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Abstract

In recent years, there has been a marked increase in interest in the control and analysis of
large-scale interconnected cyber-physical systems (CPSs). This heightened attention is
primarily driven by the prevalence of such systems in various contemporary engineering
applications, including power systems, transportation networks, and biochemical sys-
tems. Due to the challenges posed by the so-called “curse of dimensionality” and the
existing limitations in computational performance, the synthesis of controllers for large-
scale interconnected systems in order to enforce complex specifications in a reliable and
cost-effective manner has become a formidable problem. One approach that has emerged
to tackle this challenge is abstraction based controller synthesis. In this approach one
synthesizes a controller to enforce the complex specifications over a reduced-order model
(known as abstraction) instead of the original (concrete) system, and refines the con-
troller to that of the concrete system. The error between the output of the concrete
system and that of its abstraction is quantified a priori. Therefore, one can ensure that
the concrete system also satisfies the specifications (within a priori known error bounds).

Unfortunately, constructing (reduced-order) abstractions for a complex system when
viewed monolithically is also a challenging task in itself. One approach to deal with
this is to leverage the fact that many large-scale complex systems can be regarded as
interconnected systems consisting of smaller subsystems. This motivates a compositional
approach for the construction of the abstractions wherein abstractions of the concrete
systems can be constructed by using the abstractions of the smaller subsystems. This
dissertation builds on existing related work primarily in three directions:

1. In the first part of the dissertation, we derive conditions under which compositional
abstractions of networks of stochastic hybrid systems can be constructed using the
interconnection topology and joint dissipativity-type properties of subsystems and
their abstractions. In the proposed framework, the abstraction, itself a stochastic
hybrid system (possibly with a lower dimension), can be used as a substitute of the
original system in the controller design process. Moreover, we derive conditions for
the construction of abstractions for a class of stochastic hybrid systems involving
nonlinearities satisfying an incremental quadratic inequality. In our result, unlike
existing results, the stochastic noises and jumps in the concrete subsystem and its
abstraction need not to be the same. We provide examples, including a physically
motivated case study (electrical network), with numerical simulations to illustrate
the effectiveness of the proposed dissipativity-type compositional reasoning for
interconnected stochastic hybrid systems.
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2. The network topology in many interconnected systems is not fixed, and is either
changing dynamically or randomly switching between multiple network topologies.
In the second part of the dissertation, techniques for compositional abstractions of
networks of control systems under dynamic and randomly switching interconnec-
tion topologies are investigated.

3. The state-space of many systems, e.g. configuration spaces of robotic manipula-
tors, are Riemannian manifolds, and therefore, their analysis requires techniques
from differential geometry. In the third part of the dissertation, a compositional
approach for the construction of abstractions for interconnected systems evolving
on Riemannian manifolds is presented. This allows for larger classes of systems
than the ones considered in existing works defined only over Euclidean spaces.



Zusammenfassung

In den letzten Jahren hat das Interesse an der Steuerung und Analyse grofier vernet-
zter cyber-physischer Systeme (CPS) deutlich zugenommen. Diese verstirkte Aufmerk-
samkeit ist in erster Linie darauf zuriickzufiihren, dass solche Systeme in verschiede-
nen modernen technischen Anwendungen wie Energiesystemen, Verkehrsnetzen und bio-
chemischen Systemen weit verbreitet sind.

Aufgrund der Herausforderungen, die sich aus dem so genannten “Fluch der Dimen-
sionalitdt” und den bestehenden Beschrankungen der Rechenleistung ergeben, ist die
Synthese von Reglern fiir grofle vernetzte Systeme zur zuverlassigen und kostengiinstigen
Durchsetzung komplexer Spezifikationen zu einem gewaltigen Problem geworden. Ein
Ansatz, der sich zur Bewaltigung dieser Herausforderung herausgebildet hat, ist die
auf TextitAbstraktion basierende Controller-Synthese. Bei diesem Ansatz wird ein
Controller synthetisiert, um die komplexen Spezifikationen iiber ein reduziertes Ord-
nungsmodell (bekannt als Abstraktion) anstelle des urspriinglichen (konkreten) Systems
durchzusetzen, und verfeinert den Controller zu dem des konkreten Systems.

Bei diesem Ansatz wird ein Controller synthetisiert, um die komplexen Spezifikatio-
nen iiber ein Modell mit reduzierter Ordnung (bekannt als Abstraktion) anstelle des
urspriinglichen (konkreten) Systems durchzusetzen, und der Controller wird auf den des
konkreten Systems verfeinert. Der Fehler zwischen der Ausgabe des konkreten Systems
und der seiner Abstraktion wird a priori quantifiziert. Daher kann man sicherstellen, dass
das konkrete System auch die Spezifikationen erfiillt (innerhalb der a priori bekannten
Fehlergrenzen).

Leider ist die Konstruktion von Abstraktionen (reduzierter Ordnung) fiir ein kom-
plexes System, wenn es monolithisch betrachtet wird, auch eine Herausforderung fiir
sich selbst. Ein Ansatz zur Bewaltigung dieses Problems besteht darin, die Tatsache
zu nutzen, dass viele grofle komplexe Systeme als miteinander verbundene Systeme be-
trachtet werden konnen, die aus kleineren Teilsystemen bestehen. Dies motiviert einen
compositional-Ansatz fiir die Konstruktion der Abstraktionen, bei dem Abstraktionen
der konkreten Systeme durch die Verwendung der Abstraktionen kleinerer Subsysteme
konstruiert werden konnen.

Diese Dissertation baut auf bestehenden verwandten Arbeiten hauptséichlich in drei
Richtungen auf:

1. Im ersten Teil wird ein bestehender Dissipativitatsansatz zur Konstruktion kom-
positorischer Abstraktionen kontinuierlicher dynamischer Systeme auf eine Klasse
stochastischer Hybridsysteme, namlich Sprungdiffusionen, erweitert. Im vorgeschla-
genen Rahmen kann die Abstraktion, selbst ein stochastisches Hybridsystem
(moglicherweise mit einer niedrigeren Dimension), als Ersatz fiir das urspriingliche
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System im Controller-Designprozess verwendet werden. Dariiber hinaus leiten wir
Bedingungen fiir die Konstruktion von Abstraktionen fiir eine Klasse stochastis-
cher Hybridsysteme ab, die Nichtlinearitdten beinhalten, die eine inkrementelle
quadratische Ungleichung erfiillen. In diesem Kapitel miissen die stochastischen
Gerausche und Spriinge im konkreten Teilsystem und dessen Abstraktion im Gegen-
satz zu bestehenden Ergebnissen nicht identisch sein. Wir stellen Beispiele ein-
schliefllich einer Fallstudie (elektrisches Netzwerk) mit numerischen Simulatio-
nen zur Verfiigung, um die Wirksamkeit des vorgeschlagenen kompositorischen
Denkens vom dissipativen Typ fiir miteinander verbundene stochastische Hybridsys-
teme zu veranschaulichen.

. Die Netzwerktopologie in vielen miteinander verbundenen Systemen ist nicht fest-

gelegt und dndert sich entweder dynamisch oder wechselt zuféllig zwischen mehreren
Netzwerktopologien. Im zweiten Teil der Dissertation werden Techniken zur kom-
positorischen Abstraktion von Netzwerken von Steuerungssystemen unter dynamis-
chen und zuféllig wechselnden Verbindungstopologien untersucht.

. Der Zustandsraum vieler Systeme, z.B. Konfigurationsraume von Robotermanip-

ulatoren, sind Riemannsche Mannigfaltigkeiten und daher erfordert ihre Analyse
Techniken aus der Differentialgeometrie. Im dritten Teil der Dissertation wird
ein kompositorischer Ansatz zur Konstruktion von Naherungen filir vernetzte Sys-
teme vorgestellt, die sich auf Riemannschen Mannigfaltigkeiten entwickeln. Dies
ermoOglicht groflere Klassen von Systemen als diejenigen, die in bestehenden Ar-
beiten beriicksichtigt werden, die nur iiber Euklidischer Rdume definiert sind.
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Chapter 1

Introduction

1.1 Motivation

The dissertation is motivated by the need to develop techniques to facilitate computa-
tionally efficient controller synthesis for large-scale cyber-physical systems (CPS). CPSs
are dynamical systems typically characterized by the complex interaction of computa-
tional (cyber) elements and physical systems [Agal9]. CPSs have widespread practi-
cal applications; from smart manufacturing and robotics to health care and medicine
[BG11; Gun+14; RMR17; TWW17|. Large-scale networks of CPSs are also becoming
increasingly ubiquitous in the modern world [LS16]. Such interconnected systems appear
in many modern-day engineering applications such as power system networks [RSF14;
DBS17; YX16], traffic networks [Coo+15; CA15; CAB17], biochemical reaction networks
[SAS10; AS08; BG21], and smart water distribution networks [FM20; Pol+23; Guo+22]
(see Figure 1.1).

PGE/
\ PartlandGeneral.com

Figure 1.1: Examples of interconnected CPSs

Due to existence of both discrete and continuous elements in such systems, such sys-
tems are regarded as hybrid in nature [Tab09]. They consist of elements which can
be modeled as discrete elements (such as computational units including hardware and
software), as well as physical elements (such as energy storage elements like capacitors).
In order to ensure that such an interconnected system behaves in a desired way re-
quires synthesizing a controller for the system. Controller synthesis for such large-scale
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interconnected control systems to achieve complex specifications in a cost effective and
reliable way is a challenging task. Examples of complex specifications, going beyond con-
ventional objectives (e.g., stability or reference tracking), are those expressed in linear
temporal logic (LTL) formulae [Pnu77; Coo+15]. The complexity of the control objec-
tives together with the high dimensionality of such systems pose a difficult challenge for
controller synthesis. Existing computational techniques and tool for control synthesis
do not scale well to such modern large-scale interconnected systems [AMP16; Vid81].

1.2 Model Order Reduction (Abstraction)

One promising direction to address these issues is a combination of techniques from con-
trol theory (e.g., Lyapunov theory) and those of computer science (e.g., formal methods).
One approach resulting from this symbiosis is discrete abstractions (also known as sym-
bolic models). In this approach, first a finite approximation, called finite abstraction®,
of the concrete (original) system is constructed [PPD16a; Zam+11; Alu+00]. Then,
a controller to satisfy complex specifications is synthesized over the finite abstraction
using automata-theoretic techniques, which can be refined back to the concrete system
[Tab09; RWR16].

Unfortunately, the computational complexity of constructing finite abstractions and
synthesizing controllers hinders the applicability of such techniques to large-scale sys-
tems. One way to overcome this challenge is to introduce an intermediate step of con-
structing a continuous low-dimensional abstraction (we refer to this as infinite abstrac-
tion) of the concrete system (see Figure 1.2). This allows for a potentially easier design of
a controller for the abstraction, which can be refined to the one for the original concrete
system via a refinement map. The error between the output behavior of the concrete
system and the one of its abstraction can be quantified a priori in this detour controller
synthesis approach, thus ensuring that the concrete system also satisfies the complex
specifications within known error bounds. From hereon in, we will simply use the term
abstractions for continuous abstractions (reduced-order models) unless stated otherwise.

1.2.1 Compositional Approach to Model Order Reduction (Abstraction)

Constructing abstractions for a complex system when viewed monolithically is a challeng-
ing task in itself. Some recent techniques rely on numerically searching for a Lyapunov-
like function to construct such abstractions. However, such techniques are only appli-
cable to problems of modest size. One approach to deal with this is to leverage the
fact that many large-scale complex systems can be regarded as interconnected systems
consisting of smaller subsystems (see Figure 1.3).

This motivates a compositional approach for the construction of the abstractions
wherein abstractions of the concrete systems can be constructed by using the abstrac-
tions of smaller subsystems. In such an approach, rather than treating the interconnected

"We call the approximation infinite if its set of states is infinite, and finite otherwise
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Figure 1.2: Abstraction of interconnected system. ¥ represents the original (concrete) network,
and ¥ represents the (reduced-order) abstraction. u (resp. @) represents the input
while y (resp. ¢) represents the output of the concrete network (resp. abstract
network).

Figure 1.3: Large-scale complex systems can be regarded as interconnected systems consisting
of smaller subsystems. Here M represents the coupling between the subsystems of
the network.
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system in a monolithic manner, compositional schemes provide network-level certifica-
tions from main structural properties of the subsystems and their interconnections. To
do so, one should first i) divide the overall concrete network into a number of concrete
subsystems and construct abstractions of each subsystem individually; ii) then establish
a compositional scheme that allows us to construct an abstraction model of the overall
network using those of individual subsystems.

In a recent result in [ZA17], a compositional framework utilizing dissipativity theory
was introduced for constructing abstractions of networks of control systems. The pro-
posed framework introduced a concept of a storage function, characterizing the joint
dissipativity properties of control systems and their abstractions. This concept was then
employed to establish compositional conditions, under which a network of abstractions
approximate a network of concrete subsystems.

Building upon this work, in Chapter 3 of this dissertation, we expand upon this
methodology to encompass a class of stochastic hybrid systems known as jump-diffusions.
Stochastic hybrid systems are a general class of systems consisting of continuous and
discrete dynamics subject to probabilistic noise and events [LP10]. In the case of jump-
diffusions, continuous dynamics are modeled by stochastic differential equations, while
discrete jumps are modeled as Poisson processes. We derive conditions under which
compositional abstractions of networks of stochastic hybrid systems can be constructed
using the interconnection topology and joint dissipativity-type properties of subsystems
and their abstractions. In the proposed framework, the abstraction, itself a stochastic
hybrid system (possibly with a lower dimension), can be used as a substitute of the
original system in the controller design process.

In more realistic scenarios, the interconnection topology of interconnected systems is
not fixed due to various causes, for example loss of communication between the robot
agents due to occlusion caused by obstacles [SWX08; OM04; YW10], or failure of switch-
ing lines in an electric distribution grid [Cav+19; DKC23; GH21]. To accommodate for
this scenario, in Chapter 4, we deal with networks of stochastic hybrid systems wherein
the interconnection topology is randomly switching between P different topologies. We
derive compositional conditions for construction of abstractions leveraging the inter-
connection topology, switching randomly between P different topologies, and the joint
dissipativity-type properties of subsystems and their abstractions. Additionally, we also
consider the scenario wherein the interconnection is governed by a dynamical system
[Lin84]. In such interconnected systems, the additional dynamics introduced due to the
interconnection/interaction system has to be taken into account in the compositional
reasoning.

All the aforementioned results in the context of infinite abstractions consider systems
evolving over Euclidean spaces. The state-space of many systems are Riemannian mani-
folds [BL04; LS16; MHP08; Oma+23; AMD17; Ahn+21; Jaq+18; PFA06], and therefore,
their analysis requires tools from differential geometry [Tar+13; SB14]|. In Chapter 5,
we propose techniques for compositional construction of infinite abstractions for inter-
connected control systems evolving over smooth Riemannian manifolds. To this end, we
propose two different approaches. In the first approach, we provide a small-gain type
condition that enables the construction of an abstraction for the interconnected control
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system compositionally. The second approach is based on dissipativity theory wherein
we derive sufficient conditions under which compositional abstractions of interconnected
systems evolving on Riemannian manifolds can be constructed using the interconnec-
tion topology and joint differential dissipativity-type properties of subsystems and their
abstractions.

We illustrate the efficacy of the proposed techniques using various examples, including
physically motivated case studies (network of electric circuits).

1.3 Outline of the Dissertation

This dissertation is divided into 6 chapters, the first of which is the current Introduction.
The rest is structured as follows:

Chapter 2 presents mathematical notations, preliminaries and notions from proba-
bility theory, manifold theory, and control theory.

Chapter 3 presents techniques for compositional abstraction of networks of stochastic
hybrid systems using dissipativity theory. The content of this chapter is based on results
published in [AZ17b; AZ19].

Chapter 4 provides compositional construction techniques for networks of dynamical
systems with dynamic and randomly switched topologies. The content of this chapter
is based on results published in [AZ17a; AZ18b; AZ23|.

Chapter 5 discusses techniques for compositional construction of dynamical systems
evolving over Riemannian manifolds. The content of this chapter is based on results
published in [ACZ18; AZ18a).

Chapter 6 summarizes the results of this dissertation and presents potential direc-
tions for future research.






Chapter 2

Preliminaries, Notation and System
Definitions

In this chapter, we introduce notations, preliminary concepts in probability theory, con-
trol theory, and definitions of systems used for modeling CPS networks that will be used
in the subsequent chapters.

2.1 Notation

The sets of non-negative integer and real numbers are denoted by N and R, respectively.
Those symbols are subscripted to restrict them in the usual way, e.g. R~ denotes the
positive real numbers. The symbol R"*™ denotes the vector space of real matrices with
n rows and m columns. The symbols fn, ﬁn, I,,,0,xm denote the vector in R™ with all
its elements to be one, the zero vector, identity, and zero matrices in R™, R™*"™ R"»*™
respectively. For a,b € R with a < b, the closed, open, and half-open intervals in R
are denoted by [a,b],]a,b[, [a,b], and ]a, b], respectively. For a,b € N and a < b, we use
[a;b],]a; b], [a; b], and ]a; ] to denote the corresponding intervals in N. Given N € N>y,
vectors z; € R™ n; € N>y and ¢ € [1;N], we use x = [x1;...;2n] to denote the
concatenated vector in R"™ with n = sz\il n;. Similarly, we use X = [X1;...;Xn] to
denote the matrix in R"*™ with n = Zfil n;, given N € N>, matrices X; € R"*™ n,; €
N>q, and @ € [1; N]. Given a vector z € R", we denote by ||z| the Euclidean norm of
x. Given a matrix M = {m;;} € R"*™, we denote by ||M]|| the induced 2-norm of M.
Given matrices My, ..., M,, the notation diag(Mi, ..., M,) represents a block diagonal
matrix with diagonal matrix entries My, ..., M,. Given a function f : R>o — R", the
(essential) supremum of f is denoted by || f||oc :== (ess)sup{||f(¢)||, ¢ > 0}. A continuous
function v : R>9 — Rx>o, is said to belong to class K if it is strictly increasing and
~(0) = 0; ~ is said to belong to K if v € K and 7(r) — oo as r — co. A continuous
function B : R>g x R>9 — R>( is said to belong to class KL if, for each fixed ¢, the
map S3(r,t) belongs to class K with respect to r, and for each fixed non zero r, the map
B(r,t) is decreasing with respect to ¢t and f(r,t) — 0 as t — co. Given a vector z =
[x1;29;...;7,) € R™ and matrix A € R™ ", we write [x1;29;...;2,]T A[¥] to concisely
represent the quadratic form [z1;20; ... ;2,]T Alz1;29;. .. ; 2,). Given sets U and A C U,
the complement of A with respect to U is defined as U\N\A = {z: z € U,z ¢ A}. Given a
set S, the cardinality of S is denoted by #S. Given sets S and A C S, I4:S — {0,1}
denotes the indicator function defined as I4(z):=1if v € A and I4(z) :=0if z ¢ A.
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2.2 Probability Space

A topological space S is called a Borel space if it is homeomorphic to a Borel subset of a
Polish space (i.e., a separable and completely metrizable space) [Sri08]. Here, any Borel
space S is assumed to be endowed with a Borel o-algebra denoted by B(S). A map
f: X — Y is measurable whenever it is Borel measurable. Moreover, a map f: X — Y
is universally measurable if the inverse image of every Borel set under f is measurable
with respect to every complete probability measure on X that measures all Borel subsets
of X.

A probability space in this dissertation is denoted by (€2, F,P), where € is the sample
space, JF is a sigma algebra on ) which consists of subsets of {2 as events, and P is
a complete probability measure. Let I = (Fj)s>0 be an increasing system of sigma-
subalgebras of F, i.e., Fs € F; whenever 0 < s < t < oo. Such a system is called
filteration, and the probability space (2, F, (F¢)t>0,P) equipped with this filteration
is called a filtered probability space [RY13]. We assume that the filteration F obeys
the usual conditions, i.e., Fy contains all the P-null sets of F, and the filteration is
right-continuous in the sense that Ng~oFi4+s = F¢ for each ¢ > 0 [KS12].

The expected value of a measurable function g(X), where X is a random variable
defined on a probability space (€2, F,IP), is defined by the Lebesgue integral E[g(X)] :=
Jo 9(X(w))dP(w), where w € Q.

2.3 Riemannian Manifolds

An (n-dimensional) manifold M,, is a pair (M, AT) where M,, is a set and A" is a
maximal atlas into R™, such that the topology induced by AT is Hausdorff and second
countable. We denote the tangent space of M,, at © € M,, by T, M,,, and the tangent
bundle of M, by TMp = U,crq, {7} X TeMan.

A curve on the manifold is a mapping v : I € R — M,,. A distance (or metric)
d: M, x M, = R>g on a manifold M,, is a continuous positive function that satisfies
d(z,y) = 0 if and only if x = y for each z,y € M, and d(x, z) < d(z,y) + d(y, z) for
each z,y,z € M,,. A (pseudo) Riemannian metric [FS14] on a smooth manifold M,, is
a smoothly varying inner product on the tangent bundle 7 M, of manifold M,,.

Given M,,, and a matrix valued map G : M,, — R™ " such that G(z) is a pos-
itive (semi) definite matrix for each z € M,, the (pseudo) Riemannian metric cor-
responding to the (pseudo) Riemannian structure G is given by éx7G(z)dy for each
r € My, dx € T,M, and dy € T, M,. Given two points z,y € M,, a smooth
curve v : [0,1] — M, such that v(0) = z, and (1) = y, and a (pseudo) Rieman-
nian structure G defined on M,,, we define the (pseudo) Riemannian energy functional
as Eq(y) = 01 %T(S)G(y(s))%(s)ds. The n-dimensional manifold S™ is defined by
S* = {z € R*"! . ||z|| = 1}. For two points 21,22 € M,, I'(21,22) denotes the
set of piece-wise continuous curves connecting z; and zo: I'(z1,22) = {7y : [0,1] —
M., |y is piece-wise continuous ,v(0) = z1,7(1) = 22}. Given two points z,y € M,, a
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Riemannian structure G defined on M,,, arg r?(m )fol \/%T(S)G('y(s))%(s)ds is called
Vel (z,y

a geodesic curve between x and y with respect to G.
In the following section, we introduce the classes of dynamical systems that are used
to model networks of CPSs in the dissertation.

2.4 Deterministic Control Systems

Here, we define two classes of control systems which will be used in the modeling of CPS
networks.
2.4.1 Control Systems

Definition 2.4.1. A class of deterministic control systems used in this dissertation is
a tuple
D= (Rn,Rm’ vaua Wa fa quaRqQa hla h‘27 hula th)a

where

e R" R™ RP, R, and R® are the state, external input, internal input, external
output, and internal output spaces, respectively;

o U and W are subsets of sets of all measurable functions of time taking values in
R™ and RP, respectively;

e f:R" xR™ x RP — R" is a continuous map satisfying the following Lipschitz
assumption: for every compact set D C R", there exists a constant Z € Rsqg such
that || f(z,u,w) — f(y,u,w)|| < Z||lx — y|| for all x,y € D, all u € R™, and all
w € RP;

e hi :R"™ — R? s the external output map;
e ho : R"™ — R%® 4s the internal output map.
e hy1: R"™ — R% s the external feedforward map;
e hyo: R"™ — R%2 s the internal feedforward map.

A control system ® satisfies

t)) + hu1(v(t)), (2.1)
t)) + hu2(v(t)),

for any v € U and any w € W, where a locally absolutely continuous curve £ : R>g — R"
is called a state trajectory of ®, (1 : R>g — R is called an external output trajectory
of ®, and (2 : R>¢p — R is called an internal output trajectory of ¥. We call the tuple
(&, ¢1, (o, v,w) a trajectory of D, consisting of a state trajectory &, output trajectories (;
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and (2, and input trajectories v and w, satisfying (2.1). We also write &4, (t) to denote
the value of the state trajectory at time ¢ € R>o under the input trajectories v and w
from initial condition &4,,,(0) = a, where a € R™. We denote by (1,,,, and (2, the
external and internal output trajectories corresponding to the state trajectory &upw-

Remark 2.4.2. If the control system ® does not have internal and external feedforward
maps, the description of the system defined in Definition 2.4.1 reduces to the tuple

D= (RnﬂRm7RP7u)W7 f7 RQl)qu’ hl) h?)

Correspondingly, equation (2.1) describing the evolution of state and output trajectories
reduces to:

), (2.2)
)

We will use the notion of control system in (2.2) later to refer to control subsystems
in an interconnected system.

Remark 2.4.3. If the control system ® does not have internal inputs and outputs, the
description of the control system in Definition 2.4.1 reduces to the tuple

:D = (Rn)Rmvua f7 qu ha hu)

Correspondingly, the equation (2.1) describing the evolution of state and output trajec-
tories reduces to:

o {é(t) = F(E(®). v (1)), 2.3)

C(t) = h(&(t)) + hu(v(t))-

We will use the notion of control system in (2.3) later to refer to a dynamical inter-
connection topology in an interconnected system.

Remark 2.4.4. If the control system does not have internal inputs and outputs, and
external feedforward map, the definition of the control system in Definition 2.4.1 reduces
to the tuple

D = (R",R™ U, f,RL h).

Correspondingly, the equation (2.1) describing the state and output trajectories reduces
to:

o {w) = f(E@),v(1), 2.4)

¢(t) = h(&(@))-

We will use the notion of control system in (2.4) later to refer to an overall intercon-
nected control system.

10
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external input external output
QU ntemal input internal output h2 ($>
— e

Figure 2.1: Deterministic control system defined in Definition 2.4.1.

U input output h(ﬂ?)

Ky

Figure 2.2: Deterministic control system as in Remark (2.4.4).

2.4.2 Control Systems over Riemannian Manifolds

In this subsection, we introduce a class of deterministic control systems whose state
space are (smooth) Riemannian manifolds, formally defined as follows.

Definition 2.4.5. The class of control systems over Riemannian manifolds a tuple
6= (anRmaRpauawa fv quaRqQa hla h2)7
where

e M, is an n-dimensional state manifold containing the origin, while R™ RP R,
and R% are the external input, internal input, external output, and internal output
(Euclidean) spaces of dimension m,p,q1, and qo respectively;

U and W are subsets of sets of all measurable functions of time taking values in
R™ and RP, respectively;

f My xR™ x RP — T M, is the continuously differentiable state evolution map.
We assume that £(0,0,0) =0;

hy : M, = R% s the continuously differentiable external output map;

e ho: M, — R% is the continuously differentiable internal output map.

A control system & satisfies

11
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for any v € U and any w € W, where a locally absolutely continuous curve § : R>g — M,,
is called a state trajectory of &, (1 : R>g — R? is called an external output trajectory of
S, and (2 : R>g — R® is called an internal output trajectory of &. We also write g ()
to denote the value of the state trajectory at time ¢ € R>( under the input trajectories v
and w from initial condition &4,,,(0) = a, where a € M,,. We denote by (i,,, and (2,
the external and internal output trajectories corresponding to the state trajectory &gue-

Remark 2.4.6. If the control system & does not have internal outputs, the definition
of the control system in Definition 2.4.5 reduces to the tuple

& = (M, R™, ", U W, f,R%, h).

Correspondingly, the equation (2.5) describing the state and output trajectories reduces
to:

o {é(t) = F(E(), v(t), w (1), 2.6)
((t) = h(E()),

We will use the notions of control system in (2.5) and (2.6) later in Chapter 5 to refer
to a subsytem in an interconnected control system over Riemannian manifold.

Remark 2.4.7. If the control system & does not have internal inputs and outputs, the
definition of the control system in Definition 2.4.5 reduces to the tuple

6 = (anRmauafuunh)'

Correspondingly, the equation (2.5) describing the state and output trajectories reduces
to:

S, {s‘a) = F(E),v(0)), 27)
§(t) = h(E().

We will use the notion of control system in (2.7) later in Chapter 5 to refer to an
overall interconnected control system over Riemannian manifold.

2.5 Stochastic Systems

2.5.1 Stochastic Hybrid Systems

In this section, we formally introduce a class of dynamical systems known as stochastic
hybrid systems which will be used in the modeling of CPS networks. Stochastic hybrid
systems are dynamical systems which consist of both continuous and discrete dynamics
subject to probabilistic noise and events [LP10].

Let (€2, F,P) denote a probability space endowed with a filteration ' = (Fs)s>0
satisfying the usual conditions of completeness and right continuity [KS12]. Let (Ws)s>0
be a b-dimensional F-Brownian motion and (Ps)s>¢ be an r- dimensional F-Poisson
process. We assume that the Poisson process and Brownian motion are independent
of each other. The Poisson process P; = [Pl;...; P!] models r kinds of events whose
occurrences are assumed to be independent of each other.

12
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Definition 2.5.1. A class of stochastic hybrid systems studied in this dissertation is a
tuple
Y= (Rna Rm? RP’ u7 Wa fa g, p, R? ) R%? h17 h?)a

where

e R™" R™ RP, R% and R% are the state, external input, internal input, external
output, and internal output spaces, respectively;

o U and W are subsets of sets of all F-progressively measurable processes taking
values in R™ and RP, respectively;

o f:R"XR"™XRP — R" is the drift term which is globally Lipschitz continuous: there
exist Lipschitz constants Ly, Ly, Ly, € R>q such that || f(z,u,w) — f(a', v/, v")|| <
Ly|lz — 2’| + Ly|lu — || + Ly||lw — w'|| for all x,2’ € R™, all u,u’ € R™, and all
w,w’ € RP;

e 0 : R" — R"¥P s the diffusion term which is globally Lipschitz continuous with
the Lipschitz constant Ly;

e p: R” — R™ " is the reset term which is globally Lipschitz continuous with the
Lipschitz constant L,;

e hi:R"™ = R? is the external output map;
e hy : R"™ = R?% s the internal output map.

A stochastic hybrid system 3. satisfies

dé(t) = f(&(t), v(t), w(t))dt + o (&())dWr + p(£(t))d Py
Y9 Gt) = ha(§(1)), (2.8)
G(t) = ha(E(1)),

P-almost surely (P-a.s.) for any v € U and any w € W, where stochastic process
£ QxR>9 — R" is called a solution process of ¥, stochastic process (1 : 2 x R>g — R%
is called an external output trajectory of X, and stochastic process (3 : 2 xR>¢ — R% is
called an internal output trajectory of 3. We also write &4, (t) to denote the value of the
solution process at time ¢t € R>g under input trajectories v and w from initial condition
€avw(0) = a P-a.s., where a is a random variable that is Fp-measurable. We denote by
Clan., and (a2, the external and internal output trajectories corresponding to solution
process Equ,- Here, we assume that the Poisson processes P!, for any i € [1;r], have the
rates \;. We emphasize that the postulated assumptions on f, o, and p ensure existence,
uniqueness, and strong Markov property of the solution process [DS05; Law10].

Remark 2.5.2. Note that the underlying dynamic considered in (2.8) is a class of
stochastic hybrid systems in which the drift and diffusion terms model the continuous
part and the Poisson process models the discrete jump of the system.

13
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Remark 2.5.3. If the stochastic hybrid system X does not have internal inputs and
outputs, the system defined in Definition 2.5.1 reduces to

E = (anRm’u, f7 U’p7Rq7 h)?

where f : R™ x R™ — R™. Correspondingly, equation (2.8) describing the evolution of
solution processes reduces to:
5 {dé(t) F(&(1),v(t))dt+0(£(2))dWi+p(&(t))dF,
¢ =h(E)).

(2.9)

2.5.2 Switching Stochastic Hybrid System

We now introduce another class of dynamical systems called switching stochastic hybrid
systems to model which will be used to model CPS network with randomly switched
topologies.

Definition 2.5.4. A switching stochastic hybrid system is a tuple
E = (Rn7Rm7u7 P7 97 f7 0-7 p?Rq7h>7
where

e R" R™ and R?, are the state, external input and external output spaces, respec-
tively;

e U is a subset of the set of all IF-progressively measurable processes taking values in
Rm .

e P={1,...,P} is a finite set of modes;

o P is a subset of the set of all piece-wise constant cadlug (i.e. right continuous

and with left limits) functions of time from R>q to P and characterized by a finite
number of discontinuities on every bounded interval in R>¢ (no Zeno behaviour);

e f:R"XR™xP — R", is the drift term such that for every fized p € P, f(.,.,p) is
globally Lipschitz continuous: there exists Lipschitz constants L, L, € R>qg such
that || f(x,u,p) — f(2',u,p)|| < Ly||x — 2| + Ly|lu — o'|| for all z,2" € R™ and all
u,u’ € R™;

e 0 : R" — R™P js the diffusion term which is globally Lipschitz continuous with
the Lipschitz constant Ly ;

o p: R" — R™7 is the reset term which is globally Lipschitz continuous with the
Lipschitz constant L,;

e h:R"™ — RY? is the external output map.

14
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The stochastic process & : 2 x R>g — R™ is a solution process of ¥ if there exists v € U
and ™ € & satisfying

5. {df(t) FE@), v(t), m(t))dt + o (£(2))dW: + p(£(t))d P,
L) = n(g),

P-a.s., at each time t € R>g. We denote by &q.(t, m(t)) the value of the solution process
at time t € R>o under the control input v € U and the switching process m € &, starting
from an initial condition £,,,(0,7(0)) = a P-a.s., where a is measurable in the trivial
stgma-algebra Fy.

(2.10)

Remark 2.5.5. In our definition of switching stochastic hybrid system, we exclude sys-
tems which exhibit Zeno behaviour i.e. that an infinite number of mode transitions occur
in a finite amount of time [Hes04; Lib03], named after the philosopher Zeno of Elena
(500-400 B.C.) [Sim+00].

15






Chapter 3

Compositional Abstraction of Stochastic
Hybrid Systems

3.1 Introduction

Constructing reduced-order models (i.e., infinite abstractions) for a complex system when
viewed monolithically is a challenging task. One approach to deal with this is to lever-
age the fact that many large-scale complex systems can be regarded as interconnected
systems consisting of smaller subsystems. This motivates a compositional approach for
the construction of the abstractions wherein abstractions of the concrete systems can be
constructed by using the abstractions of smaller subsystems.

Recently, there have been several results on the compositional construction of infinite
abstractions of deterministic control systems including [PPD16b], [TI08], [RZ18], and
of a class of stochastic hybrid systems [ZRE17]. These results employ a small-gain
type condition for the compositional construction of abstractions. However, as shown in
[DKO04], this type of condition is a function of the size of the network and can be violated
as the number of subsystems grows. Recently in [ZA17], a compositional framework for
the construction of infinite abstractions of networks of control systems has been proposed
using dissipativity theory. In this result a notion of storage function is proposed which
describes joint dissipativity properties of control systems and their abstractions. This
notion is used to derive compositional conditions under which a network of abstractions
approximate a network of the concrete subsystems. Those conditions can be independent
of the number or gains of the subsystems under some properties for the interconnection
topologies.

In this chapter of the dissertation, we extend this approach to a class of stochastic
hybrid systems, namely, jump-diffusions. Stochastic hybrid systems are a general class
of systems consisting of continuous and discrete dynamics subject to probabilistic noise
and events. In jump-diffusions, the continuous dynamics are modeled by stochastic
differential equations and switches are modeled as Poisson processes. We introduce a
notion of so-called stochastic storage functions describing joint dissipativity properties
of stochastic hybrid subsystems and their abstractions. Given a network of stochastic
hybrid subsystems and the stochastic storage functions between subsystems and their
abstractions, we derive conditions based on the interconnection topology, guaranteeing
that a network of abstractions quantitatively approximate the network of concrete sub-
systems. For a class of stochastic hybrid subsystems and using the incremental quadratic

17
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inequality for the nonlinearity, we derive a set of matrix (in)equalities facilitating the
construction of their abstractions together with the corresponding stochastic storage
functions. We illustrate the effectiveness of the proposed results in two examples in
which compositionality conditions are satisfied independent of the number or gains of
the subsystems.

3.1.1 Contributions

Compositional abstraction for (deterministic) interconnected control systems using dis-
sipativity was introduced in [ZA17]. In [AZ17b], this technique was extended to a class
of stochastic hybrid systems. In both works, the joint dissipativity properties are defined
with respect to a static map whose input is the (internal) inputs and outputs of the sub-
systems and their abstractions. In contrast to this, in this chapter we employ a dynamic
map based on a similar notion introduced in [TB11]. This allows for a broader class
of (stochastic hybrid) subsystems for which one can find (stochastic) storage functions
between them and their abstractions (cf. case study in Section 3.5.2). Furthermore,
in this work we derive constructive conditions for computing abstractions for a class of
stochastic hybrid systems by considering nonlinearities which are more general than the
ones considered in [ZA17] and [AZ17b].

Compositional abstractions for jump-diffusions are also introduced in [ZRE17]. How-
ever, in [ZRE17] it is assumed that the stochastic noises in a subsystem and its abstrac-
tion are the same. This assumption is not realistic in practice, as it requires access to
the realization of the noises in the original subsystem in order to refine the constructed
controllers for the abstractions to the original subsystems. On the other hand, in our
approach concrete subsystems and their abstractions do not share the same stochas-
tic noises. In addition, the results in [ZRE17] use small-gain type conditions for the
main compositionality result whereas the proposed approach here uses dissipativity-
type conditions which can potentially provide scale-free results under some properties
over the interconnection topologies. Although the results in [ZRE17] derive conditions
for constructing abstractions for just linear jump-diffusions, here we provide constructive
conditions for a class of nonlinear jump-diffusions.

3.2 Certificates for Abstraction

In this section, we introduce two notions which we use to formally relate a stochastic
hybrid system and its abstraction. The first notion, namely stochastic storage functions,
relates a stochastic hybrid system introduced in Definition 2.5.1 and its abstraction.
The second notion, namely stochastic simulation functions, relates a stochastic hybrid
system without internal inputs and outputs (as in (2.9)) and its abstraction.

3.2.1 Stochastic Storage Function

In this subsection, we introduce a notion of so-called stochastic storage functions, adapted
from the notion of storage functions from dissipativity theory [AMP16]. Before intro-

18
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ducing the notion of stochastic storage functions, we introduce a linear control system
which is given by:

€o(t) = Ap&o(t) + Bovg(t)
Co(t) = Coéo(t) + Dyuy(t), (3.1)

where Ag € Rlexle B, € Rloxmo Cy € R%*0 and Dy € R%*™ where By, and Dy have
the conformal partitions

By=[Bi Bi], Dg=[D:i Do, (3.2)

respectively. These conformal partitions will be used later in the chapter. We use the
tuple Xy = (Ay, By, Cy, Dy) to represent such a linear control system. Now we define the
infinitesimal generator of a stochastic process which will be used later to define a notion
of stochastic storage functions.

Definition 3.2.1. Consider two stochastic hybrid systems
Y= (Rn? Rm? Rp?“? W7 f? T, P, qu ) R(IQ’ h17 h?)

and
S = (R* R™ R?, U, W, f, &, p,R%, R® hy, hy)

with solution processes & and é, respectively. Consider a linear control system g =
(Ag, By, Cy, Dy) satisfying (3.1) with state trajectory &. Consider a twice continuously
differentiable function V : R™ x R™ x Rl¢ — R>o. The infinitesimal generator of the
stochastic process = = [&;&; &), denoted by L, acting on function V is defined as [DS05]:

f(z,u,w)

LV (2,2,0) = [0,V 8V V]| f(&,a,w)
Ayl + Boug

+ %Tr (o(z)o” (2)0,2V) + %Tr (6(2)67 (2)0:,2V)

+ Z Aj(V(z+ p(x)e}, 2) — V(z, 1))

+Y NV, @+ p@)eh) — V(z,2)), (3.3)
j=1

where e; denotes an r-dimensional vector with 1 on the j-th entry and 0 elsewhere.
Now we have all the ingredients to introduce a notion of stochastic storage functions.

Definition 3.2.2. Consider two stochastic hybrid systems

Y= (anRma Rp)“v W7 f7 a,p, Rq17RQQ> h17 h2)
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and
S = (R",R™RP,.UW, f,6,p,R" R, Iy, hy)

with the same external output space dimension and let X9 = (Ag, By, Cy, Dg) be a linear
control system as in (3.1). A twice continuously differentiable function V : R™ x R x
Rlo — R>¢ is called a stochastic storage function from S to B, with respect to S, in the
k-th moment (SStF-Ms), where k > 1, if it has polynomial growth rate and there exist
convex functions a,n € Koo, concave function tex € Koo U {0}, some constant c € R>g,
some matrices W, W, and H, and some symmetric matriz X of appropriate dimension
such that

D3 XDy <0, (3.4)
where Dy is given in (3.2), and Vo € R", V& € R?, and V0 € R one has
(b (z) = ha(2)]*) < V (2, 4,0), (3.5)
and Vz € R, V& € R, Vi € R™ Ju € R™, such that Vi € RP Yw € RP, one obtains
LV (z,%,0) < —n(V(x,,0)) + Yo (||0]|F) + 2T X 2 4 c, (3.6)
where z = Cyf + Dgug and
e e ]
ho(x) — Hha(Z)

The second condition (3.6) implicitly implies the existence of a function v = k¢(x, &, 4)
to choose u for any z, &, and 4. We call this function an interface function. We use
notation 3 < X if there exists an SStF-Ms V from 3 to ¥. The stochastic hybrid
system 3 (possibly with 7 < n) is called an abstraction of ¥. This reduction in the
dimensionality of the state-space from the concrete system to its abstraction can be
viewed as a model-order reduction scheme.

Remark 3.2.3. If Cy is the zero matrix, and Dy is the identity matriz, then the quadratic
term in (3.6) reduces to the one in [ZA17; AZ17b], with

=t i)

Remark 3.2.4. Condition (3.4) has also appeared in various forms in the literature as
a necessary condition for deriving asymptotic stability from dissipativity properties of a
system. See for example [TB11].

3.2.2 Stochastic Simulation Function

Now, we recall a slightly adapted version of the notion of stochastic simulation function
introduced in [ZRE17]. This notion is appropriate for relating interconnected systems
without internal inputs and outputs.
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Definition 3.2.5. Let
Y= (Rna Rm,u7 fa g, p, Rqa h)

and

= (R™,R™ U, f,5,, R, h)

be two stochastic hybrid systems. A twice continuously dzﬁerentmble function V : R™ x
R" x Rle — R>o s called a stochastic simulation function from S to ¥ in the k-th
moment (SSEF-Ms), where k > 1, if there exist convex functions a,n € Koo, concave
function Yext € Koo U{0}, and some constant c € R>q, such that Vo € R", Y& € R*, and
V0 € R, one has

a(|[h(z) = h(@)]*) < V(z,#,6), (3.7)
and Vo € R*, Vi € R? Vi € R™ Ju € R™ such that

,CV(.CE, ‘%79) < —H(V(%f@a 0)) + ¢ext(”aHk) +c. (38)

We say that a stochastic hybrid system S is approximately simulated by a stochastic
hybrid system X, denoted by 3 <ag %, if there exists an SSF-Ms function V from ¥ to
Y. We call & (possibly with lower dimension 71 < n) an abstraction of 3.

The next theorem shows the important of the existence of an SSF-Ms by quantifying
the error between the output behaviors of ¥ and the ones of its abstractions X.

Theorem 3.2.6. Let
Y= (Rna Rma u7 f’ a,p, Rqﬂ h)a

and
5= (RY,R™ U, f,&,p,RI, h)

be two stochastic hybrid systems. Suppose V' is an SSF-My from S to ©. Then, there
exists a KL function B, a Koo function Yext, and some constant ¢’ € R>q such that for
any U € u, any random variable a and G that are Fo-measurable, and any 0y € R,
there exists v € U such that the following inequality holds for any t € R>q:

E[||¢an(t) = Cao (0)IIF] < BBV (a,@,00)], ) + vec(E[[[2]|5]) + ¢’ (3.9)
Proof. The proof is similar to the one of Theorem 3.5 in [ZRE17]. O

In the next section we first provide a definition of interconnected stochastic hybrid
systems. We then provide conditions under which we can construct abstractions of
interconnected stochastic hybrid systems in a compositional way.
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Figure 3.1: Interconnected stochastic hybrid system defined in Definition 3.3.1

3.3 Interconnected Stochastic Hybrid Systems

Next definition provides a notion of interconnection for stochastic hybrid subsystems
investigated in this chapter.

Definition 3.3.1. Consider N € N> stochastic hybrid subsystems
Ei = (Rniv Rmi? Rpi)“ia W’i7 f’ia Oiy Piy quiqu%a h’li7 h’2i)7

where i € [1;N], and a matriz M (the interconnection matriz) of an appropriate di-
mension defining the coupling of these subsystems. The interconnected stochastic hybrid

system
E = (an Rma“? f7 07 pa ]Rq’ h)?

denoted by Z(X1,...,XN), follows by n = 21111 n;,m = Zf\;l mi,q = Zl]\il q1i, and the
functions

f(x,u) = [fi(z1,ur,wr);. .5 [N (2N, un, W), (3.10)
o(x) = [o1(x1);...;0n(zN)], (3.11)
p(2) = [pr () -5 pv () (3.12)
h(x) = [h11(x1); ey th(l‘N)], (313)
where w = [u1;...;uNn], = [x1;...;2N] and with internal variables constrained by
[wi;...;wN] = Mlha1(z1); ... ; han (2N)]. (3.14)

Assume we are given NN stochastic hybrid subsystems
i = (R™,R™ R U, W, fi, i, pi, RT Ry, h),
together with their corresponding abstractions

ii = (Rﬁivaz.aRﬁiaah Wia fi? a-ia ﬁi?Rq1i> R(biv ill’iv I:LQZ)
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3.3 Interconnected Stochastic Hybrid Systems

and with SStF-M, V; from 3; to 3;. We use ai, Mi, Yiext, Ao,y Bo,, Co,, Dy,, Hi, Wi,
W;, and X; to denote the corresponding functions, matrices, and their corresponding
conformal block partitions appearing in Definition 3.2.2.

The next theorem provides a compositional approach on the construction of abstrac-
tions of networks of stochastic hybrid systems.

Theorem 3.3.2. Consider an interconnected system ¥ = Z(Xq,...,Xn) induced by
N € N> stochastic hybrid subsystems 3; and the interconnection matriz M. Suppose
each subsystem >; admits an abstraction ﬁ)z with the corresponding SStEF-Ms V; with
respect to 3o, = (Ay,, By, Co,, Dy,), i € [1; N]. Suppose there exists p; > 0, i € [1; N],
symmetric matrix Q = 0, and matriz M of appropriate dimension such that the matriz
(in)equalities

< ~ M
A0+ @an Qops ||
q
T
{WM} STBLQ 0
I3
wa” | WM
+[CD DDS[ I ]] [CD DDS|: I ]] =0, (3.15)
g g
UNXN
WMH =WM, (3.16)

are satisfied, where § = Zf\il qoi, and

W = diag(W1,...,Wy), W = diag(W1, ..., W),
H = diag(H,..., Hy), (3.17)

AD = diag(Agl, Ce ,A@N), BD = diag(Bgl, e ,BQN),
CD = diag(Cgl, ey CQN), DD = diag(Dgl, cee ,D@N), (318)
and S is the following permutation matriz:

M1,

vy Ory ooe Oy

Or,  Or, Orpr
OT‘Wl OTW2 OT‘WN ITHl OT‘H2 OT’HN
OTWI ITWZ OTWN OTHI OTHZ OTHN
S=|Orw, Oryy oo Onpy Oy Ly, oo Orgy ’ (3.19)
Orw, Ory, <o Iryy Oy, Opy Oy,
_OTwl OTW2 OTWN OTHl O’I“H2 I”'HN m

where, for each i € [1;N], rw, and rg, denote the number of rows in W; and H;,

respectively. Then
N

V(x,2,0) =Y uVi(zi,2,0;) + 67 Q0,
=1
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Chapter 3 Compositional Abstraction of Stochastic Hybrid Systems

where § = [01;...;0n5] € R [y = Zi]illgi, is an SSF-Ms from the interconnected
Dy

system 3= I(Xfl, .. N), with the coupling matriz M, to 2.

Proof. The proof is inspired by that of Theorem 4.2 in [ZA17]. First we show that the
inequality (3.7) holds for some convex Ko function . As also argued in the proof of
Theorem 4.2 in [ZRE17], for any = = [z1;...;2n] € R?, any & = [#1;...;@y] € R?, and
any 0 := [01;...;0n] € R, one gets:

N
(@) = h(@)[F < NI e - hoa(@))*

i=1
) N

< Note BN "o (Vi 24, 65))
i=1

< Q(V(l‘, z, 9))7

for any k£ > 1, where « is a K, function defined as

N
max Nmax{§,1}—1 Oéi_l(sz')
Q(S) = 50 i=1 (320)

st. pls=s,

where 5= [s1;...;5y] € RY and p = [u1;. .. ; uy]. The function a is a concave function
as argued in [ZRE17]. By defining the convex function! a(s) = a~!(s),Vs € Rxq, one
obtains

o[l (@) = b (&)[1F) < V (2, &,0),

satisfying inequality (3.7). Now we prove the inequality (3.8). Consider any =z =

[1;...;2n] € R™, & = [21;...;8x] € R, and 4 = [G1;...;0n] € R™. For any
i € [1; N], there exists u; € R™i consequently, a vector u = [uy;...;un] € R™, sat-
isfying (3.6) for each pair of subsystems ¥; and ¥; with the internal inputs given by
[wi;...;wn] = M[hoi(z1);...;han(zn)] and [Wy;...;0N] = M[ha1(Z1);. .. hen(ZN)],

respectively. The dynamics of Xg,, i € [1; N], can be lumped together into a single

'The inverse of a strictly increasing concave (resp. convex) function is a strictly increasing convex
(resp. concave) function.
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3.3 Interconnected Stochastic Hybrid Systems

auxiliary system as the following:

W1w1 — Wl’lfjl

. WN’UJN—VAVNUA}N
0(t) = Ap(t) + BpS N
®) pf(t) b ho1(z1) — H1ho1(21)

| hon(zn) — Hyvhon (i)

(WM

= Ap0(t) + BpS ||
L ‘q

W1w1 — Wl’lfjl

WNU}N — WNQf]N

z(t) = Cpb(t) + DpS har (21) — Hlil21(j71)

| hon (zn) — Hyvhon (n) ]

hoi (1) — Hyhg (71)

hon (zn) — Hyhon ()

h21($1) - Hlilm(fcl)

9

= 0pb(t) + Dps | M : , (3.21)
L fq L
han(zn) — Hyhon (ZN)
where z = [z1;...;2y5]. We now consider the infinitesimal generator of the function V,

and employ the previous auxiliary system and conditions (3.15) and (3.16) to derive the

chain of inequalities given in (3.22), where ¢’ = Zf\i 1 iCis
- 0, -

On
hzl(xl)*thzl(fl) ’

Lhon (zn5) — Hyhon (25)]

and the functions 7 € Koo and vext € Koo U {0} are defined as

n(s) :

wext (S) =

. N
Is%_lg Zi:l pini(8;)

s.t.

p's=s,

1?235( Ezj\il :U'iwiext (31)

s.t.

18] <'s.

(3.23)

(3.24)

(3.25)
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Chapter 3 Compositional Abstraction of Stochastic Hybrid Systems

M=

LV(2,2,0) = wilVi(zi,2:,0:) +07Q0 + 07 Qb
i=1
N . ~ ~ .
< Z,Ui ( ns(Vi(wi, T4, 605)) + wzext(Hﬁz”k) + 2l Xz + Ci) +6TQ0+67 Q0
=1
N N [ 21 r w1 X1 21
:—Zumi(Vi(mi,@,@i))+Zui¢iext(\|ﬁi|\k)+ : : :
=1 i=1
| ZN unXn] |Lzn
——
- - WM
ABQ+ QAp QBDS{ I }
+O(z,0)" T ! O(z,0) + ¢
{WM} STBLQ 0
I ]
N N
== pami(Vi(wi, #,60:) + > pithie ([ ]|")
=1 =1
r - - M
ALO+OAp  OBpS m }
+O0(z,0)" T ! O(z,0)
{WM} STBLQ 0
Ll g
- T 1 X1
+ 0,07 |Co DDS{V‘;{”H {CD DpS {W]{”H@@,e)
L q q
unXn
+c
< —n(V(2,£,0)) + ve([@]*) + ¢, (3.22)

It remains to show that 7 is a convex function and e is a concave one. Let us recall
that by assumption functions 7;, Vi € [1; N], are convex functions. Thus the function
n above defines a perturbation function which is a convex one; see [BV04] for further
details. Again, by assumption ¥;et, Vi € [1; N], are concave functions. By similar
reasoning, we conclude that e is a concave function. Hence, we conclude V is an
SSF-M, function from 3 to 3. O

Remark 3.3.3. If Cy, is the zero matriz and Dy, is the identity matriz (i.e. g, is a
static map), ¥i € [1; N|, then matriz inequality (3.15) reduces to matriz inequality (15)
in [AZ17b, Theorem 7] (which is a stochastic counterpart of matriz inequality (IV.1) in
[ZA17, Theorem 4.2]).

Remark 3.3.4. The matriz inequality (3.15) is linear with respect to the decision vari-
ables Q and p = [t1;. .5 un] , and matriz equality (3.16) is linear with respect to the
decision variable M, which can be solved by using readily available software packages
such as YALMIP [Lof04).
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3.4 A Class of Stochastic Hybrid Systems

In the next section, we consider a specific class of stochastic hybrid systems ¥, and
a specific candidate SStF-My function V. We derive conditions facilitating the con-
struction of 3 as an abstraction of ¥ and such that V is an SStF-Ms, from 3 to X.

3.4 A Class of Stochastic Hybrid Systems

We consider a specific class of stochastic hybrid systems with the drift, diffusion, reset,
and output functions given by

dE(t) = (AL(t) + Bu(t) + Bp(t, FE) + Duw(t))dt + GdW, + Z RidP},

i=1

G(t) = CR¢(1), (3.26)

where A € R"*" B € R*™*™ D € R"™P E € R™ F e R»*" G € R R, € R",Vi €
[1;r],C1 € RO*™ and Cy € R2*™, The vector R; and scalar A; > 0 (rate of the Poisson
process), Vi € [1;r], parametrize the jumps associated with events i. The time-varying
non-linearity is the one considered in [AC11], which satisfies an incremental quadratic
inequality: for all M € M, where M is the set of symmetric matrices referred to as

incremental multiplier matrices, the following incremental quadratic constraint holds for
all t € R>p, and Ky, ko € R

ki — Ky g ko — k1
(70(75’ k2) - @(ta kl):| M |:(,D(t, k2) - ‘P(t, k?l):| 2 0. (3'27)

To facilitate subsequent analysis, we write matrix M in the following conformal parti-
tioned form

(3.28)

- [My Mm]
M = :
[Mf; Moy

We use the tuple
Y= (A,B,Cl,CQ,D,E,F,G, R,(p,A),

where R={Ry,..., R} and A = {\1,..., A}, to refer to the class of system of the form
(3.26). We now consider a specific candidate function and derive conditions under which
it is an SStF-Ms from X to X.

3.4.1 Stochastic Storage Function

Here, we consider a candidate SStF-Ms of the form

Vi(z,#,0) = (x — P#)TM(z — P2) + 6T A9, (3.29)
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Chapter 3 Compositional Abstraction of Stochastic Hybrid Systems

where P, MT = M » 0, and A = AT = 0 are matrices of appropriate dimensions.
In order to show that V(z,%,0) in (3.29) is an SStF-My from an abstraction ¥ to the
concrete system X, with respect to ¥y = (Ag, By, Cq, Dg), where By = [Bl Bg] and

Dy = [Dl Dz], we require the following assumptions on the concrete system ¥ and on
3g.

Assumption 3.4.1. Let ¥ = (A,B,C1,C2,D,E, F,G,R,p,\). There exist matrices
M =0, K, X, L, Z, W, A, Ay, Cq, By := [By1 Ba], Dy := [D1 D3], and positive
constants & and K, such that

DYXxDy =<0,
and the following (in)equalities hold,
D = ZW, (3.30)
A MZ M(BL,+E) CIBTA
Z'M 0 0 BfA
(BLi+E)YTM 0 0 0
AByCy AB; 0 AdTA + AAy
—iM + CIDIXDyCy — FTMyF CIDIXD, —FTM;, CIDITXCy
- DT X DyCy DI XD, 0 DIXCy
- —MlTQF 0 — Moo 0 ’
CT X DyC CFXD, 0 Ca" XCy— RA
(3.31)
where
A = (A+ BK)'M + M(A + BK). (3.32)

An equivalent geometric characterization of (3.30) is given by the following lemma.

Lemma 3.4.2. Given D and Z, the condition (3.30) is satisfied for some matrix W if
and only if

im D Cim Z. (3.33)

Remark 3.4.3. Remark that when the non-linearity in (3.26) reduces to the one de-
scribed in [ZA17, Section V] and ¥q is a static map, matriz inequality (3.31) reduces
to (V.5) in [ZA17, Theorem 5.5]. Note also that in the absence of the non-linearity
in (3.26), matriz inequality (3.31) is feasible if the pair (A, B) is stabilizable and Ag is
Hurwitz.

Now, we provide one of the main results of this section showing under which conditions
V in (3.29) is an SStF-Ms.
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3.4 A Class of Stochastic Hybrid Systems

Theorem 3.4.4. Let
E = (A, B, Cl, CQ,D,E, F, G, R, @, )\),

and

¥ =(A,B,C1,Cy,D,E,F,G,R, ¢, \),
with the same external output dimension. Suppose Assumption 3.4.1 holds and there
exist matrices P, @, H, W and Lo of appropriate dimensions such that:

AP = PA— BQ (3.34a)
C1P=0Cy (3.34b)
CoP = HC, (3.34¢)

FP=F (3.34d)

E=PE+ B(Ly — Ly) (3.34¢)

PD = ZW. (3.34f)

Then, function V' defined in (3.29) is an SStF-Ms from S to X, with respect to Ly =
(Ag, Bg, Cy, Dy).
Proof. We note that from (3.34b), Va2 € R" and Vi € R™, we have ||Ciz — C14]]2 = (z —

P#)TCTCy(z— P#). Tt can be readily verified that %HCW —Ch&|? < V(x,,0)
max 1
Amin (M)

for all # € R, implying that inequality (3.5) holds with a(r) = T (CTCD
max 1

r € R>p, which is a convex function. We proceed to prove inequality (3.6). By the

definition of V', one has

r for any

8,V =2(x — P2)TM,
0;V = —2(z — P£)TMP,
OpeV =2M,
8;:V =2PTMP.
Following the definition of £, for any = € R”, & € R™, 6 € R, one obtains:
LV (z,3,0) = 2(x — P#)TM(Az + Ep(Fz) + Bu + Dw)
—2(x — P&)TMP(Az + Ep(F2) + Bi+ Do) + GTMG
+GTPTMPG + 2(x — P2)"M Y MR+ NRYMER;
i=1 =1
—_~ F ~ A F ~ A —_~ A
—2(x— P&)"M Y ANPR+Y MRTPTMPR,
=1 i=1
Ww — Wi ] )

T
+ 26 A(Ade +[B; B [ Con e HOw
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Given any z € R?, & € R™, and @ € R™, we use the following interface function to choose
u € R™:

u=K(z — P) 4+ Q& + R+ L1p(t, Fx) — Law(t, Fi), (3.35)

where Lo, Q, and R are matrices of appropriate dimension. Using the interface function
in (3.35), and the conditions (3.30), (3.34a), (3.34d), (3.34¢), and (3.34f), one obtains:

LV (z,2,0) = 2(x — P#)TM (A(m — Pi) + BK(z — Pi)

Y ZWw — ZWi + (BR — PB)a+ (BL, + E)&p)

+GTMG + G"PTMPG + > NRIMR; + Y \RIPMPR
=1 =1

+ 2(13 — PJA,‘)T]/W\(Z NR; — Z S\ZPRZ) + QQTAAdQ
i=1 i=1
+ 20T ABy (Ww — W) + 207 ABy(Cox — HCo),

where 0p = @(t, Fz) — go(t,ﬁ #). Using Young’s inequality [Youl2], Cauchy-Schwarz
inequality [MV70], (3.31), and (3.34c), one obtains the upper bound for LV (z,&,0) as
given in (3.36), where 7, 7" € Ry satisfy 7 + 7’ < &, K = min{s — 7 — 7/, R}, and

e=GTMG+GTPTMPG+Y NRTMR:+Y  ARTPTMPR;, (3.37)

i=1 i=1

VM (z NRi— S }ipzfzi) |12
_ i=1 i=1

¢ - (3.38)
Here, we have used the fact that for any x € R" and any & € R”, one has [AC11],
T T
x— Pz F Olk:| ~ |:F Ol:| |:JZ—P:I?:|
M k > 0. 3.39
[ op } [Olk Iy, 0y, 1oy, op N ( )

Using the upper bound (3.36), the inequality (3.6) is satisfied, implying that V' is an
SStEF-My from ¥ to X, with respect to Xy = (Ag, By, Cy, Dp), with the convex function

N(RP_PR)I2
n(s) = ks, concave function Yex(s) = ”\FM(B%S,VS € R>p, matrix X, and ¢ =

c+c. O

Remark 3.4.5. Note that matriz R is a free design parameter in the interface function.
As explained in [ZA17] and [GP09], one can choose R to minimize the function Vex for
V' and, hence, lower the upper bound on the error between the output behaviors of ¥ and
. The choice of R minimizing text is given by

R=(BTMB) 'BTMPB. (3.40)
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z—Pi " A MZ M(BLi+E) CIBTA z— Pi
R L Z'™ 0 0 BT A Ww — Wb
o dp (BLi + E)'M 0 0 0 dp
6 AB2C AB; 0 AgTA+ AAy 6

+2(z — P2)"M(BR — PB)i + 2(z — P2)T (Z)\R ZAPR)

e—Pi 1" [=aM + CTDIXDoCy — FTMuF CIDIXD, —FTMy, CTDTXCy

< |[Ww - W DF X D5Cs DY XD,y 0 DY Xy .
= S —MLF 0 —Mas 0
(%) CgXDQCQ CgXD1 0 CdTXCd — RA

. IVM(BR - PB)|?
™

+2(z — P&)"M(BR — PB)a+2(z — P2)" M (Z NiRi = XL-PRL) +e

< —(k—m—n)(z—Pi) Mz — Pi la)? — 76T A6
L z—Pi]" [F olkTM F 0] [z - Pz

(5(,0 Olk ]lk Olk [lk (5(,0

N T N
T | Ww—Ww Ww — W

0 D1 D A X 0 D1 D A ¢
+(Cd + [Ds 2] {Cz:cHCﬁ:}) (Cd + [Ds 2] [OQ$H02£:|>+C
VM (Zr: MR- Y ;\z‘PRz‘) 12

=1 i=1

’

+

i

< —(kh—m—n)(x—Pi) Mz — Pi) — ROTAO + lal? + 27Xz +e+¢

VM (BER - PB)|?

VM(BR — PB)|]?

< —&V(x,#,0) + TXz4e+¢ (3.36)

Remark 3.4.6. The constant c, can be also minimized, thereby lowering the upper bound
on the error between the output behaviours of ¥ and 3. One can choose G to be the zero
matriz and choose \ and R to solve the following optimization problem:

; 2 MROYMP(S MR (
arg min Y \RFPTMPR; — —=° i=0 =

/
™ s
RA>0

M-

NRT PTMP(Z AiR;)

(3.41)
where \ = {5\1, A ;\r} and R = {]%1, ... ,R?}. This optimization problem is, in general,

a non-conver one.

Remark 3.4.7. The matriz inequality (3.31) is bi-linear in ]\/4\, K, Ly, Z, and linear in
X and A if we fix k, R, and the matrices Ag, By, Cy, and Dy.

In the following theorem we show that conditions (3.34a), (3.34b), (3.34c), (3.34d),
and (3.34e) are not only sufficient, but also necessary for (3.29) to be an SStF-My from
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3 to ¥, provided that the interface function is as in (3.35) for some matrices K, @, R, L1,
and Lo, of appropriate dimensions.

Theorem 3.4.8. Let
¥ =(A,B,C1,Cy,D,E,F,G,R, ¢, \)

and

i = (Avévébé%f)vﬁ‘?ﬁ’vév ﬁ)S(J);\)v
with the same external output space dimension. Assume that G = G = 0, and R; = R, =
0 Vi € [1;¢], where O represents the zero matrices of appropriate dimensions. Suppose that
V', defined in (3.29), is an SStF-Ms from S to X, with respect to g = (Ag, Bg,Cq, Dy),
with the interface function given in (3.35). Then equations (3.34a), (3.34b), (3.34c),
(3.34d), and (3.34e) hold.

Proof. Since V is an SStF-Ms from 3 to Y, there exists a Ky function « such that
|Ciz — C1i|)? < o (V(x,#,0)) for any = € R", any & € R?, and any # € R%. From
(3.29), it follows that |C} Pi — C12||? < a~'(V(P#,#,0)) = 0 holds for all # € R which
implies (3.34b). Let us assume that DI XDy # 0. To prove (3.34c), we consider the
inputs w = 0,%w = 0,4 = 0, and choose x = P% and # = 0 in (3.6). One has:

0 < (CoPz — HCo2)T DI X Dy(Cy P2 — HC o), (3.42)

for all # € R™. Since DY XDy < 0, and DI XDy # 0 by assumption, one obtains
CoP — HCy = 0, which implies (3.34c). Consider the input signals © = 0,w = 0,0 = 0.
It can be easily seen that the subspace {(x,2,0) : ¢ = PZ,0 = 0} C R” x R x R% is
invariant [Kha96], which implies that when £(0) = P£(0) and &(0) = 0, one has:

~

E(t) = PE(t), &(t) =0, d&(t) = PdE(t), (3.43)
for all ¢ € R>(, from which we derive that
(APE(t) + BQE(t) + BLip(t, FE(t)) — BLop(t, FE(t)) + E(t, FPE(t)))dt
= (PAE(t) + PE@(t, FE(t)))dt, (3.44)

for all t € R>q, thus implying (3.34a), (3.34d), and (3.34e). O

3.4.2 Geometric Interpretation of Different Conditions

In this section, we provide geometric conditions on matrices appearing on the definition of
3, of stochastic storage function and its corresponding interface function. The geometric
conditions facilitate the construction of the abstraction. First, we recall the following
result from [GP09], providing necessary and sufficient conditions for the existence of A
and @ satisfying (3.34a).
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Lemma 3.4.9. Consider matrices A, B, and P. There exist matrices A and Q satisfying
(4.36a) if and only if

im AP Cim P +im B. (3.45)
Similarly, we provide necessary and sufficient conditions for the existence of Co and
E, L, satisfying (3.34c) and (3.34e), respectively.
Lemma 3.4.10. Given P and Cy, there exists matriz Co satisfying (3.34¢c) if and only
if
im CoP Cim H (3.46)
for some matriz H of appropriate dimension.
Lemma 3.4.11. Given P, B, and L1, there exist matrices E and L, satisfying (3.34e)
if and only if
im £ Cim B+im P. (3.47)
Lemmas 3.4.9, 3.4.10, and 3.4.11 provide sufﬁcAier{t and necessary conditions on P
and H, resulting in the construction of matrices A, Cs, and F and matrices Q and Lo

appearing in the interface function (3.35). The next lemma provides a sufficient and
necessary condition on the existence of D satisfying (4.36e).

Lemma 3.4.12. Given Z, there exists matriz D satisfying (3.34f) if and only if
im ZW Cim P, (3.48)
for some matriz W of appropriate dimension.

Although condition (3.48) is readily satisfied by choosing W = 0, one should prefer-
ably aim at finding a nonzero W with the highest possible rank to facilitate later the
satisfaction of compositionality condition (3.16).

3.4.3 Construction of Abstraction

We summarize the construction of abstraction 3, stochastic storage function V' in (3.29),
and its corresponding interface function in (3.35) in Table 3.1.

Remark 3.4.13. One way to solve the matriz inequality (3.31) is as follows: First, we
select arbitrary Cy and Dy = [Dl Dg], and solve the following bilinear matriz inequality

(BMI) for i, X, M, and L1 :

[ A MZ M(BLy +E)
ZTM 0 0
(BLi+E)"M 0 0
[—iM + CTDYXDyCy — FTM\ F CFDIXD, —FMy,
= DT X D,Cy DIXD, 0 : (3.49)
i -MLF 0 — Moo
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10.

11.

12.

13.

. Choose matrix Z such that (3.33) is satisfied;
. Choose W such that D = ZW;

. Choose matrices ]\//_7, K, L1,\, X, Ay,Cy, By = [By Bs|,Dy = [D1 D3], and

constants &, & such that (3.31) is satisfied (see Remark 3.4.13);

. Determine matrix P of lowest rank with ker P = 0 that satisfies (3.45), (3.46),

(3.47), and (3.48) (see Remark 3.4.14);

. Choose A and Q according to (3.34a);

. Choose Ly and E according to (3.34e);

Compute F' = FP;

. Compute Cy = C1P;

. Choose G = 0. Choose R = {Rl, e ,R;} and A = {5\1, o ,5\;} according to

(3.41);

Choose Cs satisfying H Cy = CyP for some H ;

Choose D satisfying PD = ZW for some W with the highest possible rank;
Choose B freely (e.g. B = I; making ¥ fully actuated);

Compute R, appearing in (3.35), according to (3.40);

Table 3.1: Construction of & = (121, B, C’l, Cs, D, E, F’, G, FAQ, v, 5\) together with the correspond-
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We then solve the following bilinear matriz equation for k, A, and Ag:
ATA + AAy = CTXCy — RA.
Finally, we solve the following linear equations for By = [Bl Bg}:
AB; = CJ XDT,
ABy = Cf X Ds.

Remark 3.4.14. One way to satisfy the geometric conditions (3.45)-(3.48) is to start
with a scalar abstraction (i.e. 7 = 1) and pick P to be an arbitrary column vector,
and check if (3.45)-(3.48) hold. If not, then increase the state-space dimension of the
abstraction by one (i.e. 7 = 2), add a linearly independent column vector to P, and
check again if (3.45)-(3.48) hold. Repeat this process until (3.45)-(3.48) are satisfied.
Note that in the worst-case scenario, this process will terminate when 1 = n (i.e. the
state-space dimension of the concrete subsystem and abstraction are equal).

In the next section, we provide two examples for compositional construction of ab-
stractions of a network of stochastic hybrid systems using the technique presented in the
paper. First, in a physically motivated example, we construct a compositional abstrac-
tion of a network of resistor-capacitor (R-C) circuits affected by stochastic noise. In the
second example, we illustrate the advantage of using a linear control system >y over
just a static map (which was used in [ZA17; AZ17b]) to conclude the joint dissipativity
property of a concrete subsystem and its abstraction.

3.5 Examples

3.5.1 Case Study - Electrical Network

Consider an interconnection of n first order R-C circuits. The i-th R-C circuit has a
dynamic given by:

RiCi RZ‘CZ' Ci
+ 7dP;, (3.50)

1 1 1
doe, = <_ Ve; + Vs; + U~]Z> dt+wdW;

where w € Rso,7 € Ryg, @ € [1;n], vs; € R represents the input source voltage (ex-
ternal input), v,, € R is the voltage across capacitor, C; is the capacitance, R; is the
resistance, and w; € R is the total current inflow from other R-C circuits in the net-
work. The continuous noise and jump terms represent the thermal noise (also known
as Johnson-Nyquist noise) and the so-called Shot noise [HHRS80], respectively. Assume
the rate of the Poisson process P, is A. For illustration purposes, in this example we
fix R; = 1 Ohm, and C; = 1 Farad Vi € [1; N]. We consider the above intercon-
nected system as an interconnection of N concrete subsystems ¥;, ¢ € [1; N], wherein
each subsystem 3; is formed by clustering n; R-C circuits (n; < n). We also add a
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non-linearity belonging to the class of nonlinearities presented in this chapter. Each
subsystem, ¥; = (AZ-,Bl-,C’u,Im-,DZ-,1m,1gi,w1m-,71m,<p, A), generates a scalar exter-
nal output:

d&; = (Ai&i + Biui + Diw; + Tnip(T7,€:))dt
—|—meth + TdePt,

Ei :
C1i = Cui&,
Ci =&,
where & = Liv, v = [ve;. .30, ], Li = [ei; ... eim,], €ij € RX™ ig a row vector whose

k-th element is defined as

(3.51)

() {1 if k-th R-C circuit is part of the i-th cluster
e..n =
ij

0 otherwise,

A;, Bi, D; € R™*" are readily obtained from (3.50), Cp; € RY™ ™ w; = Livs, vs =
[Vsy; .- 50s,], wi =Ly , W = [W1;...;Wy], and ¢ : R — R is defined as

o(z) = sin(z).

The interconnection topology in this example is given by

n—1 -1 -1
-1 n-1 -1 ... -1
M=—| -1 -1 n-1 ... -1 | (3.52)
| -1 oo =1 n—1]

The interconnection topology represents a fully-connected interconnection topology.
We aggregate each 3; into a scalar deterministic abstraction X; = (A;, By, C14,1,1,1,1,0,0, ¢, 0)
given by the following dynamics

A dé; = (A& + Biti; + 1y + p(&))dt
2i 19 i = O,
C2i = &iy
where A; satisfies Aifni = Tnifli, Bi is chosen arbitrarily (in this example we choose

1 y éli == Clzfnl The function V:L(I‘Z,Ci‘z) == (xl - Imﬁfz)T(I‘Z — Tnlfﬂz) (1e ]/\4\1 =
I, Ai = 0) is a SStF-Mj; function from ¥; to X;, with the following parameters

I,
/%z’ =2X—2/\T—w2—/\T2,Qi :Oni,Hi ZWZ' = Tn”
Ly = —1p,, Ap, = 0, By, = 0,Cy, = 0, Dy, = Iop,, & = 0, (3.53)
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2 2 .
where x > A\t + 2= + 2= and with a;(r) = WT’ ni(r) = (2x — 2A7 — @w? —
727, Piext (1) = 0, Vr € R>g,and¢; =7 2+ w?. Inputs u; € R™ is given via the interface
funct1on in (3.35) as (i.e. Ry =1, Lo = 1p,)

u; = —x(x; — fnliz) + fm.ql@- — fmgo(lexl) + fnlgp(:ﬁl) (3.54)
By selecting u1 = ... = uny = 1, the function V(x,z,0) = valqu(ml,i“l,@i) is an

SSF- My function from Z to 3, where 3 is the interconnection of the abstract subsystems
3 =Z(31,...,5y) with a coupling matrix M, satisfying condition (3.16) as the following

Mdiag(T,,, ..., 1ny) = diag(Tn,, ..., Iy )M. (3.55)

A matrix M exists satisfying (3.55) if there exist N equitable partitions of the graph de-
scribed by the Laplacian matrix L = — M, which is always true here because L represents
a fully connected graphs, as explained in [GR13].

It can be easily seen that condition (3.15) reduces to

bf r [IO Io] [_IL ] = —(L+ L") 20, (3.56)

which always holds since L = LT > 0, which is always true for Laplacian matrices of
undirected graphs [GR13].

3.5.1.1 Controller Synthesis

Now, we synthesize a controller for the abstract interconnected system S=7 (21, ceey )y N)
to enforce a specification, and then refine the designed controller to the one for the con-
crete interconnected system. We fix n =9, N =3, 7 =02, w = 04,\ = 1,x = 10
and

Cii=[1 0 0],Cio=[0 1 0],Ci3=1[0 0 1].

We synthesize a controller using toolbox SCOTS [RZ16] to enforce the following linear
temporal logic specification [BK08] over the outputs of X:

5
U =0SA (/\ D(ﬂOi)> ADOT) A DTy, (3.57)

i=1

which can be interpreted as follows: the output trajectory of the closed loop system
evolves inside the set S, avoids regions O;, i € [1;5], indicated with blue boxes in Figure
3.2, and visits T;, ¢ € [1; 2] infinitely often, indicated with red boxes in Figure 3.2. We use
(3.54) to generate the corresponding input enforcing this specification over the original
system 3.
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Figure 3.2: The figure shows the output trajectories of the abstract (red) and one realization
of the concrete (black) interconnected systems. The initial point of the trajectories
is represented by the diamond.

3.5.2 Example 2

In this part, we provide compositional abstractions of a network of subsystems wherein
the joint dissipativity property of each concrete subsystem and its abstraction is only
concluded with respect to a linear control system Yy rather than a static map. Consider
an interconnection of IV second order subsystems Y;, where each X; is given by

d&i(t) = (A& (t) + Bivi(t) + Diw;(t))dt,
i Gult) = Cri&i(t), (3.58)
Gi(t) = &(t),
where

T

7

vector e, represents a column vector whose first element is 1 and remaining elements
are zero. For the sake of simulation we choose N = 3, n; = 10, Vi € [1; N]. We consider
the following abstract system ;,

&= (|5 _ysléw+ ]} [}]aw)a
PG =D &,
Coi(t) = &i(1).
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We restrict K; for each ¢ € [1; N] appearing in (3.35) such that the last n; columns
are identically zero. This restriction can appear in practice when for example only some
state variables are available to be measured. With this restriction on the structure of Kj,
one cannot find a storage function with Cp, = 0 in this example. Using the guidelines
shown in Table 3.1 and the solver package Yalmip [Lof04], it can be shown that the
function e
‘/i(.l‘i, Zi, «9,) = (.%Z — P.QA?Z)TM(.Z‘Z — P.Cf?z) + HZTAQZ

is an SStF-M, from 3; to &;, with respect to Yo, = (Ayp,, By,, Cp,, Dy,), Yi € [1; N], with
the following parameters

I, I,
Fi=01,W;=1,,Qi=0,H; =W; =1,,,L1; = 0,A = Ip,,, (3.60)

Op, 0.2071,,
On, —0.5731I,

Ay = —5I,,, By, = [ ] ,Cp, = 0.1I,,., (3.61)

| Ony In, 19477851, —T7.40551,,| _
D = [Om Inj i = [—7.4055Im 1.65261,,, } R =1, (3.62)
with 061(7') = #%T, 771(7') = 0.].7”7 wiext = O,VT' c RZO) and c; = 0. Functions

u; € R™ are given via the interface function:

U; = —Ki(a;i — PZQA}Z) + Tniﬂi, (3.63)

~ —

(i.e. R; =1,,, Ly =0). With the interconnection matrix M given by

(-2 1 0 0 ... 1
1 -2 1 0o ...
1 -2 1 ... 0
M= . . : (3.64)
10 0 ... 1 =2
and by selecting p; = --- = puy = 1, it can be verified that the function V =

N A A
S piViwi, 24,0;) + 076, where 6 = [;;...;0y], is an SSF-My from ¥ to ¥, where 3
i=1

is the interconnection of the abstract subsystems S=7 (f]l, cees by ~) with the coupling
matrix M given by

M=|1 -2 1|, (3.65)

satisfying conditions (3.15) and (3.16). In the simulation, the input signal to the abstract
system is chosen arbitrarily as ©(t) = [sin(¢); 0.1e™t; —t]. Figure 3.3 shows the evolution
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0.025

\ —11¢(t) = €(#)||* (from numerical simulation)

A — -Theoretical bound on ||¢(t) — {(£)]]?
0.02 J

0.015

0.01

0.005

20

Time (sec)

Figure 3.3: The evolution of [|¢(¢) — ((¢)||2, where ¢(£) = [¢11(t);...:Gn ()], and ((t) =
[C11(t); ... ; Cin ()], and the theoretical upper bound obtained for this example ac-
cording to (3.9).

of the absolute value of the error between the output trajectories of the concrete inter-
connected system and its abstraction. One can readily verify that the error is always
bounded by the computed error bound in Theorem 3.2.6.

3.6 Summary

In this chapter, using tools from stochastic calculus and dissipativity theory, we derived
conditions under which abstractions of interconnected stochastic hybrid systems can
be constructed compositionally. We offered two examples demonstrating the composi-
tional construction of abstractions for a network of stochastic hybrid systems based on
the methodology outlined in the chapter. First we applied this approach to a physi-
cally motivated case study, compositionally constructing an abstraction for a network
of resistor-capacitor (R-C) circuits influenced by stochastic noise. In the second exam-
ple, we highlighted the efficacy of employing a linear control system ¥y in contrast to a
static map in establishing the joint dissipativity property between a subsystem and its
abstraction.
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Chapter 4

Compositional Abstraction of
Interconnected Systems with Variable
Topology

4.1 Introduction

In more realistic scenarios, the topology of interconnected systems is not fixed due to
various causes, for example loss of communication between the robot agents due to
occlusion caused by obstacles [SWXO08; OMO04], or failure of switching lines in an electric
distribution grid [Cav+19].

ij]
]
=

shon (zn)]

[wl;...

g 0.6 g
0 =0
Vz oy
U.& 0.1
Ms
t)

0.4

[1].21(:].‘1); vase

Figure 4.1: Interconnected system consisting of stochastic hybrid subsystems with a switched
interconnection topology switching among three matrices (exemplification). The
overall system is modeled as a switched stochastic hybrid system.

Contribution: To accommodate for this scenario, in this chapter, we deal with
interconnected systems wherein the topology is not fixed. We derive conditions under
which compositional abstractions of interconnected systems can be constructed using the
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varying interconnection topology and joint dissipativity-type properties of subsystems
and their abstractions. In this regard, we consider two different cases.

In the first case, we consider a network wherein interconnection topology among the
subsystems, modeled as stochastic hybrid systems, is randomly switching between P
different topologies (see Figure 4.1). We derive conditions under which one can con-
struct an abstraction of a given network of stochastic hybrid systems under randomly
switched topologies in a compositional way. The random switching is modeled using
a continuous-time Markov chain, with each state of the chain representing a different
interconnection topology. In addition, we consider a scenario wherein some of these
compositionality conditions are not satisfied by all the interconnection topologies (cf.
Section 4.2.5). Inspired by a recent result in [WZ17], we show that compositional ab-
stractions of interconnected stochastic hybrid systems can still be achieved under weaker
compositionality conditions, provided that an additional condition on the parameters of
the Markov chain is satisfied. This additional condition on the parameters of the Markov
chain can be interpreted as a probabilistic version of the so-called dwell time condition
used in the context of deterministic switching systems [Lib12]. We illustrate the ef-
fectiveness of the approach by synthesizing a controller to enforce a given specification
expressed as a linear temporal logic formula [BK08] over the interconnected abstraction
and then refining it back to the original interconnected system.

In the second case, we consider networks of deterministic control systems in which
the interconnection topology is governed by a linear dynamical system [Lin84]. In such
interconnected systems, the additional dynamics introduced due to the interconnec-
tion/interaction system has to be taken into account in the compositional reasoning.
We derive conditions under which compositional abstractions of networks of control sys-
tems, interconnected via some dynamic interconnection topology, can be constructed
using the dynamic interconnection and joint dissipativity-type properties of subsystems
and their abstractions. We provide an example to illustrate the effectiveness of the
proposed dissipativity-type compositional reasoning by reducing a 150-dimensional non-
linear system (electric network) to a 3-dimensional one.

4.2 Interconnected Stochastic Hybrid System with Randomly
Switched Topologies

We study the problem of constructing an abstraction of networks of stochastic hybrid
systems. The interconnection topology in this network is randomly switching between
P different topologies. Each topology is modeled by an interconnection matrix. Figure
4.1 shows such an interconnected system.

We first define the infinitesimal generator of a stochastic process which we will later
use to define notions of certificates for abstractions of subsystems in Section 4.2.3. This
definition is similar to the one in Definition 3.2.1.

Definition 4.2.1. Consider two stochastic hybrid systems

Y= (anRvapauvwa f7 U7p7Rq1aRq27 h17 h2)a
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and
ZA] = (Rﬁ7Rm7Rﬁaaawafv&aﬁaquaR(h;iLla 32)7

as in Definition 2.5.1. Consider a twice continuously differentiable function V : R™ x
R — R>¢. The infinitesimal generator of the stochastic process = = [€;&], denoted by
L, acting on the function V is defined as [DS05]:

LV(z,2) = [0V 8:V] V@’u,w)]

f(&,a, )
1 O'(SL‘) AT/ A ax,:cv a$,;iv

+ 5 Tr < [(7(:%)} [O-T(x) o‘T(ZL‘” [8@71‘/ 8@75@‘/])

+) N (Vi@ + p(a)ej, & + pld)e;) — Vi, 1)), (4.1)
j=1

where e; denotes a vector with 1 on the j-th entry and 0 elsewhere.

In the next sub-section, we introduce the model of the randomly switching intercon-
nection topology for the interconnected system.

4.2.1 Switching Interconnection Topology

We model the switching interconnection topology using a continuous-time Markov chain
defined as follows.

Definition 4.2.2. A continuous-time Markov chain is a tuple I1 = (P, Q), where
e P is a finite set with cardinality P, called the state-space of the Markov-chain;
e Q={qij} € RP*? is called the generator matriz.

Associated with 11 there is a stochastic process T : Q2 x R>g — P, on the probability space
(Q, F,P), such that for every firted w € Q, 7(-) = 7T(w,-) : R>g — P. For anyi,j € P
and t € R>o, one has

'Lh h 3 ) .a

P(r(t +h) = jln(t) = 1) = " O TF (12)
1+ qiih +o(h), i = j,

where h > 0, limy_.g @ =0, q; = —Z#j gij, and q;; > 0 are called the transition

jump rates from i to j if i # j. We denote the value of the solution process at time
t € R>g by w(t), and refer to m as the switching process.

We assume that II is ergodic. The ergodicity of Il implies that there exists a unique
stationary distribution denoted by 0s = (0s1, - - -, 0sp), such that for any i, j € P:

lim P(n(t+ h) = j|n(t) = i) = os;- (4.3)

t—o00
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We also assume that 7(-,0) = m(0) is measurable in trivial sigma-algebra Fy. Let {T}},
k € N, be the sequence of times at which switching occurs. The sojourn time S; (the time

to stay in a mode) in each state j € P is exponentially distributed with mean 6; |q1 E
¥

ie. P(S; < 2)=1-—e %, for any z € Rsg. In addition, the sequence {Tky1 — Tk},
where k € N, is a collection of independent random variables and is independent of the
switching process .

4.2.2 Interconnected System

We now show how a switching stochastic hybrid system is induced by the interconnection
of stochastic hybrid subsystems via a switched interconnection topology governed by a
continuous-time Markov chain as in Definition 4.2.2.

Definition 4.2.3. Consider N € N> stochastic hybrid subsystems
X = (R™,R™, R Uy, Wi, fi, i, pi RT R® By, hay),

where i € [1; N]. Consider a continuous-time Markov chain II = (P, Q), as in Definition
4.2.2, with P = {1,..., P}, and switching process w. Consider a set of interconnection
matrices M = {M, ..., Mp}, where each matriz M;, i € [1;P], defines the coupling of
these subsystems. The interconnected switching stochastic hybrid system!

E = (Rn,Rm7u7 P77r7f70—7p7Rq7h)7

denoted by TM (%1,...,%y), follows by n = Zf\il ni,m = Zfil mi,q = Zf\il q1i, and
the function

f(@,u,p) = [fi(zr, ur, wi);. 5 v (@n, un, w)), (4.4)
o(x) = [o1(z1);...;on(2N)], (4.5)
p(x) = [pr(z1);- -'QPN(CUN)L (4.6)
h(l‘) [hn(x ) cens h1N<1'N)], (4.7)
where w = [u;...;un], © = [x1;...;2N] and the internal variables are constrained by
[wl;...;wN] :Mp[hgl(l'l);...;th(xN)], (48)

for any p € P, where p is determined by the switching process .

In the next section, we address the problem of constructing an abstraction of a switch-
ing stochastic hybrid system by introducing a Lyapunov-like function which is used to
establish a quantitative bound between the output of the abstraction and the concrete
system.

'see Definition 2.5.4 for the definition
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4.2.3 Certificates for Abstraction for Networks with Randomly Switched
Topologies

In the following subsection, we introduce the notion of stochastic simulation function
used to relate two switching stochastic hybrid systems. This notion is similar to the one
introduced in Definition 3.2.5, but adapted for switching stochastic hybrid systems.

4.2.3.1 Stochastic Simulation Function

Definition 4.24. Let 1I = (P,Q) be  a  continuous-time
Markov chain with switching process w. Let

Y= (Rn7Rm7u7 P77T7f7 g, paRqah)v

and
3= (R, R™ U,P,7, f,6,p,R% D),

be two switching stochastic hybrid systems as in Definition 2.5.4. A function V : R™ x
R™ x P — Rx is called a stochastic simulation function in the second moment® (SSF-
My), from ¥ to X if V(-,-,7) : R® x R® — Rsq is twice continuously differentiable, it
has a polynomial growth rate Vj € P, and there exist a convex function a € K, concave
function exy € Koo U {0}, and positive constant k, such that Yr € R", Vi € R", and
Vj € P, one has

a([[h(z) = h(@)[) < V (e, &, j), (4.9)
and ¥j € P, Vo € R", Vi € R, and Vi € R™ Ju € R™ such that:
EV(%@,]) < —HV(.T,.@,_]') + ¢ext(”ﬂ”2)' (410)

We say that a switching stochastic hybrid system 3 is approximately simulated by a
switching stochastic hybrid system ¥ if there exists an SSF-Ms V from 3 to ¥. We call
3. (possibly with 7 < n) an abstraction of X.

The next theorem shows the importance of the existence of an SSF-My by quantifying

the error between the output trajectories of 3 and those of its abstraction X.

Theorem 4.2.5. Let II = (P,Q) be a continuous-time Markov chain with switching
process w. Let us consider two switching stochastic hybrid systems

Z = (Rn7Rm7u7 P77r7f7a7p7Rq7h)7

and )
Y= (anRmaz/{? Pvﬂ—? f7 &,ﬁ,Rq, h)

Suppose V is an SSF-Ms from S to . Then, there exists a KL function B and a function
Yext € Koo U {0} such that for any random variables a and a that are Fo-measurable,

2We use the term second moment because the stochastic simulation function is used to quantify the
square of the norm of the error between output trajectories of 3 and 3 (see Theorem 4.2.5).
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and for any U € U there exists v € U such that the following inequality holds for any
te Rzo.‘

E[|Gav (t) = Cao (1) 1P < BELV (a, @, 7(0))], ) +exe (E[|[0]12]). (4.11)

Proof. Note that inequality (4.10) can be written in the so-called implication form, i.e.,
Vo € R", Vi € R? Vi € R™, Ju € R™ such that

LV (z,z,5) < =XV (z,%,j), whenever V(x,z,7) > %ﬂf‘”%, (4.12)
for some 0 < ¢y < k, where \g = Kk — €.
For any r € R>g, we define the following set

[f; 2][| < o
*

where o =0 (4.13)

sup sup  ||[y; 9]
JEP V(y,g.g)=r

B(r):= { [z;#] € R" x R"

We define the following functions

e (r) == sup LV (x,z,7), (4.14)
(z,2,j)€B(r)xP
and
ca(r) == Xo ( sup V(x,i,j)) . (4.15)
(z,2,5)€B(r)xP
When [z; ] € B(p(|[i]|2)), where p(r) := £ it follows that

LV (x, &) < eip([la]?)), (4.16)

and therefore one can write
LV (2,2, ) a2y (2 2) < (calplllall)) Lagpagz)) (5 £)), (4.17)

for any x € R",# € R", j € P. From (4.12), one can readily write

LV (z,2, ) (1 - IB(p(HaHZ))([x;@])) < AoV (z,4,5) (1 — IB(,}(MW))(@;@])) o (4.18)
Therefore, one has
LV (z,2,5) < =NV (2,2, 5) + Clp(|al*) L a2y (15 21), (4.19)

for any z € R", & € R, j € P, where C(r) := ¢1(r) + ca(r). Inequality (4.19) has a form
similar to inequality (3.52) in [Cha07]. Following the subsequent arguments in the proof
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of Theorem 3.29 in[Cha07], one can use Ito’s formula, Doob’s optional sampling theorem
[GS20], the monotone convergence theorem [KS88], and Fatou’s lemma [Rud87] to state
that there exists a concave function ¥ € Ko such that for any © € U there exists v € U
such that the following inequality holds for any ¢ € R>¢:

. _ . I(p(]10]12,
EIV (600, €0, w(0)] < e v (€00), €0, m(0)) + LD az0)
Using the convexity of « in inequality (4.9) and Jensen’s inequality [Rud87], we obtain
the following inequality which holds for any ¢t € R>g

E[||Cav (t) = Cao () 7] < BE[V (a, @, 7(0))],1) + Yest (B[ 0112, (4.21)
where the functions 8 and eyt are defined as

B(r,s) = a~}(2re™ %),
Yext (1) = a” ! <A2019 <%:O(T))> : (4.22)

O]

Finding such a stochastic simulation function between a high-dimensional switching
stochastic hybrid system (e.g. one induced by the interconnection of large number of
subsystems) and a candidate abstraction can be difficult. To circumvent this problem,
we adopt a bottom-up approach by utilizing a local certificate, namely stochastic storage
function similar to the one defined in Definition 2.5.1, to relate each (stochastic hybrid)
subsystem with its respective abstraction. Later, in Section 4.2.4, we derive conditions
under which one can compositionally construct a stochastic simulation function between
the concrete interconnected system and the interconnection of abstractions of subsystems
from these local certificates.

4.2.3.2 Stochastic Storage Function

To relate two stochastic hybrid subsystems, we recall the notion of stochastic storage
function from Definition 2.5.1, adapted from the notion of storage functions from dissi-
pativity theory [AMP16]. The notion we introduce here is similar to the one defined in
Definition 2.5.1, with the restriction that the joint dissipativity properties are defined
with respect to a static map, instead of a dynamic map, whose input is the (internal)
inputs and outputs of the subsystems and their abstractions.

Definition 4.2.6. Let
Y= (Rn7 Rm? RP’ Z/{, W7 f7 g, P, R% ) R(p? h17 h2);

and
5= (R*, R™, RP, U, W, f, 6, p, R?,R%, hy, hy),
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be two stochastic hybrid systems as in Definition 2.5.1 with the same external output
space dimension, and with solution processes & and é, respectively. A twice continuously
differentiable function S : R™ x R® — Rx is called a stochastic storage function from )
to X in the second moment (SStF-Ms), if it has polynomial growth rate and if there exist
convez function o € Ko, concave function exy € Koo U {0}, some positive constant k,
some matrices W, W, and H of appropriate dimensions, and some symmetric matric X
of appropriate dimension with conformal block partitions X% i, j € [1;2], with X** <0,
such that Yz € R™ and Vi € R™, one has

a(lln(z) = ha(2)]%) < S(z, ), (4.23)

and for any x € R", & € R, and & € R™ there exists u € R™ such that for any @ € RP
and any w € RP, one obtains

LS(x,8) < —rS(x, &) + Yexs ([ 2]1?) (4.24)
[ Ww — W ]T [X” X12] [ W — W ]
ho(x) — Hha(2)| | X* X?2| |ho(z) — Hho(&)]

Condition (4.24) implies the existence of a function u = k(z,Z, %) to choose u for any
x,Z, and 4. We call this function an interface function. The stochastic hybrid system X
(possibly with 72 < n) is called an abstraction of 3.

4.2.4 Compositionality Result

The next theorem, inspired by Theorem 7 in [AZ17a] and adapted to account for ran-
domly switched topologies, provides a compositional approach on the construction of
abstractions of networks of stochastic hybrid systems under randomly switched topolo-
gies.

Assume we are given N stochastic hybrid subsystems

Zi = (an, Rmi: Rpiauiv Wi: fiv 04, Pi, una qua hlia h2z)
together with their corresponding abstractions
ii = (Rﬁi,Rmi,Rﬁi,ai, Wi7 fu 64, ﬁi,qui,RQ2i, iLlZ‘, iL%)’

and with SStF-Ms S; from ﬁl to X. We use W, Wi, H;, and X; to denote the corre-
sponding matrices appearing in Definition 4.2.6.

Theorem 4.2.7. Consider an interconnected switching
stochastic hybrid system ¥ = TM(¥q,...,Yy) induced by N € N>1 stochastic hybrid
subsystems ¥;, a set of interconnection matrices M = {Mj, ..., Mp}, and a continuous-
time Markov chain II = (P,Q) governing the switching between the interconnection
topologies with associated stochastic process w. More specifically, the interconnection
topology at any time t € R>o is given by My ). Suppose each subsystem 3; admits an

abstraction 3; with the corresponding SStF-Ms S;. If there exists a finite set of matrices
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4.2 Interconnected Stochastic Hybrid System with Randomly Switched Topologies

M = {Ml, .. .,M'p} of appropriate dimension such that for each j € [1;P] the matriz
(in)equalities

T
13 I
WM;H = W M;, (4.26)
are satisfied for some ug >0, i € [1; N], where ¢ = Zf\il g2; and
W = diag(Wy,...,Wn), W = diag(W1,...,Wy),
H =diag(H1,...,Hn),
X(:ulela s 7,U’NXN)
X e
: N (4.27)
‘ XN N XK
it e
I XA PN X ]

then

Vix,z,7) Z,uz (24, %),

is an SSF-M, from the interconnected switching stochastic hybrid system 3 = Iff[(il, ce BN,
with the interconnection topology at time t € R>o given by My, to 3.

Proof. First we show that inequality (4.9) holds for some convex Ko function a. For
any © = [z1;...;2n] € R", & = [Z1;...;2n] € R", and j € P, one gets:

N
Ih(z) — h(2)|* < Zﬂhu(xi) — ha(;)|?

where Q; is a s function defined as

max Oé —1 S;
a;(s)=q =0 ZZ ! (s2) (4.28)

s.t. MJTE’: S,
where §= [s1;...;sn] € RY and pj = ;... ;ufv] Since a; € Koo are concave functions

as argued in [ZREl?] there exists a concave function o € ICOO such that a; <a Vj € P.
By defining o = a~! which is a convex K, function, one obtains
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N
LV (z,2,j) = Zu{ﬁ&(xmi)
i=1
Wiw; — Wi, r {X}l X}T { Wiw; — Wit
h21($l) — thQz(:ﬁz) X121 XZQQ h21

M=

'u,z ( — Iﬁisi(fﬂi,fci) + wiext(”ﬁi‘P) + |:

1

.
Il

N
— i Si(wi, 23) + Y e (||:%)

-

i=1 i=1
[ w1 in] 1" r w1y W] T
W | =W Wl | -wi:
wy Wy i ; wy Wy
LY X( Xy, ... i X L
+ hi(z1) — Hiho1(21) (1 X My XN) hi(z1) — Hiho1(21)
Lhon (zn5) — Hyhon (25)] Lhon(2n) — Hyhon (@8) ]
N . N
<Yl iSi(wi, &) + Y il e ([113]%)
=1 i=1
-~ T 2 N
hai(2z1) — Hyhoi(21) warl? WAL ha1(x1) — Hyhaoy (1)
+ ; [ 2 ]] X (] X1, iy X ) [ I, ]} :
hon(zn) — Hyhon (EN) hon(zn) — Hyhon(2n)
< —K,V(Ji,i‘,j) +'¢)ext(||a”2)' (429)

() — Hihoy (i)

)

a(|lh1(z) = h(2)]%) < V(. 2,5),

satisfying inequality (4.9). Now we show inequality (4.10). Consider any = = [x1;...;zN] €

R", & = [&1;...;2n] € R?, @ = [Gy;...;0yx] € R™ and j € P. For any 4 € [1; N], there

exists u; € R™i, consequently, a vector u = [uj;...;uy] € R™, satisfying (4.63) for
each pair of subsystems Y; and ¥; with the interpal inputs given by [wi;...;wN] =
Mj[hgl(l‘l); e hQN(.TN)] and [’UA)l; ey @N] = Mj[hgl(i‘l); ceey th(i‘N)]. We consider

the infinitesimal generator of function V' and employ conditions (4.25) and (4.26) which

result in the chain of inequalities (4.29). In (4.29) the constant x = H[l1HJ{7 | k; and the
1e|l;

function eyt € Koo U {0} is defined as the following. Consider K U {0} functions

N G .
j (S) :: I?gi( Ziz1ﬂi¢zext(3z)

st. 8] < s.

Let us recall that by assumption functions ¥jext Vi € [1; N| are concave functions. Thus,
function 7, above defines a perturbation function which is a concave one; see [BV04]
for further details. Since ¢} € K U {0} are concave functions, there exists a concave
function Yex; € Koo U {0} such that P! o < thext Vj € P. Hence, we conclude that V is

ext

an SSF-Ms function from ¥ to X. O
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4.2 Interconnected Stochastic Hybrid System with Randomly Switched Topologies

In the next section, we provide a result for compositional construction of abstractions
under compositionality conditions which are weaker than the ones given in Theorem
4.2.7.

4.2.5 Weaker Compositionality Conditions

In this section, we consider an interconnection of a specific class of stochastic hybrid
systems called jump linear stochastic systems (JLSS).

4.2.5.1 Jump Linear Stochastic Systems

In a JLSS, the drift, diffusion, reset, and output functions are given as:

dé(t) = (AE(t) + Bu(t) + Dw(t))dt + Ef(t)th+i Fi¢(t)dPy,

Gi(t) = Ci&(1), _
G(t) = C2€(1), (4.30)

where A € R"*" B € R"™"™ D € R"P E € R™" F;, € R"™" Vi € [1;7],C; € R*"
and Co € R22*™ We use the tuple

¥ =(A,B,C,,Cy,D,E,F),

where F = {F}, ..., F;}, to refer to the class of system of the form (4.30).
We now we recall the result from [AZ17a] which shows that the function

S(z,2) = (x — P2)T®(x — P2), (4.31)

where ® € R™*"™ is a positive definite matrix and P € R"*"™, is a SStF-M, function from
an abstraction ¥ to the concrete JLSS ¥ under some conditions. We first require the
following assumption on the concrete system 3.

Assumption 4.2.8. Let ¥ = (A, B,C1,Cy, D, E,F). Assume that for some constant
® € Ry, there exist matrices ® = 0, K, Z, W, X" X2 X?' and X?? < 0 of appropriate
dimensions such that the following matriz (in)equalities hold:

A dZ —k® + CTx%20, cfx?
[ZT@ 0 } = [ X120, X1 | (4.32)
D= ZW, (4.33)
where
A:=(A+BK+Y ANF)'®+®A+BK + Y \F) (4.34)
Jj=1 i=1
+ET®E + ) NFOF,. (4.35)
=1
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Chapter 4 Compositional Abstraction of Interconnected Systems with Variable Topology

We now recall a result from [AZ17a] showing that S is a SStF-Msy function from an
abstraction ¥ to the concrete JLSS ¥

Theorem 4.2.9. Let X = (A, B,Cy,Cy, D, E,F), and ¥ = (A, B,Cy,Cy, D, E,F) with
same external output dimension. Suppose Assumption 4.2.8 holds and there exist ma-
trices Q, H, and W of appropriate dimensions such that:

AP = PA - BQ (4.36a)
C1P=0C (4.36b)
X20yP = X2HC, (4.36¢)
X®20yP = X2HC, (4.36d)
PD = ZW (4.36e)

EP = PE (4.36f)

F;P = PF; Vie|[l;7. (4.36g)

Then function S defined in (4.31) is a SStF-Msy function from S to 3.
Proof. The proof can be found in [AZ17a] and is omitted here. O]

4.2.5.2 Feasibility of matrix inequality (4.32)

In this subsection, we discuss the feasibility of matrix inequality (4.32) appearing in
Assumption 4.2.8. For the restricted case of X12 = X?! =0, X?2 = —I,, and X' = %I*
for some 4 > 0, where 0 denotes the zero matrix and I, the identity matrix of appropriate
dimensions, the matrix inequality (4.32) reduces to

(A+ BK +> ANF)"®+®(A+ BK + > \F)

j=1 i=1
T
+ETQE+ Y NF/®F; + i® + C5 Cy + 792270 < 0. (4.37)
=1

Suppose we can find a matrix K such that the matrix pair (A 4+ BK, Z) is controllable
and the matrix pair (Cy, A + BK) is observable, then by virtue of an extension of the
Positive Real Lemma for stochastic systems [RH16] to jump linear stochastic systems,
condition (4.37) means that the system

dE(t) = (AE(t) + Bo(t) + Zw(t))dt + EE(t)dW; + Z FE(t)dPy, (4.38)
=1

¢(t) = C2€(1), (4.39)

can be enforced stochastically exponentially nonexpansive (see Section IV in [RH16] for a
definition) under a linear control law v = K¢. Thus the feasibility of the restricted version
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4.2 Interconnected Stochastic Hybrid System with Randomly Switched Topologies

of the matrix inequality in Assumption 4.2.8 is dual to the problem wherein the system
(4.39) is enforced stochastically exponentially nonexpansive by a linear control law. For
deterministic systems, the analogue of enforcing stochastic exponential nonexpansivity
is the finite Ly gain assignment problem [AMP16]. In the context of observer design
and observer based control, the feasibility of those dual control problems have been
investigated for several physical problems in [Sch04], [FA03], and [Arc+03].

4.2.5.3 Weaker Compositionality Conditions for Interconnected JLSSs

We now present the main result in this section which provides sufficient conditions
under which compositional abstraction of networks of JLSSs under randomly switched
topologies can be constructed with weaker compositionality conditions.

Assume we are given N JLSSs

¥i = (Ai, By, C14, Co;, Dy, By, Fy),
where A; € R"*" B, € R"*™i D; € R"*Pi [, € R"*" F; = {Fy;,...,Fr},Cp €
R%ixmi Oy, € R%2i*™i together with their corresponding abstractions

S = (Ai, Bi, C1y, Coi, Dy, i Fy),
where 121@ € RﬁiXﬁi,Bi S Rﬁixmi,bi S Rmxﬁi,Ei € RﬁiXﬁi, |A:Z = {FM’,. . .,Ff«i},éli S
R®©ixmi - Cy; € R%2%™i - and with SStF-Ms

Si(l‘i, :)3"2) = (:EZ — Plil)Tq%(l‘l — Pziﬁz), (4.40)

from 3; to Y, i € [1; N], where P; € R™*7% and ®; € R™*™_ We use o, Viext, ki, Wi
W;, H;, and X; to denote the corresponding functions, constants, and matrices appearing
in Definition 4.2.6.

We consider an interconnected switching stochastic hybrid system ¥ = ZM (%4,..., Xy)
induced by N € N> JLSSs ¥;, a set of interconnection matrices

M= {M,..., Mp},

and a continuous-time Markov chain II = (P,Q) with associated stochastic process
7w governing the switching of the interconnection topologies. In order to derive the
compositionality result, we first require the following two assumptions:

Assumption 4.2.10. Functions S; given in (4.40) are SStF-My from S to X, with
Yiext = 0 (i.e. the zero function) in (4.24), Vi € [1; N].

Assumption 4.2.10 is not very restrictive and has been shown to be satisfied for various
case studies in [AZ19; ZA17; Lav19].

Assumption 4.2.11. There exist constants Ku; € Rzo,ug € Roo,Vi € [1;N],Vj € P,

and matrices M = {Ml, ce Mp} of appropriate dimensions such that following (in)equalities
hold

T
ct [WMJ} X X1, i XN) [WI%] Co < K, ®, (4.41)
q
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WM;H = W M;, (4.42)
where

W = diag(W1,..., W), W = diag(W1, ..., W),
H= diag(Hl, - .,HN),

X X
(4.43)
| NN PN XN
X7 X7
i PNXR PNXR ]

q = Zfil q2i, b = diag{é[)l, ceny (I)N}, and CQ = diag{Cgl, ceey CQN}.

Now we present the main result of this section wherein we provide sufficient conditions
to quantify the error between the output trajectories of the interconnected system and
that of its abstraction under weaker conditions (4.41).

Theorem 4.2.12. Consider an interconnected switching stochastic hybrid system 3 =
Ifr\/l(El,...,ZN) induced by N € N>y JLSSs ¥;, a set of interconnection matrices
M = {M,,...,Mp}, and a continuous-time Markov chain II = (P, Q) with associated
stochastic process m governing the switching of the interconnection topologies. Specif-
ically, the interconnection topology at any time t € Rxq is giwen by Myy). Suppose
Assumptions 4.2.10, 4.2.11, and the following inequality holds:

70, - 700
G| L ds u 1) —Rs—G<0,
1— 70, 1— 70,

(4.44)

where k = Kg + Koy,

) 0, if #55 =0,
Rs = . .
min{K — Ky, otherwise
jeSS{ w} ’
. 0, if #5. =0,
Ry 1= :
u gré%f{nuj — K}, otherwise,

o4



4.2 Interconnected Stochastic Hybrid System with Randomly Switched Topologies

K = fﬁlrfv]ﬁ“ w=1J €P 1 ky —K >0}, S =P\Sy, ¢ = %%X‘Qii‘; d = ie% Osis

¢ = {maxgi;,i € Sy,j € S5}, 0, = max#0;, and
i,j€P 1€Sy

¢ = max{l—i—e, ( max { i }) }, (4.45)
I,meP,i€[1;N]

for some € > 0. Then, there exists a KL function 8 such that for any random variables
a and a that are Fo-measurable, and for any 0 € U there exists v € U such that the
following inequality holds for any t € R>o:

E[||¢av(t) = Gao (D)%) < B(V (a,d,7(0)), ), (4.46)
where
V(z,z,j) Z,ul (x4, ). (4.47)
Proof. For any = = [z1;...;zny] € R?, & = [#1;...;2n] € R?, and j € P, one gets:

[ hai(zi) — hag(@s)]|

-

@
Il
—

Ih(z) = h(@)]* <

WE

Oéfl(Si(-fiai'i)) < Qj(v(xa'%vj))a

7
1

-
Il

where a; is a Koo function defined as

-1
max SN a; " (sq)
ay(s) =4 =0 T (4.48)
s.t.  pis=s,

where § = [s1;...;sn] € RY, and p; = [/ﬂl‘;...;ug\,]. Since a; € K are concave
functions due to convexity of ; as argued in [ZRE17], there exists a concave function
a € K« such that a; <a Vj € P. By defining o = o~ ! which is a convex K4, function,

one obtains
a([[hi(z) = ha(®)]%) < V(z, 2, 7). (4.49)
Similarly, one can show that for any = = [z1;...;2x] € R", & = [1;...;2x] € R? and

j € P, the infinitesimal generator of V satisfies the series of inequalities given in (4.50).
Now, for all = [x1;...;2n5] € R?, & = [21;...;2n] € R?, and j,k € P, V satisfies the
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V(z,z,7) Z,u]ES Ty, i)

N . T .
i Wiw; — Wiw; X xlz Wiw; — Wi,
< ] _ S i Az T f T 1 7 1 Wy Z 7,A
- ;#Z ( riSi(wi; &) + {0215177 Hiczifj [Xigl X7 |Cosai — HCoyiy
. AT . -
w1 w1 wq w1
Wi =W W |-W
WN WN ; i WwN Wy
= AT X Xy, ..., X A .
Z l%/fz (@i &) + Corz1 — H1Co181 ba X, iy X) Crar — H1Co1#
| Conan — HyConin ] | Conan — HyConin ]
N
= Z ,L%Kz xlvxl)
Corw1 — HiCorin W T WM Corx1 — HiCoriy
. q .
Conzn — HyvCon@n Conwny — HnvConTn
= Z — ] ki Si (i, )
— P T WL T WM x1 — P13
+ : cr { I J} X X1, i Xn) { I J] C, :
xN—PNjiN ! ! $N_PNJEN

following inequality:

V(z,%,j) Zuz (x4, #;)
N

!
Hi K .
o <z meP ?6[1 ;N { }) Zr‘% Si(wi, &)

=1

il
= < max {’}) V(z,2,k)
l,meP,i€[1;N]

< cVix,z, k), (4.51)

where ¢ is defined in (4.45). Using Lemmas 3.4 and 3.5 in [WZ17], it can be shown that
for any random variables a and & that are Fy-measurable, and for any © € U there exists
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v € U such that for any ¢ € R>q, one has:

B[V (€40 (), £46(1), 7(2)] < V(a,a, 7(0))eXt, (4.52)

70, - 70,
— &g —d+1 41| =R —d.
vman(din) (2 1) e

Using (4.49) and Jensen’s inequality [Rud87], one can show that the following inequality
holds for any ¢ € R>q:

where

El¢an(t) = Gao(8)2) < a7 (V(a,a, 7(0))e). (4.53)

Due to the assumption that x < 0 from (4.44), inequality (4.46) is satisfied with 5(r,t) =
a~l(rext),vr € Rsg,t € Rsq, which concludes the proof.
O

Remark 4.2.13. The matriz inequality (4.41) is linear with respect to the decision
variables ky, and pd = [p};.. s ], § € P. The matriz equality (4.42) is linear in the

decision variables Mj,j € P, and can readily be solved using optimization tools such as

Yalmip [Lof04].

Remark 4.2.14. Condition (4.41) is similar to the linear matriz inequality (LMI) in
[AMP16] as a compositional stability condition based on dissipativity theory. It is shown
in [AMP16] that this condition can hold independently of the number of subsystems in
many physical applications with certain interconnection topologies, e.g., skew symmetric
interconnection.

4.2.6 Example

In the following example we consider an interconnected system with randomly switched
topologies for which an abstraction cannot be constructed compositionally using the
conditions in Theorem 4.2.7, but can be constructed using the weaker conditions in
Theorem 4.2.12.

Consider an interconnection of N € N JLSSs ¥;, i € [1; N], where each ¥; is given by

Ei - (Onia In“ Cli7 [nia Inia w‘[nia TITM)?
where @ € Rsq, 7 € Ry, and C; € R7*" | The dynamics of each X; are given by:

dfl(t) = (wi(t) + ’Ui(t))dt + wél(t)th + T&'(t)dpt,
it g Cu(t) = Cr&i(t),
Cai(t) = &i(t).
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Assume the rate of the Poisson process P; is A. We consider a set of two interconnection
topologies M = {M;, M2} given by:

o 1 ... ... 1
1 0 1 ... 1
2
My =211 1|
1 1 0]
[—2 1 0 1]
1 -2 1 0 0
0 1 -2 1 ... 0
My=| . . , (4.54)
10 0 ... 1 =2
N
where n = > n;. We consider a Markov chain IT = (P, Q), with P = {1,2} and
i=1
—0.1 0.1
Q= [0.01 —0.01} ’

with the switching process m, governing the switching between matrices M; and Mbs.
The interconnected switching stochastic hybrid system is denoted by ZM (X1, ..., Xy).
We consider a scalar JLSS abstraction

ii = (0, 1, Clifniv 1a 1’ w, T)'

The function S;(z;, ;) = (x; — Tm@)T(xz — Tnlﬁcl) is an SStF-M, from 3; to X, Vi €
[1; N], with the following parameters:

i = 2X = 2AT —@® = M2, Wi = I, X} =0, (4.55)
X2 =0, XP2=X" =1, Hi=W;=1,,, (4.56)

A2

for some x¥ > A1+ %2 + 25, and with oy (r) 7, and Yjext (1) = 0, V7 € R>o.

_ 1
- )\max(crll;cli)
Input u; € R™ is given via the interface function

In this example, we choose N = 3, n; =50, C;; = [1 0 ... 0], Vi € [I;N], w = 0.3,
7 = 0.03, x = 0.6, and A\ = 1. Note that for the interconnection matrix Mj, the
condition (4.25) in Theorem 4.2.7 cannot be satisfied for any pl € Rsq,i € [1;N].
Therefore, we resort to the weaker conditions in Theorem 4.2.12 to solve this example.
We select p = -+ = p)y =1 for every j € {1,2}. We determine the smallest constants
Ku; > 0,7 € [1;2], satisfying (4.41), which results in ,, = 3.9733 and k., = 0. It can
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4.2 Interconnected Stochastic Hybrid System with Randomly Switched Topologies

25

Figure 4.2: A realization of the output trajectories of the concrete (blue) and abstract (red)
interconnected stochastic hybrid systems with switched topologies (¢(¢) and ((t)
respectively). The yellow boxes indicate the two targets T7 and 7. The start
points of the trajectories are indicated by the pentagram markers.

be readily verified that conditions (4.42) and (4.44) in Theorem 4.2.12 are satisfied with
¢ =1+ ¢, where e = 0.01, and a set of interconnection matrices M = {M;, My}, where

5 [49 50 501 2 1 1
Ny =250 49 50| , Ma= |1 -2 1]. (4.58)
150 50 49 1 1 -2

4.2.6.1 Controller synthesis

In this sub-section we synthesize a controller for the abstract interconnected switching

stochastic hybrid system 3= Iﬂ;[ (f)l, el )y ~) to enforce a given specification, and then
refine the designed controller to the interconnected switching stochastic hybrid system
Y =7IM(%4,...,%y). First, we consider the randomly switched interconnected system

> =IM(3,...,SN), wherein each 3, i € [1; N], results from 33 by setting the diffusion
and reset terms to zero. It can be shown that the function

is an SSF-M, from ¥ to 3 with the interface function

o=, (4.59)
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1.6

\ Approximation of E[||¢(t) — ¢(£)|?]

141y using empirical average of 100 runs .
z \ — —Theoretical bound on E[||¢(t) — {(t)]]?]
Fi2p N 1
(=1
2 \
. \
= .
T \
= \
5 081 \ ]
& N
& N
o6 S 1
= ~
‘2 041 ~ §
g
€3]

0 0.5

1 15 2 25
Time ¢ (in sec)

Figure 4.3: An approximation of E[||¢(t) — ((t)]|?] using empirical mean based on 100 realiza-
tions and the theoretical upper bound obtained from (4.46) with 8(r,t) = re= 11517t

where a:[al;' o ;UN]a u:[al;"' ;UN]a 33‘:[33‘1;- o

;ZN], T=[Z1;- -+ ;T N], and

[0.159 0.135 0.135 0.128 0.128 0.128
0.135 0.159 0.135 0.128 0.128 0.128
~ 0.135 0.135 0.159 0.128 0.128 0.128
M= 0.128 0.128 0.128 0.158 0.134 0.134|° (4.60)
0.128 0.128 0.128 0.134 0.158 0.134

10.128 0.128 0.128 0.134 0.134 0.158]

We synthesize a controller using toolbox SCOTS [RZ16] to enforce the following linear

temporal logic specification [BKO08] over the outputs of X:
U =05 ANOQT) AOOTs. (461)

The property ¥ can be interpreted as follows: the output trajectory C~ of the closed
loop system evolves inside the set S, and visits T3, i € [1;2], infinitely often, indicated
with yellow boxes in Figure 4.2. The sets S, Ty, and T are given by: S = [-5,5]3,
Ty = [1.6,2.4]%, and Ty = [-2.4,—1.6]3. We use (4.57) and (4.59) to generate the corre-
sponding input enforcing this specification over the original system . Figure 4.2 shows a
realization of output trajectories X and 3 started from ¢(0) = [2.0058;4.0060; 0.1030] and

¢(0) = [2.1058;4.1060; 0.2030], respectively. Figure 4.3 shows a comparison of the theo-
retical upper bound and the empirical average (using 100 realizations) of I[||¢(t)—C(¢)||?].
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4.3 Interconnected Control Systems with Dynamic Interconnection Topology

4.3 Interconnected Control Systems with Dynamic
Interconnection Topology

In this section, we derive conditions under which compositional abstractions of networks
of deterministic control systems, interconnected via some dynamic interconnection topol-
ogy, can be constructed using the dynamic interconnection and joint dissipativity-type
properties of subsystems and their abstractions. We provide an example to illustrate
the effectiveness of the proposed dissipativity-type compositional reasoning by reducing
a 150-dimensional nonlinear system to a 3-dimensional one.

4.3.1 Storage Function

In this section, we introduce a notion of so-called storage function to relate two control
systems, which is a deterministic analogue of the notion of stochastic storage function
introduced in Definition 4.2.6 for stochastic hybrid systems.

Definition 4.3.1. Let
D= (an Rma RP’ u? Wa f: R# ; R%’ h17 h?)a

and
@ = (RﬁaRmaRﬁvaawv f’ ququz,hlalAlZ))

be two control subsystems as in (2.2), with the same external output space dimension. A
contmuously differentiable function V : R® x R" — R>q s called a storage functzon from
D toD, if there exist functions a,n € Koo, Yext € Koo U{0}, some matrices W, W, and H
of appropriate dimensions, and some symmetric matriz X of appropriate dimension with
conformal block partitions XV i,j € [1;2], such that for any v € R™ and any & € R™,
one has

o[l () = (@)]]) < V(. 2), (4.62)

and Vz € R", Vi € R™, Vi € R™, Ju € R™, such that Vb € RP Yw € RP, one obtains

R flx,u,w . . X1 xt2
W [0 < i)+ vl + 7 [ |5 403)
where
Ww — W
= . 4.64
[h2(l‘) - Hh2(56)} (464
ondition implies the existence of an interface function u = k; to choose
Condi 4.63 lies th f face f k h

u for any z,Z, and .
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Chapter 4 Compositional Abstraction of Interconnected Systems with Variable Topology

4.3.2 Simulation Function

We now recall the notion of simulation functions introduced in [GP09] used to relate
two control systems without internal inputs and outputs. This notion of simulation
function which is a deterministic analogue of the notion of stochastic simulation function
introduced in Definition 4.2.4.

Definition 4.3.2. Let ® = (R",R™ U, f,R%, k) and © = (R, R™ U, f, R, k), be two
interconnected control systems. A continuously differentiable function V : R® x R? —
R>q is called a simulation function from D to D if there exist a,m € Koo and pext €
Koo U {0} such that for any x € R", & € R?, one has

a(|[h(z) = h(@)]) < V (2, 2), (4.65)
and Yz € R Vi € R?, Vi € R™, Ju € R™ such that

vV (o) [ H0 ] < (v .8) + g, (4.60)

The next theorem, borrowed from [ZA17], shows the importance of the existence of
a simulation function by quantifying the error between the output behaviours of © and
the ones of its abstraction ®.

Theorem 4.3.3. Let © = (IR{",RA’”,Z/{, f,RZ h), and D = (Rﬁ,Rm,Z;I, f, Rq,ﬁ). Suppose
V' is a simulation function from ® to ®. Then, there exists a KL function ¥ such that

A~

for any x € R, & € R*, 0 € U, there exists v € U such that the following inequality
holds for any t € R>q:

1o (t) = Coa()Il < a7 (20 (V(z, 2),8) + & (207 (2pext (|0]]0)))- (4.67)
Remark 4.3.4. If functions o and n in Definition 4.3.2 satisfy the triangle inequality,

then one can drop coefficients 2 in inequality (4.67) to get a less conservative upper
bound.

4.3.3 Interconnected Systems under Dynamic Interconnection Topology

Here, we define interconnected control systems under dynamic interconnection topology.

Definition 4.3.5. Consider N € N>1 control subsystems
D; = (R™, R™ R Us, Wi, fi, R™  R® ha, hy),
where i € [1; N], and a so-called interconnection system

Do = (R",R™, Uy, fo, R, ho, hou), (4.68)
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u @1 Y
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thon '[-'f-' N }]

[wy;. .

[har(zy);...

Figure 4.4: Interconnected control system under dynamic interconnection topology

where, for any x, € R™ u, € R™°,

Jo(o, Uo) 1= ApTo + Bouo,
ho(xo) = Coxm
hou(uo) = Douoa (469)

for some matrices A,, B,, Co, and D, of appropriate dimensions, g, = Zfil pi, and
me = Ef\; 1 @2i- The interconnected control system

D = (R",R™ U, f,R%, h),

denoted by Zp, (D1,...,9On), follows by n = Zf\il n; + Ny, m = Zf\il mi,q = Zf\il q1i,
and the functions

7 [fi(z1,ur,w1);. .5 fn(zn, un, wN))]
T, Lo, U) = , 4.70
I ) £ (or 1) (4.70)
h(l‘) = [hn(w); ooy th(.’L'N)], (4.71)
where u = [u1;...;un|, * = [x1;...;2N], and with the internal inputs equal to the output

of Do, i.e. [wi;...;wN] = ho(xo) + hou(uo), and the input of ®, equal to the internal
outputs, i.e. up, = [ho1(x1);...; han(zN)].

Figure 4.4 illustrates such an interconnected system under dynamic interconnection
topology.

4.3.4 Compositionality Result

The next theorem provides a compositional approach on the construction of abstractions
of dynamically interconnected networks of control systems.
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cTc,A, + ATcTc, cTc,B,]  [wC, WD,|" WC, WD,

[ B3 C3 Co 0. Lo n ) R N5,
o T

j |: HOOC*O Co 8::| (472)

Theorem 4.3.6. Consider an interconnected control system © = (R™,R™ U, f,R?, h),
induced by N € N control subsystems ©; as in (2.2), and the interconnection system D,
as in (4.68). Suppose each subsystem admits an abstraction D, with the corresponding
storage function V;. If there exist p; > 0, i € [1; N], and positive constant k, such that
the inequality® (4.72) and the following equalities

C,I1A, = C, 4,11,
C, 1B, = C,B,H,

WD, =WD,H,
WC, =W, (4.73)

hold for some matrices AO, B,, C,, D,, and II of appropriate dimensions, where

W = diag(Wy,...,Wx), W = diag(Wy,..., W),
H = diag(Hy, ..., Hy), (4.74)

X(u1X1,...,unXn) =

[ X711 X2 |
NNXH /,L12X12
:uleQl N M1X122 NN ) (475)
_ X3 rasd
then
V(.CL‘,CEO,.%,L%O) = V(:l:?:i) +V;)(x0’i10)’ (476)

is a simulation function from ® = I@o(él,...,bj\[) to® =TIy, (D1,...,DnN), where
Ve, 2) = SN wiVi(zi, @), Vo@o, d0) = (2o — o) TCT Co(zo — 1i,) and

©0 = (Rﬁoa Rmoaam foa Réo? ilm BO’U,))

3Matrices 0. and I. in (4.72) represent zero and identity matrices of appropriate dimensions, respec-
tively.
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4.3 Interconnected Control Systems with Dynamic Interconnection Topology

where, for any &, € R™ and any G, € R™,

fA(i’o, ao) = Ao-fo + Boam (4.77)
ilo(i'o) = éo@m (478)
Bou(ao) = -Doao- (479)

Proof. First we show that inequality (4.65) holds for some K. function «. For any
r=|r1;...;on] €R?, and & = [21;...; 2] € R?, one gets:

N
Ih(z) = h(&)| < lhas:) — hai(d)||?
=1

N
gzpfmm@mggﬂaw

.
Il
—

where « is a K function defined as

N —1
max SN, a7 (s)
a(s) =4 =0 = (4.80)
st.  uls=s,

where* 5 = [s1;...;5n] € RN and p = [p1;...; un]. By defining Ko function a(s) =
a~1(s),Vs € Rx, one obtains Vz € R, V& € R", Vz,, € R, Vi, € R,

a(lh(@) = h(@)|?) < V(a,2) < V(2,8) + Vol@o, o)
V(z,xo, &, 20), (4.81)

hence satisfying inequality (4.65). Now we prove inequality (4.66). Consider any = =
[1;...52n] € RM 2 = [#;...;8n] € R?, and @ = [@y;...;0yx] € R™. For any i €
[1; N], there exists u; € R™i, consequently, a vector u = [ug;...;uyn] € R™, satisfying
(4.63) for each pair of ©; and ©,, with the internal inputs given by the outputs of the
interconnection systems %, and @0, respectively, i.e.

[wi;...;wN] = ho(Zo) + hou(to),

[ﬁ)l; B wN] = ilo(i’o) + iLOU(fLO)v

where the inputs to ®, and D, are the internal outputs of the subsystems ©; and @i,
respectively, i.e.

uo = [ho1(x1);. .. han(zN)],

o = [ho1(21); .. s han ().

4We interpret inequality §> 0 component-wise.
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Chapter 4 Compositional Abstraction of Interconnected Systems with Variable Topology

We employ the conditions in (4.72) and (4.73), which results in the chain of inequalities
in (4.84), where the functions 1 € K, and texy € Koo U {0} are defined as

min Zi\il 1ini(5:) + KoSo

n(s) = { 55020 (4.82)
S.t. ul's+ s, =s,
N
max > ;0 Hithiext (i)
Yexs(s) = { 520 ' (4.83)

st. pls=s.

Hence we conclude that V is a simulation function from © to .
O

Remark 4.3.7. Note that the case of static interconnection and its associated conditions
presented in [ZA17] can readily be recovered by the results here if C, is equal to the zero
matriz and D, is equal to the static interconnection matriz (values of A, and B, become
irrelevant since x, does not affect the internal input to ® ).

In the next section, we provide a practical example for compositional abstraction of
an interconnected system with dynamic interconnection topology.

4.3.5 Case Study - Electrical Network

Consider n first order resistance-capacitance (R-C) circuits, interconnected via resistance-
inductance (R-L) series branches. The i-th R-C circuit has the dynamics given by:
1 1 1
Ve, = — Ve, + Vs, + —W; 4.85
“ RZCrL ci RZC’L 5 CrL v ( )
where i € [1;n], vs, € R represents the input source voltage (external input), v,, € R
the voltage across capacitor, C; the capacitance, R; the resistance, and w; € R the total
current inflow from other R-L branches connected to the R-C circuit. Assuming identical
values of the resistance and inductance in all R-Li branches, one can write the dynamics
of the total current inflow for the i-th R-C circuit as:

Wi = Ao, Wi + bo, v, (4.86)

where v = [ve;...;0,], and ao,, € R, and b,, € R*™ represent the parameters of
dynamics of the R-L series branch(es) connected to the i-th R-C circuit. We consider
the above interconnected system as an interconnection of N concrete subsystems 2;,
i € [1; N], wherein each subsystem ©; is formed by clustering n; R-C circuits (n; <
n). Each subsystem, ©; = (A4;, B;, C14, Ini, Ini, L, IZ@ ©), generates a scalar (external)
output. We also add a nonlinearity belonging to the class of nonlinearities characterized
by (3.27). We have:

D G = Cni&i,
Coi = &,
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4.3 Interconnected Control Systems with Dynamic Interconnection Topology

where & = L, L; = [ei1;...;¢€in,], €ij € R1X™ is a row vector whose k-th element is
defined as

k) {1 if k-th R-C circuit is part of the i-th cluster (4.87)

€0 = .
0 otherwise,

A;, Bi, D; € R™*" are readily obtained from (4.85), Cp; € RY™ ™ w; = Livs, vs =
[Usy;-- -3 Us,], wi = Li , @ = [W1;...;Wy], and ¢ : R — R is defined as

o(x) = sin(x).
The dynamic of the interconnection topology ®, is given by

5 {3'30 = A,z, + Byv
. Yo = Cozo + Dy,

~

each ®; into a scalar abstraction ©; = (AZ B;,C1i,1,1,1,1,¢) given by the following
dynamics

where A, = diag(ao,,- -, 0, ), Bo = [boy5 .- bpn], C, = I, and D, = 0,,. We aggregate

R & = A& + Byt + i + (&),
i 9 ¢y = Cu,
Coi = &,

where flz satisfies Aifm = Tni/li, Bl is chosen arbitrarily (in this example we choose
B; = 1), Ci; = Cyly,. For Rj = Cj =1 1in (4.85), Vj € [1;n], it can be verified that
the function V(z;, Z;) = (x; — Tnz;%Z)T(xz - Tm:i‘l) (ie. M; =1,,P = fnl) is a storage

A~

function from ®; to ©;, with the following parameters

CH =W =1, (4.88)

and with a;(r) = %73, ni(1) = 27, Yiext (r) = 0,Vr € R>g. We use the following
max 14 K3 -
interface function to select u; € R™ for any x; € R™,z; € R, 4; € R:

— — — N

g = =2(x; — In, &) + Lo,y — Lnyp(L) 23) + Lo, ().

By selecting pu; = -+ = puny = 1, the function V(z,z,, &, Z,) = Zf\il wiVi(zi, ;) +
(7o — #,)T (z, — M,), where II = diag(Ly,,..., L,y ), is a simulation function from

D to ®, where ® is the interconnection of the abstract subsystems with the dynamic
interconnection topology ©, satisfying conditions (4.72) and (4.73). For this example,
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Chapter 4 Compositional Abstraction of Interconnected Systems with Variable Topology

we choose C1; = [1 0 ... 0}, and the dynamic interconnection system as follows
A, = -3I,
(-2 1 0 0 1]
1 -2 1 0
1 -2 1 ... 0
B,=| . . . (4.89)
10 0 ... 1 =2

For this dynamic interconnection, there always exists D, satisfying conditions (4.72) and
(4.73) for any even n. Using (4.73), the abstract interconnection system is given by

A,=-3Iy.Bo=|1 -2 1|,C,=1Iyn,D,=0y. (4.90)
1 1 -2

For the sake of simulation, we choose N = 3,n = 150, and n; = 50,Vi € [1; N]. The
simulation results are shown in Figures 4.5 and 4.6. The initial condition of &; is chosen
as [1 0 ... 0], while &;, x,, and , are initialized from zero. The input to the abstract

interconnected system D is chosen as O(t) = [10cos(t) 10sin(2¢) 10 cos(4t)]T.

4.4 Summary

In this chapter, we provided sufficient conditions to construct compositional abstractions
of interconnected systems consisting of stochastic hybrid sub-systems interconnected via
randomly switched topologies. We also provided a weaker version of those conditions,
which allows for construction of such abstractions for a broader set of interconnected
systems. We illustrate the effectiveness of the proposed results by designing a controller
enforcing some complex properties over the interconnected abstraction and then refining
it back to the original interconnected system.

Additionally, we derived conditions under which compositional abstractions of net-
works of control systems under dynamic interconnection topologies can be constructed
using abstractions of subsystems. We showed the effectiveness of the results on a 150-
dimensional network of R-C circuits by reducing it to a 3-dimensional abstraction.
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V(x,mo, Z,%0) = Zul (zi,Z:) + 2(x0 — Hio)TCOTC’O(a’SO — H:@o)

~ T o
Wiwi — Wﬂf)i X-ll X-12 Wiwi — Wﬂbl
il —ne(Vi(wi, 2 iext (|| Ui P E b S
a < Mi(Val@s, 20)) + Yoo (l:l]) + |:h2i(l'i) — H¢h2i(wi)] [Xim Xz‘QQ] [hQi(xi) — Hihm(ﬂ%)}

(xo — o) CF Co(Aoto + Boto — Ao, — 1IByil,)

IN
i

[\]

+

N
—pini (Vi(wi, 24)) + meiext(llﬁill)

I
.MZ

=1 =1
- o - T
w1 w1 r
W |-W
wN wN
B . X Xi,..., X
+ h1($1)—H1h21(l’1) ('ul ! BN N) *
I th(wN) — Hyhon(2n) | | L

+ 2(xo — 1) CT C, (A To + Bouo — Aolliy — BoHil,)

N
Z Vi(xs, &4) +Zﬂzwzext llal)
=1

i=1
WCoto + W Dottg — WCoio — WDoiio] -
hl(xl) *thzl(fl)
+ . X(uX,...,unXn) | *

hon (zn) — Hyhon (En)
+ 2(x0 — Hmo) C Co(Aoxo + Bouo — Aollo — BoHiio)

< - Z pinti(Vi(@s, &) + exe (|0]])

1=

-

] To — Mo "
ha1(z1) — Hihoi(#1) wc, wbp,]" wWC, WD
+ . I: 0 ° T O:| X(Mlev"'vﬂNXN)[ 0 ¢ I 0:|
L _th(ZCN) — HNiLzN(ffN)_ |
[ To — Mo "
hai(@1) = Hihan () CrC,A, + ATCTC, CTC,B,
+ : { BTCTC, 0. }
L th(xN) — HNilzN(ffN) |
Zwﬁ (@i, 81)) = Koo — o) CF Co(mo — o) + tPext ([ 11]])
*Zumz (T35, 1)) — KoVo(To, To) + et (||E]])
< *H(V(w,mo,w,mo)) + Yexe (1G]] (4.84)
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. Clj” (f) O&”le,({) )

Colt) & Gunlt)

Figure 4.5: Evolution of the external outputs of the concrete and abstract interconnected sys-
tems.

\ —1G(t) — G|

251\ — -Theoretical bound| ]

15
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Figure 4.6: The evolution of the norm of error, i.e. ||¢1(t) — 1 ()|, along with the theoretical
bound given in (4.67).
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Chapter 5

Compositional Abstraction of

Interconnected Systems over Riemannian
Manifolds

5.1 Introduction

All the results in the previous chapters for constructing (reduced-order) abstractions con-
sider systems evolving over Euclidean spaces. The state-space of many systems constitute
Riemannian manifolds [BL04], and consequently their analysis requires techniques from
differential geometry [Tar+13]. Robotic manipulators, rotating bodies, rolling disks,
etc. are examples of such systems found in many mechanical settings [BL0O4]. A simple
example of Riemannian manifold is illustrated in Figure 5.1. This necessitates a gener-
alization of various notions employed for compositional construction of abstractions for
interconnected systems introduced in previous chapters (e.g., notions quantifying close-
ness of output trajectories between the concrete system and its abstraction) to systems
defined over Riemannian manifolds.

5.1.1 Contribution

In this chapter, we propose two techniques for compositional construction of abstractions
for interconnected control systems evolving over smooth Riemannian manifolds.

In the first approach, we provide a small-gain type condition that enables the con-
struction of an abstraction for the interconnected control system compositionally. We
employ a notion of so-called manifold simulation function, constructed using a (pseudo)
Riemannian metric defined over the tangent bundle of the state space, to quantify the
error between concrete interconnected control systems and their approximations. Given

g

Figure 5.1: Example of a smooth Riemannian manifold - Unit Sphere embedded in R3: M, =
S?={zeR3: ||z|| =1}
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a network of control subsystems and the manifold simulation functions between them
and their abstractions, we derive sufficient conditions based on small-gain type reasoning
[DRWO07], guaranteeing that a network of abstractions quantitatively approximates the
original network of concrete subsystems.

In the second approach, we introduce a notion of so-called differential storage func-
tions, adopted from the notion of differential storage functions introduced in the context
of differential dissipativity [FS13], describing joint differential dissipativity properties of
control subsystems and their abstractions. Given a network of control subsystems and
the differential storage functions between them and their abstractions, we derive suffi-
cient conditions based on the interconnection topology, guaranteeing that a network of
abstractions quantitatively approximates the original network of concrete subsystems.

5.2 Variational and Augmented Control Systems

In this section, we introduce two notions of which will serve as ingredients to develop
abstractions of control systems evolving over Riemannian manifolds.

Definition 5.2.1. Given any control system over Riemannian manifold
S = (M, R™ RP.U W, f,RI R hy, hy),
the variational control system of & is given by the tuple
06 = (TMp, R RP U W, 5 f, RT  R® 5hy, dhs),

where for every [z;0zx] € TMy,u € R™, ju € R™, w € RP, and dw € RP:

_of of of
Of(z, 0z, u, du, w, dw) := e (2, u, w)ox + 9 (x,u, w)ou + B (z,u,w)ow
oh
Ohi(x,dx) := a—xl(x)éx
Sha(z,dx) == %};2(:16)530 (5.1)

We can define a similar notion for a control system without internal outputs as follows.

Definition 5.2.2. Given any
S = (M, R™"RP.U W, f,RI h),
the variational control system of & is given by the tuple
06 = (TMyp,R™,RP. U W, 0f, R Sh),

where for every [x;0z] € TMy,u € R™ du € R™ w € RP, and dw € RP:

. of of of
Sf(z, bz, u, du, w, dw) := o (z,u,w)dx + 3 (x,u, w)du + 8w(:c,u,w)5w
Oh(zx,dx) = gZ(:c)(saz (5.2)
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The variational control system of & = (M,,, R™ U, f,R%, h) can be defined in a similar
manner.
We now introduce the notion of augmented control systems.

Definition 5.2.3. Let
6 = (Mn7 Rma vaua W7 f7 ququ27 hl? h2)7

and
é = (Mﬁ’Rm7Rﬁ7a7 W? f’ qu’R(i27}\Ll’iL2)’

be two control subsystems with the same external output space dimension. We define the
augmented system

é = (thRmaRﬁ’da Wa fv quaR(b? iLb iLQ)a

whereMﬁ:Manﬁ,L?:UxL?, W:WXW,ﬁ”L:m—FT?L,ﬁ:p—Fﬁ, 62:(]2_}'(}27
and for each x € My, & € My, u € R™ 4 € R™, w € RP, and w € RP:

S ']i(x,u,w)
f(z,a,w) = _f(j,ﬁ,ﬁ))] ;
hi(%) := hi(z) — ha (%),
)= [0 o

where & = [x;Z], 0 = [u; ], and W = [w;w].

For a control system without internal outputs, we can a define a similar notion as
follows.

Definition 5.2.4. Let
6 = (anRmaRpaua Wa fv qu h)a
and X o .
6= (MﬁaRmaRpauv W7 vaq’ h)a

be two control systems with the same output space dimension. We define the augmented
system

é = (Mﬁ7Rm7Rﬁ7ZJ7 W7 f’ Rq? iL)?
where Mp = My X My, U =UXU, W =W xW, i =m+1m, p=p+p, and for each
TE My, €My, u e R 4 € R™, weRP, and € RP:

Flm o~ =\ . ]i(di,u,w)
e = |f o)
h(E) := h(z) — h(&), (5.4)
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For a control system without internal inputs and outputs, we can a define a similar
notion as follows.

Definition 5.2.5. Let & = (M,,,R™ U, f,R%, h) and & = (My, R™ U, f, R, h) be two
control systems with the same output space dimension. We define the augmented system
S = (M, R™ U, f,RY, ), where Mz = My x My, U =U x U, 1 = m + 10, and for
each x € My, & € My, uw € R™, and 4 € R™:

(2), (5.5)

where & = [x;Z], and @ = [u;4].

5.3 Certificate of Abstraction

In this section, we introduce a notion used to formally relate a control system over
Riemannian manifold and its abstraction.
5.3.1 Manifold Simulation Function

In this subsection, we introduce a notion of manifold simulation function, which is used
to quantify the closeness of output trajectories of the concrete systems and the ones of
their abstractions.

Definition 5.3.1. Consider two control subsystems
S = (M, R™" RP.UW, f,RI h)
and R o R
S = (My, R RP.UIW, f, R, h)
with the same output space dimension and the corresponding augmented system
S = (Mg, R™ RE,.U,W, f,R%, h)
as in Definition 5.2.4. Let
66 = (T M, R™ RP.UW,6f,RY, 6h)

be the variational control system of & as defined in Definition 5.2.2. Suppose there exists
some positive constants o and X, a matriz valued function G : My — R™™ such that
G(Z) is a positive (semi) definite matriz for all T € Ma, functions exy € Koo U {0},
Yint € Koo U {0} and a continuously differentiable function® k : Mz x R™ x RP — R™
which satisfies k(0,0,0) = 0, such that the following two conditions hold:*

1We refer to k as the interface map.
2Here, for brevity, we do not write the arguments of the partial derivatives explicitly.
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@)

e For any [%;6%] € TMgz, 0 € R™, 60 € R™, ) € RP, 6w € R?, if we choose u using
the map u = k(Z,0,w), then for all w € RP, jw € RP:

~T
677 (gi G(z) + G(x )g{f + ?ff(:z i m)) 0%
=T =T

7 Of 70f
— htl
+ 20w i G(z)z + 20a” Z G(z)z

< —NETG(£)5E + int ([|0w — 6) + e (|54, (5.7)

e For any & € My:

where, 0t = [du; 0], du = ak(S:U —|— 5u—i— ok S0, W = [w; W], and 00 = [dw; 61b)].
then

Vo(@) = inf / O3 (5)T C) oA s)ds, (5.8)

y€l'(z,0)

is called a manifold simulation function from S to & with respect to the (pseudo) Rie-
mannian structure G. We call & (preferably with i < n) an abstraction of & if there
exists a manifold simulation function from & to &.

We study interconnected control systems without internal inputs and outputs, result-
ing from the interconnection of control subsystems having both internal and external
signals. Thus we modify the above definition for systems without internal inputs and
outputs as follows:

Definition 5.3.2. Let
6 - (an Rm,u7 f7 RQ? h)

and R o R
S = (Mp,R™ U, f,R h),
be two control systems without internal inputs and outputs and let
= (Mz,R™ U, f, R h)
be the corresponding augmented control system as defined in Definition 5.2.5. Let
= (TM;, R™U,5f, R, 5h)

be the variational control system of S. Suppose there exist some positive constants o
and X\, some function ex € Koo U {0}, some matriz valued function G : Mz — RW*7™
where G(Z) is a positive (semi) definite matriz for each & € My, and a continuously
differentiable function k : Mz x R™ — R™ which satisfies k(0,0) = 0, such that the

following two conditions hold:

75



Chapter 5 Compositional Abstraction of Interconnected Systems over Riemannian Manifolds

T ~
@ () e

e For any [#;6%] € TMj, i € R™, and da € R™, if we select u using the map

e Forallz € Mj:

u=k(z,0):
=T
[ Of _ of  9G ; . _ . _7O0f s
oF <8x G(z)+G(z )(9~ + o f(z, u)> 0T + 26U 90 G(%)ox
< —NFTG(2)07 + Yexs (|| 02])), (5.10)
where du = [0du; du], and du = 813596 + 8k5u
then
o TG 0 .
o) =_int [ DA a6 Las (5.11)

is called a manifold simulation function from S to & with respect to the (pseudo) Rie-
mannian structure G.

The next theorem shows the usefulness of the existence of a manifold simulation
function in quantifying the closeness of two control subsystems.

Theorem 5.3.3. Consider two control systems & = (M,,R™ U, f,RY h) and S =
(Mﬁ,Rm,Z;I, f,Rq,fL). Suppose Vg, associated with the (pseudo) Riemannian structure
G, is a manifold simulation function from S to G, and k is the associated interface
map, then there exists B € KL, and ey € Koo U {0} such that for any x € R", & € R?,
vel, if we choose v € U using the interface map k, then the following inequality holds
for any t € R>q:

HCa:v(t) - éj:ﬂ(t)H < ﬁ(Vg(Cﬂ,lﬁ),t) + &ext(”ﬁnoo)' (5'12)

Proof. Consider two points & = [x;4] € My and 0 € M, and a geodesic x : [0, 1] — R™,
with respect to the (pseudo) Riemannian structure G, such that x(0) = 0, and x(1) = Z
The energy functional corresponding to this geodesic is given by

Va(#) = Ea(#,0) = /0 O X()TC () oo X(3)ds. (5.13)

Let & = [Exv; fzy] be the solution trajectory of & for any initial condition & € M,
and under the input trajectory = [v; 9], where v(t) = k(&5(t), 9(t)), for all t € Rxg,
for any 0 € U.

For a fixed ¢ € R>p, consider the straight line 7j(s,t) = si(t) in s, where s € [0,1].
For any fixed t € R>, the curve 7(-,¢) : [0,1] — R™ is a geodesic, with respect to the
Euclidean metric, on R™ joining 7(0,¢) = 0 and 7(1,t) = ().
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5.3 Certificate of Abstraction

For any s € [0,1], let ¢(s,-) : R>g — R™ be the solution trajectory of & from initial

k;(gg(s,t),ﬁ(s,t))] VYt € Rxg.

condition x(s) under the input 7(s,-), where 7(s,t) = [ A(s 1)

Note that ¢(0,¢) = 0, and ¢(1 t) = & (t).
For brevity, we denote - 0 (s, t) =: w(s,t). Note that

9? 9?

5r0(5:0) = grg9(et) = 55 0(s:1)
= D s ntont) = L5500+ 2 L
£ Ok,
= W its, 0+ g“ s, )(Jga goly (5.14)
Define
1
l(t):/ (s, )T G(¢(s,t))i(s, t)ds, (5.15)

0

i.e. I(t) is the energy functional of the curve é(-,t), with respect to G. We have

0= /5 (s, )T G(B(s, 1)) (s, 1)ds
- [ Of of 0G
:/0 ot (ax G+G8~ 5% )wds

+2/ r"“ﬂ)u } of' Givds, (5.16)
0

B

>

where, again, we have dropped explicit arguments for clarity in the last expression. From
(5.10), one has:

1< - [ 66,0766, 090060 + [ (|| 2}

< )\/ (s,t TG(QS(S ) w(s,t)ds + Yext (||[2(2)]]) / ds
> - ( )+¢ext(HVHoo . (5.17)

It follows from the comparison lemma [Kha96] that

_ 1 .
() < e M1(0) + 3 Yext (7]l 0)- (5.18)
Note that 1(0) = Vi (£2,(0), £45(0)) = Ve (). Now using the fact that for any ¢ € Rxg,
[(t) is not necessarily the minimum energy functional corresponding to a geodesic because

#(s,t) is not necessarily a geodesic, i.e. V(& (1), Es5(t)) < I(t), one has:

Vo(€anlD), €65(1)) < e Ve (Ean(0), s (O) + yve(lPll).  (5.19)
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For every « € R",# € R?, we use (5.9) and the Schwarz inequality to obtain:

allh(x) = h(@)|* = a||h(@)]?

2

1 = -
<o) \/(fiMS)TgZ<x<s>>T§’;<x<s>>§sx<s>d5

Ny 9 i
< ( [y asx<s>TG<x<s>>an<s>ds>

1
< [ 5o (e gx(s)ds = Valz), (5.20)

where & = [x;Z]. Combining (5.20) with (5.19), one can conclude that (5.12) is satisfied
with B(r, 5) = \/Ze™2* and Pexe(r) = \/ S Vext (1), Vs, 7 € Ro. O

5.4 Compositional Abstraction: Small-gain Approach

In the next subsection we first provide a definition of interconnected control systems
over Riemannian manifolds. We then provide small-gain type conditions under which
we can construct abstractions of interconnected control systems in a compositional way.

5.4.1 Interconnected systems

Here, we define the interconnection between the control subsystems by defining the rela-
tionship between the outputs and internal inputs. Consider N € N>; control subsystems

S; = My, R™ RPL U W, fi, RE hy),
i € [1; N], with partitioned internal inputs and outputs
Wi = [Wi1; .+ Wigi—1); Wigi1)5 - - -3 Win],  wij € RPY
Yi = [Yit; -3 Yi(i—1)i Yi(ir1)s - - 3 YiN)s - Yig € R (5.21)
and the internal output function
hi = [hit; - - s hii—1ys Rigignys - - -5 han. (5.22)

We interpret the outputs y; as external ones, whereas the outputs y;; with i # j are
internal ones which are used to define the interconnected control system. In particular,
we assume that the dimension of w;; is equal to the dimension of y;; i.e. the following
dimension constraints hold:

pij = @ji, Vi, j € [L;N],i # j. (5.23)

If there is no connection from the control system &; to &;, then we assume that the
connecting output function is identically zero for all arguments i.e. h;; = 0. Now we
provide the definition of the interconnected control system.
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5.4 Compositional Abstraction: Small-gain Approach

Definition 5.4.1. Consider N € N> control subsystems
Gi = (an7 Rmiv Rpiauiv Wia fi7 Rt]i) hl)v

i € [1; N], with the input-output configuration given by (5.21), (5.22) and (5.23). The
interconnected control system

6 = (Mn7Rm7u’ f7 Rq? h)7

denoted by I(&1,...,8y), follows by M,, = I M,,,, m = Zfil mi,q = Zfil gi; and

the functions

fla,u) = [fi(zr,ur,wi);e . v (@, un, w)] (5.24)
h(z) = [h1(2);...;hn(2N)]s (5.25)
where u = [u1;...;un|, * = [z1;...;2N], and the interconnection variables constrained

by wij = yji, for alli,j € [1;N],i # j.

5.4.2 Small-gain Compositionality Result

In this section we provide sufficient conditions under which an interconnection of ab-
stractions of control systems, is an abstraction of the original interconnected system.
We assume that we are given N € N control systems

S = (Mnm RmiaRpivuh Wia fi7 RQi7 hl)a
where i € [1; N], together with the corresponding abstractions
S; = (Mg, R™ RP: Ui, Wy, fi, R% hy),

where i € [1; N] and with manifold simulation function Vg, associated with the (pseudo)
Riemannian structure G;, from @1 to &;. We use ay, Aj, Yiext, and ;i to denote the
corresponding constants and functions appearing in Definition 5.3.1. We require the
following assumptions in order to provide the compositionality result:

Assumption 5.4.2. For anyi,j € [1;N], i # j, there exists a positive constant 6;; such
that for any s € R>o:

hj; =0 = 6;; =0 and (5.26)

hji $_£ 0 = wz‘int <(N — 1) ;) < (51‘]‘8. (527)
J

For notational simplicity we define the matrix A € RV*V with its components given
by Ay = 0fori € [1; N] and Ayj = ;5 for 4,5 € [1; N], i # j. The next theorem provides
a compositionality approach on the construction of abstractions of interconnected control
systems and that of the corresponding simulation functions.
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Theorem 5.4.3. Consider the interconnected control system & = Z(&y,...,6y), in-
duced by N control subsystems &;. Suppose each subsystem &; admits an abstraction
éi with the corresponding simulation function Vg, with respect to (pseudo) Riemannian
metric G;. If Assumption 5.4.2 holds and there exists a vector = [u1;...; un|, where
w; > 1Yi € [1;N], such that the inequality

pf(=A4+A) <0 (5.28)

is satisfied®, where A = diag{\1,..., AN}, then

1
Vo) = _nt | (676G )T (s (5.29)
5er(#,0) Jo
s a manifold simulation function from the interconnected control system S = I(él, ceey éN)
to &, where
w1 G1(21) 0 .. 0
0 uaGa(x 0
G@=| . el -] (5.30)
0 0 unGn(ZN)

T = [.CCl;... ;JNZN], and T; = [.TZ,.C%Z] S /\/(n1 X Mﬁl Vi € [1;N].

Proof. For any x; € M,,,, and Z; € M, i € [1; N], define

~

iLl(.fil) hl(l‘l) — hl(ﬁil)
hE) =| : |:= : , (5.31)
hy (En) h(zn) = by (@)
where Z = [Z1;...;2n], and &; = [x;;34], Vi € [1; N]. One has:
@) 0
oh 0 0(zy) ... 0
T@o=| B (532
0 o0 SN (ay)

3We interpret the inequality component-wise i.e. for z € RY we have z < 0 iff every entry z; < 0,7 €
{1,...,N}

80
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and
NT -
NN
—\ox ] ozx
T . -
< diae d o Ohi\ Oh Ohn '\ Ohn
8"\ oz, ) oz N\ iy ) oin
111G (1) 0 0
0 112Glo (7 0
~< 2Ga(E2) — G(7), (5.33)
0 e 0 /LNGN(J?N)
where @ = min{a;,...,an}. Thus, the condition (5.9) is satisfied with @ = a. Now

we prove inequality (5.10). For all ¢ € [1; N], consider any Z; = [x;; Ti] € My, X Ma,,
dz; = [0xi; 0% € TyyMp, X Te;Ma,, Ui € R™ and any di; € R™. Under the map
u; = ki(Z;, 04, 10;), (5.10) is satisfied for each pair of subsystems &; and éi, with the
internal inputs given by w;; = yj; = hji(x;), and wi; = §j = ﬁﬂ(:ij) The corresponding
differential internal inputs are given dw;; = dyj; = %%idxj, and dw;; = 07j; = %hT/;Mcj.
We consider the time derivative of the function S(Z, %) = 67 G()6 along the solution
trajectory and employ the conditions (5.28) which results in the chain of inequalities
(5.34), where we use the triangle inequality and the following inequality [Kell4]

N-1
Yiint (11 + -+ 7n-1) <D iane (N = D)ry). (5.35)
i=1
We define the vector 64 = [041;. . .;dtuy], and the function

N
max Z':l :u'iwiext(si)
1/}ext(5) = §20 ‘
st. ||8]] = s.

where 5= [s1;...;58] € RV, heyy € Koo U {0}. Therefore, one has:
S < —NoELG(£)0F + Yexs (]| 00))), (5.36)
where A is the minimum element of the vector
—p" (A +4),

which satisfies inequality (5.10) with 1,y = 0. Hence we conclude that

1
V(z,#) = inf / ()T G(3())7 (5)ds, (5.37)
5eI(z,0) Jo
is a manifold simulation function from & to &. O
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-\ 5$TG xz)dmz + wzext(Héqu) + ¢zlnt("6wz - 5w2||))

\\Mz

d N
e . ~. .
tMZ ZE 1 5:53 Gi(Z;)

N N
<> i | —NidE] GilE:)oEs + Z Yiint ((N — 1)|[ows; — 5ﬁ)ij>> + ) pithiese ([1644]))

gt j=Lii .
N N 3
=S [ nE @S i <(N — 1)lldyyi - 6.@]-1-“) 2 pitbien(194])
P =L .
N N
=S g [ —0i TG Eem S i (N - 1) || 2 a2, 0% 3@a5$j
=1 =Ly
N
+ Z iViext (||0]|)
=1
N
- Oh;

0x;

1 i=1

<.
Il

N

=15

N
>) + ZMzﬂ%ext(HéﬂlH)

-

@
Il
—

al 1
i ()\iéaéfGi(a?Z')éii + Z Piint <\/oTj(N_ 1) 5£?Gj(jj)5fj>)

=1,

_l’_

M

,U/zwzext H(5Ul H)

—

M-

N N
< i ()\i(s.f??(;i(.fti)(Sfi + Z 5ij5f?Gj(.fj)5.fj) +ZMi¢iext(H5ﬁiH)
i=1 j=1,j#i i=1
N
= p"(=A + A)[6F] G(1)621; . . . 0ENG(EN)OEN] + Z 1iiext (107 ) (5.34)
=1

5.5 Compositional Abstraction: Dissipativity Approach

5.5.1 Differential Storage Function

In this section, we introduce a notion of so-called differential storage functions, adapted
from the notion of differential storage function introduced in [FS13] in the context of
differential dissipativity.

Definition 5.5.1. Consider two control subsystems

= (Mna RWL’Rp’u’ Wa fa quaRQQ7 h1> hZ)
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and R S -
S = (M4, R™" RP.UW, f,RER? Ry, hy)
and the corresponding augmented system
S = (Ma, R™RP.UW, f,R? R® hy, ho)
as in Definition 5.2.3. Let
06 = (T Mz, R™ R? U W, 5f R R® 5hy, 5hs)

be the variational control system of & as defined in Definition 5.2.1. Suppose there
exists some positive constants o and X, a matriz valued function G : Mz — R™¥7,
such that G(Z) is a positive (semi) definite matriz for all T € Mj, some matrices
W, W,X9 i je [1;2], of appropriate dimensions, a function ex € Koo U {0} and a
continuously differentiable function k : Mz x R™ — R™ which satisfies k(0,0) = 0, such
that the following two conditions hold:

~ T ~
G(Z) = <%}2> (88];1> . (5.38)

e For any [%;0%] € TMs, 4 € R™, and 60 € R™, if we choose u using the map
u = k(z,1), then for any w € RP, and any 6 € RP:

o For any 2 € Mj:

~T ~
7 [Of . of  0G . _ -
T R R
oz (3i G(z)+ G(x)asf + o f(:v,u,w)) 0z
~T T
7 Of s _7Of s
T T9]
+ 20w B0 G(2)dz + 20 5% G(z)oz
R T R
T e | Wow —Wew] [XY X2 [Wew — Wéw
< . T
S [ Sys — Hbgo } [XQl X22] [ Sys — Hbo ]
+ d}ext(Héﬂ”)’ (539)

where dyp = 8}379@517, 0o = %6‘%, ou = [du; d4], and du = %5:% + %5@.

Then S(Z,0%) = 657 G(2)0% is a differential storage function from & to &. We call &
(prefefably with 0 < n) an abstraction of & if there exists a differential storage function
from & to G.

Remark 5.5.2. For linear subsystems, one can use the differential storage function
given by

M  -MP
—PTM PTMP

€z,

S(z,0%) = ozt

where M € R™™ s q positive definite matriz, and P € R™ ™ satisfying the conditions
given in [ZA17] together with the associated linear interface map, for the construction
of abstractions of subsystems.
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5.5.2 Interconnected Systems
Here we define the interconnected system consisting of control subsystems interconnected
via a constant interconnection topology.
Definition 5.5.3. Consider N € N> control subsystems
S; = (M, R™ RV U, Wy, fi, RTY R®E hyy, hay),

where i € [1; N], and an interconnection matriz M of appropriate dimension defining the
coupling of these subsystems. The interconnected control system S = (M, R™ U, f,R9 h)
denoted by (&1, ..., Sy), follows by M,, = TN, M,,,, m = Zf\il mi,q = le\il qii, and
the functions

(5.40)
(5.41)

flau) = [fi(zr,ur,w);e o v (@n, un, w)]
h(z) = [h11(2);...; han(zN)],

sun|, © = [z1;..

;’LUN] = M[hgl(.%'l); ceey th(xN)].

where u = [ug;. .. .;xN], and with the internal inputs constrained by

[wl;...

5.5.3 Compositionality Result

In the next theorem, we derive sufficient conditions under which an interconnection of
abstractions of control subsystems, interconnected via another (possibly simpler) inter-
connection topology, is an abstraction of the original interconnected system.

Theorem 5.5.4. Consider the interconnected control system & = Z(&q,...,8y), in-
duced by N control subsystems and a coupling matrix M. Suppose each subsystem &;
admits an abstraction &; with a corresponding differential storage function S;. If there
exists p; > 1 and the matrix M such that the following matrixz (in)equalities hold:

T
WM WM
[ I } XX, o, pnXN) [ I ] =0, (5.42)
q q
WMH = WM, (5.43)
where § = ZZ]L q2; and
W = diag(W1,...,Wx), W = diag(W1,..., W),
H = diag(Hj, ..., Hy), (5.44)
X(mXi,. .., pnXN) =
[ X1 X1 ]
pn XN PN X A2
, 5.45
X7t X712 (5:45)
i pn X3 uN X
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then
Ve(@) = inf / TG () LA(s)ds, (5.46)
c@ = 1t ), 95" T 5s ‘
is a manifold simulation function from the interconnected control system S = I(él, ceey éN)
with coupling matrix M to &, where
,ulGl(a?l) 0 v 0
0 ,LLQGQ fg 0
G(z) = : () . . , (5.47)
0 A 0 unGn(ZN)

T =[Z1;...;ZN], and T; = [x;; 3] € My, x My, Vi € [1; N].

Proof. For any x; € M,,,, and &; € M, ¢ € [1; N], define

hi(21) hii(a1) — haa (1)
W@ =| : |= : : (5.48)
hn(ZN) hin(zn) — hin(En)
where & = [Z1;...;Zn], and T; = [x;;2;] Vi € [1; N]. One has:
@)
oh , _ 0 T2(iy) ...
F@=| B (5.49)
0 0 JN(zy)
and
\NT -
on\" o
*\oz) oz
N N
< dia o Ol % « —8hN —ahN
- & L 071 85:1""’ N 0Tn 0Tn
/LlGl(fl) 0 e 0
0 Go (2 0
S| 0 mGm — G(), (5.50)
0 0 wunGn(ZN)

where @ = min{aq,...,ayn}. Thus, the condition (5.9) is satisfied with & = a. Now

we prove inequality (5.10). For all ¢ € [1; N|, consider any &; = [x;; 3] € Mmix M,
any 0z; = [0z4;0%;] € Tp, My, X Tz, M, any u; € R and any 04; € R™. Under the
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map w; = ki(Z;, 4;), (5.39) is satisfied for each pair of subsystems &; and &;, with the

internal inputs given by [wy;...;wy] = M[hoi(x1);...;hon(zn)], and [w1;...;0N] =
MTha1(%1);. .. ; han(Zn)]. The corresponding differential internal inputs are given by
[Oh Oh
[dwr;...;0wN] =M iéxl,...;ﬂ&s]\f ,
| 01 Oorn |
and . A )
. . ~ | Ohar Ohan .
ow;...50 =M 0&1;...; =0
[ wi; ) ’LUN] aj:l X5 ) o7 TN
We consider the time derivative of the function S(,0%) = 5:1:TG( )0z, where T =
[Z1;...;Zn] and 0% = [0Z1;...;0ZN], along the solution trajectory and employ con-

ditions (4.25) and (4.26) which results in the chain of inequalities (5.55), where \ =
min{ Ay, ..., AN}, 0y = oh 215@, and 79; = 8 2101, Vi € [1; N]. Using (5.55), and by

defining the vector 0U = [5u1, ...;0uN], and the ‘function
max Zz 1 :u'zz/}zext( )
wext(s) = §20
st. 8] =s
where § = [s1;...;sn] and Yext € Koo U {0}, we arrive at the following inequality:
S < —NE G(F)0F + Pess (]| 60])), (5.51)
which satisfies inequality (5.10). Hence we conclude that
1
V@) = _ut [ 56 GG (s)ds, (5:52)
¥eI'(&,0) Jo
is a manifold simulation function from & to S, with respect to G. O

In the next section, we provide an example to illustrate the effectiveness of the pro-
posed differential dissipativity-type compositional reasoning for interconnected control
systems over Riemannian manifolds.

5.6 Example

Consider an interconnection of N € N subsystems &;, i € [1; N|, where each &, is given
by 61 = (STL17 Rni7Rniau’iv Wia fi)R)Rnia hli7 h?i)a where for each el = [0215 s eznl] €
S™i, u; € R™, w; € R™:
) > opiy sin(Oir, — 0i1)
i " .
Zk;l Sln(eik - Gznz)
hi1i(0;) := 0i
hoi(6;) := 0;. (5.53)
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d
> _ ) .,Al e =~
S = 7 ZE 1 i0T; Gl(xl)éxl

N N
< Z — N0l Gi(%;)0%; + Z i Wiext (1|0T;]])

5.6 Example

i=1 i=1
[ 511}1 (511)1 17 [ 5w1 (5’UA)1
Wil | -W 1170 IR R 7
5’(1)]\] (S’lf)N 5wN (SQIJN
| XX, ..y X | 5.54
* 0ya1 — H10921 (X i Xn) 0y21 — H10921 (5-54)
0yan — Hn 002N dyan — Hn OGN
N N
<A abE Gi(#:)0F; + Y pithiese (]| 0s]))
i=1 i=1
0yo1 — H10921 g wan?® W 0Yyo1 — H10921
+ : { I ] X(p1X1,...,unXn) { I ] :
~ q q ~
0yan — Hn 02N d0yan — Hy 00N
N N
< AY S wibE Gi(E:)0Fs + ) putbiexs ([107]) (5.55)
i—1 i=1

5f1(91, 591, ui,éui, ws, 5wz)
—n%EZi:l cos(0; — 0i1) ni cos(fi2 — 6;1) . n% cos(Bin,

- — 0;1)
n%- COS(@H — 912) —%E’,}Zl COS(@ik — 912)

001

—%Ek;l cos(0ir, — Oin,)

n%- COS(Qil — Gml)
+ dw; + du;
6h1i(01, (591) = (5911

(WLQZ(QZ,(SQI) = (501 (5.56)

The variational control system of &; is given by the tuple
561 — (SnZ X an 3 an 5 Rniauh Wi, 5f7,7 Ra Rnia 5h’1i7 5h’2i),

where for each [0;;00;] € S™ x R™ | u; € R™ du; € R™, w; € R™, and dw; € R™,
dfi, 0h1i, and dhg; are defined in (5.56). We assume that the interconnection topology is
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given by
[—2 1 0 0 1]
1 =2 1 0 0
1 =2 1 ... 0
M= . . . (5.57)
10 0 ... 1 =2

For each &;, we consider that the abstract subsystems are given by the tuple S; =
(S, R, R, U;, Wy, fi, R,R, 1,1), where for each 0; € S, 4; € R, and w; € R:

o 1 .

1

The variational control system of S, is given by 66, = (SxR,R, R, U, Wi,ﬁfiﬁ R, R, 5?@1}-, 5321),
where for each [91, 60@] eSxR, 4; € R,du; € R, w; € R, and dw; € R, 5fz, Oh14, and dho;

are given by:

5fz(éz, (Séz, ’llz‘, (57:%, Qf}i, (5@1) = —l COS(éZ’)(SéZ' + (5UA}Z + (%LZ

g
(ﬁlh‘(éi, 5@1) = 5@1

Consider the following differential storage function with constant pseudo Riemannian
structure:

00;1
Si(80;,00;) = [60:1 ... 60im, 60;] G 591 , (5.60)
50,
where
1 0o ... —1
0 1 ... -1
Gi=|. . . (5.61)
-1 -1 ... n;
For each i € [1;N], we choose u; = [u;1;...;uin,] € R™ according to the following
interface map:
1, 1 T
Ujj = —n—iEkzl sin(6;;, — 055) — 2—7%91] T sin(6;)
1 -
i + Ui, .62
+ 27%9 +u (5.62)
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where u;; represents the j-th element of the vector u;, and 0;; represents the j-th element
of the vector 6;, j = [1;n;]. It can be shown that S; is a differential storage function
from &; to &; with the following parameters

Wi =L, W; = 1p,, H; = 1,,,, X}' = X?* = 0,,,,

1
X2 =X =1, 0,=1\= ;,mext =0, (5.63)
1

where 0 represents the zero function. By selecting p; =--- = puy =1, and M appropri-
ately, it can be shown that (5.42) and (5.43) are satisfied and therefore one can conclude
that

Va(0) = inf / —A(s) ( )ds, (5.64)
yer@,0)Jo 0s

where 0 = [01;01;...;0N,0N],0; € S",0; € S,Vi = [1;N], and
G = diag(Gl, “eey GN), (5.65)

is a simulation function, with respect to G, from I(&1,...6x) to I(Sy, . ..,Sy), with
the interconnection matrix for & given by M. For example, for N = 3,n; = 50,Vi =
[1; N], (i.e. M € RY¥0X159) "one can choose

M=|1 -2 1]|. (5.66)

5.7 Summary

In this chapter, using tools from differential geometry, we derived sufficient compositional
conditions under which abstractions of interconnected systems evolving on smooth Rie-
mannian manifolds can be constructed. We used two different approaches. In the first
approach, we derived sufficient conditions based on small-gain type reasoning under
which abstractions of interconnected systems evolving on smooth Riemannian manifolds
can be constructed compositionally. In the second approach, we used notions from dis-
sipativity theory to derive conditions for compositional abstraction of interconnected
systems over smooth Riemannian manifolds. One advantage of dissipativity approach
over the small-gain one is that the interconnection topology of the concrete and abstract
networks need not be the same. In the small-gain formulation, the topology of both
concrete and abstract networks have to be the same. This provides an additional degree
of freedom for compositional construction of abstraction for such networks using the
dissipativity approach.
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Chapter 6

Conclusion & QOutlook

6.1 Conclusion

Constructing reduced-order models (i.e., infinite abstractions) for a complex system,
when considered as a monolithic entity, poses a challenging task. In this dissertation,
we addressed this challenge by capitalizing on the fact that many large-scale complex
systems could be seen as interconnected systems comprised of smaller subsystems. This
motivated a compositional approach for constructing abstractions, where abstractions of
the concrete systems could be created by utilizing the abstractions of smaller subsystems.

Chapter 3 of the dissertation focused on establishing conditions for constructing com-
positional abstractions of networks of stochastic hybrid systems. The framework involved
using the interconnection topology and joint dissipativity-type properties of subsystems
and their abstractions. The resulting abstraction, potentially with a lower dimension,
can substitute the original system in controller synthesis.

In Chapter 4, the dissertation addressed scenarios where the interconnection topology
in networks is not fixed. This was relevant in realistic situations where the interconnec-
tion topology might change due to factors like communication loss between robot agents
or failure of switching lines in an electric distribution grid.

The dissertation extended its scope to systems evolving over Riemannian manifolds
in Chapter 5. Recognizing that the state-space of many systems exhibited such geom-
etry, the analysis incorporated tools from differential geometry. Two approaches were
proposed for the compositional construction of infinite abstractions for interconnected
control systems on smooth Riemannian manifolds. The first approach introduced a
small-gain type condition facilitating the compositional construction of abstractions for
interconnected control systems. The second approach utilized dissipativity theory to
derive conditions for constructing compositional abstractions based on the interconnec-
tion topology and joint differential dissipativity-type properties of subsystems and their
respective abstractions.

6.2 Recommendations for Future Research

In this section, we discuss some topics that could be considered as potential future
research directions:
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e Model reduction for unknown nonlinear control systems. All techniques

for constructing reduced-order models (i.e., infinite abstractions) in this disserta-
tion require a mathematical model of the concrete subsystem derived from physics-
based first principles, which may not be available in practice. One potential future
direction is to develop schemes for constructing abstraction of nonlinear control
systems with unknown dynamics. In this regard, in a preliminary work in [AZ],
we introduced a technique to construct such abstractions for a class of discrete-
time control systems with partially unknown dynamics. This approach consists of
two main ingredients, namely, active subspace identification [CDW14; Conl5] and
Gaussian Process (GP) regression [WRO06]. This technique consists of using data
sampled from the concrete system to find a lower dimensional subspace of its state
space (which we call the active subspace), and constructing an abstraction can-
didate using GP regression. We derive sufficient conditions under which the GP
candidate is shown to be the abstraction of the original system while quantifying
the error bound between the output of the abstraction and that of the concrete
system. FExtending this preliminary result to a broader class of non-linear sys-
tems, stochastic systems and fully unknown systems are also potential directions
for future research.

Compositional abstraction of networks of cyber-physical systems with
unknown interconnection topology. The techniques presented in this disser-
tation for compositional abstraction of networks of cyber-physical systems assume
full knowledge of the interconnection topology of the network. In many real world
scenarios, even if the dynamics of the subsystems of the network is known, the in-
terconnection topology may not be fully known. One potential research direction
is to develop techniques for compositional abstraction of interconnected systems
with (partially) unknown topologies. In this regard, we propose two potential ap-
proaches. In the first approach, one may investigate some recent techniques devel-
oped in [DG20; Bla+17b; Bla+17a] in the context of topology-independent robust
stability of networked systems, and adapt them for deriving topology-independent
conditions for constructing abstractions in a compositional manner. Specifically,
one may investigate how the compositionality conditions in (3.15) and (3.16) can be
replaced by ones that are topology-independent. In the second potential approach,
one may utilize machine learning techniques to learn/identify the unknown inter-
connection topology. In this regard, one may utilize data samples generated from
the interconnected system to learn the interconnection topology, similar to tech-
niques presented in [Pu+21; Fra+19; CWZ20]. The compositionality conditions in
(3.15) and (3.16) will need to be modified to accommodate for the out-of-sample
generalization error between the learned topology and the actual one.

Relaxed geometric conditions for construction of abstractions of stochas-
tic hybrid systems. Current approaches to constructing abstractions for stochas-
tic hybrid systems rely on geometric conditions (as in (3.4.9)-(3.4.11)) or, in the
case of an interconnected stochastic hybrid system, a condition on the intercon-



6.2 Recommendations for Future Research

nection topology (as in (3.15)-(3.16)). Since these conditions are not always satis-
fiable, one potential research direction is to relax these restrictions on the choice
of abstractions, by opting to select ones which nearly satisfy such conditions.

Construction of finite abstraction of dynamical systems evolving over
Riemannian manifolds. In order to synthesize a controller to enforce complex
specifications (e.g., ones expressed as LTL) over dynamical systems, one promis-
ing approach is symbolic control. In this approach, first a finite abstraction of the
original system, with discrete state and input sets, is constructed. After construct-
ing the finite abstraction of the original system, one synthesizes a controller for
the finite abstraction to satisfy the complex specifications using algorithmic tech-
niques from computer science [BK08], and finally refine the controller to that for
the original system. To the best of the author’s knowledge, there is no work for the
construction of finite abstractions for systems evolving over Riemannian manifolds.
Hence, one potential research direction is to develop techniques for construction of
finite abstractions for systems evolving over Riemannian manifolds.

Compositional abstraction of networks of stochastic systems evolving
over Riemannian manifolds. Another potential research directions is extend-
ing the techniques in Chapter 5 for compositional abstraction of deterministic
system over Riemannian manifolds to stochastic systems over Riemannian man-
ifolds. In this regard, one may investigate the methods for analysis of solution
flows of stochastic systems, posed as Ito‘s stochastic differential equations, over
a Riemannian manifold identified through a suitably constructed metric [Hsu02;
MR22].
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