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1 Models for Scalar Hysteresis

We discuss some basic examples of hysteresis operators. Hysteresis operators map time-
dependent functions (here: u) to time-dependent functions (here: w). In this chapter,
those functions are scalar-valued; the input functions u are assumed to belong to Cp,[a, b,
the space of continuous and piecewise monotone functions on |[a, b].

A partition a =ty < --- < ty = b is called a monotonicity partition for u € C,,,[a, b] if
u is monotone (that is, either nondecreasing or nonincreasing) on every partition interval
[ti—1,t;]. The smallest such partition, defined by

t; = max{t € [a,b] : u is monotone on [t;_1,t]},
is called the standard monotonicity partition for .

The exposition in this chapter is based on Section 2.1 of [4].

Relay with hysteresis. Such a relay is characterized by two thresholds o < 8 and two
output values, here £1. Assume that u € Cp,,[a, b] with standard monotonicity partition
{ti}o<i<n. Let w, € {—1,1} be given. We set

17 u(a) Z /87
w(a) =< —1, u(a) < o, (1.1)
W a<u(t)<p,
and define w successively on (¢;_1,t;] by
L, u(t) > 8,
w(t) =4 -1, u(t) < a, (1.2)
w(ti—), a<u(t)<pB.

Then w is piecewise constant and switches at most N times on [a,b]. The operator

Rap: Cpmla,b] x {—1,1} — L>(a,b) defined by
w = R plu; wo (1.3)

is called the relay operator with thresholds a and /.

The relay operator behaves in a discontinuous manner. Consider u : [0,2] — R, u(t) =
g — (t— 1)2. The functions uX = u + ¢ converge uniformly to u for ¢ — 0, but w! =
Raplul;—1] = 1 on [1,2], while w. = Raglus;—1] = —1 on [1,2]. This leads to
dlfﬁcultles when analyzing differential equations containing a relay operator. One way to
address this problem is to close the relay operator by passing to a set-valued extension,
see [26].

The scalar play operator. It arises when the diagonal w = w in the u-w-plane (which
represents the identity operator w = [u on functions) is split into two parallel straight
lines w = v — r und w = u + r, where r > 0 is given. On the right line w = u — r one
can only ascend, on the left line one can only descend; in the region in between, w has
to remain constant. For nondecreasing continuous input functions « : [a,b] — R and an
initial value w(a) with |u(a) — w(a)| < r, this behaviour is described by

w(t) = max{w(a),u(t) —r}, t>a. (1.4)



If instead u is nonincreasing, (1.4)) is replaced by

w(t) = min{w(a),u(t) +r}, t>a. (1.5)
Setting
fr(z,y) = max{z — r,min{z + r,y}} (1.6)
both and can be combined into the single formula
w(t) = fr(u(t),w(a)), t=a (1.7)

which is valid for monotone continuous functions w.
If u € Cpla, b] with standard monotonicity partition {¢; }o<i<n, we define
w(t) = fr(u(t),w(ti—1)), tia<t<t;,, 0<i<N. (1.8)
It turns out to be convenient to specify the initial condition for w(a) in the form
w(a) =u(a) — z,, 24 € [—r,7] given. (1.9)
In this manner we obtain the scalar play operator
w=Pu;za], Pr:Cpmla,b] x [=r,7] = Cpmla,b]. (1.10)

The scalar stop operator. Let > 0. For a given input u € Cp,[a, b] and initial value
24 € [—r, 7], the scalar stop is defined by

Sluszo) = u—Prlus za],  Sp : Cpala, b] X [—r, 7] = Cppla, b]. (1.11)
Thus, the output functions
z = S lu; 4]

and w = P,[u; z,] are related by
u(t) =w(t) +2(t), telab]. (1.12)

In particular, z(a) = z, and w(a) = u(a) — z,.

The Preisach model. Preisach [24] had the idea that the two-parameter family R, s
of relays, defined above, can serve as a basis of a mathematical model for a scalar version
of the ferromagnetic constitutive law.

We replace the thresholds o and 5 by the mean value s = (§ + «)/2 and the half-width
r = (8 — «)/2 as parameters and define

w(t) = /OOO /00 p(7, $)Rs—r sir[; w(r, 8)](t) ds dr . (1.13)

The function p plays the role of a density function. For the moment we assume that p
has compact support, so the integral is well-defined.

Preisach [24] showed that the evolution in time of the family of relays can be characterized
by the evolution of the curve in the half-plane R, x R which separates the regions

Ap(t) ={(r,s) e Ry x R: Ry sir[usw?(r, s)|(t) = £1}. (1.14)
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If we set the initial values of the relays to
w?(r,s) = —sign(s), (1.15)

then A (a), A_(a) and the separating curve coincide with the right lower and upper
quadrants and the r-axis, respectively.

We describe the evolution of the separating curve. As an example, let u : [0,3] — R be
given which increases on [0,2] from u(0) = 0 to u(2) = 2 and then decreases on [2, 3]
to u(3) = 1. At ¢t € [0,2], the relays satisfying s + r = u(t) switch from —1 to +1. No
switches in the other direction occur. Let ¢ : [0,3] x R, — R denote the time-dependent
separating curve, that is, the graph of the function

w(ta ) : R+ —-R
represents the curve separating A, (¢) and A_(t). Then
Y(t,r) = max{u(t) — r,¥(0,7)} = max{u(t) —r,0}, te€]l0,2].

In the time interval [2, 3] where u decreases, the relays satisfying s —r = wu(t) switch from
+1 to —1. Therefore,

W(t,r) = min{u(t) +r,(2,r)}, te2,3].

In general, let u € Cpp,a, b] with standard monotonicity partition {¢;}. Then the graph
of the separating curve (with the choice ([1.15) for the initial values of the relays) is given
by

(a,r) = max{u(a) — r,min{u(a) +r,0}}, r>0,

Y(t,r) = max{u(t) — r,min{u(t) +r,Y(t;i_1,7)}}, r>0,te (tio,ti. (1.16)

Let now a density p be given. For any u € Cp,la,b], (1.13]) yields the time evolution of
the Preisach model as a curve t — (u(t),w(t)) in the u-w-plane. Inserting the values +1
for the relays, the integral (1.13]) becomes

oo pi(t,r) S
w(t) = / / p(r,s)dsdr — / / p(r,s)dsdr. (1.17)
0 —00 0 w(tﬂ”)

The Preisach model is capable to describe not only single, but also nested hysteresis
loops. For example, let p = 1/2 in [0,2] x [—2,2] and consider u : [0,6] — R which
linearly interpolates the values (0,2, —2,1, —1,1,2) at successive times t; =i, 0 < i < 6.
Then u(t) = 2t on [0, 1] and u(t) = 6 — 4¢ on [1,2]. Using one computes that

w(t) = w(t) — w(0) = %u(t)Q 2p = 22, te0,1],
w(t) —w(l) = %(2 —u(t)?- (=2p) = —4(t —1)*, tec[1,2].

Continuing in this manner one sees that the curve ¢ — (u(t),w(t)) consists of parabolic
arcs connecting the points P; = (u(t;), w(t;)). Its part P3 — P, — P5 = P3 constitutes an
inner hysteresis loop. Moreover, 1(5, ) = 1(3, -). Consequently, the evolution for ¢t > 5 is
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identical to the one which arises if on [3,5] the function u is replaced by the constant 1.
Thus, at t = 5 the model “forgets” that the inner loop was present. This feature of the
Preisach model is called the wiping out property. The part P, — P, - P3 = P; — F;
constitutes the outer hysteresis loop.

Play and Preisach model. Comparing ([1.6) and ((1.16) we see that for all » > 0

1/}(@,7“) = fT(u(a), 0) )

1.18
V) = DV, tE (it 1)
Let 7. : R — [—r,r] denote the projection. Then for all z € R
fr(2,0) = max{x — r,min{z + r,0}} = x + max{—r, min{r, —x}}
(1.19)
=z +7m.(—2) =2 —m ().
Consequently, it follows from ([1.8) and (|1.9)) that
W(t,r) = Prlu;m-(u(a)](t), te€la,b]l, r>0. (1.20)

In particular, 7,.(u(a)) = 0 for all » > 0 if u(a) = 0.

In view of (1.17)) the Preisach model can be written in terms of the one parameter family
of play operators as

w(t) = /OOO g(r, Pyl 7o (u(@))]) (£) dr + 10 - (1.21)

Here, the function g : R, x R — R is defined by

g(r,s) = 2/08 p(r,o)do, (1.22)

and the number wyy by

0 0 ) o0
Woo = / / p(r,s)dsdr — / / p(r,s)dsdr. (1.23)
0 J-co o Jo

For the mathematical analysis of equations including a Preisach nonlinearity, (1.21)) is
often more convenient than ([1.13]), because the discontinuities inherent in the relays are
no longer present.

The model of Prandtl and Ishlinskii. In 1928, Prandtl [23] proposed the following
model for the scalar version of the elastoplastic constitutive law; it was later rediscovered
by Ishlinskii [§]. It has the form

w(t) = /Ooop(r)Sr[u; m-(u(a))](t) dr, (1.24)

where S, is the scalar stop operator and p is a density function. Using (1.11)) we may
replace S, by P,; (1.24]) then becomes

w(t) = /0 o )dr - u(t) — /0 (P s o (u(a))] (F) dr (1.25)
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In this manner, setting g(r, s) = —p(r)s the model becomes a special case of the Preisach
model, once we slightly generalize the latter to include terms like the first integral on the

right side of ([1.25]).

Rate independence. All the models discussed above are rate independent in the fol-
lowing sense.

Let W be an operator which maps functions u defined on some time interval [a, b] with
values in some set X to functions w = W]u| defined on the same time interval with values
in some set Y. Such an operator W is called rate independent if it commutes with all
time transformations ¢ : [a,b] — [a, b],

Wiuo @] = (Wlu]) o . (1.26)

Here, ¢ : [a,b] — [a,b] is called a time transformation if it is nondecreasing and
surjective; thus in particular, ¢(a) = a, p(b) = b, and ¢ is continuous. We do not require
that ¢ is injective. The functions u are taken from some given set of functions (Cp,,[a, 0]
in the examples above).

The operator W is said to be causal if for every ¢ the value w(t) = (W]u|)(t) does not
depend upon the future values u(s), s > t, of the function u. (It may depend on the
past and present values u(s), s < t, in an arbitrary manner.) A causal rate independent
operator is called a hysteresis operator.

In the examples above, also initial values are involved, that is, w = W]u; ¢] with ¢ € @Q for
some set . In that case, W is called a hysteresis operator if u — W]u; q] is a hysteresis
operator for every q € Q.

During the period 1965 to 1985, a basic mathematical theory of hysteresis operators was
developed by Krasnosel’skii and his group, see the monograph [9]. Other monographs
in this tradition are [16] 26, 4, 10]. There is also the collection [3]. Since around 2000,
the so-called energetic approach has been developed by Mielke and others. There, the
dynamics of a rate independent evolution is governed by the interplay between an energy
and a dissipation functional. See the monograph [I§].



2 The Scalar Play and Stop

In order to analyze mathematically equations or systems which include hysteresis opera-
tors, it is necessary to define the latter on standard function spaces and investigate their
properties on those spaces.

We recall the definition of the scalar play and stop. For u € C,[a,b] with standard

monotonicity partition a =ty < --- < ty = b, the functions w, z € Cpp,[a, b] are defined
by
w(t) = fr(u(t),w(tz_l)) , tir <t < t;, 0<e < N, (2 1)
2(t) = u(t) —w(t), telab], '
where
fr(z,y) = max{x — r,min{z +r,y}}. (2.2)
The initial value of w at ty = a is given by
w(a) =u(a) — zq, 24 €[—1,7]. (2.3)

In order to cover arbitrary initial data z, € R it is convenient to replace (2.3)) by
w(a) =u(a) — m.(z,) - (2.4)

where 7, : R — [—r,r] denotes the projection; thus z(a) = m,(z,). In this manner, (2.1))
and ([2.4) yield the scalar play and stop operators

w=Pu;zq], Pr:Cpnla,b] x R = Cppla,b], 2.5)
z2=38u;z4), SriCunla, b xR — Cppla,b]. '

The function v and the functions w, z are often called the input resp. output functions
of P, and S,.

Lemma 2.1 Let u € Cpla,b], z, € R, 2 = S, [u; z,]. Then |z(t)| < r forallt € [a,b)].
Proof. This follows from (2.4) and (2.1]) by induction over the monotonicity intervals of
u, since z(a) = m,(z,) and

fT(xvy) — T = max{—r, min{r, Yy — .T}} = WT(y - ZE) I fT<‘T7y) - 7]—7“(']: - y) ;
so [z(t)] = |u(t) — fr(u(t), w(t;—1))| < r on [t;_1,t;] for all 4. O

One may check that if u is monotone on [a, b], and define the same functions w
and z no matter which partition {¢;} of [a,b] is used. Therefore, for piecewise monotone
u the definition of the play and stop does not depend on the choice of the monotonicity
partition for w in (2.1)).

Maximum norm estimate. The basic maximum norm estimate for the scalar play
arises from a corresponding estimate for the function f,.

Lemma 2.2 Let a,b,c,d € R. Then
| max{a, b} — max{c,d}| < max{|a —¢|,|b—d|}, (2.6)

The estimate also holds if we replace “maz” with “min” on the left side.

6



Proof. We may assume that max{a, b} > max{c,d}. Then
| max{a, b} — max{c,d}| = max{a — d,b — d} — max{c—d,0}.
In order to prove , it therefore suffices to prove that
max{a, b} — max{c,0} < max{|a — ¢, |b|} (2.7)
for all a,b,c € R. Setting 7 = max{z,0} for x € R, we obtain from the estimate
max{a,b} — c¢" = max{a — c*,b— "} <max{a" — ¢", b} <max{|a — |, ||},

where we have used that |a™ —c¢™| < |[a—¢|. As min{z,y} = — max{—=x, —y} for z,y € R,
the second assertion follows. O

Lemma 2.3 We have
|f(2,9) = fr(z, y)| < max{]Z — 2|+ |F —r|, [§ -y} (2.8)
forallr,7 >0 and all x,z,y,y € R.
Proof. Using Lemma twice, we obtain
1:(2,5) = fr(s)] < ma{|(5 = 7) = (e =), 1@ +7) = ()], 15— wl}
This implies the assertion. O

Proposition 2.4 The operators P, and S, can be extended uniquely to Lipschitz contin-
uous operators
P, S, : Cla,b] x R — Cla, ],

such that |S,[u; 2,](t)] < r for all t € [a,b], u € Cla,b], z, € R. Moreover, there holds

[Prlt; Za] = Prlus za]ll oo < & — ull o +max{|i =7, [Za — za[} (2.9)
185t Za] = Srlu; Zalll oo < 2[00 — ull o + max{[F — 7], |Za — zl} (2.10)

for all t,u € Cla,bl, all Z,,z, € R and all 7,7 > 0.

Proof. Let w = P,[u; z4], W = Prlt; 2,) and z = S,[u; 24), 2 = Sp[t; Z,). Since w + z = u
and @ + Z = @ by (2.1)), (2.10) immediately follows from (2.9)). Concerning (2.9)), by a
basic result of functional analysis it suffices to show that it holds for @,u € C,la,b],
because Cy,[a, b] is dense in Cla, b]. By (12.4)

w(a) —w(a)] < la(a) —u(a)] + |Za — zd| -

Let {t;} be a partition of [a,b] such that both @& and u are monotone on all subintervals
[ti_1,t;]. By Lemma on each subinterval

|w(t) — w(t)] < maxflu(t) —u(t)] + |7 —r|, [@(ti1) — wtia)[}



for all t € [t;_1,t;], t > a. Therefore,
W (t;) — w(t;)| < max{||a —u|| + |7 —7], |0(ti-1) —w(ticq)|]}, 0<i<N.
By induction over i, for all ¢ € [a, b] we get
[@(t) — wt)] < max{[|t — ul| +[F = 7|, |a(a) —u(a)] + 2 — zal} -
This implies (2.9). Finally, that z = S,[u; z,] takes values only in [—r,r] follows from

Lemma [2.1 and a limit passage. O

The constant 2 in (2.10) cannot be improved. For example, setting [a,b] = [0,2] and
7 = r, let @ be the linear interpolate for @(0) = 0, a(1) = r and u(2) = —r, set u = 0
and Z, = z, = r. Then Z = r on [0,1] and 2(2) = —r, while z = r on [0,2]. Thus
|2 — 2]|oc = 2r = 2]|0 — u|o-

Variation norm estimate. By Cy[a,b] we denote the space of piecewise affine linear
(or simply “piecewise linear”) functions on [a, b].

Let u € Cpyla, b], let
w="Pu;zd|, z=38u;z, 2z, €R.

One immediately checks from that w and z are piecewise linear. By subdividing the
standard monotonicity partition for u we can decompose [a, b] into finitely many disjoint
open intervals such that the union of their closures equals [a,b] and that, on each such
interval, the time derivatives w,w and 2 are constant and satisfy

either |z| <7, Z2=4d and w =0,
or z=-r,w=u<0andZ=0, (2.11)

or z=r,w=u>0andz=0.

Lemma 2.5 Let u € Cyla,b], z, € R. Then

w(t)(z(t) —¢) >0, forall¢e[-rr]

2(t) € [-r,r],  2(a) =T (24) (2.12)

for all except finitely many (for all, resp.) t € (a,b).

Proof. This is a direct consequence of (2.11]), (2.4) and Lemma [2.1] O

A system like ([2.12]) is called a variational inequality. Variational inequalities typically
take care of case distinctions like those in (2.11]).

Lemma 2.6 Let u,u € Cyla,b], Zo,2, € R Let w = Prlu; 2], 0 = Prlt; Z,] and
z = S, u; 2], 2 = S,[0; Z,). Then we have

(w(t) — w(t))(Z(t) — 2(t) 2 0 (2.13)

and
() — i (t)] + %V(t) — 2(8)] < Ju(t) —(t)] (2.14)

for all except finitely many t € (a,b).



Proof. By Lemma [2.5]
w(t)(E(t) = 2(1) 20, wt)(=(t) - 2(t) 2 0,

Adding those inequalities yields ([2.13)).

In order to prove , we decompose [a, b] into intervals J such that in the interior of
each J either Z(t) = z(t) for all ¢t or Z(t) # z(t) for all ¢ holds. On intervals where zZ = z
we have

W—wW=UuU—2+z—u=u—u,

thus (2.14) holds with equality. On intervals where Z # z we obtain from (2.13]) that
[ (t) — w(t)] = (w(t) — w(t))sign (2(t) — =(1)).

Moreover d
3t 17(0) — 2(O)] = (2(t) — 2(t))sign (2(t) — 2(1)).
Adding the previous two equations yields the assertion. O

By Wh(a,b) we denote the space of absolutely continuous functions on [a,b]. Equiv-
alently, W'!(a,b) is the space of functions v € L'(a,b) whose distributional derivative
belongs to L'(a,b). For such functions,

t
u(#) = ula) + / a(s)ds, forall ¢ € [a, )] (2.15)
For u € Wh!(a,b) we define
lullsy = [u(a)] + var (u), var(u / ()] dt . (2.16)

We will use the fact that Cy[a, b] is dense in both (Cla,b], || ||) and (W (a,b), || - ||zv)-
The latter follows e.g. from the fact that the piecewise constant functions are dense in
L'(a,b).

Proposition 2.7 Let @,u € Wh(a,b), Z,, 24 € R. Then w = P,[u; z,) and w = P,[i; Z,)
satisfy
var (0 — w) < var (@ —u) + |2, — 24 - (2.17)

Consequently,

P, Whl(a,b) x R = Whi(a,b)
1s Lipschitz continuous, and the same is true for S,.

Proof. Assume first that a4, u are piecewise linear. Setting z = S, [u; z,) and Z = S, [U; Z,]
we obtain from (|2.14)

/|w ]dt</ li(t) — a(t)] dt — yz—z\

< [ 1) - ol + 136 - =G0



which proves (2.17) as |Z2(a) — z(a)| < |24 — 24|- This and the estimate
[@(a) —w(a)| < la(a) —ula)| +|Za — 2|

yield as well as the Lipschitz continuity of P, for piecewise linear functions. Since
those functions are dense in W'!(a,b), P, can be uniquely extended to a Lipschitz con-
tinuous operator on Wh!(a,b) x R satisfying . This extension coincides with that
provided by Proposition on the dense subspace Cpla,b], so both extensions coincide
on Whl(a,b). As z = u—w and Z = 4 — w, the stop too is Lipschitz continuous on
Whl(a,b) x R. O
Together with Propositions and 2.7, the density of Cpya,b] in Cla,b] and W'!(a,b)
often makes it possible to extend formulas like ([2.14]),

() —w(t)| + %Ii(t) — ()] < Ja(t) —a(t)],

directly from piecewise linear input functions to input functions in W! (resp. C if no
time derivatives are present).

It is no coincidence that the maximum norm and the total variation norm enter the basic
estimates in Propositions and Both norms are (in contrast to other usual norms)
invariant w.r.t. time transformations ¢ : [a, b] — [a, ], that is,

[uo @lloc = llullc, lluewlsv = ullsy -

The scalar stop as a variational inequality. Given u : [a,b] — R and z, € R, we
look for z : [a,b] — R such that

(2(t) —a(t))(C—2(t) >0 V(€ [-r7] holds a.e. in (a,b),

2(t) € [-rr]  Vte[ab,  z(a)=m(z). (2.18)

Proposition 2.8 Let u € Whl(a,b), z, € R. Then z = S,[u; z,] is the unique solution

of in Whi(a,b).

Proof. That z = S, [u; z,] belongs to Wh!(a, b) and satisfies z(t) € [—r, r] for all ¢ as well as
z(a) = 7,(z,) has already been proved in Propositions[2.4]and 2.7 For piecewise linear u,
the inequalities in (2.18) have been obtained in Lemma For arbitrary v € Wh!(a,b)

we choose a sequence u™ of piecewise linear functions on [a, b] with u™ — u in W (a, b).
By Proposition 2.7, 2" — 2z in W'(a,b). Then 2™ — 2 uniformly and, after passing to a
subsequence, 4" — @ and 2" — Z pointwise a.e. Therefore, for any fixed ¢ € [—7, 7]

(2(t) = (@) (¢ = 2(1)) = 0 (2.19)
holds a.e. in (a,b). Let {(;} be a countable dense subset of [—r,7]. Then (2.19) holds for

all (; and all ¢t € (a,b) \ N for some set N of zero measure. Since {(;} is dense in [—r, 7],

the inequalities in (2.18) hold for all ¢t € (a,b) \ N and all ¢ € [—r,7].

Concerning uniqueness, let Z, z € W'!(a, b) be solutions of (2.18). Inserting z(¢) for ¢ in
the inequality for z and vice versa and adding the resulting two inequalities gives

(2(t) — 2@)(2(t) — 2(t)) > 0, for a.e. t € (a,b).
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It follows that

%% ) — 20 = (2(t) — 2(1)(2(t) — 2(t)) <0, for a.e. t € (a,b).
Thus t — |z(t) — Z(t)| is nonincreasing. As z(a) = m,(2z,) = Z(a) it follows that z = 2. O

Monotonicity properties of the play. The play operator is order monotone, that
is, for u,u € Cla,b] and z,, 2, € R

Prlu; za) < Prlii; Z4) (2.20)

if uw < @ pointwise and z, > Z,. (The sign change w.r.t. the initial value occurs because
we write the initial condition as w(a) = u(a) — z,.) This follows since (z,y) — f.(z,y) is
nondecreasing in both variables, and because persists when passing from piecewise
monotone to arbitrary continuous functions. However, the stop operator is not order
monotone. For example, let a =0, z, =r, © =0 and u(t) =t on [0,7], u(t) = 2r —t on
[r,2r]. Then @ < u on [0,2r], Z = S,[4;2,) = r and z = S,[u; z,] satisfies z = r on [0, r|
and z(t) = 2r —t < Z(t) on (r, 2r].

Moreover, the play and the stop operator are piecewise monotone, that is, if u € C|a, ]
is monotone (nondecreasing or nonincreasing) on some subinterval [s, t] of [a, b, then the

same is true for P,[u; z,] and S,[u; z,]. For piecewise linear u this follows directly from
(2.11), and a limit passage yields the result for arbitrary v € C|a, b].

On the other hand, the play operator is not L2-monotone, that is, it may happen that
for w = P.[u; z,] and W = P, [; z,]

b
/(w—w)(u—a) dt < 0. (2.21)
An example is given by a =0, 2z, = r, ©« = r and

r+t, telo,r],
uw(t) =< 3r—t, telr3r],
0 t>3r.
Then w = 0, w(t) = r for t > r and, if b is large enough,
b 3r b
/(w—@)(u—ﬂ)dt:/ (w—w)(u—a)dt+ [ r-(—r)dt<0.
0 0

3r

Regularization property of the play. For u € W!(a,b) and w = P,[u; z,], we have
var(w) < var(u). (2.22)

This follows immediately from if we set Z, = z, and @ to some constant (then w
is constant, too). We will see that (in the nontrivial case r > 0) w is moreover piecewise
monotone, even if u is only continuous; in particular, var(w) remains finite even if var(u)
is infinite. Also, w turns out to be a minimizer of the variation on the set of functions
v : [a,b] — R which satisfy ||ju —v||, < r and v(a) = w(a).
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In order to obtain these and related results, a more detailed analysis of the behaviour of
the play and stop is required. In the remainder of this section we generally assume that
r > 0.

Let (u,z,) € Cla,b] x R be given, let w = P,[u; z,] and z = S,[u; z,]. The trajectories
{(u(t),w(t)) : t € [a,b]} lie within the subset D = {(x,y) : |x — y| < r} of the plane.
They consist of parts which belong to the interior, the right or the left boundary of D.
Accordingly, we decompose the time interval [a, b] into the three disjoint sets

Iy = {t € a,0] : [u(t) —w(t)| = [2(t)] <7},
I, ={te€la,b]:u(t)—wt)==z20t)=r}, (2.23)
I ={telab]:ult)—wt) =z2(t)=—-r}.
We also define
Iy=1,UI. (2.24)

The set I, is a relatively open subset of [a,b], the sets I and I are compact.
Lemma 2.9 The function w = P,[u; z4| is locally constant on Iy.

Proof. Let J be a closed subinterval of ;. Then r —max; |z| > 0 on J. Let u,, € Cyla, b]
with u,, — u uniformly and r — max; |z,| > 0 on J for all n, where z,, = S,[un; 2,]. (Such

a sequence exists due to Proposition [2.4]) It follows from (2.11]) that w, = P,[u,; z,] is
constant on J for all n; thus so is w. O

The regularization properties of the play are related to the fact that the minimum time
0. to cross from one boundary to the other is strictly positive,

de=min{|t—s|:tel,,sel } >0, (2.25)
because z is continuous (and hence uniformly continuous) by Proposition [2.4]

A closed interval J C [a,b] is called a plus interval for (u,z,) if J C I, U [y and
JN I, #; it is called a minus interval for (u,z,) if J C I_UIyand JNI_ # (. Thus,
on a plus interval the trajectory {(u(t),w(t))} hits the right but not the left boundary of
the domain D, and vice versa on a minus interval.

Due to the symmetry of the constraint [—r, r],
Pol—u; —zo) = =Prlu; za) s, Se[—u; —2za] = =Sr[u; 24 - (2.26)

For u € Cyla, b this directly follows from the variational inequality ([2.18)) or from the basic
definition (2.1)) — (2.4)), for v € Cla,b] then by a limit passage according to Proposition
. As a consequence, for a closed interval J C [a, b

J is a minus interval for (u,z,) < J is a plus interval for (—u, —z,) . (2.27)

A partition A : a = 19 < ... < Ty = b is called regular for (u,z,) if z(r;) = 0 for
all 0 < i < M and if, setting J; = [1;_1, 7;], the intervals Ji, ..., Jy form an alternating
sequence of plus and minus intervals for (u, z,). This construction entails that 7; € Iy if
0 <1 < M; the points 7y = a and 7); = b may or may not belong to Ij.

If Iy = [a, b], then w is constant on [a, b] by Lemma SO
var(w) = 0

and the results below (Propositions and [2.13)) become trivial.
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Lemma 2.10 Let (u, z,) € Cla,b] xR, let Iy # [a,b]. Then there exists a reqular partition
for (u, z,).

Proof. Starting from {a, b} we successively add points 7 € (a,b) with z(7) = 0 as follows
until we arrive at a partition Ay consisting only of plus and minus intervals for (u, z,).
Let § > 0 be such that |z(t) — z(s)| < r for all s,t € [a,b] with |s —¢| <. Let A = {r;}
be a partition of [a,b] such that every interval [r;_;, ;] includes at least one point from
Iy and that z(7;) = 0 at all partition points 7; € (a,b). (The partition A = {a, b} has this
property since we assumed that Iy # [a,b].) If not all intervals of A are plus or minus
intervals, there exists an interval J = [7_1, 7] which includes points s,t with z(s) = —r
and z(t) = r. We choose 7" between s and t with z(7") = 0. All partition intervals of
A" = AU {7’} then include at least one point from Iy. Since the distance of the new
point 7’ from s and ¢, and thus from all partition points of A, is at least ¢, this process
comes to an end at a desired partition Ay after a finite number of steps. If two adjacent
intervals J; and J; ;1 of Ay are both plus or both minus intervals, we merge them into a
single interval. Again this process terminates after a finite number of steps. The resulting
partition is regular. O

Lemma 2.11 Let A be a regular partition for (u,z,) € Cla,b] x R, let J = [r,_1, 7] be
a plus interval of A. Then there exists an open ball B; around (u,z,) such that for all
(u,z,) € B; we have

Z=38u;Z,) > —r onJ, (2.28)
W = P.lU; 2, is nondecreasing on J. (2.29)
Moreover, setting t; = max(J N 1,),
w = I?eaj{w(s) on [ti, 7). (2.30)
max{u(r;_1),u(r;)} <u(t;) =w(t;)+r (2.31)

Proof. Since miny z > —r, because of Proposition [2.4] we have min; Z > —r if the radius

of B; is small enough, so (2.28)) holds. Then (2.29) follows from ({2.11]) and a limit passage.
Next, (t;,7;) C Iy by the definition of ¢; if ¢; < 7; (which is the case if ¢; < b), so w is

constant on [t;, 7;] due to Lemma[2.9] In view of (2.29) this implies (2.30). Finally, using
ti € I, as well as (2.29) and (2.30) we obtain (2.31)) from the inequalities
w(rig) S w(ricg) +r <w(t;) +r =ulty),
u(r) <w(m)+r=wt;) +r=u(t;).

This concludes the proof. O
If in the lemma above, J = [r;_1, 7;] is assumed to be a minus interval of A, due to the
symmetry expressed in (2.26) the lemma remains true if we replace (2.28) to (2.31)) with

Z=38,[u;Z,) <r onlJ, (2.32)

w = P,[u; Z,] is nonincreasing on J, 2.33)
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and, setting ¢; = max(J N I_),

w = I§1€1§1 w(s) on [t;, 7. (2.34)
min{u(r;—1),u(r)} > u(t;) = w(t;) —r. (2.35)

Proposition 2.12 Let (u,z,) € Cla,b] x R, w = P,[u; 2,]. Then
(1) w € Cppla,b], in particular var(w) < oo.
(i) The mapping (u, z,) — var(w) is locally Lipschitz continuous on C|a,b] x R.

Proof. Let A = {7;}o<i<m be a regular partition for (u, z,), let B be the intersection

of the balls B; from Lemma [2.11, Applying (2.29) and (2.33)) to the plus resp. minus
intervals of A, we see that for all (@, Z,) € B, the functions w = P,[d; Z,] have A as a

common monotonicity partition; in particular, (i) holds.

In order to prove (ii), let (@, Z,), (u,2,) € B. Then A is a monotonicity partition for
W = P,[w; Z,) and w = P,[u; z,]. Using the triangle as well as the inverse triangle inequality
we obtain

ar(w) = var(@)| = | 3 () = w(ri)]| = Y [i(7) — @(r-a)]|
< Z ’|(w(7z‘) —w(m))| = [(w(7i1) = @(Tz‘—l))|‘

M
<Y (w(n) = d(n) = (w(ria) — B(7i1))]
i=1
< 2M|jw — wl|, < 2M([lu =t + |20 — Zl) -
by Proposition Thus, the mapping (u, z,) — var(w) is Lipschitz continuous on B

with Lipschitz constant 2M . O

The following result is due to Tronel and Vladimirov, see [25].
Proposition 2.13 Let (u,z,) € Cla,b] X R, w = P,[u; z,]. Then

var(w) = min var(v), (2.36)
where V' is the set of all functions v : [a,b] = R with v —u| < r and v(a) = w(a) =
u(a) — m-(24). In particular, var(w) < var(u).

Proof. Let A = {7;}o<i<a be a regular partition for (u, z,), let {t;}}1<i<p be the numbers
t; = max([r;_1, ] N I;) and t; = max([r;_1, ;] N 1_) for plus and minus intervals of A,
respectively.

We set tg = a, tyry1 = b and claim that {¢;}, too, is a monotonicity partition for w.
Indeed, it follows from (2.29)), (2.30)), (2.33)) and (2.34) that w is monotone on [a, ;] and
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constant on [tys,b] and that, for 1 <4 < M, w is nonincreasing (nondecreasing, resp.) on
[ti,tir1] if [1;_1,7:] is a plus (minus, resp.) interval. Therefore,

M

var(w) = > w(t;) — w(ti-1)] . (2.37)

Now let v € V' be arbitrary. Again, we use (2.29)), (2.30)), (2.33)) and (2.34)). If J = [a, 7]
is a plus interval, then ¢; € I, and w is nondecreasing on J, so

0 <w(ty) —w(a) =u(ty) —r—v(a) <v(t;) —v(a). (2.38)

Analogously,
0> w(ty) —w(a) =u(ty) +r —wv(a) > v(ty) —v(a) (2.39)

if J is a minus interval. If M > 2,4 > 1 and [r;_1, 73] is a plus interval, then [7;, 7;41] is a
minus interval and

0 < w(ti) —w(tivr) = (u(ts) —r) = (u(tivr) +7) S v(ts) — v(tis) .- (2.40)
Analogously we get
0= w(t;) —w(tiv1) = (uts) + 1) = (ultivr) — 1) 2 v(t:) — v(tis) (2.41)

if the roles of the two intervals are interchanged. Putting together (2.37) — (2.41]) we
arrive at

var(w) = Z lw(t;) —w(t;—q)] < Z lu(t;) — v(ti_1)| < var(v)

which proves ([2.36)) since v € V' was arbitrary and w € V. Finally, setting v = u—m,.(z,),

(2.36]) yields that var(w) < var(u). O
Discrete and discontinuous input functions. Let S be the set of all finite sequences
(ug, ..., ups) of real numbers, let z, € R. For u? = (ug,...,upy) € S we define sequences

w?, 2% € S of the same length by

20 = mp(2a), Wo = Uy — 20,

. (2.42)
wz:fr(“z‘a“h‘—l), Zi=u —w;, 0<i<M.
In this manner we obtain the discrete scalar play and stop
wh = Plut;z,], PL:SxR— S,
d dr.d d (2.43)
28 =8utz), SPSxR—S.

The set S is not a normed space; nevertheless for u¢ = (ug, ..., uy) we write ||u?||

maxj<;<y |w;]. Asin Lemma we see that |27 <.

Let u € Cpp[a, b with monotonicity partition {¢;}o<i<ny. Comparing (2.1) and (2.4) with
- we immediately obtain that

Prlu; z.)(a) = Pi[u(a); Za) | (2.44)
Polu; z,](t) = Pe(ulto), - - s ultir),u(t)); za), t€ (tii1, 6], 0<i<N.
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Now consider u : [0,2] — R,

, t<1, -
u(t) = lfo where ug, a4 € R.
w, t>1,

The natural way to define w = P,[u; z,] on [0,2] is to set w(t) = wp := uy — 2z, for t < 1
and w(t) = w := f.(a,wp) for t > 1.

We use this approach to define the play for step functions u : [a,b] — R, that is, func-
tions which have finitely many different values and finitely many (or no) discontinuities.
These functions have the form

N N
U= Z Uk—1X (tg—1.te) T Z UkX {1y} - (2.45)
k=1 k=0

Here, A = {tx}o<r<n is a partition of [a,b], x4 for A C [a,b] denotes the characteristic
function which is 1 on A and 0 elsewhere, and uy, i, are real numbers. We set

ut = (’@oﬂoaﬂh e 7UN71772N)
wd - Pﬁ[ud;za] - (w07w0aw17 s 7wN—17wN)
24 = Sf[ud; 2a) = (20, 20, 215 -+ -y ZN—1, 2N)

and define the play w = P,[u; z,] and the stop z = S,[u; z,] by by

N N N N
w= Z Wk—1X (tg_1,tx) T Z WeX{ty}, 2= Z Zh—1X(tp—1,te) T Z ZEX{ty} - (2.46)
k=1 k=0 k=1 k=0

For a given step function u, the choice of the partition A in the representation ([2.45) is
not unique. But one may check that w and z as defined in (2.46)) do not depend on this
choice. Thus, P, and S, are well defined by (2.46]). By construction,

u = PT[US Za] + S, [u§ Za] ) HST[W Za]”oo <. (2'47)

The extension of the play to a larger class of discontinuous functions is based on the maxi-
mum norm estimate for the discrete play that corresponds to the one given in Proposition
for the play in continuous time.

Lemma 2.14 Let 4%, u? €, let Z,,2, € R and 7,7 > 0. Then
1Pf[a; 2] — Plu®; 2]l < Nla* —ull o +max{|7 — 7], [Za — 2|} (2.48)

HSF[ad§ éa] - Sr[ud§ Za]”oo < 2l|ﬂd - udHoo + maX{V -, |2a - Za|} (2‘49)

Proof. Based on the estimate (2.8)) for f,. in Lemma , one checks that for the components
of 4, u? and of w?, w?

| W — wo| < |tg — uo| + |20 — 2al,

‘U~}k — wk\ < HlaX{Hfbd — UdHoo + |7: — T|, |7I)k,1 — U)k71|}, k > 0,
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analogously as in the proof of Proposition , and one uses induction to arrive at ([2.48)).
O

The Lipschitz estimate makes it possible to continuously extend the play to uniform
limits of step functions. These form the space of regulated functions which on [a, b] we
denote by Gla, b]. Tt is a fact of real analysis that GJa, b] is a Banach space when equipped
with the norm

[ulloo = sup |u(?)]
t€[a,b]

and that u : [a,b] — R belongs to G|a, b] if and only if u possesses right and left limits at
every point of [a,b]. On G|a, b] the result corresponding to Proposition holds.

Proposition 2.15 The operators P, and S, can be extended uniquely to Lipschitz con-
tinuous operators

Pr, Sy 2 Gla, b x R — Gla, 0],

such that
U = PT[U; Za] + Sr[“? Za] ) HST[US Za]Hoo <r (2'50)

hold for all u € Gla,b], z, € R. Moreover, there holds

P75 Za] — Prlus 2alll oo < N0 —ull o, + max{[F — 7|, [Z4 — 24|} (2.51)
||S,:[2~L; 2(1] - Sr[u§ Za]Hoo < 2”@ - u“oo + max{|f - T’ ) |2a - Zal} (2‘52)

for all ,u € Gla, b, all Z,,z, € R and all 7,7 > 0.

Proof. We first consider the case where @ and u are step functions. Then has
already been obtained . The functions u and u have the form ([2.45)) with partitions
Ay = {t;} and Ay = {#3}, respectively. Let A = A; U Ay = {t;} be their common
refinement. According to (2.45)) and ([2.46]),

ld —ullo = lla* —u¥l and [lw—w] = [0 = wl -

Now follows directly from Lemma . As the step functions are dense in Gla, b,
P, (and hence S,) can be extended to G/a, b] and — continue to hold for this
extension, called P, for the moment. It remains to show that P, coincides on Cla,b] x R
with P, as obtained in Proposition . By density, it suffices to check this on Cp,[a, b] xR.
Let u € Cpmla,b], z, € R, w = P,[u; z,). Let A, = {t?'} be a monotonicity partition for
w such that |A,| = sup,;(t! — ¢ ;) — 0 as n — oo. Let u" : [a,b] — R be the piecewise
constant function with u”(t) = u(t}') for t € [t},t7,,). Then v — u uniformly on [a, b],
s0 0" = P,[u"; 24] = W = P,[u; z,] uniformly on [a,b]. We claim that @™ (t?) = w(t}) for
all 7,n. Indeed, for fixed n, this follows by induction over 7, the induction step being

w"(t}) = fru"(l), 0" () = fr(ult?), wtisy) = w(t) . (2.53)
Let ¢ € [a,b] be arbitrary, choose i such that ¢ € [, ¢}, ;). Then @w"(t) = w"({}) since u"
is constant on [t?, t] and therefore
w(t) —w(t) = (w(t) —w(t?)) + (wti) — ")) + (@"(&7) — " ({t) + (@" (1) — w(t))
= (w(t) —w(t!)) + (" (t)) —w(t)) —0 asn— occ.



Thus P, = P, on Cpypla,b] x R. O

Concatenation of inputs. Let u? = (ug,...,uy) € S be given. Rewriting (2.42) we
obtain z¢ = S, [u?; z,] from

Zp = Uy — fr(’lj?u_zﬁrfzzz),l) ;o 1>0. (254
We partition u? into (ug, ..., ur) and (ur, ..., uy) where 0 < L < N. We have z;, = ,(21)
since |z | < r, and therefore
S¥(ug, ..., un); za)i = 2z = S¥(ug, ..., un); 2L)ier, L <i<N. (2.55)
If w: [a,b] — R is a step function, z = S,[u; z,] and 7 € (a,b), becomes
S, [u: z)(s) = S, [um, b: S, u za](f)} (), T<s<b. (2.56)
Introducing the time shift t = s — 7 we arrive at
Sl zd(r+) =S, [u(- ) Sl za](T)} (), 0<t<b—r. (2.57)

This is the semigroup property for the scalar stop operator. As the step functions
are dense in Gla,b] and S, is Lipschitz continuous by Proposition [2.15 the semigroup
property is valid for arbitrary u € Gla, b]. For the play operator, (2.57]) becomes

Prlu; za) (T + 1) =P, [u( + 7);u(r) — Prlw; Za](T)i| t), 0<t<b-—r. (2.58)

3 Models with Preisach Memory

The Preisach memory. We have explained in Chapter [1| how the Preisach model is
based on the time evolution ¢ — (¢, ) of the function (¢, ) whose graph separates the
half-space Ry x R into the two regions where the relays underlying the Preisach models
have the values +1 and —1 respectively.

We define the memory space W as the set of all functions ¢ : Ry — R that are Lipschitz
continuous with Lipschitz constant 1,

o(7) —(r)| < [F—r| forall7,r>0, (3.1)
and vanish as r — oco. So
U = {p| ¢: Ry — R satisfies (3.1, Tlg{)l@ o(r)=0}. (3.2)

The set ¥ is a closed convex subset of the Banach space of all bounded continuous
functions on Ry, equipped with the maximum norm. Consequently, ¥ is a complete
metric space w.r.t. the distance induced by the maximum norm. Moreover, the pointwise
ordering “¢ < ¢ if ¢(r) < ¢(r) for all » > 0" defines a partial order on W.
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By a result of real analysis
V= {pl o € WH(0,00), [¢'(r)| < 1 ae. on (0,00), lim o(r) =0}.  (3.3)

Given an input function v € Cy,,[a, b] with monotonicity partition {¢;} and an initial state
Y € V¥, we define the memory evolution by

¢(a77ﬂ) = fr(u(a)7¢a(r>> ) r>0,

Pt r) = Fo(ult) Yt ), 720, 8 E (it (34)
with
fr(z,y) = max{z — r,min{z + r,y}}
as before. We write
v ="Plu;tbs], ¥:la,b] xRy — R. (3.5)

Lemma 3.1 Let ¢ = Plu;,] and ¢ = Pli; ] with u, @ € Cypla,b] and Ya, 0, € V.
Then

[ (t,7) = (t,r)| < max{max |a(r) — u(r)| + |7 =], [0a(7) = ¢a(r)[}  (3.6)

a<t<t

for allt € [a,b] and all 7,7 > 0. Moreover,

(¢, 1) — (s, r)| < max [u(T) — u(s)| (3.7)

s<t<t

holds for all s,t € [a,b] with s <t and all r > 0.

Proof. Let {t;} be a monotonicity partition for both @ and u. By Lemma [2.3] for all
r,r>0

[9(a,7) = ¥(a,r)| < max{|i(a) — u(a)| + |F = 7|, [¥a(F) — a(r)[}, (3.8)
and
(8, 7) = ¢(t,7)| < max{|@(t) — u(t)] + |7 = rl, [(tia, 7) = (ti, 7}, tE (tig bl

By induction over i we obtain (3.6). Setting 7 = r, ¥y = 1hq, & = u on [a, s] and @ = u(s)
on [s,t], (3.7)) follows from ({3.6]). O
We may interpret the mapping (¢,7) — (¢, 7) as a mapping

t—(t,-), where (t,-): Ry — R.
This viewpoint is used in the following proposition.

Proposition 3.2 The mapping (u,,) — ¢ as defined above on Cpyla,b] x ¥ can be
uniquely extended to a Lipschitz continuous operator

P Cla,b] x T — C([a,b]; ) (3.9)
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which satisfies

Pl al(t) = Plus (9] < max fu(r) —u(s)], a<s<t<b, (310

as well as
Pl ) (®) = Plus )0, < max{max [a(r) = u(r)| | = vull o}, (31D
IPlu: (D) < max{ sup [u(r)].[10all} (312

for all @, u € Cla,b], all g, € ¥ and all t € [a, b].

Proof. For @, u € Cppla,b] this is a direct consequence of Lemma applied with 7 = r;
in particular, Pu;,] : [a,b] — ¥ is continuous. Since P is thus Lipschitz continuous on
Cpmla,b] x ¥, it can be uniquely extended to an operator on Cla,b] x U satisfying the
same Lipschitz estimate. Then, again by density, (3.10) extends to C[a, b] x ¥ as well. O

We call P the Preisach memory operator or simply the memory operator.

Relation to the play operator. As we have seen in Chapter [I} the Preisach memory
operator is closely related to the one-parameter family {P,},>o of play operators. Here
we describe this correspondence for an arbitrary initial memory v, € W. Since

fr('ray) =T — 7T7«(f,lj' - y) )
for ¢» = P[u;1),] we have by the definition ({2.4)) of the initial value of P,

Pla,r) = fr(ula), Ya(r)) = ula) = m(ula) = Pa(r)) = Prlu; u(a) = va(r)](a).

It follows that
V(1) = Polu;u(a) — a(r)], forall r >0, (3.13)

or expressed differently
(Plu; ¥a] (1)) (r) = Prlu; ula) — ¢ (r)](t), forallr >0, ¢ € [a,b], (3.14)

since the evolutions for ¢ > r for both sides of (3.14]) coincide if the initial values at t = a
coincide.

Since the play operator P, is causal and rate independent for all r, by (3.14)) the same is
true for the memory operator P.

For the investigation of the Preisach memory, the definition of ¥(a, ) in (3.4)) is natural;
on the other hand, for the study of the single play and stop, the definition of w(0) in (2.4)
is natural when working with the variational inequality formulation.

The discrete memory evolution. As in the case of the play operator, for a given finite
sequence u? = (ug,...,up) € S of input values and of an initial memory state ¥, € ¥ we

define the corresponding sequence 1 = (¢, ...,y ) of memory states 1; € ¥ by

bo(r) = fr(uo, Pa(r)), r>0,

Gi(r) = folus, (), >0, 0<i<M. (3.15)
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We write
¢d - Pd[ud; 1/}0,] = Pd[u(b <oy U, ¢a] (316)

and call P? the discrete memory operator. We also define the final state mapping
P S x U — W by
W (ushg) = s - (3.17)

It immediately follows from the definitions that

Plu; al(a) = P[u(a); ¢

Plus ] (t) = Pulto), .. ultior), ult)ita], € (tig,ti], 0<i< N (3.18)

holds for u € Cp,la, bl with monotonicity partition {¢;}o<;<y. Moreover, the Lipschitz

estimate (3.11)) becomes
[P ) — Pt il < max{mas 7, — . [ — vall} . 0< k<N (319)

The semigroup property. Let a sequence u? = (ug,...,uy) of input values and an

initial memory state v, € ¥ be given. It directly follows from the definition of P? that
for (Yo, ..., ¥n) = Pud;1,] the semigroup property

(¢L7"'a¢M) :Pd[uL""yuM;wL] (320)

holds for all 0 < L < M. For continuous inputs « : [a,b] — R and 7 € [a, b], the semigroup
property for P becomes

Plu vl (1 +1) = P [u(- + 1) Pl (1) (1), 0<t<b—7.  (321)

This follows from ([3.20)) and (3.18]) if u is piecewise monotone, and in the general case by
a limit passage using Proposition [3.2]

Monotonicity and symmetry. These properties carry over from the play operator
to the memory operator due to (3.14) and . More precisely, P and P¢ are order
monotone, that is, w.r.t. the pointwise ordering in W we have pointwise (in [a, b] resp.
componentwise)

Plu;vha] < Pl vha],  Puspa] < PUa% b, (3.22)

if 1y < 1, and u < @ resp. u? < @ Moreover, P and P? are piecewise monotone,
that is,

Pl val(s) < (2) Plus () (3:29
if s <t and u is nondecreasing (resp. nonincreasing) on [s, t]; for ¢ = P4u?;1),] we have
Y1 <y i upoy <ug, Y1 > Y i upg > . (3.24)
In addition, the symmetry relations
Pl=u; —tha] = =Plus ], P?[—u; —tha] = —P[u; 4] (3.25)

hold for all u € Cl[a, b], u¢ € S and v, € V.

Memory erasure and periodicity. Here the discrete case provides the natural setting.
In the following, for x,y € R we use the notation [z, y| for the interval between x and v,
no matter whether x <y or y < x.
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Proposition 3.3 Let u? = (ug,...,upy) € S with uy, € [ug,ups] for all 0 < k < M, let
Ve € V. Then
W (uty 1) = 07 (o, war; ) - (3.26)

Proof. In view of the symmetry relation (3.25) we may assume that uy < uy,. Then by
order monotonicity

W (o, uars Ya) = ¥ (o, .. o, unrs a) < 7 (w1,
< F (uo, unr, - - uar; a) = 97 (uo, unr; Ya) -
O
Thus, the last input value uy; completely erases the influence of the inputs ug, 0 < k < M,

and of their corresponding memory states v, on the final memory state 1y, = 1/ (u?;1),).

Corollary 3.4 Let u? = (ug, uy, ug, uy, U, . . . ) with ug,u; € R, let 1, € U. Then ¢¢ =
Pul;ab,] has the form

V= (o, Y, e, 1,1, ) (3.27)
In other words: if ugio = uy for all k > 0, then Yo = 1y for all k > 1.

Proof. We have ¢f(U0,U17U0>U1;¢a) = ¢f(uo,ul§¢a) as well as wf(uhUQ,Ul,UQ;wO) =
Y/ (uy,u2;100). Using the semigroup property we obtain (3.27). O

The continuous version of Proposition [3.3| reads as follows.

Proposition 3.5 Let u € Cla,b], 1, € ¥, b = Plu;¢,), a <s <t <b. If

u(s) = I[E,it?u’ u(t) = IE%]XU or  u(s)= rﬁi]xu, u(t) = r[r;}t?u, (3.28)
then
Y(t) = & (u(s), ut); v (s)) = ' (ut); ¥(s)). (3.29)

Proof. If w is piecewise monotone on [s,t], the assertion follows from Proposition [3.3]
the semigroup property and . In the general case, we approximate u on [s,t] by
piecewise monotone functions u,, satisfying w, — w uniformly, u,(s) = u(s), u,(t) = u(t)
as well as with u, in place of u, and pass to the limit using Proposition O

Proposition 3.6 Let u € Cla,00) be T-periodic, let ¥, € V, b = Plu;1b,]. Then ) is
T-periodic on [a+ T, 00).
Proof. Let t,,t* € [a,a + T] with

u(t.) = iy ¢, ult’) = max u.

First we assume that ¢, < t*. Applying Proposition successively on [t,, t*], [t*,t. + T
and [t, + T, t* + T| we obtain, using Proposition as well as the semigroup property,

Yt +T) = ¢! (ults), w(t™), ulte + T), u(t” + T);9(t)

= 7 (u(t.), u(t), u(t.), u(t): ¢ (t.)) = ¥f (u(t.), u(t); o (t.))
= (t").
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Since u(t + T') = u(t) for all ¢, it follows that (¢t + T') = ¢(t) for all t > t*.

In view of the symmetry , the case t, > t* is reduced to the case above by replacing
(u,%a) by (—u, =) 0
The single memory update. When an input value x € R acts on a given memory
state € U, the new memory state ¢, € ¥ is given by

(1) = frlz,0(r)) = max{z — r,min{z + r,¢o(r)}}, that is,

(3.30)
. = Plas o] = ' (a3 ).
In particular, ¢.(0) = x and ¢, = ¢ if x = ¢(0), that is,
P ((0):0) = 9. (3.31)
We set
sup{r:r >0,z —r>p(r)}, z>¢p0),
ro(x, o) =qsup{r:r>0,z4+r<er)}, z<e0)), (3.32)

0, z = ¢(0).

Thus r.(x, ) is the smallest value of r for which the graphs of ¢ and of the straight line
r+— x —r (resp. r — x + r) intersect. (An intersection point exists since ¢(r) — 0 for
r — 00.) We have

ro(—x, —@) = 1r.(z, ) forallz e R, p € U, (3.33)

since > ¢(0) and = — r > ¢(r) if and only if —z < —¢(0) and —z +r < —p(r). (The
other case is analogous.)

We note that the function = — r.(z, ¢) need not be continuous unless |¢’| < 1.

Lemma 3.7 Let p € V.
(i) The function x — r.(x,) is nonincreasing on (—oo,¢(0)] and nondecreasing on

(6(0), +00). |
(i1) The new memory state @, in satisfies

r—r, x>¢0)andr <r.z, ),
ou(r)=qx+r, <0) andr <r.x, o), (3.34)
e(r), 12717, 0).

(111) (Uniqueness property of v.) If ¢ € U with $(0) = x and $ = ¢ on [r.(z,¢),00) then

¢ = s

Proof. (i) Let x < & < ¢(0). For r > r.(z,¢) we have T+ 1r > z +r > ¢(r), so
r(Z, ) < r.(z,p). The other case is analogous.

(ii) Since |¢'| < 1 a.e., the functions r — = £+ r — ¢(r) are nondecreasing resp. nonin-
creasing. For x # ¢(0), the assertion then follows from (3.30). For z = ¢(0) we have
r«(z, ) =0 and fo(z, ©(0)) = ¢(0).

(iii) By (3.34)), [¢(r) — @(0)| = r for r = r.(z, ¢). Since |¢/| <1 a.e. we must have ¢ = ¢,
on [0, 7]. O
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Lemma 3.8 Let ¢ € U, ug,u; € R and (o, v01) = Plug,us;p]. Then r.(ug, ;) <
r*(“lad)ﬂ)'

Proof. In view of (3.33)) it suffices to consider the case u; < wug, as ¥; = g if u; = ug.

Let r = r.(ug, 1), then to(r) = 11(r) by (3.34). If r < ry(ug, 1) then ¢y (r) < ug —r =
o (0) —r as ug > uy. It follows that 1y(0) — 1po(r) > r which is impossible since || < 1.
O

Lemma 3.9 Let o € U, let up,ui,us € R and set (1o, 01,19) = Plug, uy, uz; ). If
w; < ug < ug then

2r, (ug, Y1) = ug — uy ,
Yor) =up —1, i(r)=w+r, Jor 2r <wup —uy, (3.35)
o(r) = Y (r), for 2r > uy — uy .

If ug < wug < uy then holds with indices 1 and 2 interchanged.

Proof. In view of the symmetry (3.25)) it suffices to consider the case u; < ug. By Lemma

B.7(i) and Lemma [3.§|
0= T*(ulawl) < T*(u27¢1) < T*(“Oy%) < T*<U1,w0> ’
~—

ES

By Lemma [B.7(ii), ¢1(r) = ug + 7 and ¢2(r) = us — r for r < ry as well as ¢o(r) = ¢ (r)
for r > ry. Thus 2ry = uy — uy which proves (3.35)). O

An explicit formula for the memory state. Given u € C|a,b] and ¢, € ¥V, we want
to derive a formula for ) = P[u;1),]. Since P is causal, it suffices to do this for the final
state (). Let

mar — t), min — 1 t). 3.36
e = B0 i = 0 1530

Proposition 3.10 Let u € Cla,b], ¥, € V, b = Plu;1b,]. Then

max T (u(t)7 wa) - max{r* (umam wa)a T*(“mim wa>} = Tmax » (337)

tela,b]

and Y(t) = 1, on [rmaez, 00) for all t € [a,b].
If t € [a,b] with 7. (u(t),Va) = Tmaz, then ¥(t) = ¥/ (u(t);V,).

Proof. We obtain directly from Lemma [3.7(i). Thus
O (Wnin; ) = Ya = U (tmas; Vo)
on [Fmaz, 00) by Lemma [3.7(ii). Since P is order monotone, for all ¢ € [a, b]
G (tmin; o) = Plttmin; Yal (t) < Pl ) (t) = ©(t) < Pltman; $a) (1) = 87 (tmaz; )

It follows from (3.34)) that P[u; ¢,](t) = ¥, on [Fmas, 00). Now assume that r,.(u(t), 1,) =
Tmaz- Since ¢ = Plu;1),](t) satisfies ¢(0) = wu(t) and ¢ = ¥, on [rma., 0), by Lemma
[B.7(iii) we obtain that ¢ = 1/ (u(t); 1b,). O
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Corollary 3.11 Let u € Cla,b], ¥, € ¥, ¥ = Plu;1b,]. Then we have

supp (¥(t)) C supp (¢) U [0, "maz] ,  for all t € [a,b]. (3.38)

In particular, the support of 1 is compact if the support of 1, is compact.

Corollary 3.12 Let ¢ € U and up,uy € R with r.(u1, ) < ri(uo, ). Then we have
W (o, ur, uo; ) = 7 (uo; ).

Proof. We apply Proposition to the piecewise linear interpolate of the values wug, u1, ug
on [a,b] with t = b, setting ¥, = . O

We now construct the final state ¥(b) = Plu;1,](b). We begin by defining

F0 = Toas, to = mac{t v, (u(t), o) = 0}

; (3.39)
Uy = U(to) ’ ¢0 = ¢ (U(), %Ua) )
We consider the case 1y = Uq,. By Proposition 3.10] and (3.34)),
h; ug—7r, <70,
U(to) = ¥ (uo;¥a) = o, Wo(r) = (3.40)
Uo(r), r>rg.

If to = b we are done. If not, for £k > 1 with t;_; < b we define t; to be the largest value
for which u takes its minimum (maximum, resp.) on [tx_1, b,

ty = max{t: t < b,u(t) = min<bu(s)}, if k& is odd,
tp—158<

3.41

ty =max{t: t <b,u(t) = t mgx@u(s)} , if k is even. (3.41)
k—138>

Then t; > t;,_1 and either ¢ty = b for some N or t; T b as k — oco. We set

up = u(ty), k= (u;ea), = ra(ug, Ypoa) (3.42)

Now let & = 1. Since r; < 1o by definition of 5, we have 1y(r) = ug — r on [0,7,] and
Plug, ur, uo; Y] = (Yo, 1, 1) by Corollary Applying Lemmawith Uy = ug and
» = 1), we then obtain from ({3.35]) that

up+r, r<rg,
wO(T)v TZT1>

2ry = ug — uy,

P(t1) = Pf (ur; o) = 11 -

Pi(r) =
(3.43)

Finally, for k£ > 2 we can apply Lemma [3.9] with wup_o,ux_1,ur and ,_o in place of
ug, U1, uy and ¢, as by construction (3.41) we have uy € [uj_1,u_2]. From (3.35) we
obtain

2r, = (—1)k(uk — uk_1) < 2rp_1,
= (=D, r <y,
Yi(r) = {%_1(7”)7 - (3.44)

V(te) = V7 (ug; Y1) = Vi -
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We now set
1 to) = mazx s

Lemma 3.13 The memory state ¢y from satisfies Yy = 1, on [ro,00) and

7j—1

Un(r) = Yalro) + o | (<1)(ry = 1)+ D (=1)'(s = 7isa)| (3.46)

i=0
Jorr € [rj1,15], 0 < j <k, with r; given in (3.39) and (349

Proof. For the case 0 = 1 we use (3.40)), (3.43) and ({3.44]) and proceed by induction. For
k = 0 we have ¥y(r) = 14(ro) + 0(7"0 — 7") on [ry,7o] by (3.40). Let ( hold for k£ — 1
in place of k. Since ¢ = ;1 on [r,00) by - resp. -, is satisfied for

r € [rji1,75], 0 < j < k. In particular, setting j = k — 1,

o

-2

Yeea (1) = Yalro) + (=1 r =) + (1) (5 = )|

i

Il
o

k1
= Ya(ro) + ) _(=1)'(ri = ria).
=0
Since w;(r) = —(—1)’c on (ryi1,7%) by (3.44), (3.46) also holds on [ry;1,7%]. Replacing
(u,1,) b ( z/Ja) we reduce the case ¢ = —1 to the case ¢ = 1 in view of the

symmetrles and (| - O

Proposition 3.14 Let u € Cla,b], 1, € V, ¥ = Plu;1ba]. Then (b,0) = u(b), ¥(b,r) =
Yo (r) forr > 1o and

—_

D{b.) = (1) + o [ (<17 = 1) + 31— )] (3.47)

i

I
=)

if v € [rjy1,175], 7> 0, with rj given in (3.39) and (3.44).

Proof. In the case ty = b we have ry = 0 and ¢(b,-) = 5. Then coincides with
(3-46). If t 1 b we have u(ty) — u(b), ¥y = ¥(ty,-) = ¥(b,-) and ry | 0 by and
Proposition . Since for every r > 0 the values ¢;(r) do not depend on k for k large
enough, again follows from (|3.46|). O

From we see that the state () = Plu;1,)(t) € ¥ at ¢t = b (and hence, also for
all t < b) on [0, 7] is a piecewise linear function whose slope takes only the values 1 and
-1, whereas on [rg,o0) it coincides with the initial state 1,. Thus, unless 1, = 0, the
state ¢ = 0 (called the “demagnetized state” in applications to ferromagnetism) cannot
be reached exactly no matter how u is chosen. But on a bounded interval [0, R] one may
approximate it uniformly to arbitrary accuracy by choosing an oscillating input « whose
amplitude is decreasing sufficiently slowly.
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Operators of Preisach type. Let ) : ¥ — R be a mapping. An operator W of the
form

Wiu; $al(t) = Q((1)), & = Plusva], t € la,b], (3.48)

is called an operator of Preisach type. For u € Cla,b] and ¢, € VU it yields a function
Wiu; 1] = [a,b] — R.

If Q: ¥ — R is continuous then
W: Cla,b] x ¥ — Cla,b] (3.49)

since t — 1)(t) is continuous by Proposition . If @ is order monotone, that is, Q(¢) <
Q(p) if ¢ < @, then W is piecewise monotone, that is,

Wlu; ¢a](s) < (2) Wlu; al(2) (3.50)

if s <t and w is nondecreasing (resp. nonincreasing) on [s,t]; this follows since the
memory operator P is piecewise monotone.

The discrete version

Wi Sx ¥ — S (3.51)
is defined by
WU ] = w' = (wo, ..., war), wrp=Q(r), 0<k<M, (3.52)
where u? = (ug, ..., uy) and ¢ = Pu?; 1,

Due to the definition (3.48)), the periodicity result from Propositionimmediately carries
over to operators of Preisach type.

Proposition 3.15 Let W be an operator of Preisach type, let u € Cla, 00) be T-periodic
and let ¥, € . Then w = W|u;1,] is T-periodic on [a + T, c0). O

Examples. Setting Q(¢) = ¢(r) for a given r > 0 yields the play operator (see (3.13))

Wlu; e) = Prlu; za], 2o = u(a) — vy (r) . (3.53)

In Section 1 we have introduced the Preisach model for piecewise monotone input functions
u and presented the formula ([1.17))

oo p(t,r) 00 roo
w(t) = / / p(r,s)dsdr — / / p(r,s)dsdr. (3.54)
0 — 0 w(tﬂ")

for the output function w. The given function p : R, x R — R is called the Preisach
density. (If p belongs to L'(R, x R), the integrals are well-defined.) Setting

an-[ [ f) plrsydsar— [ / : o(r, s) ds dr (3.55)

the Preisach model thus becomes a special case of (3.48)). If the Preisach density p
is nonnegative, () is order monotone and the Preisach operator W given by (3.48) is
piecewise monotone.
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For the purpose of analysis, we also use a different representation of (), namely

Qp) = / " glr () dr. (3.56)

Given p € L] (Ry x R) and gy : R, — R, the function

loc

g(r,s) =2 /OS p(r,o)do + go(r) (3.57)

is well-defined on R, x R. If

go(r) = — /000 p(r,o) — p(r,—o) do, (3.58)

the definitions of @ in (3.55) and (3.56|) formally coincide. In particular, go = 0 if
p(r,—s) = —p(r,s) for all > 0 and s € R. In the following we will mainly work with the
representation (3.56)), (3.57)) of the Preisach model, assuming that gy € L'(R, ) is a given

function.

The model of Prandtl and Ishlinskii from ((1.25)) and (1.20)),

w(t) = /Ooop(r)dr ~u(t) — /Ooop(r)z/}(t, r)dr, (3.59)

can also be written in the form of (3.48) with

Q¢) = @0p(0) + / " et dr, (3.60)

where -
7 =/ p(r)dr, q=-p. (3.61)
0
The integral in (3.60)) is a special case of (3.56) with g(r,s) = q(r)s.

Primary curve, reversal curves. Let VW be an operator of Preisach type. The graph
of the function ¢y : R — R,

lo(z) = QY (w39a)) (3.62)

is called the primary curve or initial loading curve of W with respect to ¥,. (A
canonical choice is ¥, = 0.) It describes the behaviour of the system for monotone inputs
u € Cla,b], as then

w(t) = Wlu; tha](t) = Lo(u(t)), t € la,b].
For x — +o00, the values for positive and negative saturation

Wioo = lim fo(x), w_oo = lim fy(x) (3.63)

r—r—+00 T——00

may or may not be finite; in many situations (e.g. for the Preisach model under natural
assumptions) they do not depend on the initial state 1,,.
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Let ug = 1,(0), s0 1y = ¥/ (up; %) = Va. Let 1 = 1/ (u1;10,) be the memory state
attained by applying the input value u; to v, let (uy, @(1)) be the corresponding point
on the primary curve. Setting

fl(z) = Q(wf(ff, 7701)) ) ¢1 = ¢f<ul; 'lvba) ) (364)

we obtain a family of functions ¢ : (—oo,u;] — R for u; > ug and ¢; : [u;, +00) — R
for u; < wg. Their graphs are called first-oder reversal curves of V. For large
enough |z| they coincide with the primary curve; indeed, if r.(x,11) > ri(u1,1,) then
W (z;91) = I (w51,) since ¥y = 1, on [r.(u1,v,),00), and therefore ¢1(x) = {o(z) for

such z.

Higher order reversal curves are defined analogously, starting from a point on a reversal
curve and proceeding in the opposite direction.

If @ is order monotone, the primary curve as well as all reversal curves are nondecreasing.

Hysteresis loops. We consider the following situation. Let YV be an operator of Preisach
type. A given input u € Cla, b] with value u(tg) = uo at some ¢y < b decreases to u(t;) =
u; < up on some interval [to, 1], increases to u(ty) = ug with uy < ug on some [ty 5]
and decreases back to u(t3) = uy on some [to,t3]. Let ¢; = 9(t;) = Plu;,)(t;) be the
corresponding memory states. (The choice of 9, is immaterial here.) Then ¢ (t3) = 1)(t;)
since ¥/ (ug, u1, U, u1; 1 (to)) = ¥/ (uo, u1;1(to)) by Proposition . The output function
w(t) = Q((t)) satisfies

w(t) —w(t) = Q) — QY(t)), t€ [t
w(t) —w(t) = QY1) — Q(Y(t2)), T € [t2, 23], (3.65)

On [ty,t3] we thus obtain a closed curve ¢t — (u(t),w(t)) with ¢ — w(t) moving from u,
to up and back. Such a curve (as well as the one obtained in the corresponding situation
where ug < us < up) we call a hysteresis loop.

When traversing the loop given above, the memory state evolves according to the structure
specified in Lemma [3.9) For ¢ € [t, 5],

Y(t,r) =u(t) —r, Pt,r)=u +r, if 2r <u(t) —uy,

3.66
Y(t,r) =P(t,r), if 2r > u(t) — uy. (3.66)

For t € [t9,t3] we obtain from the same lemma that
Ot ) =u)+r, Plta,r) =us—r, if 2r < uy —u(t), (367)

W(t,r) = U(te,r), if 2r > ugy — u(t).

Hysteresis loops in the Preisach model. Let VW be a Preisach operator written in

the form (3.56)), that is,
Q)= [ gt ar.
0

We assume that g is sufficiently regular so that the following computations are valid.
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Using we get for t € [ty, o]
Q) — QU () = / " gr (e, r) — glr, b)) dr

(u(t)~ua) /2 (3.68)
= / g(ryu(t) —r) — g(r,uy +r)dr.
0
The first part of the loop is thus described by
w(t) = w(ty) + h(u(t),u(ty)), tet,ts]. (3.69)
with
(z—y)/2
h(z,y) = / glrix—r)—g(r,y+r)dr. (3.70)
0
An analogous computation for the second part of the loop, t € [ts, 3], yields
(uz—u(t))/2
w(t) = w(t) = QUu(t) - Qu(t) = | olrult) +7) = glro = r)dr
0 .

= —h(ults), ut)).

Since for ¢ € [ta, t3]
w(t) —w(ty) = w(t) —w(ts) + w(ta) —w(ty) = —h(u(te), u(t)) + h(u(ts), u(ty))

and w(t) —w(t;) = h(u(t),u(ty)) on [t1,ts], for fixed values of u; and us all loops generated
by oscillations between u; and wusy are identical except for an additive constant given by
the value of w at the beginning of the oscillation. This property has been called the
vertical congruency property of the Preisach model.

In view of (3.69)) and (3.71)), the slope of the loop in the (u,w)-plane at (u(t),w(t)) is
given by (recall that d,g = 2p, the Preisach density)

(z—y)/2 (z—y)/2
Oph(z,y) = / Osg(r,x —r)dr = 2/ p(r,x —r)dr,
0 0 (3.72)

(e—y)/2 (2—y)/2
—0yh(z,y) = / Osg(r,y +1)dr = 2/ p(r,y+r)dr,
0 0

at (z,y) = (u(t),u(ty)) and (z,y) = (u(tz),u(t)), respectively. It is therefore nonnegative
if and only if the integrals on the right side of are nonnegative. (This is a somewhat
weaker condition than nonnegativity of p which yields order monotonicity of ¢.) In
particular, the loops start horizontally at their end points, since 0,h(z, z) = 9 h(z, z) = 0.

The second partial derivatives 0,,h and J,,h become

_ (z—y)/2
uhlay) = p(“5 0 ) w2 [ duptra =y ar,
0

T i y x j_ y (z—y)/2 (3.73)
ayyh(a:,y):p< BRI >—2/0 Osp(ryy + 1) dr.

If p(0,s) > 0 for s lying in some interval I C R and if p is continuous, then 0,,h(z,y)
and Oy, h(x,y) are positive if x — y is small enough and z,y € I. As a consequence,
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loops generated by oscillations between input values u; and us with a sufficiently small
amplitude uy — u; become convex, that is, the two parts of the loop going from u; to
us and back enclose a convex set in the (u,w)-plane. Moreover, the loop is traversed
counterclockwise as time increases.

The same is true if p(0,s) < 0 in I, except that the loop is now traversed clockwise.

For large amplitudes, however, in many cases the loops are not convex; this always happens
e.g. if the saturation values (3.63) are finite.

Hysteresis loops in the Prandtl-Ishlinskii model. Let W be a Prandtl-Ishlinskii
operator written in the form (3.60)), that is,

Q(0) = qopl0) + / " el dr,

with ¢go € R and ¢ € L'(R,). Setting g(r,s) = ¢q(r)s in (3.68) and (3.71) we see that
w(t) = Q((t)) satsifies

w(t) = w(ty) + h(u(t),u(ty)), tE ti,ts],
w(t) = w(ts) — hlu(t2), u(t) € [t2,1], 37
as above, with
(z—y)/2
h(z,y) = qo(z —y) + /0 (x —y—2r)q(r)dr. (3.75)

Since the value of h depends only on the difference x —y, all loops generated by oscillations
between u; and us with fixed amplitude us — u; are identical except for an additive
constant given by the value of w at the beginning of the oscillation. Thus, in addition
to the vertical congruency property, the model of Prandtl and Ishlinskii has the so-called
horizontal congruency property.

As the model is specified (besides by the scalar go) by ¢ which is a function of one variable
only, it is not surprising that the shape of the hysteresis loops is linked to the shape of
the primary curve. We assume for simplicity that 1, = 0. Then for z > 0, ¢ = ¥/ (x;0)
satisfies p(r) = o —r if r < z and ¢ = 0 on [z,00). Therefore, the primary curve £,
becomes

fo(x) = QU (1:0)) = qo + /0 gl dr, @ >0. (3.76)

Comparing this with (3.75)) we see that for z > y

h(z,y) = 260(“’ 3 y) . (3.77)
Using ([3.75])) we obtain the first partial derivatives of h,
(x—y)/2
obwy)=a+ [ alr)dr = ~d,h(a.p). (379)
0
As O h(x,x) = —0yh(x,x) = qo, the presence of the scalar g, allows for a nonzero slope
at the beginning of a loop. Moreover, the slopes along the loops are nonnegative if the
middle expression in (3.78)) is nonnegative for all = > y. This is e.g. the case if ¢ > ||q||1,
which holds for the original version (3.59)) of the model if p > 0.
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The second partial derivatives 0,,h and d,,h become

Ouch(y) = 5a(*5Y) = 0he.y) (3.79)

If ¢ > 0 then all loops are convex and are traversed counterclockwise; if ¢ < 0 they are
convex, too, but are traversed clockwise. The latter occurs in the original version (|3.59))
of the model if p > 0 since then ¢ = —p < 0.

Regularity properties of operators of Preisach type. We consider

Wl ¢a](t) = Q(1)), ¢ =Plustha], ¢ € lab]. (3.80)

We recall that the memory operator P is Lipschitz continuous and that

(¢ ) — (s, r)| < max [u(T) — u(s)| (3.81)

s<1<t
holds for all s,¢ € [a,b] with s < ¢ and all 7 > 0, see Proposition [3.2]
Proposition 3.16 Let () : ¥ — R be Lipschitz continuous with Lipschitz constant L.

(i) The operator W : Cla,b] x ¥ — Cla,b] is Lipschitz continuous. The functions w =
Wiu; 1,] and @ = Wlu;,| satisfy

[(t) — w(t)| < Lomax{max [i(r) — u(r)], [0 — val..} (352
w(t) — w(s)] < Lo ma Ju(r) ~ u(s)]. (359

for any u,u € Cla, b, any Vo ba € U and any s,t € la,b] with s <t.
(ii) Let w € Whi(a,b), v, € V.Then w = Wu;v,) and, for all v > 0, the functions

t — (t,r) are absolutely continuous and satisfy

|0cp(t, )| < [a(t)]

lir(t)| < Loli(t)] for a.a. t € (a,b). (3.84)

Proof. (i) For @, u € C|a, b, Vas Vo € U and ¢ € [a, b] we have

WIS ) (8) = Wl ) (0] < Lol Pl ) (8) = Pl v )]
< Lomax{ sup [a(7) = u(r)]. I — vull}

by Proposition In the same way, (3.83)) follows from (3.10)).

(i) The space W'l(a,b) coincides with the space of absolutely continuous functions on
[a,b]. Let u be absolutely continuous, let € > 0. Then there exists ¢ > 0 such that

€
D lti—sil < > lult) —u(s)| < + (3.85)

iel iel Q

for all finite collections {[s;, t;] }ies of disjoint subintervals of [a, b]. By (3.81)), for any such
collection and any ¢ € [

sup [ (L, 1) = (56, 7)] < fu(ni) — ulsi)|

r>0
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holds for some 7; € [s;,¢;]. Using (3.85) it follows that

D lw(t) —w(si)| <Y Lolu(n) —u(s)| <e.

i€l el
Thus w and ¢t — 1(t,r) are absolutely continuous. Dividing both sides of (3.83)) and
(3.81]) by |t — s| and passing to the limit s — ¢ we obtain ([3.84]). 0

Corollary 3.17 Let ¢ € L'(R,), qo € R. Then for the Prandtl-Ishlinskii operator W :
Cla,b] x ¥ — Cla,b] given by

Q) = ae0)+ [ alr)otr)dr (3.56)
0
the assertions of Proposition hold with Lg = |qo| + ||q/|1- 0

We consider the Preisach operator as an operator of Preisach type with

Qo) = / " g () dr (3.87)

where
g(r,s) = 2/0 p(r,o)do + go(r), (3.88)

with the Preisach density p.

Proposition 3.18 Let gy € L'(R,), let p: Ry x R — R be measurable, let

Lg = 2/ sup |p(r, s)| dr < co. (3.89)
0

seR

(i) The Preisach operator W : Cla,b] x ¥ — Cla,b] given by and is well-
defined, and the assertions of Proposition [3.16] hold.
(ii) Let moreover p be bounded. Then

w(t) =2 /000 p(r,(t,r))opb(t,r) dr. (3.90)

Assumption (3.89) holds e.g. if p is bounded and has support in [0, R] x R for some R > 0.

Proof. (i) The mapping @ : ¥ — R is well-defined and Lipschitz continuous with Lipschitz
constant L¢g because we have for ¢, ¢ € ¥

Q) < / 9 o(r)] dr < / 2l (r)| sup |p(r, 5)] + go(r)] drr < o0
0 0 seR
as well as

Q@) - Q)] < / 9 3(r)) — gl p(r) dr < / " 21p(r) — ()| sup |p(r, 8)] dr

seR
< Lollp — #llo -
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(ii)) We define y : [a,b] x R, — R by

y(t,r) = g(r,(t,r)) . (3.91)

For fixed r > 0, the mapping ¢ — (¢, r) is absolutely continuous by Proposition M(ii),
and the mapping s — ¢(r, s) is Lipschitz continuous since dsg = 2p is bounded. Therefore,
the mapping ¢ — y(t, r) is absolutely continuous, and we can apply the chain rule to obtain

aty(t’ T‘) = 2p(T7 1/}(t7 T))atw(t> T) : (392)
By (B.84),

Oy(t, )| < 2|u(t)] suﬂg lp(r, s)| a.e. in (a,b).
EIS

Using (3.89)) it follows that 9,y € L'((a,b) x R,) and that for all ¢ € [a, b]

wt)—wi) = [ vt - gtrvtaryar= [~ [ autrrara
_ /at/oooaty(T,r)drdT.

In (3.90)), w is expressed in terms of the partial time derivatives ;1 (t,r) which coincide
with the time derivatives of the outputs of the play operators P, according to (3.13)).

(3.93)

O

Corollary 3.19 Let W be the Prandtl-Ishlinskii operator from Corollary let u €
Whl(a,b). Then w = W]u;1,] satisfies

w(t) = qou(t) + /000 q(r)0p(t,r)dr. (3.94)

Proof. In the proof of part (ii) of the proposition above we replace the definition (3.91))

of y by y(t,r) = q(r)i(t,r). Then Oyy(t,r) = q(r)¥(t,r) and [Gpy(t,r)| < [q(r)[|u(?)] a.e.,
so again dyy € L'((a,b) x R, ) and the computation (3.93)) applies. O

An initial value problem for an ODE with hysteresis. We look for a solution
y : [a,b] — R™ of the problem

y:f<t7y7w)7 y(a):yau

w=Wluta], u=hy. (399)

Here, y,,h € R", ¢, € U, f : [a,b] x R" x R — R™ and W is a hysteresis operator of
Preisach type with a Lipschitz continuous mapping Q).

An example is given by the second order equation including a forcing function «
I+ flx,w)=at), w=W[z;v,], xz(a)=2z,.

To treat the problem (3.95)) one replaces it as usual by the integral equation
t
o) =t [ Fssu(s) Wy 0u) () ds. (3.96)
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In order to obtain unique solvability of (3.96]) we only use that W is causal and Lipschitz
continuous as expressed by (13.82)) in Proposition m (The specific structure of the
memory and the fact that W is rate independent does not matter for this result.)

As we want to concentrate on the part played by W, we use assumptions on f which keep
the exposition simple. Specifically, let f be measurable in ¢ and Lipschitz continuous in
(y,w), that is, there exists Ly > 0 such that

|f(tg.w) = ftyw)| < Ly(lg =yl + [0 —w]),  forall g,y e R", w,weR, (3.97)
and let
|£(£,0,0)] < co(t), for a.a. t € (a,b) (3.98)
with ¢o € L'(a,b). Tt follows from ([3.82) in Proposition that for u € Cla,b] and
t € la,b

Whas (0] < e + Lol sup [ulr)|+ [¥all), e = WSOl (399)

Together with (3.97)) and (3.98]) we obtain that for y, 3 € Cla, b]

[ty (), WIh g3 va](1))] < ea(t) + 5 sup [y(7)],  for all t € [a,b], (3.100)

a<t<t

with ¢; € L'(a,b) and c3 > 0 independent from y, as well as, again using (3.82)),

|f(t, (), WRT§;20) (8) — f(t, y(t), W[hTy; 4] ()]
< Lylg(t) — y(t)| + LgLolh| sup 15(7) — y(1)] . (3.101)

As a consequence, the operator T defined by the right side of the integral equation (3.96)
is a contraction on Cla,a + ¢] if € > 0 is sufficiently small, so (3.96) has a unique local
solution. Integrating (3.101)) shows that if a solution y exists on an interval [a,t], it
satisfies

t
sup [5(7) — y(m)] < Iyl + llealls + s / sup §(7) — y(r)|ds.

a<t<t <r<

Gronwall’s lemma implies that

sup [§(7) = y(7)] < (|yal + lleall1)e" (3.102)

a<t<t

The standard argument now yields that the solution exists on the whole interval [a, b] and
is unique there.

Some inequalities with monotone structure. Let us return for the moment to the
play and stop operator. Given u,u € Wh1(a,b) and z,, Z, € R, the functions

w="Plu;z.), W=P;Z], z2=8[uzl, Z=38[u;Z)] (3.103)

satisfy _
(w(t) —w(t))(2(t) — 2(t)) > 0, a.e. in (a,b), (3.104)
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see Lemma resp. its extension to Wh(a,b). Since v = w+ z and & = W + Z we
immediately obtain the inequality

(w(t) — () (a(t) = u(t)) > (w(t) —w(®)(@(t) — w(t)) = %%(@(t) —w(t))® (3.105)
a.e. in (a,b). Integrating over [a, b] yields
b
[ 0 — o)) - ut)dt = S(60) - w®) - 5@ - wl@). (3100)

We note that the right side of (3.106|) is nonnegative if w(a) = w(a).
Inequality (3.105) can be extended to the Prandtl-Ishlinskii operator defined by

0(0) = qopl0) + / " dr)e(r)dr. (3.107)

We first discuss the case where ¢ > 0, that is, when the hysteresis loops are traversed
counterclockwise.

Proposition 3.20 Let q € L' (Ry) and o € R with ¢ > 0 and qo > 0. Let w = W]u; 1]
and 0 = Wi; .|, with u,a € Wh(a,b) and 1,,v%, € ¥, where W is given by .

Then we have

(i) — (1) (@(1) — u(t) > (qow@) —u®) + [ a)Ger) - (e’ dr) .

(3108)
Proof. With ¢ = Plu; 1, and = Plu; &a] we have by Corollary
(6) = ilt) = an(it) — (1) + [ " )@t 1) — Butb(t, ) dr (3.109)

Using (3.105)) it follows that, since ¢ > 0,

/0 " )@t 1) — Bt ) dr - (lt) — ()

= /OOO q(r)(Opb(t, ) — Opb(t,m)) (a(t) — u(t)) dr

d

> [ o 5500 — vt ar

Interchanging the time derivative with the integral as in the proof of Corollary and
using ([3.109) we obtain ((3.108]). O
The integral form of (3.108]) becomes

t=b

JACUROCORTOLES [qow(t) )P+ [ a) @) - vt dr
(3.110)
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The right side is nonnegative if @(a) = u(a) and ¥, = 1),.

In the case ¢ < 0 the hysteresis loops are traversed clockwise. Here we need a different

variant of inequality (3.105]) for the play and stop operator (3.103). Using (3.104) we get
1 d ~ 2

(@(t) —a(t))(3(t) — 2(t) > (2(t) — 2(0)(2(t) — 2(t)) = s B — =) (3.111)
It follows that
(1) — () (0(1) — (D) < 5 (@0 ~u)? — 5 SEO 2P (3112)

On the basis of (3.112]) instead of (3.105)) we obtain the inequality corresponding to (|3.108|)

for the following variant of the Prandtl-Ishlinskii operator (which includes the classical
one). Its proof proceeds along the same lines as that of (3.108]) in the proposition above.
We omit the details.

Proposition 3.21 Let q € L'(Ry) and qo € R with q < 0 and qo > [lqlli. Let w =
Wlu; v, and 0 = Wli; |, with u, i € Wh(a,b) and 1,,1%, € ¥, where W is given by
. Then we have

(i(t) — i(0)) (1) — w(t))
_dl i , [ i - )
> 55 0= Il @O = ) + [ o)) = d46.0) = () = o)) ar )

(3.113)

As in (3.110]) we can pass to the integral form of (3.113)).

For the Preisach model, the situation is somewhat more complicated since it is not a
linear superposition of the family of play operators. We first consider an operator WV of
Preisach type with

Q) =(e(r)), r=0fixed, (3.114)

where v : R — R is a given function. Thus, W is the composition of a superposition
operator and the play operator P,.

The following inequality is due to M. Hilpert [7].

Proposition 3.22 Let p = W[u;9,] and p = Wi ba), with u, i € Wh'(a,b) and
Vo, Ve € VU, where W is given by (3.114]). We assume that v : R — R is nondecreasing
and locally Lipschitz continuous. Then

(p(t) — (1)) sign (a(t) — u(t)) > %W(t) —pt)]  ae in(ab). (3.115)

Proof. On the subset {t : p(t) = p(t)} of (a,b), both sides of |3.115| are zero almost
everywhere. In the following, all statements are meant to hold for almost all t € (a,b)

with p(t) # p(t). Let

w=Prlu;zs), W=P.UZ|, z=S8uz), Z=S8[U;2%)
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(The initial values are chosen such that w = (-,r) and @ = 1(-,7).) We recall from
Chapter [2] that () (z(t) — Z(t)) > 0 and w(t)(3(t) — z(t)) > 0. Since 7 is nondecreasing
and locally Lipschitz continuous, we have p(t) = 7/ (w(t))w(t) and p(t) = v/ (w(t))w(t) as
well as . '

sign (p(t)) = sign (w(t)),  sign (p(t)) = sign (w(?)),
if p(t) # 0 resp. p(t) # 0. Tt follows that

0 < (B(t) = p(t)(2(t) = 2(t) = (p(t) — H(D)(a(t) — u(t)) — (@(t) = w(?))).

Since the Heaviside function H = xg, is nondecreasing,

0 < (p(t) — () (H (a(t) —u(t)) — H(@(t) —w(?))). (3.116)
Interchanging the roles of p and p we get
0 < (p(t) — () (H (w(t) — @ (t)) — H(u(t) —a(1))). (3.117)

As v is nondecreasing, sign (p(t) — p(t)) = sign (w(t) — w(t)). Therefore we get, using

(3.116]) and (3.117)) as well as the identity sign (z) = H(z) — H(—x),

T 1B() = p()] = (b(t) = (1)) sien (B(t) — p(t)) = (p(t) = p(t)) sign (W (t) — w(?))
= (p(t) = p(t)) (H (@(t) — w(t)) — H(w(t) — w(1)))
< (p(t) — (1) (H (a(t) — ult)) — H(u(t) - a(t)))
= (p(t) — p(t)) sign (a(t) — u(t))

Q)= [ gtrgdr. oo =2 [ po)do g, (311
0 0

now becomes a linear superposition of operators considered in Proposition [3.22]
Proposition 3.23 Let w = Wu;t] and © = W[i;1),), with u,@ € Wh(a,b) and
Vo, Vo € U, where W is given by . Let the assumptions of Proposition (iz’)
hold. Then

(i) — (1)) sign (i >5[ ot ot )ldr (3119)
holds for a.a. t € (a,b).

Proof. Setting .
pr(t) = g(r,0(t,7),  pe(t) = g(r,0(t,7)),
we apply Proposition with p = p,. Using Proposition M( i) we see that

(6(t) — (1)) sign (a(t) — u(t)) = / (60 (6) — 5.(6)) sign (i(t) — u(t)) dr

z/owdm |dr——/ 9(r, b(t ) dr.
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Again, we may pass to the integral form of (3.119)),
t=b

b 00
/(ﬁ)(t)—w(t))sign(ﬂ(t)—U(t))dtZ [/0 lg(r,d(t,m) —g(re(t.r)) dr| , (3.120)

t=a
the right side being nonnegative if 1), = 1, and @(a) = u(a).
A connection to energy and dissipation. The model proposed by Prandtl and Ishlin-
skii arose from studying the behaviour of mechanical specimens subject to unidirectional

tension and compression. At the outset, the input and output functions of this model
correspond to the elongation of and the force acting on the specimen, depending on time.

In the field theory of continuum mechanics, the main variables are the displacement
vector, the strain tensor and the stress tensor, all of them depending on space and time.
They are linked by a system of equations and possibly inequalities which arise from the
basic principles of mechanics. This system in particular includes a “constitutive” part
(usually called constitutive law) which reflects the specific material of the solid body
under consideration. In plasticity, the basic models for the constitutive law relate the
stress tensor o(z,-) and strain tensor £(z, -) as functions of time at any given space point
x.

Under the assumption that the deformations are small, the 1D version of the Prandtl-
Reuss law for what is called “perfect plasticity” assumes the additive decomposition of
the strain into an elastic and a plastic part

e=¢e°+¢€P, (3.121)
and Hooke’s law with the elasticity modulus £ > 0
o= Fe° (3.122)

for the elastic strain. The behaviour of the plastic strain is described by the variational
inequality

eP(t)(o(t) —v) >0 for all |v| < oy,

o(t)] < oy (3.123)

with a given value of the yield stress oy > 0. The variables o,¢e,° and €P are scalar
functions of time. The elastic energy (or strain energy)

U= —(? (3.124)

satisfies U = Ee®¢ = g¢°. The mechanical power supplied to the system is given by o¢.
The balance law for energy becomes

0¢ =U + 0éP. (3.125)

The rightmost term o£? stands for the rate at which energy is dissipated (that is, changed
into a different form, e.g. thermal energy). Accordingly, the variational inequality (3.123)
is also called principle of maximal dissipation.
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By (3.123),

oe —U=0eP > 0. (3.126)

One may view (3.126)) as a specific instance of the Clausius-Duhem inequality which is
one way of formulating the second principle of thermodynamics.

The system (3.121)) — (3.123)) can immediately be written in form of a hysteresis operator.
Setting r = oy, u = Fe, 2z = 0 = Fe® and w = E<P we see that

1
o=S8[Ee;o,), &= EPT[EFS; 04 (3.127)

for some initial value o,. These equations say that the time-dependent functions o and
eP can be obtained from e by applying the stop and the play operator.

We can also formulate the energy balance (3.126]) in terms of hysteresis operators. As
u = w + z, we have
Uz — 2z = wz = r|wl. (3.128)

We define the hysteresis operators

1
Ulu; z,) = §Sr[u; Z)?, Dlu; za] = rPrlus; z4] - (3.129)

Then ([3.128)) becomes (we omit the initial value)

S, [u] — %L{[u] — ‘%D[u]’ >0, (3.130)
For the play operator, we obtain from
wu — ww = wz = 7| (3.131)
in the same manner, setting
Ulu; z,] = %PT[U; zd?,  Dlu;zd) = rP,[u; 24] (3.132)
that q q q
u=Pylu] — ~Ulu] = )ap[u]‘ >0, (3.133)

This inequality also holds for the Preisach operator in place of the play operator, provided
we define i and D in a suitable manner. Let WV be the Preisach operator given as above
by

Q)= [ gretydr, gis)=2 [ plno)dog), p20. (3130
0 0
We define the operators U and D of Preisach type (they are Preisach operators, too) by
Qo) = [ frpto)dr, 1.5) =2 [ oplro)do.
0 0 (3.135)
Qole) = | rolrpr)dr.
0
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Let v = Plu;,] with u € Whl(a,b) and v, € V. Since ¥ (t,r) = P.lu; z,)(t) with a
suitable initial value z,, (3.131)) becomes

(u(t) = ©(t,r)Op(t, ) = r|Opp(t,7)] (3.136)
We compute, using the formula for the time derivative of Preisach operators from Propo-
sition [3.18{(ii),
d d
u(t) Wl (1) — U ) (1)
=) [ 20l vttt dr = [ 20t ot vt o) ar
= [ 2p(r,o(t,r)0(t, r)(u(t) — ¥(t,r)) dr

o0

2p(r, ot r))r|Op(t,r) | dr .

J
J
As p > 0 and since the sign of 0y1(t,r) does not depend on r, we have
d o0
| DLl =2 [ rolr vt m)lowe(t, ) dr
0

Thus we obtain for a.a. t € [a, ]

U(t)%W[U; Ya](t) — %M[u; Pa) (t) = ’%D[u; Pa)(t)| > 0. (3.137)
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4 The Vector Stop and Play Operator

In the first three chapters, we considered hysteresis operators for scalar-valued input func-
tions. Their elementary definition was based on min-max operations performed on piece-
wise monotone functions. Alternatively, variational inequalities were used when discussing
input functions of bounded variation, in particular absolutely continuous functions.

For vector-valued input functions, the situation is different. Here, variational inequalities
appear to be the basic tool; they arise either explicitly or in the context of projections
onto convex sets.

The variational inequality for the vector stop. Let H be a separable Hilbert space,
let Z be a closed convex subset of Z. (In Chapter , we treated the special case H = R,
Z = [-r,r].) By (,-,) and |-| we denote the scalar product and the norm in H, respectively.

Given u : [a,b] — H and z, € H, we look for z : [a,b] — Z such that

(G(t) —a(t),C — 2()) >0 V(€ Z, ae. in[a,b],

2(t) e Z Vtela,b, 2(a) = m7(2q) . (4.1)

Here, 7z : H — Z denotes the projection onto Z. The system (4.1) makes sense if
u € Whi(a,b; H), that is, the weak derivative v exists and is an element of L!(a,b; H),
the space of H-valued Bochner integrable functions. These functions have the property
that

¢
u(t) —u(s) = / u(r) dr
holds for all s,t € [a, b].

We assume for the moment that for any given input v € W1(0,T; H) and initial value
Za € Z there exists a unique solution z € W1(0,T; H) of (4.1). (This will be proved
below.) The solution operator (u, z,) — z is called the vector stop operator. We write

z = Szlu; z,] . (4.2)
The corresponding vector play operator
w = Pylu; 24 (4.3)

should satisfy
u(t) =w(t) + z2(t), tela,b]. (4.4)

We achieve this by simply setting
Pylu; 2] = u— Szlu; z,] -
The system

u(t) =w(t) +2z(t), tela,bl,
(w(t),z(t)—¢) >0 V(e Z, for a.a. t € (a,b), (4.5)
2(t) e Z Vte la,bl, z(a) = mz(z4),

is obviously equivalent to (4.1]).
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The geometric meaning of the variational inequality. A subset K of H is called a
cone if \v € K for all v € K and all A > 0. Its polar cone K" is defined by

K'={q:qec H, (gv)<0foralve K}= ﬂ{qu: (q,v) <0}. (4.6)

veK
Thus K is a closed convex cone in H. For A C H we denote by
cone (A) ={\x:ze€ A, ,A>0} (4.7)

the cone generated by A.

Let K be a closed convex cone. As K is convex and closed, for © € H we have p = mg(x)
if and only if
peK, (x —p,v—p)y <0 forallve K. (4.8)

Since K is a closed cone, we may test with v = 0 and v = 2p and replace (4.8)) by

p€E K, (x—p,p)=0, (x—pov)y<0 foralvekK. (4.9)

Proposition 4.1 Let K be a closed convexr cone in a Hilbert space H, let x € H. Then
p=7mg(x) and ¢ = Tgo(x) are the unique elements in K resp. K° which satisfy

r=p+q, (pg=0. (4.10)

Proof. Uniqueness: If p € K and ¢ € K satisfy (4.10) then

(x —p,v—p)={(qv—p) ={(q,v) <0 forallve K, so p =k (x),
(x—qv—gq)=(p,v—q)=(p,v) <0 forallve K’  soq=mko().

Now let p = 7 (z) and set ¢ = x — mx (). By (4.9),
(¢.p) =(x—p,p)=0, (¢gv)=(r—pv) <0 foralvekK,
so ¢ € K% and (p,q) = 0. Moreover, since p € K,
(t—qu-—q={pv—q=(v)<0 forallveK

S0 ¢ = Tro(x). O

For x € Z we define the tangent cone and the normal cone to Z at x by

Tyz(x) =cone(Z —x)={A\N(—x): A>0,( €7}

0 (4.11)
Nz(z)={q€e H:{q,( —x) <0 forall ( € Z} =Ty(x)".

The sets Tz(x) and Nz(z) are closed convex cones.
Now we assume that w, 2 € Wh(a,b; H) are solutions of (4.5). We then have

() € Na(a(t), #(t) = lim 2F ’2 — (1)

Eo0 € Ty (2(t)) a.e. in (a,b). (4.12)
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We apply Proposition to the decomposition
u(t) = w(t) + 2(t), a.e. in (a,b), (4.13)
with K = T (2(t)) and K® = Nz(2(t)). Since by (4.5)
(w(t),z(t+h)—=2(t)) <0
for all small enough h # 0, we obtain that a.e. in (a,b)

(i (1), 2(1)) = 0.
5(6) = macli(t)), () = o (a(t)).

As a further consequence of ({.13) and ([{.14)), |w|? = (i, W) as well as 2| = (1, 2), so

(4.14)

lw(t)] <|u(t)], [2@)] <|a(t)], a.e. in (a,b). (4.15)

Uniqueness and basic stability estimate. We obtain this result as usual: we estimate
the difference of two solutions against the difference of the data (e.g. the right side) by
using each solution as a test function for the inequality satisfied by the other solution.

Proposition 4.2 Let z,2 € Whi(a,b; H) be solutions of for given functions u,u €
Whl(a,b; H) and initial values z,,%, € H. Then

t
|2(t) — 2()| < |za — Z4 —I—/ lu(7) — u(r)| dr (4.16)
for allt € [a,b]. In particular, the solution of is unique.

Taking the maximum over ¢ in (4.16)) we obtain
12 = 2|l < |20 — Za| + var(i — i) . (4.17)

Again we see that the maximum norm and the variation norm appears, not the L?-norm,
as is typical for rate independent evolutions.

Proof: For almost all ¢ we have

() = 201 0) = 20] = o5l — S0P = (20 = 20 20 ~ 20)

= (u(t) — a(t), 2(t) — 2(t)) — (w(t) — w(t), 2(t) — 2(t))
< (a(t) —alt), 2(t) — Z(t)) < Ja(t) — ()]
due to the variational inequality. Therefore

SJet) — 2(0)] < laft) — i

~—

for almost all ¢. Integrating over [a, t] yields the assertion since |z(a) — Z(a)| < |24 — Za|-
O
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The discrete vector stop and play. Let a finite or infinite sequence u? = (ug,...) in

H and an initial value z, € Z be given. We want to construct sequences w? = (wy,...)
and 2% = (29,...) in H that define the discrete play and stop operator

w = PLiu; 2], 2% = SEu?; %) (4.18)
The sequences w? and z? are constructed iteratively. We begin with
20 =mz(2a), Wo=uUg— Z2p- (4.19)
We introduce the notation
Agu = up —Up—1, ADpw=w, — Wi, Dp2 =2 — 21

for the increments; they replace the time derivatives which occur in the continuous setting.
(As the process is rate independent, the size of the time step is irrelevant, and there is no
reason to introduce time increments.) The discrete analogue of the variational inequality

[5) is
Up = Wi + 2k
(Apw,z, —C¢) >0, forall(eZ (4.20)
zL € J
for k > 1, with the initialization at k = 0 given by (4.19).
There are two ways to reformulate (4.20) in terms of the projection 7z, based on its
characterization that for every x € H, mz(z) is the unique solution in Z of
(x —mz(x),mz(x) — () >0, forall (e Z.

Since Agw = 21 + Apu — 2g, setting © = 2,1 + Agu just above we see that the system

2k = mz(zr_1 + Agu) (4.21)
W = Uk — 2k .

for k > 1 is equivalent to (4.20)). Moreover, since zx_1 + Agu = u, — wy_1, the system

Wy = Uk — 71-Z(Ulc - wkz—l)
2k = U — Wk

for £ > 1 is equivalent to (4.20)), too. Both systems (4.21]) and (4.22)) describe the same

iteration step (ug, Up_1, Wr_1,2x_1) — (Wg, 2) which yields the unique solution (w?, 2¢) of
the discrete system ([4.20]). Thus, the discrete play and stop operator (4.18)) is well-defined
by these equivalent systems plus the initialization (4.19)).

Bounds for the discrete solutions. Setting ( = z;_; in (4.20) we see that for k > 1

(4.22)

Since Apu = Agw + Agz, (4.23) implies that |Agw|* < (Agw, Agu). Therefore,
|Arw| < |Agul for all k£ > 1,

var(w?) = Z |Agw| < Z |Agu| = var(u?) . (4.24)

k>0 k>0
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Analogously,
|Arz| < |Agul forall k> 1, var(z?) < var(u?). (4.25)

Thus, the variation of u? bounds the variation of w? and of z¢.

Concerning the maximum norm, we offer the following remarks. If Z is bounded, say
|¢| < C for all ¢ € Z, then ||z < C and ||w?|| < |u?]|, + C. However, the situation
is different if Z is unbounded. Even in H = R? one can construct an unbounded closed
convex set Z C H and a bounded sequence u? such that w? is unbounded. (One can do
this along the lines of Example 4.1 in [II].) Thus - in contrast to the scalar situation —
in that case |[w?||, (and, consequently, ||2¢||. ) cannot be estimated in terms of ||u?||_.

Translation. With respect to translation in H, the play and the stop behave in the
following way. The projection satisfies

Tzw(x+v)=7z(x)+v, x,veEH. (4.26)
Using this identity for the system (4.21)), one checks that

Sgﬂ[ud +v;20+ 0] = S%[ud; 20l + v, Pg+v[ud +v;20+ 0] = P%[ud; 20| - (4.27)

Stability estimates for the discrete solution. The basic stability estimates (4.16])
and (4.17) for the stop have the following discrete counterpart.

Proposition 4.3 Let uy, i, € H for k > 0 and z4, 2, € Z be given, set u? = (ug,...)
and @t = (1, ...). Then 2¢ = S%[u?; 2,] and z? = SLla?; z,] satisfy

|2k — Zk| — |2k—1 — Zk—1| < |Ag(u—a)|, forall k>0, (4.28)

and

|24 = 24|, < var(u® — %) + |24 — Za| - (4.29)

Proof. We have for k > 1

2k — Zil(J2k — 2| = |2ee1 — Zeca]) <z — Z6l* — (26 — 2k, 2621 — Zo1)

= (Akz — Aké, 2k — 2k> S (Aku — Akﬂ, 2k — 2k>
(14.20)

This proves (4.28]). Summing over k yields ({4.29)). O

The maximum norm estimate for the scalar play (Proposition resp. Lemma
does not carry over to the vector play. Nevertheless, there is an estimate (Proposition
below) which serves as an important intermediate step for further results. For this, we
first need a lemma concerning a certain property of the scalar product in Hilbert space.

Lemma 4.4 Let H be a Hilbert space, let x = (xo,...,xn) with x; € H for all j. Then
1 1 al

slenl® = 5lzol” < D lay =) (4.30)
j=1
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Proof. We have for all j > 1

0 < |oj — a5 = (w5 — zjm1, 25) — (2 — 221, 25-0) -

Therefore,
1 1 1 1
511’1\/!2 - 5!1’0!2 =3 > (I =l ?) = 5 D g — g, m 4 wy)
j=1 i=1
N
< Z (zj — zj1, ))
j=1

O

The discrete play satisfies the following maximum norm estimate. The essential argument
of its proof goes back to [22], Proposition 2g and [10], Theorem 3.1.

Proposition 4.5 Let uy, i, € H for k > 0 and 2,,%, € Z be given, set u® = (ug,...)
and @t = (g, ...). Then w® = PLu?; z,] and w? = PLlud; z,] satisfy

Looa a2 d_ ~d d ~d 1 ~ 12
Sl =@ = flu” = @l (var(w®) + var(@®)) + 5 |wo — wol”- (4.31)

Proof. Let k > 0. Applying Lemma .4 with N = k and z; = w; — @; we get

k
1 N . . .
§|wk — g |* < =|wy — wo|* + g (Ajw — A, wj — Wwy) . (4.32)

Jj=1

1
2
By the variational inequality (4.20)),

(Ajw, wy —w;) = (Ajw,u; — ;) — (Ajw, 2 — Z) < (Bjw, u; — 1)
< |Ajw| - [u; — ]
Analogously,
(Ajw, wj — w;) < [Ajw| - | —uyl.

Inserting these inequalities into (4.32]) we obtain

k
1 . 1 . . -
5wk = wil? < 5 lwo = Wol” + Y uy — @] (| A5w]| + |A;d))
j=1
1
< §|w0 — | + [Ju? — @ (var(w?) + var(a?)) .
As k was arbitrary, (4.31)) follows. O

Corollary 4.6 In the situation of Proposition[{.5 we have

1 1
Sl = @l < flu = @ (var(u) + var(@)) + 2 fwo — o (4.33)
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Proof. This follows immediately from (4.31)), since var(w?) < var(u) and var(w?) <
var(a?), see (4.24). O

In the scalar case we have seen in Proposition that w = P,[u;z,] has bounded
variation even if u is only continuous. A corresponding result can be obtained in the
vector case if Z has nonempty topological interior and if the oscillation of u is small
enough. This result goes back to [9].

Proposition 4.7 We assume that Z contains a ball of radius p > 0. Let u, € H for
k>0 and z, € H be given, set u? = (ug,...). If

p > o= sup |ug — ug| (4.34)
k>0

then w? = P,[u?; 2,] and z? = S,[u?; z,] satisfy

1
var(w?) <

< s—lwl* 120, < 2l +a. (4.35)
2(p — )

Proof. Due to the properties of the play and stop under translation of Z given in (4.27))
we may assume that Z contains a ball with radius p centered at 0.

We test the variational inequality in (4.20]) with

Akw
C=uUp—Uy+ por—, Po:=p—C.
|Agwl

This is admissible since |¢| < |ug — ug| + po < p. From (Ayw, 2, — ¢) > 0 we obtain
polArw| < (Agw, z, — ug + o) = (Agw, ug — wy) .

We set © = uy — wk, y = ug — wi_1 and use the inequality

1
(=2, 2) < = (l2l” = |yl*)-
This yields
1
po|Agw| < —i(fwk —uo|® = w1 — ue|?).

Summing over k we get for all n

,00; sl + gl — wof? < 3o — wof? = Zzof? (4.36)

In particular, |w, —ug| < |20, so
|2n] < lzn + (wy — wo)| + |wn — ug| < |uy — uo| + 20| < a4 |20] - (4.37)
Taking the supremum over n in and , the assertion follows. O

The vector stop and play operator in continuous time: strategy. As in the
discrete case, these operators are obtained as solution operators of a variational inequality.
For absolutely continuous input functions u, this variational inequality has already been
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stated in a pointwise form in (4.5]). For less regular input functions a formulation as a
variational integral is adequate. In any case, an integral formulation appears, either as
an intermediate step or as the final result. The proofs mainly consist of a limit passage,
based on the properties of the discrete version discussed above. For input functions u
which are continuous and of bounded variation, this program has been carried out in [11]
using linear interpolation of discrete values of u as approximations, the variational integral
being a Riemann-Stieltjes integral. For discontinuous input functions, approximation by
piecewise linear functions does not work; alternatively one may use piecewise constant
approximations of u. Then Stieltjes-type integrals [ fdg arise where f and g may have
common discontinuity points. This is outside the scope of the Riemann-Stieltjes integral.
Instead, the Young integral has been used in [12] and [5], and the Kurzweil-Stieltjes
integral has been used in [I3]. In the following we present the approach based on the
Kurzweil-Stieltjes integral.

Regulated functions. Let S be a set. The vector space of all bounded functions
f 9 — H, equipped with the sup norm

I/l = sup 17 (1) (4.38)

is a Banach space, denoted by B(S; H).

For A C S we denote by x4 the characteristic function of A which has the value 1 on A
and 0 on S\ A. By

osc(f; A) = sup |f(t) — f(s)| (4.39)

s,teEA
we denote the oscillation of f on A.

A function f : [a,b] — H is called a finite step function or simply a step function if
it has the form

M M
f=2 axgy+ )Xo (4.40)
i=0 i=1

for some partition A : a =ty < --- < tpy = b with ¢, ¢; € H. Thus, f is a step function
if and only if f has only finitely many different values and only finitely many (or zero)
discontinuity points. It is right-continuous (resp. left-continuous) on [a, b] if and only if
éi—l = C; (resp. éz = Ci) for all 1 S 1 S M.

The space of regulated functions G(a, b; H) is defined as the closure of the space of finite
step functions in B([a,b]; H). Thus, G(a,b; H) is a Banach space. The space Gg(a,b; H)
is defined as the space of all right-continuous regulated functions. It is a closed subspace
of G(a,b; H).

The space BV (a,b; H) is defined as the space of all functions f : [a,b] — H of bounded
variation, that is, functions which satisfy

M
var(f) =sup 3 |f(t:) = f(tia)| < oo (4.41)

i=1
Here, the supremum ranges over all partitions A : a =ty < -+ < t)y = b of [a,b]. The

space BVg(a,b; H) is defined as the space of all right-continuous functions in BV (a, b; H).
If I = [c,d] is a subinterval of [a, b], we define

var(f; 1) = var(f|I). (4.42)
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Proposition 4.8 Let f : [a,b] — H. The following assertions are equivalent:
(i) f € G(a,b;H).
(ii) The right and left limits

fi+) = lim f(r), [f(t=)= lim f(7)

T>t, 71 T>t,7—1

exist for every t < b resp. t > a. (By convention, f(a—) = f(a) and f(b+) = f(b).)
(i1i) For every € > 0 there exists a partition A :a =ty < --- <ty = b such that

osc(f; (tim1, b)) <e, foralll <i<M. (4.43)

Moreover, if these assertions hold, then for every ¢ > 0 there exists a step function
fe :la,b] = H such that || f: — fl|, < e and var(f.) < var(f). If f is right-continous on
[a,b], then one can choose f. to be right-continuous as well.

Proof. “(i)=-(ii)” holds, since (ii) is true for step functions and persists under uniform
limits.

“(ii)=(iii)”: Let € > 0. We set to = a and define successively
=sup{t:t <b, |f(T) — f(tic1+)]| < % for all 7 € (t;—1,t)}. (4.44)

If t,_1 < b we have t; > t;_1 and osc(f; (t;i-1,t;)) < e. If tyy = b for some M € N, (iii)
holds. Otherwise, t; 1 t, for some t, < b as i — oo. By (4.44),
|f(t:) = f(timat)] = or |f(ti+) = ftimi )| 2

Since t; 1 t,, this implies that osc(f ty)) > ¢/2 for all § > 0. Thus f(t.—) does
not exist which contradicts (ii). Thus ty = b for some finite M.

N ™

2’
; (L

“(iii)=-(i)”: Let € > 0. We choose A according to (iii) and arbitrary o; € (t;_1,%;), and

set
Zf X{t}"i_ZfUzX(tllt)

Then f. is a step function and || f — fello <

The approximation f. just constructed also satisfies

var(f.) = Z|f€7@ ,1|+Z|f flog)| < var(f).

If f is right-continuous then f. : [a,b] — H defined by f.(t) = f.(t+) has the required
properties. This proves the final assertion. O

The Kurzweil-Stieltjes integral. Let f, g : [a,b] — H. The Kurzweil-Stieltjes integral
of f with respect to g, if it exists, is a real number. We denote it by

/ (f(1),dg(7)), or shortly / (f,dg) . (4.45)
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For its construction we refer to [19] and [I3]. Reference [19] systematically and extensively
treats the case H = R. For the general case, arguments, proofs and references can be
found in [14] and [13].

The Kurzweil-Stieltjes integral (or Kurzweil integral, to be short) is well-defined in par-
ticular if f is regulated and g has bounded variation or vice versa. The Kurzweil integral
is linear w.r.t. f as well as w.r.t. g. It is additive,

b s b
[ g = [r.ag)+ [ 1749 (1.46)
holds for @ < s < b with the convention ["(f,dg) = 0. Besides a few other results
we mainly need formulas when ¢ is a particular step function. Here are two taken from

Lemma 6.3.2 in [19)].

Lemma 4.9 Let f :[a,b] = H, v € H. Then

b
[ dxne) = ~(16h) . a<s <o, (4.47)
b
[ e = 790). a<s<b (1.48)
b 0, a<s<b,
[ oy = U@, s=a, (1.9
‘ <f<b)’ U) ) S$=0, .
These imply
b
|t dxea) = (10 = F5)0h, a<r<s<b, (4.50
since X[r,s) = Xla,s) — Xla,r)-
Now let g be a right-continuous step function
N
9= Gh1Xitortw) + INX(tn}» Gk € H. (4.51)
k=1

where A = {t;} is a partition of [a, b].

Lemma 4.10 Let f, g : [a,b] — H with g as in ,letve H. Then

N

/ (f.dg) =) _(f(tk); g — gr—1) - (4.52)

k=1
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Proof. Using (4.47)) — (4.50) we compute
b N b
/ (f.dg)=>" f d(gr-1 X[t 1tk))>+/ (f, d(gnxqeny))

k=179

M=

<f(tk—1) - f(tk)agk—1> + <f(tN)agN>

-1

= = (f(t), 90) +

?T‘
2[\3

= (f(t1), 91 — 90) + ), 9k — gr—1) + (f(tN), g8 — gn-1) -

MM

O

Lemma 4.11 Let f,g : [a,b] — H, let g be constant on |a,s) and on (s,b] for some
s € [a,b]. Then

b
[ o) = (5051 5) = g5 (4.53)
(Recall that g(a—) = g(a), g(b+) = g(b).)
Proof. For s > a we have g = g(5—)Xa,s) + 9(5)x{s} On [a, s]. By Lemma m,
[ o) = t59.965) = s

Analogously, for s < b we have g = g(s)x{s} + 9(5+)X(s,4 on [s,b]. By Lemma m,

/ (f. dg) = (£(5), g(s+) — 9(s))

For s = a or s = b, we are done. For a < s < b, adding these two equations yields (4.53]).
O

The next result is included in Lemma 6.3.3 of [19].

Lemma 4.12 Let g € G(a,b;H), v € H, s € [a,b]. Then

/ (ox0s7,dg) = (v, gls+) — g(5-)) (4.54)
(Recall that g(a—) = g(a), g(b+) = g(b).)

Lemma 4.13 Let f, f : [a,b] — H with f(t) = f(t) for all t > a, let g € G(a,b; H) be

right-continuous at a. Then
b b
[ o) = [ trag). (4.55)

Proof. This follows from Lemma since f — f = (f(a) — f(a))x(ay and g(a+) = g(a).
O

The next result is given as Corollary 2.6 in [13].
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Proposition 4.14 Let f € G(a,b; H) and g € BVg(a,b; H). Then
b
| [t < L ovarto). (4.56)

The next result is a specific instance of a partial integration formula, see Corollary A.9
n [14].

Proposition 4.15 Let g € BVg(a,b; H). Then

[ (0.49) = 59 = Sla@P + 3 lo(0) - g(t-)F (457

te(a,b)

Finally we quote Theorem A.6 from [14], which below will enable us to pass to the limit
when approximating with step functions.

Proposition 4.16 Let {g,} be a sequence in BV (a,b; H) with var(g,) < C for some
C > 0, let {f,} be a sequence in G(a,b;H). If f, — [ and g, — g uniformly, then
feG(a,b;H), g€ BV(a,b;H) and

b

tim [ (f.dgn) = / (f,dg) (4.58)

n—oo

The vector stop and play operator in continuous time. Let u : [a,b] — H be
given. Let A :a =ty < --- <ty = b be a partition of [a,b]. Let u? = (ug,...,uy), let
u® : [a,b] — R be the right-continuous step function associated with A which interpolates
ud,

N

ut = Zukflx[tk—lytk) T UNX{ty} - (4.59)

k=1
Let z, € H be given, let w? = PL[u?; z,] and 2¢ = S[u?; z,] be the discrete play and
stop. Let w® and z°: [a,b] — R be the right-continuous step functions which interpolate
w? and z? respectively,

N

N
W'=Y WXyt FONX{in} s 2= D Bt X[et) T AN X (i} - (4.60)
k=1 k=1

The following lemma shows that the assignment u¢ — (w¢, 2¢) does not depend on the
choice of A and thus yields a well-defined mapping.

with A, A according to for given wvectors ﬁ let u¢ = u®. Then (W 2°) =
(we, 2°).

Lemma 4.17 Let A,A be_partitions of [a,b], let u®,u¢ be the step functions associated
(i/ u
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Proof. We first consider the case where A arises from A by adding a single point, A=
AU {t} with ¢t € (t;_1,t;) for some j. Then a¢ = (ug,...,uj_1,uj_1,uj,...,uy) and

~d sd
w = (’LU(),...,w]',I,Uijl,w]',...,wN), 5 = (207-“7Zj7172j7172j7-~-7ZN)-

It follows that (1¢, 2¢) = (w®, 2¢). Since arbitrary partitions A and A possess a common
refinement which is obtained from A as well as from A by adding finitely many points,
the proof is complete. O

Lemma enables us to define the vector play and stop operator for step functions u°

of the form (4.59) and z, € H, using (4.60)), by
Pzu’; z) = w®, Sz[u 2] = 2°. (4.61)

Due to the close correspondence of u¢ and u?, the estimate of Proposition immediately
carries over to step functions.

Lemma 4.18 Let u®,a° : [a,b] — H be right-continuous step functions. Then

1 B B 1 -
—||w — wc|| < ||u® — a|| (var(w®) + var(w°)) + §|w0 — wo|2 ) (4.62)

Proof. Let A be a partition of [a, b] such that

N N
ut = Z Uk—1X[t,_yt) T UNX ey}, U0 = Z U1 X[ty—1,tx) T UNX{in} 5
k=1 k=1
set u? = (ug,...,uy) and a4 = (4o, ..., uy). Then
I — @ = llu — @l , [l — @[l = [l — @] (4.63)
var(u®) = var(u?), var(w®) = var(w?), var(w®) = var(w?). (4.64)
Thus (4.62) follows from (4.31). O

The discrete variational inequality (4.20)) can be directly transformed into a variational
inequality for the corresponding step functions.

Lemma 4.19 Let u¢ : [a,b] — H be a right-continuous step function, let z, € H. Then
the functions w® = Pzu; z,| and 2° = Sz[u’; z,] solve the system

u(t) = w(t) + z°(t) Vitela,b],
b
/ (z°(1) = ¢(7),dw(T)) >0 V(:la, bl — Z, (4.65)

2(t) € Z Vtea,bl, z(a) =7z (z4) -

Note that no regularity is needed for the test function (.
Proof. Let

N

E d _
Uk—1X[tp—_1,tr) +UNX{tN}7 u —(Uo,...,UN),

k=1
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let ¢ : [a,b] — Z. By the construction of Pz and Sy, for w? = PLlu?; z,] and 2? =
S4[u?; z,] we have wy, = we(t;,) and z, = 2¢(t;). It then follows from Lemma and the
discrete variational inequality (4.20]) that

b N N
/ (27— G dw®) = D (2°(t) — C(te), w(tn) — w(te1)) = ) (2 — C(t), wp — wy 1)

1 k=1

0.

v

Since z(a) = 29 = 7z(2,) and 2z € Z as well as up = wy + 2z for all k, the proof is
complete. O

We want to replace u¢ in by more general functions u. We consider the system
u(t) = w(t) + z(t) Vtela,bl,
/b(z(T) —((7),dw(r)) >0 V(¢eG(a,b 2), (4.66)
' 2(t)e Z Viteab], z(a) = mz(z,) -

We intend to prove that, for given u € BVg(a,b; H) and z, € Z, this system has a unique
solution (w, z) with w, z € BVg(a,b; H). This will give us solution operators

Pz, Sz : BVgr(a,b; H) x H — BVg(a,b; H) . (4.67)
At first we show existence.

Proposition 4.20 Let u € BVg(a,b; H) and z, € H be given. Then there exist functions
w, z € BVg(a,b; H) which satisfy as well as var(w) < var(u).

Proof. Let u € BVg(a,b; H). Let {u"} be a sequence of right-continuous step functions
of the form

Nn
W= U Xl UuN X (4.68)
k=1

such that «" — w uniformly and var(u™) < var(u) for all n, see Proposition [4.8 Let
w" = Pylu™; z,) and 2" = Sz[u"; z,] as defined in (4.61]). By Proposition [4.18]

Sl = wmE <t — | (var(w) +var(w™) + Slu'(a) - @) (4.69)
holds for all m,n € N as w"(a) — w™(a) = u™(a) — u"(a).
We claim that the variation of w” is uniformly bounded, so that
var(w") < C foralln e N (4.70)
holds for some C' > 0. This follows from the estimate
var(w") = var(w®™) < var(u®") = var(u") < var(u), (4.71)

taking into account the discrete estimate (4.24)) as well as (4.64)).

95



Since u" — w uniformly, {w"} is a Cauchy sequence in Gr(a, b; H) by (4.69) and (4.70]).
Thus, (w",z") — (w, z) uniformly for some w,z € Gg(a,b; H). Moreover, (4.70) and
(4.71) imply that

var(w) < liminf var(w") < var(u) . (4.72)

n—o0

Therefore w and z = u — w belong to BVg(a,b; H). By Lemma , the step functions
w" and 2" solve system (4.66) with ©” in place of u. Passing to the limit n — oo, we
obtain that (w, z) solves (4.66]). For the integral inequality this follows from Proposition
416l O

We now prove uniqueness. It holds even if we allow u to belong to the larger space
Grg(a,b; H), provided w has bounded variation.

Proposition 4.21 Let uw € Gg(a,b;H), z, € H. Then there exists at most one pair
(w, 2) with w € BVg(a,b; H) and z € Gg(a,b; H) which solves {{.66). For such a pair
holds

/S<Z(7') —((7),dw(1)) >0 V(eG(rs; Z2) (4.73)
foralla <r <s<baswell as
(z(t) — C,w(t) —w(t=)) >0 vV¢eZz (4.74)
for allt € [a,b)].

Proof. We first prove that (4.73)) holds for all solutions (w, z) of (4.66)). Let ¢ € G(r,s; Z).
As a test function in (4.66)) we choose

1= Xas] + X(s,1)% + X(rs]C -

The function 7 is regulated and takes values in Z. We have

[e=man=o= [ :-nav),

the right equality holds because of Lemma [4.13] since n = z on (s, b]. Thus

Og/ab<z—?7,dw>Z/Ts<z—n>dw>=/j<z—<,dw>,

again, the rightmost equality holds because of Lemma [4.13]

We now prove uniqueness. Let (w0, Z) be another solution of (4.66)). By what we just have
proved, (4.73)) also holds for (w, 2) in place of (w, z). Therefore, for every t > a

/at(z—,%,dw>20, /at<2—z,dw>20. (4.75)

Setting ¢ = w — w and b = ¢ in Proposition we obtain, since w + z = u = W + Z,

%|(w—u~))(t)]2§/a<w—fd),d(w—u~))>:—/a<z—§,d(w—u~))>§0.
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As t was arbitrary, w = w and consequently z = Z.

It remains to prove (4.74). Let ¢ € Z. We choose the test function

N = (Xa,) + Xt.0))% + x(6€ -

0§/j<z—n,dw):/at<z—n,dw>+/tb<z—77,dw>.

We have z — 1 = xq(2(t) — ¢). Thus, the second integral on the right is zero because of
Lemma [4.13] and the first integral equals (z(t) — ¢, w(t) — w(t—)) due to Lemma [4.12] O

We come back to the original pointwise formulation of the variational system

Therefore,

u(t) =w(t) +2(t), telab],
(w(t),z(t)—¢) >0 V(e Z, for a.a. t € (a,b), (4.76)
2(tye Z  YteE]ab), z(a) =7z (z4) -

Proposition 4.22 Let u € Wh'(a,b; H), z, € H. Then the unique solution (w,z) of
satisfies w, z € Wi (a,b; H) and is the unique solution of ([4.76).

Proof. Let s,t € [a,b] with s < ¢t. Then
¢
var(w; [s, t]) < var(u; [s, t]) = / |u(T)| dr (4.77)

holds; indeed, in the proof of Proposition we only have to choose {u"} such that
the points s and ¢ belong to the partitions A, of all the ™ and to apply (4.24) on s, t].

tti
Setting t
- / ja(r)| dr

it follows from (4.77)) that for any finite disjoint collection {[s;, t;]}:c; of subintervals of

[a,b]
D lwlt) —w(s)| <Y Jo(ts) -
el el
As v is absolutely continuous, also w and z = u — w are absolutely continuous.

Let now ¢ € [a,b], ¢ € Z. It follows from (4.73) that for all s <t

0</t<z—<dw>:/t< (1) = ¢ w(r)) dr

C/ T)dr) —I—max /|w )| dr .

Dividing by t — s and passing to the limit s 1 ¢ we obtain
(w(t),z(t)—¢) >0 V(e Z, for a.a. t € (a,b).

Since every solution of (4.76]) also solves (4.66|), the proof is complete. O
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Sweeping processes. The sweeping process provides another way of describing a rate-
independent evolution. Its definition and analysis goes back to Moreau [21], 22], see also
the monograph [20]. Let H be a Hilbert space, let Cy, C1, ... be a finite or infinite sequence
of closed convex subsets of H. Given wg € Cy, let wy,... be defined by

Wy = Ty, (U)kfl) . (478)
This iterative scheme is called the catching-up algorithm. (4.78)) is equivalent to

(Wp—1 — wg,n —wg) <0, forall ne Cy,

4.79
wy, € C . ( )

This in turn is equivalent to the inclusion
— Ayw € Ng, (wy) (4.80)

Ne, (wy) being the normal cone to Cy at wy. An important special case arises when the
sets C} are translates of a fixed set, say

Cr=up — 7, (4.81)
where Z C H is closed and convex. Then (4.79)) is equivalent to

<wk_1—wk,uk—wk—C)§O, forallCGZ,

(4.82)
wy € U, — 4,
which is nothing else than the system already considered in (4.20)), namely
Up = Wi + 2
(Ayw,z, —C¢) >0, forall(eZ (4.83)

2 € 4.

Thus, in the case of a pure translation (4.81]) the catching-up algorithm coincides with
the iteration which defines the discrete play operator,

w? = Pglut; z,) (4.84)

with the initialization zg = 7z(z,) and wy = uy — 2.

An analogous correspondence arises in continuous time when
C(t)=u(t)— Z. (4.85)
For u € WY (a,b; H) one checks as above that
w = Pzlu; z4 (4.86)
coincides with the solution of the differential inclusion
—1(t) € New(w(t)) (4.87)

with the initial value w(0) = u(0) — w2 (z4).
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The energetic approach. The energetic approach to rate-independent evolutions has
been developed by A. Mielke and several coworkers, see the monograph [I8] and the
contribution [I7]. It is based on two potentials which depend on time, typically via a time-
dependent function like an external force; their interaction generates a solution, which is
a time-dependent function. This approach also deals with rate-independent problems in a
natural manner. It has created a unifying framework for many different problems arising
in mechanics.

Let (Q be a separable Hilbert space with dual QQ*. We consider an energy

E:la, b xQ —-R (4.88)
and a dissipation potential

R:Q — [0,+00]. (4.89)

Here we restrict ourselves to the case where £ is quadratic and coercive and R is convex.
As was described in [17, [18] and will be explained in the following, in that case there is a
close relation to the stop and play operator.

More specifically, we assume that

£(t4) = 5 {Aq.q) — {u(t).q) - (1.90)

Here, u : [a,b] — @Q* is the function which drives the evolution. The operator A : Q — Q*
is linear, bounded, symmetric and positive definite; in particular, we have

(Aq,p) = (Ap,q) , aolq|* < (Aq,q) < aulq*,  forall p,q € Q (4.91)

for some numbers o, a; > 0. Here and in the remainder of this subsection, the brackets
(-,+) denote the duality pairing on Q* x @, and | - | denotes the norm on (). With these
assumptions, A : Q — Q* becomes a Hilbert space isomorphism, and

qla = v/ {Aq, q) (4.92)

defines a norm on @ which by (4.91) is equivalent to | - |.

The dissipation potential R : @ — [0, +0o0] is assumed to be lower semicontinuous, convex
and positively 1-homogeneous, that is, R(Aq) = AR(q) for all A > 0 and all ¢ € Q. E] We
moreover assume that R(0) is a finite number; then necessarily R(0) = 0 and 0 € 9R(0),
so in particular, 9R(0) is not empty.

From convex analysis we recall that the subdifferential of R at p € @ is defined as the
subset of Q* given by

IR(p) = {C: CEQ R —R(p) > (Co—p) forallveQ}.  (499)
Let ¢ : [a,b] — Q. We consider the stability condition

(S) E(t,q(t) <E(t,v) +R(v—q(t)), forallve@,tela,b], (4.94)

1 'We remark that for convex functionals on a Hilbert space, the four notions of semicontinuity
(weak/strong, sequential/topological) are equivalent. Note also that R satisfies the triangle inequality,
as R(p+q) = 2R((p + 4)/2) < R(p) + R(q).
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and the energy balance condition

(E) 5(t,Q(t))+/ R(Q(S))dSZE(G,Q(a))Jr/ 9hE(s,q(s)) ds (4.95)

for all ¢ € [a,b]. This formulation is rather general; if we replace the second integral in
(E) by
Sup > Rlq(ty) — q(tj-1))
J

where the supremum is taken over all partitions A = {¢;} of [a,t], the time derivative of
the function ¢ does not appear in conditions (S) and (E).

We restrict ourselves to the case ¢ € Wh(a, b; Q). Then q is called an energetic solution
for (€,R) if (S) and (E) are satisfied.

Differentiating (4.95)) w.r.t. time, we get

S E(tq0) + R(D) = 2E(a(1)) ac. in (ab)

which by the chain rule is equivalent to

—(0,E(t,q(1)), 4(t)) = R(4(1)) ae. in (a,b). (4.96)

Lemma 4.23 A function q : [a,b] — Q satisfies the stability condition (S) if and only if

— 0,E(t,q(t)) € OR(0) for allt € [a,b]. (4.97)

Proof. The stability condition (S) is equivalent to

9(q(t)) = Igggglg(v) , gv)=E(tv) + R(v—qt)).

Since g is convex, this in turn is equivalent to

0 € 9g(q(t)) = 0,E(t, q(t)) + IR(0).

For the quadratic energy &£ from (4.90)),
O,E(t,q) = Aq— u(t).

In view of (4.96) and (4.97) it turns out that ¢ € W'!(a, b; Q) is an energetic solution in
the quadratic case if and only if

u(t) — Ag(t) € OR(0), (4.98)
(u(t) — Aq(t),q(t)) = R(4(1)) . (4.99)

In order to connect this formula to the stop and play operator, we need the following
representation of OR(0) and of R.
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Proposition 4.24 Let R : Q — [0, 00| be convez, lower semicontinuous and positively
1-homogeneous with R(0) = 0. Then

OR(0) = {C¢ : (¢,v) < R(v) for allv e Q}. (4.100)

The convex conjugate R* defined on Q* by

R (¢) = Sgg((é‘}@ —R(v)), (€@, (4.101)
satisfies
R* = Ior(o) E| (4.102)
and we have
R(v)= sup ((,v), VveQ. (4.103)
CeIR(0)

Proof. Since for ( € Q* and v € @ we have R(v) — (¢,v) = R(v) — R(0) — ({,v — 0),
follows. Now, setting Z = OR(0),

(€Z & 0= Sgg((@@ — R(v)) = R*(¢)

(¢Z < sup(((v) —R(@)>0 <« sup A({¢,v) —R(v)) = +00

veEQR vEQ,A>0
& R () =+o0.

This proves (4.102)). Since R is convex, lower semicontinuous and not identically equal
to +00, we have R** = R by a result of convex analysis where R** : @) — (—o0, +0o0] is
defined by

R™(v) = Cselgi(%v) - R <))

As R* = I by (4.102), it follows that

R(v) =R"(v) = ;;5<<<,v> - R () = sup (C,v)

for all v € Q. O

We define a scalar product in Q* by

0, ar = (A M 0 MCEQ. (4.104)

Lemma 4.25 Let ¢ € Wh(a,b; Q). Then q solves and if and only if

ult) — Ag(t) € OR(0), (4.105)
(Aq(t), u(t) — Ag(t)) 41 = Sap (Aq(t), ) a1 - (4.106)

2The indicator function I of a set Z is defined to be I7(¢) = 0 for ¢ € Z, and I7(¢) = +oo otherwise.
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Proof. We have, using (4.103)) for the second equality,

(u(t) = Aq(t), 4(t)) = (Aq(t), u(t) — Ag(t)) 41

)
R(4(t) = sup (C,q(t)) = sup (Aq(t), () s -
CEIR(0) ¢edR(0)

Now we can characterize the energetic solution in the quadratic case (4.90)).

Proposition 4.26 Let (€, R) satisfy the assumptions above , let uw € Whi(a,b; Q%)
be given. Then for every q, € A~ (u(a) — Z) there exists a unique energetic solution

q € Whi(a,b; Q) for (€,R) with q(a) = q., namely

q=A"Pslu;z), Z=0R(0), z,=ula)— Aq,. (4.107)

Proof. We set
z=8z[u; 2, w="Pzlu;z], q=A"w.

Then we have z = u — Aq and w = Aq. From the definition of the stop and the play
it follows that q satisfies (4.105) and (4.106|) which is equivalent to ¢ being an energetic

solution. Moreover, ¢(a) = q,. Conversely, if ¢ is an energetic solution with g(a) = qq,
then (4.105) and (4.106) hold. It follows that Aq = Pzlu; z4]. O
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