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German Abstract

Graphische Lyapunov Modelle sind ein neuartiger Ansatz, um korrelierte multivariate
Daten statistisch zu modellieren. Dabei nehmen wir an, dass jede Stichprobe eine Mo-
mentaufnahme des multivariaten Ornstein-Uhlenbeck Prozess im Gleichgewicht ist. Let-
zterer besitzt eine eindeutige Kovarianzmatrix, falls diese eine Losung der stetigen Lya-
punov Gleichung ist, welche von einer stabilen Driftmatrix parametrisiert wird.

Jede diinnbesetzte Driftmatrix bestimmt die Adjazenz eines ungerichteten Graphen.
Wir verwenden das group lasso, um eine diinnbesetzte ungefahre Losung fiir die stetige
Lyapunov Gleichung zu bestimmen fiir eine gegebene Kovarianzmatrix. Dariiberhinaus
ermitteln wir hinreichende Bedingungen um die Adjazenz eines Graphen korrekt zu bes-
timmen zu konnen. Dazu fithren wir sogenannte duale Normen ein und adaptieren die
primal-dual witness technique fiir das group lasso. Eine der hinreichenden Bedingun-
gen, die wir aufzeigen, ist eine sogenannte group irrepresentability condition, welche wir
genauer untersuchen.

Im zweiten Teil dieser Arbeit widmen wir uns algebraischen Fragestellungen beziiglich
graphischen Lyapunov Modellen. Wir untersuchen dabei die identifiability und Kovari-
anzaquivalenz. Fiir letztere beweisen wir, dass Baume in niedrigen Dimensionen immer
unterschiedliche statistische Modelle induzieren.

Im letzten Teil fiihren wir eine Reihe von numerischen Experimenten durch, um die
Performance von dem lasso und group lasso fiir gerichtete und ungerichtete Graphen-
schatzung zu vergleichen.

English Abstract

Graphical continuous Lyapunov models present a novel approach to statistically model
correlated multivariate data. In this setting, every observation is treated as a one-time
cross-sectional snapshot of the multivariate Ornstein-Uhlenbeck process in equilibrium.
The preceding process has a unique covariance matrix obtained as a solution to the
continuous Lyapunov equation specified by a stable drift matrix.

The sparsity pattern of the drift matrix is related to the support of an undirected graph.
We propose the group lasso as a regularization approach to model selection, i.e., we find a
sparse approximate solution to the continuous Lyapunov equation for a given covariance
matrix. Moreover, we derive sufficient conditions for consistent correct recovery by
introducing the notion of dual norms and adapting the primal-dual witness method for
the group lasso. One of the key assumptions will be a group irrepresentability condition,
which we will further investigate.

In the second part of the thesis, we review several algebraic questions related to graphical
continuous Lyapunov models. We start by providing a theory for the identifiability
problem. In addition, we study covariance equivalence for undirected graphs, where we
derive that low-dimensional trees will always induce different statistical models.

Lastly, we conduct a series of numerical experiments comparing the performance of the
lasso and group lasso for both directed and undirected structure recovery.
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1 Introduction

Graphical models allow us to better understand and interpret complex dependencies in
multivariate data. Moreover, they enable us to establish cause-effect relationships or,
in other words causality, (Pearl (2009); Peters et al. (2017); Spirtes et al. (2000)). In
particular, this is done using structural equation modeling (SEM), where we consider
each variable X to be a function of parent variables and independent noise ¢, i.e.,

X=A"X+e¢

with A being a matrix of unknown parameters. Assuming Var(e) = 2 the covariance

matrix > of X satisfies
(I —AN)T"S(—A)=9. (1.1)

For an acyclic graph, SEMs provide a parametrization of the observables from a di-
rected acyclic model with possible latent variables (Richardson and Spirtes (2002)).
These so-called directed acyclic graphs (DAG) can be interpreted, and their parameters
can be easily estimated due to statistically favorable density factorization properties
(Maathuis et al. (2019)).

By contrast, if we consider the cyclic case, i.e., we allow the graph to contain directed
cycles, the statistical model becomes more involved. In this setting, cycles represent
feedback loops (Bongers et al. (2021)). While we can still define the statistical model
by solving structural equations, a number of issues arise. For instance, the presence
of directed cycles impedes density factorizations, thus complicating the computation of
maximum likelihood estimates (Drton et al. (2019)). Furthermore appropriate model
selection is more difficult for cyclic graphs (Améndola et al. (2020); Richardson (1996)).
Consequently, the interpretation of these models is not as straightforward as in the
acyclic case. Fisher (1970) proposes an interpretation based on data that are time aver-
ages. Mooji et al. (2013) and Bongers and Mooji (2018) relate the equilibrium states of
differential equations to structural equations.

For some continuous-time stochastic processes, the equilibrium covariance matrix does
not have the simple graphical representation provided by equation (1.1) given above.
Rather we require a parametrization corresponding to the graphical representation of
the dynamics of the process. Consider the p-dimensional Ornstein-Uhlenbeck process
defined as the solution to the stochastic differential equation



1 Introduction

where M, D € RP*P are non-singular parameter matrices, a € RP and W, is a standard
Brownian motion in R?. Assuming M is stable, i.e., all real parts of the eigenvalues
are strictly negative, X; has a stationary distribution that is multivariate normal with
mean vector a and positive definite covariance matrix ¥ (Fitch (2019), Theorem 2). %
is defined to be the unique matrix that solves the continuous Lyapunov equation

MY +YMT+C =0 (1.3)

with C' := DDT'. Fitch (2019) and Varando and Hansen (2020) now assume the data
to be generated by a Ornstein-Uhlenbeck process in equilibrium. Namely, we have a
sample X1,..., X, € R? from the aforementioned multivariate process, where X; repre-
sents a single cross-sectional observation of the i-th process in equilibrium. Thus X; is
multivariate normal with expectation a and covariance ¥. The focal point of graphical
continuous Lyapunov models is the drift matrix M as it quantifies temporal cause-effect
relations among the coordinates of the Ornstein-Uhlenbeck process X;.

Estimating the support or sparsity pattern of the drift matrix M corresponds to es-

timating the mixed graph associated with each graphical continuous Lyapunov model.
Dettling et al. (2022) proposes the lasso as a structure recovery method. They establish
sufficient conditions for correct recovery. The crucial assumption here is the irrepre-
sentability condition.
For this thesis, we take a step back and restrict ourselves to estimating the undirected
structure of a mixed graph, i.e., the skeleton. We apply the group lasso to the continuous
Lyapunov equation and develop conditions for consistent support recovery. We review
existing literature for consistent support recovery of the group lasso and develop our
own approach based on dual norms and the primal-dual witness method. Specifically,
we introduce the group irrepresentability condition as a sufficient condition and study
its properties.

Besides estimating the underlying graph, we will also study several algebraic questions
concerning the graphical continuous Lyapunov model. Specifically, whether the graphi-
cal continuous Lyapunov model is uniquely determined by the multivariate distribution
of the observations. This question is referred to as identifiability, and we will provide a
review of existing results on this topic (Dettling et al. (2022)). Secondly, we examine
whether two different undirected graphs may induce the same graphical continuous Lya-
punov model, i.e., we study the notion of covariance equivalence for undirected graphs.

Structure of the thesis. In Chapter 2, we review the Kronecker product and re-
lated theory necessary to formulate graphical continuous Lyapunov models. Chapter 3
deals with undirected structure estimation via the group lasso and develops sufficient
conditions for consistent sparsity pattern estimation. In Chapter 4, we discuss different
notions of identifiability and covariance equivalence for undirected graphs. Lastly, in
Chapter 5, we perform a series of numerical studies to gain more insight into the behav-
ior of the lasso and group lasso for structure estimation.



1 Introduction

Notation
e Let pe N. Then [p] = {1,...,p}.
e (CP*% and RP*? denotes the set of p x ¢ matrices in C or R, respectively.

e For a p x ¢ matrix A, we write Ay = A to select k-th column of A and A;. to
select the [-th row of A.

e Let A be a a matrix, then o(A) denotes the set of all eigenvalues of A.

e For v € R? and b € [1,90] the fy-norm of v is |[v]|, = OF_, [v;]?)"* with ||v], =
maxi <isp Vil
Let A € RP*9. The associated operator norm is denoted by || Alfl, = max, -1 || Az]],-
JAllp = (X0_; 29, |Ai;]?)"/? denotes the Frobenius norm.

e We use the abbreviations LHS and RHS to refer to the left-hand side or right-hand
side of an equation or inequality.



2 Graphical Continuous Lyapunov
Models

2.1 Kronecker product and linear matrix equations

The Kronecker product is essential for the formulation and study of graphical continuous
Lyapunov models (GCLM). In the following, we will provide interesting properties and
key facts about the Kronecker product that will allow us to derive important results
with regard to GCLMs. The main reference for these results is Horn and Johnson (1991,
Chapter 4).

Definition 2.1 (Kronecker product). The Kronecker product of A = (a;;) € C™*" and
B = (b;j) € CP*4 is denoted by A® B and is defined to be the block matrix

CLHB cet alnB
A@B=| :+ . |ecmrm
amB - apmB

Note that AQ B # B® A in general. A few basic properties of the Kronecker product
include:

(0A)® B =A® (aB) for all « € C

(A+ B)® C =A®C + B®C for all A,Be C™" and C' € CP*?
A®(B+C)=A®C +B®C for all Ae C™" and B, C € CP*9
(ARB)®(C =A® (BRC) forall C e C™*
(A®B)"=AT®@ BT

(A® B)* = A*® B*

Another useful fact about the Kronecker product is the mixed-product property, which
combines ordinary matrix multiplication and the Kronecker product.

Lemma 2.2. (mized-product property) Let A € C™" B e CP*4,C € C"* and D €
C?*", Then
(A® B)(C® D) =AC® BD.

Proof. We define A = (a;;) and C' = (¢5), then AQ B = (ayB) and C ® D = (¢;D).
We obtain the following expression for the 7, j block of (A ® B)(C' ® D) by writing the
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matrix multiplication explicitly as

n

ZaichljD = (Z ailclj> BD = (AC)UBD
=1

I=1
Note that this is exactly the i, j block of AC ® BD, which concludes the proof. O

The Kronecker product allows for convenient representations of linear matrix equa-
tions. For this purpose, we introduce the following definition.

Definition 2.3. For a matrix A = (a;;) € C™*" we associate the vector vec(A) e C™"
defined by

VeC(A) = (CLH, ey 1, A12, - o s Am2,y - oo, A1y - - - ,CLmn)T.

We call vec(A) the vectorization of A.

The next lemma provides the connection between linear matrix equations and the
Kronecker product.

Lemma 2.4. Let A € C™*" B € CP*? and X € C"*P. Then the following equation
holds true
vec(AXB) = (BT ® A)vec(X).

Proof. For k=1,...,q we get
(AXB)k = A(XB)k = AXBk = (blkA, kaA, cee ,bpkA)vec(X)
= (B} ® A)vec(X).

Thus,
Bl ® A
vec(AXB) = : vec(X).
B ®A
Note that the above Kronecker products are just BT ® A since the transpose of a column
of B is a row of BT. Finally, we obtain

vec(AXB) = (BT ® A)vec(X).
[l

Example 2.5. Consider the continuous Lyapunov equation with M, Y symmetric, C' €
RP*P and
MY +XMT +C =0.

This can be equivalently expressed as

vec(MY) + vec(SMT) + vec(C) = 0.
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Applying Lemma 2.4 to the first two summands and solving for 3, i.e. X = X, yields
(M®I,)+ (I, ® M))vec(X) + vec(C) = 0. (2.1)
Alternatively, we could also solve for M
(X ® I,)vec(M) + (I, ® Z)vec(M ") + vec(C) = 0. (2.2)

For a more compact representation of equation (2.2) in the Example given above, it
would be useful to represent vec(MT) in terms of vec(M). The next theorem provides
exactly this.

Theorem 2.6. There ezists a unique matriz K™ e C™ ™ such that
vee(XT) = KM yee(X) for all X € C™*".
K s only dependent on the dimensions m and n and is given by
m n) Z Z E’L] ® ET - Z])i':11 ,,,,, m (23)
i=17=1 J=

with E;; € C™*™ having entry 1 at position (i, j) and all other entries being 0. Moreover,
K™™) s a permutation matriz with K™ = (K®m)T = (KMm)=1,

Proof. see proof of Theorem 4.3.8 in Horn and Johnson (1991). O

We also include the following corollary.

Corollary 2.7. Let K®™ e CP™*P™ and K™% e C"*™ be permutation matrices.
Then
BRA=KP"(A® B)K™. (2.4)

Proof. see proof of Corollary 4.3.10 in Horn and Johnson (1991). [

Example 2.5 (continued). (2.2) can now be written as
(E®1,) + (I, ® Z)K ™™ )vec(M) + vec(C) = 0. (2.5)

The matrices we obtain in Example 2.5 are examples of a more general structure, so-
called Kronecker sums, which have the following form (A®1,)+ (I,,® B) with A € C™*™
and B € C"*". The following two theorems will allow us to compute the eigenvalues of
Kronecker sums and discuss the solvability of linear matrix equations.

Theorem 2.8. Let Ae C™™ and B € C"*" with eigenvalues A € o(A) = {A1,..., A}
and e o(B) = {1, ..., ln}, respectively. Then A+ is an eigenvalue of (AR I,)+ (1, ®
B). In particular, c((A® I,) + (I, ® B)) ={\i+ pj:i=1,...,mand j=1,...,n}.
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Proof. Using Schur’s decomposition, we can find two unitary matrices U € C"™*™ and
V e C™™ such that U*AU = A4 and V*BV = Ap are upper triangular. In particular,
note that W = V@U € C™*™" is unitary, which can be easily verified using the mixed-
induct property.
Subsequent application of the mixed-induct property yields

WHAQL)W = (V*QUHNARL)(VRU)=(VAQU*(VRU)=V*AV  U*U
>\1]n *
0 A1
For the last equality, recall that the eigenvalues of A are the diagonal entries of A 4.
Analogously, we obtain

Ap 0
W*(I,, @ B)W = I, ® Ap =

(m copies of Ag on the diagonal).
Consequently, we can write the Kronecker sum as

W (AR I,) + (I, ® B)]W = (Aa®1I,) + (I, ® Ap)

The RHS of the above equation forms an upper triangular matrix with the eigenvalues
of the Kronecker sum on its diagonal. Closer inspection reveals that each diagonal entry
of A, is paired with all diagonal entries of Ag. Thus, noting that similar matrices have
the same eigenvalues, we can infer that

c(A®1,)+Un®B))={N+pj:i=1,...,mand j=1,...,n}.
[

Theorem 2.9. Let A € C™*™ and B € C"*". The equation AX + XB = C has a
unique solution X € C™™ for each C' € C™*™ if and only if 0(A) no(—B) = &.

Proof. Lemma 2.4 states that
AX+XB=C

is equivalent to

(AT ® I,) + (I, ® B))vec(X) = vec(C)
Note that AT has the same eigenvalues as A and thus according to Theorem 2.8 (AT ®
I,) + (I, ® B) has a zero eigenvalue if and only if 0(A) N o(—B) # @. Now recall that
the determinant of a matrix can be expressed as the product over all its eigenvalues,
hence (AT ® I,,) + (I,, ® B) is non-singular if and only if 0(A) no(—B) = @. O

0(A) no(—B) = @ is equivalent to saying that the sum of any two eigenvalues from
A and B is nonzero.

Example 2.5 (continued). The eigenvalues of (M ® I,,) + (I, ® M) are sums of pairs of
eigenvalues of M. The solution to (2.1) is thus unique if and only if the sum of any two
eigenvalues of M is nonzero.
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2.2 Definition of graphical continuous Lypanunov
models
We will study models of covariance matrices > given as solutions to the Lyapunov

equation (1.3). As we have seen in Example 2.5, this can be equivalently expressed as
the linear equation

(M®I,)+ (I, ® M))vec(X) + vec(C) = 0. (2.6)
In order for (2.6) to have a unique solution, we require the sum of any two eigenvalues

of M to be nonzero. We denote the unique solution by (M, C).

We introduce a few more definitions to describe the solutions of (1.3). Firstly, let
Matg(p) be the set of all p x p matrices that do not have eigenvalues summing to zero,
ie.

Maty(p) = {X e RP*?: 0(X) no(—X) = o}.
Furthermore, we denote the set of all symmetric matrices by
Sym(p) = {X e RP*?: XT = X}

and the set of all stable matrices, that is, all matrices whose eigenvalues have strictly
negative parts, is denoted by

Stab(p) = {X € RP*? : Re(c(X)) < 0}.

Note that Stab(p) € Maty(p). Lastly, the cone of all positive definite matrices is given
by
PD(p) := {X e RP*? : v Xv > 0 for all v € R?}.

We can associate the sparsity patterns of M and C' to a mixed graph.

Definition 2.10 (mized graph). A mixed graph G = (V, E) is a graph with vertex set
V and edge set E containing directed as well as bidirected edges. In particular, we allow
for self-loops and multiple edges between two nodes.

A pair of matrices (M, C') € Maty(p) x Sym(p) are called compatible with a mixed graph
G if Mj; # 0 implies ¢ — j € I and Cj; # 0 implies ¢ < j € E/. We denote the set of
G-compatible matrix pairs by Z¢ € Matg(p) x Sym(p) and O = Zg n (Stab(p) x PD(p)).

Example 2.11. Consider the following pair of matrices

-1 1 0 0 0
-1 0 02 O 0
M=10 0 -1 -05 0 and C =1I;.
0o 0 0 -1 1
0 0 1 0 -1
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Figure 2.1: Compatible graph G with edge weights for (M, C') given in Example 2.11,
where the black edges are specified by M and the red edges by C.

Note that M has eigenvalues —1.79, —0.60 + 0.697 and —0.50 + 0.874, i.e., all real parts
are strictly negative, and thus M is stable. (M, C') are compatible with the mixed graph
G as shown in Figure 2.1. Thus (M, C) € Og.

For a mixed graph G the map (M, C) — X(M,C) is well defined on =g with image
Y(E¢) in Sym(p). Moreover, the image of ©g denoted by ¥(O¢) is in PD(p), which
follows from Theorem 2.12.

Theorem 2.12. Let (M,C) € O¢, then

N(M,C) = lim %(s) = f e MCe M du, (2.7)

§—00 0

where 3(s) == §; e"MCeM” du. Moreover, ©(M, C') € PD(p).

Proof. Note that by Theorem 2.9, the stability of M guarantees that the Lyapunov
equation (1.3) has a unique solution. Moreover, stability also implies that the improper
integral in (2.7) is convergent. We can prove the equality by verifying that the integral
on the RHS of (2.7) is indeed a correct solution to the Lyapunov equation.

a0
M lim (s) + lim $(s)MT = J MeMCe™M™ 4 "M CeMT M T dy
0

§—00 §—00

“d T
= J —e"MoeM qy = —C
0 du

Let = € RP\{0}, then we obtain the following expression using 2.7

0 0

2TeM ™M gy = J (e“MTx)TC(e“MTx)du > 0.
0

"N(B,C)x = f

0

For the last inequality, we used that C' is positive-definite. n
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We can now state the definition for graphical continuous Lyapunov models (GCLM).

Definition 2.13 (GCLM). Let G be a mixed graph, then the graphical continuous
Lyapunov model of G is the set of covariance matrices

Mg =%(0g) = {XePD(p): M +XM" + C = 0 with (M,C) € ©¢} < PD(p).

The extended GCLM is defined as Mg = 3(Zq)

When we refer to the undirected structure of a GCLM, we mean the skeleton of a
compatible graph G for a given GCLM M.

Definition 2.14 (skeleton). The skeleton of a mixed graph G = (V, E) is the undirected
graph Gl = (V| Bs*l) with v — w € E**! if and only if v and w are adjacent in G.

Example 2.15. For the graph given in Example 2.11 we obtain the skeleton given in
Figure 2.2. Note that we omitted edge weights and self-loops as they are not of primary

ARG

Figure 2.2: Skeleton of the compatible graph G given in Example 2.11

interest when discussing the undirected structure of a GCLM.

We call a pair of matrices (M, C') € Maty(p) x Sym(p) compatible with an undirected
graph GSkEZ if Mij # 0 or Mji # 0 implies 1 —j € ESkel, and Cij # 0 or Cji # 0
implies i — j € E**. We denote the set of G***-compatible matrix pairs by Zgeke <
Mato(p) x Sym(p) and Ogswer = ZEgska N (Stab(p) x PD(p)). Analogously to directed
graphs, we can define undirected graphical continuous Lyapunov models as follows.

Definition 2.16 (undirected GCLM). Let G**' be an undirected graph, then the undi-
rected graphical continuous Lyapunov model of G**¢ is the set of covariance matrices

Mk = N(Ogera) = {X € PD(p) : MX+IMT+C = 0 with (M, C) € Ogera} < PD(p).

The ertended undirected GCLM is defined as M., = S(Egsket).

10



3 Undirected Structure Estimation

3.1 Group Lasso

Our method of choice to estimate the undirected structure of GCLMs will be the group
lasso. It was first introduced by Yuan and Lin (2006) with the intent to select groups
of variables in regression problems in which covariates admit a natural group structure.
There exists a vast amount of literature on the group lasso. Our introduction to it will
mostly follow Hastie et al. (2015).

Consider the linear regression problem with response y € RP, design matrix X €
RP*P and regression coefficients g € RP. Moreover, let the parameter S have a natural

grouping with m total groups, i.e.,, 5 = (Bi1s- -, Biprs B2ty -« B2pos - - s Bmds - - s B )
with >0, p; = m. Alternatively, we write 8 = (8g,,...,q,) where each fBg, =

(Bi1,- -, Bjp,) € RV for every j € [m].

Definition 3.1 (group lasso). The group lasso estimator solves the following convex
optimization problem

(3.1)

BERP 27

1 m
min §Hy - XﬁH% + AE \/]TJHBGJ‘
j=1

where A > 0 is a tuning parameter that can be chosen freely.

Note that if we set each group size p; = 1, the groups are all singletons, and the above
optimization problem (3.1) reduces to the ordinary lasso estimator. Depending on the
choice of A, the parameter estimate ng for Bg, will either be equal to zero, or all its
elements will be nonzero. We refer to the second summand in (3.1) as the penalty term.

Remark 3.2. The choice of the factor in front of Hﬁ(;j H2 is somewhat subjective. Here
we set it to ,/p;, thus weighting the penalty for each group j according to their size.
Other possible choices include setting it to 1 or HXG]. H P

We connect the problem of estimating undirected structures in GCLM to the group
lasso by introducing the group Lyapunov lasso. Given an ii.d. sample of centered
observations Xi,..., X, € R? from the Ornstein-Uhlenbeck process in equilibrium, the
group Lyapunov lasso estimator finds the optimal solution to the following problem

(3.2)

o1
min

MeRpxp 2 27

|MS + SMT + CH? Y s ||vee(M)g,|
j=1

11
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where A\ > 0 is a tuning parameter and
Y=Y XX (3.3)
i=1

is the sample covariance matrix. vec(M)g, denotes the vector containing all entries of
M that belong to group j. The exact structure of G; will be specified later.

To see how (3.2) relates to the group lasso, we transform the objective function. As
we have seen in Example 2.5 equation (2.5), the term in the Frobenius norm can be
rewritten as the linear equation

(E® 1) + (I, ® ) KPP))vec(M) + vec(C).

Setting
AD) = (EQ L) + (I, %) K@P)) ¢ R ¥ (3.4)

and using the fact that for a general matrix X
X1 = llvec(X)ll,
we obtain an alternative version of (3.2)

|
min —
MeRpxp 2

HA@)Vec(M) + VeC(C')HZ 4 Ai Vs |[vee(M)g, |, - (3.5)

This now more closely resembles the standard definition of the group lasso, where A(f]) €
RP**P” takes on the role of the design matrix in the linear regression setting, vec(M) € RP
represent the regression coefficients and —vec(C) € RP’ is the response vector.

Remark 3.3. There is a key difference between the group Lyapunov lasso and the group
lasso. While the latter has a random component in the form of an additive error ¢, i.e.,

Y = X3 +¢,

the group Lyapunov lasso introduces randomness through the design matrix A(f]), which
is based on the sample covariance matrix X.

We index the rows and columns of A(X) by the pairs (i, j) € {1,...,p}*. The design
matrix A(X) has an interesting structure, as the next example shows.

12



3 Undirected Structure Estimation

Example 3.4. For p =3 A(X) is a 9 x 9 matrix and has the following form

(1L,1) (1,2) (1,3) (2,1) (2,2) (2,3) (31 (3,2) (3,3
(1,L1) /2%, 0 0 2%, 0 0 2% 0 0
(L,2) [ Y1 X1 0 Yoo X2 0 Yoz X3 0
(1,3) | s 0 Y1 s 0 Y2 a3 0 213
(2,1)| Ya  Xn 0 Yoo Mo 0 Yoz X3 0
22 0 2% 0 0 2%m 0 0 2% 0
(2,3) 0 Y31 Yo 0 Yoz Yo 0 Y33 o3
(3,1) | s 0 Y Yo 0 Y2 Y33 0 Y13
(32)1 0 g1 Yo 0 Yoz Yo 0 Y33 Yo
33\ 0 0 2% 0 0 2 0 0 254

Rows with an italicized index correspond to the strictly upper triangular entries in the
Lyapunov equation defined in (1.3).

Note that it holds in general that A(X) has two copies of each row corresponding to
an off-diagonal entry in the Lyapunov equation. This is due to the symmetry of the
Lyapunov equation.

We define the Gram matrix
(3.6)

and

(3.5) can then be reformulated as

min L ec(MYTD(S)vee(M) — g(5) Tvec(M) + A Y v [vecM)e, |,

Observe that we omitted a term that is constant in M as it has no influence on the
minimization problem.

Recall from Definition 2.14 that the undirected structure of the GCLM is based on
the adjacency of two nodes. Consequently, given two nodes ¢ and j, there exists an
undirected edge connecting them if m;; > 0 or mj > 0. Thus it is only natural to
consider the (g) groups each of length 2 defined as

Goffdiag = {{(17])7 (]72)} D jv Za] € [p]}

This leaves us with the entries on the diagonal of M, which we will consider as p groups
each of length 1, i.e.,

(3.7)

Gaing == {{(i,49)} : i € [p]}- (3.8)
We propose two versions of the group Lyapunov lasso. The first one penalizes all entries
of M, whereas the second only penalizes the off-diagonal entries.

13



3 Undirected Structure Estimation

Definition 3.5 (group Lyapunov lasso including the diagonal). The group Lyapunov
lasso estimator, including the diagonal, finds the optimal solution to the following prob-

lem
1 ()

Mrélﬂglxp 5 HA(i)vec(M) + vec(C’)HZ + A Zp\/@ ||[vec(M)q, HQ, (3.9)

where G € Gofidiag U Gaiag for j € [(5) + pl.

We can elect to not penalize the entries on the diagonal of M as they describe the
edge j — j for all j € [p], which is not directly a part of the undirected structure. Hence,
we obtain the second version of the group Lyapunov lasso.

Definition 3.6 (group Lyapunov lasso excluding the diagonal). The group Lyapunov
lasso excluding the diagonal estimator finds the optimal solution to the following problem

L , 0
min — HA(Z)Vec(M) + vec(C’)H2 AN V2 |[vee(M)g, |

MeRpxp 2

(3.10)

27
j=

where G; € Gofaiag for j € [(5)].

3.2 Review of support recovery conditions for the group
lasso

When it comes to available literature for conditions that guarantee consistent support
recovery, there exist a few papers whose main ideas we aim to present in the following.
The results are slightly modified to match the group lasso setting defined in (3.1) and
thus allow for better comparison. Specifically, we omit the specification of a bias term
and fix the weights of our penalties to be the group size squared ,/p; for all j € [m].

Definition 3.7 (support). We define the support S of a vector 5 € RP as
S =25(B):={je[m]: B # 0}

We use the convention for vectors that B¢ := {8¢g,} es and for matrices Xg is formed
by the columns of X with index in UjeS G;. Moreover, let # be the solution to (3.1)
with associated support S = S(B) and 5* be the true signal with support S = S(8*).

Remark 3.8. We will use the terms correct support recovery, correct model selection
and correct sparsity pattern synonymously.

One of the first papers to study consistent model selection for the group lasso was
Bach (2008). It proposes sufficient and necessary conditions for correct model selection
under the following assumptions. Let Y € R be a response from covariates X € RP, both
satisfying

14



3 Undirected Structure Estimation

E[|X|l5] < o0 and E[[[Y[|s] < o
2. Yxx = E[XXT] - E[X]|E[X]T is invertible,

3. E[(Y — (8*)TX)? X] is almost surely greater than o2, > 0 with 8* € RP denoting
the minimizer of E[(Y — (8*)TX)2].

Observe that the last assumption does not require E[Y'|X] to be an affine function of X
and the conditional variance to be constant, as is commonplace for most results derived
for consistency in linear supervised learning.

Leading us to the consistency conditions

1 13- * *

e (Xxx)as((Exx)ss) dlag( i/ ||Be, 2) Bs||, <L (3.11)
1 ~17: ® *

max > (Xxx)e:s((Xxx)ss) dlag( Dj ; 2) By ) <1 (3.12)

where diag ( D/ || B¢ ) is a block-diagonal matrix (with block sizes p;) in which each
7112

diagonal block is equal to ﬁlpj. We refer to (3.11) as the strong condition and
Gilla

(3.12) is called the weak condition. The strong condition is sufficient for consistent
support recovery, as the next theorem shows.

Theorem 3.9. Under the assumptions 1. - 3. stated earlier, if condition (3.11) is
Julfilled, then for any sequence of reqularization parameters A, with A, — 0 and An/n —
+0, the group lasso estimate 3 (solution to (3.1)) will converge in probability to f* and

P(S=5)—1.

On the other hand, if there exists a consistent solution along a regularization sequence,
the weak condition (3.12) must be met.

Theorem 3.10. Under the previously stated assumptions, if there exists a reqularization
path A\, such that both ,8 converges to f* and S converges to S in probability, then (3.12)
holds true.

Theorem 3.9 implies that if there is low correlation between the predictors in S and
the predictors in S¢ the group lasso will be consistent. By contrast, Theorem 3.10
states that we can not hope for a consistent solution if the weak condition is not met.
In analogy to the theory for model consistency developed for the lasso by Zhao and Yu
(2006), (3.11) and (3.12) are called irrepresentability conditions. Moreover, note that for
the lasso Yuan and Lin (2007) proved that the strong condition is both necessary and
sufficient.

The two previous theorems provide results on a particular type of consistency, namely

and the sparsity pattern simultaneously. If we

consistency in both the norm HB — p*

are only interested in sparsistency, i.e., consistent estimation of the support, we have
the following result.

15



3 Undirected Structure Estimation

Theorem 3.11. Under the assumptions stated earlier, if A, — Ao > 0, the group lasso
estimate [ is sparsity-consistent if and only if the solution of

1

geli% 5(6 — ) Exx (8= 5% + Ao Z VP 1B
=1

has the correct sparsity pattern.

Consequently, we may have consistent estimation of the support but inconsistent
estimation of the parameters, even though the weak condition is not satisfied. Bach
(2008) also showed this fact in a simulation study, where 10000 covariance matrices were
sampled based on a certain procedure. The study revealed that even in cases where the
weak condition was violated the group lasso was able to consistently estimate the correct
sparsity pattern for roughly 40% of the samples.

Although the assumptions in Bach (2008) accommodate for quite general settings,
they are not directly applicable to the group Lyapunov lasso. In particular, ¥ x x, which
would be equal to I'* = A(X*)TA(Z*) in our setting, is not invertible. This is due to
the identical rows that appear in the design matrix A(X*) (cf. also Example 3.4).

For a more special setting, namely the linear model
Y = XB* +¢  with X e R”?, 3* e R” and ¢ ~ N(0,0%1,),

Nardi and Rinaldo (2008) proposes the following conditions for sparsistency. First, they
make the simplifying assumption that

1
— X} Xg. =1, forallje[m], (3.13)
n J J J

which can be achieved by utilizing the Gram-Schmidt orthogonalization procedure.
Moreover, they assume that

1. The smallest eigenvalue of %(X;—X s) is bounded from below by a constant C,,;, >
0.

2. For av := minjeg Hﬁ&“w and s = Zjespj

1 log s
a (VT * @I?E%X@> -0

3. For some 0 < € < 1 and every j € S°¢

1—
H)ngXs(Xng)_l‘H <—° (3.14)

2 A\/ ZjeS Dj
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3 Undirected Structure Estimation

log(p—5) _
nA2

They derive the following theorem for sparsistency.

Theorem 3.12. Let assumptions 1. —4. hold. Then for O, which is the event that there
exists a group lasso solution (3 with HBGj H >0 forall j €S and ng =0 for all j € S°,
it holds that i

P(O) — 1 for n — .

The irrepresentability condition stated in (3.14) is more restrictive than the one pro-
posed by Bach (2008) in (3.11). However, this is because Nardi and Rinaldo (2008) con-
siders a more general asymptotic scenario. They study the so-called double-asymptotic
scenario, where the parameter space spanned by the columns of the n x p; submatrices
X, with j € [m] is allowed to change with n. In particular, they allow for m — oo
and dimensions of the groups p; to change with n. Specifically, they include situations
where s >> n, meaning s grows faster than n. By contrast, Bach (2008) assumes the
parameter space is fixed.

Lounici et al. (2011) established slightly different sufficient conditions for correct sup-
port recovery for the linear model. Let X¢, be the n x p; sub-matrix of X obtained by
taking the columns of X indexed in GG;. Assume there exists some integer s > 1 and a
constant o > 0 such that

1. For any j € [m] and t € [p,] it holds that (X¢ Xg,/n)i: = ¢ and

MiNe[m] /Pi@ 1

X& Xa, /n)iw| < —. 3.15
1<t7{’n<az;};t¢t’ I G Gj/n)t’t l4a maXiepm] \/PiS Pj ( )
2. For any j # j' € [m] it holds that
XTI X < elml v 3.16
1<t<nrﬂx?{};j,pj,}|( G, Gj//”)t,t| 1o maxe ) /DiS ( )
and
MiNie[m] /DiP 1
max |(ngXGj//n)t,t’| < ] (3.17)

1<t<p; 1<t/ <p 1 t#t ~ 4o MaXie[m] /PiS \/W
Note that (ng Xa,/n)ir = ¢ can be easily achieved by normalizing the design matrix X.
Compared to the orthogonality assumption (3.13) made in Nardi and Rinaldo (2008),
this allows for more general design matrices. Assumptions 1. and 2. take on the form
of a mutual coherence condition as they restrict the maximum absolute value of the
cross-correlations between the columns of X. Given the above two assumptions, we can
state the following theorem.
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3 Undirected Structure Estimation

Theorem 3.13. Let m = 2,n > 1, |S| < s and choose

A > max — \/tT(XEXGj/n) +2 H‘XEXGJ-/H‘H (2qlogm + /pjqlogm,  (3.18)
J J 2

Jelm] \/MP;

where q is a positive parameter. Moreover, assume the above-stated assumptions are
satisfied. In particular, let (3.15), (3.16) and (3.17) hold with the same s. Define

()

Then with probability at least 1 — 2m!=4, it holds that for any solution B of the group
lasso

A c
max — BHa. |l < — max/p;.
je[m] H(ﬂ b )G’ 2 ¢ ie[m] p
If additionally,
. 2c
win || (5%), ||, > - max /i (3.19)

then with the same probability, the set of indices

S:{j;

will correctly estimate the true sparsity pattern S, i.e., S=8.

A

Cc
o~ S 1)

¢ ic[m]

(3.19) is referred to as the beta min condition. It states that (5*)q, cannot be arbitrar-
ily close to zero if j € S. In other words, the norms should be at least somewhat larger
than the noise level. For the group lasso this implies that at least one component in
(8*)q, has to be sufficiently large since we aim to select entire groups and not individual
components.

Note the theory developed in Nardi and Rinaldo (2008) and Lounici et al. (2011)
again cannot be applied to the group Lyapunov lasso as the underlying regression prob-
lem does not contain an additive error. For more details, we refer to Remark 3.3.

For some more specialized variants of the group lasso, there also exists some sufficient
conditions for correct support recovery. Wei and Huang (2010) studied the adaptive
group lasso, which iteratively uses the group lasso twice. Specifically, it uses the group
lasso to compute an initial estimate B and reduce the dimension of the problem. After-

ward, the weights of the penalty are set to 1/ HBGk , and the group lasso algorithm is
2

run for a second time. The crucial assumption for correct model selection is that the
initial estimator is consistent at zero. The latter is true for the group lasso given that
the sparse Riesz condition (SRC)

ol
Cx < | ”A]”Q < c¢*  for all A with ¢* = |A| and v € R&reaPs
n vl
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is satisfied by the submatrix X, with rank ¢* and 0 < ¢, < ¢* < o0. In words, the SRC
restricts the range of eigenvalues of the submatrix.

The group square root lasso is obtained by taking the square of the prediction error
in the group lasso, while the penalty remains the same. Bunea et al. (2014) showed that
assuming an irrepresentability condition

HX(T;J_XS(XSTXS)*UH
max  max 2 <p with0O<n<l1
ey < 955 NG

and a beta min condition, the group square root lasso can consistently select the correct
sparsity pattern.

The advantage of the group square root lasso is that the optimal tuning parameter A
can be selected independently of the variance of the errors o. For the group lasso, this
is not the case, as can be seen from the choice of A in (3.18).

In summary, to establish sufficient conditions for correct support recovery we need a

condition on the design matrix X. This is usually in the form of an irrepresentability
condition or mutual coherence condition. Secondly, we require some restrictions on the
tuning parameter \. Particularly, we either specify the speed of convergence or assume
a lower bound for A. Lastly, we may need a beta min condition to distinguish the true
signal from the noise.
Surveying the available literature, we were not able to find appropriate theory for the
group Lyapunov lasso. To prove sufficient conditions for the latter we will proceed as
follows. We will adapt the primal-dual witness construction developed by Wainwright
(2009) to the group lasso setting. To achieve this it is useful to introduce the concept
of dual norms.

3.3 Dual norm

Recall that the result of consistent support recovery for the lasso

1 2
min Sy — XBl; + A1,

is dependent on the irrepresentability condition formulated in terms of the ¢,,-norm
| X g Xs(XXs) 'sign(5%)]| < 1.

This is by no means coincidental. In fact, the /,,-norm is the dual norm to the ¢;-norm
in the lasso penalty. We will show that the group lasso penalty is a norm and derive its
dual norm, which will be the basis for a group irrepresentability condition. The theory
presented here is based on van de Geer (2016) and Miccheli et al. (2010).

Let 2 be a norm on RP, we can define the dual norm €, of Q as follows.
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3 Undirected Structure Estimation

Definition 3.14 (dual norm).

— T P
Qy(w) : Qr&?§1|w B, we RP.

We can immediately verify that the dual norm inequality holds by Definition 3.14
w8 < Qu(w)QB). (3.20)

Example 3.15. Consider the ¢;-norm ||-||; whose dual norm is the ¢,-norm ||-||.,. To

see that we write

.
max <max2w <maxw max W
o (0781 < mae ] < mase e mas, 81 < ol

where we used the triangle inequality for the first inequality. Note the maximum on the
RHS is attained by choosing [ as the appropriate canonical basis vector.

Definition 3.16 ((Q2—)allowed). Let S < [p] and 275 be a norm defined on RP~15/. We
say S is (Q—)allowed if

Q(B) = QBs) + 2 5(B_g) for allg € RP. (3.21)
We call €2 weakly decomposable for the set S.

Observe also that by the triangle inequality, it holds in general that

Q(8) < Q(Bs) + Q(B-s).

Thus for allowed sets, we have the reverse implication of the above inequality, albeit
that Q(S_g) is replaced by a different norm.

Example 3.17. For the ¢;-norm choosing Q2~° as the ¢;-norm again yields that any
subset S < [p] is allowed. In fact, (3.21) then holds with equality, i.e.,

1811y = 185l + 115-sll; -

The group lasso penalty is an example of a more general class of norms that satisfy
the weak decomposability property (cf. Definition 3.16).

Definition 3.18. Let A be a convex cone in [0,00)P. The norm 2 generated by A is
defined as

Q(p) = mm l‘ﬁﬂz aj] , BeRP (3.22)

a;

We use the convention 0/0 = 0. Observe that if 5; # 0, one is forced to choose an
a; # 0 in (3.22).

Lemma 3.19. The function €2 given in Definition 3.18 above is a norm.
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Proof. €2 is clearly non-negative by definition and can only be zero when § = 0. Moreover
for A > 0 we have that

MBI N \@!2
QAB) = mjl P2 [ . . Z = \Q(B),
thus proving homogeneity. For the last equality, we used that A is a cone, i.e., § € A.

To see that the triangle inequality holds note %Z§=1 [‘ile + a]] is convex as it is a sum

of the convex functions (a, b) — % and a — a. Hence, when A is convex, () is convex
since it is the minimum of convex functions over A. Assume «, 3 € RP, then applying
homogeneity and convexity of {2 we obtain that

a+p
2

Qa+ ) =20 ( ) < Qa) + Q(B).

]

Assume {G; : j € [m]} forms a partition of the index set [p] into m groups with

G, = p; and
A={ae[0,0):a;, =0, ieG;, le[m], >0},

the set of all non-negative vectors which are constant within groups. Thus using the
arithmetic-geometric mean inequality, i.e. “TH’ > +ab

aceA 2 — Q;

Q(p) = mln {’B]P —{—a]] = minl y [H/BG H2 +p]%] = i\/]TJHﬁGJHQ
1 j j=1

Hence, we have proven that the group lasso penalty is a norm of the form specified in
Definition 3.18.

Definition 3.20 (group norm). For 5 € RP we define the group norm as

181, == > v/P5 [18e; I, -
j=1

Note that any union of groups G; form an allowed set, and for any allowed set S

~(B-s) = 18-sll,

and

1Bllg = 18slly + 18-sll, -
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To derive the corresponding dual norm, we simply use Definition 3.14 and the Cauchy-
Schwarz inequality.

Qu(w) = max [w'8| < max ZH we, ||, 116,

I8, <1 18llg<
Hijuz
< max HijHQ'

ma
j€lml  \/Dj
Definition 3.21 (dual group norm). For vectors w € RP the dual group norm is given

as

|we, ||
||l = max =112

jelml  /Pj

If M € RP*P we define the dual group matrix norm as

M
M, = s [, = e 121

Remark 3.22. If we choose the partition G; = {j} for all j € [p], we obtain the ¢;-norm
for the group norm and the /,,-norm for the dual group norm. On the contrary, if we
set the partition to be [p], we obtain a scaled version of the fo-norm for the group norm
and the dual group norm, respectively.

For two norms 2 and €2 on the Euclidean space, we say 2 is a stronger norm than
if
Q=0 < Q) =) for all e R?

In particular, this implies for the associated dual norms €, > Q, since {8 : Q(f) < 1} <
{B: Y(B) <1} and thus

!/
2 (w) nax w' B = > max "Bl = Qu(w).
Recall that for 3 € R? the ¢, — ly-inequality [|3||; < /P3|, holds. As an immediate
consequence, we have that [|-||, is stronger than ||-||;. Indeed, for all norms of the form
given in Definition 3.18; it holds true that they are stronger than the ¢;-norm (van de
Geer (2016), Lemma 6.9) and hence their dual norms are weaker. When specifying or-
acle inequalities, weaker dual norms can result in more relaxed bounds on the tuning
parameter A\ (van de Geer (2016), Section 6.7).

We finish this section by providing several bounds for the dual group matrix norm in
terms of the associated matrix norm ||-|[, and |||,
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Lemma 3.23. Let M € RP*P_ then

1M, maxZ H\

where Mg,q, is the submatrix formed by selecting the rows of M with index in G; and
columns of M with index in G;.

Proof.

Mg, " | Me,a,we,
M|, = max Muw||, = max maxwzmax max Zj_l H GiG; GJH?
f

 lwlly=1 lwll =114€[m]  \/pi ie[m] ||wll,=1 \Di

166, llwe, | P
maX Hglllj}_(l 2 \/% : ma Z = ‘H GiG; ‘HZ

s, |l

For the last inequality, we used that o S |wl|[, = 1 for all j € [m] by Definition
J
3.21. 0

Lemma 3.24. Let M € RP*? and S an allowed set of size ¢, then

Va
Ml <€ ————=IM],
MM je[m] A/Pj
1
Proof. Observe that [|w||, < ET— l|lwl],, thus
1
I ], < max —————— |[Mwl|,

ol =1 MiNje[m] /Dj

Let m, be the number of groups in S, then |lw||, = max efm,] ||°$T||2 = 1 implies
J
0 (e
leolly = pj < — g,

which yields that

V4
M, € ————=IM]],.
Minje[m] /Pj

Lemma 3.25. Let M € RP*P, then
Il M1, max\/E\HM\H

Proof. Recall that the group norm is stronger than the ¢;-norm, which implies that the
dual group norm ||-||, is weaker than the {,,-norm. Therefore,
I, = max M, < max Ml
* *

< Ml max Jlwllo, < [[M]l, max \/p;.
llwll =1 j€[m]

23



3 Undirected Structure Estimation

3.4 Primal-dual witness construction for group lasso

A key technique to prove consistency results for the group Lyapunov lasso will be the
primal-dual witness construction, which was introduced by Wainwright (2009) to prove
consistent support recovery of the lasso. We start by establishing general optimality
conditions for the group lasso. Then we will adapt the primal-dual witness construction
and provide a lemma showing that this method is viable.

Definition 3.26 (subgradient, subdifferential). Given a convex function f : R? — R a
vector z € R? is said to be a subgradient of f at 3 if

f(B) = f(B) + (2,8 — B) for all 3’ RP. (3.23)
We denote the set of all subgradients of f at 8 - called subdifferential - by 0f (/).

Example 3.27. We consider the group lasso penalty || 3| , and calculate the subgradient
to be Dz, where D € RP*? is a block-diagonal matrix with m blocks /p;[,, € RP/*Pi
with j € [m] and z € 7||8]|, is defined as

Ba; .
Toe, T, 0o, %0,
e{zeR:|z|, <1} if Ba, = 0.

26, = (3.24)

Considering the case 8¢, # 0, we used that the subdifferential reduces to a single vector
for differentiable functions, namely the derivative V H Ba; H2 Clearly, the euclidean norm
is not differentiable at 0, hence we have to show that for Sg, = 0 the subgradient
condition (3.23) holds, i.e.,

|,

Assuming ||ZG]. H2 < 1, we have with Cauchy-Schwarz that

gl <[4,

We can now state a necessary and sufficient optimality condition for the group lasso,
derived from the Karush-Kuhn-Tucker (KKT) conditions for constrained convex opti-
mization problems. In particular, the solution ,@ of the group lasso satisfies the following
subgradient equations

|, > 0l + Czc;, 85, — 0).

<|
2

Gy 801 < |26, | R

X"XB—XTy+ADz =0, (3.25)
where Z is defined as in (3.24).

Let S be the support defined in Definition 3.7. We use the convention for vectors
that Bs := {fg,}jes and for matrices Xg is formed by the columns of X with index in
UjeS Gj :

The primal-dual witness (PDW) method is based on an explicit construction of a
pair of vectors (3, 2) that (when the procedure succeeds) are primal and dual optimal
solutions for the group lasso, and act as witnesses for the correct recovery of the support
S. We construct (B , 2) according to the following steps:
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1. Obtain ﬂA s by solving the restricted group lasso problem,
~ . 1 9
Bs = argmin 4 o ly — XsBslly + AMIBsll ¢ -

We set BSC = 0.

2. Choose Zg as an element of the subdifferential of the group norm evaluated at Bs,

i.e., ?:’S €0 Hﬂg
9

3. Assuming y = X[* + ¢, solve the zero subgradient equation (3.25) for Zge and
check whether or not the dual feasibility condition ||Zsc||, < 1 is satisfied.

7 (BS) 0)
is an optimal solution for the group lasso. In particular, this implies S c S , Where

S = S(B).

Proof. By construction of the PDW-method § = (8, 0) is an optimal solution to (3.1)
with associated subgradient vector Z € R? satisfying ||Zgsc||, < 1.

Lemma 3.28. If the primal-dual witness construction succeeds with || Zg¢||,

Assume 3 to be another optimal solution of the group lasso. Thus denoting F (B) =
5 ly = XBll5, we have

Ba,

Be, ||,

B) + A D; = F(B) + A D 3.26
) Z Vi ||Ba, ||, = F(5) Z VP (3.26)
Let D € RP*? be a block-diagonal matrix with m blocks ,/p;I,, € RP*P7 with j € [m].
Then by definition of the subgradient vector Z and B

We can now express (3.26) as

F(B) + XDz, 8y = F(B +AZ\/E Be,

Ba,

F(B) = XDz,6— )= F(B +AZ@
Using the subgradient equations required for optimality, namely A\Dz = —V F' (B) yields

Ba, (3.27)

F(B) +(VF(B),5 -5~ F(3 —AZ@
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Note that by convexity of F', the LHS of equation (3.27) is negative and hence

|2 B, j

, <(D%.B) < D],

17

g

=LV
9 O

For the last inequality, we used the dual norm inequality (3.20), while for the last
equality, note that ||DZ||, = 1 by definition of 2.
Finally, we obtain

[, - @ = 3 st
j=1

ﬂG]' BGJ'

< D Vi |Be, ||, + 2 Vi llzal,
Jes jese

2

From this we can infer that ng = 0 for all j € S° because ||Zs¢||, < 1. O

3.5 Consistent support recovery of group Lyapunov lasso

The goal of this section is to establish sufficient conditions under which the group Lya-
punov lasso correctly recovers the undirected structure of a GCLM. In other words,
we are interested in finding conditions that guarantee the correct identification of the
support of the population drift matrix S(M*).

Definition 3.29. We define the support of a drift matrix M as
S =8(M):={j:vec(M)g, #0, je[m]}.

The population drift matrix M* is a parameter of the continuous Lyapunov equation
(1.3) and M denotes the solution of the group lasso problem defined in (3.9). For ease
of notation, let S = S(M*) be the support of the population drift matrix M* and
S = S(M) the support of the estimate M.

Example 3.30. Let M be a matrix defined as

-2 0 0
M={01 -3 0.1
0 0 -4

and assume we use the partition Goftdiag U Gaiag defined in (3.7) and (3.8), i.e.

GOffdiag = {{(17 2)? (27 1)}7 {(17 3)7 (37 1>}7 {(27 3)7 (37 2)}} = {G27 G37 G5}

and
Gdiag = {{(17 1)}7 {(272)}’ {(373)}} = {G17G47G6}

then the support is
S(M) ={1,2,4,5,6}.
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We introduce some more relevant notations.

Definition 3.31. For A € RP*P, the matrix Ag = A.g is obtained from A by selecting
the columns specified by ;.4 Gj. We order the columns by (i,7) < (k,1) if i < k and
(1,7) < (k,1) if i = k and j < [. Analogously, we can define the matrices Ag. and Agg.
By contrast, the matrix A_g is defined by removing the columns specified in S.

Furthermore, let >* and S be the associated covariance matrices with M* and M ,
obtained by solving the continuous Lyapunov equation (2.1) and using the formula for the
sample covariance matrix (3.3), respectively. Then I'* = T(2*) T = T'(2), ¢* = ¢(=*)
and g = g(f]) Moreover, we define the differences Ap = I' — I'* and Ay =g —g*. The
constants

crx = H!(F;S)flm* and cpx = |[vec(M™)]|,

appear in the statement of our theorem as well.

For the proof of the theorem, we adapt the ideas presented in Lin et al. (2016) and
Dettling et al. (2022). In particular, we use the specific PDW construction presented in
both papers.

Theorem 3.32. Let M* € Stab, be the true signal with support set S. Assume I'¢g is
wnvertible and the group-irrepresentable condition

IT5es(T5e) I, < V(1 —a) (3.28)

holds with parameter a € [0,1), where d is the constant group size on S¢. Furthermore,
assume that I' is a matriz, such that

Qe

IAr) sl < e s 7——~x— and  [|Ay], < e

(3 + i) Cr*

1 3
A> 1+ —= —a | —max{ecyx, €},
( Vi >a tercus ez}

M has its support S included in the true support S, i.e., Sc S and M satisfies

1+ 2
<<—W>A
* 1+7a—04

14+ 2
>(—f>/\
* 1+7E—Oé

=

For

H vee(M) — vee(M*)

In addition, if

min HMS
jeSs J

then S = S.
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Proof. We will use the PDW method to prove the theorem. First, note that our opti-
mization problem (3.9) is convex since I is positive semi-definite by construction. Recall
that the KKT conditions are then necessary and sufficient conditions for a solution to
be optimal.

The KKT conditions are given by the following sub-gradient equations

Tvec(M) — § + ADz = 0, (3.29)
where Z € 0 Hvec(M )|| is a sub-gradient vector with entries
g
M)e,
A _ vec( i )a, ies.
“G; = [vec(M)g,]2 (3.30)

e{reRW: |zl <1} jeS“

Recall that by Theorem 2.9 choosing M* € Stab(p) and C' € PD(p) yields a unique
positive-definite ¥X* determined by the continuous Lyapunov equation, i.e.,

[Mvec(M™*) — g* = 0. (3.31)

The goal of the PDW technique is to establish a primal-dual pair (M , 2), which solves
(3.29) and (3.31) with the correct support structure. As we have seen earlier, this
consists of three steps.

1. Solve the restricted optimization problem

~ 1 A
vec(M) = argmin —vec(M) I'vec(M) — §'vec(M) + A|vec(M)],

Vec(M)Sc:()

- vec(M)g , - ~
2. Set zZg = <m>jes. Then zZg € HVGC(M)HQ.

We define Ap := I' — I'*| Ay = vec(M) — vec(M*) and A, = § — g*. Using (3.29)
and (3.31) we obtain
T* Ay + Apvec(M) — A, + ADZ = 0. (3.32)

We can rewrite the above equation (3.32) in block-matrix form

(e re ) (B (R o) (o) =(R2) = (5e2) - ()

This can then be solved for

1 . .
Z5e = 3 Dse | ~Thes(Bar)s — (Ar)sesvee(M)s + (A,)s:
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and
(Bar)s = (Tgs) ™ | ~(Ar)ssvee(M)s + (A,)s — ADss |

Substituting (A M)s in Zge yields our third and final step. Note this step differs from
the general PDW construction for the group lasso, as our problem does not have an
additive error.

3. We have

- 1
ZSCZX

D! |Phes (Tss) ™ ((Ar)ssvec(i)s = (A,)s)
~(Ar)sesvec(M)s + (Ag)sc] (3.33)
+ Dg!Tes (Tss) ™" DsZs.

According to Lemma 3.28 we need to show that ||Zg||, < 1 to prove S < S. Using
the triangle inequality we obtain the following bound

1
<3 15!

s @) L (|| Ar)ssvee@Ds]|+ a0)sl,)
+ || @r)sesvee(i)s |+ l(Ag)s.
+ 105, IT5es (T5s) ™I, 1 Ds sl

Looking at the individual dual norm terms, we can further simply the above expression.
First note that on S¢ all groups are of size d, thus

||2SC

1
—w

Vd

1

. Vd

}HD;} ‘H = max
* _
flooll =1

Furthermore, we observe that

26,1, -

VP ies HveC(MGj)H
2

|DsZsl|, = max /p;

By assumption we have ||[%.g (ng)_lm* < +/d(1 — «). Therefore,

Jsell <5 [(1— @) ([[@n)ssvec(anys| + la,)sll,)
)]

+ == (| @nsesveeaDs], + 12,)s
+ (1 —a).

Definition 3.21 of the dual group norm yields that

X (AF)Scsvec(]\Z/)g

maX{H(AF)ngeC(M)S

} < H(AF).SveC(M)S

*
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and max{|[(Ag)s|l, , [I(Ag)s

+ < |lAy],. Hence,

1+ —+=—ay -
25l < —=Z— [ [[(ar) svee@D)s||_+ 1211, | + (1 =)
1+%+—ar -
=[] ar)s (vee(rr)s + Aan)s )|+ 1401,] + (1 = )
L *
1+ —>-—ay N
< —L— [ ar) sl Ivee(r)sll, + [1(Ar)sll, ||Bas]| + 1411, | + (1 = a).
(3.34)
We can bound the first summand by
+ = -« 1+4%+—-a Oé
A I A) sl [vee(M?)s, < —{——aew < 5. (3.35)

where the last equality follows from our choice of A.
By assumption ||Ay||, < €, thus we deduce the following bound for the third summand

1+ %+ —-a 1+ - o
% 1A, < $GQ <3 (3.36)

It remains to bound the second summand or, to be more precise, H (A M)s H . Analogously
*

to before, we can combine (3.29) and (3.31) (this time adding the null sum Tvec(M*) —
['vec(M*)) to obtain

DAy + Apvee(M,) — A, + ADZ = 0.

Anr = ((Ams) and  vec(M*) = (VGC(M *)5) .

Note that

0 0

Thus solving for (Ay;)s we have
(AM)S = (f‘sg)il (—(AF)SsVGC(M*>S + (Ag)S — )\Dggg) .

Consequently,

(Awm)s

< || Cso) || (Iar)ssllvec(ar)s] + 1(Ag)sl, + AllDsZsll,)

<|

*

(f\SS)il‘H* (€1cpr+ + €2 + A).

Additionally, using our lower bounds for A gives us

. 1 2a
‘ (Am)s|| < ’ (Pss)™! (—1 T oA )\)
* * 7(2 -
. 1+ 5 —¢
= ’ (Pss) ™ (H{—d;)‘) : (3.37)
* \/—a -

30



3 Undirected Structure Estimation

—1l . For this purpose observe

*

The next step now is to find an upper bound for ‘H (fgs)

that by assumption

a 1
I(Ar)ssll, < l(Ar)sll, < & < ——=—75 <
crx(3+ 25)  cr

therefore implying
II(T5s) ™ (Ar)ss||, < [[(Tss) ', I(Ar)ssll, < 1. (3.38)

We aim to bound the dual group norm of the inverse of the estimated Gram matrix
)H(fgs)_lm by [[(T%g) "], Consider the difference
%

(Pss)™" = (Ts) ™" = [Ths + (Ar)ss] ™' — (Thg) ™
— [Cis(I + (Tss) ™ (Ar)ss)] " — (Thg)™"
—{[1+ (T5) ™ (Ar)ss] " — 1} (Thg)™

(3.38) allows us to express the above difference as the Neumann series (Horn and Johnson
(2013), Corollary 5.6.16)

a0
(Pss) ™' = (T5s) ™' = [ (I'ss) ™ (Ar)ss Z (T%s) ™ (Ar)ss) ] (Tss) ™"
k=0
This yields for the dual group norm difference
o0
|(Pss)™ = 0597, < @397 @0ssl, Y (5 (Ardss]l,) 137,
k=0

I1(T5s) " (Ar)ss]l, IIT%s) "l
1= [[(T5s)~*(Ar)ss]l,

For the equality, we used that >, (\|\(F§S)_1(AF)35H|*)k is a convergent geometric
series due to (3.38). Then

|@so)7|| < s, + || Css)™ = (050)7
I(CE) ™ _ I3,

T 1=l Arssll, T 1= 1(TEs) 7L (AR sl
<3 CE* — <7 a (3.39)
p— -
o 3+

We can substitute (3.39) into (3.37) to find the new bound
Ayl = ‘ (Au)s|| < 7 3 T A = R — crs,
* * - @ + Vi o + Vi «
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which also proves the second claim of the theorem.
Now it is straightforward to see that

1+ % -«
— = ll(ar).s]l.

(AM)SH* < % (3.40)

Inserting (3.35), (3.36) and (3.40) into (3.34) yields

~ (6] (e Y
||Zsc||<§+§+§+(1—a/)=]_,

thus establishing strict dual feasibility.

Lastly, to prove the last claim of the theorem for any j € S, the reverse triangle
inequality implies

HMG HMG — HMG Mg || = min HME — Hvec(M) —vec(M™*)|| > 0.
I Jjes Tl *
An immediate consequence is that S = S. n

Remark 3.33. Dettling et al. (2022) investigated irrepresentability conditions for the
direct Lyapunov lasso, which solves the following optimization problem

min — HA Jvec(M) + vec(C’)Hz + A |[vec(M)]; -

MeRpxp 2

They obtained the irrepresentability condition
[T%es )|, < (1 =)

Note Theorem 3.32 contains the direct Lyapunov lasso as a special case since for groups
that of size p; = 1, the group lasso is equal to the lasso. Moreover, recall from Remark
3.22 for a partition containing only singletons the group norm equals the ¢;-norm and
the associated dual group norm becomes the /,-norm. Consequently, the group irrepre-
sentability condition is then identical to the one given above. Furthermore, the bounds
on ¥ and M match the ones given in Dettling et al. (2022) (Theorem 3.2).

Remark 3.34. One can slightly relax the group irrepresentability condition if we elect

by not penalizing the diagonal elements of M in the group lasso problem (cf. Definition

3.6). While the proof remains mostly the same, there are some notable differences.

Firstly, observe that due to the KKT conditions every optimal dual variable Z has to
satisfy

vec(M)q,
o) TveiD)g
! =0 j €S and G; € Ging
e{reR*:|zf, <1} jes°

j € S and Gj € Goﬁdiag
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The 0 entry in Z comes from taking the partial derivative of the penalty wrt. m;; (with
m;; not appearing in the penalty for all i € [p]). We can leverage this particular structure
of Z to find a more efficient bound for

| DsiT%es (Ths) ™ Dszs||, < ||Dg ||, [|TEes (ng)_leésH*

® -1 =
FSCS (Iss) ),Sd‘ (DSZS),gdiag .

iag

vl
<l

FECS FZ’S _1)

7Sdiag *

where Sdiag = {j €S Gj € Gdiag}-
The new group-irrepresentability condition therefore is

|

which is smaller than or equal to the group-irrepresentability condition given in (3.28)
by definition of ||-||,.

<Vd(1 - ),

*

Ties ((T5s)7)

7Sdiag

Theorem 3.32 provides a deterministic result on estimation error and support recovery
under some conditions on Ar and A,. Assuming our data is sub-Gaussian, we can
provide more specific bounds on the preceding quantities. We start by introducing a
series of lemmas, derived in Dettling et al. (2022) with the goal of bounding Ar in
terms of Ay = 3 — X*. The key idea here is to leverage the special structure of the
Gram matrix I' (cf. Lemma 3.35) to obtain a sharp bound and thus a good sample size
requirement.

Lemma 3.35. For a given covariance matrix 3 € R? the Gram matrix I'(2) € RP* ¥ g
equal to

I =AX)TAZ) =222 1) + (E@D)KPP 4 KPP (X oY),

Proof. Recall that for two matrices A and B, (A® B)T = (AT ® BT) and K®?) is
symmetric by definition (cf. (2.3)).

AX)TA®) = [(E®1,) + K®P)(I,® D]E®L)+ (1, E)K(p,p)] .
The mixed-product property implies
=®L+(E® D)K®P) 4 KPP(S @ F) + K(p,p)([p ® L) KPP,
In addition, Corollary 2.7 yields

—2(22Q L)+ (RQX)KPP 4 KPI(S®N).
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From the above Lemma we can deduce that I'(X) = I'y(X) + ['y(X) with
I(2)=222®7I,) and Iy(%):=(Z@I)KPY + KPP(S@Y).

The following two Lemmas provide bounds on the spectral norm of T';(X) and T'y(X) in
terms of the spectral norm of 3. We define the constant cyx = || X*||,.

Lemma 3.36.
i) - i)

2
|, <2llAsl + dese l|As]l,.
Proof. The Kronecker product is distributive, hence

|nE) -1

L —2|er-Een)

’ 2

From Theorem 4.2.15 in Horn and Johnson (1991) we can infer that ||[A® B, =
I All5 [ Bl],, therefore

+2[|AsEHly + 2[5 As,

I,

R

Note that for a symmetric matrix, the spectral norm is equal to the absolute maximal
eigenvalue. Moreover, the eigenvalues of a squared matrix are the squared eigenvalues
of the original matrix. Thus, we find as claimed that

2
< 2[[Asl; + desx [[Asl, -

Lemma 3.37. X
[ra() - 1oz

2
|, < 201Asll3 + dese 185,
Proof. Observe that by (2.3) the commutation matrix K P is an orthonormal matrix,
implying H’K (p,p)mz = 1. Additionally, it holds that for orthonormal matrices () and a
general matrix A, QAL = | AQ, | All,- Thus

H‘K(”’p)(f} @5 - T YY)

(2 _ H‘(z R -T'® E*)K(p’P)HL - ‘H(E ®5 - T @YY

‘ 2

Applying the above equation and the same tricks as in the proof of Lemma 3.36 yields

|Pa(®) — 1oz

‘ <2H(i®i—z*®z*

2 2
=2||(Ax + X)) ® (Ap + ) = Z* @ X,
:2H|AZ®AZ+AE®E*+Z*®AE+E*®E*—E*®Z*\H2
<2|[|As ®@ Asll, + 2 [|As @ X[, + 2 [|X* @ As]|,
= 2| Ag; + des | A, -
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Let A € R with s = },.5p;, then | A, < 75— ||Al|, by Lemma 3.24. It
follows that

I(Ar)-sll, < Vs I(Ar)s]l, (3.41)
and by Lemma 3.36 and Lemma 3.37
< Vs || Ax]l; + 8esx |As],)- (3.42)
We now shift our focus to bounding ||A]],.
Lemma 3.38. Let c¢c = |[vec(C)||,, then
18]l < 2¢c [|Axll, -
Proof. From Lemma 3.24 we can infer that

18]l < 1[Agll,
S co H‘ﬁ] L+ ([,® f])K(p’p) YL —([,® S*) K P)

2

Using the distributivity of the Kronecker product and orthonormality of K ®P?) we have

)

<cc (‘H(i—z*)@g[p L® (-3

|
2

As mentioned earlier ||[A® B[, = || All, || B]|,- Therefore,
= 2cc [|As]l,

which completes the proof. O]

The bounds derived in (3.42) and Lemma 3.38 both depend on the spectral norm of
Ayx. If we choose the latter to be sufficiently small, we can ensure that our assumptions
for [|(Ar).s||, and ||A4], in Theorem 3.32 are met.

Lemma 3.39. If we choose sample size n to be large enough such that

Ias, = || - =

- m €1 €2 1
min )
2 Vs(4 + 8csx) 2¢c’
Then

I(Ar)-sll, < e and  [[Ay]], < €.

Proof. The result is an immediate consequence of (3.42), where [|Ax|2 < ||Ax||,, and
Lemma 3.38. =

The following theorem provides a probabilistic upper bound on ||Ayx||, (concentration
inequality) under the assumption that {X;}!, are sub-Gaussian. We start by recalling
the definition of sub-Gaussian random vectors.
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Definition 3.40 (sub-Gaussian random vector). Let X € R? be a random vector with
mean zero. It is said to be sub-Gaussian with parameter at most o if for each fixed
veKr!
2452
E[M" 0] < e forall A e R, (3.43)

where KP~! denotes the closed unit ball in RP.

Example 3.41. A typical example of a sub-Gaussian random vector is the Gaussian
random vector X ~ N(0,X). To see this, observe that

(0, X)=v"X ~N(0,0"20v). (3.44)
The moment generating function of (v, X') equals
E[eXvX0] = WVT30/2 for all A e R. (3.45)

Lastly, v"3v < ||X]|, for all v € KP~! proves that X is indeed sub-Gaussian with
parameter at most o2 = || X]],.

Theorem 3.42. Let {X;}].; be sub-Gaussian random vectors with parameter o. Then
there exists universal constants {c; }5?:1 such that the sample covariance matriz ¥ defined
in (3.3) satisfies

‘HE — PP
P —22 > <\/j + —) +6 | < cpexp(—csnmin(§,6%))  for all § = 0.
o non
(3.46)
Proof. see proof of Theorem 6.5 in Wainwright (2019). O

We can rewrite Theorem 3.42 in a more convenient form.

Corollary 3.43. Suppose {c; 3?:1 are the universal constants from Theorem 3.42. We
assume w.l.o.g. that ¢; > 1. Moreover, let {X;}, ~ N(0,%*) ii.d.. Then for any

€/csx € (4eyA/p/n, 2), we have

P(E->

C3 2
Z €| < cpexp | ———5ne|.
2 4cs

. _€ 3 b e
Proof. Let 0 := Soer By assumption & < 6z, thus

Pil)ss| <S4 < +i<cfiiyic
Csx | C -+ = < - —< -+ -+ =-<g
i R WV 4 " 16cienx 2 4 82

where the second to last inequality follows from ¢; > 1 and €/csx < 2.

The above inequality immediately yields
ZCE*[61< £+£)+5:|)
2 n o n

(s

29 =r(fs-v
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We showed in Example 3.41 that a multivariate normal distribution is sub-Gaussian with
parameter at most 02 = cyx. Furthermore, our choice of € implies § < 1 and therefore
5% < 4. Hence, from Theorem 3.42 we can infer that

c
< ey exp(—cgnd?) = cyexp (—402 neQ) )
T

]

Lastly, for sub-Gaussian data, we can now state a more explicit version of Theorem
3.32 with specific error bounds.

Theorem 3.44. Assume the data is drawn from a p-dimensional Ornstein-Uhlenbeck
process in equilibrium. Let M* € Stab(p) be the corresponding true signal with support
set S and C' € PD(p). Moreover, assume the Gram matriz Ig is invertible and the
group irrepresentability condition (3.28) holds for o€ [0,1). For s = 3. ¢ p;, we define

<3 + i) Cr*
Vd
e = [0y, co=llvec(O), ex = S,

4¢3
¢ = max{y/s(4 + 8cgx), 200}, &= —2¢
C3S

with {c; }?zl the universal constants from Theorem 3.42 and w.l.o.qg ¢c; > 1. If we choose
71 > (4ctesep)/logp, n > ¢slog p™ max{1/(4c2«¢),1/¢,c2} and the reqularization param-

eter
1 3 [cslogpm
A > (14—\/—3—06) a %max{czw*,l},

then the following statements hold with probability at least 1 — cop™™.
(i) The estimate M has its support S included in the true support S, i.e. Sc S and

satisfies
1+ 5
< T vd CrxA.
* 1+ T3 @

~

vec(M) — vec(M™)

(i) In addition, if

1+ 2
minHMéj > (4) crs A,
jeS * 1+ i o
then S = S.
Proof. Set € = 4/¢slogp™ /n. Under the assumption for 71, we have
£/csl
min < , S G < = \/ﬁw > 40102*\/E.
Vs(4 + 8csx)’ 2¢c max{/s(4 + 8csx ), 2cc} ¢ n
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On the other hand, n > ¢slog p™ max{1/(4c%«¢), 1/¢} yields

€

. €
— { \/5(4 + 802*)7 200

Recall that the Ornstein-Uhlenbeck process in equilibrium has a stationary distribu-
tion that is multivariate normal with covariance matrix ¥*. Hence, together with the
inequalities above, we can apply Corollary 3.43 and obtain that

} < min{2cg«, 1}. (3.47)

=

=1—cop ™.

Therefore, by Lemma 3.39 and (3.47), we have that [[|(Ap).s|l, < € and [[Ay]], < e
Moreover, note that n > ¢slogp™c? implies

<3 + %) Cr*
—a .

€< Cyp =

In conclusion, we have shown that we can attain the error bounds assumed in Theorem
3.32, and thus the remaining statements immediately follow from the preceding theorem.
m

Closer inspection of Theorem 3.44 reveals that the group Lyapunov lasso requires
a sample size of n = Q(slogp) to recover the support of M* correctly, where s is the
number of non-zero entries in M*. This result is identical to the sample size requirement
for the lasso in the Lyapunov setting (Dettling et al. (2022), Corollary 3.2). If the true
signal is relatively sparse, s will be much smaller than the number of unknown parameters
p?. Consequently, Theorem 3.44 then states that the group Lyapunov lasso can also be
employed in a high-dimensional setting.
However, compared to other undirected structure recovery methods it is less powerful
for high-dimensional data. Consider, for example, the graphical lasso for multivariate
normal data. Ravikumar et al. (2011) showed that consistent support recovery requires
a sample size of the order s%log p, where s is the number of non-zero entries in the rows
of the true precision matrix. This is due to the precision matrix being simply the inverse
of the covariance matrix. There is a straightforward one-to-one relation, whereas the
covariance matrix and the drift matrix M* for GCLMs don’t exhibit a similarly simple
connection (Dettling et al. (2022)).
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3.6 Analysis of the irrepresentability condition

The irrepresentability condition (3.28) is a crucial assumption for Theorem 3.32. Unlike
in standard lasso or group lasso regression, there exists no intuitive interpretation of
the preceding quantity for GCLMs. For both classical regression settings given a design
matrix X, the irrepresentability condition has the following form

[(XTX)ses(XTX)5E]| < 1.

where ||-|| is either the {y,-norm ||-||, or the dual group norm |||, respectively. Here
the interpretation is that the predictors in the active set S are not strongly correlated
with the variables in the inactive set S¢. For the Lyapunov model, the design matrix is
replaced by A(X), which is not only dependent on the predictors but also on the signal
M itself. Recall, for example, the fixed structure of A(X) given in Example 3.4, whose
individual entries are given as the solution to the continuous Lyapunov equation (2.1).
For the entirety of this section, we will assume that the volatility matrix C' in the
continuous Lyapunov equation is a multiple of the identity matrix. To be more precise,
we will assume that C' = 2I,. The results presented here would also hold for other
diagonal matrices C.

3.6.1 Irrepresentability condition for the direct Lyapunov lasso

Before we turn to the analysis of the irrepresentability condition for the group Lyapunov
lasso, we will investigate the irrepresentability conditon for the direct Lyapunov lasso.
The theory for this subsection was developed in Dettling et al. (2022).

First of, we define the following irrepresentability constant.

Definition 3.45 (irrepresentability constant). For M* € Stab(p), the true signal with
support set S, the irrepresentability constant is defined as

p(M*) = ||Tes (Tas) |, -

Note the definition for the support .S slightly changes if we work in the lasso setting. In
particular, as the lasso is equal to the group lasso if all considered groups are singletons,
we have

S = S(M*) = {(i, j) : M # 0}.

The appropriate irrepresentability condition can then be obtained from Theorem 3.32
by setting p; = 1 for all j € [m] and adjusting the norms (cf. Remark 3.33). Hence, we
deduce that

p(M*) < (1—a) fora>0.

The key idea to gain more insight to the behaviour of p(M*) is the following fact
from standard lasso regression. Let X be a design matrix from a linear regression
problem. Assuming the Gram matrix XTX is diagonal, then (XTX)gs = 0, and
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3 Undirected Structure Estimation

thus ‘H (XTX)ges(XTX )gé”‘oo = 0. The irrepresentability condition is trivially satisfied.
Moreover, in a neighborhood around the diagonal matrix XTX the irrepresentability
condition will also hold true. We can adapt this idea for GCLMs by considering drift
matrices M that yield a diagonal Gram matrix. This leads us to the following definition.

Definition 3.46 (local irrepresentability constant). Let G = (V, E) be a graph with
associated support set Sg = {(i,7) : i — j € E}. For a diagonal matrix M° € Stab(p)
the local irrepresentability constant is defined as

~ 0y . [||T0 0 -1
Ao = [ Chse) ™,

with T := T'(X%) and X° obtained from solving the continous Lyapunov equation (1.3)
with M.

The local irrepresentability constant is not well-defined for non-simple graphs.

Definition 3.47. A graph G = (V| E) is simple if it contains no 2-cycle. In other words,
there exist no two nodes 7,7 € V with ¢ # j such that both ¢ — j and 7 — 7 are in E.

Lemma 3.48. Let G = (V, E) be a directed graph with a 2-cycle and M° € Stab(p) be
an arbitrary diagonal matrix. Then pg(M?) is not well-defined.

Proof. We start with a general fact that holds for A(X). Let i, j € V be two nodes with
i > je Eand j —ie E The columns of the design matrix A(X).;; and A(X).;,
(recall the way we index columns of A(X), cf. Example 3.4), will have diagonal entries of
Y} in the same two positions. Moreover, the remaining entries will either be off-diagonal
entries of X or 0.

Note that when we M? is diagonal, 3X° will, in turn, also be diagonal. In particular, this
implies for the columns A(X°).; ;) and A(X°).(;; that they are identical. Hence, A(X°)
contains linearly dependent columns and I'y_g . = A(X%)TA(X°) cannot be inverted, i.e.,
pc(MP) is not well-defined. O

However, simply choosing M to be a diagonal matrix will not always result in the
Gram matrix 'Y being diagonal as the next example shows.

Example 3.49. Consider the 3-chain graph G = ([3], {1 — 2,2 — 3}) in Figure 3.1 and
the diagonal matrix

M° = diag(—d,, —dy, —d3)  with d; > 0 for i € [3].
M? is obviously stable, thus specifying C' = 213 yields the covariance matrix

30 = diag(1/dy, 1/da, 1/d3)
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3 Undirected Structure Estimation

as the unique solution to the Lyapunov equation in (1.3).

Moreover,

2/d; 0 0O 0 0 0 0 0 0

0 1/d, 0 1/dy 0 0 0 0 0

0 0 1/, 0 0 0 1/ds 0 0

0 1/d, 0 1/dy 0 0 0 0 0

A= 0 0 0 0 2d 0O 0 0 0

0 0 0O 0 0 1/, 0 1/d3 O

0 0 1/d, 0 0 0 1/ds 0 0

0 0 0O 0 0 1/dy, 0 1/dy O

0 0 0O 0 0 0 0 0 2/ds

and

4/d?> 0 0 0 0 0 0 0 0

0 2/d? 0  2/didy 0 0 0 0 0

0 0 2/d? 0 0 0  2/dyds 0 0

0 2/didy, 0 2/d2 0 0 0 0 0

=10 0 0 0 4/d2 0 0 0 0
0 0 0 0 0 2/d3 0  2/dyds 0

0 0  2/dyds 0 0 0 2/d? 0 0

0 0 0 0 0 2/dyds 0 2/d2 0
0 0 0 0 0 0 0 0  4/d?

Clearly, I'’ is not diagonal, and we cannot immediately conclude that the local irrepre-
sentability condition is satisfied as in the classical lasso setting.

O——O

Figure 3.1: Directed graph on 3 nodes, where we omitted to draw the self-loops induced
by M and C'

We require one more step. Namely, we can establish a sufficient and necessary condi-
tion for the local irrepresentability constant to be met by ordering the diagonal entries
in a certain way.

Theorem 3.50. Let G = ([p], E) be a simple directed graph. For any diagonal matriz
M?° € Stab(p) with diagonal entries —d; < 0 for i€ [p], p(M°) < 1 if and only if d; < d;
for every edge j — i€ E.

Proof. Solving the Lyapunov equation (1.3) with M® and C' = 2I,,, we obtain that

Y0 = diag(1/dy, ..., 1/d,).
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Let 4, j, k,1 € [p]. Since ¥ is diagonal, A(X°) = (2°®1,) + (I, ® %) KPP) is symmetric
as well. The entries of A(X") are given as

2/dy  ifi=j=Fk=1,
1/d,  ifi=Fk j=1landk #1,
1/d, ifi=1,j=Fkandk#l,

0 otherwise.

A(E") ), (kt) =

Furthermore, recall that the entries of the Gram matrix I'° are given by the inner prod-
ucts of the columns of A(X?), hence

4/d? ifi=j=k=1,
- B 2/d? ifi==k, j=1and k # [,
(i.9),(k,1) — 2/(dyd;) ifi=1,j=Fkandk #I,
0 otherwise.

Observe that T° has an off-diagonal entry only when the row index is (z,5) and the
column index is (j,4) with i # j. By assumption we only consider simple graphs,
therefore I'y_g . is diagonal with entries

(T Voo = A/d2 itk =1,
SGSG(v)v(:) 2/dz lfkf?él,

with k — [ € E. The second submatrix appearing in the local irrepresentability constant
Fgg s, has exactly one non-zero entry in each column as well. Assuming that k — [ € F,
then this entry equals

(F%gsa)(z,k),(k,z) = 2/(dpd;).

Combining the above equations, we get that

di/d, if (i,7) = (I,k) and (k,l) € Sg, (I, k) € S,

T8 50 (Copse) ™ i ten =
( SGSG( So56) i) 00 {O otherwise.

/|, is defined as the maximum absolute row sum, thus p(M°) < 1 if and only if
d;/d; <1 for all pairs (4, j) € Sg, or equivalently, j — i€ E. H

To illustrate the claims made in the proof above for a graph with 3 nodes, we refer to
Example 3.49 above and Example 3.51 below.

Example 3.51. Consider the same setting as in Example 3.49. We have

SG = {(17 1)v (27 1)’ (272)7 (372>7 (3a 3)}

and
Sé = {<1a 2)7 (173)7 (37 1)7 (27 3)}
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Consequently,
(D8,s,) 7" = diag(di/4, d3/2, d3/4,d3/2, d5/4),
0 2/dydy 0 0 0
o0 |0 0 0 0 0
SeS¢ 0 0 0 0 0f’
0 0 0 2/dyds 0O
and
0O 0 0 0 0
_ 0 dy/dy O 0 O
0 0 1 2/ 1
FS&SG (FSGSG) = 0 0 0 0 0
0 0 0 ds/dy O

From this we can immediately see that ‘HF%E;SG<F%GSG>_1HLO = max{dy/dy, d3/ds} < 1 if

and only if ds/d; < 1 and d3/dy < 1. Noting that 1 — 2 € E and 2 — 3 € E, this is
exactly what Theorem 3.50 requires.

Another difficulty in analyzing the local irrepresentability constant arises when we
consider graphs containing directed cycles.

Corollary 3.52. Let G = ([p], E) be a directed graph containing a directed cycle that
is not a 2-cycle. For any diagonal matrix M° € Stab(p), it holds that p(M?) > 1.

Proof. Wlog. assume that we have an n-cycle (1 > n — (n—1) - --- - 2 — 1) with

n < p. Similar to before denote the diagonal entries of M® by —d;, ..., —d,. Then for
the local irrepresentability condition to be met Theorem 3.50 assumes
dl d2 dn—l dn
— <1, =<1,... 1, — < 1.
d2 < Y d3 < Y Y dn < Y dl <
Yet this implies
dn - dn dn—l o dn—l . > d2 dl -1
dy ~ dy dy  dy dydy
and thus by Theorem 3.50 again p(M?) > 1. O

Hence, for the local irrepresentability constant to be smaller than 1, we should only
consider directed graphs that are acylic.

Definition 3.53 (DAG). A directed acyclic graph (DAG) is a directed graph G = (V, E)
that contains no cycles. Meaning for any node ¢ € V', there exists no sequence of edges
in E such that there is a directed walk ¢ — - - - — i, excluding self-loops.

The next theorem shows how we can extend the local irrepresentability condition to
the regular irrepresentability condition. Note we say that the irrepresentability condition
for a support S holds uniformly over a set U < Stab(p), if there exists o > 0 such that
p(M*) <1 —a for all M* e U with support S = S(M*).
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Theorem 3.54. Let G = ([p], E) be a DAG and M° = diag(—dy, ..., —d,) € Stab(p).
Then the irrepresentability condition for Sg holds uniformly over a neighborhood of M°
if and only if

d; <d; for every edge j — 1€ L.

Proof. By Theorem 3.50 p(M?) < 1 if and only if d; < d; for every edge j — i€ E.

We define the matrix function M (e) to be the matrix with diagonal entries equal to
MP° and off-diagonal entries ey,...,ep_, € R. Moreover, let Dy )  REI7P be the
domain of M(e) such that it is stable and S(M(e)) = Sg. The natural matrix function
I'(e) :== I'(X(e)) obtained by solving the Lyapunov equation (1.3) with M(e) for X(e)
and plugging the latter into the formula for the design matrix A(X(e)) (cf. (3.4)) and
computing the Gram matrix (cf. (3.6)). We can now define the function

®: Dy — R

ITse.s6(e)(Tsasa(e) |, fore#0
"7 s s,

which is continuous because ® is a rational function. It is also well defined since I's,. 5., (€)
is invertible for all DAGs. To see this we refer to the proof of Theorem 4.10, which states
that det(A(X(e))sg.50) # 0 and thus det(Ts.s.(€)) = det(A(X(e))sg.50)° # 0.

As M? is chosen such that ®(0) = (M) < 1 and ® is continuous, we can find a small
open ball Oy, around e = 0 such that ®(e) < 1 for all e € Oy. In summary, we have
found a neighborhood U around M? such that p(M*) < 1 for all M* € U, which proves
the theorem. O

Remark 3.55. In other words, Theorem 3.54 states for any given DAG &, we can find
an associated drift matrix M* such that the irrepresentability condition is met. We start
by ordering the diagonal elements of M* to satisfy condition (3.54) in the following way.
Recall that for each DAG we can establish a topological ordering, i.e., we can enumerate
the nodes such that for any two nodes 4, j € V with i # j

t — j implies ¢ < j.

Consequently, reordering the diagonal elements such that d; < d; for j — 7 € E, then
satisfies (3.54). The final consists of suitably choosing the off-diagonal entries of M*.

3.6.2 Irrepresentability condition for the group Lyapunov lasso

Throughout this section we assume [p?] to be partitioned according to Gogdiag U Gdiag-
There are a several challenges when it comes to analyzing the group irrepresentability
condition

IT%s(T5) 7!, < V2(1—a) witha >0

for the group Lyapunov lasso. We refer to || g(I'%g) ' |, as the group irrepresentability
constant.
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Firstly, we start by noting that the group irrepresentability constant cannot be readily
computed in closed form. Hence we provide an upper bound on the preceding quantity
based on Lemma 3.23

IT5es(Ts) I, < max D 4 /2 [[(Thes (Tas) M,
jes ¢

Dj
=max ) /=
eS¢ jES pZ

Bach (2008) suggests that the above bound (3.48) may be improved by solving a semidef-
inite programming problem. Recall that by definition of the dual group norm,

’FZiS(FES)_I H‘* ’

2 Taa ((Ts) Mo, (3.48)

keS

2

IT%5(T5s) 7", = max

Lemma 3.56. The quantity H’FEZS(FES)_IHE can be bounded from above by

XZO,tr(XG].G].):].,jES

where X is a matrix defined by blocks following the block structure of I'§g. The blocks
are defined as I'¢; o, with ¢,j € S.

Proof. Let X = wu" with Hqu H , = 1 for all j €.S. Then using basic properties of the
trace,

2
tr(Xg,q,) = tr(quug]_) = tr(uéjucj) = HquH2 = 1.
Moreover, by the symmetry of the Gram matrix I'; ¢ we have that
tr (uu' (Ds(Tés) ™' T5q,TE,5(Tss) ™' Ds)) = tr (u' Ds(TEs) ' Té6,IE,s(Tss) ™ Dsu)
* * O\ — 2
= [|T%,s(T§s) ™ Dsulf,

The claim then follows from

IT,s@i) 7| = max  |[T%5(The) ™ Dsull;.,
s |,=1.des

since the RHS of the above equation is upper-bounded by (3.49). ]

Secondly, the irrepresentability condition is only well-defined if the inverse of I'ég
exists. The next lemma provides a necessary condition on the size |s| of the support S
for I't ¢ to be invertible.

Lemma 3.57. If s = [ J,.s G| > p(p2+1), ['%g is not invertible.

jes
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Proof. We use the fact that for a matrix A, rank(ATA) = rank(A). Thus

rank(['%g) = rank((A(X*).g)" A(X*).g) = rank(A(Z*).g) (3.50)

p(p+1)‘

< rank(A(X")) < 5

(3.51)
The last inequality follows from the symmetry of the Lyapunov equation. A(X) contains
two copies of each row corresponding to an off-diagonal entry in the Lyapunov equa-
tion. Consequently, A(X) can have at most @ linearly independent rows. Choosing

| UjeS G| > ’# results in I'§¢ not having full rank, i.e., it is not invertible. ]

Lemma 3.57 restricts the number and type of undirected structures for which an
irrepresentability condition is well-defined. In Table 3.1, we illustrate how the number
of vertices p relates to the maximal number of undirected edges ([@J, assuming all
diagonal entries of M are nonzero) for which the irrepresentability condition is still
well-defined. Observe, for instance, that a graph containing only 2 vertices can not be

investigated according to the framework proposed in Theorem 3.32.

p 21314]15(6]10]20
maximal number of undirected edges || 0 | 1 |3 [ 5| 7|22 |95

Table 3.1: Maximal number of undirected edges of G**¢ = ([p], E) for which the irrepre-
sentability condition is well-defined under the assumption that the diagonal
entries of M are all nonzero

As we have discussed earlier for the direct Lyapunov lasso, the interpretation of the
irrepresentability condition for GCLM is somewhat involved. In particular, we resort
to analyzing a diagonal signal M first to infer more general statements for sparse non-
diagonal signals. However, this approach does not apply to the group Lyapunov lasso.
The main issue is that the local irrepresentability constant is not well-defined since I'g 5.
is not invertible for any choice of the support set S # {(,4) : ¢ € [p]}.

Assume we include one undirected edge | — k with [ # k, that is a single group
{(l,k),(k,1)} that corresponds to an off-diagonal entry My, > 0 or My, > 0 in M.
Then S = {(i,4) : i € [p]} v {(1,k), (k,1)}. Hence, by Lemma 3.48 T'Y g is not invert-
ible as we have included a de facto 2-cycle. As every group defined by an off-diagonal
signal entry is considered a 2-cycle in the viewpoint of Lemma 3.48, we cannot define
the local irrepresentability condition for the group Lyapunov lasso.

Establishing a different starting point than a diagonal signal M° for a more in-depth
analysis of the group irrepresentability condition proved to be quite difficult. The crux
lies in describing (I'y g, )~ for non-diagonal M.

In general, it is rather difficult to find examples that meet the group irrepresentability

condition or, to be more precise, yield that an upper bound for it that is strictly smaller
than v/2. One potential explanation is the presence of strongly correlated columns in

46



3 Undirected Structure Estimation

the submatrix of the design matrix A(X*).s. For the regression setting, this is also re-
ferred to as multicollinearity. Collinearity causes the matrix I'%g = (A(X*).s)TA(X*).5
to be ill-conditioned, i.e. close to being singular (Draper and Smith (1998)). Conse-
quently, (T'%¢)~! will have very large entries, thus making it difficult to meet the group
irrepresentability condition. We illustrate this problem with the following example.

Example 3.58. Consider the line graph G = ([4],{1 — 2,2 — 3,3 — 4}) with associ-
ated drift matrix

-2 0 0 0
« |01 =3 0 0 B
M* = 0 01 -4 0 and C = 214.

0 0 01 -5
We have support S = {1,2,5,6,8,9,10} corresponding to the groups

UG = {0 D1 {(1,2), 2D} {(2,2)1:{(2,3) (3,2)}. {(3,3)}, {(3,4), (4,3)}, {(4,4)}}.
JeS
Recall that the items in G; represent the indices of the corresponding entries in M*.

The correlation matrix for A(X*).g reveals an interesting structure as it equals (rounded
up to 3 significant digits)

(1,1) (1,2) (2,1) (2,2) (2,3) (3,2) (3,3) (3,4) (4,3)

(1,1) 1 -0.086 -0.042 -0.071 -0.105 -0.103 —-0.07 —0.103 —0.101
(1,2) | —0.086 1 0998 —-0.05 -0.153 -0.149 -0.103 —0.151 —0.148
(2,1) | —0.042  0.998 1 —-0.084 -0.157 —-0.154 -0.106 —0.155 —0.152
(2,2) | —0.071 —0.05 —0.084 1 —-0.096 —-0.065 —-0.072 —-0.106 —0.104
(2,3) | —0.105 —0.153 —0.157 —0.096 1 0.999 —-0.068 —0.155 —-0.151
(3,2) | —0.103 —0.149 —0.154 —0.065 0.999 1 —-0.089 —-0.153 —0.15
(3,3)| —0.07 —0.103 —0.106 —0.072 —0.068 —0.089 1 —0.096 —0.072
(3,4) | —0.103 —0.151 —0.155 —0.106 —0.155 —0.153 —0.096 1 0.999
(4,3) { —=0.101 —-0.148 —-0.152 —0.104 -0.151 —0.15> —0.072 0.999 1

(4,4) \—-0.069 -0.101 -0.104 -0.071 -0.104 -0.103 —0.07 —0.074 —0.09

Observe that we have high correlation cor(A(X*).¢i11), (A(X*).(i41,)) = 0.998 for i € [3].
These are exactly the columns of A(X*).g that belong to the same group (G2, G, Gg).
Hence, columns within the same group belonging to the support exhibit strong collinear-
ity. Consequently, ['% is very near to singularity, i.e. det(I'%g) ~ 7.6 = 10721, Moreover,
computing the upperbound (3.48), we obtain |[T%.4(T'%s) [, < 652550.75. Clearly, the
group irrepresentability condition cannot be guaranteed by this bound.

By contrast, the lasso irrepresentability condition is met for this choice of M*. We com-
pute the irrepresentability constant to be [|[T%.q(Iég) ™|, & 0.82 < 1. For the lasso,
the definition of the support S changes and specifically excludes the correlated columns
that are present for the group lasso. Thus, the entries of (I'%s)~! will be significantly
smaller due to lack of collinearity and the irrepresentability condition is more likely to
be met.
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3 Undirected Structure Estimation

It is worth pointing out that the group lasso condition is only sufficient and not nec-
essary. Consider, for example, the drift matrices M given in Figure 5.2. In simulations,
the group Lyapunov lasso was able to correctly recover the support of M for n — oo (cf.
Figure 5.1).

There exists one scenario where meeting the lasso irrepresentability condition directly
implies that the group irrepresentability conditon is met as the next lemma shows.

Lemma 3.59. Let G be a graph were every edge is a 2-cycle, then the lasso irrepre-
sentability condition [|Té.g(T'%s) ||, < (1—a) implies the group lasso irrepresentability
condition ||T%.q(T%g) |, < Vd(1 —a).

Proof. 1f every edge is a 2-cycle, the support defined for the lasso and the group lasso
coincide. Moreover, by Lemma 3.25 we obtain

IT%es(Tae) 7Y, < Va||TEs(Tie) M|, < Va1 — a). (3.52)
O

Lastly, we want to provide an example for Remark 3.34, where we show that we can
obtain a more relaxed group irrepresentability condition, that is,

for the group Lyapunov lasso not penalizing the diagonal entries of M.

<V2(1—a) witha>0

*

Tées (Tgs) ™)

_Sdiag

Example 3.60. Choose the drift matrix

—0.468074 —0.839606 —0.976979 —0.856221 220 0
.| —0.020352 —0.59448 0 0 12200
M= =1 118385 0 —0.941955 0 and C'= 05 g
—0.162255 0 0 —0.479817 000 2

Then the relaxed group irrepresentability condition is satisfied since H‘FZC s ((I% S)_l)

1.354331 < /2.

On the other hand, using the same method to compute an upper-bound (cf. (3.48))
for the regular group irrepresentability constant, we obtain [|Tcq(T'5g) ], < 53584.53.
Extensive computations were required to derive the above example for M*. Out of
roughly 10® generated drift matrices with matching sparsity pattern to M*, the given
example was the only drift matrix where we could derive an upper bound smaller than

V2.

7Sdiag *
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In this section, we aim to address a few algebraic questions for graphical continuous
Lyapunov models. First of all, we provide an overview of the theory developed in
Dettling et al. (2022) to discuss the notion of identifiability in GCLMs. Secondly, we
investigate the problem of covariance equivalence for undirected structures in GCLMs.
Recall the definition for the continuous Lyapunov equation

MY +YMT +C =0, (4.1)

where M,C € RP*P are parameters and > € RP*P is the covariance matrix for random
multivariate observations in RP. For our investigations, we need to slightly refine the
definition of a GCLM (cf. Definition 2.13).

Definition 4.1 (GCLM given C). For a mixed graph G = ([p], E) and C € PD(p) we
define the graphical continuous Lyapunov model given C' as the set of covariance matrices

Meae = {2 ePD(p): MY + SM" + C = 0 with M € Stab(E)},

where Stab(E) represents the set of stable matrices M = (M;;) € Stab(p) with M;; =0
whenever ¢ — j ¢ E.

4.1 Identifiability in GCLMs

A key question when discussing graphical models is the notion of parameter identifi-
cation. Specifically, given a mixed graph G, are the effects of interest identifiable, i.e.,
uniquely determined by the multivariate distribution of the observations? For structural
equations, Drton (2016) provides a good overview of the corresponding theory.

Adapted for GCLMs identifiability, thus asks if the continuous Lyapunov equation with
a given covariance matrix ¥ € Mg ¢ is solvable for more than one choice of a matrix
M € Stab(F). Hence we investigate the injectivity of the parametrization map

¢G,C . Stab(E) — PD(p)
M — (M, C),

with (M, C') being the unique matrix 3 obtained by solving the continuous Lyapunov
equation with the stable matrix M and positive-definite matrix C'.

Without any constraints on Stab(E), the function ¢¢ ¢ is not injective. To see this,
recall that the continuous Lyapunov equation is a symmetric matrix equation hence
providing p(p + 1)/2 constraints. On the other hand, M is a p x p matrix that may not
be symmetric. Consequently, we need some constraints on the sparsity pattern of M, or
else M is never uniquely determined by ..
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4.1.1 Notions of identifiability

To introduce the different notions of identifiability it is helpful to define the concept of
a fiber.

Definition 4.2 (fiber). Let M ¢ be the GCLM for a given C' € PD(p), associated with
a mixed graph G' = ([p], E). Then the fiber of a matrix M, € Stab(E) is defined as

fG,C(MO) = {M € Stab(E) . ¢G70(M) = ¢G,0<M0)}.

In words, the fiber consists of all drift matrices M € Stab(FE'), whose Lyapunov equa-
tion is solved by a given covariance matrix X for a fixed C' € PD(p).
We distinguish three types of identifiability.

Definition 4.3. Let Mg be the GCLM for a given C' € PD(p), associated with a
mixed graph G = ([p], F). Then the model Mg ¢ is

(i) globally identifiable if Fg o(My) = {Mo} for all My € Stab(E);

(ii) generically identifiable if Foo(Mo) = {My} for almost all My € Stab(E), i.e., the
matrices with Fg o (My) # {My} form a Lebesgue null set in Stab(E)

(ili) non-identifiable if |Feg o(Mo)| = oo for all M, e Stab(E)
To illustrate these definitions consider the following examples.

Example 4.4. Consider G to be the directed 3-cycle displayed in Figure 4.1. It can
be shown that solving the Lyapunov equation for M is equivalent to solving the linear
equation

A, (X)vec(M) = —vech(C),

where vech(C') represents the half-vectorization of C' € PD(p) (cf. (4.5)) and the p(p +
1)/2 x p*-matrix A,(X) (cf. Definition 4.6) is equal to

1-11-21-3 2—-12—-2 2—-3 3—-1 3—-2 3—-3
) 211 0 0 219 0 0 2X13 0 0
)Xo X1 0 292 Y12 0 203 i3 0
) X3 0 X 203 0 Y12 233 0 213
3 R S 0 2% 0 0 2% 0
) 0 213 212 0 203 229 0 Y33 a3
) 0 0 2X13 0 0 AT 0 0 2> 33

Columns indexed by ¢ — j belong to the entry M;; of the drift matrix M. Observe
that for the directed 3-cycle M1y = Mys = M3, = 0, hence the unique solvability of the
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equation system in (4.4) is solely determined by the invertibility of the submatrix

l1-1 1-2 2—-2 2—-3 3—-1 3—-3

(1,1) /2%, 0 0 0 2553 0
(1, 2) 212 211 212 0 223 0

As) = L3 L 0 0 )OIPEED D S
’ 2,2 0 25 285m0 0 0

(27 3) 0 213 223 222 0 223

(3,3) \ 0 0 0 255 0 2%

To show invertibility we examine the determinant of A, (X). g, which factorizes as
det(Ar(Z)E) = 23 . det(Z) . (211222233 — 212213223). (42)

Note that by assumption X is positive definite and thus det(X) > 0. Furthermore, by
the Cauchy-Schwarz inequality det(X;;;;) = 2uX;; — Efj > ( for i # 7, directly implying
32 32,32, = 1009011 N300 Y33 > L3032, Therefore, both factors in (4.2) are
positive. In summary, for every ¥ € Mg ¢ there exists a unique matrix M such that
Y = ¢go(M). Hence, Fgo(My) = {Mop} for all My € Stab(E), i.e., Mg is globally
identifiable for the 3-directed cycle.

Figure 4.1: The directed 3-cycle.

Example 4.5. For the 2-cycle G = ({1,2},1 — 2,2 — 1, ¢ ¢ maps the 4-dimensional
parameter space Stab(E) to the 3-dimensional PD(2)-cone. The fiber is then specified
by an undetermined linear system with 3 equations in 4 unknowns. We can therefore
conclude that regardless of the choice of C, M ¢ is non-identifiable.

We can formulate equivalent rank conditions for identifiability. As shown in Example
2.5 the continuous Lyapunov equation (4.1) can be vectorized and thus transformed into
the linear equation

(E® 1) + (I, ® £)K ™™ )vec(M) = —vec(C). (4.3)

Observe that by the symmetry of the Lyapunov equation, the matrix on the LHS of
the above equation (4.3) has redundant rows (cf. also Example 3.4). We define a row-
restricted version of the preceding matrix as follows.
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Definition 4.6. Let 3 € RP*? be a symmetric matrix. The p(p + 1) x p? matrix A,(2)
is obtained by selecting the rows of

AX) = (E®1,) + ([, @ T)K ™™ (4.4)
indexed by pairs (k,l) with k& < [.

We use the same indexing method introduced for A(X) in Section 3.1. To better
illustrate how each entry of the drift matrix M;; relates to A,(X), we change the column
index from (i, j) to j — i. Moreover, we define the half-vectorization of the symmetric
matrix C' to be

vech(C) = (Cy - k < 1). (4.5)

Therefore, we can rewrite (4.3) as
A, (X)vec(M) = —vech(C) (4.6)

Note that for a given GCLM, the drift matrix M has non-zero entries only for pairs
(7,1), where the associated graph G has an edge i — j. Consequently, the solvability of
(4.6) can be determined by a subset of the columns of the coefficient matrix A, (X).

Lemma 4.7. Let G = ([p], E) be a mixed graph and C' € PD(p). We denote the
submatrix of A,(X) restricted to the columns with indexes in E by A,(X). g. Then the
GCLM MQC is

(i) globally identifiable if and only if A,(X). g has full column rank |E| for all X €
Me s

(ii) generically identifiable if and only if there exists a matrix ¥ € Mg such that
A,(Y). g has full column rank |E|;

(ili) non-identifiable if Mg ¢ is not generically identifiable.

Proof. Choose M, € Stab(E) and let ¥, be the associated covariance matrix. Let
vec(M)g be the subvector of vec(M) obtained by selecting the entries (j,7) with i —
j € E, then by the definition of a fiber

Fao(My) = {M e Stab(E) : A.(X). gpvec(M)r = —vech(C)}

For M¢ ¢ to be globally identifiable F¢ (Mo) = {Mo}. Hence, this is satisfied if and
only if A, (Xy). g has full column rank, which proves (i).

To prove the second claim, first observe that A, (X). g has full column rank if and only
if the vector of all maximal minors of A,(%). g is non-zero.
From the continuous Lyapunov equation (4.3) it is clear that ¢¢ ¢ is a rational map.
Moreover, the function mapping M € Stab(E) to the maximal minors of A, (¢¢.c(M))). g
will then be rational as well. Recall that a rational map is non-zero outside a Lebesgue
measure zero set if and only if we can find a single point where it is non-zero. Thus,
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if we can find a ¥ € Mg ¢, where A,(X). g has full column rank, we can infer generic
identifiability of Mg c.

Finally, to show the last claim (iii), note that Mg ¢ is not generically identifiable
if the column rank of A,(X). g is strictly smaller than |E| for all ¥y = ¢¢c(My) €
M .o(Mp). Consequently, the fiber Fe o(My) < Stab(E) will then be an affine subspace
with dimension larger than 1. Therefore, |Fg o(My)| = oo for all My € Stab(E) and
M ¢ is non-identifiable. O

4.1.2 ldentifiability for simple graphs

For an entire class of graphs, namely directed acyclic graphs (DAG), we can prove that
they are globally identifiable. To motivate our choice of graphs, consider the following
lemma.

Lemma 4.8. Let Mg ¢ be a globally identifiable GCLM with underlying mixed graph
G = ([p), E) and C € PD(p). Consider E' < E a subset of the edges specified by G.
Then the model My ¢ specified by the subgraph H = ([p], E’) is globally identifiable.

Proof. Clearly, Stab(E’) < Stab(E). Hence, for any matrix M, € Stab(E"), it holds that
the fiber
Fuc(Moy) € Fao(My) = {Mo}

since Mg ¢ is assumed to be globally identifiable. O

An immediate consequence of Lemma 4.8 and Example 4.5 is that the graph of a
globally identifiable GCLM cannot contain any 2-cycles. We call graphs that don’t
include any 2-cycles simple. One example of simple graphs are DAGs. Moreover, by
Lemma 4.8 we only need to consider complete DAGs to prove global identifiability for
all DAGs. Recall the definition for complete graphs.

Definition 4.9 (complete). A simple graph G = ([p], E) is complete if there exists an
edge between every pair of distinct nodes.

Assuming the simple graph contains all self-loops i — i, i € [p], it is complete if and
only if |E| = p(p + 1)/2. Since vertex relabelling will not affect identifiability, we may
assume w.l.o.g. that the DAG adheres to a topological ordering. In summary, it suffices
to consider the single complete DAG G* with edge set E* = {i —> j :i > j, i,j € [p]}.

Theorem 4.10. Let G = ([p], E) be a DAG. Then the GCLM Mg ¢ is globally identi-
fiable for every C' € PD(p).

Proof. As explained above, we may restrict ourselves to the complete and topologi-
cally ordered DAG G* = (V, E*). By Lemma 4.7 global identifiability is equivalent to
det(A,(X). g#) # 0 for all ¥ € Mg . The key idea of the proof is that the coefficient
matrix A(X) exhibits a particular block structure, thus simplifying the calculation of
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4 Algebraic Results for GCLMs

the determinant.

Consider the partition of the edge set E* = | J/_| Ef with Ef ={j - i:j>1i, je
[p]}. Furthermore, we analogously partition the row index set of A,(X) into the disjoint
union of the sets Ry := {(k,l) : | = k}, k € [p]. Recall that the entries of A(X) have the
following form

0, it 7 #k,1;
i, if j=k k+#I
Ar () (h1),im5 = o T (4.7)

From (4.7) we can infer that the submatrix

Thus, A(X) can be rearranged in a block upper-triangular form, and
det(A, (D). px) = [ [ det(Ar (D), 52)-

Moreover, observe that by (4.7) A, () g, gx is equal to the principal submatrix P(X)5; =
Y, phfi,...py With the first row (indexed by 7) being multiplied by 2. Applying Sylvester’s
criterion for ¥ € PD(p) implies that all principal minors are positive and therefore

p
| det(A,(8). g+)| = 2| [det(P(2)s;) > 0 for all £ e PD(p).
=1

Specifically, for all ¥ € Mg« o < PD(p) we have det(A,(X). gx) # 0. O

In fact, we can show that global identifiability holds for simple graphs in general, i.e.,
we can also include simple cyclic graphs. To prove this, first, recall the following fact
from Barnett and Storey (1967) that holds for the drift matrices M of the continuous
Lyapunov equation.

Lemma 4.11. Let 3,C € PD(p) be given. The continuous Lyapunov equation (4.1)
is solved by a matrix M € RP*P if and only if there exists a skew-symmetric matrix
K e RP*P (KT = —K) such that

M = (K— %C) »t

Proof. Let M be a matrix that solves the continuous Lyapunov equation (4.1) for a
given ¥ and C'. Since ¥ and C' are symmetric we can rewrite (4.1) as

(MEf+%CT:—MZ—%G

o4



4 Algebraic Results for GCLMs

The above equation yields that K = M + %C is a skew-symmetric matrix. Thus,

M = (K - %C) -1

which proves the lemma. ]

Theorem 4.12. Let G = ([p], E) be a simple directed graph. Then the GCLM Mg ¢ is
globally identifiable for all C € PD(p).

Proof. Consider M;, M, € Stab(E) that both solve the Lyapunov equation (4.1) for the
same ¥ € Mg . Applying Lemma 4.11 yields that there exists two skew-symmetric
matrices K7 and K, with M; = (K; — %C’)Eil and My = (K3 — %C’)E’l. We define the
difference

M = Ml — MQ = (Kl - %C) Z_l - (K2 - %C) E_l = (Kl - KQ)E_l.

Note that the difference K = K; — K5 is again skew-symmetric. Hence, M is again the
product of a skew-symmetric matrix M and the positive-definite matrix Y.

The square M? is equal to
M? =Ky 'Ky
Since ¥ is positive-definite, the square root Y2 and its inverse ¥~2 both exist. Thus,
M? is similar to 1 1 1 1
YTEMPYE: =X KY KN e
Moreover, recalling that K is skew-symmetric yields
SKNTIKY T = —(RT:K)Y NS R) T

Therefore, M? is similar to a symmetric and negative semi-definite matrix, hence shares
the same eigenvalues as the preceding matrix. Consequently, M? has eigenvalues that
are non-positive and tr(M?) < 0 as it is the sum over all eigenvalues counted with mul-
tiplicity.

G is assumed to be simple, thus M;; # 0 directly implies M;; = 0 for all pairs of

indices i # j. In particular, the diagonal of M? is then only specified by the squared
diagonal elements of M, i.e. (M?); = (M;)?. Furthermore,

p
0 < E(MM)Q = tI‘(MQ) < 0.
i=1

Let Ap,..., A, € C be the eigenvalues of M. Then the eigenvalues of M? are A7,..., A2.
Recall from above that all the eigenvalues of M? are non-positive, i.e. A7 <0,...,A2 <0.
Combining this with the fact that

0= tr(M?) = Y N2 <0,

=1
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leads us to the conclusion that A\? = 0 for all i € [p] or equivalently \; = 0 for all i € [p].

Note that M = KX~! is similar to M = ©"2KX"!32, which is a skew-symmetric
matrix as ) ) ) 1 1 ) 1 i
MT = (2 2Ky )T =2 2K'S 7 = —¥ 2KY "7 = — M.

All skew-symmetric matrices are diagonalizable over C, implying that M is similar to
the zero matrix. However, then M = 0 and thus M; = M,, which proves that the
Lyapunov equation has a unique solution if the underlying graph is simple. O

Remark 4.13. If we restrict C' € PD(p) to be diagonal, G being simple can be shown to
be a sufficient and necessary condition for global identifiability (Dettling et al. (2022),
Theorem 31 (ii)).

4.1.3 ldentifiability for non-simple graphs

For graphs that are non-simple, making general statements wrt. identifiability is much
more difficult. Although one can always check the rank conditions from Lemma 4.7 to de-
termine identifiability, finding a general class of graphs that will guarantee identifiability
proves to be much harder. However, we can at least provide a necessary combinatorial
condition that has to be satisfied if Mg ¢ is generically identifiable. First, note the
following fact for non-identifiability.

Lemma 4.14. Let G = ([p], E) be a directed graph and C' € PD(p). If |E| >
dim(Mg¢ ), then the GCLM Mg ¢ will be non-identifiable. In other words, all graphs
with more than p(p + 1)/2 edges give non-identifiable models.

Proof. The set of sparse stable matrices Stab(F) is semi-algebraic by the Hurwitz cri-
terion (Horn and Johnson (1991), Theorem 2.3.3). Moreover, dim(Stab(E)) = |E| >
dim(M¢ ) implies that the rational map ¢¢ ¢ is generically infinite-to-one (Barber et
al. (2022), Lemma 2.5). Hence, all fibers are infinite, and Mg ¢ is non-identifiable. [

We can refine the above criterion by observing that the existence of no treks between
two nodes implies that the corresponding covariance entry is 0. We define a trek as
follows.

Definition 4.15 (trek). A trek 7 is a sequence of edges of the form

where k and [ are connected by a bidirected edge. To the left and right of k£ and [ we
have directed paths ¢ < -+ «— iy < k and [ — j; — .-+ — j of length n(7) and m(r),
respectively. In particular, we allow for n(7) = 0 and n(7) = 0, thus we consider directed
paths as well as single nodes to be treks.
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Recall that by Theorem 2.12 for a given M and C the covariance matrix ¥ € Mg ¢
can be expressed as the following limit

S

Y = lim %(s) = lim | ¢*MCe"™ du.
5§—00 §—00 0

Furthermore, Varando and Hansen (2020) also proved that X(s) can be expressed in
terms of the treks as follows.

Theorem 4.16. Let M € Stab(E) and C € PD(p). We define
STL(T)+m(T)+1

(n(7) + m(7) + Dn(r)!m(7)!

K(s,T) =

for any trek 7 and s € R. Moreover, let

LU(M,C,T) = Ckl H th.

g—her

Then
S(s)iy = Y, ks, Tw(M,C,7),
T€T (4,7)

where T (i, ) represents the set of all treks from i to j.

Proof. By the series expansion of the matrix exponential e*™, we have

s s P
Y(s)y = J (e"M M )l-jduzf D (M) Cra(e™™)yjdu

0 ki=1

P n+m+1

= > - — (M"™) i Cra (M)
(n 4+ m+ 1)nIm!

=0 m=0k,I=1

3

= K(s, T)w(M,C,T)
T€T (4,5)

]

From Theorem 2.12 and Theorem 4.16 it is straightforward to deduce the next corol-
lary.

Corollary 4.17. Let G = ([p], E') be a mixed graph and C' € PD(p). Moreover, assume
there exists no treks between the nodes 7 and j in G. Then X;; = 0 for all ¥ € Mg c.
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4 Algebraic Results for GCLMs

Observe that if there exists no treks between certain nodes, the dimension of Mg ¢ is
upper bounded by

_plp+1)

dim(Mg o) < 5 |{{i,j} : 1,7 € [p] with no trek between them}]|.

In combination with Lemma 4.14 we can now establish the following necessary condition

for generic identifiability.

Corollary 4.18. Let G = ([p], E) be a mixed graph and C € PD(p). Assume Mg ¢ is
generically identifiable. Then

p(p+1)
2

|E| < — |{{7,7} : 1,7 € [p] with no trek between them}|.

4.2 Covariance equivalence for undirected GCLMs

The undirected structure of a GCLM is defined as the skeleton G** of the underlying
mixed graph G for a GCLM (cf. Definition 2.14). Similar as for the directed case, we
adjust our definition for an undirected GCLM (cf. Definition 2.16).

Definition 4.19 (undirected GCLM given C'). For an undirected graph G**¢' = ([p], E**)
and C' € PD(p) we define the undirected graphical continuous Lyapunov model given C
as the set of covariance matrices

Mgk o= {2 € PD(p) : ME + SM" + C = 0 with M € Stab(Ega)},

where Stab(E**¢!) represents the set of stable matrices M = (M;;) € Stab(p) with
Mi]’ = Mji = (0 whenever 7 —j ¢ ESkel.

We are now interested in the question of whether different graphs may induce the same
model. Assume we have two different undirected graphs G5*¢! and G5*¢!, which represent
different scientific hypotheses. If Mgsker o = Mggre ¢, then we cannot differentiate
between the associated hypotheses based on the data alone. This leads us to the following
definition.

Definition 4.20 (covariance equivalence). Let G5F = ([p], E*') and GsFet = ([p], E5*e!)
be undirected graphs and C' € PD(p). If the associated GCLMs satisfy the following
equality

MGikel7c = Mngelyc,

we call G; and Gy covariance equivalent.

Equivalently, we could look at the images of the rational maps ¢gsrer o and Pggrer ¢
defined as

Pgsret ¢+ Stab(E*!) — PD(p)
M — X(M,C), fori=1,2.
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Then G and G5 are covariance equivalent if

img(ﬁ%;’%hc) = img(¢cgkel,0)-
We will restrict our investigations to connected graphs.

Definition 4.21 (connected). An undirected graph G = (V, E) is said to be connected
if every pair of nodes in G is connected. Meaning there exists a path between every pair
of nodes. An undirected graph that is not connected is called disconnected.

Note for disconnected graphs we can infer the presence of zero entries in the covari-
ance matrix X by Corollary 4.17. In particular, for two disconnected nodes ¢ and j it
is not possible to find a trek connecting them in a corresponding directed graph, and
thus ¥;; = Xj;; = 0. Hence, any potential covariance equivalent graph needs to have
a matching sparsity pattern for ¥. For connected graphs, we cannot make a similar
statement as the covariance matrix Y does not contain zero entries in general.

To investigate covariance equivalence for connected graphs, we perform a simulation
study in Mathematica. The simulation setup is as follows.

1. Generate a random diagonal matrix C' € PD(p), where the diagonal entries C; for
i € [p] are independently drawn from a uniform distribution on [100]. Moreover,
generate all possible symbolic drift matrices M*¥™ each belonging to a connected
graph G.

2. We populate the off-diagonal non-zero entries of the symbolic drift matrices with
values independently drawn from a uniform distribution on {—100,99,..., -1} U
{1,2,...,100}, i.e., for i # j

ppsample _ ) Wig ™ Uniform([100]) if M;7™ is not zero,
“ 0 if M™ =0.

The diagonal entries of M are chosen to be

M = =37 M| — fug| - for i € [p],
i#]

where u; ~ Uniform([100]).
3. We solve the following continuous Lyapunov equation
Meamplesy ¢SV semle)T 4 o=
for 3.
4. Next, we solve the linear matrix equation with given ¥ and C'
MY 4 S(M™T 4+ C =0 (4.8)

for all possible M*¥™ generated in the first step.
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5. Steps 2. - 4. are repeated n = 4 times in total for each graph. Lastly, we tally
the results for each graph G, i.e., we note whether a symbolic drift matrix M*¥™
belonging to a graph G3* was able to solve the continuous Lyapunov equation
with a given X € Mgsie ¢ associated to a graph Go.

The first observation we make is that for low-dimensional graphs, all connected graphs
are potentially covariance equivalent. We call two graphs G5** and G potentially
covariance equivalent if there exists a covariance matrix ¥ € PD(p) such that ¥ €
Msrer ¢ and X € Mgsrer . We stress the fact potential covariance equivalence is merely
an indication for covariance equivalence as for the latter, it is required that Mgsee o =
MGskel’C.

nodes p | # of connected graphs | # of potential equivalent graphs by edge count
({# of edges, # of graphs})

2 1 {1,1}
3 {2,4}, {3,4}
4 38 (3,381, {4, 38}, {5, 38], {6, 38}

Table 4.1: Simulation results for undirected graphs with p = 2,3,4 nodes. The last
column displays the # of graphs that can solve (4.8) for a ¥ provided by a
graph with a certain # of edges.

From Table 4.1 we can deduce that for p = 2, 3,4, all connected graphs are potentially
covariance equivalent since the number of potential equivalent graphs for each edge
count equals the total number of connected graphs. There is strong evidence that for
p = 2,3,4, all connected graphs are, in fact, covariance equivalent as the results above
hold true even if we increase our number of repetitions n. The following lemma and
subsequent corollary prove that they are indeed covariance equivalent.

Lemma 4.22. Let G5* = ([p], Es*!) and G§*! = ([p], E5*!) be two undirected graphs
and C € PD(p) a diagonal matrix. If

—1
minf| £+, | 5} > PO

(1 and G4 are covariance equivalent.

Proof. Note that the dimension of the undirected GCLM M gsre ¢ is given by

1
dim(MGSde') = min {p + 2|E’Skel’7 p(p;_ ) } .
Assuming min{|E{*], | ES*![} = p(p — 1)/4 then yields

pp+1)

dim(MGikelyc) = dim(MG;kel,o) = 9
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Recall that by definition Mgerer o, Mggrer o © PD(p).  Therefore, both undirected
GCLMs cover the entire cone of positive definite matrices, i.e.

MG‘ikel,C - PD(p) == MGSkel7c,
which proves the lemma. O

It suffices to look at one of the minimally connected undirected graph G**< = ([p], E**),
i.e., G**¢ is connected, and there is no edge that can be removed while still leaving the
graph connected. In this case |E***!| = p — 1. Observe that

p(p—1)

Bk =p—1> for p = 2,3, 4.

Hence, we can directly infer from Lemma 4.22 this next corollary.

Corollary 4.23. Let p < 4. Consider two undirected connected graphs G5t =
([p], Eg*<!) and G§*F' = ([p], E5k!) and C € PD(p) a diagonal matrix. Then G, and
(G5 are covariance equivalent.

We now consider connected graphs with p = 5 nodes. Moreover, we introduce the
following definition.

Definition 4.24 (tree). A tree is an undirected graph G = ([p], E) in which any two
vertices are connected by exactly one path. Equivalently, GG is a tree if and only if G is
connected and G has p — 1 edges.

nodes p | # of connected graphs | # of potential equivalent graphs by edge count
(# of trees) ({# of edges, # of graphs})
I 5 | 728 (125) \ {4,604}, {i,603} for 5 < i < 10 |

Table 4.2: Simulation results for undirected graphs with p = 5 nodes. The last column
displays the # of graphs that can solve (4.8) for a ¥ provided by a graph with
a certain # of edges.

According to Table 4.2, connected graphs with more i < 5 edges have exactly 603

potentially covariance equivalent graphs. Note that for graphs with p = 5 nodes, we
have exactly 125 trees. The preceding 603 = 728 — 125 graphs are all non-trees. This
result is consistent with Lemma 4.22, which states that all 603 non-trees are covariance
equivalent since the number of edges is equal to or larger than p(p — 1)/4. Moreover, we
observe that the trees are not covariance equivalent to the non-trees. This can also be
explained theoretically since dim(Mgske o) = 13 < 15 = dim(PD(5)) if G**¢ is a tree
and the corresponding GCLM for non-trees are equal to the entire PD-cone.
For the second key insight from Table 4.2, note that all trees have 604 potentially
covariance equivalent graphs. A closer inspection reveals that of the 604 graphs, 1 is
the original tree itself, whereas the remaining 603 graphs are non-trees. Consequently,
for p = 5 all trees are not covariance equivalent. This fact holds for higher-dimensional
graphs as well.
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Theorem 4.25. Let p = 5,6. All trees corresponding to an undirected GCLM are not
covariance equivalent.

Proof. We can prove this fact computationally by running the simulation setup described
earlier, which will net a counterexample to covariance equivalence for each possible tree
combination. N

The simulation results for trees with 6 nodes are displayed in Table 4.3.

We conjecture that the statement from Theorem 4.25 will hold for all p > 5. However,
we are not able to provide a proof for this fact yet. In particular, we note that to run
the simulation setup for higher-dimensional trees, considerable computational effort is
required. The number of trees for a graph with p labeled nodes equals p?~2 (Gross and
Yellen (2004)). Our simulation setup then has to solve 4p?*~2) Lyapunov equations in
total to check the validity of the above theorem. For example, for p = 8, we would need
to check 262144 possible trees against each other.

H nodes p ‘ # of trees ‘ # of potential equivalent trees H
| 6 | 1296 | 1 |

Table 4.3: Simulation results for trees with p = 6 nodes. The last column shows the
number of potential equivalent graphs for each tree
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5.1 Structure recovery methods and tuning

In the following numerical studies, we will use the direct Lyapunov lasso and the group
Lyapunov lasso. For the lasso, we use the implementation provided by the R package
glmnet and the group lasso is computed using the R package gglasso (Yang and Zou
(2015)). While there exist several other packages for these methods, both choices provide
some of the fastest computation times, which are necessary for the high-dimensional
setting we operate in.

For both methods, we use a decreasing regularization parameter sequence of length 100
with slight differences:

)\ma:pl
lasso : )\100 = Amax,l > > )\1 = —1 4’ >0
_ )\ma:p l

Amaz,l 15 chosen to be the smallest penalization parameter such that M is diagonal,
whereas Aq4z,1 1 set to the smallest penalization parameter for which all entries of M
are zero. Moreover, we apply individual weights to the regularization parameters. For
the lasso, we set all weights to be 1 for the off-diagonal elements of M and 0 for the
diagonal entries of M. The weights for the group lasso are chosen to be the squared
group length, i.e., v/2 for the off-diagonal elements of M, and 0 or 1 for the diagonal
elements of M. Furthermore, we set the intercept in both algorithms to 0.

5.2 Performance comparison for fixed GCLMs

We start by comparing the performance of the lasso and the group lasso for correct
undirected graph recovery of fixed graphs. For the group lasso, we consider two variants.
The first one penalizes the diagonal elements of the signal M (cf. Definition 3.5), whereas
the second does not (cf. Definition 3.6).

5.2.1 Simulation setup

We will consider the following graphs with 10 nodes (p = 10) each as displayed in Figure
5.1.
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Figure 5.1: Overview of the considered graphs

For each of these graphs we fix the diagonal elements of the corresponding matrix to
be (—2,-3,...,—11) and the nonzero off-diagonal entries to be 0.1. An overview of the
matrices M is given in Figure 5.2.

We set C' = 211y. Choosing C' to be diagonal results in the undirected graph being only
determined by M as C' introduces no additional edges. Based on the pair (M, C') we solve
the Lyapunov equation for 3, which is then used to generate n = 102,10%,10% 10°, o
samples from a multivariate Gaussian A(0,X). For each sample size, we compute a
sample covariance matrix 3. Note for n = @ we just set Y =3 We repeat the
preceding process 100 times per sample size.

5.2.2 Results

Since we initialise both the lasso and the group lasso with a lambda sequence of length
100, we obtain solution paths of drift matrices M. Specifically, for each given regu-
larization parameter A\, we compute a corresponding M. We consider the following
performance measures computed by considering the undirected graph recovery as a clas-
sification problem over the 2 p =1 possible edges. The ground truth is represented by the
edges specified by the non- Zero entries of M.

e True positives (T P): The number of undirected edges that are specified by M and
M, ie.,

e [ulse positives (F'P): The number of undirected edges that are specified by M but
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Figure 5.2: Overview of corresponding matrices M. The vector v in Star-mixed is defined

Note

as v = (0,0.1,0,0.1,0,0.1,0,0.1).

not M, i.e., A .
FP=[{(i,j) : My # 0 or My # 0, i <j} n{(i,j): My =0or My; =0, i <j}|.

True negatives (T'N): The number of absent undirected edges that are specified
by M and M, i.e., R
TN = |{(Z,]> : Mij =0or Mji = O, 1< j} N {(l,j) : Mij =0 or sz’ = 0, 1< ]}|

False negatives (FN): The number of absent undirected edges that are specified
by M but not M, ie., R

Path-wise mazimum accuracy (mazacc): The maximal accuracy achieved for undi-
rected edge recovery along a solution path

maracc = maxy %, where TP(\) and TN () refer to the TP and TN

for an estimate M specified by their respective A (one entry of the solution path).

we omitted the diagonal elements of M and M in our definition of the various

metrics since they do not represent undirected edges in our interpretation of the drift
matrix and its corresponding undirected graph.

The results can be seen in Figure 5.3. As one would expect, the accuracy for all
algorithms improves with increasing sample size. For finite sample sizes both variants of
the group lasso are slightly better than the lasso across all considered graphs. Moreover,
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when the sample size is infinite, all structure recovery methods achieve perfect support
selection for all graphs but the line and the cycle. However, only the group lasso with no
penalties on the diagonal of M was able to correctly estimate the support for all graphs.

lasso —e— group lasso group lasso diag

line cycle star_in
1.00 P

0.95 - /

7
7

0.90 1

&

0.85

star_out star_mixed 2-cycles

accuracy

=

o

[}
L
4

o

| & (|
0.954

0.90- J p

0.85 1

..’—P//é

100 1000 10000 100000  Inf 100 1000 10000 100000  Inf 100 1000 10000 100000 Inf
sample size

0.80 1

Figure 5.3: Structure recovery results for selected graphs. Accuracy given for different
sample sizes and algorithms (color). The label group lasso represents the
group lasso penalizing the diagonal entries, whereas group lasso diag repre-
sents the second variant not penalizing the diagonal entries.

5.2.3 Permuting the diagonal

This experiment is motivated by the fact that the ordering of the diagonal elements of
M has an impact on the successful directed structure recovery via the direct Lyapunov
lasso. For instance, Theorem 3.54 states that around a neighborhood of a diagonal sig-
nal, where M;; < M;; holds for every 7 — ¢ € E, we can find a DAG that will satisfy the
irrepresentability condition.

To explore the effect of the ordering of diagonal elements on undirected structure recov-
ery, we permute the diagonal elements of M. For a random subset (of size 1000) of all
permutations (10! in total), we evaluate the accuracy of the estimated M. We restrict
ourselves to the n = oo case, i.e., we use the population covariance matrix ..
According to Figure 5.4, all methods achieve 100% accuracy for the 2-cycle graph regard-
less of the permutation. The group lasso that does not penalize the diagonal elements
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of M is able to correctly recover the true sparsity pattern for all graphs. On the other
hand, there exist permutations that will make it impossible for the first variant of the
group lasso and the lasso to correctly estimate the undirected structure of a GCLM.
However, the former achieves a higher accuracy on average across all considered graphs.
In particular, the number of cases where the group lasso achieves 100% accuracy is sig-
nificantly larger compared to the lasso.

In summary, we conclude that the group lasso not penalizing the diagonal entries
outperforms the standard group lasso and the lasso for all considered graphs. While the
performance is relatively comparable for smaller sample sizes, for n — oo, it was the
only method able to achieve 100% accuracy consistently. Moreover, not penalizing the
diagonal entries for the group lasso seems to make the correct support recovery invariant
to the ordering of the diagonal elements.

line cycle star_in

1000
7504
500

2501 accuracy

N

I oss
B oos
M oss
M om
[ oso

count

star_out star_mixed 2-cycles

1000

7501

500

250

Ias:so grolup grolup Iaslso gréup gréup Ias:so grc;up grolup

lasso lasso diag lasso lasso diag lasso lasso diag
method

Figure 5.4: Accuracy for structure recovery under different permutations of the diagonal
elements for selected graphs. The label group lasso represents the group
lasso penalizing the diagonal entries, whereas group lasso diag represents the
second variant not penalizing the diagonal entries.
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5.3 Performance comparison for random GCLMs

We run a simulation study to compare the performance in terms of recovering the di-
rected and undirected part of a random GCLMs for different methods, namely the lasso
and the group lasso. By random GCLMs, we mean GCLMs associated with randomly
generated graphs. Note we use the variant of the group lasso, which does not penalize
the diagonal entries (Definition 3.6).

5.3.1 Simulation setup

The simulation setup is similar to the experiment conducted in Varando and Hansen
(2020). We explore the performance of our structure recovery methods for different
models of size p = 10, ...,50 and edge probability d = % with k € {1,2,3,4}. For each
pair (p, k), we create 100 drift matrices M as mentioned below.

1. Generate a matrix M with entries

_ {wij|uw~| fOI' 1 #* j,

_Zk:k;ei | M| — |wil for i = j,

)

where w;; ~ Bernoulli(d) and w;; ~ Uniform([0.1,1]). We set C' to be a diagonal
matrix with entries C;; ~ Uniform([0, 1]).

2. For each (M, C) we solve the continuous Lyapunov equation (1.3) for X.
3. Generate n = 1000 observations z;, ..., 2, from a multivariate Gaussian N (0, X).

4. Finally, we obtain our design matrix A(2) by computing the covariance matrix 3
based on our observations and plugging it into the respective equation (3.4).

Step 1. produces stable Metzler matrices M (Briat (2017), Lemma 2.8) that will guar-
antee unique solutions to the Lyapunov equation (cf. Theorem 2.9). The drift matrices
M correspond to mixed graphs G = ([p], E) with self-loops at every node and directed
edges independently generated with uniform probability d.

5.3.2 Results

We introduce a few additional metrics to assess the performance for random GCLMs.

2T P()\)
N+FPO)+FN(N)

e Path-wise mazimum F1 score (max f1): max f1 = maxy 575

e Area under ROC curve (auroc): The ROC curve displays the true positive rate
on the y-axis and the false positive rate on the x-axis for each value of the regu-
larization parameter \.

e Area under precision-recall curve (auprc): The PR curve displays the precision on
the y-axis and the recall on the x-axis for each value of the regularization parameter
A
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We also calculate the same metrics for the recovery of the directed graph. They can be
computed analogously to the undirected case, with the only difference being the defi-
nitions for TP, FP,TN and FN, which are now computed by considering the directed
graph recovery as a classification problem over the p(p—1) possible edges. We obtain the
directed graph from the undirected graph estimated by the group lasso by translating
every undirected edge into the two possible directed edges.

Figure 5.5 displays the results of our experiment averaged over 100 repetitions and
different edge probabilities d. For increasingly sparser models, i.e., increasing model size
p, the maximal accuracy maxacc and auroc improve for all methods and classification
problems. Accounting for the class imbalance due to the sparse models, the curves for
aupr and maxfl reveal a different trend. Both metrics are actually decreasing with in-
creasing model size p.

According to all four metrics, the lasso is superior to the group lasso when considering
randomly drawn sparse graphs. This is true for both directed and undirected structure
recovery. Moreover, the evaluations for lasso and group lasso are highly similar in the
sense that the evaluation curves for all metrics run almost parallel for all dimensions p.

Comparing the performance of undirected and directed structure recovery against each

group lasso — lasso — undirected

-+ directed

0.59 1

0.41+

Jdne

0.22 4

0854

0.74 4

Joune

0.64 1

0.87 1

dJoexew

0.80 4

0.76 4

0.58

TiXew

0.41 1

Figure 5.5: Structure recovery simulation results for undirected and directed graphs (line
type). Average evaluation metrics (rows) as a function of the model size for
different algorithms (colors)

other has to be done with care. Recall that they both correspond to classification prob-
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lems with a different number of total samples p(p — 1)/2 vs. p(p — 1). Consequently, for
example misclassifying one undirected edge for an undirected graph will always lead to a
lower accuracy compared to misclassifying one directed edge for a directed graph. This
also explains why maxacc for directed structure recovery is higher than for undirected
structure recovery. However, considering the remaining metrics, undirected structure
recovery achieves a better performance.

One possible scenario where one could hope that the group lasso would outperform
the lasso in terms of correct support recovery for undirected graphs is the case where
we only consider 2-cycle graphs, i.e., directed graphs where every edge corresponds to a
2-cycle. Lemma 3.59, for instance, states that the group irrepresentability condition is
always satisfied when the irrepresentability condition for the lasso is met. Recall that
irrepresentability is a sufficient condition for correct support recovery.

We employ the same simulation setup as before (cf. Subsection 5.3.1) with a slight
alteration in the first step. Namely,

1. For ¢ < j generate the entries of M as

M.

i | Wi for © # 7, . o
l]:{w]‘u]’ Or/L#] and Mﬂz\uﬂhf]\/[w;é()andz#j

— Ditrs | Min| — Juii for i = 7,

Using this procedure, we generate drift matrices associated with random 2-cycle graphs.
However, as we can see in Figure 5.6 the group lasso is not able to outperform the lasso
in terms of better support recovery for undirected graphs.
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Figure 5.6: Structure recovery simulation results for undirected and directed 2-cycle
graphs (line type). Average evaluation metrics (rows) as a function of the
model size for different algorithms (colors)
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6 Discussion

In this thesis, we proposed the group lasso as an undirected structure recovery method
for GCLMs. Specifically, we showed how to find sparse solutions to the continuous Lya-
punov equation using the group Lyapunov lasso. Moreover, we adapted the primal-dual
witness method for the group lasso by introducing the concept of dual norms and its
corresponding theory. Applying this technique, we were able to prove a deterministic
result for consistent model selection for GCLMs. Restricting ourselves to Gaussian data,
we can provide a bound on sample complexity for the group Lyapunov lasso by carefully
investigating the Gram matrix ['gg.

Furthermore, we identified the group irrepresentability condition as a crucial sufficient
assumption for consistent model selection. While it is possible to formulate conditions
under which the lasso irrepresentability condition holds for DAGs, a similar analysis
for the group irrepresentability condition proved to be quite difficult. The existence of
no closed-form solutions for the group irrepresentability condition and restricted invert-
ibility of the Gram matrix further complicated the analysis. For a particular type of
graph, namely graphs where every edge corresponds to a 2-cycle, we showed that the
lasso irrepresentability condition directly implies the group irrepresentability condition.

In the second part of the thesis, we studied algebraic questions related to GCLMs. We
provided an overview for identifiability in GCLMs. The main result here is that every
simple graph is globally identifiable. In addition, we examined covariance equivalence
for undirected graphs. We derived a sufficient condition based on the number of edges
of two connected graphs for them to be covariance equivalent. In particular, we showed
that connected graphs with up to 4 nodes are always covariance equivalent. Moreover,
we were able to computationally prove that trees defined for p = 5,6 nodes are never
covariance equivalent. However, it remains an open question to prove this fact for higher
dimensions.

Lastly, we compared the performance of the direct Lyapunov lasso and the group
Lyapunov lasso for directed and undirected structure recovery. For a choice of fixed
graphs, the group Lyapunov has favorable properties for sample size n — o0. Namely,
it seems to be invariant to the ordering of the diagonal elements of the drift matrix
M. However, for randomly drawn sparse graphs, the direct Lyapunov lasso was able
to outperform the group Lyapunov lasso for both directed and undirected structure
recovery.
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