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Abstract

This thesis studies the dynamic portfolio optimization problem of an investor who seeks to
maximize his expected utility from terminal wealth, trades continuously in time, and whose
portfolio allocation is restricted by constraints. This thesis aims to provide new solution methods
that lead to closed-form characterizations for the optimal terminal wealth and optimal portfolio
process for realistic settings with sophisticated financial market models and constraints that have
previously not been discussed extensively in the existing academic literature. In this spirit, we
developed a dual methodology that provides several equivalent dual optimality conditions which
can be used to solve the portfolio optimization problem under simultaneous constraints on the
investor’s relative portfolio allocation and terminal wealth for general financial market models.
We illustrate the usefulness of this methodology in a Black-Scholes model with convex cone
allocation constraints, pointwise bounds on terminal wealth, and simultaneous Value-at-Risk or
expected shortfall constraints by characterizing the investor’s optimal terminal wealth up to two
deterministic constants. Furthermore, by viewing one of the dual optimality conditions from
a stochastic control perspective, we provide a condition under which the exponentially affine
separability structure of the investor’s value function in stochastic factor models is retained when
allocation constraints are introduced. By verifying this condition in financial market models
with stochastic short rate or stochastic volatility, we can ensure that the optimal constrained
portfolio process remains deterministic and can be determined by solving an associated Riccati
differential equation. We verify this condition and derive a closed-form solution for the optimal
allocation-constrained portfolio in Heston’s stochastic volatility model and make a surprising
observation: The optimal constrained portfolio in a Heston market is not always equal to the
‘naive’ capped portfolio, which caps off the optimal unconstrained portfolio at the boundaries
of the constraints. Thus, our results suggest that allocation constraints have a fundamentally
different impact on the optimal portfolio in financial markets with stochastic volatility compared
to markets with constant volatility. In extensive numerical experiments, we demonstrate that
following the naive capped portfolio causes high annual wealth-equivalent losses for risk-averse
investors in volatile markets, which can be experienced during a financial crisis.
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1 Introduction

1.1 Motivation & Objective

Expected utility theory has been widely used within the realm of decision theory to determine
and discuss how people should behave in uncertain environments. As such, it has been widely
applied in mathematical finance and in particular in the context of dynamic portfolio optim-
ization. Such applications can be roughly divided by their underlying model for the financial
market into discrete time (see e.g. [68] and [79]) and continuous time (see e.g. [64], [65]).
While discrete time models can in principle perfectly reflect how prices of exchange-traded as-
sets change (after all, physical limitations ensure that order routing and processing at exchanges
occur in discrete time), they lack analytical tractability and closed-form solutions for all but
the most simple return distributions. For this reason, the analysis of sophisticated and realistic
discrete time models may require complex or computation heavy numerical schemes. In con-
trast, applications of continuous time models yield tractable closed-form solutions in a variety
of contexts and are widely employed in the mathematical finance literature and in the financial
industry, despite the fact that they require the heuristic assumption of continuous trading.

In this spirit, this thesis considers several variations of a dynamic portfolio optimization prob-
lem for an investor who aims to maximize his expected utility and trades continuously in time.
As suggested by the thesis title, we additionally consider an aspect which extremely relevant
for investors trading in the financial markets: constraints, especially allocation constraints.

In most practical applications investors need to abide by allocation constraints either due to
regulatory requirements or due to client preferences. [85] and [49] first presented a duality
approach for portfolio optimization problems with constraints on short-selling and trading of
individual assets. Their duality approach was later generalized for general convex allocation
constraints in [17], who derived a dual optimal control problem which seeks the least favor-
able market coefficients among a suitable set of ‘dual’ stochastic processes. For CRRA-utility
functions, [17] determined the optimal constrained portfolio process in closed-form up to a de-
terministic minimizer of a real convex optimization problem. [89] considered a similar setting
in a one-dimensional Black Scholes market, but did not employ any duality techniques. Rather,
the author characterized the value function as the unique viscosity solution of the associated
HJB PDE and gave a semi-explicit expression of the optimal portfolio allocation in terms of the
value function. From both [17] and [89], one can easily see that the optimal constrained portfo-
lio allocation for an investor with a CRRA utility function in the Black-Scholes model is equal
to the unconstrained optimal solution if the constraints are satisfied, and is otherwise capped
at the boundary of the constraint. Ever since, allocation constraints have been integrated into
portfolio optimization problems in a myriad of ways (see e.g. [16], [71], [60], [66], [6], [70], [23]
and [24]). However, only in rare cases were closed-form formulae or solution methods presented
which do not require extensive Monte-Carlo simulation. The most notable exceptions to this
observation are financial market models and utility functions which result in a myopic optimal
portfolio process. This includes the logarithmic utility function for general diffusion models as
well as the power utility function for stochastic factor models where the stochastic factor only
describes systematic risk (of which the Black-Scholes model is a special case), see [17] and [71].
In other cases, solution to the allocation constrained portfolio optimization problem need to be
estimated by sophisticated numerical schemes (e.g. [19], [92]).



1 Introduction

Even though the continuous time dynamic portfolio optimization problem under allocation
constraints has been extensively studied in the existing literature, we make the argument that
there is a lack of tractable closed-form solutions for many realistic settings and therefore, the
main upside of continuous time over discrete time financial market models is hardly utilized in
the existing literature. Hence, the objective of this thesis is to extend the existing literature on
constrained portfolio optimization and provide new methodologies which yield new closed-form
solutions to existing problems or provide otherwise new insights about them. Specifically, we

e extend the auxiliary framework of [17] to include simultaneous constraints on relative
portfolio allocation and terminal wealth (Chapter |3)),

e develop a novel solution approach for allocation constrained portfolio optimization prob-
lems in incomplete financial markets with market dynamics influenced by an external
stochastic factor (Chapter [4)),

e and apply the aforementioned approach to derive closed form solution formulae for the
optimal portfolio in Heston’s stochastic volatility model (Chapter [5)).

1.2 Structure of the Thesis

The structure of this thesis is as follows: In Chapter 2| we begin by collecting a selection of
useful results from different fields. As this thesis focusses on portfolio optimization problems
with (allocation) constraints, we pay special attention to convex duality theory and some of its
applications to constrained optimization in Section Moreover, we formally define the over-
arching setting of this thesis and give an overview of two classic methods for (unconstrained)
portfolio optimization in continuous time: The martingale method and the stochastic control
approach.

In Chapter [3| we consider a portfolio optimization problem with simultaneous constraints on
portfolio allocation and terminal wealth. We propose a generalized martingale method which is
applicable under the presence of constraints on terminal wealth in complete financial markets.
Afterwards, we proceed to integrate this methodology into the auxiliary market framework of
[17] and derive a set of equivalent dual optimality conditions for portfolio optimization prob-
lems with simultaneous constraints on portfolio allocation and terminal wealth. The optimality
conditions correspond to different duality approaches generated by the allocation constraints
or the wealth constraints. If the allocation constraints are a convex cone and risky asset prices
follow a geometric Brownian motion, then we can derive closed-form expressions for the optimal
terminal wealth as a function of an adjusted pricing kernel and a deterministic Lagrange mul-
tiplier. This is demonstrated for constraints on Value-at-Risk and expected shortfall.

In Chapter 4] we study a portfolio optimization problem in an incomplete financial market
where the risky asset dynamics depend on stochastic factors and the relative portfolio alloc-
ation is constrained to lie within a given convex set. We employ fundamental duality results
from real constrained optimization to formally derive a dual representation of the associated
HJB PDE. Using this representation, we provide a condition on the market dynamics and the
allocation constraints, which ensures that the solution to the HJIB PDE is exponentially affine
and separable. This condition is used to derive an explicit expression for the optimal allocation-
constrained portfolio up to a deterministic minimizer and the solution to a system of Riccati
ODEs in a market with CIR volatility and in a market with multi-factor OU short rate.

In Chapter 5| we specifically consider a portfolio optimization problem with convex constraints
in Heston’s stochastic volatility model. Naturally, this setting is a special case of Chapter [5| and
we may thus apply the previously developed duality methods developed to obtain a closed-form
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1 Introduction

expression for the optimal portfolio allocation. In doing so, we observe that allocation con-
straints impact the optimal constrained portfolio allocation in a fundamentally different way in
Heston’s stochastic volatility model than in the Black Scholes model. In particular, the optimal
constrained portfolio may be different from the naive ‘capped’ portfolio, which caps off the
optimal unconstrained portfolio at the boundaries of the constraints. Despite this difference,
we illustrate by way of a numerical analysis that in most realistic scenarios the capped portfolio
leads to slim annual wealth equivalent losses compared to the optimal constrained portfolio.
During a financial crisis, however, a capped solution might lead to compelling annual wealth
equivalent losses.

Chapter [0 summarizes the main findings of this thesis and gives an outlook on potential future
research.

All detailed mathematical derivations and proofs have been moved to Appendix [A] to improve
readability.

1.3 Contributions

This thesis is based on and parts of it have been quoted verbatim from the following research
articles:

Chapter

[34] Marcos Escobar-Anel, Michel Kschonnek and Rudi Zagst. ‘Portfolio Optimization: Not
Necessarily Concave Utility and Constraints on Wealth and Allocation’. In: Mathematical
Methods of Operations Research 95 (2022), pp. 101-140.

Chapter [k

[33] Marcos Escobar-Anel, Michel Kschonnek and Rudi Zagst. ‘Portfolio Optimization with Al-
location Constraints and Stochastic Factor Market Dynamics’. 2023. arXiv: 2303.09835
[q.fin.PM]

Chapter

[32] Marcos Escobar-Anel, Michel Kschonnek and Rudi Zagst. ‘Mind the Cap! — Constrained
Portfolio Optimisation in Heston’s Stochastic Volatility Model’. 2023. arXiv: 2306.11158
[q.fin.PM]

As part of the elite doctoral program ‘TopMath’, an earlier version of [34] has been accredited
as M.Sc. thesis of the author of this thesis. However, the inclusion of expected value constraints
and the discussion of the associated dual optimization problems in Chapter [3| constitute an
innovation which has not been published as part of [34].

Further, the author of this thesis has co-authored the following publications, which are not part
of this thesis:

[35] Marcos Escobar-Anel, Yevhen Havrylenko, Michel Kschonnek and Rudi Zagst. ‘Decrease
of capital guarantees in life insurance products: Can reinsurance stop it?’. In: Insurance:
Mathematics and Economics 105 (2022), pp. 14-40.

[58] Michel Kschonnek, Iryna Dobrovolska, Ulrike Protzer and Rudi Zagst. ‘COVIX-An Index
Allowing for the Assessment of the Pandemic Situation Based on Infections and Hospit-
alisation Data’. In: Applied Sciences 13.7 (2023).
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2 Mathematical Preliminaries

2.1 Convex Analysis

2.1.1 Basic Notions from Convex Analysis

The majority of concepts and results presented in this section can be found in [76] and [29].
Throughout this section we consider a general vector space V over R with a scalar product
() : VxV — R and induced norm | - | : V — RR. Note that all results that hold for
V' also hold for its natural extension with the real line Vg := V x R and the scalar product
(IR VR = R, ((z,0),(y,8))r = (z,y) + aB. An easy illustrating example would be R?
for some d € N with the standard scalar product (z,y) = z'y and the Euclidean distance
||| = V2’z as norm. Further, we define the extended real numbers as R := R U {c0, —00}.

Definition 2.1.1 (Convex Sets). A set K C V is called convex if for all x,y € K every point
on the line segment connecting x and y is again in K, i.e., YA € (0,1) we have

Ar+ (1 - Ny € K.

The convex hull co K of a set K C V is the smallest convex set containing K, i.e.,

co K = ﬂ M.

M convex
KcM

Definition 2.1.2 (Open and Closed Sets). A set K C V is open, if for all x € K, there exists
€ > 0 such that
le—yl<e syck WyeV.

A set K C V is closed, if its complement V\K is open.

The closure cl K of a set K CV is the smallest closed set containing K, i.e.,

dK= ()| M
M closed
KcM

Clearly, any K C V is closed if and only if ¢/ K = K. Similarly, K is convex if and only

if co K = K. Moreover, if K is indeed closed and convex, then there exists a more concise
characterization of K in terms of closed half spaces.

Definition 2.1.3 (Closed Half Space). For given (y,3) € Vgr, the set

H(y,8) ={z €V | (z,y) < B}

1s called a closed half space.

13



2 Mathematical Preliminaries

Lemma 2.1.4 (Closed Convex Hull as Intersection of Half Spaces). Let K C V be arbitrary.
Then,
cl co K = ﬂ H(y,B).
KCH(y,5)
(y,8)EVR

In particular, K is closed and convex (closed convex) if and only if

K= (] H(yBp).
KCH(y,p)

Since we will at a later point almost exclusively be considering concave optimization problems
(maximization) instead of convex optimization problems (minimization) we introduce the fol-
lowing classic tools for the analysis of concave and convex functions (epigraphs, hypographs,
conjugates, etc.) for concave functions only.

Definition 2.1.5 (Domain in Concave Sense and Hypograph). For a function f:V — R, we
define its effective domain domy C 'V and its hypograph Hy C Vr as

domy={z €V | f(z) > -0}
Hf={(z,a) € V& | f(z) > a}.

Geometrically, one may think of the hypograph of a function f as the closure of the area below
the graph of a function f. It is easy to see that the hypograph of an affine function o : V — R
defines a half space in V. Note that the hypograph characterizes a function uniquely and every
function f : V — R can be reconstructed from its hypograph. We frequently switch between
the classic representation of a function f and the representation of a function f through its
hypograph. More precisely, given a hypograph H; C Vg, we can recover f by setting

f(z) :=sup {a ‘ (z,a) € Hf},

where we make use of the convention sup () = —oo and supR = oo.

Definition 2.1.6 (Convex & Concave Functions). A function f : V. — R is concave if its
hypograph Hy is convex. If additionally there exists an & € V such that f(Z) > —oo and
f(z) < oo Vx €V, then f is called a proper concave function.

If —f is concave, then f is called a convex function.

Remark 2.1.7. Analogously to Definition we also refer to non-concave functions f :
V — R as proper if f(z) < oo for allz € V and f(Z) > —oco for some & € V.

14



2 Mathematical Preliminaries

[ &
) w
B ®
= Hf =
Hy
zeV zeV
(a) (b)

Figure 2.1: Illustration of the hypograph Hy for a function f which is concave (Figure [2.1(a)))
and non-concave (Figure [2.1(b)]).

Definition [2.1.6] is slightly more abstract than usual, but has the advantage that we can classify
functions taking values only in {—o00, 00} as concave (or non-concave) without encountering the
undefined operations —oo + 0o or co — oco. If we restrict ourselves to functions f : V — R with
f(z) < 0o Va € V, then we recover the usual definition of concavity.

Lemma 2.1.8. Consider a proper function f : V. — R. Then, f is concave if and only if it
satisfies

fOz+ 1 —=Ny) > Af(z)+ (1 =N f(y) VYr,ye V,Axe(0,1). (2.1)

Definition 2.1.9 (Usc Functions). A function f:V — R is upper semi-continuous (‘usc’) if
foranya € R, My(a) ={z eV | f(z) > a} is closed in V . (2.2)
An equivalent characterization is

limsup f(z') < f(x) VzeV. (2.3)

' —x

Analogous to the convex hull co K and closure ¢l K of a set K C V, we may define similar
notions for functions f: V — R.
Definition 2.1.10 (Concave Hull, Usc Hull and Closure). Consider a function f:V — R.
(i) The concave hull co f:V — R is the smallest concave function greater or equal than f.
(ii) The usc hull usc f :V — R is the smallest usc function greater or equal than f.
(iii) The closure cl f:V — R is defined as

o f(z) = usc f(x), Ve €V, if usc f(zx) < oo Vx eV
) oo, Ve eV, if usc f(z) =00 for some x € V

If usc f (resp. usc co f) is proper, then ¢l f = wusc f (resp. ¢l co f = usc co f). This technical
construction allows us to characterize usc co f by the closed convex hull of its hypograph and
cl co f as the minimum of affine functions h larger or equal than f. This illustrates the strong
link between the concave hull, usc hull and closure of a function f and the convex hull and
closure of its hypograph Hy.

15



2 Mathematical Preliminaries

Lemma 2.1.11. Consider a proper function f : V — R. Then the following holds:

(i) f is usc if and only if Hy is closed in Vg
(ZZ) cl Hf:Huscf
(ZZZ) Cco Hf:Hcof

() Hyse co f=cl co Hf = (cl co domy X R) N ( ﬂ Hh)

h:V—=R affine
f<h

(v) ¢l co f(x)= inf <sup (f(@) = (z,2) + (z,a:))

2€V \ zcy

Especially statement (iv) and (v) of Lemma and their proof are quite remarkable. Not
only is illustrated that it is equivalent to compute the usc hull and concave hull usc co f of
a function f directly or computing the closure of the concave hull ¢/ co Hy of Hy and deriv-
ing usc co f from it, but it connects these two equivalent operations to a min-max-problem for f.

The final statements of Lemma [2.1.11] motivate the definition of the (concave) conjugate and
bi-conjugate of a given function f:V — R:

Definition 2.1.12 _(Concave Conjugate). Consider a_function f:V = R. We define the
conjugate f* :'V — R and the bi-conjugate f** : V — R as

o [*(y) = sup (f(x) = (y,z)) foryeV

o [*(z)= leel‘f/ ((y,z) + f*(y)) forz e V.

Going back to the proof of Lemma (iv), for a given slope z € V, the conjugate f*(z) can
be identified as the minimal intercept /3, such that the affine function h, : V — R, h,(z) =
B. + (x, z) is larger or equal than f, i.e., such that the hypograph H}, is contained in the half
space Hj,_. Finding z, such that h, (z) > f(x) is minimized, we take the bi-conjugate f**(x)

of f. This is in turn equivalent to taking the intersection of all half spaces H}_, which contain
Hy.

Remark 2.1.13. Let x € V be arbitrary but fized. Then, so-called "weak duality” holds, i.e.,

@ = inf (e + S )

N——
2f (@)= (y.x)
> inf ((y.2) + f(@) = (y,7)) = inf (F(z)) = f(a)

Remark 2.1.14. In the conver analysis literature (see e.g. equation (5.25) in [76]) it is cus-
tomary to define the conjugate of a function f:V — R in the concave sense as
(y) = — - = inf — .
f*(y) = =sup (f(z) = (v.2))) = nf ({y.2) ~ ()

In contrast to our Definition this has the satisfying consequence that the bi-conjugate of
f is obtained from taking the conjugate of f*, i.e., f* = (f*)*.

According to our definition we have the (slightly) less elegant version f** = —(—f*)*. How-
ever, in the mathematical finance literature, in particular in a portfolio optimization context,
Definition[2.1.19 is more prevalent. Since, we are going to apply the above theory in a portfolio
optimization context, we decided to stick to the corresponding convention.

16



2 Mathematical Preliminaries

We summarize some useful properties of the conjugate and bi-conjugate in Lemma [2.1.15}

Lemma 2.1.15. Consider a proper function f : V — R. The following holds:
(i) -f* and f** are usc and concave

(ii) f is usc and concave if and only if

flz)=f"(x)=clco f(x) VxeV.

Example 2.1.16 (Indicator Functions of Convex Sets). Consider a non-empty closed convex
set K CV and define its indicator function X : V — R as

fo,  ifrek
Yx(e) = {oo, ifr ¢ K.

This indicator function is intentionally chosen differently from the standard indicator function
1x (), which takes values in {0,1}, depending on whether x € K or not. Regardless, the above
concept comes in handy, when considering concave optimization problems that are constrained
over convex sets K. The concave conjugate of Xi is given as

Xi(y) = sup (X (x) — (y,2)) = sup (= (y,))

= —gglf( ((y,m)) =: 0 ().

The function dx is called the support function of K and plays an important role in constrained
concave optimization problems. The domain of §x is the barrier cone

Xk = doms, = {y eV ‘ 0x(y) < oo}.

The support function dx offers a natural characterization of closed convex sets in a dual sense.
As K is a closed convex set, the indicator function X is usc and concave. Thus, by Lemma

2.1.15, we have X = X%*. This yields

< ox(y)+(r,y) >0Vy eV
& 0 (y) + (z,y) >0 Vy € Xk (2.4)

Due to its significance for the remainder of the thesis, we summarize the key properties of the
support function dx below.

Lemma 2.1.17. Let K CV be a non-empty closed, convex set. Then,

(i) Ok is positive homogeneous of order 1:

Ik (ay) = adx(y) YVa>0, VyeV.

(ii) O is sub-additive:
Ox (Y1 +y2) <Ok (y1) +0k(y2) Yyi,y2 € V.

(iii)
reK < 0<0g(y)+(z,y) Vye Xk
& 0<dx(y) + (z,y) Yye Xg with (y,y) < 1.

(iv) dx(y) =0 Vye Xig & K is a conver cone.

17



2 Mathematical Preliminaries

2.1.2 Concave Optimization

In the following, we consider a proper function f : V' — R and the primal optimization problem
(P) of the form

(P) {<I>p = sup f(). (2.5)

zeV

The representation ([2.5)) is sufficiently general so that classic examples of constraints can be
incorporated into this formulation. Similar to a portfolio optimization context, we consider two
different types of constraints:

(i) Constraints explicitly defined on x € V| i.e., we require that = € K for a subset K C V.

(ii) Constraints implicitly defined through a function g : V' — H, i.e., we require that g(x) € K
for a subset K C H of another vector space H over R.

Assuming we aim to maximize a proper function f : V — R subject to the constraint (i). Then,
we can rewrite this constrained maximization over f as an unconstrained maximization problem
over a suitable function f by considering Xx : V — {—00,0} as defined in Example [2.1.16| and
defining

sup f(z) = sup ( f(z) + Xk (z)) = sup f(a). (2.6)
reK zeV \—:ff(x)—/ zeV

Note that X'k is usc and concave if and only if K is closed convex. Hence, if f is usc and concave,
f remains usc and concave if K is closed convex. Similarly, if we aim to maximize f subject to
constraint (ii), then we may use the same notation as above, where Xx : H — {—00,0} now

takes arguments v € H, and write

sup  f(z) = sup (f(2) + Xk (g(2)) ) = sup f(z). (2.7)
z€V, g(z)eK zeV ::}f(x) zeV

Clearly, we could have done the same transformation as in (2.6)) by defining the set
K:={zcV|g(x)eK}

and maximizing over = € K. However, we will later see that the distinction between (2.6) and
1’ can still be useful. Again, f is usc concave if f is usc concave and K is closed convex.

We now follow the framework presented in [76] to define a dual optimization problem (D)
corresponding to the primal optimization problem (P). For this purpose consider another vector
space H over R with scalar product (-,-) and assume that there exists a function

F:VxH—TR, with F(z,u) = f(z) for some 4 € H.

One may think of F' as a perturbation of f or as a function, which expresses the dependence
of F' on the parameter choice u € H. Clearly, the choice of F' for a given f is not unique, but
can be chosen freely, although there may exist a natural choice for F. Regardless, the following
results hold for any choice of F', but their usefulness is heavily dependent on the specific choice
of F.

Definition 2.1.18. For any u € H, we define the perturbed problem (Py) as

(Py) {<I>(U) = ilelgF(a:,u). (2.8)

18



2 Mathematical Preliminaries

In particular, we clearly have ®(u) = ®p.

Definition 2.1.19. We define the Lagrangian of F as L :V x H — R as

L(z,\) = 21612 (F(z,u) — (u,\)) + (@, \).

Moreover, we define the dual problem (D) as

Yo = jnf GO
D)3 cov = sup L(z, ). (2.9)

Example 2.1.20. Consider a proper function f : V. — R, which we would like to optimize
over the closed convex set K C V. We may equivalently optimize over the function f(x) =
f(z)+ Xk () instead (as seen in (2.6)). We assume that there exists at least one feasible x € V
with f(x) > —o0, i.e., [ is proper, too.

Choosing H =V, we define a perturbation function F': V x V. — R by setting

Fla,u) = f(2) + X (e + 0) = f(2) + X (@).

As hinted by the last equality, this can be regarded as a perturbation to the constraint set K
through an affine shift K — u. In particular for u := 0, we clearly have F(x,u) = f(z) for
x € K. For fived (x,\) € V2, the Lagrangian L can be calculated as

L(z,\) = sup (F(x,u) — (u, )x)) + (u, \)

ueH

= sup (f(2) + Xk (z +u) — (u,\)) + (0, \)
ueV \\:/-/

= f(z) + 2161‘[; (X (x4 u) — (u, \))

= f(@) +sup (XK%EV@) - %t’v% A) + (2, 0)

= @) + (2 A) + sup (X (v) = (v, )

X5 (N)=0x ()
= f(x) + {z,A) + dx (N).

The objective function G of the dual problem (D) is thus given by

G(A) = sup f(z) 4 (z,A) + 0k (}),
zeV
which is the value function of an unconstrained optimization over the objective function f(x)+
(x,\) + 0K (X), where the additional term (x,\) + 0 (\) is non-negative whenever x € K (see
Lemma . In this sense, this adjusted objective function implicitly rewards x € V which
abide by the constraint x € K. In particular, we have G(\) > ®p for all A € H = V. Corres-
pondingly, the dual problem (D) in this context reads as

Yo =6
(D) G(N) :igg(f($)+<x’)\>)+6ff()‘)’ (2.10)

i.e., the additional reward gained by the removal of the constraint K and the additional term
(x,\) + 0k (N\) is minimized.
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Example 2.1.21. Consider functions f:V — R, g: V — H. We would like to mazimize f
over all x € V' such that g(x) € K, for a closed convex set K C H. By setting

f(z) = f(x) + X (g9(x))

we obtain our usual representation of (P). By defining the perturbed objective function F' :

VxH-—=Ras
F(z,u) = f(z) + Xk (9(z) +u),

we obtain the corresponding Lagrangian L (using the same calculations as in Example|2.1.2()
as

L(z, A) = f(z) + (9(2), A) + 0k (N).

It is important to note that in this particular example it is possible that H #V and hence A € H
may be of an entirely different form than x € V. The dual optimization problem (D) is thus
defined as

Yo = jnf G
) G :ggg(f(x)ﬂg(a:),»)+5K(A). (2.11)

Lemma 2.1.22. The Lagrangian L : V x H — R has the following properties:
(i) If F(x,-) : H — R is proper for a given x € V, then —L(z,-) : H — R is usc and concave

(ii) If F(z,-): H — R is proper, usc and concave for a given x € V, then

grellf{L(x,)\) = F(x,u) = f(z)

(iii) If F(x,-) : H — R is proper, usc and concave ¥Yx € V, then the primal problem (P) can
equivalently be written as

(P) {q)p = 2161‘1/) )}ng{L(x, A) (2.12)

Theorem 2.1.23. The following duality relation holds between the optimization problems (P)
and (D):

®(u) = sup f(r) = ®p < Vp = inf sup L(z,\) = cl co (a).
zeV A€H gcy

By virtue of Theorem [2.1.23] we have successfully derived a duality representation between (P)
and (D). The optimal value of both optimization problems coincides if and only if the concave
closure of ® coincides with ® at the parameter choice u = a, i.e.,

Op=Up & P(u)=cl co ®(u).

The difference ¥ — ®p is also referred to as duality gap. If ®p = ¥p, we say the duality gap
is zero. If the dependence of F' on the perturbation (or parameter) u is u.s.c and concave, then
according to (i77) in Lemma [2.1.22] we view (P) as a max-min problem and (D) as a min-max
problem over the same Lagrangian L. When both (P) and (D) obtain the optimal value at an
(x*,\*) € V- x H, we call (z*,\*) a saddle-point.
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Definition 2.1.24. (z*,\*) € V x H is called a saddle-point of L, if

L, ) < L@, \*) < L(a*,\) V(@A) €V x H.

Remark 2.1.25. In the current abstract context, when (z*,\*) € V' x H is a saddle-point we
also say that (z*,\*) satisfies the so-called Karush-Kuhn-Tucker condition (‘KKT condition’).

Corollary 2.1.26. If (z*,\*) € V x H is a saddle-point of L, then \* is optimal for the dual
optimization problem (D).
If additionally F(x*,-) is proper, usc and concave in u, then z* is optimal for the primal
optimization problem (P).

In summary, we obtain the following equivalent statements:

Theorem 2.1.27. Let F(z*,-) be proper, usc and concave in u for a specific z* € V.. Consider
the following statements:

(i) op =Tp
(i) ®(u) = cl co ®(u)
(i1i) x* is optimal for (P), \* is optimal for (D) and ®p = ¥p
(i) (x*,\*) is a saddle-point of the Lagrangian L.
Then, (i) < (ii) and (iii)< (iv).
Theorem does not provide direct properties of F', which ensure that either of the state-
ments (i) — (iv) are satisfied. However, it is possible to derive several properties for F', which

guarantee that statement (i) in Theorem [2.1.27]is satisfied and therefore the duality gap must
be zero. The so-called Slater’s condition is one prominent example.

Theorem 2.1.28 (Slater’s condition). Assume F' is concave jointly in (x,u) and there exists
an & € V such that F(Z,-) is bounded below on a neighbourhood of u. Then, ® is concave and
continuous (hence usc) at u. In particular, we then have

®(u) = cl co D(u).
Throughout this thesis, we apply the duality theory developed in this section for two different
applications: constrained optimization over V = H = R? and constrained optimization over

V=H= L2Q on some complete probability space (2, F, Q). We continue by developing useful
duality results for these applications below.
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Constrained Optimization over R?: Consider a real-valued usc function f : R — R and a
non-empty closed convex set K C R% Then, V = H = R? and the standard scalar product
(x,y) =a'y for x,y € R? form a Hilbert space on which we can apply the previously developed
duality techniques. Consider the primal optimization problem

Pp = sup f(x)
(P) +€Rd (2.13)
st. zeK.

This setting is a special case of Example [2.1.20] throughout this Section. In particular, we can
obtain the Lagrangian of (P) directly from Example [2.1.20

Lemma 2.1.29. Consider (P) as defined in and define the associated Lagrangian as
L:RYxRY— R with

L(z,\) = f(z) + 2’ + 5 (N).

If (x*,\*) is a saddle point of L, then x* is optimal for (P).

Lemma [2.1.29|leads to the following dual optimization problem (D) corresponding to (P) from
(2.13]).

(D) {\IID = inf <sup (f(x)+x’/\)+5K()\)> .

AER4 rcR4

Similarly, we can derive the KKT conditions for (P) and (D).

Corollary 2.1.30 (KKT Conditions). Consider (P) as defined in . (z*,A*) € RY x RY
1 a saddle point of L if and only if

(i) a* mazimizes f(zx) + (x, \*) + 6 (\*) over x € RY,
(ii) (%) N 4+ 5 (\*) =0, (2.14)
(id) * € K.
Theorem 2.1.31. Consider (P) as defined in and let \* € R be optimal for (D). If

there exists a function x* : R* — R? such that

sup L(z,\) = L(z*(\),A) Ve Xk
z€RY

and x*(X) AN is usc at A = \* for all AN € X, then (z*(\*), \*) satisfies . In particular,
x*(A*) is optimal for (P) and ®p = Up.

Corollary 2.1.32. Consider (P) as defined in and let
f(z) = —2'Az +Vx +c,

for a symmetric positive definite matric A € R¥™?, b € R? and ¢ € R. Then, there exists a
unique optimal \* for (D), the requirements of Theorem|2.1.531| are satisfied and in particular

sup f(x) = inf sup L(z,\) = inf (sup (f(x) —i—m/)\) +5K()\)) .
zeK AeR4 rzcRd AERA rzcRd
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Constrained Optimization over L2Q: Consider a complete probability space (£, F, Q) and let
L2Q be the space of F-measurable random variables X with [E[X?] < co. Then, V = Lé with
(X,Y) =E[X -Y] is a Hilbert space on which we can employ the previously developed duality
theory. Further, consider a proper usc function U : R — R, a function g = (g1, ..., gn) : R = R
such that each g; is usc and proper, and a non-empty closed convex set K C IR"™. Note that
g is allowed to be random, as long as its values are Fp-measurable. Then, we define the fully
constrained optimization problem over Lé as

®p = sup E[U(D)]
(P) DeLd (2.15)
st. Elg(D)] € K.

Lemma 2.1.33. Consider (P) as defined in . Define the associated Lagrangian L :
L2Q x R" =R as

L(D,y) = E[U(D)] + y'E [g(D)] + 0k (y)- (2.16)

If (D*,y*) is a saddle point of L, then D* is optimal for (P).

Lemma [2.1.33|leads to the following dual optimization problem (D) corresponding to (P) from
@.15).

(D) ¥p = inf | sup (E[U(D)]+y'E[g(D)]) +dk(y) | - (2.17)
ye DerL}

Definition 2.1.34. In the setting of (P) as defined in , we define the generalized conjugate
Uy and its mazimizing argument I, as

U :R" =R, Uj(y) = 216111; (U(z) + y'g(x)) (2.18)

Ty R" — R, Z4(y) = inf {x ceR ‘ U;(y) <U(x)+ y'g(a:)}
Lemma 2.1.35. Consider (P) as defined in and (D) as in (2.17). Then,

Up < inf (B [U7()] + k() (2.19)

with equality if the infimum is attained at y* € R™ such that Z,(y*) € Lé.

Note that it is not totally unreasonable that the infimum in is attained, as U (y) + 6k (y)
is convex in y (see Lemmas|2.1.17/and Lemma [2.1.38]). We may use the expression from Lemma
2.1.35| to again derive the KKT conditions for (P), respectively (D).

Corollary 2.1.36 (KKT Conditions). Consider (P) as in (2.15]). Let y* € R™ be determined
such that Z,(y*) € L,

(") Elg(Ze(y™ )] + 0k (y*) =0 and Elg(Zy(y")] € K. (2.20)

Then, (Zy(y*),y*) is a saddle-point of the Lagrangian L. In particular, Zy(y*) is optimal for
(P), y* is optimal for (D) and ®p = Up.
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Moreover, if the maximizing argument Z, satisfies an upper semi-continuity assumption, we can
show that any optimal solution y* € R"™ to (D) satisfies . Under this assumption, any
y* € R™ which is optimal for (D) directly defines a saddle-point of L and an optimal solution
to (P) as shown in Corollary Here, the maximizing argument Z, takes the same role as
x* in Theorem 2.1.311

Theorem 2.1.37. Consider (P) as in and let y* € R™ attain the infimum in . If
Ty(y*) € L2Q and ,
y = Elg(Zy(w)] Ay

is usc at y = y* for all Ay € Xk, then y* satisfies . In particular, Z,(y*) is optimal for
(P) and q)P = \IJD.

We summarize a number of useful properties of the generalized conjugate and its maximizing
argument for use in later chapters.

Lemma 2.1.38.

(i) If gi is non-increasing and g;(x) < 0 for all z € domy, then U (y) and Zy(y) are non-
mncreasing in ;.

(ii) Define § = (g1, .-, Gi—1, Gis Git1, - gn) for a given function §; : R — R. If gi, ¢ are
non-increasing, g;(x) < g;(x) for all x € domy and y; > 0, then

Ug(y) <Uz(y) and Zy(y) < Zy(y).

(iii) Uy is a convex function.

2.2 Ordinary Differential Equations

In this section, selected results from the theory of ordinary differential equations are summar-
ized.

Lemma 2.2.1.

(i) Let f : R — R be a convex function. Then, for every xg € R, € > 0, there exists an L > 0
such that if |z — xo| < €, |y — xo| < €, then

|f(@) = fy)| < Llz —yl.

In particular, f is locally Lipschitz continuous.

(ii) Consider an interval I C R and let fi, fo : I — R be Lipschitz continuous on I. Then,
f=min(f1, f2) is Lipschitz continuous on I.

Theorem 2.2.2. Let f : R — R be locally Lipschitz continuous on R and 19,Bg € R be
constants. Consider the ordinary differential equation

B'(r) = f(B(r)), B(n) = By. (2.21)

Then there exists an € > 0 such that the ODE has a unique solution B(T) for T €
(To — €70+ €).
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Lemma 2.2.3. Consider the setting of Theorem[2.2.9 and an open interval I C R with 19 € 1,
and let B : I — R satisfy ODE . Then, B is a monotone function in 7. If f(By) # 0,
then B is strictly monotone in 7. Moreover, if f(By) = 0, then B is constant in T.

Lemma 2.2.4. Consider a terminal time point T > 0, real coefficients By, ro, 11, 72 and the
following Riccati-ODE

1
B'(1) = —rg + 11 B(1) + 57“23(7')2, B(0) = By, (2.22)
where r9 # 0, r% + 2rgre > 0 and define rg = \/r% + 2rgrs.
(i) The function

~ 2ror3Bg + (€7 — 1) (r1 4+ 13) (r1 + 12 By — 13)
a 2rorg — 1o (€77 — 1) (r1 + 19By — 7113)

B(r) (2.23)

1s the unique solution of equation on its mazximal interval [0,t4 (By)) with life-time
t+(Bo) > 0. Moreover, for any T € [0,t4(Byp)) we have

r3—Bop

T
) 2r3e” 2
B(Hdr = 21 ) 2.24
/0 (1)dr 7’2 n (7’3 (e73T +1) — rq (€73 — 1) — 1o (e73T — 1) Bo> ( )

(ii) The life time t4(By) of B (in the sense of Lemma 10.1 in [38]) is given as

1 r1+rpBo+rs . _
t+(BO) — {3 In <T1+r2Bo—r3) > ifri +19Byg — 13 >0
oo if 11 +1roBg — 13 < 0.

Corollary 2.2.5. Consider the setting of Lemma let B be as in and let B € R be
given.

If

1 2rors (E — Bo) + (7"1 + T‘QB() — 7‘3) <1"1 + ETQ + 7‘3)
1 - < t4(Bo)
T3 (7’1 + roBy — 7’3) (7’1 + Brg + 7”3)

then B(tz) = B.

2.3 The Continuous-Time Portfolio Optimization Problem

2.3.1 Problem Formulation

Throughout this thesis we consider different variations of a continuous-time portfolio optimiza-
tion problem with finite investment horizon T' > 0. The underlying setting assumes a complete,
filtered probability space (2, Fr,F = (Fi)icp1], @), where the filtration I is generated by
the independent m-dimensional Wiener process W# = (W?(t));c(o 77 and d-dimensional Wiener
process W = (W(t))te[O,T]'
X and X, denotes the restriction of X to (J-a.s. non-negative random variables. Moreover, we

The set of all Fp-measurable random variables will be denoted by
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consider an R™*%-valued stochastic process p, which is assumed to be progressively measurable
with respect to the natural filtration of W# and whose columns p;, i = 1, ..., d satisfy

It @) <1 £0.7]©Q —ac.f]

This construction allows us to define another d-dimensional IF-Wiener process W = (W1, ..., W)’
through the equations

Wi(t) = pi(t),WZ(t) + V1= ||pi(t)H2Wi(t)7 i=1,...d

The Wiener process W is defined in such way that it correlates with W?, since its covariation
with W?# satisfies

d<WiZ, Wj)t = pij(t)dt [,[O,T] & Q — a.e..
We employ this setting to define a market model M with d risky assets (e.g. stocks) P =

(P1, ..., P;) and a risk-free asset (e.g. a bank account) Py, which satisfy Py(0) = P1(0) = ... =
P;(0) =1 and evolve according to the dynamics

dP(t) = diag (P(t)) (u(t)dt + £(t)dW (t))
dPy(t) = Py(t)r(t)dt, (2.25)

where we used diag(P(t)) € R to denote the diagonal matrix with diagonal entries P(t) € R.
The volatility matrix is assumed to be £][0,7] ® Q-a.e. non-singular and thereby has a well-
defined inverseﬂ Moreover, the market coefficients, i.e., the risk-free interest rate r, the mean
rate of return s as well as the volatility matrix ¥ and its inverse ¥ ~! with columns 21_1, cees E;l,
are assumed to be progressively measurable processes w.r.t. [ such that

sup_{ max (Ir(8)], ()% IZ@OI2 IS0 2} <0 Q-as, (2.26)
te[0,T
where || - || denotes the standard Euclidean norm on R? and its induced matrix norm on R4*4,

This ensures that the SDEs in have well-defined solutions. While the Wiener process W
is the diffusion of the risky asset prices, the market coefficients may depend also on the Wiener
process W#. Unless W and W?Z are perfectly correlated, this implies that not all randomness in
the financial market M can be hedged by trading in the risk-free and risky assets.

Within the financial market M, we consider a single investor with initial wealth vg > 0 at time
t = 0, who trades continuously in time. The investor’s wealth process is assumed to satisfy
Vvom(0) = vy and the SDE

dVVOT (t) = Vo (¢) ([r(t) + (u(t) — r(t) L)' 7 (t)]dt + w(t)’E(t)dW(t)). (2.27)

The d-dimensional portfolio process 7 is chosen by the investor and determines the fraction
of wealth ;(¢) that is allocated to the risky asset P; at time ¢, while the remaining fraction
1-— Z?:l mi(t) is allocated to the risk-free asset. Note that 1 — Z;‘i:l m;(t) may be negative, in
which case the investor goes short the risk-free asset, or more intuitively, borrows from the bank
account. To ensure that the investor allocates his wealth solely based on past price developments
and to ensure that is well-defined, we restrict the admissible portfolio processes 7 to

1[:[0, T] denotes the Lebesgue-measure on [0,7], w € € is used to denote the elements of the sample space
and || - | denotes the standard Euclidean norm.
2For this assumption it is for example sufficient if ()X (¢)’ is strongly positive definite £[0,T]® Q — a.e., i.e., if

=) z|? > €llz)®>, VeeRY, L[0,7]®Q—a.e.,

for some constant £ > 0.
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A= {ﬂ = ((Wl(t), ...,ﬂd(t))’)te[oﬂ progr. measurable ‘ D) [(Vvo,ﬂ(T))z] < o0,
(2.28)

T
/ Hﬂ(t)Hth <00 @ — a.s.}
0

In particular, if # € A, then the investor’s terminal wealth has finite variance and it is straight-
forward to show that the unique solution to (2.27)) is given by

VT (t) = vgexp (/0 r(s) 4+ (u(s) — T(S)]l)/ﬂ'(s) — % HE(S)/W(S)H2 ds —|—/0 W(s)/E(s)dW(s)) .

We assume that the investor aims to choose his portfolio process m € A to maximise his utility
derived from terminal wealth V0™ (T") at time 7T". Thus, we choose an appropriate class of utility
functions which can capture the investor’s risk preferences in a flexible way. For this purpose we

define the class of utility functions ¢, which contains all functions U : R - RU{o0, —o0} =: R
such that

(z7) U is proper and usc and domy = [¢, 00) for some ¢ > 0

(7i) U is strictly increasing on domy
(#ii) U(x)=—o00 Vo<O0 (2.29)
() 1m 28 g

T—00 I

If U is finite on [0, 00), differentiable and strictly increasing (as in [17]), then (iv) is equivalent to
the condition lim, o U'(2) = 0. We set U(co) = lim,_,oo U(x). It is fairly common to restrict
this analysis to concave utility functions only (‘less risk is preferred to more’), and we will do
so throughout the ensuing chapters when appropriate. However, for a general formulation in
the context of constraints on allocation and terminal wealth, such restrictions may hinder the
exposition. We define the unconstrained portfolio optimization problem for our investor as

(pune) {W(vo) = sup B (U (V(T))].

The unconstrained portfolio optimization problem (P“"¢) plays an important role in this thesis,
as the addition of constraints on portfolio allocation or terminal wealth are a natural general-
ization of (P""¢). In particular, any method used to solve a constrained portfolio optimization
problem is to some extent a generalization of a method for solving (PY"¢). In this thesis we
consider two different definitions of constraints:

(i) Constraints on the portfolio allocation .
(ii) Constraints on the terminal wealth VYo7 (T).

Naturally, any constraint on the portfolio allocation automatically induces a constraint on the
terminal wealth and vice versa. However, during this thesis we aim to treat these constraints
as separate, since they are defined in completely different ways. The allocation constraints
considered in this thesis are defined by considering a convex set K C R? and requiring that the
investor’s portfolio process m takes values only in K i.e.,

m(t) e K L[0,T] ® Q-a..

Classic examples for such constraints would be K = [0,00)¢ (no-shortselling), K = 09 x R4~%
for a 1 < d; < d (non-traded assets) or K = Xfij:l[ai, B;] for some constants «; < f;, i =1,...,d
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(interval constraints).

In contrast, terminal wealth constraints are formulated directly as restrictions on the admissible
terminal wealths VYo" (T). A specific example would be pointwise bounds By, By € R with the
requirement that

B <V (T)< By, Q-—as.. (2.30)

Such bounds could correspond to a minimum performance guarantee that the investor needs
to fulfil or a maximal performance limit which is supposed to discourage excessive risk-taking.
Alternatively, we consider expected-value constraints for a non-increasing real function ¢ :
(0,00) — R such that

E[g(V*™(T))] <0. (2.31)

Letting g(z) = 19 B, (*) — € we obtain a Value-at-Risk (‘VaR’) constraint with lower bound
Byqr and tolerance level € > 0. Similarly, g(v) = (Bgs — 7)1 p,¢(*) — € yields an expected
shortfall (‘ES’) constraint with lower bound Bgg and tolerance level € > 0.

Both types of constraints lead to a restriction A’ C A of the set of admissible portfolio processes.
For such a general constraint set A’ C A, we define the general constrained portfolio optimization
problem (P) as

®) {¥(w) = supB U (VD)

We impose the standing assumption throughout this thesis that both, the constrained portfolio
optimization problem (P) and the unconstrained portfolio optimization problem (P“"¢) are
feasible and yield finite, well-defined expected utility:

Assumption 2.3.1 (Standing Assumption).

—00 < ®(vg) < P“"(vg) <00 Vg > 0.

(P) is the most general portfolio optimization problem considered in this thesis. Unsurprisingly,
we are unable to find explicit solutions or useful characterizations of solutions for (P) in this
general form. However, if we impose more specific assumptions on the market parameters, the
utility function and the constraints, then we can be more successful. In this sense, each of
the following chapters works with specific assumptions which constitute a special case of (P) as
defined in this section. Each of the following chapters, aims to utilize different duality techniques
from convex analysis, which we developed in Section to obtain solutions to (P).

2.3.2 Classic Methods for Unconstrained Portfolio Optimization

In this section we provide a short review of the two most common approaches which are used to
solve the unconstrained portfolio optimization problem (P""¢) for selected models and utility
functions: The stochastic control approach and the martingale method. This review will help
us to understand the limitation and challenges of each approach. Moreover, this review will
allow us to highlight the extensions that are required in later Chapters, when we are facing
constraints on the portfolio allocation and terminal wealth.
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Stochastic Control Approach: The unconstrained portfolio optimization problem (P""¢) can
be regarded as a stochastic control problem, with control process 7, controlled process V"™ and
maximization objective E[U (V'™ (T))]. This is the approach followed in the seminal works [64]
and [65], where the continuous time portfolio optimization problem was originally introduced.

If the wealth process (i.e., the ‘state of the investor’) and the market coefficients (i.e., the
‘state of the market M’ can be jointly represented as Markov process X = (X(t))c(o 77, then
principles from dynamic programming are applicable. This can be assured by restricting the
analysis to stochastic factor models, i.e., assuming that

o there exists a stochastic factor z = (2(t)),co 71, which takes values in R™ and satisfies
the SDE
dz(t) = p*(t, z(t))dt + X*(t, z(t))dW=>(t), =z(0) =z € R™,
for some constant zp € R™ and deterministic functions p* : [0,7] x R™ — R™ and
5% [0,T] x R™ — R™*™.

e the market coefficients r(t), u(t), 3(t), and p(t) are deterministic function of the current
time and value of the stochastic factor (t,z(t)).

e the current portfolio allocation is given as a deterministic function of time, current wealth
and value of the stochastic factor (¢, V'™ (t), z(t)), i.e., there exists a deterministic func-
tion 7 : [0,7] x (0,00) x R™ — R? such that

7(t) = o(t, VO (1), 2(¢)).

In such cases, we say that the portfolio process 7 is defined in ‘feedback-form’ and 7 is the
corresponding feedback control. In particular, we may define a wealth process directly through
a feedback control. For a given feedback control w, we may then define the state process
X = (V%7 z) and one can show that X™ satisfies an SDE of the form

AX7 () = X (4, X7 (0)dt + S5 (8, XT(0)aW (1) + 55T (1, X7 (1) dw (2),
and deterministic functions X", 2X", £X™% Then, we can define the dynamic version of the
unconstrained portfolio optimization problem (P""€) as

Qune(t, x) = su/{) E [U (VW™ (T)) | X™(t) = ]
TENf

(PEx) Ay ={meA|7(s)=m(s,V7(s),2(s)) = (s, X™(s)) Vse€ltT]
and a feedback control 7_7}.

If the feedback control m* defines an optimal portfolio process 7* for (P{3€) and each (t,z) €
[0,T] x (0,00) x R™, then the optimality of 7* and Markovity of X™ ensure that

dure(r, X© (1) = sp E[U(VW(T))]XW) - X" (t)}
E [U(vw* (T)) ’X’T* (t)}

* ogtimal

Markoyity X" U (@) 7.

Hence, it is straightforward to see that ®“"¢(¢, X™ (t)) is a martingale. Similarly, we have for
any suboptimal portfolio process 7 € AE| and s <t <T:

Bl X o)E] = BEUVTE)XT 0 = X70)|5]

3Note that the subsequent argument does not even require that the suboptimal portfolio process 7 is defined in
feedback-form.
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Markovity X L

10 E[U(V”O’”* (T))(X“*(t) = X7(t), X" (s) = Xﬁ(s)} ‘f}

7 suboptimal
U E {

B UV (1) X7 (s) = X7(s)| | 7]

= B[e(s, X7(s)| %]

= (5, X7 (s)),
i.e., ®vn¢(t, X™(t)) is a supermartingale. Therefore, under some regularity conditions (see
Chapter III, Theorem 16 in |74]), the Doob-Meyer decomposition suggests that ®Um¢(¢, X7 (t))
can be uniquely decomposed into the sum of a non-increasing, non-positive process A(t) and a
local martingale M (t). If we additionally assume that ®""¢ is once continuously differentiable

in ¢t € [0,7] and twice continuously differentiable in x € (0,00) x R™, then we can define the
operator H7[®*"[1 as (omitting the arguments (¢, ) for readability)

T T !/
TIFHUNC] _ FUNC X7/ unc 1 EX p/ EX p, 2 Func
HT[DU"] = P + (pu™ ) V0" + Q’I‘race [( PR S PR Vi@ )
Then, an application of It6’s Lemma yields

ddUe(t, X7 () = HT[®"](t, X ™ (t))dt + (...)dW (t) + (...)dW?=(t).

—dA(t) —dM (1)

As A(t) is non-positive and non-increasing for any m € A, the Doob-Meyer decomposition
implies that H™[®“¢](t, X7 (¢)) < 0 Q x L[0, T]-a.e., with equality for the optimal 7 = 7* € Ay.
Thus, we obtain a characterization of ®“"“(t,x) and the optimal feedback control 7*(¢,z) for
all (t,z) € [0,T) x (0,00) x R™ through a PDE, the so-called Hamilton-Jacobi-Bellman PDE
(‘HJB PDE’):

HT[@"|(t,x) =0 and 7*(t,z) € argmax H"[P“"|(t, x), (2.32)
meRY

with terminal condition ®“"¢(T', x) = ®(¢t,v,z) = U(v) for all z € (0,00) x R™. We have arrived
at the HJB PDE under the assumption that an optimal feedback control exists and the
corresponding value function ®“"¢ is smooth. In contrast, the stochastic control approach begins
by determining a solution to the HJB PDE and then proves a ‘verification theorem’ which
ensures that the obtained PDE-solution is indeed the value function ®“*¢. While this approach
is valid for general (Markovian) market models M (i.e., m > 0 and deterministic functions
w? X% p, 1,y and ), actually obtaining an explicit solution to the HIB PDE as well as proving
a verification theorem is extremely challenging for complex models. In practice, this limits the
usefulness of the stochastic control approach to models and utility functions where additional
information about the functional form ®“"¢ is known or can be guessed, such as CRRA utility
functions or exponentially affine models.

Martingale Method: The martingale method goes back to [73], [47] and [15] and is closely
linked to risk-neutral pricing in continuous time. The central idea underlying the martingale
method is to split the portfolio optimization problem (P""¢) from an optimization over all
admissible portfolio processes into a ‘static’ optimization problem over all attainable terminal
wealths and a subsequent ‘hedging’ problem, which seeks to determine the portfolio process
that replicates the optimal terminal wealth for the static optimization problem.

4Throughout this thesis, this differential operator is mainly used within the context of Hamilton-Jacobi-Bellman
PDEs and is therefore denoted as ‘H’.
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If the underlying financial market M is complete (i.e., all reasonable Fp-measurable payoffs
can be represented as a terminal wealth V'™ (T") for some vy > 0 and 7w € A), then the static
optimization problem will simplify considerably and allow a convenient characterization of the
optimal terminal wealth for (P""¢). To make the notion of market completeness more precise,
we define the market price of risk v and pricing kernel Z as

() = 2() " (u(t) - r(H)1),

t 1 t
20)=exp (- [ 1)+ gholPas - [ araws)
and consider a Lemma which we will revisit in Chapter [3}

Lemma (Market Completeness, cf. Lemma (3.3.1)). .

Let m = 0 and consider D € X with E[D?] < oo and 0 < E[Z(T)D] =: vy < co. Then, there
exists a m € A so that Vo™ (T) = D Q-a.s. and

Z(T

pZT) ‘ ]-"t] . (2.33)

VRt =B | D2

Therefore, if m = 0, i.e., all uncertainty in M is generated by the diffusion of the risky asset’s
log returns (dW (t)), then we can consider the following equivalent static representation of
(Pul’lc) .

dunc(vg) = sup E[U(D)]
DeC(vo)
(P™)  Clwo) = {vom(T) | xeAl
YD e | BIZ(T)D] = w},
where we used the market completeness and the fact that U(z) = —oo for all x < 0 in (x).
This is a constrained optimization problem over L2, as considered in Section and it can
be treated with the same duality techniques. In particular, if we set g(z) = —Z(T)z and

K = {—wp}, then dx(yo) = yovo and the associated dual optimization problem is

unc qj unc — i f ]E * .
(Dune) { pune = inf BUS (y)] + yovo
Hence, if there exists a y; € R such that the KK'T conditions of Corollary [2.1.36| are satisfied,
ie., Zy(yp) € L2Q and

0= 4 [9(Zo(0)) | +9x) = 96 (BI-Zy ) Z(T)) +00) & B[g(Z,006))| € K
=Y5v0

& E[Zy(y5) Z(T)] = vo, (2.34)

then D* = Z,(yg) is the optimal terminal wealth for (P""¢) and thus a solution to the static
optimization problem. Under mild regularity conditions on the utility function and the market
coefficients, the existence of a y; satisfying can be guaranteed (see e.g. Theorem 7.4 in
[17] or Lemma 3.1 in [34]) and can be determined numerically (as Z, is non-increasing in yo by
Lemma such numerical procedures are even reasonably reliable). Note that we arrived
at this characterization of the optimal terminal wealth for (P"?¢) without any major structural
assumptions on the utility function U, the market coefficients or the optimal portfolio process
.

In contrast, solving the hedging problem, i.e., determining an explicit representation for the
optimal portfolio 7* such that V0™ (T) = Z4(yg), is no longer feasible in this general setting.
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While the market completeness ensures the existence of a replicating portfolio for Z,(yg), it does
not offer a direct way of constructing this portfolio. However, we do obtain a characterization
of the optimal wealth process through a conditional expectation by virtue of ([2.33)):

2V (1) = B [T, Z2(T)| 7] (2.35)

The right side of (2.35)) is trivially a martingale and thus the left side is also a martingale.
Hence, the left side is an It6 process with zero drift and SDE

a(Z(vor () " PE 2@y () (71(0)/S0) — A1) ) aw (@),

Thus, if we can obtain an SDE for the right side of (2.35]), then we can determine 7* by matching
the diffusions on the left and right. For example, this can be achieved by using the Feynman-Kac
representation, which establishes another link to partial differential equations:

Theorem 2.3.2. Let n € N, W be an n-dimensional Wiener process and X be the unique
solution to the stochastic differential equation X (0) =z € R",

dX (t) = X (t, X (s))dt + 2% (t, X (£))dW (1),

for deterministic functions pX : [0,T] x R® — R", £X : [0,T] x R™® — R™™". For a function
u:[0,T] x R" = R, which is continuously differentiable in [0,T] and twice continuously differ-
entiable in x, we define the operator HX applied to u as (again omitting arguments (t,x) for
readability)

/
HX[u] = ug + () Vyu + Trace <ZX (ZX> Viu) :
Ifu:]0,T] x R™ = R is a continuous solution to the PDE
HX[u](t,x) =0, w(T,z)= f(x) VYtel0,T)Ve e R", (2.36)

for a continuous terminal condition f : R™ — [0,00) and

o there exists a constant K > 0 such that for all x,y € R"

6% () = X |+ |25 (¢ 2) = S5t y)]| < K o =yl
2 2
Hux(t,x)H + HEX(t,m)H < K2(1 + Htz)
e there exist constants M > 0, € > 1 such that for all x € R"

t < M(1 2¢
Orél%glw,x)!_ (1 + J|l]*),

then u satisfies the Feynman-Kac representation

u(t, ) = E[f(X(T))‘ X(t) = x]

The PDE ({2.36)) is also referred to as ‘Cauchy problem’ or ‘Feynman-Kac PDE’. If now Zis a
Markov process’, then we can aim to apply Theorem with X = Z and terminal condition

1) = (Zwi)2m)|

(T)==

>The ensuing arguments can easily be generalized if Z is a component of a multi-dimensional Markov process
X (similar to the relation between V0™ and X™ in the stochastic control approach).
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= <inf{x€lR

As the stochasticity of g (and Uy, Z,) only depends on the value of Z(t), the terminal condition
f above is a deterministic function in z. If u is a solution to the Feynman-Kac PDE (2.36
with terminal condition f such that the requirements of Theorem are satisfied, then (2.35
yields for any ¢ € [0,7] :

0

E [7,(8)2(1)| 7]

zlelg (U(&) —y22) <U(x) — y;;zx}> 2.

\\fl

(s)V0 (s) (7 (5)S(s) = () ) AW () = Z(O)V"*" (1)

Markovzity of Z E [f(Z(T)) Z(t)]
PESE L 2(0)
© w0 2O)+ [ (e [ 2l 2 s aw (s
T 0 0

vo—/o Z(s)u. (s, Z(s))y(s) dW (s).

As this equation holds for all ¢ € [0,T], we conclude that

70 = g (V07 (0 = 0. 20) (3020)) " (uft) —ri)1)

= ()

=:a* (t,VvO’Tr* (t)7Z(t))
— (VO (1), Z(8)ma (8)

Note that this expression for 7* demonstrates that the optimal portfolio process satisfies a
version of a two fund theorem: For any utility function U € U, such that the optimal 7*
can be determined using the Feynman-Kac-representation, we can decompose 7* as a linear
combination of the risk-free portfolio mp = 0 and the Merton portfolio 7y, (for risk aversion
1) with stochastic weighting factor o*. In particular, the optimal portfolio for all such utility
functions have the same relative allocation between risky assets in M and only their exposure
to the risky assets is influenced by the utility functionﬁ

Discussion: The stochastic control approach is applicable for general Markovian market mod-
els, without requiring the completeness of the financial market. In particular, the stochastic
control approach can be applied in incomplete markets, such as Heston’s stochastic volatility
model ([56]), whereas the martingale method cannot be applied directly. However, actually
obtaining a closed-form expression for the optimal portfolio process requires the solution to the
associated HJB PDE, for which explicit solutions are only known for selected combinations of
market models and utility functions (e.g. for exponentially affine models and CRRA utility
functions as considered in [61]).

The martingale method is only directly applicable in complete financial markets, i.e. when all
uncertainty in M is generated by the Wiener process W, which is the diffusion of the risky
asset’s log returns. Therefore, it is not directly applicable to most stochastic volatility models

SA similar statement can be derived via the stochastic control approach if we explicitly write out MX", ZXW,
¥X™* and determine an explicit expression for the (optimal) portfolio which maximizes the characteristic
operator H™[®""°].
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unless the market is completed through the addition of (fictitious) volatility-dependent assets
(as in [78]). However, unlike the stochastic control approach, the martingale method yields a
characterization of the optimal terminal wealth VU™ (t) = T,(y3) for (P"8€), which is explicit
up to y5 € R — the solution to the budget equation . An explicit expression for the cor-
responding optimal portfolio 7* is more challenging to obtain and requires either the Markovity
of the pricing kernel and a solution to the associated Feynman-Kac PDE or an explicit repres-
entation of the expectation in as a stochastic integral. Therefore, explicit expressions for
7* have again only been derived for selected utility functions and market models.

Hence, the martingale method is ideally suited for characterizing the portfolio optimization
problem and its associated optimal terminal wealth for a large, general class of utility functions
and models - as long as the financial market is complete. Determining an explicit expression for
the optimal portfolio process requires the solution to an associated partial differential equation
in both the stochastic control approach and the martingale method. However, as the stochastic
control approach can be directly applied to incomplete markets, it is the natural choice for this
objective.

Following this logic, we extend the classic martingale method in Chapter [3] where we char-
acterize the optimal terminal wealth of portfolio optimization problem (P) with simultaneous
constraints on terminal wealth and allocation for general utility functions and complete fin-
ancial markets. In contrast, we extend the classic stochastic control approach in Chapter [4]
where we determine (semi-)explicit expressions for the optimal portfolio process to a portfolio
optimization problem (P) with constraints on the portfolio allocation in (incomplete) stochastic
factor models. A special case of these models, Heston’s stochastic volatility model, is discussed
in great detail in Chapter [5
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3 Constraints on Allocation and Wealth in
Complete Financial Market Models

3.1 Introduction

In this chapter, we consider a finite-horizon portfolio optimization problem for an expected
utility maximizing investor who trades in continuous time. The investor’s portfolio choice is
restricted by convex allocation constraints as well as pointwise bounds and expected value
constraints on terminal wealth. These constraints are the main difference of our setting in
comparison to the classic problem originally introduced by [64]. We give a short overview of
the related literature on wealth-constrained portfolio optimization:

In a portfolio optimization context, the two most commonly considered constraints on terminal
wealth are either pointwise bounds on terminal wealth or expected value constraints. As sug-
gested by their name, pointwise bounds require that the terminal wealth at the end of the
investment horizon lies within a (possibly random) real interval [B;, Bo] C R. The natural
choice of a lower bound (0 < By < 00, By = o0), or ‘minimum performance constraint’, was
first considered and analyzed by [82], who assumed classic Black-Scholes market dynamics and
derived closed-form expressions for the optimal portfolio under the condition that the investor
derives utility from a power utility function and the lower bound B; is deterministic. Later,
[52] considered a similar problem and presented a two-step approach for portfolio optimization
problems with lower bound on terminal wealth in complete financial market models. The ap-
proach is based on using a share of the investor’s initial wealth to replicate the lower bound and
then use the remaining share of the initial wealth to maximize the expected utility surplus over
the lower bound. Despite being unconventional, [25] considered a pointwise upper bound on
terminal wealth (B < 0o0) and illustrated that such upper bounds on terminal wealth increase
the quantiles of the terminal wealth distribution, i.e., decrease the likelihood of poor perform-
ance of the portfolio. This is especially relevant for investments in a retirement plan.

On the other hand, expected value constraints impose a restriction on the expected value of a
function g(V*"(T)) of the investors terminal wealth. As such, these type of constraints allow
for ‘softer’ restrictions than strict pointwise bounds on terminal wealth. In [55], the authors
propose a dual approach for general convex expected value constraints and showcase the de-
veloped approach on a mean-variance optimization problem. [4] uses a similar duality approach
to solve portfolio optimization problems with Value-at-Risk (‘VaR’) or expected shortfall (‘ES’)
constraints. The authors of [57] effectively consider the same problem setting as [4] with VaR
and ES constraints, but use a novel methodology based on dynamic programming to solve these
optimization problems. Expected value constraints based on more general risk measures were
considered in [72], [67], [11] and [12].

Up until this point only few papers considered simultaneous constraints on portfolio allocation
and terminal wealth. [3] extends the auxiliary market framework of [17] to include random
lower bounds on terminal wealth and proves a set of analogue equivalent optimality conditions.
However, the author failed to explicitly determine neither the optimal relative portfolio process
nor the optimal terminal wealth for any example within his setting. [24] and [35] consider
simultaneous VaR constraints and convex cone constraints in a Black-Scholes financial market,
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but their approaches do not directly extend to general constraints and models. A different
type of simultaneous constraints was considered by [36]. The authors describe the Solvency II
capital requirements as a wealth-dependent allocation constraint and transform the associated
portfolio optimization problem into an equivalent problem with constant allocation constraints,
which falls within the scope of [17]. None of the aforementioned papers, aside from [3], aimed
to provide a general solution framework for wealth and allocation constrained portfolio optim-
ization problems. However, [3] did not provide extensions going beyond strict lower bounds on
terminal wealth, which is only one possible type of wealth constraints.

The contribution of this chapter to the existing literature is threefold:

o We present a generalized version of the martingale approach which is applicable for general
expected value constraints and pointwise bounds on terminal wealth. The approach is
based on a duality ansatz that can be applied in general complete financial markets.

o We integrate the generalized martingale approach into the auxiliary market framework of
[17] to derive a set of equivalent optimality conditions, which can be used to solve portfolio
optimization problems with simultaneous constraints on allocation and wealth. This is a
generalization of the framework based on the ‘capped Legendre-Fenchel transform’, which
was presented in [34].

o We illustrate the utility of our methodology in a Black-Scholes market by explicitly char-
acterizing the optimal terminal wealth if the allocation constraints are a convex cone,
the pointwise bounds are deterministic and the expected value constraint is either a VaR
constraint or an ES constraint.

The remainder of this chapter is structured as follows: The financial market model, the portfolio
optimization problem and the standing assumptions are introduced in Section [3.2] Afterwards,
in Section we generalize the well-known martingale approach to financial markets with
constraints on terminal wealth. In a similar way, we generalize the auxiliary market framework of
[17] by including constraints on terminal wealth in Section Lastly, we propose a methodology
for determining the optimal auxiliary market in a Black-Scholes setting in Section [3.5| and
Section [3.6] concludes this chapter.

3.2 Setting

In this chapter we consider an investor who simultaneously faces constraints on his allocation
and his terminal wealth. The constraints on terminal wealth can be either pointwise bounds (as
considered in [34]), expected value constraints or both. In this regard, this chapter extends the
work of [34]. To simplify the presentation we restrict the market setting defined in Section
by assuming that all randomness in M is generated by W, i.e., m = 0. This has the advantage
that the considered financial market M is complete and we can derive a useful, equivalent
characterization of (P) as an optimization over random variables D € L2Q. Market completeness
is a key ingredient which will be frequently used in the duality arguments in the subsequent
sections. In this regard, the restriction to m = 0 in this chapter, can also be seen as a restriction
to complete financial markets M. Note however, completeness of M is not a strict prerequisite
for this chapter, but rather another instrument to facilitate the exposition. Just as in [49], in the
case of an incomplete financial market M, one can add additional fictitious assets to complete
the market and use the theory developed in Section [3.4] to rule out investments into these assets
through an allocation constraint.
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For a non-empty closed convex set K C R?, Fr-measurable random variables 0 < B; < Ba,
and a non-increasing real function g : (0,00) — R, we define the set of admissible constrained
portfolio processes as

A/ = A(U07K7 Bla B27g)
=[{reA|n(t)eK, Bi<V™ (T)<B, EgVor(T)|<o0},  (3.1)

where the requirement ‘r € K’ is meant to hold £[0,7] ® Q-a.e. and ‘B; < V0™ (T) < By’
is meant to hold @Q-a.s.. To ensure that the constraints are well-posed, i.e., A’ # (), we need
to make some additional technical assumptions which amount to requiring that the risk-free
portfolio process m = 0 is admissible for (P), but not trivially optimal for (P). Specifically, we
assume that

0eK, (3.2)
B < U()P()(T) < BQ, .
and [E[g(voPo(T))] < 0. (3.4)

Finally, this ensures that we can reasonably consider the following, fully constrained portfolio
optimization problem

R (o = B
m€A(vo,K,B1,B2,9)

Clearly, we can rewrite (P) directly as a maximization over all attainable terminal wealths:

@ (vg) = sup E[U(D)]
(P) DEC(U():K:BI»BQ7Q)
C(”OaKa B1>B27g) = {VUO7W(T) | LIS A(U()?Ka B1a327g)}'

This may seem trivial at first, but since C(vg, K, By, Be, g) can later be simplified substantially
(depending on the choice of K, By, By and g), it is more convenient to write (P) this way.

We attempt to solve (P) by following a similar approach as the authors of [34]: First, we
introduce a suitable class of dual processes A which parametrize the ‘auxiliary’ financial markets
M. The wealth process of an investor trading continuously in M is adapted in such a way
that it is advantageous to only choose portfolio processes which take values in K. In M, we
consider a portfolio optimization problem (P ), without allocation constraint but with the same
wealth constraints as in M. Using a generalized martingale approach, which is based on the
duality techniques introduced in Section [2.1.1] we can characterize the optimal terminal wealth
for (Py) in M, and establish a duality relation between the optimal portfolio process 7* for
the original portfolio optimization problem (P) and a certain minimizing A\* € D. A schematic
overview of this approach is illustrated in Figure |3.1
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Auxiliary Market M

Vo,

Solve V;*" -constr. Problem (P;) -
! (PA) > T,
i
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i
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» =My
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»  Constr. Wealth Vo™

Original Market M

Figure 3.1: Schematic illustration of the solution approach employed throughout Chapter
Vo™ denotes the wealth process of an investor trading in the auxiliary market M and will
be formally defined in Section

The standing assumptions for this chapter are summarized below:

Assumption 3.2.1 (Standing Assumptions Chapter [3}). m =0, (3.1), (5.9), (3.9), and
:

3.3 Generalized Martingale Approach

In this section we present a generalized martingale approach, which can be applied in complete
financial markets. This approach can be used to characterize the optimal terminal wealth for
portfolio optimization problems with simultaneous pointwise and expected value constraints
on terminal wealth. To this end, we consider the portfolio optimization problem (P) under
the assumption that no allocation constraints are present (denoted as ‘(Pg)’). Under this
assumption, we can prove that the financial market M satisfies a notion of market completeness,
which can be used to derive an equivalent representation of (Pg) as a constrained optimization
problem over L2Q. This representation falls within the setting of Section and can be treated

with the associated dual optimization problem (DY).

Let us for now consider the allocation-unconstrained analogue (Pg) of the portfolio optimization
problem (P), i.e., we set A(vg, By, B2, g) := A(vg, R%, By, Bo, g) and define

(Po) {‘I)o(vo) = sup E[U (V*m™(T))].
m€A(vo,R4,B1,Ba,9)

As suggested earlier, we can equivalently write (Pg) as an optimization of E[U(D)] over all
D e Lé such that there exists a m € A(vg, B1, B2,g) with D = V'™ (T). Although this may
seem trivial at first glance, we can use the notion of market completeness to develop a useful
equivalent representation of (Pg). To make this notion more precise, recall the definition of the
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market price of risk v, the corresponding exponential local martingale Z and the pricing Kernel
Z from Section

(t) =) (u
1

(1) - r(t)1).
20)i=exp (=5 [ Pas - [aerae).
. Z(t) t

2 = 28— exp (— [ )+ gPas - [ Arawe).

for t € [0,T]. Note that Z and Z satisfy the SDEs

dZ(t) = —Z(t)y(t)'dW (t)

dZ(t) = —Z(t)(r(t)dt + ~(t) dW (t)).

In particular, Z is a positive local martingale and thus a supermartingale. If Z satisfies Novikov’s
condition, then it is indeed a martingale. In our setting, M satisfies the following notion of
market completeness.

Lemma 3.3.1 (Market Completeness). Consider D € X, with E[D?] < oo and 0 < E[Z(T)D] =: vy < co.
Then, there exists a m € A so that V'™ (T) = D Q-a.s. and

pZ0) ‘ ;t] |

V() =B |\ D

Lemma implies that any non-negative payoff D € L% can be written as a payoff V0™ (T)

for a m € A" if and only if D satisfies the so-called ‘budget equation’ E[Z(T)D] = vy. Noting
that U(xz) = —oo for all x < 0, this allows us to rewrite (Pg) as an equivalent constrained
optimization problem over D € Lé :

®(vp) = sup E[U(D)]
(Po) DEC(vo,B1,B2.9)
C(vo, B1, B2, g) = {D € L} | E[Z(T)D] = v, B1 < D < By, E[g(D)] <0}.

Changing the optimization variable from admissible portfolio processes 7 to admissible terminal
wealths D = VY7™(T') is a common technique in dynamic portfolio optimization (see e.g. [73],
[47] and [17]) and is usually referred to as ‘martingale approach’. If an optimal terminal payoff
D* for (Pg) has been determined, then the completeness of M ensures that there exists an
optimal portfolio process 7* such that VU™ (T) = D* holds Q-a.s.. Despite this theoretical
guarantee, as explained in Section [2.3.2] it is challenging to determine explicit expressions for
7*. For this reason, we exclusively focus on characterizing the optimal terminal wealth for (Pg)
and do not explicitly determine the corresponding optimal portfolio process 7*.

We proceed in a similar way as [34] and incorporate the pointwise constraint into an adjusted
utility function and adjusted expected value constraint

—00, < By
U(x; B1,B2) = Ulx), B <2< By, and g(z;B2) = {
U(Bg), By <x

g(x), x < By
g(Bg), BQ <z .

41



3 Constraints on Allocation and Wealth in Complete Financial Market Models

Lemma 3.3.2. Consider the optimization problem

Do(vg) = sup E[U(D; By, B)]
~ DeC(vo,g9(-;B2))
(PO) C(”O?.g) = C(’U(),0,00,Q(';BQ))

= {D e L} | E[Z(T)D)] = v, Elg(D; By)] < 0}.

Then, ®g(vo) = ®o(vo). In particular, D* is optimal for (130) if and only if D* is optimal for
(Po).

The optimization problem (f’o) is a constrained optimization problem over L2Q, as considered
in Section with objective function U(+; Bi, B2) and 2-dimensional expected value con-
straints

(BIZ(T)DLElg(D: By)]) € {uo} x (—00,0] & (BI-Z(T)D]E[-g(D; Ba)]) € {~v0} x [0,0).

Hence, we may define

—Z(T)x
—g(x; B2)

and use the associated dual optimization problem and generalized conjugate

g:R? =R, golz)= ( > and Ky :={—vo} x [0,00)

UZ (y; By, By) "2 sup (U(x; B1,By) — 9o Z(T)z — y19(=; 32))
S

if y€[0,00)* 5

= sup (U(x) —yZ(T)x — ylg(:c))
B1<z<Bs
of U(-; B, B2) to characterize the optimal terminal payoff Df for (Po) (and (Pg)). We denote
the maximizing argument corresponding to U;D(y; By, Bs) as Zg,(y; B1, B2). Note that we spe-
cifically used the ‘negated’ version of the constraints in (Pg) (i.e., we consider gy instead of
—go), as we would otherwise obtain a definition of the generalized conjugate and its associated
dual optimization problem, which is uncommon for our portfolio optimization context (despite
being perfectly equivalent).

Theorem 3.3.3. Let y* = (y5,y}) € [0,00)? be optimal for the dual minimization problem

o) Vpy = _ nf E [UZ (y; B1, B .
(DO){ x y:(QO:ylll)l/E[O,oo)2< [go(y’ L 2)]+yovo)

If T4 (y*; B1, B2) € Lé and
y — E [go(Zy, (y; B1, B2))]' Ay

is usc at y = y* for all Ay € R x [0,00), then I, (y*; B1,B2) is optimal for (Pg) and
UiE [g (Zgo(y™; B1, B2))] = 0.

The minimization problem (DY) can be regarded as the dual optimization problem of (Pg) in
M, where the duality is induced by the remaining wealth constraints (i.e., the budget equation
and the expected-value constraints g.) This is reflected in the proof of Theorem which
heavily relies on the duality results from Section A common way of proving the existence
of an optimal y* = (y&,y}) for (DY) is to show that there exists a y* which satisfies the
associated KKT-conditions, i.e., satisfies

E[Zy(y*; Bi, B2)Z(T)] = vy and  yiE [g(Zy,(y"; Br, B2))] = 0.
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One could easily generalize the present setting to consider n-dimensional expected-value con-
straints g; : R — R with E[g;(z)] < 0 for all ¢ = 1,..,n. This would in turn yield an n + 1

dimensional function go(z) = (Z(T)x, g1(x; B2), . .., gn(x; B2))" and is not investigated through-
out this chapter to improve the presentation.

Remark 3.3.4. The upper-semi continuity assumption on E[go(Zy, (y; B1, B2))]' Ay in m
may seem quite abstract, but we refrain from providing general conditions under which it is
satisfied. If there is no additional restriction on the admissible terminal payoffs due to g, e.g.,
if g = 0, then we can disregard the argument y1 and this assumption reduces to a continuity
assumption on

Yo — E [Igo(yo;Bth)Z(T)} :

As Iy, is non-increasing in yo (Lemma , the above function mapping can only be con-
tinuous at yo = yg > 0, if there exists a 0 < gy < y such that

E [Igo(yo; Bl,Bz)Z(T)} < o0,
as otherwise

oo = limsup E [Igo (yo; B1, BQ)Z(T)} > v =E [Igo (yi; By, B2)Z(T)] .
Yoy

3.4 Auxiliary Markets with Bounds on Terminal Wealth

The generalized martingale approach from Section is a dual optimization approach which
can be used to solve wealth constrained portfolio optimization problems. In this section we
develop a duality approach which can be used to solve portfolio optimization problems with
simultaneous constraints on terminal wealth and portfolio allocation, and is thus applicable
to (P). We proceed by first introducing the concept of auxiliary markets (see [17]) and then
ensure the feasibility of the wealth constrained portfolio optimization problem by integrating
the pointwise bounds on terminal wealth into the utility function (as in [34]). Further, we prove
a set of equivalent optimality conditions, which yield two different dual optimization problems,
(D¥) and (D¥'V), associated with (P).

Consider the following set of R%valued dual processes D:
D:= {)\ = (M), ..., Ad(t))/)te[o,T] prog. measurable ’
T T
/ ) 2dE < 00 Q-as., / S (MD)di < o0 Q-as. }.
0 0

For any A € D, the boundedness conditions guarantee that A(t) takes finite values £[0,7T] ® Q-
a.e. and ()-a.s. only takes values in X . For a given A € D, we define the auxiliary market M
as the asset universe with d risky assets P* = (P}, ..., Pd)‘) and one risk-free asset P0>‘, which
satisfy Pg(0) = P}(0) = ... = P7(0) = 1 and evolve according to the dynamics

dP(t) = diag (PA(t)) (1(t) + A(t) + 65 (A(E))dt + S(t)dW (t))
dPy\(t) = Py () (r(t) + 0 (A(t))) dt.

The risk-free asset P(;\ still represents the same risk-free asset and the assets Pi)‘ represent

the same risky assets from the original market M, but with changed drift coefficients. As a
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consequence, the wealth process of an investor trading according to the relative portfolio process

7 in the market M satisfies an SDE with adjusted drift coefficients:

dVyOT () = VYO () ([r () + S (A®)) + (u(t) + A(E) — r(0)1) 7(¢)]dt + m(¢) S(t)dW (t))

= V0T ([r(1) + (u(t) — r(O) )7 ()] + 7(8) 2()dW (1)) (3.5)
+ V0T () [0k (A(E) + A(t)'w(t)] dt.

'

()

The wealth process V" satisfies the same SDE as in the original market M apart from
the additional drift term (x). Moreover, we recover M = Mg, for A = 0. Due to Lemma

the additional drift () is non-negative as long 7(t) € K. Hence, any portfolio process
7 € A(vo, K, By, B2, g), which is admissible for (P), yields a wealth process V" in M which
is larger or equal than the corresponding wealth process V™ in M. This can be regarded as
the central motivation behind the construction of M, and naturally leads to an optimization
problem which is dual to (P) with respect to the allocation constraints K. For this purpose,
analogous to Section we consider the allocation unconstrained, wealth-constrained portfolio
optimization problem

@5 (vo) = sup  E[U(VWN(D)]
(P)\) TFEA)\(Uo,Bl,thq)
Ax(vo, B1,Ba,g) ={me€A| B <V\""(T) < By, E[g(V,""(T))] <0}.

(P,) is the same optimization problem as (Pg), but formulated in the financial market M,
rather than M. In M, the market price of risk vy, the corresponding exponential local mar-
tingale Z) and pricing kernel Z, are given as

() =27 (u(t) — (L +A#)) = () + X)) A®),

220 = e (= [ InlPds = [ atsyaws))

. Z)\(t)

20 = 20 =exo (= [ ago) + gl = [ nieyaws).

for t € [0,T). Again, Z, and Z, satisfy the SDEs

dZ\(t) = —Zx(t)ya(t) dW (1)
dZ\(t) = —Z\(t) (ra(t)dt +ya(t) dW (t)).

As before, the market coefficients in M need not be uniformly bounded and thus it is not clear
if the local martingale Z) is indeed a true martingale. However, since Z) is non-negative, it is
a supermartingale. The adjusted drift coefficients and the remaining market coefficients in any
auxiliary M satisfy the same boundedness assumption as in the original market M.
Thus, we can use the same notion of market completeness to rewrite (P)) as an optimization
over terminal payoffs.

Lemma 3.4.1 (Market Completeness My). Consider X € D, D € X, with E[D? < co and
0 < E[Z\(T)D] =: vo < 0. Then, there exists a m € A so that V" (T) = D Q-a.s. and

DZNA(T) | ]—"t] .
Z\(t)
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Lemma directly leads to the equivalent formulation of (P,) as

@, (vo) = sup E[U(D)]
(P)\) DEC,\(UQ,B1,B2,Q)~
C(vo, B1, Ba,g) = {D € L} | E[Z\(T)D] = vy, B1 < D < By, E[g(D)] < 0}.

As the bounds By and By not only constrain the downside of the portfolio value, but also its
upside, an increase of the terminal wealth in an auxiliary market M (due to the added positive
drift in ) may lead to a violation of the terminal wealth constraints and may even lead to
(P)) being infeasible. We circumvent this issue by incorporating the pointwise bounds on D
into the utility function U(-; By, B2), analogously to

Lemma 3.4.2. Let A € D, consider the optimization problem

@ (vg) = sup E[U(D; By, By)]
- DeC (vo,9(+;B2))

(P2) ) Ch(v0,9(Ba)) - = Ci(v0,0,00, g5 Ba))
={D € L} | E[Z\(T)D] = v, Blg(D; By)] < 0}

and define vy(Bs) := E[ByZx(T))].

(i) If vo < vA(Ba), then ®x(vg) = ®x(vo) and DX is optimal for (P)) if and only if Dy is
optimal for (Py).

(it) If vg > vx(Ba), then DY = %Bg is optimal for ®x(vo) and ®x(vo) = E[U(By)].

In contrast to (Pg) and (Pg) from Section the changed market coefficients in M imply
that (P)) and (P,) are only equivalent if vy < vy(Bs). It is easy to see that (Py) is even
infeasible if vy > vy (Bz) and thus we use (Py) to develop the duality relation with respect to
the allocation constraints K. Due to the non-negativity of the drift () in (3.5), we know that
for any A € D and 7 € A(vo, K, By, B2, g), V'™ (T) < V,*"(T) and D = V\*"(T') € Cx(vo, g).
Hence, Lemma, yields the weak duality relation

D (vg) = sup E[U(V*™(T))]
wE€A(vo,K,B1,B2,9)

< sup E[UV"™(T))]
w€A(vo,K,B1,B2,9)

< sup E[U(D;Bi,Bs)] = ®x(vg) V\eD. (3.6)
DeCx(vo,g)

To further develop this notion of duality, we aim to find a A* € D which achieves equality in
the above relation, i.e ®(vg) = ®y«(vg), and the optimal portfolio processes for (P) and (Py-)
coincide. This is the case if \* satisfies a similar slackness condition as Condition (B) from [17]
(resp. (B) from [34]).

Lemma 3.4.3. Let \* € D, m\+ € Ay« such that D5 = V2™ is optimal for (Py+). If further
Vo < V)* (BQ), T+ € K and (5K()\*(t)) -+ Ty* (t),)\*(t) =0 ,C[O,T] & Q — a.e., (37)

then my+ is admissible and optimal for the primal problem (P) and ®(vy) = @« (vp).
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Equation can be seen as an analogue of the KK'T condition (Corollary for allocation
constrained portfolio optimization problems. In the same way, Lemma [3.4.3| only provides a
sufficient condition under which the optimal portfolio for (P) in M and (P«) in M« coincide,
but does not provide a constructive way of finding the ‘correct’” \* € D. However, we realize
if \* € D satisfies the requirements of Lemma then it minimizes @y (vg) over A € D and

therefore can be regarded as the solution to a dual minimization problem
(DX) {\I’DK = /{Ielfp @ (vo), (3.8)

where the duality is now induced by the allocation constraints K. As a matter of fact, under
some regularity conditions, the converse statement is also true and is satisfied if A = \*
is optimal for (D¥). To prove this statement formally, we start by characterizing the optimal
terminal wealth for (f’A) by following the same methodology as in Section For a given

A € D, we define .
—Z\(T)x
:R? > R, = A )
ax g)\(l‘) (—g(:c; Bg)

and again make use of the dual optimization problem associated with (f’ A) and its expected
value constraints.

Theorem 3.4.4. Let A € D, vy < vA\(B2), v* = (y5,y}) € [0,00)% be optimal for the dual
minimization problem

(DY) {\IID‘*/ - y=(yo,yilr)l'fe[o,oo)2 (]E [U;A (y; B, B2)} + yovo).

If 74, (y*; B1, Bo) € Lé and
y — E [9A(Zy, (y; B1, B2))] Ay

is usc at y = y* for all Ay € R x [0,00), then I, (y*; B1, B2) is optimal for (Py) and
YiE[Zy, (y*; B1, B2)] = 0.

Combining the dual optimization problems (D¥) and (DY) yields a joint duality relation
between the allocation constraints and wealth constraints

2() 'Z inf davg) 2 inf E [UX (y; Bi, B 3.9
(vo) < jnf ®x(vo) < inf <y(yo,yl1r)l’€[0,oo)2< (U, (y; B1, Bs)] +y0v0)> (3.9)
and naturally leads to the joint dual optimization problem
vy’ = nf inf (B[Uz (s By, B2)] + >
(DKVY) N AED <y=(yo,y111)l’e[0,oo)2( [ NGRS 2)] yOUO) '
y=(o.01€l0,00)2 \AED [Us, (y: By, Ba)] yov0>

(DX-V) is a dual with respect to (P), where the duality is induced jointly by the allocation
constraints (K) and the wealth constraints (budget equation, By, B2 and g). Moreover, as
we can change the order of minimization in (D¥'V), we know that if (A\*,y*) € D x [0, 00)? is
optimal for (D¥:V), then y* is optimal for (DY.) and A\* minimizes E [U;A (y*; By, B2)] . The
latter minimization plays an important role in Section [3.5

To ensure that the optimal values (\*,%*) for the joint dual (D¥:V) actually yield an optimal
solution to the primal jointly constrained portfolio optimization problem (P) (i.e., ®(vo) =
U prv), it is necessary that the allocation unconstrained optimization problem (Py«) in My«
is solvable by the dual (DY,) (i.e., (A\*,y*) satisfies the requirements of Theorem [3.4.4). To this
end, we define the subset of dual processes D’ C D such that every \ € D’ satisfies
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e vo < ux(Ba),

e there exist (y3,y})’ € [0,00)? which is optimal for (DY),

o T, (y*; B1, B2) € L

o y— E[g\(Zy, (v; B1, B2))] Ay is usc at y = y* for all Ay € R x [0, 00).

For \* € D', we can now define a set of equivalent conditions which ensure that the optimal
portfolios for (Py+) and (P) coincide.

Optimality Conditions for (P): For 7* € A(vg, K, By, Ba,g), \* € D’ with optimal * € [0, 00)?
for (DY.), we define the following conditions:

(A) Vm € A(vo, K, By, B2, g) we have
E[U(V*™(T))] < E[U(V*™ (T))].

(B) The optimal portfolio process my~ for (P)-) satisfies:
m € K and [ (N(8)) + (&) N ()] =0 L[0,T]®Q — a.e..

(C) VX € D we have ) )
D+ (vg) < P(vo).

(D) VA € D we have
E[U;.. (" B, Bo)] <E[U, (v B1, Ba)].
(E) Y\ € D we have
E|Z,

Gx*

(y*;BI;BQ)Z)\(T)] < vg.
Theorem 3.4.5. Let \* € D'. Then, Conditions (B), (é’), (]_N)) and (E) are equivalent and
imply (A) with T = my«.

Due to Lemma (iii), it is sufficient in the proof of (D) = (B) to consider only v € D with
lv@)| <1 L[0,7]® Q — a.e. and v(t) = —A*(t)/ max(1,||A*(t)||). Even though this does not
affect the proof of Theorem [3.4.5|in any meaningful way, it has the satisfying consequence that
any local minimizer A* of Conditions (C)) or (D) is indeed a global minimizer over the whole
space D and satisfies Condition (B). This will be useful in a verification theorem in Section

Corollary 3.4.6. Let \* € D'. If C’onditionﬂé),f@), ~(l~)) or (E) is satisfied for all A € D with

IA (1) = A(t)|| <1 L]0, T]|®Q — a.e., then (B), (C), (D) and (E) are satisfied for all A\ € D. In

particular, ™™ := mw\« is optimal for (P).

The optimality conditions (B) — (E) offer alternative ways to find and verify the optimality of
a portfolio process 7* for the fully constrained portfolio optimization problem (P) in M. The
central underlying assumption is that we can find a different market with adjusted market coef-
ficients M+, where the optimal portfolio my+ for the allocation unconstrained problem (f’ A*)
coincides with 7*. According to Condition (B), 7* and 7y coincide if the wealth processes
VYo in M and V;)*O " in M« are equal. Hence, the change in market coefficients from the
original M to M+ must not have any impact on the portfolio performance of 7*. Following
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Condition (C), we additionally know that M- yields the least expected utility under all M,
A € D, if the investor follows an optimal strategy. In this sense, M~ has the least favourable
market coefficients from the investor’s perspective. Condition (D) is in fact just a dual refor-
mulation of Condition (C'), where the duality is now induced not by the allocation constraints
K, but by the expectation constraint g on terminal wealth and the budget equation. As we
will see in Section Condition (]_N)) proves to be particularly useful in explicitly determining
A* and 7*. Lastly, Condition (F) states that there exists no market M), where hedging the
optimal terminal wealth D}, := V"™ (T) = Z,,. (y*; B1, B2) for (P,+) is more expensive than
in My+. Again, the market coefficients of M~ can be regarded as least favourable for the
investor. This is a special case of more general results about hedging contingent claims under

allocation constraints, which is discussed in great detail in [18].

3.5 The Optimal Auxiliary Market

In this section we illustrate how one can make use of the equivalent optimality conditions
derived in the previous section to solve the fully constrained portfolio optimization problem (P)
in a Black-Scholes market. We first aim to identify the minimizing \* for every y* € [0, 00)?
in Condition (D) in Section by considering an associated HJB PDE. If Uj satisfies a
polynomial growth condition for deterministic A € D and the allocation constraint K is a convex
cone, then the minimizing A* € D is deterministic, independent of y* and can be determined as
the optimizer of a deterministic convex optimization problem. This is shown in Section [3.5.2]

Throughout the whole of Section we make the following additional assumptions about the
market coefficients and bounds on terminal wealth:

Assumption 3.5.1 (Standing Assumption Section [3.5). The market coefficients v, p and X
as well as the bounds on terminal wealth 0 < By < vge"l < By < oo are constants and 6 1is
continuous on Xg.

Note however that a generalization to deterministic and continuous r(¢), w(t) and 3(t) is
straightforward. To include the case By = 0 or By = 0o one has to impose additional growth
assumptions on Z,,. for the (unknown!) \* € D which satisfies condition (D). Assumption
allows the use of the ensuing dynamic programming techniques, which lead to closed-form
solutions to the primal, fully constrained portfolio optimization problem (P) for convex cone
allocation constraints K.

3.5.1 Optimization Problem Associated with Condition D

By interchanging the order of minimization in (D¥:V) or by considering Condition ([?), we
have seen that the ‘optimal’ A*, for which the optimal portfolios for (P) and (Py-) coincide, is
the solution to the ‘inner’ optimization problem

(Dy) {¥p, = inf B [U, (v: B1. By)]

for the specific choice y = y*, where y* is optimal for (DY.). In particular, y* already depends
on \*. Hence, while the optimizer \*(y*) for (Dy+) is optimal in the sense of Condition (D),
this may not be the case for general \*(y) and y € [0, 00)2. Irrespectively, a characterization of
the minimizer A*(y) for (Dy) for arbitrary y € [0,00)? may still yield valuable insights for the
solution of the primal portfolio optimization problem (P). Recall that the generalized conjugate
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U,, (y; B1, B2) only depends on A € D through the terminal value Z)\(T) € (0,00). Hence, by
conditioning on this value, we obtain a deterministic function

U* (y; By, Bs)| = su Ua:—’<m>>::Uf‘ - By, Ba, 2),
b, = s (06— (7)) = Ui B
with §(z) = g(v;2) = (—zz;g(x; B2))". Therefore, we can view (Dy) as a stochastic control

problem with state process Z), control process A € D and minimization objective U7 (y: By, By, Zx(T)).
The HJB equation associated with (Dy) is then

0= Gt(ta Zay) - TZGZ(tu 2 y)

: . 1 —1,.12.2 )
+nt (=@l my) + g+ PG 5y)  (310)

G(T, zy) = Ug(y; B1, By, 2).

For the remainder of this section, we focus on the HJB equation and show that its
solution, provided it satisfies some regularity conditions, induces a solution to the (inner) dual
optimization problem (Dy ). Assuming that G solves and is strictly decreasing and convex
in z, there exists a minimizer A\*(¢, z;y), which attains the infimum in . By slightly
rewriting the PDE, one can see that \*(¢, z; y) actually minimizes

2
A*(t,2;y) = argmin <Z2||’Y + X7 2|2 GLa(t, 23y) — Ok (2)2GL(t, 2 y)>

-’EGXK
,<0 ( 12G..(t, 23 y) —1..2 )
= argmin| —————— ||y + X x||* + o (x 3.11
=:RRA(t,2;9)>0
- argmin(RRA(t, zy)ly + )2 + 5K(x)>. (3.12)
reXK

This means that the (non-negative) relative risk aversion RRA(¢, z;y) of G with respect to z

serves as a weighting factor in the minimization between the non-negative components ||y +
Y~1z|? and 6 (z).

Lemma 3.5.2. Let G = G(t, z;y) be continuously differentiable in t € [0,T), twice continu-
ously differentiable in z € (0,00), be convex and strictly decreasing in z and a solution to the
HJB equation . Then there exists a corresponding minimizing argument \*(t, z;y) (as in

), which is uniformly bounded in (t,z;y).

Using this observation and assuming polynomial growth, convexity and monotonicity conditions
in z, we are able to locally prove a verification theorem for the HJB equation (3.10). Having
the minimization property locally is sufficient for our purposes as noted in Corollary

Theorem 3.5.3 (Verification Theorem).

Let Assumption hold, let y € [0,00)% be fized. Further, let G = G(t,z;y) be continuously
differentiable in t € [0,T), twice continuously differentiable in z € (0,00), be a solution to the
HJB equation , be convex, strictly decreasing and satisfy the polynomial growth condition

G(t,z;y) < C(z7% 4 2%), for some a >0, C > 0.
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Further, let

2
A (t, z;y) = argmin <22||7 + 272 |2G Lt 25 y) — Ok (2)2GL(t, 2; y)) , (3.13)
reXK
be uniformly bounded in (t,z;y). Define the stochastic process \* = (/\*(t))te[o 7] in feedback-
form as .
AT(t) = N'(t, Zx+ (1))

Then, YA € D with ||A(s) — A*(s)|| < 1 and (t,z) € [0,T] x (0,00):

G(t,z;y) < E[U, (y; Bi, B2)| Zx(t) = 2]

and ~
G(t,zy) = E[U; , (y; B1, B2)| Zx+(t) = 2].

%

Note that Theorem does not provide verification for the fully constrained portfolio optim-
ization problem (P), but only for the inner dual optimization problem (Dy ). We still need to
determine the corresponding ‘outer’ minimizer y* and show that the process A\* is indeed an
element of D'.

3.5.2 Convex Cone Constraints

In this section we solve the HJB equation and determine the pointwise minimizer \*(¢, z; y)
(3.13]) under the assumption that K is a convex cone and the generalized conjugate satisfies a
polynomial growth condition in z. If |U(B1)| and |U(B2)| are finite, then this growth condition
is always satisfied. We then use the verification theorem from Section [3.5.1] to link the pointwise

minimizer \*(t, z;y) to optimality Condition (D) and finally characterize the optimal terminal
wealth for (P) in the original market M as the optimal terminal wealth for Py« in the auxiliary
market M y«.

As per Lemma [2.1.17] (iv), the allocation constraints K form a convex cone if and only if
dr(x) =0 for all z € Xk. In this special case the HJB equation (3.10|) simplifies to

2
_ c) : s —1.12 )
0= Gylt, z:y) — r2Ga(t, 23 y) + 2xg)1§K<ny+E 12Ge(t, 59)) (3.14)

G(Tv <3 y) = Ug(.% Bla B27 Z)‘
If G is convex, the infimum is attained by the pointwise minimizer

N (t, z;y) == A* := argmin||y + 27 z|?,
reXK

which is independent of (¢, z;y). Further, the HJIB PDE reduces to a linear PDE, which can
be solved through a transformation to the well-studied heat equation (see e.g. [6]). For this
purpose, recall the following result about the heat equation:

Lemma 3.5.4. Consider a real function f: R — R for which exist constants Cy, ag such that
|f(u)] < Coe®™*  Vu € R. (3.15)

Then, for all0 < T < ﬁ the function F : (0,T] x R — R defined by

F(r,u) = \/i?_/ﬁe%fﬂf(x)dx— \/%/Reﬁf(u—x)dx,
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is in C12)((0,T] x R) and is a solution to the heat equation

F (r,u) = Fuu(r,u) Y(1,u) € (0,T] xR (3.16)
F0,u) = ﬁilol F(r,u) = f(u) for almost all uw € R.

Lemma 3.5.5. Let y € [0,00)? and let Ug(y; , B1, Ba, ) satisfy a polynomial growth condition
m z:

U5 (y; B, B2, 2)] < C(27% 4 2%), Vze (0,00) (3.17)

and some constants C, o > 0. If K is a convex cone, then

B vy
/ e -0y} (y; B1,B2,Zye_(’"JF%HVA*\IQ)(T—t)_ 0 x) dx
R

G(t,zy) =

1
VAr(T —t)
is continuously differentiable in t, twice continuously differentiable in z, convexr in z, strictly
decreasing in z and satisfies the HJB equation with

N(t, z;y) = A* == argman|y + 27 2|2 and e =y + 2T

reX i
Further, there exists a constant C such that G satisfies the polynomial growth conditio
IG(t,z;9)| < C(27*+2%) Vze (0,00). (3.18)

It is important to emphasize that the previous techniques heavily relied on K being a convex
cone (hence dx(A*) = 0) as this simplifies the HJB equation to a linear PDE. For more
general allocation constraints with dx (A*) # 0, the PDE may become non-linear and extremely
difficult to solve.

The polynomial growth condition is designed in such a way that it is satisfied if U(x) —
y19(x) is a power utility function. In particular, if U and —g are bounded from above and below
by a power utility function, then we can show that is satisfied. Further, if By, U(B2) and
g(B2) are finite, then the growth condition is satisfied trivially.

Lemma 3.5.6. Consider U € U, (yo,v1)" € [0,00)? and let Assumption be satisfied. If

one of the conditions
(i) There exist constants C— >0, C4 > 0 and b— < 0, by > 0 such that
1

C_ (bxb‘ — 1) < min (U(z), —g(z)) and max (U(z), —g(z)) < Cy (blfm - 1> .

(i) C = |U(B2)| + yo(B1 + Bz) + y1|g(Ba)| < o0
is satisfied, then Ug satisfies the growth condition .

Corollary 3.5.7. Let K be a convex cone, let Assumption hold and either (i) or (ii) from
Lemma[3.5.6 be satisfied. If

A* = argmin ||y + S z|? (3.19)

reXk

is an element of D', then \* satisfies condition (D) and the optimal portfolio for the wealth-
constrained portfolio optimization problem (f’A*) is optimal for the fully constrained portfolio
optimization problem (P). In particular, if y* is optimal for (D}\’;), then the optimal terminal
wealth for (P) is D* =1,,. (y*; B1, B2).

'Note that the constants C, C and « are allowed to depend on y, By and Bs.
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Remark 3.5.8. If K is a convex cone, we have 0x(x) = 0 for all x € Xg and thus
VOOT) = vy Py(T) = vo Py (T) = V°°(T) VA€ D.
According to Assumption this implies

oA(B2) = E[B2Z(T)] > E[V*(T) Z5(T)] = B[V, (T) Z\(T)] = vo.

Moreover, if By < oo under Assumption the mazimizing arguments Ly, (y; B1, Ba) is
bounded from above (by By < 00) Q-a.s. for all X € D. Thus,

E[Z,,(y; Bi, B2)?] < 00, and E [ng(y;Bl,Bg)Z)\(T)] <o VAED.

Therefore, \* (as in Corollary |3.5.7) is in D' if there exists a minimizer y* for (D}\’*) and
E[gx+(Zy,. (y; B1, B2))) Ay is usc at y = y* for all Ay € R x [0, 00).

%

3.5.3 Examples

In this section we consider examples where we can characterize the optimal terminal wealth for
(P) explicitly, i.e. up to the deterministic minimizers (yg, y}) € [0,00)? and A\* € Xk. For this
purpose we restrict our analysis to power utility functions of the form

%a:b, x>0
U(x) = { liminf 32t =0 with b e (—oo,1)\{0}. (3.20)
—00, z <0

This decision is motivated partially by (i) in Lemma but it is also necessary to ensure the
analytical tractability of the maximizing argument Z,, .. We begin by disregarding the expected
value constraints, i.e., setting g = 0, which leaves us in the setting of [34]. We then increase the
complexity by additionally considering Value-at-Risk (‘VaR’) constraints and expected shortfall
(‘ES’) constraints as natural and relevant practical examples. Further, for A* as in and
yo > 0, we define the expression

- 4 1 -
Z(yo) = (yOZA* (T)) " = argmax <b93b - QOZA*(T)QU) :
x>0
If yo is chosen such that E[Z(yo)Zx«(T)] = vo, then Z(yo) is the optimal terminal wealth for
(P) if there are no wealth constraints (i.e., By = 0, By = oo and g = 0). It will be useful to
express Zy,, in terms of Z, when we add wealth constraints in the subsequent analysis.

We summarize the additional technical requirements for this Section in Assumption [3.5.9

Assumption 3.5.9. K C R? is a convex cone, U is a power utility function as in and
A* is defined as in .

No Expected Value Constraints: We begin by assuming that there are no expected value
constraints, i.e., that g = 0. In this simple context, U(z)—yoZx- (T)z—y19(z) is a strictly concave
function in z for all (yo,y1)’ € [0,00)? and therefore the maximizing argument Z,,. (y; B1, B2)
can be obtained by capping the global maximizing argument Z(yg) at the boundaries B; and
Bs.
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3 Constraints on Allocation and Wealth in Complete Financial Market Models

Example 3.5.10.
Let Assumptions |3.5.1] and |3.5.9 hold. If g = 0 and y* = (y§,0) € (0,00) x [0,00) is optimal
for (DY.), then the optimal terminal wealth for (P) is

D* =1,,.(y"; B1,B2) = B1 + (I(yo) - Bl) - (I(yo) - B?) =: Cap(Z(y5), B1, B2).

I!IA' (y)

Figure 3.2: Illustration of the dependence of the optimal terminal wealth D* on Zy«(T') without
expected value constraints and for a given constant value of y§ (cf. Example [3.5.10)).

Value-at-Risk Constraints: For constants B; < By.r < By and € > 0 we define the VaR
constraint as

9(x) = Liacpy,p) — € (3.21)

The VaR is a risk measure which is frequently used by practitioners in risk management and
is deeply integrated into financial regulations (e.g. in Solvency II and Basel III). The VaR
constraint restricts the probability that the investor’s terminal wealth falls below By,r to a
value of at most e. Hence, the VaR constraint restricts the portfolio loss L = —(V*™(T') — B) in
comparison to a benchmark B € R to at most B — By,r in (1 — €)% of all scenarios. However,
conditioned on a loss of more than B — By, occurring, the VaR constraint does not impose a
restriction on the magnitude of this loss. Further, the VaR is not a convex risk measure (i.e. g is
not convex) and thus it is possible that the convex combination of two terminal payoffs violates
the VaR constraint, even though the individual payoffs satisfy the VaR constraint. This can be
regarded as a punishment for diversification and thus poses another weakness of VaR.

Example 3.5.11.

Let Assumptions|3.5.1 and|3.5.9 hold. If g is a VaR constraint (as in ), B1 =0, By = o0,
and y* = (y5,y;) € (0,00) x [0,00) is optimal for (DY.), then the optimal terminal wealth for
(P) is

Z(y5), Bvar < Z(yg)
D* =Ty, (y*) = { Bvar, Z(y) < Bvar & 52Z(y5)" + i Zx+(T)Bvar < $Bbop + ¥i
I(ys), Z(y) < Bvar & F2Z(05)" + y5 Zx+(T)Bvar > $BY.p + Ui

As U(z) — yoZx+(T)z — y1g(x) is no longer concave in x (note the discontinuity of g(x) at
x = Bygyr), the maximizing argument Z,,, (y; B1, B2) can no longer be obtained by capping
Zy,. (y) at the boundaries By and Bs.
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Example 3.5.12.
Let Assumptions|3.5. 1] and hold. If g is a VaR constraint (as in ) and y* = (y§,y5) €

(0,00) x [0,00) is optimal for (DY.), then the optimal terminal wealth for (P) is

1 b b *
~ ’(BVQR_Bl)""yl
By, Ly, (y*) < B1 & Zx:(T) = > ==
B T,.(y") < By & Zyo(T) < £2ben=BD01
D* =1, (y" By, By) = “Velt gx+ Y ! A Y5 (Bvar—Bi)
Ig)\* (y*)7 Bl S Ig)\* (y*) S B2
Bs, By < IQA* (y*)
— Z(w) — Iw)
T (v) Iy, (v)
—— Z,.(y: Bi. By) — ZL,.(y; B, By)
== Bunr -=== Bur
— B B, - By By
Z,-(T) Z)(T)

(a) (b)

Figure 3.3: Tllustration of the dependence of the optimal terminal wealth D* on Zy (T') with

VaR constraints and a given constant value of y* (cf. Example [3.5.12)). In Figure [3.3(a)l By.r
~ 1 b _nb *
is large enough so that Z,,, (y*) < Bj already implies Zx«(T) > % and thus the
0 a
pointwise constraints By, By just cap off Z,, (y*). This is is no longer the case in Figure
as By,p is substantially smaller.

Expected Shortfall Constraints: For constants B1 < Bgs < By and € > 0 we define the ES
constraint as

9(x) = (Brs — ) Lizcpyey — € (3.22)

The ES is an alternative risk measure which mitigates some of the main weaknesses of VaR.
The ES constraint restricts the average portfolio loss in comparison to a benchmark Bgg > 0, if
the loss is positive, to at most €. Therefore, in contrast to the VaR constraint, the ES constraint
also takes the magnitude of the loss into account, if it occurs. Further, the ES is a convex risk
measure and thus always encourages diversification of payoffs. For these reasons, ES has been
proposed as an alternative tool for financial risk management and its advantages as well as some
of its drawbacks have been discussed by e.g. [2] [44] and [86].

Example 3.5.13.

Let Assumptions([3.5.1 and[3.5.9 hold. If g is an ES constraint (as in (3.29)), By = 0, By = oo,
and y* = (y3,v%) € (0,00) x [0,00) is optimal for (DY.), then the optimal terminal wealth for
(P) is

Z(y5); Bes < Z(y5),
D* =1, (y") = { Bus. () < Bes < T (5 — 725 ).

* Y7 * Y1
1 (yo B Zx*l(T)> » I (yo B Zx*l(T)> < Bps.
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In contrast to the VaR constraint, U(z) — yoZx-(T)z — y1g(z) remains strictly concave in z > 0
for all y = (yo,y1)" € [0,00)? and thus Zy,. (y; B1, B2) can again be obtained by capping Z,. (y)
at the boundaries By and Bs.

Example 3.5.14.
Let Assumptions[3.5.1) and[3.5.9 hold. If g is an ES constraint (as in (3.29)) and y* = (y§,y})' €

(0,00) x [0,00) is optimal for (DY.), then the optimal terminal wealth for (P) is

l)>|< = ng* (y*; Bl, Bg) = Cap(l—g” (y*), B1, Bz).

Iﬁh' (y)

Z)(T)

Figure 3.4: Illustration of the dependence of the optimal terminal wealth D* on Z«(T) with
ES constraints and a given constant value of y* (cf. Example |3.5.14)).

3.6 Conclusion

In this chapter, we extended the duality framework of [17] and [34] to include simultaneous
constraints on relative portfolio allocation and terminal wealth, where the constraints on wealth
may be defined pointwise, in expected value or both. Similar to the previous work in [34], we
were able to integrate the wealth constraints into the framework of [17] by defining a generalized
concave conjugate of the utility function and using it to generalize the well-known martingale
method for portfolio optimization in complete financial markets. Just as in |17, the developed
framework allows us to disregard the allocation constraints if the drift coefficients in the financial
market are adjusted suitably, i.e., if the ‘optimal’ auxiliary market M- is considered. The
optimal auxiliary market can be determined by a set of equivalent optimality conditions, which
are induced by two distinct dual optimization problems which correspond to the allocation
constraints and the terminal wealth constraints. The optimal terminal wealth for this fully
constrained portfolio optimization problem can then be expressed as a deterministic function of
the pointwise bounds By, By and the pricing kernel Zy-(T) in the optimal auxiliary market M.
When assuming the dynamics of a Black-Scholes market, assuming that K is a convex cone and
assuming some additional regularity conditions, then the adjustments to the market coeflicients
A* can be determined as the minimizer of a deterministic convex optimization problem. We
illustrate our methodology for investors who face pointwise bounds on terminal wealth, Value-
at-Risk constraints and expected shortfall constraints.
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4 Constraints on Allocation in Stochastic
Factor Models

4.1 Introduction

In this chapter, we consider a portfolio optimization problem of an investor who trades in
continuous time and seeks to maximize his utility from terminal wealth at the end of a fi-
nite investment horizon. The investor is assumed to be risk-averse and his risk-preferences are
modelled by a power utility function. Our problem setting differs from the classic problem for-
mulated in [64] with respect to two main aspects: allocation constraints and market coefficients
dependent on a stochastic factor. Since Section [I.I] already provided an overview over the
relevant literature on allocation constraints, the following paragraph presents a brief overview
of the relevant literature with respect to stochastic factor market dynamics:

Modelling stochastic market coefficients as a function of an additional stochastic factor is a
natural extension to the classic Black-Scholes model which can capture some of the stylized facts
observed in the financial market. One of the earliest discussions of such models in a portfolio
optimization context was in [88|, where the author was able to characterize the solution to the
associated HJB equation for a power-utility function in terms of a linear parabolic PDE. Further,
under the assumption of a global Lipschitz-condition on the market coefficients, a verification
result was proven. However, explicit closed-form expressions for the optimal allocation were only
given when the stochastic factor is completely uncorrelated with the financial market, i.e., when
the optimal allocation is myopic. If the stochastic factor correlates with the financial market,
closed-form expressions for the optimal allocation were recovered on individual occasions, e.g.,
in [20] and [53] for financial markets with stochastic short rate and in [56| for financial markets
with stochastic volatility. These advances required the solvability of certain underlying Riccati
ODEs. The seminal work of [61] unified these approaches by introducing a class of models where
the asset returns have a quadratic dependence on the stochastic factor. Within such quadratic
models, the author directly characterizes the HJB PDE as an exponentially quadratic function
of the stochastic factor with coefficients determined by the solution to a system of Riccati
ODEs. When reducing the framework of [61] to an affine dependence on the stochastic factor,
the results are closely related to affine term structure models of |26]. This affine reduction
proved to be particularly fruitful for portfolio optimization applications, see e.g. [46], [5] and
[30]. In addition, an extensive overview of related literature is given in [90].

Both allocation constraints and stochastic factor market dynamics result in the investor not
being able to replicate all measurable payoffs at the end of the investment horizon and therefore
standard martingale techniques cannot be employed to characterize the value function of the
optimization problem. Further, it is unclear if the Hamilton-Jacobi-Bellman PDE (‘HJB’ PDE)
of the optimization problem admits a smooth solution due to pointwise constraints on the
optimal relative portfolio allocation. Both aspects have only been studied simultaneously on rare
occasions. [71] used a logarithmic transformation to characterize the solution to the constrained
HJB PDE through the solution to a semi linear PDE. Assuming Lipschitz- and non-degeneracy
conditions on the stochastic factor, the existence of a smooth solution to the transformed PDE
can be guaranteed and closed-form expressions for the optimal portfolio can be given if the
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stochastic factor is uncorrelated with the financial market. In [21], semi-closed-form expressions
are provided for the optimal allocation for a market with generalized Vasicek short rate and
bounds on the portfolio allocation to a hedging instrument for interest-rate risk. [66] and
[91] develop numerical schemes for allocation constrained portfolio optimization problems in
jump-diffusion models, where the asset volatilities and jumps depend on an external stochastic
factor.

Our contribution to this literature is threefold. First, we present an approach to constrained
portfolio optimization that transforms the HJB PDE associated with the constrained portfolio
optimization problem into an equivalent dual PDE, which is the HJBI PDE associated with
a dual minimization problem akin to Condition (C) in [17] or Condition (C) from Chapter
However, unlike in [17], the validity of this method is not tied to the completeness of the
underlying financial market and can thus be applied in a broader context. Secondly, in the
spirit of [61], we derive a condition on the dynamics of the financial market and the allocation
constraints, which ensures that the value function of the optimal investment problem is expo-
nentially affine. Lastly, we provide expressions for the allocation constrained optimal allocation
in a market with multi-factor stochastic volatility of CIR-Type and multi-factor short rate of
OU-type. These expressions are explicit up to a deterministic minimizer and the solution of
a system of Riccati ODEs, which leads to a non-myopic optimal allocation if the stochastic
factor correlates with the financial market. In particular, the optimal allocation is generally
non-myopic.

The remainder of this chapter is structured as follows: The financial market model, the portfolio
optimization problem and the standing assumptions are introduced in Section [4.2] Afterwards,
in Section we use a result from real constrained optimization to show that the constrained
HJB PDE associated with (P) is equivalent to the Hamilton-Jacobi-Bellman-Isaacs PDE (‘HJBI
PDE’) associated with a dual min-max problem and derive a condition under which the solution
to both PDEs is exponentially affine. The versatility and use of the derived condition is illus-
trated in examples with deterministic market coeflicients, stochastic volatility and stochastic
short rate in Section Finally, Section [4.5| concludes the chapter.

4.2 Setting

In this chapter, we consider a Markovian stochastic factor model, which is a similar setting as
in the introduction to the stochastic control approach in Section Specifically, we assume
that there exist deterministic functions

pZ 0, T] x R™ — R™, £%:[0,T] x R™ — R™™, p:[0,T] x R™ — R™*¢ (4.1)
r:[0,T] xR =R, p:[0,7] x R™ = R% and ¥ : [0,7] x R™ — R,

and an m-dimensional stochastic factor z which satisfies the SDE
dz(t) = p?(t, z(t))dt + X7(t, 2(t)) dW?=(t), 2(0) = 29 € R. (4.2)

such that the market coefficients in M are given as deterministic functions of (¢, z(t)), i.e., we
have £[0,T] x Q-a.e.

p(t) = p(t, 2(t)), r(t) = r(t, 2(t), p(t) = p(t,2(t)), and (t) = 5(t, 2(1))- (4.3)

In particular, the risk-free asset Py, the risky assets P and the Brownian motions W, W?# then
satisfy

dPy(t) = Po(t) -v(t, 2(8)dt,  Po(0) =1,

o8
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dP(t) = diag(P(t)) - [u(t, 2(t))dt + S(¢, 2(£))dW (£)], P(0) =1 € RY,
d<VVZ-Z, Wj>t = pij(t,z(t))dt, V1 <1< m, 1 §j < d.

We assume that the deterministic functions (4.3)) are sufficiently regular such that the SDEs for
z, Py and P admit a unique strong solution and fall within the market model of M defined in
Section In particular, we require that 3 and the columns pq, ..., pg of p satisfy

det (X(¢,2(t))) # 0 and ||pi (¢, 2(t))|| <1Vi=1,..,d hold L[0,T]®Q — a.e..

As working within this setting becomes very notation-heavy, we only write u?, %, p, r, u,
Y instead of p?(t, z(t)), X*(t, z(t)), p(t,z(t)), r(t,z(t)), wu(t,z(t)), X(t, 2(t)) if the context is
unambiguous to improve the clarity of presentation. In this sense, the wealth process V'o™ of
an investor with initial wealth vy > 0 and trading in M according to a d-dimensional relative
portfolio process m € A satisfies the usual SDE

Vr(0) = vy
V™o (t) = VOr(t) ([r 4 (- rL)'m(t)] dt + m(t) SdW (1)

and can be expressed in closed form as

t

VPO (1) = g exp ( /0 (= r1)(s) — %HE/W(S)HQdS + /0 w(s)'de(s)).

In this chapter we only consider allocation constraints , i.e., for a non-empty closed convex set
K Cc R?, we define the set of admissible constrained portfolio processes as

N:=AK)={reA|nt)e K L0, T|®Q —ae.}. (4.4)

For a power utility function U(v) = v with b < 1 and b # 0 we then define the allocation

constrained primal portfolio optimization problem as

P(vo) = ileuA)E [U(Vor(T))],

A ={n(t) e K L[0,T]® Q —a.e. | m € A}.

Since we consider a Markovian setting and did not assume that m # 0, we aim to solve (P) using
classic methods from stochastic optimal control and thus need to determine a solution to the
HJB PDE associated with (P). Even without the additional presence of allocation constraints,
this is notoriously difficult in the general setting described above. For this reason, we devote
the upcoming Section to deriving an equivalent dual representation of the associated HJB
PDE, which leads to a dual approach to solving the allocation constrained portfolio optimization
problem (P). The dual representation is closely related to Condition (C') from Section

The standing assumptions for this chapter are summarized below:

Assumptlon 4.2.1 (Standing Assumptions Chapter [4 ) M is a stochastic factor model

cmd (.) H) and U is a power utility function.

4.3 The Dual HIBI PDE

We approach (P) using classic methods from stochastic optimal control and frequently work
with so-called feedback controls @ € A, which are defined in feedback-form

m(t) =z (t, VOr(t), 2(1)),
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for a deterministic measurable function 7 : [0,7] x (0,00) x R™ — R? of the current state
(t, V7 (t), z(t)) of the financial market M. As these processes are uniquely defined through
the function w, we use the process m and the function 7 interchangeably. When a process is
specifically defined in feedback-form, we follow the notation in [39] and denote this fact by a
‘lower bar’, i.e., . The set of admissible unconstrained Markovian controls is thus denoted by
A and the wealth-process corresponding to a Markovian control 7 is denoted by V0T, The
remaining notation will carry over analogously. Further, we also introduce the generalized
primal portfolio optimization problem (P®V:2) as

O(t,v,2) = sup ]E[U(V”O”T(T)) ‘ Vvor(t) = v, 2(t) = z]
(P(tvv,Z)) wEN (t)

N(t) = {(ﬂ(s))se[tﬂ | me Ak}

Then, the Hamilton-Jacobi-Bellman equation (‘HJB equation’) associated with (P®V:2)) is given
by

1
0= sup {Gt +vlr+ (p—rl)7| G, + §U2I\E’WH2GW + (1*) (V.G)
TeK

+v (EZpZ'W)/ V. (Gy) + %Trace (27 (2%) ViG] }
=G +vrGy + (1) (V.G) + %Trace (27 (2%) ViG]

1
+ v sup {(u —r1)7Gy + (S7p5'7) V. (Gy) + fv||2/7r|]2Gm,} (4.5)
TeK 2

G(T,v,z)=U(v),

Any (sufficiently regular) solution G to (4.5) yields a candidate optimal Markovian control
through the maximizing argument

1
" (t,v,2) = argmax{(,u —rl)'7G, + (EZpZ'W), V. (Gy) + 51}”2’71'”267%}. (4.6)
TeK

4.3.1 Dual Approach to Allocation Constrained Portfolio Optimization

In this subsection, we use Corollary to derive an equivalent dual representation of the
HJB equation , which can be regarded as the Hamilton-Jacobi-Bellman-Isaacs equation
(‘HJBI equation’) associated with a dual optimization problem over a certain class of stochastic
processes. This dual optimization problem as well as our solution approach to constrained
portfolio optimization will closely resemble optimality Condition (C’) from Section (resp.
Condition (C) from [17]). However, unlike in Chapter 3| we arrive at this approach applying
duality arguments directly to the pointwise optimization on the level of the HJB PDE
rather than on the level of stochastic processes. This reduces the level of technicality involved
and removes the necessity for market completeness and the solvability of the wealth-constrained
dual problem (D}\C) as central underlying assumptions.

Lemma 4.3.1. (Dual HJBI PDE)
Let G € C122)([0,T) x (0,00) x R™) be strictly concave and strictly increasing in the second
component v. Then, G is a solution to if and only if G(T,v,z) = U(v) and

0 =Gy +orG, + (p*) (V.G) + %Tmce (2% (2%) V2G]
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1
+v inf sup { [6k(N) + (u+ A —rl)7| Gy + (Zsz'ﬂ)/VZ (Gy) + fv||2'7rH2Gw}
AER? reRd 2

(4.7)
1
=Gy +vrGy + (1*) (V.G) + 3 Trace [%* (£7)' V2G|
L1
2 VGyy

+o inf {5K(>\)GU

inf, 1570 et A= 1) Gy (29 V2 (G) P}

The dual PDE (4.7)) is the HIBI PDE (see e.g. Section 4.2 in [45]) associated with the min-max
stochastic control problem

T
inf supE[U(V”O’”(T) ~exp< / A(t)'w(t)wK(A(t))dt))}, (4.8)
AE€D e 0
=V 0 (T)
where the dual process A = (A(t))o<t<7 is taken from the set of progressively measurable

processes (cf. Section

D= {)\ = (M), ..., )\d(t)),)te[o,T] prog. measurable ’

sup A (1)]]? < o0 Q-a.s., sup I (A(t)) < oo Q-a.s. }
0<t<T 0<t<T

Just as with portfolio processes, we refer to dual processes defined in feedback form \(t) =
A(t, V{7 (t), 2(t)), for a deterministic measurable function A, as Markovian dual controls. Ana-
logously, when specifically referring to Markovian dual controls, we write ‘A’ and collect all
admissible Markovian controls in D.

Although intuitively appealing, the relationship between HJB(I) PDEs and the associated op-
timization problems still requires formal mathematical justification via verification theorems.
Due to the generality of the setting considered in this chapter, we can only provide general
verification theorems under additional assumptions on the candidate optimal controls 7* (and
A*), the solution G to the HJIB(I) PDE and the financial market M. Verifying such conditions
is typically only feasible in more narrowly focussed settings (see e.g. Corollary [4.4.3 and [4.4.10]
in Section .

Here, we make the relation between the PDE (4.7) and the dual control problem more
precise, by proving a verification theorem, which relies on an additional uniform integrability
condition (compare to e.g. Definition 4.2 in [56]).

Condition (UILy). For given n € N, t € [0,T], G € C1:22)([0,T] x (0,00) x R™), X\ € D,
m € A we define the stopping time 7')‘715 = min(T, 7)), with

n ' Thot
o= fe<us | 17000 18026 R - Gl 13075 2(61) " ds 2
166 926 (513779, 26D s = )
We say that G, w, and X satisfy condition if for every t € [0,T], the sequence

(G(Té\,t? V)Tjom (7—1%0\,15)7 Z(Tr)L\,t»)ne]N

is uniformly integrable.
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Remark 4.3.2. According to Theorem 4.5.4 in (8], if G, m, and X satisfy Condition|(UL, ), then
we have for every t € [0,T] that 7,y — T Q-a.s., as n — oo and

E[G(T, VR (1), (7)) |Fi] = B[ lim Grus, VO™ () 2(70) |

= lim B[Glrs, V37 (7aa), 2(a)) |7 (4.9)

n—oo
Lemma 4.3.3 (Verification Theorem Dual Control Problem).
Let G € C122([0,T] x (0,00) x R™) be a solution to the dual HIB equation , be non-

negative, strictly concave and increasing in v. Let the feedback controls \*(t,v,z), w*(t,v, z) be
such that for all (t,v,z) € [0,T] x (0,00) x R™

. o / z / / 1 / 2
Alenﬂgdﬂsgﬂgd{ [ () + (1 + A = r1)'7] Gy + (S2p%'7)' V. (Gu) + vl ' Gw}

= [0k (A" (t,0,2)) + (e + X (t, 0, 2) = r1)'7*(t,0,2)] Gy
1
+ (X pX'7* (t, v, z))/VZ (Gy) + 51}”2/71*(75,1), 2)|12Gyo-

Then the following holds ¥(t,v,z) € [0,T] x (0,00) x R™:
(i) If (X\*,m) € D x A satisfy condition then
G(t,v,2) > E[U(V;?’W(T)) | V2T (1) =, 2(t) = z]. (4.10)

(ii) If (N, 7*) € D x A satisfy condition then
G(t,v,2) <E[UWVYT(T)) | Vi (1) = v, 2(t) = z]. (4.11)

(iii) If (\*,7*) € D x A satisfy condition|(ULy ), then
Gt,v,2) = U™ (T) | VT (1) = v, 2(t) = ]. (4.12)

Remark 4.3.4. If we restrict the minimization and mazximization in the min-max optimization
only to such A\ € Dyr C D, m € Ayr C A so that every pair (A, m), (A*,7), (A\*,7*) and (A*,7%)
and the solution G to the dual H/IB PDE satisfy Condition then we directly obtain
from Lemma

G(t,v,2) = BUWYT (1) | VT () = v, 2(t) = 2]

= inf sup E[UWV (T VIOT () = v, 2(t) = z|.
s BUORD) | 70 = o, 2(0) = 2]

is the min-max control problem associated with Condition (C) from Section in the
absence of wealth constraints (resp. Condition (C) from [17]). However, we arrived at the same
optimization problems by applying convex duality results from real constraints directly to the
pointwise optimization at the level of the HJB PDE, whereas we applied martingale methods
to the underlying stochastic processes in Chapter [3] For the setting of Chapter [3] were able
to to prove that the optimal controls for the dual control problem lead to an optimal
portfolio process for the allocation constrained portfolio optimization problem (P). In doing
so, we used the so-called (generalized) concave conjugate of U to transform the dual control
problem to ‘another’ dual representation of (P). These arguments heavily relied on the
completeness of the underlying financial market (Assumption as well as the solvability of
the dual optimization problem (D}\’;) associated with the wealth constraints and are thus not
directly available to us in this chapter.
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4.3.2 Exponential Affine Separability

In this section, we derive a condition under which the solution G to the dual HJB PDE (4.7) is
of an exponentially affine and separable form, i.e.,

Gt v, 2) = %vb exp (AT — ) + B(T —1)'z), (4.13)

for some functions A : [0,7] — R, and B : [0,7] — R™ with A(0) = 0 and B(0) = 0. In a
setting without the presence of allocation constraints and time-independent market coefficients,
[61] provides such a condition which can be directly verified for any given market coefficients
(see equations (9)-(11) and (13)-(17) in [61])E| Under the presence of additional constraints on
allocation, we need to adapt this condition suitably.

To this end, for any (t,z,B) € [0,7] x R™ x R™, we define X*(t,z,B) as the minimizing
argument

A*(t,z,B) = al;\%r];lciln {2(1 — D)o\ + [|Z7 (=L A) + (ZZWBHQ} (4.14)
= argmin {2(1 —b)ox(N) +2X (2 E')fl (=1l + (S7pY)B] + |71 }

AeR4

Given 5\*, we provide a condition which ensures that 1' holds. This can be achieved by
considering the corresponding condition from [61] and augmenting the market coefficients by

A%
Condition (EAS).

We say that Condition |(EAS)| is satisfied if for any (t,z,B) € [0,T] x R™ x R™ the market
coefficients and the minimizer \* satisfy

2)p(t,2)) — Zz(taZ)Ez(t,Z)’ = lo(t) + L(t)[2]

HEil(t, z) ( p(t, z) + A*(t, 2, B) — r(t, z)]l) H2 =qo(t,B) + q1(t,B)'z
SE(t 2)p(t, 2 ( (t,2) + (L, 2, B) — r(t, 2)11> — go(t, B) + g1(t, B)z,
(t,

for some functions such that po(t, B), qo(t, B) € R, ko(t), p1(t, B), qi(t, B), go(t, B) € R™ as
well as k1(t), ho(t), lo(t), gi1(t, B) € R™™ and the functions hi(t)[-], li(t)[] : R™ — R™*™
are lineaﬁ for every fized (t, B) € [0,T] x R™.

n fact, the result of [61] even includes the more general case of an exponentially quadratic separation. The
approach we present below can be extended to include quadratic separation in a natural manner. However,
such an extension would complicate the involved notation and thus diminish the presentation of the core
concepts involved. Moreover, we were not able to construct realistic working examples that require quadratic
separation in an allocation constrained setting. Hence, we restrict our analysis in this chapter to exponentially
affine separation.

2The functions h1[] and I1[] are three-dimensional tensors, which are a generalization of vectors and matrices
to higher dimensions. In our context, we may think of h; and [; as being represented by matrices, whose
entries (h1)i; and (l1);; are R™-valued. Upon being evaluated at a z € R™, each entry of hi[z] and l1]z]
is obtained by computing the scalar product z'(h1);; and 2'(l1);;. Hence, for any z,y € R™ and applying
the rules of ordinary vector-matrix multiplication, the products x'hi[-]y and z'l1[]y are vectors in R™. In
particular, =’ h1 [z]y = 2’ (z'h1[]y) and 2'li[2]y = 2’ (2’l1[]y) for any =z,y,z € R™.
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Provided that Condition|(EAS)|is satisfied, we can characterize the exponents A and B in (4.13)
through the system of ODES’

A (1) =bpo (T — 7, B(7)) + ko(T — 7)) B(7) + %B(T)hQ(T —7)B(7)

+ 5 a0 (T — 7, B) + 290 (T — 7, B(7)' B(7) (4.15)

+ B(7) (o(T' = 7) + ho(T = 7)) B(7)

B (1) =bp1 (T — 7, B(7)) + K| (T — 7)B(7) + %B(T)'hl(T —7)[[]B(1)
b

1
4

= _b[ql (T — 7, B(r)) + 29, (T — 7, B(r)) B(7) (4.16)

+ B(r) (W(T = 7)[] + ha(T = 7)[]) B(7)|-

Transferred to the context of Chapter [3] while disregarding the wealth constraints, Condition
(EAS)|effectively ensures that the allocation unconstrained optimization problem (Py-) in M-
for the optimal dual process A* = \*(t, z(t), B(T — t)) can be solved via the methodology
presented in [61]. This idea is depicted in Table From this perspective, it is not surprising
that we can obtain a solution to the primal HJB PDE under Condition

Theorem 4.3.5. Let Condition|(EAS)| be satisfied and let A, B be solutions to the ODEs
and with initial condition A(0) =0, B(0) = 0. Then,

1
G(t,v,2) = Bvb exp (A(T — t) + B(T — t)'2)
1$ a solution to the primal HJB PDE and the dual HIBI PDE .

Remark 4.3.6. Although we can by no means provide explicit solutions to the ODEs and
in general, at least the local existence of a solution is guaranteed by the existence theorems
of Peano (and Picard-Lindeldf) if their respective right-hand sides are continuous (Lipschitz-
continuous). In particular, we can then obtain an approximate solution to the dual HJBI PDE
for small 7 =T —t by approrimating A and B, by e.g. the Fuler method.

No Allocation Constraints Allocation Constraints
(K =R9) (K cRY)

Cvitanic & Karatzas, 1992 (|17])
Black-Scholes Merton, 1971 ([65): 1 = 15 (S2) 7 (-1 4+ ),
Model = ﬁ (ZZ")*l (p—rl) where A\* is obtained from dual problem

= 7* optimal for K = R? in My

Liu, 2006 ([61]): _, Theorem o
1 / 1 = 15 (S2) 7! (= 1L+ X+ (5°p%) B(T — 1))
Stochastic Factor =15 () L (u—rl+ (Z%pY) B(T - 1)), 1-b . . ’
. . . . ! N where \* is obtained from dual problem,
Model if Condition |(EAS)|is satisfied with \* =0

market coefficients in My~ satisfy Condition |[(EAS)

& B solves associated ODE ' & B solves associated ODE {

Table 4.1: A schematic illustration of how Theorem relates the existing results of [65], [61]
and [17].

3Here, A, and B, denote the derivatives of A and B with respect to 7 € [0,T).
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If Condition is satisfied, then we can extend the verification approach used in [13] to
formally verify the optimality of the obtained candidate optimal portfolio 7*. Unlike in Lemma
4.3.3] we only need to assume that 7* satisfies a uniform integrability condition and not make
any assumption about other portfolios m € Ag. This is possible because we can exploit the
additional knowledge that G is exponentially affine due to Condition [(EAS)]

Theorem 4.3.7 (Verification Theorem Primal Problem).

Let Condition|[(EAS)| be satisfied, let A and B be solutions to the ODEs ({4.15) and ({.16) with
initial condition A(0) = 0 and B(0) = 0 and let G be defined as in ([4.13). Define \*(t,v,z) =
N(t, z, B(T —t)) and

L
1—b

If G, ©*, A = 0 satisfy Condition (UL ), then

T (t, v, 2) = (22’)‘1 [u F A (t,2) — L+ (27p%) B(T - t)} : (4.17)

*

Gt,v,2) = E {U(V”O”—T (T) | Vo (1) = v, 2(t) = z} (4.18)
>E [UVT(T)) | VOr(t) =v, 2(t) =z] Vre Ag(t). (4.19)

In particular, G(t,v,z) = ®(t,v, z), for all (t,v,2z) =[0,T] x (0,00) x R™ and ©* is optimal for
P).

Remark 4.3.8. If Condition |(EAS)| is satisfied, then we can alternatively use Theorem
compute the derivative of G and insert them into equation @) to rewrite ™ as

1
*(t,v, 2) = argmaz ([,u — )T+ (1 - b)iﬂ'EE'w + B(T — t)’ZZpE’ﬂ>.
TeK

In other words, we may equivalently write the optimal constrained feedback control w* from
as the solution to a constrained pointwise optimization problem.

4.4 Examples

We consider three different choices of models for which Condition [(EAS)|can be verified and an
explicit expression for the ODEs (4.15)) and (4.16) can be derived. Throughout the examples,
we always follow the same steps in chronological order:

(i) Define the underlying financial market model, by choosing the market coefficients p*, %%,

p, T, band X.
(ii) Derive an explicit representation of the minimizer M of {’ in the given market.
(iii) Verify that Condition |(EAS)|is satisfied for the given market.

(iv) Derive an explicit representation for the ODEs (4.15)), (4.16) and the candidate optimal
portfolio 7* in terms of the market coefficients and A\*.

(v) If possible:
Formally verify the optimality of #* for (P) by proving that 7*, G (as in (4.13))) and A =0
satisfy Condition |(UL)|
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4.4.1 Black-Scholes Model

First, we consider a d-dimensional Black-Scholes model M pg with time-dependent coefficients,
which is exactly the setting of Section 15 in [17] (and a canonical generalization of Section [3.5.3]
with ¢ =0, B; =0 and By = o).

Definition 4.4.1 (Mpg).

Let m =1 and d € N Consider continuous functions r: [0,T] — R, p : [0,T] — RY, and
¥ : 0, T] — R4 such that the inverse %.(t)~! exists for allt € [0,T]. Then, the d-dimensional
Black-Scholes market Mpg is defined by the market coefficients

20 = pe(t,z) = X°%(t,2) = p(t, z) =0,
and r(t,z) =r(t), wplt,z)=unt), Xt z)=3().

We can directly apply the duality theory developed in Section to verify Condition |[(EAS)
and obtain a solution to the HJBI PDE (4.7)) in Mpg.

Lemma 4.4.2 (Dual ODEs in Mpg).

Consider the financial market Mpg. Then Condition |(EAS)| is satisfied.
Let

A (t) = argmin{Z(l —b)ox(A) + [|Z() " () — r()1 + )\)HQ} (4.20)
AeR4

and A :[0,T] — R satisfy A(0) =0 and

Ar(r) = br(T = 1) + 51 inf {201 =03 + [0 = 1) (T = 1) = (T = D1+ V)
G(t,v,z) = %vb exp(A(T —t))

is a solution to the dual H/IBI PDE and the corresponding candidate optimal portfolio is

T (t,v,2) = 13 (Z(t)E(t)’)*1 (u(t) —r@)L +X*(2)).

Unsurprisingly, the candidate optimal portfolio process 7* proposed by Lemma [£.4.2]is the same
as that obtained in Example 15.2 by [17] via the auxiliary markets methodology. Moreover,
due to the simplicity of this set-up, we can even formally verify the optimality of #* by showing

that Condition |(Ul)|is satisfied.

Corollary 4.4.3. Consider the financial market Mpg. Then, G, ©™* as in Lemma and
A = 0 satisfy Condition |(ULy ). In particular, ©* is optimal for (P).

Remark 4.4.4. The optimal unconstrained portfolio in Mpg is given by the Merton portfolio

4We could equivalently consider m = 0 and completely disregard the stochastic factor z and its drift, diffusion
and correlation coefficients in the definition of the Black-Scholes model M pgs.
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Following the argument in Remark [{.5.8, we realize that the candidate optimal constrained
portfolio ™ in Mpg can be obtained for arbitrary constraints K C R® through the application
of the (pointwise) projection PES : A — A’ defined through

1
m*(t,v,2) = " = argmax ( w—rl)] 7+ (1 —=b)=7"SY7r+B(T—-1t) Zzpzlw)
TeK —— 2 ~—
—(1-b)m, 5 =0

1
= argmax ((1 — b)) E¥ T — (1 — b)ﬂr@E’W)
meK 2
2
= argmin HE/(W - 7rM)H
TeK

:aﬁggnHz@yoqo-nM@»Hz::PﬁﬂwMKw.

4.4.2 Multi-Factor Stochastic Covariance of CIR-Type

Next, we consider a financial market model with a stochastic covariance matrix, which depends
on m independent CIR processes. More specifically, we assume that the covariance matrix
Y (t, z) is a block-diagonal matrix, whose diagonal blocks ¥; are scaled proportionally to the
i-th CIR process z;. One may think of the underlying financial market Mg as consisting of
risky assets from m unrelated asset classes, where the covariances within each asset class are
driven by one of m independent stochastic (CIR) risk factors. Special cases of this model are
the Heston model ([42]) for m = d = 1 and the PCSV model with independent assets ([30]) for
m=d¢& N and d; =1 for allizl,...,mﬂ

For notational convenience in the following discussion, we introduce the element-wise product
between any two real vectors x,y of identical dimension as = ® y.

Definition 4.4.5 (M¢yRr).
Let m,d,dy,...,dy, € N such that m < d and Y ", d; = d. Consider constants k,0,0 € (0,00)?
such that

26i0; > 02 Yi=1,..,m. (4.21)
Moreover, let r € R and p; € (—1,1)%, n; € R%, and non-singular ¥; € R%*% be given for

i = 1,...,m. Then, the d-dimensional market Mcrr with m-factor volatility of CIR-type is
defined by the market coefficients

o171 0 P 0
pi(tz) =k (0 —2), X(tz) = , p(t, 2) = e R™,
0 Tmy/Zm 0 Prm
Mm=21 Y1y/z1 0
r(t,z) =r, p(t,z) =r(t,2)1+ : , X(t,2) = :
NImZm 0 YimrA/Zm

"We will later see in Lemma that Condition is only satisfied in Mcrr if the structure of the allocation

constraints allows for a convenient separability in (4.14). In the definition of Mcrr, we have intentionally
limited the covariance X of risky assets to be of block-diagonal structure to facilitate the presentation of this
fact. However, we can in principle also choose more complex models for 3, such as the general PCSV model,
and adjust the allocation constraints accordingly without changing the underlying theory in a significant way.
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In Mcrg, the minimization (4.14]) can be equivalently rewritten a&ﬁ

argmin { (1 —=0)0g (A Z( E m—l—azBsz)—i-HE I\ H zl>}
A=Ay )
)\iE]Rdi

However, as the underlying financial market model M¢rr consists of m independent asset
classes, it is natural to assume a certain independence with respect to the allocation constraints,
too. This independence can be expressed in mathematical terms by assuming that K can be
written as the Cartesian product of m constraints K1, ..., K, on the individual asset classes.

Lemma 4.4.6 (Dual ODEs in M¢yR).

Consider the financial market Mcorgr. If K = X?;l K; with K; € R% closed convex and non-
empty interior for every i = 1,..,m, then Condition|(EAS)|is satisfied.

Let

A (B1)z1
A* (t’ Z? B) = ; )
)‘Tn(Bm)Zm

where

Ai(Bi) = ng’m{2(1 = b)dr; (M) + |20 (i + X)) + Uz'Bi/OiHQ}
)\iERdi

and A:[0,T] - R, B:[0,T] = R™ satisfy A(0) =0, B(0) =0 and
A (1) =br + (k®0) B(1)
1
(Br); (1) = —riBi(7) + 507 (Bi(7))”
1 b -1 2
tarop {2(1 — )0k, (N) + ||Z7 (i + Ai) + 03B | } .
Then,
1
G(t,v,2) = gvb exp(A(T —t) + B(T —t)'z)
is a solution to the dual H/IBI PDE and the corresponding candidate optimal portfolio is

1 (Bi(T — 1))

™ (t,v,z) = : ,
T (B (T — 1))
with
T (Bi(T — 1)) = ﬁ (Ez@;)_l (m + XN (Bi(T = t)) + 0 Bi(T — t)zipi)-

The ODEs for B; in Lemma[£.4.6|do not admit a general closed-form solution, as the right-hand
side of the ODE still depends on a convex minimization problem. Note however, as long as all
minimizer \7(B;) are continuous in B; (e.g. if each K; are compact sets), then the right-hand
side of each ODE for B; is continuous in B; and therefore admits at least a local solution.
Due to this lack of an explicit representation for B, we also lack an explicit representation for
*. In addition, the quadratic variations of In (V”OJ*) and z are stochastic and we can thus no
longer follow the approach from Corollary to formally verify the optimality of 7*. This
topic will be investigated thoroughly in Chapter

SCompare to the derivation of in the proof of the subsequent Lemma 6| for details.
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4.4.3 Multi-Factor Short Rate of OU-Type

Lastly, we consider a financial market Moy with a stochastic short rate r, which is driven by
an m-dimensional Ornstein-Uhlenbeck process and d = m zero-coupon bonds with maturities
T,...,T, > T as primary traded assets (similar models were discussed e.g. in Section 7.3 in
[59] for derivatives pricing, in [87] for economic scenario generation as well as in [61] and [80]
in a portfolio optimization context). For this purpose, we define p* and ¥* as

Pt z) =rko[0—2z2], X*(t,z)=o, (4.22)

for arbitrary constants k € (0,00)™, § € R™, and a non-singular matrix o € R"*"™. For two
weights wg € R, w; € R™ we then define the short rate r through

r(t, z) = wo + wjz.
In particular, the @Q-dynamics of the short rate are given as

dr(t, z(t)) = d(wo + wiz(t)) = widz(t) = w) (k © [0 — 2(t)]) dt + wiodW?(t)

To formally define Moy, we still need to explicitly determine the dynamics of the traded zero-
coupon bonds. We determine these dynamics via risk-neutral pricing. AssuminNg a constant
market price of risk 7 € R™, we can define the equivalent martingale measure () through its

Radon-Nikodym derivative
dQ L
— = —— T-— # .
a0 eXp( 5 17l /0 ndW*(t)

Then, according to Girsanov’s theorem, there exists a Q-Wiener process W#* such that the
Q-dynamics of the short rate are given as

dr(t,2(t)) = (k© [0 — 2(t)] — whon) dt + wiodW=(t).

Moreover, we can now make use of risk-neutral pricing to determine the arbitrage-free prices of
zero-coupon bonds with different maturities. The financial market Moy belongs to the group
of affine factor models (without stochastic volatility) studied in [26]. Hence, there exist suitable
deterministic continuously differentiable functions a : (0,00) — R, b: (0,00) — R™ such that
the price of a zero-coupon bond with maturity 7; at time ¢ € [0,T] is given by

P(t,T;) = Eg [exp (— /tTi (s, z(s))ds) ‘ft} =exp (a(T; —t) + b(T; —t)'2(t)) . (4.23)

By applying Ité’s formula and noting that the discounted price processes
(P(T)/Po(t))ye(o,r) are martingales with respect to @, we see that the @-dynamics of (P(t,T3))ep0,1y
are

dP(t,T;) = P(t,T;) ([r(t, 2(t)) + b(T; — t)'on| dt + b(T; — t)'cdW?(t)).

These zero-coupon bonds P(t,T}), ..., P(t, T,,) constitute the primary traded assets of the fin-
ancial market Moy which is formally defined below.

Definition 4.4.7 (Moy).
Let m = d € N. Consider constants wy € R, k € (0,00)™, wy,60,7 € R™, a non-singular matriz
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o € R™™, maturities T = (T}, ..., Tp) € (T,00)™ and a continuously differentiable function
b:(0,00) = R™ such that the matrix

b(t;T) = (b(Ty — 1), ..., (T — t)) € R™*™

has an inverse b(t; 7)™ for all t € [0,T]. Then, the m-dimensional Bond market Moy with
OU short rate is defined by the market coefficients

pw(t,z) =k (@ —2), X*(t,z)=o0 ptz)=I,
r(t,2) = wo +whz, pt,z) =r(t,2) 1 +bt;T)on, 2(t,z)=0btT)o.

Despite the stochastic short rate, the market Moy is surprisingly tractable. Specifically, none
of the terms involved in the minimization (4.14)) are dependent on the stochastic factor z, which
results in a time-dependent but deterministic candidate optimal portfolio 7*.

Lemma 4.4.8 (Dual ODEs in Moy ).
Consider the financial market Moy. Then Condition |(EAS)| is satisfied.
Let

N —1
N(t, B) = argmin { 2(1 — b)or(N) + Hn n (b(t; T)’a) At o'B
A€R4

2}
and A:[0,T] - R, B:[0,T] = R™ satisfy A(0) =0, B(0) =0 and

A (1) = bwg + (k ©0) B(T) + %HO”B(THF

—1—1 b inf {2(1—1))5;((/\)4—”174— <b(T—T;T)'J) 1)\+0/B

21 — b rcRrd

)
B (1) = bw; — k © B(1). (4.24)

Then,

G(t,v,2) = %vb exp(A(T —t)+ B(T —t)'2)

is a solution to the dual HJBI PDE and the corresponding candidate optimal portfolio m*
(as in (4.17)) is given as

7 (t,v,2) = %—b <a'b(t;T)>71 (77 + (b(t;T)'J)il N, B(T —t)) +o'B(T — t))

Remark 4.4.9. The solution to the ODE (4.24)) is known in closed-form (see e.g. equations
(6) and (7) in Chapter 1, Section §2 of [83]) and is given by B(T) = (B1(7), ..., Bm(7)) with

T b
Bz(T) = (wl)i be—m’r/ efisds = (wl)z (1 . 6_"%7) ‘
0

R

Unlike in Mg, the quadratic variations of In (V“OJ*) and z are deterministic and bounded in
Mou. Therefore, it is straightforward to adapt the proof of Corollary to formally verify
the optimality of 7* for (P).

Corollary 4.4.10. Consider the financial market Moy. Then, G, ™ as in Lemma[{.4.8 and
A = 0 satisfy Condition |(ULy ). In particular, ©* is optimal for (P).
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Remark 4.4.11. Other than in Mcrr, the ODE for B in Moy does not depend on the
constraint K (cf. Lemma and Lemma . Therefore, setting K = R% and \* = 0
yields the optimal unconstrained portfolio in Moy as

mou(t) = 7 (b)) (n+o'B@ —1).

C1-b
Similarly, we can replicate the arguments in Remarks and [{-4.4) to see that the optimal
constrained portfolio in Moy can be written as
2 : / 2 BS
H = argmin HE(t) (W(t)—ﬂ'OU(t))H = Pr” [mou](t).

7w (t,v, 2) = argmin H o'b(t; T) (7 (t)—mou (t)) g

TeK ~——
=:3(t)’

In other words, allocation constraints have exactly the same impact on the optimal allocation in
Moy as in Mpg.

4.5 Conclusion

In this chapter, we examined a portfolio optimization problem in a financial market where asset
dynamics depend on a stochastic factor. In the spirit of [61], we were able to derive Condition
which guarantees that the solution to the HJB PDE for an allocation constrained portfolio
optimization problem is exponentially affine and separable in wealth and the stochastic factor.
We were able to use Condition |[(EAS)|to characterize the optimal allocation constrained portfolio
up to the solution of a deterministic optimization problem and the solution of Riccati ODEs
in a market with stochastic volatility of CIR-type and in a market with stochastic short rate
of OU-type. Special examples of these models include the Heston model, the PCSV model
and the Vasicek model. We derived a formal verification result for the market with stochastic
short rate and a general verification result up to a uniform integrability condition for arbitrary
markets satisfying Condition The proposed methodology is general enough to derive and
study the optimal allocation constrained portfolios for several financial markets with dynamics
depending on a stochastic factor.
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5 Constraints on Allocation in Heston’s
Stochastic Volatility Model

5.1 Introduction

Despite its widespread use in both academia and the financial industry, it has been well-
documented in the mathematical finance literature that a variety of properties of financial
time series, so-called stylized facts, are not captured by the Black-Scholes model (see e.g. [14],
[63], [84]). A major point of criticism is the constant volatility of modelled log returns, whereas
empirical returns appear to be time-dependent and random ([81]). The stochastic volatility
model proposed by [42] aims to avoid this gap by modelling the volatility of log returns as
a Cox-Ingersoll-Ross process (CIR process). While the Heston model was originally proposed
in the context of option pricing, its analytical tractability has led to insightful applications in
continuous-time portfolio optimization (see e.g. [56]), which is the subject of this chapter.
Specifically, we consider the portfolio optimization problem of an investor trading continuously
in a financial market consisting of one risk-free asset and one risky asset with stochastic Heston
volatility. The investor seeks to maximise his expected utility derived from terminal wealth at
a finite time point 7" > 0 under the condition that his portfolio allocation m abides by given
convex allocation constraints K. The considered optimization problem involves two major fa-
cets, which differ from the original portfolio optimization setting of |65]: stochasticity of the
volatility of risky asset log returns (‘stochastic volatility’) and the presence of convex allocation
constraints. Since Section [I.1] already provided an overview over the relevant literature on al-
location constraints, the following paragraph presents a brief overview of the relevant literature
with respect to stochastic volatility:

Our continuous time set-up can be traced back to the seminal work of [65], who used dynamic
programming methods to derive explicit solutions to the unconstrained dynamic portfolio op-
timization problem for an investor with HARA utility function in a Black-Scholes model with
constant volatility. Generalizations for different utility functions and more complex financial
markets were achieved by employing martingale methods (|73] and [47]), which rely heavily
on the assumption that all contingent claims in the financial market are replicable. However,
this assumption is not generally satisfied for financial markets with stochastic volatility, which
means that martingale methods are not directly applicable, unless the financial market is artifi-
cially completed by the addition of fictitious, volatility-dependent assets (see e.g. [62], [9], [28§],
[30], and [10]). Without such completion, the solvability of the portfolio optimization problem
in financial markets with stochastic volatility is often directly linked to the solvability of the
associated HJB PDEE] Solutions to such portfolio optimization problems were first character-
ized in terms of viscosity solutions to the associated HIB PDE for multi-factor models in [88],
and explicit closed-form solutions for Heston’s stochastic volatility model were first derived and
formally verified in [56]. Subsequently, [61] derived explicit solution formulae for an optimal
consumption and portfolio allocation problem in a general multi-factor model, where the factor
is a quadratic diffusion. [46] used the notion of an opportunity process and semi-martingale

Note that obtaining and formally verifying the optimality of a candidate portfolio process requires more than
just a solution to the associated HJB PDE, as pointed out by [54].
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5 Constraints on Allocation in Heston’s Stochastic Volatility Model

characteristics to develop an approach which leads to closed-form solutions for the optimal port-
folio process in a range of exponentially affine stochastic volatility models, including the Heston
model and the jump model of [40]. The PCSV model and the Wishart process were considered
as multi-dimensional extensions of the Heston model for multidimensional asset universes with
stochastic correlation in [30] and [5]. An extensive overview of related papers in the field of
dynamic portfolio optimization in stochastic factor models can be found in [90].

In this chapter, we make a threefold contribution to this literature:

e We complete a gap in Chapter [4] (resp. [33]) by deriving the first explicit, closed-form
expression for the optimal portfolio allocation 7* in Heston’s stochastic volatility model
under the presence of convex allocation constraints. This optimality is verified formally
in a verification theorem.

e We show that the optimal portfolio allocation 7* may be different from the capped op-
timal unconstrained portfolio allocation m, for Heston’s stochastic volatility model. In
particular, we prove an equivalent characterization which describes when these two port-
folios are different. We conduct a numerical study to show that this difference is slim for
calm market scenarios, but can lead to significant annual wealth equivalent losses during
turbulent market scenarios.

e We extend these results from the one-dimensional Heston’s stochastic volatility model to a
multi-dimensional PCSV model with constraints on the exposures to individual stochastic
market factors and to generalized financial markets with inverse volatility constraints.

The remainder of this chapter is structured as follows: In Section [5.2] we introduce and solve
the constrained portfolio optimization problem (P) in Heston’s stochastic volatility model.
Specifically, we derive a solution to the HJB PDE associated with (P) and the candidate
optimal portfolio 7* in Section [5.2.1] verify its optimality formally by proving a verification
theorem in Section and discuss its relation to the optimal unconstrained portfolio 7, in
Section In Section we consider a generalized financial market model which depends
on a multi-dimensional CIR process and derive the optimal portfolio in the PCSV model under
exposure constraints (Section and in general financial markets with inverse volatility
constraints (Section . In Section we illustrate our theoretical results for Heston’s
stochastic volatility model in a numerical analysis, where we analyze the wealth equivalent loss
of the optimal constrained portfolio for a Black Scholes model (Section and the capped
optimal unconstrained portfolio for Heston’s stochastic volatility model (Section . Section
[6.5] concludes this chapter.

5.2 Heston’s Stochastic Volatility Model

In this chapter, we consider several special cases of the stochastic factor model from Chapter
In particular, the standing assumptions for this chapter are the same as for Chapter

Assumption 5.2.1 (Standing Assumptions Chapter ) M is a stochastic factor model

( and ), and U is a power utility function.

The first such special case is Heston stochastic volatility model M, which is defined by con-
sidering the stochastic factor model (4.3)) and choosing m = d = 1 as well as the deterministic
functions

,U/Z(tﬂ Z) = /i(@ - Z)? Ez(tvz) = 0'\/;7 p(t,z) =P
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5 Constraints on Allocation in Heston’s Stochastic Volatility Model

r(t,z) =r, p(t,z) =r(t z) +nz, Xt z2) =z,

where the coefficients 7,7, k, 0,0, zp are assumed to be positive constants, and p € (—1,1).
Further, it is assumed that Feller’s condition holds for the parameters of z, i.e., 2k6 > ¢2, and,
therefore, z(t) is guaranteed to take only positive values with probability 1 (see [41]). Clearly,
the financial market Mg is a special, one-dimensional case of Mg from Definition

The resulting financial market My consists of one risk-free asset Py and one risky asset Pp,
which satisfy Py(0) = P1(0) = 1 and follow the dynamics

dPo(t) = Po(t>7"dt,
dPy(t) = Py(t)(r +n-2(t))dt + /2(t)dW (1),
where z(0) = zp > 0 and

dz(t) = k(0 — z(t))dt + o/ z(t)dW=(t).

As a consequence, the wealth process V0™ of an investor trading in Mg according to a relative
portfolio process m € A and initial wealth vy > 0 satisfies the SDE

dVVOT (1) = VOO (¢) ([T + nz(t)w(t)]dt + 7 (t) \/%dW(t»

and it is straightforward to show that VY07 (¢) can be expressed in closed-form as
t 1 t
VYO (t) = vgexp (/ r+nz(s)m(s) — iz(s)w(s)st + / W(S)\/Z(S)dW(S)). (5.1)
0 0

For a non-empty closed convex set K C R and power utility function U(v) = 30 with b < 1
and b # 0, we consider the portfolio optimization problem

O(vg) = supE[U(V”O”T(T))]
(P) mTeN
A ={meA|7r(t)e K L0, T|®Q —ae.}.

As the considered financial market contains only one risky asset, the set of allocation constraints
K is a subset of the real numbers R. However, in this one-dimensional setting, any such closed
convex set K C R with non-empty interior can be expressed as an interval of the fornﬂ

K =[a,B], with —oco<a<f<oo. (5.2)

We make substantial use of this fact in the subsequent analysis.

5.2.1 Solution to HJB PDE

Following the arguments from Section the HJB equation associated with (P(t"“z)) is given
by

1 1
0 = sup (Gt +o(r+nzm)Gy + k(0 — 2)G, + 51)2z7r2Gm, + pvzroGy, + 5022“6‘”)

TeK
(5.3)

G(T,v,z)=U(v),

2As any 7 € A can only take finite values £[0,T] ® Q-a.e., we do not need to distinguish between (—oo, 3] and
[0, 0] or [a, 00) and [a, o] for any —oo < a, 8 < o0.
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5 Constraints on Allocation in Heston’s Stochastic Volatility Model

Any (sufficiently regular) solution G to ([5.3) naturally yields a candidate optimal portfolio
7 to (P(tV:2) (and therefore (P)) as the maximizing argument of (5.3). In Chapter [4| we
characterized GG as an exponentially affine function, whose exponents satisfy certain Riccati
ODE:s.

Lemma 5.2.2. Let A and B be solutions to the system of ODEs

Al(1) = br + k0B(1), (5.4)
B/(r) = ~wB(r) + 30> (B(r)P + 1oy inf (21 - 5)5c() + (14 A+ 0pB()P), (5:5)

with initial condition A(0) = B(0) = 0. Then, G(t,v,z) = tvPexp (A(T —t) + B(T — t)z) is a
solution to (5.3).

Given the minimizing argument and the solution B from (5.5, a candidate optimal portfolio 7*
for (P) is known. If we define the sequence of stopping times 7, ; as 7, = min(7T’, 7, ¢), with

Tnt = inf {t <u<T ‘ /tu (b' z(s) - m(s) - G(s, V”O’”*(S),z(S))>2ds > n,

/tu (am - B(T —5) - G(s, Vo™ (s),z(s))>2ds > n},

then we can give a uniform integrability condition which guarantees that the candidate optimal
portfolio 77* is indeed optimal for (P).

Lemma 5.2.3. Consider A, B and G from Lemma[5.2.3. Moreover, define

X (B) = argmin {2(1 — ) (M) + (7 + A+ apB)Q} (5.6)
1
() = Tb(n—f—)\*(B(T—t)) +opB(T ~1)). (5.7)

If (G (Tnyt,V”‘JO”T* (Tmt),Z(Tn’t)))neN is uniformly integrable for every t € [0,T], then * is op-
timal for (P) and ®(t,z,v) = G(t,v, z) for all (t,v,z) € [0,T] x (0,00) x (0,00).

Lemma and Lemma [5.2.3| naturally lead to a three-step procedure for finding the optimal
portfolio 7* for (P):

(i) Determine the minimizing argument A* in (5.6]).

(ii) Determine the solution B to ODE (j5.5) and thereby the candidate optimal portfolio 7*

from .

(iii) Verify that 7 satisfies the uniform integrability condition from Lemma [5.2.3

In the following, we complete these steps consecutively and complete the results from Section
by providing a fully closed-form solution for the optimal allocation-constrained portfolio in
Heston’s stochastic volatility model via steps (i) and (ii) and formally verifying its optimality
in step (iii).

Since K is an interval, as specified in , the ODE (5.5 can be written as a composition of
three Riccati ODEs - each with constant coefficients.
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5 Constraints on Allocation in Heston’s Stochastic Volatility Model

Lemma 5.2.4. Define B_ = (1420‘7’7 and By = %. Then, the minimizing argument A*,
as in (@, 18 given as
=[1—=b)a—(n+ UPB)]]l{pB<B,} + [0 =68~ (n+0opB) | 11,p>B,}- (5.8)

Moreover, B(1) is a solution to (5.5)) if and only if B(0) =0 and

B(r)= (— gba((1—b)a—20) + (bopa — ) BE) + 5 0 (B) ) ppmiry<sy
———— ~

=1

:27"0

+( - 2(1 _ b)772+ (1 _ bnaﬂ - K/) B(T) + 50’2(1 + 71 — bpz) (B(T)) )H{Bfng(T)SB+}
—_—

. =70 =1 , =Ty
+( - 5bﬂ((l —b)B—2n) + (bopB — k) B(7) + 2\0% (B(T))2)n{B+<pB(T)} (5.9)

S
_ =y

+
_,7'0

_ I _
= (—TO +Tl B(T) + 57“2 + (B(T))Q)]l{pB(T)<B_}

1
+< —ro+11B(T) + 572 (B(T))2>]1{B_§pB(T)§B+}

1
+( - 7”8_ +TT_B(T) + §T;(B(T))2>]1{B+<p3(7)}.

Remark 5.2.5. By restricting the minimization in ODE from A € R to one of the three
optimal values X € {(1—b)a—(n+opB),(1—b)B—(n+ opB),0} (cf. (5.8)), we may use (5.9)
to write

. % bmf(a—b)éK(A) (n+ A+ 0pB(7)))

1-
= min (—7'0_ —|—7"1_B( )—|— 17“2( ) —T0+TlB ) ;TQ(B(T))2,—T(—)’—+7’TB<T)+ ;T;(B(T))2>

=: f(B(7)).

The coefficients vy , T2 and 7‘; are non-negative, and therefore f is the minimum of three convex
functions. As real convex functions are locally Lipschitz continuous and Lipschitz continuity is
preserved when taking the minimum over a finite number of functions, f is locally Lipschitz
continuous too. Hence, by the existence and uniqueness theorem of Picard-Lindeldf, there exists
a unique solution B to for small 7 > 0. Moreover, as f does not depend on T, the ODE
for B is autonomous and its solution B is either constant (if f(0) = 0) or strictly monotone
in T (if f(0) # 0). Analogous arguments can be used to conclude the (strict) monotonicity of

By(7) from Corollary in Section [5.2.5.

B'(1) = —kB(1) + 12 (B(1))* +

Remark 5.2.6. Note that if B is a solution to (5.5), then Lemmal[5.2.5 and Lemma imply

FN(B(T 1) +opB(T—1) | pB(T = 1) < B-
W*(t) _ n ( 11[) ap ( ) _ T]-‘—O'[iBi(bT—ii)7 B < pB(T—t) < B+
3, By < pB(T —1).

Therefore, the zones Z_ = (—oo,B_), Zy = [B—,By| and Z; = (B4+,00) determine whether
the allocation constraint K = |«, 5] is enforced for the candidate optimal portfolio process m*
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from Lemma . Moreover, we may define #*(t) := 15 (n+ opB(T —t)) and ezpress ™ as
a capped version of T, i.e.,

*

a, () < «
7 (t) = Cap(7*(t), o, B) := < 7*(¢), a<7*t)<p
B, B < w*(t).

In a true constrained context, i.e., K # R, we may either determine an approximation of B
by using a suitable numerical ODE solver (such as an Euler method) to solve the ODE (/5.9)
or directly derive an explicit expression for B by individually solving each of the three Riccati
ODEs in and merging the solutions at the transition points between the zones Z_, Zjy and
Z+. To ensure that such solutions exist and do not explode before time T, we need to make
the following assumption on My and the constraints K = [«, f].

Assumption 5.2.7.
(i) Existence of Solution:

b K,
m”(f T %) 2
max 4 b (1 — %a + :7‘) + %ab(l - pj)) v (S 22
b3 (n— 38+ 7 + 36b(1 - p*))
(ii) No Blow-Up:
The coefficients of each of the three Riccati ODFEs satisfy t4(Bo) > T (cf. Lemma m

(ii)) for each initial value

B_ B
Bo € {<p> Lgpzoy, <p+) ]l{pséo}ao} :

Provided that Assumption holds, the coefficients

ry =\/(r) )2+ 2rgry 3=/ (r1)? 4 2r0r2, 13 =/ ()2 + 2rg 1y (5.10)

are well-defined and the solutions to each of the Riccati ODEs ([5.9) do not blow up before time
T when started at any of the transition points between the zones Z_, Zy and Z+E| For this
reason, we define the following auxiliary functions:

e Let Bt, B, and B~ be the solution to Riccati ODE 1) with initial value 0 as well as
coefficients rar , rf, r;' , 70, 1, T2 and ry, vy, T4 , respectively.

o If p # 0, let BY, BT be the solution to Riccati ODE (2.22) with initial value =, 2= and
coefficients rar , rf , r; , T > T1 » Ty , Tespectively.
o If p £ 0, let B+, B_ be the solution to Riccati ODE (2.22) with initial value BTJ’, BT_,

respectively, and coefficients rg, r1, ro.

3Technically, one can formulate this assumption less restrictively by expressing ‘No Blow-Up’ in terms of the time
spent in each of the zones Z_, Zy and Z;. However, as this would significantly complicate the presentation
without adding major additional insights, it is omitted here.
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Moreover, if p # 0, we define the transition timesﬁ

—+ . A+ B+ + . e B_ . A
7 =inf<7 | BT (1) =—¢, 7 =inf{7|By(r)=—¢, m=infi{7|B(71) €
p p

. B - BT
Tl_:inf{T]B(T):} and T{:inf{T|B_(T):}.
p

p

Note that each of the above functions and transition times, if finite, admit a closed-form ex-
pression, which can be obtained via Lemma and Corollary Having introduced these
auxiliary functions and transition times, we can finally express a closed-form solution for B in
terms of these processes via a piecewise construction. Possible trajectories of B are displayed
in Figures and [5.2.1] depending on whether 0 € Z_, 0 € Zy or 0 € Z. The mono-
tonicity of B (cf. Remark @ ensures that pB(7) can only pass through each zone at most

once.

Theorem 5.2.8. Let Assumption[5.2.7 hold. Then,

By + Bo(m = ) ooy + BE = (0 + 7))y
B(r) = B(")liz<ny + BZ(T =)l o piy=p y + BET =)L i=p.y
B

+(T)IL{TSTI+} + By (1 — Tf')]l{71+<7§71+

satisfies ODE for0 <1< TE|

A + ot
e N Gl CE U S DD A S

B

1
PB(.[) pB(®)€EZ,=>B'(1) = —15 +11B(®) +ET{B(T)2
Zy = B(1) = Bf(r - (77 +13))
Z pB(7) €EZy = B'(T) = —1 + 1, B(1) + %TzB(T)Z
= B()=B_(t—17)
pB(r)€EZ_>B'(1) = —15 +1B(1) + %T{E(T)z
= B@) =B"(1)
7 T
. Ty Ty + T,

if0e Z_
if 0 € Zy
if0e Zy

Figure 5.1: Tllustration of possible trajectories of pB(7), if B is a solution to ODE (/5.5) and
0 € Z_. The solid line represents an increasing trajectory that leaves Z_, whereas the dashed
line represents a decreasing trajectory that stays in Z_.

4If p = 0 all of these transition times will be infinite.

SUsing a similar separation with respect to the zones Z_, Zy, and Z; and equation (2.24), it is also possible to
determine a closed-form expression for A from Lemma
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PB(® pB(t) €Z, = B' (1) = —15 +17B(7) +%YZ_B(‘[)Z .
Z, SB@=BIG-1) -

1 ;
| pB(D €2y B'(1) = ~1+ 1B +57:B(@)°

Z = B(1) =B() T

A

pB(x)€EZ_=B'(1) = —15 +17B(7) +%YZ_B(‘[)2 o
= B(®)=B-(r—1)

Figure 5.2: Illustration of possible trajectories of pB(7), if B is a solution to ODE (5.5 and
0 € Zy. Depending on the sign of pB’(0) = —prg, pB(7) is increasing or decreasing. In particular,
pB(7) can only transition to Z; or Z_, but not both.

pB(D)
Z+ ,’/ T T+, T
pB(r)€Z, > B'(1) = —15 +11 B(1) +%r{b‘(1)2
= B(7) = B*(1)
B*
Z pB(t) € Zy = B'(T) = -1 + 1,B(7) + %723(1)2
=B() =B, —1{)
B~
7= 1
pB()EZ_=B'(1)=—15 +7B(0) + ETZ’B’(T)Z

= B() =B>(r- (tf +11))

Figure 5.3: Illustration of possible trajectories of pB(7), if B is a solution to ODE (j5.5) and
0 € Z,. The solid line represents a decreasing trajectory that leaves Z,, whereas the dashed
line represents an increasing trajectory that stays in Z,.

5.2.2 Verification Theorem

Combining Remark with Theorem [5.2.8] immediately yields a closed-form expression for
the candidate optimal portfolio process 7*. It now just remains to prove a verification theorem
which verifies that this candidate is indeed the optimal portfolio process corresponding to (P).
This proof requires an additional assumption on the constraints K = [a, 3], which ensures a
certain boundedness of 7*(t) for ¢ close to maturity 7" as well as two auxiliary lemmas.

Assumption 5.2.9.

max{bpa, be } < (5.11)
K

K — o2’

Lemma 5.2.10. Let Assumptions[5.2.7 and[5.2.9 hold and let B be given as in Theorem[5.2.8
Then, the following inequality holds for all t € [0, T

| =

bp
Pk — < .
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Lemma 5.2.11. Let Assumptions[5.2.7 and[5.2.9 hold and let B be given as in Theorem/[5.2.8.
Then the following inequality holds for all t € [0, T

ST ey O (B =)+ 0pB(T — ) = 50 (°(5))°

(]

() + L[ (B - 0) +op] BT —1) <555

Theorem 5.2.12 (Verification Theorem in Mpy).
Consider the financial market My, let Assumptions[5.2.7 and[5.2.9 hold and let B be given as

in Theorem[5.2.8. Then,

a, pB(T —t) < B_
w(t) = { weeBID B < pB(T —t) < By (5.12)
B, B, < pB(T —1).

is optimal for (P).

5.2.3 Comparison to Unconstrained Portfolio

Unsurprisingly, we can immediately recover the solution to the unconstrained optimization
problem, as discussed in [56], from Lemma and Lemma

Corollary 5.2.13. [Closed-form Unconstrained Optimal Portfolio as in [50]]
Let K =R (i.e., « = —00, f = 00) and B, : [0,T] — R with B,(0) = 0 satisfy

1
Bl (1) = —ro + 11 By(T) + 5rgBu(T)Q vr €[0,7). (5.13)
Then, \*(B) =0 VB € R and the candidate optimal portfolio 7 is given by

mult) = (1) = 3 (n+ opBu(T — 1))

Remark 5.2.14. If the market parameters satisfy (cf. Assumptionm
b Kkp M K2
—nl—+ = — .14
() <o (5.14)
then

B 2rp(e™T —1)
Byu(1) = (= 19) (e —1) = 213 (5.15)

and the optimality of m, for the unconstrained portfolio optimization problem can be verified
formally (see e.g. Theorem 5.3 in [56/)E|

On an abstract level, when adding (allocation) constraints K = [a, (] to a portfolio optimization
problem, the optimal constrained portfolio 7* for (P) will be given by a projection Px : A — Ag
which maps the optimal unconstrained portfolio m, onto Ag, i.e.,

T =1y + (7F — my) = Pg (7).

SEquation (5.14)) corresponds to part (i) of Assumption In the setting of [56], part (i) of Assumption
is also implied by (5.14) and so does not have to be mentioned explicitly.
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In a Black-Scholes financial market Mpg with constant market coefficients (i.e., My with
o =k = p=0.), the optimal unconstrained portfolio is a constant-mix strategy m,(t) = mps :=
%_bn, the so-called ‘Merton portfolio’. Setting ¢ = p = 0 and B = 0 in Remark one can
easily see that the projection Px = PES in the Black-Scholes market simply caps off 73, at the
boundaries if 7y ¢ K = [a, (], i.e.,

a, ™ < o
,PIB;S(WM) = Cap(ﬂ-Mva’/B) =\TM, a<my <p
ﬂ7 ﬁ<7TM‘

Given a solution B to and considering Remark it initially appears that the optimal
constrained portfolio 7* in M can be obtained from the same projection. However, if K # R,
then B, as in Corollary [5.2.13] and B as in Theorem are solutions to possibly different
ODEs. In particular, this implies that the portfolios 7, and #* may not be identical, in which
case the projection 77[[}’ for the Heston market does not necessarily coincide with the projection
PES for the Black-Scholes market either. In other words, in a financial market with Heston
stochastic volatility we in general have

= Pi (m) = Cap(m, + (7% — m), @, B) # Cap(mu, , B) = PE° (mu).
£0

In the following, we render this observation more precise by providing both conditions under
which 73[]}’ = P}?S and conditions under which 77[[}’ # PES . The former case is true, whenever
either p =0 or myy € K.

Lemma 5.2.15. Let 7* be as in Lemma[5.2.3, 7* be as in Remark[5.2.6 and m, as in Corollary

5.2.15. If either
p=20 or ™™™ € K,

then
7 = PH (1) = Cap (my, a, B) = PR (m) .

If p = 0, the stochasticity of the volatility is completely unhedgeable in M. As a consequence,
the optimal unconstrained portfolio processes coincide in Mpg and in M g. Thus, the projec-
tions 73[3;3 and 73}}{1 are identical if p = 0 too. In contrast, if p £ 0, then the projections can only
be different if the underlying ODE solutions B, and B are different, specifically when m, and
7* begin taking values inside K. This is the case if and only if 7, and 7* begin taking values
inside K at different time points. This observation leads to an equivalent characterization of
when the projections 73[1?5 and 73]]}' are different.

Lemma 5.2.16. Let 7 be as in Lemma[5.2.3, 7* be as in Remark[5.2.6 and 7, as in Corollary
15.2.15. The following statements are equivalent:
¥ H BS
7T* - PK (7ru7 O[, 6) 7é 7)[{ <7T1L7a:/8) - Ca/p(T‘_U7O47/3>
(i)
gl B and 3te 0,7): [{# @), m(®} 0 (@,8)| =1

We can construct an extreme case which satisfies the requirements of Lemma [5.2.16| by choos-
ing o such that B(7) is constant and choosing the market parameters such that m, changes
sufficiently during the investment horizon to ensure that 7, (t*) € («, ) for some t* € [0, 7.
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Corollary 5.2.17. Let 7™ be as in Lemma |9.2.5, ©* be as in Remark and m, as in
Corollary|5.2.15. Let sign(x) € {—1,0,1} denote the sign of x € R.

(1) If

O<7TM:%<O£ and o < m,(t*) < B for some t* € [0,T],

then B(t) = 0 for all 7 € [0,T], 7*(t) = « for all t € [0,T] and 7* = PH (7, , B) #
P[?'S (7Tu>a718) - Cap (7Tua O[,/B) .

(it) If mpr > B> 0, then
sign QA*(t) = sign 9 (t) ) = —sign(pb) Vit e [0,T]
ign | 5,7 = sign | 5.mu = —sign(p , 7.
Hence, if in addition b < 0 and p < 0, then P = 7355.

Clearly, the requirements on « in Corollary|5.2.17} (i) are quite restrictive, but they still provide
a valuable insight into when we can expect to see a large difference between the projections PIE(;S
and 73[1}[ . Namely, if

e the optimal unconstrained portfolio m, violates the constraint at maturity (i.e., m,(T") =
ma ¢ K) and there is sufficient change in 7, (f) during the investment period such that
7, (t*) € K for some t* € K.

e the derivatives of B(7) and B, (7) are considerably different while m, ¢ K (constant B
being the extreme case).

As a matter of fact, we will later see in the numerical experiments in Section that it is
sufficient if o = 27y, (i.e., B(7) is nearly constant) to cause a considerable difference between
the two projections.

As evidenced by the majority of empirical calibrations of Heston’s stochastic volatility model to
financial time series (see e.g. [31] for an overview), the parameter p is negative for most realistic
applications. In the empirical study on risk preferences of mutual fund managers by [50], it is
reported that the risk aversion parameter b has a median of b = —1.43 and a mean of b = —4.8.
For more risk averse investors, such as insurance companies, reinsurance companies or pension
funds, one can thus realistically assume negative values for b. Thus, for most realistic parameter
configurations of My with mps > 3, the projections 77[[}' and PI]?S coincide for investors with a
high degree of risk aversion (i.e., for a low value of b).

5.3 Implications for Related Models

In this section, we consider a generalized version of the financial market My with d € N risky
assets, m = d independent CIR processes as risk drivers and a generalized dependence of market
price of risk and risky asset volatility on these risk drivers. Assume that we are given functions
7:(0,00)% = RY, £:(0,00)¢ — R4, and parameters &, 6, o, zp € (0,00)% such that their
components satisfy 2r;0; > o7 for i = 1,...,d. Then, we define the financial market M}jz, as
the stochastic factor model with functions

VA 0
Mz(t’ Z) =KO ('9 - Z)’ Zz(tvz) = ’ p(t, Z) =P

0 VZm
r(t,z) =r, p(t,z) =r(t,2)1 4+ X(2)v(2), X(t,2) = X(z2).
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Under these assumptions, the components of the stochastic factor z = (21, ..., z4)" are independ-
ent and satisfy the SDE

dzz(t) = K (0Z - Zl(t)) dt + o;+/ Zi(t)dWiZ(t), fori=1,...,d.

Further, ./\/l';jz consists of one risk-free asset Py and d risky assets P = (Py,...,P;) with
dynamics

dPy(t) = Py(t)rdt
dP(t) = P(t) ® [(r1 + D(2())y(2(t))) dt + S(=(£))dW (£)] .

Clearly, we can recover the financial market My, as considered in Section by assuming
d = 1 and choosing 7(z) = ny/z and 3(z) = y/z and the Black Scholes model Mpg if both ~
and X are constants. Similar, but slightly more general financial market models than M}Yf have
been considered in [33] or [61], for example. In MEE, the wealth process V'™ of an investor

with initial wealth vy who trades continuously in time with R%valued relative portfolio process
m € A, satisfies the SDE

AV () = V() [(r + ’Y(Z(t))/Z(Z(t))/ﬂ'(t)) dt + W(t)'Z(z(t))dW(t)]
and the allocation constrained portfolio optimization problem (P) in M};E is then defined as

®(vg) = supE[UV™™(T))]
(P) TeN
A {reA|nt)e K L]0, T|®Q —ae.}.

In the following two sections, we investigate the solvability of (P) for given choices of 7, ¥, and
K. In Section we consider the PCSV Model, as discussed in [30], and in Section [5.3.2]
we consider inverse volatility constraints K, which impose stronger restrictions on an investor’s
portfolio during periods of high volatility.

5.3.1 PCSV Model

We recover the Principal Component Stochastic Volatility model (‘PCSV model’) MPESV  as
proposed in [37], from Mljz by considering an orthogonal matrix A = (ay, ..., aq) € R%*?, with
columns aq, ..., a4, and defining market price of risk and volatility as

v(z) = diag(vz)A'n = 2(2)'n, 2(z) = Adiag(v/z) Vz € (0,00)%, (5.16)

where diag(z) € R4 denotes the diagonal matrix with entries z € RY, and € R? is a
constant.

If A= I;, then MPCSV can be regarded as a canonical generalization of Heston’s stochastic
volatility model My for a d-dimensional asset universe, where each risky asset’s volatility is
determined as the square root of one of the d independent CIR processes z;. However, in its
general form, the independent components of the d-dimensional CIR process z are not directly
regarded as volatilities. Instead, the instantaneous covariance matrix of risky asset returns

S((8)S(=(t)) = Adiag(=(t)) A

is decomposed into its principal components, i.e., the columns a; of the matrix A represent
its eigenvectors, and the independent CIR processes z; represent their (stochastic) eigenvalues.
This approach not only enables the modelling of stochastic covariances of asset returns because
of additional degrees of freedom in A, but also allows for an interpretation of z as hidden risk
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factors determining the volatility level in the financial market. Moreover, [30] demonstrated that
several stylized facts are captured by the PCSV model, such as stochasticity of volatilities and
correlation of risky asset returns, volatility and correlation leverage effect, volatility spillovers,
and increasing correlation in periods of high market volatility.

Let APCSV be the set of admissible portfolios in MPCSV | Then, for any 7 € APCSV | the wealth
process V0™ satisfies the SDE

dVVOT (1) = VO (¢) [(r + 1/ Adiag(2(1)) A'x (t)) dt + w(t)’Adiag(\/z(t))dW(t)} ,

for ¢ € [0,7]. The instantaneous variance of V"7 (¢) can therefore be decomposed into a
weighted sum of the risk factors z, since

In this sense, the portfolio weights determine a risk exposure (agﬁ(t))2 to the risk factor z;.
Hence, it is very natural to impose risk limits on these exposures, i.e., for given upper bounds
B1, ..., Bq > 0 we require that

RIONVEIONE

d
diag(y/2(0)) A'r(1)]| = s =" (aim(t)” 5 (1)
=1

agm(t)\/za(t)

d d
(a;w(t))2 <B Vi=1,..,d & Art) e é[o, VB] & w(t)eA. <._><1[0’ JE}) )
=:Kpcsv

We can reuse the ideas and results from Section to obtain the optimal portfolio to the
portfolio optimization problem (P) in ./\/l;{l;E = Mpcgy with constraints K = Kpcgy.

Theorem 5.3.1. Consider the portfolio optimization problem (P) in Mpcsy with constraints
K = Kpcsv, let the parameters b, (na); == (A'n),, ki, 0i, 05, a; = 0, \/B; satisfy Assumptions
[5.2.7 and [5.2.9 and B; be defined as in Theorem . Define the portfolio 7% (t) via

1
(m3(0); = Cap (- O+ opB(T = 0),0, V).
Then the portfolio 7*(t) = A - 7% (t) is optimal for (P).

The key argument in the proof of Theorem lies in a change of control, which transforms
the portfolio optimization problem (P) into an equivalent portfolio optimization problem (P4 )
in a financial market, which consists of d risky assets with independent Heston volatilities and
interval constraints. Thanks to this familiar structure and the independence of the risky asset
volatilities, we can extend the ideas from Section to solve (Pa) and invert the change of
control to obtain a solution to (P).

5.3.2 Inverse Volatility Constraints

We now discuss a related problem, which we approach with a similar methodology to the one
in Section Consider again the one-dimensional setting with one risky asset, i.e., d = 1.
In this section, we no longer assume that the convex constraints K C R are static, but allow
them to depend on the stochastic factor z. More specifically, we consider volatility-dependent
constraints of the form

m(t) € K(z(t)) L[0,T]®Q — a.e.,
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where K : (0,00) — B(RR) is a set-valued function, taking only closed-convex values in the Borel
set B(IR). The motivation for such constraints is quite clear: Depending on the current state
of the financial market M7;”, in particular the level of risky asset volatility 3(z(t)) and the
market price of risk v(z(t)), investors may face different constraints on their portfolio, such as
more relaxed bounds in periods of low volatility or stricter bounds in periods of high volatility.
Further, in the spirit of mean-variance optimization, we can think of an investor seeking an
optimal portfolio allocation subject to constraints on his instantaneous portfolio volatility

B
0<r(ODEW) <f LOTI®OQ-ae & 0<n(t) < g

for a given volatility level 5, > Om Keeping this motivation in mind, we thus define the portfolio
optimization problem with volatility-dependent constraints (P?) as

L0, T ®Q — a.e.,

() = sup E[UV©(T))]
(P?) = TEAK(,)
N = {reA|n(t)eK(=(t) L£0,T)®Q —ac.}.

In its most general form, the portfolio optimization (P?#) is highly non-trivial, since closed-form
solutions for its optimal portfolio process 7} can rarely be determined for general v and X, even
in the absence of (stochastic) allocation constraints. In particular, the portfolio optimization
(P) is included as a special case in the definition of (P#). However, due to the results of [17] for
the Black-Scholes model M pg with constant volatility, as well as the results from Section [5.2
for Heston’s stochastic volatility model M| we know of at least two different models in which
solutions to (P) (respectively (P?#)) with static constraints can be obtained in closed form.
Using another change of control argument, we can therefore derive conditions on the market
parameters 7y, 3 and the constraints K, under which we can transform (P?) into an equivalent,
solvable portfolio optimization problem (P) in either Mpg or M,

Theorem 5.3.2. Consider the financial market M}QZ and the portfolio optimization problem
(P?%) and constants —oo < o < § < 00.

(i) If v(z) =n for somen >0 and K(z) = 2(12) [z, B2], then the portfolio process

T(t) = E(j(t))Capr,a,m

is optimal for (P%).

(i1) If v(z) = n\/2(t) for some constantn > 0, K(z) = %[a,ﬂ], and Assumptions|5.2.7 and
are satisfied, then for ©* defined as in Theorem the portfolio process

2(t)
2 (2(1))

m(t) = T (t)

is optimal for (P?).

The statements of Theorem [5.3.2] can be easily generalized to financial markets with d > 1 risky
assets by an analogous change of control argument. Using the results for constant volatility
markets from Example 15.2 in [17], one can prove a multi-dimensional analogue to statement (i)
and using the results for the PCSV model from Section [5.3.1] one can prove a multi-dimensional
analogue to statement (ii). For ease of presentation, we refrain from a detailed discussion of
this generalization.

"Note that this is different from classic mean-variance optimization, where the variance of the terminal portfolio
wealth V¥0™(T') is constrained.
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5.4 Numerical Studies

In this section, we illustrate the properties of the optimal portfolio 7* for (P) in Heston’s
stochastic volatility model My, using a numerical example. In particular, we analyze the
difference between 7* and two suboptimal ‘naive’ portfolio processes m, which either directly
follow the optimal portfolio process in Mpg (i.e., m = Cap(mas, o, §)) or apply the projection
PES from M pg to the optimal unconstrained portfolio 7, in My (i.e., 7 = Cap(my, @, 3)). The
suboptimality of these portfolios is quantified using the concept of wealth-equivalent loss.

Such an analysis is only meaningful if the differences between a financial market with stochastic
(Heston) volatility My and a financial market with constant volatility Mpg are already re-
flected in the optimal unconstrained portfolios 7, for My and my; for Mpg. Since allocation
constraints further restrict the set of admissible portfolio allocations, any existing differences
between 7, and m,s tend to be diminished further when adding allocation constraints. From an
investor’s perspective, the distinction between Mpg and Mg is only relevant if the volatility
of risky asset log returns \/z(t) changes significantly and these changes are partially hedgeable
through trading in the risky asset. This is the case if the volatility of the volatility (o) is large,
the mean reversion speed (k) is small, and the correlation between risky asset and volatility
diffusion (p) is close to either 1 or —1 (i.e., |p| is large).

Based on these requirements, we choose the market parameters (see Table for our numerical
example such that the resulting market dynamics resemble a financial crisis. The only volatility

Parameter Value | Explanation

End of Investment-Horizon T 1 Limited duration of financial crises
Risk Aversion Parameter b —2.5 | Within ranges estimated in Table 1, [50]
Initial Wealth V0 1 For convenience

Risk-Free Interest Rate r 0 For convenience

Market Price of Risk Driver 7 || 3.0071 | Table 2, [13]

Mean Reversion Speed K 3.15 | Table 3 ‘%MSE’, [69]

Volatility of Volatility o 0.76 | Table 3 ‘%MSE’, [69]

Correlation p || —0.81 | Table 3 ‘%MSE’, [69]

Long-Term Mean 6 0.35 | Feller’s Condition

Initial Variance 20 0.35 | Chosen equal to 6

Table 5.1: Base parameters for the financial market M.

parameters which influence the optimal portfolio allocation are o, x, and p. Our choices for
these parameters in Table follow the calibration results of [69], who calibrated Heston’s
stochastic volatility model using option prices on the Eurostoxx 50 during the 2008 financial
crisis. The relatively short investment horizon of T' = 1 year is chosen to reflect the limited
duration of most financial crisesfl

We quantify the sub-optimality of both naive portfolio processes in comparison to the optimal
constrained portfolio process using the concept of wealth-equivalent loss (‘WEL’). For an arbit-
rary portfolio process m € A, we define the expected utility functional J™ : [0, 7] x (0,00) x
(0,00) = R as

J™(tv,2) = E[U (VOT(T)) | VOO (t) = v, 2(t) = 2]. (5.17)

When considering the optimal portfolio process 7*, the expected utility functional coincides with
the value function of (P), i.e., J™ (t,v,2) = ®(t,v, 2) for all (¢,v,2) € [0,T] x (0,00) x (0, 00).

8175] reported that the average length of an S&P500 bear market (defined as a period with drawdown in excess
of 20%) was 289 days.
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The WEL L™ = L7(t, z) of 7 is then defined as the solution to the equatiorﬂ
O(t,v(l — L™ (t,2)),2) = J"(t,v, 2).

An investor following the optimal portfolio allocation 7* only needs (1 — L™(t,z)) as much
capital to achieve the same average utility as an investor following the sub-optimal strategy .
In this sense, L™ (t,z) can be interpreted as a relative loss incurred for investing sub-optimally.
If 7 is deterministic and J™ is the unique solution to the associated Feynman-Kac PDE, one
can use an exponentially affine ansatz to characterise J” in terms of the solutions to a system
of ODEs. If the ODE solutions are given, then the WEL L™(0, zp) is known in closed form.
We provide a description of this approach in Lemma [5.4.1] and Corollary below. In our
studies, we approximated the corresponding ODE solutions by an Euler method.

Lemma 5.4.1. Consider a bounded deterministic relative portfolio process m € Ay . Let Ay, By :
[0,7] = R with Az(0) = Br(0) =0 be solutions to the system of ODEs

AL (T —t) =rb+ k0B (T — t) (5.18)

BT —#) = — %W(t)Qb(l —b) — by(t)| + [opbr(t) — 5] By (T — 1) + %GQBW(T _ 42 (5.19)

If J™ (as defined in (5.17)) is the unique solution to the Feynman-Kac-PDE (omitting the
argument (t,v, z) for readability)

1 1
0=J+ (r+nrt)z)v]] + k(0 —2)J] +opr(t)zvl, + 52}271'(25)22ng + §J2ZJ;TZ, (5.20)

with boundary condition J™(T,v,z) = U(v) = $v°, then

1
JT(t,v,2) = gvb exp (A (T —t) + B(T —t)z).

Corollary 5.4.2. Let m € Ag be a deterministic portfolio process. Let Ay, By be as in Lemma
and A, B as in Lemma[5.2.3. Then, the wealth-equivalent loss L™ is given as

L™(t,2) =1 —exp <11) (An(T —t) — A(T —t) + [Bo(T — t) — B(T — t)] z)) Y(t,2) € [0,T] x (0, 00).

5.4.1 Optimal Constrained Merton Portfolio 7 = Cap (7, a, )

In this subsection, we compare 7* with the first naive portfolio process m = Cap(mas, o, ).
Although 7 is static, it is at least known that 7 is optimal for an allocation constrained portfolio
optimization problem in the Black-Scholes market M pg, whereas no theoretical guarantees were
available for the corresponding optimization problem in My prior to this thesis. During this
analysis, we consider the allocation constraint K = [«a, 5] = [0,1], which corresponds to a
no-borrowing constraint that prevents short-selling in the risk-free and risky asset.

9Since we exclusively work with power utility functions in this chapter, we may without loss of generality assume
that the WEL is independent of wealth.
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Portfolio Weights over Time

—

n,
0.6 Cap(n,, @, B)
o
a
0.4 B

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.4: Portfolio weights 7(¢) for ¢t € [0,7], lower bound o = 0, upper bound g = 1, and
parameters as in Table

Assuming the parameters in Table the Merton portfolio satisfies the constraints, i.e., mps €
[, B] and thus Cap(mas, o, f) = mpr. In contrast to this constant allocation in the interior of
[, B], * initially takes a constant value at the upper bound B and later decreases towards
my at the end of the investment horizon. Therefore, other than Cap(was, o, 8), 7* is able to
realise and benefit from a higher allocation to the risky asset. Note that mps € [a, 8] implies

m* = Cap(my, , 3), as shown in Lemma [5.2.15

In the following, we quantify the impact of the suboptimal allocations m = Cap(mys, , 5) by
computing the annual WEL L™(0, z) at the beginning of the investment horizon and analyze
its sensitivity with respect to the risk-aversion parameter b and the volatility drivers o, x and
p. The ranges of the volatility parameter are chosen to be within the minimum and maximum
parameter values obtained in individual calibrations in Table 5 of [69].

Annual WEL to r* for Varying b Annual WEL to rr* for Varying o

1 — n=captuma.py=my | — m=Cap(mu, a,B) =y
-~ Base Scenario -~ Base Scenario

L0, zo)
N
u 9
R
L R
L™(0, )
N
n o
=

b o
(a) (b)
Annual WEL to r* for Varying k Annual WEL to ir* for Varying p

—— n=Cap(num, a,B) =y —— n=Cap(my, a, B) =nm
-~ Base Scenario --- Base Scenario

1.5% \ S 15% A
1.0% 4 1.0% A

L™0, z0)
L™(0, z9)
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Figure 5.5: Dependence of the annual wealth-equivalent loss L™ (0, z9) on individual parameters
for m = Cap(mas, o, B) = mpy, lower bound o = 0, upper bound 5 = 1, and parameters as in

Table[5.1] Figure[5.5(a)|illustrates the dependence on b € [—10,0.7]\{0}, whereas Figures[5.5(b)|
5.5(c)[ and [5.5(d)| display the dependence on ¢ € [0.2,1.0], € [1.5,5.0] and p € [-0.9,—0.4].

For small values of b, where the allocation constraint K = [0, 1] is largely satisfied by the
unconstrained portfolios 7y; and m,, the WELs displayed in Figure are increasing in
b. However, as b increases past an inflection point of approximately b = —3, the allocation
constraint K becomes active. From this point onwards, K forces 7* and Cap(my, o, ) closer
towards each other for increasing b and therefore leads to decreasing WELs. Ultimately, for
b > —2, we have 7*(t) = Cap(my,,3) = f =1 for all t € [0,T] and thus the WEL is zero.
Figures [5.5(b)}, [5.5(c)[ and [5.5(d)| display WELs which are increasing in o as well as decreasing
in ¥ and p. This confirms the intuition voiced at the beginning of Section [5.4] in which we
argued that My is ‘more different’ to Mpg under these circumstances. Within the chosen
parameter ranges, we observe the largest annual WEL of 3.2% for small s, whereas increasing
o and decreasing p leads to WELs of 3.0% and 2.5%, respectively. Changing any one of the
volatility parameters o, k or p to less extreme levels, which are obtained during calibrations on
long-term data setﬂ leads to significant decreases in annual WELs. Even if only o < 0.5, while
x and p remain at crisis level, the annual WEL still drops to values of 0.75% or lower. Note that
Feller’s condition is satisfied for all parameter values that were considered in our analysis.

5.4.2 Capped Optimal Unconstrained Heston Portfolio 7 = Cap (7, o, 3)

In this subsection, we compare 7 to the second naive portfolio process, the capped optimal un-
constrained Heston portfolio Cap (7, a, ) . In particular, we aim to illustrate the phenomenon
described in Section Despite a theoretical guarantee that Cap (my, «, 8) is indeed differ-
ent from 7* for certain parameter settings, these differences appear to be mostly meaningful in
terms of WEL for extreme market scenarios in combination with specific, large lower bounds
a. According to Lemma and Corollary we know that Cap (m,,«, 3) and 7* are
identical in the parameter setting of Table 5.1 unless my; < a. Further, Corollary [5.2.17] sug-
gests that we should consider market parameters which ensure m,(t) > 2wy for some ¢ € [0, 7.
For these reasons, we adjust the previously considered parameter setting. In the following, we
choose the most extreme volatility parameters from the sensitivity analysis in Figure [5.5] i.e.,
we set 0 = 1.0, k = 1.5 and p = —0.9, and increase the risk aversion coefficient to b = —15 to
obtain realistic portfolio allocations.

Portfolio Weights over Time for a = 1.75ny Portfolio Weights over Time for a = 2my

1.01 — iy 1.0 J—
n, y
Cap(my, a, B) Cap(ny, @, B)
0.8 4 — 0.8 — "
a a

B B
0.6 4 0.6 4

n(t)
(t)

0.44 0.4

0.24 0.2 4

0.0 1 0.0 4

OFor an overview, consider e.g. Table 4 in [31]. Here, the authors consider values of k = 3.5, ¢ = 0.3, p = —0.4
as an ‘Average Case’ for their reviewed literature.
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Figure 5.6: Portfolio weights 7 (t) for ¢ € [0,T], upper bound § = 1, and parameters as in Table
except for b = 15, 0 = 1.0, k = 1.5 and p = —0.9. Figure [5.6(a)| considers a lower bound
a = 1.757ys, and Figure [5.6(b)| considers a lower bound o = 2my;.

In Figure we compare the portfolio weights of 7*(t) and Cap(m,(t), «, 8) for lower bounds
a € {1.757pr, 2w} such that the corresponding ODE solution B is (nearly) constant, as de-
scribed in Corollary If = 1.75my; then 7* is initially larger than the lower bound o,
then decreases until « is reached, while 7* is constant for o = 2my,. Additionally, we observe
that

" (t) < Cap(mu(t), a, f) vt € [0,T],

with equality only if 7, (t) < a. In both cases illustrated in Figure 7* lowers the portfolio
allocation early throughout the investment horizon, thus accounting for the fact that the lower
bound forces the portfolio allocation to be larger than the optimal unconstrained allocation
later during the investment horizon.

Optimal Portfolio Weights over Time for Varying a WEL to r* over Time for Varying a

— a=15my n=Cap(n,, a, B) for
a=175my — a=15my
— a=19my ° a=1.75my
— a=1.95m — a=19my
0.50 | — a=2my — a=1.95m
6.0% — a=2my

m(t)
)
=
]

!
L"(t, z0)

0.30 4 N 2.0% 4

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.7: Lower bounds « € {1.5mas, 1.757as, 1.97107, 1.9570s, 27007 }, upper bound g =1, ¢ €
[0, T], and parameters as in Table except for b =15, 0 = 1.0, k = 1.5 and p = —0.9. Figure
5.7(a)| displays the portfolio weights 7*(¢), and Figure [5.7(b)| displays the WEL L™ (¢, zp) for
™= Cap(TrU7a’B)'

Figure illustrates the behaviour of 7* for varying a. When increasing «, we observe
that 7" decreases to the lower bound at earlier time points ¢. Despite 7* being constant for
o = 1.95m);, the solution B to the ODE for B is not stationary, but pB(7) does not leave
zone Z_ for 7 < T. Thus, we expect 7* to be constant for all « € [1.95ms, 27)/] in our parameter
setting. Figure displays WELs L™(t, zp) of m = Cap(my, o, ), which are increasing in «
at ¢ = 0. However, this monotonicity does not hold throughout the entire investment horizon,
as increasing the lower bound « implies that 7* and Cap(my, «, 3) coincide for longer parts of
the investment horizon.

Clearly, Figures and suggest a strong link between the value of o and the difference
between 7* and Cap(m,, a, 3). Therefore, we quantify this difference not only using WELs, but
additionally define the maximum absolute weight difference between 7* and a portfolio 7 as

AT = max ‘w(t) —Tr*(t)‘. (5.21)

The relationship between the lower bound a and the maximum absolute difference AT . and
the annual WEL L7(0, z9) are analyzed in Figure
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Max-Difference to n* for Varying Lower Bounds a Annual WEL to n* for Varying Lower Bounds a

n=Cap(m,, @ B) n=Cap(m,, a,B)
0.30 4 —— n=Cap(iw, a,B) =y | — n=cap(mw.a.p)

L"(0, zo)

0.200 0.225 0.250 0.275 0.300 0.325 0.350 0.375 0.200 0.225 0.250 0.275 0.300 0.325 0.350 0.375
7 .
(a) (b)

Figure 5.8: Lower bounds « € [mys, 27|, upper bound 8 = 1, 7 = Cap (my, a, ) , and paramet-
ers as in Table except for b =15, 0 = 1.0, Kk = 1.5 and p = —0.9. For = = Cap (my, o, ) ,
Figure |5.8(a)| displays the maximum absolute difference A™ to the portfolio weights 7*(t), and
Figure |5.8(b)| displays the WEL L™(0, zg) to 7*.

For m = Cap(my, a, ), the maximum absolute difference AT . is generally increasing with «
except for larger lower bounds «. For large «, the optimal constrained portfolio 7* is constant
throughout the investment horizon, as illustrated in Figure Then, the monotonicity of
7y (see Remark and 7(T") = a = Cap(my(T), o, §) ensure that the maximum in
is attained at ¢ = 0. Further, 7, (0) > 273 > « does not depend on «. Therefore, if 7%(¢) = «

for all t € [0,T], then the difference

Cap(ﬂ—u7aﬂ8) f— R * f—
AgR s | Cap(mu(), 0, 5) = (1)

7 (0) — oz‘ =mu(0) —

decreases linearly in «, which causes a slight kink in Figure [5.8(a)| for large lower bounds a.
Irrespectively, the annual WEL for m = Cap(my, «, 8) is increasing with «. However, note that
for all but very large lower bounds (e.g. « > 1.75m,/), the annual WEL is still negligible.

5.5 Conclusion

In this chapter, we considered a portfolio optimization problem with allocation constraints in
Heston’s stochastic volatility model. We derived an explicit expression for the optimal port-
folio and analyzed its properties. Surprisingly, this portfolio can be different from the naive
constrained portfolio which caps off the optimal unconstrained portfolio at the boundaries of
the constraint. In light of this fact, we have shown that the addition of allocation constraints
can have a fundamentally different impact on the optimal portfolio in markets with stochastic
volatility as compared to a Black-Scholes market with constant volatility - even in financial
markets with only one risky asset. Irrespective of these theoretical certainties, we observed in a
numerical study that the annual wealth equivalent loss incurred due to trading according to this
naive portfolio is relatively small for the majority of realistic scenarios. In this sense, the naive
‘capped’ portfolio is nearly optimal for most applications. However, in turbulent financial mar-
kets, such as the financial crisis of 2008, investors with a high degree of risk aversion and lower
bound on their portfolio allocation can suffer high wealth equivalent losses. For such scenarios,
investors should be mindful of the difference between the optimal constrained portfolio and the
naive capped portfolio.
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6 Conclusion

To conclude this thesis, we briefly recall for the main Chapters and [9| what we have done,
what we have learned and what could be investigated in future research.

What we have done: In Chapter[3] we began by generalizing the classic martingale approach
in such a way that we can characterize the optimal terminal wealth to a portfolio optimization
problem with constraints on terminal wealth in complete financial markets. The generalization
is applicable for (simultaneous) pointwise constraints on terminal wealth and expected value
constraints. Afterwards, we integrated this generalized martingale approach into the auxiliary
market framework of [17] to derive equivalent dual optimality conditions which can be used
to characterize the optimal terminal wealth and optimal portfolio process of an investor who
faces simultaneous constraints on his relative portfolio allocation and his terminal wealth. If
the allocation constraint K ¢ R? is a convex cone and the financial market is a Black-Scholes
market, then we were able to show that the ‘optimal’ auxiliary market can be determined
as the solution A* to a deterministic, convex optimization problem and does not depend on
the employed utility function or the wealth constraint. For additional deterministic pointwise
bounds on terminal wealth and VaR- or ES-constraints, this allowed us to derive a representation
for the investor’s optimal terminal wealth which is explicit up to a constant (y*, \*) € [0, 00)? x
R4,

In the subsequent Chapter we restricted our analysis to (incomplete) stochastic factor models,
allocation constraints and power utility functions. As a consequence, the standard martingale
approach is no longer applicable and we had to develop a different duality approach. Using a
duality result from constrained real optimization, we were able to rewrite the associated HJB
PDE as a dual HJBI PDE. The min-max problem associated with the dual HJBI PDE is the
dual minimization problem in Condition (C) from Section which establishes a connection
to the classic auxiliary market framework. By exploiting this connection, we were able to derive
Condition which under some additional regularity conditions guarantees that the value
function is of exponentially affine form and yields a closed-form expression for the optimal
portfolio allocation. We verified Condition for several examples of financial markets and
constraints.

Lastly, in Chapter |5, we specifically focussed on allocation constrained portfolio optimization
in a Heston market with one risky asset. We verified Condition solved the associated
HJB(I) PDE and thereby derived a closed-form expression for the optimal constrained portfolio
process for the Heston market. We concluded the chapter by analyzing the sub-optimality of
two ‘naive’ portfolio processes in comparison to the optimal constrained portfolio process in the
Heston market in a numerical study.

What we have learned: In a complete financial market, the addition of pointwise constraints
(By < V'™ (T) < By) and expected value constraints (IE [¢g(V*™(T))] < 0) on terminal wealth
is, under some conditions, equivalent to adjusting the investor’s utility function from U € U
to U(+; B1,B2) — yig(+), where the adjustment y; can be determined via the dual optimiza-
tion problem (D(Y). In particular, we can obtain a closed-form characterization for the optimal
terminal wealth (resp. portfolio process) under terminal wealth constraints, if the closed-form
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characterization is known for the adjusted utility function. Similarly, [17] argued that, under
some conditions, the introduction of convex allocation constraints is equivalent to adjusting
the original financial market M to M, where the adjustment A\* can be determined via the
dual minimization problem (D¥). What we have shown in Section is that simultaneous
constraints on terminal wealth and portfolio allocation can be regarded as a simultaneous ad-
justment to both utility function and financial market (y*, \*), which can be computed via the
joint dual minimization problem (DK’V).

Even without constraints, closed-form solutions for the optimal portfolio process in stochastic
factor models are mainly available for the class of exponentially affine (respectively exponen-
tially quadratic) models and power utility functions. Due to the lack of flexibility in the choice
of utility function, we thus had to neglect wealth constraints in the ensuing analysis and only
focussed on allocation constraints. Within this context, Condition allows us to char-
acterize the optimal constrained portfolio process in a stochastic factor model if the market
parameters adjusted by a dual optimizer (i.e. in the auxiliary market My«) leave the model
exponentially affine. Surprisingly, even if the original model is exponentially affine, the adjusted
model may no longer be exponentially affine, as illustrated in Section [4.4.2

Since Condition is satisfied in a one-dimensional Heston market, we were able to make
another surprising observation: while interval constraints K = [a, (] in a one-dimensional Black-
Scholes market lead to an optimal portfolio process which ‘caps’ the optimal unconstrained
portfolio process, this is no longer the case in a Heston market. This suggests that allocation
constraints have a different impact on the investor’s portfolio process in financial markets with
stochastic volatility. During numerical experiments we observed that this difference is particu-
larly relevant for investors who trade during turbulent financial markets, exhibit a high degree of
risk aversion and are constrained by a high lower bound on their relative portfolio allocation.

What could be investigated in future research: Naturally, one could extend Chapter |3| to
incomplete financial markets (m > 0), which can be completed through the addition of fictitious
assets, such as Heston’s stochastic volatility model (see e.g., [62], [9] and [30]). If a trading
restriction on these fictitious assets is imposed, then the framework of Chapter [3|can in principle
be applied. It then remains to see for which financial market models, utility functions, allocation
constraints and wealth constraints we can still derive useful characterizations of the optimal
terminal wealth akin to the results in Section[3.5.3l A convenient choice for the fictitious assets
will likely be crucial in this aspect.

The pointwise duality approach presented in Chapter [4] on the level of the HJB PDE is in
principle also applicable for portfolio optimization problems with simultaneous constraints on
allocation and wealth, as long as these constraints are time-consistent (i.e., we need to be able
to formulate an HJB PDE). Similarly, our approach may also lead to new insights for portfolio
optimization problems with time-inconsistent allocation and wealth constraints when following
the equilibrium approach of |7]. Whether or not such an application can lead to new closed-
form solutions for optimal portfolio processes will depend crucially on the right combination of
market model, utility function and constraints. This is required to ensure that one can derive
a semi-closed-form solution to the associated HJB(I) PDEs, which is possible only in rare cases
— even without the presence of allocation constraints.

Lastly, it would be interesting to analyze the impact of allocation constraints on the optimal
allocation via a similar projection argument as in Section for multi-dimensional market
models. The form of the projection P}?S in the Black-Scholes market M pg is already suggested
by Remark It would be compelling to see if one can derive similar conditions as in
Lemma [5.2.76, under which the projection in M¢rp and even more general markets coincide
with P29
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A.1 Proofs Chapter 2|

Proof of Lemma[2.1.4. Noting that any vector space V with scalar product is a locally convex
space, this statement is a special case of Chapter 1, Corollary 1.4 in [29]. O

Proof of Lemma[2.1.8 Let f satisfy (2.1)). Further, let (z, ), (y,3) € Hy and A € (0,1). Then,
by the definition of H¢, we have f(x) > o, f(y) > 8. Moreover, we have

PO+ (1= ) 'S A @)+ (- ) > Aat (1-N)B.

Thus,
Ma,a) + (1 =) (y,6) = Az + (1= Ny, Aa+ (1 - \)3) € Hy.

Therefore, Hy is convex.

Let Hy be convex, z,y € V and A € (0,1). We have to differentiate between two cases:

1. f(x) > —o0, f(y) > —oo: Then, f(x), f(y) are finite and (z, f(x)), (v, f(y)) € Hy. Since
Hy is convex, we have

Az + (1 =Ny, Af(2) + (1= A f(y)) = Az, f(2)) + (1 = Ny, f(y)) € Hy-

However, this implies ([2.1)) by the definition of H.

2. f(z) = —o0 or f(y) = —oo: Then we immediately have

fAz 4+ (1= N)y) = —o0 = Af(z) + (1 = A) f(y).

Equivalence of and .

‘=’ ([2.3): Let & € V. If f(2) = oo, then holds trivially. If f(%) < oo, assume
that limsup,_,. f(x) > f(Z). Then there exists a sequence (x,)nen taking values in V' with
limy, 00 Zn, = & and limsup,, ., f(z,) = f > f(&). As My («) is closed for arbitrary o, we know
that for any € > 0 the complement

Mi(f(@)+e)={zeV | f(z)< f(@)+e}

is open. In particular, & € My(f(Z) + €)¢ and thus there exists N € N such that z, €
My(f(2) + €)¢ for all n > N. Setting ¢ = 3(f — f(2)) leads to a contradiction. Hence,
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limsup, ,; f(z) < f(2).

= : Let a € R be arbitrary. If M¢(a) = (), then My () is closed. Otherwise, let
(zn)nen be a convergent sequence taking values in My () with limit & € V. We need to show
that € Mf(a).

As x,, € My(a) Vn € N, we have f(x,) > o Vn € N. In combination with we obtain

f(&) > limsup f(z) > limsup f(x,) > «

T—T n—00

and therefore & € My(c) and My(«) is closed. O

Proof of Lemma[2.1.11].

(i)

(i)

(iii)

‘=": Let f be usc and My(«) as in Definition Then,
My(a)® x (a,00) = {z |f(z) < a} x (a,00)
is open in VR for all a € R. Hence,

Hf = {(z,0) | f(z) <}
= {z | f < a} x (a,)

acR

is open in VR, i.e., Hy is closed in VR.

‘<" Let Hy be closed in Vg = V x R. For any o € R the set V x {a} is closed in Vg.
Hence, Hy N (V x {a}) = M¢(a) x {a} is closed in V. This implies that M¢(c) is closed
in V. Hence, f is usc.

As usc f > f is closed, we know by (i) that H,s. s is closed and therefore,

(8
Hf CHuscf:>Cl Hf Cd Huscf C Husc f-

Further, cl Hy is the hypograph H, of a function g : V' — R
g(z) =sup{a | (z,0) € cl Hy}.

Since Hy C ¢l Hy = Hy, we have f < g and g is usc. In particular, this implies usc f < g
and therefore
Hys. f C Hy=cl Hy.

As f <co f and H,, y is convex, we must have co Hy C H,, y. Analogously to the proof
of (it), co Hy defines the hypograph H, of a concave function

g(z) :=sup{a | (z,a) € co Hy}.

As g is concave and Hy C co Hy = Hy, we have f < co f < g and thus H., f C Hy =
co Hy.
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(iv) For y = (z,7) € VR, B € R, let H(y, ) denote a closed half space in V. Then, we may
use Lemma and the previous derivations to realize

ﬂ H(y,p) LELd co Hy

HyCH(y,B)
(y7B)EVRXR

(g) cl Hco f (2) Husc c f-

In particular, we have

usc cl f(x) = sup {a ‘ (r,a) € ﬂ H(y,ﬁ)}
(yvﬁ)EVRXR

Our aim is to now characterize H(y,) and Hyse ¢ ¢ in such a way that (iv) follows
immediately. We make a distinction between the three cases v < 0, v = 0 and v > 0, for

y=(2,7)
For v < 0, we have (z,a) € H(y, 8) if and only if

) toy<p S ax iw—«c,z»

The function f is proper and therefore there exists & € V such that —oo < f(Z). Hence,
(,a) € Hy for all a < f(2). However, when choosing

i min (1), (5 (2.2)) 1,
we then have (2,&) ¢ H(y,8) and (&, &) € Hy. Hence, Hy ¢ H(y,3) and
HyCH((z,7).8)

(szy/@)evx(ioo’o) xR

For v = 0, we have (z,a) € H(y, ) if and only if

(x,z) <.
Therefore,
Hy € H(y,B) & ¥(z,a) € Hy : (f(2) > a= (1,2) < §)
S V(r,a) € Hf : (f(z) > —00 = (z,2) < )
& domy C H(z, f).

As (z,a) € H((2,0), ) is true or false irrespective of the value of «, we thus obtain

L

N #eo=( N He0) xR B odomy) xR (A2)
H;CH((2,0),8) domyCH(z,8)
(2,8)€VXR (z,8)eV xR

For v > 0, we have (z,a) € H(y, ) if and only if

i(ﬂ— (x, z) ) > a.
=:h(x):=h(z,z,7,8)
= H(yaﬁ) = {(CL’,O&) ’ h(%za%ﬁ) > Oé} = Hh-
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If we consider h as a function of = for fixed z,~, 3, then h is affine in z. Moreover, for
an appropriate choice of parameters z,~, 3, we can obtain an arbitrary affine function
h:V — R. Note that we do not need the degree of freedom in v, as we can still obtain
any affine function by setting v = 1, changing the sign of (z,z) and varying z, 8 freely.
Thus, we obtain

N Hy,8)= () Hi= () Ha (A.3)

H;CH((2,7),8) h:V—R affine h:V—IR affine
(2,7,B)EV % (0,00) xR HyCHp, f<h

In total, , and yield
ﬂ H(y,B) = (V]R) N ((cl co domy) x IR) N ( ﬂ Hh>

HyCH(y,B) h:V—R affine
= ((cl co domf)xIR>ﬂ< ﬂ Hh)
h:V—=R affine
f<h

(v) We make a distinction between ¢l co f = oo and ¢l co f = usc co f.
If ¢l co f = oo, then usc co f is not proper and there does not exist an affine function
h : V. — R such that f < h. This implies that for any (z,3) € Vg, there exists an
Z = z(z, ) such that

/8+<'f72> <f(j):>/8<f(j)_<jvz> SSUp(f(‘%)_<i'72>)

eV

= oo =sup B <sup (f(&)— (&,2)).
BER zeV

In particular, taking the infimum over z € V yields for any x € V'

inf (sup (f(@) = (2, 2)) —|—(z,a:>) =oo=cl co f(x).

2€V \zcy

=00

If cl co f = usc co f, then usc co f is proper and there exists an affine function h : V" — R
such that f < h. In particular, we have

ﬂ H(y,p) = ((cl co domy) x ]R) N ( m Hh>

H¢{CH(y, h:V—R affine
fCH(y,8) 20

(yuB)EV]RXR
= ﬂ H,
h:V—R affine
f<h

= N {(z.0) | B+ (z.2) 2 a}. (A.4)

(275)6‘/11-{
f(@)<B+(z,z) VeV

For any z € V we have,

f(@) <B4 (z,2) VeV < sup (f(@) = (2,2)) < B
ze

and therefore, by ,
Husc co f — ﬂ H(ya/B): ﬂ {(:r,a) | sup (f(:)?)—<z,i>)—|—<z,x>2a}

HyCH(y,) 2V zeV
(y7B)GVRX]R‘
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2€V \zeVv

= ¢l co f(x) =usc co f(x) = inf (sup (f(z) = (z,2)) + (z,x)) .

2€V \zeV

Proof of Lemma[2.1.19,
(i) For any y € V, we have

—f*(y) = —sup (f(z) — (y,x)) = inf (—f(x)+ (y,v)).

zeV zeV

Thus,

Hop = { ) | nf (£() + (o)) > ]
~{wo) | -f@+Ea)>a vreV)

=:h(y;x)
={(.a) [ h(y;z) 2 a VzeV}

= U Higw)

zeV

For fixed z, the function h(y;z) is affine in y and thus usc concave in y. Hence, each
hypograph Hj,..; is closed convex. Therefore, H_ ¢« is closed convex, which is equivalent

o —f*(y) being usc concave by Definition and Lemma [2.1.11} (i). The statements
about f** = cl co f follow directly from Lemma [2.1.11] (iv).

(ii) Let f = f**. By Lemma [2.1.11] we have f** = ¢l co f, which is usc and concave by
construction. Hence, f = f** = ¢l co f is usc and concave, too.
Let f be usc and concave. Then,

f D. vx-n co fand f D. vx-m use f f proper el co f L. (iv) o

Proof of Lemmal|2.1.17
(i) Let y € V, a > 0. Then,

Or(ay) = — inlf(((ac,ay)) 2% _inf ((z,y)) = adk(y).

xe zeK

(ii) Let y1,y2 € V. Then,

Orc (1 +92) = = 10 ({yn + y2,2)) = = inf ((41,2) + (42,))
< —inf ((yr,2)) = inf (2, 2)) = Fxc(yn) + O (92)
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(iii) The first equivalence follows directly from (2.4]). By scaling any non-zero y € X to

1
(y,v)

U= y

such that (g,9) < 1, we can use the positive homogeneity of dx to see that
0 <6r(y) + (z,y) Vy € Xk & 0 <k(9) + (z,9) V§ € Xk with (7,9) <1,

i.e., the second equivalence holds.

(iv) ‘=": Let dx(y) =0 Vy € Xk. Let x € K, a > 0. Since z € K, we obtain from (iii):

0 <dox(y) +{y,x) =(y,x) Vye Xk
=0

= 0<(y,ax) =0k(y) + (y,az) Vye Xg =axec K by (ii).

Hence, K is a convex cone.
‘<’: Let K be a convex cone. Then, 0 € K and thus

Ok (y) = —ggf(((w’w) >(0,y)=0 VyeV.

Further, if 65 (y) > 0, then there exists z* € K such that (z*,y) < 0. Since K is a convex

cone, ax™ € K for all « > 0. Hence,

O(y) =~ lnf ({z.9)) > — f ({aa",y)) = sup( —a (a7 y) ) = oo.
- <0

Thus, dx(y) > 0=y ¢ Xk 2 Ox(y) =0Vy € Xk.

Proof of Lemma|2.1.2%.

(i): For every fixed x € V, L(x,\) — (u, \) is the concave conjugate of F(z,u) w.r.t. u. If
F(z,-) is proper, then by Lemma|2.1.15| (i) this implies —L(x, -)+(, A) is usc and concave

in v and therefore —L(z,-) is usc and concave in u, too.

(ii): infyeqy L(x,\) is the bi-conjugate of F'(z,-) evaluated at u. Hence, we have by Lemma

()
)%glf{L(x,)\) = /\Hellf{ (21612 (F(z,u) — (u,\)) + (a, A))
=cl co F(z,u)
= f(@).

(iii) By (ii), we now have

f(x) = inf L(z,\) Vx eV

AEH
= ®p =sup f(x) =sup inf L(x, A).
€V (@) zeV AeH (@4)
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Proof of Theorem [2.1.23. We have ®(u) = sup,cy f(z) = ®p by definition of & and Pp.
Moreover, from Lemma [2.1.15| we obtain

Up = inf Lz, \
e A

= inf sup sup <(F(az,u) —(u, \)) + (g, A})

AeH zeV ueH
= /\12231612 ((2161‘13F(:L‘,u) —(u, ) + (g, )\>>
—_———
— B
= /\122222 ((@(u) — (u, A)) + (q, )\>)
= /\ig}fq (@*(N) + (G, \))
= ()
= cl co ®(u).

Finally, as noted in Remark [2.1.13] weak duality of the concave conjugate yields

Bp = ®(a) < (@) = cl co d(a) = Tp.

0
Proof of Corollary[2.1.26. As (z*, \*) is a saddle-point of L, we have
2161‘13L(m, A*) = L(z*,\*) and gglqu(x*,)\) = L(z*, \¥).

However, as we additionally have

L(z*,\*) = 2161‘13L(:U,)\*) > 2161‘[; /\12[{;[/(:3, A) > )}ng{L(af;*, A) = L(z",\%)
and

L(z*,\*) = )}éllf{L(x*, A) < /\12}1}2161811(56, A) < igg L(z,\*) = L(x*, \¥),
we obtain

Up = )}g]iggL(% A) = ilel‘[;L(a:,)\*),
i.e., \* is optimal for (D). Moreover, if F'(z*,-) is usc and concave in u, then we get
itelgf(x) = sup jnf L(z,A) = inf L(2",A) = f(2%),

i.e., x* is optimal for (P). O

Proof of Theorem [2.1.27. The equivalence of (i) and (ii) is immediate from Theorem [2.1.23|and
the implication (iv) = (iii) holds true according to Corollary [2.1.26| It remains to show that
(iii)= (iv). Assume that (iii) holds. Then,
z* optimal for (P)

Op = sup f(z) fa*) = F(z*,a) ™ inf L(z*,\)
zeV AeH
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A* optimal for (D)

< L(z*, \*) < sup L(x, \") inf sup L(z,\) = ¥p

zeV AEH zev
This yields
L(z,X*) = L(z*,\*) = inf L(z*,\
sup L(z, %) = L(2", ) = inf L(z",3)
and therefore (z*, \*) is a saddle-point. O

Proof of Theorem [2.1.28. Follows immediately by considering —F in Theorem 18a) in [76]. O

Proof of Lemma [2.1.29. Recalling Example [2.1.20, we realize that L is the Lagrangian corres-
ponding to the perturbed objective function

Fz,u) = f(z) + X (v +u) = f(2) + Xk —u(2).

We aim to apply Corollary|2.1.26(and thus need to verify that F'(x*, -) is proper, usc and concave
in u. However, as f(z*) € R, it is sufficient to show that the mapping

u— Xg(z* +u)

proper, usc and concave in u. However, this is trivial because K is non-empty and closed convex
and u — x* 4+ u is affine in u. Hence, by virtue of Corollary [2.1.26] =* is optimal for (P). O

Proof of Corollary|[2.1.30

‘=’": Assume that (z*, \*) is a saddle-point of L. Then, we have
L(z, \*) < L(z*,\*) < L(z*,\)  V(z,A\) € R x RY. (A.5)
In particular, this implies for all z € R%:
f(@) + (2, A") + 0k (X") = L(z, A") < L(z", X*) = f(2%) + (&, A") + 0k (\),
i.e., (4) is satisfied. Assume now that (z*, \*) 4+ dx(A*) > 0. But then we have

L(z",0) = f(2") + (27, 0) + 3k (0) = f(27)
< fla®) + (@A) + 0 (N") = L(z*, \"),

which is a contradiction to (A.5). Hence, we must have (z*, \*) + dx(A*) < 0. Similarly,
assuming (z*, \*) + dx (A*) < 0 yields

F(@™) + (2", 207) + Ik (2X")

(
flz*) + 2((37*, %) 4+ 5K(/\*))
< f(x*) + (25, N) + 0 (NY) = L(z*, \¥),

L(z*,2\%)

which is again a contradiction to (A.5). Hence, we must have (z*, A*) + dx(A*) > 0. In total,
this yields (z*, \*) 4+ (A\*) = 0, i.e., (ii) is satisfied. This allows us to show that for any A € R?

(@A) +0x(N) = —f(@7) + f(@7) + {27, A) + 0k (M)

105



A Proofs

—f(z*)+ L(z*, \)

B e+ ren

_F(@) + () + (@A) + S (W)
=0 =0

)

According to ([2.4)), this implies * € K and thus (ii7) is satisfied.
‘<" Let (i), (i1), (#i7) be satisfied for (z*,\*) € V' x H. From (i) we know that

L(z,\*) = f(x) + (x,\") + 0 (N") < f(z") + (", \") + g (X\*) < L(z*,\") Ve e V.
Moreover, using (i) and (éii), we obtain

L(z", \") = f(") + (", \*) + 0x (")

Thus, (z*, \*) is a saddle-point of L. O

Proof of Theorem[2.1.31] Consider 0 < ¢ < 1, A\ € Xk with ||AX|| < 1 and define A\, =
A* 4+ eAN. Since A* is optimal for (D), we know that

0< LI (), A) — L* (W), A7)

2 L(z* (Xe),A*)

[0

< %(L(w*(/\e), o) = L(z* (M), X))
- %(f (2" (M) + (@A) Ae + 8 (o) = F(@"(A)) = (2" (AN = 3x(A"))
= 1((;&(&))’ (Ae = A7)+ (Ae) — 9 (X))

¢ =ecAX

= (BN T (B (A) — (X)),

Taking the upper limit € | 0 and using the fact that z*(\)’ A\ is usc at A = \*, yields

0 < limsup 1(L(x*()\e), Ae) = L(z*(X"),\"))

el0 €
< limsup <(x*()\e))’A)\ + E (0 (Ae) — 5K()‘*))>
el0 €
< z*(\*) AN + lim sup 1 (0 (Ne) — 0 (N)) . (A.6)

el0 €
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Using the sub-additivity and positive homogeneity of dx (cf. Lemma [2.1.17)), finally gives

0.< 2*(A) AA + limsup (65 (A*) + 66k (AN) — 65 (A"))
el0 €

= 2*(\) AN + Sk (AN).

Since A\ € X was chosen arbitrarily, Lemma implies that x*(\*) € K. On the other
hand, repeating the same arguments with AX = —A\* up to (A.6]) yields

0 < —a* (A" + limsup = (5 (1 — )A) — 6 (A%))

elo €
= —2*(A\*)'A* + lim sup1 (1 =€) (X)) = (\))
€l0 €

s 0> VYA (V)
A*%{K 0= $*()\*)/)\* + 5K()\*)

Hence, (z*(A*), \*) satisfies all three KKT conditions from Corollary[2.1.30} Therefore, (z*(A*), \*)
is a saddle point of L, z*(\*) is optimal for (P) and ®p = ¥p. O

Proof of Corollary[2.1.39. For given A € R?, the Lagrangian L is continuously differentiable
and concave in z. Hence, by the first order optimality condition and A’ = A, the maximizer of
the Lagrangian L(-, \) is given as

1
z*(\) = 5frl(b +A).
Further,

L(z*(\),\) = —%(b + A (ATHY AATY b+ N + %(b +A) (AT (b4 A) + e+ dx(N)
=A’ =A-1

_ i(b FAA T B4 A) + e+ 5x(N)
A~ is positive definite, since A is positive definite and dx is convex and positive homogeneous
of order 1, by Lemma [2.1.17} Hence, L(z*()), \) is strictly convex in A\. Moreover, dx()) grows
at most linearly in ||A|| and thus L(z*(A),\) — oo as ||A]]| = oo. Therefore, there exists a
unique minimizer A = \* of L(z*(\), A), i.e., a unique A* which is optimal for (D). As z*())
is continuous in A € R?, the requirements of Theorem are satisfied. In particular,
(z*(A*), A*) is a saddle-point of L and satisfies (2.14). O

Proof of Lemma[2.1.33 Following the line of argument in Example[2.1.21] L as in ([2.16)) defines
the Lagrangian corresponding to the perturbation function F : L2Q x R™ — R defined by

F(D,u) = E[U(D)] + Xk (E[g(D)] + u).

We aim to apply Corollary [2.1.26| and thus need to verify that F(D*,-) is proper, usc and
concave in u. It is sufficient to show that the mapping

u— Xg (E[g(D)] +u). (A.7)
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is usc and concave in u. However, as K is non-empty and closed convex, Xk is usc concave.
Moreover, for every D € Lé the real function u — E [g(D)] + u is affine and thus continuous.
Hence, is usc and concave in u and so F' is usc and concave in u, too. Thus, by virtue of
Corollary D* is optimal for (P). O

Proof of Lemma|[2.1.35. We obtain

Up = inf sup L(D,y)
veR" per?,

= (BUD)] +yElg(D)]) + 0k (y)

= inf | sup E[ U(D) +y/g(D) } +0r(y)
<sup,er U(z)+y'9(2)

< inf <IE] [sup (U(z) +y’g(m))} +6K(y)>

yeRn z€R
= inf (E[U;(y)] +0x(y))-

yeR™

If y* attains the infimum over y € R™ and Z,(y*) € Lé, then we have equality in (x). O

Proof of Corollary|2.1.36] For any D € LQQ we have

L(D,y*) =E[UD)]+ (y")E[g9(D)] + ok (y*)
< sup E[U(D)+ (y*)'g(D)] + 0k (y*)

DeLg,
<E 8161]1}; (U(x) + (") g(x)) | + 6x(y*)
=E[U(Zy(y") + () 9(Zy(y™))] + 0x (y")
= L(Zy(y"),y")-

On the other hand, as (2.20)) holds, we can apply Lemma [2.1.17| to obtain for any y € R"

L(Zy(y"),y) = E[U(Zy(y"))] + y'B [9(Zy(y"))] + 0k (v)

>0
> E[U(Zy(y"))]
=E[U(Zy(y ) + (") E[9(Ze(y"))] + 0k (y")
=0
= L(Zy(y"), ")
Therefore, (Z4(y*), y*) is a saddle-point of L. O
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Proof of Theorem [2.1.57. Consider 0 < e < 1 Ay € Xg with ||Ay|] < 1 and define y. =
y* + eAy. Since y* attalns the infimum in , we know that
E [U; (y*)] + 6x (v°) < E [U; (ye)] + 0x (ye) - (A.8)
Moreover, we also have the @)-a.s. inequality
1 * * * *
(U (90) + 05 (5e) — U" (4) = S (7))

< < (U @0 + () 9T 0) = sup (U @) = (57 9(2) + () = 8 () )

2U(Zg(ye))+(y*) 9(Zg(ye))
= (0= 49 (Tal)) + 35 () — 0 ()
(A9 (T, (0)) + = (O () — 0 (7). (4.9)

Thus, due to the usc assumption on I [g(Z,(y))]’ Ay, we can combine equations (A.8)), (A.9)
and take the upper limit € | 0 to obtain

e

<

0 < Timsup - (B [U* (9e)] + bk (ve) — [U* (5")] — 0k ()

el0 €
< tim sup (A9)E g (Z,(y)]) + limsup ~ (5 (50) — 05 (4°)
€l0 el0

< B ls ()] + s (6 (1) = 0 7))

€l0
As d is sub-additive and positive-homogenous of order 1 (cf. Lemma [2.1.17]), this implies

0 < (A9 Blg T,y )] + limsup (o () + ek () — 0 (47)

= (AY)'E[g (Zy(y"))] + 0k (Ay) .

This inequality holds for all Ay € X with Ay < 1 and therefore Lemma [2.1.17} (iii) implies
that IE [g (Z4(y*))] € K. Following the same steps with Ay = —y* yields 6k (ye) = (1 — €)dx (y*)
and thus

0< (W) Elg(Zy(y"))] + lim;up % (1 —e)dk (y) — 0k (¥"))

= - )Elg (Ze(y"))] — ok (¥")
& 0= )Elg Ly + ok (v,

which implies 0 = (y*)'E [g (Z4(y*))] + 0k (y*) . According to Corollary [2.1.36] (Z,4(y*),y*) is a
saddle-point of L and Z,(y*) is optimal for (P). O

Proof of Lemma[2.1.38 We begin by proving statements (i), (ii) and (iii) for the generalized
conjugate Uy:

(i) By the definition of U;, we have

Uy (y) = sup (U(z) +y'g(x)) = sup (U(m) + Z%m(ﬂ?)) :
=1

zeR zeR

Hence, if g;(z) < 0, then Uy is non-increasing in y;.
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(ii) Similarly, we have y; > 0 and g;(z) < g;(z) for all z € domy. Hence,
Uy (y) = sup (U(z) + ¢'g(x) ) < sup (U(z) +y'g(x)) = Uz ().
zeR S~ zeR
<y'§(z)
(iii) Let a € (0,1), y1,y2 € R™. Then,

Uy (o + (1= a)yz) = sup (U(2) + (e + (1~ a)e)'g(x) )

= sup (a[U(@) + yig(@)] + (1= o) [U(@) + vho(a)] )

z€R
< asup (U(@) +4ig(x) ) + (1= ) sup (U() + y3o(x) )

=aUg (1) + (1 — a)Uy (1),
Le., Uy is convex.

We continue by proving statements (i) and (ii) for the maximizing argument Z,. For this purpose,
consider an arbitrary & > 0 such that Z,(y) < 2. Then:

Uy (y) = U(Zy(y) + ¥ 9(Zy(y) = U(Zy(y)) + Zngj(fg(y))

U(@)+D_yi0(%) = U(@) +y/'g(2). (A.10)

(i) now g = (Y1, ..., Yie1,Yis Yit1, ---, Yn) and §; > y;, then we can use the fact that Z,(y) < &
and g; is non-increasing to see that

Ug () = U(Zy(y) + §'9(Zy(y)) = U(Ig(y)) +9'9(Zy(y) + (i — i) 9i(Zy (1))

U@)+y/9() = 2l
>U(z ) +9'9(2) + (9 — yi)gi()
—U(@) +/9(2). (A1)

Thus, by the definition of the maximizing argument Z, as an infimum, we obtain
Ty(y) = inf{z R | U () <U(x)+§'g(x)}
(A1) .
inf {z < Zy(y) | Uy (9) < U(z) +§'9(x)} < Ly(y),
i.e., Z, is non-increasing in y;.

(ii) If g;(z) > gi(x) for all = € domy, if both functions are non-increasing and if y; > 0, then
Us(y) > U(Zy(y)) +v'5(Zy(y) = UZe(v)) +¥'9(Zy(v)) +ui( §i(x) —9i(Zy(v)))

() . >gi (&)
> U(2)+y'g(2)
> U(Z) +y'9(2) + vi(9:(2) — 9i(Zy(v)))
=U(&)+y'9(2) + vi (9:(2) — 9:(Zg(v)))
>0
>U(2) +y'9(%). (A.12)

Again, by the definition of the maximizing argument Z; as an infimum, we obtain
Ty(y) = inf{zeR|U;(y) <U()+y'9(x)}

S inf {2 < T,(y) | U () < U@) + 930} < ).

110



A Proofs

Proof of Lemma [2.2.1].
Proof of (i): Since f is convex on R, f is continuous and thereby bounded on any compact subset
of R. In particular, there exists m, M € R such that

m < f(x) <M for all x with |z — z¢| <e.

Hence, the statement follows from Section A, Lemma 3.1.1 in [43].
Proof of (ii): Let L1, Ly denote the Lipschitz constant of fi, fo respectively. For any real num-
bers x,y € R recall the identity

min(z,y) = %(J:er— lz —yl). (A.13)

Therefore, for any z,y € I we have
@)= F) = |min (i), o)) — min (A1), o) |
oA + 2@~ 176 - £@] - 1) - O + A6 - B
< 3 (146 ~ AN +12E) ~ L]+ ||AE - 0] - 1A - L))
(1f1(2) = Al + 12(2) = )] + 1) — fo(a) = (i) — o))

(If1(x) = AW + [ f2lx) = fo()] + | fr(2) — fa(x) — fr(y) + fo(y)])
<If1(@)= W)+ f2(z)—f2(y)]

<

N — DN

< [file) = L) +]f2(2) = faly)]

<Li|z—yl SL;\;—y\
< (L1 + La)|z — yl.

Hence, f is Lipschitz continuous on I with Lipschitz constant L = L1 + Lo. O

Proof of[2.2.2 This statement follows directly from Chapter §6, ‘VII. Existence and Uniqueness
Theorem’ in [83)]. O

Proof of Lemma[2.2.3, We first consider the case f(By) # 0. The following argument proceeds
by contradiction. Assume that B is not a strictly monotone function of 7. Since f is locally
Lipschitz continuous and therefore continuous, B is continuously differentiable and there must
exist 7 € I with B(7) = B such that

B'(7) = f(B) =0 and B'(1) # 0 for all 7 with |7 — 79| < |7 — 79|
In particular, B is also a solution to the ODE

B'(t) = f(B(r)), B(f)=B. (A.14)
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On the other hand, as f(B) = f(B(7)) = B'(7) = 0, the function B(7) := B is also a solution to
the ODE (|A.14). However, for all 7 with |7 — 79| < |7 — 79| we know that f(B(7)) = B'(t) #0
and thus B(7) # B(7). This is a contradiction to Theorem Therefore, B must be strictly
monotone in 7.

If f(Bp) = 0, by an analogous argument, B(7) = By is the unique solution to ODE and

therefore B is constant in 7. O

Proof of Lemma[2.2]) Statement (i) follows directly from Lemma 10.12 in [38] with A = Jro,
B=ry, C=ry u= Byand

2rg (€7 — 1) — (rg (™7 + 1) + 11 (™7 — 1)) By
C rg(emT 1) —rp (7T — 1) — 1o (737 — 1) By
—2r3By + (€7 — 1) (2rg — (r1 + 73) Bo)
B 2r3 — (6T3T — 1) (7’1 + roBy — 7”3)
=r2—r?
—
2rors By — (€7 — 1) ( 2rore — (11 4+ 13) ’I"QB())
o 2ror3 — 1o (€T3T — 1) (’I“l —+ TQBO — 7’3)
~ 2rar3Bo — (€7 — 1) ((r3 — 1) (r3 + 1) — (r1 +13) r2By)
- 2r9r3 — o (€T3T — 1) (7“1 + ’I“QBO — ’1“3)
. 2ror3 By + (€r37 — 1) (7“1 + 7‘3) (Tl + roBgy — 7‘3)
o 2r9r3 — 1o (€T3T — 1) (’I“l + TQBO — Tg)

The function B as in is well-defined and continuously differentiable as long as the de-
nominator in is non-zero. In particular, taking derivatives verifies that B satisfies
as long as its denominator is non-zero. This is true for 7 = 0, when the denominator is equal to
rors > 0, and the denominator stays positive if r; +reBy — r3 < 0, i.e., t4(By) = co. However,
if 1 +r9Bg —r3 > 0, then

0 = 2ror3 —ry <6T3t+(30) — 1) (r1 + 128y —13)

o 2 = (e 1) (g 4By — 1)

r1+roBoy + 7“3)

1
< to(Bg) = —1
+( 0) n<7“1+7“230—7“3

T3

Proof of Corollary([2.2.8 If 74 < t4(By), then

- 2ror3 By + (67"37—3 — 1) (Tl + 7“3) (Tl + roBy — 7"3)
- 2ror3 — 19 (6r3TB — 1) (7“1 + roBy — 7’3) '

B(tg)

This in turn implies
B L B(ry) = ZZsPo L0 D)1 4 7) (12— 1)
2ror3 — 19 (6 3Th — 1) (7“1 + roBy — 7“3)
= B (27‘27'3 —T9 <€TBTB — 1) (7”1 + TQB() — 7“3))
= 2ror3Bo + 12 (€78 — 1) (11 + 73) (11 + 12Bo — 13)

& 2rorg (B — Bo) = (€T3TB — 1) (7"1 + roBy — 1”3) (7“1 + B’I”z + Tg)
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27“2?”3 (B - Bo)
(r1 + 128y —13) (7“1 + Broy + 7"3)
27’27“3 (B — BO)

T3 (7“1 + 1By — 7‘3) (Tl + BTQ + 7“3)

& (B -1) =

+1

1 2rors (B — Bo) + (7“1 + roBy — 7"3) <r1 + BTQ + 7”3)

T3 (r1+roBg —13) (rl + Bry + 7’3)
U
Proof of Theorem [2.3.3 This is a special case of Theorem 3.41 in [51]. O

A.2 Proofs Chapter 3|

Proof of Lemma|[3.3.1 The proof follows along the lines of Proposition 7.3 in [17]. Consider
the non-negative Q-martingale M defined as

M(t)=E [DZ(T) | ]-"t] .
By a variation of the martingale representation theorem (see Theorem 4.15 in [48]), there exists

an R%valued process 1) with fOT |¥(s)||?ds < oo @Q-a.s, such that M can be expressed as a
stochastic integral

M(t) = o + /O P dW (1).

Due to the non-negativity and martingale property of M, M(t) = 0 for one t € (0,7) implies
M(s) =0 Vs € [t,T]. We define the processes

x(t) = M)
Z(t)
and 7T(t) = (E(t)/)il []1\/;,((?) +’Y(t):| H{M(t)>0}-
Applications of It6’s lemma and It6’s product rule yield
1 1 ~ 1 ~ 1 ,
155 =~ G 20+ @ = 0 (0 + IOl + (0 aw (1)
and
1 1 1
dX(t) = Z(0) dM(t) + M(t)d Z(t)) dt + <M, Z>t
_ zL) (0 dw (2) + (1) [r(0) + (0] it + M((e) dW (1) +A(2) (1)t
1

= Fa (MO0 + 30 MLV + v(®) Jdt + MLE1(0) + w(t) aW (1)
=M @)% () (t) =M ()% () 7 (t)
=X) ([rt) + (@) —r@OL)7(t)] dt + () SE)dW () .

Hence, V"™ and X satisfy the same SDE. Further, as X(0) = M (0) = vy, the wealth process
Vo™ and X coincide. O
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Proof of Lemma[3.3.3.
As C(vg, B1, Ba,g) C C(vg,g) and U(D) = U(D; By, Bs) for all D € C(vg, By, Ba, g), we clearly

have (130(7)0) < (i)o(v()).

To show the opposite inequality, we take any D € C(vg, g) with Q(D > Bs) > 0, and show that
there exists a D' € C(vg, B1, B2, g) with E[U(D')] = E[U(D’; By, B2)|] > E[U(D; By, Bs)]. For
this purpose, let D € C(vg,g) with Q(D > Bg) > 0.

o If Q(D < By) > 0, then E[U(D; By, B2)] = —cco and by Assumption we can choose
D' = wvyPy(T) € C(vy, B1, B2, g) to obtain

E[U(D; By, By)] = —oc < E[U(wPy(T))] = B[U(D")] = B[U(D'; By, By)).

e If Q(D < By) =0, then we define for a € [0,1] :

Do = Bolyp>pyy + Dlyp<pyy + (B2 — D) Lip<p,)-

By construction, we have By < D < D, < By for all a € (0,1]. In particular, as U is
strictly increasing on its domain and g¢ is non-increasing, this implies for any « € (0, 1] :

E[U(D)] < E[U(Da)]

and
DeC(vo,9)
Elg(Do)] <E[g(D)] <
Hence, we only need to find a specific & € (0,1] such that vg = E[Z(T)Dg] and choose
D’ = D,. Following Lemma and standing assumption (3.3)), the risk-free portfolio

7 = 0 satisfies

F [Z(T)Bl} < E[ (T)V*O(T )} <E [Z(T)BQ]. (A.15)

=v0

We define the quantities

Due to D € C(vp,g) and ({A.15]), we obtain
- T=F [Z(T) (D — Bg)} —w—E [Z(T)BQ} <0.

Hence, choosing 0 < & = % < 1 yields

E[Z( <321{D>32} + Dl(p<p,} + & (B2 — D) ]l{DSBz}ﬂ

E |2
= |: Do} + aE |:Z(T) (BQ - D) H{DSBQ}
_l’_

Il
|
@1\ d>

In particular, D4 € C(vo, B1, B2, g) and E [U(D)] < E [U(D4)] -
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In total, this implies

®o(vg) = sup E[U(D; By, Bs)]
DeC(vo,g)

= sup E[U(D; By, B2)]
DeC(vo,B1,B2,9)

- wp  E[U(D)
DGC(vo,Bl,Bg,g)

= ®g(vp).

Proof of Theorem[3.3.3 Following Lemma[2.1.35] we may write the dual optimization problem
associated with (Pg) as

(Do) { ¥p, = infyerz (E [Uj, (43 Br, B2)] + 3, (v)):

According to Theorem [2.1.37} if y* = (y3,y}) € R? is optimal for (Do), Z,(y*; B1, B2) € L2Q

and
y = B [g0(Zg (y: B1, B2))] Ay (A.16)
is usc at y = y* for all Ay € Xk, , then Zy,(y*; B1, B2) is (admissible and) optimal for (Po) and

(v*)'E [g0(Zyo (y™; B1, B2))] + 0k, (y*) = 0.

Thus, it remains to show that dx, (y) = yovo for all y = (yo,y1) € [0,00)? and that the

minimization in (Dg) can be restricted to [0, 00)?.

For y = (yo,%1)" € R? the support function § Ky can be computed explicitly as

Yoo y1 >0

(A.17)
o) y1 < 0.

Oy (y) = — inf (y’:c) = yovg — inf )(ylxl) = {

x€{—vo}%[0,00) x1€[0,00

In particular, Xx = R x [O~7 o0) and 0x(y) = yovo for all y € Xgx. Moreover, U is strictly
increasing on its domain, Q(Z(T) > 0) = 1, g is non-increasing and V*%(T) < By (Assumption
3.2.1). Thus, we have for any y = (yo,y1)" € (—00,0) X [0, 00)

Uz (y; B1, Ba) +yovo = sup  (U(x) — yoZ(T)z — y1g(x) ) — yovo
B1<z<B>

strictly increasing in @
= U(B2) — 3o (Z(T)B2 — v0) — 19(By)
> U(By) = yo (Z(T)V™°(T) = v0) = yg(V*(T).
Further, by Assumption, E[g(Bz)] < E[g(V*9(T))] < 0. Hence,

BlUp, (: B, B2)] —yove > B[U(B)] - yo (BIZ(T)V™T)] = vo) = yi Blg(V™"(T))]

M B0 (82)] - o (BIZ@V T )
HE R (By)
= E[U;O(O;Bl,BQ)] + 0 - vg. (A18)
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Thus, we may restrict the minimization in (Dg) to

29 inf (E Uy (y; B1, B2)| + 05y, (y)>

yER?

=
||g I

f U* B ,B
(yOﬂl;E x[ooo)( [Ugo (v By 2)]+yovo)

y:(y07yllr)1,6[0,oo)2< [ 90<y 1 2)] +yovo)

=
o
tes

Proof of Lemma[3.7.1. The poof is completely analogous to the proof of Lemma [3.3.1] O

Proof of Lemma [3.4.2

(i) This statement follows from the analogous steps as in the proof of Lemma

(ii) By assumption, we know that (B y > 1, D" = ( o (B B2 > Ba,

U)\(BZ)

and due to the monotonicity of g, (3.3)) and ((3.4)
E[g(D")] < Elg(B)] < E[g(voF)] < 0.

E[D*Z\(T)] =

E[BQZ)\(T)] = 0.

Hence, D* € Cy(vo, g) and

by(vo) = sup  E[U(D;Bi, By) | <E[U(By)] < E[U(D*)] < & (o),
DeCx(vo,g) —’_<U(B :
> 2

i.e., D* is optimal for (P}).

Proof of Lemma[3.4.3 The argument goes along the lines of [17], Proposition 8.3. As my«
satisfies the slackness condition

SN (1) +m= ()X (t) =0 L]0, T)®Q — a.e.,
we have V2™ (0) = V*0™* (0) = vy and

AV () = V™ () ([r() 4 (p(t) — () 1) max (1)] + mas (8) S(6)dW (1))
+ V™ ()]55 (N (1)) + mxe () A" (1)) dt

-~

0
= V2™ (@) ([r(t) + (u(t) — r(0)1) A ()] 4 ma= () () dW (1)).

Therefore, V™" and V'0™* are solutions to the same SDE and V"™ (T) = V0™ (T)
holds Q-a.s.. Further,
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™ € K L[0,T]®Q — a.e..
VW (T) = Vi2™ (T) > By Q-ass., as V{2 (T) is optimal for (Pjx).

Vo (T) = Vo™ (T) < By Q-as., as V™" (T) is optimal for (Py+) and vy < vy-(Bs)
(Lemma [3.4.2)).
E [g(Vvorm=(T))] = E [g(Va2™ (T))] <0, as V,>™"(T) is admissible for (Py«).

o E[U(Vom(T)] = E[U(V*™ (T); By, By)] = E [U(Vy2™ (T); Bi, B2)] = ®x-(v0)-
Thus, my« € A(’Uo, K, By, Bo, g) and

E[U(V*™(T))] < ®(v) < Bx-(v0) = B [U(V*™(T))],

i.e., my« is optimal for (P). O
Proof of Theorem[3.4.4 The poof is completely analogous to the proof of Lemma [3.4.4 O

Lemma A.2.1. Let A € D', y* = (y§,y7) € (0,00) x [0,00). Then,
(1)
Q(yo — Ty, (y0,y71; B1, B2) is continuous at yo = yS) =1.

(ii) There exists y§ <y such that

IQA(?/S;ZUT;BLBQ) S IgA(ygayT;Bl)BQ) and & [ng(y(—)i_vyT>BluBQ)Z)\(T)i| < 0.

Proof of Lemma[A.2.1]

(i) Consider the function

0= (o)

Then, Z;(yo,y*; B1, B2) is non-increasing in yo by Lemma [2.1.38, (i). Hence, according to
the Darboux-Froda Theorem (cf. Theorem 8-2 in [1]), the function

Yo — Zy(vo, y1; B1, Ba) (A.19)
has at most countably infinite points of discontinuity on (0, c0). Further,
Iy, (yo, yt; B1, B2) = Ly (yo Zx(T), yi; B1, B2)  Q-aus.

and the random variable Zy(T') has a continuous distribution on (0, 00). As the points of
discontinuity of (A.19) are a null set with respect to the Lebesgue measure £(0, c0), this
implies

Q(yo — Iy, (Y0, y1; B1, B2) is continuous at yo = ya‘) =1.
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(ii) Since A € D', we know that
y — E [g)(Zy, (v B1, B2))] Ay
is usc at y = y* = (y§, y7) for all Ay € R x [0,00). Choosing Ay = (—1,0)" implies
limsup E {IgA(y; Bl,Bg)Z,\(T)} = limsup E [g)\(IgA (y;Bl,BQ))]/Ay

y—y* y—y*

< E g\ (T, (v Br, Bo))] Ay = B [ng (y*;Bl,Bg)Z)\(T)] AP e (A20)

Hence, there must exist a yar < yg, as described in the statement of this lemma, since

otherwise
limsup E [ng(y; 31732)Z>\(T)} > limsup E [ng(yo,yf%BhBﬂZ,\(T)] = 00,
y—y* Yo 1Y

which contradicts (A.20)).

Proof of Theorem [3.4.5.

(B) = (A):
This is the statement of Lemma [3.4.3]

(B) = (O):
By Lemma and (3.6, we have for any A € D:
- I B.6) .
(I))\* (’Uo) @(I)(Uo) < (I))\(’Uo).

(B) = (E):

Due to condition (B), the additional drift from the portfolio my« € A(vg, K, B1, Ba, g) in M~
is zero L£[0, T] ® Q-a.e. and therefore, V2™ (t) = V0™ (t) L]0, T] ® Q-a.s. However, for any
A € D, we can use It6’s product rule to see

d(Z)\(t)VvoﬂTA* (t)) = Z)\(t)dvvoﬂr)\* (t) NI 7CURPS (t)dZ)\(t) + d<Z)\, V0 TAx >t

+ 2OV (1) - (r(8) + [(t) = ()1 e (1))t
+ Z\ () VTN () a- (£) S () dW (t)
— Zy() Vo™ (t)

) S () () dt
— (BB —r (LA e (1)
= —Z\(t)VPO™ (1) (5K()\(t)) YO (t))dt

+ 2V () (W (t)S(t) — 'y,\(t)’) dW (t)

Integrating this SDE then shows that

Z) )V (t) + /O Z\(s)VU0™* (s) (6x(A(s)) + )\(s)/ﬂj\*(s))/ds (A.21)
>0 by L. (iii)
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- /0 Za(5)VP0 (5) (mae (5)/S(5) — 1 (s)) dW (). (A.22)

As (A.21)) is non-negative, so is (A.22)). Thus, both (A.21)) and (A.22) are non-negative local

martingales and therefore supermartingales. Hence, we obtain from the supermartingale prop-
erty

E[Z,

g ("3 B1, Bo) Z\(T)] = E[V»™ (T) Z\(T)) = B[V*™ (T) Z\(T)]
T
< B[V*™ (T)Z5(T) + /0 AV (1) S (A1) + A(E)' 7 (£) dt] < v,

>0 >0 by L. 2.1.17 (iii)

(B) = (B):
Follows from exactly the same arguments as Theorem 9.1 in [17] with the choice

B = V;*O’”* (T) =1y,.(y"; B1, Bo).

(C) = (D): i
Let A* satisfy Condition (C), let A € D and D € C)(vo, g) be an admissible terminal wealth for
(Py). Then,

E [DZ,\(T)] — v and E[g(D;Bs)] <0.
Thus, we obtain for any y = (yo,y1)" € [0, 00)
E[U(D; B1, B2)]
=B | U(D; By, Ba) — 40Zx(T)D — y19(D; 32)} + yovo + Yo (E {ZA(T)D} - UO) +E [y19(D; B2)]
——— ——

<Uj, (y;B1,B2) 0 <0

=0
< E[U,, (y; B1, B2)] + yovo.

(A.23)
Noting that the right-hand side is independent of D, we can take the supremum over all terminal

wealths D € C(vo, g(-, By)) admissible for (Py) and receive

Pa(vo) < E[U;A(Zﬁ B, Ba)] + yovo.

Due to Theorem the choice of A = A", y = y* and D = Z,. (y"; B1, Ba) achieves equality
in (A.23). Combining this fact with Condition (C) finally gives

E[U; (y*; B1, B2)] + ygvo > ®a(vo) > = (v0) = E[U; , (y*; By, Ba2)] + yivo
= E[U,, (v B1, B2)] =2 E[Ug . (y*; B, Ba)].

Gx*

(D) = (B): i
Let \* € D’ satisfy Condition (D). Let m := my+ be the portfolio process that attains
Zy,. (y*; B1, B2) in M«. We now need to show two things:

%
m(t)e K L[0,T]®Q — a.e., (A.24)

[Tt N () + (N (1) =0 £]0,T] ® Q — a.e.. (A.25)

Before doing this, we need to introduce a variety of different notations. Let v € DU {—\*} be
arbitrary but fixed. Let € € (0,1), ¢t € [0,7] and n € N. We define:
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U Prii

o L := Lgy) = fg S (N (s))ds
Wi (t) := W(t) + [y 7a-(s)ds

_y (E(s)_ly(s))/dWA*(s)

=
i
=

Tn = TAinf {t €[0,T] ‘ |L¢| > n, or [Ny >n, or
t
or / 1(s)"Lu(s) [2ds > m,
0

orAH%w+ﬂﬂ”V®W%2n

th “lu(s s)'w(s)||?ds > n
o | (P&Ys)) 120) 7 0 (8) + (L + No)S(s)'n(s)*ds = n}
® Aen(t) =N () + ev()ljy<r,y = Aen €D

The ensuing proof is split into three parts and is structured as follows. In Part 1 and Part 2 we
prove ((A.24) and (A.25) by showing the analogue of (9.14) and (9.15) from [17]:

0 < timeup(BUG,, (% BuBa) — U5, 75 B, Bo)
€l0 ’

Part 1 -
S ySE[Ig)\* (y*7Bl7B2)Z)\*(T)(LTn +N7n>]
— B[V (1) 25 (T)(Ly, + N,)] (A.26)
Part 2 Tn Vv*(m"(t)
< B[z ) [
’ o B

o
::V;,?’ﬂ(t)

[ () v(t) + 60 (X ()

Part 1 closely follows the argument of the proof of Theorem 10.1 in [17]. In the end, the main
objective of Part 1 is showing that we can apply Fatou’s Lemma to interchange limsup and
expectation by using properties of the conveniently stopped processes. Part 2 closely follows
the argument in Step 5 of the proof of Theorem 9.1 in [17]. In Part 3, we choose arbitrary
v € D to show and v := —\* to show . This corresponds to Step 3 of the proof of
Theorem 9.1 in [17].

We will elaborate further on the third inequality in (A.26)), the last equality in (A.26]) and the
concluding argument mentioned previously in chronological order. This splits the proof into

three parts.
Part 1: We start off by proving a useful set of inequalities that will form an integral part of

this proof. First of all, in either case v € D and v = —\* we have for every t € [0, 7,,]:
0k Aen(t) = S (N*(1)) = S (A" () + ev(1)) — S (A" (t)) < 6™ (A" (1)) (A.27)
Case v € D:

bW (N (1)),

o (A*(t) + ev(t)) = dx (A*(1)) < Ox(A*(1)) + €0 (v(t)) — ok (A*(2))
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by the positive homogeneity and subadditivity of .

Case v = —\*:
(N (1) + ev(t)) = S (N (1)) = (1 — €5k (N (1)) — Sxe (X7 (1)) = —eSk (A" (1)) = €6 (A*(1))
Furthermore, note that on {t < 7,}
Vaen () = e (1) = eS(1) 1w (t)
= [V O = a7 = 26(Z()~ w(8)) e (1) + €[2(0)~ w(8) |

and vy, (t) =7+ (t) on {t > 7,}.
From these findings we can derive the following inequalities:
Z3.n(T)

Zy(T)

2 Tn
> exp (—e(LTn +N.,) — 62/0 HE(t)_lu(t)H2dt) > g3 > 73n (A.29)

::agfl)(e)
and indeed, upon more detailed inspection of (A.29) we find that

Z)\e,n (T)

o = exp(—/o Sic (N (8) + e(t)) — Gxc (N (1)) dt

< W (A (1)) by
1 Tn n
=3 | I OF = e @lPa = [ o0 = (t))’dW(t))

0

(A.28)

™ 62 Tn
> exp ( - [Tae a5 [T o v
—e [T ) e [ (E(t)_lv(t))'dW(t)>
0 0

Tn 2 Tn
= exp| —e¢ ) (\* -£ ()2
- p< [ @=5 [ ime v P

=L,
. /0 TS () AW (t))
= N,
62 n
— o (eltn + 3= 5 [T IBO w0l

> exp ( — 3en) > exp ( —3n),

where the second-to-last inequality follows from the choice of the stopping time 7,,. Note that
the expression ag/)(-) is differentiable in € with

W
0 (V) (¢ _ (aﬁf’))/(o) _ hmm

e=0 e—0 €

= —(Ly, + N,,). (A.30)

aan ()

We go on to prove the second inequality in (A.26]) by validating the following inequality:

thUp€<E [Uas... (s B1, B2) = Uy, (y ;31,32)])

el0 o (A.31)

< Yo B[Zg,. (s Bi, Ba) Zy+ (T)(Ly, + Ny,)]
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We first derive a pointwise majorant with finite expectation to justify the application of Fatou’s
lemma:

(U;)\e,n (y*; B1, Ba) — Uy, (y"; B, By))

A==

(U@, (" B1 B2) = 42, (1), (57 Br, B2) — yig (Ton,, (' Br. B)) )

—= sw (U@) =42y (D) - yig(a))
€ Bi1<z<B»

>U(x)~y§ Zx«(T)z—yig(x) for =TIy,  (y*:B1,B2)

(y*; B1, B) (Z,\* (T) — Z&m (T) )
~— ~——
>0 > 72y (T)al (o)
(A.29) . . N 1 ,

< Yol (Y B1, B2) 2y (T) = (1 —all )(e)).

€

IN

1
_ *Z
eyo g

Ae,n

(A.32)
Again, recalling (A.29) yields for any 0 < B; <z < By

renli) = (TP C0) < (T A g (A33)

and thus by Lemma [2.1.38} (i), Zy, , (y*; B1, B2) < Zy(y*; B1, B2). However, we also have

Us(y's B Ba) = swp  (U(@) = yse ™" 2 (T)a — yig(a))
B1<x<Bs>

=U; (y())ke_3enayi<;Bl7B2)

D%

and in particular Z;(y*; By, B2) = Zy,. (ya‘ e 3n y¥: By, Bg) . Combining these observations with
(A.32), we have for any fixed 0 < €' and for all 0 < e < €™

g

1 * * * *
;(ngn(y ; B, B2) — Uy, (y"; B1, B2))

[A33) o 5 1 )
S WL B B 2 (D) (1= al)(e)
* * _—3en , x ~ 1 (v)
= YoLgy- (Yoe >, yis B1, By) Zy+ (T)E (1 —al (6)) (A.34)
LEDE 0 N o
< Ty (vie T ut B B) 20 (T)- (1- a(e))
€ NI
2673671/
* * —3etn  x ~7 1 —3en
< YoLgy (yoe ,y1; B, Bg) Zx«(T) sup | - (1 —e ) (A.35)
0<e<1 \ €
<00

Since A\* € D', the auxiliary Lemma (ii) implies that we can choose €™ small enough such
that
* x —3eT * ~
E [yolgv (yoe 5 nayl;BlaBQ) Ly (T)} <o

Then (A.35)) yields an integrable majorant for all 0 < ¢ < €™ and we take expectations and
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apply Fatou’s lemma to obtain

timsup — (B[U;, (47 B1, Ba) — Up,. (473 B, Ba)])
€l0 ’

(439 . * * _—3en , * ~ 1 v
hm;up]E[onW (e ™" yis Br, Ba) Zae (1)< (1= ol (9))]
Fatou . * _—3en , * 1 (v)
3B (20 (M limsup (- Ty, (e " 0is B Bo) - ~(1-al(9) )]

el0

1
=)

T, . (y*iB1,Ba) by LiA2.1(5)

|

——
Lo+ No by

A3 [ 5 N

yOE |:Z)\* (T)Igv (y 7B17 BQ) (LTn + N’?’n):| 9

This proves ((A.31)) and hence, the second inequality in (A.26]).

Part 2: We continue by proving the last inequality in (A.26). Let V™ be the wealth process
of min My~ and set V2 (¢) := P ()~ - Vy*"(¢). Then, through an application of Itd’s
product rule and a change of the diffusion from dW (t) to dWy«(t) = dW (t) 4+ va= (t)dt we see:

d(V27(1) = d(P (1)1 VT (1) = Po*(t)_ldef’”(t) + VT d(R(8) )
B prom sy ([r( — (O 7()] db + 7(1) S(dW (1))
VYOT () [0 (A* (1)) + 7 () N ()] dt — V32T (8) [r(t) + S (N*(¢))] dt
() (t)(¢ )dWA*(t)
Furthermore,
(V27 (1) - (Le + Ny))
= VO () (dLg + dNy) + (Ly + Np)dVy2 (t) + d(V,0™, N
— V(L + (S0 v(t) dWae (1)) (A.36)
+ VDT () (Le 4 Ne)m () S(8)dWs (£) + Vo™ () (t) v(t)dt
= () ([(SO ) + (Lo + Nm(e) ()]dW,\*() 7(t)v(t)dt + L)

Define the probability measure Q(;i) via its Radon-Nikoydm derivative:

Qs
dQ

Then, according to Girsanov’s theorem, the process

= Z)\* (Tn)

t
WO = WO+ [ (5L ds
0

is a Wiener process with respect to Qg\n* . From now on, let |E - o » [X] denote the expectation of

a random variable X w.r.t QE\Z) . Then, by the choice of 7,

E o - / " VT () (1) + (L + Ny)m () 2(t) [ dW (t)]
LSO

r pT
= By /0 v;f’“<t>[<z<t>—1u<t>>'+<Lt+Nt>w<t>’2<t>]ﬂ{t<deA*<t>] (A.37)

T

=FE- o - i V2O (t) [(E(t)1u(t))’+(Lt+Nt)w(t)’z(t)]1{t<Tn}dW(f)(t)]

=0.
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Furthermore, integrating over 1) and taking expectations with respect to Qg\") results in

E(Zx- (1o) Va2 ™ (70) (Lr,, + Niy )] = E[Zo (1) V32" (72) (L, + Ni, )]
= [k ~(;Lk) [V;f’ﬂ(Tn) (LTn —+ NTn)}

Q
o] [ 7(t)'v ¢
- EQ;@_/O VT (@) (8) v(t)dt + dL ]]
o V”E’W(t)[(z(t)—ly(t))’+(Lt+Nt)7r(t)/2(t)]dw/\*(t)} (A.38)
E 5 [ VYO () [ (t) v(t)dt + st]]

2 Lo
_ E[Z,\* (72) /0 T ) () v (t)dt + st]].

Furthermore, since (Zy«(t) - Vi (t))
ditional expectations ensures

0<t<T is a @)-supermartingale, the tower property of con-

B[V (1) 2 (1) (L, + Nr, )] = BBV (1) 20 (T) (r, + N, )| 7, ]
= E[(Ls, + N, JE[V™(T) Z- (T)| Fr, ]
< B[V (1) Zae (70) (L, + Ni,)].-

This, in combination with (A.38)), proves the last inequality in (A.26)).

Part 3: We can finally wrap up this proof. First, let v € D. Then, by the inequalities in

(E-25)
0 < B[Z3 () /O OO 0N

T
— B[Z(r) / VT O (1) v() + 05 ()L s,y t] ¥ € N

0

Assume now that the set
A= {Ir@)'v(t) + ok (VO (1ry < 0} € QX [0,T]
has positive product measure. Setting 7 := vl 4 € D, we see that
B[Zy(m) [ RO 7(0) + 0w (5(0) et
0

~ B[ 2 () / ") [0 () + S )L di] <0,
>0 0 >0 <0

But as 7 € D, this contradicts (A.26]). Hence,

[m(t)v(t) + 0 (V)] Lp<ry >0 L[0,T]®Q — a.e.
[n—o0
m(t)v(t) + o (v(t) >0 L[0,T]®Q — a.e.

as 7, — T @Q — a.s. for n — oo. Since the choice of ¥ € D was arbitrary, this allows us to
conclude (A.24) by virtue of Lemma [2.1.17] (iii). In particular, the choice of v = A\* yields

TN () + (N (1) =0 L[0,T]®Q — ae.. (A.39)
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On the other hand, by setting v := —A*, we obtain from ({A.26|)

0<-E {ZA* (Tn)/ VIO () [ (£) N (t) + 6 (N*(2))] dt}
’ >0
and this implies (A.25]). O

Proof of Theorem [3.4.6, This is a direct consequence of the remarks above the statement of the
corollary. n

Proof of Lemma([3.5.2 Due to G being convex and strictly decreasing, RRA(t, z;y) > 0. As

v=0
0 € K, we have dg(x) = —infyex(v'z) >0 . For given (¢,z;y), we aim to find a minimizer
= M\ (t,2;9) € R of the function

f(@) == RRA(t, 21 9)lly + 27 ]| + 0k ().

If RRA(¢, z;y) = 0, then x = X\*(¢, 2;y) = 0 € X minimizes f globally. Otherwise, f is strictly
convex in x and f(z) — oo as ||z|| — oo. Hence, f has bounded level sets and is continuous
on Xg (cf. Assumption [3.5.1). Thus, f attains its global minimum at some z = \*(t, z;y) €
Xg. Hence, there exists a global minimizer \*(¢,z;y) € Xg and it remains to show that this
minimizer is uniformly bounded in (¢, z;y).

Since ¥~ ! is non-singular, the matrix C' = (2_1)/ 37" is symmetric and positive definite. By
the symmetry of C', the spectral theorem implies that C' has d orthonormal eigenvectors and d
real eigenvalues. Furthermore, as C is strictly positive definite, all of its eigenvalues are strictly
positive. Thus, if c_ > 0 is the square root of the smallest eigenvalue of C, we obtain

|27 2| = 2'Cx > (c_)?||z||? for all z € RY.

1

Further, for a given minimizer A*(¢, z;y) € Xk, define
vt 2y) = A2 ) Ly )< 2 a1

Then, v € X and v coincides with A\* whenever || \*(¢, z; y)|| < 2 ||v|. Otherwise let | \*(¢, z; y)|| >

- C—
C%H’y” Then, v(t,2;y) = 0 and an application of the reverse Cauchy-Schwarz inequality

|21 + 2 ? = o |* + 22 + [|zal|* > [|2al|? = 2l l2al] + o2 ]® Var, 22 € RY, - (A40)
yield
1
SRRA(, 2 y) |y + DTN (L 239)|* + 0k (V' (1, 239)

" 1 2 —1\* —1yx% 2 *
S SRRA(L 259) (12 = 2SI @ 2 )l + 1570 () 12) + 0 (A (¢ 239)

1 . 1y .
= SRRA( 2 D IVIP+ IS7X @zl (2l + 27N @ 2 y)l) ) + 0k (X (2 25 1))

e |3 (L) |2 >0
1
> SRRA(t )1

v(t,zy)=0 1 -
e SRRA( 2 9)lly + 27 w(t 29)[1* + ok (v(E 2 ).

Hence, v(t, z;y) is also a minimizer of () and |[v(t, z;y)|| < Z|v|l, for all (¢, 2;y), which
concludes the proof. O
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Proof of Theorem[3.5.3 The uniform boundedness of \*(¢, z;y) € Xk and the continuity of dx
on X guarantee that ||A*(¢)|| and |0x (A*(¢))| are @ —a.s. bounded on [0, T]. Due to measurable
selection theorems (for example Corollary 3.48 in [77]) we may w.l.o.g. assume the mapping
(t,z) = A*(t,z;y) to be Borel-measurable. Hence, the corresponding stochastic process A\* is
progressively measurable and thus an element of D.

For convenience, we define the characteristic operator H*G of G with respect to A € D as

1
HOG(t z5y) = Gilt, z3y) — (1 + 0k () 2G=(t 25 ) + 51y + BTAG) P2 Gt 23).

Note HAG(t, z;y) > 0 for any A € D and H G(t, z;y) = 0 if A = A*.

Let now A € D with [|A(t) — A*(t)|| <1 L[0,T] ® Q-a.s., be arbitrary but fixed. Due to Lemma
3.5.2] we can assume that C' > 0 from the polynomial growth condition was chosen large enough
such that

max (ny,\(t)Hz,éK()\*(t)),5K(/\(t))) <C L[0,T] ® Q-a.s..

Finally, for any p > 0, we define the stopping times

f=int{s e ]| [ (Gs 0 B6n6)) s 2
Tp = min (Tp,T)

This choice of 7, ensures that

E

/tTp (G=(5, Zx(5); ) Zx(s)la(3)]]) ds‘]:t] <p

v

U G (5, Z0(8): 1) 2 (s)ya () dW (s ‘]—'t]_

Therefore,

E(G(7p, Zx(15); y) | F]

Ito

= G(t, Z\(t);y) + E

/ HAG (s, Zx(s); y) ds
>0

d

B [ 6.l i) 2o aw (s \ﬂ]

-~

=0
> G(t, 2x(t);y) (A.41)

Clearly, 7, — T, for p — oo and hence G(1,, Zx(1,);y) — G(T, Z\(T);y) = U,, (y; B1, Bg) for
p — 00.

Inequality (A.41)) holds with equality for A = A*. Next, we show that we can interchange limit
and expectation. This will be achieved using Doob’s martingale inequality and the dominated
convergence theorem. The polynomial growth condition gives us a dominating random variable

for G(7p, ZA(TP); Y):

|G(7p, ZA(TP)§3/)| <C (ZA(TP))_a + (ZA(mp))*
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<C ( sup (Zx(s))™® + sup (Z)\(S))a> .

t<s<T t<s<T

We now show that the right-hand side has finite expectation, due to the uniform boundedness
of A,y and dx(N):

267 = 220 exp (a [ 14 0x3w) + plm@lPdut a [ nra)

= 2y | [ Sk Nw) 51+ ) () du

<C <C
a? s s
e (<5 [ @it a [Cnwart)
t
: M_(s)

< Z3(t) " exp Qa(r +O) 4 5ot a2)C’] (s — t)> M_(s)

and M_ is a martingale by Novikov’s condition (again due to the uniform boundedness of \).
Therefore, through an application of the general inequality x < 1 + 22 for all # € R in (i) and
an application of Doob’s martingale inequality in (ii) we obtain

E | sup (ZA(S))_Q‘]-}]
t<s<T
< Za(t) " exp ([av + 01+ (o +a?)C)(T - t)) E tgggTM@)\ft]
(@) -
<

(£~ exp ([ar +C|+ %(a +a?)C](r - t)> E

t<s<T

1+ sup (M(S))Q)]:t]
(g) Z\(t) ™ exp ([ar +C+ %(a + QZ)C} (- t)> (1 HERMD) 7] > -

N—_——
<o

where the finiteness of the last expectation follows again using Novikov’s condition and the
uniform boundedness of A. Similarly,

2ot = 200 exp | ~a [ 7+ ) + 5@ du—a [T aw

—_—— t
>0

S
N 1
<2t exp | ~a [ v jalnlP du
t

exp (—O; [ in@itae—a [Tawyav)

=: My(s)

< Z\(t)* exp <[— ar + %O&QC} (s — t)> M, (s)

and M, is a martingale by Novikov’s condition (again due to the uniform boundedness of \).
Therefore, through another application of the inequality < 1 + 22 for all z € R in (iii) and
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an application of Doob’s martingale inequality in (iv) we obtain

|

< Zy(t)%exp ([a\r! + %oﬂC’} (T — t)) E

E | sup (Zk(s))a

t<s<T

sup M+<s>\ft]
t<s<T

(ii) . 1
< Z\(t)%exp ([a\r! + 50420} (T — t)) E [1+ sup (My(s ‘]—"t]

t<s<T

(2) Z(t)* exp <{a!r| + %CK2C] (T — t)) ( +4F [M(T)?| 7] )

<00

The finiteness of the last expectation can again easily be verified using Novikov’s condition and
the uniform boundedness of A. This allows us to apply the dominated convergence theorem

Gt Zty) = EB|GEZw:y)|F]
@y
< plggoE [G(TP,Z)\ Tp); |]:t}

dominated pp [hm G(Tp,Z A(7); ‘ft]

convergence p—0
- E [G(T, ZA(T);y)\ft}
= E[U; (y; B B2)| ],

with equality if A = A*. Conditioning on Z)(t) = z concludes the proof. O
Proof of Lemma[3.5.4 Follows immediately from Chapter 5, Theorem 6.1 in [22]. O

Proof of Lemma[3.5.5. Note that for any given constant 8 > 0, we have
1
Bu? > |u| VYu e R with |u| > 3

In particular, we then have

1
Bu? + 3 > |u| VueR. (A.42)

g

Furthermore, for v € R, define f(u) := U; (y,Bl,Bg,eXp (”PWH )> Then f satisfies the
prerequisites of Lemma [3.5.4] since for any v € R and any 8 > 0

w)| = |U; | y; B1, Ba,ex U
sl = |07 (v B (122
B9 Glmarl, sl
S C(e ’Y>\ +e W\>§ u>
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“'Y)\* Il ‘ ‘

< 20e”

(A.42 *
‘D 2Ceo‘|‘%“ (Buz+1)

Choosing  small enough such that a“”\}iuﬁ < ﬁ guarantees that F', as in (3.16f), defines a

continuously differentiable function in 7 € (0, 7] and twice continuously differentiable function
in u € R, which satisfies the heat equation F(7,u) = Fy,(7,u) for all (1,u) € (0,00) x R with
initial condition F'(0,u) = f(u). We substitute

T and = Y2 <log(z)—<r+;|]7>\*|2> (T—t))

[lva<ll
and define a function G : [0,7] x (0,00) — R as

' = T,U) = - \/Q oglz) — (1T 1 . 2 _
Gt zy) =F(r, )—F(T e (1 8() = (r+ 5l 12T w))
4T k ﬁ oglz) — (1T 1 . 2 o - .
ﬁ/ < >f(”w| (1 8(z) = (r+ 5 e )T t)> )d

[y Il
/ e_ng <y;B1,Bz,ze_(”;””*'z)(T_t)_ 5 z) dx.

:,/47r(T—t) R

The function

2 U (y: B Br2) = swp  (Ule) = yozw — y1g(a))
B1<x<Bs

is convex and strictly decreasing in z for any y = (yo,v1) € [0, 00)?. Therefore, by the linearity
of the integral, G is convex and strictly decreasing in z. Furthermore, using

or 1 ou V2 [yl Ou V2 1 4 Pu V21

o o Tl Ve 9 ellz T el
we have
G(t,zyy) = aatG(t,z;y) = ZZ;FT(T, u) + ?:Fu(r, w)
— —Fy(r,u) + <|’£Hr+ ”’\%’) F(7,u),
—r2GL(t, zy) = —rng(t 2y) = zngu(T,u) = —r”;fHFu(r, )
S PGustt 210) = S o P G,550) = Zibv 2 (LRt
= ”'\%” Fu(r,u) + "\V/g” %Fuu(n w)

_ HV)\*H Fu(T, U) + Fuu(Tv U)

V2

and therefore

2
Gi(t,zy) —rzG.(t,zy) + %H’YA*H2GZZ(757 z;y) = —Fr(7,u) + Fuu(T,u) = 0,
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for all (t,2z) € [0,7T") x (0,00). The substitution of 7 = 0 < ¢ = T and the initial condition for
F gives the terminal condition for G:

G(T,zy) =rer=0 p (O V2 log(z )>

[l

* Hf}/)\*H \/5
= U: | y; B1, Bo,exp log(z
g ( b2 < \/i ”7)\* ( )

= U;(y; B1, B, 2).

In total, G satisfies the PDE

2
z
0 = Gt(tv 2 y) - TzGZ(ta 2 y) + ?HVA*‘PGZZ(L z,y)
2
* z7 . —
Def.A Gi(t, z;y) —r2G.(t,2;y) + — inf (H’Y +X 1513”2) G:(t 2y)
2 .Z‘GXK

GZZ>O 22 . ~1 12
Gt zy) — raGa(tzy) + 5 i (I + 57l PGt 5))
2 CﬂGXK

with terminal condition G(T, z;y) = U ; (y; By, B2). Furthermore, we can bound the absolute

value of GG, since for ¢ = T the polynomial growth condition on U 5 (y; B1, Ba, z) holds and for
t<T

G(t, 2 y)] dx

U* (y Bq, By, ze (H' Iy 1) (T—t)— H“f>\>'ﬂ|| )

1 /6 4(T )
VAT (T —t)
C/ e—ﬁ (ze
VAT(T —t
/6 4(T o) (z
\/471' —t)

2 a *
_ #eo‘(”@””*“ )(T—t) (/ o ATt ot lrd$> L
An(T —t) R

2 @ *
I N DIC) < / T lmdx> 2o
Ar(T —t) R

(i) a(r+17*2)(T—t)( / — 2 ol VT )
= (O 2 117X A d
€ V2T !

~~

Iy

+C€—a<r+;||w2><T—t>< L / e—uj—awFT—tudu> Lo

B.17) 1 lvasll N
—<r+2||w2><T—t>—jiz> i

~+ e 1T ”*'l)adx

V2T Jr

Iz
(’“) 1 2 1.2 2
£ el tiin PIT bl T (o | o)

~~

=C

where we substituted u =

2(9;71‘,) in (7) and used that [} = I = exp( ||y |2(T —t)) in (i),

since the integrals I and I, are the moment generating function of a standard normal random
variable evaluated at oy |[v/T — t. O
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Proof of Lemma[3.5.6. We begin by deriving the concave conjugate of a power utility function
n (0,00). Thus, for b < 1, b # 0 and y > 0, we aim to compute

(52" o)
sup ( —2” —yz ).
@>0 \b

The corresponding first order optimality condition for the optimizer x* yields
— 1
0= (x*)b 1fy & ot =gyt

As %xb—ym is strictly concave in b, the first order optimality condition is necessary and sufficient.
Hence,

Sab —yz) = Sy = A.43
2‘;{;(6"5 ym) Y b Y (A-43)

We continue by showing that (i) and (ii) imply that the growth condition (3.17)) is satisfied.

(i) If max (U(x),—g(x)) < Cy ( o+ 1) , then we have for any (yo,y1)" € [0, 00)?

Usly: B, Ba2) = swp (U(2) = yorz — yig(e))
B1<z<B>
1
< sup <C+(1 +y1) (:cb+ + 1) — yoxz>
B1<z<B> by
1
< sup <C+(1 +y1) (xb+ + 1) - yg:):z)
x>0 by

1
= Cy(1+ 1+ su b — )
#r ) ( 220 <b+ (1 +Z/1 C+

s 1—by < ”+‘
= 1
Cellrum) |1+ by (1+y1 C+

1—by < Yo )
Cy(1+ 1+ z”+*1
+1+9) by \(1+y)Cy

Using analogous arguments, we can show that C_ (bi_mb* - 1) < min (U(x), —g(x)) im-
plies

b_

C_(1+w) —1+1_b‘< Yo >b_1zbb_—1 < Ui (y; By, Ba, 2)
— Y1 b (1+y1)07 = Vg Y; D1, D2, .

Thus, the growth condition (3.17)) is satisfied with o = max (‘bf—:l‘ , ‘bf—tl

) and a suit-

ably large constant C' > 0.
(i) If C = |U(B2)| + yo(B1 + B2) + y1]g(B2)| < oo, then condition (3.17) is satisfied with

o =1 because for all z > 0

xr=DB>
Ui(y; B1,B2,z) = sup (U(x) — yozz — y1g(x)) > U(Ba) — yozB2 — y19(B2)
B1<z<B>

and Ug(y;Bl,Bg,z): sup (U(x) —yozx—ylg(x))
———

B1<z<By >~
<U(B2) <y19(B2)
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<U(B) —y19(B2)+ sup (—yozz) =U(B2) — yozB1 — y19(Ba)
B1<z<B>

= |U; (y; B, B2, 2)| < [U(B2)| + yo(B1 + B2)z + y1]g(B2)|
< ([U(B2)[ + y1l9(B2)|) é + (IU(B2)| + yo(B1 + B2) + y1|g(B2)])
<C(z7%+2%).

Proof of Corollary[3.5.7. All prerequisites of Lemma are satisfied and thus G (as defined
in Lemma|3.5.5|) satisfies the HJB equation , is convex, strictly decreasing in z and satisfies
a polynomial growth condition. According to Theorem as the minimizing \*(¢, z;y) = \*
is independent of y € [0, 00)?, this implies for all y € [0, 00)%:

G(0, 2;y) = E[U,,, (y; B1, B2)]

%

< E[U; (y; B1,B2)], VA €D with [A* = A@#)[]* <1 £[0,T] ® Q-a.s..

In particular, this holds for the choice of y = y*, where y* is optimal for (D}{*) Finally, as
M\* € D', Condition (D) is satisfied locally and the statement of this Corollary now follows
due to the equivalence of Condition (B) and Condition (D) by virtue of Corollary and
Theorem [B.4.5 O

Proof of Example[3.5.10} Following Corollary and Remark we still need to
e verify that U satisfies a growth condition 1) in z,

e show that Z, . (y*; B1, B2) = Cap(l'(ya‘), Bl,Bg),
o verify that Z,. (y*; B1, Ba) € Lp,

e verify that E [gx+(Z,

g+

(y; Bl’BQ))],Ay is usc at y = y* for all A € R x [0, 00).

As U is a power utility function and g = 0, condition (i) of Lemma/|3.5.6|is satisfied. Furthermore,
U(z) — yoZx«(T) is strictly concave in z > 0 and is maximized by Z(yo) over x € R. Hence, its
maximum over z € [By, By is attained by

Iy, (y; B1, Ba) = B1 + (Z(yo) — B1)" — (Z(yo) — Ba)" = Cap(Z(yo), B1, Bo).
By Assumption the market coefficients are deterministic and so is A\*. Hence, Zy«(T)
is log-normally distributed and all of its moments are finite. In particular, we have for all
Yo € (0’ OO)

E [Z,,. (4: B1, B2)?] < 2B} + 2 [Z(yo)] = 2B} + 2B | (3025 (1)) 77 | < .

Similarly,

E [T, (i B, Ba) 20 (T)] < BiE [Z30 ()] + B [T(0) 2 (7))
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Lastly, Z,,.(y; B1, B2) is a concatenation of continuous functions and thereby continuous in
yo € (0,00). Therefore, the monotonicity of Z,,. (y; B1, B2) in yo, equation (A.44) and the
dominated convergence theorem imply the continuity of

y—E [g» (Igv (y; By, Ba) Zx» (T))} - (E [I!b\* (¥ BB, Bs)Zx- (T)}) |

iny € [0,00)2. This is also true for y = (y§;, 0)" and thus A\* € D’. The optimality of Zy, . (y*; B1, B2)
for (P) follows from Corollary O

Proof of Example[3.5.11 Following Corollary and Remark we still need to
e verify that Ug satisfies growth condition (3.17)) in z,

e show that 7,

gr- () is given as in the statement of the example,

e verify that Z,,, (y*) € L2,

e verify that E [gx-(Z,

(%

(y))]/Ay is usc at y = y* for all A € R x [0, 00).
As U is a power utility function and —e < g(x) < 1 — € for all > 0, Uy satisfies the growth
condition ([3.17) by Lemmam (i). Further, we have for any y = (yo,71)" € [0, 00)%:

Uy () = sup (U(@) = w2 (T)r — g ) )

= sup (U(w) — yoZx (T)z — y1]1{m<BVaR}) + 1€

= max ( sup <U(a:) — Yo L+ (T)x), sup (U(:J;) — yoZy+(T)z — yl) ) + 1€

Bvar<z 0<e<Bvar
::fl(it) :5f2(x)
= max ( sup fi(x), sup f2(37)> + 1€
Byor<lzx 0<z<Bya.r

Since f1(Byagr) = f2(Bs), the last inequality holds despite the discontinuity of U (z)—yo Zx« (T)z—
Y11{z<By.z at © = Byar. The functions fi and fy are both strictly concave in x and thus
their maximizer over bounded intervals is obtained by capping their global maximizer at the
boundaries. Hence, © = max(Z(yo), Bv,r) maximizes fi(z) over x € [Byggr,0) and & =
min (Z (yo) , Bver) maximizes fa over x € [0, By,g|. It remains to determine which of these two
local maximizers yields the global maximizer Z,. (y). We make a distinction between two cases:

e By.r < Z(yo) : This implies
max(Z(yo), Bvar) = Z(yo), min (Z (yo) , Bvar) = Bvar-

Hence,

sup  fa(x) = fa(Bvaer) < fi(Bvar) < sup  fi(z) = fi(Z(yo))

0<z<Bv.r Bvar<z

and therefore Z,, . (y) = Z(yo).
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e Z(yp) < Bygr : This implies
max(Z(yo), Bvar) = Bvar, min (Z (yo) , Bvar) = Z(y0)-
We then have

sup  fo(z) > sup fi(z) & f2(Z(yo)) = f1(Bvar)

0<z<Bv.r Byar<z
& UZ(y)) — v Zx(T)I(yo) — y1 > U(Bvar) — YoZx+(T)Bvar
—_——
=Z(yo)>~1
1-b_ 1, _
& TI(Z/O) -y > EBVaR —yoZx+(T)Bvar
1-9b ~ 1
& TZ(yO)b +y0Zx+(T)Byvar > EB%R +y1.

Thus, if additionally
o 52Z(yo)" + yoZn (T)Bvar = §BYrop + y1. then Iy, (y) = Z(yo).
o 52Z(yo)* + yoZx (T)Bvar < §BYrop +y1, then Iy, (y) = Byag.

In total, the maximizing argument Z,,, (y*), where y* is optimal for (D}\C), is as specified in
the statement of this Example. By Assumption the market coefficients are deterministic
and so is \*. Hence, Z«(T) is log-normally distributed and all of its moments are finite. In
particular, we have for arbitrary y = (yo,91)" € (0,00) X [0, 00)

E[L,,. ()] < B [(Bvar + T(w0))*]

< 2B+ 2E [(I(yo)ﬂ

2

2 ~
=92B2, 0+ 20 ' [ZA* (T)bi} < 0,

ie., Z,

%

(y) € L%. Similarly, we have for arbitrary y = (yo,v1)" € (0,00) X [0, 00)
~ - 1 ~ s
B [Z,,. 1) 2 (T)] < BranBlZx ()] + 4§ B [ 2 (1) 7] < oc.

For a fixed value of Zy«(T), the functions y — Z,, (y)Zx«(T) and y — g(Z,,. (y)) are continuous
at y = y* if

1-0 * 17 bTbl * ry 1 b *

= (42 (D) ™ + s Zx+ (1) Bvan # 3 BYar + i (A.45)
The left side of (A.45) is strictly convex in Zg\* (T'), while the right side is a deterministic
constant. Thus, there are at most 2 values of Z)«(T') € (0,00) such that we have equality in
(A.45). However, Zy«(T') has a continuous distribution on (0, c0) and thus

Q (9/\* (Igv (y)) is continuous at y = y*)
1-b .

* % * r7 1 x
>Q <b<y0Z)\* (T)) Tt YoZr<(T)Byar # EB%R + yl) =1,

ie, y — g (Igv (y)) is continuous at y = y* with probability 1. Further, for any sequence of
(Yn)nen taking values in (0,00) x [0, 00) and converging to y* € (0, 00) x [0, 00), we know that

go = inf ((yn)o) >0
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|Zgse (Un) Zx+(T)| < (Bvar + Z ((yn)o)) Za+(T) < (Bvar + I (§0)) Za=(T)
19 (Zgye (yn)) | < 1.

Thus, the dominated convergence theorem implies

lim E [gr-(Zy,. (yn))] = lim (E [—Igv( )(Z (T)}>

n—00 n—00 E [_g (

_ <E[ Ty, (y) Zx-(T )}) E (g (Z,,. (1))] -

E [~9 (Zoy(v))]
Hence, y — E [gr+(Zy,. (y))] is continuous at y = y* and therefore E [gx- (Z,,. (y))]/Ay is usc
at y = y* for all A € R x [0,00) and thus A* € D'. In total, the optimality of Z,,. (y*) for (P)

now follows from Corollary O

Proof of Example|3.5.14 Following the same arguments as in the proof of Example [3.5.12] we
have for any y = (yo,y1) € [0, 00)?

Ugoo(y: B, Ba) = swp  (U(@) = yoZae (T — g(a))
B1<z<B>
= sup (U(l’) —yoZx+(T)z - ylll{:fc<BVaR}> + yie
B1<z<B2

:max( s (U(@) = w2 (T)z),  sup (U(x)—yoz*(T)m—yl))wle

By or<z<B> B1<z<By.r
=/f1(=) =f2()
= max sup  fi(z), sup  fa(x) | +yie
By ,r<z<B> B1<z<By.r

Since f; and fo are strictly concave in x € (0, 00), their constrained maximizers over intervals
can be obtained by capping their global maximizers at the boundaries of the interval, i.e.,

sup  fi(z) = f1 (Cap(Z(yo), Bvar, B2))

Byar<z<B2

sup  fa(z) = f2 (Cap(Z(yo), B1, Bvar)) -

B1<z<By4r
We make a distinction between three cases:
o By <Z,,.(y) : As Byur < Bo, this implies Z,,. (y) = Z(yo) and
Cap(Z(yo), Bvar, B2) = Bo, Cap(Z(yo), B1, Bvar) = Bvar-

Hence,

sup  fa(x) = fa(Bvar) < fi(Bvar) < sup  fi(z) = fi(Ba)

B1<z<Bva.r Byor<z<B3

and therefore Z,,. (y; Bi, B2) = Bo.
[ ] Bl < I

ga*

(y) < By : This implies that

U(Zg,. () — YoZx (T) Iy (y) — 129(Zg,. (v) = Up ., (y)
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= sup (U(2) = yoZx- (T) = 1 g(x)
0<x

> sup (U($) - yoz)\*(T):L‘ — ylg(x))
B1<z<B>

> U(Zgy. () — 9025+ (T) I, (y) — y19(Zgy. (4))
and therefore Z,, . (y; B1, B2) = Zg,. ().
o 7

ov- (¥) < Bi: As By < Bygg, this implies Z,,. (y) = Z(yo) and
Cap(Z(yo), Bvar, B2) = Bvar, Cap(Z(yo), B1, Bvar) = Bi.

We then have

sup  fo(x) >  sup  filz) & fo(B1) > fi(Bvar)
B1<z<Bvur By.r<z<B>

& U(By) — 40Zx(T)B1 — y1 > U(Bvar) — Y0Zx+(T)Bvar

PN Z/\* (T) > %(B{)/aR - B%) + 1
~  yo(Bvar — B1)

Thus, if additionally
~ 1pd _Bb +
o Zy(T) < % then Z, . (y: B1, By) = Byan.
—BY)+
> BPver= BTN then T, (y; By, By) = By.

In total, the maximizing argument Z,,.(y*) for the optimal y* is as specified in the state-
ment of this Example. All integrability conditions for Z,,, (y*; By, B2) are satisfied by ana-
logous arguments as in Example For a fixed value of Zy- (T'), the functions y —
7 (y; B1, B2)) are continuous at y = y* if

o Z}\* (T) > %(Bb

g (Y3 B, B5)Z+(T) and y — g(Z,

%

b

IT_b<ySZ)\*(T)>ﬁ + 44 Zx+ (T)Byag # %BbvaReri‘- (A.46)

and

3 (BYar — BY) + i
Y (Bver — B1)

However, as argued in the proof of Example there are at most 2 values of Zy» (T') such

that equality holds in (A.46) and there is at most one value of Zy- (T') such that equality holds
in (A.47). Since Zy«(T') has a continuous distribution on (0, c0) this again implies

Zx-(T) #

(A.47)

Q (9xr+ (Zy,. (y)) is continuous at y = y*) > Q ((A.46)) and (A.47hold.) = 1.

The rest of this example can be proved using analogous steps as in the proof of Example

B.5.13 O

Proof of Example[3.5.13. Following Corollary and Remark we still need to
e verify that U 5 satisfies growth condition (3.17)) in z,

e show that 7,

g, (Y*) is given as in the statement of the example,

o verify that Z,,, (y*) € L2,
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o verify that E [gx«(Z,. (y))],Ay is usc at y = y* for all A € R x [0, 00).
As U is a power utility and —e < g(z) < Bgg—e for all z > 0, U9 satisfies the growth condition

(3.17) by Lemma (i). Further, we have for any (yo,y1)’ € [0, 00)2:

Uy, (Y0, Y1) = sup (U(UC) — yoZx+(T)x — y19($)>

x>0

o (U(m) — 402+ (T)z — y1 (Bes — x) ]1{$<BES}> + e

:max< s (Ue) = yoZx-(T)), sup (U(m)(yozm)zleEs))wle

Bgs<z 0<z<Bgs
=:f1(z) =:f2(z)
= max ( sup fi(x), sup fz(@) +y1e€
Bps<z 0<z<Bgs

f1 and fo are both strictly concave in z and thus their maximizer over bounded intervals is
obtained by capping their global maximizer at the boundaries. Hence, z = max(Z(yo), Bgs)

maximizes fi(x) over x € [Brg,o0) and x = min (I (yo — Z;il(T)) , Bps ) maximizes fo over

x € [0, Bgs|. It remains to determine which of these two local maximizers yields the global

maximizer Zg, . (y). We make a distinction between three cases

e Bps < Z(yo) : As Z(yo) is non-increasing in yg, this implies Z (yo -3 yl(T)) > T(yg) >
A*
Bggs and thus

max(Z(yo), Bes) = Z(yo), min <I <yo S— > 7BES> = Bgs.
Z\+(T)
Hence,

sup  fa(x) = f2(Bes)
0<z<B>

= U(Bgs) — (yOZ,\* (T) — y1> Bgs — y1BEs
= U(Bgs) — yoZx-(T)Bgs

=f1(Bgs)

< sup fi(x)
Bgps<z

= f1(Z(wo))

and therefore Z,,. (v) = Z(yo).

e Z(yo) <Brps <T (yo — Z~>\Z1(T)) : This implies

max(Z(yo), Bes) = Bgs, min (I (yo — Z%T)) 7BES> = Bpg
A*

and therefore Z,,, = Bpg.

o7 (yo — A ) < Bpgs : As I(yp) is non-increasing in yo, this implies Z(yo) < Z (yo — A ) <
Zy+(T) Zx+(T)

Bgg and thus and thus

et~ (2 ) ) 2o 52).

137



A Proofs

Hence,
sup fi(z) = f1(Bgs)
Bgs<z
= U(Bs) — yoZx+(T)Bgs
=U(B2) — (QOZA* (T) - y1) Bgs —y1Bps

=f2(BEs)

< sup  fo(x)
0<z<Bgs

Y1
= f2 <I (yo - ))
Z+(T)
and therefore Z,

o =1 (yo - yl(T))

In total, the maximizing argument Zg,, (y*), where y* is optimal for (DY.), is as specified in
the statement of this Example. By Assumption the market coefficients are deterministic
and so is A\*. Hence, Zy«(T) is log-normally distributed and all of its moments are finite. In
particular, we have for arbitrary y = (yo,v1)" € (0,00) x [0, 00)

E [Z,.(y)*] <E [(BES +I(y0))2]

< 2Bjg +2E [(I(yo))ﬂ

2

_2 ~
—2B% + 20 'R {ZA* (T)ﬁ} < o0,

ie., Iy.(y) € L2Q. Similarly, we have for arbitrary y = (yo,v1)" € (0,00) x [0, 00)

b

E [ng (y)Zx+(T)| < BpsE[Zx-(T)] + v TR [Z,\* (T) b71:| < co.

For a fixed value of Zy«(T), the functions y — Zy,. (y)Zx«(T) and y — g(Z,,. (y)) are continuous
in y € (0,00) x [0,00). Further, for any sequence of (y,)nen taking values in (0,00) x [0,00)
and converging to the optimal y* € (0, 00) x [0, 00), we know that

b0 = inf ( )

go = inf ((yn)o) >0

| Zyy. (yn) Zx+(T)| < (Bes +Z ((yn)o)) Zx=(T) < (Bps + I (90)) Zx+(T)

‘g (Igv (yn)) } < BES-
Thus, the dominated convergence theorem implies

lim E [gx+ (Zyy. (3))] = lim (E[ Toxe (m >(Z m})

n—oo

— E|: QA*( )Z/\*( )i|> E AT )
( E[ ( g)‘*( ))] [g)\ ( g+ (y))]

Hence, E [g,\*(IgA* (y))] is continuous in y = y* and therefore [E [g,\* g (Y) ],Ay is usc in y for
all A € R x [0,00) and thus, A* € D'. In total, the optimality of Z,,. (y*) for (P) follows from

Corollary ]
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Proof of Example[3.5.1J} We may proceed analogously to Example [3.5.14] Let y € [0,00)%. As

g is convex, the maximization objective
U(x) — yoZa-(T)x — y19(z)

remains strictly concave in x > 0 and is maximized globally by z = Z,

gx (y) over x € R. Hence,
its maximum over [By, Bs]| is attained by

Ty, (y; B1, B2) = Cap(Z(y), B1, B2).

Since ‘capping’ is a continuous operation which only further bounds its argument, the rest of
this example can be proved using analogous steps as in the proof of Example [3.5.13 O

A.3 Proofs Chapter 4

Proof of Lemma[{.3.1 From Corollary 2.1.32]it is known that
1
0= Gt +orG, + (1°) (V.G) + §Trace (2% (2% VEG]

1
+ v sup {(u —rl)7G, + (Zsz’ﬂ')/ V. (Gy) + fv||2'7r||2Gm,}
TeK 2

1
=Gy +vrGy + (17) (V.G) + §Trace (27 (2%) ViG]

1
+v inf sup {51(()\) +Nr+ (n—r1)'7G, + (ZZ,OZ,W)/VZ (Gy) + vaE'WHQGm,}
AER? reRd 2

1
=Gy +orGy + (1¥) (V.G) + §Trace (2% (2%) ViG]

1
i N/ . ]1/ T2 2/ ! - El 2
Gy A+ Gy N+ (n—rl)'nG, + (22pX'7) V. (Gy) + 21)” 7| Gw}

>0 >0

+v inf sup {5K(
A€R? reRA

By assumption, v and G,(t,v, z) are positivdﬂ Using that dx is a support function and thus
positive homogenous of order 1, yields

0= Gt +orGy + (1°) (V.G) + %Trace (2% (2%) ViG]
1
+o inf sup { [0 (A) + (1 + A — r1)'7] Gy + (S%p5'7) V. (Gy) + §v\\z'w\|2(;w}.

AeR4 reRA
(A.48)

Further, for every fixed A € R, the first-order optimality condition for the maximization over
7 € R? yields the candidate optimizer 7y through

0= [+ A—rl] Gy + (579%) V. (Gy) + 05512 Go

! () ([u +A =11 Gy + (22p2) V. (Gv)> :

=& TN = —
VG

Note that

[+ A —r1]) TGy + (Z2p2'm) V. (Gy) = 7h [(u FA—71) Gy + (Z5p2) V. (Gv)}

Note that this assumption is valid due to the exponential structure of the wealth process V'™ and the strict
monotonicity of the utility function U.
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= 773\ [—UGM)ZE/TD\]
= —v||Z'7) PG

Since we are maximizing a quadratic function with respect to m, the first-order optimality
condition is both necessary and sufficient. Hence, plugging 7y into (A.48) finally yields

_ z\/ 1 z 2\ 72 : 1 / 2
0= G rGy+ () (V=G) + 5 Trace [ (57)' V2G] + v inf, {6K()\) — sol'ml Gw}

1
=Gy +urGy + (p*) (V.G) + 5Imce (27 (2%) ViG]
1

2 va

+o inf {6K()\)G

inf 157 et A= 1) Gy (29 V2 (G) P}

Proof of Lemma[{.3.3 For any m € A (r € A) and X\ € D () € D) define the operator
1
HE[G)(t, v, 2) = Gy +vrGy + (7)) (V.G) + §Trace (2% (=) VEG]
1
+ v{ [0 (A) + (1 + A —r1)7] Gy + (57pX'7) V. (Gy) + §v||2/7r||2Gm,},

Let (A\*,m) € D x A satisfy Condition )l Then, by Itd’s lemma and the boundedness of the
integrands, due to the definition of 7 t, we have

E[G (ra V2 (m)s=(m)) | 7

e (t, V(1) z(t)) + E[ 716 (s, Vo (s), z(s)) ds ] ft}

<HILIG) (5307 (5),5(5) ) =0

t

+ E{/;"vt V;S’W(S)Gv (s,VfE’”(@w(s)) -(8)3(s, 2(8))dW (s) ) ]:t}

=0

V. (G) (s, v;fﬂf(s),z(s))'zZ(s,z(s))dWZ(s) ‘ ]-"t}

=0
< G(t, V2T (L), 2(t))

Taking conditional expectations and the limit n — oo on both sides as well as recalling Remark

yields

E[U(en (1) | 7] =E[G(T,V;’P’”( ), 2(T)) | ]

)
[ hm G(r, V;f’ ( 3:5) ‘ ]:t]

nt?

3 Bl 5 o | 7

< lim G(t, V307 (), 2(1))
= G(LV27(1), 2(1)).
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Conditioning on V"™ (t) = v, 2(t) = z leads to @
Letting (A, 7%) € D x A satisfy Condition and following the analogous steps as before, we
can prove equation (4.11)).

As all previous inequalities become equalities if we instead consider (A\*,7*) € D x A satisfying

Condition |(UIy )| equation (4.12) follows immediately. O

Proof of Theorem [[.5.5. We first determine the derivatives of G = G(t,v, z) in terms of A =
A(T —t) and B= B(T —t) as

Gt:—(‘,47_—|—_B;_2;)C¥7 G’UZgG7 GUUZM

V.G =GB, V?G=GBB, V.(G,)= %GB.

G
v (A.49)

Plugging the derivatives into the dual HIBI PDE 1} factoring #G_b) > () out of the minim-
ization, dividing by G # 0 and plugging in the optimizer \* = A\*(¢, z, B) yields

1
(%) : = Gy +vrGy + (1% (VZG) + fTrace [2* (Ez)'VzG]
1
2 va

—(A; = BL.2) G+ brG + (1*) BG + %Trace (X% (%) BB'| G

+v inf {5K(>\)GU 7 [+ A — 1] Gy + (57p) V. (Gy) IIQ}
A€Rd

. b, 1w . b _ub_ 7

}

— (A = Bz) G+ brG + (1*)BG + %Trace [¥*(2*) BB G

1 bG _ .

o1l { (1= )0k (N) + =7 [+ A — 7] + (2 p)/BHQ}
=—A—Blz+br+ ()B+ %Trace (Y% (%) BB

1 _ 5 2
T { (1= )5\ + |27 [u+ A —r1] + (%%p)' B }
=—A;, - Blz+br+ (u)B+ %Trace (X% (2*) BB']
1 —1 2 a2
T {20= D)ok +2X (52) 7" (=1 + (252 B) + 57" }
19 _ 2 2
+ 313 HE Y —rl] 4+ (Z p)/BH
=—A,—Blz+br+ (¥)B+ %Trace [¥* (%) BB/
+ %%b (2(1 ~ 0 (M) +2(3) (52) 7 (- 1+ (25) B) + [T 2)
) 1 N
=—A-—Bl.z+b <7“ + 5K(X*)) + (1*)'B + 1Tmce [¥*(2%) BB]
1 A
577 (Hz p+ 3 — ) H 4 2B 5 (u FA - r]l) + B’zzp(zzp)’3>
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Condition |(EAS)| allows us to replace the market coefficients by affine functions in z. Thus, we
obtain

1
@):fAT—Bp+me+pp)+“@+kaB+§meKmy%mpDBBq
1 b
51 (a0 + iz + 2B (g0 + 912) + B (lo + ho + Ll2] + In2]) B)
1
=—A; +bpy + kB + §Trace [hOBB’] + <q0 +2g,B + B’ (lp + ho) B)

1
21-b

1o
21—

1
— Blz+bpiz+ B'kyiz + §Trace [h1[z]BB'] + (qﬂz +2B'g1z + B' (I1]z] + h1[z]) B)

Making use of the commutative property of the trace of a matrix as well as the matrix repres-
entation of hi[-] and [;[-], we have

Trace [hoBB’] = Trace[B'hoB] = B'hyB
N——
eR
Trace [h1[2]|BB'] = Trace| B'hi[2]|B] = B'hi[2]B = (B'h1[]B)’ 2
ceR

B' (li[z] + m[2]) B = (B' (4[] + []) B) .
Thus, as A and B are solutions to the ODEs (4.15)) and (4.16])

1 1 b
(+) = —Ar + bpo + Ky B + 5 B'hoB + 5 (a0 + 2948+ B' (lo + ho) B)

1 1 b !
+<4L+@y+MB+ZRmHB+21A@+QQB+B%m1+mHﬂﬂ>z
=0.

Hence, G is a solution to the dual HIBI PDE (4.7) and thereby, according to Lemma also
a solution to the primal HJB PDE (4.5)). O

Proof of Theorem [{.5.7. We first derive the explicit expression (4.17) for 7* in terms of A* and
B. Following the arguments in the proof of Lemma we realize that the candidate optimal
portfolio 7* is given as the maximizing argument my«, i.e.,

1
VG oy

On the other hand, since Condition [(EAS)|is satisfied, the exponentially affine structure of G
from 14.13h implies that the derivatives of G are given by (A.49)). Plugging these derivatives
into (A.50) yields the candidate optimal portfolio

(E2) 7 Gyl + A — 1) + 29 (37) V. (Gy)] - (A.50)

T =Ty =

[ [

gﬂ:—<bw_ﬂ)G)1(2231[bGQk+y-wm)+zﬂQszGB]

= ) [k x = v (25 B

We continue by proving (4.18). As G is a solution to the (dual) HJB PDE (4.7) and 7*, \*
attain the optimum in (4.7)), we know for every ¢ € [0, T]

AG (£, VIOT" (1), 2(1)) = VI (£)Gy (t, yeor (), z(t)) (@*(t, Voor (4, z(t)))/ SdW (1)
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+ (vz (G) (£, VO™ (1), z(t)))'zzczWZ(t). (A.51)

In particular, noting that Vv = Vovo’zr* and considering the stopping times T%t forn € N
from Condition (Uly) yields

E[U(V“OJ* (T)) ’ J—“t} - E[G (T, o (T),Z(T)) ’J—}}

= IE[ lim G (Tgﬂf, yuor” (rfit), Z(Tg,t)) ‘]:f}

n—oo

(Ulo) lim IE[G (TS’t,V“(’J* (Tg,t)ﬂ(ﬂ?,t)) ‘]:t}

n—oo

— lim (G (t, yror (4), z(t))

+E :/tTS,t VO (u)G, (u, VU (y), Z(u)) (E*(u, VT (y), z(u))),g(u, Z(U))dW(u)‘ft}

=0, by choice of 79,

+E :/tn?f (vz (G) (u, VVor (u),Z(u)))/Ez(u7z(u)>dWZ(u)‘ft:| )

=0, by choice of Tgﬂt
=G (t, Veor (1), z(t)) .

Conditioning on V¥0T" (t) = v, 2(t) = z leads to equation (4.18)).

It remains to show that 7* dominates all other m € Ak, i.e., we need to verify inequality (4.19).
The proof idea is similar to that of Theorem 4.3 in [13], but adapted for our constrained setting.
Let t € [0,T] and 7w € Ak (¢) be arbitrary but fixed. Define the process L = (L(u)),¢cp 1] as

Vo (u)

= by gy O V" (), 2(w).

L(u)

We proceed by first deriving the SDE of L and then showing that L is a supermartingale. By
It6’s product rule we have with 7*(u) = 7*(u, VYT (u), z(u))

VUOJ((U) _ 1 Vo, m Vo, U 1 Vo, u 1
d <V,U077_.(.* (u)> - Vv07lr* (u) dv ( ) + V ( )d <VUO7IF* (U)) + d<v ( )7 VU()’ZF* (U) >u
= 7VUO,7T(U) T - T /7T u U T U ! u
_(Vw(u)) ([ (= 1) ()] du+ () SAW ()

— [r+ (p—r1)7*(u) - \|E’7r*(u)||2] du — 7 (u)"2dW (u) — 7* (u)’EZ’W(u)du)

_ (VW) ([(M — 1) (m(u) — 7 (w) =7 (u) £X'7 (u) + HE’w*(u)Hdu

Vot (u)
() B ()= (1)

+ (m(u) — W*(u))’ZdW(fu))

_ (V) 7(u) — 7 (u)) —rl — Y7 (u)] du u
~ (s ) (0 ())([u 1 D57 (u)] du + W ( >>.
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Moreover, due to (A.49) and (A.51)),

4G, V' (), 2(w)) 2 G, V0T (), 2(w)) (b () SAW () + BT — ) S2dW*(u))

and

(L G )

yeT(y)
= Veor ()

u

Gu, VYOI (u), z(u)) (7 (u) — 7*(u))'S (bZ'7*(u) + (£%p)' B(T — w)) du.

In total, this yields with \*(u) = A*(u, VYT (), 2(u))

dL(u) = bd (;::(g}) Gu, V"I (u), z(u)))
s [“//:((“13) 4G (w, VO (), 2(u)) G (u, VO (u), 2(u))d (1‘,/:((23) ﬂ

Vvo,w
Vvo,m*’
= L(u) [(W(u) — " (w) [p— 7l = X7 (u)] du + SdW (u) + br* (u) SdW (u)

+bd< G(-,V”O’?*,z)>

u

+ B(T — u) S5 dW* (u) + (m(u) — 7*(u))'S (657 (u) + (5%p)’ B(T —u)) du}

= L(u)(m(u) — 7 (w)) [M — 1+ (2%p%) B(T —u) — (1 — b)zz'w*(u)} du

@5
+ L(u) ((W(u) — (1 — b)Y (w)) SdW (u) + B(T — u)’EZdWZ(u)).

— L(u) ((W*(u) — () N () du + (m(u) — (1 — b)r* (w)) SdW (u) + B(T — u)'deWZ(u))

However, Corollary (resp. Theorem [2.1.31)) implies
S (A (u,v,2)) + 7 (u, v, 2) X*(u,v,2) =0 V(u,v,2) € [0,T] x (0,00) x R™
= 0\ (u) + N (uw)'m*(u) =0 L[t, T)®Q — a.e..
Moreover, as m € Ag(t), m(u) € K holds L[t,T] ® @ — a.e. and thus

S (N (w)) + X (u) 7 (u) = — xlél}f( (N (u)'z) +X*(u)7(u) >0 L[t,T]®Q — a.e..
<A (u)'m(u)

We finally obtain

dL(u) = L(u) ( = (6 (X () + X (u)7(u)) du + (m(u) — (1 — b)7*(u))" SdW (u) + B(T — u)/Ede‘Z(u)>
=()

and for any s € [t,T] , L(s) can therefore be expressed as

£(s) = Lty exp (= [ o0V () + X (' m(a)du ) M),
¢
for a supermartingale M = (M (u)),,c 7 Which satisfies the SDE

dM (u) = M(u) ((w(u) — (1 = b)r* (u))SdW (u) + B(T — u)S2dW=(u)), M(t) = 1.
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Hence, as (x) <0, L is a supermartingale, too.

To conclude the proof, recall that U is concave and therefore U(y) < U(z) + U'(x)(y — x) for
all x,y € (0,00). This leads to

E[U(v*on(T)) | ] <E U7 (1) | F| + B [U/(vor (1) (vor () - vior (1)) | 7]
=E[U(vr (1) | B| +E[LT) | 7] - [puvor (1) | F]

<L(t)

/

=bG(t,V V0T (£),2(t))
U(V™T (1)) | Fo| + L(t) = bG(t, V™I (1), 2(1))
veor(t)

U(Vvoﬂ_r* (T)) | ]'—t: +b (G(t, V”Oﬂr(t)’ Z(t))VvT*(t) - G(t, Yot (75)7 Z(t))> .

Finally, conditioning on V07 (t) = V0T (t) = v, 2(t) = 2 yields (4.19). O

Proof of Lemmal[{.4.3. ITn Mpg, the optimizer \* from (4.14) is given as

N (t, 2, B) = argmin{2(1 — )N + H St 2) 7L (ult, 2) — r(t, 2)1+A) + (S2(t, 2)p(t, z))'BHZ}

A€R4
n(t)-1 =p(t)—r(t)1 =0

— argmin {2(1 — )oK (A) + [ (ut) — r(0)T + )\)HQ}
AeR4

=\ (1),
fe., \* (t,v,z) = A*(t) is a deterministic function independent of z and B. Moreover, by defining
po(t,B) =r(t) + ok (A*(t))
_ “ 2
qo(t, B) = [[2(6) ™" (u(t) — r(6)1 + A" ()]

and setting the remaining coefficients kg, k1, ho, h1, lo, l1, p1, q1, go and g1 to zero, Condition

(EAS)|is satisfied. The corresponding ODEs (4.15) and (4.16)) simplify to
b

Ar(r) = b(r(T 1) + b5 (W (T = 1) o [0 (u(T = 7) = (T = )1+ (T = )|
= br(T — 1) + %1 “ it {2(1 — D)oK (A) + [T = 1) (T = 7) = (T = 7)1+ N }
B (1) = 0.

Hence, B = 0 and A can be obtained through simple integration. In particular, the candidate
optimal portfolio (4.17) is given through

7 (1,0,2) = g (SOD) ™ () — (01 + 37 (0).
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Proof of Corollary[{.4.3 We verify Condition [(UI,)| by showing the L? boundedness of

G (100 V5" (10, 2(700))
in n € N for arbitrary g > 1.
The market coefficients 3(t), u(t) and r(t) are continuous and therefore uniformly bounded in
t € [0, 7). In particular, this has the consequence that A\*(¢) is uniformly bounded in ¢ € [0, T7,
since the quadratic term in dominates for large ||A||. Hence, A(T — t) and the candidate
optimal portfolio 7*(¢) := #*(¢,v, z) are uniformly bounded in ¢t € [0,7], too. For arbitrary
g > 1, we can thus find a constant C; > 0 such that for all ¢ € [0,T]

‘G@JWWYQJ@»rTgEﬂzwp@m(Vwﬂﬁn%wMT—0+l%T—ﬂ%@0q

t

- |2|exp (bq/O r(s) + (u(s) — r(s)1) 7*(s) — %HZ(S)/W*(S)HQdS N bq/o

= |2|exp (bQ/O T(S) + (M(S) - T(S)]l)’ﬂ-*(g) . 1 _2bq||2(8)/71'*(8)||2d8 + qA(T _ t)

_;/o b2q2HE(S)/7T*(8)H2ds+bq/0 W*(S)/Z(S)dw(5)>

< Cyomp (=3 [ VIR n @lPds + b0 [ 7w (s) )

=:M,
= C,M,. (A.52)

The process M = (Mt)te[o,T] is a non-negative local martingale and thus a supermartingale.
Doob’s optional sampling theorem (‘O.S.”) implies

sup E HG (T,?t,VOUOJ (T,?t),z(Tgt))‘ ] < CysupE |:MTO ] < CyMy = Cy < 0.
neN ’ ’ ’ neN mt
Hence,

(G (Tg,ta vy (Tt Z(Tgut)) ) neN

is bounded in L? for any ¢ > 1 and ¢ € [0, 7] and is thus uniformly integrable for any t € [0, T]
(see Theorem 4.5.9 in [8] with G(t) = t?). Hence, Condition (Ul )|is satisfied and 7* is optimal
for (P) by virtue of Theorem [4.3.7 O

Proof of Lemma[{.7.6. We may rewrite any A € R? as

A1
A=| |, with N eR%, i=1,.,m.
Am

Hence, we obtain for every A € R?

) =~ s () = (3ot ) == i () = 30

i=1...m i=1 i=1
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Note that we may restrict the minimization (4.14]) to z € (0,00)™ because Feller’s condition
(4.21]) ensures that the m-dimensional CIR process has positive components £]0,7] ® Q-a.e..
Hence, for any (¢, 2z, B) € [0,T] x (0,00)™ x R™ we have

!/

L) M\ [ ma
[(E(t,z)E(t,z)’)_l)\] [u(t, 2) — r(t, 2)1] = : :

L (Sn2) " A/ \ihmzm

=" (=)
=1

\/%2171)\1 p1 0 01\/531
[(S(t,2) 7N pSE (L 2)B = s - :
i’m 27711 Am 0 Pm Om~/ Zm Bm
1 y—1 /
N o1y/z1B1p1
\/%27711)\771 O'm\/ZBmpm

m

= ZUiBi (E;lAi),Pi,

=1

and
X (S(t,2)5(t, 2)) A= i 170 2.
=1

Hence, the minimizer of (4.14)) can be rewritten as

N(t,z,B) = aigef;{lin{Q(l —b)dx(A) +2X (Z(t, 2)2(¢, z)/)_l [(t, z) — r(t, z)1]
2N (S(t 2)5(E 2)) (B2 2)p(t, 2)5(t 2) ) B + |[S(t 2) A }

= argmin { S 2(1 = 63, () + 2 (S70) (S5 + 03 Bipn) + |57 z}
A=(A1,e0Am) =1

)\Z‘E]Rdi
mo [ s A\ Ik
= argmin { Y 2 |2(1-0b)dg, <) +2 (2;“) (7' + 03 Bips) + Hz;“
A=) U= L “ “i “i
)\iERdi
oo by A 2
= argmin ZZ’ 2(1 —b)ok, <Z> + HZi_l <77i + Z) + 0; B;p; (A.53)
A=(rendm) Ui | Zi Z
)\Z‘E]Rdi
Using the change of control i = %, we see that 5\*(75, z, B) = \*(t, z, B) from the statement of
the Lemma. Letting e; denote the i-th unit vector in R™, we can express the market coefficients
in Condition [(EAS)| as
—K1 0
z t = 6 — = 0 .
prt,2)=r© @ —2)=r00+ _ z
=:k‘0(t) 0 —Km
=:k1(1)
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o2 0 2 (o3e1) 0
YE(t, 2)X5(t, 2) = —
0 o2 2m 0 2 (02.em)
=th1(t)[2]
Zz(ta Z)p(t, Z) (Ez(t? Z)p(ta Z)), - Zz(ta z)zz(t> Z),
o1v/Z10) 0 o1\/Z1p1 0 0% 0
0 T/ Zm P 0 Om/ZmPm 0 02 2m
otz (el — 1) 0
0 T Zm (Hpm||2 - 1)
2 (of (lpl? = 1) e1) 0
0 2 (o, (lpml? = 1) em)
=:1(t)[= ]
r(t, 2) + 0 (A*(t, z, B)) I +Z<5K (B
i) =1 =:(pa(t,B));
HZfl(t,z) (,u(t,z)—i—)\ (t,z,B) —r(t, 2) )H —ZHE (mi + X (B szz
—(@1(B);

S (1, 2)plt, 2) 5Lt 2) (u(t, 2) + X (t, 2, B) — r(t, z)]l)

o171 0 o 0\ /(Z1vz) " 0 (m + N (B1)) 21
0 Om~/Zm 0 o 0 (Em zm)f1 (Nm + X (Bm)) 2m
a1p 57t (m + M (By)) 0
e . Z.
0 8 Vi (77m + A (Bm))
=:gl(t,B)

By setting the remaining coefficients hg, ly, qo, and go as zero, Condition is satisfied.
Moreover, the ODEs and (| - simplify to

Ar(T)=br+ (kO G)IB(T)

(B- (1), = b(pa(T = 7, BE)), + (T = 1)B)), + 5 (Bl B()),
o —n B0 + 20 = BE)B) B (14 ) B
= b3, O (Bi(r) — wiBi(r) + 502 (Bi(7)?
g [ o x5 @m))H + 20 BT O+ AL B(7) + o o P B
= —kiBi(r) + 507 (Bi(7)?
+ o (20 = 008, E ) + 57 -+ N B ) + B
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A Proofs
1 2
= —kr;iBi(T) + 2orZ (B;(1))
1 b . .
+ 517_[) )\ilenﬂidi {2(1 — b)(SKz()\z) + HZZ (771 + A ) +o0;B 1 pl” }

Hence, according to Theorem [4.3.5
1
G(t,v,z) = gvb exp(A(T —t) + B(T — t)'2)

is a solution to the dual HIJBI PDE (4.7)) and the corresponding candidate optimal portfolio
(4.17) is given as in the statement of the lemma.
Furthermore,

(S(t, 2)2(t, )’) (2% (t, 2)p(t, 2)2(t, 2)') B(T —t)
= (2(t, )) p(t,2)S*(t,2) B(T —t)

(Zva) 0 p1 0 o1z BiI(T — 1)
0 | (Z/Zm) ') \0 | Pm am\/ﬁém(T—t)

o1 B (T —t) (574 ;1

O Bin(T =) (Z1) pm
and therefore

™ (t,v,2) = b (Z(t, 2)2(t, z)')_l [(t, z) + A*(t,v,2) — r(t, 2)1]

1=
% S(t,2)) " (S5t 2)plt, 2)S(t, 2)) B(T — 1)
(X1X21)” 0 (m + M (BT —1))) =1
CnXzm) ")\ + Xy (BT = 1)) 2m
nBy(T - 1) (=)'
+ m :
amBm(T—t) = pm
1 (B30 (m + M (BUT =) + 01 Bi(T = )Ty )
1-b

(X )1 (nm + A5, (B (T . t)) + o B (T — t)zmpm)

Proof of Lemma[{4.8, Tn Moy, the minimizer A\* from (4.14) is given as

N (t, 2, B) = aiirlgin{ﬂl —B)o(N) + H S(t2) "L (ut, 2) — r(t, 2)1+ A) + (57t 2)p(t, Z))/Buz}

o

77+(b(t;T)’U) A
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AERA
= \(t, B),

= argmin {2(1 —b)ox(N) + Hn +0'B+ (b(t;’f)’a>_1 A

2}
ie., X*(t,v,z) = A\*(t, B) is a deterministic function independent of z, but dependent on B.
Considering the market coefficients in Condition [(EAS)|, we get

—K1 0
W) =R © (0= 2) = 06+ :
=:ko(¢) 0 —KEm
=ik (1)
YE(t, 2)X5(t, 2) = aa'
/
ot ( - ) 2, 2) =0
=Im
r(t, 2) +5K “(t,z,B)) =wo + ox (\*(t,B))+ wy =z
—~—
=:po(t,B) =:p1(t,B)’

|54 2) (it 2) + 32(8, 2, B) — (1, 2)1) H2 = by + (bt T)'a)_l N (L, B)|?

- qU(t)B)
SE(L 2) plt, 2) B, 2) (u(t, 2) + A (L, 2, B) — r(t, z)]l) = on+ (b(t; T)') AL B).
——
- o =0+ (b(tT) o) T A (1, B) =:go(t,B)

By setting the remaining coefficients hq, ly, l1, ¢1 and g1 as zero, Condition is satisfied.
Moreover, the ODEs (4.15)) and (4.16)) simplify to

Az () = b (wo + 0 (X(T — 7, B(7)))) + (k ©0)'B(7) + %HU’B(T)H2

1

+21_b<Hn+ T—T;T)la)_l)\*(T—7',B(7'))H2

+2<a7]+(b(t;T)')_l)\*(t,B(T))>IB )+ ||o'B(r H )

1
= buwo + (5 © ) B(r) + 5 |o'B(7)II”

b

+37 (2(1 —0)6x (N (T — 7, B(1)))

N

+ Hn +0'B(r) + (b(T — 7 T)’) AT —7,B(7))

)

+ 1 inf (2(1 — b)) () + Hn +0o'B(1) + (b(T — T;T)/>_1 A

1
= bwo + (k © 0)'B(1) + §||U/B(T)||2

21 — b AcRrd

)

150



A Proofs

and
B, (1) = bw; — k ® B(T).

Hence, according to Theorem

1
G(t,v,2) = gvb exp(A(T —t)+ B(T —t)'2)
is a solution to the dual HJBI PDE (4.7). The corresponding candidate optimal portfolio (4.17])
is given through

1

w(t,v,2) = 13

(3(t, 2)5(t, 2)) [u(t, 2) 4+ A (t, v, 2) — r(t, )1

!/

+ (Z%(t, 2)p(t, 2)S(t, 2)') B(T — t)]

= — <U/b(t; T))_l (77 + (b(t; T)/0'>_1 N(t,B(T —t)) + o'B(T — t)>

Proof of Corollary[4.4.10. We again verify Condition [(UI,)| by showing the L? boundedness of
G (79 V5" (10,), 2(7

n,t’ n,t
As per Remark there exists a closed-form expression for B which is continuously differ-
entiable. Moreover, the matrix b(¢; T) is continuously differentiable in ¢ and non-singular for all
t € [0,7] and therefore uniformly bounded in t € [0, 7. Following the same arguments as in the
proof of Corollary this has the consequence that the minimizer \*(t, B(T' —t)), A(T —t)

and the candidate optimal portfolio 7*(¢) := 7*(¢, v, z) are uniformly bounded in ¢ € [0, T].

)) in n € N for arbitrary ¢ > 1.

For arbitrary ¢ > 1, we can thus find a constant C; > 0 such that for all ¢ € [0, T

t
GtV (1)) = o exp (bq | w0+ whs) + /b T 5) = 5l D) (9]

+ bq/0 () b(s; ) odW (s) + qA(T — t) + ¢B(T — t)’z(t))

t t
< Cyexp bq/ wiz(s)ds + bq/ 7 (s)'b(s;T) odW (s) + qB(T — ) 2(t)
0 0

~"~
=: Xt

= Cgexp(Xy). (A.54)

Since, B is continuously differentiable, we can use It6’s product rule to rewrite

B(T — t)/2(t) = B(T) 20 + /0 BT — sYdz(s) + /0 () d(B(T - 8)) + (2, BT — ),
=0

t t
=B(T) 2 + /0 B(T —s)'k ® [0 — 2(s)] — 2(5) B (T — s)ds + / B(T — s)'cdW?*(s)

0
(A.55)
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Due to p(t, z) = I,,, we know that W#(t) = W(t) holds L[0,T] ® Q-a.e.. Hence, using (A.55)
and disregarding terms of finite variation, the quadratic variation of X can be computed as

——
=dW?Z=(s)

(X), = <bq /0 W 2(s)ds + b /0 o (s)b(s: Yo dW (s) +gB(T — -)/z(-)>
t

0

t
_ b2q2/
0

Since all involved functions are bounded and deterministic, (X); < (X)r < oo yields a determ-
inistic upper bound on (X); for all ¢ € [0, T]. Therefore, we can continue equation (A.54]) to
obtain for all ¢ € [0, 7]

— <bq / ﬂ*(s)’b(s;f’)’a + %B(T — s)’adW‘z(s)>t
2
ds.

o ((b(s: T)m*(s) + %B(T )
(

. “A39 ~
G(t, VT (t),z(t)) ! < Cyexp(Xy) < Cyexp <;<X)T) exp <Xt — ;<X>t> = CyM;

J/

=:M;

@}

q

(A.56)

The process M = (Mt)te[o 7] is a non-negative local martingale and thus a supermartingale.
Doob’s optional sampling theorem (‘O.S.”) implies

* q " ~ 0.5. . ~
sup E HG (T,?t, Vy o (Tgt),z(rgt))’ ] < CysupE |:M7_0 ] < CyMy=Cy < 0.
neN ' ' ' neN ot
Hence,

(G (V"™ w0 2(00))

is bounded in LY for any ¢ > 1 and ¢t € [0, 7] and is thus uniformly integrable for any t € [0, T]
(see Theorem 4.5.9 in [8] with G(t) = t?). Hence, Condition (Ul )|is satisfied and 7* is optimal
for (P) by virtue of Theorem [4.3.7] O

A.4 Proofs Chapter 5|

Proof of Lemma[5.2.3. Follows immediately from Lemma withd=m=1and ¥ =1. O

Proof of Lemma[5.2.3. Noting that
b
Gy(t,v,2) = ;G(t,v,z) and G.(t,v,z) = B(T —t)G(t,v,z),

this result follows immediately from Theorem and Lemma with d = m = 1 and
¥ =1 O
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Proof of Lemma[5.2.] The main objective of this proof is to determine the minimizing argu-
ment \*(B) for the minimization problem

. 2\ .
inf (201 =)0k (\) + (n+ A +0pB)’) = inf DX, B)

=:D(\,B)
for any fixed value B € R. The remaining statement follows immediately after substituting the
obtained minimizer A*(B) = A*(B(7)) in (5.5)).
Given any constraints K = [a, f] with —co < a < 8 < oo (see (5.2)), we have for any A € R

5](()\) = — inf ({L‘)\) = —Oé)\]l{)\>0} — ﬂ)\]l{)\<0}.

az<pB

Thus, taking the derivative of D(-, B) on (—00,0) and (0, 00) yields

3} —2(1 =b)a+2(n+ X+ opB), A>0
—D(\B) =
oA —2(1-b)B+2(n+AX+0opB), A<O.

Then, by the first-order optimality condition and the fact that D(-, B) is quadratic on [0, c0),

A™(B) = ((1 =b)a— (n+0pB)) L{1—pya—(n+opp)>0} = (1 = b)a — (n+ 0pB))1{,p<p_3
(

minimises D(-, B) on [0,00), and by the same argument

AT (B) = ((1=0)8 = (n+0pB)) L{1-b)s—(n+opB)<0y = (1 =0)B — (n+ 0pB))L{,>5,}

minimises D(-, B) on (—o0, 0]. Therefore, noting that by construction

max (D(A™(B), B), D()\+(B),B)):max( min D()\, B), min D(A,B))

AE(—00,0] A€[0,00)
<D(0,B) <D(0,B)
< D(0,B) = (n+opB)? (A.57)

and B_ < By, we finally derive

infyxer D(\, B)
= min (D(A™(B), B), D(\"(B), B))

= min ([2(1 —b)(—a)((1 =b)a—n—0pB) + ((1 — b))
201 = b)(—=B) (1 = b)B —n —0pB) + (1 = b)B)*|Lp, <pmy + [0+ JpB]z]l{pBgB+}>
[2(1 — b)(—a) (1 - b — 1 — opB) + ((1 - b)a) | Lin. <pmy + [+ 0pB) Lis <ppep,y

+ 200 = B)(=B) (1 =b)B =1 — 0pB) + (1 = )B)*] (5, <)
= D(A™(B), B)l{p_<,y + D(0, B)l{p_<,5<p,} + DNT(B), B)1{z, <,B}-

Tippany+ [+ 0pB 1ip_<,my,

Thus, the minimizer \*(B) is given as

N(B) = A~ (B)ly,p<p_} + A (B)l{p, <pB)
= (1 =b)a—(n+0pB))lypep_y+ (1 =)~ (n+0apB))\T(B)lip, <5y}

Substituting \*(B(7)) in (5.5) and factoring B(7) and (B(7))? concludes the proof. O
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Proof of Theorem[5.2.8. B is specifically constructed in such a way that it is continuous and
satisfies the corresponding Riccati ODE of (5.9), whenever pB(7) is within each of the zones
Z_, Zy, or Z;. Moreover, as the right hand side of the ODE is continuous, so are the
derivatives of the constructed B. Thus, B is a solution to and thereby . O

Proof of Lemma|5.2.10. By rewriting 7* in terms of A* and B, we see that

, %o+ B(T - t), if pB(T —t) < B_
;pw*(t)—FB(T—t): b bo77+(1+1 bp)B(T—t), it B_ < pB(T —t) < B,
b g4 B(T —1t), if B, < pB(T —t)

is non-decreasing in B(T — t). Hence, as B is itself monotonous (see Remark , we have

sup (bpﬂ*(t) + B(T — t)) = max <bp *(T) + B(0), bﬁﬂ*(O) + B(T)> . (A.58)
tef0,7] \ O o g

Hence, when first assuming that the maximum in (A.58)) is attained at t = T', we obtain

b b

—'07T*(T)+B(O) < max <pa, pﬁ) < %

O ~~— e~ o o o
€lap] =0

On the other hand, if we assume that the maximum in is attained at t = 0, we need
to compare the different terminal values B(T) based on the coefficients of the corresponding
Riccati ODE at T. Due to the monotonicity of B and the assumption that the maximum in
is attained at ¢ = 0, it suffices if we can find a bound for 7" — oo.

e Case pB(T) € Zy:
Then, 7*(0) = § and B(T) is given as the solution (2.23)) to the Riccati ODE ([2.22]) with
coefficients rar , rf , and r; . In particular, we have

O () +B(T) < 5+ lim B(T)
0~~~

T—00
=B
251§ Bo+ (37 1) 0f +18) (] + 75 Bo - 17)
—,6’+Thm "
o 2riry —ry (eTs T_ 1) (rf +r3Bo—ry)
_bp Tf%—r;ibp bopp — K r{fﬁm T;_</€
=TTy Tl T T et At
2 N
>0

e Case pB(T') € Z_:
Analogous arguments as in the case pB(T) € Z, yield that

b—pw*(O) +B(T) < %

g

e Case pB(T) € Zy: Then, n*(0) = 1 (n+ 0pB(T)) and B(T) is given as the solution
(2.23)) to Riccati ODE ([2.22) with coefficients rg, r1, and ry. In particular, we have

%pw*(()) + B(T) = g% (n + opB(T)) + B(T) = g%n + <1 + pr ) B(T)
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p b 9 p b b S\ ri+r13
<L 0% g1y -2 timBO)=""pn—(1
—01—b"+<+1—p>T5réo @)= g3 <+1 b s

_ r1+'r‘3
]
pbn_<1+ bbp2> r1+rs P bb _rl—{;rg
1-— 1-— 02<1+ bbp2> ol — o

p b 1 b r3 K T3 < K
= — - — op—K| ——=—— — —

ocl—>b 2\1 bUP 2 52 02 ~ g2

>0

Proof of Lemma[5.2.11] Note that we may express ODE (5.5)) in terms of A* and 7* as

1

Rmo:—m%ﬂ+%£3uﬁ+§Tjg@u-wwKuwB@»y+a—w2m%T—ﬂf)

We distinguish between three cases, depending on whether the allocation constraint is active or
not.

e Case (t) € («,
Then, \* (B(T —

1 b, 1 b
o (X' (B(T = t)) + op] B(T —t)
—— (opB(T — t))2 — %bzpz (W*(t))z

o2 ) + b [—HB(T —t) + L5 (B(T —t))* + %b(l —b) (" (¢))*

o l—bp 2
1 b 5, 1 b s b p
=—— - (0pB(T — — B(T —
573" 313 0PBT 1)+ — (n+opB(T ~1))
+p2ﬁ |:—IiB(T—t)+ o2 (B(T —t))*
b n  pK
_1—bn(2+a>

o Case () = a:
Then, \* (B(T' —t)) = (1 —b)a—n — opB(T —t) and

[\ (B(T —t)) 4+ op] B(T —t) =0.

=0

Hence,

—((1-t)a—n)’

P — - (N (B(T — 1)) + 0pB(T — t))? —%b2p2 (7 (1))”
_ ———

=2
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+ 2 (1) +L§ () (B(T — 1)) + op] B'(T 1)

—— 1-0b

=« =0
1 b o, 100 2 Lligo o PK
=573" 21_b((l b)a — 1) 2bpa +baa

_1 b 2 1 b 2 2 2 1 2 2 2 Pk
_im” iﬂ((1 b)“« 2(1 b)an—i—n) ibpa —i—b?a
1 0b 2 2 Lioo o PR
__§m((1—b)a —2(1—b)an)—§bpa —|—b?a

1 1
=— ib(l —b)a? + ban — §b2p2a2 + b%a

1 1

=ba n—ia—kpoj—kgab(l—pQ) .

o Case *(t) = f:
Following the same arguments as in the case 7*(t) = « yields

S s OV (BT — 1) 4 0pB(T — 1)) — 1 (x°(1)?
+ bpgiw*(t) + %bg (A (B(T —t)) + op] B(T —t)

1 pk 1 9
=b - - — 4+ =pb(1 — .
B |n= 58+ "+ 5661 = p)

Combining all three cases with Assumption finally yields the claim. O

Proof of Theorem [5.2.13. Let B be as in Theorem [5.2.8]
A(T) =rbr + nﬂ/ B(s)ds.
0

and define G : [0,7T] x (0,00)? = R as G(t,v,z) = 30’ exp(A(T — t) + B(T —t)z). Then, A
and B are solutions to the ODEs and and thus continuous and bounded on [0, 7.
Moreover, according to Lemma G is a solution to the HJB PDE (j5.3)). Hence, as per
Lemma [5.2.3] it only remains to verify that the sequence

(G(Tg,t’ yror (Tr?,t)a Z(ﬂ?,t)))new

is uniformly integrable for all ¢ € [0,7]. Let 7 denote the set of all F stopping times taking
values in [0,7]. We verify the stronger statement that
(G Vo™ (1), 2(T) o

is bounded in L? for some ¢ > 1 (see e.g. Theorem 4.6.2 in [27]). The argument is an adaptation
of the proof of Theorem 5.3 in [56]. Consider arbitrary ¢ € [0,7] and ¢ = 1 + € with € > 0 and

define
D(t) = bg\/1 — p2/0 7*(s)y/2(s)dW (s).

Then, by defining the deterministic, continuous function

det1(t) = q (—In(|b]) + bIn(vo) + brt + A(T — t)),

156



A Proofs

we obtain

qln(! (v ,20) )

= g (= (lpl) + b (VO (1)) + AT — 1) + B(T — )=(1))

- q< — In(|b]) + bIn(vg) + b/o (r +nm*(s)2(s) — 3 (7*(s))” 2(s))ds

+ b/ w(s)\/2(s) dW (s) +A(T —t) + B(T — t)z(t))
0 S——
=pdW?=(s)++/1—p2dW (s)

FD+ 30 =) [ 60 20)ds +aB(T - 000
+qb,0/ (5)1/2(3)dW*(s +qb/0t <ﬂ*(s)n—;(w*(s))2> +(s)ds

= dety(t) + D(t) — %<D>t + ¢B(T —t)2(t )+qbp/ (s)\/2(s)dW?(s)
ra [ 26 {b(xom- @ ©F ) + g (1= 7) () }ds

g=Lte det1(t) + D(t) — %<D>t +qB(T —t)z(t )+qbp/ s)V/ z(s)dW*=(s

= det1(t) + D(t) —

t 2
+ q/o z(s){élquf - %b(l —b) (W*(s) - 1?{)) (A.59)
— SP (1(3) + Se(1— ) (17 (5))° }ds

(

[$21
I

) dets (1) + D(t) ~ (D) +aB(T — 1)zt ()—i—qbp/ /() (s

v | z<s>{§1fbn2 S O (BT — 5)) + 0pB(T — 5))?

— SP (1 (3) + Se(1— ) (1°(5))° }ds (A.60)

B is continuously differentiable and monotonous, since it is the solution to an autonomous
ODE (see Remark [5.2.5). Hence, 7* is monotonous and differentiable and has finite variation.
Therefore, 1td’s product rule yields

d (7 (1) (1)) = 7 (D)d=(t) + 2(£)dr* (¢)
v ()d=(1) — 2O [(A*)’( T -0)+ ap} BT~ t)d

T (t)k (0 — 2(t)) dt + 7 (t)o/z(t)dW=(t
(

2(1) - [ )’(B(T_t))+ap} B(T — t)dt.

11—
Hence,
/0 T (s)\/ 2(8)dW=(s) = % (7 (t)z(t) — 7*(0)2(0)) — :/0 (s) (0 — 2(s)) ds
+ %% ; [\ (B(T — s)) + op] B'(T — s)z(s)ds (A.61)

157



A Proofs

Substituting (A.61) in (A.60|), while defining the deterministic and continuous function

deto(t) = dety(t) — q;ﬂ |:7T*(O)Z(O) + /i/ot W*(S)0d5:| ,

yields
gln ((G (t, Vo (4), z(t)) D

< dets(t) + D(t) — %(D)t g a)
t 1 b 1 b .,
+a [ z<s>{21_bn2 STy O (BT = ) + opB(T — 5))°
SR () + S (1= ) ()

16 (s) + — L[N (B(T — s)) + 0p] BT — s)}ds

<z(0) + /0 "0 — 2(s))ds + o /O t \/E(s)sz(s))

= z<s>{§1fbn2 S (BT — 5)) + 0pB(T — 5))?
— SP (($) + Seb(1 - ) (1 (5))°

+ bpajw*(s) + li—bg (X (B(T = s)) +0p] B(T — s)}ds

= deta(t) + g—g (2(0) + /Ot m@ds) +D(t) - %(D)t = /Ot V2(5)dW*(s)
=:dets(t) =:M(t)
+q/0tz<s>{ fa b LY (BT = 9) +opB(T - )
S0P (T () + (1~ ) (n°(s)
+ b’;"”” *(s) + %bg (V) (B(T = s)) + op] B(T — s)}ds
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¢ k2 1 k2 1 b o 1 b 2

-5+ S = S — (M (B(T - B(T —

+q/0 z(s){ 3T 4 3 to7 3" 57— W BT =s))+0pB(T ~3s))
=1+e€

= P () + 51— ) (7 (s)

+ b’;iyr*(s) Y P (BT - )+ 0p) BT - s)}ds

1—-bo
= dets(t) + D(t) ~ 5(D) + M(1) — 5 (M), (A.63)
t KZ2
+q ; Z(s){ —T‘Q+%1Eb7]2— %lﬁb()\* (B(T — s)) + opB(T — 5))?
oo, w2, 1 0 oy wr o 1 K2
— 5t (m*(s))” + 25 (1—=p7) (7"(s))" + 362
+ bpg—ﬁw*(s) + %g [(A*) (B(T — s)) + op] B/(T — s)}ds
1 1 t
= dety(t) + D(t) = 5(D): + M(t) = S(M); +q /0 z(s){ (%) }ds (A.64)

According to Lemma [5.2.11} the expression (x) in (A.64]) is negative for all s € [0,T] if € = 0.
Hence, due to the continuity of (x) in € and the boundedness of all deterministic functions in

(%) w.r.t. ¢, there exists € > 0 such that (x) < 0 for all s € [0,7]. For such a choice of € we
obtain

g (|G (1,707 (1), 2(0))[) < deta(t) + D) — DY+ M(1) — (M),
< sup (deta(s) + D{t) — (D) + M(®) — 5 (M)
s€[0,7

o e (v @), .0)[" < exp ( sup (det;»,(s))) exp <D(t) - ;<D>t> exp <M(t) - ;<M>t> .

s€[0,T]

=:(*%)

Since D and M are local martingales with independent diffusions, (k%) is a supermartingale.
Hence, Doob’s optional sampling theorem finally yields

sup B HG(T, o (T),z(r))‘q}

<exp ( sup <det3<s>>> sup s [exp (D(0) - (D) ) -exp (3110) - 5011 |

s€[0,T TET

<exp ( sup <det3<s>>> B [exp (D0) - 50) ) -exp (M0) - 5010 )]

s€[0,7

= exp ( sup (det;;(s))) < 0.

s€[0,7

Thus, (G(r, Vv (T),Z(T)))TGT is bounded in L? for some ¢ > 1 and therefore uniformly
integrable. Hence, 7* is optimal for (P) as per Lemma |5.2.3 O

159



A Proofs

Proof of Corollary[5.2.13 Noting that dx(A) = oo for all z # 0 if K = R, the minimum in
(5.6) is attained by A*(B) = 0 for all B € R and the ODE ([5.5) simplifies to

B, (1) = —ro +71Bu(7) + %7”2(Bu(7))2

with coefficients

b 2 b 2 b o
_ _ _ — 1 .
70 2(1 _b)n » MU= PR T2=0 < + 13" )

The expression for m, can be directly read off from Lemma [5.2.3 O

Proof of Lemmal[5.2.15 Let p = 0. Then, according to Remark [5.2.6]and Corollary [5.2.13] both
*(t) = mpr and 7, (t) = mas are constant in time ¢ € [0, T]. Thus,

7 (t) = Cap(7(t), o, B) = Cap(mar, a, ) = Cap(my(t), o, 8) Vt € [0,T].

Consider now the case p # 0 and 7y € K = [a,]. Then, a(1 —b) < n < B(1 —b) and
thus B_ < 0 < B,. Following Lemma and Remark 0 € Zy and the Riccati ODE
has coefficients rg, 71, and ro at 7 = 0. Hence, B(7) = B, (7) for all 7 € [0,T] such that
pB(T) € Zy. Moreover, following Remark B,(7) and B(1) (respectively m,(t) and 7*(t))
are solutions to autonomous ODEs and thus monotone functions in 7 (respectively ¢). Noting
that m,(t) € K = [o, 8] < pBy(T — t) € Zy, we know if m,(t) € K, then

mult) = 15 (14 0pBu(T — 1)) = 5 (14 0pB(T 1))

Due to the monotonicity of m, and 7*, we have m,(t) ¢ (a, 8) if and only if 7(t) ¢ («, ). Thus,
we have in total

#(t).

7 (t) = Cap (7" (t), o, 8) = Cap (my(t), o, 8) Vt € [0,T].

In particular, in both cases p = 0 and 7y € K we have P[I}I = 73]135. O

Proof of Lemma[5.2.16. The implication (ii) = (i) is trivial, because if (ii) holds, then 7*(¢) # m,(t)
and either 7*(t) € («, ) or my(t) € (o, §). Hence,
7*(t) = Cap (77(t), o, B) # Cap (mu(t), o, B) ,

and therefore PH (7, o, B) # PES (T, v, B) .
Assume now that (i) holds. According to Lemmal5.2.15] this implies p # 0 and 7y ¢ K = [a, B].
Moreover, as B and B, are continuously differentiable,

#(0) = 1 (4 0pBT 1) and m(t) = 1 7+ 0pBu(T — 1))

1
are continuously differentiable functions with 7*(7") = 7, (T) = mp ¢ K. Thus, (i) can only be
satisfied if there exists 0 < ¢t < 7" such that

{75 (1), mu ()} N K 0, (A.65)

as otherwise 7*(t) = Cap(7*(t),a, ) = Cap(myr, o, 8) = Cap(my(t),a, ) for all t € [0,T).
Thus, we define the latest such time point as

t“:sup{o <t<T ‘ {fr*(t),wu(t)}ﬁK;«é(Z)}.
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Since there exists a positive ¢ > 0 satisfying , we know that £ > 0. Moreover, as my; ¢ K
and K is closed, we also know that ¢ < T. If #*(#) # m,(f), then only one of these portfolio
processes takes a value in K and (ii) holds for .

It thus remains to verify that #*(f) # m,(f) to conclude the proof. This will be proven by
contradiction. Assume that #*() = m,(#) € K which is equivalent to pB(T —t) = pB,(T —1) €
Zy. Further,

T—f:inf{OngT ’ {pB(T),pBu(T)}ﬁZO;é@}.

Moreover, as my ¢ K z pB(0) = pB,(0) = 0 ¢ Zy, B and B, are non-constant and thus
strictly monotone functions. However, this implies that at 7 = T — £, pB(7) and pB,(7) have
the same value at the boundary of Zjy and satisfy the same ODE while taking values in Zj.
Hence, B(1) = By(7) for all 7 € [0,T] such that B(7) € Zy. Noting that

pB(1) € Zy & 7*(1) € K and pBy(1) € Zy < mu (1) € K,

finally yields for all ¢ € [0, T7:

7 (6) = Cap (+*(1), 0, 8) = Cap (3 (1 0 pB(T ~ 1)), 0, 8)

=pB,(T—t) while #* (t)eK

= Cap (L1 0BT = 1).0.5 ) = Cap (ma(0)0,).

which is a contradiction to (i). Thus, 7*(f) # m,(f). O

Proof of Corollary[5.2.17
Proof of (i): Let mpy < awand 0 < a = 2myr < a7257. Then, n > 0, mpr > 0and n = (1—b)mpy <
(1 —b)a & B_ > 0. Following Lemma and Remark 0 € Z_ and the Riccati ODE
(5.5) has coefficients ro, 1, and ry at 7 = 0. However, due to the initial condition B(0) = 0,
this implies

’ — — 1 _ 2 _ 1
B'(0) = —ry +r; B(0) + 372 B(0)* = —ry, = —iba (1 =b)a—2n) =0,

i.e., according to Remark B is constant with B(7) = 0 for all 7 € [0, T]. In particular, for
all t € [0, T] we have 7*(t) = mps and

7w (t) = Cap(7*(t), o, ) = Cap(mr, @, 8) = au.

On the other hand, the optimal unconstrained portfolio m, does not violate the constraint at
time t*, i.e.,
Cap(ﬂ'u(t*), «, 5) = 7"'u(t*) € (O‘, B)y

and thus PH P}?S.
Proof of (ii): According to Corollary [5.2.13

gt (mu(t)) = 115575 (n+opBu(T — 1))

Since B, is the solution to the autonomous ODE (5.13)), B, is a monotone function (cf. Remark
5.2.5)). Therefore,

) 0 . —0P 1y L —op _, E13) . op
sign <8t (Wu(t))> = sign (1—bB“(T t)) = sign <1 — bB“(O) = sign | 770
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sign (lg_pb (‘2(1[)— b) 772))

As 72(‘172{2)2 is positive, this implies sign (% (ﬂu(t))) = —sign(bp). As 5 >0and 7y > < 0=
pB(0) > By, we follow the same line of argument for 7* to obtain

sign (gt (ﬁ*(t))) = sign <1_ifpbB’(O)> = sign <1U_pb7“8L>

= sign <1U_pb;bﬁ (1 —0]p— 277)) = sign <

78 (5~ 2mn) )

Disregarding the positive factor % finally yields

s (g7 (7)) = sgn(ob (8 = 2mur)) = —sign (bp) = sign (31 (ra(0) ).

<0

If now p < 0 and b < 0, then both portfolio allocation 7*(t) = Cap (7*(t), o, 5) and Cap (7, (t), o, B)
are non-increasing in time. In particular, as both allocations are equal to 8§ < mwp; at ¢t = T,
they must be equal (to ) throughout the entire investment horizon. Hence, the projections
73[}([ and PES coincide under these assumptions. O

Proof of Theorem [5.5.1, We transform the portfolio optimization problem (P) into an equi-
valent optimization problem by applying the change of control 74 (t) := A'w(t) for any given
7w € APYSV Expressing the SDE of the wealth process Vo™ in terms of 74 yields

AV () = VT VT () | | r+ o' A diag(z(t)) A'n(t) | dt + w(t) Adiag(y/z(t))dW (¢)
~—~ N—— N——

=y =7A(t) =ma(t)

= V() [ (1 + nadiag(=(t)ma(t)) dt + ma(t) diag(+/2(0)dW (1) (A.66)

and 7(t) € Kposy < mwal(t) € X?zl[O,\/ﬂi]. In particular, we may equivalently rewrite the
portfolio optimization problem in terms of w4 as

®(vg) = sup E[U (V™ (T))]
(PA) TEA A p
Aa={ma € Apcsy | ma(t) € Xi_,[0,VBi] £[0,T]® Q —ae.}

We proceed by solving (Pa) and then inverting the change of control to obtain a solution for
the original optimization problem (P). As K4 = X?Zl[O, V/Bi] is a d-dimensional interval, (Pa)
fits into the setting of the financial market Mg in Definition with m =d and 3; = 1
for i = 1,..,d. In particular, according to Lemma [4.4.6] if A: [0,T] — R, B : [0,T] — R? with
A(0) = B;(0) =0 for i =1, ..., d satisfy

d
A/(T) =br+ Z K;i0;
=1

Bi(r) = —wiBi(r) + 20 (Bi(7))?

2
1 b f 9 A
+ 570 it {20 =05 s ) + (), + N+ 0B} (A6T)
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then the function G(t,v,z) := v’ exp (A(T —t) + B(T — t)'z) is a solution to the HJB PDE
associated with (P ). However, for each ¢ = 1, ..., d, equation contains the same ODE
and optimization that were considered in Lemma [5.2.4) and Section[5.2] Since Assumption[5.2.7]
is satisfied, the solution B; to is given by Theorem Finally, the candidate optimal
portfolio 7% for (P) is given by

(720, (8 = Cop (§ () + (T = 1) 0.V )

We still need to formally verify the optimality of 7% for (Pa). For this purpose, we define the
sequence of stopping times 7, ; as 7, = min(T, 7, ;), with

u
?nyt:inf{tSuST‘ /
t

s

According to Theorem 3.12 in [33], the optimality of 7% is verified if

b (@@ WA(S)) G(s, V”O’”*(s), z(s))”2 ds >mn,
(00 V) © BT~ 5)) Gls, V*o(s), z(s))H2 ds>n).

(& (70 V' (), 2(7) ) )

nelN
is uniformly integrable for every ¢ € [0, T]. However, as Assumptions and are satisfied
for every ¢ = 1,...,d, following the same steps as in the proof of Theorem [5.2.12] we can show

that there exists a constant ¢ > 1 and a bounded, deterministic function det(t) such that the
local martingales

D) = bay/1 =72 [ (ma)} (VA GIG)
M;(t) = % /O Vzi(8)dWE (s)

can be used to bound |G (¢, V"™ (t), z(t)) ‘q for every t € [0,T] through

d
‘G <t, o, (1), z(t)) ‘q < exp < sup det(s)) exp (Z D;(t) — %(D,}t + M;(t) — ;<M1>t> .
=1

s€[0,T

(%)

The diffusions of the local martingales D;, M; are independent and therefore (x) is a super-
martingale. Since the above bound holds pointwise for every t € [0, T, Doob’s optional sampling
theorem yields the L?-boundedness (and thereby uniform integrability) of

(G0 Vo (@0, 2(0))

Hence, 7 is optimal for (P ) and thus 7*(¢) = An%(t) is optimal for (P) in Mpcgsy. O

Proof of Theorem [5.3.3, The proof follows similar arguments as the proof of Corollary 5.4 in
[56]. For given m € AV>, let 7ps and 7y be defined through

ps(t) = SO or  Au(t) = D) ey (A.68)

163



A Proofs

Proof of (i): By construction, 7 € Ag(.y if and only if Tps(t) € K = |o, 8] £[0,T] ® Q-a.e., i.e
the constraint on 7gg is constant. Under the present assumptions, the wealth process satisfies

AV () = VO () ([r + nS(2(8))m(t)]dt + m () (2(t))dW (¢))
= Vo) ([r +naps()]dt + wps(t)dW (1)) -

Hence, maximizing E [U (V™ (T))] over #pg subject to the constraint pg(t) € K = [a, §]
L[0,T] ® Q-a.e. is equivalent to the constrained portfolio optimization problem in a Black-
Scholes market M pg with market price of risk n and volatility 1. Therefore, as discussed in
Section the constant-mix strategy

itps = Cap (mar, a, B) & 7 (t) = B(2(t)) ' Cap (mar, v, §)

maximises the expected utility over all admissible 7pg. Inverting the change of control through
multiplication by X(z(t))~! yields the claim.

Proof of (ii): By construction, m € Ag (. if and only if 7y (t) € K=o, 8] £[0,T] ® Q-a.e., i.e
the constraint on 7y is constant. Under the present assumptions, the wealth process satisfies

v (t) = voor(t) ([r + ny/ZO D) m(D)dt + (e )E(z(t))dW(t))
= V() ([r+nz(t) t)]dt + 7w (t)\/z(t)dW (¢ )

Hence, maximizing I [U (V'™ (T))] over 7y subject to the constraint 7x(t) € K = [a, §]
L[0,T] ® Q-a.e. is equivalent to the constrained portfolio optimization problem in the Heston
market My, as considered in Section[5.2] As all requirements of Theorem [5.2.12] are satisfied, 7*
(as defined in Theorem maximises the expected utility over all admissible 7. Inverting
the change of control through multiplication by \/z(¢)3(2(¢)) ™! yields the claim. O

Proof of Lemmal[5.4.1 We first verify that G(t,v,2) = 30" exp(Ax(T — t) + Bx(T — t)z) is a
solution to the Feynman-Kac PDE (/5.20|). The partial derivatives of G can be computed as

Gt(tav7 Z) - - (A;r(T - t) + B;r(T - t)Z) G(t,’l}, Z), Gv(tav7 Z) = SG(t7U7 Z)?

Gunlts0,2) = DG 02), Gultyv,2) = Bo(T — )G, 0, 2),
v
G..(t,v,2) = (Bx(T — 1))>G(t,v,2), and G.,(t,v,z2) = wG(t,v,z).
v

Substituting these derivatives in (5.20]), while omitting the arguments (¢, v, z), yields

0=Gi+ (r+nm(t)2) vGy + k(0 — 2) G, + opr(t)zvGy + %v27r(t)2sz + %UQszz
- G[— (AL + BL2) + (r+nr(t)2) b+ k(0 — 2) By
+ opr(t)bzBy + %ﬂ(t)sz(b — 1)+ %a?zBﬁ}
2z’ 0=- (Al + Brz) + (r+nm(t)z) b+ K (0 — z) Bx
+ opr(t)bzBy + %W(t)%b(b -1)+ %UzzB?r
=—Al +71rb+ k0B +2 [—B;r + bnm(t) — %w(t)Qb(l —b) + (opbr(t) — k) Br + U;B;f
=0 by

~
=0 by (5.19)
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Moreover, G satisfies the boundary condition G(7',v,2) = U(v) because A;(0) = Br(0) = 0.
Hence, G is a solution to the Feynman-Kac PDE (5.20). By assumption, such a solution is
unique, and therefore

%vb exp (A (T —t) + B (T —t)z) = G(t,v,2) = J"(t,v,2) V(t,v,z) € [0,T] x (0,00) x (0, 00).

O
Proof of Corollary[543 L7(t, z) is defined as the solution to the equation
O(t,0(1 — L7(t,2)),2) = E [U (vw* (T)) | VOO (4) = (1 — L7(t,2)), 2(t) = 2
=E[UV™NT)) | VOr(t) =v, 2(t) = 2]
= J(t,v,%)
From Lemma [5.2.3] we know that
O(t,v(1 — L7(t,2)), 2) = % (v(1 — L™(t, 2)))" exp(A(T — ) + B(T — t)z).
Similarly, we have by Lemma [5.4.1
J(t,v,2) = %vb exp (Ap(T —t) + B (T —t)2) .
Thus,
O(t,v(1 — L™ (L, 2)), 2) = J™(t,v, 2)
o % (w(1 — L7 (t, 2))) exp(A(T — t) + B(T — )2) = %vb exp (An(T — ) + By (T — 1)2)
& (W)b = oxp (Ax(T — t) — A(T — t) + [Bx(T — t) — B(T —1)] )
o LT(t2) = 1—exp <2 (An(T — 1) — A(T — ) + [Bs(T — t) — B(T —t)] z)) |
O
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