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Title: Geometry of rational double points and del Pezzo surfaces

Abstract: The topic of this thesis is the interplay between rational double point singularities
and del Pezzo surfaces. Chapter I determines which rational double points occur on del
Pezzo surfaces, extending work of Du Val to positive characteristic. Chapter II classifies
weak del Pezzo surfaces with global vector fields. The corresponding problem for RDP
del Pezzo surfaces in odd characteristic is solved in Chapter III. As an application of the
techniques developed in this thesis, rational (quasi-)elliptic surfaces with global vector fields
are treated in Chapter I'V.

Key words: rational double points, del Pezzo surfaces, vector fields, positive characteristic

Titel: Geometrie rationaler Doppelpunkte und del Pezzo Flidchen

Kurzfassung: Das Thema dieser Arbeit ist das Zusammenspiel zwischen rationalen
Doppelpunkt-Singularitdten und del Pezzo Flichen. Kapitel I bestimmt, welche rationalen
Doppelpunkte auf del Pezzo Fldchen auftreten, und verallgemeinert damit Arbeiten von Du
Val auf den Fall positiver Charakteristik. Kapitel II klassifiziert schwache del Pezzo Fldchen
mit globalen Vektorfeldern. Das entsprechende Problem fiir RDP del Pezzo Flichen in
ungerader Charakteristik wird in Kapitel III gelost. Als eine Anwendung der in dieser
Arbeit entwickelten Techniken werden in Kapitel IV rationale (quasi-)elliptische Flidchen
mit globalen Vektorfeldern behandelt.

Stichworte: rationale Doppelpunkte, del Pezzo Flédchen, Vektorfelder, positive Charakteristik
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Introduction

Throughout this thesis, unless explicitly mentioned otherwise, we work over an
algebraically closed field k of characteristic char(k) =p 0.

0.1. Rational double points. A rational double point is a rational normal surface
singularity of multiplicity two [Art66]. Despite the modern mathematical language used
in the above definition, the starting point of the investigation of these singularities may
be traced back as far as 400-300 BC, when the Greek mathematician Theaetetus and the
Pythagoreans ([Euc56, Book XIII], [Wat72]) first discovered and mathematically described
the regular solids in three-dimensional space: tetrahedron, hexahedron, octahedron,
dodecahedron and icosahedron. These regular polyhedra are called Platonic solids in honor
of the Greek philosopher Plato and the historically first attempt of a characterization of
matter in terms of mathematical models in his famous Timaios dialogue [Pla25, Timaeus,
53e]. It is believed that Euclid’s books [Euc56] were written in order to provide a proof
of Theaethetus’ classification of the regular solids — considered the most important result
in ancient mathematics —, a hypothesis that is further corroborated by the fact that Euclid
devoted the final volume XIII of his “Elements” to this topic. Around two thousand years
later in 1596, Kepler’s model of the solar system [Kep96] inscribed the five Platonic solids
between two successive orbits of the six planets — only six of them were known at that
time — circling around the sun (see also [Slo83]). Although we now know the flaws of
this model, it should not be underestimated that, after Copernicus, this constituted the first
physical theory of heliocentrism.

In the nineteenth century, the symmetry groups of the Platonic solids reappeared in
Klein’s classification of finite subgroups G of SLz(C): Up to conjugation, these are the
cyclic, the binary dihedral, as well as the binary tetrahedral, binary octahedral and binary
icosahedral groups, and correspond to the symmetry groups of plane regular n-gons,
pyramids over them, and the Platonic solids [Kle93], [Slo83]. In this context, in Klein’s
lectures on the icosahedron [Kle93] in 1884, the equations of complex rational double points
first occurred as the relations between the generators of the invariant ring C[z,y]® under
actions by the finite subgroups of SL2(C).

Half a century later, these quotient singularities appeared again in Du Val’s classification
of surface singularities that “do not affect the conditions of adjunction” [DV34]. In the
modern language of the minimal model program, Du Val’s characterization can be rephrased
as saying that rational double points are precisely the canonical singularities of normal
surfaces.

The first complete proof of the existence of resolutions of surface singularities goes
back to Walker [Wal35] — after preliminary work by Del Pezzo [DP92], Segre [Seg97], Levi



[Lev97], Severi [Sev14], Chisini [Chi21], Albanese [Alb24] — and was extended to fields of
characteristic 0 by Zariski [Zar39], [Zar42] and to positive characteristic by Abhyankar
[Abh56]. It follows from Castelnuovo’s contraction theorem [CEO1] (see also [Har77,
Chapter V, Theorem 5.7]) that there is a unique minimal resolution for surface singularities.

In the case of rational double points, the exceptional locus of the minimal resolution
consists of ( 2)-curves (that is, smooth rational curves of self-intersection ( 2)) whose
dual graph is a Dynkin diagram of type An, Dn, Eg, E7, or Eg as depicted below [Dyn47].
(In these resolution graphs each vertex corresponds to an irreducible component Ej of the
exceptional locus and two such vertices Ej, Ej are joined by Ej. Ej many lines.) Conversely,
every surface singularity such that the exceptional divisor of the minimal resolution consists
of ( 2)-curves forming an ADE-diagram is a rational double point (see [Dur79] or
[Stal8b] for various equivalent definitions). Moreover, the analytic isomorphism class of a
rational double point is uniquely determined by its resolution graph (this property is called
tautness). In other words, over the complex numbers, rational double points are classified
by Dynkin diagrams of types An, Dn, Es, E7, and Es.

By

Dynkin diagrams of types An(n 1), Dn(n  4), Ee, E7, and Eg

This suggests that there is a relation between rational double points and other
mathematical objects that are classified by Dynkin diagrams, such as simple algebraic
groups and their Lie algebras ([Che51], [Che55], [Bor56], [Sem58]; see also [Hum?75]).
Indeed, as Grothendieck had conjectured, the following connections between rational double
points and simple Lie algebras (analogously, simple algebraic groups) of AD E-type were
established: For a Lie algebra g of some Dynkin type, its variety N (g) of nilpotent elements
intersected with a so-called transverse slice .S to a subregular orbit is again a surface with
an isolated singularity that is a rational double point of the same Dynkin type as g ([Bri71];
see also [Esn76], [Ste65]). Moreover, the restriction of the adjoint quotient g ¥ t/W
to the transverse slice realizes the miniversal deformation of the rational double point in
S\ N(g), and, by work of Grothendieck and Springer [Spr69], this description of the
miniversal deformation can be used to construct simultaneous resolutions of families of
rational double points after a finite base change with the Weyl group W as covering group
([Bri71], [S1o80]; see also [Art74], [SB21]).



In positive characteristic, the dual resolution graph of a rational double point is still a
Dynkin diagram of AD E-type, but it turns out that there can be several non-isomorphic
rational double points admitting the same resolution graph in characteristic p 2 2, 3, 59,
that is, rational double points in these characteristics are not necessarily taut. Nevertheless,
there are only finitely many formal isomorphism classes of rational double points with the
same resolution graph and these isomorphism classes, together with their defining equations,
were classified by Lipman [Lip69] in the case of Fg-singularities and by Artin [Art77] in
the other cases. Artin shows that rational double points with the same resolution graph are
distinguishable in terms of their deformation theory ([Art76, Chapter 1, §4]) and assigned
a coindex to the formal isomorphism classes which we call Artin coindex. The connection
between rational double points, simple algebraic groups and simultaneous resolutions
persists in positive characteristic if p is not too small, as explored by Slodowy [S1080], and
extended by Shepherd-Barron [SBO1] if p is very good (depending on the type of algebraic
group resp. rational double point).

0.2. Del Pezzo surfaces. If X  P" is a projective variety of degree d and dimension
m such that X is non-degenerate, that is, such that X is not contained in a hyperplane,
then a simple projection argument shows that d 1+ n  m. If equality holds, then X
is called a variety of minimal degree. The classification of surfaces of minimal degree goes
back to del Pezzo [dP85] and was later generalized to higher dimensions by Bertini [Ber(7]
(see also [EH87]). The result is that the varieties of minimal degree are exactly quadric
hypersurfaces, the Veronese surface P2 <¥ P®, cones over the Veronese surface, or rational
normal scrolls. The classification is the same in arbitrary characteristic (see for example
[Dol12, Section 8.1.1], [GH94, Chapter 4, 3., p.522ff], or [Har95, Theorem 19.9.]).

Restricting ourselves to dimension 2, it is a natural question to ask what the non-
degenerate projective surfaces of almost minimal degree d = n are. This question was
studied by del Pezzo in [dP87]. Among these surfaces are cones over curves of degree d
in P4 1 and projections of surfaces of minimal degree d in P9+ [Dol12, Section 8.1.1].
For surfaces of almost minimal degree that are not in these two classes, del Pezzo showed
that 3 d 9 and that all such surfaces are normal, have at worst rational double points
as singularities and — in modern terminology — have very ample anti-canonical sheaf wxl
(see [Dol12, Proposition 8.1.8, Theorem 8.1.11]). Weakening the condition “very ample”
to “ample” leads to the following more general modern definition of del Pezzo surfaces as
(canonical) Fano varieties of dimension 2 and of weak del Pezzo surfaces as their minimal
resolutions.

DEFINITION. Let X and X be projective surfaces.

X is a del Pezzo surface if it is smooth and wy* is ample.
X is an RDP del Pezzo surface if all of its singularities are rational double points
(RDPs) and wxl is ample.
X is a weak del Pezzo surface if it is the minimal resolution of a (RDP) del Pezzo
surface.

In all the above cases, the number deg(X) = K% (resp. deg(X) = K é) is called the

degree of X (resp. X).



The RDP del Pezzo surfaces that were classically studied by del Pezzo are those with
deg(X) 3 and they are also exactly those where wxl is very ample. In degree deg(X) =
2, the surface X is a double cover of P2 branched over a quartic curve (if p & 2) and in
degree deg(X) = 1, the surface X is a double cover of a quadratic cone in P branched
over a sextic curve (if p & 2). It is well-known (see [Dol12, Section 8.1.3]) that weak del
Pezzo surfaces are exactly the smooth projective surfaces £ with w kl big and nef, and that

all of them are either P P, the second Hirzebruch surface F», or can be obtained by
blowing up at most 8 points in P? in almost general position.

0.3. Which rational double points occur on del Pezzo surfaces? Given that the
only singularities that can occur on del Pezzo surfaces are rational double points, it is a
natural question to ask exactly which rational double points (and configurations of them)
actually do occur on RDP del Pezzo surfaces. Over the complex numbers, the answer
to this question is classical: By work of Timms [Tim28], Schléfli [Sch63], and Du Val
[DV34], a configuration of rational double points I" occurs on an RDP del Pezzo surface X
if and only if the corresponding ( 2)-curve configuration T'® occurs on a weak del Pezzo
surface. The latter happens if and only if the lattice I'Y embeds into the Eg-lattice and
e D4 + 4A1, 8Aj1, 7Alg.

In Chapter I, we extend these classical results to all positive characteristics. As explained
in the above introduction to rational double points, the classification is more subtle in
small characteristics, since rational double points may no longer be taut if char(k) =
p 2 12,3,59. So, a complete answer to the question “Which rational double points occur
on del Pezzo surfaces?” must be more involved than over the complex numbers, since
determining the possible RDP configurations I' on RDP del Pezzo surfaces is a priori not
equivalent to only determining the possible configurations I'’ of ( 2)-curves on weak del
Pezzo surfaces. Nevertheless, it is a consequence of our classification (Theorem 1.2 in
Chapter I) that, in characteristic different from 2, the two classifications coincide, that is,
whenever a configuration of ( 2)-curves occurs on a weak del Pezzo surface, then the
corresponding configurations of rational double points with all possible Artin coincides
occur on some RDP del Pezzo surface. If p = 2, this correspondence fails, but we are still
able to achieve a complete classification of all configurations of rational double points that
occur. Moreover, as a byproduct of this classification, we obtain simplified equations for all
RDP del Pezzo surfaces of degree 1 containing non-taut rational double points.

For further details and the complete classification, we refer the reader to Chapter I of
this thesis and Theorem 1.2 therein.

0.4. Simultaneous resolutions of rational double points via del Pezzo surfaces. In
the above, we studied rational double points on del Pezzo surfaces because they are the only
singularities that can possibly occur on these surfaces (at least with our definition, inspired
by del Pezzo’s classification of varieties of almost minimal degree). However, del Pezzo
surfaces can also be used to study the geometry of rational double points: Indeed, even
before simultaneous resolutions of rational double points were studied using linear algebraic
groups as explained above, there have been explicit constructions of such simultaneous
resolutions using (weak) del Pezzo surfaces by Brieskorn [Bri66], [Bri68], and Tjurina



[Tju70]. In the following, we recall Tjurina’s description of a simultaneous resolution of a
versal deformation of the Eg-singularity in characteristic 0 [Tju70]:

Consider a cuspidal cubic C P2, let P 2 C be an inflection point, and let U~ C
be a sufficiently small neighborhood of P. Then, the family & : % ¥ U?® obtained by
blowing up (the strict transforms of) PLZJS in the eight sections determined by the inclusion
U  P?is a family of weak del Pezzo surfaces. The fiber of & over (P,..., P) is a weak
del Pezzo surface with an Eg-configuration of ( 2)-curves and Tjurina shows, by taking
the relative anti-canonical model, that X can be blown down to a family of RDP del Pezzo
surfaces y : X ¥ U® that induces a deformation of the Eg-singularity in the fiber of  over
(P, ..., P) whose base is a finite cover of a versal deformation space of the singularity. In
other words, by this construction, any deformation of Eg admits a simultaneous resolution
after a finite base change. In particular, up to finite base change, every deformation of
the Eg-singularity is induced by a deformation of an RDP del Pezzo surface X with a
singularity of type Eg.

We note that Tjurina’s construction of a simultaneous resolution for the Eg-singularity
cannot work in arbitrary characteristic: For example, if char(k) = p = 2, only three of the
five types of Ejg-singularities occur on del Pezzo surfaces (see Chapter 1), and among the
three E§-singularities that do occur, two have miniversal deformation spaces of dimension
strictly larger than 8 (namely Eg and Eg). Therefore, the space U® from Tjurina’s
construction cannot provide a finite cover of the miniversal deformation space of the
singularity. However, one may wonder whether the additional deformations of the
singularity are still induced by a deformation of a (RDP) del Pezzo surface, possibly via
a more involved construction than Tjurina’s.

This begs for the more general question about the relationship between deformations
of RDP del Pezzo surfaces, their minimal resolutions weak del Pezzo surfaces, and the
rational double points that they contain. As the deformation spaces of rational double points
are well-known in all characteristics ([Art77], [Art76], [S1o80]; see also [Stal8b]), the first
step towards understanding this relation is to determine the deformation spaces of RDP and
weak del Pezzo surfaces.

Recall that the locally trivial deformations of a projective variety X are governed by
the cohomology groups H%(X, Tx), H*(X,Tx), and H?(X, Tx ), where T denotes the
tangent sheaf of X. By work of Matsumura and Oort [MOG68], the automorphism functor
Autx of X over k is representable by a group scheme locally of finite type over k& whose
tangent space at the identity can be identified canonically with the space of global vector
fields H°(X,Tx). Note that this tangent space only depends on the identity component
Autg)( of the representing group scheme Autx. By [Ser06, Proposition 1.2.9], the space
HY(X,Tx) is the tangent space to the functor of locally trivial deformations of X, and, by
[Ser06, Proposition 2.4.6], the space H?(X, T ) is an obstruction space for this functor.

Thus, the first step towards understanding deformations of weak and RDP del Pezzo
surfaces is to determine the cohomology groups of the tangent sheaf.

Note that in the case of a weak del Pezzo surface X we have by Serre-duality and [DI87,
Corollaire 2.8]

H*(B,Ty) = H'(B,Qp we)-=0.



By the Hirzebruch—Riemann—Roch-Theorem and formulae for Chern- and Todd-classes
(see [Har77, Appendix A, 4]), one can check that

X(Tg) =h'(R,Te) h'(R,Ty)

0.1) )
=deg ch(Tg).td(Tyg) ,=... =2Kg 10.

Therefore, since the miniversal deformation space of X is formally smooth, it is determined
by its dimension h' (€, T ) and by Equation 0.1 it is thus sufficient to compute 7°(&, T ).

0.5. Weak del Pezzo surfaces with global vector fields. In Chapter II of this thesis,
we obtain the dimension of H%( &, Ty ) as a byproduct of the determination of the identity

component Aut; of the automorphism scheme for every weak del Pezzo surface X in
arbitrary degree and arbitrary characteristic.
The structure of Au‘c;2 is well-known if % is not a blow-up of P2 that is, if £ 2

fP1 P F»g. The key tool for the classification of the remaining weak del Pezzo surfaces
with global vector fields is Blanchard’s Lemma (see [BSU13, Proposition 4.2.1] and [Bla56,
§I.1]), which implies that connected group scheme actions descend along birational
morphisms between normal varieties, allowing us to describe Aut% as an iterated stabilizer

of the points blown up in a realization of £ as a blow-up of P2

Using this approach, we give a complete description of the configuration of negative
curves — which, by adjunction, are either ( 1)-or ( 2)-curves —on weak del Pezzo surfaces
with global vector fields and calculate the identity component AutgQ of their automorphism
schemes. It turns out that there are 53 distinct families of such surfaces if p & 2,3, while
there are 61 such families if p = 3, and 75 such families if p = 2. Each of these families
has at most one moduli. Note that this also yields a classification of weak (and RDP) del
Pezzo surfaces with infinite automorphism group, independently obtained over the complex
numbers by Cheltsov and Prokhorov [CP21]. However, in positive characteristic — and,
by our classification, a posteriori only in characteristic 2 and 3 — there can exist weak del
Pezzo surfaces with global vector fields and finite automorphism group, since Aut; can be
non-reduced.

Further details and the complete classification can be found in Chapter II and the Main
Theorem therein.

0.6. Deformation spaces of weak del Pezzo surfaces. As we explained above, the
knowledge of h0(XK, Ty) for any weak del Pezzo surface X, as obtained in Chapter II,

allows us to calculate h'(, Ty ) for all such surfaces: Since H?(&,Ty) = 0, the defor-

mation space of X is formally smooth and hence uniquely determined by its dimension
nl(X, Ts ). By the above Equation 0.1 and the classification of Chapter II, we can determine
its dimension for all weak del Pezzo surfaces in all degrees and characteristics. For the
convenience of the reader, we collected the results on dimensions of deformation spaces of
weak del Pezzo surfaces in Table O in the Appendix O of this thesis.
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The next step in understanding the relation between deformations of weak del Pezzo
surfaces, RDP del Pezzo surfaces, and RDPs is determining the deformations spaces of
RDP del Pezzo surfaces. There, the situation is more delicate, for a number of reasons:

Firstly, not every deformation of an RDP del Pezzo surface X is locally trivial and, in
fact, the most interesting deformations here are those that induce non-trivial deformations
of the rational double points and these deformations are never locally trivial. Secondly,
in positive characteristic, the vanishing of H?(X,Tx) does not follow from a general
vanishing result and, indeed, examples of RDP del Pezzo surfaces X with H2(X,Tx) & 0
in characteristic p = 2, 3 have recently been exhibited by Kawakami and Nagaoka [KN22,
Remark 1.8]. Finally, an RDP del Pezzo surface X can have more global vector fields than
its minimal resolution, since there is no a priori reason for an action of a non-reduced group
scheme to lift to the resolution.

Nevertheless, even though obtaining a full description of the deformation space of an
RDP del Pezzo surface X is more difficult than in the case of weak del Pezzo surfaces, the
first question that needs to be answered is how big H°(X, T ) can be.

0.7. RDP del Pezzo surfaces with global vector fields in odd characteristic. As in
the case of weak del Pezzo surfaces, we obtain the dimension of H°(X, T ) as a byproduct
of the determination of Auty for all RDP del Pezzo surfaces X in all degrees and odd
characteristics.

Note that Blanchard’s Lemma applied to the minimal resolution 7 : £ ¥ X yields a
closed immersion Autok <X Aut$. We prove that this closed immersion is an isomorphism
in characteristic p 8 2, 3,5, 79, hence the classification of RDP del Pezzo surfaces with
global vector fields is equivalent to the classification of weak del Pezzo surfaces with global
vector fields in these characteristics. If p 2 3,579, we classify the cases where this
closed immersion is not an isomorphism. There are two such surfaces in characteristic 7,
nine such surfaces in characteristic 5, and 56 families of RDP del Pezzo surfaces X where
Aut& is strictly larger than Autoﬁ in characteristic 3. Moreover, we give explicit equations
for all such RDP del Pezzo surfaces in all possible degrees. As an application, we construct
regular non-smooth RDP del Pezzo surfaces over imperfect fields of characteristic 7, thereby
showing that the known bound p 7 [BT20, Proposition 5.2] for the characteristics, where
such a surface can exist, is sharp.

In the local setting, the problem that group scheme actions on X do not necessarily
lift to X is mirrored by the fact that not every vector field on a rational double point
singularity lifts to its minimal resolution [Wah75, (5.18.1) Remarks]. Rational double
points where all vector fields lift are called equivariant and were classified by Hirokado
[Hir19]. The idea of our proof is to show first that Autok < Autg( is an isomorphism if
X contains only equivariant RDPs, and to give a criterion for liftability of group scheme
actions for the simplest example of a non-equivariant RDP in characteristic p given by
the Ap 1-singularity. This reduces the problem of determining Autg( for general RDP
del Pezzo surfaces to RDP del Pezzo surfaces containing non-equivariant RDPs, a list of
which can now be compiled easily from the results of Chapter I and [Hir19]. For these
non-equivariant RDP del Pezzo surfaces we set up an inductive argument, where we first
classify the RDP del Pezzo surfaces of highest possible degree with Auto>Q C Aut) and a
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given configuration of non-equivariant RDPs, and then use Blanchard’s Lemma to obtain a
classification in smaller degrees.

For further details and the complete classification of RDP del Pezzo surfaces with
global vector fields in characteristic different from 2, we refer the reader to Chapter III
and Theorem 1.1 and Theorem 1.2 therein.

0.8. On rational (quasi-)elliptic surfaces with global vector fields. One of the key
tools we used in our classification of rational double points on RDP del Pezzo surfaces
in Chapter I was the close connection between weak (resp. RDP) del Pezzo surfaces and
Jacobian rational (quasi-)elliptic surfaces (resp. their Weierstral models). More precisely,
the blow-up of the unique base point of the anti-canonical system on a weak del Pezzo
surface of degree 1 yields a Jacobian rational (quasi-)elliptic surface and the contraction
of any section on a Jacobian rational (quasi-)elliptic surface recovers the weak del Pezzo
surface. By Blanchard’s Lemma and the fact that Auto)% fixes the base point, this yields an
identification of the automorphism schemes of the surfaces that correspond to each other
under this bijection.

This begs for the question whether one can achieve a similar classification for arbitrary
rational (quasi-)elliptic surfaces that do not necessarily admit a section. In Chapter IV,
we recall the classical description of these surfaces as the resolution of base points of a
Halphen pencil [Hal82] of curves of degree 3m in P2, In particular, this description shows
that non-Jacobian rational (quasi-)elliptic surfaces with a multiple fiber of multiplicity m
are also blow-ups of weak del Pezzo surfaces of degree 1, but, instead of the base point
of j Kgj, one blows up a point P of exact order m on the identity component of an
anti-canonical curve. Thus, even though there is no longer a correspondence between such
rational (quasi-)elliptic surfaces £ and weak del Pezzo surfaces X of degree 1, we can still
use Blanchard’s Lemma to calculate Aut% as the stabilizer of P with respect to the action

of Aut;. In particular, if £ has global vector fields, then so does % and, going through the

list of such X in Chapter II, one can classify all £ with global vector fields.

This approach works in arbitrary characteristic, but since the final chapter of this thesis
is more of an outlook — because it is only tangentially related to del Pezzo surfaces and
rational double points — we restrict ourselves to the four families of weak del Pezzo surfaces
of degree 1 in the list of Chapter II that occur also in larger characteristics. This will allow
us to keep Chapter IV relatively short while still illustrating that the techniques developed
in the previous chapters also apply to more general classes of surfaces. At the same time,
we establish a complete classification of all rational (quasi-)elliptic surfaces — both Jacobian
and non-Jacobian — with global vector fields in characteristics p & 2, 3.

For further details, the complete classification in characteristic different from 2 and 3,
as well as discussions of the geometry of some explicit examples in characteristic 2 and 3,
we refer the reader to Chapter IV and Theorem 1.1 therein.

Conventions, official announcements, and acknowledgements. Concerning the
numbering of definitions, propositions, theorems, tables, figures etc. we apply the following
conventions: The numbering will be by chapter and hence it will be reset at the start of every
new chapter. Whenever, in one of the four main chapters of this thesis, we refer to a result
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with a number only and do not mention the chapter it is contained in, the result will be
found in the same chapter as the reference. Whenever we wish to refer to a result of another
chapter, the chapter this result can be found in will be mentioned explicitly, together with
its label in that respective chapter.

In the digital version of this thesis, every reference will have an underlying link attached
to it, which leads the reader to the corresponding part of this thesis. In the Appendix,
all classification tables are collected chapter-wise for the sake of user-friendliness and
accessibility of the results of this thesis. There, each caption encompasses a link leading to
the first occurrence of the respective result in the text.

In case a reader is mainly interested in one of the four chapters of this composition,
sections called “Motivation and summary”’ and recaps of the necessary background material
are included in each chapter such that, despite the chapters building upon one another, each
of them will nevertheless be also readable on its own.

Parts of this thesis have been made accessible to the academic community in the form
of preprints on the ArXiv, and have been published resp. accepted resp. submitted for
publication in peer-reviewed journals:

Chapter I follows the article [Sta21], which has been published in Epijournal de
Géométrie Algébrique. Moreover, it has officially been acknowledged for my master’s
thesis in the TopMath program at TUM. !

Chapter II follows the article [MS20], which is joint work with Gebhard Martin and
has been accepted for publication in Geometry and Topology. >

Chapter III follows the article [MS22], which is joint work with Gebhard Martin and
has been submitted to a peer-reviewed journal.

Chapter IV has not yet been made available to the academic community.
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CHAPTER 1

Which rational double points occur on del Pezzo surfaces?

Up to minor modifications, this chapter is taken from the article “Which rational double
points occur on del Pezzo surfaces?” of the author. The article is published in Epijournal
de Géométrie Algébrique and can also be found on the ArXiv (see [Sta21]).

1. Motivation and summary

Throughout this chapter, we work over an algebraically closed field k of characteristic
char(k) = p 0. Quite classically, del Pezzo surfaces admitting at worst rational double
point singularities (also called RDP del Pezzo surfaces, Gorenstein log del Pezzo surfaces
or Du Val del Pezzo surfaces) first appeared as non-degenerate surfaces of degree d in P
which are not cones or projections of surfaces of minimal degree. A first natural question
to ask is the following:

QUESTION 1.1. Which rational double points occur on RDP del Pezzo surfaces?

For1 d 9, we define the lattice Fg ¢ as the orthogonal complement of the vector
( 3,1,...,1) in the unimodular lattice T%® 9 of signature (1,9 d) defined by the matrix
diag(1, 1,..., 1). Over the complex numbers, the answer to Question 1.1 is old:

Ifd 3, aconfiguration I' of rational double points occurs on an RDP del Pezzo
surface X of degree d if and only if the lattice I’ spanned by the irreducible
components of the exceptional divisor of the minimal resolution X of X embeds
into the lattice Eg 4. If d 5, this is elementary to check, while if d = 4 it was
proven by Timms [Tim28] in 1928, and if d = 3 it was proven by Schléfli [Sch63]
in 1863.

If d = 2, then X7 is a double cover of P? branched over a quartic curve. Simple
singularities of plane quartics, and thus RDPs on X7, were classified by Du Val
[DV34] in 1934. It turns out that I" occurs on some X> if and only if I’ embeds
into 7 and I is not of type TA;.

If d = 1, then X is a double cover of a quadric cone in P3 branched over a sextic
curve and the possible singularities of the branch locus have also been classified
by Du Val [DV34]. It turns out that " occurs on some X if and only if I' embeds
into FgandI' 8 D4 + 4A,,8A1, 7Alg.

Besides these very classical sources, we refer the reader to [Ura83] for a more modern
treatment of the cases where d 2 f1, 2g. From the above discussion, we see that if we do
not care about the degree of X, but only about whether I' occurs on some RDP del Pezzo
surface, then the lattice F'g — being the biggest possible orthogonal complement of Kx —
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plays a central réle and we note that the classification of root sublattices of Eg is also quite
classical and goes back to Dynkin [Dyn52].

Thus, we are mainly interested in Question 1.1 in the case p > 0, even though our
methods also recover Du Val’s results over the complex numbers. While an answer to
Question 1.1 may be known to the experts if p & 2,3, 5, it becomes particularly subtle
in small characteristics, where a rational double point is not necessarily taut, that is, it is
not necessarily uniquely determined by its dual resolution graph. Such non-taut rational
double points can only occur in characteristic 2, 3, and 5, and have first been studied and
classified by Artin [Art77]: There are only finitely many rational double points with the
same resolution graph and they are distinguished by a coindex that we call Artin coindex
(see Table 7 for a summary of all non-taut rational double points).

Very recently, there has been substantial progress on RDP del Pezzo surfaces in positive
characteristic:

In characteristic at least 5, RDP del Pezzo surfaces of Picard rank 1 have been
classified by Lacini in [Lac20], generalizing work of Ye [Ye(02] and Furushima
[Fur86] (see also [MZ88] and [MZ93]).

In characteristic 2 and 3, Kawakami and Nagaoka [KN20] classify RDP del Pezzo
surfaces of Picard rank 1 and determine some, but not all, of the Artin coindices
of the rational double points that occur. In [KN22], they also investigate in detail
some interesting pathological examples in characteristic 2 that will also appear as
exceptional cases in the present chapter (see Proposition 3.2).

In this chapter, instead of studying RDP del Pezzo surfaces of small Picard rank, which
play a prominent rdle in the minimal model program (see e.g. [MZ93, Lemma 2]), we want
to approach the problem from a more classical angle and try to find a satisfying positive
characteristic analogue of Du Val’s work relating Question 1.1 to the lattice Ejg.

Before stating our main result, let us fix some terminology. We say that a sum I'? =

i Di:n; of root lattices (that is, I'i 2 fA, D, Eg and n; is the number of simple roots)

occurs on a weak del Pezzo surface X if it is isomorphic to the lattice spanned by all
( 2)-curves on K.

Then, Theorem 1.2 gives a complete answer to Question 1.1 in arbitrary degree and
Picard rank over an algebraically closed field of arbitrary characteristic char(k) =p 0.

THEQREM 1.2. LetT' = F'i‘;'ni be an RDP configuration with Artin coindices ki and

let IV = i L'i:n; be the lattice spanned by the irreducible components of the exceptional
divisor of its minimal resolution.

(1) If p & 2, then the following are equivalent:
T" occurs on an RDP del Pezzo surface.
I’ occurs on a weak del Pezzo surface.
I'" embeds into Eg and T’ @ fD4 + 4A1,8A1, TA1Q.
(2) If p = 2, then the following are equivalent:
I’ occurs on a weak del Pezzo surface.
I'" embeds into Eg and T’ @ f2A3 + 241, Az + 4A1,6410.
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If all FE‘;ini are taut, these statements are also equivalent to the following:
T" occurs on an RDP del Pezzo surface.
(3) If p=2andsome F'i‘;ini is non-taut, then the following are equivalent:
I" occurs on an RDP del Pezzo surface.
T" occurs in Table 4, 5, or 6.
(4) Moreover, in the Tables 2, 3, 4, 5, and 6, we give equations for all RDP del Pezzo
surfaces of degree 1 containing a non-taut rational double point.

For the convenience of the reader, we list all possible I’ embedding into Eg (see
[Dyn52, Table 11]) and state whether the respective I'" occurs on a weak del Pezzo surface
or not. For the possible Artin coindices of the corresponding RDP configurations in the
non-taut case if p = 2, we refer the reader to Tables 4, 5, and 6 (see also Remark 4.6).

REMARK 1.3. We will see in Proposition 3.2, that if p & 2, all rational double points
that occur on some RDP del Pezzo surface also occur on an RDP del Pezzo surface of degree
1. This fails for precisely four RDP configurations in characteristic 2, namely for I' 2
fE9, DY + A1, D + 3A1,7A19, each of which occurs on a unique RDP del Pezzo surface
of degree 2. These four surfaces coincide with the surfaces described in [KN22, Theorem
1.4(2)]. Note, however, that the ( 2)-curve configurations of types E7 and Dg + A; do
occur on weak del Pezzo surfaces of degree 1 in characteristic 2, whereas the configurations
of ( 2)-curves D4 + 3A; and 7A; do not.

REMARK 1.4. One way of classifying RDP configurations on RDP del Pezzo surfaces
over the complex numbers is to reduce to the case of RDP del Pezzo surfaces of Picard rank
1 or 2 as described in [MZ93, Lemma 2, Lemma 4]. However, as it is unclear whether this
reduction also works in positive characteristic (in particular if p = 2, 3,5), and since the
classification of RDP del Pezzo surfaces of Picard rank 2 in positive characteristic is not
available yet, we will pursue a different approach in this chapter.

The structure of this chapter and thus also the structure of the proof of Theorem 1.2 is
as follows: After recalling the classification of non-taut rational double points in Section 2,
we show in Section 3.1 that an RDP configuration occurs on an RDP del Pezzo surface if
and only if it occurs on an RDP del Pezzo surface of degree 1, with the exception of the four
configurations mentioned in Remark 1.3. Then, in Section 3.2, we recall the well-known
connection between RDP del Pezzo surfaces of degree 1 and Weierstral3 models of rational
(quasi-)elliptic surfaces. In Section 3.3, we explain how this connection, and the theory of
Mordell-Weil groups, can be exploited to classify all configurations of (  2)-curves that can
occur on weak del Pezzo surfaces. This reduces Question 1.1 to non-taut RDPs and thus
to characteristics 2, 3, and 5. Finally, the bulk of the chapter is devoted to the classification
of RDP del Pezzo surfaces of degree 1 with at least one non-taut rational double point in
characteristic 2,3, and 5. This is achieved by using the classification of singular fibers of
rational (quasi-)elliptic surfaces due to Ito [[t092], [[to94], and Jarvis—Lang—Rimmasch—
Rogers—Summers—Petrosyan [JLR™05], [Lan00] to derive simple equations for these RDP
del Pezzo surfaces that allow us to explicitly determine the Artin coindices of the rational
double points that occur.
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0 Py occurs if 0. e occurs if 0w o occurs if
p&E2|p=2 p&E2|p=2 p&E2|p=2
Aq X X Az + 34, X X Ag + Ay X X
241 X X 34, X X Ds + Ay X X
Ao X X Az + Ar + Aq X X Ag + Az X X
34, X X Ag+ 241 X X Dg + A; X X
As + Aq X X Dy +2A1 X X Fe + A1 X X
Az X X 2A3 X X Ay X X
4A4 X X Ag+ Ao X X Dy X X
Ay 4+ 24, X X Dy+ A X X Er X X
245 X X As + Ay X X 8A; X
Az + Az X X Ds + Aq X X Dy + 44, X
Ay X X Ag X X 4A5 X X
Dy X X Dg X X 2A3 4+ 2A; X
5A; X X Eg X X As + Ar + Aq X X
Ay + 3A; X X TA1 X Dg + 24, X X
245 + Aq X X Az +4A, X 2A4 X X
Az + 24, X X 34, + Az X X 2Dy X X
Az + Ao X X Az + As +2A; X X Ds + Az X X
Ag+ Az X X D4+ 34, X X Eg+ A X X
D4+ Ay X X 2A3 + Aq X X A7+ A X X
As X X Ay + Ay + Ay X X E7+ Ay X X
Ds X X As + 244 X X Ag X X
6A1 X Ds +2A; X X Dg X X
Aos +4Aq X Ay + As X X Fg X X
245+ 24 X X Dy + Aj X X
Table 1. T  Eg occurring on weak del Pezzo surfaces
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NOTATION. In Tables 2, 3, 4, 5, and 6 we list all possible RDP configurations containing
a non-taut rational double point in Column 1. In Column 2, we give simplified Weierstral3
equations for all RDP del Pezzo surfaces of degree 1 containing the respective configuration.
If an extra condition on parameters in such an equation leads to extra RDPs, the condition
is written under the respective equation separated by a dashed line. The equation above
a dashed line is assumed to satisfy none of the conditions listed below it. In Columns 3
and 4 we give the discriminant A and the j-invariant j (see Subsection 4.1 for explicit
formulae) of the corresponding rational (quasi-)elliptic surface, whose type in the notation
of Lang/Ito/Miranda—Persson is given in Column 5 and we note in Column 6 whether the
fibration is elliptic or quasi-elliptic.

RDP Weierstrall equation of X A = Miranda’s &
configuration inP(1,1,2,3) Persson’s type
Es
Eg y2 =23 + 1% 211052 0 X2
E} P=adrttertds | 1102 2s2) | 32 Xo11

Table 2. Eg-singularities on del Pezzo surfaces in char(k) = 5
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0C

RDP ~ Weierstral equation of X in E)(}Llj 2, E))), o A = Lang’s / ell /
configuration condition for extra RDPs Ito’s type g-ell
Ees

EQ y? = 23+t + t4s? t12 0 6C ell
Eg y2 =23 + sz + a6;5t58 + 452 953 0 6A ell
o+ A ifags =0 | | eas. | en |
ES + A y? =28 + 42 0 3.3(2) q-ell
E} y? = 23 + t22% 4 apst®s + t4s? t95(ap5t + 5) 2 6B ell
o+ oA ifags =0 | | eB2 | en |
E& y? = 23 + t22% 4 ags5t®s + apat?s® + 353 t9s(ap:5t? + ap:.ats + s2) 2 6A ell
o+ A | if a4 6 0and (ags = Oorass =aZy) | [ eaz | en |
+ A if ag;s = 0 and ag.4 = 0 6A 1. ell
E7
E9 y? = 23 + t3sz + s 1953 0 7 ell
Y+ A y? = 2 + s 1953 0 75. ell
Bl y? =23 4 1222 + agstds  ths? + 133 ¥s(agst? ts+s2) | 2 7 ell
o+ A ifass 20,19 | [ 72 [ en |
Esg
ES y? =23+ t%s 0 3.3(1) q-ell
Eél y? =23 + the + 1% t12 0 8B ell
E? y? =23 + t22? + 155 tis L 8A 1. ell

Table 3. Es-, E7- and Eg-singularities on del Pezzo surfaces in char(k) = 3



RDP ~ Weierstra} equation of X in 7P(71,7177 2, ‘:’))7 o A = Lang’s / ell /
configuration condition for extra RDPs Ito’s type | g-ell
D4

Dg y? + 13y = 23 + (a4:25% + aasts + agat®)t?x 4 53 12 0 12B ell
D2 y2 + tzsy =234 az;ltsxz + a4;3t33x + a5;6t6 + 1353 84 0 12A ell
 + A4 | ifags=Oandags&0 | [ 12am0a | en |
+ A if ag.e = as:3 =0 12A 11 ell
Dg + 34 occurs only in degree 2 (see Proposition 3.2 (C.))
DY + 44 y? = 23 + (35 + agpt?s? + ts°)x with az:p 6 0 0 5.2.(f) g-ell
Dy + D y? = 13 + agt?s?x + 1358 0 52.(d) | gl
D} Y2 + toy = 23 + apatsz? + agst®s + agatts? + 1353 t%s(ag5t2 + agats + s2) t2 4B. ell
o+ A if (a5 = Oand ag4 & 0) or (ags 6 Oand ags =0) | | a2 | en |
+ A if ags = aga =0 4B.3 ell
D} vty = % o agatsr® +agsts + asat's + gt + 171 t85(ag st + agat?s + agats? + s3) | 4A. ell
with az:1 + a3 6 0
o oA if (a6:5 = 0 and ag;3 6 0) or ags = agaass &0 | [ a2 | en |
+ 24 if ag:s = ag:3 = 0 and ag:4 & 0 4A. 4 ell
+ Ay |if (ags = asa = 0 and ag3 6 0) or (a5 = ap4 and ad.3 = ag;s 6 0) 4A.3 ell
+ Az if ag;s = aga = ag3 =0 4A.5 ell
Ds
DY y? + t2sy = 22 + (ag2t? + ts)2? + agst°s 854 0 13A ell
 + A | ifags=O0andago&0 | [ 1BAat0A | en |
+ A if ag:s = az2 =0 13A 11 ell
Di y* + tay = a® + azatsa® + ag5t7s + agat's” + agat’s + 1" 8s(ap:5t° + agat’s + apsts® + s°) L 5A. ell
with ap.1 = ae:3
o+ oA | if (ags = 0 and ag3 & 0) or ags = agaaez &0 | | sa2 | en |
+ 24 if ag:;5s = ag:3 = 0 and ap:q & 0 5A. 4 ell
+ Ay |if (a5 = asa = 0and ae3 6 0) or (ag.3 = ae4 and ad.5 = ag;5 & 0) 5A.3 ell
+ Az if ag:;5 = aga = ag3 =0 5A.5 ell

Table 4. Dy- and Ds-singularities on del Pezzo surfaces in char(k) = 2



(44

RDP ~ Weierstraf} equation of X in ,P(,l’,l,’ 2, E)’), o A . Lang’s / ell/
configuration condition for extra RDPs Ito’s type | q-ell
Ds

Dg + A occurs only in degree 2 (see Proposition 3.2 (B.))
DY + 24 y? = 2% + (35 + 1?5z 0 52.(e) | g-ell
D} y? 4+ t3y = 23 + (ag2t? + apats)az? + t3sx t12 0 13B ell
D% y2 + tery = 3+ az;ltsznz + a6;5t58 + t*s2 with az1 60 tlos(a6;5t + ) L 5B. ell
o+ oA ifags =0 | | sB2 | el |
D~
Di y? + t3y = a3 + tsa? t12 0 13C ell
D3 y? + toy = 2% + aptsa? + t%s with ag 6 0 tHs t 5C. ell
Ds
D y? = a® 4+ t25%x + t0s 0 5.2.(b) g-ell
Dg y2 + tey = x2 + tsz? + ae;ete with ag:6 6 0 ae;etlz Kle 5D. ell

Table 5. Dg-, D7- and Dg-singularities on del Pezzo surfaces in char(k) = 2
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RDP ~ Weierstral equation of X in 7P(71,717, 2, 53)7 o A . Lang’s / ell/
configuration condition for extra RDPs Ito’s type g-ell
Ee

Eg y2 + tzsy =23+ az;ztzxz + a6;5t53 844 0 14 ell
.+ A4 | ifags=Oandag,&60 | | 1am0a | en |
+ A if ag;s = az2 =0 1411 ell
E} y? + toy = 28 + tsa? + aest®s + agatts? + 353 + t25% | 8s(agstd + agat?s + ts? + %) | 6. ell
.+ A | if(ses=0andags 6 0)orags —ase@F0,1g | ] 62 | en |
+ A ae:s = apa 2 0,19 6.3 ell
E7
E? occurs only in degree 2 (see Proposition 3.2 (A.))
EY + A4 y? =23+ t3sz 0 52.(c) | geell
E% y? + 3y = 2% + 3sx 12 0 15 ell
E3 Y2 + toy = 2° + apst®s + t4s? 1% (ag:5t + s) 2 7. ell
s oA ifags =0 | ] o 72 | en |
Es
EY y? =23 + 1% 0 52.a) | qell
E§ y?2 + 13y = 23 + 155 12 0 16 ell
E§ y2 + tay = 23 + % t'1s t 8. ell

Table 6. Eg-, E7- and Eg-singularities on del Pezzo surfaces in char(k) = 2



2. Non-taut rational double points in positive characteristic

Recall that rational double point (RDP) is one of the names for a canonical surface
singularity. The n 1 irreducible components of the exceptional divisor of its minimal
resolution span a negative definite root lattice I'y of type I' 2 TA, D, Eq. If p & 2,3,5,
every rational double point is taut, that is, its formal isomorphism class is uniquely
determined by I'n. It turns out that this fails for certain rational double points in small
characteristics. Nevertheless, Artin [Art77] was able to give a classification of formal
isomorphism classes of these non-taut rational double points and, in particular, he proved
that there are only finitely many isomorphism classes 'Y, . .. ,FE” for each fixed I'. The
number k in T'K is called Artin coindex of the rational double point (e.g., if p = 5, there are
two distinct rational double poinlg Eg and Esl both of which have resolution graph of type
Eg). We call a formal sumI' = Fll(ln. of such RDPs I‘r'nl an RDP configuration.

In the following Table 7 (wheren 2and1 r n 1), we listed Artin’s equations
for the non-taut rational double points together with the dimension m of their miniversal
deformation spaces. Here, we observe that the Artin coindices for a given Dynkin type can
be distinguished by m:

OBSERVATION 2.1. The completions of two rational double points are isomorphic if
and only if they have the same resolution graph and the dimensions m of their miniversal
deformation spaces coincide.

The following well-known Proposition 2.2 provides a way to calculate m for hypersurface
singularities, and thus in particular for the rational double points.

PROPOSITION 2.2. [Art76, Chapter 1, 84] Let the local ring R = k[, y, 2] (x.y:2)/(f)
be a normal surface singularity given by one equation f 2 k[z,y, z]. Then, the tangent
space T of the deformation functor Defspec g Of Spec R is given by

of of of

Tf = DefSpecR(k[G]/(ez)) = klz,y, 2 (xy2)/ (], 0z’ Oy’ @)
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Characteristic 5

’ Type ‘ Equation ‘ m ‘
Es
Eg 2243y 10
E} 22 + 2% + 9 + ay? 8
Characteristic 3
’ Type ‘ Equation ‘ m ‘
Es
ES 22+ a3+ oyt 9
E} 22+ 23 4+ gyt + 2292 7
E7
ES 22 + 23 + ay’ 9
E} 22 4 23 + a2y 4 22y? 7
Es
EY P2+ 12
E} 22+ 23+ + 2%y° 10
E? 22+ 2% 4+ y° + 2%y? 8
Characteristic 2
Type Equation m
Dn
DY, 22 + 2%y + ay" 4n
D5, P4y +ay +ay" Tz [ 4n 2r
D3n+1 2t afy+y"z 4n
DSy | 22+ 2%y+yz+ay" Tz |[4n 2r
Ees
E§ 2+ 23+ 9%z 8
E% 22+ 23+ 9?2 + wy2 6
E7
E9 22 + 2% + xyB 14
E71 22+ 2% + xy® + 2%yz 12
E% 22+ 2% +xy + 32 10
E3 22 4 23 + 2y + wyz 8
Es
E§ 24+ 16
E81 2+ +ay 14
E§ 22+ 23+ + 2y’ 12
E3 22+ a3+ + iz 10
Eg 22+ 23+ y° + zyz 8

Table 7. Types of non-taut rational double points in char(k) = 2, 3,5
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3. From del Pezzo surfaces to rational (quasi-)elliptic surfaces

In this section, we reduce Question 1.1 to the corresponding question for Weierstral3
models of rational (quasi-)elliptic surfaces. On the way, we recall the necessary background
on del Pezzo surfaces and rational (quasi-)elliptic surfaces as well as their connection.

3.1. From del Pezzo surfaces to del Pezzo surfaces of degree 1. Recall the following
related notions of del Pezzo surfaces.

DEFINITION 3.1. Let X and & be projective surfaces.

X is a del Pezzo surface if it is smooth and  Kx is ample.
is a weak del Pezzo surface if it is smooth and K is big and nef. The lattice
iTi:n;  Pic(X) spanned by all the ( 2)-curves on % is called configuration
of ( 2)-curveson X.
X is an RDP del Pezzo surface iflggl its singularities are rational double points and
Kx is ample. The formal sum Tf'n. of the formal isomorphism classes of all
the rational double points on X is called RDP configuration of X.

In all the above cases, the number deg(X) = K% (resp. deg(X®) = K;) is called the
degree of X (resp. X).

Note that weak del Pezzo surfaces are precisely the minimal resolutions of RDP del
Pezzo surfaces and every RDP del Pezzo surface X is obtained by contractinﬁ,all the
( 2)-curves on a weak del Pezzo surface X. If the RDP configuration of X is Fli(;‘ni,
then the configuration of ( 2)-curves on X is ; i.p;.

The following observation tells us that, in order to understand rational double points on
RDP del Pezzo surfaces, it suffices to understand them on RDP del Pezzo surfaces of degree

1 with precisely four exceptions in characteristic 2:

P , .

PROPOSITION 3.2. LetI' = F'i‘;'ni be an RDP configuration. If I" occurs on an RDP
del Pezzo surface, but not on an RDP del Pezzo surface of degree 1, then p = 2 and I" is one
of the following:

(A) T =E9

(B) I' = DS+ A,

(C) T = D3+ 34,

(D) T =7A;

Moreover, there is a unique RDP del Pezzo surface (necessarily of degree 2) realizing each
of these exceptional cases.

PROOF. If X is an RDP del Pezzo surface of degree d 2 with RDP configuration I', we
want to construct an RDP del Pezzo surface X; of degree 1 with the same configuration I'
by finding a point p 2 %, where £ is the minimal resolution of X, such that Bly(X%) is
again a weak del Pezzo surface and such that Bly(X) and € have the same configuration

of ( 2)-curves. Contracting the ( 2)-curves on Bly(§) yields an RDP del Pezzo surface
of degree (d 1) with RDP configuration I', so the claim will follow by induction.
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We fix a realization of & as a blow-up of P? in (possibly infinitely near) points p1, . . . ,
pg d. Using the precise description of ( 2)-curves on X (see e.g. Lemma 2.8 (i) in Chapter
1), we see that the blow-up of X in a point p 2 % will be a weak del Pezzo surface with
the same configuration of ( 2)-curves as X if and only if the following two conditions are
satisfied:

(1) pdoesnotlieona ( 1)-or ( 2)-curve on X, and
(2) if d = 2, then p is not the singular point of the strict transform € of an irreducible
singular cubic C' P? through p1, . .., pr.

Since there are only finitely many negative curves on £, we can always find a p that satisfies
Condition (1). Thus, we may assume that d = 2. To deal with Condition (2), note that

every € as in Condition (2) is a member of the two-dimensional linear system j K %) and
consider the variety

1=Ff€,p) j €2] K ] 1s integral and singular, and p is its singular pointg.
Denoting the sublocus of singular curvesinj Kgjasj Kgjsing, We have a correspondence
LI |
pry
j K}sting 4/1 K)Qj,

where pry is quasi-finite. If the image of pr, is not dense in X, then we can find a p
satisfying Conditions (1) and (2). Hence, we have to show that if pr, is dominant, then I is
one of the four Exceptions (A.), (B.), (C.), or (D.)

If pr, is dominant, then

2=dimj Kgj dimj Kgjsing=diml dim(%)=2,

and since ] Kgjsingisclosedinj Kgj= P2, we have Kgjsing =] Kgj, thatis,
every anti-canonical curve on ¥ is singular. By [KN22, Theorem 1.4(2)] the ( 2)-curve
configuration I’ associated to I is one of the following:

) I = By

(B’) I’ = Dg + A1

(C') I’ = Dy + 34,

D) I"'=74;
So, we still have to determine the Artin coindices in Cases (A’.), (B’.) and (C’.). By [KN22,
Lemma 4.5(5)—(7)] and [Ito94, Theorem 5.2.], the non-taut rational double points in these
cases are isomorphic to RDPs that occur in partial resolutions of the affine surfaces in A3
given by

(A) y? =23 + 5,

B”.) y2 = 2% + 3z, and

(C”.) y? = 2% + (13 + t)x, respectively.
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We see from Table 7 that the first two cases are E§ and E9, respectively. In Case (C”.) one
can apply Proposition 2.2 to see that the singularity is of type Dg. By [Stal8b, Theorem
2.70., Table 10], the Artin coindex of a rational double point appearing in a partial resolution
of a rational double point with coindex 0 is itself 0. Hence, the Artin coindices in the
exceptional Cases (A’.), (B’.), and (C’.) are all 0.

The existence and uniqueness of the four exceptional cases was proved in [KN22,
Theorem 1.4, Table 1].

Thus, Proposition 3.2 reduces the initial Question 1.1 to the following one:

QUESTION 3.3. Which rational double points occur on RDP del Pezzo surfaces of
degree 1?7

3.2. From del Pezzo surfaces of degree 1 to rational (quasi-)elliptic surfaces. To
answer Question 3.3, we will exploit the connection between weak (resp. RDP) del Pezzo
surfaces of degree 1 and (Jacobian) rational (quasi-)elliptic surfaces (resp. Weierstral3
models of those). For this, let us first recall their definition (see for example [CD89, Chapter
V]) or [SS10]).

DEFINITION 3.4. Let Y and ¥ be projective surfaces.

¥ is a rational (quasi-)elliptic surface if it is smooth, rational, and admits a
morphism f : ¥ P! such that the following conditions hold:

- [ is surjective with f Og = Opx,

— the generic fiber of f is a regular curve of arithmetic genus 1,

— there are no ( 1)-curves in fibers of f, and

— f admits a section og : P 1 ¥
Moreover, the group MW(f) of sections of f is called Mordell-Weil group of
f:& 1 pL
The Weierstra® model Y of ¥ is the surface obtained from ¥ by contracting all
components of fibers of f that do not meet og(P').

REMARK 3.5. In the literature one usually finds the definition of a (quasi-)elliptic
surface as a pair of a surface and a (quasi-)elliptic fibration. Since ¥ is rational, the
canonical bundle formula shows that it admits a unique (quasi-)elliptic fibration induced
by j  Kgj, so we do not need to specify the fibration. Similarly, while a priori the
Weierstrall model Y seems to depend on the chosen section og of f, any two such sections
are interchanged by an automorphism of ¥, so the associated WeierstraB models are
isomorphic, and thus we will not keep track of the section.

Note that, because all components of reducible fibers of f are ( 2)-curves, the Weier-
straB model Y of ¥ has only rational double points as singularities. So, analogously to
Section 3.1, we define the configuration of ( 2)-curves on ¥ and the RDP configuration of
Y. Note, however, that the configuration of ( 2)-curves on ¥ is not a sum of root lattices
in general.

We assume that the reader is familiar with the Kodaira—Néron classification of singular
fibers of (quasi-)elliptic surfaces [Kod60], [Kod63], [N64] as described for example in

28



[Sil94, Table 4.1, p.365]. In the following Table 8, we summarize which Kodaira—Néron
type of a fiber in ¥ leads to which rational double point on its image in Y. Here, we denote
a smooth point by Ag, and we have n 1 for type I and n 0 for type I,,.

| Kodaira-Nérontype || o | In | I |mr|1v| 1, [1v |[mo [1T |
‘ Rational double point H Ag ‘ An 1 ‘ Ap ‘ Aq ‘ Ao ‘ Dgsn ‘ Eg ‘ E; ‘ Eg ‘

Table 8. Kodaira—Néron types and corresponding rational double points

By [Dol12, Section 8.3.2] an RDP del Pezzo surface X of degree 1 is isomorphic
to a sextic hypersurface V' ( fs) P(1,1,2,3) and, conversely, a sextic hypersurface in
P(1,1,2,3) with at worst rational double point singularities defines an RDP del Pezzo
surface of degree 1. Such sextics are of the form

3

(W) y2 + azy + azy = = + ap?

+ asx + ap,
where the a;j 2 k[t, s] are homogeneous of degree i and ¢, s, z,y are of degrees 1, 1,2, 3,
respectively.

Projecting P(1, 1,2, 3) onto ¢ and s yields a rational map P(1,1,2,3) 99K P!, which,
when restricted to the RDP del Pezzo X = V/(fg) is given by the linear system j  Kxj
and has precisely one base point (at s = ¢ = 0,4? = ). Blowing up the base point yields
the Weierstra model Y ¥ P! of a rational (quasi-)elliptic surface f : ¥ ¥ P!, where the
zero section og on Y resp. ¥ is the exceptional ( 1)-curve of this blow-up. Conversely,
for a rational (quasi-)elliptic surface f : ¥ P! with chosen section o, contracting all
components of fibers not meeting o¢ yields its Weierstral model Y, and contracting also
00, we obtain an RDP del Pezzo surface X of degree 1. In turn, X is the anti-canonical
model of a weak del Pezzo surface X of degree 1, which, when blown-up in the base point
of its anti-canonical linear system j K] gives back ¥ This connection is summarized in
the following commutative diagram:

f
)4 @91
3.1 /

/
/

/

£ —Jx
In particular, since the morphism Y ¥ X is the blow-up of a smooth point, this diagram
shows the following:

OBSERVATION 3.6. A configuration of rational double points occurs on an RDP del
Pezzo surface X of degree 1 if and only if it occurs on the Weierstrall model of a rational
(quasi-)elliptic surface.

Thus, Question 3.3 is equivalent to the following one:

QUESTION 3.7. Which rational double points occur on Weierstrall models of rational
(quasi-)elliptic surfaces?
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3.3. Configurations of (F‘;)-curves on weak del Pezzo surfaces: Reduction
to non-taut RDPs. Let I' =  ; I'i:n; be a configuration of ( 2)-curves. Consider the
following three conditions, where p = char(k) and ¢ & p is a prime and the respective
torsion parts are denoted by |. . .].

(E8) There is an embedding ¢ : I" <¥ Fg.
(E8+T[/)) (E8) and (Fg/.(T))[(] (Z/0Z)>.
(E8+T[p])

(E8), and if p > 0, (Eg/u(T"))[p] Z/pZor (Es/u(T)) = (Z/pZ)" for somen 0.
The reason why we consider the above three conditions is the following lemma.

P
LEMMA 3.8. LetI' = ;T'i:n; be a configuration of ( 2)-curves. If I' occurs on a
weak del Pezzo surface of degree 1, then it satisfies Condition (E8+T[p]) and (E8+T[¢]) for
all ¢ 6 p = char(k).

PROOF. Let & be a weak del Pezzo surface of degree 1 realizing I'. Let f : ¥ ¥ P! be
the associated rational (quasi-)elliptic surface as in Diagram (3.1) with Mordell-Weil group
MW/(f).

By [0S91, Theorem 3.1], there is an embedding ¢ : I <X FEjg such that rk(MW(f)) =
8 1k(I') = rk(Eg/c(T")) and MW (f)tors = (Es/t(T"))tors. For all n 0, we have
(Eg/u(I)[n] = MW(f))[n] X3M[n], where X>™ is the smooth locus of the geometric
generic fiber of f. If f is elliptic, then XSM[¢] = (Z/¢Z)? and XS™[p] Z/pZ, so
the Conditions (E8+T[p]), and (E8+T[/]) are satisfied for all / & p = char(k). If f is
quasi-elliptic, then MW ( f) is a finitely generated subgroup of X°™ = G, so MW(f) =
(Z/pZ)" for some n 0. In particular, Eg/.(I") = (Z/pZ)", so again both conditions are
satisfied.

The root sublattices of Eg have been classified by Dynkin [Dyn52, §5., Table 11, p.385].
We can easily check which of them satisfy the conditions above.

P
LEMMA 39. Let' = ;Tip Eg be a configuration of ( 2)-curves. Then, the
following hold:

(1) T satisfies (E8+T[q]) for q & 2,

(2) If p & 2, then (E8+T[¢ = 2]) is satisfied ifand only if '  ¥D4 + 4A1,8A1, 7A10.

(3) If p = 2, then (E8+T[p=2]) is satisfied if and only if ' D4 + 3A1,2A3 +
2A1, Az + 4A,,7A1, 6Alg.

PROOF. The groups (E/I')tors have been calculated by Oguiso and Shioda in [OS91,
Corollary 2.1] for all T except D4 + 4A1,8A1, and TA;. Using their results, we leave it
to the reader to check that for I' @ fD4 + 4A1,8A;, 7A19 the Conditions (E8+T[/]) are
satisfied for all ¢, and I" does not satisfy Condition (E8+T[p]) if and only if p = 2 and
I'2fDs+3A1, A3 +4A1,2A3+2A1,6A19. We will now treat the three remaining cases.

If T = Dy + 44y, then Eg/T' = (Z/2Z)3 by [Ito94, Table 1]. So, T satisfies
(E8+T[pl), and it satisfies (E8+T[/]) if and only if £ & 2.

30



If ' = 8Ay, then Eg/T" = (Z/2Z)* by [1to94, Table 1]. So, T satisfies (E8+T[p]),
and it satisfies (E8+T[¢]) if and only if ¢ & 2.

Finally, if I' = 7 A1, then there is a unique embedding of 7A; into Fg by [Dyn52,
§5., Table 11, p.385]. So, this embedding coincides with 7A; <¥ 8A; <1 Fg
and thus Fg/7A; has rank 1 and Eg/7A;[2] contains (Z/2Z)3. Hence, I never
satisfies (E8+T[2]), but it satisfies all (E8 + T[q]) with q & 2.

P
PROPOSITION 3.10. LetI' := = ; T'i:n; be a configuration of ( 2)-curves. Then, the
following are equivalent:

(1) T occurs on a weak del Pezzo surface of degree 1.
(2) T satisfies (E8+T[2]).

PROOF. The implication (1) to (2) follows immediately from Lemma 3.8.

For the converse, we have to show that every configuration of ( 2)-curves that satisfies
(E8+T[2]) occurs on a weak del Pezzo surface of degree 1, or, equivalently, as the
configuration of ( 2)-curves that do not meet a fixed chosen section g on a rational
(quasi-)elliptic surface. We remind the reader that we summarized the relation between
these curve configurations and the corresponding Kodaira—Néron types in Table 8.

For p & 2,3, this is precisely the content of [SS19, Theorem 8.9] (see also [OS91,
Remark 2.7]). For p = 3, it follows from the classification of singular fibers of elliptic
surfaces in characteristic 3 [JLR"05], that every I that satisfies (E8+T[2]) occurs on an
elliptic surface, except ' = 4A4,. By [1t092, Theorem 3.3], this IT" is realized on a quasi-
elliptic surface. Similarly, if p = 2, one can use [Lan00] and [Ito94] to check that every I'
that satisfies (E8+T[2]) occurs on some (quasi-)elliptic surface.

Combining the results of this section, we can give a proof of Theorem 1.2 for
configurations of taut rational double points. In particular, this proves Theorem 1.2 in
characteristic different from 2, 3, and 5:

P
PROOF OF THEOREM 1.2 FOR TAUT RDPs. LetI'= ; I“'i‘;'ni be an RDP configuration

and assume that all the Tf'n. are tapy, so I' is uniquely determined by its associated
configuration of ( 2)-curves IV := = ; Ti.n,. Further assume that I' & 7A; if p = 2.
Then, we have the following equivalences:

I" occurs on an RDP del Pezzo surface

&mp' 3 I" occurs on an RDP del Pezzo surface of degree 1
&H i I’ occurs on a weak del Pezzo surface of degree 1
EM I satisfies (E8+T[2])

& I’ satiéﬁes (E8) and

> fDy+4A,,841,7A10 if p &2,
T2A3 + 2A1, A3 +4A1,6A19 ifp=2.

31



Note that for the last equivalence we did not have to consider D4 + 3 A1 since Dy is not taut
if p=2.

Since we already know by Proposition 3.2 that I' = 7A1 occurs on an RDP del Pezzo
surface of degree 2, this proves Theorem 1.2 in the case where all the F'f'nl are taut.

Thus, we have reduced Question 3.3 to the following:

QUESTION 3.11. Which non-taut RDPs occur on Weierstral3 models of rational (quasi-)
elliptic surfaces?

The remainder of this chapter will be devoted to finding an answer to this question.

4. Classification of non-taut RDP del Pezzo surfaces of degree 1

In this section, we will explain how to derive simple equations for non-taut RDP del
Pezzo surfaces of degree 1 from the classification of singular fibers of rational (quasi-)
elliptic surfaces given in [Mir90], [JLR™05], [Lan00], [1t092], and [It094]. In the (quasi-)
elliptic case, the equations found by Ito are already simplified, which is why we will focus
on the elliptic case in Subsections 4.1, 4.2 and 4.3. Using these simplified equations, it is
straightforward to determine the Artin coindices of the rational double points that occur by
applying Proposition 2.2. We will exemplify this final step in Example 4.3 and Example 4.5
in characteristic 2 and 3, respectively.

4.1. Tate’s algorithm for determining the type of a singular fiber in an elliptic
pencil. Given a Weierstrall equation for the Weierstral model of a rational elliptic surface,
it is fairly standard to determine the Kodaira—Néron types (see Table 8) of its singular fibers
by carrying out Tate’s algorithm [Tat75], [Del75]. For the sake of self-containedness, we
quickly recall Tate’s algorithm: Let

3

(W) y2 + a1xzy + azy = =° + agmz

+ a4x + as,

be a Weierstrall equation of an elliptic curve over the function field k£(C') of a smooth curve

C. Choose a closed point ¢ 2 C and write ®c,c = k[[t]], assume a; 2 k[[#]] and write
v( ) = ordy for the valuation on k[[t]]. Then, Tate defines the following quantities:

by = a% + 4ay, bs = a1a3 + 2a4, b = a% + 4ag,
bg == ala + 4 + z 2
g i=ajas 14304 arae + azaz  ay,

cy =03 24by, ce = b3+ 36bby  216bg,

c3

A= blbg 8b3 27b2 + Obobsbs 60,  j =%,

Then, excluding the subalgorithm for determining v > 0 in Step 7 if p = 2 (see [Tat75,
p.50-51] for details in this case), Tate’s algorithm is as follows, where F' denotes the fiber
overt = 0.
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ALGORITHM.

Step 1: If A, then F is of type Ig. Else . ..
Step 2: Change coordinates such that tjas, tjas and tjae.
If §by, then F is of type Iy for v = v(A). Else . ..
Step 3: If t4as, then F is of type II. Else . . .
Step 4: If t4bs, then F is of type II1. Else . . .
Step 5: If t4§bs, then F is of type IV. Else .. .
Step 6: Change coordinates such that tjas, tjaz, t*jas, t*jas and t3jas.
Consider the polynomial P(T) = T3 + a2¥ + a4,;r—2 + aet%.
If P has three distinct roots, then I is of type I;. Else . ..
Step 7: If P has one single or one double root, then F' is of type I,, for some v > 0
(ifp & 2,thenv =v(A) 6). Else...
Step 8: Change variables such that the triple root is 0, and t2jay, t3jas and t*jae.
Consider the polynomial Q(Y) = Y2 + 8Y aet%.
If @ has distinct roots, then F'is of type IV . Else . ..
Step 9: Change variables such that the double root is 0 and #3jaz and %jag.
If tHas, then F is of type III . Else . . .
Step 10: If t%ae, then F is of type IT . Else ...
Step 11: Divide each aj by ' and repeat from Step 1.

4.2. Simplified Weierstrall equations. Depending on the characteristic, the Weier-
stral} equation (W) (if p = 2, under the additional assumption that it contains a non-taut
rational double point) for an RDP del Pezzo surface X of degree 1 with associated rational
elliptic surface f : ¥ ¥ P can be simplified to an equation of the following form:

(W0) Y2 = 28 + agr + ag ifp6 2,3,
(W3) Y 3 4+ wa? 4+ ar + as if p =3,
W2) - y° + amy = 28 4+ ar?® + axr + ag 9
(W2 Y + azy = 2 4+ ax® + wxr + ae p==

This is well-known if p & 2. If p = 2, to see that we can simplify (W) to an equation of
the form (W2) or (W2’), we first observe that by Table § the non-taut rational double points
(see Table 7) correspond to certain additive fibers of f. Hence, Tate’s algorithm shows that,
if X contains a non-taut rational double point, then in (W) we may assume ¢ j a1 and ¢ | az.
Thus, if a1 = 0, we get (W2’) and if a; & 0, we can assume that g—i is a polynomial and
x A+ Z—i transforms (W) to an equation of the form (W2).

8 8 8

2
2
2

4.3. Automorphisms of P(1, 1,2, 3) preserving simplified Weierstral} equations.
In order to find simple equations for degree 1 RDP del Pezzo surfaces with non-taut rational
double points, let us have a look at which automorphisms of P(1,1, 2, 3) send an equation
of the form (W0), (W3), (W2) or (W2’) to an equation of the same form.

First, observe that substitutions in ¢ and s only, always preserve these types of equations.
Thus, let us focus on those automorphisms of P(1,1,2,3) fixing ¢ and s, that is, those
inducing the trivial automorphism on P,
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4.3.1. Automorphisms of P(1,1,2, 3) over P if p 6 2,3. A general substitution fixing

t and s and sending a Weierstral} equation of the form (W0) to one of the same form is given
by

W Nz, y W Ny with\2k.
This sends (WO0) to y2 =3+ ﬁlralwc + %ae.

4.3.2. Automorphisms of P(1,1,2,3) over P if p = 3. A general substitution fixing ¢
and s and sending a Weierstral3 equation of the form (W3) to one of the same form is given
by

z B Nzt f
y A Ny

with A 2 k£ and f 2 k[t, s] homogeneous of degree 2. This sends (W3) to

1 1 1
y? =2 + Sax2? + —;(aa + 2a2f)x +

Z a (a6 + asf + azf? + f3).

)6

4.3.3. Automorphisms of P(1,1,2,3) over P if p = 2.

(W2) A general substitution fixing ¢ and s and sending a Weierstra3 equation of the form
(W2) to one of the same form is given by

r A Nz
y A )\3y+f:z+g

with A 2 & and f, g 2 k[t, s] homogeneous of degree 1 and 3, respectively. This

sends (W2) to
2, 1 3, 1 4 2 o2, 1 1 2
Y —l—Xal:Uy:x +F(/\ az + Naif + f)x +F(a4+alg)x+ﬁ(a6+g).

(W2’) A general substitution fixing ¢ and s and sending a Weierstral} equation of the form
(W2’) to one of the same form is given by
z A Nz+f
y B Ny4gr+h

with A 2 k& and f, g, h 2 k[t, s] homogeneous of degree 2, 1 and 3, respectively.
This sends (W2’) to

yz—i-—agy = 22+
1
26

1
Agﬁ@+f+ﬁﬂﬁ+ﬁu%ﬁmw+ﬂﬁn

+—(ag + asf + azh + az f? + f3 + h2).
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4.4. Proof of Theorem 1.2 in Characteristic 5. Assume P O Letl = Pi Fll(ln. be
an RDP configuration containing a non-taut RDP and let T? = i L'i:n; be the associated
configuration of ( 2)-curves. By Table 7, we have I'i.n, = Ejg for some ¢ and by Proposition
3.2 and Lemma 3.8, T' can only occur on an RDP del Pezzo surface if I’ embeds into Fg.
Thus, to prove Theorem 1.2 in characteristic 5, it suffices to consider I' 2 fES, F3g. Note
that T’ embeds into Fg and I'' = Eg 8 D4 + 441,841, 7A1g. On the other hand, the
following proposition shows that both of these rational double points occur, so Theorem 1.2
holds in characteristic 5.

PROPOSITION 4.1. Each of the rational double points E§ and E3 occurs on an RDP del
Pezzo surface X of degree 1. Moreover, every RDP del Pezzo surface of degree 1 containing
a non-taut rational double point is given by an equation as in Table 2.

PROOF. By Table 8, the rational elliptic surface associated to an RDP del Pezzo surface of
degree 1 with a singularity of type Eg admits a fiber of type II . By [Lan94, Theorem 4.1.]
and [MP86, Theorem 4.1., Tables 5.1 and 5.2] there are precisely two such elliptic surfaces
and their Weierstra3 equations in P(1, 1,2, 3) are

4.1) y? =23 + %5
and
(4.2) y? = 2%+ ths + 15s.

Considering the affine chart s = 1 and comparing with Table 7, we see that Equation (4.1)
defines a singularity of type Eg and Equation (4.2) defines a singularity of type Eé.

P .

4.5. Proof of Theorem 1.2 in Characteristic 3. Assume P 3 Letl' = Fli(;lni be
an RDP configuration containing a non-taut RDP and let T? = i L'i:n; be the associated
configuration of ( 2)-curves. By Table 7, we have I'i.n; 2 TEg, E7, Egg for some ¢ and
by Proposition 3.2 and Lemma 3.8, T' can only occur on an RDP del Pezzo surface if T
embeds into Fg. Thus, by Dynkin’s classification [Dyn52, Table 11], to prove Theorem 1.2
in characteristic 3, it suffices to consider
(4.3)

I 2 fES, B3, B3, B9+ A1, B9, Bj+ Ay, EY, EQ+Ag, EQ+ A1, EQ, ES+Ap, E§+ A1, B39,
Note that for all of the I" above, we have I’ 8 D, + 441, 8A1,7A19. On the other hand,

the following proposition shows that all these possiblities occur on some RDP del Pezzo
surface, so Theorem 1.2 holds in characteristic 3.

PROPOSITION 4.2. Each RDP configuration I" in the List (4.3) occurs on an RDP del
Pezzo surface of degree 1. Moreover, every RDP del Pezzo surface of degree 1 containing a
non-taut rational double point admits an equation as in Table 3.

PROOF. By Table 8, we have to study those RDP del Pezzo surfaces X whose associated
rational (quasi-) elliptic surface ¥ has a singular fiber of type IV , III , or IT . In the elliptic
case and in the notation of [JLR"05], these correspond to the Types 6 A, 6B, 6C, 7, 8A, and
8B. In the quasi-elliptic case and in the notation of [1t092, Theorem 3.3], these correspond
to Cases (1) and (2).

35



All the WeierstraR equations for X P(1, 1,2, 3) given in [JLR"05] and [[t092] are
already of the form (W3). To simplify them and determine the rational double points that
occur, we will proceed along the following steps:

(1.) Carry out a substitution in ¢ and s only.

(2.) Apply an automorphism of P(1,1,2,3) over pt preserving the form (W3) as in
Subsection 4.3.2.

(3.) Check for additional rational double points (e.g. using Tate’s algorithm (see
Subsection 4.1) to determine the other reducible fibers of the underlying rational
(quasi-)elliptic surface).

[(4.) Determine the Artin coindices as described in Section 2, e.g. via Proposition 2.2.
This will be left to the reader, but we will show how it works in Example 4.3.]

Lang’s Type 6A (IV ). X is given by y? = 23 +cot?x? +c1t3x + cot* with t - ¢1,t - ¢
and ¢ 2 k[t, s| homogeneous of degree i. From now on, let us distinguish the cases co = 0
and ¢g & O.

co = 0:

(1.) Since t - ¢1, we can apply an automorphism of P! to assume ¢; = s. Then,
scaling s @ X\3s,t @ X\ ¢ for an appropriate \, we can write ¢, = s% +
c2:ats + ¢ -2t2.

(2) x Mz Bcypt?, y W yyields the equation y? = 23 + 352+ ag.5t°s + 1452,

(3.) We have A = %53 and by Tate’s algorithm the fiber at s = 0 is reducible
if and only if as:;5 = 0 in which case it has two components; so the RDP
configuration on X is Fg + Aj in this case.

co & 0:

(1.) Rescaling t and s, we can assume cg = 1. Then, we have A = tg(czt
3t + c3). Since t - c1, we can apply a substitution of the form s A s + At
for appropriate 1, A 2 k such that s j A and the coefficient of #%s% in A is
1.

(2.) x ® r4ct,y A yyields the equation y2 = :c3—|—t2x2+a5;5t5s+a5;4t452+
355,

(3.) We have A = tgs(ae;stz + ap:.ats + 32) and we see by Tate’s algorithm that
the RPD configuration on X is Eg 4+ A2 if ag:5 = ag:4 = 0, thatitis Fg + A
if ag.4 6 0 and (a5 = 0 or ag:s = a%;4), and Eg otherwise.

Lang’s Type 6B (IV ). X is given by y2 = 23+ cot?2? + dot*z + cot* with ¢ - co,t-c2
and ¢j, d;j 2 k[t, s| homogeneous of degree i.

(1.) Rescaling ¢ and s, we can assume co = 1. Then, we have A = t19(c, d%tz +
dgtz). Since t - cp, we can apply a substitution of the form s B us + At for
appropriate ji, A 2 k such that s j A and the coefficient of #19s% in A is 1.

(2) = A z+ dot?, y A y yields the equation y2 =23 4 t22% + a6;5t53 + 52

(3.) We have A = 1%(agst + s) and we see by Tate’s algorithm that the RDP
configuration on X is Fg + Aj if ag:;5 = 0, and Eg otherwise.
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Lang’s Type 6C (IV ). X is given by y? = 23 + dot*z + cot* with t - dp,t - ¢ and
ci, di 2 k[t, s] homogeneous of degree i.

(1.) Using an automorphism of P! we can assume that dg = 1 and ¢p = s + cz;ztz.
(2) x A z+Mt?,y B ywith A3+ X+ 2.2 = 0 yields the equation y? = 23+ t*z + %,
(3.) Since A = t'2, X has no other singularities apart from E.

Lang’s Type 7 (IT1 ). X is given by y? = 22 + cot?2? + c1t3z + dyt® with ¢ - ¢; and
ci,dj 2 k[t, s] homogeneous of degree i. From now on, let us distinguish the cases co = 0
and ¢p & O.

co = 0:

(1.) Since t - ¢1, we can apply an automorphism of P! to assume ¢; = s. Write
d1 = di1.08 + d1:1t. Then, scaling s A A3s,t @ X\ 1t for an appropriate A,
we can assume ds.o  di;1 2 0, 1g.

2) E)'E z di1t?,y Wy yields the equation y? = x° + t3sz + (dy0

dy:1)t°s.

(3.) Wehave A = 253 and by Tate’s algorithm the fiber at s = 0 is reducible if
and only if d%;o d1:1 = 0 in which case it has two components; so the RDP
configuration on X is F7 + Aj in this case, and F7 if dio diq = 1.

Co 6 0:

(1.) Rescaling t and s, we can assume ¢y = 1. Then, we have A = t9(d1t2
c%t + c%) Since t - ¢1, we can apply a substitution of the form s ® us + At
for appropriate 1, A 2 k such that s j A and the coefficient of ¢°s% in A is
1.

(2) = W z+cit,y A yyields the equation y? = 23 +120° +-apst®s 4% +13s3.

(3.) Wehave A = %s(agst® ts+ s°) and we see by Tate’s algorithm that the
RPD configuration on X is F7 + Aj if ags 2 0, 19, and only E7 otherwise.

Lang’s Types 8A and 8B (II ). These equations have been simplified by Lang in [LLan94]
and they are as described in the second column of Table 3.

Quasi-elliptic surfaces: Ito’s Types 3.3(1) (I ) and 3.3(2) (IV ). These equations have
been simplified by Ito in [Ito92, Theorem 3.3] and they are as described in the second
column of Table 3.

EXAMPLE 4.3. Consider Lang’s Type 7 with ¢g & 0 simplified as in the proof of
Proposition 4.2 and localized at the F7-singularity att = x = y = 0:

f=9> (@P+t22® +asst® t'+13)=0.
Applying Proposition 2.2, we have
Ty = kit ylexy/(f ta? + agst® 13, 2t%, y)
= k[t 2]y /(2% +agst®  tH+ 13,27 + agst? 3, 2t?)
= k[t 2]/ (23 + 3, 2?3 at?) = R,

where for the second isomorphism we have used that 0 = 1?22 + ag:5t° +t* = t*(1 4 ag:5t),
hence t* = 0, as 1+ ag;st is a unit. Now, it is easy to check that R is generated as a k-vector
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space by 1, x, x?, 23, t, te, ta?, ta3, t2, hence dim T§ = 7. Therefore, by Table 7, the Artin
coindex of this F7-singularity is 1.

4.6. Proof of Theorem 1.2 in Characteristic 2. Assume = 2. Let]' = Pi Fll(ln. be
an RDP configuration containing a non-taut RDP and let T’ = i L'i:n; be the associated
configuration of ( 2)-curves. By Table 7, we have I'i.n; 2 Dy, Eg, E7, Egg for some i.

First, observe that if I' 2 fE9, D + Ay, D§ + 3419, then T occurs on a weak del
Pezzo surface of degree 2 by Proposition 3.2. Moreover, its associated I' embeds into Eg
and T' 8 243 + 241, A3 + 4A;, 6A10, so Theorem 1.2 holds for these three exceptional
cases.

Next, if ' @ FE?, DS + Az, DY + 3 A1, then, by Proposition 3.2, I" occurs on an RDP
del Pezzo surface if and only if it occurs on an RDP del Pezzo surface of degree 1. Hence,
by Lemma 3.8, Theorem 1.2 holds for all I" such that I'* does not embed into Eg. Thus, we
may assume that I’ embeds into Eg and we note that ' 8 243 + 2A1, A3 +4A1,6A10,
since I" contains a non-taut summand. On the other hand, it will follow from Proposition 4.4
that every such I'" occurs on some weak del Pezzo surface of degree 1. Thus, the following
Proposition 4.4 finishes the proof of Theorem 1.2.

PROPOSITION 4.4. An RDP configuration I" containing a non-taut rational double
point occurs on an RDP del Pezzo surface if and only if it occurs in Table 4, 5, or 6.
Moreover, every RDP del Pezzo surface of degree 1 containing a non-taut rational double
point is given by an equation in one of these tables.

PROOF. This time, not all of the Weierstral} equations for X P(1,1,2,3) in the
classification of rational (quasi-)elliptic surfaces in [Lan00], [Lan94] and [[to94] are of
the form (W2) or (W2’). Thus, to simplify them, we have to add a Oth Step, before we can
go on with our procedure as follows:

(0.) Transform the Weierstraf3 equation into the form (W2) or (W2’).

(1.) Carry out a substitution in ¢ and s only.

(2.) Apply an automorphism of P(1,1,2,3) over P! preserving the form (W2), or
(W2), respectively, as in Subsection 4.3.3.

(3.) Check for additional rational double points (e.g. using Tate’s algorithm (see
Subsection 4.1) to determine the other reducible fibers of the underlying rational
(quasi-)elliptic surface).

[(4.) Determine the Artin coindices as described in Section 2, e.g. via Proposition 2.2.
This will be left to the reader, but we will show how it works in Example 4.5.]

Lang’s Type 4A (I). X is given by Y2 +tay + ity = 22 + dyta® + ert3x + c3t® with
t-c1,t-c3andci,di,ei 2 k[t, s homogeneous of degree i.

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send x A c;t to obtain the new equation y2 + try = 23 + dita? + ext’x + c3td
with ¢ - e and t - (e2dy + c3).

(1.) For this new equation, we have A = t®(cat + e%). Since ¢ - ep, we can apply a
substitution of the form s A us + At for appropriate p, A 2 k such that s j A and
the coefficient of t8s* in A is 1.
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(2.) We write d1 = d1.05+d1:1t. Then,z B x,y B y+ Atz + ezt, where ) is chosen
in such a way that \> 4 \ = dy.1. This yields the equation

Y2 + toy = 2° + apatsa® + apst®s + agat’s? + agat®s® + t2s* with ag1 + ag3 6 0.
(3.) We have A = t8s(ap:5t° + apat®s + apats® + s°). By Tate’s algorithm we see
that the RDP configuration on X is D4 + Az if ag5 = apa = a3 = 0, that it is
Dy + Ay if (a6;5 = 64 = 0 and ag:3 (=3 0) or (a%;3 = G6:4 and ag;3 = 065 6 0),
that it is Dy + 2A if aes5 = a3 = 0 and ag:4 & 0, that it is Dy + Aq if

(as:5s = 0 and ag:3 & 0) or ag:5 = ap.4a6:3 & 0, and that it is only D4 otherwise.

Lang’s Type 4B (I). X is given by Y2 ey +coty = 2 4 dita® 4 ert3z + cat® with
t - c3 and ¢j, dj, ej 2 k[t, s] homogeneous of degree 1.

(0.) We want to transform the Weierstral3 equation into one of the form (W2). For this,
send z A cot? to obtain the new equation 3> + tay = x° + ditz® + etz + cat®
with ¢ - ¢3.

(1.) For this new equation, we have A = t%(c3 + e%t). Since ¢ - c3, we can apply a
substitution of the form s @ us + At for appropriate p, A 2 k such that s j A and
the coefficient of t°s° in A is 1.

(2.) We write di = dy.0s + dy:1t. Then, x B z,y B y + Mz + e1t?, where \ is
chosen in such a way that A> + X\ = dy.1. This yields the equation y? + tzy =
23 + az;ltszcz + a5;5t55 + a6;4t482 + 343,

(3.) We have A = t9s(aps5t? + agats + s2). By Tate’s algorithm we see that the
RDP configuration on X is D4 + Ay if ags = aea = 0, that it is Dg + A
if (ae5 = 0and ag.sa 6 0) or (ag:5 & 0and ag4 = 0), and that it is only Dy
otherwise.

Lang’s Type 5A (I;). X is given by Y2 +tay + crt’y = 28 + dita? + ert3x + cot* with
t-c1,t-dyand ¢, dj, ei 2 k[t, s homogeneous of degree i.

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send x A c;t to obtain the new equation y2 + try = 23 + dita? + ext’x + c3td
with ¢ - e and ¢ j (ezdl + C3).

(1.) For this new equation, we have A = t®(cat + e%). Since ¢ - ep, we can apply a
substitution of the form s A s + At for appropriate 11, A 2 k such that s j A and
the coefficient of t8s* in A is 1.

(2.) We write d1 = d1.05+dy:1t. Then,z B x,y B y+ Mtz + ext, where A is chosen
in such a way that A4\ = di:1. This yields the equation

y2 + try = 2+ az;lts:cz + a6;5t58 + a6;4t482 + a6;3t383 + t?s* with az1 + ag3 = 0.

(3.) We have A = t8s(ag:5t° 4 apat®s + apsts® + s°). By Tate’s algorithm we see
that the RDP configuration on X is Ds + Az if ag:5 = ap:a = a3 = 0, that it is
Dg + Ay if (a5;5 =aea =0 and ag:3 6 0) or (a%;3 = ap:4 and ag;3 = a6:5 &6 0),
that it is Ds + 2A; if a5 = 063 = 0 and ae:4 & 0, that it is Ds + A if
(ae:s = 0 and ag:3 & 0) or ag:5 = ap.aa6:3 & 0, and that it is only Ds otherwise.
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Lang’s Type 5B (I,). First, we note that there seems to be a typo in [Lan00, Case 5B.,
p.5825] in the sense that the fiber type should be (I,) instead of (I;). X is given by Y2 +tay+
cotdy = 2 + dita® + ext3z + c1t® with t - dq, t - eq and ¢, dj, ej 2 k[t, s] homogeneous
of degree .

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send z A ¢ot? to obtain the new equation y2 +txy = 23 + dita? + ert®x + c1t®
witht-dj and t - e1.

(1.) For this new equation, we have A = tlo(e% + c1t). Since t - e1, we can apply a
substitution of the form s @ us + At for appropriate p, A 2 k such that s j A and
the coefficient of #1052 in A is 1.

(2.) We write d1 = d1.08 + d1:1t, where d1.0 6 0. Then, z B x,y B y + Az + e1t?,
where ) is chosen in such a way that A> + A\ = dj.1. This yields the equation
yz + txy = 23+ az;lts:vz + a6;5t55 + t*s? with az:1 & 0.

(3.) We have A = t0s(agst + s). By Tate’s algorithm we see that the RDP
configuration on X is Dg + Aj if ag.:s = 0, and Dg otherwise.

Lang’s Type 5C (I3). X is given by y? + txy + cot3y = 23 + ditz? + eot*s + dot®
with ¢ - ¢, t - dy and ¢;, dj, ej 2 k[t, s] homogeneous of degree i.

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send z A cpt? to obtain the new equation y2 +try = 23 + dytz? + eot*s + c1t°
witht-diandt - cp.

(1.) For this new equation, we have A = (¢ + eft). Since ¢ - ¢1, we can apply a
substitution of the form s A s+ At for appropriate 1, A 2 k such that s j A, i.e.,
(c1+ €§t) = s.

(2.) We write di = d1.08 + d1:1t, where d1.0 6 0. Then, z A z,y B y+ Mz + eots,
where ) is chosen in such a way that A> + A\ = dy.1. This yields the equation
y2 + tory = 2+ az;ltsmz + t°s with az:1 & 0.

(3.) We have A = t'5 and the RDP configuration on X is D7.

Lang’s Type 5D (I). This equation has been simplified by Lang in [Lan94] and it is as
described in the second column of Table 5.

Lang’s Type 6 (IV ). X is given by 42 + txy + c1t’y = 2° + dot?x? + e1t3z + cot?
with ¢ - ¢1 and ¢j, dj, ej 2 k[t, s] homogeneous of degree 1.

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send x A c;t to obtain the new equation y2 + try = 23 + dita? + ext’x + c3td
witht - ep, t ] (d% +ep)and t ] (diex + c3).

(1.) For this new equation, we have A = t8(cat + €3). Since t - 2, we can apply a
substitution of the form s @ us + At for appropriate p, A 2 k such that s j A and
the coefficient of t8s* in A is 1.

(2.) We write di = d1:08 + d1:1t, where d1.0 6 0. Then, x B z,y B y + Atx + ext,
where ) is chosen in such a way that \?> 4+ \ = dy.1. This yields the equation

y2 + txy = z3 + tsx? + a6;5t55 + a6;4t452 + 1358 + t2s%,
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(3.) We have A = t8s(ag:5t° + ag:.4t°s +ts? + s°). By Tate’s algorithm we see that the
RDP configuration on X is Eg + Ay if ag;5 = as.a 2 0,19, that it is Ee + Aj if
(ae:;5 = 0 and ae:4 6 0) or ag:5 = ag:4 B 0, 19, and that it is only Es otherwise.

Lang’s Type 7 (IIT ). X is given by 42 + tzy + cot’y = 22 + dot?z? + e1tdz + f1t°
with ¢ - e1 and ¢;, dj, ej, fi 2 k[t, s] homogeneous of degree i.

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send x A ¢pt? to obtain the new equation y2 +try = 23+ dot?x? + ert3x + f1t5
with t - eg.

(1.) For this new equation, we have A = tlo(ef + fit). Since t - e1, we can apply a
substitution of the form s A s + At for appropriate 11, A 2 k such that s j A and
the coefficient of t1%s2 in A is 1.

(2.) Then, z @ x,y W y+ Mx + e1t?, where ) is chosen in such a way that \? + \ =
do. This yields the equation y2 + txy = x4+ a6;5t55 + 42,

(3.) We have A = t95(ags5t + s). By Tate’s algorithm we see that the RDP
configuration on X is F7 + Aj if ag:;5 = 0, and F7 otherwise.

Lang’s Type 8 (I ). This equation has been simplified by Lang in [Lan94] and it is as
described in the second column of Table 5.
Lang’s Type 12A (Iy). X is given by Y2 + 1ty = a® + dita® + e1t3z + cat® with
t-c1,t-c3and ¢, dj,ei 2 k[t, s homogeneous of degree i.
(0.) The Weierstral equation is already of the form (W2’).
(1.) We have A = tgc‘ll. Since t - c1, we can apply a substitution of the form s A
ps + At for appropriate y, A 2 k such that ¢; = s. We write c3 = c3.08° +
03;1t32 + 63;2t23 + 03;3t3. Then, since t - c3, scaling s ¥ /\23,15 A )\ 1 foran
appropriate A yields cz.0 = 1.
(2.) Let us write d1 = dj1.05 + d1:1t and e; = e1.05 + e1:1t. Then, we carry out the
substitution

q
v o+ Pegi? y Byt du+ Perte + 2% + (32 + exo en + duoera) 2,

where A2+ )\ = c3:1. This yields y2 + tzsy =23+ az;ltsxz + a4;3t3sx + a6;6t6 +
353,

(3.) We have A = t8s*. By Tate’s algorithm we see that the RDP configuration on X
is Ds + As if a6 = a4:3 = 0, that it is Dy + Aq if age =0 and a4:3 6 0, and
that it is D4 otherwise.

Lang’s Type 12B (I). X is given by y? + cot®y = 23 + dita? + c1t3z + cst® with
t - co,t - c3 and ¢j,dj 2 k[t, s] homogeneous of degree i. For the simplification of this
equation, we will not follow the procedure described in the beginning of the proof, but
perform the substitutions in a different order.

(a.) First, applying 2 @ x + dit and then, scaling z @ Mz, y @ N2y for an
appropriate \ yields the new equation 3 + t3y = 23 + cpt?x + c3t® with t - ¢s.

(b.) Since t - c3, we can apply a substitution of the form s @ us + At for appropriate
1, A 2 k to obtain a c3 of the form c3 = 3+ a2s?t+ast?+ 03;3753 for some a 2 k.
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(c.) Finally, y @ y + ast? + ut3 with 2 + p = ca;3 yields
Y2 + 13y = 2° + (a425° + aazts + agat®) >z + 33,

(3.) Since A = t12, there are no other reducible fibers and the RDP configuration on
X is Day.

Lang’s Type 13A (I;). X is given by 32 + c1t?y = 2% + dita? + estdz + dpt* with
t-c1,t-diand ¢, dj,ei 2 k[t, s| homogeneous of degree i.

(1.) We have A = t80‘1‘. Since t - c¢1, we can apply a substitution of the form s A
s + At for appropriate p, A 2 k such that ¢c; = s. Then, since ¢ - d;, we can scale
s and ¢ such that d1 = s + dj:1t.

(2.) Letus write e1 = e1.05+e1;1t and dp = dy; 24 dp.1ts+ dg;ztz. The substitution
z A x4+ pmtz, y A y—l—el;otx—i—)\tzs + diier1+ d2;2t3 with N2+ )\ = d2:0
yields the new equation y? + t2sy = 2° + (ap:2t? + ts)2? + ag:5t°s.

(3.) We have A = t8s*. By Tate’s algorithm we see that the RDP configuration on X
is Ds + Ay if ag:s = az2 = 0, that it is Ds + Aj if ag:s = 0 and ap.» & 0, and
that it is Ds otherwise.

Lang’s Type 13B (I,). X is given by 32 + cot3y = 2% + ditz? + estdz + f1t° with
t - co,t - e1 and ¢j, dj, ei, fi 2 k[t, s] homogeneous of degree 1.

(1.) Since t - e1, we can apply a substitution of the form s ® s + At for appropriate
t, A 2 k such that e; = s. Then, since ¢t - ¢p, we can scale s and ¢ such that
co = 1.

(2.) Letdy = d1:0s+d1at and f1 = f1.0s+ f1:1t. The substitutionz A z + M2y A
Y+ Atz + uts, where A\ and p are chosen such that dl;o/\z + A = f1o0 and
p? 4= A3 4+ d1:1 0% + f1.1, yields the new equation y? + 3y = 23 + (ap.2t? +
agats)z? + t3sz.

(3.) Since A = t12, the RDP configuration on X is Ds.

Lang’s Type 13C (I5). X is given by y? + cotdy = 28 + dita® + dot*z + eot® with
t - co,t - dq and ¢j, dj, ej 2 klt, s] homogeneous of degree i.

(1.) Since t - dy, we can apply a substitution of the form s @ pus + At for appropriate
1, A 2 k such that di = s. Then, since ¢ - cg, we can scale s and ¢ such that
co = 1. Further, we apply the P-automorphism s A s+ d%t to obtain y? + 3y =
23 + tsax? + d%tzxz + dot*z + egtb.

(2.) Then the substitution y A y + dotx + \t3 with A2 + X\ = eg yields y? + 3y =
23 + tsa?.

(3.) Since A = t12, the RDP configuration on X is D7.

Lang’s Type 14 (IV ). X is given by 32 + c1t?y = 23 + dot?z? + e1tdz + dat* with
t - c1 and ¢j, dj, ej 2 k[t, s] homogeneous of degree i.

(1.) Since t - ¢1, we can apply a substitution of the form s @ us + At for appropriate
1, A 2 k such that ¢; = s.
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(2.) Letus write e1 = e1.05+e1:1t and dp = dp:o 24 dp.1ts+ dz;ztz. The substitution
oW 2+ Peri?, y B yterote tA2s+ doera + doot with N2+ \ = daxg
yields the new equation y2 + tzsy =234 a2;2t2x2 + a6;5t55.

(3.) We have A = t8s*. By Tate’s algorithm we see that the RDP configuration on X
is B + Az if ag:5 = ap:2 = 0, thatitis Fg + Aj if as:5 = 0 and a2 & 0, and that
it is Fjg otherwise.

Lang’s Type 15 (IIT ). X is given by 32 + cot3y = 2% + dot?z? + e1t3x + dit® with
t-co,t-e1 and cj, dj, ej 2 k[t, s] homogeneous of degree 1.

(1.) Since t - e1, we can apply a substitution of the form s ® s + At for appropriate
, A 2 k such that e; = s. Then, since ¢ - cg, we can scale s and ¢ such that
co = 1. Letus write di = di1.05 + d1:1t and apply the Pl-automorphism s A
s+ (ddo+  do+dip)t to obtain y? + 3y = 23 + dot?a? + 3sz + (di +

do + d1,0)t*x + di,0t°s + dyo(d2o + do + d1;0)t + daat®.

(2.) Finally, the substitution z ® x —+ dl;otz, y & y+  do+diotr + A3 with
A2+ X\ = d}o+dod?, + di;1 yields the simplified equation y? + t3y = 23 + t3sa.

(3.) Since A = t'2, the RDP configuration on X is E7.

Lang’s Type 16 (Il ). This equation has been simplified by Lang in [Lan94] and it is as
described in the second column of Table 5.

Quasi-elliptic surfaces:
Ito’s Types 5.2.(a) (II ), 5.2.(b) (I,), 5.2.(c) (III ), 5.2.(d) (2Iy), 5.2.(e) (I,) and 5.2.(f) (Iy).
These equations have been simplified by Ito in [Ito94, Theorem 5.2.] and they are as
described in the second column of Table 3, where we only simplified the equation for 5.2.(e)
in order to put the Dg-singularity at (¢, z,y) = (0,0,0).

EXAMPLE 4.5. Consider Lang’s Type 5B. simplified as in the proof of Proposition 4.4
and localized at the Dg-singularity att =z =y = 0:

f =%+ tey + (2® + apata® + agst® +t4) = 0.
Applying Proposition 2.2, we have

Tf = k[tv x, y](t;x;y)/(fa a2;1552 + a6;5t4 + Y, ':Ez + tyv t‘r)
= k[t x, y](t;x;y)/(y2 + a6;5t5 + 4, az;lxz + (Jtﬁ;st4 + zy, 2+ ty, tx)
= k[t7 z, y](t;x;y)/(yz + t47 az;l‘rz + CL6;5t4 + zy, xZ +ty, t.I) = R,
where for the first isomorphism we have used that 23 = xty = 0 and for the second
isomorphism we have used that a6;5t5 = az;lxzt + zyt = 0. Now, it is easy to check that

R is generated as a k-vector space by 1, z,y, t, 22, y?, t2,t3, hence dim T¢ = 8. Therefore,
by Table 7, the Artin coindex of this Dg-singularity is 2.
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REMARK 4.6. Using our results, it is straightforward to list all RDP configurations
I' such that the associated configuration of ( 2)-curves I’ occurs on a weak del Pezzo
surface, but I itself does not occur on any RDP del Pezzo surface. By Theorem 1.2, this
phenomenon happens only in characteristic 2 and there precisely if

r 2 fEéaEng% +A17E%7E72 + AlvD%7D§7D97DgaD% + 2A17D€]§ +A1’Dg + 24,
DY + A3, D2 4+ 241, D§ + D}, DS + A3, D} + D}, D} + 441, D} + 3A19.

It would be interesting to find an abstract reason for the non-existence of those Artin
coindices on RDP del Pezzo surfaces.
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CHAPTER 1I

Weak del Pezzo surfaces with global vector fields

Up to minor modifications, this chapter is taken from the article “Weak del Pezzo
surfaces with global vector fields”, which is joint work of the author with G. Martin. The
article has been accepted for publication in Geometry and Topology and can be found on
the ArXiv (see [MS20]).

1. Motivation and summary

Recall that a weak del Pezzo surface over an algebraically closed field & is a smooth
projective surface X with anti-canonical divisor class K « big and nef, or, equivalently,

X is P! P! the second Hirzebruch surface Fo, or the blow-up of at most 8 points in P2 in
almost general position. More classically, weak del Pezzo surfaces appear as the minimal
resolutions of surfaces of degree d in P4 which are neither cones nor projections of surfaces
of minimal degree d in pd+1 [Dol12, Definition 8.1.5].

By a result of Matsumura and Oort [MOG68], the automorphism functor Autﬁ of a
proper variety X over k is representable by a group scheme locally of finite type over k.
Since Auty is well-known for surfaces of minimal degree (that is for quadric surfaces, the
Veronese surface, and rational normal scrolls [Dol12, Corollary 8.1.2]), weak del Pezzo
surfaces form the first class of smooth projective surfaces for which the study of Autyg is
interesting. In this chapter, we are concerned with the identity component Aut; of Autg,
which can be non-reduced in positive characteristic.

While this non-reducedness phenomenon does not occur for smooth projective curves,
we will see that it appears for one of the first non-trivial classes of smooth projective
surfaces, namely for weak del Pezzo surfaces (see also [Neu79]), at least in characteristic
2 and 3. This means that for a weak del Pezzo surface X in characteristic 2 and 3 we may
have h0( R, Tg) > dim Aut;, that is, 2 may have more global vector fields than expected.

More classically, automorphisms of (weak) del Pezzo surfaces are being studied in the
context of the plane Cremona group, i.e. the group of birational automorphisms of P2, The
main reason for this is that automorphisms of (weak) del Pezzo surfaces yield birational
automorphisms of P? that do not necessarily extend to biregular automorphisms. For the
action of Aut; on a weak del Pezzo surface X, the situation is very different, since this

action always descends to an action on the whole minimal model of ¥ by Blanchard’s
Lemma 2.10.
This special feature of the connected automorphism scheme Autoﬁ will enable us to

calculate it explicitly for all weak del Pezzo surfaces that are blow-ups of P? in terms
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of stabilizers as a subgroup scheme of PGL3. Using this, we will classify all weak del
Pezzo surfaces X with non-trivial Aut; and determine their configurations of ( 2)- and
( 1)-curves, as well as their number of moduli, which is the content of the following Main
Theorem:

MAIN THEOREM. Let X be a weak del Pezzo surface over an algebraically closed
field. If hO( %, Ty ) & 0, then X is one of the surfaces in Table 1, 2, 3, 4, 5, or Table 6. All
cases exist and have an irreducible moduli space of the stated dimension.

In Tables 2, 3, 4, 5, 6, the figure describing the configuration of ( 2)-curves and
( 1)-curves (“lines”) on these surfaces is given in column 2. In these figures, a “thick”
curve denotes a ( 2)-curve, while a “thin” curve denotes a ( 1)-curve. The intersection
multiplicity of two such curves is no more than 3 at every point; intersection multiplicities
1 and 2 will be clear from the picture, whereas we write a small 3 next to the point of
intersection if the intersection multiplicity is 3. Recall that the dual graph of all ( 2)-curves
on a weak del Pezzo surface is a union of Dynkin diagrams of types An, D and Ey. This
graph can be read off from the corresponding figure, but for ease of reference we give
its Dynkin type in column 3. For the same reason, in column 4, we list the number of
( 1)-curves on these surfaces. In column 5, we describe a general S-valued point of Aut?,

where S is a k-scheme. In particular, the dimension of H°( X, T) = Aut; (k[e]/(€?)) can
be read off from this description and is listed in column 6 for the convenience of the reader.
Comparing this with the dimension of Aut;, it can be checked whether Aut; is smooth or
not. This is done in column 7. If there is more than one weak del Pezzo surface with the
configuration of curves and with the automorphism scheme as in the previous columns, we
give the dimension of a modular family of such surfaces in column 8. If, instead, there is
a unique surface of this type, we write “Fptg” in column 8 in order to emphasize that the
surface is unique. Finally, in column 9, we give the characteristic(s) in which the respective
surface(s) exist(s).

In particular, our classification also gives a complete list of weak del Pezzo surfaces with
non-reduced automorphism schemes. In the following corollary, we list the characteristics
p and degrees d for which every weak del Pezzo surface of degree d in characteristic p has
reduced automorphism scheme.

COROLLARY 1.1. Let k£ be an algebraically closed field of characteristic p 0. Then,
every weak del Pezzo surface X of degree d over k has reduced automorphism scheme if
and only if one of the following three conditions holds:

(1) p&2,3,
(2) p=3andd 4,
(3) p=2andd 5.

Moreover, if Auty is non-reduced, then the number of ( 2)-curves on X is at least (7  d).

In particular, the above corollary recovers the result that the automorphism scheme of
every del Pezzo surface (where Ky is ample) is smooth, which is in fact easier to prove
and has already been observed by Dolgachev and Duncan (see [DD19, Theorem 2.4.]).
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REMARK 1.2. Independently, shortly after the upload of the article [MS20] to the
ArXiv, and using a completely different approach, Cheltsov and Prokhorov [CP21] classified
all RDP del Pezzo surfaces X over an algebraically closed field k£ of characteristic 0 such
that Autx (k) is infinite. Now, Autx (k) is infinite if and only if Aut% (k) is infinite if
and only if Aut; (k) is infinite, where X is the weak del Pezzo surface that is the minimal
resolution of X. Since Aut;’% is always smooth in characteristic 0 by Cartier’s Theorem (see

e.g. [Per76, Corollaire 4.2.8]), Aut; (k) is infinite if and only if & admits global vector
fields. So, the classification in [CP21] is equivalent to the characteristic O part of our Main
Theorem.

The structure of this chapter is as follows: Section 2 is devoted to setting up the
framework for the study of the geometry of (most) weak del Pezzo surfaces as blow-ups
of P? including the notion of their “height” in Subsection 2.1. The necessary background
on automorphism schemes as well as the key ingredient Blanchard’s Lemma are treated
in Subsection 2.2. This enables us to set up an inductive strategy for the classification in
Section 3. Finally, this strategy is carried out in Section 4, where we go through all possible
heights of weak del Pezzo surfaces, realizing each such surface as a blow-up of a surface of
height one less, starting from the height 0 surface P?.

Aut?
( 2)-curves | #TFlinesg Aut; ho(® ;Te) Hix Moduli | char(k)
smooth?
pt ; 0 PGL, PGL, 6 X fptg
Ay 0 (AUtP(l;l;Z))red 7 X fig
= (G 0 GL2)/u2

Table 1. Weak del Pezzo surfaces of degree 8 that are not blow-ups of P?
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Aut?
Case | Figure | ( 2)-curves | #flinesg Autok PGL3 | h°(R,Tg) % | Moduli char (k)
smooth?
degree 9
94 ; 0 PGL3 8 X Tptg any
degree 8
b
8A | Fig. 5 ; 1 . ¢ % 6 X Tptg any
I
degree 7
1
7A | Fig. 4 ; 3 e % 4 Tptg any
1
7B | Fig. 26 A 2 Lot 5 fptg | any
1
degree 6
6A | Fig. 3 ; 6 te | P X fptg | any
6B | Fig. 24 A 4 e 3 X fptg | any
1
1
6C | Fig.2 A 3 1 12 3 X Tptg any
1
1
6D | Fig. 25 24, 2 ef 4 X fptg | any
1
6E | Fig. 51 A, 2 ot 4 X fptg | any
e2
b
6F |Fig.52 | Ap+ A 1 Lot 5 X fptg | any
1
degree 5
54 | Fig. 1 A 7 ' | 1 X fptg | any
5B | Fig.22| 24 5 Yo P X fprg | any
1
5C | Fig. 18 A 4 ti¢ P X fprg | any
1
1
5D |Fig.23 | A+ A 3 ef 3 X fptg any
1
5E | Fig. 50 As 2 e i 3 X fptg | any
e
5F | Fig. 60 Ag 1 ot 4 X fptg | any
e3
Table 2. Weak del Pezzo surfaces with global vector fields of degree 5 that are

blow-ups of P?
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Aut;

Case | Figure | ( 2)-curves | #flinesg Aut0>Q PGL3 | h0(R, Ty) Moduli | char(k)
smooth?

4A | Fig. 13| 244 8 ' | 1 X 1dim | any
AB |Fig. 14| 34 6 ' | 1 X fprg | any
4C | Fig. 15| A+ A; 6 ' : 1 X fptg any
4D | Fig. 17 Az 5 ' : 1 X fptg any
AE | Fig. 42 As 4 Y1 : 1 X fprg | 62
AF | Fig. 21| 444 4 e | 2 X fptg | any
AG | Fig. 20| Ap + 24, 4 te | 2 X fptg | any
AH | Fig. 43 | As+ A 3 Yy ‘: 2 X fprg | any
4T | Fig. 49 Ag 3 te : 2 X fptg | any
47 | Fig. 59 Da 2 e e"z 2 X fpig | 62
4K | Fig. 48 | Az +2A; 2 te fI 3 X Tptg any
4L | Fig. 65 Ds 1 i 3 X fptg | 62
4M | Fig. 42 As 4 ' " t=1 2 forg | =2
AN | Fig. 59 Da 2 ty f 2 X fprg | =2
40 | Fig. 59 Dy 2 ' 3 3 X fptg | =2
AP | Fig. 65 Ds 1 ! ?i;’ 3 X fprg | =2
4Q | Fig. 65 Ds 1 ! bf 4 X fpig | =2

Table 3. Weak del Pezzo surfaces of degree 4 with global vector fields
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Aut;

Case | Figure | ( 2)-curves | #flinesg Autok PGL3 | h°(R,Tg) Moduli | char(k)
smooth?
34 |Fig. 10| 24, 7 Y1 1 X 1dim | any
1
3B | Fig. 16 Da 6 =y 1 fpig | any
1
3C |Fig. 11| 24+ A 5 ' ) 1 X fptg any
1
3D | Fig. 12| A3z+2A; 5 ' ) 1 X Tptg any
1
3F | Fig. 41 Ag + A 4 ! 1 1 X fptg any
1
1
3F | Fig. 46 As 3 Lr 1 X fpig | &3
1
3G | Fig. 58 Ds 3 e 1 X Tptg 62
e
3H |Fig. 19| 34, 3 ! e P X fptg | any
31 | Fig. 47 | As+ A 2 Yot 2 X fptg | any
eZ
. 1 ¢
3J | Fig. 66 Es 1 e .2 2 X Tptg 62,3
3K | Fig. 46 As 3 Ter o1 2 fptg | =3
e
1
3L | Fig. 66 Eg 1 l(f; 2 fptg | =3
3M | Fig. 66 B 1 e i 3 fpig | =3
€
3N | Fig. 33 Aq 6 Y1 2=1 1 fprg | =2
1
1
30 | Fig. 58 Ds 3 Lf 1 X fpig | =2
3P | Fig. 58 Ds 3 et 2 X fptg | =2
e
b
3Q | Fig. 66 Fe | * 1 6% 2 X fpg | =2
1
3R | Fig. 66 Eg 1 A 3 X fptg | =2

e3

Table 4. Weak del Pezzo surfaces of degree 3 with global vector fields
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Auto>Q

Case | Figure | ( 2)-curves | #flinesg Auto)ﬁz PGL3 | hO(R,T. ) Moduli | char(k)
smooth?
24 | Fig. 7 243 6 y 1 1dim | any
1
9B | Fig. 39 | Ds+ A 5 ' | 1 fprg | any
. 1
2C' | Fig. 64 Es 4 e .2 1 X Tptg 6 2
9D | Fig. 8 | 243+ A, 4 Y1 1 X fprg | any
1
°F | Fig.9 | D4+ 34, 4 Y1 1 X fprg | any
1
9F | Fig. 40 | As+ 4, 3 Y1 1 X fprg | any
1
1
2G | Fig. 57 | Dg+ Az 2 e 1 X fptg 62
e
1
2H | Fig. 56 Az 2 1 I 1 X fptg 62
1
oI |Fig. 67 Er 1 e 1 X fptg | 62,3
e
1
2.J | Fig. 45 Ag 4 e . ,e3=1 1 fptg =3
e
. 1 3
2K | Fig. 54 De 3 e, =1 1 fptg | =3
e
2L | Fig. 67 B 1 ty f 1 fprg | =3
9M | Fig. 67 Er 1 Yot 2 fprg | =3
e3
9N | Fig. 30 As 7 Y1 2=1 1 ldim | =2
1
20 | Fig. 38 Ds 8 Y1 2=1 1 fprg | =2
1
2P |Fig. 32| As+ 44 6 Y1 2=1 1 forg | =2
1
2Q | Fig. 31| As+ 4 5 12— 1 fprg | =2
1
1
2R | Fig. 54 D 3 e 1 X ldim | =2
25 | Fig. 64 Ee 4 Ter L f2=0 2 fpig | =2
e
1
9T | Fig. 57| Dg + A 2 1o 1 fprg | =2
2U | Fig. 57| Dg+ A 2 et 2 fptg | =2
e
2V | Fig. 56 Az 2 Ter et 2 fptg | =2
e
oW | Fig. 67 jo 1 ' : 1 forg | =2
b
92X | Fig. 67 Es 1 Y bzz 2 fprg | =2
2Y | Fig. 67 ol 1 Terfe 3 fpig | =2

Table 5. Weak del Pezzo surfaces of degree 2 with global vector fields
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0
Aut}Q

Case | Figure | ( 2)-curves | #flinesg Autok PGL3 | h%(%,Ty) Moduli | char(k)
smooth?
14 | Fig. 6 2D, 5 Y1 1 X 1dim | any
1
1B | Fig. 37| Es+ A» 4 =y 1 X fprg | any
1
1
1C | Fig. 63 | E7+ A 3 e 1 X fpig | 62
e
. 1
1D | Fig. 68 Eg 1 e .3 1 X Tpty 62,3
1E | Fig. 53 Dy 5 Y18 =1 1 fprg | =3
1
. 1 3
1F | Fig. 62 Es 5 e, =1 1 fpig | =3
. 1
1G | Fig. 44 Ag 3 € 2 el =1 1 fptg =3
1
1H | Fig. 68 s 1 1o 1 fprg | =3
11 | Fig. 68 Fg 1 et P fptg | =3
e
1J | Fig. 35 Ee 13 Y121 1 1dim | =2
1
1K | Fig. 34 | Fs+ A 8 Y1 2=1 1 fprg | =2
1
1L | Fig. 27 As 8 Y12 =1 1 ldim | =2
1
1
1M | Fig. 61 Fy 5 L . f2=0 1 fptg =2
IN | Fig. 29 | De + 24, 6 Y1 i2=1 1 fporg | =2
1
10 | Fig. 28| A7+ A 5 Y1 2=t 1 fporg | =2
1
1P |Fig. 63| E7+ A; 3 Ter L f2=0 2 fptg | =2
e
1
1Q | Fig. 55 Dg 2 it 1 X ldim | =2
1R | Fig. 55 Dg 2 e efz et =1 2 fptg =2
1S | Fig. 68 joN 1 Y1 : 1 X fprg | =2
1T | Fig. 68 Eg 1 forde Lt =0 3 fptg | =2

e3

Table 6. Weak del Pezzo surfaces of degree 1 with global vector fields
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2. Generalities

This section provides the necessary background on the two main topics of this chapter:
weak del Pezzo surfaces and automorphism schemes. Throughout, we will be working over
an algebraically closed field k.

2.1. Geometry of weak del Pezzo surfaces and their “height”’. We recall that every
weak del Pezzo surface X (except £ = P! P! and the second Hirzebruch surface £ = F»)
is a successive blow-up of P? satisfying certain properties (see Lemma 2.5 and Lemma
2.7), and we define the notion of “height”, which is a measure for the complexity of X.
We describe the set of all ( 2)- and ( 1)-curves on X in terms of a realization of ¥ as a
blow-up of P?.

DEFINITION 2.1. A weak del Pezzo surface is a smooth projective surface X with nef
and big anti-canonical class K. The number deg(®) =K ; is called the degree of X.

Recall that every birational morphism 7 : ' ¥ & of smooth projective surfaces can
be factored as
7 R ’! R (n!l) R 1) (n!Z)
where ¢ is an isomorphism and each 7() : 2+1) 1 €90 i5 the blow-up of a number of
distinct closed points on %) The isomorphism ¢ can be neglected by identifying £? with
X% via ». Then, the above factorization becomes unique (up to unique isomorphism for
everyn ¢ 1) if in each step we blow up the maximal number of distinct closed points
of YD In this case, we call the above factorization of 7 minimal.

T o0 ¥ eo_ g

DEFINITION 2.2. Let £ and X? be two smooth projective surfaces.

For every birational morphism 7 : " ¥ ® let7 = 7@ . . 7" D pe its
minimal factorization. The height of 7 is defined as

ht(7) == n.
If &' admits some birational morphism to &, we define the height of £° over % as
ht(X?/®) := min 0y 2 Tht(m)g,

where the minimum is taken over all birational morphisms = : ' ¥ %,
If ® is a weak del Pezzo surface which is a successive blow-up of P?, then we define

ht(®) := ht(®/P?)
and if X is not a blow-up of P2, we set ht(%) = 0.

REMARK 2.3. The reader should compare our notion of height with the height function
on the bubble space of X considered in [Dol12, Section 7.3.2].

NOTATION 2.4. Let 7 : ® ¥ P? be a birational morphism of height n, and let 7 =
7@ . 7 D be its minimal factorization. Then, we fix the following notation:

Foreach0 i <mn,weletpri,...,pn;:ii 2 £ pe the points blown up under 7M.
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The exceptional divisor (7)) 1(pji) &Y over a closed point pj.i 2 £® will be
denoted by Ej:j for j = 1,...,nj.

Forevery 0 i k n, the strict transform of a curve C € ® along 7()

7 D is denoted by CK),

Using this notation, we can now state a necessary and sufficient criterion for a successive
blow-up of P? to be a weak del Pezzo surface.

LEMMA 2.5. [Dém80] [Dol12, Section 8.1.3] With Notation 2.4, let = : € ¥ P2 be
a birational morphism of height n. Then, X is a weak del Pezzo surface if and only if the
following three conditions hold.

On each Ej;; there is at most one py:j+1.

For every line ¢ P2, there are at most three pj.i with pj.i 2 (M, where i ranges over

0,...,n 1.

For every irreducible conic @  P?, there are at most six pj.i with pj;i 2 QW, where i

rangesover 0,...,n 1.

NOTATION 2.6. By Lemma 2.5, there is at most one p:j+1 on each Ej.j. Therefore, it
makes sense to rename the py:j+1 so that py.j+1 lies on Ey:j. We will adopt this convention
from now on.

If the above three conditions of Lemma 2.5 are satisfied, we say that the points pj:i
are in almost general position. Using this terminology, there is the following well-known
characterization of weak del Pezzo surfaces.

LEMMA 2.7. [Dol12, Section 8.1.3] If X is a weak del Pezzo surface, then
(i) R =P Pl or
(ii) X = F», the second Hirzebruch surface, or
(iii) ® is the successive blow-up of P? inn 8 points in almost general position.

In particular, we have 1 deg(X) 9, and ht(X) = 0 if and only if & 2 fP2 P!
Pt, Fag.

All the possible classes of ( 2)-and ( 1)-curves in the odd unimodular lattice Pic(X) =
L1.9 dege) Of signature (1,9 deg(X)) are well-known and described in [Man86, Definition

23.7., Proposition 26.1.] and [Dol12, Proposition 8.2.7]. This lattice-theoretic description
can be translated into geometry (see [Man86, Theorem 26.2. (ii)] for the case of del Pezzo
surfaces). A straightforward adaption of Manin’s approach to our situation of weak del
Pezzo surfaces yields the following description of ( 2)- and ( 1)-curves on X.

LEMMA 2.8. Let & be a weak del Pezzo surface and let 7 : € = (M ¥ P2 pe a
birational morphism of height n.
(i) Acurveon X isa ( 2)-curve if and only if it is of one of the following four types:
the strict transform Ej(r,‘) of an exceptional curve such that there is exactly one pj;i-+1
on Ej;i,
the strict transform ¢(™ of a line ¢ P? such that there are exactly three pj.; with
Y 0)
Djii 20\,
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the strict transform C_(”) of an irreducible conic C P2 such that there are exactly
six pj:i with pj.i 2 CM, or

the strict transform C'("™ of an irreducible singular cubic C P2 such that there are
exactly eight pj.i with pj.i 2 C(, and such that one of the pj.o is the singular point
of C.

(ii) Acurveon X isa ( 1)-curve if and only if it is of one of the following seven types:
the strict transform EJ(':) of an exceptional curve such that there is no py:j+1 on Ej;i,
the strict transform ¢(™ of a line ¢ P2 such that there are exactly two pj;; with
Pj;i 2 f('):
the strict transform Cf”) of an irreducible conic C P2 such that there are exactly
five pj.i with pj.i 2 c®,
the strict transform C(™ of an irreducible singular cubic C P2 such that there are
eic(acctly seven pj.; with pj.i 2 C® | and such that one of the pj:0 is the singular point
orcC,
the strict transform C'(™ of an irreducible singular quartic C P2 such that there
are exactly eight pj.; with pj;j 2 Cc®, and such that exactly three of the pj;i are
double points of C®,
the strict transform C'(™ of an irreducible singular quintic C P2 such that there
are exactly eight pj.i with pj.i 2 C, and such that exactly six of the pj.; are double
points of C®W, or
the strict transform C(™ of an irreducible singular sextic C P2 such that there are
exactly eight pj.i with pj; 2 C, and such that exactly seven of the pj;; are double
points of C() and exactly one of the pj:0 is atriple point of C'.

REMARK 2.9. In particular, it can be seen that the criterion given in Lemma 2.5 simply
tells us that a successive blow-up of P2 in at most 8 points is a weak del Pezzo surface if
and only if we have never blown up a pointon a ( 2)-curve.

2.2. Automorphism schemes of blow-ups of smooth surfaces. By a result of
Matsumura and Oort [MOG68], the automorphism functor Autg< of a proper variety over
k is representable and it is well-known that the tangent space of Autg)( can be identified
naturally with H%(X, T ). The main tool in our study of automorphism schemes of weak
del Pezzo surfaces is the following lemma of Blanchard (see [Bril7, Theorem 7.2.1]).

LEMMA 2.10. (Blanchard’s Lemma) Let f : Y ¥ X be a morphism of proper schemes
over k£ with f Oy = Ox. Then, f induces a homomorphism of group schemes
f o Aut) ¥ Autd. If £ is birational, then f is a closed immersion.

Thus, if f is birational, we can and will identify Aut$ with its image under f in the
following. If f is the blow-up of a smooth surface X in a closed point p, it is possible
to describe the image of f (see [Neu79, Lemma 1.1] and [Mar22, Proposition 2.7]) as an
intersection of successive stabilizer group schemes (see Definition 3.5 and Notation 3.6).

LEMMA 2.11. Let f : Y ¥ X be the blow-up of a srnooth projective surface X inn
distinct points py, . .., pn 2 X. Then, we have Autd = (L, (Stab(p;))°)°.
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PROOF. We prove the claim by induction on n with the case n = 0 being trivial. For
the inductive step, let Y be the blow—up-i;f X in p1,...,pn 1. Then, f0 Y 0 Yl
the blow-up in pp, and we have Aut9, = ( P_ll(Stab(p.)) )° by the induction hypothesis.
Note that the identity cqmponent of the stabilizer of pn, 2 Y, with respect to the action
of Autd,, is precisely ([, (Stab(pi))?)°. By [Mar22, Remark 2.8], the AutY -action on
Yopreserves the exceptional divisor of f°, hence AutY , being conneeted, is contained in
(" L, (Stab(pi))?)°. Conversely, by [Mar22, Proposition 2.7], the ( im; (Stab(pi))?)°-
action on Y? lifts to Y and since (|-, (Stab(pi))°)? is connected, it actually lifts to a
subgroup scheme of Autg( . This finishes the proof.

Let 7 : '™ ¥ % be a birational morphism of smooth projective surfaces & and
R Let E RYM be a m-exceptional irreducible curve. Recall that the left-action of
Aut; on Hilbg is given on S-valued points by

Autd(S) Hilbg(s) P Hilbg(s)
(g:gs !Xs,L:Z‘! Xs) 71 (Z Rg ,glgs‘! Es),

where s := X S, and this induces a natural action p of Autko(n) Aut())Q on Hilbg.
For a pencil (that is, a 1-dimensional linear system) f : C ¥ P! Hilbg of curves on X
we will identify a point p 2 P1(S) with its fiber Cp under f. Let V P! be an open subset

such that any two fibers Cy and Cq with p,q 2 V' (as well as their strict transforms in all the
XD have the same multiplicity at the pj:i- Then, the rational map

2.1) pt V 1 Hilbg
p 70 CW\E,

can be extended to a morphism ¢ from P2, since every irreducible component of Hilbg is
proper.

DEFINITION 2.12. Let 7 : Y™ ¥ € be a birational morphism of smooth projective
surfaces € and '™, Let £ ®Y" be a r-exceptional irreducible curve. A pencil of
curves f : C ¥ Pl is called adapted (to F and 7) (or E-adapted), if the morphism ¢ of

(2.1) factors through an isomorphism P* ¥ F  Hilbg.

For an adapted pencil C ¥ P!, we can transfer the Aut;o(n)—action on I via ¢ to an
action on the pencil. Over V, we can describe this action explicitly on S-valued points
as follows: For Cp 2 V(S)  P(S) with embedding ¢ : C, ¥ Xs, an element g 2
Autgin () sends Cp to the unique curve Cq(py 2 P(S) such that (Cp Reig 1 )M\
Es = ¢(Cy(py). The action of Autko(n)

extension of the above action from V to P1. In particular, orbits and stabilizers of the
Aut®, . -action on E can be calculated on P!, which we are going to exploit throughout.

transferred from E to the pencil is the unique

Xon)
REMARK 2.13. In most of the cases occurring in our classification we can choose the
adapted pencil C ¥ P! to be stable under the natural action of Autoﬁo(n) on Hilbg. In this

case, we have Cgp) =Cp g 1 Xs.
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EXAMPLE 2.14. Aut?

o -Stable adapted pencils do not always exist, even for blow-

ups of P?:

Consider the morphism 7 : 2@ ¥ P2 of height 2 given by blowing up the points P10 =
[1:0:0],p20=100:1:0],p30=1[1:1:0]andp11 = €§l) \ Ey;0, where £y = V (y).
Then, £%@ is the surface of Case 5C. In the classification in Section 4 (see Case 5(),

we llse an El;l—adapte((i) pencil which is not Autgqo(z)—stable to show that Autoko(z) (R) =
192 PGL3(R) actson Ep:3as [A: u] A [\ :42u]. For this morphism 7, there is
1

no Ej.1-adapted pencil which is also Aut;(,(z)—stable:

Indeed, seeking a contradiction, assume that there exists such a pencil whose fiber over
A :p] 2 PlisC. = V(M1 + ufz2) with f1, f» homogeneous of the same degree.
By the previous paragraph, the subgroup scheme G AUt(;QO(Z) of automorphisms with
¢ = 1 acts trivially on F1.1. By Remark 2.13, this implies that every C' . is stable under this
Ga-action. In particular, every C' . is a union of orbits of the G4-action on P2. The closures
of the Ga-orbits are the lines through [1 : 0 : 0] except V'(z), and every point on V' (z).
Therefore, each C' . is a union of lines through [1 : 0 : 0], hence ¢(C . ) = n(£§,2) \ E11)
for some n 0 and thus the pencil is not F1:1-adapted, contradicting our assumption.

REMARK/NOTATION 2.15. If £ = P? and f1, f, are homogeneous equations of the
same degree, we say that Af1 + uf> is adapted (to m and F) if the pencil spanned by
C1 = V(f1) and Co = V(f2) is adapted to w and E and if, in addition, we identified C;
and C, with [1 : 0] and [0 : 1] in P2, respectively. We will use this choice of coordinates to
determine the orbits and stabilizers of the Aut;[)(n)—action on I explicitly by reducing it to
a calculation on the pencil [\ : p.
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3. Strategy of proof

For the proof of our Main Theorem we are going to argue inductively by going through
all possible weak del Pezzo surfaces with non-trivial connected automorphism scheme in
the order given by their height, i.e., we start with del Pezzo surfaces of height 0, which
are P?,PY P! and F,. Then, by Lemma 2.7, to study del Pezzo surfaces of height 1 we
have to study blow-ups of P? in a number of distinct “honest” points. After that, for height
2, we have to consider del Pezzos that arise as blow-ups of points on exceptional divisors
of blow-ups of points in P? (sometimes we will also refer to such points as infinitely near
points of the first order, as was introduced in [Dol12, Section 7.3.2]). Continuing this
pattern, increasing the height by 1 means that we have to study those surfaces that arise as
blow-ups of points on the “latest exceptional divisor”.

In this subsection, we are going to further specify our strategy of proof and explain why
the classification of weak del Pezzo surfaces with non-trivial vector fields obtained via our
inductive procedure is indeed complete.

3.1. Inductive strategy.

Assume we have a complete set Lj = kagk2Ki, for some index set Kj, of
representatives of weak del Pezzo surfaces of height i that are blow-ups of P? with
HO(®y, T}%k) 6 0, where for every By we have fixed a birational morphism v : ¢ ¥ P2

of height 7. Further assume that we have calculated (k) (Autokk) PGL3 (see Lemma

2.11) for every k. If i = 0, such a list is given by Lg = fP?g with Autgz = PGL3. Using
the list L, we produce a list Lj+1 as follows:

PROCEDURE 3.1. - . 0

Step 1: Choose £ 2 L with¢p: £ ¥ P2andletep: £ 1 G0 ‘07 ¥
R© = P2 pe the minimal factorization of .
Step 2: If i = 0, let E := & = P2, Otherwise, let
o 1
) 2 )
E = @pxc(y( D) Exc(p9)A D,
j=0

where D is the union of all ( 2)-curves on X. Note that, if ¢ > 0, then E is the
set of points on the “latest” exceptional divisors that do not lie on ( 2)-curves.
Using the description of Autok as a subgroup scheme of PGL3, we calculate the

orbits and stabilizers of the action of Aut; on E using Ej.i 1-adapted pencils.

Step 3: Choose a set of points fp1j,...,pn;;ig  E such that ( ?;l(Stab(pj;i))O)O is
non-trivial and such that the blow-up /' : £ ¥ % in these points is still a weak
del Pezzo surface (see the criterion given in Lemma 2.8). In particular, since
there is at most one of the pj.j on every exceptional curve, we may assume that
pj;i 2 Ej;i 1. Note that we obtain isomorphic fiurfaces if we replace a point pj;j
by a point in the same orbit under the action of & Stab(pk;i) Autg.
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Step 4: If ®' is isomorphic to a surface already contained in L;j for some j 1+ 1,
discard this case. Otherwise, add & to Lj4+1, choose the blow-up realization
¢ ¥ Y ¥ P2 and calculate

0 0 N 0\0
(0 W) (Auth) = (W) (Stab(pis))*)°  PGLs.
j=1
We do this by describing the group Aut;o(R) for an arbitrary local k-algebra R
(see Subsection 3.2).
Step 5: Repeat Steps 3 and 4 for all possible point combinations p1:i, . .., pn;:i0.
Step 6: Then, repeat Steps 1-5 for all X 2 L.

LEMMA 3.2. For every ¢, the above Procedure 3.1 yields a complete set Lj+; =
X 0k2k,., of representatives of isomorphism classes of weak del Pezzo surfaces of height
(4 + 1) with non-trivial global vector fields, that are blow-ups of P2.

PROOF. We prove the claim by induction on the height i. The case i = 0 with Lo = TP?g
is clear by Lemma 2.11. Therefore, assume that the claim holds for (¢ 1) 0 and that we
have a list Lj.

Let ' be a weak del Pezzo surface of height (i + 1) with h°( %", T o) & 0. Choose a

birational morphism 7 : £° ¥ P2 with minimal factorization
;R = g+

such that for every birational morphism 7' RV ¥ P2 the number of exceptional curves
for 7%) is at least as great as the number of exceptional curves for 7 ie. such that the
number of points blown up by the last step 7 is minimal. By Lemma 2.10, there is an
inclusion

()
LI

B0 ¥ 0 _ p2

(70) (Aut,)  Autdyq .

In particular, we have hO(EO(i),TRO(i)) & 0 since AutoﬁO & fidg and (7®M) is a closed
immersion. Hence, by the induction hypothesis, there is X 2 Lj such that there exists an
isomorphism ¢ : %) ¥ ® and & comes with a birational morphism ¢ : £ ¥ P2,

To prove the claim, it suffices to show that ¢ 7 is the blow-up of £ in a set
of points pr:i,...,pn;;i on E defined as in Procedure 3.1. Indeed, once we prove this,
it will follow from Lemma 2.11 and the assumption h%(%&?, T o) & 0 that Aut;o =
( }":l(Stab(pj;i))O)o is non-trivial.

Now, note that the condition that the pj:; lie on £ is equivalent to ¢ 7 being the first
step in the minimal factorization of

W=y ¢ 7.1 O w g wp2

Thus, we take the minimal factorization of ¢! and let /%) : 8% ¥ & pe the first morphism
in the minimal factorization of 9. Since % has height i, the morphism ¢ 7® : &' ¥ %
factors through ¥""), which means there is a morphism f : 8% ¥ ® such that f ) =
¢ W In particular, the number of points blown up under 1" is at most the number of
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points blown up under 7. As we chose the number of points blown up under 7 to be
minimal, this shows that f is an isomorphism. In fact, since f is an isomorphism over P?,
this isomorphism is unique and we can identify € with £.

One technical question that arises in Procedure 3.1 is how one checks in Step 4 whether
XV is isomorphic to a surface in one of our lists Lj with j ¢ + 1. Clearly, a necessary
condition for this is that &' has the same configuration of negative curves as one of the
surfaces Xy 2 Lj forsome j i+ 1. By Lemma 3.2, we have the following converse:

COROLLARY 3.3. Let &Y be a weak del Pezzo surface with non-trivial global vector
fields that arises in Step 3 of Procedure 3.1. Assume that &' has the same configuration of
negative curves as a surface in Lj for some j < i+ 1. Then ®Vis isomorphic to a surface
already contained in Lj.

PROOF. If ®? has the same configuration as a surface in Lj, then there is a sequence of
contractions of ( 1)-curves on &' that realizes ®? as a weak del Pezzo surface of height
j < i+ 1, and then Lemma 3.2 shows that &' is isomorphic to a surface in L.

REMARK 3.4. If, instead, ®? has the same configuration of negative curves as a surface
in Lj4+1, then we cannot immediately use Lemma 3.2, since the list Lj+1 is not yet complete
at that point. Whenever this happens in Section 4, we will describe an explicit way of
blowing down &' to a surface with the same configuration as (hence, by Lemma 3.2,
isomorphic to) some Xy 2 L in such a way that the image of the exceptional locus lies in
theset £ Xy. If Steps 1 to 5 of Procedure 3.1 have already been carried out for X 2 L,
this implies that £ is isomorphic to a surface already contained in Lij1.

Since we distinguish the families of weak del Pezzo surfaces with global vector fields
according to their configuration of negative curves and automorphism schemes, once we
know that &' is isomorphic to a surface in Lj, we can determine the family to which
it belongs by describing its configuration of negative curves and by computing its auto-
morphism scheme.

3.2. On the calculation of stabilizers. Before starting our classification, let us explain
how to calculate the scheme-theoretic stabilizers of the points pj;j 2 Ej:;j 1 occurring in
Step 4 of Procedure 3.1. First, recall the definition of the scheme-theoretic stabilizer.

DEFINITION 3.5. Letp: G X ¥ X be an action of a group scheme G on a scheme
X over k. Let Z X be a closed subscheme. The stabilizer Stabg(Z) G of Z with
respect to p is defined as
Stabg(Z) : (Sch/k) ¥ (Sets)
S B fg2G(5)]g(Zs) = Zsg,
where g 2 G(S) is considered as an element of Aut(Xs) via the homomorphism G(S) ¥

Aut(Xg) induced by p, and Zs = Z ¢ S <@ Xgs is the closed subscheme obtained by
base changing Z <@ X to S.
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NOTATION 3.6. Throughout this chapter, we will omit the subscript G in the case where
Z is a point p and simply write Stab(p) instead of Stabg (p), whenever G is clear from the
context.

The stabilizer Stab(p) G is a closed subgroup scheme of G. As mentioned in Step 4
of Procedure 3.1, we will describe only the R-valued points of the stabilizers occurring in
our classification, where R is a local k-algebra. This is sufficient, since in each case — all the
conditions on the matrices in PGL3(R) of Tables 2-6 being given by polynomial equations
which respect the group structure on PGL3 — there will be an obvious closed subgroup
scheme G of PGL3 that admits the same R-valued points as the given stabilizer. The group
scheme G will then be equal to the stabilizer because of the following well-known lemma.

LEMMA 3.7. Let Z1,Z, X be two closed subschemes of a scheme X over a field k.
If Z1(R) = Z2(R) X (R) forall local k-algebras R, then Z1 = Z, as closed subschemes
of X.

The advantage of only considering R-valued points of PGLy, lies in the fact that R-
valued points P" are simply given by (n + 1)-tuples of elements in R up to units in R such
that at least one of the elements in the (n + 1)-tuple is a unit. This allows us to describe
the action of Aut; (R) on Ejii 1(R) = PY(R) explicitly using adapted pencils, so that the
calculation of the scheme-theoretic stabilizer of a k-valued point pj;i 2 Ej;j 1 becomes
straightforward (by Lemma 3.7). Thus, R will denote a local k-algebra from now on.
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4. Proof of Main Theorem: Classification

In this section, we will carry out Procedure 3.1 to obtain the classification of weak del
Pezzo surfaces with global regular vector fields and prove our Main Theorem.

Firstly, note that there are two weak del Pezzo surfaces which do not fit into the
framework of Procedure 3.1, namely those which are not blow-ups of P?. By Lemma
2.7, these are P P! and F,. As is well-known, we have Autpr p1 = PGL2 PGLo.
As for Autg,, we make use of the fact that this group scheme is smooth and connected
by [Mar71, Theorem 1 and Lemma 10]. An explicit description of this group scheme
is given in [Mar71]. Alternatively, one can blow-down the unique ( 2)-curve on F to
obtain the weighted projective plane P(1,1,2) and use the fact that (Autp(1:1.2))red fixes
the unique singular point on P(1, 1,2). Hence, this action lifts to F> and we get Autg, =
(Autp(1:1:2))red- These results are summarized in Table 1.

For the remaining cases, we can apply Procedure 3.1 and we will subdivide the proof
into subsections according to the height of our weak del Pezzo surfaces. Throughout,
we write /¢ = V(f) for the line given by f = 0 in P2. Recall that in the following
figures a “thick” curve denotes a ( 2)-curve, while a “thin” curve denotes a ( 1)-curve.
The intersection multiplicity of two such curves is at most 3 at every point; intersection
multiplicities 1 and 2 will be clear from the picture, whereas we write a small 3 next to the
point of intersection if the intersection multiplicity is 3.

4.1. Height 0. We have Lo = F€ga0, where £ga = P? with Autpz = PGL3.

4.2. Height 1.

Case 9A. In this case, £ = P? and ¢ = id. We have £ = P? and the action of
Auto>Q = PGL3 on E is transitive. Now, note that if p1.0,...,png0 2 P2 are points such
that at least four of them are in general position, then

b}
Aut(;%0 = ( (Stab(pj;o))o) =T g.
j=1
On the other hand, according to Lemma 2.5, to guarantee that &' is a weak del Pezzo

surface, no more than three of the pj.o may be on a line. Up to isomorphism, this leaves the
following five possibilities for p1., . . ., Pny:0:

(1) n = 4 and p1.0, p2:0,p4:0 On a line ¢, p3.o & ¢: Using the
action of PGL3, we may assume that p1.o = [1 : 0 : 0],
p20=10:1:0],p3.0=[0:0:1],pa0=1[1:1:0] and

AutS, (R) = 1. 2PGLg(R)
( 2)-curves: oD
( 1)-curves: Ey.q, Epg, Es, By, oD, 55,1), Ef(l)y
with configuration as in Figure 1.
This is case 5 A.

Figure 1
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(2) n = 3, all points on a line /: We may assume that
pro=1[1:0:0,p20=100:1:0,p30=1[1:1:0]

and ¢ = /5. n, . o | | |
Autl, (R) = 1f 2PGL3(R)
1
( 2)-curves: oD ‘ ‘
( 1)-curves: Ey.q, Fp.g, E3 Figure 2

with configuration as in Figure 2.
This is case 6C.

(3) n = 3, not all points on a line: We may assume that
pP1.0 = [1 :0: 0],pr?];0 = [0 - 0],])3;0 :O[O :0: 1].
1
Autl, (R) = e. 2PGLs(R)

( 2)-curves: none

( 1)-curves: Ey.q, Eyg, B, o, Eg,l), i

with configuration as in Figure 3.

Figure 3
This is case 6 A.
(4) n = 2: We may assume that p;g = [1 : 0 : 0],
0=10:1:0].
P20 [O A . ° | ‘
Autyg, (R) = e fI 2 PGL3(R)
( 2)-curves: none ‘ ‘
( 1)-curves: Ey.q, Esy., % )
' ’ Figure 4

with configuration as in Figure 4.
This is case TA.
(5) n = 1: We may assume that p1.o =[1:0 60].
1bec
Autl, (R) = ef 2PGLg(R)
( 2)-curves: none

( 1)-curves: By
with configuration as in Figure 5. Figure 5
This is case 8A.

Summarizing, we obtain Ly = fXsa, Xec, Kea, £7a, Ksal.

4.3. Height 2.

S
Case 5A. We have En: ( le Ej) ¢ 'oRecall that the R-valued points of Aut(;2

are given by Aut; (R) = 11 : 2 PGL3(R) . We calculate the action of Aut; on the
Ej. using adapted pencils:

Ay + pz is Ey.p-adapted and Aut%(R) actsas [A: pu] ® [\ : iy

Ax + pz is E,.-adapted and Aut;(R) actsas [\ : p] ® [\ :idy]

AT + py is E3.9-adapted and Aut; (R)actsas [A:pu] @ [A: p
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Mz y) + pzis Eyp-adapted and Autg)Q (R)actsas [\ : p] ® [\ :iy]

In particular, there is one unique point with non-trivial stabilizer on E\ E}.q, E'\ Ey., and
E\ E,., respectively. Since p1:0, p2;0 and pa;o can be interchanged by automorphisms of
p2 preserving p3:0, we have the following ten possibilities for p1:1, ..., pn:1:
1 1 1
(D) p11 = Eypy \ D ppy = Ey \ 6 paa = Esq \ y
with o @ F0, 19, pan = Fyg \ Y,
AutG,(R) = 1 . 2 PGLg(R)
( 2)-curves: Egg, Eé;zg, Eé;zg, Efg, &((2) , EB(,Z), €§2), E)((z)y

. 2
( 1)-curves: By, Epy, Egy, By, 07y
with configuration as in Figure 6.

This is case 1A and we see that we get a 1-dimensional Figure 6
family of such surfaces £1a. depending on the parameter
.
1 1 1
(2) p1a1 = Eyp \fs(/ ),pZ;l = Ezp \€§< ),p3;1 = Ego \€>(<42 y
with o 8 0, 1g
n 1 (0}
Autl, (R) = 1. 2PGLg(R)
( 2)curves: B2, ED), D), (2 (@, (2
2) 42 2
( 1)—curves: El;la E2;17 E3;17 E4(1;3, 6)(( )y> ESH)— y
with configuration as in Figure 7.
This is case 24 and we see that we get a 1-dimensional Figure 7
family of such surfaces X,a. depending on the parameter
Q.
1 1 1
(3) p11 = El;o \ €§/ )7'}1?2;1 = Ez;o \ €>(< )7173;%): Eg;o \ €>(< )y
AuG (R = 1 . 2 PGLa(R)
( 2)-curves: Ei;zg, Eézg , Eézg, €§<2), €§,Z) , £§2), éf(z)y
( 1)—curves: El;la E2;17 E3;17 Ez(lzg
with configuration as in Figure 8. Figure 8
This is case 2D.
4 p11=FE; o\ €§/l) 2L = Eyo\ €>(<1),P4;%): Ego\ fil)y
AutG (R = 1 . 2 PGLg(R)
( 2)-curves: Ei;zg, Eé;zg, Eg;zg, &2), €§2), €§2), Zf(z)y
( 1)-curves: El;la E2;1a E4;1? E:gz(%
with configuration as in Figure 9. Figure 9

This is case 2F.
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(5) pr1 = Eqg \€§,l),r]1)3;1 = B3\ (), with o @ 0, 1g
AuG (R = 1 . 2 PGLg(R)
( 2)-curves: Ei;zg, E:(,,;zg, 65,2), éz)
( 1)—curves: El;la E3;17 E§23> Et(lzgv Z§<2)7 g)((Z)ya gf(Z_')_ y
with configuration as in Figure 10.
This is case 3A and we see that we get a 1-dimensional
family of such surfaces ®3a. depending on the parameter

(o'
6) pra = Epo \ 6P, P31 = Eyp \ P
AuG,(R) = 1 . 2 PGLg(R)

( 2)-curves: Ei;zg, E:(,,;zg, €>(<2), €§,2), £§2)

( 1)—curves: El;la E3;17 E§23> Et(lzga Z5(2)y
with configuration as in Figure 11.
This is case 3C.
() prn = Eyo N5 p2a = o N 1%
AutG (R = 1 . 2 PGLa(R)
( 2)-curves: Eizg, Eé;zg, €>(<2), E)(,Z), £§Z)

( 1)-curves: Ey.q, Eyq, Eé;zg, E‘(l;zg, E)((Z)y
with configuration as in Figure 12.
This is case 3D.

®8) p31 = Ego \ 1 y witha @70, 1g
Autd,(R)= 1 . 2PGLs(R)
( 2)-curves: Eé;zg, ¢
( D)-curves: Bx.y, Erg, Esg, Esa, 626 02 62)
with configuration as in Figure 13.

(0]

This is case 4A and we see that we get a 1-dimensional
family of such surfaces €4a. depending on the parameter

.
9) pa1 = Ego \ 5 n o
Autd,(R)= 1 . 2PGLs(R)
( 2)-curves: Eé;zg, €§2), ¢
( 1)-curves: Fg.q, Ei;zg, Eé;zg, E‘(l;zg, €§<2), E)((Z)y
with configuration as in Figure 14.
This is case 45.

65

NN N\
Figure 10

Figure 11

Figure 12

L L L L

K

NN N N\
Figure 13

Figure 14



(10) pra = By NG 5 -
AuG(R) = 1 . 2 PGLa(R)
( 2)-curves: Ei;zg, €§,2), 2
( 1)-curves: By, 53, 52, B 69,69,
with configuration as in Figure 15.
This is case 4C.

Figure 15

n o

83 1 1 C
Case 6C. Wehave E = (" iy Ejo) (8 and Aut%(R) = 1t 2PGLy(R) .

Ay + pz is Ey.g-adapted and Aut; (R)actsas [A: pu] B [A:ip+ f)
AT + pz is Ey.g-adapted and Auto>Q (R)actsas [\ :pu] @ [X:iu+ c)l
Mz y) + pzis Ezp-adapted and Aut; (R)actsas [A:p] B [A:ip+ (¢ f)A

Since p1:0, p2:0 and p3;0 can be interchanged by automorphisms of P2 and the action of

Aut; is transitive on every '\ Ejj.o, we have the following three possibilities for p1:1, . . . , pn:1:
() p1a = El;o \ €§/l),r§2;l = Ez;o \€>(<1)ap3;:b: E3;o \£>(<1)y

Auth,(R)= 1. 2PGLg(R)

( 2)-curves: Efg, Eézg , Eé;zg, 2 o i B

( 1)-curves: Ey.q, Eyq, Faq, 02, 65,2), sz)y
with configuration as in Figure 16.
This is case 35.

(2) P11 = El;o \ €§/l)’r%)2;l — EZ;O \f)((l) .
AuG(R)= 1 2PGLy(R)
( 2)-curves: Efg’ E%? @ ! ‘ _

Figure 16

( 1)-curves: El;l,Ez;l,Eé;zg, &2),69)

with configuration as in Figure 17.

Figure 17
This is case 4D.
1
(3) pra = B\ G

( 2)-curves: Eﬁg i

( 1)-curves: Ey.q, Eézg , Eézg , €§2) |

with configuration as in Figure 18. Figure 18
This is case 5C.

(@]
Autd,(R) = 11‘; 2 PGL3(R) ’ __L‘
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n 1 (o)

s
Case 6A. Wehave E =" ;_; Ejoand Autl (R) = e 2PGLs(R) .

Ay + pz is Ey.p-adapted and Autok(R) actsas [A: u] W [eX :ip]
Ar + piz is I,.g-adapted and Aut;(R) actsas [A:pu] W [\ : iy
AT + py is E3.9-adapted and Aut; (R)actsas [A:pu] A [X:eu]

Since p1:0, p2:0 and ps:p can be permuted arbitrarily by automorphisms of P?, we have the
following nine possibilities for p1:1, ..., pn:1:

(1) pra = Ero \ 69 P21 = Bz \ggl)’p% = Ego \ £
2) 2
Aut;o(R) = ! e o 2 PGLg(R) ( . 1)'CurVCS: Ejl;l? Eg;l’ E3;l’ E)(/ )7 E)(/ )Z
@ L@ (2) @ (2 with configuration as in Figure 11,
( 2)-curves: By, By, Egig, O, &2 that is, as in case 3C.

Blowing down the two right-most ( 1)-curves in Figure 11, we see that &' arises as a
blow-up of s in 2 points on £ and ' = 3¢ by Remark 3.4.
y th2 1=

2) pra = Eypo \ &P Epo N, p3g = B3\ 65
1

2 1
Autl(R)= e 2PGLg(R) ( 1)-curves: Eyy, Byy, By, 60,60,

@ @ (2) @ @ with configuration as in Figure 12,
(' 2)-curves: El;O’ E2;07 Ay7, 62 that is, as in case 3D.

Blowing down the two ( 1)—curves in Figure 12 that are not adjacent to any other

(" 1)-curve, we see that R arises as a blow-up of £sa in 2 points on F and " = ®3p
by Remark 3.4.

(3) p11=FE;o\ ggl)ar%b;l = Eyo\ £>(<1)7P3:%): Eso\ g)(ll)
Autd,(R)= e . 2PGLg(R)
( 2)-curves: Efg, Eé;zg, Eé;zg, E&z), K)(,Z), £§2)
( 1)-curves: Ey.q, Ey.q, Fay
with configuration as in Figure 19.

Figure 19
This is case 3H.
@) pra = Ero \ €D, po1 = Epg \ 15D
n o ( 1)-curves: Ey.4, E). 1,E§23,£(2)
AutG,(R)= ‘e 2PGLg(R) @ @
y »ty z
( 2)-curves: Efg, Eé;zg, @ with configuration as in Figure 15,

that is, as in case 4C.
Blowing down the (  1)-curve in Figure 15 that is not adjacent to any other ( 1)-curve,

we see that &' arises as a blow-up of s in 1 point on £ and hence €' = X,c by
Remark 3.4.

67



(5) p11 = Bro N 67, po1 = B N 15

n o ( 1)-curves: Ey.q, E E® 6(2)
1 1,1 £2:15, £3:05
Aut;O(R) = e 2 PGL3(R) D @
I y VA
( 2)-curves: Efg, Eé;zg, @ with configuration as in Figure 14,

that is, as in case 4B.
Blowing down one of the ( 1)-curves in Figure 15 that is not adjacent to any other
( 1)-curve, we see that X? arises as a blow-up of sa in 1 point on E and X" = &4p
by Remark 3.4.

(6) prn = By N7 po1 = Eyo \ 15
Autd,(R)= e . 2 PGLg(R)
( 2)-curves: Eﬁg, Eézg, 6@,
@ (2)
( 1)-curves: Ey.q, Fyy, Egg, by
with configuration as in Figure 20. Figure 20
This is case 4G.
() pra = By N paa = Eyg N A%
Autd,(R)= e . 2 PGLg(R)
( 2)-curves: Eizg , ézg ,6(2) E(Z)
( 1) -curves: El 1 EZ 1 Eéz(ga @
with conﬁguratlon as in Figure 21.

Figure 21
This is case 4F.
1
(®) p11 = Eo\ €§/ )z
n o ( 1)-curves: El.l,Eézg,Eéz) 2,
Aut,(R)= ‘e 2PGLa(R) @ 0 @
2y Yo E Y 2
( 2)-curves: E( with configuration as in Figure 1,

that is, as in case 5 A.
By Corollary 3.3, we have £ = £sa.
9) pra = Epo \ &Y . 5
Authy(R)= e 2PGLa(R)
( 2)-curves: Eiz) i

( 1curves: Byy, 7D, 7D (9 P
with configuration as in Figure 22. Figure 22
This is case 5.
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n (0]
1 ¢
Case 7A. We have E = Eyq [ Eyg and Autd, (R) = ef 2PGL3(R) .

Ay + pz is Ey.p-adapted and Aut; (R)actsas [A:pu] A [eX:ipu+ fA]
Ax + pz is E,.g-adapted and Aut; (R)actsas [\ :pu] B [A:iu+ cAl

Since p1:0 and p2.o can be interchanged by an automorphism of P?, we have the following
four possibilities for p1:1,...,pn:1:

(1) pra = Eyg N4 p2n = Epg N 60

Autg, (R) = 1ei 2 PGL3(R) ( D-curves: Eyy, By, 60, 45 657

@ =2 with configuration as in Figure 22,
(' 2)-curves: El;O’ EZ;O that is, as in case 5B.
Blowing down the (  1)-curve in Figure 22 that is not adjacent to any other ( 1)-curve,

we see that &Y arises as a blow-up of £ga in 1 point on E and " = Rsg by Remark
3.4.

2) pra = Epo \ 67, p21 = Eyg \ P

(0]
1
Autl, (R) = ef 2PGL3(R)
1
( 2)-curves: Ei;zg, Eé;zg, §2)
( 1)-curves: Ey.q, Ey.q, @
with configuration as in Figure 23. Figure 23
This is case 5D.
(3) pra = B\ G 5
Authy(R)= "¢ 2PGLs(R)
( 2)-curves: Eizg
( 1)-curves: Ey.q, Eé;zg, 65/2), @
with configuration as in Figure 24. Figure 24
This is case 65.
@) pra = Epo \ 8D i .
1
Autd,(R)= ~ef 2PGLs(R)

1
( 2)-curves: Eizg i

( 1)-curves: B4, Eézg
with configuration as in Figure 25.
This is case 6.D.

Figure 25
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n
Case 8A. We have E' = E.5 and Auto,% (R) =

(0]

'ef 2PQLy(R) .

oooT
- =hO

Ay + pz is Ej.p-adapted and Auto>Q (R)actsas [A: pu] A [eA+ hu :ip+ fA
Therefore, there is a unique possibility for p1:1, ..., pn:1 up to isomorphism:
(1) pra =By \ 6"
Autl, (R) =

(0]

‘2% 2PGLy(R)

=ho

( 2)-curves: Eizg

( 1)-curves: Ey.q, @
with configuration as in Figure 26. Figure 26

This is case 7B.

Summarizing, we obtain

I—2 = leA; 7X2A; 7XZD7X2E7*E3A; 7X3C7X3D7*¥4A; 7X487X4C7
X3BaX4D>X5C7X3H7X467X4F7XSB,X5D7£687X6D7£7BQ'

4.4. Height 3. s s
Case 2A.nWe have E = o ?zl Ejq ( le Ej(zo) L €>(<2) L 652)) and
Autd(R) = 11i 2 PGLs(R) .

Azy+ pz? is Ey.4-adapted and E,.; -adapted and Autok (R)actsas [\: u] B [\:i?u]
Ay? + p(z + ay)z is Ey.q-adapted and Aut; (R)actsas [A:pu] ® [\:idu

Note that X has degree 2, therefore we are only allowed to blow up one more point pj:o.
Moreover, the involution 2 $ ay of P2 lifts to an involution of £ interchanging E,., and
E,.,, thus we may assume without loss of generality that j = 1 or j = 3. Finally, if j = 3,
then the stabilizer of p3» 2 EF \ FEj31 is trivial unless p3:» lies on the strict transform of
lx+ y. Moreover, Aut; acts transitively on £\ E1.1. Hence, we have the following two
possibilities:

(1) p32 = B3 \AQ , witha & f0, 1g

X+r¥
3 3 3
AutQ (R) = ! 1. 2PGLg(R) ( 1)-curves: Ezz, B, Esq, ES,
©)]
( 2)-curves: Efg,Efg,Eé.sg,Eé.Bl), £>{ y . o
G 3 G 3 ’ ’ with configuration as in Figure 6,
OOy 27 sy that is, as in case 1 A.

By Corollary 3.3, we have £ = XA o for some o
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2) pr2 = B\ C§2’8with Cy = V(zy + 2?)

<fidg ifp6&2
Aut?, (R) =
Ut (F) = 11i 2PCGL3(R) 2 =1 ifp=2
Hence, &' has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the
configuration of negative curves.

( 2)-curves: Eﬁg, Eé?g, Eé;sg, Eﬁ), €§<3), €§,3), €§3)
3 3 3 3 3
( 1)-curves: ., Eé;l), Eé;l), E‘(l;g, éf( )y, 6)((42 ys
C(S), C’és) with o 8 0, 1g and
Co =V (23y + 21® + 2222 + a?y?2?)
with configuration as in Figure 27. Figure 27

This is case 1L and we see that we get a 1-dimensional
family of such surfaces X7 . depending on the parameter

.
Case 2D, We have B — —3_ I (83 EQ [ [ [P ) and
n 1e ave = g=1Lfia i=1 Ejo X y x y) an
Autl, (R) = 1. 2PGLg(R) .

Azy+ pz? is E.4-adapted and E,.;-adapted and Aut; (R)actsas [\ : pu] B [\: %)
Ay? + p(z  y)zis E3,-adapted and Aut; (R)actsas [A:pu] ® [X:iy]
Note that % has degree 2, thus we are only allowed to blow up one more point pj.2. Next,
note that the stabilizer of every point on E'\ Ej., is trivial, hence we may assume j = 1

or j = 2. Similar to Case 2A, the involution z S y of P? lifts to an involution of &
interchanging Fy.; and Ej., thus we may assume without loss of generality that j = 1.
Hence, there is the following unique choice for pj:> up to isomorphism:

(1) p12=FEpq\ C<2>8with C =V(zy+ 22

<fidg if p &2

Autl, (R) =

o) =_ 1 2PCGL3(R) 2 =1 ifp=2

1

Hence, &' has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the
configuration of negative curves.
( 2)-curves: ES&, Eé?g, Eé?g, Eﬁ), €>(<3), £§,3), €§3), f)((?’)y
( 1)—Curves: El;Za E§,31)7 Eé?l)ﬂ Eé(l,sga C(s)
with configuration as in Figure 28.

This is case 10.
Figure 28
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2 2 2 2 2 2
Case 2F. We have £ = (Ey [Ez;b[E4;1) (Ei;g [E§;3 [Eé;g 50 [53(/ ) [€>(< )y)
and Auty,(R)= "1 2PGLa(R) .
1

Azy+ pz? is E; 4-adapted and E,.,-adapted and Aut; (R)actsas [\: u] B [\:i?u]

Mz y)x + pz?is FE,.;-adapted and Autok (R)actsas [\ : pu] A [\ :i?p]
Note that % has degree 2, thus we are only allowed to blow up one more point pj.2. Next,
the automorphisms of P? interchanging p1.0, p2:0 and pa;0 and preserving ps.g lift to & and
interchange Fy .1, Fy.q and E,.;, thus we may assume j = 1. Finally, Aut())Q acts transitively
on £\ Ey;1, hence we have the following unique choice for pj;> up to isomorphism:

(1) p12 = Ey4 \C§2)8with Cy = V(zy + 22)
<fidg ifp6 2
Aut? (R) =
Ut (FF) = 11i 2PCGL3(R) 2 =1 ifp=2

Hence, ®? has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the
configuration of negative curves.

(2)-curves: ELy, ESg, Esg, ESA, 62,63 69 6D,
( 1)-curves: Ey., Eégl) , Eﬁgl) ) Eégg , C’is), ég) with
Co=V(zy +y* + 2°)

with configuration as in Figure 29.

This is case 1.NV. Figure 29
Case34, We have E = _(Eyy [ Esy) (ED [ ER [ £7) and
1
Aut, (R) = 1. 2PGL3(R) .

Azy 4 pz? is Ey.1-adapted and Aut;’% (R)actsas [\: ] A [\:i%y]

Ay? + p(z + ay)z is Ey.-adapted and Aut; (R)actsas [A:p] ® [\:ip
Note that there is one unique point with non-trivial stabilizer on E'\ Fj3.;, while Autok acts
transitively on £ \ F1.1. Hence, we have the following three choices up to isomorphism:

(1) pr2 = Epq \ Cf)gm = B3\ (2, with Cp = V(zy + 2%) and a & f0, 1g
<fidg ifp 62
Autd (R) =
Utgo(R)=_ 1 2PGLg(R) 2 =1 ifp=2

1
Hence, Y has global vector fields only if p = 2. Therefore, we assume p = 2
when describing the configuration of negative curves.
( 2)-curves: Eﬁ; ,Eé?g ,Eﬁ) ,E§31) ,€§3),€§3),€)((?2 y
( 1)-curves: Eyy, By, Esg, Esg, 650,60, 08,05 with
Co =V (22y + 22° + ayz?),C3 = V(22y + 22° + ayz? +1°)
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with con guration as in Figure 27, that is, as in cdde.
Blowing down the right-mosf 1)-curve in Figure 27, we see th#%is the blow-up
of someX,a. in 1point onE andX®°= %,. ofor some °by Remark 3.4.
(@) p32 = Egq\ "@, with 620; 1g

X+h
3 3 3
AO(R) = '1 2 PGLy(R) (D)-curvesiEgy; EL ELYiEp;

~(3).~(3)
( 2)-curves:Ef()); ES()); EQ ‘§,3); X X , -
Q) .~() with con guration as in Figure 7,
Z's x+y that is, as in casgA.

By Corollary 3.3, we havé€®= %,,. ofor some °

(3) pr2= Egy ) c(2)8with C = V(xy + z?)
<fidg if p6&2
Aut S o(R) = . ' 2PGLyR)i2=1 ifp=2

Hence, 20 has global vector elds only ifp = 2.
Therefore, we assump = 2 when describing the

con guration of negative curves.

( 2)-curves:Ef()); Eé?()); Eﬁ RN

. =03).03).=3.-3.-3 .-
( 1)-curves: El;z,Eé;%,Eg;%,Efl;%, @. i)y, f(jy

with 620D; 1g
with con guration as in Figure 30.
This is case2N and we see that we getladimensional

family of such surface¥,y: depending on the parameter Figure 30
Case3C.nWe have E = (gl;l [ Esq) (Efc), [ ngg ‘52) [ ‘&2)) and
Aut%(R) = 11i 2 PGL3(R) .

xy + z?2isE,,-adapted anAutOﬁ(R) actsag : ]7!'[ :i?]
xz + y ?isEg,-adapted andut (R) actsagd @ 7! [i : ]

Note that the stabilizer of every pointi\ Ej., is trivial while Aut;3 acts transitively on
E\ Ei1.1. Hence, we have the following unique choice far, up to isomorphism:
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(1) pl;2 = El;l\ C(2)8W|th C= V(Xy + ZZ)
<fidg if p6&2
Aut? (R) =
U)@O( ) : 11 2PGL3(R)|2=1 pr=2

Hence, 20 has global vector elds only ifp = 2.
Therefore, we assump = 2 when describing the
con guration of negative curves.
( 2)-curves:Ef()); Eg?()); Eﬂ PP
e .r®).-0).03).-6
( 1)-curves:iEj.,; Eé&, Eé;g), Efl;(),, i)y
with con guration as in Figure 31.
This is caseQ.

Figure 31

Case3D We haveE = (Ei; [ Ezy) ERTERL P 1P and
Aut%,(R) = 11i 2 PGL3(R) .

Xy + z 2isEy.,-adapted ané,.,-adapted anrAut%(R) actsag : ]7!'[ :i? ]

Note that the involutiox $ y of P? lifts to an involution of¥ interchangingE ., andE,.;.
Moreover,Autg’e acts transitively and with nite stabilizers on boh\ Ej.; andE\ E».;.

(1) pr2= Egq\ C(Z)épz;z = Ey; ) C@ with C = V(xy + z?)
< fidg ifp62
Aut® (R) =
#R)= . 1 S pGLR) 221 ifp=2
Hence,®°has global vector elds only ip = 2. Therefore, we assunme= 2
when describing the con guration of negative curves.
( 2curvesERy ESEDED: PP 0 co
( 1)-curvesiEj,;Eqyp; Eé?()); Ef()); ‘§S)y
with con guration as in Figure 28, that is, as in cd<®.

Blowing down the left-most 1)-curve in Figure 28, we see th#is a blow-up of
¥, in 1 point onE andX%= ¥, by Remark 3.4.
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(2) piz = Eqq\ C¥ipaz = Epy\ CF with C1 = V(xy + 29);Co = V(xy + z 2);
62 D; 1g o
< fidg ifp62

Aut® (R) =
UeoR)= . 1 o pGLyR)IZ=1  ifp=2

Hence,®°has global vector elds only ip = 2. Therefore, we assunme= 2
when describing the con guration of negative curves.
( 2ycunvesEDESEDED, PP D
( 1)-curves:Ej,; Eqyp; Eé?()); Ef()); ‘f(s)y; Cf) ; C§3) ; C§3) with
Cs= V(x32+ x2%y3 + xz4+ 2yz%)
with con guration as in Figure 27, that is, as in cade
Blowing down the right-mosf 1)-curve in Figure 27, we see th#%is the blow-up

of someX,a. in 1point onE and®°= X;. ofor some °by Remark 3.4.

() pr2= Epq\ C(2)8With C = V(xy + z?)
Aut? (R) =
U>eo( ) : 11 2PGL3(R)i2=1 if p=2

Hence, X0 has global vector elds only ifp = 2.
Therefore, we assump = 2 when describing the
con guration of negative curves.

( 2)—curves:Ef3); Eé%; Eﬁ @

( 1)-curves:E,.; EQ Eg’()); Ef()); ‘&3)},; c®

with con guration as in Figure 32.

This is caseP.
Figure 32

n (0]

CasedA. We haveE = E;; E) andAutd(R) = lli 2 PGL3(R) .

y2+ (x+ y)zis Es.;-adapted antAutg’e(R) actsag : ]7!'[ :i]
Note that there is one unique point &\ Egs.; with non-trivial stabilizer, leading to the
following unique choice fopz:

(1) ps2 = Egq\ "3, with 62D; 1g
3. £@).

n 0 ( 1)-curves:E,.,; E; ;
1 320 E1.00 B2,00
Aute(R)= "1, 2 PGLs(R) £Q.0.-0).-0)
( 2)—curveS'E(3)'E(3)"(3)"(3) wi%[ﬁ’coni l)jra;tiényas inFi 10
‘£330 F31r 25 x+y g gure 10,

that is, as in caseA.
By Corollary 3.3, we havé€%= ®3,. o for some °
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n 1 (0]

CasedB. We haveE = Eg; (EQ[ "1P) andAut(R) = 1. 2PGLa(R) .

X2+ yz is E 3., -adapted anAut?@(R) actsa§ : 17'[ 1]

There is no point ot \ E3.; with non-trivial stabilizer, so we get no new cases by further
blowing upX.

n 1 (0)

CasedC. We haveE = E;, (ESH[ *17) andAut (R) = 1. 2 PGLa(R) .
xy + z?2isE,,-adapted an(Aut%(R) actsag : ]7!'[ :i?]

In particular,Aut% acts transitively ore \ E1.1. We get the following unique choice for
p1:2 Up to isomorphism:

(1) pr2= Egq\ C(2)8With C = V(xy + z2)
<fidg if p6&2
Aut® (R) =
U)€0( ) : 11 2PGL3(R)|2=1 pr:2

Hence, 20 has global vector elds only ifp = 2.
Therefore, we assump = 2 when describing the
con guration of negative curves.
( 2)-curves:Ef()); Eﬁ ‘§,3) ; ‘&3)
( 1)-curves:iEj.,; Eg’%; Eg%; Ef(),; ‘5(3) ; ‘5(3)),
with con guration as in Figure 33.

This is case&N .

Figure 33

S S n (0]
Case3B. WehaveE = ~ o) Ej; oy EX) andAut(R) = 11i 2 PGL3(R) .

xy + z 2isEy-adapted ané,,-adapted anAut%(R) actsag : ]7!'[ :i? ]
(X y)x+ z?isEg,-adapted an(Aut?e(R) actsag : ]7'[ :i? ]

Note that automorphisms 8 xing [0 : O : 1]and interchanging thg, o lift to automorphisms
of X interchanging th&;. ;. Moreover, sincé® has degre8, we are only allowed to blow
up two more points. Finally, on evefy\ Ej 1, the action ofAut, has two orbits and one

to isomorphism:
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(1) p1;2 = E]_;]_\ C§_2);p2;2 = E2;1\ C:EZ) W|th
Ci= V(xy + z%) 8
<fidg ifp62
Aut® (R) =
U)@O( ) : 11i ZPGLg(R)|2:1 pr:2

Hence, ¥° has global vector elds only ifp = 2.
Therefore, we assump = 2 when describing the
con guration of negative curves.

( 2)-curvesE ) ESES) EDED: Pl

( 1)-curvesEj., Ejpop; Eg? ‘&3) : ‘§,3) : ‘5(3)y; Cf) : C§3)
with Co = V(xy + y? + z2);Cz = V(xy + X2 + z?)
with con guration as in Figure 34.

This is casdK . _
Figure 34
(2) pr12= Egq\ C?ip2a = Ezq) c with
Ci=Vlxy+ 2L = Vixy + 2%); 62019
<fidg ifp62
Aut® (R) = _ :
eR)= 1 o pGluR)iZ=1 ifp=2
Hence, 20 has global vector elds only ifp = 2.
Therefore, we assump = 2 when describing the
con guration of negative curves.
EC.EC.EC.EB).B).-Q)
( 1)-curvesE ., Eyop; Eési ‘&3) ; ‘§,3) ; ‘ff)y; Cf) ; Cf) ; C:(f);
cf?;c8;c;c® with C3 = V(xy + y2+ 27);
Ca= V(Xy + x2+ z 2);
Cs = V(x?y? + xy3 + y 222 + 2%);
Co = V(X2 + x3y + x222+ 27%:
C7= V(x3y2+ x?y% + xz* + 2yz%
with con guration as in Figure 35. .
Figure 35

This is caseld and we see that we getladimensional
family of such surface¥1;. depending on the parameter

REMARK 4.1. Figure 35 is by far the most complicated con guration that occurs
in our classi cation. To make Figure 35 easier to digest for the reader, we will now
break our habit of describing the curve con guration only via an intuitive picture and
also describe thdual graphof the con guration. Each white vertex in the dual graph
corresponds to & 1)-curve and each black vertex corresponds (o a)-curve. The
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number of edges between two vertices corresponding to c@vesdC, is equal to
the intersection number &, andC,. With these conventions, the dual graph of Figure
35 looks as follows:

Figure 36. Dual graph of Figure 35

Note that, in general, a dual graph carries less information than the non-dual picture. In
our case, we see from Figure 35 that every simply laced triangle of vertices in Figure 36
corresponds to three curves meeting in a single point, every double edge corresponds
to two curves meeting in a single point with multiplici8 and every triple edge
corresponds to two curves meeting in two distinct points with multiplicifiesd 1,
respectively. While the symmetry group of Figure 36 is the dihedral gBouof order

12, the interested reader can use the additional information from Figure 35 to check that
the only involution inD 1, that can actually come from an automorphisn¥fs the
unigue central involution. And indeed, the pencil of cubic curves througl thants

pij contains the curv¥/(z%) and the smooth curvé(z3 + z2x + z 2y + x2y + xy?),

hence it is an elliptic pencil and the inverse in the group structure on the generic ber of
the associated rational elliptic surface (classically called “Bertini involution” associated
to the pointsp;; ) induces the central=2Z-symmetry of the above graph.

(3) P2 = Egq )\ C§2)8.p2;2 = Epa\ \§<2) with C1 = V(xy + 2%)
< fidg ifpé2
Aut? (R) =
UefR)=. 1, 2 PGL3(R) i2=1 ifp=2

Hence,®°has global vector elds only ip = 2. Therefore, we assunme= 2
when describing the con guration of negative curves.

(' 2)-curvesEfy ESESoiENHES): Y
( 1)-curves:Ej,; Eqop; Eé‘? ‘§,3) : ‘5(3)),; Ci‘o’) : C§3) : Cés) with

Ca= V(xy + y?+ 22);C§) = V(x%y2 + xy* + 2°)

with con guration as in Figure 34, that is, as in cadé.
Blowing down the left-most and the right-mdst1)-curve in Figure 34, we see th$?
is a blow-up of€3g in 2 points onE which do not lie on the intersection &f with the
other( 1)-curves on€zg and®®= X« by Remark 3.4.
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@) pr2= Epq\ P P2z = Epy\ @

0
AutQ(R)= 1 2 PGLy(R)
|
( 2)-curvesEy; S ESHELLES: YY)
( 1)-curvesiEj,; Eqyp; EQ \)((3)y
with con guration as in Figure 37. Figure 37

This is caselB.
(3) P12 = By ) Cf)gWith C1 = V(xy + z?)
<fidg if p6 2
At o(R) = . Y1 2PGLsR)i2=1 ifp=2

Hence, X9 has global vector elds only ifp = 2.
Therefore, we assump = 2 when describing the
con guration of negative curves.

( 2yourvese ) ESHEGED; P

( 1)-curvesEg.,; Ef{ Eégi 9, ‘§,3) ; ‘)((3)y; Cf’) ; Cf)

with Co = V(xy + y? + z?)
with con guration as in Figure 38.
This is case0. Figure 38

(6) pr2 = Eqq\ 3 N
Aut%(R) = 11i 2 PGL3(R)

(' 2)-curvestELg ESgiESpiEL Y e

( 1)-curvesE ESLES): O,

with con guration as in Figure 39. Figure 39
This is cas&B.

o

n 1 (0]

S, S, 2
CasedD. WehaveE = ~ 7 E;; oy E andAutd(R) = 1. 2 PGLa(R) .
Xy + z 2isE,.,-adapted an&,.,-adapted anAutg’e(R) actsag : ]7!'[ :i? ]

Note that automorphisms &? xing [0 : 0 : 1]and interchangings.o and px lift to
automorphisms o interchangingg.; andE,.;. Moreover,Aut %, has two orbits on each
E \ Ej;1, one of which is a xed point. Hence, we get the following six possibilities for
P1:2; P2:2 Up to isomorphism:
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(1) P2 = Egy\ CPgpaz = Epy\ CA with C = V(xy + 27)
<fidg if p6 2

Aut® (R) =
UeoR)= . 1 5 pGLyR)IZ=1  ifp=2

Hence,®°has global vector elds only ip = 2. Therefore, we assunme= 2
when describing the con guration of negative curves.
( 2)—curves:Ef(),; ES&; Eﬂ Ef{ "®.ce
( 1)-curves:Ej,; Eqop; Eé?()); ‘)((3) : ‘§,3)
with con guration as in Figure 31, that is, as in caX@.
Blowing down the right-most 1)-curve in Figure 31, we see th$°is a blow-up of

X3c in 1point onE andX®%= X,q by Remark 3.4.

(2) p12 = Egq )\ c?ippy = Epq ) C? with Cy = V(xy + 22);Co = V(xy + z 2);
62 D;1g 8
< fidg ifp62

Aut? (R) =
UedR)= 1 5 pGLyR)i2=1  ifp=2

Hence,®°has global vector elds only ip = 2. Therefore, we assunme= 2
when describing the con guration of negative curves.
( 2)-curvesE () ESELLED D
( 1)-curvesiEj,; Eqyp; Eé?’()) ‘)((3) X ‘§3) ; C§3) ; Cf)
with con guration as in Figure 30, that is, as in cdd¢.
Blowing down the right-most 1)-curve in Figure 30, we see th#°is a blow-up of

someXsa; in 1pointonE andX®?= X,y. ofor some °by Remark 3.4.

(3) Pr2 = Eqq\ COgpaz = Epq\ 50 with C = V(xy + 2%)
< fidg ifp62

Aut® (R) =
UedR)= 1 5 pGLyR)i2=1  ifp=2

Hence,®°has global vector elds only ip = 2. Therefore, we assume= 2
when describing the con guration of negative curves.
( 2)—curves:Ef(),; ES(),; Eﬂ Eési @9
( 1)-curves:Ey,;Eyy; Eé?()); ‘§,3) :c®
with con guration as in Figure 31, that is, as in caX@.
Blowing down the right-most 1)-curve in Figure 31, we see th#°is a blow-up of

X3¢ in 1 point onE andX®®= X¥,o by Remark 3.4.
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@) pr2= Epq\ P P2z = Epy\ @

0
AutQ(R)= 1 2 PGLy(R)
|
( 2-curves:E(YERESLESD O
( 1)-curvesiEj,; Eqyp; Eé?())
with con guration as in Figure 40. Figure 40

This is cas&F .

(®) pr12= Epq\ C(2)8Wi'[h C = V(xy + z?)
<fidg if p62

Aut® (R) =
#R)= . 1 o pGLR) 221 ifp=2

Hence,®°has global vector elds only ip = 2. Therefore, we assunme= 2
when describing the con guration of negative curves.

( 2)-curves:Ef()); E%; Ef’% NS

( 1)-curves:E,.,; Eg Eg%; 3. ‘3(,3) :C®
with con guration as in Figure 33, that is, as in c&¥¢.
Blowing down the right-most 1)-curve in Figure 33, we see th$°is a blow-up of
X,4c in 1 point onE andX®= X3y by Remark 3.4.
(6) pr12= Ejpq\ % N
AUt (R)= 1 2 PGL3(R)
( 2)-curves:Ef(),; ES()); Eﬁ ‘§,3) S

( 1)-curvesiE,.,; EQ Eg‘?’g,; O

o

with con guration as in Figure 41. Figure 41
This is cassE.

) n o, . 0

Case5C. We haveE = E;;  E{% andAutd(R) = 17 2 PGL3(R) .

xy + z?2isE,,-adapted anAut%(R) actsag : ]7!'[ :i?]

Note that this is the rst case in which there existsAunI%—stableEl;l—adapted pencil (see
Example 2.14). We remind the reader that we explained how to calculaﬂmtl’jgaction
on exceptional curves using not necessa@il;toﬁ-stable adapted pencils after De nition

2.12. From now on, we will no longer explicitly point out when a n@m?@-stable adapted
pencil is used and assume that the reader is familiar with the techniques explained in
Subsection 2.2.
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SinceAut?(5 has two orbits orfe \ E1.1, we get the following two possibilities fq.»
up to isomorphism:

1) pr2 = E .\ C@ with C = V(xy + z2
(1) p12 11 8V\I/’|1 (xy + z) o

2 '1° 2 PGLy(R) ifp62
AUtgeo(R) = S 1

c
1
c
1
[

2 PGL3(R) i°=1 ifp=2
We describe the con gurations of negative curves on
¥ Ofor p 6 2 andp = 2 simultaneously:

( 2)-curves:Ef(),; Eﬁ ‘f’)

( 1)-curves:Ej.,; ES()); Eg%; ‘(y3)

with con guration as in Figure 42.
Thisis caselE if p6 2, and casdM if p=2.

Figure 42
(2) pr2= Egq )\ \52) n o
Aut%(R) = 11? 2 PGL3(R)
( 2)—curves:Ef(),; Eﬁ NRRNS
( 1)-curvesiE.,; ES’%; Eg’())
with con guration as in Figure 43.
This is caselH . Figure 43
_ Ss Ss L@ @ @ @
CaseBH.nWe haveE = o=t Eix (=Bl X[ vy [ z7) and
Autd(R) = lei 2 PGL3(R) .

xz + y ?isE,,-adapted an«Aut%(R) actsag : ]7'[i :€?]
Xy + z?2isE,,-adapted an«Aut%(R) actsag : ]7!'[e :i? ]
yz + x 2is Es.;-adapted anAut?e(R) actsag : ]7!'[ei : ]

Note that all automorphisms & inducing cyclic permutations qfy.o; p2:0; andpz:o lift

to automorphisms o and since® has degre&, we can only blow up two additional
points. MoreoverAut %, acts transitively on ever \ Ej; 1. Hence, we get the following
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(1) pr2= Eqq )\ Cf)épz;z = Epy\ CY with Cy = V(xz + y2); Co = V(xy + 29)
< fidg ifp63
Aut? (R) =
UeolR)= . 1. S pGLyR)E=1  ifp=3

Hence, X9 has global vector elds only ifp = 3.
Therefore, we assump = 3 when describing the

con guration of negative curves.

( 2)-curvesEL;ESg ESH BN ESY K5 VY

( 1)-curves:Ej,; Eqyp; E:(f%

with con guration as in Figure 44.

This is casdG.
Figure 44
(2) pr2= Eyq\ CO with C = V(xz + y?) o
0 _

Alt g(R) = e 2 PGL3(R) ( 1)-curvesiE,.,; Ef’i EQ

( 2)-curves:Ef()); EE.S()); Eg()); Eﬂ; with con guration as in Figure 40,

~(3).~(3).~(3) that is, as in casgF .

X 1y » Z

Blowing down the left-most and the right-mdst1)-curve in Figure 40, we see th$?
is a blow-up of€4p in 2 points onE andX®= ¥, by Remark 3.4.

S S
CasedG. We have E = j2=1 Eis ( j2=1 Ej(;zg [ 2 ?) and
Aut%,(R) = 1ei 2 PGL3(R) .

xz + y ?isE,,-adapted an(Aut?@(R) actsag : ]7'[i :€?]
Xy + z?2isE,,-adapted anAut%(R) actsag : ]7'[e :i? ]

SinceAut?(5 acts transitively on everlg \ E;; 1, we get the following three possibilities for
P1:2; P2:2 Up to isomorphism:
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(1) P2 = Eyz\ C5p22 = Egy\ CF with G = V(xz + ¥?);Co = V(xy + 2)
< fidg ifp63
Aut (R) =
UedR)= . 1. 5 pGLyR) =1  ifp=3

Hence, 20 has global vector elds only ifp = 3.
Therefore, we assump = 3 when describing the
con guration of negative curves.
( 2)-curvesErg;EggiEL)ES) %
( 1)-curves:Ej,; Eqyp; Eé?()); ‘53)
with con guration as in Figure 45. .
This is caseJ. Figure 45
(2) p22 = E,q\ C@ with C = V(xy + z?)
. Ny 0 e g®.2().-0
A= 2 POLR)  ith oon guration atn Fire 41
e20®.06).=03).-3).-3 ’
( 2)-curvesErg EzoiEori X7 2 that is, as in cas@E.
Blowing down the left-most 1)-curve in Figure 41, we see th#is a blow-up of
¥,p in 1 point onE andX@%= X3z by Remark 3.4.

(3) p1;2 = El;l\ C(Z)nWI'[h C= V(XZ + y2) o

3 3).-(3
Aut?@o(R) = e , 2PGL3(R) ( 1)-curves:Ej; Eé;i; Eg;f)J; §’)
o . ; 1=
L3 3. () -(3) (3 with con guration as in Figure 41,
( 2)-curves.E£;(),, Eg;(),, EM’ 2 that is, as in casgE .

Blowing down the left-mos{ 1)-curve in Figure 41, we see th#%is a blow-up of
¥,4p in 1 point onE andX%= X3z by Remark 3.4.

CasedF, We haveE = (Ei; [ Ez) ERTERT 21 P and

Aut%,(R) = lei 2 PGL3(R) .

xy + z 2is E,.,-adapted an& ., -adapted anAut?@(R) actsag : ]7'[e :i? ]

Note that the involutiox $ y of P? lifts to an involution of€ interchangingg 1.1 and
E21. Moreover,Autg’e acts transitively on botk \ E;.q andE \ E».1, but the stabilizer
of every point orE \ E1.; acts trivially onE \ E».1. Hence, we have the following three
possibilities up to isomorphism:
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(1) p12 = Eqq\ C(Z)ﬁ P22 = Epq\ CO@ with C = V(xy + z2)

0 — 1
Aut3(R) = > 2 PGL3(R) ( D-curvesiE,,;Eyy; E_g‘%;‘?)
( 2)-curves: with con guration as in Figure 8,
B).g0B).gB).£3).-3).-03). i i
El0iEsgEiiEsy 5y CO® thatis, as in casgD.

By Corollary 3.3, we have€®= ®,p.
(2) P2 = Eqq\ CPipp2 = Epy\ CF with Cr = V(xy + 22);Co = V(xy + 2 9);

62 D; 19
n 0 e g _g0@.
AUt?eo(R) = i2 2 PGL3(R) ( 1)-curves:E,; Epni Esp;
' (). ~0B). ~B)
( 2)-curves:Ef(),;E%;EQ;EQ; 2 G175 G -
{3).~(3) ' : : ’ with con guration as in Figure 7,
X 1y that is, as in casgA.

By Corollary 3.3, we havé€%= %,,. ofor some °

(3) p12= Egq\ C® with C = V(xy + z?)

n Y ( 1)-curvesiE,. EQ. Q.
1 12 E2,1, B30
Autgeo(R) = 2 | 2 PGL3(R) \g3).C(3)
( 2)—curves:Ef()); ES()); Eﬂ @, ‘§,3) with con guration as in Figure 12,

that is, as in caséD.
By Corollary 3.3, we havé€®= X35

n (0]
CaseSB. We haveE = Ey; (EZ)[ %) andAut % (R) = 1ei 2 PGL3(R) .

xz + y ?isE,,-adapted anAut%(R) actsag : ]7'[i € ]

SinceAutg’g5 acts transitively ore \ E 1.1, we have the following unique choice fpf.» up
to isomorphism:

(1) p12 = Eqq\ C® with C = V(xz + y?)

n 0 ( 1)-curvesiE;. EQES)
1 1,2» =2;00 =3;0"
Aut;O(R)z e, 2 PGL3(R) NCRS)
( 2)-curves:Ef()); Eﬂ @) with con guration as in Figure 17,

that is, as in caséD.
By Corollary 3.3, we havé€®= X,p.

S S
CaseSthvle haveE = j2=1 Bi1 j2:1 E,-(f& [ *?)and
Aut (R) = ef 2 PGL3(R) .
|

xz + y ?isEy,-adapted anAut%(R) actsag : ]7'[i :€®]
xy + z?2isE,,-adapted anAut%(R) actsag : ]7!'[e :i? ]
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Note thatAutg’e acts transitively orE \ Ej1.1, and with two orbits, one of which is a

xed point, on E \ E21. Hence, we have the following ve choices fpi.2; p2.2 up to
isomorphism:

W pz = Ep\ CPp = Epy \ CP with
— 2\ . — 2
Ci= V(xz +y%)fa —1V(xy + 79 o
2 "1t 2 PGLy(R) ifp63

Auto (R) = 1

®O > e! 2 PGLy(R) ¥=1 ifp=3
We describe the con gurations of negative curves on
¥ Ofor p 6 3 andp = 3 simultaneously:
( 2)-curvesE ) ESELLED D
( 1)-curvesiEj,; Eqyp; @
with con guration as in Figure 46.

Figure 46
This is case&F if p6 3, and cas&K if p=3.

(2) p12= Epq\ CO;ppp = Epg) *@ with C = V(xz + y?)
1
Aut (R) = ef 2PGL3(R)

€
( 2)-curves:Ef(),; Eg?c),; Eﬂ EQ ‘)((3) ; ‘53)
( 1)-curvesiE,., E,p,
with con guration as in Figure 47.

Figure 47
This is casel .

(3) P22 = Epq\ C(Z)nWith C=V(xy+ z?) o

1 .
AUt (R)= 21 2 PGLy(R) ( 1)-curvesiE, EL);{

with con guration as in Figure 43,
that is, as in caséH .

Blowing down the( 1)-curve in the middle of Figure 43, we see tb@Ris a blow-up
of ¥sc in 1 point onE andX®°= %, by Remark 3.4.

|
( 2)-curves:Ef(),; E%; Ef% '

(4) p2;2= Epq\ i 0

(0]
1
Aut (R) = ef 2 PGL3(R)
|
( 2)-curves:E ) ESYES); Y

( 1)-curvesiE,,; Ef’i
with con guration as in Figure 48.

o Figure 48
This is caselK .
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(5) p12= Ep\ C@ with C = V(xz + y?)

1
Aut?@o(R) = e ef2 2 PGL3(R)
( 2)-curves:Ef(),; ES()); Eﬂ "

( 1)-curves:Ej.,; EQ ‘&3)

with con guration as in Figure 49. Figure 49
This is casell .

X n . . o]

Case6B. We haveE = E;; E{ andAut(R) = e’ 2 PGL3(R) .

xy + z 2isE,.,-adapted anAut%(R) actsag : ]7'[e :i? ]
SinceAut?@ has two orbits ore \ E1.1, we have the following two choices f@g., up to
isomorphism:
(1) pr2 = Egy\ CA with C = V(xy + 22)
0 3).-3).-@

1
@, I(3) with con guration as in Figure 18,
( 2)-curves:Ejg, Ef that is, as in casgC.

By Corollary 3.3, we havé€?= %s:.

- ~(2)
(2) pr2= Egq\ 7y n o

AUtO(R)= e 2 PGL3(R) ( 1)-curvesiEy; Egp: e
). '(3) NG with con guration as in Figure 23,
( 2)-curves:Ejg;Eqa;y that is, as in casgD .
By Corollary 3.3, we haveé€®= %s5p.
n o)
1
Case6D. WehaveE = Ep; (EQ[ ) andAutd(R) = efic 2 PGL3(R) .

xz + y ?isE,,-adapted anAut%(R) actsa§ : ]7'[i :€®]
SinceAutg’(3 acts transitively ofe\ E 1.1, there is only one choice f@s.2 up to isomorphism:

(1) p12= Eqq\ C® with C = V(xz + y?)

1 ¢
Aut(R) = e; 2 PGL3(R)
( 2)—curves:Ef()); Eﬁ ‘§3)

( 1)-curvesiE.,; ES’%

with con guration as in Figure 50. Figure 50
This is casé&E.

2 0 n lbc Y

Case/B. We haveE = E 3  EjgandAut(R) = ef 2 PGL3(R) .

xz + y ?isE,,-adapted anAut%(R) actsag : ]7'[i :€?]
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SinceAutg’e has two orbits orE \ Ej.1, there are the following two choices fpi.» up to
isomorphism:

(1) pr2= Egq)\ C® with C = V(xz + y?)
1bc
AUtG(R)= el 2 PGLy(R)
( 2)-curves:EDES)

( 1)-curvesiE.,; @

with con guration as in Figure 51. Figure 51
This is caséE.
(@) pr2= Eg\ P
0 n 1bc o
Aut$ (R) = ef 2 PGL3(R)
|
( 2)-curves:Ef()); Eﬂ @
1)-curves:E;.
( 1) L2 Figure 52

with con guration as in Figure 52.
This is caseéF .

Summarizing, we obtain
Lz = X ;Ri0;Rn; XKon: ;ﬁzQﬂezP;)esN Rk K1y s R Roo; Rog s Xor;
Rae; Rag; Ram 3 Ran s Ric; Koy Rar; Bk ; K3 Rax ; Rar ; Roe ; Ree ; Rer O

4.5. Height 4.
Case2N . This case existsonly jjf = 2.
We haveE = E;, E{)andAutQ(R)= 1 2PGLs(R) %=1

(x%y + xz?)+ z 3isE,,-adapted anAutg’e(R) actsag : ]7'[ :i ]

Note that there is only one point &\ E,., with non-trivial stabilizer, hence we have the
following unique choice fop;.3:

pr3 = E;. with C1 = V(xy + z

(1) Prs = Eqp\ Cf with Cy = V(xy + 22)
Aut%(R) = 11i 2 PGL3(R) i2=1
( 2)-curvesEYg; ESYiEfyEfn; 'y

4 4 4).~4). 4 ~(4 4 4 4 4 4 4
( D-curvesEyg ELYEngiEhgi 0y ie?icficficficd e

with Cp = V(xy + y2 + 22);C3 = V(x?y + x22+ yz ?);
Ca= V(xPy+ xz? + y3 + yz ?);Cs = V(xPy? + x?2% + x%y +  2y?7?);
Ce = V(xy3+ x222+ x3y + 2y?7%); 62D; 1g
with con guration as in Figure 35, that is, as in cdsk
By Corollary 3.3, we havé€?= %5 ofor some °
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Case2Q. This case existsonly fh= 2.

We haveE = E;, E{) andAutQ(R)= 1 2PGLa(R) i?=1

(x?y + xz?)+ z 3isE,,-adapted anAutg’e(R) actsag : ]7'[ :i ]

Note that there is only one point &\ E,., with non-trivial stabilizer, hence we have the
following unique choice fop;.3:

(1) pra= Eip\ CP with C = V(xy + 22)

4y, — (). = (4
Aut %, (R) ( 1)-curves:E, g ES) ES)ESD:
@) .~ ~D) .~

= 't 2 PGL3(R) i?=1 i)y,Cg),Cé), é)wnh

i Co = V(xy + y2+ 79);
( 2)-curvesEDED EW-EW. Ca = V(xz?+ x?y + y%)
(@@ with con guration as in Figure 34,
X vy » Z

that is, as in cas&K .
By Corollary 3.3, we havé€®= ¥ .

Case2P. This case exists only ff = 2.

We haveE = E;, E{) andAutQ(R)= 1 2PGLg(R) i2=1
(x%y + xz?)+ z 3isE,,-adapted anAut%(R) actsag : ]7'[i : ]

Note that there is only one point &\ E,., with non-trivial stabilizer, hence we have the
following unique choice fops.3:

(1) p13 = Egp)\ Cis) with Cy = V(xy + z?)

Aut® (R)
>e01 ( 1)-curves:E;.g; Eg.?; Eé‘%; Eff%;
= 1 2PGL3R)i’=1 <(4) @ ' I
i X me W|th_C2 = \_/(xy + yc+ z9)
( 2)—curves:E£‘."()); Eg%; Ef’i; Ei‘_‘%; with con guration as in Figure 29,
‘(4)_\(4)_(4).0(;1) ' ’ ’ thatis, as in caséN .
X vy v Z 1

By Corollary 3.3, we have€®= X,y .

Case3N . This case existsonly jjf = 2.

We haveE = E;, E{)andAut(R)= 1 2PGL3(R) i2=1

(x%y + xz?)+ z 3isE,,-adapted anAutg’e(R) actsag : ]7'[ :i ]

Note that there is only one point &\ E;., with non-trivial stabilizer, hence we have the
following unique choice fop;.3:

(1) pra = Egp\ CFY with Cy = V(xy + 22)

89



. g@).c@).=4).
AUtS,(R) ( 1)-curves:E,g ESESYESD;

@) @) B ~@
_ 1 Lo _ X 0ox y’C1 ’CZ with
= 1i 2 PGL3(R) ic=1 Cy = V(xy + y2+ 22)
( 2)-curves:E£‘;‘()); Ef{; Ef%; \54) @ with con guration as in Figure 38,

that is, as in casigO.
By Corollary 3.3, we havéf = %,5.

Case20. This case exists only ff = 2.

We haveE = E;, Ef)andAuty(R)= "1 2PGL3(R)i’=1
’ ’ |

(x%y + xz?)+ z 3isE,,-adapted an(Aut%(R) actsag : ]7'[ :i ]

Note that there is only one point &\ E,., with non-trivial stabilizer, hence we have the
following unique choice fop;.3:

(1) pra = Egp\ CFY with Cy = V(xy + 22)

Autgeo(R)
. . g@).=(4).-4).
= '1 2PGLyR)i2=1 ( 1-curves:Eyg Bz By x”;
! ~(4).~4)
E@.g@).c@4). 4. Y 1xy . -
(' 2)-curvesiEyg;EpoiEg0iErts with con guration as in Figure 29,
Efg; O, Cf‘) ; C§4) with thatis, as in cas&N .

Co2= V(xy + y?+ 2%)
By Corollary 3.3, we haveé€®= X,y .

n (0]
Case2B. We haveE = E, (E{)[ '}))andAutS(R) = 11i 2 PGL3(R) .
x 2y + z 3isE,.,-adapted anAut?@(R) actsag : ]7!'[ :i% ]

Hence, we have the following unique choice far; up to isomorphism:

(1) p1z = Epp)\ C(3)8With C = V(x%y + 29
<fidg if p63
0 =

Hence, 20 has global vector elds only ifp = 3.
Therefore, we assump = 3 when describing the
con guration of negative curves.

( 2)-curvesESY ESY ESY BN BV
( 1)-curvesiE,.g; Egg; Egg; M, ‘)((4)y
with con guration as in Figure 53.

This is casdlE. Figure 53
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3 3 ~(3 ~(3
Case2F We haveE = (Ey, [ Ejp) EXTEIT D1 P and

Aut%,(R) = 11i 2 PGL3(R) .

x 2y + z 3isE,,-adapted anAut?@(R) actsag : ]7'[ :i® ]
xy 2+ z 3isE,,-adapted and\ut?e(R) actsag : ]7'[ :i% ]
Note that the involutiox $ 'y of P? lifts to an automorphism of interchanging= ;., and

E,,. Moreover, since€ has degre@, we are only allowed to blow up one more point.
Hence, we have the following unique choice fars; p2:3 up to isomorphism:

(1) pyz = Epp)\ C(3)8with C = V(x2y + 23)
Aut® (R) =
U>eo( ) : 11i 2PGL3(R)i3=1 ifp=23

Hence,®°has global vector elds only ip = 3. Therefore, we assume= 3
when describing the con guration of negative curves.

( 2)-curves:E{Q;ESYELY ESYED; 50

( 1)-curvesiE,.s; Egg; Eg%

with con guration as in Figure 44, that is, as in cd<®.
By Corollary 3.3, we haveé€®= %.

n (0]
Case3E. We haveE = E;, (E{)[ '}”)andAutS(R) = 11i 2 PGL3(R) .

x 2y + z 3isE,,-adapted anAut?@(R) actsag : ]7'[ :i® ]
Hence, we have the following unique choice far; up to isomorphism:

(1) p1a= Ep,\ COwith C = V(x2y + 2°)

8
< fidg ifp63

Aut® (R) =
#oR)= . 1 S pGLyR) %=1 ifp=3

Hence,®°has global vector elds only ip = 3. Therefore, we assume = 3
when describing the con guration of negative curves.

( 2)-curves:E{g;ESoiEry; Eigi )Y )

( 1)-curves:Egg; Egg; Eg%; O

with con guration as in Figure 45, that is, as in cask
By Corollary 3.3, we havé€®= %,;.

CasedE . This case existsonly h 6 2., 0
3 1 ¢
We haveE = E;, EY) andAutd(R) = 1. 2PGLy(R) .
(x?y + xz%)+ z 3isE,,-adapted andut,(R) actsag : ]7!'[ : c ]

In particular, the stabilizer of every point &h\ E,., is trivial, hence this case does not
lead to additional weak del Pezzo surfaces with global vector elds.
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Case4M . This case existsonly fp= 2.

We haveE = E;, E{) andAutd(R) = 11i° 2 PGL3(R) i2=1
(x%y + xz?)+ z 3isE,,-adapted an(Autg’e(R) actsag : ]7!'[ :i +c]

In particular,Aut?(3 acts transitively ofe \ E 1.2, so there is the following unique possibility
for p1.3 up to isomorphism:

(1) pra= Eip\ CP with Cy = V(xy + 22)

0
Aut (R) ( 1)-curvesE 5 ES)ESn: VY
= 1 2POLyR) %=1 ci?; el with Co = V(xy + y2 + 22)
with con guration as in Figure 33,
( 2)-curves:Ef(),; Efg; Efg; O that is, as in casaN .
By Corollary 3.3, we havé€0= X3y .
N, 0
CasedH . WehaveE = E;, (EJ)[ }Y) andAutd(R) = 17 2 PGL3(R) .

x 2y+ z 3isE,,-adapted andut (R) actsag : ]7![ :i° ]

SinceAutg’e acts transitively ore \ E 1.2, there is the following unique possibility fq.3
up to isomorphism:

(1) p1;3= Egp)\ C(3)8vﬂth C = V(x&y + 29) .

2 1% 2PGLy(R) ifp63
AUt?eo(R) =S 1

c
1
¢
i

1. 2PGL3(R)i®=1 ifp=3

We describe the con gurations of negative curvesy®ffor p 6 3 andp = 3
simultaneously:

( 2)-curves:Ef()); Ef{; Ef%; ‘§,4) ; ‘§4)
( 1)-curvesiE,.g; Eg‘(),; Eg;%
with con guration as in Figure 46, that is, as in c&$e or 3K .
By Corollary 3.3, we have€®= X3¢ if p6 3, and®?= %z if p=3.

Case2J. This case existsonly jf = 3.
We haveE = (Ey,[ Epp) (EfI[ ES))andAutd(R) = te , 2PGL3y(R) =1
! ! ! ! (S5

(x?z+ xy?)+ y 3isE;,-adapted andut, (R) actsag : 17! [¢ : ]
(xy2+ yz%)+ z 3isE,,-adapted an(AutS@(R) actsag : ]7'[€ : ]
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Note that€ has degre@, hence we are only allowed to blow up one more point. Moreover,
there is a unique point o \ E;., and onE \ E,., with non-trivial stabilizer. Therefore,
we have the following two possibilities fqni.3 andps:3:

(1) p2;3 = Epp)\ C® with C = V(xy + z2)

At eo(R) @). @ . @
1 ( 1)-curvesiE, g3 B Bz Ty s
= e, 2PGLy(R) =1 c)
( 2)-curves:E£‘."()); Eg.‘()); Eﬁi Eg}i; with con guration as in Figure 53,
@ .4 .4 ’ ’ ' that is, as in casgE.
Ez;z; X'y z

Blowing down thg( 1)-curve in Figure 53 that is not adjacent to any othet)-curve,
we see thais a blow-up o,z in 1 point onE andX®= ¥.c by Remark 3.4.

(2) py3= Eyo\ C® with C = V(xz + y?)

AutedR) @.c@. @
1 ( 1)-curvesiE; 3 EzsiEzgr 'y s
= e, 2PGLy(R) =1 c@
( 2)-curves:E£‘.‘()); Eg.‘()); Eg‘}i; Eg}i; with con guration as in Figure 53,
4 @4) 4 ’ ’ ' that is, as in caséE.
E@. (@), @
1121 X 1 Z

Blowing down thg( 1)-curve in Figure 53 that is not adjacent to any othet)-curve,
we see thais a blow-up o,z in 1 point onE andX®= ¥, by Remark 3.4.

Case3F . This case existsonly i 6 3.

n 0

We haveE = (Ej,[ Epp) (ES) [ ES)) andAutd(R) = 1 2PGLy(R) .
(x?z+ xy?)+ y 3is E,,-adapted anAut?e(R) actsa§ : ]7'[ : 2f ]
(xy?+yz?) + z ®isE, -adapted andut 3 (R) actsagd : 7' [ : f ]

Ifp6 2, thenAutg’(3 acts simply transitively on bote \ E;.» andE \ E».», hence we

cannot blow up€ any further and still obtain a weak del Pezzo surface with global vector
elds. If p = 2, thenAut?, still acts transitively orE \ E., but now it acts trivially on
E \ Ei.2. This leads to the following possibilities fp#.3:

93



(1) P13 = E1;2\ C(B) with C = V(XZZ + Xy2 + y 3)
hidg o ifp62;3
111‘1 2 PGL3(R) ifp=2

Hence, X0 has global vector elds only ifp = 2.
Therefore, we assump = 2 when describing the
con guration of negative curves.
( 2)-curvesEfgiEseiEyiESYIE: s
( 1)-curvesiEg.g; Egg; @
with con guration as in Figure 54.

This is case2R and we see that we getladimensional

family of such surface¥®¥,r. depending on the parameter Figure 54

Aut?@o(R) =

Case3K . This case existsonly jj = 3.

1
We haveE = (E, [ Epp) (ECI[ ES)) andAutd(R) = °f 2 PGLy(R) e=1
(x?z+ xy?)+ y 3isE, ,-adapted anAut?@(R) actsag : ]7![&® :  2ef ]
(xy?+yz%)+ z 3isE,,-adapted anAutg’e(R) actsag : ]7![€® : ef ]

Note thatAut?e acts transitively on botk \ E;., andE \ Ej.». The stabilizer of every
pointonE\ Ej.; isisomorphic to 3 and this 3 has a unique xed pointo& \ Ej.». This
leads to the following three possibilities fpf:3; p2:3 up to isomorphism:

(1) pra= Eqp\ CfYipaa = Epp\ CfF with Cp = V(xz + y2):C2 = V(xy + 2%)

Aut((R)

_ 1 - ( 1)-curvesiE; .3 Eyg; M, Cgl);

= ¢e 2PCLs(R)e=1 c with C3 = V(x2y2 + x3z + z%)

( 2)—curves:E£‘."()); Eé‘_‘%; Eﬁ? Eé‘_‘i; with con guration as in Figure 53,
@) . @) . @) ' ' ' that is, as in caséE.

El;2' E2;21 z

Blowing down thg( 1)-curve in Figure 53 that is not adjacent to any othet)-curve,
we see thais a blow-up o,z in 1 point onE andX®= ¥, by Remark 3.4.

(2) P23 = E\ CO with C = V(xy + z?)

Aut$, (R)
= e , 2PGL3(R)€e*=1 ( 1)-curves:E,s; Eg‘;‘;;&“);c(“)
€ @ @) @), - @ with con guration as in Figure 45,
( 2)-curvesiEq;Epgi B Engs that is, as in casgJ.
E@ .~
2,20 Z

By Corollary 3.3, we havé€®= %,;.
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(3) py3= Ey,\ CO with C = V(xz + y?).

Aut S ((R)
- 1 3 —
- € e 2 PGL3(R) & =1 ( .l)-curves:E_l;g; Eg;g;‘f)
( 2)—curves:Ef()); Eg%; Efii Egg; with con guration as in Figure 54.
E@.~@
1,20 2
This is caseK .
Case3l. We have E = (Ep, [ Ep) (ES [ ES [ °P) and
1
Autg’e(R): ef 2 PGL3(R)
eZ

(x%z+xy?)+ y 3isE,,-adapted anAut?e(R) actsag : ]7'[e® :e® 2ef ]
xy 2+ z 3isE,,-adapted anAut%(R) actsa§ : ]7'[€® :€°]

Note thatAutg’e acts transitively orE \ E.». If p 6 2 (resp.p = 2), thenAutg’e acts

transitively (resp. with two orbits) oB \ E1.2. We have the following ve possibilities for
P1:3; P2:3 Up to isomorphism:

(1) pra = Epp\ CPipaa = Epp\ CFY with
C1= V(x%z+ xy?2+y3);Co= V(xy?+ 2 3); 60

( F]idg o ifp62
11fl 2 PGLa(R) ifp=2
Hence, ¥° has global vector elds only ifp = 2.

Therefore, we assump = 2 when describing the
con guration of negative curves.

( 2)-curvesE Y By BT ESY By Egy: )1 s

( 1)-curvesiE; .3 Ejg

with con guration as in Figure 55.
This is caselQ and we see that we getladimensional Figure 55
family of such surface¥¥1o. depending on the parameter

Autl(R) =
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(2) Pa = Egp\ Crgpaa= Epp\ C3 with C1= V(xz + y2);C2 = V(xy2 + 29)
<fidg ifp62
Aut? (R) = 1
Uteo(R) = . ef 2PGLyR)e*=1 ifp=2
€

Hence, X has global vector elds only ip = 2. Therefore, we assunme = 2
when describing the con guration of negative curves.
(' 2)-curvestEry: EfoiEf ST ELD Exdi i )
( 1)-curvesiE, 3 Ejyg
with con guration as in Figure 55.
This is casdR.

(3) p2:3 = E,p\ CO with C = V(xy? + z25)
’ 8n 0

1
2 1t 2 PGL3(R) ifp62
Aut%(R) = 2 !
> ef 2PGL3(R)e'=1 ifp=2
€
We describe the con gurations of negative curves on
¥0for p 6 2 andp = 2 simultaneously:
( 2)-curvesEL;ESYELYES)ES) (Y
( 1)-curvesiE,s; Efg
with con guration as in Figure 56.
This is caseH if p6 2, and caseV if p= 2.

Figure 56
(4) p1z = Epp)\ C(3)8V\gth C=V(xz+y?
2 e 2PGLy(R) ifp62
Aut? (R) = 1 ¢
®0 > el 2PGLy(R) ifp=2
We describe the con gurations of negative curves on
*®0%for p 6 2 andp = 2 simultaneously:
( 2)-curvesE(;ESYEL ES) B8
( 1)-curvesiEgg; Eg‘%
with con guration as in Figure 57.
This is cas€G if p6 2, and cas@U if p= 2. Figure 57

(5) Letp=2 andpy3 = E;;p\ C® with C= V(x2z + xy2 + y3).
AutQy(R) = ! 11 2 PGLy(R)
(' 2)-curvesiE{y; ESo;EL ESY;

£ 00

This is caseT .

( 1)-curvesiE,.s; Egg
with con guration as in Figure 57.
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n (0]
CasedK . We haveE = E,, (ES)["Y)andAutd(R) = ‘et 2 PGLs(R) .
! i

xy 2+ z 3isE,,-adapted and\utg’e(R) actsag : ]7'[€® :i®]

SinceAut?@ acts transitively orE \ E».p, there is a unique possibility fgo,.3 up to
isomorphism:

(1) p2;3 = E2;2\ C(3) with C = V(Xy2 + 23)

Aut?eo(R)
1 . (4
= ef 2 PGL3(R) € = i3 ( 1)-curves.E2;3,E§;i
! " N " with con guration as in Figure 47,

( 2)-curves:E£;()); Eé;()); Eé;i; Eé%; thatis, as in cas8l .

~@).-@

X 1 Z
By Corollary 3.3, we have€®= %5, .

1

Casedl . We haveE = E;, EY) andAutd(R) = ef 2PGLsR) .

(x2z+ xy?)+ y3isE1;2—adaptedanAutSe(R) actsag : ]7'[e® e 2ef ]

If p & 2, thenAut$, acts transitively ofE \ E1;, while if p = 2, then theAut, has two
orbits onE \ E1.2. Hence, ifp = 2, there is only one possibility fqu.3 and ifp = 2, there
are two possibilities up to isomorphism:

(1) pr3= Egp\ CEnith C = V(xz + y?)

2 'e 2PGLyR) ifp62

2
Aut® (R) = 1 ¢
*o > °f 2PGLy(R) ifp=2
We describe the con gurations of negative curves on
®Ofor p 6 2 andp = 2 simultaneously:
( 2)-curves:Ef(),; Eg%; Efg; Efg; ‘§4)
( 1)-curves:Egg; Egg; ‘5(4)

with con guration as in Figure 58. Figure 58
Thisis cas8Gif p6 2, and casa&P if p=2.
(2) Letp=2 andpys = Eyp) C® with Cs V(x%z + xy? + y3).
0 B 1
Aut o o(R) = lfl 2 PGL3(R) ( 1)-curvesiE,.s; Eg‘i; @
( 2)-curves:E£‘.‘3); Eg.%; Efii EY.‘%; @ with con guration as in Figure 58.

This is case30.
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%
(x?z+xy?)+ y 3isE,,-adapted anAut?@(R) actsag : ]7'[e® e 2ef ]
As in the previous case, ff 6 2, there is only one possibility fgu;.3 up to isomorphism,
and ifp = 2, there are two possibilities up to isomorphism:
(1) p1z = Epp)\ C(3)8V\gth C = V(xz+y?
2 e 2PGLy(R)  ifp62
Aut? (R) = 1 ¢
0 > el 2PGLy(R) ifp=2
€
We describe the con gurations of negative curves on
*%0for p 6 2 andp = 2 simultaneously:
( 2)-curves:Eﬂ)); Efg; Ef%; X
. @)
( 1)-curvesiE, .5 Ejp ,
with con guration as in Figure 59. Figure 59
Thisis caselJ if p6 2, and casdO if p= 2.

(2) Letp=2 andpys = Eyp)\ C® with Cs V(x%z + xy2 + y3).

1
CaseSE. We haveE = E;, ES) andAut® (R) = el 2 PGLy(R)
' e

AUt (R)=  '1f 2 PGLa(R @
ut . o(R) = ' 3(R) ( 1)-curves:E,4 Ej)
( 2)-curves:E£‘."()); Eﬁ? Ei‘-‘%; (4 with con guration as in Figure 59.
This is caselN .
1b
Case6E. We haveE = E;, E{) andAut%(R) = e fz 2 PGL3(R)
€
(x?z + xy?) + y?3 is E,-adapted andAutg’e(R) acts as[ : ] 7!

[ e b& 2ef ]

SinceAut?(3 acts transitively orE \ Ej.p, there is a unique possibility fgu.3 up to
isomorphism:

(1) prz= Eyo\ CO with C = V(xz + y?)
Aut® (R)
%0 .
1 2fe tc ( 1)-curves:E,s; @
- A 2 PGL3(R) with con guration as in Figure 50,
( 2)-Curves:E§‘;‘(),;Efi;E£‘;‘% thatis, as in casBE.
By Corollary 3.3, we havé€?= X .

n (0]
b
'3 2 PGLa(R) .
|

x 2z+ y 3isE,,-adapted an(Aut?@(R) actsag : ]7'[i :€¥].

SinceAut?(5 acts transitively orE \ Ej.p, there is a unique possibility fgu.3 up to
isomorphism:

Case6F . We haveE = E;, (E{)[F))andAutd(R) =
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(1) p1a= Ep,\ CO with C = V(x%z + y°)
1b
Aut%(R) = eefz 2 PGL3(R)

( 2)—curves:Ef(),; EYR; Ef%; ‘§4)

( 1)-curvesiE, g

with con guration as in Figure 60. Figure 60
This is caséF .

Summarizing, we obtain

La = Xig; %R ;)eZK;)elQ; s R1R; Xon s Rov ; Rog;
Rou; Ror; Rag; Rap; R30; Xa3; Ra0; Ran; Rse 0

4.6. Height 5.
CaseZR. This case exists only fp = 2., o
_ 4 0 -1
We haveE = E 3 Ej; andAut g (R) = 1fl 2 PGL3(R) .

(x+ y)(xz+y?+ yz )+ y*isE,s-adapted anet\ut?e(R) actsa§ : ]7!
[ +(f +f3) ]

Therefore, if 6 0, then the identity component of the stabilizer of every poinEdnE .

is trivial, hence there is no way of further blowing ¥pand still obtaining a weak del Pezzo
surface with global vector elds. If =0, then there is the following unique possibility for
P14 Up to isomorphism:

(1) pra= Eg3)\ C£4) with C1 = V(xz + y?)
1
AUt?eo(R) = 1';- 2 PGL3(R) f 2=0

( 2)-curves:E (Y ESEL)ED) EDED P

( 1)-curvesiEgy; Eg 9, Cis); f’) with

Co = V(x?y?2+ x3z+ z%)

with con guration as in Figure 61. Figure 61
This is caselM .

Case2K . This case existsonly jj = 3.

We haveE = Ey; E{)andAutd(R)= e 2PGL3(R) € =1
! ! (S

X 2(xz + y?)+ y *isE,-adapted anAut?e(R) actsag : ]7'[€ :e]
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Note that there is a unique point &\ Ej.; with non-trivial stabilizer. This leads to
the following unique possibility fop;.4:

(1) pra= Eg3)\ C£4) with C1 = V(xz + y?)
AUt?@o(R) = ! e, 2 PGL3(R) e3=1
€
( 2)-curves:EYESYESESESED Y

( 1)-curvesiEgy; Eg 9. Cis) ; Cf’) with
Co = V(x?y?2 + x3z+ z* + 2xyz?)

with con guration as in Figure 62. Figure 62
This is casdlF .
Case2H . This case existsonly 6 2 , o
1
We haveE = E,; ES3 andAutd(R) = 11 2 PGLa(R) .
y (xy?+ 2%+ z *isE, z-adapted anAutg’@(R) actsa§ : ]7'[ : 2f ]

In particular, sincep 6 2 the stabilizer of every point oB \ E, 3 is trivial, hence there is

no way of further blowing up€ and obtaining a weak del Pezzo surface with global vector
elds.

Case2V. This case existsonly {f = 2.
1
We haveE = E,5  ES) andAutS(R) = °f 2PGLs(R) =1
y (xy?+ z%)+ z *isE,z-adapted anAut%(R) actsag : 17'[€ : ]
This leads to the following possibilities f@#.4:

(1) p2a = Ep3)\ C(“)nwith C = V(xy3+ yzos + 7% 80

1
0 -
Al o(R) = ! 2 PGLs(R) ( 1)—curves:E2;4;Ef%
( 2)-curves:Ef()); Eg?()); Ef} EQ with con guration as in Figure 55,
EG.0).-6)..5) that is, as in cas#Q.
2;2! 2’31 X 1 Z

By Corollary 3.3, we havé€%= ¥1q. o for some °
(2) p2;4 = E2;3\ C(4) with C = V(Xy2 + 23)

Autgeo(R)
1
- ef 2PGL3(R)e*=1 ( 1)-curves:E2.4;E§“2
e2 . . % .
©). 6. —6). ) with con guration as in Figure 55,
( 2)-curves:Eyg;Esg EfyiEps that is, as in castR.
(5).(5).~(5).~(5
E2721E2,31 X 1 Z

By Corollary 3.3, we havé€®= ¥z.
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Case2G. This case existsonly f 6 2., 0
We haveE = Ep; E()andAutd(R)= ‘e, 2PGLy(R) .
! ! €
X 2(xz + y?) + y *is E, 5-adapted anAutg’e(R) actsag : ]7'[ :€ ]
Sincep 6 2, there is a unique point o \ E;.; such that the identity component of its
stabilizer is non-trivial. This leads to the following unique possibility feu:
(1) Pra = Eyz\ CH with C = V(xz +y?)
AUtS(R)= e 2PGLy(R)
€
( 2)-curves:E§?(),; Eg’c),; Eﬂ Eé‘? Ef’% Eg ‘&5) : ‘§5)
( 1)-curves:E,,; ES_’% c®
with con guration as in Figure 63. Figure 63
This is caselC.

Case2U. This case exists only ff = 2.

1
We haveE = E;5  E{Y andAutd(R) = ef 2 PGLs(R)
e

X ?(xz+y%)+ y *isE,.;-adapted anAutg’@(R) actsag : ]7'[e® :e* +f?].

SinceAut?@ acts transitively orE \ Ej.3, there is a unique possibility fgoi.4 up to
isomorphism:

(1) pya= Ey3\ C@ with C = V(xz + y?)

Aut$((R)
1
— 2 —
= e ;2 2 PGL3(R) f<=0 ( 1)-CurveS:El;4; Eé?%: C(S)
( 2)—curves:Ef()); E%; Eﬂ Eési with con guration as in Figure 63.

ERINING

This is casdlP.

Case2T. This case existsonly ff = 2., . o
We haveE = E;5  E{Y andAutd(R) = 11 2PGLy(R) .
(x + y)(x°z + xy? + y® + y?z) + y * is E,5-adapted anduty,(R) acts as

[ : ]7'] @ +(f+f? ]
Note that the identity component of the stabilizer of every poinEdnE ;.5 is trivial, hence
we cannot blow up further and still obtain a weak del Pezzo surface with global vector
elds.
Case3G. This case existsonly h 6 2., o
We haveE = E;; E{andAutd(R)= e, 2PGLsR) .

X 2(xz + y?)+ y *isE,-adapted anAutS@(R) actsag : ]7'[ : € ].
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Sincep 6 2, there is a unique point o \ E ;.5 for which the identity component of the
stabilizer is non-trivial. This leads to the following unique possibility feu:

(1) P1.a = E1;3\ C(4)nW|'[h C= V(XZ + y2) .

AUtS(R)= e 2PGLy(R)
€
( 2)-curves:Ef(),; Eg’(),; Eﬂ Ef’% Eg R

( 1)-curves:E,,; EQ 0. c6)
with con guration as in Figure 64.
This is caseC.

Figure 64

Case3P. This case existsonly = 2.
4 1
We haveE = Ey;  Ef% andAutd(R) = °f 2PGLs(R)
x 2(xz+y?)+ y *isE,.;-adapted anAutg’e(R) actsag : ]7'[€® e +f?].

SinceAut?@ acts transitively orE \ Ej.3, there is a unique possibility fgoi.4 up to
isomorphism:

(1) P14 = E1;3\ C(4) with C = V(XZ + y2)

Autfeo(R)
1
- 2
- °h 2 PGL3(R) 1°=0 ( 1)-curvesE,,ES); 9 c®
( 2)-curves:Ef()); ES()); Eﬂ Ef% with con guration as in Figure 64.
E®).~6)
1131 V4
This is casesS.
Case30. This case exists only i = 2., o
1
We haveE = E; 5 E{Y andAutd(R) = 1 2PGLy(R) .

(x + y)(x°z + xy? + y + y?z) + y * is E,5-adapted anduty,(R) acts as
[ : ]7'] : +(f+f9) ]

In particular, the identity component of the stabilizer of every poinEon E ;5 is trivial,
hence we cannot blow up further.

CasedJ. This case existsonly 6 2., 0
WehaveE = Ep; E()andAutd(R)= ‘e 2PGLy(R) .
! ! e

X ?(xz + y?) + y *is E, ;-adapted anAutg’e(R) actsa§ : ]7'[ :€® +c].

SinceAutg’e acts transitively o \ E;.3, we have the following unique possibility fpf.4
up to isomorphism:
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(1) pra= E 3\ CH® with C = V(xz + y?)
| " ° (5).

Aut(R) = te . 2 PGL3(R) ( 1)-curves:Eq 4 Ezp; CO
€ with con guration as in Figure 58,

=0).=06).=06). =(6).~5)
( 2)-curvesEyg B BB 2 that is, as in cas8G.

By Corollary 3.3, we havéf®= X5;.

Cased0. This case exists only ff = 2.
We haveE = E;5 E{) andAutd(R) = 1e52 2 PGL3(R)
x2%xz + y* + y* is E,s;-adapted and Autg’e(R) acts as
[ : 17V [€& e +(c&+f?) ]
SinceAut?e acts transitively o \ E 1.3, we have the following unique possibility ff4
up to isomorphism:

(1) pua= Ey3\ C@ with C = V(xz + y?)
Aut? (R)
1 e ( 1)-curves:E, ;ER:C®
_ 1 f<e 1,4 =2,0"
- ¢ gz 2 PGL3(R) with con guration as in Figure 58,
( 2)—curves:Ef’c),; Eﬂ Ef’% Ef’% +(5) thatis, as in casaP.
By Corollary 3.3, we have€®= %3p.

CasedN . This case exists only ff = 2 o
1 c
We haveE = E;5  E{Y andAutd(R) = 1 2PGLy(R) .
(x + y)(Xx?z + xy? + y3 + y?z) + y *is E, ;-adapted and&ut%(R) acts as
[ ]7'] : +(c+f+f2) 1.

SinceAutg’(3 acts transitively o \ E .3, we have the following unique possibility fpf.4
up to isomorphism:

(1) pua = Eyg\ CY with C1 = V(x2z + xy? + y3)

0

Aut)@ogR)Mz ( 1)-curves:E1;4;E§’());C§5) with

= 1f 2 PGL3(R) Co= V(xz +yz+y?

1 . . . 5 (s with con guration as in Figure 58,

( 2)-curves:E£;(),; EH; EL%; Eg;%; Q) that is, as in casgO.

By Corollary 3.3, we have€?= %35.
1b
CaseSF. We haveE = E;5  Ef andAutd(R) = e 2 PGLy(R)
€

x (x?z+ y3)+ y *is E, 5-adapted anAutg’e(R) actsa§ : ]7'[ :e 2b].

Therefore, ifp 6 2, we have one unique possibility fpi.4 2 E\ E1.3, while if p = 2,
there are two possibilities:
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(1) pra= Ep3)\ C(4)8With C = V(x%z + y3)

1
2 ef 2PGLyR) ifp62
0 - e
Autxgo(R) 3 1b e _
; e f3 2 PGL3(R) ifp=2
€
We describe the con gurations of negative curves on
¥0%for p 6 2 andp = 2 simultaneously:
( 2)-curves:Ef()); Eﬂ Eg Ef% "9 Figure 65
( 1)-curvesiE,.,
with con guration as in Figure 65.
Thisis casellL if p6 2, and casdQ if p= 2.
(2) Letp=2 andpys = Ey5)\ C@ with Cs V(x3z + xy3 + y*).
l1bc
Auth(R)= "1t 2 PGLg(R) ( 1)-curvesE,

( 2)-curves:Ef()); Eﬁ Ef% Ef% ) with con guration as in Figure 65.

This is caselP.

Summarizing, we obtain
Ls = f)elM;)elF;)elc;)elP;)eZC;)eZS;)e4L;>e4Q;>e4Pg:

4.7. Height 6.
Case2C. This case existsonly f 6 2., 0
We haveE = Ey, E{}andAutd(R)= ‘e, 2PGLy(R) .
! ! €

x 3(xz + y?) + y ®isE,,-adapted anAut?@(R) actsag : ]7!'[ : € ].

Note that ifp 6 3, then there is a unique point &\ E ., such that the identity component
of its stabilizer is non-trivial. I = 3, this identity component is non-trivial for every point.
In all characteristics, the action mut?e onE \ Ej4 has two orbits. Hence, we have the
following two possibilities forps.5 up to isomorphism:

(1) Pus = Eqq\ CEGWith Cy = V(x?z + x%y2 + y)
<fidg ifp62;3
Aut (R) =
UedR)= . 1. 5 pGLyR) =1  ifp=3

Hence, X has global vector elds only ip = 3. Therefore, we assunme= 3
when describing the con guration of negative curves.

( 2)-curves:E{ ESYEL EQELED: Y

( 1)-curvesiEgs; Eg; @, Cés) ; CéG) with Co = V(xz + y?);
Cz= V(xy* xyz3 x%2z+ x322 y322 29

with con guration as in Figure 62, that is, as in cdde.
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By Corollary 3.3, we havé€%= ¥ .

1

AUt?@O(R) - * e 2 PGLa(R) ( 1)-curves:E,.g; Eg.?' @

( 2)-curves:Ef(),; Eg?c),; Ef’i; Efg; with con gyratidn as in Figure 63,
(6). =(6).~(6). ~(6) that is, as in cas&C.

E1;3’E1;47 z;C

By Corollary 3.3, we havé€®= Xc.

Case2S. This case existsonly ff = 2.
. 1
We haveE = E;, E{ andAutd(R) = °f 2 PGLy(R) f2=0
x 3(xz + y?)+ y isE;,-adapted andut,(R) actsag : 17! [ € ]

SinceAutg’e acts onE \ E1.4 with two orbits, we have the following two possibilities for
p1:5 Up to isomorphism:

(l) pl;5 = E1;4\ C§_5) W|th Cl = V(X4Z + X3y2 + y5)

AUt?eo(R) ( 1)-curvesiE,g; EQ ‘§G) ; Cée);
= ! 1f1 2 PGL3(R) f2=0 C:(f) with C42 = \é();z + %/2);
( DeuresEQEDERED i con guration as n Fgure b1,
Eﬂ Ef}l; "® that is, as in caséM .
By Corollary 3.3, we have€®= Xy, .
(2) pus = Epu\ CO with C = V(xz + y?)
Autgeo(R)
= ! ef 2PGL3(R)f?=0 ( 1)-curves:E,.g; EQ;‘&G)
e with con guration as in Figure 63,
( 2)-curves:Ef()); Eg?()); Ef}; Eﬂ that is, as in castP.
EED P co
By Corollary 3.3, we havé€®= ¥p.
Casedl. This case existsonly f 6 2.
We haveE = E;, E) andAut®(R) = 1eef°3 2 PGL4(R)

X 2(x?z+y3)+ y *isE,4-adapted anAut?@(R) actsag : ]7'[e :e 3 ]

In particular, ifp 6 3, thenAut?(3 acts transitively ofe \ E 1.4 and we have only one choice

for p1.5 up to isomorphism, and g = 3, thenAut?(3 acts with two orbits ofe \ E .4, hence
we have two choices up to isomorphism:
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(1) pus = Eqq\ C(5)8vﬂth C = V(x?z+ y®) o
2 e 2PGLyR)  ifp62;3
Autf(R) = 1 ¢
0 > el 2PGLy(R) ifp=3
€
We describe the con gurations of negative curves on
%0for p 6 2;3 andp = 3 simultaneously:
( 2)-curves:Ef()); Eﬂ Ef%; Eiﬁg Eﬂ; "® Figure 66
( 1)-curvesiE,g
with con guration as in Figure 66.
Thisis case] if p6 2;3, and cas&M if p=3.

(2) Letp=3 andpys = Eyy4) C®) with Cs V(x4z + x2y3 + yo).

1
Autd(R) = 1fz 2 PGL3(R)
1)-curves:E,.
=6).26). 6. ). ( 15
( (5)":(:)”65"51;0’ EiiBioiBiss with con guration as in Figure 66.
Eia; 2
This is caseL .

CasedQ. This case existsonly fh = 2.

_ ®) 0 _ 1b ¢
We haveE = E;, EjjandAutl(R)= ef 2PGLy(R)
e

x2(x?2z + y% + yS5 is Ej,adapted and Aut?@(R) acts as
[ : ]7'[e :e +(Pe+f) ]
SinceAut% acts transitively ofe\ E 1.4, there is a unique choice fpi.5 up to isomorphism:

(1) pys = Ep4\ CO® with C = V(x?z + y?)

Autg’eo(R)
_ 1b ¢
= e e 2 PGL3(R) ( 1)-curvesE, g
( 2)-curves:Ef(),; Eﬂ Ef’%; Egﬁ; with con guration as in Figure 66.
E©.~(©
1,4 Z
This is casSR.

CasedP. This case existsonly ff = 2.,

0
We haveE = E;, E andAutd(R) = 15’{ 2 PGL3(R) .

x(x3z + xy® + yY + y5 is Ey,-adapted andAutg’e(R) acts as
[ 0 170 : +(b+R+f) ]

SinceAutSe acts transitively ore \ E 1.4, we have the following unique choice fpi.s up
to isomorphism:
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(1) p1s = Eqq\ C(5)nwith C = V(x3z + xy3 +Oy4)

1b
Aut%(R) = ] bng 2 PGL3(R)
1)-curves:E;.
.=(6). =(6). =(6). =(6). ( . 15 N
( 2)-curves:E g, Ef1 Ef2Eqss with con guration as in Figure 66.
E©:. 0
This is caseQ.

Summarizing, we obtain

Le = fX35;R3m;Rs; R3r; X300

4.8. Height 7.
Case3J. This case existsonly i 6 2;3. o
We haveE = Eys E{)andAutd(R)= e’ 2PGLy(R) .
’ ! (S

x 3(x?z+y3)+ y ®isE,.;-adapted anAutg’e(R) actsag : ]7!'[ :€ +2c].
Sincep 6 2, Aut?e acts transitively ore \ E 15, so there is a unique choice fpf.¢ up to
isomorphism:

(1) prs = Ey5\ C® with C = V(x%z + yd)
' n 0
AUtS(R)= e 2PGLy(R)
e

( 2)-curvesE(Q; Ef)iE[) EfNEEDR Y

( 1)-curvesiE,gq _

with con guration as in Figure 67. Figure 67

This is casel .

Case3M . This case exists only fp = 3.

6 1 C
We haveE = Ey5  E{ andAutd(R) = el 2PGLs(R)
x 3(x?z+y3)+ y bisE, g-adapted anAut%(R) actsag : ]7!'[ :e€® +2c ]
As in the previous case, there is a unique choicgf@rup to isomorphism:

(1) pue = Ep5\ CO® with C = V(x2z + y?)

1
Aut$, (R) = ef 2PGL3(R)
B ( 1)-curvesiE, g
( 2)-curves:E£;()); EH; EL%; Ei;%; with con guration as in Figure 67.
EM.gM.~(M
1,4 F150 2
This is cas&M .
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Case3L. This case existsonly f = 3., o

We haveE = Eys  EL{ andAutd(R) = llfi 2 PGL3(R) .

x (x%z + x%3 + y5) + y°® is E;s-adapted andAut}(R) acts as
[ 17 : +2c ]
As in the previous case, there is a unique choicgf@rup to isomorphism:

(1) pus = Eys\ CO with C = V(x*z+ x%y° + y®)

1
Aut(R) = 1t 2 PGLs(R)
1)-curves:E,.
EM.ED. M. @) ( 16
( 2)-curvesiEj o Eq1 By By with con guration as in Figure 67.

™.z (M.~
E1a:E15: 2

This is caseL .

Case3R. This case exists only i = 2.
6 1b ¢
We haveE = E;5  E{ andAutd(R) = ete 2 PGL3(R)

x 3(x?z+ y3) + y ®isE,s-adapted anAut%(R) actsag : ]7'[ :€ 1.

SinceAutg’e has two orbits orE \ E 1.5, we have the following two choices f@g.¢ up to
isomorphism:

(1) prs = Epg\ C(ﬁ)nwith C = V(x5z + x3¥)3 + y6)
b
AUt R)= uf 2 PGL3(R)
( 2)-curves:Eg()); Eﬁ Ef% Ef%
E(7)'E(7)"(7)

( 1)-curvesiE,q
with con guration as in Figure 67.

1,4 =15 2
This is caseX .
(2) pue = Ep5\ CO with C = V(x?z + y3)
1b
Aut%,(R) = efe 2 PGL3(R)
- (673) — ( 1)-curves:Eqq
( 2)-curvesiEyg;Ep1;EpEps; with con guration as in Figure 67.
M. (M.~
E1;4’ E1;57 4
This is caseY .
Case3Q. This case exists only ff = 2 - o
1b
We haveE = E;5  E) andAut%(R) = 1#+b 2 PGL3(R) .
' ' 1

x2(x3z + xy® + y9 + y® is E,s-adapted andAut?e(R) acts as
[ : 17 : +(FP+Db ]
SinceAutSe acts transitively ore \ E 1.5, we have the following unique choice fpi.s up
to isomorphism:
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(1) ps = Epg\ C(ﬁ)nwith C = V(x3z+ xyo3 + y%)
AUtS(R)= 17 2 PGLa(R)
( 2)-curves:
EfS ELLEDED ETLE
This is caseW .

( 1)-curvesiE, g
with con guration as in Figure 67.

Summarizing, we obtain

Ly = Xy ;Xom; XoL; Rox ; Koy ; Row O:

4.9. Height 8.
Case2l . This case existsonly jh 6 2; 3. 0
We haveE = Epq E{}andAutd(R)= ‘e, 2PGLy(R) .
! ! €

x 4(x2z+ y3) + y "isE,.g-adapted anunt%(R) actsag : ]7'[ :€* ]
Sincep 6 2, there is a unique point o8 \ E1.¢ whose stabilizer has non-trivial identity
component. This leads to the following unique choicedgf up to isomorphism:

(1) pr7 = Ege\ C with C = V(x?z + y%)
1

Aut$(R) = e, 2PGLs(R)
8).=8).=08).=(8).=(8).=6
( 2)-curves:E£;());EH;EL%;Ei;%;EL‘)l;Ei%;
E®.~(®
1161 Z
( 1)-curveskE,, Figure 68
with con guration as in Figure 68.
This is casdlD.
Case2M . This case existsonly {p = 3.
_ (7 -1
We haveE = E; 5 Ejg andAuty,(R) = eef3 2 PGL3(R)

x 4(x2z+ y3) + y "isE,.g-adapted anunt%(R) actsag : ]7'[ :€* ]
SinceAutg’(3 acts with two orbits ore \ Ej.¢, we have the following two choices fqg.7
up to isomorphism:

(1) pr7 = Ep6) C(7)nwith C = V(xbz + X433 +y7)
1
Aut(R) = 1f 2 PGLa(R)
( 2)-curvesiE (Y ERED)EL;
E®.E®.£0@).-@®

1;,4»=15"~16" Z
This is casdlH .

( 1)-curvesiE,,
with con guration as in Figure 68.
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(2) p1:7 = Ezq\ CO withC = V(x?z + yd)
! 1,6
1
AutQ(R)=  “ef 2 PGLy(R)
6 B ® @ ( 1)-curvesE,,
(' 2)-curvesiEjg Eqp Eqp Eqs; with con guration as in Figure 68.
8). = (8). =(8).(8
EiaiEL3iELe: e
This is casell .

Case2L. This case existsonly f = 3., 0
1
We haveE = Eyq  E{2 andAutd(R) = 11 2 PGLa(R) .

x2(x%z + x%3 + y°) + y7 is E;gadapted andAutl(R) acts as
[ 17" :+ +f 1]

Hence, the stabilizer of every point &\ E, ¢ is trivial, therefore we cannot blow uf
further and still obtain a weak del Pezzo surface with global vector elds.

Case2X . This case exists only ff = 2 ,
We haveE = Eyq E{2 andAut$, (R) =

(0]

1?% 2 PGL4(R) .

x x5z + x3%2 + y&) + y7 is E,g-adapted andAutSe(R) acts as

[ 2170 @ +(b+HBY ]

SinceAut?€j acts transitively o\ E 1.6, there is a unique choice fpi.7 up to isomorphism:

(1) P17 = Egg\ CO with C = V(xz + x3y3 + y°)

AUt (R)= 1% 2 PGLy(R)
0. 2@, c06). . ( I)-curvesE,7
( 2)-curvesiE g B Eri B with con guration as in Figure 68.

8).=(8).=8).-(8)
E1;4’E1;5’E1;6’ 4

This is casdS.

Case2Y. This case existsonly fp= 2.
7 1b c
We haveE = E; 5 E{2 andAutd(R) = ete 2 PGLs(R)

x 4(x2z+y®)+ y "isE, g-adapted anAutS@(R) actsag : ]7![ :e* +b* ]

SinceAut?(3 acts transitively o\ E 1.6, there is a unique choice fpg.7 up to isomorphism:
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(1) pr7 = Eyg\ CO with C = V(x?z + y3)

Aut$((R)

_ 1b ¢ _

= ete 2 PGL3(R) b*=0 ( 1)-curvesE,,

( 2)—curveS:Ef()); Eﬁ?; Ef%; Ef%; with con guration as in Figure 68.

8).=8).=8).-(8)
El;4'E1;51El;6’ z

This is casdT.
Case2W. This case exists only f = 2 0
We haveE = E; E{) andAutQ(R)= 1 " 2PGLg(R) .

x3(x3z + xy® + y» + y7 is E,gadapted and Aut?e(R) acts as
[ : ]7'[ : +c].
In particular, the identity component of the stabilizer of every poinEon E ¢ is trivial,

hence we cannot blow up further and still obtain a weak del Pezzo surface with global vector
elds.

Summarizing, we obtain
Lg = fXRip;Rin; R R1s; R17 0
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CHAPTER I

RDP del Pezzo surfaces with global vector elds in odd
characteristic

Up to minor modi cations, this chapter is taken from the article “RDP del Pezzo
surfaces with global vector elds in odd characteristic”, which is joint work of the author
with G. Martin. Currently, the article is submitted to a peer-reviewed journal and can be
found on the ArXiv (see [MS22]).

1. Motivation and summary

We are working over an algebraically closed ekdof characteristiop 0. Let
X be a del Pezzo surface with at worst rational double points as singularities and let
: ¥ 1 X be its minimal resolution, so that, by de nitio¥ is a weak del Pezzo surface.
Since Ky is ample,Autx is an af ne group scheme of nite type, hence its group of
automorphismgut( X ) = Aut x (k) is in nite if and only if the automorphism scheme
Aut x is positive-dimensional. Moreover, by Blanchard's Lemma [Bril7, Theorem 7.2.1],
and sinceX is the anti-canonical model &, there is a closed immersion of group schemes
tAute ! Autx. We callX equivariantif  is an isomorphism. Summarizing, for
all characteristics, there is the following chain of implications:

(11) jAut(X)j=jAut(®)j=1 =) HO%T,)60 =) HOX;Tx)60

Over the complex numbers, every RDP del Pezzo surfacis equivariant, so in
particular we havad °(X; Tx) = HO(%; T), and by Cartier's theorem (see e.g. [Per76,
Corollaire 4.2.8]) Autg’( is smooth, hence it is positive-dimensional if and only if
HO(X;Tx) 6 0. In other words, in characteristl; all implications in (1.1) are in fact
equivalences.

In the previous Chapter Il, we obtained the classi cation of weak del Pezzo surfaces
with global vector elds over algebraically closed elds of arbitrary characteristic (over the
complex numbers, an independent proof was given by Cheltsov and Prokhorov in [CP21]).
By (1.1), this includes the classication of all RDP del Pezzo surfaces with in nite
automorphism group, but we note thapif= 2; 3, there are RDP del Pezzo surfaces with
nite automorphism group whose minimal resolution has global vector elds, so the rst
implication in (1.1) is not an equivalence preciselp i 2; 3. In other words, we have

(1.2) jAut(X)j = jAut(X®)j= 1 i—“j HO(®;T,)60 =) HOX;Tx)60

and a classi cation o with H°(€; T, ) 6 0 in all characteristics.
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Now, the missing piece is a classication of RDP del Pezzo surfaXesvith
HO(X;Tx) 6 0. What makes this subtle in positive characteristic is the existence of
non-equivariant rational double points. Recall that the dual graph of the exceptional locus of
the minimal resolution of a rational double point is a Dynkin diagram of #%peDn; Eg;

E7; or Eg. In positive characteristic, the Dynkin diagram does not always determine the
formal isomorphism class of the singularity, but for each xed graph there are only
nitely many isomorphism classes;, of RDPs with resolution graph,. These iso-
morphism classes have been classi ed by Lipman [Lip69] and Artin [Art77]. As a rst step
towards the classi cation of RDP del Pezzo surfaces with global vector elds, we extend
Hirokado's [Hir19] results on the liftability of vector elds to group scheme actions on RDP
del Pezzo surfaces as follows:

THEOREML1.1 (= Theorem 6.1)LetX be an RDP del Pezzo surface and letX® | X
be its minimal resolution. Assume that one of the following conditions holds:

(1) p622;3;5; 79,
(2) p=7 andX does not contain an RDP of type;.
(3) p=5 andX does not contain an RDP of typeg, or Eg.
(4) p=3 andX does not contain an RDP of type; As; Ag; ES; EL EQ; EQ or EZ.
(5) p = 2 andX does not contain an RDP of tyge;; As; As;A7; DL ES;ES ES;
EZE3ES;EL EZorES, wheren 8.
Then,Autx = Aut , and thus, in particularH%(®; T) = HO(X;Tx). Therefore,

HO(X;Tx) 6 0 if and only ifX is the anti-canonical model of one of the surfaces in the
classi cation Tables 1, 2, 3, 4, 5 and 6 of Chapter II.

Thus, in order to classify RDP del Pezzo surfakewith global vector elds, we may
restrict our attention to RDP del Pezzo surfaces containing a con guratioh RDPs
excluded in Theorem 6.1. In Theorem 7.1, we give a criterionoto be the blow-up
of an RDP del Pezzo surface of higher degree with the same con guratiotn the
language of the Minimal Model Program, this means that we give a suf cient criterion for
the existence of K  -negative extremal ray o which lies in the orthogonal complement
of the exceptional locus over. Using Blanchard's Lemma, this allows us to set up an
inductive argument for the classi cation of non-equivariant RDP del Pezzo surfaedth
RDP con guration . This strategy will be carried out in Sections 8.1, 8.2, and 8.3, for
characteristip =7, p =5, andp = 3, respectively. The following theorem is obtained by
combining Theorem 8.3, Theorem 8.6, and Theorem 8.8.

THEOREM1.2. LetX be an RDP del Pezzo surface and letX¥ ! X be its minimal
resolution. Assume th&t°(X; Tx ) 6 0. Then, the following hold:

(1) If p=7 and X contains an RDP of typAg, thenX is one of the? surfaces in
Table 1.

(2) Ifp=5 andX contains an RDP of typa, or Eg, thenX is one of the® surfaces
in Table 2.

(3) If p=3 andX contains an RDP of typa,; As; Ag; EQ; ES ES; EQ or E3, then
X is a member of one of tHs6 families of surfaces in Tables 3, 4, 5, and 6.
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For each of these surfaces, we hati€(X;Tx) > h0(>@;T>¢) and in particular
Autx 6 Aut . MoreoverAut$ is as described in the respective table.

REMARK 1.3. The reason why we do not treat the gase?2 is due to the sheer amount
of RDP del Pezzo surfaces with global vector elds in characteristladeed, by Theorem
6.1, itis unclear whethekut . = Aut x as soon aX has a single node and in fact, even for
the quadratic conex3 xi1x2 =0g P2 in characteristi@ it is not true that every vector

eld lifts to its minimal resolution; consider for exampie@,. However, in principle, our
approach would also work f = 2.

Comparing Tables 1, 2, 3, 4, 5, and 6 with the classi cation in Chapter I, we see
that in characteristicp = 3;5 and 7, there exists an RDP del Pezzo surfatewith
HO(X;Tx) 6 0 whose minimal resolution admits no non-trivial global vector elds. In
other words, we have the following picture, where the implications from right to left hold
onlyin the indicated characteristics:

(1.3)
jAut(X)j = jAut(®)j = 1 iﬁ; HO(%;T,) 60 ﬁ—sss HO(X;Tx) 60:

d || singularities equation of Aut$
2 As w2=x3y+y3z+ 2% | 7:[x @ %y: 2z:w]
1] Ag+ Ar | y?= x3+ts3 + t5s 7:[s : Atix:y]

Table 1. Non-equivariant RDP del Pezzo surfaces with global vector elds
in characteristi@
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RDPs equation(s) of Aut?
At 0w
2 _
XoX2 X3 = 0 0 h s; Autgi with 1
e Xix - 0 10 0 0 0 0
073 72174 01 22 23 " 24
A4 X2X4  X1X3 =0 5 00 1 2 0 "2
X1X2 + X5+ XoXs = 0 co o 1.0
2 _ 00 "2 2
X3+ X3Xg+ X1xs = 0 00 0 0 0 1
h 5;Aut%i with
0o e 1
103 2 4
A XoX1 XzXxg = 0 01 0 0 2
4
XoX4 + X1X2+ X5 = 0 5:Bo "2 1 20 "3
0 o 1 2
o0 0 o0 1
As X3X1 + X3X2 + X3X3 + X3X0 =0 5:[Xo: X1: *2: 3x3]
0 50 G, with
l n n2 2"3
2 2 01 2 "2
As+ Aq XoX1X3 + XoX5 + X{X2 = 0 5 -
0 0 1 "
0 0 O 1
Gm :[Xo: X1: %X2: 3x3]
As+ Aq w? = x4+ xy?z+ yz3 si[x:y : Sz:w]
As+ A w? = xy3 + yz3 + x222 s:[ 2y 3z:w]
As+ A+ Ay y? = x3+ s8tx + s°t? si[s:t 3 2y
2A4 y? = x3+ t*x + sbt 50 s5:[s +"t:t:x:y]
EQ y? = x3+ sbt 50Gm:[s+"t: St:ix:y]

Table 2. Non-equivariant RDP del Pezzo surfaces with global vector elds
in characteristi®
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|d| RDPs equation(s) of \ Aut%

XoX5 X3Xg4 =0 . 0 \nsi
XoXe  Xixs -0 0 h 3,Aut>e| with 1
_ 1 0 0 0O 0 0O
XoXe  X2X3 =0 w9 O 0 00 0
X3Xe  X1Xs =0 " 0 1 0 000
Az X4Xe  X2X5 =0 . n2 " 0 1 00O
XiXe*+ X3+ Xaxa = 0 B o2 9 v 0 100
XX+ XaXa+ Xg = 0 O 0 0 0 010
Xg + X3X5 + X4Xs5 = 0 0 n2 n2 [LT] 0 l
6 X1X2 + XgX3+ XgX4 = O
2 —
Xg Xixs =0 _ 0: .
XoXs Xixa = O 0 h 3,Aut>e| with 1
X _ 1 "0 O0O0O0O
0X3 X2Xg4 = 0
_ 0 1 0O 0 0OOO
XoXa  XoXs = 0 00 1 0000
Az + Ag XoXs XZ)Z(G =0 'BO O O 1000
X3 xg = 0 B0 o0 "0100
X3X5 X4 = O n n2 0 0 O l O
X3Xe XaXs = O 00 0 0O0O0T1
XaXe Xg = 0
. 0 . .
XoX2  X1Xs =0 0 1h"3"2Ut>e'";"”th" 1
XoX2 X3Xz =0 01 r2 = 0 0
A, XoX3+ X5+ X1X4 = O Boo 1 0 0 O
KoXs+ Xixa+ Xj = O B S
5 X3X5+ X1X2+ XoX4 = 0 0 0 0 0 1
. O . .
X§ Xixa = 0 ohl3’AHUt><6' V‘(’)'tho !
XoX2 XiXz = 0 01 0 000
Az + Ay XoX3 XoXg4 = O Bo o 1 000
X0k X2Xs = O BV .00
XsXs Xj = 0 00 0001
XoX1+ XoXga+ X3Xg = O . . . . .2
Ao XoXa + X1X4+ XoXs = O 3 [Xo X1 X2 X3! X4]
1 0 O 0 O
XoX XX =0 L -0
Ay + Aq 071 7273 ~ 3: "0 1 0 O
X1X2 + XoXga+ X3Xa4 = O " 0 0 1 0
4 n2 0 n 0 1
Gm [ 2Xo:X1: X 2: X 3:X4]
100 0 "
2 xos = 0 0100 0
Ao +2A; o 7374~ 3:B0 010 O
XoX3 X1X2 = 0 00 1 "2
0 000 1
G2 :[Xo: 1X1: 2X2: 1 2X3:( 1 2) X4

Table 3. Non-equivariant RDP del Pezzo surfaces of degree adleast global
vector elds in characteristi®
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0
Aut

RDPs equation(s) of
A, X3X1 + XoX7 + X3X3 + X2x3 =0 3:[Xo:X1: X 2: X 3]
Ay +2A1 | x3x1+ X3X2 + XoX3 + X1X2X3 =0 3:[Xo: X1: X2: °X3]
h 3; 3;Gmi with
oA, X3+ X1X2X3 + XoX2 + ax3xy =0 3:[Xo+ "X2:X1:X2:a"%p "X1 a'?Xa+ X3]
with a® 6 1 3:[Xo+ "X3:X1:a@%p "X1+ X» a"?Xsz:Xs]
Gm :[Xo:X1: X2: x3]
h 3; 3;Gmi with
2R, + Aq X3+ X1XoX3 + x3x1 =0 3o+ ™X21X1 X210 "Xt X3
3:[Xo+ "X3:X1:a@%o+ X2 "?X3:X3]
Gm :[Xo:X1: X2: x3]
320G 2 with
3A, xg + X1XpX3=0 g C[Xo+ "iXp+ "aXo + "3X3 X1 X2 X3]
G2 [xo: 1X1: 2¢%2:( 1 2) xa]
h 3;Gz0 3i with
As X3+ Xoxax3 + X2+ x3 =0 310+ X1 "Xsix1H XgIXp Xy
Ga:[Xo:"Xo+ X1:X2: "Xo+ "X1+ X3]
3:[Xo: X1: X2: °X3]
h 3;G5 0G i with
As+ Aq X3+ XoXaX3+ X2x2 =0 3o+ X1 "XgiXi X iXa ixg]
Ga:[Xo:"™Xo+ X1:X2: "X+ "X1+ X3]
Gm :[Xo: X1: X2: 2X3]
hG; G2 0 G i with
Ga:[Xo+ "X2:X1:X2: "3Xo+ X3]
Ga:[Xo: X1+ "X2:X2:"3X1  "2Xo+ X3]
EQ X3+ x2x, + x3x3 =0 Gm:[Xo: X1:X2: X2: *X3]
andG non-commutativeglGj = 27, acting as
[Xo+ "1X1+ "2X3 i X1+ "$x3: "$x1+ X2+ "§x3:X3]
where" = "3=0
h 3; G2i with
Ed X3+ X3+ XoX1X2 + X5x3 =0 3:[x 01 aix2ixg]
Ga:[Xo "X2:X1:X2:"X1+ "3Xo+ X3
Ga:[Xo:X1 "X2:X2:"Xo+ "3X2+ X3

Table 4. Non-equivariant RDP del Pezzo surfaces of degmeith global vector

elds in characteristi3
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RDPs equation(s) of Aut¥
Az +3A; w2 = z(xy(x + y) + 2% sixiyrz o wl
2 = 44 4342 34 2,2
Aot As W_X+vjit);:22;1)(y+yz silxty: lziw]
A+ Az+ A w2 = x%yz + xy® + y2z2 3y lziw]
A2+ Ag w2 = (xz + y?)2 + y3z 3ix+"y "Zziy+"z:iz:w]
oA, w2 = x*+ xy® + xz3 + ax?yz + by?z? sy 2w
with (8 a2t?)2 6 a3 b6 0
2A W2=(xz+-y2)2+x3z+a624 3i[X+"y "Zziy+"z:iz:w]
with a 6 0
2A, + Ay WE= @xcyz e Xy Xzt yizt 3ilxiy o lzow]
witha60;1
3A, w2 = y*+ x2y2 + xz3 20 3i[x:iy:"ix+ "yt zoow]
Ac w2 = x*+ xy® + xz3 + ax?yz + by?z? iy 2w
with (8 a2t?)? = a3 b6 0
As w2:x4+§x2yz+xy3+xz3 3y o lziw]
with a 6 0
As w2 = (xz+y?)?+ x3%z 3ix+"y "2ziy+'"z:z:w]
As w? = z(z(xz + y?) + x3) 3ix+y "2ziy+'"z:iz:w]
As+ Ag w2 = x2yz + xy3 + xz3 3ixiy o 1zaiw]
As+ Ag w2 = x2yz + xy3 + xz3+ y?z2 3ilxiy o lzow]
As+ A w? = x%y? + xz3 20Gm [x: Sy:"ix+"y+ 2z: 3w]
hG; Gni with
Gm :[x: 3y: “%z: Sw]
EQ w? = y* + xz3 andG non-commutativejGj = 27, acting as
Xy "$x:itox+Miy+ z:iw]
where"d = "3=0
E} w2 = (y3+ Z2%)x + y?z? 3ix:iy o 1z:iw]
h 3;G;0G i with
E? w? = x3y + xz3 iy izaty vl
Ga:[x:y+"x:z "x:w]
Gm :[x: 8y: 2z: 3w]
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RDPs equation(s) of Aut$
y2 = x3+ stx? + a3sb + 33
Ao+ Dy _ 3:[s: lt:ix:y]
witha 6 0
A2+ D4 y? = x3+ $%t%x + t° 3:[s: tix:y]
y? = x3+ stx? + ads® + ps8t3 + t6 L
2A2 . 3:[s: t:x:y]
witha6 0?6 a
2 34 <22 3.6 4 16
= x3+ $t?x + a3sb + t
2A; Y , 3:[s: lt:ix:y]
witha 60
y? = x3+ $2x? + st3x + a3s%t3 + bt §
3A, _ 30 3:[s:"s+ t :x:Vy]
witha 62 D;(b 1)°g;b60
y2 = X3+ $2x2 + aBs%3 + (6
3A2 _ 30 3:[s:"s+ t :x:y]
witha 6 0
y2 = x3+ §2x? + stdx + a3s3t3 .
3Ar+ Aq _ 30 3:[s:"s+ t :x:y]
with a 62 D; 1g
4A; y? = x3+ sh? + s2tt 30 3:[s it ix+"S2+ "pst+ "st?y]
y? = x3+ stx? + bPsb + P33 + t° L
As , 3:[s: ttix:y]
withb6 0
y? = x3+ $2x? + st®x + bt .,
As+ Az _ 30 3:[s:"s+ t :x:y]
withb6 0;1
As+ Az y? = x3+ s2x? + t° 30 3:[s:"s+ t :1x:Y]
As+ A+ Aq y2 = x3+ §2x? + st3x 30 3:[s:"s+ t :x:y]
0 y2 = x3+ st3x + as’t3 + t6 .
EQ _ 30 3:[s:"s+ t 1x:y]
witha 6 0
EQ y2= x3+ ghx + t6 3:fs:t 1x:y]
EQ+ Az y? = x3+ st3x + 33 30 g9:[%s:"s+ t x+(1 3s?:y]
hG; Gn,i with
Gm:[s: ?t:x:y]
EQ+ A y? = x3+ s%t? andG non-commutativejGj = 81, acting as
Gm:[s:t "3s:x+ "1+ "pst+ "3t2:y]
Wlth ||§ - ng: ||g =0
Ed+ Az y? = x3+ s2x? + s83 30 3:[s:"s+ t :x:Y]
E? y2 = x3+ st3x + t° 30 g:i[s:"s+ t :x:y]
E9+ A, y? = x3 + st3x 30Gm [ 3s:"s+t :x:y]
Asg y2 = x3+ 22 + st3x + 6 00 3ifs:"s+ t x+"3s2:y]
h 2,Ga 0 G mi with
Ga:[s:t a’s:x+ as?:
Ej y2 = x3+ st a:l ; Yl
Gm:[s: t:x:y]
Zi[s:tix+ "ist+ "at?1y]
Eg y? = x3+ s*x + 83 Ga:[s:t (a%+ a)s:x+ as?:y]
3i[s:t ix:y]

Table 6. Non-equivariant RDP del Pezzo surfaces of defseith global vector

elds in characteristi3
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2. An application: Regular inseparable twists of RDP del Pezzo surfaces

A twisted formof a k-schemeX over a eld extensiorL Kk is a schemé/’ overL
such thaty, = X, whereL is an algebraic closure a&f. If X is a proper scheme over
k, then smoothness dfut x is intimately related with properties of twisted formsXf as
the following proposition shows. Even though this proposition should be well-known, we
include the proof for the convenience of the reader.

ProOPOSITION2.1. Letk L be a eld extension. LeX be a proper scheme ovér
and letY be a twisted form oK overL. Assume thafut x is smooth. Then, the following
hold:

(1) IfL is separably closed, theri = X .
(2) If P is a property of schemes that is stable under eld extensions and local in the
étale topology, then, K satis esP, alsoY satis esP.

PROOF Let us rst prove Claim (1). As explained for example in [Mil16, p.134], an
isomorphism @Y, = X, givesrise to &ech cocycle on the fppf site SpeclL, hence to
an element ier})pf (SpecL; Autx, ). By [Mil16, Chapter Ill: Theorem 4.3.(b), Corollary
4.7, Remark 4.8], the smoothnessfaft x implies that

Hi o (SpecL; Autx, ) = Hg (SpecL; Autx, )

and sincd. is separably closed, the latter is trivial. HengeandX | are already isomorphic
overL.

For Claim (2), letL®®P be the separable closure lofin L. By (1), we haveX  sep =
Y_seo . SinceX is proper, this isomorphism is de ned over a nite subextendion L°
LSeP, so thatX o = Y, o. The morphisnSpecL®! SpeclL is nite and étale. Hence,
by our assumptions oR, if X satis esP, thenX o satis esP, and thus als¢ satis es
P.

Choosing forP the property that the singular locus is non-empty and specializing to the
case wher& is an RDP del Pezzo surface, we obtain the following:

COROLLARY 2.2. Let X be an RDP del Pezzo surface okerLetk L be a eld
extension and leY be a twisted form oKX overL. If X has at least one singular point and
Y is regular, thenAut x is non-smooth.

At a rst glance, these twists seem rather hard to get a grip on geometrically, but it
turns out that they can be written down explicitly if one has explicit description$ of
andAuty . For example, consider, PGLnp+1 x embedded diagonally with weights

(0;az;:::;an 1;1), that is, given on the level of scheme valued points as
7H (Ip 3y # 1) Alternatively, the p-action is given by th@-closed derivation
D = i”:1 axi@, with a, = 1. We can write , as the kernel of the surjective
homomorphism
f: Gn, I G,
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By [Mil16, Proposition 4.5] and Hilber®Q, for every eld extensiork L, this yields a
short exact sequence of abelian groups

f (L)

0! GR(L) 7 GR(L) 1" Hy(SpecL; p)! O

Here, forg 2 Gp,(L), the elemend(g) is de ned by choosingy 2 Gy, (L) such that

f (L)(g) = g, and settingl(g) to be the image of the cocycfg 1) (1 g)2 (L .
L). If X P} is a subvariety stabilized by, — which, on the level of derivations, means
thatD(Ix) Ix, wherelx is the ideal ofX —theng (X ) Pl is de ned overL
and the cocycle one associates to this twisted form is in the same cldég)asn other
words, we can realize every twist ®f corresponding to an element Ielff})pf (SpecL; p)

by choosingg 2 GR, (L) such thaf (L)(g) is de ned overL and translatingX alongg *.

EXAMPLE 2.3. Consider the quartic cun@ = fx3y + y3z+ z3%x = 0g P2 in
characteristiZ. It is stable under thez-action with weightq0; 3;1). LetL = k(t) and
considerg = (1;t>7;t¥") 2 G2 (L) PGL3(L). Then,

g '(Q) = ft¥x%y + t'%y%z+ t572% = 0g = fx%y + ty’z+ 2% = 0g;

Spreading out oveAl f Og = Speck]t;t 1], we obtain a bered surface overAl f Og

which is easily checked to be smooth using the Jacobian criterion. Its generic ber is a
twisted form ofQ overk(t) and this twisted form is regular, because it is the generic ber
of a at morphism between smoottischemes. Taking the double coveaf f 0g) P?
branched ove®, we obtain a smooth bered threefoldoverA® f 0gwhose generic ber

is the regular del Pezzo surfateof degree? given by the equation

fw? = x3y + ty3z+ z%g  Pyy(1;1,1;2):

As before,Y is regular, being the generic ber of a at morphism of smodtschemes.
Observe, however, thaf is not smooth, becausém = X, whereX is the del Pezzo
surface of degre2 with a singularity of typeAg given in our Table 1.

REMARK 2.4. Example 2.3 shows that the boymd 7 given in [BT20, Proposition
5.2] for the characteristics in which non-smooth regular RDP del Pezzo surfaces can exist
is sharp. Using the approach explained in the beginning of Example 2.3, it is not hard to
construct similar examples § = 2;3;5, but since this is not the topic of this chapter,
we leave these constructions to the interested reader. Finally, we note that it is no mere
coincidence that the Klein quartic in characteristiappears in this context and refer the
reader to [S104] for a closer study of this curve and its regular twists.

3. Preliminaries on (RDP) del Pezzo surfaces

In this section, we recall the de nition of RDP del Pezzo surfaces and weak del Pezzo
surfaces, which occur as minimal resolutions of RDP del Pezzo surfaces, as well as their
basic properties.
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DEFINITION 3.1. LetX andX be projective surfaces.

X is adel Pezzo surfacéit is smooth and Ky is ample.
X is aweak del Pezzo surfadfdt is smooth and K « 1S big and nef.
X is anRDP del Pezzo surfadgall its singularities are rational double points and
Kx is ample.
In all the above cases, the numizlrg(X) = K2 (resp. deg(¥) = K;) is called the
degree ofX (resp.X).

Recall (e.g. from [Dol12, Theorem 8.1.15, Corollary 8.1.24]) that deg(X) =
deg(€) 9and that every weak del Pezzo surface of dedraed different fromP® P!
and the second Hirzebruch surfdeecan be realized as a blow-up®f in 9  d (possibly
in nitely near) points in almost general position.

As mentioned in the beginning of this section, weak del Pezzo surfaces arise as the
minimal resolutions of RDP del Pezzo surfaces and, conversely, every RDP del Pezzo
surfaceX is the anti-canonical model of a weak del Pezzo suriceThe linear systems
] nKj are well studied (see e.g. [BT20, Proposition 2.14, Theorem 2.15] for proofs in
positive characteristic). We denote the morphism induced by a linear sySteby ' p;
and recall that a curve singularity is callsinpleif its completion is isomorphic to one of
the normal forms given in [GK90, Section 1]. The following description of the geometric
picture is well-known [Dol12, Theorem 8.3.2].

THEOREM3.2. Let ¥ be a weak del Pezzo surface of degiee

(1) Ifd 3, then' K el factors ask! X | b Pd: where' i Kyjlisaclosed

immersion that realizeX as a surface of degreg
(2) Ifd=2,then' | i ;factorsas®l X! ' )

of degree.

Ifp62,then’ ; g, ;isbranched overaquartic cun@ with simple singularities.

(3) Ifd=1,thenthe ; »;factorsask! X ! P(1;1;2) P2 where
P(1;1; 2) is the quadratic cone and; o, jis nite atof degree2.
Ifp& 2, then’ ; », jisbranched over a sextic cur&with simple singularities.

P?; where' | , is nite at

j 2Ky ]

Next, we recall the notion of markingof a weak del Pezzo surfad 62 Pl pL F>g
(see [Dol12, De nition 8.1.21]) and explain how to describe the negative curve® an
terms of such a marking.

A markingof X is an isomorphism : 119 41 Pic()®), wherel® 9 is the

lattice of rank 10  d with quadratic form given by the diagonal matrix

(1; 1;:::; 1)withrespecttoabasey;:::;e9 g.

Arealization : X ! P2 of ¥ as an iterated blow-up ¢ induces a marking
with (eg) = Opz2(1) and (&) is the class of the preimage ¥ of thei-th

point blown up by . A marking that arises in this way is callggometric

If is a geometric marking of, then 1(K>e) =( 31:::;10)=Kkg g.

The latticeEg 4 is de ned astkg 4i? 119 9,
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— Ford=1;2; 3, the lattice€g 4 are precisely the three exceptional irreducible
root lattices.

— Ford =4;5; 6, there are identi cationg&s = Ds, E4 = A4, Ez= Ay A,

— Ford = 7;8; the latticesEg 4 are no root lattices. Every maximal root
lattice contained irE, is isomorphic toA;, andE; does not contain any
( 2)-vectors.

REMARK 3.3. In particular, the number ¢f 2)-curves in the minimal resolution of an
RDP del Pezzo surface of degrtés bounded above by  d.

Following [Dol12, Section 8.2], we let
Excg g = fv2 1 9jv2= 1;vikg 4= 1g 9 d

be the subset afxceptional vectord_etR be a set of linearly independent 2)-vectors in
Eg 4, and de ne the cone

Cr=fv21¥® 9 Rjviw Oforallw2Rg:

For a sublattice of Eg ¢, we denote the Weyl group of by W () . Thatis,W() isthe
subgroup of the orthogonal gro@(1 %° 9) generated by re ections alor{g 2)-vectors in

. With this notationW () preserve€xcyg 4 and, for = hRi, Cr is a fundamental
domain for the action oV () onl%® ¢ R,

LEMMA 3.4. With the above notation, we have the following description of certain sets
of ( 1)-curves onk:

(1) IfR isthe pre-image of the setafl (  2)-curves o€ under a geometric marking
, then induces a bijection

f( 1)-curvesonkg ! Cr \ Excg ¢ = Excg ¢=W() :
(2) IfRY R with %:= hRY, then induces a bijection
f( 1)-curves on€ disjoint from (RY9g ! Cr\ Excg ¢\ ( 97 = Cg\ Excgv(do):
(3) If, moreover, Yis a sum of connected components pthen induces a bijection
f( 1)-curves on® disjoint from (R%g ! (Exc\év(d O)):W() :

ProoOF For(1) and(2), see [Dol12, Lemma 8.2.22 and Proposition 8.2.34]. To prove
(3), we note that we have an orthogonal decompositen ©  %where = hRi and

0= hR n RY. Therefore, th&V () -action preserveBxcg 4\ ( 9?7 = Exc\év(d Y and,
by (1), we can write

Cr\ Exco a\ ( 97 =(Cr\ Exco g)"( 7= (Excl'{,?)=w() :
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4. Group scheme actions on anti-canonical models

The purpose of this section is to recall some basic facts about group scheme actions on
(blow-ups of) normal projective surfaces and to describe the automorphism scheme of an
RDP del Pezzo surface in terms of the anti-(bi-)canonical morphisms recalled in Theorem
3.2.

Quite generally, the key tool to control the behavior of group scheme actions under
birational morphisms is Blanchard's Lemma [Bri17, Theorem 7.2.1]. Note that Blanchard's
Lemma was already used as the crucial ingredient in Chapter Il (see Lemma 2.10), but for
the reader's convenience we will recall it here and give a generalization of Lemma 2.11
of Chapter Il to the setting of normal surfaces with at worst rational double points in the
following Proposition 4.2.

THEOREM 4.1. (Blanchard's Lemmaletf : Y ! X be a morphism of proper
schemes witf Oy = Ox. Then,f induces a homomorphism of group schemes
f :Autd ! Autd.Iff is birational, thenf is a closed immersion.

Given an action of a group scher@eon a schem& and a closed subscherde X,
we letStabg(Z)  Autx be thestabilizer subgroup schenwf Z (recall De nition 3.5
in Chapter Il). The following proposition describes the image %ff Cis a blow-up of a
closed point on a normal surface with at worst rational double points.

PrRoPOSITION4.2. Let X be a normal surface with at worst rational double points
and let °: X%1! X be the blow-up oX in a closed pointP. Then, °(Aut%o) =
(Stabaut , (P))°.

PROOF By [Mar22, Proposition 2.7], it suf ces to nd an in nitesimal rigid subscheme
E X %whose schematic image B. Thus, letE be the exceptional divisor of®, with
scheme structure given by the inverse image ideal shef éf particular,E is a Cartier
divisor onX °

If P is smooth, therk is a( 1)-curve, hencee is in nitesimally rigid. If P is not
smooth, therP is a rational double point. In particular,ofactors the minimal resolution

R Xand !y =!. SinceX %has at worst rational double points as well and

¥ 1 XOis its minimal resolution, we obtain® ! x = ! o using the projection formula.
Now, ! x is trivial in a neighborhood o, so! x o is trivial in a neighborhood oE . Thus,
the normal shedfl ._x o of E in X %coincides with! g by adjunction.

On the other hand, the rational double pdh2 X has multiplicity2 and embedding
dimension3, henceE is isomorphic to a (possibly non-reduced) conidPh As such, it
satises! ¢ = Op2( 1)je. Hence,

h°(E; Ng=x o) = h%(E; Opz( 1)jg) =0;

S0, by [Ser06, Proposition 3.2.1.(iif; is in nitesimally rigid. This nishes the proof.

If X is an RDP del Pezzo surface, then we have the following descriptidmtof in
terms of the anti-canonical morphisms n , j of X..
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PROPOSITION4.3. LetX be an RDP del Pezzo surface of degtedhen,’ j .« is
Aut x -equivariant for alln 0 and the following hold.
(1) Ifd 3,thenAutyx = Stab PGL 441 (X).
(2) Ifd=2 andp 6 2, then there is an exact sequence of group schemes

11 Z=2Z! Autx ! Stabpe ,(Q)! 1

whereQ is the branch quartic of the anti-canonical morphi3m! P2,
(3) Ifd=1 andp 6 2, then there is an exact sequence of group schemes

11 Z=2Z! Autx ! Stabauy,,,(S)! L

whereS is the branch sextic of the anti-bi-canonical morphixXm P(1; 1; 2)
P3,

PrROOF By [Bril8, Remark 2.15.(iv)], the line bundlesx( " admit natural
Aut x -linearizations for alln 0 and hence the natural action Afitx on the space of
global sections ofx( " induces a homomorphisfy, : Autx ! PGLy+1, WwhereN =
dim(HO(X;! x( ™)) 1, making the rational mapj nk,j: X 99KPN Aut  -equivariant.

If d 3, then the anti-canonical map is an embedding by Theorem 3.2, ignsa
monomorphism. By [Mar22, Lemma 2.5}, factors througtStabpg, ,,, (X ). Conversely,
restricting theG-action onPY to X yields a left-inversey; : StabpgL,, (X) ! Autx
to f1. SinceX is not contained in a proper linear subspac®bfnd the xed locus of a
subgroup scheme &fGL 4+ is a linear subspacg; has to be a monomorphism. Herfge
is an isomorphism.

If d =2 andp 6 2, then the anti-canonical map is a nite at cover Bf branched
over a quartic curve P? by Theorem 3.2. LeK be the kernel of ;. Restricting
the action ofK on X to the generic point oK yields ak(P?)-linear action ofK k(P2) ON
the degree eld extensionk(X) of k(P?). Sincep 6 2, the eld extensionk(P?)

k(X) is Galois, which showX = Z=2Z. SinceK is normal inAuty, the action of
Autx on X preserves the xed locuX ¥, hence, by [Mar22, Lemma 2.5], the induced
action ofAutx onP? preserves the scheme-theoretic imagi 6f under i Kyj» Whichis
nothing butQ. Hencef ; factors througlfstabpg| ,(Q). In order to show faithful atness of
f0:Autx ! Stabpg,(Q), we writeX asfw? = Q(x;y;z)g P(1;1;1;2). For every
k-algebraR and every automorphism of P4 preservingQr = fQ(x;y;z) =0g P2,
that is, mappindg(x;y;z) B) Q (x;y;z) forsome 2 R , we can pass to the faithfully
at riBg extensionR%:= R[ ] of R and lift to an automorphism oX ro by mappingw

to  w. Hencef {is faithfully atand thus the sequence in (2) is exact.

If d =1 andp 6 2, we can apply essentially the same argument as in the previous
paragraph to the anti-bi-canonical morphism ¢ j @ X ! P3: Indeed, the argument
for K = Z=27 is exactly the same as in the previous paragraph. To prove faithful atness
of f9: Autyx ! Stabay pui12 (S), we can writeX as a hypersurface iR(1; 1; 2; 3) by
identifying the quadratic cone witR(1; 1; 2) and then argue as above.
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5. On equivariant resolutions

It is an immediate consequence of the uniqueness of the minimal resoftioha
projective surfaceX that the action of the automorphisgnoup Aut x (k) on X lifts to X.
Over the complex numbers, this implies that the action of the automorgusemeiut x
lifts to . In general, this is no longer true in positive characteristic. In this section, we will
study this phenomenon.

DEFINITION 5.1. Let : X ! X be a proper birational morphism of schemes.
Assume thaX is integral and normal.
(1) The morphism is calledTx -equivariantif the natural map T, ! Tx isan
isomorphism.
(2) Assume additionally thax is proper (in particular, this implies O, = Ox).
Then, is calledAut § -equivariantif the closed immersion : Aut | Auty
induced by Blanchard's Lemma is an isomorphism.

REMARK 5.2. Note thafTyk -equivariance is local oX and impliesH 0()@;T>@) =
HO(X;Tx). If s Tx-equivariant, then : Autl | Auty is an isomorphism on
tangent spaces.

The study of theTx -equivariance of the minimal resolution of a rational double point
has been initiated by Wahl [Wah75] and extended to all positive characteristics by Hirokado
[Hirl9]. There, Tx -equivariance is simply called “equivariance”. For the convenience
of the reader, we will recall the classi cation of RDPs whose minimal resolution is not
Tx -equivariant (see [Hirl9, Theorem 1.1]).

PROPOSITIONS.3. Let : X ! X be the minimal resolution of a rational double
point(X;x). Then, isnotTx equivariant if and only i{ X; x ) is of type
(1) Apwithpj (n+1),
(2) EQifp=5,
(3) EQ;ELESESERifp=3,0r
(4) DL;ESESELEZ ESEQES ESESifp=2.
In the next sections, we would like to apply the notionsAmftQ( -equivariance and
Tx -equivariance to RDP del Pezzo surfaces and their partial resolutions.

DEFINITION 5.4. LetX be a proper surface. Aartial resolutionof X is a proper
birational morphism ©: X °1 X such that the minimal resolution ¥f factors through °.

We thank the referee for suggesting a simpli ed proof of the following result.

PROPOSITIONS.5. LetX be a normal proper surface and lef: X °! X be a partial
resolution ofX . Assume that there exists an open subset X suchthat © 1(U)! Uis
an isomorphism and all singularities M nU admit aTy -equivariant minimal resolution.
Then, Yis Tx -equivariant.

PROOF. Let : X ! X be the minimal resolution ak. By de nition of a partial
resolution, factors through ® We get an induced sequence

Te! OTxol Tx:
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By assumption, is an isomorphism ol and is an isomorphism in a neighborhood of
every pointinX nU. Hence, is surjective and generically an isomorphism. Sin€& o is
torsion-free, this implies thatis an isomorphism, hencéis equivariant, as claimed.

In some situationsAut % -equivariance can be deduced immediately from the simpler
notion of Tx -equivariance, which is the content of the following proposition.

PROPOSITIONS.6. Let : X ! X be a birational morphism of propée-schemes. If
Aut?e is smooth and is Tx -equivariant, then is Aut% -equivariant.

PrROOE If s Tx -equivariant, then
dimAuty, dimAuty  dimg HO(X; Tx) = dim  HO(O®; T )

and sinceAut?(3 is smooth, all inequalities above are in fact equalities. TIAlﬂ,g)( is
smooth and of the same dimensiorwaﬂ?e. Hence, we must ha\l@utg’e = Aut &, that is,
is Aut % -equivariant.

REMARK 5.7. In particular, if, in the situation of Proposition 5.5, we assume in addition
thatAut % o is smooth, then %is Aut% -equivariant.

To the best of our knowledge, the question whether partial resolutions of a proper
normal surface with rational double points aﬁet%-equivariant has not been studied.
In the following, we proveAut % -equivariance fo,-singularities withn < p 1 and
bound the failure oAth -equivariance foA, ;-singularities. While this does not cover
all rational double points and not even Al},-singularities, it will come in handy for the
calculation of the automorphism schemes of non-equivariant RDP del Pezzo surfaces in
Section 8.

PROPOSITIONS.8. LetX be a proper surface. Let?: X °! X be a partial resolution
of X and assume that the only singularities over whi&is not an isomorphism aré., -
singularities withn  p 1. Then,

length Aut$ =Aut%o, p™;
wherem is the number oA, 1-singularities onX over which °is not an isomorphism. In
particular, if m = 0, then "is Aut x -equivariant.

PROOF. It suf ces to prove the statement if® : X0 1 X is not an isomorphism
only over a single singularity? of type A,. By Proposition 4.2, it suf ces to show that
G =Aut$ xes Pifn<p 1and that the stabilizer & has indexl or p in G if
n = p 1 To see this, we equip the singular locXigi,g of X with a scheme structure
using Fitting ideals (see [Stal8a, Tag 07Z6]) and we léte the irreducible component of
Xsing containingP . Since the scheme structure ¥Ring is canonical ands is connected,
G preserve¥ (see [Stal8a, Tag 07ZA]), so we get a homomorpHisnG ! Auty. To
prove the proposition, it suf ces to show that the stabilizePoin Auty has indexi or p,
with the latter only occurringfon = p 1.
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Since amA,-singularity is given in a formal neighborhood by the equatibft + xy,
Y is isomorphic to

Y, = Spec k[z]=(z"*) if n<p 1
Yy 1:=Spec(k[z][=(zP)) if n=p L

Now, we calculatédut y, by computing itsR-valued points for an arbitrary locktalgebra
R. An element ofAuty, (R) is anR-linear automorphism of R][ =_(zi+1), hence it is
determined by where it sendsLetag;:::;a 2 R such that (z) = J!:O q Z. Letmbe
the maximal ideal oR, so that(m; z) is the maximal ideal oR[z]=(z'*1). Since' is an
automorphism, it mapém; z) to itself, henceag 2 m. If a; 2 m, then the coef cient ofz
in every' () is in m, soz would not lie in the image of , which is absurd. Hencey 2
Rnm= R . Next, we know that (z'*1) = 0. Since the degre@term of' (z'*!) isaj™?,
we haveay” = 0. The degreg term of' (z'*!) is of the form '} ayt la +a)? In
forsomehy 2 R. Ifi<p 1, thenp- ';1 for all j, hence solving the above equations
inductively showsag = 0. Ifi = p 1, thenpj ijl forallj > 0, sowe only geag =0.
Conversely, given a sequen@; :::;a;) in R with aF,Z R andag=0ifi<p 1
(resp. aB =0 if i = p), the morphism induced by 7! }:o q Z is an automorphism,
since it is well-de ned and its inverse is given ky7! ( }:1 az Y 'z ap
Summarizing, we have natural identi cations

Aut Y, (R) ’ ..... 1
Aut Yp 1(R) —_ ; .....

I
—  —h
—
go
D &
o
o
2
SN
.Q.’N
Py
I\)...
o &
o N
Y
N
«
o S
o
- =
o N
(T
o
Q

In both cases, the corresponding automorphisi greserve® SpecR Y; SpecR
ifand only ifag = 0, since the ideal 0P  SpecR is (z). Hence, the index of the stabilizer
of PinAuty islifi<p 1, andpifi = p 1. This nishes the proof.

REMARK 5.9. The strategy of proof of Proposition 5.8 would, in principle, also apply
to other rational double points. However, there are two obstacles to overcome:

(1) The automorphism scheme of the singular locus is more complicated for more
general RDPs, since the singular locus has a more complicated scheme structure
in general. For example, i = 5 andX admits an RDP of typ&Y, then, in a
neighorhood of this singularity, the singular locus of looks like
Spedk[[x; y]]=(x?;y®). This also makes the calculation of the stabilizer of the
closed point more complicated.

(2) If X ! X isthe minimal resolution of an RDP surface, th@mt?@ is the
intersection of all stabilizers of all singularities that occur in the blow-ups making
up . For example, ifo = 3 andX admits a single RDP of typA,, then the
argument of Proposition 5.8 shows tlmlt?(o = Aut E{ , whereX Ois the blow-up
of the closed point oP, but X ® has a singularity of typé\,, so the approach

of Proposition 5.8 only shows thingth Aut =Aut§’e 3 even though we
would expect the two group schemes to be equal by Proposition 5.3.
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One case where the argument of Proposition 5.8 goes through essentially unchanged is
if p = 3 and the morphism : X ! X is the minimal resolution of an RDP of type

As. In this case, factors as a composition of three blow-us! X1 Xx01 X,
where X © has anAs-singularity andX ®°has anA;-singularity. Then, the argument of
Proposition 5.8 shows thaut$, = Aut 0 = Aut S0 andlength Aut§ =Autf, 3,

hencelength Autg =Aut}, 3.

6. Automorphism schemes of equivariant RDP del Pezzo surfaces

In Chapter II, we classi ed all weak del Pezzo surfadsvith global vector elds and
calculated the identity componeﬁﬂt?@ of their automorphism schemes. In particulai if

is a projective surface, whose minimal resolution¥ ! X is Aut9( -equivariant and such
that® is a weak del Pezzo surface, thaat ) = Aut ?e and thus, ifAut% is non-trivial,

thenX appears in the classi cation tables of Chapter II.

In the following, we will observe that all RDP del Pezzo surfaces in charactepistic
11fall into the above category and we will give a list of possible candidates for exceptions
in small characteristics.

THEOREMG6.1. Let X be an RDP del Pezzo surface over an algebraically closed eld
of characteristicoand let : X% ! X be its minimal resolution. Assume that one of the
following conditions holds:

(1) p622;3;5; 79.

(2) p=7 andX does not contain an RDP of type;.

(3) p=5 andX does not contain an RDP of type, or EJ.

(4) p=3 andX does not contain an RDP of type; As; Ag;ES; EL EQ; EQ or E.

(5) p = 2 andX does not contain an RDP of tyge,; As; As;A7; DL ES; ES ES;

EZESESEL EZorES, wheren 8.

Then,Autx = Aut , and thus, in particularH °(%; T) = HO(X;Tx). Therefore,
HO(X;Tx) 6 0 if and only ifX is the anti-canonical model of one of the surfaces in the
classi cation Tables 1, 2, 3, 4, 5 and 6 of Chapter II.

PrROOF By Proposition 5.5 and Proposition 5.6, the theorem holds for those RDP del
Pezzo surfaces that satisfy the following two conditions:

(a) all singularities oX admit aTx -equivariant minimal resolution, and
(b) Aut$ is smooth.

By Proposition 5.3 and Remark 3.3, Condition (a) holds if we exclude the types of RDPs in
the statement of the theorem. In particular, note that if 11, we do not have to exclude
any RDPs.

Once we exclude those types of RDPs, then, by Tables 1-6 in Chapter Il, Condition
(b) is also satis ed unless we are in one of the following three cases, whiré¢he RDP
con guration onX andd = deg(X):
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() p=3,d=2, = Ag
(i) p=3,d=2, = Dg
(i) p=2,d=3, = A4

In Chapter IlI, these exceptions correspond to ca&Jdes2K and 3N, respectively, and

there is a unique weak del Pezzo surface of each of these types. In all cases, we have
h%(%;T) =1, henceh®(X;Tx) = 1 by Proposition 5.3, so the only remaining statement

we have to show in these three cases is thistAut §, -equivariant. We will check this via
explicit calculation:

(i) Assumep = 3. Consider the surface
X = fw? = x?2°+ xy%z+ y*+ x%yg  P(1;1;1;2)

and letQ be the branch quartic of the induced double coXer! P?. An
elementary calculation shows théatadmits anAg-singularity overfO : 0 : 1]Jand
no other singularity. By Proposition 4.3, we hatat$ = Stabpg ,(Q)°. The
diagonal s-action with weightg0; 1; 2) on P? preserves), hence 3 Aut9< .
Since is Tx -equivariant by Proposition 5.% must be the surface of ty in
Chapter II, hencéut$, = 3. Sinceh®(X;Tx) = 1, we haveAut§{ [F] = 3,
whereAut § [F] denotes the kernel of Frobenius Aot . Hence, 3 is normal in
Aut$ = Stabpg| ,(Q)° and thusStabpg, ,(Q)° preserves the eigenspaces of the
3-action, hencétabpg ,(Q)° acts diagonally. With this restriction, it is easy to
compute thaut% = Stabpg ,(Q)° = 3. Therefore, is Aut$ -equivariant,
which is what we wanted to show.
(i) Assumep = 3. Consider the surface

X = fw?= x(x3+ y3+ xyz)g P(1;1;1;2)

and letQ be the branch quartic of the induced double cover P?. Note thatQ
is the union of a nodal cubic and one of its nodal tangents, with the node located at
[0:0: 1]} henceX has ag-singularity a0 : 0 : 1 : O]and no other singularities.
The diagonal 3-action with weightg0; 1; 2) preserve®), henceh®(X; Tx) 6 0,
and thus¥ is the surface of typ8K in Chapter Il. The rest of the argument is the
same as in the previous Case (i), and shows thiatAut § -equivariant.

(iii) Assumep = 2. Consider the surface

X = fXoX1X3 + X3X2 + XoX3 + X329 P,

which is a cubic surface with a single singularity, which is of tyfg, at
[0:0:0: 1](see e.g. [Roc96, Case B]). It admits a diagongaction with
weights(0; 1; 0; 1), henceh®(X; Tx ) 6 0 and therefore, asis Tx -equivariant by
Proposition 5.3X is the anti-canonical model of the surface of t@dein Chapter
II. Straightforward calculation, again using that, is normal in
Stabpg ,(X ), shows thatdut® = Stabpg,(X)° = ,, hence is Aut$ -
equivariant.
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7. Finding ( 1)-curves in the equivariant locus

In view of Theorem 6.1, in order to classify RDP del Pezzo surfaces with global vector
elds in odd characteristic, it remains to study RDP del Pezzo surfXceghich are not
Tx -equivariant. Let °be the con guration of rational double points &h which are not
Tx -equivariantand let : X ! X be the minimal resolution of .

In this section, we will describe a criterion f&f to be the anti-canonical model of a
blow-up of an RDP del Pezzo surfaX&of higher degree containing’such thaiX © 99K X
is an isomorphism around®. On the corresponding minimal resolutions, this will amount
to nding ( 1)-curves away from the con guration ¢f 2)-curves over °. In other words,
we are tryingto nd( 1)-curves on¥ that map to th@ -equivariant locus of . In Section
8, this criterion will allow us to give a complete classi cation of non-equivariant RDP del
Pezzo surfaces with global vector elds by setting up an inductive argument depending on
the degree of the surface.

THEOREM 7.1. Let X 4 be an RDP del Pezzo surface of degee 8 and let °be a
con guration of rational double points o 4. Assume that its minimal resolutio®y is a
blow-up ofP? and let © Pic(%y) be the sublattice generated by the components of the
exceptional locus over® Then the following are equivalent:

(1) There exists & 1)-curve on®y whose image itX 4 does not pass through’

(2) Xy is the anti-canonical model of a blow-up in a smooth pd&tnof an RDP del
Pezzo surfac¥ 4+1 of degreg(d+ 1) containing %such thatX 4 99KX 441 is an
isomorphism around °.

(3) Themap °! h Kﬁdi? = Eq 4 factors through an embedditigg ¢! Eg g.

PROOF. First, we showl) ) (2). Let€ bethe( 1)-curve whose existence is asserted
in (1). Contracting€, we obtain a weak del Pezzo surfag.; of degree(d + 1) such
thatX is the blow-up of€4.1 in a smooth poin. Let X 4.1 be the anti-canonical model
of X4+1 and letP be the image oP in X 4+1 . By our choice of€, all components of the
exceptional locus over®stay( 2)-curves in®y.1 , henceX 41 contains °.

SinceXy is a weak del Pezzo surfad® cannot lie on § 2)-curve (otherwise the strict
transform of such a curve would have negative intersection wli(lged , Which is impossible
as KX,jd is nef), henceP is a smooth point oiX g+1 . Thus, blowing upP 2 Xg+1, we
obtain a surfac&y with the same singularities agy+1 . In particular,Yy has only rational
double points as singularities and its minimal resolution€is Therefore, pullback of
sections induces isomorphisH(Yq; nKy,) = HO(®y; nK ) foralln 0, where
the surjectivity follows from the fact thaty is normal. Thus, the anti-canonical model of
Yq coincides withX 4. The situation is summarized in the following Figure 1.

Note thatX 4 99KYy ! Xg+1 is an isomorphism in a neighborhood dt since® is
disjoint from the exceptional locus ovef.

Next, we show(2) ) (3). We havehK )edi? = Eg g andhKe i?” = Eg g.

SinceX g+1 contains © the embedding °! Pic(X®y) factors through the pullback map
Pic(®g+1) ! Pic(Rq), which mapsK o i? to H<>@di'-’. Hence(3) follows.
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Figure 1. Contracting & 1)-curve disjoint from the singular locus

Finally, to show that(3) ) (1), we identify Pic(¢4) and1%° ¢ via a geometric
marking. We have to show that there i al)-curve € on X4 that does not meet the
setR 9 of exceptional curves over® Let be the sublattice oPic(¥4) spanned by the
classes of al[ 2)-curves. Since %is a sum of connected components gfLemma 3.4
shows that it suf ces to prove

(Exc\év(d 0))=W() 6 ;:

Clearly, this is the case if and onIyEfxch(d 9 6 ;. Since °) Eg 4 factors through an
embeddingeg ¢! Eg 4, Wwe have

W (Esg d)
d

Exc! Wi o,

Excg 4
so it suf ces to show thaExc\év(dE8 9 g ;. Since the action oW (Eg 4) on Pic(%¥y)

preserve€Excy g, the conditionExc\Q;V(O',58 ¢) 6 ; depends on the embeddifg 4 |

Eg 4 only up to conjugation by elements ¥ (Eg 4) and up to automorphisms &fg 4.

If d 5,thenEg 4is aroot lattice. By [Dyn52, Table 11] and [Mar03, Exercise 4.2.1,
4.6.2], the embedding: Eg ¢ ! Eg ¢ is unique up to the action dd(Eg 4). Since
O(Eg q) is generated by idgandW (Eg 4) in every case (see e.g. [Mar03, Proposition
4.2.2, Theorem 4.3.3, 4.5.2, 4.5.3])is unigue up to the action aV (Eg 4) and up to

automorphisms oEg 4. Therefore, in order to show thE1><c\£;V(dE8 9 6 ;, it suf ces to

show that there exissomeXy containing a con guration of 2)-curves of typeEg 4 and
such that g 1)-curve disjoint from this con guration exists. This is known and can be
seen for example in Figures 23, 49, 58, 64, and 62 in Chapter .

Ifd 7,thenEg 4doesnotcontainany 2)-vectors, hence®= 0 and the implication
(3)) (1) holds, since®y is a blow-up ofP? by assumption.

Finally, if d = 6, then the maximal root lattice containedbg 4 = E» is A1. Thus,
we may assume ® = A,, for otherwise we can argue as in the previous Ghse 7.
Up to the action ofO(E3) = f idg W(E3), there are two embeddings &f; into
Ez = A, Aj. ltiseasytocheckthat: A; ] Ejs factors througte, if and only if
factors through thé »,-summand oE 3 and then is unique up to the action &V (E3) and
up to automorphisms k1. Hence, similar to what we did in the cade 5, it suf ces to
nd some X containing & 2)-curve and a disjoint 1)-curve. Again, this is known, see
Figure 24 in Chapter II.
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COROLLARY 7.2. Let X4 be an RDP del Pezzo surface of degtee 8, let Cbe a
con guration of rational double points oiX 4, and let °be the root lattice associated to
0 Assume that ®occurs on an RDP del Pezzo surface of deduke 1) and satis es one

of the following conditions:

1) d64;2;1

(2)d=4 and °6 A;

(3) d=2and %62 A+ A As A3+ 2A1;As+ A 4A7; 3A10

(4)d=1and %62 A;;2A3;As+ A1;Az+2A1;4A10
Then,X 4 is the anti-canonical model of a blow-up in a smooth p&iraf an RDP del Pezzo
surfaceX 4+1 of degreg(d + 1) containing °such thatX 4 99K X 4+1 is an isomorphism
around ©

ProOOF The embeddings of root lattices iny; E7; andEg have been classi ed by
Dynkin [Dyn52, Table 11] and for the embeddings of root latticesibda= A, A1;E4 =
A4, andEs = Ds, we refer the reader to [Mar03, Exercise 4.2.1, 4.6.2]. It follows from
these classi cations that if an embedding of into Eg 4 exists, then this embedding is
unique (up to the action dd(Eg 4)), except precisely in the cases exclude®i (3) and
(4). Hence, if one embedding®! Eg 4 factors through an embeddifits ¢ | Eg 4,
theneveryembedding factors through an embeddifyg g | Eg 4. If Coccurs on some
RDP del Pezzo surface of degr@et+ 1) , then an embedding of°with such a factorization
exists and the claim follows from Theorem 7.1.

8. Automorphism schemes of non-equivariant RDP del Pezzo surfaces

Throughout this sectiorX denotes an RDP del Pezzo surface and® ! X is its
minimal resolution. In this section, we will prove Theorem 1.2, that is, we will classify all
X with HO(X; Tx) 6 0 over a eld of characteristip 2 f 3; 5; 7g and such thaX contains
one of the RDPs excluded in Theorem 6.1. We will treat the caseg, p=5, andp = 3,
in Sections 8.1, 8.2, and 8.3, respectively. This will complete the classi cation of all RDP
del Pezzo surfaces with global vector elds in odd characteristic.

The strategy of proof is as follows: First, for each degiee d 9, we give the
list of RDP con gurations that can occur on an RDP del Pezzo surfXcef degreed
and that contain at least one RDP whose minimal resolution iFgetquivariant. Then,
starting with the highest possible degree and working our way down with Theorem 7.1, we
classify those&X containing and satisfyindd °(X; Tx ) 6 0. In each step, we give explicit
equations and calculamutgi using Proposition 4.2, Proposition 4.3, and Proposition 5.8.

NoOTATION 8.1. Ifd 3, we use the notatiorg;::: ;X4 for the coordinates ofd.
If d = 2, we use the notatior;y; z andw for the coordinates olP(1; 1; 1; 2), wherew
has weight2. Finally, if d = 1, we use the notation;t;x andy for the coordinates of
P(1; 1; 2; 3), wherex has weight2 andy has weight3. In Tables 1, 2, 3, 4, 5, and 6, we
describeAut § as follows:

We only describe th&-valued points ofAut} , whereR is an arbitrary local
k-algebra. By Lemma 3.7 in Chapter I, this suf ces to describe the scheme
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structure ofAut9< completely. We do this by either describing a gen&alalued
point as a matrix or by describing the imagef : :::: xp] (resp.[X 1y :z:w],
resp.[s: t: x :y]) under a generdk-valued automorphism of .

We often describéut} as the group schent&:; G,i generated by subgroup
schemesG; andG; of Aut% . By this we mean that we descrifait , using
Proposition 4.3, as the smallest subgroup scheni®&3ifq.; (resp.Aut p(1.1:1:2)

if d=2, resp.Autp;1.2.3) if d = 1) containing bottG; andG,.

We use the variablesor ; for R-valued points oGy, and » (where P =1),
and the variable$ or " for R-valued points of55 and pn (where"P" =0).

8.1. In characteristic 7. By Theorem 6.1, we have to list all RDP con gurations
containingAg that can occur on an RDP del Pezzo surface in characteristic

LEMMA 8.2. If p=7,deg(X ) = d, andX contains arAg-singularity, thend and the
con guration of RDPs onX is one of the cases in Table 7.

d] | hko ai” |
2 As E7
11| As; Agt Aq Eg

Table 7. Non-equivariant RDP con gurations in characterigtic

PrROOF SinceAg has ranké and discriminanf/, it does not embed int&g 4 with
d 3. By [Dyn52, Table 11], the only root lattice containidg as a direct summand and
embedding intde; is Ag itself and there are precisely two root lattices contairvgand
embedding intdeg, namelyAg andAg + Aj.

THEOREM 8.3. Assume thap = 7 and X contains an RDP of typég. Then,
HO(X;Tx) 6 0 if and only ifX is given by an equation as in Table 1. Moreovautg)( is
as in Table 1, so thautj, (- Auty and everh®(X; Tx) > hO(&; T ).

PROOF. By Lemma 8.2, we havdeg(X) = d 2. AssumeH?(X;Tx) 6 0.

If d =2, then, by Theorem 3.2, the anti-canonical systerX akalizesX as a double
cover ofP? branched over a quartic cur@with a simple singularity of typée. Over the
complex numbers, there is a unique s@fsee [BG81, Proposition 1.3.11]: Up to projective
equivalence, one can choose= x, B = 2y?, and' = y*+ x3y in the notation of loc.
cit.) and the argument carries over without change to charactefisMow, an elementary
calculation shows that the Klein quartic equation

x3y + y3z+ z3x =0

de nes such &) with anAg-singularity afl : 2 : 3]. Thus,X is given by the equation in
Table 1. Clearly, the 7-action described in Table 1 preservés SinceAutg’(3 is trivial by
Chapter Il, Proposition 5.8 implies thaut} = -.
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If d=1, then, by Theorem 3.2, the anti-bi-canonical systenXofealizesX as a
double cover of the quadratic coneR branched over a sextic cun& By Table 7, the
RDP con guration onX is eitherAg or Ag+ Aj. By Corollary 7.2 X is the anti-canonical
model of a blow-upY; in a smooth poinP of the surfaceéX ; of Cased = 2. By Proposition
5.8, the morphisn¥y | X is Aut$ -equivariant, since it is an isomorphism around the
Ag-singularity. Hence, by Proposition 4.2, we havet$ = Aut §, = StabAutgz(P)O =
Stab ,(P)°. So, since 7 is simple,Y; is the blow-up ofX ; in a smooth xed point® of
the --action onX,, andAut? = -.

Next, we prove the uniquenessXf We may assume that, is given by the equation
in Table 1. The xed points of the 7-action are the three poinfs: 0: 0:0}[0:1:0: 0]

and[0: 0:1: 0] The automorphism 7! y 7! z 7! x of X, permutes these xed points.
So,Y; is unique and hence soXs.

Therefore X is the unique RDP del Pezzo surface of dedregth an Ag-singularity
and non-zero global vector elds. Now, the equation

y?2 = x3+ ts% + t°s

de nes such an RDP del Pezzo surface of dedrigeP(1; 1; 2; 3) with an Ag-singularity at
[1: 3:1:0]and, additionally, am\;-singularity at{1 : 0 : O : 0] Clearly, the z-action
described in Table 1 preservEs Hence, this is the surface we were looking for.

REMARK 8.4. We remark that by Chapter Il, in both cases of Theorem 8.3 the minimal
resolution® of X does not admit any non-trivial global vector elds. In particular,
: X1 X is notTx -equivariant.

8.2. In characteristic 5. By Theorem 6.1, we have to list all RDP con gurations
containingA4 or Eg that can occur on an RDP del Pezzo surface in charactesistic

LEMMA 8.5. If p=5, deg(X) = d, andX contains a singularity of typé, or EJ,
thend and the con guration of RDPs onX is one of the cases in Table 8.

[d] | hke di” |
5 Ay Ay
4 Ay Ds
3 Ay, A+ A Ee
2 Ay Ag+ Al Azt Ap E7
1 Ag, As+ Ay Ag+2A1 Ag+ Ay E
As+ Azt Ay A+ Ag 2A4 ES 8

Table 8. Non-equivariant RDP con gurations in characteriStic

PrROOFR SinceAy4 has rankd and discriminan®, it does not embed int&g ¢ with
d 6, and the only root lattice containing, as a direct summand and embedding into
Eg gwithd 2 f 4;5gis A, itself. The other cases can be found in [Dyn52, Table 11].
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THEOREM8.6. Assume thap = 5 andX contains an RDP of typ&4 or E§. Then,
HO(X;Tx) 6 0 ifand only ifX is given by an equation as in Table 2. Moreoveut$ is
as in Table 2, so tha@\ut?(3 ( Auty and everh®(X;Tx) >hO(%; Ty).

PrROOF By Lemma 8.5, we havd 5.

If d =5, thenX is a quintic surface if°. By Table 8, the RDP con guration oX is
A4. By the same argument as in characteriBt{going through the possible con gurations
of four (possibly in nitely) near points inP?), there is a unique quintic surface PP
containing anAg-singularity. It is given by the equations in Table 2 (see [Derl4, Section
3.3., p.657]) with singular point g0 : 0 : 0 : 0 : 0 : 1] The s-action given in Table
2 preserveX and does not preserve the singular point, hencé Autg’e = fidg. By
Proposition 5.8, this implies tha&wt$ = h 5;Aut§’@i.

If d =4, thenX is a quartic surface iR*. By Table 8, the RDP con guration oX is
A4. By Corollary 7.2,X is the anti-canonical model of a blow-0fa in a smooth poinP
of the surfaceX s of Cased = 5.

Such arX isinfactunique: By Chapter I, we hadém Aut = dim Aut 0 =4,and
since the orbit o is at most2-dimensional, the stabilizer ch iS positive- d|men5|onal
soH°(>@,T ) 6 0. By Chapter Il, there is a unique quartic del Pezzo surface with an
A4—singularity and whose minimal resolution has global vector elds, héfds unique.

In Table 2, we give equations for such a surface (which we took from [Der14]), hence
this is ourX . The singular pointis located 8 : 0 : 0 : 0 : 1] The 5-action given in
Table 2 preserveX and does not preserve the singular point. Again, by Proposition 5.8,
this implies thatut§ = h s; Aut,i.

If d = 3, thenX is a cubic surface iRs3. By Table 8, the RDP con guration o4 isAg
orAs+ A;. By Corollary 7.2, X is the anti-canonical model of a blow-0f3 in a smooth
pointP of the surfaceX 4 of Cased = 4.

Next, we show that there are at most two non-isomorphic 3uctBy Chapter II, we
havedim Aut = dim Aut 0 = 2. There is at most on2-dimensional orbit orX 4,

hence there is at most ob(ewhose minimal resolution does not admit global vector elds.
On the other hand, by Chapter I, there is precisely ¥n&hose minimal resolution does
have global vector elds.

In Table 2, we give two (hon-isomorphic) equations for cubic surfaces wigyasingu-
larity, distinguished by their RDP con guration, hence these are the two possiKle

(1) If = Ay, the singular point is located &2 : 1 : 2 : 1] We describe a
s-action onX in Table 2. In this case»,A\ut?(3 is trivial by Chapter I, hence
Aut% = 5 by Proposition 5.8.
(2) If = As+ A1, theAs-singularity is[0 : 0 : 0 : 1]while the As-singularity is
[1:0:0:0] We describe ans 0 G ,-action onX in Table 2. In this case,
Autg’(3 = Gm by Chapter Il, hencAut = 50 G, by Proposition 5.8.

If d = 2, thenX is a double cover oP? branched over a quartic cur@ By Table 8,
the possible RDP con gurations of1 areA4, Az+ A1, andA4+ A,. By Corollary 7.2 X is
the anti-canonical model of a blow-0f3 in a smooth poinP of an RDP del Pezzo surface
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X 3 of degree3 with an As-singularity. SinceY, ! X3z andY, ! X are isomorphisms
around theA 4-singularities, Proposition 5.8 yieldsuty = Aut §, = Stab oy g _(P)°.

3
Hence, for each of the surfac¥s in Cased = 3, we have to determine the points with
non-trivial stabilizer.

If the RDP con guration onX 3 is A4, then the points with non-trivial stabilizer
under the action oAut} = sare[1:0:0:0}[0:1:0:0}[0:0:1:0]
and[0 : 0 : 0 : 1]and these xed points are permuted by the automorphism
Xo 7! X1 7! X2 7! X3 7! Xg. Hence, there is a unique choice fBrup to
isomorphism.
If the RDP con guration onX 3 is A4 + A1, then there are four lines oX3: The
lines™1 = fxg = X3 = 0g; 2 = fxg = x2 = 0g;’3 = fx;1 = xo = 0g
pass through thé4-singularity at[0 : 0 : 0 : 1]and the line'y = fx, =
X3 = 0g passes through th&1-singularity at[1 : 0 : 0 : 0] but not through
A4. Moreover,”» and 4 intersect in[0 : 1 : 0 : 0] Straightforward calculation
shows that the points with non-trivial stabilizerXg nf 1; 2; 39 are precisely
those lying on the hyperpland = fxsz = 0g. The intersectiolX3z\ H is
the union of the coni€C = fx3 = XgX2 + x% = 0g and the line'4. Hence,
eitherP 2 Cn(1[ 2] 3= Cnf[1:0:0:0}[0:0:1:0por
P2 4n(C1[ 2] '3)= 4nf[1l:0:0:0}[0:1:0:0p. The group scheme
Autg’(3 acts transitively on both loci, hence there are only two choiceB fop to
isomorphism. In both cases, one checks mme’z = StabAutX3 (P)°= 5.0ne
of the two choices oP can be reduced to a previous case as follows:
—IfP2Cnf[l:0:0:0}[0:0:1:0p, then the RDP con guration
onX is Az + A1. The strict transfornC®of C on the blow-upX %of X in
the A1-singularity is a( 1)-curve that passes through the?2)-curve over
A and which is disjoint fromA4. If we contractC® we obtain an RDP
del Pezzo surfacX § of degree3 which contains am 4-singularity as its
only singularity and such that °(X; Tx¢) 6 0 (by Proposition 5.5 and
Blanchard's Lemma). Henck { is isomorphic to the cubic surface with
RDP con gurationA4 in Table 8, and thuX coincides with the surface we
constructed in the previous bullet point.

Summarizing, there are at most two RDP del Pezzo surfaces of d2gwbech contain

an A -singularity and which admit a non-trivial global vector eld. Moreovelutg( =

StabAutg (P) = 5 in both cases. In Table 2, we give two equations of such surfaces,
3

distinguished by their RDP con guration:

= As+ Ay, theAy-singularity is[ 2 : 1 : 2 : 0] the Aj-singularity is
1:0:0] andthe correspondinlgutg = g-actionis asin Table 2

(2) If = As+ Ay theAgy-singularity is[2 : 1 : 1 : 0], the Ay-singularity is
0:0: 0] and the correspondinut} = s-action is as in Table 2.

1) If
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If d=1, thenX is a double cover of the quadratic coneFf branched over a sextic
curveS. We consider separately the three cases wKepmntains a singlé 4-singularity
(and possibly equivariant RDPs of other types), Avpsingularities, and ai §-singularity,
respectively:

(a) X contains a singlé\s-singularity. By Corollary 7.2X is the anti-canonical
model of a blow-upY; in a smooth poinP of an RDP del Pezzo surfage, with
anAg-singularity. By Proposition 5.8, we haveit§ = Aut §, = Stab pyg_(P)°.

2

SinceAut§)<2 = 5, we thus have to determine the xed points of theaction on
X.
If the RDP con guration onX, is A4 + A», then the xed points of the
s-actionargl : 0:0:0}[0:1:0:0}and[0:0:1:0]andwe recall
that[1 : 0 : O : OJis theA,-singularity. Hence, there are two choices Ror
In fact, one of them does not occur, as the following argument shows:
—IfP =[0:0:1: 0] letQ be the branch quartic ok, ! P2
The line” = fy = 0gistangenttoQ at[1 : 0 : OJand[0 : O : 1]
hence the preimage 6fin X, consists of two smooth rational curves
C; C%meeting inP and theA»-singularity. In the minimal resolution
@, of Yy, their strict transforms€ and €° are ( 2)-curves, which,
together with the two exceptional curves over ghesingularity, form
an Agz-con guration of ( 2)-curves. Thus,X contains twoAg4-
singularities, contradicting our assumption.

If the RDP con guration onX, is A4 + Aj, then the xed points of the
s-actionare[l : 0:0:1}[1:0:0: 1];[0:1:0 : 0} and[O :
0:1:0] The rsttwo points are interchanged oy 7! w and the point
[0:1:0: 0lis theAz-singularity onX », hence we have two choices fBr
up to isomorphism. Le® be the branch quartic o, ! P? and recall that
the A4-singularity is located gt 2 : 1 : 2 : 0] We will now show that both
choices forP lead to the same surface as the one in the previous bullet point:

—IfP =[1:0:0: 1], then the imaggl : 0 : OJof P in P? lies on
the two bitangent$; = fy =0gand’, = fz = 0gof Q. LetC;; C?
be the two irreducible components of the preimagé;dbri = 1;2
and assume th& lies onC1 andC,. On ¥, the strict transform&€;
and@; are( 2)-curves, while the strict transforn@®? and€9 remain
( 1)-curves. Thus, the RDP con guration of1 is Ay + Ay + Aq,
where theA, is obtained from thé ; of Y; by also contracting,, and
the A arises from the contraction &;. Therefore, if we contract the
image ofC? in the surfacé(loobtained fromY; by contractingCo,, we
obtain an RDP del Pezzo surface of deg2eith global vector elds
and containing an RDP con guration of ty@e, + Az, hence this case
is reduced to the previous bullet point.

—IfP =[0:0:1:0] then the imagg0 : 0 : 1]of P in P? lies on
the bitangent = fy = 0g andP is the non-transversal intersection
point of the two irreducible componen® andC° of the preimage of
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*in X . Thus, the strict transform@ and€°of C andC%on ¥, are
( 2)-curves, hence the RDP con guration ®nis A4+ A+ A1, where
theA is obtained by contracting and€® The preimag® of the line
fx =0gin X, isacuspidal cubic with cuspfi: 1:0: 0] OnX,;, the
strict transform oD is a smooth rational curve of self-intersectidhy
adjunction. Hence, the strict transfofthof D on ¥, is a( 1)-curve
which passes through the exceptional curve overAhesingularity.
Contracting the image d® on the surfacer” obtained fromY; by
contractingC and C°and resolving theA1-singularity, we obtain an
RDP del Pezzo surface of degrwiith global vector elds containing
an RDP con guration of typé\4 + A», hence this case is also reduced
to the previous bullet point.
Summarizing, there is at most one RDP del Pezzo surface of dégrith
global vector elds and containing a singkes-singularity. In Table 2, we
give an equation of such a surface, hence this isXouiThe singularities of
X are as follows:Azat[l: 2:2:0JAat[0:1:0:0]andA; at
[L:0:0:0] The s-action we describe in Table 2 preserves the equation,
henceAut$ = s.

(b) X contains twoA4-singularities. By [Lan94, Theorem 4.1.], there is a unique
RDP del Pezzo surface of degréawith RDP con gurationA4 + A4, namely
the Weierstrass model of the rational elliptic surface with singular bers of type
Is; Is; II. Its equation is given in Table 2. Thg o s-action we describe in Table
2 preserves the equation. By Chaptenﬂlutg’e is trivial, henceAut = s0 s
follows from Proposition 5.8.

(c) X contains arE $-singularity. By [Lan94], there are two RDP del Pezzo surfaces
of degreel with an RDP of typeEg. The one whose equation we give in Table
2 has art J-singularity, while the other one has &g-singularity (see Table 2 in
Chapter I). The s 0 G y,-action we describe in Table 2 preserves the equation.
We leave it to the reader to check thfait§ = Stab ay ranin (8)°= 50Gm.

8.3. In characteristic 3. By Theorem 6.1, we have to list all RDP con gurations
containingA,; As; Ag; EQ, EE E®; EQ or E} that can occur on an RDP del Pezzo surface.

LEMMA 8.7. If p=3,deg(X) = d, andX contains a singularity of typA,; As; As;
ES;ES ER EQ or E, thend and the con guration of RDPs orX is one of the cases in

Table 9.

PrRoOFE The maximal root lattice contained Ey, is isomorphic toA1, hence none of
the root lattices in the statement of the lemma embedHbtoy with d 7. The list for
4 d 6 follows from [Mar03, Exercise 4.2.1, 4.6.2] and the one®or d 9 follows
from [Dyn52, Table 11] (note that the lattide; + A, in Dynkin's table of root lattices in
Eg should beEg + A5), where we marked those RDP con gurations whose associated root
lattice embeds in two non-conjugate ways it 4 by a prime®
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[d] | hke gi” |
6 Az, A+ A Az + Az
5 Az, Ar+ A Ay
4 Az, Ax+ Ay Ar+2A; Ds
3 Az Azt A A+ 2A;1 2Az; 2A2+ Apl As Ee

3A;; As+ Ay EQ ER
Az, Ax+ A1, Ax+2A1; 2A5; Ar+3A1; 2A0+ Ay,
2 As+ Az (As)® 3Ap As+ Ax+ A A+ A Ev
(A5 + Al)o; Eg; Eé‘; As + Ay, E?

Az, Ao+ Ay Ax+2A1; 2R3 Ax+3A1 2A0+ Ay
Az+ Az As; Ax+4Aq; 2A+2A1; 3Ar Azt Ax+ Ay
Ag+ Ay Dg+ Ay (As+ A)S EQ E}
3Ax+ A1, Az+ Ap+2A1 As+ A+ Ag As+2Ag;
As+ Ay, Ds+ Ay EQ+ Ay, El+ A EY
47y As+ Ax+ Ap EQ+ Ay EX+ A Ag EQ E}

Table 9. Non-equivariant RDP con gurations in characteri8tic

THEOREMS8.8. Assume thap = 3 andX contains an RDP of typ&y; As; Ag; ES; ES;
E%ES orE. ThenHO(X; Tx) 6 0 if and only ifX is given by an equation as in Tables
3,4,5and 6. MoreoveAut § is as given in these tables, so thaft}, ( Autg and even

hO(X; Tx) >h 0% T).

PrROOF By Lemma 8.7, we havd 6.

If d= 6, thenX is a sextic surface i®®. The RDP con guration onX is eitherA»
or A, + A1 by Table 9. In both caseX is uniquely determined by its singularities, by
the same argument as in characteritithat is, by checking the possible con gurations of
in nitely near points inP? (see e.g. [Dol12, Section 8.4.2)).

(@) If = A5 then, by [Derl4, Section 3.2.X is given by the equations in Table
3. TheAs-singularity is[1 : 0 : 0 : 0 : 0 : 0 : OJand we give an z-action
on X which does not preserve the singularity in Table 3. By Proposition 5.8, this
impliesAuty = h 3;Aut,i.

(b) If = Az + Ay, then, by [KNO9, Appendix, p.3]X is given by the equation in
Table 3. TheA,-singularity is[0 : 1 : 0: 0 : 0 : 0 : Oland theA;-singularity
isS[0:0:0:0:0:0:1] We give an s-action onX which does not x the
Az-singularity in Table 3. By Proposition 5.8, this impliasity = h 3; Auti.

If d=5, thenX is a quintic surface if?°. By Table 9, the RDP con guration on X
is eitherA, or A, + A;. As in the Casal = 6, X is uniquely determined by, as can
be seen by checking the possible con gurations of four in nitely near poin®ifsee e.g.
[Dol12, Section 8.5.1]).

(@) If = Ay, then, by [Derl4, Section 3.3.X is given by the equation in Table
3. TheAs-singularity is[0 : 0 : 1 : 0 : 0 : OJand we give an 3-action onX
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which does not preserve the singularity in Table 3. By Proposition 5.8, this implies
Auty = h 3 AutSi.

(b) If = A+ Aj, then by [KN09, Appendix, p.5] is given by the equation in
Table 3. TheA,-singularity is[0 : 1 : 0 : 0 : 0 : OJand theA;-singularity
iS[0O:0:0:0:0:1] We give an z-action onX which does not x the
A-singularity in Table 3. By Proposition 5.8, this impliasity = h 3; Aut3i.

If d =4, thenX is a quartic surface iR*. By Table 9, the RDP con guration oX is
Az, Ar+ Aq,0rA, + 2A;. By Corollary 7.2 X is the anti-canonical model of a blow-up
Y4 in a smooth poinP of an RDP del Pezzo surfage; of degreeb with anA,-singularity.

Next, we show that there are at most three non-isomorphicxuddy Chapter Il, there
are at most twX whose minimal resolution has global vector elds. Assume matt?(3 =
fidg. Then, by Proposition 4.2 and Proposition 5.8, the stabilizé? & O-dimensional,
hencedim Aut 8@5 = dimAut §_ 2. Hence, by Chapter IIXs is the RDP del Pezzo

surface of degre® whose RDP con guration i#\,. For this surfacedim Aut§’<5 =2,
hence there is at most orZedimensional orbit orX s, so there is at most oné¢ whose
minimal resolution does not have global vector elds. In Table 3, we give equations for
three such surfaces, distinguished by their RDP con guration

(1) If = Ag, theAs-singularityisatfl : 1:1:1: 1] We give a z-action onX
in Table 3, while the group schenﬁmt?(3 is trivial by Chapter Il. By Proposition
5.8, this impliesAutd = 3.

(2) If = Az+ A1, theAs-singularity is[1: 0 : 0 : 0 : OJwhile theA;-singularity is
[0:0:0:0:1] We givea 30G p-action onX in Table 3, whiIeAut?(3 = Gnm
by Chapter I, hencaut? = 3;0G, by Proposition 5.8.

(3) If = Ax+2A1,theA,-singularityig[0: 0: 0: 0: 1lJand the twdA-singularities
are[0:1:0:0:0Jand[0:0:1:0:0] Wegivea 30G 2 -action onX in Table
3, whiIeAut?e = G2, by Chapter II, hencAut$ = 30G 2 by Proposition 5.8.

If d =3, thenX is a cubic surface 3. By Table 9,X contains either a singla.,
two Ass, threeAss, oneAs, oneEg, or oneEé. In the following, we consider these six
cases separately.

(a) X contains a singlé\,-singularity. By Corollary 7.2X is the anti-canonical
model of a blow-upY3 in a smooth poin® of an RDP del Pezzo surfacé,
with an Az-singularity. More precisely, sinc¥ 99K X4 is an isomorphism
around the only non-equivariant RDP &h and all other singularities of are
A1-singularities by Table 9, Proposition 5.8 and Proposition 4.2 implyAba§, =
Aut 33 = Stab Autc>X4(P)°. In particular,P is a point with non-trivial stabilizer on

one of the surfaceX 4 in Table 3. Before we go on, note that by Chapter Il, the
group scheme«ikut?(3 is trivial, hence the stabilizer & is O-dimensional.

Assume the RDP con guration 0¥ 4 is A, + 2A;. In this caseAutgi4 is
2-dimensional, so there is at most oRa@limensional orbit for this action,
hence there is at most one choice Foup to isomorphism.
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Assume the RDP con guration o4 4 is A2 + A;. The surfaceX 4 contains
the six lines’; = fxg = X2 = x3 =0¢g; 2 = fXg = X2 = X4 = 0g,
3= fXo = X3 = X1+ X4 =00¢,74 = fx1 = x2 = x3 =0¢;’5 =
fXx1 = X2 = X4 =00;°6 = fX1 = X3 = X4 =0g. The lines’y; "5; and
s pass through thé,-singularity at[1 : 0 : 0 : 0 : O]and the others do
not. The lines 1 and 4 pass through thé-singularity a0 : 0 : 0 : 0 : 1]
and the others do not. Using the description ofm9<4-action in Table 3,
one easily checks that the points with non-trivial &dimensional stabilizer
on X 4 are precisely those o and those ons, except fof0:1:0:0: 0]
0:0:1:0:0][0:0:0:1:0and[0:1:0:0: 1]. Since
the automorphisnx, $ x3;Xx4 $ X4 X1 interchanges the two lines
"5 and 3 and Gy, Autx, acts transitively on the locus of points with
0-dimensional stabilizer on each of and" 3, there is a unique choice fé&
up to isomorphism. We will now reduce this case to the previous bullet point.

— Without loss of generality, assume tHt2 ", nf[0:1:0: 0 : 0]
[0:0:0:1:0¢. Then, the stricttransform 0f onYzisa( 2)-curve
and the RDP con guration oK isA, +2A1. Since 3 is disjoint from
"5, itremains & 1)-curve onX, hence we can contract it to obtain
a realization oX as a blow-up of an RDP del Pezzo surfacg with
RDPs of typeA, + 2A1. Hence, this case is reduced to the previous
bullet point.

Assume the RDP con guration oK 4 is A,. Using the description of the
Aut9<4 = z-action given in Table 3, we see that the poidtaith non-trivial
stabilizeronXsare[1:0:0:0:0][0:1:0:0:0][0:0:12:0:0][0:
0:0:212:0land[0:0:0: 0: 1] The surfaceX, admits the two
involutionsxo $ X3 and(xo;x1) $ (X2;x3). Hence, blowing up any of

the rst four points leads to the same surface. In fact, we already treated the
resulting surface, as the following argument shows:

— Assume without loss of generality thRt=[1: 0: 0: 0 : 0]. There are
two lines onX 4 passing througP, namely'; = fx; = X2 = x4 =0g
and > = fx; = X3 = X4 = 0g, and both of these lines do not pass
through theA,-singularity atf1 : 1 : 1 : 1 : 1] Their strict transforms
on Y3 are disjoint( 2)-curves. Thus, the RDP con guration ofi is
A,+2A;1. Now, the conicC = fx; = X+ X3 = XoX4 X3 = 0gmeets
"1 and ; transversally aP and does not pass throuffh: 1:1:1: 1]
hence we can contract the image of the strict transfor@ of X and
obtain an RDP del Pezzo surfa)é@ with RDP con gurationA,+2 A;
and with global vector elds, henc¥ { is the surface in the rst bullet
point.

Summarizing, there are at most two RDP del Pezzo surfaces of dagritl
global vector elds and containing a singke,-singularity. MoreoverAutE{ =
StabAut% (P)° = 3. In Table 4, we give equations for two such surfaces,

distinguiéhed by their RDP con guration:
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(D) If = Ay theAs-singularityisafl :1: 1: 1] Clearly, the z-action
we give preserves the equation.

(2 If = A+ 2A4, theAs-singularityisatfl : 1: 1 : 1]and the two
Ai-singularitiesare g0 : 1 : 0 : Oland[0 : 0 : 1 : O] Again, the 3-action
we give preserves the equation.

(b) X contains twoA,-singularities. By Table 9, the RDP con gurationon X is
2A; or 2A, + A;. Simplifying the normal form of Roczen given in [Roc96], we
obtain the equations given in Table 4. In particular, therelislanensional family
of X with =2 A, and auniqu&X with =2 A, + Aj.

Q) If =2 Ay, the twoAs-singularities are af0 : 0 : 1 : OJand[0 : O :
0 : 1] The two z-actions and the‘f;‘\ut?(é = Gmp-action we give in Table 4
preserve the equation. Each of thgactions xes one of thé\ ;-singularities
and does not preserve the other one, hence Proposition 5.8 mm&s:
h 3 3Gmi.

(2) If =2 Az + Aq, the twoA»-singularities are 0 : 0 : 1 : OJand[0 : O :
0 : 1] and theA:-singularity is atf0 : 1 : 0 : 0] The two s-actions and
theAutg’(3 = Gp-action we describe in Table 4 preserve the equation. By the
same argument as in (1), we ha&(etg)( =h3; 3,Gmi.

(c) X contains threé\,-singularities. Again, we can simplify the normal form of
Roczen given in [Roc96] and obtain the equation in Table 4, which adiits
singularitiesaf0: 1:0:0}[0:0:1:0}and[0:0:0: 1] In Table 4, we give
an action of 30 GZ onX. By Chapter Il, we havéut$, = GZ,. Each of the
the three factors of the3-action preserves two of th&,-singularities and moves
the other one, hence Proposition 5.8 yieddg$, = 30G?2,.

(d) X contains anAs-singularity. As above, we simplify Roczen's normal form

[Roc96] to the two equations in Table 4. Letbe the RDP con guration on

X:

(D) If = As, then theAs-singularity is atf0 : 0 : 0 : 1] The jz-action
we describe preserves the equation and does not »Afwsingularity. By
Chapter I, we hav@\utge = G,0 3 and we describe this action in terms of

the equation in Table 4. By Remark 5.9, we hAlﬁ?( = h 3;Ga0 3i.

(2) If = As+ Aj, then theAs-singularity is atf0 : 0 : 0 : 1]and the
Aq-singularity is atf0 : 0 : 1 : 0] The jz-action we describe preserves
the equation. By Chapter IlI, we haﬁejt% = Gz 0 G, and we describe
this action in terms of the equation in Table 4. By Remark 5.9, we have
Autd = h 3;Ga0G pi.

(e) X contains arE$-singularity. By [Roc96, Case C3¥ is given by the equation

in Table 4 and the singularity is  : 0 : 0 : 1] In Table 4, we give an action of

a group schem& of order27 such that no subgroup scheme@fifts to X, as

well as the action oAut% = Gg 0 G 1 in terms of the equation. We leave it to

the reader to check that these two actions genémlt& = StabpgL, (X)°.
(f) X contains arE }-singularity. By [Roc96]X is given by the equation in Table 4
and the singularity is g0 : 0 : 0 : 1] In Table 4, we give a z-action that does
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not preserve the singular point, as well as the actioAlﬂfg’e = G2 in terms of

the equation. We leave it to the reader to check that these two actions generate
Aut$ = Stabpg,(X)°.

If d =2, thenX is a double cover dP? branched over a quartic cur@ In this case,
we will take a slightly different approach which will turn out to be more economical than
using Corollary 7.2. Namely, we classify all possilewith global vector elds. IfQ
admits a global vector eld, then it also admits an additive or multiplicative global vector
eld. This vector eld is induced by a vector eld o??. Up to conjugation, there are two
non-zero vector eldd onP? with D3 = D and two non-zero vector elds witB2 = 0.
They correspond to the following four matrices in Jordan normal form in the Lie algebra of

PGLs: 1 0 1 0 1 0 1
00 O 000 010 010
@ 1 0A; @ 0 A; @ 0 A; @ 0 1A
00 1 001 000 000

Integrating the corresponding vector elds (see e.g. [Tzil7, Proposition 3.1]), we obtain the
following four 3-and s-actions orP:

(@ s:[x:y:z]7'[x:y : ?7]

(b) s:[x:y:z]7'[x:y: z]

() s:[x:y:z]7'[x+"y:y:z]

(d) s:[x:y:z]7'[x+"y "2z:y+"z:7]

For each of these actions, we will now classify the quartics that are invariant under it:
(a) There are three types of quartics which are invariant under thétion, namely

ax* + bx%yz + cxy® + dxz3 + ey?z?
ax®y + bx?z? + cxy’z + dy* + eyZ
ax®z + bx?y? + cxyz? + dy’z + ez*

These families are identi ed by permutingy andz, so it suf ces to study the
rst one. Now, we simplify this equation and identify the singularities. We sort
the classi cation according to the number of coef cients that @reSinceQ is
reduced, at least coef cients are non-zero. Except in the case whered =0,
we can scale three of the non-zero coef cientdto
If three of the coef cients ar®, the other two can be scaled 1o The fact
that Q is reduced leaves us with the following three cases, after using the
symmetryy $ z:

(8.1) x4+ y2z2
(8.2) x%yz + xy*
(8.3) x%yz + y?z?

In Case (8.1)X has twoA3-singularities, one g0 : 1 : 0 : OJand one at
[0:0:1:0] In particularX contains only equivariant RDPs, so it does not
appear in Table 5.
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(8.4)
(8.5)
(8.6)
(8.7)
(8.8)
(8.9)

In Case (8.2)X has aDg-singularity af0 : 0 : 1 : O]Jand anA1-singularity
at[1:0:0:0] As beforeX contains only equivariant RDPs, so it does not
appear in Table 5.

In Case (8.3)X has arA;-singularity afl : 0 : 0 : OJand twoA 3-singularities
atf[0:1:0:0]and[0:0:1:0] Again,X contains only equivariant RDPs,
so it does not appear in Table 5.

If two of the coef cients areéd, we get the following cases, again using scaling
and the symmetry $ z:

x4+ ax?yz + y?z?
x4+ x%yz + xy3
x4+ y272 + xy3

x%yz + y?z2 + xy
x%yz + xy3 + xz3

Xy + xz3 + y272

3

In Case (8.4), we must hawa# 6 1, otherwiseQ is a double conic. Then,
Q is the union of two conics, tangent at the poiftis 1 : 0O]and[0 : 0 : 1]
The singularities oK over these two points are twhz-singularities, hence
X contains only equivariant RDPs and does not appear in Table 5.

In Case (8.5)X has aDg-singularity af0 : 0 : 1 : 0] henceX contains only
equivariant RDPs and does not appear in Table 5.

In Case (8.6)X has amAsz-singularity afO : 0 : 1 : OJand anAz-singularity
at[1: 1:0:0] By Chapter II,Aut?(j is trivial, hence Proposition 5.8
impliesAut$ = 3.

In Case (8.7)X has anAs-singularity atf0 : 0 : 1 : 0] anA-singularity at
[1:1:1:0]andanA;-singularity a1 : 0 : 0 : 0] By Chapter II,Aut?e IS
trivial, hence Proposition 5.8 impligsut$ = 3.

In Case (8.8)X has arAs-singularityafO : 1: 1 :0]and arA;-singularity
at[1:0:0:0] By Chapter II,Aut?(3 is trivial, hence Proposition 5.8 implies
AUtO = 3.

In Case (8.9)X has anE}-singularity at{1 : 0 : 0 : 0] Itis elementary to
check thatAth( = StabpgL,(Q) = 3 in this case. Alternatively, observe
that this case does not occur in the classi cation of invariant quartics for
the actions (b), (c), and (d) below, ut% [F] = 3, whereAut$ [F]is
the Frobenius kernel o4\ut§’( . In particular, 3 is normal inAut9 , so the
Aut9< -action preserves the eigenspaces of thaction, hence the induced
action onP? is diagonal. This simpli es the calculation of the stabilizer@®f
considerably.
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If only one coef cient is0O, then we get the following cases, again using
scaling and the symmetgy$ z:

(8.10) x4+ ax?yz + xy3 + xz°
(8.11) x4+ a3x?yz + xy® + y?z2
(8.12) x4+ xy3 + xz3 + ay?z?
(8.13) ax?yz + xy3 + xz3 + y?z?

In Case (8.10)X has anAs-singularity atf0 : 1 : 1 : 0] By Chapter II,
AutoXf is trivial, soAut$ = 3 by Remark 5.9.

Consider Case (8.11). # = 1, thenX has anAg-singularity aff0 : 0 : 1 :
0], henceX contains only equivariant RDPs and does not occur in Table 5. If
a’ 6 1, thenX has anAz-singularity atf0 : 0 : 1 : 0Jand anA,-singularity
atfa? 1:a*+ a?+1:a%:0]. Inthis caseAutg’(e is trivial by Chapter I,
soAut} = 3 by Proposition 5.8.

In Case (8.12)X has twoA,-singularities, one dtL : 0: 1 : 0]and one at
[1: 1:0:0] We leave it to the reader to check thaity = 3 in this
case.

In Case (8.13)X has anA;-singularity at[1 : 0 : 0 : 0] and additional
singularities afu : au® : 1], whereu is a solution ofa®u® au®+1=0.
If a=1,thenu = 1is unique and the resulting singularity %f is of type
As. If a6 1, thenX has two singularities of typ&,. In both cases%ut?e

is trivial by Chapter Il, stAuty = 3if a=1 by Remark 5.9. 166 1, one

can checkAut = 3 directly.
If no coef cient is 0, we get the following case

(8.14) x4+ xy3 + xz3 + ax?yz + by?z?
Here,X has singularities at the poinfisu : au? : b], whereu is a solution of
alub+ (B &)U+ B =0.1f (B a?b?)? = adk®, thenx is unique and
the resulting singularity oK is of typeAs. If (B° a?k?)? 6 a’b?, thenX
has two singularities of typ&,. In both casesAut?(3 is trivial by Chapter II,

soAut$ = 3 by Proposition 5.8 and Remark 5.9.
(b) There are three types of quartics which are invariant under théction, namely

fa(x;y)z2
fa(x;y)z + foz?
fa(xy) + fa(xy)z3
where the; are homogeneous polynomials of degréex andy. All quartics in
the rst family contain a double line, hence they lead to non-norKalFor the
same reason, we ha¥g;f, 6 0 in the latter two families. In the third family,
we havef, 6 0, for otherwiseQ has a quadruple point and the corresponding
singularity onX is not an RDP. Th&L »-action onx; y normalizes the z-action,
hence acts on the space of invariant quartics. Similarly, substitutions of the form
z7'z+ x + y with ; 2 k act on the space of invariant quartics. Using
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(8.15)
(8.16)
(8.17)
(8.18)
(8.19)
(8.20)
(8.21)

these substitutions, and keeping in mind tQaiust be reduced, we obtain the
following simpli ed normal forms:

Xy(x +y)z
xy(x + y)z + z*
x%yz + z4
y4 + xz°
VA + x2y2 + xz8
x2y? + xz3
x3y + xz3

In Case (8.15)X has aD 4-singularity affO : 0 : 1 : O]Jand threéA;-singularities,

atf1:0:0:0J[0:1:0:0]and[1: 1:0:0] In particular,X contains only

equivariant RDPs, so it does not occur in Table 5.

In Case (8.16)X has am,-singularity a1 : 1 : 1 : OJand threeA-singularities,

at[1:0:0:0}[0:1:0:0]and[1: 1:0:0] ByChapter II,Aut;, is trivial,

henceAut) = 3 by Proposition 5.8.

In Case (8.17)X has aDs-singularity at[0 : 1 : 0 : OJand anA;-singularity at

[1:0:0:0] Inparticular,X contains only equivariant RDPs, so it does not

occur in Table 5.

In Case (8.18)X has a singularity of typ&2 at[1: 0 : 0 : 0] In Table 5, we give

an action of a group schent of length27 which preserveX and such that no

subgroup scheme @ lifts to X. Moreover, we give an action aﬁutg’qj = Gnm

on X . As in the corresponding case in degBze&ve leave it to the reader to check

that these two actions generaat §, .

In Case (8.19)X has threé\,-singularities, af1 : 0:0:0J[1: 1:1:0}and

[1:1:1:0] InTable 5, we describe an action @ 0 3o0nX. By Chapter ll,

Aut s trivial, henceAut§ = 5o 3 by Proposition 5.8.

In Case (8.20)X has anAs-singularity at[0 : 1 : 0 : O]and anA,-singularity

at[1:0:0:0] In Table 5, we give an action of} 0 G , on X . By Chapter

II, we haveAut$, = Gm, so Proposition 5.8 and Remark 5.9 show that$; =
20G .

In Case (8.21)X admits a singularity of typ&% at[0 : 1 : 0 : 0] In Table 5, we

give an action of 3 onX that does not x theE 9-singularity as well as the action

of Aut?e = G, 0G . We leave it to the reader to check that these two actions

generateAut % .

(c) We can write the equation & as

fox®+ x3f1(y;2) + x*f2(y; 2) + xF 3(y; 2) + fa(y; 2);
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where thef; are homogeneous of degrieim y andz. Applying the s-action, we
obtain
fox*+ "f ox3y + x3f1(y;2) + (X% "xy + "2y?)f(y;2)
+H(x+ "y)fs(y;2) + faly; 2):
By considering the non-zero term of highest degree irwe see that this is a
multiple of the original equation if and only if it is equal to it. Comparing the
coef cients of"2 and", we see that this happens if and only4f= f, = f3=0.
HenceQ is of the form
x3f1(y;2) + fa(y; 2):

But thenQ is invariant under the 3-action[x : y : z] 7! [x :y : z] and hence,
after interchanging andz, Qgs as in Cases (8.18), (8.19), (8.20), and (8.21).

(d) We write the equation d@ as  ajx x'y! z¥. As in Case (c), one checks tiatis

(8.22)
(8.23)
(8.24)
(8.25)
(8.26)

preserved by the z-action if and only if its equation is preserved by theaction.
Applying the 3-action and comparing the coef cients bfand"?, respectively,
we see thaQ is z-invariant if and only if the following two conditions are
satis ed:

aa00X3y + ag10X3z  apeX?yz + ap11x%z?  agexy?
A211XY?Z (3202 + A121)XyZ2 + a112XZ> + a1z0y*
+ (@121 + A0a0)y3z + a12y?z% + (103 Aoz2)yz3 + amsz? = 0

A100X3Z + A220X%22  appoXy?Z + (@121 + ago2)xz3
+ azoy* + ( a2114 a130)Y3Z + (@121 + A202)y?Z2
+(age @a103)z =0

In other wordsQ is s-invariant if and only if it is given by an equation of
the form

a(xz + y?)2 + bZ(xz + y?) + o’z + dy’z + eZ*:

The substitutions ofthe form 7! 2x+ y + z;y 7! y + z with 2 k and
;2 k normalize the z-action, hence they preserve the space gfnvariant
quartics. Ifa 6 0, we can scaleitt@a = 1 and use to kill b. If a = 0, then
b6 0, otherwiseQ contains a triple line. Then, we can assume 1. Using the
other substitutions, we arrive at one of the following ve simpli ed normal forms:

(xz + y?)% + z*
2)2

(xz + y?)2 + y3z

(xz + y?)? + x3z + a®z*

Z’(xz + y?) + y3z

z°(xz + y?) + x°z
In Case (8.22)X has anAv-singularity at[1 : 0 : 0 : 0] henceX contains only
equivariant RDPs and does not occur in Table 5.
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In Case (8.23)X has amA4-singularity atf1 : 0 : 0 : O]Jand anA»,-singularity at
[0:0:1:0] By Chapter II,Autg’e is trivial, henceAutE’( = 3 by Proposition
5.8.

In Case (8.24)X is singular precisely at a> : a: 1]. If a = 0, then this
singularity is of typeAs and, by Chapter Il and Remark 5.9, we haug$ = .
If a 6 0, then both singularities are of type,. Direct calculation shows that
AUtO = 3.

In Case (8.25)X has an RDP of typ&2 at[1 : 0 : 0 : 0] In particular,X
contains only equivariant RDPs and does not occur in Table 5.

Finally, in Case (8.26), has an RDP of typg at[0 : 1 : 0 : 0] By Chapter
I, Aut?(3 is trivial, hence, by Remark 5.9, we ha#at% = 3. Note that this
surface is not isomorphic to the one in Case (8.24) (with 0), since hereQ
contains a line, while in the other ca€gjs irreducible.

If d=1, thenX is a double cover of the quadratic coneAn branched over a sextic
curveS. In particular,X is given by an equation in Weierstrass form

y? = X3+ ap(s;)x% + au(s;t)x + ag(s; 1);
whereg; is a homogeneous polynomial of degrée s andt, andS is given by the equation
(8.27) x3 + ax(s;t)x% + as(s;t)x + ag(s;t) =0

in P(1; 1; 2). By Proposition 4.3, we hav,éeut?( = Stab aut py 1.5 (S)°. SinceP(1;1;2) is
anAut x -equivariant RDP del Pezzo surface of degde€heorem 6.1 and Chapter Il show
thatAut p1.1.29) = ( G2 0 GL,)=(Z=2Z), which acts via substitutions of the form

X 7V x4+ fo(s;t)
s 7! s+t
t 71 s+t

wheref; is a homogeneous polynomial of degr2én s andt, and ; ; ; are scalars
such that is invertible.

Now, assumeAut?( is non-trivial. Then, itcontain& 2f 3; 30.IfG= 3, weclaim
that there are only three embedding€into Aut 2(1;1;2) = G2 o GL,. First, by counting
the possible Jordan normal forms, observe that there are only three conjugacy classes of
embeddings o6 into GL,. Then, applying [Ray66, Toreme 5.1.1 (ii) (b)], we see that
every such embedding lifts uniquely, up to conjugatiorGgy to an embedding of 3 into
Gg 0 GL,. Hence, ifG = 3, we may assume that it acts in one of the following three
ways onP(1; 1; 2):

@ s:[s:t:x]7'[s:t :Xx],

(b) sz:[s:t:x]7'[s :t :x],

() s:[s:t:x]7'[s: 1lt:x].
Next, assume that = 3 and the image o6 in GL is trivial. Then, the embedding of
G into G3 0 GL is given by a homomorphismz ! G2, which in turn corresponds to a
choice of homogeneous polynomial of degree2 in s andt. According to whether this
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polynomial has one double zero or two simple zeroes, we can conjugate the embedding of
3 using theGL »-action to get one of the following twos-actions:

(d) s:[s:t:x]7![s:t:x+ "s?],
() z:[s:t:x]7!'[s:t:x+ "st].
Finally, assume thab = 3 and the image o in GL, is non-trivial. After conjugating
by elements oGL 2, we can assume that the imagedin GL, acts ags;t) 7! (s+ "t;t).
An action of 3 onP(1;1; 2) that lifts this embedding of 3 into GL» acts onx via
X 71 x + p(")s? + q(")st + r(")t?
wherep; q; r are polynomials of degrezin " satisfying the following conditions:
p(0) = o(0) = r(0) =0
p(" + "9 = p(")+ p(*9
o' + 9= o)+ a9 p()"°
(9= )+ Y+ o) 0+ p()®
Solving this system of equations, we obtairc 0, g(") = " andr(") = " " 2 for

scalars; 2 k. Conjugating with the substitution7! x s 2+ st , we obtain that our

z-action is conjugate to the following:

M 3z:[s:t:x]7'[s+"t:t:x].

We will now classify the sextics as in Equation (8.27) which are reduced with only simple
singularities and invariant under one of the above actions. In particular, note that ifall the
are scalar multiples of thieth power of the same linear polynomialsrandt, thenS has a
non-simple singularity, so it will not appear in our list. Calculatmgg’( is straightforward
here, using our description &utp.1.2) above, so it will be left to the reader without
further mention. The results can be found in Table 6:

(a) The sexticS is invariant if and only if the-degree of every monomial that occurs
in the equation oS is divisible by3. Note that the substitutions

X 7! x+ s?
s 7! s
t 7' t+ s

act on the space of sextics satisfying the condition ort #tiegree, hence we can
apply them to arrive at the following normal forms f&r

(8.28) x3 + s + 6
(8.29) x3+ st + 32
(8.30) x3 + st3x
(8.31) x3+ st + as’t® + t®
(8.32) x3 + st3x + s°t3
(8.33) x3 + s2x% + %3
(8.34) x3+ s2x2 + a3s3t3 + (6
(8.35) x3 + s2x? + st®x + a’s%t3 + bt
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In Case (8.28)X has arEQ-singularity af0: 1: 1:0]

In Case (8.29)X has arE3-singularity af0 : 1 : 0 : 0]

In Case (8.30)X has arE9-singularity atf1 : 0 : 0 : 0]and anA;-singularity at
[0:1:0:0]

In Case (8.31), i 6 0, thenX has arE2-singularity aff1: 0: 0: 0] If a= 0,
thenX has arE 9-singularity a1 : 0 : 0 : 0]

In Case (8.32)X has arE§-singularity atf1 : 0 : 0 : 0]and anA;-singularity at
[0:1:0:0]

In Case (8.33)X has arE$-singularity a0 : 1 : 0 : 0]and anA,-singularity at
[1:0:0:0]

In Case (8.34)X issingularafl1:0:0:0}[1: a:0:0Land[0:1: 1:0]
If a 6 0, then all singular points am,-singularities. Ifa = 0, then the rst two
combine to am\s-singularity, while the latter stays ayp-singularity.

Consider Case (8.35). Her¥, is singular af1 : 0 : 0 : OJand[u : 1 :u ! : 0],
whereu is a solution oau?+(b 1)u+1=0.If b= 0, thenX has an additional
Aj-singularity atf0 : 1 : O : O] If the rst three singular points are distinct,
which happensifand only @6 0; (b 1), then they aré\,-singularities. Now,
consider the case wheae= 0 ora = (b 1)?, but not both: Thefil : 0: 0: Q]
is anAs-singularity andu : 1 :u 1 : 0]anA,-singularity if0 = a6 (b 1)?,
and the other way round B 6 a = (b 1)2. Note that the substitutioh 7!
t+(b 1)s;x 7! x+(b 1)3s? maps the family witta = (b 1)? to the one
with a = 0, which is why only the latter occurs in Table 6. Finallyai= 0 and
b= 1, thenX has amg-singularity aff1 : 0: 0: Q]

(b) The sexticS is invariant if and only if the degrees of theare divisible by3. This

(8.36)
(8.37)
(8.38)

happens if and only i, = a4 = 0. Using a substitution from\ut p(;.1.5), we
obtain the following normal forms:

x3 + s%
x3 + stt?
x3 + s*? + s%t?

In Case (8.36)X has arEJ-singularity af0 : 1 : 0 : 0]

In Case (8.37)X has arE§-singularity atf0 : 1 : 0 : 0]and anA,-singularity at
[1:0:0:0]

In Case (8.38)X has fourAs,-singularities, af1 : 0 : 0 : 0J[0: 1: 0 : 0]
[L: 1:0:0}and[1:1:0:0]

(c) The sexticS is invariant if and only if for every monomial in the equationSfthe

difference between the andt-degree is divisible by. We may assume that not
botha, anda, are zero, otherwise we get Cases (8.36), (8.37), and (8.38). Note
that the substitutions

X 7! x+ st
s 7! s
t 7't
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normalize our sz-action, hence we can apply them to arrive at the following
normal forms foIS:

(8.39) x3 + s%t?x
(8.40) x3+ s?t?x + 1% + asP
(8.41) x3+ stx? + b
(8.42) x3 + stx? + a’s® + %3
(8.43) x3+ stx? + a’sb + b’st3 + 6

In Case (8.39)X has twoD 4-singularities, one afl : 0 : 0 : OJand one at
[0:1:0: 0] henceX contains only equivariant RDPs and does not occur in
Table 6.
Consider Case (8.40). #= 0, thenX has aD 4-singularity af1 : 0 : 0 : O]Jand
anAs-singularity atf0 : 1 : 1 : 0] If a 6 0, thenX has twoA,-singularities,
oneaffl:0: a:0landoneaf0:1: 1:0]
In Case (8.41)X has an RDP of typ®7 at[0 : 1 : 0 : 0] In particular,X
contains only equivariant RDPs and does not occur in Table 6.
Consider Case (8.42). # = 0, thenX has RDPs of typ®4 at[1 : 0 : 0 : 0]
and[0 : 1 : 0 : 0] henceX contains only equivariant RDPs and does not occur
in Table 6. Ifa 6 0, thenX has an RDP of typ®,4 at[0 : 1 : 0 : O]Jand an
As-singularityatfl : a:0:0]
Consider Case (8.43). # = 0, we can interchange andt to reduce to one of
the previous two cases. Hepg¢, has singularities dtL : u : 0 : 0], whereu is a
solution ofu® + bu+ a = 0. If b» = a, then the unique singularity of is an
As-singularity. If? 6 a, thenX has twoA »-singularities.

(d) If a, 6 0 oras 6 0, thenS cannot be s-invariant. Hencea, = a4 = 0. But
thenS is given by one of the equations in (b), so we are done.

(e) By the same argument as in Case (d), we can reduce this to Case (b).

(f) The sexticSis z-invariant if and only if eacla; is invariant under the 3-action.
This happens if and only if the-degree of each monomial in the equationSof
is divisible by3. Interchanging the roles afandt, we can therefore reduce this
Case to Case (a). In fact, this explains why each of the surfaces in Case (a) admits
an sz-action of this form.
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CHAPTER IV

On rational (quasi-)elliptic surfaces with global vector elds

1. Motivation and summary

Recall from Chapters | and Il that the blow-up of a weak del Pezzo sufackdegree
1 in the unique base point gf K] yields a Jacobian rational (quasi-)elliptic surface

¥ (see De nition 3.4 in Chapter I) and, conversely, the contraction of any section of a
Jacobian rational (quasi-)elliptic surface yields a weak del Pezzo surface of degeb

that the image of the exceptional curve is exactly the base point of its anti-canonical linear
system. Similarly, the WeierstraR modeélof ¥ is the blow-up of the anti-canonical model

X of X in the unigue base point ¢f Kyxj. As in Chapters I, I, and Ill, we will denote

by X a weak del Pezzo surface (here of degtpand byX the corresponding RDP del
Pezzo surface (of degrdg. We recall (see Diagram 3.1 in Chapter 1) and summarize the
connection between these four kinds of surfaces in the following commutative diagram:

f
1 @91
(1.2) -

/
/

/

X —IX

This close connection betwedacobianrational (quasi-)elliptic surfaces and del Pezzo
surfaces has already been exploited at several points in this thesis:

In Chapter I, we classi ed the rational double point con gurations that occur
on Weierstra? model¥ of Jacobian rational (quasi-)elliptic surfaces, thereby
classifying which rational double point con gurations occur on RDP del Pezzo
surfacesX .

In Subsection 0.8 of the main introduction to this thesis, we noted that Blanchard's
Lemma implies thaAut% = Aut?, so Table 6 in Chapter Il already gives a
complete classi cation of Jacobian rational (quasi-)elliptic surfaces with global
vector elds (see also Corollary 3.1 below).

Similarly, for the corresponding Weierstrafld modélsf Jacobian rational (quasi-)
elliptic surfaces resp. the anti-canonical mod€lsof weak del Pezzo surfaces
of degreel, we haveAut) = Aut%, so Theorem 6.1 and Tables 1, 2, and
6 in Chapter Il give a classi cation of Weierstral3 models of Jacobian rational
(quasi-)elliptic surfaces with global vector elds in characteristic different febm
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In this chapter, we will explain how to use the results of the previous chapters to classify
non-Jacobiarrational (quasi-)elliptic surfacds: 2! P! with global vector elds, where
for the notion ofnon-Jacobiansuch surfaces we simply drop the last assumption fthat
admits a section in De nition 3.4 in Chapter I.

For this, we will rst recall that all such surfaces are obtained by blowing up the
9 base points of a Halphen pencil of degr&® and deduce that they are blow-ups of
weak del Pezzo surfaces of degree a point which isdifferent from the base point of
the anti-canonical systelfin contrast to thelacobian casg but satis es other restrictive
properties which we make precise in Section 2 below.

Then, again using Blanchard's Lemma, we can apply the approach of Chapter Il and
calculate stabilizers of thaut ;’e-action onX¥, or we calculate the stabilizers of thent% -
action onX using the Weierstral3 equations of Chapter Ill (see Sections 3 and 4 for a
combination of these two approaches).

Since the classi cation of rational (quasi-)elliptic surfaces with global vector eldsis a
byproduct of this thesis and only tangentially related to the study of the geometry of rational
double points and del Pezzo surfaces, we will mainly be interested in explaining how our
previous results make such a classi cation possible. We will illustrate the approach for
rational (quasi-)elliptic surfaces that are blow-ups of the surfaces of ypelB, 1C,
or 1D in Table 6 of Chapter Il (see Section 4). Note thatpiB 2;3, then every not
necessarily Jacobian rational (quasi-)elliptic surface with global vector elds is a blow-up
of surfaces of these four types, so we will in fact achieve a complete classi cation of all
rational (quasi-)elliptic surfaces with global vector elds in characteriptié 2;3 (see
Corollary 1.2). At the same time, we will make some progress towards the full classi cation
in the remaining characteristips= 2 andp = 3.

THEOREM1.1. Let2 be arational (quasi-)elliptic surface with®(2; Tg) 6 0. Assume

that 2 is a blow-up of a weak del Pezzo surface of t§pe 1B, 1C, or 1D in Table 6 of
Chapter Il. Ther® is one of the surfaces in Table 1.
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Type blow up Jac. or Multiple Reducible Aut® | hO(E:T,) Moduli char(k)
X in non-Jac. ber bers 2 z of 2 =p
1A | base pt. Jac. none lo+1, Gm 1 1dim any
1A | 2-tors. pt. non-Jac. 211 l4 2 1 1dim =2
1B base pt. Jac. none | IV +IV Gnm 1 fptg any
1B | 3-tors. pt. non-Jac. 3l I 3 1 fptg =3
1B | 2-tors. pt.|| non-Jac. 2IvV IV +13 2 1 fptg =2
1C base pt. Jac. none | Il +1lI Gm 1 fptg 82
1C | 3-tors. pt.|| non-Jac. 3111 " +1, 3 1 fptg =3
1D base pt. Jac. none I Gm 1 fptg 8§2;3
1D | 5-tors. pt.|| non-Jac. 5l [l 5 1 fptg =

Table 1. Rational (quasi-)elliptic surfacés with global vector elds that are
blow-ups of weak del Pezzo surfac€sof typeslA, 1B, 1C and1D

In Table 1, the rst column denotes the type of a weak del Pezzo subfiosf
degreel of which Z is a blow-up and the second column denotes the kind of point that
is blown-up. Note that the type o€ is not uniquely determined — we will see this in
Remark 3.3 —, that is, blow-ups of non-isomorphic weak del Pezzo surfaces of degree
can be isomorphic rational (quasi-)elliptic surfaces. Hence, the rst and second column
of Table 1 should be understood as instructions for the construction of these su#faces
from Theorem 1.1. The third column indicates whetBeis Jacobian or non-Jacobian,
where only in the latter case there exists a multiple ber that is speci ed in the fourth
column. Moreover, we determine all reducible bers ( fth column) of the (quasi-)elliptic
bration 2! P! and compute the connected component of the identity of its automorphism
scheme (sixth column), both in the Jacobian case (Corollary 3.1) and in the non-Jacobian
case (Subsections 4.1, 4.2, 4.3, and 4.4). In seven of the nine cases in Table 1, there is
a uniqueZ with global vector elds (compare column eight), whereas thdimensional
moduli in the second and third row of Table 1 come from the fact that the fabAilyf
weak del Pezzo surfaceslisdimensional (see Table 6 in Chapter II). Comparing the third
and last columns of Table 1 with Table 6 from Chapter Il, we see that in characteristic
p 6 2;3there is only one non-Jacobian rational (quasi-)elliptic surface with global vector
elds, and this one only occurs in characterighicln particular, the results of this chapter
imply the following.

COROLLARY 1.2. Letchar(k) = p 6 2;3. LetZ be a non-Jacobian rational (quasi-)
elliptic surface.
(1) Ifp8&5,thenh®(®;T,)=0.
(2) If p=5, thenh%(Z; T,) 6 0 ifand only ifZ is the surface in row ten of Table 1.
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Although the classi cation of rational (quasi-)elliptic surfaces with global vector elds
is complete only ifp 6 2; 3, we nevertheless determined the connected components of the
automorphism schemes afd2)-curve con gurations for those surfaces that are blow-ups
of types1A, 1B, 1C and 1D if p = 2;3, in order to illustrate the interplay of the
classi cations of previous chapters as well as to reap the bene ts of our meticulous drawings
of con gurations of negative curves on weak del Pezzo surfaces in Chapter Il. In this
sense, the parts of this chapter exceedingptle? ; 3 cases should be seen as an outlook
on possible future projects and should highlight the strength of the classi cations of the
previous chapters of this thesis.

2. Non-Jacobian rational (quasi-)elliptic surfaces and Halphen pencils

As before, we work over an algebraically closed &laf characteristichar(k) = p
0. For the sake of completeness, we recall the de nition of not necessarily Jacobian rational
(quasi-)elliptic surfaces (compare with De nition 3.4 in Chapter | in the Jacobian case).

DEFINITION 2.1. A projective surfac® is called arational (quasi-)elliptic surfacéf it
is smooth, rational, and admits a morphism2Z ! P such that the following conditions
hold:
f is surjective and Op = Opx,
the generic ber off is a regular curve of arithmetic gentisand
there are nq 1)-curves in bers off .
We callf elliptic if the generic ber off is smooth, andjuasi-ellipticif the generic ber is
singular.

As in the Jacobian case,fifis quasi-elliptic, then the geometric generic ber has to be
a cuspidal curve and such brations can only occur in characterigtic andp = 3.

Now, letf : 21 P! be arational (quasi-)elliptic surface. We denote the bef ofver
P 2 P! by Fp. The greatest common divisatp of the multiplicities of the components
of Fp is called themultiplicity of the ber Fp and we seFp = 1 Fp The bers with
mp > 1are callednultiple bers. With this notation, the canonlcal bundle formula (see for

example [B1, Theorem 7.15.]) yields 1

X _
(2.1) l, = fOm( 1) 0,@ (mp 1FpA
p2pL

SinceZ2 is rational, for anyn > 0 we haveh®(Z;! )= pn(®) = pn(P?) = 0, hence,
by Equation 2.1, there is at most one multiple ber and we denote its multiplicitynby
Hence, the class of a ber df in the Picard group is K, if there are no multiple bers,
and mK 4 if there is a multiple ber. Thus, by adjunction, gl 2)-curves onZ have to
liein bersoff.

Forl > 0, anl-sectionof f is an irreducible curv€ on Z such thalC:Fp = |, where
Fp isageneral berof . Theindexoff isthe minimal for which there exists alrsection.
By [CD89, Chapter V, Proposition 5.6.1.(vi)], the index of a rational (quasi-)elliptic surface
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is equal to the maximal multiplicity of its bers. In particular, it Isif and only if f does
not admit a multiple ber. In this casd, admits a section and is calleldcobian(see
De nition 3.4 in Chapter I). Moreover, by contracting a sectionf gfone obtains a weak
del Pezzo surfack¥ of degreel. If f admits a multiple ber, then the index df is equal

to the multiplicity m of this unique multiple ber. Moreover, note that in this case, every
( 1)-curve onZ is anm-section off and intersects each ber with multiplicityn (as can

be seen by adjunction).

As recalled above and explained in Subsection 3.2 of Chapter |, 8aeopianrational
(quasi-)elliptic surface is a blow-up of a weak del Pezzo surface of dégfides connection
persists fomon-Jacobiarrational (quasi-)elliptic brations, as we are going to recall in the
following (we refer the reader to [BL, Chapter 7], [CD89, Chapter V], [Dol66], [CD12,
Section 2.], or [Hal82] for further details).

Let X be the contraction of ang-section off . SinceKé =0 and Ky is nef, the

anti-canonical divisor K of ¥ is nef with K)% =1, soX¥ is a weak del Pezzo surface

of degreel. Hence, we can choose a realization®fas a blow-up of? in 8 points and
obtain a birational morphism : 2 ! ¥ | P2 which realizesB as the blow-up oD
(possibly in nitely near) points. This yields the classical descriptiof @fs the resolution
of the base points of Halphen pencil of inder, which is a pencil of curves of degr8m,
all of which have multiplicitym at the9 points prescribed by. The image of the multiple
ber of f under is a cubic through thesgpoints, taken with multiplicitym.

If X is a weak del Pezzo surface of degiethen every curve in K ] is of arithmetic
genus one and marked with the base poirt oK j. Note that this base point is a smooth
point on every member gf K], sinceK)Z@ =1. Hence, for every curv€ 2 Kj,
the smooth locus of the irreducible componentCothat contains this base point becomes
a group scheme (with the base point as neutral element). We call this group scheme the
identity componendf C and denote it byC°.

The description of the previous paragraph has the following important consequence,
which is explained in [DM22, Theorem 4.2]:

PROPOSITION2.2. Letf : 2 | P! be a rational (quasi-)elliptic surface of index
m. Then,Z is the blow-up of a weak del Pezzo surfa@en a point® that satis es the
following conditions:

(1) Ifm =1, thenP is the base point gf Kj.
(2) If m > 1, thenP lies on a unique curv€ 2 j Kgj. More preciselyf® is a
point of exact ordem on C°.

Using this, we can now extend the above Diagram 1.1 with non-Jacobian brations
f : 21 P! ofindexm and Halphen pencils: Ldt;;f, be equations of cubics iR?
such that8 of their (possibly in nitely near)9 points of intersection lie in almost general
position (see Subsection 2.1 in Chapter Il). bdbe the equation of a curve of degrém
in P2 with multiplicity m at the abové points in almost general positionfii; =0 = fag
and with one more point of multiplicityn at a pointPg different from thed base points of
the cubic pencil spanned by andf,. Then, there exists precisely one curve in this cubic
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pencil passing througRg. Let g be the cubic equation of this curve. By Proposition 2.2,
the pointPg 2 f g = 0g is a point of exact ordem onfg = 0g. Moreover, the Halphen
pencil corresponding t# is spanned bg™ andh, and2 is obtained by blowing u? in
the 8 common base points of the cubic pencil and the Halphen pencilPandNote that
simply blowing up the9 base points of the cubic penéfi;;f i yields a Jacobian rational
(quasi-)elliptic surfac# . The situation is summarized in the following Diagram 2.2.

2.2)

bration

P blow up_8
- base points

Halphen pencil cubic pencil

[ (x) : h(x)] © X = [Xo : X1 : Xz Mt 1(x) 2 F2(x)]
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3. Automorphism schemes: From weak del Pezzo surfaces of degree
to rational (quasi-)elliptic surfaces

Now that since we have realized each rational (quasi-)elliptic suBaaea blow-up of
a weak del Pezzo surfad® of degreel, the approach of Chapter Il gives us a method of
calculatingAut 2 from our knowledge oAut 2 .

First, we note the following corollary, which we have already mentioned in Subsection
0.8 of the main introduction of this thesis and which enables us to reduce the classi cation
of Jacobian rational (quasi-)elliptic surfaces to weak del Pezzo surfaces of degree

COROLLARY 3.1. There is a bijection of isomorphism classes
Weak del Pezzo surfaces_ Jacobian rational

of degreel ' (quasi-)elliptic surfaces

e 7 Blow-up of¥
"~ inthe base pointgf K j

Contraction of a section IY ¢

which preserves the subsets of surfaces with global vector elds and identi es the identity
components of the automorphism schemes of these surfaces.

PrROOF First, we observe that the map from the left-hand side to the right-hand side
is well-de ned, since every isomorphism between two weak del Pezzo surfaces of degree
identi es the unique base points of the anti-canonical system and hence lifts to the blow-up.

Similarly, since any two sections of a Jacobian rational (quasi-)elliptic surface can be
mapped to each other by a suitable translation, the isomorphism class of the weak del
Pezzo surface resulting from the contraction of a section does not depend on the choice
of a section. Hence the map from the right-hand side to the left-hand side is well-de ned.

Finally, if X is the contraction of a Jacobian rational (quasi-)elliptic surfégehen
Aut$, = Aut$ by Lemma 2.10 and Lemma 2.11 in Chapter Il.

In the case of not necessarily Jacobian rational (quasi-)elliptic surfZsethe
correspondence is more subtle, since contractions of two diffenesgctions might lead
to non-isomorphic weak del Pezzo surfaces (see Remark 3.3). Nevertheless, let us note the
following corollary to Proposition 2.2, combined with Lemma 2.10 and Lemma 2.11 from
Chapter II:

COROLLARY 3.2. Every rational (quasi-)elliptic surfacé of indexm > 1 with
hO(2; T,) 6 0 is obtained by blowing up a weak del Pezzo surffcef degreel with

h%(%; T ) 6 0 in a point® 2 X such that the following conditions hold:
(1) (Staby o (®))? is non-trivial.
*

(2) B is a point of exact ordem on the identity componei@® of the unique curve
C2j Kyjthatcontaing®.

Moreover, we havei\\uto2 = (StabAut; (1)) °:
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Thus, in order to classify rational (quasi-)elliptic surfaces with global vector elds, we
have to calculate the stabilizers of the actiod\aot % , whereX is a weak del Pezzo surface
of degreel with global vector elds.

ReEMARK 3.3. Note that the above corollary does not yield a bijection between iso-
morphism classes of weak del Pezzo surfaces of deigiagether with a point to be blown
up and rational (quasi-)elliptic surfaces with multiple bers. Indeed, we we will see in the
discussions of con gurations df 2)-curves for FamilylB and FamilylC that blow-ups
of non-isomorphic weak del Pezzo surfaces can yield isomorphic rational (quasi-)elliptic
surfacesB: For example, ifp = 2, the unique® with hO(Z; T,) 6 O obtained from

type 1B is a blow-up of a weak del Pezzo of tyf& , and ifp = 3, the unique® with
hO(®; T,) 6 0 obtained from typeC is a blow-up of a weak del Pezzo of tyfE .

4. Four families of weak del Pezzo surfaces of degrdewith global vector elds

Throughout this section, we use the notation summarized in Diagram 2.2.

By Corollary 3.1, the classi cation of Jacobian rational (quasi-)elliptic surfaces with
global vector elds follows immediately from Table 6 of Chapter Il. In this section, we will
carry out the approach suggested by Corollary 3.2 for the non-Jacobian rational (quasi-)
elliptic surfaces that are blow-ups of the surfaces of tyi#eslB, 1C and1D in Table 6 of
Chapter Il. In particular, the results of this section will prove Theorem 1.1.

By Corollary 3.2 and our classi cation in Chapter Il, every rational (quasi-)elliptic
surface is of this form as long as 6 2;3. So, Corollary 1.2 will follow immediately
from Theorem 1.1.

In the following Table 2, we recall the con gurations 6f 1)- and( 2)-curves (thin
resp. thick lines) on these four families of del Pezzo surfaces (compare Table 6 of Chapter
II). The Weierstrald equations for their anti-canonical modelare taken from [MP86],
[Lan94], [Ito92], and [Ito94] (resp. Tables 2—6 in Chapter 1), and simplied to a
characteristic-free form. In each case, we know from Table 6 of Chapter IAlht% =

G, hencgAut 9< )red = Gm, since smooth group scheme actions lifl@dy the universal
property of the minimal resolution ar;ﬁ;ijt?(3 ! Aut$ by Blanchard's Lemma. Therefore,

the faithful G, -actions onX that we describe in Table 2 lift 8 and must coincide with
the knownAut?e-actions.
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( 2)-curves Con guration of Action of Aut% on
Case _ _ x - char(k)
onX negative curves o the Weierstral3 equation &f
Gm:[s: t:x:y]
1A 2D acting on any
4
y2 = x3 + astx? + s?t?x
wherea 2 k anda? 6 4
Gm:[?%s: M:x:y]
1B Ee+ Az acting on any
y2+ st2y = x3
Gm:[3: M:x:y]
1C Es+ A acting on 62
y2 = x3+ st3x
Gm:[%: t:x:y]
1D Esg acting on 62;3

Table 2. Four families of weak del Pezzo surfaces of degyneh global vector

elds
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NOTATION 4.1. In the following, we say tha&f 2] Kyjisoftype ,where isa

Kodaira—Neron type, if the strict transform & on the Jacobian (quasi-)elliptic surfae

associated t&f is a ber of type . For the readers convenience, we recall these ber types
resp. the extended Dynkin types corresponding to the con guratiogs Bf-curves in

reducible bers of¢ | P!, as well as the respective types of rational double points on the

corresponding Weierstral? mod#&lsesp. the RDP del Pezzo surfageégcompare Chapter

I, Subsection 3.2) in the following table (see also [CD89, Chapter V] or [LLR04], [LLR18],

[Kod60], [Kod63], [N64]):

Kodaira—Neron type lo In I " v (- v |l I
dual graph Ao | KRy 1| Ko | ALK |Bsn| Bs | Er | Es

corresponding

] _ smooth| A, 1 | smooth| A1 | Ao | Dsg+n | E6 | E7 | Eg
rational double point

Table 3. Kodaira—®ron types and dual graphs

Now, we are ready to outline the structure of the following subsections in the following
Strategy 4.2 and to explain how they imply Theorem 1.1.

STRATEGY 4.2. Let® be a weak del Pezzo surface in faniily, 1B, 1C or 1D. Since
the identity components of the curvesjin K .j are not contracted by the anti-canonical
modelX ! X, we can use the explicfs, -actions in Table 2 to calculate the stabilizers of
theAutg’e-action on the identity componen®’ of the curveC inj K j. In particular,
we will obtain a classi cation of the points 0§ satisfying the assumptions of Corollary
3.2 in Propositions 4.5, 4.9, 4.13 and 4.17. After that, in Corollaries 4.6, 4.10, 4.14 and
4.18, we will determine which of these points lead to isomorphic non-Jacobian rational
(quasi-)elliptic surfaces with global vector elds. At this point, we know the Kodairgrex
type as well as the multiplicityn of the multiple ber of 2, but the con guration of
all ( 2)-curves onZ is not clear in general. Indeed, it might happen that curves with
non-negative self-intersection & — which are therefore not visible in the con gurations
of Table 2 —becomé 2)-curves or.

We solve this issue in Discussions 4.7, 4.11, 4.15 and 4.19: First, we study what
happens to the negative curves®runder the blow-u® ! X. In each case, the following
Lemma 4.3 shows that there is at most ¢ne&)-curve onZ which does not come from a
negative curve of. Using a realization of as a blow-up of a weak del Pezzo surface
of another type (see Table 6 in Chapter Il) by contracting a suitablg-curve onZ as
well as using the smoothness of the xed locus of linearly reductive group scheme actions
[CGP15, Proposition A.8.10(2)], we determine how this “new”2)-curve ts into the
con guration of “known” curves that come from negative curves®nAs a byproduct, we
will sometimes obtain additiondl 1)-curves or that come from non-negative curves on
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X%, but we do not claim completeness of the con guratior{ ofl)-curves onZ that occur
in our diagrams.

In particular, these discussions will allow us to determine the KodaikeeiNtypes of
the reducible bers of in Corollaries 4.8, 4.12, 4.16, and 4.20. Note that the con guration
of ( 2)-curves on? is usually different from the con guration of 2)-curves onZ (so,
contrary to what one might expect at rs¥, is, in general, not isomorphic to the Jacobian
of Z — compare [LLR04], [LLR18]). Taken together, these results will yield Table 1.

Recall that, by adjunction( 2)-curves onZ lie in bersof f : 2 ! P! and that,
conversely, all components of reducible bers have t¢ b&)-curves. In order to determine

the con gurations of 2)-curves ong, we will need the following lemma.

LEMMA 4.3. Letf : 21 P! be a not necessarily Jacobian rational (quasi-)elliptic
bration. Let ep be the number of irreducible components of a gr overP 2 PL. Then,
X
(ep 1) 8
p2pl

PrRoOOF By [LLRO4, Theorem 6.6.], [LLR18], it suf ces to prove the statement if
has a section, i.e., iff is Jacobian. Ther; F pi? Pic(Z) has rank8. For every ber
Fp, the irreducible components gfa that do not meet span a negative de nite lattice of
rank(ep 1)inh;F pi?.Hence p,m(ep 1) rank(h;Fpi?)=8.

NOTATION 4.4. The convention according to which we draw curves in the qualitative
pictures in Discussions 4.7, 4.11, 4.15 and 4.19 is as follows:

As for the curve con gurations in the above Table 2 and the gures in Chapter Il, thick
curves always depidgt 2)-curves. Or# resp.X thin curves depicf 1)-curves. Whereas
on each¥® resp. ¥ the picture shows the con guration afl negative curves resp. bers,
for the study of curves o we restrict ourselves to the description of con gurations of all
( 2)-curves, i.e. reducible bers, and do not claim completeness of the con guration of
( 1)-curves or&.

Intersection multiplicitiesl and2 will be clear from the pictures, whereas we write a
small3 next to the point of intersection if the intersection multiplicityBisBase points and
sections, as well as their (pre)images, will be marked in gray. The blown up [P®iat¥
and their (pre)images are drawn in red.

If a gure contains ve con gurations with no speci c labels (see Figures 1, 5, 6, 10,
and 11), they will be arranged according to the following diagram:

2 /ro ¥

Xo Yy

165



4.1. Family 1A. These surfaces occur for arbitrasiyar(k) = p 0.

PROPOSITION4.5. Let ¥ be a weak del Pezzo surface of degteef typelA. Let
B 2 X be a point which is a non-trivial torsion point of ordar on the identity component
ClofacurveC 2j Kyj.

(0) If p6& 2, then(Stab,,.0 ()= fg .
*
Q) Ifp=2, then(StabAut?e(lﬂ))O 6 fg if and only ifC is of typell andP lies on

a( 1)-curve. Moreover, the(tStabAut?e(lﬂ))0 = andm =2.

PROOF. As explained in Strategy 4.2 for sucla2 X, we can comput&tab, ;o ()
*

as Stab, 0 (P) = Stabg,, (P), whereP is the image off® in X under the minimal
*
resolution and wherX is explicitly given as a sextic hypersurfaceR(L; 1; 2; 3) by

(4.1) y? = x3+ astx? + s?t>x with a2 k and a® 6 4:

with Aut?e = Guactingas[s:t:x:y] 7' [s : t:x:y](see Table 2). We
note that the twd 4-singularities are gL : 0 : 0 : OJand[0 : 1 : 0 : 0] To nd points
P =[s:t:x:y]2 X with non-trivial (Stabg, (P))°, which are distinct from the base
point ofj Kxj (i.e., withs andt not both zero), we consider the following cases:

(@) If s = 0, we can assume = 1. Forthe action0 : 1 :x :y] 7' [0:1:
2x : 3y]to x P, we must have eithet = y = 0, in which caseé® would be a
D4-singularity, orx;y 6 0 and =1, in which caseStabg,, (P) is trivial.
(b) Thus, we can assunse= 1. Exploiting the symmetry betweenandt, we can
assume 6 0 by (a).
(1) Forthe actiorf1 :t : x :y] 7! [L: 2t: 2x: 3y]Jto x P, we
immediately see that?> = 1 must hold. If furthermoreg was non-zero, this
would imply = 2=1. Thus, we can assunye= 0.
Then,(Stabg,, (P))? is non-trivial if and only ifp = 2 and

P=[1:t:x:0] witht60 and x®+ atx?>+ t>x = 0:

We note thak® + atx? + t?x = x(x + bt)(x + (a+ b)t) for b2 k a solution
of 22+ az+1 =0, and thus

P2f[1:t:0:0][1:t:bt:0];[1:t:(a+ bt]g:

For such pointsP, we have(Stabg,, (P))® = 2. Moreover, from the
location of the singular points of , we see thal lies in an irreducible ber
Cof 2! X 99KP!. Sincep = 2, our equation foiX is the Weierstral
equation (4.1) of a quasi-elliptic bration [Ito94, Theorem 5.2.(d)], hefice
is of typell, C® = G, andm = 2 by Corollary 3.2. Finally, note that the
equationx =0;x + bt=0; andx + (a+ bt = 0 are exactly the equations
of the( 1)-curves on¥ that are not contained in members of Kel-
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COROLLARY 4.6. Let Z be a non-Jacobian rational (quasi-)elliptic surface that is a
blow-up of a weak del Pezzo surfaeof typelA in a point® on the identity component
ClofacurveC 2j Kyj. Assume thah®(®;T,) 6 0. Then,p = 2, such surface®
form al-dimensional family, each of them has one multiple BHr, andAut% = .

PrRoOOF Everything except the number of moduli follows by combining Corollary 3.2
with the above Proposition 4.5. To see that these surfaces fdirdimensional family,
note that weak del Pezzo surfaces of tygeform a 1-dimensional family, so it suf ces
to show that for every xed€ of type 1A, the choice of® is unique up to automorphisms
of the surface. For this, rstly, we observe that all the cur@s2 j Kj of typell
are conjugate undekut( X), and, secondly, that in every such b@, the three points
B, whose blow-up yields€ are permuted by aBz-action onX . Both follow from our
description of theG,-action onX in Table 2 and the proof of Proposition 4.5(1): First,
Gm sends a berf[1:t:x:y]jy? = x3+ atx? + t?°xgover[l : t];t 6 0, to the ber
over[l: ?2t], hence all such bers are conjugate un@y. Second, for xedt 6 0, the
involutionsx 7! x + bst(resp.x 7! x + (a+ b)st) of X interchangdl :t : 0 : O]and
[1:t:bt:0](resp.[1:t:(a+ bt :0].

DiscussioN4.7. Note that, in the explicit description of the possibly blown up points
P 2 X in the proof of Proposition 4.5(1) and their identi cation via automorphism¥of
in Corollary 4.6, we see the structure of the Mordell-Weil group of the Jacobian rational
quasi-elliptic bration'® ! P! associated t¢€: By [0S91] the Mordell-Weil group is
MW(® ! P = (Z=27)? and, sincer ! X is the contraction of the zero-section, the
three sections different from the zero-section are visible in the equati®n ofamely as
X\f x=0g, X \f x = bstgandX \f x = (a+ b)stg. The involutionsx 7! x + bst
andx 7! x + (a+ byst generateAut(( Z=2Z)?) = Sz and permute these sections resp.
the three possibilities fdP on each ber ovefl : t];t 6 0. The strict transforms of these
sections i€ are the thre¢ 1)-curves intersecting only 2)-curves. ThusZ contains
a con guration of ning( 2)-curves of Kodaira—&ron typel,. By Lemma 4.32 cannot
contain any furthe( 2)-curves. This situation is summarized in Figure 1 and Corollary
4.8.
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Figure 1. Non-Jacobian and Jacobian brations with global vector elds
originating fromX* of type 1A (p = 2)

COROLLARY 4.8. Each of the non-Jacobian rational (quasi-)elliptic surfacBsof
Corollary 4.6 contains nin¢ 2)-curves with dual graph of typBg forming con guration

L,

4.2. Family1B. Again, these surfaces occur for arbitrahar(k) = p 0.

PROPOSITION4.9. Let ¥ be a weak del Pezzo surface of degieef typelB. Let
B 2 X be a point which is a non-trivial torsion point of ordar on the identity component
ClofacurveC 2j Kyj.

(0) Ifp62;3, then(StabAutoﬁ(lﬁ))0 =fg.

Q) Ifp=2, then(StabAutc;(lﬁ))0 6 fg ifand only ifC is of typelV . Moreover,
then(StabAut(st(Fﬁ))0 = ,andm=2.

(2) Ifp=3, then(StabAutcx)e(lﬂ))0 6 fg ifand only ifC is of typell andP lies on

a( 1)-curve. Moreover, the(StabAut?@(lﬂ))O = gzandm =3.

PROOF. As explained in Strategy 4.2 for sucla2 X, we can comput&tab, ;o ()
*

as Stab, 0 (B) = Stabg,, (P), whereP is the image off® in X under the minimal
*
resolution and wherX is explicitly given as a sextic hypersurfaceR(i; 1; 2; 3) by

4.2) y2 + st’y = x3

with Aut% = Gpmactingads:t:x:y]7!' [ ?s: 1t:x:y](see Table 2). We note that
the Eg-singularity is a1 : 0 : 0 : 0] whereas thé ,-singularityisaf0:1:0: 0] To nd
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pointsP =[s:t:x :y] 2 X with non-trivial (Stabg,, (P))°, which are distinct from the

base pointoj Ky j (i.e., withs andt not both zero), we consider the following cases:
(@) If s =0, we can assume= 1. For the actiorf0 : 1 :x :y] 7! [0:1: 2Xx:

3yl to x P, we must either have = y = 0, in which caseP would be the

Aj-singularity, orx;y 6 0 and = 1, in which casestabg , (P) is trivial.

(b) Thus, we can assunse= 1.

(1) If t = 0, then for the actiofl : 0 : x : y] 7! [1:0: “x : 5y]
to x P, we must either have = y = 0, in which caseP would be the
Ee-singularity, orx;y 6 0 and 2 = 1. Thus,(Stabg,, (P))° is non-trivial if
and only ifp=2 and

P=[1:0:x:y] with x;y 60 andy?= x3:
In this case(Stabg,, (P))? = ,. Moreover, sincd® and theE g-singularity
lie on the same ber of the projectioR(1;1;2;3) X 99KP! ontos and
t, B lies on the identity component of acur@ 2 j Kj of typelV .
SinceP lies on the cuspidal curvé \f t = 0g, we haveC® = G, as group
schemes and thus = 2 by Corollary 3.2.

(2) Ift 6 0, thenforthe actiofd : t : x :y] 7! [L: S3t: “4x: By
to x P, we immediately see thatt = 1 must hold. If furthermorex was
non-zero, this would imply = 4 =1. Thus, we can assunxe= 0.
Then,(Stabg,, (P))? is non-trivial if and only ifp = 3 and

P=[1:t:0:y] with t60 andy2f0; t%g:
For such points(Stabg,, (P))° = 3. Moreover, from the location of the
singular points ofX , we see that lies in an irreducible berC of ¥ !
X 99KP!. Sincep = 3, our equation (4.2) foK is the WeierstraR equation
of a quasi-elliptic bration [Ito92, Theorem 3.3(2)], hen€eis of typell,
C% = G, andm = 3 by Corollary 3.2. Finally, note that the equations 0
andy = t? are exactly the equations of tlie 1)-curves on® that are not
contained in members ¢f K j.

COROLLARY 4.10. Let Z be a non-Jacobian rational (quasi-)elliptic surface that is a
blow-up of a weak del Pezzo surfa€eof typelB in a point® on the identity component
ClofacurveC 2j Kj. Assume that®(Z;T,) 6 0. Then,

(1) eitherp = 2, the surface® is unique up to isomorphism, has one multiple ber
2IV ,andAutf =,

(2) orp = 3, the surface® is unigque up to isomorphism, has one multiple s,
andAut% = 3.

PrROOF Everything except the uniqueness follows by combining Corollary 3.2 with the
above Proposition 4.9.

(1) If p = 2, for the uniqueness € in (1), it suf ces to observe that all points
B 2 CO whereC 2 j K] is the curve of typelV are conjugate under
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Aut( ®). This follows from our description of th&,-action onX in Table 2 and
the proof of Proposition 4.9(15, sends a point of the forfd : 0 : x : y], where
x;y 60 andy? = x3,t0[1:0: “x: Oy], soall such points are in the same
Gn, -orbit.

(2) If p = 3, for the uniqueness ¢® in (2), rstly, we observe that all the curves
C 2] Kygjoftypell are conjugate undekut( ®), and, secondly, that in
every such berC, the two points®, whose blow-up yield€ are interchanged
simultaneously by an automorphism Xf. Both follow from our description of
the G, -action onX in Table 2 and the proof of Proposition 4.9(2): Fir€ty,
sendsa beff[1:t:x:y]jy?+ t?y = x3gover[1:t];t 6 0, to the ber over
[1: 3t], hence all such bers are conjugate un@y. Second, for xedt 6 0,
the two point§1 :t: 0: 0Jand[1:t:0: t?]are interchanged by the involution
of X givenbyy 7! 'y st

DiscussioN4.11. In both of the above cases, we again see the Mordell-Weil group
of the Jacobian rational (quasi-)elliptic bratiof ! P! associated t0€: By [0S91]
MW(® ! P! = z=3Z and the two sections that are visible in the equationfoare
given byX \f y = 0gandX \f y = st?g. These sections are interchanged by the

automorphisny 7!y st?. By [Lan94] and [It092] ¢ is elliptic with singular berslV
andlV if p =2, and quasi-elliptic with reducible ber8/ andlV if p=3.

To determine the number and con guration(of2)-curves or# we treat cases (1) and
(2) of Corollary 4.10 separately.

(1) By the proof of Proposition 4.9(1), we know thi8t 2 X lies on a( 1)-curve
intersecting thézg- but not on & 1)-curve intersecting thé,-con guration of

(' 2)-curves. Hence®Z contains con gurationV .

Figure 2. 2! ¥ with incomplete( 2)-curve con guration org

From the Kodaira—Eron classi cation of ber types and Lemma 4.3 we see
that the other two obvioug 2)-curves onZ (in the left of the picture fo in
Figure 2) have to constitute a dual graf#h together with anothef 2)-curve,
that we were not yet able to see as a negative curv€ owe will now determine
the precise con guration — eithdV or I3 — of the two “known”( 2)-curves
with the “new”( 2)-curve: Taking into account that, by Proposition 4.9(1), every
( 1)-curve onZ is a2-section, we obtain that the 1)-curve in Figure 2 that
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intersects both the “known(" 2)-curves in one point cannot intersect the “new”
( 2)-curve. Hence, con guratiofV is not possible.

We are therefore left with the four possibilities for the intersection behavior of
I3 as in Figure 3, where the “knowrf” 2)-curves are still drawn in black and the
“new” ( 2)-curve is drawn in purple. Note that we also assigned other colors to
some of the remaining negative curves in order to be able to better refer to them in
the argument. We remark that, in order to not overload these drawings, we did not
yet include the intersection behavior of the red exceptional cun with other
curves.

Figure 3. Four possibilities for con gurations ¢f 2)-curves ong

When contracting the blug¢ 1)-curve in Figure 3, we obtain a realization
of Z as blow-up of another weak del Pezzo surface with global vector elds
containing arEg-con guration of ( 2)-curves and at least vé 1)-curves. So,
by the classi cation in Chapter II, this weak del Pezzo surface is either of type
1K or 1J. Since the blu€ 1)-curve does not intersect the purgle2)-curve,
its image under the contraction is still(a 2)-curve that does not intersect the
Eg-con guration of ( 2)-curves on the contraction. S#, is a blow-up of the
weak del Pezzo surfac® k of type 1K . We can identify some of the curves in
Figure 3 with curves o1k according to the color they are given below and learn
about their intersection behavior.

Figure 4. 2 as a blow-up of a weak del Pezzo surface of tylie(p = 2)

From a comparison with Figure 4 we see that the fourth con guration in Figure
3 is correct. Moreover, there are (at least) three n{org)-curves onZ than
visible in Figure 2, and the red exceptional curve intersects the plrf@gcurve
in one point with multiplicity2. The results of this discussion are summarized in
the following Figure 5.
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Figure 5. Non-Jacobian and Jacobian brations with global vector elds
originating fromX* of type 1B (p=2)

(2) By the proof of Proposition 4.9(2 lies on a( 1)-curve connecting th&g-
and theA,-con guration of ( 2)-curves on¥. Thus,Z contains( 2)-curves
forming a con guration of typdl and, by Lemma 4.3 no further ones. As in the
previous cases, the situation is illustrated below.

Figure 6. Non-Jacobian and Jacobian brations with global vector elds
originating fromX of type1B (p = 3)

Hence, we have the following summarizing corollary.
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COROLLARY 4.12. Let Z be one of the non-Jacobian rational (quasi-)elliptic surfaces
of Corollary 4.10. Then, the following hold.

(1) If p = 2, Z contains ten( 2)-curves with dual graph of typEs + &, forming
con gurations IV and I3. Moreover, IV is the unique multiple ber and of
multiplicity m = 2.

(2) If p = 3, Z contains nine( 2)-curves with dual graph of typ&g forming
con guration |l .

4.3. Family 1C. This family exists only ifchar(k) = p 6 2.

PROPOSITION4.13. Let X be a weak del Pezzo surface of degteef typelC. Let
B 2 X be a point which is a non-trivial torsion point of ordar on the identity component
ClofacurveC 2j Kyj.
() Ifp6 3, then(StabAut;(ﬁ))O =fg.
1) Ifp=3, then(StabAutoXE(Iﬂ))0 6 fg ifand only ifC is of typelll . Moreover,
then(Stab,,.0 ()%= zandm = 3.
*

PROOF. As explained in Strategy 4.2 for sucla2 X, we can comput&tab, 0 ()

as Stab, ;0 (B) = Stabg,, (P), whereP is the image off® in X under the minimal
*
resolution and wher¥X is explicitly given as a sextic hypersurfaceR(i; 1; 2; 3) by

(4.3) y? = x3+ st3x

with Aut%3 = Gpactingads:t:x:y]7!' [ 3s: 't :x:y](see Table 2). We note that
theE7-singularity is af1 : 0 : O : O] whereas thé ;-singularity isaf0:1:0: 0] To nd
pointsP =[s:t:x :y] 2 X with non-trivial (Stabg,, (P))°, which are distinct from the
base pointof Ky j (i.e., withs andt not both zero), we consider the following cases:

(@) If s = 0, we can assume= 1. For the actiof0 : 1 :x :y] 7! [0:1: 2x :
3yl to x P, we must either have = y = 0, in which caseP would be the
Aj-singularity, orx;y 6 0 and = 1, in which casestabg,, (P) is trivial.
(b) Thus, we can assunge= 1. If t 6 O, then for the actiofl :t : x :y] 7! [1:
4t: O : 9]to x P, we seethat* = 1 must hold. Since 6 2, this
implies (Stabg,, (P))° = fg .
(a) So, we can assunte= 0 and see that for the above action to Fxwe get
eitherx = y = 0, in which case® would be theE7-singularity, orx;y 6 0
and 3=1. Thus(Stabg,, (P))? is non-trivial if and only ifp = 3 and

P=[1:0:x:y] with x;y 60 andy?= x3

In this case(Stabg, (P))? = 3. Moreover, sincd® and theE ;-singularity
lie on the same ber of the projectioR(1;1;2;3) X 99KP! ontos andt,

B lies on the identity component of a cur@?2 | K ej of typelll . Since
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P lies on the cuspidal curvé \f t = 0g, we haveC® = G, and thusm = 3
by Corollary 3.2.

COROLLARY 4.14. Let Z be a non-Jacobian rational (quasi-)elliptic surface that is a
blow-up of a weak del Pezzo surface of tyiein a point® on the identity componet°
ofacurveC 2] Kyj. Assume that®(2; T,) 6 0. Thenp = 3, the surface® is unique
up to isomorphism, has one multiple ba&H| ,andAut% = 3.

PrROOF Everything except the uniqueness follows by combining Corollary 3.2 with
Proposition 4.13. To show th# is unique up to isomorphism, it suf ces to observe that all
points® 2 C° whereC 2 j K ej is the curve of typéll are conjugate undekut( X).
This follows from our description of th&,-action on the Weierstral? model in Table 2:
The points orC® which do not lie on the zero section are of the fdin 0 : x : y] with
X;y 6 0:y? = x3, andGy, sends such a point{d : 0: 5x: °y], so all such points
are in the sam&, -orbit.

DiscussioN4.15. In the con guration of curves 0, the base point has to be the
intersection of the two intersectir{g 1)-curves. Blowing it up yield®, which is elliptic
with singular berslll andlll by [Lan94] and has Mordell-Weil group=2Z by [OS91].
Thus, the 1)-curve on¥ which does not intersect another1)-curve corresponds to the
non-zero section o .

We have seen in the proof of Proposition 4.13 tRa2 X lies on the( 1)-curve
that contains the base point and intersectsEheson guration of ( 2)-curves. Thusg
contains con guratiorill

Figure 7.2 ! % with incomplete( 2)-curve con guration or#

Aiming for the entire con guration of 2)-curves onZ, we recall from the classi-
cation of reducible bers of Z and Lemma 4.3 that the sing(e 2)-curve onZ has to
constitute a dual grapi&, together with anothef 2)-curve, that we were not yet able to
see as a negative curve ¥h We will now determine the precise con guration — eithgor
lll — of the “known”( 2)-curve with the “new” one oZ: Taking into account that every
( 1)-curve on® is a3-section, we have the following ten possibilities for their intersection
behavior, where the rst two rows in Figure 8 show thecases and the third row shows
the twolll -cases. Here, the “known” resp. “newW” 2)-curves are drawn in black resp.
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purple. Note that we also assigned other colors to some of the remaining negative curves
to be able to better refer to them in the argument. We remark that, in order to not overload
these drawings, we did not yet include the intersection behavior of the red exceptional curve

on 2 with other curves.

Figure 8. Ten possibilities for con gurations 6f 2)-curves orn&

When contracting the blug 1)-curve in Figure 8, this yields a realization Bfas a
blow-up of another weak del Pezzo surface with global vector elds ariel;acon guration
of ( 2)-curves and twdq 1)-curves with intersection numb@r By the classi cation of
Chapter II, this must b€, of type 1F. The blown-up point®; 2 X:r has to be
one of the intersection points of the horizontall)-curve with the curved ones in Figure
62 in Chapter Il. By symmetry of the con guration 01, we can choosé;r to be
the blue point in Figure 9. Although, when contracting the i{lu&)-curve, the “known”
( 2)-curve becomes a curve of non-negative self-intersection and hence is no longer visible
in the curve con guration below, we can identify some images of the curves in Figure 8 with
curves on€ 1 according to the color they are given below and learn about their intersection
behavior.

Figure 9. 2 as a blow-up of a weak del Pezzo surf#@g of type 1F
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Thus, in Figure 8 the purple 2)-curve and the greefn 1)-curve intersectin one point
with multiplicity two, which rules out the rst four possibilities in Figure 8. Moreover, we
see that the red 1)-curve meets the purpleé 2)-curve in one point with multiplicity
3. To nd the true con guration among the remaining six possibilities we need stronger
techniques using thes-action onZ:

Since 3 is linearly reductive, its xed locus o is smooth by [CGP15, Proposition
A.8.10(2)]. Moreover, 3 preserves every negative curve and hence transverse intersections
of negative curves are xed points. This excludes the rst con guration in the second row
of Figure 8. Indeed, since there are at leasted points on the purple curve and on the
black “known”( 2)-curve, and since; has at mos® xed points onP?! (see for example
[Mar22, Lemma 2.34(i)]), both these curves have to be xed pointwise. This contradicts the
smoothness of the xed locuB :.

To exclude the sixth, seventh and tenth con guration of Figure 8, we re ne the above
argument and carry it out for the sixth con guration (the other two use the analogous
argument for differently colored curves): The purple curve contained points, hence is
xed pointwise. LetQ be the point on the greén 1)-curveC, where the purplé 2)-curve
touchesC. Since 3 xes their intersectionC; = Speck[x]=(x?), the non-reduce€;
is contained in the xed locu€ 3, which is smooth by [CGP15, Proposition A.8.10(2)]
applied toC. Thus, 3 has to act trivially onC. The purple curve an@ being contained
in Z 3 yields a contradiction to smoothness®f: (again applying [CGP15, Proposition
A.8.10(2)] to®).

To exclude the ninth con guration in Figure 8, we cannot immediately tell that the
green, blue, purple or black curve is xed pointwise since there are not enough transverse
intersections. To overcome this, let us have a closer look at a point where two of these
curves meet: 3 acts on the rst order neighborhod@y = k[x]=(x?) of such a point. In
the proof of Proposition 5.8 in Chapter Ill, we saéwtc, = Gy acting asx 7! aix if
p 6 2. Thus, the closed point & is xed by G, and thus also by 3 sinceC, ® Cfm .
Therefore, the green, blue, purple and black curve are xed pointwise, which contradicts
smoothness o€ 3.

So, we showed thaf contains con gurationdll andl, as depicted in the eighth
con guration of Figure 8. Note that from the comparison with Figure 9 we see that there is
an additional 1)-curve onZ intersecting the red 1)-curve in a point with multiplicity
2 and the “known”( 2)-curve in a point of multiplicity3 (the latter follows from the
smooth xed loci argument that we used above). We summarize the results of the previous
discussion in Figure 10 and Corollary 4.16 below.
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Figure 10. Non-Jacobian and Jacobian brations with global vector elds
originating from)X of type1C (p = 3)

COROLLARY 4.16. The unigue non-Jacobian rational (quasi-)elliptic surfaBeof
Corollary 4.14 contains ning 2)-curves with dual graph of typ&; + &; forming
con gurationslll andl,. Moreover,lll is the unique multiple ber and of multiplicity
m = 3.

4.4, Family1D. This family exists only ifchar(k) = p6 2; 3.

PROPOSITION4.17. Let X be a weak del Pezzo surface of degteef typelD. Let
B 2 X be a point which is a non-trivial torsion point of ordar on the identity component
ClofacurveC 2j Kyj.

(0) If p6 5, then(Stab,,.0 (B))°= fg .
*
(1) If p=5, then(Stab,, o (®))° 6 fg if and only ifC is of typell . Moreover,
»*
then(Stab,,0 (B))°= sandm =5.
*

PROOF. As explained in Strategy 4.2 for sucla2 X, we can comput8tab, 0 (B)
as StabAut;(p) = Stabg,, (P), whereP is the image off® in X under the minimal
resolution and wherX is explicitly given as a sextic hypersurfaceR(i; 1; 2; 3) by
(4.4) y?=x3+ st

with Aut% = Gm actingagds:t:x:y]7!' [ ®s: 1t:x:y](see Table 2). We note that
theEg-singularityisafl : 0: 0: 0] To nd pointsP =[s:t:x :y] 2 X with non-trivial
(Stabg,, (P))°, which are distinct from the base pointjof K x j (i.e., withs andt not both
zero), we consider the following cases:
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(@) Ifs=0, we can assumie= 1. Forthe actiof0: 1 :x :y] 7! [0:1: ?x: 3y]
to x P, we have two possibilities: eithery 6 0 and =1,orx = y=0. But
the point[0 : 1 : 0 : O]corresponds to the singular pointo€a2 j K ,j of type
I, hence does not lie in the smod@f.

(b) Thus, we can assunmge= 1. If t 6 0, then for the actiorfl : t : x : y] 7!
[1: 6 : 19 : 15y]to x P,weseethat® =1 musthold. Sincp62;3,
this implies(Stabg,, (P))° = fg .

() So, we can assunte= 0 and see that for the above action to Fxwe get
eitherx = y = 0, in which caseé® would be theEg-singularity, orx;y 6 0
and ®=1. Thus(Stabg,, (P))? is non-trivial if and only ifp = 5 and

P=[1:0:x:y] with x;y 60 andy?= x3

In this case(Stabg,, (P))° = 5. Moreover, sincd® and theE g-singularity
lie on the same ber of the projectio®(1;1;2;3) X 99KP! ontos andt,

[ lies on the identity component of a cur@2j K j of typell . Since
P lies on the cuspidal curvé \f t =0g, we haveC® = G, and thuan =5

by Corollary 3.2.

COROLLARY 4.18. Let Z be a non-Jacobian rational (quasi-)elliptic surface that is a
blow-up of a weak del Pezzo surface of tyjiein a point® on the identity componeii°
ofacurveC 2] Kj. Assume that®(®;T,) 6 0. Thenp =5, the surface® is unique
up to isomorphism, has one multiple bt ,andAut% = s

PrROOF Everything except the unigueness follows by combining Corollary 3.2 with
Proposition 4.17. To show th# is unique up to isomorphism, it suf ces to observe that all
points® 2 CY whereC 2 j K ] is the curve of typel are conjugate undekut( X).
This follows from our description of th&,-action on the WeierstraR model in Table 2:
The points onC° which do not lie on the zero section are of the fditr: 0 : x : y] with
x;y 6 0;y? = x3, andGy, sends suchapoint{d:0: 1% : 15], so all such points
are in the sam&p, -orbit.

Discussion4.19. By [Lan94, Theorem 4.1.] and [MP86, contains singular bers
Il andll, the Mordell-Weil group of? is trivial by [0S91], and thus there are no other
( 1)-curves on? besides the zero-section. By the computation in the proof of Proposition
4.17(1)P lies on this( 1)-curve as well. SaZ contains con guratiol and by Lemma
4.3 these are all 2)-curves orZ. The situation is summarized in the following Figure 11
and Corollary 4.20.
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Figure 11. Non-Jacobian and Jacobian brations with global vector elds
originating fromX* of type1D (p = 5)

COROLLARY 4.20. The unique non-Jacobian rational (quasi-)elliptic surfaBeof

Corollary 4.18 contains ning¢ 2)-curves with dual graph of typg forming con guration
Il . Moreoverll isthe uniqgue multiple ber and of multiplicitpn = 5.
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Appendix: Collection of all classi cation tables
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0. Deformation spaces of weak del Pezzo surfaces

hO(%; T )
= dim( Tig (At )

hi(%;T ¢)

= dim(Def )

Case(s)

8

|

0

|

PZ

P PL8A

F2
TA
B

6A

aB; 6C

eD; 6E

oF

all otherX

A

/|B; 5C

D; 5E

5

all other)@

4A: 4B:; 4C:; 4D:; 4E

4F:4G:4H: 4l 4 4M; AN

4K: 4L; 40:; 4P

4Q

all otherX¢

3A:; 3B; 3C;3D; 3E; 3F; 3G;3N; 30

3H; 3l; 33; 3K; 3L; 3P;30Q

M:; 3R

OIlWINIFPIOIIRR WIN PP OIIARWINPFRPIOIIOOARWININIO|MANIO

OIIN[OO R[OOI WINI[ARWINFPIOIIWIN P ORI O|FRL,|O

all otherX

=

\‘

2A; 2B; 2C;2D; 2E; 2F; 2G; 2H; 2I; 2J;
2K; 2L; 2N; 20; 2P ; 2Q; 2R; 2T ; 2W

M; 25;2U;2V ;2X

w| N

Y

all otherX¢

1A; 1B; 1C;1D; 1E; 1F; 1G; 1H; 1J; 1K;
1L; 1M; IN; 10;1Q; 1S

10

1; 1P; 1R

11

i

Table 0. Dimensions dfi ' (¥; T ) for all weak del Pezzo surface®
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I. Which rational double points occur on del Pezzo surfaces?

0) Eq occurs if 0) Eq occurs if 0y E, occurs if
p62 |p=2 p62 |p=2 p62 |p=2
Aq X X Az +3A; X X As+ A X X
2A1 X X 3A-5 X X Ds+ A> X X
Ao X X Az+ A+ Aq X X Ag+ Ap X X
3A1 X X Ag+2A, X X Dg+ A1 X X
Asr+ Aq X X Ds+2A, X X Eg+ A1 X X
A3 X X 2A3 X X A7 X X
4A1 X X As+ Ao X X D~ X X
Ar+2Aq X X Dsg+ A X X E, X X
2A- X X As+ Aq X X 8A;1 X
Asz+ A; X X Ds+ Aq X X Ds+4Aq X
JAVA X X Ag X X 4A, X X
Da X X Dg X X 2A3+2A1 X
5A1 X X Eg X X As+ A+ A X X
Ar+3A; X X TA1 X Dg+2A4 X X
2A> + Aq X X Az+4A, X 2A4 X X
Az +2A, X X 3A+ Aq X X 2D 4 X X
Az + A X X Az+ Ar+2A, X X Ds+ Aj X X
Ag+ Aq X X D4s+3A; X X Eg+ A> X X
Ds+ Aq X X 2A3+ Aq X X A7+ Aq X X
Asg X X As+ Ar+ Aq X X E;+ A X X
Ds X X As+2A; X X Ag X X
6A, X Ds+2A; X X Dg X X
Ar+4Aq X X Ag+ Az X X Eg X X
2A> +2A1 X X Dg+ Az X X
Table 1. © Ejg occurring on weak del Pezzo surfaces
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RDP Weierstraf3 equation of _ o Miranda’'s &
con guration in P(1;1;2;3) - = Persson's type
Es
EQ y2 = x3+ t% 211052 0 X 22
Ed y2= x3+ thx+ t5s | t10t2 28?9 | 3E X 11

Table 2.Eg-singularities on del Pezzo surfacexhar(k) = 5
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S8T

RDP WeierstralR equation of in P(1;1;2; 3) _ . Lang's / ell/
conguration | condition for extra RDPs - = lto's type | qg-ell
Ee

EQ y2 = x3+ thx + t4s? t12 0 6C ell
EQ y? = x3+ t3sx + agsts + ts? t9s3 0 6A ell
o+ AL | ifags=0 | | eas. | el |
2+ A y2 = x3+ t4s? 0 3.3(2) g-ell
E} y2 = x3+ t2x? + agsts + t4s? t10s(ag st + ) (d 6B ell
o+ AL | ifags=0 | | eB2. | el |
E} y2 = X3+ t2x? + agstds+ agtts? + t3s3 t9s(ag:5t2 + agats + s?) (d 6A ell
.+ Ay | ifag60and(@s=Oorags=az) | [ eaz | e |
+ A if ag;s =0 andag.a =0 6A 1. ell
E7
E9 y2 = x3+ t3sx + t°s t9s3 0 7 ell
E9 + A y2 = x3+ t3sx t9s3 0 75. ell
Ed y2 = x3+ t°x% + agstds  t4s? + 33 t9s(ag5t>  ts + s?) (d 7 ell
o AL ifags2f0;g | I A el |
Es
ES y2 = x3+ t5s 0 3.3(1) g-ell
E} y2 = x3+ thx + t5s t12 0 8B ell
E2 y? = x3+ t22 + t5s tlls Ll oeal ell

Table 3.E;-, E7- andEg-singularities on del Pezzo surfaceshmar(k) = 3



RDP WeierstralR equation of in P(1;1; 2; 3) _ . Lang's/ ell/
conguraton | condition for extra RDPs B = lto's type | g-ell
D4

D? y2 + t3y = x3 + (ay28% + agats + agat?)t?x + s3t3 t12 0 12B ell
D? y2 + t2sy = x3 + apqtsx? + agat3sx + aget® + t3s8 t8s4 0 12A ell
.+ A | ifage=0Oandags60 | [ 12a10a | el |
+ A if ag.6 = as3=0 12A 11 ell
D? + 3A; occurs only in degree 2 (see Proposition 3.2 (C.))
D? + 4A; y2 = x3+ (t3s+ ayot?s? + ts®)x with az.2 6 0 5.2.(f) g-ell
D? + DY y? = x3+ agot?s?x + t3s° 5.2.(d) g-ell
D3 y2+ txy = x3+ apitsx? + agstds+ aggatts? + t3s8 t9s(ap 5t + agats + s?) 2 4B. ell
.+ A | if(ass=0andags60) or(ags 6 0 andag4=0) | a2 | ell |
+ A, if ag5 = ag4 =0 4B. 3 ell
D1 y2+ txy = x3+ az;ltsx.2 + agsts + agat?s? + agat3s® + t2st s(aat + auat?s s auals? + &) 2 A i
with ap.1 + a3 6 0
s A if (36,5 = 0 andags 6 0) orags = as426360 | | aa2 | el |
+ 2A; if ag;5 = a3 =0 andag4 60 4A. 4 ell
+ Ay |if (as5 = ag4 =0 andag;3 6 0) or (ag; = a4 andad; = ags 6 0) 4A. 3 ell
+  As if ag;5 = ag4 = ag3=0 4A.5 ell
Ds
D2 y2 + t?sy = x3 + (apot? + ts)x2 + agst®s t8s? 0 13A ell
.+ A | ifags=0Oandaz60 | - [ 13a10A | el |
+ A if ag;s = az2 =0 13A11 ell
D2 yir by = az;ltsx2.+ 3515 + Agat's” + 2gat’s’ + 176 t8s(ap st + ap.at®s + agats? + sd) 2 5A. ell
with az.1 = ae:3
s A if (a5 = 0 andag3 6 0) orags = as426360 | | sa2. | el |
+ 2A; if ag:;5 = a:3 =0 andag.4 6 0 5A.4 ell
+ Ay |if (as5 = ag4 =0 andag;z 6 0) or (g3 = as4 anda3; = ag;s 6 0) 5A. 3 ell
+ As if ag;5 = ag4 = a3 =0 BA. 5 ell

Table 4.D4- andDs-singularities on del Pezzo surfaceshar(k) = 2
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RDP WeierstralR equation of in P(1;1; 2; 3) _ . Lang's / ell/
conguraton | condition for extra RDPs B = lto'stype | g-ell
Ds

D2 + A occurs only in degree 2 (see Proposition 3.2 (B.))
DY + 2A; y2 = x3 + (t3s + t2s?)x 0 5.2.(e) g-ell
D} y2 + t3y = x3 + (agot? + azits)x? + t3sx t12 0 13B ell
D2 y2+ txy = x3+ agitsx? + agst®s+ t4s? with agq 6 0 | t19(agst + ) (i 5B. ell
s A fags=0 | ] sB2. | ell |
D7
D3 y? + t3y = x3 + tsx? t12 0 13C ell
D2 y2+ txy = x3+ aptsx? + tSswith ax1 6 0 tlls L 5C. ell
Ds
DY y? = x3+ t28%x + t5s 0 5.2.(b) g-ell
D3 y2 + txy = x3+ tsx? + ag6t® with age 6 0 ag:et*? s 5D. ell

Table 5.Dg-, D7- andD g-singularities on del Pezzo surfaceshmar(k) = 2



88T

RDP Weierstral3 equation of in P(1;1;2;3) a . Lang's/ ell/
conguration | condition for extra RDPs B = lto'stype | g-ell
Ee

EQ y2 + t?sy = x3 + ap t?x? + agst®s t8s? 0 14 ell
.+ A | ifags=Oandaz60 | ] | 1410 | el |
As if ags = az2=0 1411 ell
Ed y2+ txy = X3+ tsx2 + agstPs + agatds? + t3s3 + t2s% | t8s(agst3 + agat?s+ ts2+ ) | 2 6. ell
.+ Ay | if(as=0andas460) orags= a4 62019 | | e | ell |
+ A ass5 = a4 210; 19 6. 3. ell
Ev
E9 occurs only in degree 2 (see Proposition 3.2 (A.))
E9 + A y? = x3 + t3sx 0 5.2.(c) g-ell
E?2 y? + t3y = x3 + t3sx 12 0 15 ell
E3 y2+ txy = x3+ agstds + t4s? t19s(ag:st + ) Lk 7. ell
o+ A ifags=0 | ] R 2T ell |
Es
EQ y? = x3+ t°s 0 5.2.(a) g-ell
E3 y?+ t3y = x3 + t5s t12 0 16 ell
Es y2+ txy = x3+ ts tlls L 8. ell

Table 6.E;-, E7- andEg-singularities on del Pezzo surfaceshmar(k) = 2



Il. Weak del Pezzo surfaces with global vector elds

Aut®
Case | ( 2)-curves| # flineg Aut?(3 ho(ﬁ;Tﬁ) x Moduli | char(k)
smooth?
Pt p! ; 0 PGL, PGL> 6 X f pty any
Aut p(y.1:
F, AL 0 (AUt p(1;1;2))red ; X fpig any

= (Ggo GL2)= 2

Table 1. Weak del Pezzo surfaces of ded@éat are not blow-ups d#?
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0
Aut

Case| Figure ( 2)-curves| # flinegy Autg’e PGL3 h°(>@;T>@) Moduli | char(k)
smooth?
degree9
9A ; 0 PGL3 8 X f ptg any
degree8
8A | Fig. 5 : 1 ' E F 6 X fptg | any
|
degree7
7A | Fig. 4 ; 3 ! e 19 4 X f ptg any
I
7B | Fig. 26|  As 2 tef 5 X fptg | any
|
degreeb
6A | Fig.3 ; 6 ! e. 2 X f ptg any
6B | Fig. 24| A4 4 te X 3 X fptg | any
6C | Fig. 2 Aq 3 ! 1f_c 3 X f ptg any
|
6D | Fig. 25|  2A; 2 Yef 4 X fptg | any
|
6E | Fig. 51 A, 2 te ;2 4 X fptg | any
6F | Fig.52| Ax+ Az 1 ! gfc 5 X f ptg any
|
degreeb
5A | Fig. 1 Ay 7 g i 1 X fptg | any
5B | Fig. 22|  2A; 5 e i 2 X fptg | any
5C | Fig. 18| A, 4 t© 2 X fptg | any
|
5D | Fig. 23| Az + A 3 Yo 3 X fptg | any
|
5E | Fig. 50 As 2 te ;2 3 X fptg | any
5F | Fig. 60 Ag 1 et 4 X fptg | any

Table 2. Weak del Pezzo surfaces with global vector elds of degréehat are

blow-ups ofP?
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0
Aut s,

Case| Figure ( 2)-curves| # flinegy Autg’e PGL3 | hO(%, Te) Moduli | char(k)
smooth?
4A | Fig. 13| 2A; 8 Y i 1 X 1dim | any
4B | Fig. 14|  3A; 6 ' | 1 X fptg | any
AC | Fig. 15| As+ A 6 ' | 1 X fptg | any
4D | Fig. 17|  As 5 ' | 1 X fptg | any
4E | Fig. 42|  As 4 tye 1 X fptg | 82
4F |Fig.21|  4A; 4 e i 2 X fptg | any
4G | Fig. 20| A,+2A, 4 te | 2 X fptg | any
4H | Fig. 43| As+ A, 3 te© 2 X fptg | any
|
4 | Fig. 49 As 3 . et 2 X fptg | any
43 |Fig.59| Dy 2 e ® 2 X fptg | 62
e
4K | Fig. 48| Az+2A; 2 Yo 3 X fptg | any
|
4L | Fig. 65 Ds 1 e i 3 X fptlg | 62
. 1 C 22 _ _
aM | Fig. 42 Az 4 1 i e=1 2 f ptg =2
AN |Fig.59| D, 2 ' 1fi 2 X fptg | =2
40 | Fig. 59 D4 2 1eef°2 3 X fptlg | =2
4P |Fig.65| Ds 1 ! tljfj 3 X fptg | =2
4Q | Fig. 65 Ds 1 e f 4 X fptg | =2

Table 3. Weak del Pezzo surfaces of degteéth global vector elds

191




0
Aut

Case| Figure ( 2)-curves| # flinegy Autg’e PGL3 | hO(%; Te) Moduli | char(k)
smooth?
3A |Fig. 10|  2A, 7 Y i 1 X 1dim | any
3B |Fig.16| Dg 6 ' | 1 X fptg | any
3C | Fig. 11| 2A,+ A; 5 ! 1 1 X fptg | any
3D | Fig. 12| As+2A, 5 ' | 1 X fptg | any
3E | Fig. 41| Ag+ A 4 ' i 1 X fptg | any
3F | Fig. 46|  As 3 ' ( 1 X fptg | 63
. 1
3G | Fig. 58 Ds 3 e o 1 X f ptg 62
3H |Fig. 19|  3A, 3 te | 2 X fptg | any
3l | Fig. 47| As+ Aq 2 1e;2 2 X fptg | any
. 1 ¢
3J | Fig. 66 Ees 1 ee3 2 X f ptg §2;3
3K | Fig. 46 As 3 et ;€8=1 2 f ptg =3
3L | Fig. 66 Ee 1 ' 1f(1: 2 X fptg | =3
3M | Fig. 66 Ee 1 e i 3 X fptg | =3
3N | Fig. 33| A4 6 1oqz=1 1 fpg | =2
|

30 |Fig.58 Ds 3 ! 1t 1 X fptg | =2
3P | Fig. 58 Ds 3 le; 2 X fptg | =2
3Q |Fig.66|  Es 1 g #o 2 X fplg | =2
3R | Fig. 66 Es 1 Lo 3 X fprg | =2

e3

Table 4. Weak del Pezzo surfaces of de@eéth global vector elds
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0
Aut *

Case| Figure ( 2)-curves| # flinegyy Autg’e PGL3 | h(%, Te) Moduli | char(k)
smooth?
2A | Fig. 7 273 6 ' i 1 X 1dim | any
2B | Fig. 39| Ds+ Aq 5 ! 3 1 X fptg | any
. 1
2C | Fig. 64 Ee 4 e 2 1 X f ptg 62
2D | Fig.8 | 23+ Ay 4 Y 1 X fptg | any
|
2E | Fig.9 | Dgq+3A,; 4 ! 1 1 X fptg | any
oF |Fig. 40| As+ A, 3 ! 1 1 X fptg | any
G | Fig. 57| Dg+ A; 2 Yo 1 X fptg | 62
e
oH | Fig.56|  A; 2 ! 1t 1 X fptg | 62
o | Fig.67| Ey 1 e 1 X fptg | 82:3
e
2] |Fig.45|  Ag 4 Yo iet=1 1 fplg | =3
e
oK | Fig.54| Dg 3 Yo ie@=1 1 fptg | =3
e
oL | Fig. 67 E; 1 ' 1t 1 X fpg | =3
2M | Fig. 67 E; 1 et 2 X fpg | =3
ON | Fig.30|  As 7 1oq2=1 1 1dim | =2
|
20 |Fig.38| Ds 8 Y1osiz=1 1 fpg | =2
|
oP |Fig. 32| As+ A 6 11i 221 1 fpg | =2
20 |Fig. 31| As+ A 5 lli 221 1 fpg | =2
°R |Fig.54| Dg 3 ' 1t 1 X 1dim | =2
2S | Fig. 64 Es 4 Ter if2=0 2 fpg | =2
oT | Fig. 57| Dg+ A; 2 llfl 1 X fptg | =2
2U | Fig. 57| Dg+ A; 2 1eef2 2 X fplg | =2
2V | Fig. 56 A 2 Ter et=1 2 fpg | =2
oW | Fig. 67 E; 1 ' . 1 X fptg | =2
oX | Fig.67| Eq 1 ' i’blg 2 X fpig | =2
2Y | Fig. 67 E, 1 "o 3 X fprg | =2

Table 5. Weak del Pezzo surfaces of dedt@ath global vector elds
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0
Aut,

Case| Figure| ( 2)-curves| # flineg Autg’e PGL3 h°(>@;Txe) Moduli | char(k)
smooth?
1A | Fig.6 | 2D, 5 ! 1 1 X 1dim | any
1B | Fig. 37| Eg+ A, 4 ! 1 1 X fptg | any
1C | Fig. 63| E;+ A, 3 e 1 X fptg | 62
e
1D | Fig.68|  Eg 1 e 1 X fptg | 82:3
e
1E | Fig. 53 D 5 11i [i3=1 1 fptg | =3
IF | Fig.62| E; 5 Te  ie@=1 1 fptg | =3
e
1G |Fig. 44|  Ag 3 Te  i@=1 1 fplg | =3
e
1H | Fig. 68 Eg 1 ! 1t 1 X fpg | =3
11 | Fig. 68 Es 1 et 2 X fplg | =3
1J | Fig. 35 Ee 13 11i 221 1 1dim | =2
1K | Fig. 34| Eg+ A 8 11i 221 1 fpg | =2
1L | Fig. 27|  A; 8 11i 221 1 1dim | =2
M | Fig. 61 E; 5 11f1 £2=0 1 fpg | =2
IN | Fig. 29| Dg+2A; 6 lli 221 1 fpg | =2
10 | Fig. 28| A;+ A, 5 11i 221 1 fpg | =2
1P | Fig. 63| E7+ A; 3 Ter if2=0 2 fpg | =2
1Q | Fig. 55 Dg 2 ' 1t 1 X 1dim | =2
1R | Fig. 55 Dg 2 1e;2 =1 2 fpg | =2
1S | Fig. 68 Eg 1 o 1 X fptg | =2
1T | Fig. 68 Es 1 Y0Fe K =0 3 fpg | =2

e3

Table 6. Weak del Pezzo surfaces of dedreéth global vector elds
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8A

A

6A

6D

5A

5D

7B

6B 6C
6E 6F
5B 5C

SE 5F
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4A

4D

4G

4K

3A

4B

4E; 4M

4H

4N; 43; 40

3B

196

4C

4F

4

4P; 4Q; 4L

3C



3E

3D 3F; 3K
3G;30;3P
3J; 3L; 3M;
3R; 3Q
3N
oA 2B 2C;2S
2F

2D 2E
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2G;2T;2U

2]

20

2H; 2V

2K; 2R

2P

1B

198

21; 2L; 2M;
2W; 2X; 2Y

2N

2Q

1C; 1P



1D; 1H; 1I;

1S;1T 1F
1E
1K
1L M IN
1Q; 1R

10
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Ill. RDP del Pezzo surfaces with global vector elds in odd characteristic

Ell ke o]
2 As E~
1] As Ast A Es

Table 7. Non-equivariant RDP con gurations in characterigtic

d || singularities equation of Aut?
2 As w2 = x3y+ y3z+ 23 | 7:i[x : Yy 2z:w]
1] Aeg+ Ar | y?= x3+ ts3x + t5s 7:[s @ 4ixy]

Table 1. Non-equivariant RDP del Pezzo surfaces with global vector elds
in characteristi@

[d] | hke di” |
5 Ay Ay
4 Ay Ds
3 Ay, Ag+ A Ee
2 Ay Ag+ A, As+ Ap E7
1 Ag; Ag+ Ay Ag+2A1 Ag+ Ay E
As+ Ax+ Ay Ag+ As; 2A4 EJ 8

Table 8. Non-equivariant RDP con gurations in characteriStic
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RDPs equation(s) of Aut¥
A0 f
2 _
XoX2 X2 =0 0 h s; Aut g i with 1
NV - 0 10 0 0 O
073 ~174 01 202 23 v v
Ay X2X4  X1X3 =0 SO0 1 20 "2
X1X2 + X5+ XoXs = 0 o o0 10
00 "2 28
2+ X3Xa+ X1X5 = O
X2 ¥ X3Xq ¥ X1Xs 00 0 0 0 1
h 5 Aut2i with
o e 1
103 2 2 4
A XoX1 XXz = 0 o1 0 0 2
4
XoXa+ X1X2+ x5 = 0 s:Bo "2 1 2 "3
0 o 1 2
o0 0 0 1
As X3X1 + X3X2 + X3X3 + X3X0 =0 5:[Xo: X1: *Xo: 3xg]
0 50 G with
1 n n2 2"3
5 2 01 2 "2
Ag+ Aq XoX1X3 + XoX5 + X1X2 = 0 5 .
0 0 1 "
0 0 O 1
Gm :[Xo: X1: %X2: 3x3]
Ag+ Ag w? = x4+ xy?z + yz3 six:y : 3z:w]
As+ A w? = xy3 + yz3 + x222 s:[ 2y @ 3z:w]
As+ Ar+ Ag y? = x3+ s8tx + st si[s:t o 3 2y
2A4 y? = x3+ t + sbt 50 s5:[s +"t:t:x:y]
ES y2 = x3+ sdt 50Gm:[s+"t: St:x:y]

Table 2. Non-equivariant RDP del Pezzo surfaces with global vector elds
in characteristi®
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d] | hke di
6 Ao, Ar+ Aq Ar+ Aq
5 Az, A+ Ay Ay
4 Az, Ax+ Ay Ar+2A; Ds
3 Az, Ax+ A A+ 2A1; 2Rz 2Ax+ Ay As; E
3Az As+ Ay EQ EQ °

Az Ao+ Al Ax+2A1; 2A; Ax+3A1; 2A0+ Ay

2 As+ Az (As)® 3Ap As+ Ax+ A A+ A Ev
(As+ A% EQ; E As+ Ay EY
Az, Ax+ Ay Ax+2A1; 2A3; Ar+3Ap; 2Ar+ Ag;
Az+ Az As; Ax+4Aq; 2A+2A1; 3Ar Azt Ax+ Ay

1 As+ Ay Da+ Az (As+ A% EQ E Eq

3Ac+ A1, Azt Ax+2A1; Ast+ Ar+ A As+2Ag;
As+ Az Ds+ Az, EQ+ A1, Eg+ A1 EY
Az As+ A+ Ay EQ+ Ay ER+ Ay Ag; EJ; E}

Table 9. Non-equivariant RDP con gurations in characteri8tic
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|d| RDPs equation(s) of \ Auty
XoX5  X3X4 = 0 . 0: i
XoXe  XiXs -0 0 h 3,Aut)e| with 1
XoXe  X2X3 =0 l g 0 0 000
X3Xg X1X5 =0 0 0 000
_ " 0 1 0 0 0O
Az X4Xe  X2Xs5 =0 . n2 " 0 1 00O
X1Xe+ X3+ Xaxq4 = 0 3- "o ;
2 _ 0 0 1 00
XoXe + Xaxa+ Xz = 0 O 0 0 0010
X% + X3X5 + X4X5 = 0 0 n2 n2 noon 0 1
6 X1X2 + XgX3+ XgX4 = O
2 -
X5 XiXxs =0 _ 0 .
XoXz Xixs = O 0 h 3','Aut>e| with 1
BEEEEE
XoXq  XoXs = O 00 1 0000
Ar+ Ag XoXs XoXg = O
2 _ 3. 0O O 0 1 00O
XXz X5 =0 .
2 _ 0O O 0100
X3X5 X4 - O n n2 O 0 O 1 0
X3Xe  XaXs = O 00 0 0001
XaXe Xg = 0
. 0 i
XoX2  X1X5 =0 0 h"3'AUt>e'";N'th" 1
XoX2  X3X4 =0 (1) 1 92 " 0 0
2 _
Ao XoX3+ X7+ X1X4 = 0 .Boo 1 0 o0 o©
XoXs+ X1X4+ X5 = 0 S'Hoo " 1 0 0
_ 00 2.0 1 "
5 X3X5 + X1Xo + XoXg4 = 0 00 0 0 1
: 0 s
x% XiXs4 = 0 Ohlg,A:Ut%I V\(I)Itho 01
XoX2 XiXz = 0 01 0 000
Az + Ap XoX3 XoXg4 = 0 Bo o 1 000
XoX4 XoXs5 = O 3'Bo 0 " 100
27 _ " "2 0 010
Xgxs Xz = 0 00 0 001
XoX1+ XoXg+ X3Xq4 = 0 . . . . .2
Ao XoXa + X1Xq + XoX3 = 0 3 [Xo X1 X2 X3! X4]
1 0 O 0 O
) " "
A+ A XoX1  X2Xs =0 : " c1> 1 0 %
27 X1X2 + XpXa + X3Xq = O B 00 1 0
4 n2 O n 0 1
Gm [ Xo:X1: X2: X 3:X4]
10 0 0 "
2 xes = 0 0100 0
Ay +2A, o )3(;‘( - 0 3:B0 010 O
OA3 1A2 "0 0 1 n2
0O 000 1
G2 :[Xo: 1X1: 2X2: 1 2X3:( 1 2) X4]

Table 3. Non-equivariant RDP del Pezzo surfaces of degree atlleast global

vector elds in characteristi@
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RDPs equation(s) of Aut$
A, X3X1 + XoX7 + X3x3 + X2x3 =0 3:[XoiX1: X2 X 3]
Ay +2A1 | x3x1+ X3X2 + XoX3 + X1X2X3 =0 3:[Xo: X1: X2: 2X3]
h 3; 3;Gmi with
oA, X3+ X1X2X3 + XoX2 + ax3xy =0 3:[Xo+ "X2:X1:X2:a"%p "X1  a"?Xp+ X3]
with a® 6 1 3:[Xo+ "X3:X1:a'%p "X1+ X2 a"?X3:Xs]
Gm :[Xo:X1: X2: 3]
h 3; 3;Gmi with
2A, + Aq X3+ X1XoX3 + x3x1 =0 3o+ X2 1X1ix2 10 "Xt X3
3:[Xo+ "X3:X1:a@%0+ X2 "?X3:X3]
Gm :[Xo:X1: X2: xg]
30G 2 with
3A; X3+ X1X2X3 =0 $:[Xo+ "1X1+ "2X2+ "3X3 X1 X2 Xs)
G2 :[xo: 1X1: 2X2:( 1 2) Xa]
h 3;Gz0 3i with
As X3+ XoxoX3 + X592+ x3 =0 3o+ X1 "X i1t XeIXp Xy
Ga:[Xo:"Xo+ X1:X2: "2Xg+ "X1+ X3]
3:[Xo: X1: X2: °X3]
h 3;G;0G i with
As+ A X3+ XoXaX3+ X2X2 =0 3o+ X1 "XgiXit XsiXaixg]
Ga:[Xo:"Xo+ X1:X2: "2Xg+ "X1+ X3]
Gm :[Xo: X1: X2: 2x3]
hG; G2 0 G i with
Ga:[Xo+ "X2:X1:X2: "3Xo+ X3]
Ga:[Xo: X1+ "X2:X2:"3X1 "X+ X3]
EQ X3+ x2xp + x3x3 =0 Gm:[Xo: X1:X2: 2X2: *x3]
andG non-commutativeiGj = 27, acting as
[Xo+ "1X1+ "2X3 i X1+ "Sx3: "Sxq+ X2+ "SX3:X3]
where") = "3=0
h 3; G2i with
ES X3+ X3+ XoX1X2 + X5x3 =0 3i[x 01 1ix2ixg]
Ga:[Xo "X2:X1:X2:"X1+ "3Xo+ X3]
Ga:[Xo:X1 "X2:X2:"Xo+ "3Xo+ X3]

Table 4. Non-equivariant RDP del Pezzo surfaces of degreith global vector

elds in characteristi3
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RDPs equation(s) ok Aut$
Ay +3A; w2 = z(xy(x + y) + z°) 3ixiy:z o 1w
2= w44 a3y2 34 2,2
Rat As W—X+V?\Jllit>;;/22;lxy+yz sixry: lz:iw]
A+ Az+ A w2 = x%yz + xy® + y2z2 Xy 1z:w]
Az + Ay w2 = (xz + y?)2 + y3z 3ix+"y "ziy+'"z:z:w]
oA, w2 = x*+ xy® + xz3 + ax?yz + by?z? sy lziw]
with (F  a2t?)2 6 at%;b6 0
2A, W2=(xz+.y2)2+x3z+a624 3ix+"y "Zziy+'"z:z:w]
with a 6 0
oA, + A w? = ax?yz + xy3 + xz3 + y2z2 Sy 17w
witha60;1
3A; w? = y* + x%y2 + xz3 20 gi[x:iy:"ix+"oy+ z 1w
Ac w? = x4+ xy3 + xz3 + ax®yz + by’z? sy lziw]
with (6 a2%)2 = a3 b6 0
2 4 2 3 3
As weE X +V\j:h>;26+oxy T 3ixiy o lzow]
As w? = (xz + y?)?2+ x%z 3i[x+""y "Zziy+'"z:iz:w]
As w2 = z(z(xz + y?) + x3) 3ix+"y "2ziy+"z:z:w]
As+ Ag w2 = x2yz + xy3 + xz3 3ixiy o 1zoiw]
As+ Aq w2 = x%yz + xy3+ xz3 + y2z2 3ixiy o lziw]
As+ A w? = x?y? + xz3 20Gm:[x: 3y:"ix+"y+ 2z: 3w]
hG; Gn,i with
Gm :[x: 3y: %z: Sw]
EQ w? = y*+ xz3 andG non-commutativejGj = 27, acting as
X:y "Sx:tox+ Miy+ z:iw]
where") = "3=0
E} w2 = (y3+ Z%)x + y?z2 3ix:iy o 1z:w]
h 3;G50G i with
EY w? = x3y + xz3 silxiyizety cwl
Ga:[x:y+"x:z "X :w]
Gm:[x: 8y : 2z: 3w]
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Table 5. Non-equivariant RDP del Pezzo surfaces of degreith global vector
elds in characteristic3




RDPs equation(s) of Aut?
y2 = x3+ stx? + a3sb + 33
Ao+ Dy _ 3:[s: tix:y]
witha 60
A2+ Dy y? = x3+ $?t?x + t° 3:[s: Yix:y]
y? = x3+ stx? + a3sb + BPs3t3 + 6 1
2A2 . 3:[s: t:x:y]
witha60:k* 6 a
2 ¢34 <22 3.6 4 16
= x3+ $?t?x + a¥sb + t
2A2 Y . 3:[s t:x:y]
witha 60
y? = x3+ $2x? + st3x + a3s3t3 + bt .
3A, _ 30 3:[s:"s+ t :x:y]
witha 62 D;(b 1)°g;b60
y2 = X3+ $2x2 + aBs%3 + {6
3A2 , 30 3:[s:"s+ t :x:y]
witha 6 0
y? = x3+ s2x? + st3x + a’s3t3
3Ar+ Aq _ 30 3:[s:"s+ t :x:y]
with a 62 D; 1g
4A2 y2 = x3+ sh? + s%tt 30 3:[s it ix+"S2+ "pst+ "gt2ry]
y? = x3+ stx? + BPsO + BPs3t3 + t° 1
As _ 3:[s: ltix:y]
withb6 0
y? = x3+ s2x? + st3x + bt .,
As+ Az _ 30 3:i[s:"s+ t :x:y]
withb6 0;1
As + A y2 = x3+ s2x? + t8 30 3:[s:"s+ t :x:y]
As+ Az + Ag y2 = x3+ $2x? + stx 30 3:[s:"s+ t :x:y]
0 y? = x3+ st3x + as®t3 + tb .
EQ . 30 3:[s:"s+ t :1x:y]
witha 60
EQ y2 = x3+ s + t© zils:t ix:y]
EQ+ A1 y? = x3+ stdx + s3t3 30 9:[%:"s+ t x+(1 3s?:y]
hG; Gi with
Gm:[s: ?t:x:y]
EQ+ A y? = x3 + s%t? andG non-commutativejGj = 81, acting as
Gm:[s:t "3s:x+ "18%+ "pst+ "5t2:y]
Wlth IIE - ||g - llg :O
Eg+ Az y? = x3+ s2x? + 33 30 3:[s:"s+ t :x:y]
E? y? = x3+ st3x + t° 30 g:if[s:"s+ t 1x:y]
E9+ Ay y? = x3 + st3x 30Gm [ S3s:"s+t :x:y]
As y2= x3+ $2x2 + st3x + 6 00 3ifs:"s+ t ix+"3s2:y]
h %,Ga 0G mi with
Ga:[s:t a’s:x+ as’:
Eg y2 = x3+ st a:l ; Yl
Gm:[s: t:x:y]
Zi[s:tix+ "gst+ "at?:y]
Eg y2 = x3+ s*x + s83 Ga:[s:t (a+ a)s:x+ as?:y]
3i[s:t ix:y]

Table 6. Non-equivariant RDP del Pezzo surfaces of defjreith global vector

elds in characteristic3
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IV. On rational (quasi-)elliptic surfaces with global vector elds

Type b|0V\f up Jac. or | Multiple Reducible AUt | RO(E:T,) Moduli char(k)
% in non-Jac. ber bers z z of 2 =p
1A | base pt. Jac. none lg+ 1o Gm 1 1dim any
1A | 2-tors. pt. || non-Jac. 211 I 4 2 1 1dim =
1B base pt. Jac. none | IV +IV Gm 1 fptg any
1B | 3-tors. pt.|| non-Jac. 3l [l 3 1 fptg =3
1B | 2-tors. pt. non-Jac. 21V IV +13 2 1 fptg =
1C base pt. Jac. none | Il +1ll Gnm 1 fptg §2
1C | 3-tors. pt. non-Jac. 3l I +15 3 1 fptg =
1D base pt. Jac. none [l Gnm 1 fptg 6§2;3
1D | 5-tors. pt. non-Jac. 511 I 5 1 fptg =

Table 1. Rational (quasi-)elliptic surfacé with global vector elds that are

blow-ups of weak del Pezzo surfac€sof typeslA, 1B, 1C and1D
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Case

( 2)-curves

Con guration of
negative curves o

Action of Aut% on
the Weierstral3 equation &f

char(k)

2Dy

Gm:[s: t:x:y]
acting on

y2 = x3 + astx? + s2t2x

wherea 2 k anda? 6 4

any

1B

Eeg+ A

Gm:[?%s: M:x:y]
acting on
y2+ st2 = x3

any

1C

E;+ Aq

Gm:[3: M:x:y]
acting on
y2 = x3+ st3x

62

1D

Gm:[%: t:x:y]
acting on

62;3

Table 2. Four families of weak del Pezzo surfaces of defjneith global vector

elds
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