} (root vertex), Egp:={ }, Vper+(glabel(n):=a ,V:=V,, E:= Ey,d;j = dg
Repeat

Select successor vertex z of vertex a with minimum edge weight d,, (sorting algorithm):

(a,z) = argmin dan|n ert (a)}

(an) {

“Shortest path graph construction”:
Add new vertex and edge to Ggp:

Vsp U= {z}, Egp U= {(label(2),2)}
(label(z) denotes the predecessor of z that corresponds to the minimum edge weight d )
New shortest path:

Pnin(a, z) = Pyin(a,label(z)) U (Iabel(z),z), Lpmin(a,z) = d,,; label(n):=z

“Edge revision for merger of a, z”:
For all successors n of vertex z excepta : n € 't (a) \ {a}
If edge (a, n) did not exist
Createedge (a,n): E:=EU{(a,n)}; dgp=dg, +dm
Else (check if new edge from a to n induced by z has lower weight than old edge)
Ifdaz + dzn < dan
Update edge weight and label: d,, = dg, + d,,; label(n):=z
Endif
Endif
Endfor

“Problem reduction”:
Delete “swallowed” vertex z and its edges to predecessors and to successors from graph:

Ee=E\{zn|nel"@iI\{(nz|nel (@}, V=V\{z}

Until  |Esp| = |Voy| — 1, i.e., the number of edges in the shortest paths graph is one less than the number
of vertices in the graph
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An example that illustrates the steps of the Dijkstra algorithm is given in Figure 48 and Figure 49.

In each step,

e the respective shortest path graph is denoted and drawn in green, where a®® stands for the “super”
node as a black box and Gg,) stands for the graph as a white box,

e the priority queue and the resulting next shortest path and shortest path length are given,
e new edges and new edge weights are drawn in red.

The starting point is node a of the original graph, we assume that we have found the root node at this point. The
successor nodes are b, x, ¢ who are labeled accordingly. We pick the minimum path length, which refers to the
edge to node b. The respective graph given in the second column is obtained. The new super node a(® gets two
new edges to nodes y, z, respectively, which are marked in red. The corresponding edge weights are obtained
by adding the weight of edge (a, b) to the edge (b,y) and (b, z), respectively. This yields the values 9 and 11,
which tell us the path lengths from a to y, z, respectively. An edge from a to node x existed, but we get a new
path from a over b to x with length 8, which is shorter than the existing path, which goes directly from a to x
with length 9. Therefore, the label of node x, which denotes its predecessor in node a® s changed to b, and
the edge weight of (a(l), x) is updated to 8. The whole process is repeated. Interestingly, only the last step
(Figure 49) reveals the shortest path to node z, which goes over node y.
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Figure 48: Example process of shortest path construction with the Dijkstra method
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Figure 49: Cont’d: example process of shortest path construction with the Dijkstra method
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7.2LEE algorithm for maze routing

The basic routing problem consists in determining a connection topology of the wiring between the pins of a
circuit, after the placement of the modules has been determined.

Objectives of routing are, e.g., minimum wire length, minimum number of vias (i.e., switching between routing
layers), minimum crosstalk.

Usually the available routing area is discretized into small area elements. A wire consists of moves from one
element to another. Usually, jumps in vertical or horizontal direction are permitted, diagonal moves are
excluded.

Figure 50 illustrates a routing area grid with 10 by 12 grid points and certain obstacles that form a “maze”.

Figure 50: Example of LEE algorithm for maze routing
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Every area element is represented as a vertex (“grid point”) of a graph, edges describe available moves between

grid points. In Figure 50, vertices and edges of the resulting grid graph are illustrated in the surrounding of some
pin “A”. Pin “A” has to be connected to pin “B” with shortest wire length. This translates into a shortest path
problem. The grid graph has specific properties:

e The graph has mesh structure. In 2D, each grid point has maximum 4 neighbors.
e Each edge has unit weight 1.
e Edges are undirected.

The specific structure of the problem enables a specific version of Dijkstra’s algorithm, which is the LEE
algorithm. It basically consists of:

e Choose start vertex.

e Propagate forward, increment by 1 for each move along grid graph, until target vertex has been
reached.

e Backtrack from target vertex to start vertex along decreasing grid numbering.

Figure 50 illustrates the process starting from “A” till pin “B” is reached with a path length of 13. Backtracking
from “B” results in the red path. Around “A”, there are two alternatives with same path length, where one has a
smaller number of bends and may therefore be preferred.

Please note that directed edges evolve dynamically during the LEE algorithm.

If we think of a 20mm x 20mm chip with a grid size of 200 nm, then we obtain 101 gridpoints. A route from one
corner to the other on the diagonal side would be 40 mm, which refers to 200,000 gridpoints. To store this
number, we need 18 bits. If we allocate 18 bits for every gridpoint, we would need 180 GB, which is ridiculous.

Instead, we can use a so-called Akers coding:

Increment | 1 2 3 4 5 6 7 8
Akers 0 0 1 1 0 0 1 1

It alternates between two subsequent 0’s and two subsequent 1's and allows a unique backtracking.
Figure 51 shows the previous example with Akers coding.

Please note that the Akers coding means that the numbers during the path propagation do not contain the path
length, they are to allow backtracking. The path length is computed during backtracking by incrementing the
corresponding variable.
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Figure 51: Example of LEE algorithm with Akers coding
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Electronic Design Automation

Modifications of the LEE algorithm can be done, for instance, with regard to:

e Choice of starting point

B A
®

e Simultaneous propagation from starting point and target point

e Search windows
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8. Routing methods

There are several basic approaches to routing, as for instance:

e Grid routing (see previous section 7, page 67)

1 109
2 Trratetys o]0 1] 2
1] 2 21 fofo]s] 7[8] o]0 1]2
of1[2]1]olo[s]7 io 789012
5 EL
8 1’ |4 5|6
71654 2 FaF3 4] s B
s|7]e6|s|4al3|2]3]al5]6 | 2|
4 3lalsel7]8]9]0]1
slals|e|l7)8]oflof1]2

e Line routing (line propagation in horizontal and alternatingly vertical direction)

e River routing (single layer connections between upper and lower riverbank, assignment of horizontal
segments to tracks
34567

e Channel routing (see section 10, page 83)
| 3 1 ‘ | 4 2 |
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9. A note on path construction/path algebra

This is a supplement to the shortest path construction. This section can be skipped and the reader can proceed

directly to section 10 on channel routing.

Path algebra on a graph G = (V, E, d;;) can be described by matrix operations. In the following, we will sketch

the three basic operations

e Path existence,
e Shortest paths,
e Path enumeration,

using the following example:
V =A{ab,c, z}
E ={(a,b),(a,¢),(a, z),(b,c),(b,z),(c,2)}

dab = a'dac = ﬂ'daz = y'dbc = 5:dbz = gtdcz =@

v\ .
v’ A
P ) =
f/ - »( C/ b ‘Z/,
¢ & 7
i

The graph G can als be described by an adjacence matrix P. P of the example is:

N O T Q
cocoo
o OO R
CSCOoOOY™®
o/ N =

We can determine the powers of P:
P k=1,..,|V|-1

In the example we have:

af0 0 a®s a®e® LO@ afd0 0 0 a®sOe
blo 0 0 oY) blo 0 0 0

P? = ;o P3= P* =
clo o o0 0 ’ clo 0o o 0 o ( 0)
zlo 0 0 0 zlo 0 0 0
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9.1Path existence

Path existence can be described by the following algebraic definitions in the multiplication of the graph
adjacence matrix:

true if dU >0

d;j — Boolean variable: {false () ifd;;=0

© - logical operation A
@ — logical operation Vv

Then, the ij-the element of matrix P¥ denotes if there is a path of order k from node i to node j:

Path of order k: path with k edges

[Pk]ij =true < A path of order k from node i to node j exists

In the example we obtain:

al[f true true true a[f f true true alf f f true
p= b|f f true true| . p2 — b|f f f true| . p3 — bif £ f f
clf f f  true| ’ c|f f f T clf £ f f
zIf f f f zIf f f f zIf £ f f

9.2Shortest paths

Shortest paths can be described by the following algebraic definitions in the multiplication of the graph
adjacence matrix:

ij — Pathlength:{ ~ ifdy = 0

©® — arithmetic addition
@ — minimum operation

Then the following information is described by matrix P¥:

[P"]ij = minimum length of path of order k

miny, [P*];; shortest path length from node i to node j

In the example we obtain:

afo a B vy afo o0 a+6 min[(a+e¢) B+ ¢)] afo 0 o a+d+e¢
P=boo w § £;P2_boo e 00 S+ ;p3=b°° 00 00 oo

Cloo oo oo (] Cloo o [ee] [o) Cloo o0 o0 o

Zloo o0 00 Zloco oo [e'e] o Z|lo oo oo (o]
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9.3Path enumeration

Path enumeration can be described by the following algebraic definitions in the multiplication of the graph
adjacence matrix:

d;j — Edge description {(i,j)} or {}

©® — o (concatenation of paths)
® — U (setunion operation)

with: © dominates U, {(i,j)} ©{(,D} ={@N}L{G, D}, { }o{G.D}=0

Then, the matrices P¥ identify all paths in a graph:

[Pk]ij = edges in path of order k from node i to node j

Uk [Pk]ij = respecctive edges of all paths of order k from node i to node j

In the example we obtain:

a _{} {(Cl, b)} {(Cl, C)} {(a, Z)}
b b0 0 (o) ()
g 0 0 (e
zlg g g 0|
aff O (@bh)o®,o} {(@b)o(b2),(ac)o (o)
pz_ b0 O 0 ooy |
clg o 0 0
zlg ¢ 0 0
afd 0 0 (@b)o®,0)o (o)
pe_ b0 O O 0 ‘
g 8 0 0
2l g o 0
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10. Channel routing

The basic situation of channel routing with two layers is illustrated in Figure 52. The channel has an upper and a
lower border. These borders are discretized by a grid of pins that are to be connected by signal nets.

The pins are numbered, they form so-called columns. We define that the column number refers to the pin
number at the upper channel border; the column number with a prime refers to the pin number at the lower
channel border.

The routing topology of each net consists of one horizontal segment (trunk), which is routed in e.g. layer metal
one, and several vertical segments (branches), which are routed e.g. in layer metal two. The horizontal segment
of a net is connected to its vertical segments by vias. The wiring of each net has at least one branch at the left
end of the trunk and at least one branch at the right end of the trunk.

The channel routing problem refers to a specific Steiner tree construction problem. The general goal is to
implement the routing with a minimum number of tracks.

Channel routing is applied in both standard cell and macro cell design (Figure 13, page 15). In macro cell design,
the module arrangement forms a basis to partition the space between the modules into a set of channels. A
dependency graph is set up that determines the sequence of channels to be routed. The left/right end of one
channel forms “pins” for the routing of the next channel. Cycles in the dependency graph are broken by
introducing switch boxes.

Looking at Figure 52, we can identify that the main task of channel routing consists in assigning the trunks of
the nets to tracks, while satisfying certain constraints. These are horizontal and vertical constraints, described
in the following, using the example shown next.

Figure 52: Channel with two layer routing
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6
O O O— upper channel border
Jd __ branch
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10.1 Example

The net-pin list in Figure 53 is an example of a two layer channel routing task. For each net it gives the pin
numbers to be connected by this net, where the number denotes the column of the pin. A prime indicates that
the pin is located at the lower border of the channel, without prime, the pin is at the upper channel border. The
topological routing instruction in Figure 54 can be derived from the net-pin list: The blue lines denote the trunks,
the green arrows denote the branches and if they connect to the upper or lower channel border.

Figure 53: Example of a two layer channel routing task: net-pin list
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Figure 54: Example of a two layer channel routing task: topological routing instruction
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10.2 Horizontal routing constraints

Two nets that cross the same column obviously cannot share the same track, otherwise they would be short-

circuited. Horizontal routing constraints can be obtained by going through all columns and setting up a
constraint for each pair of nets in a column. Towards this we define the net set P¢; of column i:

Eq. 49 Net set of column i : Nei ={v|min{B,} <i,i' < max{R,}}

Here we have made use of the ordered notation of pins along columns. This means that the trunk of a net spans
from the column that corresponds to the minimum pin number of the net’s pin set to the maximum number of
the net’s pin set. For instance, net a goes from column 1 to 3, net b goes from column 1 to 3, net ¢ goes from
column 2 to 6, and so on.

The spanning of the trunks over columns can be described as a part of the so-called zone table, as given in Figure
55.

Figure 55: Example of a two layer channel routing task: zone table
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Horizontal routing constraints are described by the horizontal routing constraint graph G = (N, Ey).

An edge (v,0) € Ey in Gy denotes the constraint that the trunks of the two nets v,o must be on separate
tracks. This is the case if both these two nets appear in the net set of one single column:

Eq. 50  Single horizontal routing constraint: (v,0) €EEy © 3, VE N, Adg € Ng;) © (o,v) €EEy

We can now go through the net sets of all columns to create edges between all pairs of nets in each column net
set. There is a way to structure this process. Let us take a look at Figure 55. Column 1 leads to a horizontal
routing constraint between nets a,b, i.e. (a,b). Column 2 leads to constraints between nets a,b,c, i.e.
(a,b),(a,c),(b,c). We can see that this set (column, respectively) covers column 1. Therefore we can first
search for such columns that cover other columns. These are called dominant columns. Dominant columns refer
to certain zones Z that they cover in the sense that the other columns’ net sets in that zone are a subset of the
dominant column’s net set.

Eq.51  Dominant column i(?): iisi® o Viez (Ngj S Nei)

with Zj, being the zone covered by i(?)

Eq.52  Zone Z;, covered by dominant column i®®): 7, = {j| N¢j € Npo }

Please note that according to the problem property of having one trunk per net, a zone is a set of neighboring
columns. Please note also that compared to placement, where we met the problem of determining the
maximum cliques in a graph, we now determine the maximum cliques (correspond to dominant column net
sets) first and then combine them to the overall graph.

For our example, we obtain the following dominant columns and zones, which are shown in Figure 54 and Figure
55:

Zy: NCZ(D) = {a, b, C}
Zy: NCB(D) = {C, d, e}
Z3: N, ={d,e, [}
Zs:Nogo) = {e, f, g}
Zs: N ., = {f, g, h}

Each set refers to a clique, or a complete subgraph respectively- These subgraphs are combined to the
horizontal routing constraint graph Gg:

Eg.53  Horizontal routing constraints: Ey = [Ui(D) (N X Nci(D))]\I
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Figure 56: Example of a two layer channel routing task: horizontal routing constraint graph

The horizontal routing constraints result in a minimum number of required tracks for the channel routing. It
refers to the number of nets in the largest dominant column set:

Eq. 54  Minimum number of tracks from horizontal routing constraints: Uy = max; | N ;o |

In the example, we have Uy = 3.
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10.3 Vertical routing constraints

While horizontal routing constraints result from the trunk part of the wiring of a net, vertical routing constraints
result from the branch part of the wiring.

If a net v is connected to the upper channel border in a column i, and a net ¢ is connected to the lower channel
border in the same column i, then net v must be assigned to a track above the track of net o, to avoid a short-
circuit:

Eg.55  Single vertical routing constraint: (v,o)€EE, © 3;(i€eP, Ni'EPy)

The resulting vertical routing constraint graph G, = (N, E},) is a directed graph. A necessary condition for
routability is that Gy, is cycle-free.

The vertical constraints can be obtained from the signal-pin list by searching for i, i’-pairs and adding an edge for
the respective nets in Gy. For the example, we obtain the vertical routing constraint graph in Figure 57.

Figure 57: Example of a two layer channel routing task: vertical routing constraint graph

raul
Gy: > () - —— —
= |
| N e = e
= /—/4\ = \ (4 l

Each vertex in Gy has a rank. Vertices of rank 1 have no predecessors. Vertices of rank 2 have no predecessors if
rank-1 vertices and their incident edges have been removed, and so on. Another definition is:
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Rank of a vertex in G;,;: Number of nodes in the longest path to this vertex.

The ranks of vertices allow to determine the minimum number of required tracks for the channel routing due to
vertical routing constraints. It refers to the maximum rank in Gy :

Eqg. 56  Minimum number of tracks from vertical routing constraints: U;, = maximum rankin Gy,

In the example, we have Uy, = 4. It refers to the result that due to the branches, net e has to be on top of c,
which has to be on top of b, which in turn has to be on top of a.

Please note that the vertical routing constraint graph is a subset of the horizontal routing constraint graph. This
can be seen from the following:

If a net v connects to the upper channel border in column i, and a net o connects the the lower channel border
in column i, then it holds that both nets v, g are in the net set of column i, i.e.,

i€EP, Ni' € P, = vEN; Ao € N
This is equivalent to saying that if (v,0) is a vertical routing constraint, then it is also a horizontal routing
constraint, i.e,
e (v,0) € E;, = (v,0) € Ey
This in turn describes that the vertical routing constraint graph is a subset of the horizontal routing constraint
graph, i.e,
&> E, CEy

Therefore, we can “draw” Gy into Gy to obtain the pseudograph of routing constraints. For the example, we
obtain the pseudograph in Figure 58.

Figure 58: Example of a two layer channel routing task: pseudograph of routing constraints

G ) —— ( f—
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10.4 Heuristic Left-Edge algorithm for channel routing

The basic task of channel routing is the assignment of trunks to tracks. The constraints are collected in the
horizontal and vertical constraint graph, as done in the pseudograph in Figure 58.

The objective is to minimize the number of required tracks. To achieve this goal, we start from the vertices in
the pseudograph without predecessors and assign them to the first (topmost) track, provided that they do not
have any horizontal constraints. Then we delete these vertices, increment the track under consideration and
repeat the process until all vertices are done, i.e., all nets are assigned to tracks. This is the basic principle of the
Left-Edge algorithm. In case of horizontal constraints among the vertices without predecessor, heuristics have to
be applied to select a subset without horizontal constraints.

For the example we get the following process, starting from the pseudograph in Figure 58. In the first step, nets
e and h are selected as they have no predecessors. They have no horizontal constraints, therefore are assigned
to track 1. Then, we delete the corresponding vertices and their adjacent edges and obtain the graph as given in
Figure 59.

Figure 59: Left Edge process on example

ra £ //.-" |
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The algorithm is depicted in Figure 60. (b) and (c) are specific heuristics for channel routing. (b) takes care that
nets carrying constraints that lead to a large number of tracks are assigned as soon as possible. (c) takes care to
fill tracks as much as possible.

The resulting channel routing is given in Figure 61.

Figure 60: Left-Edge algorithm “flavored” with heuristic for channel routing

Initially, u := 0 (track number
Repeat

u=u+1
N, = set of vertices (nets) without predecessors in Gy,
If no horizontal restrictions among nets in N,

N, = N, (set of nets on track u)

Else
Determine N,, € N, such that
(a) No horizontal constraint violated
(b) Nets are on long paths in Gy, and in large cliques of Gy
(c) |Ny|islarge
Endif

“Problem reduction”:
Delete vertices in N,, and adjacent edges from pseudograph

Until  all nets assigned to tracks

Figure 61: Final channel routing of example

1 2 3 4 5 6 7 8 9 10 11 12
o _
1 el f'ru
2 f
3 b d
4 ae 8
Bl

vy ¥ 4 Yy ¢ 7 g 9 10 1 1

91




- _
Institute for m
Electronic Design Automation Technische Universitat Minchen

10.5 Channel routing with doglegs in interior pins of nets

If we take a closer look at Figure 61, we can see that track 4 is required only for the three columns used by the
trunk of net a. And we see that track one is “free” from column 1 to column 5. If we could push net c from track
2to 1lincolumns1to 3, and push net b from track 3 to 2, we would be able to move net a to track 3 and delete
track 4. Figure 62 shows how to do this.

The revised approach of channel routing is that the trunk of a net may be split and distributed on more than
one track. Due to resulting shape of the trunk this is called “dogleg”.

Another motivation for doglegs is a cycle that may appear in the vertical constraint graph. Figure 63 illustrates
this situation. We can see that net a should be on top of net b according to column 1, and net b on top of a
according to column 3. By allowing a dogleg for net a in column 2, the cycle disappears and the channel can be
routed using three tracks.

While doglegs may help saving tracks in regular situation, they may help solve cycles at the cost of extra tracks.

Figure 62: Channel routing of example with doglegs
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Figure 63: Cycle in vertical constraint graph and solution by dogleg
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Purpose of doglegs

Reduction of overall number of tracks

Potential location of doglegs

Resolution of cycles in vertical constraint graph

We allow doglegs potentially at interior pins of a net v:

Eq. 57 Interior pin set of net v:

Pty ={il i,i' € B, A min{P,} <i,i" < max{P,}}

An interior pin of a net is a pin to the upper or lower border of the channel that is not the leftmost or rightmost
end of the trunk of a net. This means that we potentially allow that the trunk of a net is allowed to be split onto
two tracks at some existing pin in between the left and right end.

Please note that this is the basic approach to doglegs. It can be extended to allowing a split at a column where
the trunk has no predefined pin, and it can be extended splitting on more than 2 tracks.
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Conditions for split

l. If a reduction of required number of tracks is targeted, then there should be at least two free tracks in
the column where a net is split: one track is for splitting the net, which then occupies two instead of one
track in that column, the other track will be eventually deleted as part of the track saving process:

Uy —2 after horizontal constraint graph
Eq. 58 INg;| < <max{Uy Uy} —2 after horizontal and vertical constraint graph
u—2 after track assignment

Note that the net split can be done after
e set up of the horizontal constraint graph,
e set up of horizontal and vertical constraint graph,
e track assignment.

This is reflected in the three cases in Eq. 58.
Il. If a net is in a cycle of the vertical constraint graph, it will be split.

In the example of Figure 53, we will check condition in Eq. 58 after having set up the horizontal and vertical
constraint graphs. From Figure 54 and Figure 55, we can see that columns 2, 3, 6-11 only have one free track and
that columns 1, 4, 12 do not have interior pins. Only/precisely in column 5 we have 2 free tracks, as |[Ng;| = 2
and max{Uy Uy} = 4, and 2 signals ¢, d with interior pins.

This leads to a revised split net pin list as given in Figure 64, which corresponds to the revised topological routing
instructions as given in Figure 65.

We can see that the introduction of two signal parts with individual names lead to a property that be an error in
the original netlist: two nets connect to the same pin. This property has to be considered in the further
proceeding of channel routing.

We can now define a property that identifies split nets in the revised netlist. Split nets can be recognized
through the revised pin sets: unlike regular nets, the intersection of pin sets of split nets now is not empty
(because they connect to some common pin):

Eq. 59 Nets v, o aresplitnets < P NP, +#{}

If nets are split, then there are no horizontal and no vertical constraints at the column where the split is done.
This is framed in red in Figure 64 and Figure 65. In column 5, ¢; and ¢, may, but do not have to be put on
separate tracks, we only allow the assignment to different tracks, but do not enforce it. It is left to the algorithm
where they are put. Analogously, it is left open on which track they might come to lie, so there is also not
vertical constraint at this point. The same holds for d; and d, in the example.
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Figure 64: Example with doglegs: split net-pin list
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Figure 65: Example with doglegs: topological routing instruction
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Set up revised zone table

Next, the revised zone table is computed. For the example, we obtain the result in Figure 66.

Figure 66: Example with doglegs: zone table
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Set up revised horizontal and vertical constraint graph

Next, the revised horizontal and vertical constraint graphs are computed. The rules are as described in Eq. 50
and Eq. 55, with the difference exclude the split nets (Eq. 59):

Eqg. 60  Single horizontal routing constraint (with doglegs):
(v,o)€Ey, © 3, (vEN; AGEN;; AP NP ={}) & (o,v)€EEy

Eg. 61  Single vertical routing constraint (with doglegs):
(v,0)€E, & 3, (i€P N'EP, AP NP ={})

For the example, we obtain the result in Figure 67 and Figure 68.

Figure 67: Example with doglegs: horizontal routing constraint graph
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Comparing the horizontal/vertical constraint graphs with and without doglegs (Figure 67/Figure 68 with Figure

56/Figure 57), we can derive the general rule how splitting nets maps into a revision of the horizontal and
vertical constraint graph (Figure 69).

Figure 69: Mapping a net split into horizontal and vertical routing constraint graph

Set up revised pseudograph of routing constraints

The revised constraint graphs are merged to the revised pseudograph of routing constraints. For the example,
Figure 67 and Figure 68 yield Figure 70:

Figure 70: Example with doglegs: pseudograph of routing constraints
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Revised track assignment

Track assignment is then revised using the same algorithm of Figure 60, now for the pseudograph. For the
example, the process is as given in Figure 71.

We can see that in fact nets c¢; and c, are assigned to different tracks, whereas nets d; and d, come to lie on
the same track and hence are merged back to one net d.

Figure 71: Left Edge process on example with doglegs
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