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Abstract

Graph states are a class of multipartite entangled states that can be expressed using a con-
cise graphical notation. They serve as an essential resource for measurement-based quan-
tum information processing. Due to the extensive arsenal of experimental tools available
for manipulating and measuring light, optical photons are ideally suited for measurement-
based protocols. However, the absence of interaction between photons poses a challenge
in entangling photons experimentally. The traditional approach, relying on spontaneous
parametric down-conversion, is inherently probabilistic and therefore highly inefficient in
practice. This imposes severe constraints on scalability, even for moderate numbers of
qubits.

Here, we circumvent this limitation by using individual rubidium atoms trapped in an
optical cavity as efficient single-photon sources. In a first experiment, we implement a
protocol for graph-state generation employing a single atom. We combine the photon
emission mechanism with the internal degrees of freedom of the atom to realise atom-
photon entanglement. An alternating sequence of photon emissions and atomic qubit
rotations results in long strings of entangled photons. We are able to produce Greenberger-
Horne-Zeilinger states of up to 14 photons and linear cluster states of up to 12 photons,
while demonstrating genuine multipartite entanglement. Thanks to a source-to-detection
efficiency approaching 50%, our generation scheme shows a clear scaling advantage over
the probabilistic schemes based on nonlinear optics.

In a second step, we show that these states can be merged into larger states with
more complex topologies. By exploiting two-photon interference in the cavity mode, we
implement a heralded atom-atom gate operation, which we call ‘cavity-assisted fusion
gate’. We then combine the previously developed single-emitter protocols with this fusion
gate to fuse graph states generated independently by two different atoms. This allows
us to generate ring and tree graph states consisting of up to eight qubits. The fusion of
photonic graph states represents a crucial step towards the creation of graph states with
arbitrary connectivity. These would provide access to a wide spectrum of measurement-
based quantum computation and communication protocols, including one-way quantum
computation or the one-way quantum repeater.
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1. Introduction

The early days of quantum physics

The development of quantum mechanics revolutionised the understanding of nature, but
also gave rise to a plethora of technologies still in use today. Its discovery began in the
early part of the 20th century at a time in which prominent figures such as Max Planck,
Albert Einstein, Niels Bohr, Werner Heisenberg, and Erwin Schroédinger played pivotal
roles within and beyond the physics community. The foundations of this theory were
laid in 1900 by Planck’s groundbreaking work on black-body radiation [1]. He proposed
that the walls of a black body absorb and emit radiation in small portions of energy,
which he simply referred to as ‘energy elements’. This radically new idea arose more
out of necessity within the mathematical framework rather than from physical intuition.
However, Einstein expanded upon this concept and employed it to explain the photoelectric
effect [2], an experimental observation that defied explanation within Maxwell’s theory of
electromagnetic radiation. He suggested that electromagnetic radiation itself consists of
discrete ‘light quanta’. Both Planck and Einstein later received the Nobel prize in physics
for what can be regarded as the discovery of the photon.

These groundbreaking works marked the onset of a paradigm shift in the physics commu-
nity. Given the well-established wave-like behaviour of light, physicists were now compelled
to reconcile the simultaneous existence of wave and particle-like characteristics, a concept
that became known as wave-particle duality. Quantum theory also decisively influenced
the understanding of the structure of matter. In 1913, Niels Bohr developed a model de-
scribing electron orbitals in atoms [3]. He proposed that electrons move around the nucleus
in discrete orbitals with quantised angular momentum. The success of his model lies in the
fact that it partly explains the spectral emission properties of hydrogen. In 1924, Louis
de Broglie recognised that the concept of wave-particle duality also extended to matter
[4], which had previously been solely associated with particle-like properties. Remarkably,
his theory reproduced the condition of angular momentum quantisation in Bohr’s model
in terms of a periodic boundary condition for the electron wave. The wave mechanics
developed by de Broglie would foreshadow the work of Erwin Schrédinger, who in 1926
published his famous wave equation for matter particles [5], known as the Schrodinger
equation. It describes the behaviour of small objects in terms of their wave function and
stands as one of, if not the most important equation in quantum mechanics.

The EPR paradox and Bell’s theorem

From the outset, the development of quantum mechanics was marked by intense debates,
whose protagonists were often reluctant to abandon the trusted beliefs of classical physics.
One of the quantum phenomena that perhaps most strikingly defies classical intuition is
the concept of entanglement. Quantum mechanics allows two particles, denoted as A and
B, to be in a state that can only be adequately described by a shared wave function.
Particles A and B are then said to be ‘entangled’. Constructed around this scenario,
Einstein, Podolsky and Rosen (EPR) put forward their famous Gedankenezperiment [6].



In their paper published in 1935 they claimed to expose an inconsistency in the wave
function description of nature, thus questioning the completeness of quantum mechanics.
Based on his belief in the locality principle inherent in special relativity, Einstein further
argued that a measurement on particle A could not instantaneously affect the properties
of particle B at a distance, an idea famously encapsulated by his quote ‘spooky action at
a distance’.

Other sceptics shared his concerns about the perceived incompleteness of quantum the-
ory. Some, including Einstein himself, attempted to formulate an alternative description
of nature that avoided the probabilistic predictions of quantum mechanics by introduc-
ing what came to be known as ‘hidden variables’. The debate persisted until the 1960s
when John Bell proved that a local hidden-variable theory is mathematically incompatible
with the predictions of quantum mechanics [7]. His theorem, which included the famous
Bell inequality, provided a framework that would allow to directly test the subject at
hand in an experiment. However, at the time such experiments sparked, from today’s
perspective, surprisingly little interest in the physics community. Only a hand full of
experimentalists were interested in the experiment proposed by Bell. The first so-called
‘Bell test’ that violated Bell’s inequality was carried out by John Clauser in 1972 [8]. His
efforts were followed by Alain Aspect about a decade later. His experimental results [9—
11] showed a violation of Bell’s inequality with a higher statistical significance while also
closing some of the loopholes that were present in Clauser’s experiment. In the following
decades more experiments were performed that relied on even fewer assumptions than
the first implementations [12-14]. Eventually, a loophole-free violation of Bell’s inequality
was demonstrated in several experiments between 2015 and now [15-20]. Today a local
hidden-variable theory is widely considered to be ruled out by experimental observations.

The advent of quantum information processing

Beyond their implications for the fundamental understanding of nature, quantum me-
chanical phenomena such as entanglement were eventually recognised as a resource for
potentially useful technological applications. One of the first to consider the possibility of
harnessing the principles of quantum mechanics for computation was Richard Feynman,
who suggested that a quantum mechanical system could be simulated more efficiently using
hardware that exhibits quantum mechanical behaviour [21]. The first quantum algorithms
were developed in the 1990s, for example the Deutsch algorithm [22], the Shor algorithm
[23, 24] or Grover’s algorithm [25]. It was shown that these algorithms exhibit a quantum
advantage over classical algorithms, for instance in prime factorisation. Meanwhile, it was
discovered that quantum mechanical principles could improve the security of information
exchange between two parties. In 1984, Charles Bennett and Gilles Brassard developed an
encryption protocol [26] based on encoding information in a single photon. They showed
that their protocol would allow to establish a key in such a way that an eavesdropper
could be detected thanks to the no-cloning theorem [27], marking the beginning of quan-
tum key distribution (QKD). Artur Ekert devised a protocol in 1991 that explicitly relies
on entangled pairs of particles to establish a key and Bell’s theorem to ensure the absence
of an eavesdropper [28].

The union of quantum mechanics and information science had emerged as a fascinating
area of research, known as quantum information processing (QIP). Yet the suitable physical
platform for implementing these ideas in practice was not immediately clear. The necessary
hardware would need to enable precise control over individual quantum systems. The years
in which the field of QIP was established saw significant advances in experimental atomic
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physics. In the early 1980s, driven by the development of laser cooling, researchers were
able to trap and observe single ions in free space [29, 30]. Subsequently, methods for cooling
and trapping of neutral atoms were also developed [31-34]. Amongst these techniques, the
magneto-optical trap (MOT), invented by Jean Dalibard, became a cornerstone of atomic
physics thanks to its effectiveness and ease of operation. The toolbox of laser cooling
eventually became so advanced that it enabled the preparation of a single ion in different
quantum states of motion [35]. These experiments belong to the achievements that earned
Dave Wineland the Nobel prize in 2012 for the manipulation of quantum systems [36].

The other half of the prize was awarded to Serge Haroche, whose experimental work
shared a fascinating link with Wineland’s, albeit with a twist in the roles played by light
and matter [37]. Rather than controlling matter particles with classical light, he trapped
single photons in a high-finesse optical resonator and probed their quantum state with a
beam of Rydberg atoms [38, 39]. Related work was conducted by Herbert Walther at the
Max Planck Institute of Quantum Optics (MPQ) [40, 41]. These experiments decisively
shaped the field of cavity quantum electrodynamics (cavity QED), as they were the first
to observe single atoms strongly interacting with single photons. At the same time, they
beautifully demonstrated the existence of photons beyond the photoelectric effect. While
the initial implementations of this kind were performed in the microwave domain, the
concept was soon transposed to the optical regime [42]. In the first optical cavity setups,
atoms traversed the resonator, similar to the microwave experiments. Several years later
it became feasible to trap and cool atoms at the centre of the cavity, while maintaining
strong atom-cavity coupling [43-47].

These developments took on a fresh perspective in the context of QIP. Cirac and
Zoller introduced the concept of using cold ions confined in a linear trap as quantum bits
(qubits) for quantum computation [48], an idea that was further developed by Mgllmer
and Sgrensen [49]. Briegel and Raussendorf built upon earlier developments in QKD [26,
28] and proposed the quantum repeater [50]. Their idea makes use of stationary qubits
connected through photons travelling along optical links, highlighting the necessity for
efficient light-matter interfaces. The goal of creating such interfaces naturally drew in-
spiration from the methods developed in cavity QED. This laid the groundwork for the
inception of quantum networks, heralding a new era of quantum-enabled communication
and computation [51].

Graph state entanglement

The principles of QIP promote quantum entanglement as one of the driving forces behind
the various algorithms and protocols. In many instances, two-partite entanglement in the
form of the well-known Bell states is sufficient for implementing specific protocols, such
as establishing a communication link between two parties. In other cases, the entangle-
ment extends over multiple particles, in which the mathematical description becomes much
more involved. A special class of entangled states known as graph states [52, 53] provides
a formalism in which the quantum state of multiple qubits can be concisely represented in
a graphical notation. These graph states are represented as graphs consisting of vertices
and edges, where each vertex symbolises a qubit and the edges denote the entanglement
relationships between them. An example, called two-dimensional (2D) cluster state, is
shown in Fig. 1.1. Remarkably, this particular graph state serves as a universal resource
for a special kind of quantum computation [54]. Here, the computational programme is
defined by a sequence of single-qubit measurements on the constituents of the state. This
protocol called one-way quantum computation or measurement-based quantum computa-



tion (MBQC) eliminates the need for two-qubit gates, instead placing greater emphasis on
the preparation of the initial resource state. The principle of measurement-based process-
ing of quantum information also extends into the realm of quantum communication, with
protocols like the all-photonic quantum repeater [55, 56] or the one-way quantum repeater
[57].

Figure 1.1: Graph states. The vertices (cir-
cles) represent individual qubits, whereas the
connection between them define the entangle-
ment topology. The specific example shown
is known as a two-dimensional (2D) cluster
state.

Regarding the choice of qubit carrier, several advantages speak in favour of optical pho-
tons. First, the commercially developed optics for lasers, such as waveplates and beam
splitters, provide a well-established toolbox for manipulating photonic qubits. Second,
single-qubit addressability, a recurring problem in most quantum computing architectures,
is intrinsically guaranteed if the photons are prepared in well-separated temporal modes.
Finally, optical photons are practically the only viable candidate for measurement-based
quantum communication protocols. Their weak interaction with the environment and
minimal decoherence make them ideal for long-distance quantum communication applica-
tions. For these reasons, a growing research community aims to develop photon sources
capable of generating multi-qubit states of entangled photons.

The quest to harness entangled photons for quantum information applications began
in the late 1980s [58]. Initially, the primary experimental method for generating mul-
tiphoton entanglement relied on spontaneous parametric down-conversion (SPDC). This
phenomenon occurs in nonlinear crystals that are pumped with a pulsed laser. In the
SPDC process, a single pump photon undergoes conversion into a pair of polarisation-
entangled photons at a different wavelength. Over time, the SPDC scheme evolved into a
robust and reliable source of entangled photon pairs that operates in the room temperature
range. A number of important proof-of-concept experiments were conducted to showcase
the power of entanglement in the context of quantum information science [59-64].

A critical drawback of SPDC lies in its probabilistic generation process. Alongside the
desired pairs of single photons, the crystal also produces an unwanted vacuum contri-
bution, double pairs and higher-order components. The proportion of these components
varies with the intensity of the pump power. Lowering the intensity of the pump laser
can suppress the undesired multiphoton events that degrade the entanglement fidelity.
However, this also entails a lower probability to obtain the desired single-photon pairs.
Consequently, a compromise between success probability and fidelity has to be found.
Typically, this trade-off is chosen at a mean photon number of n = 0.1 per output pulse.
This turns out to be particularly costly for states involving many qubits, as the effective
coincidence rate exponentially decays as a function of qubit number N.

Due to this fundamental limitation, a different approach has attracted increasing inter-
est in the research community. The basic idea consists of using a matter qubit as efficient
single-photon source with its spin acting as an ancillary degree-of-freedom that entangles
the emitted photons [65—67]. The first experimental implementation of this concept em-
ployed quantum dots [68], but in principle any spin system with a light-matter interface,
such as colour centres in diamond, trapped ions or neutral atoms, could serve as the emitter
qubit. The advantage of this technique lies in the intrinsically single-photon-like emission
of quantum two-level systems. Here, the generation efficiency is not subject to a trade-off
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with fidelity and can be increased by engineering the light-matter coupling with optical
cavities or nanostructures. In fact, experimental demonstrations have shown single-photon
efficiencies exceeding 50%, while maintaining high purity and indistinguishability [69-72].
This is already at the level of loss-tolerance thresholds of certain quantum computing
architectures [73-75].

Graph state generation using cavity QED

This thesis reports on a series of experiments that represent a significant contribution to
the development of a universal source for arbitrary photonic graph states. We achieve
this by using single rubidium atoms trapped in an optical cavity, allowing us to efficiently
prepare various types of graph states. The key results can be subdivided into two parts.

In a first set of experiments, we use a single emitter to generate two elementary types of
graph states, namely Greenberger-Horne-Zeilinger (GHZ) states and one-dimensional (1D)
cluster states. Notably, we produce a photonic state with a record number of 14 photons,
exhibiting genuine multipartite entanglement. In the second part, we add a second atom
and leverage the combined capabilities of the two emitter qubits through a process known
as photonic fusion. The latter is a special type of two-qubit quantum-logic operation that
effectively merges the graph states emitted by the individual atoms. As a result, we are
able to demonstrate more complex types of graph states with ring and tree-like topologies.
The photonic fusion and the generation of graph states from the individual atoms represent
the critical ingredients for tailoring graph states of arbitrary connectivity.

The text is structured as follows: Chapter 2 introduces the apparatus of our cavity
QED experiment as it currently operates in the laboratory. Along with the most critical
components of the setup, we introduce elementary protocols that serve as building blocks
for graph state generation. In chapter 3 we explain the concept of graph states and the
theory behind it. Chapter 4 describes the first set of experiments demonstrating graph
state generation from a single atom. This principle is extended to two atoms in chapter 5,
where we demonstrate the concept of fusion to prepare ring and tree graph states. Chapter
6 gives a summary of the experiments carried out and a projection into the future. This
includes follow-up experiments and possibilities for scaling up the presented strategy.






2. An atomic cavity QED experiment

Since 1999, the ‘Quantum Dynamics’ division at the Max Planck Institute of Quantum
Optics has been researching light-matter interaction in the context of cavity QED. Sev-
eral laboratories investigate this topic using rubidium atoms that couple to a high-finesse
optical cavity. This system allows to induce strong coupling between single atoms and
single photons, which is difficult to achieve in free space. Within the quantum information
processing (QIP) subsection of our division, our goal is to apply this principle to the field
of quantum communication and computation.

The experiments described in this thesis focus on the efficient generation of multipartite
entangled states of photons. The work was carried out on a setup that was built by
PhD student Jorg Bochmann about 15 years ago [76]. Internally, we call it the ‘Pistol’
experiment since its original purpose was to ‘shoot’ single photons on demand, at the push
of a button. Its design is strongly based on its twin setup, the ‘QGate’ experiment, to
ensure compatibility in the context of quantum network experiments [77, 78].

This chapter describes the experimental tools required for photonic entanglement gen-
eration using our cavity QED setup. We will start with the experimental apparatus of
the Pistol experiment, whose core component is the optical cavity acting as an efficient
light-matter interface. In the second part we will discuss some elementary experimental
techniques and sequences. These will to some extent serve as the building blocks for the
protocols developed in the experimental chapters 4 and 5.

2.1. Experimental setup

The experimental setup comprises a sophisticated assembly of electronics, vacuum parts,
lasers and optical components. In particular, the optical setup plays a vital role in atom
trapping, cooling, optical pumping and state manipulation. We will start with an overview
of the main optical table.

2.1.1. Overview

The main experiment is mounted on a 180 cm X 120 cm optical table and consists of a
vacuum chamber in its centre and a complex configuration of optical components used for
optical manipulation of the atoms. An overview can be seen in Fig. 2.1. Although this
sketch contains the main elements of the setup, it is a simplified representation and does
not reflect its full complexity.

The vacuum chamber in the centre contains the optical cavity and forms the heart of
the experiment. To trap atoms, we use a two-dimensional (2D) optical lattice potential
consisting of a 1064 nm and a 772 nm laser, propagating along the x- and y-directions,
respectively. The 1064 nm laser traverses the vacuum chamber and is retro-reflected to
form a standing wave. The 772 nm laser is coupled into the cavity mode and, in addition
to providing confinement, serves as a frequency reference to stabilise the length of the
cavity. A second laser at 1064 nm is used to transfer the atoms from a magneto-optical
trap (MOT) to the cavity centre. We cool the atoms in the optical trapping potential via
Sisyphus cooling on the D line of rubidium. An imaging system comprising an optical
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objective and a camera (not shown in Fig. 2.1) allows to spatially resolve the position
of the atoms in the trap. Two Raman pairs operating at 790 nm and 795 nm enable
coherent manipulation of the atomic state. Photons can be emitted into the cavity mode
employing the vacuum-stimulated Raman adiabatic passage (VSTIRAP) mechanism. They
are outcoupled predominantly through one of the two cavity mirrors. The single photons
are then coupled into an optical fibre and sent to a detection setup for polarisation analysis.
The different components of the setup are described in more detail in the following sections.

VSTI RAP

795nm Raman

l_x.
To detection

setup

—

H

790nm Raman
\ (-45° axis)

Transfer

~Single
/ photons

N —
=
A1 rss

1064nm trap

Beam Faraday
expander isolator

U U PBS
\ Mirror z% Beam splitter =0 Fiber coupler % Dichroic mirror = PM fibre
(] Lens |][| M2, N4 waveplate & Photo diode m Beam dump SM fibre
— 780nm —  772nm —— 1064nm 790nm/795nm
(Raman)

Figure 2.1.: Overview of the experimental apparatus. The vacuum chamber hosting the optical
cavity is located in the centre and forms the heart of the setup. Around it several optical tracks
are set up in order to manipulate the atoms with lasers. These include the optical traps at
1064 nm and 772 nm propagating along the z- and y-axis, respectively. The light for optical
cooling and Raman rotations traverse the vacuum chamber at an angle of 45° from above. Another
Raman laser at 795 nm and the photon generation control laser (vSTIRAP) are sent via the x-axis
counterpropagating to the 1064 nm trap. Single photons are outcoupled from the left cavity mirror
and coupled into a fibre leading to the detection setup. The inset shows a photograph of the cavity
inside the vacuum chamber.

2.1.2. Rubidium atomic qubits

For over 15 years, our cavity experiment has employed rubidium as the atomic species of
choice. Rubidium belongs to the alkaline atoms, which are located in the first column of
the periodic table. Its optical transitions, in particular the D; and D» lines, fall within a
spectral region that is readily accessible with commonly available laser wavelengths. The
ease with which rubidium can be laser cooled renders it a popular choice for atomic physics
experiments. Indeed, it was the first atomic species for which Bose-Einstein condensation
was achieved experimentally [79]. Rubidium has two naturally occurring isotopes, 8°Rb
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Figure 2.2.: Atomic level scheme 8"Rb. The diagram shows the atomic states of the Do transition,
involving the 525, /2 ground state and the 52P /2 excited state. The ground state is split into two
hyperfine levels with an energy splitting of AEyr = h-6.834 GHz, where h is Planck’s constant.
A magnetic bias field parallel to the cavity axis splits each hyperfine manifold into several Zeeman
sublevels. For the two ground states, this splitting is given by a Larmor frequency of wy, /27 =
100 kHz. Additionally, all levels experience an ac Stark shift due to the optical trapping potential.
The unshifted levels are drawn in grey. The ac Stark shift and Zeeman splitting are not drawn to
scale.

and 8"Rb, both of which are commonly employed in physics laboratories worldwide. Our
group opted for 8’Rb as it has fewer Zeeman sublevels within its ground state manifolds,
which better aligns with the requirements of our experiments.

The atomic level scheme is sketched in Fig. 2.2. More specifically, the diagram shows the
atomic states involved in the Do transition at 780 nm, as most of the optical manipulations
are performed via this transition, including single-photon generation. Due to a nuclear
spin with quantum number I = 3/2 coupling to the angular momentum of the electron,
the 529, /2 ground state is split into two hyperfine manifolds. These have a total angular
momentum of F = 1 and F' = 2 and are separated in energy by AFEpr = h-6.834 GHz.
The 52 P, /2 excited state also splits up into a total of four hyperfine states. In the presence
of a magnetic field, each of the hyperfine states within the ground (excited) state is again
split into multiple Zeeman sublevels with quantum numbers mg (m’). For the majority
of experiments presented in this thesis, the energy splitting between adjacent mg states
is given by a Larmor frequency of wy /27w = 100 kHz.

Throughout this thesis, we will frequently express the atomic state in the short hand
notation |Fymp) (|F',m’z)). Due to the hyperfine and Zeeman splitting, the ground state
5251/2 has a total of eight sublevels. Two of these states, namely |[1) = |1,+ 1) and
[4) = |1, — 1), are of particular importance, as they serve as the atomic qubit states for
our experiments. Other sublevels are used as intermediate or transitional states for certain
operations, such as photon generation and single-qubit Raman rotations.

2.1.3. The cavity

The optical cavity is undoubtedly the central component of the entire experimental system.
It is made up of two macroscopic mirrors made from a fused silica substrate. The mirror
surfaces are coated with a highly reflective dielectric coating. Their residual transmission
is 71 = 4 ppm and 7> = 101 ppm. They are arranged in a Fabry-Pérot type geometry with
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the two mirror facets facing each other at a distance of L = 498 wm, corresponding to a
free spectral range of FSR = ¢/2L = 301 GHz. Because of the small physical dimensions
of the cavity mode, the mirror substrate is radially milled down to a conical shape in order
to ease optical access to the centre of the cavity mode. The mirrors have curved reflective
surfaces with a radius of curvature of 712 = 7 = 50 mm in order to meet the stability
criterion for optical cavities, which is given by the inequality

0<(1—L/r)(1—L/r)<1. (2.1)

The cavity is mechanically mounted inside a metal housing and held by a combination of
holders, spacers and a cylindrical piezo element. The setup is designed to hold the cavity
mirrors in a stable position without exerting excessive mechanical stress on the mirror
substrate. The electrical contacts of the piezo are connected to wires that lead to the
outside of the experimental chamber via vacuum feedthroughs. The length of the cavity
can then be controlled and actively stabilised by applying a voltage.

The transmissivities 77 and 75 are intentionally chosen to be unequal such that the
decay of the cavity field occurs primarily through the mirror with the larger transmissivity.
This mirror then serves as a well-defined output port for single photons that are coupled
into an optical fibre and guided to a detection setup (left output port in Fig. 2.1). The
decay via this out-coupling mirror is characterised by a decay rate of koc/27m = 2.42 MHz.
Photons that leave the cavity via the other mirror have to be considered lost. Other
loss channels are scattering and absorption due to imperfections of the mirror surfaces.
The total cavity decay rate including the out-coupling channel and all loss channels is
k/2m = 2.74 MHz. The ratio of ko and k then defines the output directionality or escape
efficiency 7ese = Koc/k = 0.89. Finally, the cavity finesse is F = 55059. All characteristic
quantities of the cavity are summarised in Table 2.1.

Cavity length L =498 pm
Radius of curvature r = 50 mm
Optical mode waist 29.6 um

Mirror transmissivities | 71 = 4 ppm, 75 = 101 ppm
Free spectral range FSR = 301 GHz
Finesse F = 55059
Cavity decay rate k/2m = 2.74 MHz
Escape efficiency Nese = 0.89

Table 2.1.: Cavity parameters. Summary of the most important quantities characterising the cavity.
The values are taken from [76] and [80].

Cavity quantum electrodynamics

In simple terms, the cavity acts as an echo chamber for the electromagnetic field. Light
that propagates within the cavity performs many roundtrips between the two mirrors,
thereby enhancing the energy exchange rate between the atom and the light field within
the cavity mode.

Using the atomic properties of rubidium, we can then describe the combined atom-cavity
system within the framework of cavity QED [81]. In this context, an essential quantity to
consider is the coherent light-matter coupling strength between the atom and the cavity
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Figure 2.3: Cavity QED. The atom-cavity
system is described in the framework of cavity

QED. The relevant parameters are the atom-
cavity coupling g, the atomic polarisation de-

cay rate v and the cavity field decay rate k.
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Here, w is the resonance frequency of the cavity, ¢y the vacuum permittivity, V the cavity
mode volume, % the reduced Planck’s constant and pg. the dipole matrix element of the
atomic transition. The coupling constant g describes the frequency of coherent exchange of
excitation between the atomic dipole and the electric field of a single photon in the cavity
mode. In our cavity QED system, the coherent atom-cavity coupling described by the
parameter g competes with two dissipative processes, namely the cavity field decay rate s

and the atomic polarisation decay rate -, as illustrated in Fig. 2.3. The cooperativity C,
defined as

field, which is given by

92

=2 2.3
. (23)

can be understood as the ratio between these different processes and is commonly used as
a metric to characterise a cavity QED system. Note that g and C depend on the specific
transition between the ground and excited state and have to be weighted with the rele-
vant Clebsch-Gordan coefficient ¢4 accordingly. They are largest for the cycling transition
5251 /2,F = 2,mp = £+2) <+ |52 Py 9, F’ = 3,m/, = £3) for which we get g/27 = 7.62 MHz
and C' = 3.5. As will become clear later on, the transition ‘5251/2,F =1,mp= :I:1> ~
!52P3 12, F" = 2,mp = 42) is the one that is most relevant for the experiments conducted
in this thesis. For this transition, the Clebsch-Gordan coefficient is ¢,y = \/m Conse-
quently, the coupling strength is g/2m = 5.39 MHz, which gives rise to a cooperativity of
C =1.75.

2.1.4. Atom loading and trapping

For the experiments described in this thesis, we require either one or two atoms at the
centre of the cavity. Therefore, prior to the actual experimental protocol, we need to
perform a sequence of steps in order to transfer the atom(s) to the centre of the cavity
mode and trap them for as long as possible. In addition to the description that follows,
the sketch shown in Fig. 2.1 may serve as a visual aid to understanding this procedure.
The sequence is initialised by preparing a MOT roughly 13 mm away from the cavity
centre. After a typical MOT duration of 0.2s-2s the 1064 nm transfer beam is switched
on for a duration of 150 ms. This beam propagates perpendicular to the cavity axis and
focuses between the MOT and the cavity mode. Atoms initially at rest will be accelerated
away from the MOT towards the focus of the transfer beam and start oscillating between
the MOT and the cavity centre. After half of the oscillation period, when the atoms
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reach the cavity mode, the 1064 nm trap is switched on. This beam is retro-reflected, thus
forming a periodic standing-wave potential in which the atoms are tightly confined along
the x-direction. A second trapping laser at 772 nm propagates within the cavity mode and
provides tight confinement along the y-direction, as it also forms a standing wave. Since
it is blue-detuned with respect to the atomic resonance, the atoms are trapped at the
nodes of this standing-wave potential. However, the coupling g between the atom and the
cavity undergoes a modulation along the cavity axis with a periodicity distinct from that
of the trapping potential. Consequently, one must identify an optimal trapping position
to maximise the atom-cavity coupling. This condition is fulfilled at positions where an
anti-node of the 780 nm field aligns with a node of the 772 nm trapping potential. In
addition to the purpose of providing axial confinement, the 772 nm trapping laser also
serves as a frequency reference to which the resonance of the cavity is stabilised using the
Pound-Drever-Hall technique [82]. Confinement along the z-direction is provided only by
the Gaussian mode envelope of the 1064 nm trap.

Once the atoms reach the trapping region, they are laser cooled using Sisyphus cooling
[34, 83]. To this end, a linearly polarised red-detuned laser beam is directed towards the
atom via the +45° axis and then reflected back using a mirror positioned at normal inci-
dence (see Fig. 2.1). As the beam passes through a A/4 waveplate twice, the polarisation
is rotated by 90° to be orthogonal to the input. This configuration is commonly referred
to as the lin_Llin configuration.

During operation of the system, consecutive experimental runs are repeated periodically
interleaved with ~ 1 ms segments of cooling. The exact cooling duration depends on the
specific protocol and should be adjusted to give an experimental duty cycle of about 50%.
This number is a compromise between maximising the repetition rate of the experiment
and increasing the amount of fluorescence light collected via the imaging system.

Atom positioning

The position of the atoms is controlled deterministically in the z-direction and quasi-
deterministically in the y-direction. The x-position is controlled by adjusting the relative
phase between the two counterpropagating trapping beams at 1064 nm. To this end,
a transmissive glass plate is mounted in the beam path on a rotational Galvo scanner
(see Fig. 2.1). By rotating the glass plate, the optical path length is changed and the
standing-wave pattern shifts along the propagation direction. The electrical input that
sets the rotation angle of the Galvo scanner is directly controlled by the experimental
control software, which also acquires the atom images. The software automatically applies
a feedback to the Galvo scanner to position the atoms to the desired location.

This method allows to precisely control a single position parameter, that is the z-
coordinate of a single atom or the centre-of-mass coordinate of multiple atoms. However,
this technique is not capable of controlling the relative distance between atoms. Along
the y-direction such phase control is impossible, since the position of the standing-wave
pattern is given by the position of the cavity mirrors. In this instance, the 772 nm trap
power is modulated in order to induce a random movement of the atom. This step is
repeated until the atom is found at the desired y-coordinate. The positioning procedure
described above requires an imaging system that spatially resolves the atomic position,
which will be introduced in the following.
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Figure 2.4.: Imaging and addressing of single atoms. The objective of NA = 0.46 is mounted
close to the top view port of the vacuum chamber. Light scattered from the atoms is guided
to the EMCCD camera. The addressing laser beam passes through an acousto-optic deflector
(AOD) and is combined with the imaging path using a non-polarising beam splitter (NPBS) with
a transmission:reflection ratio of 90:10. The transmitted light is picked up by a photodiode (PD)
for power stabilisation. The reflected part passes through the objective to be focused on the atoms.
Varying the frequency on the AOD changes the deflection angle and shifts the position of the focal
spot along the z-axis (out-of-plane direction). This allows to focus the beam on one atom without
affecting the other one.

2.1.5. Single atom imaging and addressing

The top view port of the vacuum chamber accommodates an optical objective which serves
two functionalities at once. First, it collects fluorescence emitted by the atoms, enabling
spatial resolution of their positions. Second, it allows to address individual atoms with a
classical laser beam, utilising the same optical path in the opposite direction. An overview
of the imaging optics and the addressing system is shown in Fig. 2.4.

Imaging system

In numerous situations, the experiment crucially depends on the ability to detect atoms
in the cavity, in conjunction with knowing the exact number of atoms and their respective
positions. For this purpose, the experiment is equipped with a high-resolution imag-
ing system consisting of a high-numerical-aperture objective and an electron-multiplying
charge-coupled device (EMCCD) camera. The objective was implemented as part of a
Master’s thesis [84]. It has a numerical aperture of NA = 0.46 and is mounted in close
proximity to the top viewport of the vacuum chamber. During laser cooling, the atoms
scatter photons into free space, which are then collected by the objective and guided to
the EMCCD camera. As demonstrated in a previous PhD thesis [80], the imaging system
in principle allows to resolve single lattice sites of the trapping potential. However, when
working with multiple atoms, the spatial separation is typically several micrometres, which
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is sufficiently above the level of accuracy achieved by the imaging system. The camera
images are analysed in real time by the experimental control software. Whenever an atom
moves away from its desired position, the control software applies a corrective feedback as
described in chapter 2.1.4.

Single-atom addressing

While the objective collects fluorescence light for imaging of the atoms, it also serves the
purpose of addressing individual atoms with a laser beam. The addressing system was set
up by former PhD student Andreas Neuzner as a shoot-out system that removes undesired
atoms from the trap using resonant laser light [80]. The functionality of the system was
then extended to the local storage and emission of single photons by PhD student Stefan
Langenfeld [85].

The addressing laser beam is simply injected into the imaging path using a 90:10 non-
polarising beam splitter. It is then focused on the desired position by the objective. For
switching and steering of the laser beam, we use a 1D acousto-optic deflector (AOD)
controlled with a radio frequency (RF) signal. As the deflection angle is proportional
to the applied RF frequency, the beam can be directed to specific positions along the
z-axis. The beam profile is asymmetrically shaped with beam waists of w, = 2 ym and
wy = 6 pm. Along the z-axis, the waist is sufficiently small to discriminate between atoms
at pm distances without crosstalk. For the y-axis, the beam size is chosen to be larger
in order to accommodate a wider range of atom positions, compensating for the fact that
along this axis positioning does not occur fully deterministically.

The RF source that is fed to the AOD is generated by a direct digital synthesizer (DDS)
with up to eight profiles. Each profile can store an amplitude and frequency parameter.
The experimental control software automatically detects the atoms on the EMCCD camera
image and assigns a profile to each atom with the frequency matching the atom position.
At any given time, one of the eight profiles is selected via binary encoding of three TTL
(transistor-transistor logic) inputs. This enables switching on the timescale of (< 20 ps)
between two atom positions, limited by the speed of sound inside the AOD crystal. While
this is sufficiently fast for most applications, there are cases in which the switching time
may become a limitation. For example, in order to make two subsequently emitted photons
interfere on a beam splitter, the switching time must be as short as possible in order to
avoid the use of long delay lines. For this application, the switching time of 20 us would
be too long.

Another limitation of this system is the restriction the AOD imposes on the polarisation.
The AOD only functions for a single polarisation, which in our experiment is set to 7
polarisation. This has the consequence that Raman transitions, as described in chapter
2.2.3, cannot be performed locally using the addressing system.

2.1.6. Detection setup

Measuring the polarisation state of single photons is crucial for the experiments conducted
in this thesis. Indeed, all of the experimental data presented rely on the detection of single
photons that were outcoupled from the cavity mode. The detection optics, as shown in
Fig. 2.5, therefore plays a central role in performing the measurements. It enables us to
measure photonic polarisation qubits in the Z or X basis and switch between these two
settings dynamically within a few nanoseconds.

Similar to a standard detection setup for polarisation qubits, it involves a polarising
beam splitter (PBS) and two single-photon detectors. For the latter, we use two channels
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of a superconducting nanowire single-photon detector (SNSPD). These feature state-of-
the-art detection efficiencies of ~ 95% and low dark count rates on the 1 Hz scale. The PBS
discriminates horizontal (H) from vertical (V') polarisation. A A\/2 waveplate is installed
on a motorised rotation mount directly in front of the PBS. This allows us to rotate the
detection basis from H/V to any other linear polarisation, e.g. diagonal (D) and anti-
diagonal (A). Furthermore, the waveplate is mounted on a magnetic mount, allowing for
convenient insertion and removal as required.

Any other detection basis setting can in principle be realised by an appropriate uni-
tary rotation performed upstream from the PBS. In particular, we use an electro-optic
modulator (EOM) to enable the measurement in the basis defined by right-hand (R) and
left-hand (L) circular polarisation (Z basis) by rotating the polarisation in front of the
PBS. A second EOM corrects for a time-dependent phase evolution of the emitted photons.
The functionality of both EOMs is described in the following in more detail.
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Figure 2.5.: Dynamically switchable polarisation-resolving detection setup. (a) Sketch of the optical
setup. A PBS is used to discriminate between two orthogonal polarisations and to separate them
into two optical channels. Both channels are coupled into optical fibres that are connected to
SNSPDs. For each detection channel a 1:1 telescope is used to maximise the optical mode matching
for higher detection efficiencies. Two polarisation EOMs are used, one for switching the detection
basis and the other for applying a linear phase ramp to one of the polarisation components (see
main text). They are supplied with an analogue input (AI) and a digital input (DI), respectively.
(b) Calibration measurement for the phase ramp EOM. Using classical laser light, a linear voltage
ramp is applied to the analogue input of the EOM. This rotates the polarisation as can be seen
from the click rate in the two channels. (c¢) Calibration measurement for the basis switch EOM.
For an R-polarised input, the light is evenly split up into the two channels. When applying the
voltage Vy /o, the polarisation is rotated to H such that all the light is directed into channel 1.

Phase ramp compensation

The first EOM (QUBIG PC3R-NIR) has the purpose of compensating a time-dependent
phase between the o™ and o~ polarisation components of the photons. The photon gen-
eration mechanism is a two-photon Raman process described in more detail in chapter
2.2.2. Fig. 2.6 illustrates how the frequency of the photon depends on the mp state from
which the emission occurs. If a photon is generated from a superposition of the |2, £ 2)
states, the atom undergoes a transition to |1, + 1). For the two emission paths, the energy
difference between the initial and the final state is either AEgp + 3hwy, or AEgp — 3hwy,.
Here, AE g is the hyperfine splitting and wy, the Larmor frequency. This translates into
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a frequency difference of 6wy between the R (¢7) and L (¢~ ) components of the pho-
tonic qubit. In other words, the qubit basis states experience a relative phase shift that
increases linearly with time. The larger the phase acquired during the duration of the
photonic wave packet, the more infidelity is introduced. For the scenario depicted in Fig.
2.6 and with wy, = 100 kHz, the phase accrual amounts to m/4 after about 400 ns, which
is on the order of the photonic wave function duration. Hence, we expect a substantial
effect on the fidelity, in particular for a quantum state consisting of many photons.

(e

5Py,

@) e - Figure 2.6: Photon phase ramp. The fre-

F=2 —_ .- quency of the emitted photon depends on the

I AE-3hw, IAEHF AEye+3hw, | emission path. For photon generation from

=1 — —_— |2, £ 2), the frequency difference between the
Me 2 1 0+ 2 ot and o0~ components is 6wy,.

In order to compensate for this effect, we developed a technique based on controlling
the phase of the polarisation states with an EOM. The device we use for this purpose has
an analogue input and imprints an optical phase on one of the eigenaxes of the crystal
with respect to the other. As we want to induce a phase between the R and L components
of the light field, we use a set of waveplates to map the two circular polarisations to the
eigenaxes D (diagonal) and A (anti-diagonal) at the position of the EOM. With every
photon emission we then apply a linear ramp waveform to the analogue input of the
EOM counteracting the phase evolution due to the Zeeman splitting. Fig. 2.5b shows
a calibration measurement demonstrating this effect. A classical light field with linear
polarisation is introduced into the EOM. The detection basis is set such that all light is
directed to a single detector for an input voltage of zero. As the voltage increases, the
polarisation is rotated until all photon counts are registered in the other detector. The
slope of the voltage ramp is tuned such that the frequency of the oscillation matches the
phase evolution between the R and L components.

Detection basis switching

The second EOM (QUBIG PC3R-NIR) serves the purpose of dynamically switching be-
tween two predefined basis settings, namely the Z and X bases. Its operation principle
resembles that of the phase ramp EOM, except that the voltage does not follow a linear
slope, but is switched in a step-wise fashion. This enables the EOM to execute a /2
rotation on the qubit. Again, a calibration measurement can be seen in Fig. 2.5¢. Initially
the voltage is set to zero, which corresponds to the X basis setting. The R polarized light
is split up equally into both detectors. As soon as the voltage is switched to Vo, all of the
light is directed into one of the two detectors. While the extinction ratio of the device is
specified as >1,000:1, we typically achieved values above 2,000:1 in our setup, sometimes
even as high as 10,000:1. The switching time required to switch from one setting to the
other is on the order of 5ns. The photons generated are typically separated by tens of
microseconds, which is considerably longer than the switching time.

2.2. Experimental toolbox

In the preceding section, the various components of the experimental apparatus and the
procedures for loading, trapping, cooling and imaging of single atoms were introduced.
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In this section, we introduce the elementary tools that define the building blocks of the
graph state generation protocols. Of particular importance are single-photon generation
and coherent Raman rotations.

2.2.1. State preparation

The first step of each protocol is the initialisation of the atomic state. In all graph state
experiments presented in this work, we initially prepare the atoms in |2,0), before gener-
ating a photon from this state. This is achieved using the well-established technique of
optical pumping [86, 87]. More specifically, we use two laser fields to incoherently transfer
the population to the desired initial state. The corresponding processes are illustrated in
Fig. 2.7.
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Figure 2.7.: Zeeman-selective optical pumping. (a) The Zeeman pumper drives the |F =2) —
|F’ = 2) transition on the D; line. The mp = 0 sublevel is a dark state due to dipole selection
rules. (b) Population in F' = 1, which is not addressed by the Zeeman pumper, is transferred back
to F' = 2 using the repumper.

The Zeeman pumper (Fig. 2.7a) is a 7 polarised laser at 795 nm, which couples to
the |[F =2,mp #0) < |F' =2, mp # 0) transitions of the atomic D; line. The target
state |F' = 2,mp = 0) is a dark state, as the corresponding transition is dipole-forbidden.
However, population in the mp # 0 states will be excited, followed by a spontaneous decay
with some probability of ending up in the dark state. Since the atom can also decay to the
F =1 manifold, we apply a second laser that repumps the F' = 1 population back to F' = 2
by driving the }5251/2,17’ = 1,mF> & ‘52P3/2,F’ =2, m’F> transition. The repumper has
a wavelength of 780 nm, thereby coupling to the atomic Dy line.

For both light fields, we find that the pumping scheme works best when the laser is
slightly detuned from resonance. We observe that when the laser is tuned to resonance,
the atom trapping deteriorates, which we attribute to an increased momentum transfer
from the pumping lasers. For the Zeeman pumper, we choose a detuning of A = —38 MHz,
while for the repumper the detuning is A = 47 MHz.

In order to achieve a high fidelity and efficiency in the initial state preparation, we
developed an optical pumping scheme that was already used in previous experiments [85,
88]. The protocol consists of two steps. First, we apply the Zeeman pumper and the
repumper simultaneously for 5 pus. During this period, the atomic population gradually
accumulates in the |F' =2, mp = 0) target state. In the second stage, we only apply
the Zeeman pumper for 3.5 pus, while the optical power is doubled. This empties the
states |F' =2,mp # 0) with a 1/e decay time of less than 1 us, thereby pumping the
population either to the dark state |F' = 2, mp = 0) or to the F' = 1 manifold. The relative
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contribution of populations in these states determines the overall efficiency of the process.
For our parameters, we achieve a probability of about 60% to populate the |F' = 2, mp = 0)
state after one pumping cycle. We do tolerate this number to be substantially below 100%,
as the population in F' = 1 does not contribute to the subsequent photon emission. It
is, however, essential that no population remains in the |F' = 2, mp # 0) states, as these
would degrade the atom-photon entanglement fidelity (see chapter 2.2.5). The efficiency
could be increased with a longer pumping time. However, this would also lead to a larger
average number of scattered photons, which would increase the heating rate of the atom.
Our settings represent a compromise between state preparation efficiency and trapping
time.

2.2.2. Single-photon generation (vVSTIRAP)

The generation of single photons is a ubiquitous problem in QIP, particularly in the
context of quantum communication, where qubits are transmitted over large distances.
The preparation of a true single-photon Fock state is a non-trivial task, as such a state
is inherently different from a coherent state with an average photon number of (n) = 1.
Atoms or molecules, on the other hand, naturally emit single photons when relaxing from
an excited state to a lower energy state via spontaneous emission. In the presence of a single
emitter, only one photon can be generated at a time, since the system can only contain a
single excitation at once. Apart from atoms and molecules, such systems can be realised
in practice using a variety of physical systems, ranging from semiconductor quantum dots,
trapped ions or colour-centres in diamond. Many of these systems, e.g. quantum dot
sources [89], rely on the Purcell effect [90-92] to break the isotropy of spontaneous decay
and direct the emission into a well-defined spatial mode. This is achieved by enhancing
the photonic density of states using optical cavities or nanophotonic structures.

The vSTIRAP mechanism

The photon generation mechanism employed in this work differs from this Purcell-like
emission in two respects. Firstly, our scheme involves three energy levels in a A-type
configuration (instead of two), as sketched in Fig. 2.8. Secondly, the emission occurs as
part of a two-photon Raman process, in which a photon is absorbed from the control field
Q(t) on the |g2) <> |e) transition and immediately re-emitted on the |e) <+ |g1) transition,
stimulated by the cavity mode. In a simple picture, this process can be understood as
coherent Raman scattering into the optical resonator. In the ideal case, the excited state
le) remains unpopulated during this process. This is different from the typical scheme of
quantum dot sources, in which the population is fully transferred to the excited state with
an optical 7 pulse, followed by a spontaneous decay.

---------------------------- Figure 2.8: Photon generation via the vSTI-
RAP mechanism. The atom-cavity coupling
am is quantified by the coupling constant g. The
g control laser (blue) is described by the time-
dependent control parameter Q(¢). The fields
associated with g and Q(¢) induce a two-
lg2) photon transition from |g2) to |g1). In the
lg:) process, a photon is emitted into the cavity.

The A-scheme displayed in Fig. 2.8 can be simply mapped to the level scheme of 8’Rb



CHAPTER 2. AN ATOMIC CAVITY QED EXPERIMENT 19

(Fig. 2.2) by declaring |g2) = |F = 2,mp) and |g1) = |F = 1,mp £ 1). For a w-polarised
control field Q(t), only transitions with Amp = £1 are possible due to the conservation
of angular momentum. Processes with Amprp = 0, accompanied by the emission of a
m-polarised photon, cannot occur due to the alignment of the quantisation axis with the
cavity axis. In our experiment, the atom-cavity detuning is set to A,. = —150 MHz, which,
for historical reasons, we define with respect to the transition ‘5251 s B =1,mp = 1> >
|52 P30, F' = 1,mlp = 1).

For over two decades, the two-photon Raman process in the A-scheme has been con-
sidered for coherent single-photon storage and retrieval. The underlying physics has been
extensively investigated and applied to the case of free space atomic media [93-97], but
also atomic ensembles [98] and single atoms coupling to a cavity [99, 100]. This formalism
was subsequently extended to the case of multiple excited states |e;) [70, 101], as present
on the atomic Dy line of rubidium.

Two findings from the aforementioned scientific literature will be examined in the sub-
sequent discussion. In line with the topic of this thesis, we will focus on the emission
process and not consider single-photon storage.

First, there is a tight relation between the temporal wave function of the photon and the
time-dependent control field Q(t). This allows to arbitrarily shape the photonic temporal
wave function €(t) [70]. This feature is not available in the spontaneous emission scheme
of quantum dot sources. Second, the optimal efficiency of this process is'
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independently of the control field 2(¢) and the photon wave function €(t), provided that
no population is left in the initial state |g2).

A condition that is frequently assumed [98, 99] in the mathematical treatment of the
problem is that the control pulse Q(t) is sufficiently smooth, such that the excited state
population can be adiabatically eliminated from the equations. If this condition is fulfilled,
the process closely resembles a stimulated Raman adiabatic passage (STIRAP) in which
one branch of the transition is driven by the vacuum cavity field. Hence, it is sometimes
referred to as vacuum-STIRAP or vSTIRAP [102]. In contrast, for the experiments de-
scribed in this thesis, we simply use a square pulse as control field Q(t). This has certain
practical advantages, as no waveform programming is required for the synthesis of the
control field, but it may not fulfil the adiabaticity criterion. However, as we operate at
an atom-cavity detuning of A,. = —150 MHz, the population in the excited state(s) |e)
(le;)) is anyway expected to be small. Therefore, we will adhere to the naming convention
established previously and refer to the photon generation mechanism as vSTIRAP.

2.2.3. Coherent Raman transitions

Another essential component in the toolbox needed for the generation of multiphoton en-
tangled states is the ability to coherently manipulate the atomic state. Since the hyperfine
splitting between the ground state manifolds of rubidium is 6.834 GHz, one may consider
microwave radiation in order to drive transitions between these states. We do indeed have
a microwave horn antenna mounted in close proximity to the vacuum chamber, but the
amount of radiation that reaches the atom does not suffice to drive these transitions fast
enough. Therefore, we use the microwave antenna merely for spectroscopy purposes.

!The cooperativity parameter C' occasionally varies in its definition by a factor of 2. Consequently, the
efficiency may be expressed as g = C/(C + 1) in other literature sources.
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Figure 2.9: Stimulated Raman transition in a

1 A A-system. Both ground states |g1) and |g2)
--------- are coupled to the excited state |e) by two
lasers with coupling strength €, and 9, re-

Q, spectively. The two laser fields are detuned

Q from the excited state |e) by the one-photon
detuning A. The frequency difference be-

|92)L““}5 tween the two lasers equals the energy dif-

ference between |g1) and |g2) up to the two-
photon detuning 9.

Instead, the coherent manipulations are based on two-photon Raman transitions, similar
to the vSTIRAP mechanism described in the previous section. The underlying effect is
often exploited in the context of chemistry and material physics, where it serves as the
basis for the well-established technique of Raman spectroscopy. In the atomic physics
community, stimulated Raman transitions are a popular tool to manipulate the state of
atoms. The general use case is again a three-level A-system that consists of three states
lg1), |g2) and |e) (Fig. 2.9). Typically, |g1) and |g2) are long-lived ground states, whereas
le) is a short-lived excited state. As for the vSTIRAP process, we then introduce a coupling
for the transitions |g1) <> |e) and |g2) <> |e), whereas now both transition branches are
coupled with classical laser beams with Rabi frequencies 2; and 5. In contrast to the
vSTIRAP process, which is unidirectional, the stimulated Raman process can drive Rabi
oscillations between the two ground states. We can then assign an effective Rabi frequency
to the transition |g1) <> |g2):

2199
Qp = 2.
0="r (25)

and effectively treat the system as a two-level system by eliminating the state |e) from the
calculation. If the state of the system is |g1) at time ¢ = 0, the probability to measure
state |g2) after time ¢ is,

P = sin2<@) , (2.6)

where we have defined 2 = \/Q3 + 6”2. Here, &' = § + (Q3 — QF)/4A is defined in terms
of §, which is the bare two-photon detuning with respect to the unshifted levels. Hence,
' is the effective two-photon detuning, taking into account the differential ac Stark shift
(Q2 — 21)/4A introduced by the two laser fields. From equation 2.6 we can see that we
only get a full population transfer between the two states on two-photon resonance, i.e.
0’ = 0. In general, several excited states can contribute to the process. In this case, the
Rabi frequency g becomes a sum of multiple terms of the form ©;0s/2A, each of which
represents the amplitude of the transition path via a certain excited state. Every term
in this sum is then weighted with the Clebsch-Gordan coefficients associated with this
transition path.

In our experiment, we use two Raman pairs that drive transitions between the F =1
and F' = 2 manifolds. The states |g1) and |g2) in Fig. 2.9 can in principle be any Zeeman
sublevel of the 8’Rb hyperfine states |F' = 1) and |F = 2), respectively, with the constraint
that angular momentum is conserved in the process. The two Raman lasers operate at
wavelengths of 790 nm and 795 nm, each serving distinct purposes, as explained below.
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Figure 2.10.: 790nm Raman setup. (a) Sketch of the optical setup including the AOM and the
fibre-coupled EOM. (b) Schematic plot of the optical spectrum of the light at the output of the
setup. The phase-modulated light from the EOM track contains a carrier at a central frequency
fc and two sidebands shifted by fyrw to either side. The light from the AOM track is shifted by
80 MHz with respect to the EOM carrier. The Raman transition is driven by the two rightmost
peaks, which have a frequency difference equal to the hyperfine splitting.

790nm Raman laser

The first Raman laser operates at a wavelength of 790 nm and is used for most of the
atomic state manipulations in our experiments. It drives Amp = £1 transitions between
the ' = 1 and FF = 2 hyperfine ground states. The setup is shown schematically in
Fig. 2.10a. The incoming laser beam is first split into two orthogonal linear polarisations.
The reflected part is coupled into a fibre-coupled phase-modulation EOM, the transmitted
beam passes through an acousto-optic modulator (AOM). The output of the EOM and
the +1-order of the AOM are recombined on a PBS and coupled into a polarisation-
maintaining (PM) fibre, leading to the main setup. As the two beams are orthogonal in
polarisation, they are aligned to the fast and slow axes of the PM fibre, respectively. The
output of the fibre is aligned in such a way that at the position of the atoms the two
polarisation axes correspond to m and o /o~ polarisation in the atomic reference frame.

The output of a direct digital synthesizer (DDS) is used to drive the AOM with an RF
signal of 80 MHz, thus shifting the first deflection order in frequency by the same amount.
The EOM is driven with a microwave (MW) frequency of wgr/27 + 80 MHz provided
by a MW signal generator (Rohde&Schwarz SMF 100A). The driving frequency is the
sum of the atomic hyperfine splitting wgr/27 and an offset which matches the frequency
of the AOM. The spectral output of the EOM consists of a carrier equal to the input
frequency fc and two sidebands at frequencies fo + fuw, where fyrw is the microwave
driving frequency. The spectrum of the light of both polarisation components is sketched
in Fig. 2.10b. The offset of 80 MHz ensures that no intra-hyperfine transitions are driven
by the EOM carrier and the output of the AOM.

Fig. 2.11a shows a spectrum of the various transitions between the two hyperfine states
probed by the Raman laser. The atom is initialised in a mixture of the states |1,+1).
We then apply a pulse of fixed duration (25 ps) while scanning the MW frequency on the
EOM over an interval of 800 kHz. The population in |F' = 2) is read out with a photon
emission into the cavity. The average number of photons detected per trial is plotted
on the y-axis. The centre of the spectrum corresponds to the unshifted atomic hyperfine
splitting. We observe a total of four peaks corresponding to the transitions as indicated
in the level scheme. The peaks are separated from one another by 200 kHz due to the
Zeeman splitting of 100 kHz. The two inner peaks have a lower amplitude. This is due to
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a lower Rabi frequency )¢ resulting from the Clebsch-Gordan coefficients associated with
the two-photon transition paths. We can then go on to drive Rabi flopping resonant to
each of the four transitions (Fig. 2.11b-e). Again, we observe a difference in Rabi frequency
for the inner and outer transition peaks, with the oscillation frequency differing by a factor
of approximately 2.5.
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Figure 2.11.: Stimulated Raman transitions. (a) Spectrum of the |F = 1) + |F = 2) hyperfine
transitions scanning the two-photon detuning. The four transition peaks are fitted using equation
2.6. The fits are plotted as solid lines, whose colours correspond to the transitions as indicated in
the atomic level scheme. (b-e) Coherent Rabi flopping on the transitions seen in (a). Note that
the spectrum in (a) was recorded using a reduced sideband amplitude on the EOM compared to
(b-e). This results in narrower peaks and a better spectral resolution.

Single-qubit gates In the protocols described in chapter 4 and 5, we require single-qubit
rotations between the qubit basis states [t) = |1,+ 1) and ||) = |1, —1). In principle,
these could be implemented with a Raman laser directly addressing the Amp = +2
transition between these states. However, in this scenario the two-photon transition paths
interfere destructively for large detunings A (similar to the 795 nm Raman laser described
further below). An alternative approach has been realized in one of our earlier works
[88]. Here, we implemented a Amp = +1 driving between the three Zeeman sublevels
within the F' = 1 hyperfine manifold via the intermediate level |1,0). Since the transitions
|1,0) <> |1, = 1) have the same transition frequency, they can only be driven simultaneously.
It turns out that the intermediate level is only emptied after an integer number of w
pulses, which consequently is the only gate operation possible in this scheme. Therefore,
we modified this method to be able to drive 7/2 rotations. Instead of |1,0) we use |2,0)
as an intermediate state. Thanks to the Zeeman splitting, the two Raman transitions
involved become distinguishable in frequency, as can be seen from the spectrum in Fig.
2.11a.
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The single-qubit operation is then composed of three steps (Fig. 2.12a): First, the
population in |1, + 1) is transferred to the intermediate state |2,0) with a = pulse (D).
Then, we perform the actual gate operation driving the transition |1, — 1) « |2,0) for
a time fgate (). In the last step, the intermediate state population is brought back to
|1, + 1) with another 7 pulse (). The gate operation is characterised by measuring the
correlations of the atomic state before and after the gate. Initially, the atom is projectively
prepared in one of the eigenstates |1, = 1). We then apply the gate pulse sequence while
scanning the gate time parameter fgate. After the gate, we measure the state of the atom
in the eigenbasis and compare the result with the initial state as a function of tgate (Fig.
2.12b). We find that the composite pulse sequence realises an effective Rabi flopping
between the qubit states |1) and |]). The parameter ¢zt and the phase of the microwave
signal ¢yw provide the necessary degrees of freedom to implement an arbitrary single-
qubit rotation. However, in order to implement the protocols presented later on, /2
pulses are sufficient.

tgate
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Figure 2.12.: Single-qubit gate. (a) Individual steps of the single-qubit gate. First, the |1, + 1)
population is transferred to the intermediate state |2,0). Next, we apply the actual gate operation
on the transition |1, — 1) <> |2,0). Finally, we transfer the population in |2,0) back to |1, + 1). (b)
Effective single-qubit gate operation via the protocol shown in (a). The plot shows the correlation
between the atomic state before and after the gate as a function of gate time fgat.. The oscillations
have a visibility of 0.94(1).

795nm Raman laser

The second Raman laser in the experiment operates at 795 nm, driving Raman transitions
via the atomic D line. It addresses Amp = +2 transitions between the two hyperfine
manifolds. The purpose of this Raman laser is to transfer qubits from |1, + 1) to |2, F 1),
enabling an atom-to-photon state transfer. During the emission from |2, F 1), the atom
undergoes a transition to |1,0) and fully transfers the quantum state to the photon. This
operation is only performed in the last step of the single-emitter protocols described in
chapter 4.

A convenient feature of this transfer is that, even in the presence of a Zeeman splitting,
both of the transitions can be addressed at the same resonance frequency, thus transferring
both qubit state populations at the same time. The disadvantage is that the Rabi frequency
Qo vanishes for a large one-photon detuning A due to a destructive interference in the
transition paths. Therefore, we have to choose a wavelength at which A is positive for



24 2.2. EXPERIMENTAL TOOLBOX

a b
52P1/2 0.3
A
°
c
£ 302t
Tp) o
D .
~ £
[}
Z01Ff
\
52Sy;
0.0 F

Detuning (kHz)

Figure 2.13.: 795nm Raman laser. (a) Atomic level scheme illustrating the Raman transition on
the D; line. Both legs of the Raman laser are tuned in between the F/ = 1 and F’ = 2 hyperfine
manifolds of the excited states with equal and opposite detunings A; = —Ay =~ 400 kHz. (b)
Spectrum as a function of the two-photon detuning §. The peak in the centre represents both
transitions |1, = 1) <> |2, F 1) as shown in the level scheme inset.

the F’ = 1 and negative for the F’ = 2 hyperfine states of the 52P1/2 excited state (Fig.
2.13a). In this way the interference becomes constructive, as the transition amplitudes
acquire the same sign. The constructive interference comes at the expense of an increased
spontaneous scattering rate, since the detuning A is only about 400 MHz.

For this reason, we have taken a different approach to the setup shown in Fig. 2.10a. For
the 790 nm Raman setup, a substantial fraction of the overall optical power populates the
carrier and the left sideband of the EOM, both of which do not contribute to the targeted
two-photon Raman process. Although this fraction of the optical power is ‘wasted’, it
does not lead to a significant amount of spontaneous scattering due to the large detuning
A. However, for the 795 nm Raman laser, A is much smaller, so the fraction of the light
that does not contribute to the process would degrade the 7 pulse fidelity. We therefore
generate the light from two separate lasers and simply combine them on an NPBS, such
that only the two frequencies needed are present in the spectrum. A spectrum of the
Raman transition can be seen in Fig. 2.13b.

2.2.4. Atom readout

A readout of the atomic qubit can in principle be performed efficiently using fluores-
cence state detection enabled by the optical cavity. To do so, the cavity is tuned to the
‘5251 12, B = 2> -~ ‘52P3 /2, F = 3> transition. A laser beam resonant or near-resonant
with this transition is then applied to the atom such that it scatters photons into the
cavity mode, when the atom occupies the F' = 2 manifold. This enables deterministic and
high-fidelity discrimination between the two hyperfine manifolds (see for example Ref.
[80]).

Unfortunately, this tool is not available at the same time as the vSTIRAP mechanism,
as the cavity resonance needs to be tuned to a different pair of levels in the two cases.
Since we require the emission capability for generating photonic graph states, we have
developed a different scheme to read out the atomic qubit, sketched in Fig. 2.14. Here, we
transfer the atomic qubit from |1, £1) to |2, £2) and produce a photon which is detected
in the R/L basis. As the emitted polarisation is correlated with the atomic state, we can
infer the atomic state before emission of the photon. The measurement basis can be set
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simply by beginning this procedure with an appropriate qubit rotation using the 790 nm
Raman laser (see 2.2.3). For example, a /2 pulse with the correct phase realises an X
basis measurement.

_______________ = N
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Basis rotation Transfer Photon emission

Figure 2.14.: Atomic qubit readout. First, the basis is set with a corresponding Raman rotation.
Subsequently, the qubit is transferred to |2, +2). Lastly, a photon is generated using the vSTIRAP
process. Steps (2) and (3) are repeated N times to increase the efficiency.

The advantage of this scheme is that the photon emission brings the atom back to
the initial state, such that the procedure can be repeated, in principle indefinitely. For
a large number of iterations, the state readout becomes quasi-deterministic. With the
single-photon efficiency 7, the success probability ps of having detected a photon after NV
attempts is

ps(N) =1- (1 - 77)N ’ (27)

which converges to 1 for large N.

In practice, the choice of N represents a compromise between efficiency and fidelity,
since repeating many times also slightly increases the chance of errors occurring (see for
instance chapter 4.4). In most scenarios, we prioritise fidelity, which means a relatively
low number of N, typically ranging between 3 and 5. Nonetheless, this approach yields a
significant enhancement in data rate, as indicated by equation 2.7.

2.2.5. Atom-photon entanglement

In an earlier section of this chapter, we have introduced the vSTIRAP photon emission
process. We treated this mechanism in the context of a simple A-type system, where the
population is coherently transferred from one ground state to another by emitting a photon
into the cavity mode. When applying this scheme to the two ground states of rubidium,
the atomic state and the photonic mode have more degrees of freedom as in the simple
case described earlier. For example, the two atomic hyperfine levels of the atom split up
into a total of eight Zeeman sublevels in the presence of a magnetic field. Furthermore, the
emitted photon has two polarisation modes available. Finally, the atomic and photonic spin
degrees of freedom are mutually constrained by the conservation of angular momentum.
This ultimately gives rise to entanglement between the atomic state and the polarisation
of the emitted photon.

The underlying mechanism can be easily understood by looking at Fig. 2.15, illustrating
the creation of an atom-photon entangled pair. The atom is first prepared in the mp =0
state of the F' = 2 hyperfine level. Subsequently, a vSTIRAP control pulse causes the
emission of a photon. Due to the geometry of the system, where the magnetic field is
aligned with the cavity axis, the photon can only be emitted via the ot /o~ paths, with
the atom undergoing a transition to either |1) = |1,+ 1) or |}) = |1, — 1). The presence
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of both paths results in an atom-photon entangled state of the form
1

V2

which is equivalent to a |¥~) Bell state. Here, we have written the photon in terms of the

right- and left-hand circular polarisation states, |R) and |L). The relative minus sign is
due to the Clebsch-Gordan coefficients associated with the two emission paths.

[Yap) = —=(I1 L) = [L R)), (2.8)
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Figure 2.16.: Atom-photon entanglement. (a) Eigenbasis (Z basis) measurement of the spin-photon
entangled pair. A high degree of correlation is observed in the probability of the two-qubit mea-
surement outcomes + R, T L, | R and | L. (b) Cross-basis measurement of the entangled pair.
After an X basis measurement of the photon, the atomic qubit is read out after performing a /2
pulse with variable delay. The high visibility indicates a large coherence of the entangled pair.

Fig. 2.16 shows the experimental data demonstrating the entanglement. In Fig. 2.16a
we plot the probability of each of the four possible outcomes when measuring both qubits
in the eigenbasis (Z basis), i.e. |1/ ]) for the atom and |R/L) for the photon. We observe
strong atom-photon correlations, as the [t L) and || R) components appear to be the most
dominant contributions, with a combined population of 0.9898(5). To show that these two
components are in a coherent superposition, we measure the photon in the X basis and the
atom in a basis that lies on the equator of the Bloch sphere. To this end, we apply a /2
pulse to the atomic qubit with a variable delay using the Raman pulse sequence introduced
in chapter 2.2.3. The delay has the effect that the atomic qubit evolves and picks up a
phase. In the rotating frame of the atomic qubit, this is equivalent to a periodically
rotating detection basis as set by the phase of the Raman beams. Finally, we measure
the atomic state and plot the atom-photon correlations as a function of the variable time
delay. As expected we observe a sinusoidal behaviour of the observed quantity with a
visibility of 0.966(3) as shown in Fig. 2.16b. From the population terms |1 L) and || R)
and their coherence given by the oscillation visibility, we can infer a fidelity of 0.978(1)
with respect to the ideal state as given by equation 2.8.
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2.2.6. Extending atomic coherence via magnetic-field feedforward

One of the primary challenges for virtually all quantum technology platforms is to extend
the qubit coherence time beyond the duration required to execute a particular protocol.
Coherence time emerges as a particularly crucial metric in the realm of quantum repeaters
[50, 88], where a quantum state has to be stored in quantum memories until entanglement
is established across all segments of the communication link. The performance of a repeater
station crucially depends on the coherence time of its memories. However, the importance
of coherence time extends beyond the specific application of the quantum repeater. In fact,
most quantum technologies that rely on matter qubits suffer to some extent from the effects
of decoherence. A variety of techniques have been developed to combat the detrimental
effects of a finite coherence time. The preferred technique depends largely on the specific
sources of decoherence present in a given system. For example, if decoherence is mostly
caused by magnetic field fluctuations, it may be beneficial to surround the apparatus with
a layer of material, such as mu-metal, that shields the qubits from these fluctuations. The
advantage of such a passive approach is that it does not require any active components,
which are potential points of failure. However, an active stabilisation mechanism can be
very effective in reducing magnetic field noise. The challenge is to position a magnetic field
sensor as close to the setup as possible, such that its measurement accurately represents
the field experienced by the qubits. The magnetic field measurement is then fed into a
feedback loop, which acts on a pair of compensation coils in order to cancel the magnetic
field fluctuations.

In our experiment, we have implemented a variation of this principle that eliminates the
need for a magnetic field sensor. It was inspired by an exchange with the Saarbriicken group
led by Prof. Jiirgen Eschner, who have implemented this technique in their experiment
[103]. Their scheme is active in the sense that an actuation coil is used for reducing
the fluctuations of the magnetic field. However, in contrast to a feedback loop, which
counteracts the momentary change of the magnetic field, this technique anticipates the
future evolution of the magnetic field. Hence, we refer to this approach as ‘feedforward’
(FF). This mechanism applies very effectively to noise contributions that are periodic in
time. Indeed, a common source of noise is the electronic equipment in physics laboratories.
Most devices are powered by the 50 Hz alternating current (AC) from the mains supply
line and therefore contain magnetically active components such as transformers. We have
devoted great effort to identifying such devices and placing them as far away from the
vacuum chamber as possible. Nonetheless, a measurement with a magnetic field sensor
still shows the presence of periodic noise, with the most dominant frequency contributions
being 50 Hz and its odd higher harmonics (150 Hz, 250 Hz, 350 Hz, etc.). These can be
efficiently cancelled by applying an equal and opposite signal to a pair of compensation
coils.

Implementation

The experimental implementation and the mode of operation are outlined in Fig. 2.17.
The central hardware component is a Red Pitaya microcontroller with an analogue output
serving as an arbitrary waveform generator (Fig. 2.17a). The latter directly delivers the
compensation current to the magnetic coil. The compensation signal needs to be phase-
locked with the 50 Hz noise. To do this, the Red Pitaya receives a reference signal in form
of a square pulse on one of its digital inputs, triggered by the rising edge of the 230 V
AC signal from the power outlet. Fig. 2.17b displays an exemplified time trace of the
magnetic field in the experiment. The uncompensated signal (no FF) contains a large
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Figure 2.17.: Experimental scheme for magnetic-field feedforward. (a) A pair of magnetic coils is
arranged in Helmholtz configuration. The coils are driven by the analogue output of a Red Pitaya
microcontroller. The latter outputs a programmable waveform triggered by a digital input. The
trigger signal is obtained from a circuit that converts the 230 V. AC mains signal into a series of
square pulses. (b) Illustration of the FF mechanism. The plot shows an exemplary time trace of
the different magnetic field contributions along the y-axis. The uncompensated noise (red) has a
large contribution at 50 Hz and its higher harmonics. The field generated by the compensation
coils (blue), which is typically composed of only 50 Hz and 150 Hz, is tuned out of phase with the
noise. This reduces the overall noise significantly (black). Nonperiodic noise and components at
other frequencies are not captured by this mechanism.

contribution at 50 Hz (20 ms period), some of its higher harmonics and some nonperiodic
noise. The field generated by the compensation coils (FF signal) cancels the two most
dominant contributions in the noise spectrum. In the example shown in Fig. 2.17b as well
as in our experiment, these are the 50 Hz and 150 Hz components.

To find the optimal output waveform, we run an optimisation procedure that returns
the optimal phase and amplitude for each of the frequency components considered. The
basic idea is to prepare the atom in a superposition of the two Zeeman states |1, £ 1).
The state will precess at twice the Larmor frequency (see for instance Fig. 2.16). We then
measure the fringe contrast after about 500 s, where the state has partly decohered. The
parameters of the compensation waveform are then progressively optimised to maximise
the contrast.

We start by setting the waveform to a sine wave with a frequency of 50 Hz and an
amplitude on the order of what we expect for the optimised waveform. The choice of this
initial guess is not crucial at this point. We then scan the phase of the signal over a full 27
interval. If noise at 50 Hz is present, the observed fringe contrast will vary as a function
of the phase, with a maximum appearing where the compensation signal is perfectly out
of phase with the noise (Fig. 2.18a). After fixing this phase value, we vary the amplitude
and again find a maximum for the fringe visibility (Fig. 2.18b). This procedure can be
repeated in the same way for other frequency components if an improvement in fringe
visibility is observed. Fig. 2.18c and d show the same measurement for 150 Hz. It can
clearly be seen that for 150 Hz the maximum fringe contrast is reached for a much smaller
output amplitude than for 50 Hz. Moreover, the overall improvement is much greater for
50 Hz. From this we conclude that in our laboratory the most dominant noise contribution
is that at 50 Hz, while the 150 Hz component plays a minor role. For frequencies of 250 Hz
and above, as well as all even harmonics (100 Hz, 200 Hz, etc.), we do not observe any
noticeable improvement. Therefore, we typically only compensate the fundamental mode
at 50 Hz and the 150 Hz higher harmonic.

Fig. 2.19 shows the improvement achieved with the FF by comparing the coherence
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Figure 2.18.: Phase and amplitude sweeps for FF optimisation. Phase (a) and amplitude (b) sweep
for the 50 Hz magnetic field component. Phase and amplitude correspond to the output signal of
the Red Pitaya. (¢/d) Same as (a) and (b), but for the 150 Hz component.

time both without (a) and with (b) the magnetic-field FF. Without FF the intrinsic
coherence time of the atomic qubit states |1, + 1) is 633(8) us. This number is extended
to 1277(24) us when enabling the FF compensation coil, thus doubling the coherence time.
Note that this only includes the 50 Hz and 150 Hz frequency components along the y-axis,
i.e. the direction of the magnetic bias field. While magnetic field noise on the z- and z-axes
is expected to play a minor role compared to the more sensitive y-axis, we believe that
further improvements could be attained by compensating the remaining two axes.
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Figure 2.19.: Extended coherence time via magnetic feedforward (FF). Coherence time on the
qubit states |1, + 1) without (a) and with (b) FF.



3. Graph state entanglement

Since the central topic of this thesis is the preparation of photonic graph states, this
chapter is devoted to introducing the theoretical foundations of this subject. The first
part of the chapter will lay the necessary groundwork and review the basic principles of
entanglement. Subsequently, the more specialised concept of graph states is explained.
Following that, we describe some important quantum information protocols that heavily
rely on graph states as a resource. Finally, we will introduce a method for certifying graph
state entanglement experimentally based on entanglement witnesses.

3.1. Preliminaries

We start with the basic principles of qubits and entanglement. The underlying concepts
are introduced using illustrative examples, rather than in a complete and mathematically
rigorous manner. An in-depth treatment of the topic can be found in standard quantum
information textbooks (see e.g. [104])

3.1.1. Qubits

In quantum information processing, a quantum bit or qubit forms the smallest piece of
quantum information. The state of a qubit |¢) is typically expressed as a linear combina-
tion of orthonormal basis states, |0) and |1):

) = al0) +B1), (3.1)
where a and 3 are complex numbers fulfilling the condition |a|? + |8]?> = 1. In vector
notation the basis states are expressed as |0) = <(1)) and |1) = <(1)> They are also

eigenstates to the Pauli Z operator. In matrix notation the Pauli operators are defined as

X = (? é) , Y = ((3 _OZ> : 7= (é _01) : (3.2)

The X and Y operators possess the eigenvectors |+) = (|0) £ [1))/v/2 and |+i) = (]0) +
i|1))/v/2, respectively, with X |+) = & |+) and Y |£i) = & |+4).

In the terminology used by physicists, a qubit is not only a unit of information, but also
frequently refers to the physical entity that carries the qubit. Such a system may be a
quantum particle, such as a trapped ion or atom, where two of its internal energy levels
are chosen as the qubit states |0) and |1).

3.1.2. Separability and entanglement

States of multiple qubits are mathematically described using the tensor product. Consider
qubits A and B associated with Hilbert spaces H 4 and Hp. Then the combined two-qubit
state is written as a vector in the Hilbert space Hap = H4a Q@ Hp. A state in H ap is called
separable or a product state if it can be expressed in the form

[®aB) = |a) @ [¢B) - (3-3)
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Quantum states that are not separable are called entangled. In a system composed of two
qubits, the states defined as

|w*) =(|o1) £ [10))/v2, (3.4)
|2%) =(]00) £ [11))/v2 (3.5)

are known as Bell states. These are maximally entangled and form an orthonormal basis
of the two-qubit Hilbert space.

3.1.3. Biseparability and genuine multipartite entanglement

The concept of entanglement is easily extended beyond the case of bipartite systems. For
example, a system composed of three particles is in a (fully) separable state if and only if
it can be written as

(WaBc) = [Ya) @ [¥B) ® o) - (3.6)

States that are separable with respect to a partition into two subsystems are called bisep-
arable. For example, the state

[Wapc) = 5(|000) +[110)) = |@F) , . @ [0) (3.7)

N =

is not fully separable, but biseparable under the AB|C partition. It can be decomposed
into a product state of two subsystems, one of which (|®) ,5) is entangled. A composite
system in which no such decomposition exists, i.e. a system that is not biseparable, exhibits
genuine multipartite entanglement. For example, the state

1
V2

cannot be written as the product of two subsystems. It is therefore a genuinely multipartite
entangled state, known as Greenberger-Horne-Zeilinger (GHZ) state [105].

IGHZ3) = — (|000) + |111)) (3.8)

3.2. Graph states

In the last section we introduced the general concept of entanglement. However, the focus
of this thesis lies on a particular subclass of entangled states called graph states. The
framework of graph states is critical for understanding the experimental results presented
in chapters 4 and 5, which is why the subsequent section gives a brief introduction to
the topic, including the formal definition, several instructive examples and important
properties.

3.2.1. Definition

There are two equivalent ways in which graph states can be defined. First, consider a graph
G = (V,E), consisting of vertices V representing the qubits and edges E in between them
(see Fig. 3.1). The state associated with G is the multi-qubit state obtained by initialising
all qubits in [+) = (|0) 4 |1))/+/2 and performing controlled Z (CZ) gates between qubits
that are connected by an edge. This can be written as

W)= ] €z )=V . (3.9)
(a,b)eE



CHAPTER 3. GRAPH STATE ENTANGLEMENT 33

Here, CZ(@?) denotes a CZ gate between qubits a and b. The product runs over all pairs
of qubits (a,b) that are connected by an edge.

The second definition makes use of the stabiliser formalism [106]. A graph state is
thereby defined by a set of stabiliser operators

Si=Xi [[ 2. (3.10)
JEN()

In the product, N (i) denotes the neighbourhood of qubit 4, i.e. all qubits that share an
edge with qubit i. The quantum state |¥Uq) which is a simultaneous eigenstate to all
stabilisers, that is

S; ‘\Ilg> = ‘\Ilg> VieV, (3.11)

is by definition the graph state that corresponds to a particular graph.
Both ways of defining graph states (equations 3.9 and 3.11) are equivalent to one another
and may be used interchangeably.

Dumbbell GHz Linear cluster 2D cluster

S G

Figure 3.1.: Examples for common types of graph states. Dumbbell, GHZ state, linear cluster state
and 2D cluster state.

Example 1: Dumbbell

The simplest example of a graph state is a state consisting of two entangled qubits, whose
corresponding graph consists of two vertices and an edge connecting them (Fig. 3.1). Due
to its visual appearance we will refer to it as ‘dumbbell’. Its explicit expression reads

1
V2

The stabilisers, as defined by equation 3.10, are X1 Z> and Z1X5. It can be easily verified
that |DB) is indeed a simultaneous eigenstate to both of these stabilisers. The dumbbell
state is locally equivalent to the four Bell states (equation 3.4 and 3.5), meaning that it
can be transformed to any of the Bell states and vice versa, using a suitable local unitary
transformation. For example, applying a Hadamard gate' to the first qubit of the state
|®1) gives the dumbbell graph state. Similarly, a Bell state can also be transformed into
the dumbbell state using global unitaries, i.e. applying the same transformation to both
qubits simultaneously. As this transformation is used in chapter 5, we will derive this
result in the following.
A —7/4 rotation applied to the |¥T) Bell state gives

Sl a5 00 0 () ()t .
(3.13)

IDB) = —(]+0) +|-1)) . (3.12)

!The Hadamard gate transforms the computational basis states into the superposition states |£), ie.
H|0) = [+) and H |1) = [-).
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where we have used the transformations

0) —>cos(§> 10y + sm<g) 1y (3.14)
1) = — sin<2> 10) + cos<§> 1y, (3.15)

with § = —m /4. We use the trigonometric identities

V2+2

T
)= 1
cos(8> 5 , (3.16)
T 22
in(—-) =———— 3.17
Sm(s) 2 (3.17)
and substitute them into equation 3.13 to obtain
L 100y + 01y + 110) — [11)) = (10 + |-1)), (3.18)
2 V2

which is the dumbbell state |DB).

Example 2: Greenberger-Horne-Zeilinger (GHZ) state

The GHZ state [105] is one of the most prominent examples of multipartite entangled
states in general. A GHZ state of N particles is most commonly written in the form
(J0Y*N 1)®Y) /v/2. Strictly speaking, the above expression does not satisfy the eigenvalue
equation in equation 3.11, but is locally equivalent to

1
V2
which is the state satisfying the formal definition. As a specific example, a GHZ state of 3

qubits reads (|0 4+ +) + |1 — —))/v/2 and is an eigenstate to the stabilisers X17>73, Z; X5
and Zng.

IGHZy) = —=(|0) [-4) V1 4 1) |-y @1y (3.19)

Example 3: Linear cluster state

Linear or one-dimensional (1D) cluster states are identified in the graphical notation by
qubits arranged in a straight line. For example, the explicit expression for a three-qubit
linear cluster state is

1
V2

and its stabilisers are X125, Z1 X243 and Z3X3. Note that for three qubits, the linear
cluster state is exactly equivalent to a GHZ state (up to index exchange). A four qubit
linear cluster state

ILC3) = —= (|40+) + |-1-)) (3.20)

ILCy4) = %(|O +0+) +[0—1=)+]1—0+) + |1+ 1)), (3.21)

on the other hand, cannot be transformed into a GHZ state via local unitary transforma-
tions. The same holds for any cluster state containing more than four qubits.
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3.2.2. Redundantly encoded qubits

The notion of ‘redundantly encoded qubits’ is an important and useful tool in the context
of graph states. This concept was introduced in Ref. [107]. The basic idea is that a logical
qubit, i.e. a vertex in a graph, can be encoded by multiple physical qubits. For example,
we can interpret an N-qubit GHZ state as a single logical qubit, that is

1
+), = |GHZy) = —=(10)*Y + |1)®7) , 3.22
[+ = [GHZn) = (0 + 1)) 3.2
— QN _ QN . . .
where [0);, = [0)°" and |1);, = |1)®" define the logical basis vectors. Following the

convention of previous works [107, 108], we express the redundantly encoded vertex as a
large circle containing a number of smaller circles, which in turn represent the physical
qubits. The graph notation of the four-qubit GHZ state can be found in Fig. 3.2 (top left).
The generalisation of this principle naturally leads to the concept of ‘redundantly encoded
graph states’, in which each vertex of a graph may contain one or multiple physical qubits.
A formal definition equivalent to equation 3.9 can be found in Ref. [108].

An important property of redundantly encoded vertices is that any of the physical qubits
within them can be converted into a separate qubit vertex by application of a Hadamard
gate (see Fig. 3.2). It is precisely this property that gives rise to the local equivalence
between the Bell states and the dumbbell state: |[®*) = |+), in the basis {|00),|11)}
transforms to |DB) under a local Hadamard gate on one of the physical qubits. It further
explains the connection between a GHZ state expressed as (]00...0) + |11...1))/v/2 and
the expression that obeys the stabiliser eigenvalue equations (equation 3.8). The latter
corresponds to a star-shaped graph, commonly associated with a GHZ state.

14 1
H.
@ — 2 Figure 3.2: Redundantly encoded qubits. A
3 4

273 GHZ state can be expressed as a single ver-

Hs tex, representing one logical qubit (top left).
A Hadamard gate H; applied to any qubit

1 H 4 ¢ results in it being ‘pushed out’, such that

¢ 1 it forms a separate vertex. Performing a

30 . '2 Hadamard operation on all but one qubit re-
3 2

sults in the star-shaped graph (bottom right).

3.2.3. Pauli measurements

Measuring individual qubits in a graph state reshapes the connectivity of the graph in a
particular fashion, which is important for understanding how measurement-based quantum
information processing works. Consider a linear cluster state as depicted in Fig. 3.3. A
Z measurement (a) on one of the qubits removes it from the graph by cutting all the
connections attached to it. The rest of the graph remains unaffected by this operation. AY
measurement (b), on the other hand, also removes the qubit, but connects the neighbouring
graph vertices. When measuring the qubit in the X basis (c¢), the adjacent qubits are
merged into a common vertex, forming a redundantly encoded qubit, as introduced earlier.
Lastly, two adjacent X basis measurements (d) directly connect the neighbouring vertices
of the measured qubits.

It is worth noting that the state obtained after the measurement may or may not acquire
a phase, depending on the measurement outcome. Therefore, the graphical notation of
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a 002000 — OO o—0—0

b 0090000 — OO0—000C

c 00000 -O0—QO0—0—0
d 0000 — -O0O0——00

Figure 3.3.: Measurements on a linear cluster state. When a Pauli measurement is performed
on one of the qubit vertices (orange), the respective qubit is removed from the graph, whose
connectivity is modified as a consequence.

the processes in Fig. 3.3 implies that this phase is compensated, either by local unitaries
or by modifying the measurement basis of the final qubit readout.

The effect of Pauli measurements on the topology of the graph has crucial consequences
for quantum information processing. It allows a direct connection to be established be-
tween any two qubits within a graph state, simply by measuring the remaining qubits in
specific bases. This property plays a vital role in the protocols discussed in the following
section.

3.3. Measurement-based quantum information processing

As a motivation for the upcoming experimental chapters, the section that follows discusses
the practical utility of graph states in QIP. The common scheme involves using entangled
graph states as a resource and processing them with single-qubit measurements. For this
reason, such protocols have become known as measurement-based quantum computation
(MBQC) or communication. A comprehensive description of the topic would go beyond
the scope of this chapter. For a more extensive discussion, readers are referred to Refs.
[109-111].

Instead, we will focus on two specific examples, namely one-way quantum computation
and the all-photonic quantum repeater. A third protocol known as the one-way quantum
repeater will be discussed in chapter 5 along with the experimental results on tree graph
states.

3.3.1. One-way quantum computation

One-way quantum computation, as proposed by Raussendorf and Briegel [54], repre-
sents the most prominent example of MBQC. Other examples include, for instance, the
teleportation-based model [112]. However, the terms measurement-based quantum com-
putation and one-way quantum computation are to some extent used interchangeably in
the literature.

The concept of one-way quantum computation is illustrated in Fig. 3.4. It relies on
a 2D cluster state |Cop) as a resource state. Here the graph vertices are arranged in
a rectangular two-dimensional grid. The actual computation consists of a sequence of
single-qubit measurements, which leaves a subset of the qubits in the desired output state.

At the beginning, qubits that are not needed for the computation (shown in orange)
are measured in the Z basis, which effectively disentangles them from the cluster state
(see Fig. 3.3). For didactic purposes, we consider this to take place prior to the actual
computation, although the specific order in which this is done is not critical. Subsequently,
the remaining qubits (blue) are measured in the X — Y plane, e.g. in the basis given by
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(|0) + exp(ia) [1))/v/2. Here, the parameter a defines the angle on the equator of the
Bloch sphere. The measurements are executed in rounds on each column of the cluster,
moving from left to right. The measurement outcomes obtained in each round determine
the measurement basis of the subsequent round. In doing so, one can encode logical qubits
on the horizontally oriented lines of the cluster state. A series of measurements with the
appropriately chosen angles « realises an arbitrary single-qubit rotation. Two-qubit gates
are implemented through vertical lines. In the example shown in Fig. 3.4, measuring the
two qubits forming a vertical connection in the X basis will create a direct link between
two horizontal lines (Fig. 3.3d).

The column-wise measurement of the cluster state proceeds until reaching the final
column of qubits. The computational result is then obtained from a readout of these
remaining qubits.

The single- and two-qubit gates as described above form a universal set, thereby enabling
quantum computation. In fact, the one-way model is equivalent to the circuit model [113,
114], in the sense that any quantum circuit can be imprinted on a sufficiently large 2D
cluster state. Fig. 3.4b shows an example of a quantum circuit, corresponding to the
cluster state computation presented in Fig. 3.4a.

a Measurements b

o 1 H]J i

Z meas.

010000000000
000

Information flow

Figure 3.4.: One-way quantum computation. (a) A 2D cluster state serves as the resource. As
defined by the algorithm, the qubits are either measured in the Z basis or the X — Y plane. The
computation is executed in rounds of measurements, moving column-wise from left to right. (b)
Exemplary illustration of the quantum circuit corresponding to the computation shown in (a). The
boxes denote single-qubit unitary gates, vertical lines represent CZ gates.

3.3.2. All-photonic quantum repeater

Graph states also extend into the realm of quantum communication. A famous example
of such a scheme is the all-photonic quantum repeater proposed in Ref. [55]. The under-
lying resource state is known as repeater graph state (RGS). In addition to single-qubit
measurements, the protocol relies on Bell state measurements between pairs of photonic
qubits. The achieved improvement in the scaling of the rate as a function of distance
bears a strong resemblance to conventional repeaters [50]. However, this result is obtained
without the need for quantum memories.

The basic principle is illustrated in Fig. 3.5. The structure of the repeater graph state
consists of an inner layer of qubits with all-to-all connections. Each of these inner layer
qubits carries one additional ‘leaf’ qubit, i.e. a qubit with only one connection. The inner
layer qubits with their respective leaf qubits form a total of 2m arms. The resource state
is drawn in Fig. 3.5 for the specific case m = 3.

In order to establish entanglement between two parties, Alice and Bob, a total of n
RGS copies are prepared along the communication link. Bell state measurements (BSM)
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Alice
qog

Resource state

Figure 3.5.: All-photonic quantum repeater. The protocol relies on repeater graph states as the
entangled resource state. Bell state measurements (BSM) are performed between the left and right
arms of the n copies of repeater graph states. If at least one BSM per neighbouring pair of RGS
succeeds, entanglement is established between Alice and Bob, as highlighted by the red line.

are carried out between the left and right arms of two adjacent RGS. A successful BSM
results in a direct connection between inner layer qubits of the two neighbouring RGS.
Having multiple arms combined with the all-to-all connectivity on the inner layer provides
redundancy that increases the probability of establishing entanglement between Alice and
Bob. A direct connection between the two parties is formed (depicted in red), if at least
one Bell measurement succeeds at each BSM location between two adjacent RGS. Qubits
which are not part of this link are simply disentangled from the cluster state with a Z
basis measurement.

Due to the redundancy provided by the resource states, the success probability of the
protocol scales polynomially with distance. As mentioned before, the all-photonic quan-
tum repeater does not rely on quantum memories, unlike the original proposal [50]. Ad-
ditionally, the memory-based protocol requires a waiting period to accommodate classical
communication between neighbouring nodes. The all-photonic version of the quantum re-
peater eliminates the need for this waiting time, in principle allowing for a faster repetition
rate.

3.4. Entanglement witnesses and fidelity bounds

Before proceeding to the next chapters, we now address the methodology of certifying
graph state entanglement experimentally. For systems consisting of only a few particles,
quantum state tomography (QST) would be the preferred choice, since it allows to re-
construct the full density matrix. However, for even a moderate number of qubits, the
Hilbert space dimension becomes so large that full QST requires an enormous number of
measurements in different basis settings. In fact, the number of local measurement settings
scales exponentially with the number of qubits, leading to impractical measurement times,
even for qubit numbers well below 10. For example, QST for a four-particle state already
requires 256 measurement settings [59]. As we will see in the subsequent experimental
chapters, our goal is to detect entanglement of more than 10 qubits. It is immediately
clear that QST would not be a suitable measure to achieve this. For fidelity estimation we
therefore chose a technique that applies the concept of entanglement witnesses [115-120)]
to graph states. As we will see later, this greatly reduces the number of local measurement
settings for fidelity estimation.

In general, an entanglement witness YV is an operator whose expectation value is positive
or zero for any separable state. Therefore, a negative expectation value implies that the
measured state is entangled. One says that W detects entanglement for (W) < 0. The
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opposite direction is not necessarily true, i.e. not all states that are non-separable will give
a negative expectation value of W.

For the special case of graph states it has been shown [120, 121] that a suitable witness
can be constructed using the projector of the target state, writing

W= g ~We) (W (3.23)

Here, 1 is the identity matrix and |¥) is an arbitrary graph state. One can immediately
see that if the fidelity 7 = Tr{p |¥q) (Vq|} exceeds 1/2, then the expectation value of W
is less than zero and p must be entangled. Therefore, obtaining (W) < 0 and F > 1/2 are
two equivalent ways of detecting entanglement.

In an experiment, one would have to decompose the projector into a sum of locally
measurable operators, i.e. strings of Pauli operators. For graph states such a decomposition
readily exists in terms of their stabiliser operators. In this case we can write the projector
as

N
1+ 5;
Vo) (Yol =[] —— (3.24)
=1

Multiplying out the above product gives a sum of terms consisting only of Pauli X and Z
operators. However, the number of required measurement settings still scales exponentially
with the system size and there is no advantage over full QST. We can greatly reduce the
experimental overhead by neglecting certain terms in the expression for the projector.
This is possible if we can divide the stabilisers into two sets a and b, each of which can be
measured with a single local measurement setting M, and M. If this condition is satisfied,
we can write the projector as

Si S;
we) (Wl =[5 T

i€a j€eb

=Go Gp=Go+Gp,—1+(1—-Gy)(1—Gp), (3.25)

where we have expressed the product terms in the short hand notation G, and Gy.

3.4.1. Fidelity lower bound

By construction, the terms G, and G} take the values 1 or 0, which implies that (1 —
Go)(1 — Gy) is also either 1 or 0. We can therefore omit the last term in equation 3.25
and formulate the inequality

P=G,+G,—1<|¥q) (Vg , (3.26)
or similarly
(P) < Tr{p|We) (|} = F. (3.27)

We identify the quantity F_ = (P) as a fidelity lower bound that detects entanglement
via the condition F_ > 0.5, which is equivalent to W < 0. Remarkably, this allows us to
estimate the fidelity with only two local measurement settings, independent of the number
of qubits. As mentioned above, the condition is that all stabilisers can be measured with
these two measurement settings. The experimental analysis of the generated graph states
presented in chapter 4 and 5 relies heavily on this lower bound.
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3.4.2. Fidelity upper bound

In a similar way, we can use the decomposition of the projector in equation 3.25 to derive
an upper bound to the fidelity. Unlike the lower bound, the upper bound does not allow
us to certify genuine multipartite entanglement for a given state. Nonetheless, it provides
a good complementary measure to the lower bound, since it narrows down the interval in
which the fidelity lies. The following derivation is strongly based on the Methods section
of Ref. [122].

Using the Cauchy-Schwarz inequality we have

(GaGh)y, < \/ <GQGZ> . <GZGb> . (3.28)

for any pure state |¢0). The terms (1 + 5;)/2 are projectors, since S? = 1 and therefore

1+5\% 1425+5 1+5;

+ 3 _ + (2 + I3 _ + (3 ) (329)
2 4 2
It follows that G, and G} are themselves projectors, since
2 2
1+5; 14+ 5; 14+ 5;

Ga/b ‘ 2 = H ( 9 = ‘ 5 = Ga/b- (330)

i€a/b i€a/b i€a/b

Here we have used that the stabilisers S; and consequently the terms (1 + S;)/2 are
commuting operators [123]. Equation 3.28 can then be simplified to

<GaGb>¢ < <Ga>»¢ <Gb>¢ : (3.31)
We then generalise to mixed states by first writing the density matrix p as a linear

combination of pure states, i.e. p = >, pi [¢x) (x|, and applying the above inequality to
each term in the sum separately. We obtain

(GaGh) = Zpk (| GaGo |tbr) <Zpk\/ Vil Ga [¥r) (k] Gy [¢r) - (3.32)

We identify the right term as the scalar product of two vectors (u|v) = ), upvg, where the
coefficients u; and v define the vectors with respect to some orthonormal basis. We can

then write ux, = \/pr (V| Ga [¢k) and v = /i (Yr| Gy |x) and use the Cauchy-Schwarz

inequality again to get

DV Wkl Ga[9k) VP (k] G [vr) < (Zpk <¢k\Ga¢k)) (Zpk' <¢k'\Gb!¢k'>> :
k k K’

(3.33)

F = (GaGy) <V (Go) (Gp) = (3.34)

The term F thereby provides an upper bound of the ﬁdelity.

which shows that



4. Graph state generation with a single atom

The results of this chapter have been published in Ref. [124]: P. Thomas, L. Ruscio, O.
Morin, G. Rempe, Efficient generation of entangled multiphoton graph states from a sin-
gle atom. Nature 608, 677-681 (2022).

As discussed in the previous chapter, photonic graph states are a versatile resource
for quantum computation and communication. Numerous quantum information protocols
have been implemented in small-scale proof-of-principle experiments using spontaneous
parametric down-conversion (SPDC) [59-61, 63]. However, the probabilistic generation
process of this technique represents a severe scalability limitation.

As an alternative approach, single quantum emitters have been considered as efficient
sources for photonic graph states [65-67]. In this case, the emission process is, in principle,
deterministic, in the sense that the efficiency is constrained solely by optical losses, rather
than by any inherent limitations within the photon generation mechanism itself. It is im-
portant to note that any experiment involving optics is inevitably affected by optical losses
and thus cannot be truly deterministic. Nevertheless, following the language convention
used in the scientific literature, we will continue to refer to such schemes as deterministic.

The fundamental principle of this method is to combine the emission capability with
an internal spin degree of freedom of the quantum emitter. The interplay between the
two leads to entanglement between the spin state and the polarisation of the photon
(similar to chapter 2.2.5). Repeating this process multiple times results in entanglement
that extends over the entire chain of generated photons. This scheme was first successfully
demonstrated in 2016 using a quantum dot [68]. Since then, various other experiments have
explored similar strategies, based on quantum dots [125-127] or Rydberg ensembles [128].
However, none of these implementations were able to demonstrate a scaling advantage over
the probabilistic SPDC technique [63], primarily due to a low generation and collection
efficiency.

This chapter describes experiments in which we efficiently prepare photonic graph states
using a single atom in a cavity. We demonstrate the generation of two types of graph states,
namely GHZ states and linear cluster states. In both cases, the experimental protocol
consists of a periodic sequence of photon emissions interleaved with single-qubit rotations
on the atomic state. We successfully prepare and measure GHZ states containing up to
14 photons and linear cluster states with up to 12 photons, with a fidelity exceeding the
classical threshold of 0.5. The experimental sequence incorporates a built-in dynamical
decoupling mechanism that protects the atomic qubit and thus the generated multiphoton
state from noise. The measured coincidence rate exceeds that of previous implementations
by orders of magnitude, demonstrating a clear scaling advantage of the single-emitter
strategy.

4.1. Experimental protocol

The experimental setup used for our experiments is shown schematically in Fig. 4.1. The
complete apparatus is described in depth in chapter 2.1. A more detailed drawing can be
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found in Fig. 2.1.

For the experiment, we trap a single 8Rb atom at the centre of a high-finesse optical
cavity. By repeatedly applying the vSTIRAP mechanism (see chapter 2.2.2) we generate
a series of single photons. The photons are outcoupled from the cavity predominantly
through one of the mirrors, which we call the outcoupling mirror. The photons are directed
to the detection setup (chapter 2.1.6), which is used to analyse their polarisation state.
The main components of the detection setup are a polarising beam splitter (PBS) and a
pair of superconducting nanowire single-photon detectors (SNSPD). The detection setup
features dynamic control of the measurement basis via an electro-optic modulator (EOM),
which is tuned for switching between the Z and X bases. A motorised \/2-waveplate
allows to continuously scan the detection basis along the equator of the Bloch sphere.

Detection

N2 PBS  Detl

Z/X basis

L
switch w
Det2

Figure 4.1.: Schematic sketch of the setup. The atom-cavity system acts as a source of single
photons. These are analysed with a detection setup, consisting of a polarising beam splitter (PBS)
and a pair of single-photon detectors (Detl and Det2). A polarisation EOM and a motorised \/2-
waveplate allow control of the measurement basis.

The experimental sequence is shown in Fig. 4.2a, along with the corresponding processes
in the atomic level diagram. First, the atom is prepared in the state |2,0) by optical
pumping (see chapter 2.2.1). A control pulse is then applied to induce the vSTIRAP
process, which produces the first photon (photon 1), which is entangled in polarisation
with the atomic state. This process can be expressed as

1
V2

and constitutes the initialisation of the protocol. Here, |R) and |L) denote right and
left circular polarisation and define the photonic qubit basis. This first step is exactly
equivalent to the atom-photon entanglement mechanism described in chapter 2.2.5. The
absence of a photon detection event signals the failure of the initialisation step. For this
case, the sequence is programmed to go back to the initial state preparation, followed
by another photon production attempt. If necessary, this procedure is repeated multiple
times to increase the chances of detecting a photon. Since the optical pumping causes the
atom to heat up, we find a compromise of a total of seven attempts for the initialisation
step.

Next, we apply a single qubit rotation Ry of angle 8 to the atomic qubit using the 790 nm
Raman laser (D). When producing GHZ states, the required angle is # = 0 and the Raman
rotation can be skipped entirely. For 1D cluster states, we have to apply a rotation with
6 = /2. Since in our geometrical configuration the atomic Clebsch-Gordan coefficients
do not permit a direct Raman transfer between the states |1, + 1) and |1, — 1), we use a
sequence of Raman transfers making use of the intermediate state |2,0), as explained in
chapter 2.2.3. After the gate operation, we use the same Raman laser to transfer the qubit
from |1, + 1) to |2, £ 2) (). By applying another vSTIRAP control pulse () we produce
another photon (@), which also brings the atom back to |1, 4 1). The steps (D-@ form

2,0) = —= (1L + 1) [L) = |1, = 1) |R)) , (4.1)
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one iteration of the cycling stage as shown in Fig. 4.2a. One such iteration lasts 200 ps
(50 ps) for the cluster (GHZ) state sequence. This cycle can be repeated for as many times
as desired, each time adding another qubit to a growing chain of entangled photons. For a
target state of size N, we run N — 2 cycles to produce photons 2, 3,..., N — 1. For the last
photon (N) we perform the closing step, which realises an atom-to-photon state transfer.
To do this, we use another Raman pair at 795 nm to transfer the qubit from |1, £ 1) to
|2, F 1), instead of |2, £ 2) (see chapter 2.2.3). In the subsequent emission process, the
atom undergoes a transition to the |1,0) state, fully transferring the qubit from the atom
to the photon. This has the effect of disentangling the atomic qubit from the previously
generated string of photons. In the cluster state protocol, it is alternatively possible to
disentangle the emitter qubit by measuring the last photon in the Z basis [67]. A detailed
illustration of the different steps of the protocol can be found in Appendix B.
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Figure 4.2.: Experimental protocol. (a) A first photon is generated from |2,0) (initialisation),
followed by several iterations of the cycling step. Each iteration consists of a unitary single-qubit
gate (1), a transfer of the qubit to |2, £ 2) (2) and a vSTIRAP control pulse (3) which generates a
photon (4). In the final step (closing) the qubit is transferred to |2, F 1). The subsequent photon
emission disentangles the atomic degree of freedom from the photonic multi-qubit state. (b) In
the graph state picture, the emission step corresponds to adding a photonic qubit to the emitter
vertex, thus creating a redundantly encoded qubit. (¢) A 7/2 rotation on the atomic state pushes
out the emitter qubit. This creates two separate vertices connected by an edge.

In chapter 3.2.2, we have already introduced the concept of redundantly encoded qubits.
These are useful to understand the effect of the different steps in the protocol using the
graph state notation. A photon emission consisting of a Raman transfer |1, £ 1) — |2, £2)
combined with a vSTIRAP simply adds a photonic qubit to the emitter vertex (Fig. 4.2b).
The photon and the emitter then form a redundantly encoded qubit consisting of two
physical qubits. The GHZ state protocol simply repeats this step multiple times, so
that the resulting multi-qubit state is a single redundantly encoded qubit consisting of N
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physical qubits.

The effect of the Raman 7/2 rotation is shown in Fig. 4.2c. The single-qubit gate
performed on the atom pushes the emitter qubit out of the redundantly encoded vertex.
The two qubits that previously shared a common vertex are now represented by two
separate vertices connected by an edge. The cluster state protocol is a sequence of photon
emissions interleaved with this ‘push-out’ operation. This creates a graph consisting of N
vertices arranged in a line, i.e. a linear cluster state.

Fig. 4.3 shows a histogram of photon detection events as a function of time for fifteen
consecutive photon generation attempts. Since we used the cluster state protocol for this
measurement, the single-photon wave packets are equally spaced by 200 us, which is the
cycle duration of the sequence. The inset shows a zoom on one of the wave packets,
which has a width of 300 ns (full width at half maximum). Due to spontaneous scattering
processes, which mainly affect the tail of the photon (see chapter 4.4), we restrict the
acceptance interval to 1 ps, as indicated by the dashed lines. This interval contains more
than 98% of the single-photon wave packet.
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Figure 4.3.: Train of single photons. Histogram of photon detection events as a function of time
for the cluster state protocol. Fifteen consecutive wave packets were recorded. The inset shows a
zoom on one of the photons. The dashed lines mark the acceptance interval for postselection.

4.2. GHZ states

As a first example, we present the generation of GHZ states, which are an important
example of multi-qubit entanglement. In its most common form, the explicit expression
of an N-qubit GHZ state is

1

IGHZy) = NG

(10y&N 4 1= . (4.2)

Note that this differs from equation 3.19 up to local unitary rotations. Due to its simple
structure, the GHZ state is relatively straightforward to characterise and the exact fidelity
F](\,GHZ) can be measured without performing full quantum state tomography [129]. At the
same time, GHZ states are relatively susceptible to decoherence and are therefore often
used for benchmarking and quantitative comparison between different platforms. While
their fragile nature may be drawback in many scenarios, it can also be seen as a resource

in the context of quantum metrology [130].
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Fidelity estimation

For fidelity estimation, GHZ states are a special case among graph states. Their density
matrix consists of only four non-zero elements, two on the diagonal and two on the off-
diagonal, which greatly facilitates the measurement of the fidelity. Along the lines of what
was described in chapter 3.4, a lower bound can be derived in terms of the stabilisers Sy,
which for GHZ states gives

N
(GHZ) 1+5; 1+ Sk
Fx 2< 5 >_|_<|| 5 —1. (4.3)

k=2

Here, the stabilisers are defined as

N

S =[x, (4.4)
1=1

Sk = Zk_le, for k = 2,3,...,N. (4.5)

Two local measurement settings are required to measure all stabilisers and thus the lower
bound given in equation 4.3. In addition to this, it has been shown that the four elements
of the density matrix can be measured to determine the exact fidelity using only N+1 local
measurement settings [129]. Although this approach demands more effort than the two
settings required for the lower bound, it is highly preferable to the exponential overhead
that comes with the full reconstruction of the density matrix. This method, commonly
known as parity oscillations, is briefly explained below.

Parity oscillations

To measure the populations Py of the [0)®" and [1)®" components of the state, it suffices
to measure all particles in the Z basis. We then obtain

P = ((10) () + (1) (1)=) . (4.6)

This is simply the number of events in which all qubits were measured in the same state
divided by the total number of events, i.e. (N\OOA..0> + N\11A..1>) /Niot.-
For the coherence terms on the off-diagonal, we introduce the parity operator [63, 129]

0 —ip\ ON
M,y = <ei¢ 60 ) . (4.7)

The operator My is a tensor product of N identical matrices. These can be written as
a sum of the X and Y Pauli matrices and correspond to a measurement in the basis
(]0) + € [1))/+/2. The measurement basis lies on the equator of the Bloch sphere, with
the parameter ¢ determining the angle with respect to the X basis. For an ideal GHZ
state, the expectation value of M exhibits a cosine-like behaviour, with the frequency of
its oscillations being proportional to the qubit number N:

(M) = cos(N¢) . (4.8)

The maxima and minima of this oscillation are found at angles of ¢ = kx/N, where
k=1,2,...,N. For fidelity estimation, it is sufficient to measure the expectation value of
M at these angles, i.e. N measurement settings with My, /n. For example, measuring the



46 4.2. GHZ STATES

V) V)

D) } D)

S,
L) L)

Figure 4.4.: Fidelity measurement for GHZ states. (a) The population term Py is obtained from
a measurement in the eigenbasis (Z basis). (b) The operator M, corresponds to a measurement
basis that lies on the equator of the Bloch sphere and allows to determine the coherences Cy. For
a given experimental run, all photons are measured in the same basis.

coherence terms Cs of the three-qubit GHZ state |GHZ3) = (]000) 4 [111)) //2 requires
the terms M /3, My, 3 and Mz. The term Cy is then computed using the formula

N

Cn = 5 S DF (M) - (4.9)
k=1

Measuring the quantities Py and Cy in this way requires a total of N 4+ 1 measurement
settings. Alternatively, the coherence term Cxn can be obtained by simply measuring
the full oscillation pattern of equation 4.8 and extracting the visibility from a cosine fit.
Combined with the population term Py, the fidelity is given by the formula

FN = (P +Cn)/2. (4.10)

Results

We start by measuring the population terms Py on the diagonal of the density matrix.
These are obtained from a Z basis measurement of all qubits. The measurement proba-
bility of certain measurement patterns is plotted in Fig. 4.5a-h. A measurement pattern
is simply given by the measurement results (R and L) of each qubit obtained in a given
experimental run. These are grouped according to the number of R photons in the de-
tected pattern. In this way, the |RR...R) and |LL...L) components become clearly visible
as the two dominant contributions in each plot. The sum of both of these terms gives the
populations Py.

The coherence terms Cy are obtained by scanning the measurement basis along the
equator of the Bloch sphere, i.e. setting the basis to (|R) & ¢?|L))/v/2, where ¢ takes
values between 0 and 7. Fig. 4.5i-0 shows the characteristic parity oscillations, scaling
as x cos(N¢). We measure the full oscillations for photon numbers N = 2,3,4,5,6,8,10.
In each case we extract the visibility of the oscillation to determine the coherence terms
in the density matrix. For photon number N = 14, we measure about one coincidence
every three minutes. At this rate, measuring the full oscillation pattern would be an
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Figure 4.5.: Population (Py) and coherence (Cy) terms of the generated GHZ states. (a-h) Mea-
surement statistics of different computational basis patterns. The y-axis shows the measurement
probability, the z-axis denotes the number of R photons the measurement pattern contains. Thus,
the dominant contribution represented by the outermost bars correspond to the |RRR...) and
|LLL...) components of the GHZ states. We observe an asymmetry between the two patterns as
compared to the ideal statistics as indicated by black frames, most likely stemming from a small
difference in optical detection efficiency of the R and L detection channels. (i-p) Parity oscillations
for different GHZ state sizes. The oscillation frequency increases linearly with the qubit number
N. The visibility of the oscillation corresponds to the coherence term Cy. For N = 14 (p) only
one setting of the phase parameter ¢ was measured (yellow diamond). The expected oscillation
behaviour with an amplitude equal to the measured value at ¢ = 0 is plotted as a dashed line.

unreasonably lengthy process. We therefore only measure the parity for ¢ = 0, which is
indicated by the yellow diamond in Fig. 4.5p.

The fidelity is then obtained from equation 4.10 and is shown in red in Fig. 4.6. Since
we do not measure the full oscillation for N = 14, we provide a fidelity lower bound based
on the stabiliser operators S;. Note that in our choice of basis, the parity measurement
at ¢ = 0 corresponds to an X measurement, from which we obtain S;. Measuring all
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Figure 4.6.: GHZ state fidelity. Population Py (blue) and coherence terms Cn (yellow) as obtained
from the measurement in Fig. 4.5 for different N. The fidelity Fn (red) is derived from the formula
Fn = (Pn)+Cn)/2 and plotted in red. The data is fitted with a linear (solid) and an exponential
(dashed) fit model.

the photons in the Z basis gives access to all other stabilisers Si>2. Thanks to equation
4.3, we can then prove genuine 14-photon entanglement with a fidelity fl(SHZ) > 76(6)%,
exceeding the 50% threshold by more than 4 standard deviations. To date, this is the
largest entangled state of optical photons observed experimentally.

Within the measured range, we observe a shallow decay of Py, Cy and Fy as a function
of photon number. The overall trend is well described by a linear model (solid lines) with
a slope of 0.86(9)%, 1.3(2)% and 1.04(9)% per photon, respectively. If one were to include
even higher N, an exponential model (dashed lines) would be more appropriate. By
extrapolation, we can then predict at which photon number N the fidelity would cross
the 50% threshold. For the exponential model, this would occur at around 55 photons.
In contrast, the linear fit crosses the 50% threshold slightly earlier, at approximately 44
qubits.

Built-in dynamical decoupling

The high fidelity observed even in larger states is, to some extent, attributable to a dynam-
ical decoupling mechanism intrinsic to the protocol. It manifests itself in the fact that the
fidelity remains high, even if the duration of the protocol is deliberately extended beyond
the intrinsic coherence time of the emitter, which is approximately 1 ms (see also Fig.
2.19). In essence, this mechanism arises from the opposite signs of the Zeeman splitting
within the F' = 1 and F' = 2 hyperfine manifolds, and is closely related to standard spin
echo or dynamical decoupling techniques. During the experimental sequence, the atomic
state carrying the qubit periodically alternates between the |1, + 1) and |2, £ 2) states.
When the qubit is in the FF = 1 (F' = 2) manifold and picks up a random phase due to
magnetic field noise, a transfer to F' = 2 (F' = 1) followed by an appropriate waiting time
will reverse this phase. This is because the energy shift on the qubit states now acts in the
opposite direction. This is true as long as the noise occurs on a timescale much longer than
one cycle of the protocol, as is the case for spin echo or dynamical decoupling schemes.
To demonstrate the existence of this mechanism, we extend the duration of the protocol,
which is expected to exacerbate the effect of decoherence. In particular, we run the protocol
for a six-photon GHZ state, with the duration of one photon generation cycle increased



CHAPTER 4. GRAPH STATE GENERATION WITH A SINGLE ATOM 49

VSTIRAP

Transfer T
| Photon

10

Visibility
=)
2]
T

0.0 1 1 1 1 i 1
0 50 100 150 200 250

T (us)

Figure 4.7.: Built-in dynamical decoupling mechanism. To demonstrate that the magnetic field
noise is indeed reduced, we run the protocol for a six-photon GHZ state and extend the duration
of the protocol to 1.25 ms. The visibility of the parity oscillations is plotted in yellow on the
y-axis. To further highlight the effect, we deactivate the magnetic-field feedforward and repeat
the measurement (brown). The data are fitted to a Gaussian function, only including data points
where the fit is plotted as a solid line. The dashed horizontal line marks the visibility of the fringes
seen in Fig. 4.5m.

from 50 ps to 300 us. The full protocol then takes 1.25 ms, which is roughly equal to the
coherence time of the atom. We vary the time 7 between the Raman transfer and the
photon production pulse, effectively scanning the time the atomic qubit spends in |F' = 2)
relative to the time it spends in |F = 1). The visibility of parity oscillations is plotted
as a function of 7 (Fig. 4.7, yellow markers), thereby making the dynamical decoupling
effect visible. The central observation is the maximum of the fringe contrast around 90 ps,
which is where the phases acquired in |F' = 1) and |F = 2) cancel out. Note that for a
perfect phase cancellation, the qubit has to spend twice as much time in |F' = 1) than in
|F' = 2), due to the different mpr quantum numbers. The observed maximum in Fig. 4.7 is
therefore in the expected position. The data are fitted to a Gaussian function to emphasise
the overall trend. In terms of the maximum fringe visibility, we observe no difference from
the data obtained using the standard protocol with 50 us per cycle (yellow dashed line).
Note that an accurate theoretical model requires a better knowledge of the noise spectrum
present in the experiment. The choice of a Gaussian fit function therefore serves only as
a guide to the eye, offering no insight into the underlying dynamics.

To provide further evidence, we repeat the experiment while deliberately increasing the
magnetic field noise. This is achieved by deactivating the magnetic-field feedforward (see
chapter 2.2.6). We observe a similar behaviour, with no notable difference in the maximum
oscillation amplitude at the rephasing point. However, we do see that the measured curve
is narrower than in the previous case, as expected.

In conclusion, the data provide clear evidence for the existence of a mechanism that
greatly reduces the influence of magnetic field noise on the fidelity of the generated GHZ
states. The advantage is that this effect can be exploited by simply manipulating the
timing parameters, without the need for any additional steps in the protocol.

Supersensitive phase measurements

Beyond the applications in the realm of quantum information processing, quantum effects
play a pivotal role in quantum metrology. This field of research aims to enhance the
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precision of measurements by harnessing quantum phenomena, in particular entanglement
and squeezing. Squeezing, for example, has become an established tool to increase the
sensitivity of modern gravitational wave detectors [131].

Entangled states of photons have been proposed as a means of increasing the sensitivity
of interferometric measurements [130]. A classic example showcasing the enhancement of
phase sensitivity through entanglement is a Mach-Zehnder interferometer that is probed
with a state known as NOON state [132, 133]. The term ‘NOON state’ originates from its
mathematical expression (|V,0),, + \0,N>a7b)/\/§, where a and b denote the arms of the
interferometer. A state of this form bears a strong resemblance to an N-photon GHZ state.
Indeed, both types of states can be used to detect small changes in a certain parameter,
such as the optical phase [134]. The concept of entanglement-enhanced interferometry has
been explored in various experiments using nonlinear optics sources [135-138] and more
recently quantum dots [139].

In the following, we consider a GHZ state consisting of N photons. The N-fold increase
in the oscillation frequency (see Fig. 4.5) is the characteristic signature of an enhanced
susceptibility to the optical phase. This behaviour, also observed in NOON states, is termed
superresolution. However, it is important to note that superresolution is distinct from the
concept of supersensitivity, which refers to a superior phase sensitivity compared to clas-
sical light. For this to be the case, certain conditions must be met in regard to oscillation
visibility and efficiency.

To illustrate this, consider a birefringent medium that induces a phase shift ¢ between
the right and left circular polarisation states. The transformation would be expressed as

Ty =|R) (R|+¢'?|L) (L] . (4.11)
A single photon in the horizontally polarised state |H) = (|R) + |L))v/2 evolves to
T, |H) = (IR) + ¢ L) V2, (112)

when passing through the medium. Afterwards, the probability of measuring the photon
in the |H) state is

Py = (1+cos(9))/2. (4.13)
Repeating the experiment N times can be used to estimate ¢. The uncertainty of the

measurement is A¢elass = 1/V N, which is known as the standard quantum limit (SQL).
If instead we prepare an N-photon GHZ state, it would transform as

1
V2

Due to the factor of N in the phase factor, the uncertainty is now A¢en = 1/N. This
is referred to as the Heisenberg limit and constitutes an improvement of 1/v/N over the
SQL. If the oscillations have a visibility V' smaller than one, then A¢eny becomes 1/NV
[136]. The enhancement in phase sensitivity can then be expressed as the ratio

Ty |GHZN) = —= (|R)®N + N |L)®N) . (4.14)

A(bclass
=VVN, 4.15
AQsent ( )

where supersensitivity is achieved, if this ratio lies above one.

Fig. 4.8 displays Adclass/Adent as a function of photon number N. Here, the visibility
V' corresponds to the amplitude of the parity oscillations shown in Fig. 4.5. We observe
supersensitivity, i.e. A@class/APent > 1, up to a photon number of N = 178, with a
maximum at N = 35.
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Figure 4.8.: Supersensitive phase estimation. The enhancement in sensitivity is given by the ratio
A@elass/Apent. The data points correspond to the intrinsic efficiency of 7 = 1, which does not
consider optical losses. The red line is a fit to equation 4.15. The sensitivity drops if the efficiency
is below one. This is shown by the grey lines, for which n takes the values 0.99, 0.98, 0.95, 0.9,
0.75, 0.43.

It is important to note that the achieved supersensitivity is conditioned on the detection
of all N photons. In the presence of optical losses, an average number of 1/nV trials is
required to obtain an NN-photon coincidence. Here, n is the probability to generate and
detect a single photon. In this case, the sample is on average exposed to N/n™ photons
per successful measurement. To beat the SQL, we therefore require a precision of y/nN /N
or better. The condition for supersensitivity is then modified to

A(lsclauss/Aﬁbent = va >1 5 (4.16)

which is equivalent to the condition! nY V2N > 1 [135]. The grey lines in Fig. 4.8 represent
A@class/ Apent for finite efficiencies n < 1. With the visibility achieved in our experiment,
genuine supersensitivity would be reached for n = 0.75 and N = 3. Chapter 4.5 discusses
ways to optimise the efficiency in our setup.

4.3. Linear cluster states

As a second example, we proceed with the generation of linear cluster states. Their explicit
expression is more complicated than that of GHZ states. This is linked to the fact that
their density matrix contains more non-zero elements, which makes the fidelity estimation
more demanding. However, we take advantage of the fact that cluster states obey the set
of stabiliser eigenvalue equations defined by their corresponding graphs (equation 3.11).
For a linear cluster state of N qubits, the stabilisers are

Sk = Zr-1X1Zky1, (4.17)

IThere appears to be no clear consensus on how to incorporate the efficiency into this condition. It
is sometimes stated as nV2N > 1, where 7 denotes the intrinsic preparation efficiency of the state,
without accounting for optical losses [135, 136]. This formulation specifically addresses limitations that
are inherent to probabilistic generation schemes like SPDC. In other literature sources (e.g. Ref. [138]),
71 does include transmission and detection efficiencies.
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Figure 4.9.: Linear cluster state stabilisers. Measured expectation values of the stabiliser operators
as a function of the stabiliser index.

where k =1,2,..., N and Zyp = Zn41 = 1.

The experimentally measured stabilisers are plotted in Fig. 4.9. We run several cycles
of the protocol, as shown in Fig. 4.2, and collect coincidences of three consecutive photons
(k—1, k, and k+1). If detected in the appropriate basis combination, these contribute to
the stabiliser Sy, = Z;_1 Xy Zp+1. While in principle the protocol could be repeated for any
number of cycles, we choose to terminate the sequence at k = 15 to measure the first 15
stabilisers. We find an average of (S1) = 96.13(9)% and (Sg) = 92(1)% for k > 2. These
results suggest a large overlap between the generated state and the target linear cluster
state.

In addition, a lower and an upper bound for the entanglement fidelity can be obtained
from the stabilisers as discussed in chapter 3.4. For linear cluster states, the lower bound
reads

F 2 (Ga) +(Gy) — 1. (4.18)
with
145k
G :kH 5 (4.19)
14 Sk
Gv=]] B (4.20)
k odd

The two product terms G, and Gp correspond to the local measurement settings M, =
Z1XoZ3Xy... and My = X1Z2X37,..., respectively. As an illustrative example, we apply
equation 4.18 to the specific case of a four-qubit linear cluster state and obtain

1

1
]:iC) > <4(1 + ZlX223) (1 + Z3X4)> + <4

(1+X:12:2)(1+ ZgX3Z4)> -1. (4.21)

As derived in chapter 3.4, an upper bound to the fidelity is given by the inequality

FY < V(Ga) (G- (4.22)

The witness-based fidelity estimation offers the advantage of an enormous reduction in
measurement time as compared to quantum state tomography. However, this comes at the
cost of a potentially large uncertainty, given by the width of the fidelity interval defined
by the lower and upper bounds. The lower end of this interval must be above the 50%
threshold in order to prove genuine multipartite entanglement. We find this to be the
case for linear cluster states of up to 12 photons (Fig. 4.10). For the largest state of 12
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Figure 4.10.: Fidelity of linear cluster states. Measured data for the lower bound (triangles pointing
upwards) and upper bound (triangles pointing downwards) as defined in equation 4.18 and 4.22.
The solid (dashed) lines are linear (exponential) fits to the data. The grey dashed line marks the
classical threshold of 50%. The true state fidelity lies between the two bounds in the red shaded
area.

qubits, we measure the fidelity to be bounded by 0.56(4) < ]-'1(20) < 0.78(2). As for GHZ
states, the cluster state data also follow an approximately linear trend, but decay faster
with a slope of 3.6% and 1.8% per qubit for the lower and upper bound, respectively. We
attribute this mainly to the 7/2 rotation in between photon emissions, as this is the only
additional step in the cluster state protocol.

Due to our method of fidelity estimation, the error per qubit is subject to a large
uncertainty. This poses great difficulties in quantitatively estimating the contribution
of a particular mechanism to the overall error. Other methods could greatly reduce this
uncertainty [140, 141], but require the ability to measure qubits in the Y basis. Our current
detection setup (Fig. 2.5) only allows measurements in the X or Z basis. However, an
additional basis switch EOM would give access to the third basis setting, as well.

4.4. Sources of error

While the infidelity per photon of about 1% and 3.6% for GHZ and linear cluster states
already represents a state-of-the-art result, we are interested in identifying as many sources
of error as possible in order to improve the system for potential future experiments. With
errors at the percent level, it becomes increasingly difficult to quantitatively identify the
different sources of infidelity. Nevertheless, we have attempted to estimate the main con-
tributors based on our experimental data.

Photon emission error

Imperfections in the photon emission process are likely to be a major contributor to the
overall error. The following section discusses three different error processes related to the
vSTIRAP mechanism. These are sketched in Fig. 4.11a-c.

The first is the result of an imperfect polarisation setting of the vSTIRAP control laser.
Consider an atom in the state |F' = 2mp = 2) prior to the photon emission step (Fig.
4.11a). Ideally, the control laser is purely m-polarised and couples to the excited state
|F" =2, mz =2). In practice, however, it is difficult to perfectly align the polarisation



54 4.4. SOURCES OF ERROR

a F'=3 b
2 F'=2 —_—
5P3p F'=1 —
= e S =
@ L& -
(m .
F=2 : -
5%S, N
F=1 — P
me 3 2 -1 0 +1 +2 +3
c —_— d

- —— G-

Figure 4.11.: Error mechanisms. (a) The ideally 7 polarised control laser is expected to have a small
contamination of o+ /o~ components. These couple to the |F’ = 1,m} = 1) and |F’ = 2,m}, = 1)
levels of the excited state and induce a vSTIRAP process in which the atom ends up in
|F =1,mpr =0). (b) The 67 /o~ components can also drive Raman transitions within the F = 2
manifold, transferring the atom to |F' = 2,mpr = 0). (c) Due to the finite cooperativity, the control
laser can couple incoherently to the |F’ = 2,m/n = 2) or |F' = 3,m/, = 2) state. From there the
atom decays spontaneously, e.g. to |FF = 2,mpr = 1). (d) The mechanisms shown in (a-c) lead to
a small population in |F = 1,mp =0). A subsequent Raman 7/2 pulse not only addresses the
qubit populations (solid arrows), but also transfers the unwanted mpg = 0 population to the F' = 2
manifold (dashed arrows).

vector with the quantisation axis, since neither the magnetic field, defining the quantisation
axis, nor the polarisation can be precisely measured at the atomic position. This results
in a small contamination of the control field by o /o~ polarisation components. The o~
component can then couple to the states |F' =1, m}, = 1) and |F’' = 2,m/, = 1), leading
to a Amp = —2 vSTIRAP process to the state |F = 1,mp = 0).

A second process resulting from the imperfect polarisation of the control laser is shown
in Fig. 4.11b. The o /o~ components can drive Raman transitions from the initial state
|F'=2,mp =2) to |F'=2,mp = 0), from which the atom can still emit a photon into the
cavity, as it couples to the control laser.

The third process is linked to the finite cooperativity of the atom-cavity system (Fig.
4.11c), which allows the control laser to couple incoherently to the excited states, fol-
lowed by a spontaneous decay. In this process, the F’ = 3 manifold is particularly detri-
mental. While |F’ = 2) contributes to the coherent photon emission to |[F =1, mp = 1),
the |F’ = 3) state can only decay back to |F = 2), which is still addressed by the con-
trol laser. In Fig. 4.11c, this process is shown for the case where the atom ends up
in the state |F' = 2, mp = 1), but it could also decay incoherently to |F' = 2,mp = 2) or
|F = 1, mgp = 1>

Among the scenarios described above, events which result in the atom remaining in
the F' = 2 manifold are of particular importance, i.e. Fig. 4.11b and c. In these cases,
the atom can couple to the control laser a second time and emit a ‘wrong’ photon. Due
to the atomic lifetime, these error mechanisms are expected to lead to a delayed photon
emission. This is in agreement with the experimental data shown in Fig. 4.12. Here we run
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Figure 4.12.: Photon emission error. Correlation analysis in the Z basis of two consecutive photons
in the GHZ protocol. (a) Histogram of the single-photon counts for the correlated and anticor-
related events. Since in most cases the photons are correlated, we normalise both wave packets
to have the same area under the curve. The dashed lines mark the standard acceptance interval
of 1 ps. (b) The data in red show the correlation for a variable acceptance interval [0, tmax]. The
relative efficiency (blue) is the relative portion of events that fall within this interval.

the GHZ protocol and analyse the correlations between two successive photons detected
in the R/L basis. Fig. 4.12a displays the photon wave packet for events where the two
photons are either correlated or anticorrelated. Since the correlated events are about 50
times more frequent, the wave packets are renormalised for clarity. In the anticorrelated
case, we clearly observe that the centre of mass is shifted to the right, as more photons are
detected towards the tail of the wave packet. This is confirmed in Fig. 4.12b. The y-axis
shows the measured correlation between the two photons as a function of the width of the
time interval in which the photon is detected. A clear drop in correlation is observed for
longer detection intervals, meaning that the later the photons are detected, the lower their
correlation. These observations are consistent with the photon emission error processes
outlined in Fig. 4.11a~c. Mainly due to the mechanisms shown in Fig. 4.11a and c, there
is a small probability that the atom will end up in |F' = 1, mp = 0) after photon emission.
They are unlikely to affect the fidelity of GHZ states since in this case the atom does not
produce a photon in the subsequent cycle. However, as will be explained later on, such
events cause infidelity in the cluster state protocol.

Raman rotations

Another potential source of infidelity is given by the Raman rotations that implement
single-qubit gates. Depending on the Raman driving strength, there is a certain proba-
bility of crosstalk between different transitions (see Fig. 2.11a), as they start to overlap
in frequency for large Rabi frequencies. This probability depends on the ratio between
the Rabi frequency €y and the Larmor frequency wy. Therefore, we choose a relatively
small Rabi frequency on the order of 27-10kHz to minimise this effect. A simple es-
timate for the crosstalk is given by the factor Q2/(Q2 + ") in equation 2.6. Using
0" = 2wy, = 27 - 200 kHz, we find that the amount of crosstalk is less than 1%.

An experimental measure of the Raman infidelity is given by the oscillation visibility
seen in Fig. 2.12. Taking into account photon emission errors of 1%, we find that the
additional error introduced by the Raman rotation is about 1.5%, which is slightly more
than is expected from Raman crosstalk alone. This discrepancy could be explained by
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fluctuations in laser intensity. Moreover, it is worth noting that the observed infidelity
could be caused, at least to some extent, by unwanted populations in other mp states.
This mechanism, which we refer to as ‘qubit leakage’, is explained in more detail below.
However, the Raman errors and qubit leakage are difficult to discriminate experimentally.
We estimate that the infidelity introduced by the Raman process alone is on the order of
1% or less.

Qubit leakage

During the cluster state protocol, the atomic qubit explores a subspace of the Hilbert space
spanned by the two hyperfine ground state manifolds and their Zeeman sublevels. First,
we have the qubit subspace composed of the states |1, & 1), which we call Hg. For photon
emission and single-qubit rotations, the atomic population explores the intermediate states
|2,£2) and |2,0). We refer to these three states as H¢/. The three remaining states |1,0)
and |2, +1), which we define as the subspace H | , are ideally never populated. Nevertheless,
we observe a small probability that the qubit leaks into this subspace or into an unwanted
state within Hg ® Hr.

The mechanisms responsible for this have been discussed previously (see Fig. 4.11a-
c¢). For the cluster state protocol, events in which the atom undergoes a transition to
|1,0) are particularly detrimental. The Raman 7/2 rotation that follows photon emission
addresses not only the transitions |1, £ 1) < |2,0), but also the unwanted transitions
|1,0) <> |2, = 1), thus driving the parasitic population in |1,0) to the F' = 2 manifold (Fig.
4.11d). From there, the vSTIRAP pulse brings it back to |1,0). As a consequence, this
population remains trapped in the unwanted subspace H |, but still produces photonic
qubits throughout the rest of the protocol. The error thus propagates through the entire
portion of the graph generated from that point on.

In order to confirm that this leakage to |F' = 1, mp = 0) actually occurs, we perform the
following experiment, as sketched in Fig. 4.13a. We generate a photon from |2, 0), identical
to the atom-photon entanglement protocol (chapter 2.2.5), and postselect on detecting an
L-polarised photon (step (D). We then drive the transition |1, —1) > |2,0), which is also
in resonance with [1,0) <+ |1, —1) (step @). Ideally, this does not affect the population in
|1, 4+ 1), but could drive the parasitic population in |1,0). Finally, we transfer the |1,41)
population to |2, 4+ 2) and generate a photon (step ). The probability of measuring this
photon in the |R) state is plotted in Fig. 4.13b. While we expect this probability to be
close to 1, we observe a sinusoidal deviation from this case. These oscillations are evidence
for a small population in |1,0) after the initial photon emission. Indeed, the oscillation
frequency is consistent with the relative strength of the transition, as determined by the
corresponding Clebsch-Gordan coefficients. For a given optical power, we here expect a
relative factor of 3/v/3 compared to the |1, —1) <> |2,0) transition (see Fig. 2.11c).

We partially compensate for this effect in our measurements by applying a photon
generation pulse after the Raman single-qubit rotation. This empties the F' = 2 manifold
and in some of the cases produces a photon indicating the failure of the gate operation.
However, the probability of detecting the error in this way is limited by the finite photon
collection efficiency.

Detection errors

A minor source of error is given by imperfections in the detection setup. Since we measure
photonic qubits, these errors stem from imperfect optical components and polarisation
misalignment. The detection basis is set by passing light through a reference polariser,
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Figure 4.13.: Qubit leakage. (a) Protocol for probing the parasitic population in |1,0). First, the
atom is projected into the state |1,1) by measuring an L-polarised photon. Subsequently, a Raman
pulse of length tgae is applied to the transitions |1, — 1) <+ |2,0) and |1,0) <+ |2, — 1). Finally, the
population in |1,1) is read out. (b) Probability of measuring the second photon in the |R) state.
The oscillations are evidence that after the initial step a small population resides in the state |1,0).

which is located directly behind the cavity, and maximising the extinction ratio between
the two detectors. We reach an extinction ratio of about 1:10,000. When switching
between the Z and the X bases, we apply a voltage to the EOM to rotate the polarisation.
The extinction ratio of the EOM is specified as > 1 : 1,000, but we have measured values
between 1 : 2,000 and 1 : 5,000.

4.5. Coincidence rate

In preceding sections of this chapter, we have demonstrated genuine multipartite entangle-
ment in photonic graph states. Our approach relies on photon emission from a single atom
in a cavity, using the vSTIRAP mechanism. Unlike the SPDC process, this mechanism
does not encounter a fundamental limitation of the efficiency. Nevertheless, the previous
record for the largest state of entangled photons was set using SPDC [63]. Several imple-
mentations of deterministic schemes [68, 125—128] have fallen short of this record, primarily
due to a low photon collection efficiency. Therefore, a critical step toward demonstrating
a genuine advantage over the probabilistic SPDC process involves improving the collection
efficiency. The remainder of this chapter discusses the efficiency of our system and how it
affects the rate at which an N-photon entangled state can be prepared and measured.
The success probability py of detecting a coincidence of N consecutive photons scales
exponentially with the photon number, i.e. py = 7. Here n denotes the probability of
generating and detecting a single photon for a given attempt and can be expressed as the
product of the source efficiency 7n; and the detection efficiency ng. The intrinsic source
efficiency ns, that is the probability of obtaining a photon at the output of the cavity, is
given by
. 2C
S 20+1

This expression is similar to equation 2.4, up to the escape efficiency 7esc = 0.89, which

s Tesc - (4.23)
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Figure 4.14.: Measured coincidence rate as a function of photon number. The data (blue for
GHZ and red for cluster states) represent the real time coincidence rate of N photon events. The
solid lines are exponential fits, from which we extract a single-photon generation and detection
probability of n = 43.18(7)%. The light coloured lines represent the estimated coincidence rates
at the cavity output. Here we assume a loss-corrected efficiency of 7 = 0.66 (see also Ref. [70]).
For comparison with our experiment, we plot the coincidence rates of other photon sources, such
as quantum dots (QD), Rydberg ensembles (Ryd) and spontaneous parametric down-conversion
(SPDC): Schwartz2016 [68], Istrati2020 [125], Yang2022 [128], Coste2023 [127], Zhong2018 [63].

takes into account the finite outcoupling probability from the cavity. Note that the above
formula is only valid in the case of a single excited state, as the efficiency becomes a function
of the atom-cavity detuning, i.e. 1s(Aac), when multiple excited states are present.

The detection efficiency 74 is the probability of obtaining a detection event, given the
presence of a photon at the output of the cavity. In our setup, it amounts to approximately
ng =~ 0.7, with the various loss contributions being free-space-to-fibre couplings (94%
twice), propagation through optical fibre (97%), free-space optics (90%) and detector
efficiency (90%).

The overall coincidence rate as a function of photon number N is shown in Fig. 4.14
including post-selection and experimental duty cycle. The experimental data for our cavity
QED system are shown in blue for GHZ states and in red for cluster states. In both cases
the data is extracted from the largest state that we measured (14 photons for GHZ and 12
photons for cluster states). Each point on the plot represents the rate at which the first N
photons are successfully detected. As expected, the coincidence rate scales as nV. From
an exponential fit, the combined source-to-detector efficiency n = 43.18(7)% is extracted,
meaning that almost every second emission attempt generates a click in the detector. The
light coloured lines are the estimated coincidence rates when correcting for losses in the
optical setup. These are given by the parameter 7,. Finally, we present a comparison of
our system with other existing platforms, including the best available SPDC system and
single-emitter sources, such as quantum dots or Rydberg-blockaded atomic ensembles.
Although the repetition rate of some of these systems is orders of magnitude higher than
in our protocol, our system outperforms them in terms of real-time coincidence count rate
and efficiency scaling.

The source-to-detection efficiency 7 can be further improved by optimising specific parts
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of the setup. The intrinsic source efficiency 7, could be improved by increasing both the
cooperativity C' and the escape efficiency 7es.. For instance, reducing the cavity mode
waist by a factor of two would be a feasible adjustment of the cavity geometry. This
modification would result in a fourfold increase of the cooperativity, without altering the
escape efficiency, thus boosting the source efficiency 7, to above 80%.

In addition to modifications of the cavity, one could optimise the detection optics. The
optical path from the cavity to the detector includes two optical fibres, each causing in-
and out-coupling losses. Placing the detection setup directly on the experimental table
would eliminate the need for one of the fibres. Carefully choosing low-loss components
on the remaining optical path would further reduce losses. We believe that with these
improvements, a detection efficiency of g = 0.85 is attainable.

By implementing all of the above steps, the overall source-to-detection efficiency could
be raised to about 70%. This number exceeds the mark of 2/3, which is an important
threshold for loss-tolerance in linear optical quantum computation [74].






5. Fusion of photonic graph states

The results of this chapter have been published in Ref. [122]: P. Thomas, L. Ruscio, O.
Morin, G. Rempe, Fusion of deterministically generated photonic graph states. Nature
629, 567-572 (2024).

In the previous chapter, we have described the generation of elementary graph states
of photons from a single atom used as a photon emitter. Two types of graph states were
created and characterised, namely GHZ states and linear cluster states. However, a single
emitter is insufficient for the generation of more complex graph states, such as 2D cluster
states. To fully exploit the capabilities of these quantum emitter sources, it is necessary
to combine multiple emitters and couple them using quantum logic operations. This
chapter describes the first step in this direction. In our experiment, we use two atoms to
independently generate elementary photonic graph states, as demonstrated in the previous
chapter. We then make use of the fact that the atoms are each entangled with the photonic
graph state and fuse the two states using an atom-atom entangling operation. We show
that the output state satisfies the set of eigenvalue equations associated with its stabilisers
and certify genuine multipartite entanglement by measuring a fidelity lower bound. In
particular, we focus on two types of states, namely ring and tree graph states. Both have
been recognised as important resources in the context of measurement-based quantum
computation and communication [56, 57, 142].

A suitable gate operation between the emitter qubits is essential in order to generate
graph states of arbitrary topology. Several mechanisms have been investigated for imple-
menting quantum-logic gate operations between neutral atoms.

A widely used mechanism, well established in neutral atom systems, is based on the
interaction mediated by the Rydberg blockade [143—-145]. Recent advances have led to
remarkable improvements in this technique [146-148]. Nevertheless, it remains a challenge
to perform these operations in the vicinity of macroscopic objects, which often carry surface
charges that perturb the highly sensitive Rydberg states. Nonetheless, moderate progress
has been reported in this respect [149]. Given that in our system the atoms are trapped
between two bulk mirrors with a relative distance of only 500 um, the Rydberg-mediated
quantum gate is not expected to meet our requirements.

However, the optical cavity mode itself can be used to mediate interactions between two
atomic qubits. Atom-photon [150], photon-photon [151] and atom-atom [78, 152] quantum
gates have been demonstrated by exploiting the normal mode splitting of the atom-cavity
system in conjunction with the reflection of a photon off the optical resonator. Although
this gate mechanism, known as the ‘reflection mechanism’, is deterministic in principle,
its efficiency is limited in practice by optical losses and the use of weak coherent pulses
as ancillary qubit. Along with other imperfections, these mechanisms also limit the gate
fidelity, which was 74% in the case of the two-atom gate demonstrated in Ref. [152].

61
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Figure 5.1.: Fusion of graph states. Two separate graphs are merged into a larger graph by
application of a fusion operation [107]. In our approach, the fusion is carried out on the emitters,
both of which are entangled with several photons. The bonds of each emitter vertex are preserved
during the fusion process.

5.1. Photonic fusion

In light of the aforementioned considerations, we have chosen a different scheme, based
on the interference of two photons emitted by the atoms. In simple terms, it can be
compared to an optical Bell state measurement (BSM) based on the Hong-Ou-Mandel
(HOM) effect [153]. In quantum information science, optical BSMs have become a standard
tool, enabling, for example, quantum teleportation protocols [62, 154] or entanglement
between distant matter qubits [77, 155-157].

Browne and Rudolph realised that the HOM-like interference of two photons could be ex-
ploited to construct cluster states [107], thereby enabling one-way quantum computation.
They proposed an optical setup, consisting of polarising beam splitters, waveplates and
detectors, which allows to ‘fuse’ vertices of different graph states. This method, known as
‘fusion’, represents an important innovation, as it enables universal quantum computation
within the one-way model, even when using non-deterministic gate operations.

Here we extend this principle and adapt it to our cavity QED system. In this particular
form, we refer to our scheme as ‘cavity-assisted fusion gate’. The main difference from
the original proposal is that in our approach, the cavity replaces the beam splitter as
the element that enables two-photon interference. Previous cavity QED experiments have
used this mechanism as an optical BSM to create ion-ion entanglement [158] and more
recently as an entanglement swapping operation in a quantum repeater protocol [88]. We
combine this process with the photonic graph state generation techniques established in
the previous chapter. First, we demonstrate that the interference of two photons allows
the preparation of a two-atom Bell state, similar to Ref. [158]. We then apply this process
to two atoms, each of which is entangled with multiple photons. In this case, two multi-
qubit entangled states are fused into a single larger graph state, as shown in Fig. 5.1. In
comparison to the original proposal of Ref. [107], our implementation of fusion significantly
reduces the required resource overhead, since certain building blocks of the graph can be
created deterministically in the form of GHZ and linear cluster states [108]. Consequently,
it constitutes a hybrid approach that makes use of both deterministic and non-deterministic
elements.

We commence by introducing the cavity-assisted fusion gate. In its simplest form, it
involves only the two emitter qubits and creates a |U) Bell state at the output (Fig.
5.2a). The protocol starts by initialising both atoms in the state |2,0) using standard
optical pumping techniques (see chapter 2.2.1). A global vSTIRAP control pulse is then
applied to both atoms simultaneously, generating two photons in the cavity mode (Fig.
5.2b). The temporal intensity profile is shown in Fig. 5.2c. This process can be viewed as
the generation of two atom-photon entangled pairs (Fig. 5.2d, see also chapter 2.2.5) of
the form

par) = <= (1) 1) — 1Y R)) (5.1
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Figure 5.2.: Cavity-assisted fusion gate. (a) Graph state representation of the fusion process in its
most elementary form. Two atoms are entangled in the 1)) Bell state. (b) The two atoms are
addressed by the same global vSTIRAP laser. The two photons are generated simultaneously. (c)
Histogram showing the temporal profile of the two emitted photons. Photons that are detected
outside of the dashed lines are discarded. (d) Illustration of the fusion in the atomic level scheme.
Both atoms undergo a process equivalent to atom-photon entanglement, whereas both atoms couple
to the same control laser and the cavity mode. Detecting the photons in opposite polarisation modes
projects the atoms onto a Bell state. (e) Correlation measurement of the generated |¢)F) Bell state
with the detection basis pairs XX, YY and ZZ. The black frames correspond to the ideal |[¥)
state. The observed correlations certify an entanglement fidelity of 0.915(5).

where both photons are emitted into the cavity. Both photons are then measured in the
Z (R/L) basis. The protocol succeeds if the photons are measured in opposite detectors,
i.e. for detection outcomes RL or LR. Mathematically this corresponds to applying the
projector (R| (L] to the state [¢)ap)®2. Tt is easy to show that this results in the maximally

entangled Bell state
1

V2
If both photons are instead measured in the same detector (RR or LL) the atoms are
projected onto a product state (|11) or |[{{)), which means that the fusion has failed.

The simultaneous emission into the cavity mode can be seen as an erasure of which-path
information. In other words, it is impossible to tell, which atom emitted which photon.
Therefore, the measurement of the two photons in opposite polarisation modes implements
a parity measurement of the two atoms, with the outcome (ZZ) = —1, without revealing
any information about the state of each atom individually. Hence, the atoms are projected
onto a superposition of [1]) and [[1). In the projection via the operator (R|(L|, it is
implicitly assumed that both photons are emitted into the same spatio-temporal mode,
which is indeed crucial for the quality of this process. As will become clear below, an
imperfect mode overlap of the two photons leads to an incomplete erasure of which-path
information and consequently to a non-unity fidelity of the fusion operation.

To show that the photons are indeed indistinguishable and that the fusion gate works
as expected, we analyse the fidelity of the two-atom state with respect to the ideal state
(equation 5.2). In particular, we measure correlations in terms of the Bell state stabilisers
XX,YY and ZZ, where X, Y and Z are the Pauli operators. The measured data are
shown in Fig. 5.2e. For each stabiliser, we plot the probability of obtaining a particular

(W) = — (1)) + 1)) - (5.2)



64 5.1. PHOTONIC FUSION

measurement outcome (00, 01, 10 and 11). In all three measurement bases, we observe

a high degree of correlation between the two atomic qubits. The fidelity can then be

calculated using the formula
F=

(1+ (XX) + (YY) — (22)) . (5.3)

=

For the data in Fig. 5.2e, this corresponds to a fidelity of 0.915 4 0.005. This number

already includes postselection involving temporal filtering of the detection times. The
criteria for postselection and how they affect the fidelity are explained below.
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Figure 5.3.: Effect of temporal filtering on entanglement fidelity. (a-c) Density plot of the correlator
expectation values (X X), (YY) and (ZZ) as a function of tr,r. Pixels for which no events were
recorded are shown in white. (d-f) Expectation values (X X), (YY) and (ZZ) as a function of
detection time difference. The orange (purple) line is the respective correlator for |[tgr —tr| = 7
(tr — t| < 7), where 7 is the variable on the x-axis. (g) Number of two-photon events as a
function of tg and t,. Most events fall in a region close to tg = t;, = 200 ns. (h) Density plot of
the entanglement fidelity as a function of tg,r. (i) Relative efficiency and entanglement fidelity
as a function of |[tgp — t;| < 7. The relative efficiency is normalised by the number of two-photon
events detected in the 1 us acceptance interval shown in Fig. 5.2c. Black dashed lines mark the
postselection criterion |tg — t1,| < 250 ns.

We find that the fidelity exhibits a dependence on the detection times tr and t¢;, of the
R and L polarised photons. The first postselection step concerns the absolute detection
time tg 1. For this, we choose an acceptance interval of 1 us, as shown in Fig. 5.2c. About
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98% of all two-photon events fall within this interval, which means that about 2% of the
data is discarded in this way.

The second postselection step concerns the relative detection time. It can be observed
that the fidelity decreases for larger detection time differences |tg — ¢1|. This can be
seen in Fig. 5.3a-c, which show a density plot of the stabilisers XX, YY and ZZ as a
function of tp and t7. For all three plots, the correlations are highest in vicinity of the
diagonal, that is, when tg ~ t1. As the time difference |tg —t1| increases, the correlations
decrease substantially, especially for the X X and Y'Y stabilisers. This appears to be the
case regardless of the absolute detection times g ;. We therefore choose a postselection
region, as marked by the dashed lines, which contains all events for which |[tg—t7| < 250 ns.

Fig. 5.3d-f confirms this trend, displaying the correlations as a function of |tgp —tr| = 7
(orange) and |tg — tr| < 7 (purple). The latter case represents the cumulative average
of all events for which the two photons are detected within an interval of 7 or less. Over
a wide range of 7, the expectation values of the two-qubit correlators are close to the
ideal case, (XX) = (YY) = 1 and (ZZ) = —1. The slight decay with increasing 7
indicates an imperfect indistinguishability of the photonic temporal modes. The choice
of postselection criteria therefore represents a trade-off between efficiency and fidelity.
Fig. 5.3g displays the density of the number of events and shows that the vast majority
of the data is contained by the postselection bounds. At the same time, the fidelity
derived from the individual stabiliser measurements is still reasonably high in this region,
as shown in Fig. 5.3h. Finally, the trade-off between efficiency and fidelity is once again
illustrated in Fig. 5.3i. The relative efficiency is defined as the ratio of two-photon events,
for which |tg — t1| < 7. The fidelity is the cumulative average derived from the stabiliser
measurements in Fig. 5.3d-f using equation 5.3.

The results of these measurements demonstrate that the photon arrival time has a
noticeable impact on the fidelity. Nevertheless, we observe that even without any postse-
lection on the photon arrival time, the fidelity is still 0.851(6). This value already includes
the effects of errors related to state preparation and readout. When choosing the rather
strict criteria of tg < 500ns and |[tg — tr| < 20ns, the fidelity increases to 0.963(8).
However, in this case the relative efficiency is only about 15%. For this reason, we choose
the previously mentioned values of tgp; < 1 us and |tg — tr| < 250 ns, which result in a
total postselection ratio close to 80%.

Fusion of graph states

The scenario described above is the simplest case of the fusion mechanism, in which the
emitter qubits do not share a bond with any other qubit prior to the fusion (Fig. 5.2a).
The resulting state |U*) can be interpreted as a logical qubit redundantly encoded [107]
in the basis {|0), = [10),,|1); = [01),}. Here we write the atomic qubits in terms of the
basis vectors |0), = [1) and |1), = |]), where the subscript ‘s’ denotes a ‘spin’ qubit. As
we will see below, the principle of the fusion also applies when the two atoms are part of
a graph state and do share bonds with other qubits. The two emitter vertices are then
merged into a single vertex, preserving the bonds attached to them, as shown in Fig. 5.1.
In this case, the photon emission occurs from the atomic states |2, = 2). Since the |2, + 2)
and |2, — 2) states couple to the R and L polarisation modes, respectively, a successful
fusion corresponds to the projection onto the subspace {|01),,[10),}. We therefore define
the fusion projection operator

P = [01), (01], + 10, {10], . (5.4)

which describes the process mathematically.
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Figure 5.4.: Ring graph state protocol. Experimental sequence showing the individual steps on
atom 1, atom 2 and operations performed globally, i.e. on both atoms simultaneously. The different
steps include initialisation (purple), vSTIRAP (blue) and photons (red), single-qubit rotations
(orange) and transfers between the hyperfine levels (green). The duration of the protocol is 1 ms
for the box and 1.2 ms for the hexagon graph state. The sequence is shown below in the graph
state formalism.

Note that for the emission from |2,42) the control laser couples to different excited
states than for the |2,0) state. Consequently, the photonic wave packet is slightly longer
due to a larger atom-cavity detuning. To obtain the same postselection ratio of 80% as
in the case of mp = 0, we allow for a detection time difference |tg — t1| of up to 400 ns,
instead of 250 ns.

In the following sections, we demonstrate the concept of photonic fusion as described
above. In particular, the states we generate using this principle are ring and tree graph
states.

5.2. Ring graph states

We can use the two-atom Bell pair [¥1) as a starting point to prepare different graph
states. As a first example, we choose to show the generation of ring graph states, i.e.
graph states with a circular topology. These have been proposed as resources for fusion-
based quantum computing [159] and quantum error correction [142].

The experimental protocol is illustrated in Fig. 5.4. In the graph state picture, it can
be understood as a sequence of three steps. First, we prepare the [¥*) Bell state using
the cavity-assisted fusion gate as explained above (Fig. 5.4, step 1). Next, we run N
photon generation cycles on both atoms in parallel, each of which adds two photonic
qubits to the graph. This results in a linear cluster state with the atoms being located
at the ends of the chain (Fig. 5.4, step 2). Within each photon generation cycle, the
atoms are transferred from |1,41) to |2, £ 2) before emitting a photon via the vSTIRAP
process using the single-atom addressing system. The two photons are separated in time
by T ~ 20 us. The parameter 1" serves as a degree of freedom to tune the phase of the
atomic qubits with respect to each other. It is also necessary to allow enough time for
the AOD to redirect the addressing beam between the first and second atom. Once both
photons have been emitted, the Raman laser is used to perform a m/2 rotation on the
atomic qubits. In the graph state picture, this has the effect of ‘pushing out’ the emitter
qubits to form separate vertices. The alternating sequence of photon emission and /2
rotation corresponds to the linear cluster state protocol described in chapter 4, executed
in parallel on both atoms. In principle, the cycle can be repeated for an arbitrary number
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of iterations. The number of cycles determines the size of the final ring graph state. After
N cycles the protocol proceeds to the fusion step (Fig. 5.4, step 3). Here, the vertices of
the emitter qubits, which form the ends of the linear cluster graph, are fused into another
redundantly encoded qubit. This step transforms the one-dimensional chain into the final
ring graph.

Odd vs. even parity

As mentioned above, running the sequence for a certain number of iterations determines
the final size of the ring, with two vertices added per cycle. Therefore, the protocol as
shown in Fig. 5.4 will always produce a graph of even parity, i.e. an even number of vertices.
The protocol can be adapted to produce odd parity graphs by simply performing a local
7 /2 rotation immediately after the initial fusion gate (Fig. 5.4, step 1). This has the effect
of pushing out one of the emitter qubits from the common vertex, which results in the
dumbbell state (see chapter 3, Fig. 3.1). In our experiment, achieving local single-qubit
rotations with high fidelity presents a technical challenge, primarily due to the requirement
of a tight focus of the Raman beams on individual atoms. As an alternative, we perform
a global 7/4 rotation, which gives the same result, as shown in chapter 3.2.

Experimental results
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Figure 5.5.: Experimental results for ring graph states. (a,d,f) Graphical representation of the
generated ring graph states. (b,e,g) Stabiliser expectation values. The colours represent the mea-
surement settings used to obtain the stabilisers. (c,h) Product terms G/, and fidelity constrained
by the interval F_ < F < F..
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Fig. 5.5 shows the experimental results for the graph states corresponding to a box,
pentagon and hexagon graph. The graphical representation of these states is displayed
in panels a, d, f. The measured expectation values of their respective stabiliser operators
are plotted in panels b, e, g. Overall, we observe a good agreement with the ideal state
with values between 0.6 and 0.94. Note that the stabilisers associated with redundantly
encoded vertices are modified compared to the standard definition. For instance, in the
case of the box graph, we have S; = —Z125, So = X1X97237,, S5 = Z374,X5Xs and
Se¢ = —Z5Zg. These differ from the standard form (equation 3.10) in that the operators
X; and Z; are exchanged on a single index.

For the box and hexagon graphs the stabilisers are divided into two sets a and b, each of
which can be measured with a single measurement setting M, and M. For instance, the
box graph stabilisers can be measured with the settings M, = Z1Z: X3 X1 Z5Z¢ and M =
X1X9737,X5Xg. Each stabiliser in Fig. 5.5b is coloured according to the measurement
setting that was used to obtain it. Similar to the 1D cluster states presented in chapter 4,
we can derive a lower bound F_ and an upper bound F for the fidelity. As before, these
are defined as F_ = (Gq) +(Gb) — 1 and Fi. = \/(Ga) (Gb), With Gy = [L1e,/5(5i +1)/2.

However, due to the parity of the states (odd and even), the fidelity bounds are only
defined for the box and hexagon graphs, but not for the pentagon graph. The latter
requires three measurement settings, which is why we can only measure the stabiliser
operators. The different measurement settings for each state are summarised in Table 5.1.

Ma Mb Mc
Box 2179 X3 X 17257 X1X9757,X5X¢ —
Pentagon X1ZQZ3Z4X5X6 Z1X223Z4X5X6 Z122X3X4Z5Z6

Hexagon 21Z2X3X4Z5ZGX7X8 X1X2Z3Z4X5X6Z7Z8 —
Tree Z1Z2X3Z4Z5XGZ728 X1X223X4X5ZGX7X8 —

Table 5.1.: Local measurement settings for ring and tree graph states. For each of the graphs
shown in Fig. 5.5a,d,f and Fig. 5.8b the measurement settings (M,, M, and M,.) are written as
a string of Pauli operators (X; and Z;) corresponding to the measurement of the ith qubit. The
pentagon graph requires one more setting than the box, hexagon and tree graphs.

5.3. Tree graph states

As a second example, we demonstrate the generation of a tree graph state [73] consisting
of eight qubits. A graph of tree topology is uniquely defined by its branching vector
b = [bo,...,bm], which describes the connectivity between the different levels of the tree.
The depth of the tree graph d = m + 1 is equal to the number of levels below the root
qubit. By convention, the root qubit is located at the zeroth level. For illustration, the
tree graph corresponding to the branching parameters [2, 3, 2] is shown in Fig. 5.6.

Level 0

Level 1

Level 2

Level 3 Figure 5.6: Tree states. Example tree graph
with branching vector [2, 3, 2].

As a simple example, consider a tree state of depth 2 with the branching vector b = [2,2].
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Figure 5.7.: Tree graph state protocol. Sequence of individual operations similar to Fig. 5.4. The
complete protocol takes 0.8 ms. The generation process is depicted in graph state notation at the
bottom of the figure.

It can be written explicitly as

1

2v/2

which can be easily shown by applying the stabilisers to the above expression. This state
can be prepared by first creating two star-shaped graphs (GHZ states) and then fusing
two of their leaf qubits. The experimental implementation of this strategy is sketched in
Fig. 5.7 and described in the following.

unee) = === (100 (0 ++) + 1= =)+ 1) (0 ++) = 1= =)%),  (5.)

First, both atoms are initialised in the |F' = 2,mpr = 0) state. We then generate two
photons, one from each atom, by applying the vSTIRAP control pulse via the addressing
system. Similar to the ring protocol, the two photons are separated in time by T = 20 ps.
A Hadamard gate is performed on each of the photons. Experimentally, this operation
is included in the setting of the measurement basis. This results in two atom-photon
entangled pairs. Their graphical representation corresponds to the dumbbell state (see
Fig. 3.1). Next, two more photon generation cycles are carried out. Each cycle consists
of a Raman transfer from |1, + 1) to |2, £ 2) followed by a photon emission on each atom.
We again apply a Hadamard gate to the photons. We also perform a Raman 7/2 pulse on
both atoms after a free evolution time t3. From this we obtain the tensor product of two
GHZ states, each consisting of one atom and three photons. Omitting normalisation, we
write the state as

)= @ (I, 10++) + et |-y j1— ) . (5.6)

Jje{1,2}

where the subscript ‘s’ denotes the atomic spin qubits. Each of the two product terms
carries a phase factor ¢1(tp) = 2wty and ¢2(tg) = 2wr(tg — T'), which captures the free
evolution of the atomic qubits. The phase terms are functions of the /2 pulse timing
parameter tg, while ¢2(tp) additionally depends on the photon separation 7' (see Fig.
5.7). The phase is actively tuned to ¢1(tp) = 0 and ¢2(tp) = 7 by adjusting the timing
parameters tg and T accordingly, as shown in Fig. 5.8a.

The two branches are fused into a larger graph state using the fusion gate. We do this
by generating two photons using the global vSTIRAP control laser (Fig. 5.2b). As before,
the detection of one photon in R and one in L corresponds to the projection of the atoms
onto the subspace {|01),,|10),}, associated with the projector P (equation 5.4). After a
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Figure 5.8.: Tree graph states. (a) Phase synchronisation of the two branches before the fusion. We
observe oscillations of the parity as a function of the 7/2 pulse timing . Branch 2 (red) is tuned
to have a relative phase of m with respect to branch 1 (blue). The working point is indicated by the
dashed line. The phase of branch 2 shifts as T is varied (light red). (b) Graphical representation
of the experimentally generated tree state. We choose a labelling convention as indicated by the
indices next to each vertex. (c¢) Measured stabiliser expectation values. The colour of each bar
corresponds to the local measurement setting M, (purple) or M; (blue). (d) Product terms G,
Gy and fidelity. The fidelity falls within the lower and upper bounds F_ and F; marked by the
black interval.

successful fusion we have

Py =(]10), + [01),) [0+ +)* + (|10), — |01),) |0+ +) [1 — =)
+ (110), = 01),) [T = =) [0+ +) + ([10), +]01),) |1 — —)** (5.7)
=110, (J0++) + 1 = =)+ [01), (J0+ +) — |1 — =)

For convenience we have moved the second spin qubit to the first position in the above
expression, which allows us to express the two atoms as a logical qubit encoded in the
basis {|0); = [10),,[1), = |01),}. Adding a normalisation constant, we can then write
the final state as

L
2v2

This is equivalent to the expression in equation 5.5, with the only difference that the root
qubit is now redundantly encoded by the two atoms. Alternatively, it is possible to remove
one of the atoms from the state by performing an X basis measurement.

In order to characterise the experimentally generated state and its overlap with the
target state (equation 5.5), we determine the expectation values of the stabiliser operators.
The measured data are shown in Fig. 5.8c. All eight stabilisers are above 0.7, some of them
close to 1. Two measurement bases are required to obtain all the stabilisers (Table 5.1) as
indicated by the colour. To measure the upper and lower bound F; and F_ we filter the
data for coincidences of all eight qubits. As before, we obtain the product correlators G,
Gy, and the fidelity interval spanned by F; and F_ (Fig. 5.8d). The data certify genuine
multipartite entanglement with O.69f8:8§ < F< 0.85”:8:8:2),.

[iree) = 5= (1002 (0+ )+ 1= =)+ 0+ —1==)F). (8
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The number of coincidences, the measurement time and the resulting coincidence rate
are summarised for both ring and tree graph states in Appendix D.

The one-way quantum repeater

Tree graph states serve as the fundamental resource for a quantum communication protocol
known as the one-way quantum repeater [57]. Similar to the original proposal of the
quantum repeater [50], the scheme involves dividing the communication link into smaller
segments with repeater stations placed between them. Each station prepares a copy of the
photonic resource state and uses it to encode and transmit a message qubit « |0) + 3 |1) to
the next station. The strategy of encoding the information non-locally on a multiphoton
entangled state is robust to some degree of optical loss between two neighbouring stations
and allows the message qubit to be re-encoded on a fresh copy of the resource state.
Intuitively, this concept bears some resemblance to the principle of signal amplification
in classical repeaters. However, it does not involve copying the qubit in any way, as this
would violate the no-cloning theorem [27]. Instead, the recovery of the qubit is made
possible by the redundancy of information provided by the tree encoding.

For simplicity, consider a depth-2 tree state with branching parameters [2, 2] (equation
5.5), similar to the graph shown in Fig. 5.8b. In the actual communication protocol, the
root qubit of this state would be a stationary matter qubit. For the encoding step, a Bell
measurement is performed between the message qubit and the root qubit of the tree state.
This removes the root qubit from the tree state and at the same time teleports the message
qubit onto the remaining photonic state. At the next station, the qubit can be recovered,
even if some of the photons have been lost. The [2,2] tree state tolerates the loss of up to
two qubits in one of the branches [57].

The probability of successfully transmitting the message qubit through a link with n
repeater stations is ps = ngf;r L Here, neg is the effective probability of transmitting the
message qubit from station k£ to station k + 1. neg depends crucially on the topology of
the resource state defined by the branching vector b. For branching parameters [bo,...,bm],
the effective efficiency is given by the expression [73]

et = [(1 — € 4+ €R1) — (eR1)](1 — € + eRo)™ (5.9)
where the terms Ry obey the recursive relation
Rip=1—[1—(1—€)(1 — e+ eRpyq)r+1]%. (5.10)

Here Rp+1 =0, b1 = 0 and € = 1 — 1, where 7 is the single-photon efficiency. The pa-
rameter € is simply the loss probability for a single photon between two stations (including
both transmission and detection). The effective transmission probability 7eg is plotted in
Fig. 5.9 for different branching vectors. The strategy of using single photons to encode
the message qubit serves as a benchmark. Here, the effective efficiency is simply 7. The
tree encoding provides an advantage if 7.g is above this threshold. As can be seen from
Fig. 5.9, trees of greater depth d tend to perform better in terms of effective efficiency.
Note that for illustrative purposes, specific branching parameters have been chosen with
the restriction b; < 3. Importantly, a depth of d = 3 or greater is required to gain an
advantage over the single-photon encoding. For larger depths, the curve shifts further to
the left. However, the effective efficiency ne.g can never exceed the single-photon efficiency
for values of < 0.5, since this would violate the no-cloning theorem [27, 73]. This implies
that the tree encoding can only provide an advantage if 7 is above the threshold of 0.5.



72 5.4. ESTIMATION OF ERRORS

1.00
& 0.75
<
>
2
2
é 0.50 [
o [2,2]
2 [2.3,2]
R — [3,2,3,2]
“ o025} — [3,3,3,3,2]
— [3,3,3,232]
— [3,3,3,33372]
= single photon
000 C 1 1 1 1 1 1 1
0.4 0.5 0.6 0.7 0.8 0.9 1.0
Efficiency n

Figure 5.9.: Transmission probability of the message qubit. Effective transmission efficiency g
as a function of single-photon efficiency 7. For tree states of depth d > 3, suitable branching
parameters can be determined to obtain an advantage of the tree state encoding over the single-
photon encoding. The branching parameters were restricted to b; < 3.

5.4. Estimation of errors

The fidelity of the ring and tree graph states is below unity due to various experimental
imperfections. Some of these imperfections can be attributed to specific steps in the
protocol. For instance, we believe that the largest contribution to infidelity comes from
the cavity-assisted fusion gate. In the subsequent discussion, we identify several physical
mechanisms that degrade the fidelity. From this, we derive a simple model that allows us
to predict the fidelity of a given graph state. We then compare the fidelity obtained from
the model with the experimentally measured fidelity interval.

5.4.1. Error contributions

In chapter 4, we have already discussed some of the mechanisms that we believe are the
main sources of infidelity for the elementary GHZ and linear cluster states. For these
states, a single emitter was used to run a protocol composed of single-photon emissions
and single-qubit rotations. The errors for these two processes were both estimated to be
on the order of 1%.

For the present chapter, the situation is somewhat more complex. Here we use two
emitters to execute protocols that are more sophisticated than those used previously.
While the errors associated with single-photon emissions and single-qubit rotations still
apply, we have to consider further mechanisms, which are discussed below.

Fusion

The central ingredient that enables experiments with multiple emitters is the cavity-
assisted fusion gate. To estimate the fidelity of this process, we consider the preparation
of the |[¥1) Bell state (Fig. 5.2 and 5.3). For our choice of postselection criteria, the ex-
perimentally generated state has a fidelity of 0.92. Correcting for the atomic state readout
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error (about 1% per atom), we estimate the fidelity of the fusion to be 0.94 and infer an
error rate of 6% per fusion operation.

Longitudinal polarisation components

In the two-emitter protocols, single-photon emissions take place using the single-atom
addressing system, which involves focusing the vSTIRAP control laser down to a few mi-
crometres. The small beam waist introduces polarisation components in the propagation
direction of the laser [160]. In the atomic reference frame, these appear as o /o~ polari-
sation, thereby exacerbating the errors associated with imperfections in laser polarisation
(see Fig. 4.11). For a beam waist of 6 um, we estimate the additional error to be on the
order of 1%.

Decoherence

Another potential source of infidelity, which was not accounted for in the single-emitter
protocols (chapter 4), is decoherence. It was not considered previously because of the
dynamical decoupling mechanism, which seems to mitigate the effect almost entirely. Here,
the protocol was specifically designed for a single emitter with almost no free evolution
time between different steps. For the ring and tree state protocol, we had to introduce
some waiting time between photon emissions within a given cycle. This means that at
least one of the atoms spends some extra time in the more magnetically sensitive |2, £ 2)
states. We therefore expect decoherence to play a larger role for ring and tree graph states
than for GHZ and linear cluster states. However, it is generally a non-trivial problem to
quantify the susceptibility of a given graph state to decoherence, since the error generally
depends on the entanglement topology [161].

Atom positioning

Both atoms are trapped in a two-dimensional optical lattice potential. The positioning
procedure is to some extent probabilistic (see chapter 2.1.4), which means that the atom
pair explores a range of x- and y-positions, thus sampling a small region of the optical
beams involved in the protocol. For example, the atoms experience a small shot-to-shot
variation in the optical light shift. In addition, the Rabi frequency of the Raman laser
varies slightly with position. Finally, the vSTIRAP addressing system actively aims along
the z-direction, but does not adjust for the y-coordinate. Due to the relatively small beam
waist of 6 wm, this affects the photon generation efficiency, but also the amount of circular
polarisation components, as discussed above.

Drifts of optical and magnetic fields

In addition to the positional fluctuations of the atoms, the optical beams can drift, which
has the same effect but occurs on much longer time scales. Similarly, the magnetic bias field
is subject to certain variations over time due to changes in the laboratory environment.
Drifts in both the optical and magnetic fields cause a shift in the oscillation frequency of
the atomic qubit. As long as these changes occur slowly, they can be compensated for by
regular retuning of the experimental sequence.



74 5.4. ESTIMATION OF ERRORS

5.4.2. Error model

Accurately simulating our experimental protocols and the errors that occur within them is
challenging for various reasons. First, a large Hilbert space has to be considered in a multi-
particle system. Moreover, the atomic ground state consists of a total of eight sublevels,
giving rise to complex dynamics, even for a single emitter qubit. Finally, modelling the
evolution of graph states in the presence of noise is a non-trivial task, as some types of
graph states are more susceptible to noise than others, depending on their entanglement
topology [161].

We therefore choose a simplified model in which we write the density matrix as the sum
of the ideal density matrix and a fully mixed state:

on (5.11)

Pexp = (1 - pnoise)pideal + Pnoise
Here ppoise is the total error probability, pigear is the ideal density matrix, 1 is the identity
matrix and n is the number of qubits. We decompose the combined error probability proise
into the different error contributions and write

Prnoise = - (1 - pP)NP(l - pR)NR(]- - pF)NF . (512)

Here pp is the probability of spontaneous scattering during photon emission, pr the error
probability for a Raman rotation, pr the error probability for the fusion process and Np,
Np, Nr the respective number of operations in the protocol. We only include these three
steps in our model, as these are the elementary operations in our protocols. As explained
previously, other mechanisms such as qubit leakage or decoherence are more difficult to
incorporate because the magnitude of their effect depends on the specific protocol, making
it impossible to assign an error probability to a particular step in the protocol.

In Table 5.2, we compare the fidelity obtained from our model with the experimentally
measured fidelity bounds. For the box and tree graph states, the modelled fidelity Fiodel
lies within the interval defined by F; and F_. For the hexagon graph, Fiodel is slightly
above the upper bound F,. However, considering the statistical uncertainty, our simple
model is still consistent with the experimental data. It is also important to note that the
model does not include effects such as decoherence and qubit leakage, which could explain
the slight discrepancy observed.

Box Pentagon | Hexagon Tree
Np 6 6 8 8
Ng 6 8 8 4
Nr 2 2 2 2
F. | 080+0.02 - 0.67 +0.03 | 0.857002
Frnodel 0.74 0.73 0.69 0.77
F_ [0.59+0.03 - 0.34709% 1 0.69755;

Table 5.2.: Comparison between our theoretical model and the experimental data. We compare
the predicted fidelities obtained from the model with the measured upper and lower bounds of the
fidelity. We use the following error probabilities as input to the model: pp = 0.02, pgr = 0.01 and
Pr = 0.06.



6. Conclusion and outlook

In recent years, entangled graph states have emerged as versatile tools and promising
candidates for a variety of applications in quantum information science, including com-
puting, communication and sensing. The experiments performed in this thesis address the
experimental challenge of generating photonic graph states of various types.

To achieve this goal, we first used a single rubidium atom in an optical cavity to sequen-
tially emit photons via the vSTIRAP process. In combination with single-qubit Raman
rotations on the atomic qubit, this enabled us to generate GHZ and linear cluster states.
Our experiments demonstrated GHZ state entanglement of up to 14 photons, the largest
state of entangled photons produced to date. The fidelity of the state decreased by only
1% per additional photon. The measured data for linear cluster states demonstrated gen-
uine multipartite entanglement of up to 12 qubits. For the largest states of 14 photons
(GHZ states) and 12 photons (linear cluster states) the generation rate was on the order
of one event per minute, substantially faster than for previous implementations.

In the second part, we used two atoms in the optical cavity. We first studied the photonic
fusion mechanism used to entangle the two atomic qubits. In the fusion process the
atoms simultaneously emit a photon into the cavity, erasing the which-path information.
Measuring the photons in opposite detectors then projects the atoms into the |[¥*) Bell
state. We then combined the emission capability of each atom with the photonic fusion to
merge two separate graph states into one larger one. We measured the stabiliser operators
of ring and tree graph states of up to 8 qubits. For two instances of these, namely the box
graph and the tree graph, our measurement additionally confirmed genuine multipartite
entanglement.

Scalability and future improvements

In the future, different pathways could be explored in order to develop the presented
method further. The main challenge lies in incorporating more emitter qubits into the
scheme. One approach is to increase the number of emitters within the same cavity and
couple them through fusion, as realised for two atoms in chapter 5. The most promising
way to achieve this is to utilise optical tweezers, which has matured into a powerful tech-
nology for accurately controlling large arrays of atoms [146, 148, 162]. Alternatively, the
individual atom-cavity systems could be organised in a distributed architecture connected
by optical links, as illustrated in Fig. 6.1.

The efficiency of hardware usage is the main advantage of the first approach over the
second. Placing the emitters in one cavity is more cost-effective and potentially more
scalable than the distributed arrangement. The ability to increase the number of emitters
is primarily limited by the available laser power. While the finite cavity mode volume may
present an obstacle, this issue could be mitigated by the use of movable arrays of opti-
cal tweezers [146, 148]. The distributed architecture offers superior addressability of the
individual emitters hosted by separate setups. Local gate operations and readout can be
performed essentially without crosstalk, circumventing a frequent problem for most quan-
tum devices, including the proposed one-cavity architecture. Considering both strengths
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and weaknesses of the two approaches, a hybrid approach combining the two is also a
viable option.

In both of the previously discussed scenarios there are different options concerning the
two-qubit logic operations between the emitter qubits. We will here group these options
into the probabilistic fusion, based on two-photon interference, and unitary two-qubit
gates. The fusion mechanism was demonstrated in chapter 5 for two atoms in one cavity.
The same concept could be applied to emitters in separate cavities, where the photons are
simply overlapped on a beam splitter. Arguably the biggest disadvantage of the fusion
mechanism is its probabilistic nature, succeeding only 50% of the time. A deterministic
unitary two-qubit gate would therefore provide a substantial scaling advantage.

One way to realise such a gate is the remote quantum-logic gate based on the reflection
of an ancillary photon (see Fig. 6.1). Our group has demonstrated such protocols both
for two atomic qubits in the same cavity [152] and more recently in separate cavities [78].
These protocols are in principle deterministic, assuming the absence of loss of the ancillary
photon. However, in practice the detection of the latter heralds the success of the protocol.
The efficiency is therefore limited by optical losses. Moreover, in our implementations the
ancillary photon was generated from faint laser pulses. Keeping the mean photon number
of these pulses low was necessary to suppress the multiphoton components, resulting in a
further decrease in efficiency. The fusion mechanism, although probabilistic, represented
the overall better compromise for our experimental setting.

Another possibility, which we have not yet explored in our cavity experiments, is the use
of quantum gates based on Rydberg-Rydberg interactions. These have been demonstrated
with high fidelities for atoms in optical tweezer arrays [147]. However, transposing this
technique to atomic cavity QED faces a significant obstacle due to the strong susceptibility
of Rydberg states to electric fields. We expect that the surface charges on the substrates of
the cavity mirrors strongly disturbs the quantum state during the Rydberg gate protocol.
Nevertheless, some progress has been made in addressing this issue [149].
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Figure 6.1.: Envisioned architecture for photonic graph state generation. Several atom-cavity sys-
tems are connected by an optical channel, through which two-qubit quantum logic is implemented
using an ancillary photon [78]. Each atom emits a string of photons in a 1D cluster state. CZ gates
are executed on neighbouring pairs of emitters in between photon emissions. This weaves the 1D
chains into a 2D cluster state of photons, serving as a resource for one-way quantum computing
[54]. Figure adapted from Ref. [124].

Applications

The perspective of scaling up to a larger number of emitters, as previously discussed, opens
the door to harnessing graph state entanglement in a number of different applications.
Amongst these, one-way quantum computation and other MBQC protocols belong to the
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quantum technology proposals that currently attract the most attention. The primary
challenge towards this goal is the generation of a 2D cluster state. Several theoretical
works have already outlined how this can be achieved with quantum dots [67, 163—-165].
As demonstrated in this thesis, this concept also applies to other types of emitters, like
atoms in cavities. Once the generation of a 2D cluster state becomes feasible, we can use
it to implement elementary computational algorithms, similar to experiments based on
SPDC [59, 60, 166], trapped ions [167] or superconducting qubits [168].

An interesting perspective on this path is the realisation of adaptive measurements
and active feedforward, making the computation deterministic. Such computations have
been demonstrated with SPDC-based sources [169], but the parallel preparation of the
photonic resource state requires very fast electronic and optical operations to carry out
the feedforward. In emitter-based schemes, the photon emission occurs sequentially, which
significantly relaxes the time-scale at which these operations have to be executed. The
adaptive setting of the detection basis can then be achieved with a polarisation EOM,
similar to the ones used in our detection setup (chapter 2.1.6).

Quantum communication using graph states, such as repeater graph states [55, 56] or
tree graph states [57, 73], presents another fascinating direction to explore. Tree graph
states, for instance, have been demonstrated in chapter 5 using the fusion mechanism.
In our experiments we have produced a small tree state of depth 2, that is two layers in
addition to the root qubit. In principle, this state allows to collectively encode a logical
qubit on the entire multi-qubit state. Subsequently, one could show that the encoded
qubit can withstand the loss of certain subsets of physical qubits. The ultimate goal is
to demonstrate an advantage of this method compared to simply encoding a qubit on
a single photon. A tree of depth 3 would be sufficient to achieve this, given that the
source-to-detector efficiency surpasses a certain threshold.






A. List of abbreviations

AC alternating current. 27
AOD acousto-optic deflector. 13, 14, 66

AOM acousto-optic modulator. 21
BSM Bell state measurement. 37, 38

cavity QED cavity quantum electrodynamics. 3, 5, 7, 10, 11, 58, 62, 76

CZ gate controlled Z gate. 33, 37, 76
DDS direct digital synthesizer. 21

EMCCD electron-multiplying charge-coupled device. 13, 14
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B. GHZ/linear cluster protocol
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Figure B.1.: Detailed protocol for GHZ and linear cluster state generation. The individual steps
shown correspond to the protocol as described in chapter 4.1. The initialisation step, consisting of
optical pumping and photon production, is repeated until success for a maximum of seven attempts.
The cycling steps (1-4) are carried out for N — 2 cycles. The protocol ends with the Nth photon
being generated in the closing step. Afterwards, the experiment proceeds with pulse calibration
and cooling. If at any point a photon generation attempt fails and we do not obtain a detection
events from the detector, the protocol ends prematurely and goes directly to pulse calibration and
cooling.
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C. Box graph state protocol

In the following we will use the box graph state as an example to gain a more thorough
understanding of the generation protocol. This includes a derivation of explicit expressions
of the multi-qubit state at different stages of the protocol.

In step 1 we use the fusion gate to obtain

)= 5

Next, we perform a Raman transfer from |1,+1) to |2, +2) and generate a photon. We
then have a state consisting of two atoms and two photons of the form

10)5 [01) [1)5 + 1), [10) [0) (C.2)

(101), + [10),) - (C.1)

where for simplicity we omit the normalisation constant. As for the atomic qubits, we have
written the photonic qubit in the computational basis defined by |0) = |R) and |1) = |L).
We then apply a Raman 7/2 pulse to both atomic qubits and get

[+)5101) [=)5 + =) [10) [+) (C.3)

The protocol proceeds with the second cycle. Here, were first apply a Z rotation to both
emitters before generating a photon to get

10y, 10) = 1), 113) o1 (10) 10y, + [1}]1),)

(C.4)
(10, 10) + 1, 1)) 110} (J0) [0), = 1) 1), )
followed by a Raman /2 pulse
0)—1]—).|1))]01) (|0 1) |-
(14, 10y = 1=),11) lo1) (10} [4+), +11)1-), ) s

+ (1,100 +1-), 1)) 120} (10) 1+), = 1), ) -

Up to a local Z gate on qubit 5, the above expression is equivalent to a 5-qubit linear
cluster state with qubits 3 and 4 forming a redundantly encoded qubit. We then perform
the fusion operation on the two emitters. This corresponds to applying the fusion projector
Pr (equation 5.4) to the expression above.

—+10), (10010}  |0011) — [1010) + [1011) -+ [0100) + [0101) + [1100) + [1101}) [1),
+11), (10010) + [0011) + 1010 + [1011) + [0100) — [0101) — [1100) + [1101) ) 0}, ,
(C.6)
With some simple transformations using |£) = |0) & |1) we obtain
0} (I=01=) + [+10+)) [1) + [1), ([+01+) + [=10-)) [0), - (C7)

Finally, we reorder the qubits to be consistent with the graph shown in Fig. 5.5a and
get

[rox) = (101 = =} [10++)) J01), + (J01 + +) + 10— =)} [10), (C.8)
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D. Coincidence rate for ring and tree graph
states

Box | Pentagon | Hexagon | Tree

Number of events 628 392 219 227
Measurement time (h) | 4.5 3.3 8.7 4.8
Rate (events/min) 2.3 2.0 0.4 0.8

Table D.1.: Coincidence rate. Number of events, measurement time and the resulting coincidence
rate for the box, pentagon, hexagon and tree graph states presented in chapter 5.
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