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Title: Geometry of rational double points and del Pezzo surfaces

Abstract: The topic of this thesis is the interplay between rational double point singularities
and del Pezzo surfaces. Chapter I determines which rational double points occur on del
Pezzo surfaces, extending work of Du Val to positive characteristic. Chapter II classifies
weak del Pezzo surfaces with global vector fields. The corresponding problem for RDP
del Pezzo surfaces in odd characteristic is solved in Chapter III. As an application of the
techniques developed in this thesis, rational (quasi-)elliptic surfaces with global vector fields
are treated in Chapter I'V.

Key words: rational double points, del Pezzo surfaces, vector fields, positive characteristic

Titel: Geometrie rationaler Doppelpunkte und del Pezzo Flidchen

Kurzfassung: Das Thema dieser Arbeit ist das Zusammenspiel zwischen rationalen
Doppelpunkt-Singularitdten und del Pezzo Flichen. Kapitel I bestimmt, welche rationalen
Doppelpunkte auf del Pezzo Fldchen auftreten, und verallgemeinert damit Arbeiten von Du
Val auf den Fall positiver Charakteristik. Kapitel II klassifiziert schwache del Pezzo Fldchen
mit globalen Vektorfeldern. Das entsprechende Problem fiir RDP del Pezzo Flichen in
ungerader Charakteristik wird in Kapitel III gelost. Als eine Anwendung der in dieser
Arbeit entwickelten Techniken werden in Kapitel IV rationale (quasi-)elliptische Flidchen
mit globalen Vektorfeldern behandelt.

Stichworte: rationale Doppelpunkte, del Pezzo Flédchen, Vektorfelder, positive Charakteristik
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Introduction

Throughout this thesis, unless explicitly mentioned otherwise, we work over an
algebraically closed field k of characteristic char(k) = p > 0.

0.1. Rational double points. A rational double point is a rational normal surface
singularity of multiplicity two [Art66]. Despite the modern mathematical language used
in the above definition, the starting point of the investigation of these singularities may
be traced back as far as 400-300 BC, when the Greek mathematician Theaetetus and the
Pythagoreans ([Euc56, Book XIII], [Wat72]) first discovered and mathematically described
the regular solids in three-dimensional space: tetrahedron, hexahedron, octahedron,
dodecahedron and icosahedron. These regular polyhedra are called Platonic solids in honor
of the Greek philosopher Plato and the historically first attempt of a characterization of
matter in terms of mathematical models in his famous Timaios dialogue [Pla25, Timaeus,
53e]. It is believed that Euclid’s books [Euc56] were written in order to provide a proof
of Theaethetus’ classification of the regular solids — considered the most important result
in ancient mathematics —, a hypothesis that is further corroborated by the fact that Euclid
devoted the final volume XIII of his “Elements” to this topic. Around two thousand years
later in 1596, Kepler’s model of the solar system [Kep96] inscribed the five Platonic solids
between two successive orbits of the six planets — only six of them were known at that
time — circling around the sun (see also [Slo83]). Although we now know the flaws of
this model, it should not be underestimated that, after Copernicus, this constituted the first
physical theory of heliocentrism.

In the nineteenth century, the symmetry groups of the Platonic solids reappeared in
Klein’s classification of finite subgroups G of SL2(C): Up to conjugation, these are the
cyclic, the binary dihedral, as well as the binary tetrahedral, binary octahedral and binary
icosahedral groups, and correspond to the symmetry groups of plane regular n-gons,
pyramids over them, and the Platonic solids [Kle93], [Slo83]. In this context, in Klein’s
lectures on the icosahedron [Kle93] in 1884, the equations of complex rational double points
first occurred as the relations between the generators of the invariant ring C[z,y]“ under
actions by the finite subgroups of SLo(C).

Half a century later, these quotient singularities appeared again in Du Val’s classification
of surface singularities that “do not affect the conditions of adjunction” [DV34]. In the
modern language of the minimal model program, Du Val’s characterization can be rephrased
as saying that rational double points are precisely the canonical singularities of normal
surfaces.

The first complete proof of the existence of resolutions of surface singularities goes
back to Walker [Wal35] — after preliminary work by Del Pezzo [DP92], Segre [Seg97], Levi



[Lev97], Severi [Sev14], Chisini [Chi21], Albanese [Alb24] — and was extended to fields of
characteristic 0 by Zariski [Zar39], [Zar42] and to positive characteristic by Abhyankar
[Abh56]. It follows from Castelnuovo’s contraction theorem [CEO1] (see also [Har77,
Chapter V, Theorem 5.7]) that there is a unique minimal resolution for surface singularities.

In the case of rational double points, the exceptional locus of the minimal resolution
consists of (—2)-curves (that is, smooth rational curves of self-intersection (—2)) whose
dual graph is a Dynkin diagram of type A, D,,, Eg, E7, or Eg as depicted below [Dyn47].
(In these resolution graphs each vertex corresponds to an irreducible component E; of the
exceptional locus and two such vertices I;, F; are joined by F;. F/; many lines.) Conversely,
every surface singularity such that the exceptional divisor of the minimal resolution consists
of (—2)-curves forming an ADFE-diagram is a rational double point (see [Dur79] or
[Stal8b] for various equivalent definitions). Moreover, the analytic isomorphism class of a
rational double point is uniquely determined by its resolution graph (this property is called
tautness). In other words, over the complex numbers, rational double points are classified
by Dynkin diagrams of types A,,, D,,, g, E7, and Es.

Dynkin diagrams of types A, (n > 1), D, (n > 4), Eg, E7, and Eg

This suggests that there is a relation between rational double points and other
mathematical objects that are classified by Dynkin diagrams, such as simple algebraic
groups and their Lie algebras ([Che51], [Che55], [Bor56], [Sem58]; see also [Hum?75]).
Indeed, as Grothendieck had conjectured, the following connections between rational double
points and simple Lie algebras (analogously, simple algebraic groups) of AD E-type were
established: For a Lie algebra g of some Dynkin type, its variety N (g) of nilpotent elements
intersected with a so-called transverse slice .S to a subregular orbit is again a surface with
an isolated singularity that is a rational double point of the same Dynkin type as g ([Bri71];
see also [Esn76], [Ste65]). Moreover, the restriction of the adjoint quotient g — t/W
to the transverse slice realizes the miniversal deformation of the rational double point in
S N N(g), and, by work of Grothendieck and Springer [Spr69], this description of the
miniversal deformation can be used to construct simultaneous resolutions of families of
rational double points after a finite base change with the Weyl group W as covering group
([Bri71], [S1o80]; see also [Art74], [SB21]).



In positive characteristic, the dual resolution graph of a rational double point is still a
Dynkin diagram of AD E-type, but it turns out that there can be several non-isomorphic
rational double points admitting the same resolution graph in characteristic p € {2, 3,5},
that is, rational double points in these characteristics are not necessarily faut. Nevertheless,
there are only finitely many formal isomorphism classes of rational double points with the
same resolution graph and these isomorphism classes, together with their defining equations,
were classified by Lipman [Lip69] in the case of Eg-singularities and by Artin [Art77] in
the other cases. Artin shows that rational double points with the same resolution graph are
distinguishable in terms of their deformation theory ([Art76, Chapter 1, §4]) and assigned
a coindex to the formal isomorphism classes which we call Artin coindex. The connection
between rational double points, simple algebraic groups and simultaneous resolutions
persists in positive characteristic if p is not too small, as explored by Slodowy [S1080], and
extended by Shepherd-Barron [SBO1] if p is very good (depending on the type of algebraic
group resp. rational double point).

0.2. Del Pezzo surfaces. If X C P" is a projective variety of degree d and dimension
m such that X is non-degenerate, that is, such that X is not contained in a hyperplane,
then a simple projection argument shows that d > 1 + n — m. If equality holds, then X
is called a variety of minimal degree. The classification of surfaces of minimal degree goes
back to del Pezzo [dP85] and was later generalized to higher dimensions by Bertini [Ber(7]
(see also [EH87]). The result is that the varieties of minimal degree are exactly quadric
hypersurfaces, the Veronese surface P2 < IP°, cones over the Veronese surface, or rational
normal scrolls. The classification is the same in arbitrary characteristic (see for example
[Dol12, Section 8.1.1], [GH94, Chapter 4, 3., p.522ff], or [Har95, Theorem 19.9.]).

Restricting ourselves to dimension 2, it is a natural question to ask what the non-
degenerate projective surfaces of almost minimal degree d = n are. This question was
studied by del Pezzo in [dP87]. Among these surfaces are cones over curves of degree d
in P41 and projections of surfaces of minimal degree d in P4+l [Dol12, Section 8.1.1].
For surfaces of almost minimal degree that are not in these two classes, del Pezzo showed
that 3 < d < 9 and that all such surfaces are normal, have at worst rational double points
as singularities and — in modern terminology — have very ample anti-canonical sheaf w)_(l
(see [Dol12, Proposition 8.1.8, Theorem 8.1.11]). Weakening the condition “very ample”
to “ample” leads to the following more general modern definition of del Pezzo surfaces as
(canonical) Fano varieties of dimension 2 and of weak del Pezzo surfaces as their minimal
resolutions.

DEFINITION. Let X and X be projective surfaces.

e X is adel Pezzo surface if it is smooth and w;(l is ample.
e X is an RDP del Pezzo surface if all of its singularities are rational double points
(RDPs) and w)_(l is ample.
e X is a weak del Pezzo surface if it is the minimal resolution of a (RDP) del Pezzo
surface.
In all the above cases, the number deg(X) = K% (resp. deg(X) = K}() is called the

degree of X (resp. X ).



The RDP del Pezzo surfaces that were classically studied by del Pezzo are those with
deg(X) > 3 and they are also exactly those where w." is very ample. In degree deg(X) =
2, the surface X is a double cover of P? branched over a quartic curve (if p # 2) and in
degree deg(X) = 1, the surface X is a double cover of a quadratic cone in P? branched
over a sextic curve (if p # 2). It is well-known (see [Dol12, Section 8.1.3]) that weak del
Pezzo surfaces are exactly the smooth projective surfaces X with w):(l big and nef, and that

all of them are either P! x P!, the second Hirzebruch surface Fy, or can be obtained by
blowing up at most 8 points in P? in almost general position.

0.3. Which rational double points occur on del Pezzo surfaces? Given that the
only singularities that can occur on del Pezzo surfaces are rational double points, it is a
natural question to ask exactly which rational double points (and configurations of them)
actually do occur on RDP del Pezzo surfaces. Over the complex numbers, the answer
to this question is classical: By work of Timms [Tim28], Schléfli [Sch63], and Du Val
[DV34], a configuration of rational double points I" occurs on an RDP del Pezzo surface X
if and only if the corresponding (—2)-curve configuration I'" occurs on a weak del Pezzo
surface. The latter happens if and only if the lattice I” embeds into the Fg-lattice and
I’ € {D4 + 4A1, 8A1, 7A1}

In Chapter I, we extend these classical results to all positive characteristics. As explained
in the above introduction to rational double points, the classification is more subtle in
small characteristics, since rational double points may no longer be taut if char(k) =
p € {2,3,5}. So, a complete answer to the question “Which rational double points occur
on del Pezzo surfaces?” must be more involved than over the complex numbers, since
determining the possible RDP configurations I' on RDP del Pezzo surfaces is a priori not
equivalent to only determining the possible configurations I of (—2)-curves on weak del
Pezzo surfaces. Nevertheless, it is a consequence of our classification (Theorem 1.2 in
Chapter I) that, in characteristic different from 2, the two classifications coincide, that is,
whenever a configuration of (—2)-curves occurs on a weak del Pezzo surface, then the
corresponding configurations of rational double points with all possible Artin coincides
occur on some RDP del Pezzo surface. If p = 2, this correspondence fails, but we are still
able to achieve a complete classification of all configurations of rational double points that
occur. Moreover, as a byproduct of this classification, we obtain simplified equations for all
RDP del Pezzo surfaces of degree 1 containing non-taut rational double points.

For further details and the complete classification, we refer the reader to Chapter I of
this thesis and Theorem 1.2 therein.

0.4. Simultaneous resolutions of rational double points via del Pezzo surfaces. In
the above, we studied rational double points on del Pezzo surfaces because they are the only
singularities that can possibly occur on these surfaces (at least with our definition, inspired
by del Pezzo’s classification of varieties of almost minimal degree). However, del Pezzo
surfaces can also be used to study the geometry of rational double points: Indeed, even
before simultaneous resolutions of rational double points were studied using linear algebraic
groups as explained above, there have been explicit constructions of such simultaneous
resolutions using (weak) del Pezzo surfaces by Brieskorn [Bri66], [Bri68], and Tjurina



[Tju70]. In the following, we recall Tjurina’s description of a simultaneous resolution of a
versal deformation of the Eg-singularity in characteristic 0 [Tju70]:

Consider a cuspidal cubic C' C P2, let P € C be an inflection point, and let U C C
be a sufficiently small neighborhood of P. Then, the family 7 : X — US obtained by
blowing up (the strict transforms of) P%Jg in the eight sections determined by the inclusion
U C P? is a family of weak del Pezzo surfaces. The fiber of 7 over (P,..., P) is a weak
del Pezzo surface with an Eg-configuration of (—2)-curves and Tjurina shows, by taking
the relative anti-canonical model, that X can be blown down to a family of RDP del Pezzo
surfaces v : X — U that induces a deformation of the Eg-singularity in the fiber of v over
(P, ..., P) whose base is a finite cover of a versal deformation space of the singularity. In
other words, by this construction, any deformation of Egs admits a simultaneous resolution
after a finite base change. In particular, up to finite base change, every deformation of
the Eg-singularity is induced by a deformation of an RDP del Pezzo surface X with a
singularity of type Eg.

We note that Tjurina’s construction of a simultaneous resolution for the Eg-singularity
cannot work in arbitrary characteristic: For example, if char(k) = p = 2, only three of the
five types of Eg-singularities occur on del Pezzo surfaces (see Chapter I), and among the
three Eg-singularities that do occur, two have miniversal deformation spaces of dimension
strictly larger than 8 (namely E(S) and Eg’). Therefore, the space U® from Tjurina’s
construction cannot provide a finite cover of the miniversal deformation space of the
singularity. However, one may wonder whether the additional deformations of the
singularity are still induced by a deformation of a (RDP) del Pezzo surface, possibly via
a more involved construction than Tjurina’s.

This begs for the more general question about the relationship between deformations
of RDP del Pezzo surfaces, their minimal resolutions weak del Pezzo surfaces, and the
rational double points that they contain. As the deformation spaces of rational double points
are well-known in all characteristics ([Art77], [Art76], [S1o80]; see also [Stal8b]), the first
step towards understanding this relation is to determine the deformation spaces of RDP and
weak del Pezzo surfaces.

Recall that the locally trivial deformations of a projective variety X are governed by
the cohomology groups H°(X,Tx), H(X,Tx), and H?(X, T ), where T denotes the
tangent sheaf of X. By work of Matsumura and Oort [MOG68], the automorphism functor
Autx of X over k is representable by a group scheme locally of finite type over & whose
tangent space at the identity can be identified canonically with the space of global vector
fields H°(X,Tx). Note that this tangent space only depends on the identity component
Aut% of the representing group scheme Auty. By [Ser06, Proposition 1.2.9], the space
H'(X,Tx) is the tangent space to the functor of locally trivial deformations of X, and, by
[Ser06, Proposition 2.4.6], the space H?(X, Tx) is an obstruction space for this functor.

Thus, the first step towards understanding deformations of weak and RDP del Pezzo
surfaces is to determine the cohomology groups of the tangent sheaf.

Note that in the case of a weak del Pezzo surface X we have by Serre-duality and [DI87,
Corollaire 2.8]

H*(X,Tz) =2 HY(X,Qz ®wg) = 0.



By the Hirzebruch—Riemann—Roch-Theorem and formulae for Chern- and Todd-classes
(see [Har77, Appendix A, 4]), one can check that

o x(Tg) = (X, Tg) = n'(X, Ty)
. = deg (ch(Tg)td(Tg)), = ... = 2K§~( —10.

Therefore, since the miniversal deformation space of X is formally smooth, it is determined
by its dimension h! (X, T'y) and by Equation 0.1 it is thus sufficient to compute h%(X, T's).

0.5. Weak del Pezzo surfacgs with global vector fields. In Chapter II of this thesis,
we obtain the dimension of H%(X, T';) as a byproduct of the determination of the identity

component Aut% of the automorphism scheme for every weak del Pezzo surface X in
arbitrary degree and arbitrary characteristic.
The structure of Aut% is well-known if X is not a blow-up of P2, that is, if X €

{P* x P!, Fy}. The key tool for the classification of the remaining weak del Pezzo surfaces
with global vector fields is Blanchard’s Lemma (see [BSU13, Proposition 4.2.1] and [Bla56,
§I.1]), which implies that connected group scheme actions descend along birational
morphisms between normal varieties, allowing us to describe Autgz as an iterated stabilizer

of the points blown up in a realization of Xasa blow-up of P2,

Using this approach, we give a complete description of the configuration of negative
curves — which, by adjunction, are either (—1)- or (—2)-curves —on weak del Pezzo surfaces
with global vector fields and calculate the identity component Aut% of their automorphism
schemes. It turns out that there are 53 distinct families of such surfaces if p # 2, 3, while
there are 61 such families if p = 3, and 75 such families if p = 2. Each of these families
has at most one moduli. Note that this also yields a classification of weak (and RDP) del
Pezzo surfaces with infinite automorphism group, independently obtained over the complex
numbers by Cheltsov and Prokhorov [CP21]. However, in positive characteristic — and,
by our classification, a posteriori only in characteristic 2 and 3 — there can exist weak del
Pezzo surfaces with global vector fields and finite automorphism group, since Aut% can be
non-reduced.

Further details and the complete classification can be found in Chapter II and the Main
Theorem therein.

0.6. Deformation spaces of weak del Pezzo surfaces. As we explained above, the
knowledge of h?(X, T';) for any weak del Pezzo surface X, as obtained in Chapter II,
allows us to calculate h' (X, Ty) for all such surfaces: Since H*(X,T5) = 0, the defor-

mation space of X is formally smooth and hence uniquely determined by its dimension
! ()N( , T%). By the above Equation 0.1 and the classification of Chapter II, we can determine
its dimension for all weak del Pezzo surfaces in all degrees and characteristics. For the
convenience of the reader, we collected the results on dimensions of deformation spaces of
weak del Pezzo surfaces in Table O in the Appendix O of this thesis.
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The next step in understanding the relation between deformations of weak del Pezzo
surfaces, RDP del Pezzo surfaces, and RDPs is determining the deformations spaces of
RDP del Pezzo surfaces. There, the situation is more delicate, for a number of reasons:

Firstly, not every deformation of an RDP del Pezzo surface X is locally trivial and, in
fact, the most interesting deformations here are those that induce non-trivial deformations
of the rational double points and these deformations are never locally trivial. Secondly,
in positive characteristic, the vanishing of H2(X,Tx) does not follow from a general
vanishing result and, indeed, examples of RDP del Pezzo surfaces X with H2(X,Tx) # 0
in characteristic p = 2, 3 have recently been exhibited by Kawakami and Nagaoka [KN22,
Remark 1.8]. Finally, an RDP del Pezzo surface X can have more global vector fields than
its minimal resolution, since there is no a priori reason for an action of a non-reduced group
scheme to lift to the resolution.

Nevertheless, even though obtaining a full description of the deformation space of an
RDP del Pezzo surface X is more difficult than in the case of weak del Pezzo surfaces, the
first question that needs to be answered is how big H"(X, Tx) can be.

0.7. RDP del Pezzo surfaces with global vector fields in odd characteristic. As in
the case of weak del Pezzo surfaces, we obtain the dimension of H°(X, T'x) as a byproduct
of the determination of Aut% for all RDP del Pezzo surfaces X in all degrees and odd
characteristics. _

Note that Blanchard’s Lemma applied to the minimal resolution 7 : X — X yields a
closed immersion Aut% < Aut%. We prove that this closed immersion is an isomorphism
in characteristic p ¢ {2, 3,5, 7}, hence the classification of RDP del Pezzo surfaces with
global vector fields is equivalent to the classification of weak del Pezzo surfaces with global
vector fields in these characteristics. If p € {3,5,7}, we classify the cases where this
closed immersion is not an isomorphism. There are two such surfaces in characteristic 7,
nine such surfaces in characteristic 5, and 56 families of RDP del Pezzo surfaces X where
Aut())( is strictly larger than Aut()l( in characteristic 3. Moreover, we give explicit equations
for all such RDP del Pezzo surfaces in all possible degrees. As an application, we construct
regular non-smooth RDP del Pezzo surfaces over imperfect fields of characteristic 7, thereby
showing that the known bound p < 7 [BT20, Proposition 5.2] for the characteristics, where
such a surface can exist, is sharp.

In the local setting, the problem that group scheme actions on X do not necessarily
lift to X is mirrored by the fact that not every vector field on a rational double point
singularity lifts to its minimal resolution [Wah75, (5.18.1) Remarks]. Rational double
points where all vector fields lift are called equivariant and were classified by Hirokado
[Hir19]. The idea of our proof is to show first that Aut% — Autg( is an isomorphism if
X contains only equivariant RDPs, and to give a criterion for liftability of group scheme
actions for the simplest example of a non-equivariant RDP in characteristic p given by
the A,_1-singularity. This reduces the problem of determining Autg( for general RDP
del Pezzo surfaces to RDP del Pezzo surfaces containing non-equivariant RDPs, a list of
which can now be compiled easily from the results of Chapter I and [Hir19]. For these
non-equivariant RDP del Pezzo surfaces we set up an inductive argument, where we first
classify the RDP del Pezzo surfaces of highest possible degree with Aut% C Autg( and a
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given configuration of non-equivariant RDPs, and then use Blanchard’s Lemma to obtain a
classification in smaller degrees.

For further details and the complete classification of RDP del Pezzo surfaces with
global vector fields in characteristic different from 2, we refer the reader to Chapter III
and Theorem 1.1 and Theorem 1.2 therein.

0.8. On rational (quasi-)elliptic surfaces with global vector fields. One of the key
tools we used in our classification of rational double points on RDP del Pezzo surfaces
in Chapter I was the close connection between weak (resp. RDP) del Pezzo surfaces and
Jacobian rational (quasi-)elliptic surfaces (resp. their Weierstral models). More precisely,
the blow-up of the unique base point of the anti-canonical system on a weak del Pezzo
surface of degree 1 yields a Jacobian rational (quasi-)elliptic surface and the contraction
of any section on a Jacobian rational (quasi-)elliptic surface recovers the weak del Pezzo
surface. By Blanchard’s Lemma and the fact that Aut% fixes the base point, this yields an
identification of the automorphism schemes of the surfaces that correspond to each other
under this bijection.

This begs for the question whether one can achieve a similar classification for arbitrary
rational (quasi-)elliptic surfaces that do not necessarily admit a section. In Chapter IV,
we recall the classical description of these surfaces as the resolution of base points of a
Halphen pencil [Hal82] of curves of degree 3m in P2, In particular, this description shows
that non-Jacobian rational (quasi-)elliptic surfaces with a multiple fiber of multiplicity m
are also blow-ups of weak del Pezzo surfaces of degree 1, but, instead of the base point
of | — K|, one blows up a point P of exact order m on the identity component of an
anti-canonical curve. Thus, even though there is no longer a correspondence between such
rational (quasi-)elliptic surfaces Z and weak del Pezzo surfacesjf of degree 1, we can still
use Blanchard’s Lemma to calculate Aut% as the stabilizer of P with respect to the action

of Aut%. In particular, if Z has global vector fields, then so does X and, going through the

list of such X in Chapter II, one can classify all Z with global vector fields.

This approach works in arbitrary characteristic, but since the final chapter of this thesis
is more of an outlook — because it is only tangentially related to del Pezzo surfaces and
rational double points — we restrict ourselves to the four families of weak del Pezzo surfaces
of degree 1 in the list of Chapter II that occur also in larger characteristics. This will allow
us to keep Chapter IV relatively short while still illustrating that the techniques developed
in the previous chapters also apply to more general classes of surfaces. At the same time,
we establish a complete classification of all rational (quasi-)elliptic surfaces — both Jacobian
and non-Jacobian — with global vector fields in characteristics p # 2, 3.

For further details, the complete classification in characteristic different from 2 and 3,
as well as discussions of the geometry of some explicit examples in characteristic 2 and 3,
we refer the reader to Chapter IV and Theorem 1.1 therein.

Conventions, official announcements, and acknowledgements. Concerning the
numbering of definitions, propositions, theorems, tables, figures etc. we apply the following
conventions: The numbering will be by chapter and hence it will be reset at the start of every
new chapter. Whenever, in one of the four main chapters of this thesis, we refer to a result
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with a number only and do not mention the chapter it is contained in, the result will be
found in the same chapter as the reference. Whenever we wish to refer to a result of another
chapter, the chapter this result can be found in will be mentioned explicitly, together with
its label in that respective chapter.

In the digital version of this thesis, every reference will have an underlying link attached
to it, which leads the reader to the corresponding part of this thesis. In the Appendix,
all classification tables are collected chapter-wise for the sake of user-friendliness and
accessibility of the results of this thesis. There, each caption encompasses a link leading to
the first occurrence of the respective result in the text.

In case a reader is mainly interested in one of the four chapters of this composition,
sections called “Motivation and summary”’ and recaps of the necessary background material
are included in each chapter such that, despite the chapters building upon one another, each
of them will nevertheless be also readable on its own.

Parts of this thesis have been made accessible to the academic community in the form
of preprints on the ArXiv, and have been published resp. accepted resp. submitted for
publication in peer-reviewed journals:

e Chapter I follows the article [Sta21], which has been published in Epijournal de
Géométrie Algébrique. Moreover, it has officially been acknowledged for my master’s
thesis in the TopMath program at TUM. !

e Chapter II follows the article [MS20], which is joint work with Gebhard Martin and
has been accepted for publication in Geometry and Topology. *

e Chapter III follows the article [MS22], which is joint work with Gebhard Martin and
has been submitted to a peer-reviewed journal.

e Chapter IV has not yet been made available to the academic community.
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CHAPTER 1

Which rational double points occur on del Pezzo surfaces?

Up to minor modifications, this chapter is taken from the article “Which rational double
points occur on del Pezzo surfaces?” of the author. The article is published in Epijournal
de Géométrie Algébrique and can also be found on the ArXiv (see [Sta2l1]).

1. Motivation and summary

Throughout this chapter, we work over an algebraically closed field k of characteristic
char(k) = p > 0. Quite classically, del Pezzo surfaces admitting at worst rational double
point singularities (also called RDP del Pezzo surfaces, Gorenstein log del Pezzo surfaces
or Du Val del Pezzo surfaces) first appeared as non-degenerate surfaces of degree d in P¢
which are not cones or projections of surfaces of minimal degree. A first natural question
to ask is the following:

QUESTION 1.1. Which rational double points occur on RDP del Pezzo surfaces?

For 1 < d <9, we define the lattice Fg_, as the orthogonal complement of the vector
(=3,1,...,1) in the unimodular lattice I~ of signature (1,9 — d) defined by the matrix
diag(1,—1,...,—1). Over the complex numbers, the answer to Question 1.1 is old:

e If d > 3, a configuration I' of rational double points occurs on an RDP del Pezzo
surface X of degree d if and only if the lattice T spanned by the irreducible
components of the exceptional divisor of the minimal resolution X of X embeds
into the lattice Fg_4. If d > 5, this is elementary to check, while if d = 4 it was
proven by Timms [Tim28] in 1928, and if d = 3 it was proven by Schléfli [Sch63]
in 1863.

e If d = 2, then X5 is a double cover of P? branched over a quartic curve. Simple
singularities of plane quartics, and thus RDPs on X5, were classified by Du Val
[DV34] in 1934. It turns out that I" occurs on some X5 if and only if I embeds
into £7 and I is not of type TA;.

e If d = 1, then X is a double cover of a quadric cone in P32 branched over a sextic
curve and the possible singularities of the branch locus have also been classified
by Du Val [DV34]. It turns out that I" occurs on some X if and only if I embeds
into Fg and " Q {D4 +4A1,8A41, 7A1}

Besides these very classical sources, we refer the reader to [Ura83] for a more modern
treatment of the cases where d € {1,2}. From the above discussion, we see that if we do
not care about the degree of X, but only about whether I' occurs on some RDP del Pezzo
surface, then the lattice F's — being the biggest possible orthogonal complement of —Kx —
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plays a central réle and we note that the classification of root sublattices of FEg is also quite
classical and goes back to Dynkin [Dyn52].

Thus, we are mainly interested in Question 1.1 in the case p > 0, even though our
methods also recover Du Val’s results over the complex numbers. While an answer to
Question 1.1 may be known to the experts if p # 2, 3,5, it becomes particularly subtle
in small characteristics, where a rational double point is not necessarily taut, that is, it is
not necessarily uniquely determined by its dual resolution graph. Such non-taut rational
double points can only occur in characteristic 2, 3, and 5, and have first been studied and
classified by Artin [Art77]: There are only finitely many rational double points with the
same resolution graph and they are distinguished by a coindex that we call Artin coindex
(see Table 7 for a summary of all non-taut rational double points).

Very recently, there has been substantial progress on RDP del Pezzo surfaces in positive
characteristic:

e In characteristic at least 5, RDP del Pezzo surfaces of Picard rank 1 have been
classified by Lacini in [Lac20], generalizing work of Ye [Ye(02] and Furushima
[Fur86] (see also [MZ88] and [MZ93]).

o In characteristic 2 and 3, Kawakami and Nagaoka [KN20] classify RDP del Pezzo
surfaces of Picard rank 1 and determine some, but not all, of the Artin coindices
of the rational double points that occur. In [KN22], they also investigate in detail
some interesting pathological examples in characteristic 2 that will also appear as
exceptional cases in the present chapter (see Proposition 3.2).

In this chapter, instead of studying RDP del Pezzo surfaces of small Picard rank, which
play a prominent rdle in the minimal model program (see e.g. [MZ93, Lemma 2]), we want
to approach the problem from a more classical angle and try to find a satisfying positive
characteristic analogue of Du Val’s work relating Question 1.1 to the lattice Ejs.

Before stating our main result, let us fix some terminology. We say that a sum [V =
>; Tin, of root lattices (that is, I'; € {A, D, E} and n; is the number of simple roots)
occurs on a weak del Pezzo surface X if it is isomorphic to the lattice spanned by all
(—2)-curves on X.

Then, Theorem 1.2 gives a complete answer to Question 1.1 in arbitrary degree and
Picard rank over an algebraically closed field of arbitrary characteristic char(k) = p > 0.

THEOREM 1.2. LetT' =), Fflnz be an RDP configuration with Artin coindices k; and

let T = >, T n, be the lattice spanned by the irreducible components of the exceptional
divisor of its minimal resolution.

(1) If p # 2, then the following are equivalent:
o [' occurs on an RDP del Pezzo surface.
e I occurs on a weak del Pezzo surface.
o IV embeds into Es and T & {Dy + 4A1,8A,,7A;}.
(2) If p = 2, then the following are equivalent:
e I occurs on a weak del Pezzo surface.
o IV embeds into Eg and " & {2A35 + 2A1, A5 + 441,641 }.
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If all FonL are taut, these statements are also equivalent to the following:
e T occurs on an RDP del Pezzo surface.
(3) If p = 2 and some Fflm is non-taut, then the following are equivalent:
e T occurs on an RDP del Pezzo surface.
o " occurs in Tuble 4, 5, or 6.
(4) Moreover, in the Tables 2, 3, 4, 5, and 6, we give equations for all RDP del Pezzo
surfaces of degree 1 containing a non-taut rational double point.

For the convenience of the reader, we list all possible IV embedding into Fg (see
[Dyn52, Table 11]) and state whether the respective I'' occurs on a weak del Pezzo surface
or not. For the possible Artin coindices of the corresponding RDP configurations in the
non-taut case if p = 2, we refer the reader to Tables 4, 5, and 6 (see also Remark 4.6).

REMARK 1.3. We will see in Proposition 3.2, that if p # 2, all rational double points
that occur on some RDP del Pezzo surface also occur on an RDP del Pezzo surface of degree
1. This fails for precisely four RDP configurations in characteristic 2, namely for I' €
{E?, Dg + A, Dg + 3A1,7A;}, each of which occurs on a unique RDP del Pezzo surface
of degree 2. These four surfaces coincide with the surfaces described in [KN22, Theorem
1.4(2)]. Note, however, that the (—2)-curve configurations of types E7 and Dg + A; do
occur on weak del Pezzo surfaces of degree 1 in characteristic 2, whereas the configurations
of (—2)-curves Dy + 3A; and 7A; do not.

REMARK 1.4. One way of classifying RDP configurations on RDP del Pezzo surfaces
over the complex numbers is to reduce to the case of RDP del Pezzo surfaces of Picard rank
1 or 2 as described in [MZ93, Lemma 2, Lemma 4]. However, as it is unclear whether this
reduction also works in positive characteristic (in particular if p = 2, 3,5), and since the
classification of RDP del Pezzo surfaces of Picard rank 2 in positive characteristic is not
available yet, we will pursue a different approach in this chapter.

The structure of this chapter and thus also the structure of the proof of Theorem 1.2 is
as follows: After recalling the classification of non-taut rational double points in Section 2,
we show in Section 3.1 that an RDP configuration occurs on an RDP del Pezzo surface if
and only if it occurs on an RDP del Pezzo surface of degree 1, with the exception of the four
configurations mentioned in Remark 1.3. Then, in Section 3.2, we recall the well-known
connection between RDP del Pezzo surfaces of degree 1 and Weierstral3 models of rational
(quasi-)elliptic surfaces. In Section 3.3, we explain how this connection, and the theory of
Mordell-Weil groups, can be exploited to classify all configurations of (—2)-curves that can
occur on weak del Pezzo surfaces. This reduces Question 1.1 to non-taut RDPs and thus
to characteristics 2, 3, and 5. Finally, the bulk of the chapter is devoted to the classification
of RDP del Pezzo surfaces of degree 1 with at least one non-taut rational double point in
characteristic 2,3, and 5. This is achieved by using the classification of singular fibers of
rational (quasi-)elliptic surfaces due to Ito [[t092], [[to94], and Jarvis—Lang—Rimmasch—
Rogers—Summers—Petrosyan [JLR"05], [Lan00] to derive simple equations for these RDP
del Pezzo surfaces that allow us to explicitly determine the Artin coindices of the rational
double points that occur.
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I s occurs if I’ s occurs if I s B occurs if
p#F2|p=2 p#F2|p=2 p#F2|p=2
A v v Az + 34, v v As + Ay v v
241 v v 34, v v D5 + Ay v v
Ay v v A+ Ay + Ay v v Ag + Ag v v
34, v v Ay + 244 v v D¢ + Ay v v
As + Ay v v Dy +2A v v Eg + Ay v v
Asg v v 2A5 v v A7 v v
4A4 v v Ay + As v v D v v
Ay + 24, v v Dy+ A, v v Er v v
249 v v As + Ay v v 8A; X v
As + A v v Ds + Ay v v Dy +4A, X v
Ay v v Ag v v 4A9 v v
Dy v v Dy v v 2A3 + 2A, v X
5A;1 v v FEg v v As + As + Ay v v
Ay + 34, v v TA, X v Dg + 24, v v
2A5 + A v v Az +4A, v X 2A4 v v
As +2A v v 3As + Aq v v 2D, v v
Az + Ay v v Az + Ag + 244 v v Ds + As v v
Ay + Ay v v Dy + 34 v v Eg+ A, v v
Dy+ A v v 2A3 + Aq v v A7+ Ay v v
As v v Ay + Ay + Ay v v E7 4+ Ay v v
Ds v v As + 244 v v Ag v v
64, v X Ds +2A, v v Dg v v
Aoy +4A v v Ayg+ As v v FEg v v
245 + 24, v v Dy + As v v

Table 1. TV C Eg occurring on weak del Pezzo surfaces
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NOTATION. In Tables 2, 3, 4, 5, and 6 we list all possible RDP configurations containing
a non-taut rational double point in Column 1. In Column 2, we give simplified Weierstral3
equations for all RDP del Pezzo surfaces of degree 1 containing the respective configuration.
If an extra condition on parameters in such an equation leads to extra RDPs, the condition
is written under the respective equation separated by a dashed line. The equation above
a dashed line is assumed to satisfy none of the conditions listed below it. In Columns 3
and 4 we give the discriminant A and the j-invariant j (see Subsection 4.1 for explicit
formulae) of the corresponding rational (quasi-)elliptic surface, whose type in the notation
of Lang/Ito/Miranda—Persson is given in Column 5 and we note in Column 6 whether the
fibration is elliptic or quasi-elliptic.

RDP Weierstrall equation of X A = Miranda’s &
configuration inP(1,1,2,3) Persson’s type
Es
Eg y? =23+ 1°s —2t1042 0 Xo9
E} Y=ot 0s | 102 - 25%) | 3L Xo11

Table 2. Eg-singularities on del Pezzo surfaces in char(k) = 5
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0C

RDP ~ Weierstral equation of X in If)(}a}l 2, E))), o A = Lang’s / ell /
configuration condition for extra RDPs Ito’s type g-ell
E¢

EY y? = a3 + the + t1s? t12 0 6C ell
EY y? =23 + 35z + ag 5t0s + t1s? t9s3 0 6A ell
T ifags =0 | [ eas. | en |
EY + A y? =23 + t*s? 0 3.3(2) g-ell
E} y? = 23 + 1222 + ag 5t°s + t1s? —t05(ag 5t + ) % 6B ell
T ifags =0 | [ eB2. | en |
E} y? = 23 + 1222 + ag 5t°s + ag atts? + 357 —t9s(ag5t% + apats + s%) % 6A ell
o+ oA | ifags #0and (ags = Oorags —a2,) | [ a2 | en |
+ A if ag5 = 0 and ag 4 = 0 6A 1. ell
E7
EY? y? =23 + sz + t°s 1953 0 7 ell
B} + A y? =23+ t3sx —t9s3 0 75. ell
El Y2 = a3 4 1222 4 ag 51°s — t1s2 + 133 —95(ag5t2 — ts+ %) | Lo 7 ell
T ifags €{0,1} | o 72 ] en |
Es
EQ y? =23+ s 0 3.3(1) q-ell
Eg y? =23 +thr + 5 —t12 0 8B ell
E? y? =2 + %22 + s —tls -t 8AlL ell

Table 3. E4-, E7- and Eg-singularities on del Pezzo surfaces in char(k) = 3



RDP ~ Weierstra} equation of X in ]ED(}Llj 2, ?)ﬁ o A = Lang’s / ell /
configuration condition for extra RDPs Ito’s type | g-ell
Dy

DY y? 4ty = 2 + (a4,252 + agsts + a474t2)t21‘ + 33 12 0 12B ell
DY y? + t2sy = 23 + ag1tsx? + ag3t3sx + ag6t® + 353 8% 0 12A ell
o+ A | dfagg=O0andass£0 | [ 12a10A | en |
+ A if ags = ass =0 12411 | ell
Dg + 34 occurs only in degree 2 (see Proposition 3.2 (C.))
DY + 44 y? =23 + (35 + agot?s® + ts3)z with ag o # 0 0 5.2.(f) g-ell
DY + DY y? = 23 + agot?s%z + 1383 0 5.2.(d) g-ell
D} y? + toy = 2% + (1271758:132 + a6,5t55 + a674t452 + 1353 tgs(a675t2 + ap ats + 52) % 4B. ell
oA | if (465 =0Oandagq #0) or (ags #0andaga =0) | | a2 | en |
LA if g5 = ags = 0 4B.3 ell
D} YE toy = 2 apatsa® +agss  agat’s® +agst’s” + £0 t8s(ag5t3 + apat’s + ap sts® + s3) % 4A. ell
with a1 +ag3 # 0
o oA if (ag5 = Oand ags # 0) or ags = agaags 20 | [ a2 | en |
+ 24 if ag5 = ag3 = 0 and ag4 # 0 4A. 4 ell
+ Ay |if(ass =ass =0andas3 # 0)or (af 3 = ag4 and af 3 = ags # 0) 4A.3 ell
+  Ag ifags = ags = ag3 =0 4A.5 ell
D5
D? Y2 + t2sy = a3 + (agot? + t8)2* + ag 5t°s t8s? 0 13A ell
o+ A | ifags=O0andaga £0 | [ 1BAat0A | en |
+ A if a5 = asy =0 13A11 | el
D} y* +imy = 2° +ay;tsa’ + a65175 + ag at's” + agst’s” + 17" t8s(ap 5t3 + ag at?s + ag sts® + s°) % 5A. ell
with as 1 = ag 3
o oA | if (ag5 = Oand ags # 0) or ags = agaags A0 | [ sa2 | en |
+ 24 ifags =as3 =0and ag s # 0 5A.4 ell
+ Ay |if (a5 = a4 =0and a3 # 0) or (af 3 = ag4 and af 3 = ags 7 0) 5A.3 ell
+ Az ifags = ags = ag3 =0 5A.5 ell

Table 4. D,- and Djs-singularities on del Pezzo surfaces in char(k) = 2



(44

RDP ~ Weierstraf} equation of X in I,P(,l’,lj 2, E)’), o A . Lang’s / ell/
configuration condition for extra RDPs Ito’s type | q-ell
Dg

Dg + A occurs only in degree 2 (see Proposition 3.2 (B.))
DY + 24 y? =23+ (s + 125%)x 0 5.2.(e) q-ell
Dé y? + 3y = 2% + (a272t2 + a271t5):c2 + t3sx 12 0 13B ell
D2 y? + toy = 28 + agtsa® + agst®s + t1s? with ag1 # 0 | t0s(ag 5t + 5) | o 5B. ell
' ifags =0 | | sB2 | el |
D~
D} y? + 3y = 23 + tsa® t12 0 13C ell
D2 y? + try = 2 + ag tse? + t°s with agy # 0 thls L 5C. ell
Dsg
DY y? =23 + 25’z + 155 0 52.0b) | gell
D} y? + toy = 23 + tsz? + ag 6t° with agg # 0 ag 6t? ﬁ 5D. ell

Table 5. Dg-, D7- and Dg-singularities on del Pezzo surfaces in char(k) = 2



€C

RDP ~ Weierstral equation of X in ]ED(71,717, 2, 53)7 o A . Lang’s / ell/
configuration condition for extra RDPs Ito’s type g-ell
E¢

E§ y? + t2sy = 2 + agot?z? + agst°s t8s1 0 14 ell
 + A | ifags=Oandags£0 | ] | 14108 | en |
+ A ifags =az2 =0 1411 ell
E} y? + toy = 23 + tsa? + ags5t°s + agatts® + 1353 + 1251 | t8s(ap 5t3 + agat®s +ts? + s°) % 6. ell
.+ A | if(ags=Oandags £0)orags =ags € {0, | | 62 | en |
+ A ags = aga € {0,1} 6.3 ell
E7
E? occurs only in degree 2 (see Proposition 3.2 (A.))
EY + A y? =23+ sz 0 52.c) | geell
E% y? +t3y = 23 + sz t12 0 15 ell
E3 y? +toy = 23 + ag 5t°s + t1s? t1%s(ag 5t + s) i 7. ell
T ifags =0 | 72 | en |
Es
ES y? =2+ 10s 0 5.2.(a) g-ell
E3 y? +t3y =23 + s t12 0 16 ell
E} y? +toy = 23 + t0s ths L 8. ell

Table 6. Eg-, E7- and Es-singularities on del Pezzo surfaces in char(k) = 2



2. Non-taut rational double points in positive characteristic

Recall that rational double point (RDP) is one of the names for a canonical surface
singularity. The n > 1 irreducible components of the exceptional divisor of its minimal
resolution span a negative definite root lattice I',, of type I' € {A, D, E}. If p # 2,3,5,
every rational double point is faut, that is, its formal isomorphism class is uniquely
determined by I',,. It turns out that this fails for certain rational double points in small
characteristics. Nevertheless, Artin [Art77] was able to give a classification of formal
isomorphism classes of these non-taut rational double points and, in particular, he proved
that there are only finitely many isomorphism classes 'L, ..., T'®» for each fixed I',,. The
number k in T'¥ is called Artin coindex of the rational double point (e.g., if p = 5, there are
two distinct rational double points E and E} both of which have resolution graph of type
Eg). We call a formal sumI' = )", Fk _of such RDPs I‘k . an RDP configuration.

In the following Table 7 (where n > 2and1 <r < n— 1) we listed Artin’s equations
for the non-taut rational double points together with the dimension m of their miniversal
deformation spaces. Here, we observe that the Artin coindices for a given Dynkin type can
be distinguished by m:

OBSERVATION 2.1. The completions of two rational double points are isomorphic if
and only if they have the same resolution graph and the dimensions m of their miniversal
deformation spaces coincide.

The following well-known Proposition 2.2 provides a way to calculate m for hypersurface
singularities, and thus in particular for the rational double points.

PROPOSITION 2.2. [Art76, Chapter 1, §4] Let the local ring R = k[z,y,2](3 4.2/ (f)
be a normal surface singularity given by one equation f € k[x,y,z]. Then, the tangent
space T’y of the deformation functor Defsyec g of Spec R is given by

of of of

Ty = DefSpecR(k[e]/(€2)) = klz,y, ] (z,y,2) /(f’ or’ 87317 a)
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Characteristic 5

’ Type ‘ Equation ‘ m ‘
Es
ES 22+ 2%+ 10
E} 2+ 2 +y° +ay’ 8
Characteristic 3
’ Type ‘ Equation ‘ m ‘
E¢
EY 22+ a3 4yt 9
E} 22 4+ 23 + yt + 2%y? 7
E~
EY 22 + 2% + xy? 9
El 22+ 23 + xyd + 2?y? 7
Esg
EY 2+ad+y° 12
El 22 4+ 23 + 5 + 2%y? 10
E? 22 4+ 23 + 5 + 2%y? 8
Characteristic 2
Type Equation m
Dn
DY, 22 + 2%y + xy” 4dn
D3, 22+ x?y oy +ay" Tz | 4n — 2
D8n+1 22+ 2%y +y"z 4dn
D3, 224ty oyt +ay "z | 4n —2r
E¢
EY 22+ 2%+ y%z 8
E} 224+ a3 +y + ayz 6
Er
EY 22+ 23 + wy? 14
El 22+ 23+ xyd + 2%z 12
E2 22+ oy + 2 10
E3 22+ 2%+ ay® + ayz 8
Esg
EY 2 +ad+y° 16
El 22+ 23 + 5 + 2y 14
E? 22+ 23 +y° + 2y’ 12
E? 2+ 23+yd +yz 10
Ef 224+ 23+ +ayz 8

Table 7. Types of non-taut rational double points in char(k) = 2, 3,5
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3. From del Pezzo surfaces to rational (quasi-)elliptic surfaces

In this section, we reduce Question 1.1 to the corresponding question for Weierstral3
models of rational (quasi-)elliptic surfaces. On the way, we recall the necessary background
on del Pezzo surfaces and rational (quasi-)elliptic surfaces as well as their connection.

3.1. From del Pezzo surfaces to del Pezzo surfaces of degree 1. Recall the following
related notions of del Pezzo surfaces.

DEFINITION 3.1. Let X and X be projective surfaces.
e X is adel Pezzo surface if it is smooth and — K x is ample.
e X is a weak del Pezzo surface if it is smooth and — K 5 is big and nef. The lattice
i Tin C Pic(X) spanned by all the (—2)-curves on X is called configuration
of (—2)-curves on X.
e X is an RDP del Pezzo surface if all its singularities are rational double points and

— K x is ample. The formal sum ), Ff’m of the formal isomorphism classes of all
the rational double points on X is called RDP configuration of X.

In all the above cases, the number deg(X) = K% (resp. deg(X) = K}) is called the
degree of X (resp. X ).

Note that weak del Pezzo surfaces are precisely the minimal resolutions of RDP del
Pezzo surfaces and every RDP del Pezzo surface X is obtained by contracting all the
(—2)-curves on a weak del Pezzo surface X. If the RDP configuration of X is ), ki

2,N5°
then the configuration of (—2)-curves on X is > i Lin,.

The following observation tells us that, in order to understand rational double points on
RDP del Pezzo surfaces, it suffices to understand them on RDP del Pezzo surfaces of degree
1 with precisely four exceptions in characteristic 2:

PROPOSITION 3.2. LetI' =), Ffznz be an RDP configuration. If T" occurs on an RDP
del Pezzo surface, but not on an RDP del Pezzo surface of degree 1, then p = 2 and I is one
of the following:

(A.) T = EY

(B.) T =DJ+ A

(C.) T =D+ 34,

(D.) I' =T7A;

Moreover, there is a unique RDP del Pezzo surface (necessarily of degree 2) realizing each
of these exceptional cases.

PROOF. If X is an RDP del Pezzo surface of degree d > 2 with RDP configuration I', we
want to construct an RDP del Pezzo surface X; of degree 1 with the same configuration I'
by finding a point p € X, where X is the minimal resolution of X, such that Blp()?) is
again a weak del Pezzo surface and such that Blp()? ) and X have the same configuration

of (—2)-curves. Contracting the (—2)-curves on Bl,(X) yields an RDP del Pezzo surface
of degree (d — 1) with RDP configuration I', so the claim will follow by induction.
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We fix a realization of X as a blow-up of P? in (possibly infinitely near) points py, . . .,
po—q. Using the precise description of (—2)-curves on X (see e.g. Lemma 2.8 (i) in Chapter
ID), we see that the blow-up of Xina point p € X will be a weak del Pezzo surface with
the same configuration of (—2)-curves as X if and only if the following two conditions are
satisfied:

(1) p does not lie on a (—1)- or (—2)-curve on X, and
(2) if d = 2, then p is not the singular point of the strict transform C of an irreducible
singular cubic C' C P2 through py, . . ., pr.

Since there are only finitely many negative curves on X , we can always find a p that satisfies
Condition (1). Thus, we may assume that d = 2. To deal with Condition (2), note that
every C as in Condition (2) is a member of the two-dimensional linear system | — K | and
consider the variety

J={(C,p) | Ce|- K ;| is integral and singular, and p is its singular point}.

Denoting the sublocus of singular curves in |~ K | as |~ K ¢|sing, we have a correspondence

J
Kz

where pr; is quasi-finite. If the image of pry is not dense in X , then we can find a p
satisfying Conditions (1) and (2). Hence, we have to show that if pry is dominant, then I is
one of the four Exceptions (A.), (B.), (C.), or (D.)

If pr, is dominant, then

X

|- K3l

‘smg

2=dim| - Kg| > dim| — K ¢lsin

;= dim3J > dim(X) = 2,
and since | — K g |sing is closed in | — K ¢| = P?, we have | — K ¢[sing = | — K/, that is,
every anti-canonical curve on X is singular. By [KN22, Theorem 1.4(2)] the (—2)-curve
configuration I associated to I is one of the following:

(AT =

B’.) I’ = Dg + Ay

(C)IV=Dy+ 34

(D) IV =TA;
So, we still have to determine the Artin coindices in Cases (A’.), (B’.) and (C’.). By [KN22,
Lemma 4.5(5)—(7)] and [Ito94, Theorem 5.2.], the non-taut rational double points in these
cases are isomorphic to RDPs that occur in partial resolutions of the affine surfaces in A3
given by

(A”) y? =23+,

(B”.) y? = 2% + t3z, and

(C”) y? = 23 + (3 + t)z, respectively.
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We see from Table 7 that the first two cases are Ey and EY, respectively. In Case (C”.) one
can apply Proposition 2.2 to see that the singularity is of type Dg. By [Stal8b, Theorem
2.70., Table 10], the Artin coindex of a rational double point appearing in a partial resolution
of a rational double point with coindex 0 is itself 0. Hence, the Artin coindices in the
exceptional Cases (A’.), (B’.), and (C’.) are all 0.

The existence and uniqueness of the four exceptional cases was proved in [KN22,
Theorem 1.4, Table 1]. O

Thus, Proposition 3.2 reduces the initial Question 1.1 to the following one:

QUESTION 3.3. Which rational double points occur on RDP del Pezzo surfaces of
degree 1?7

3.2. From del Pezzo surfaces of degree 1 to rational (quasi-)elliptic surfaces. To
answer Question 3.3, we will exploit the connection between weak (resp. RDP) del Pezzo
surfaces of degree 1 and (Jacobian) rational (quasi-)elliptic surfaces (resp. Weierstral3
models of those). For this, let us first recall their definition (see for example [CD89, Chapter
V]) or [SS10]).

DEFINITION 3.4. Let Y and Y be projective surfaces.

eYisa rational (quasi-)elliptic surface if it is smooth, rational, and admits a
morphism f : Y — P! such that the following conditions hold:
- [ is surjective with f,Oy = Op1,
— the generic fiber of f is a regular curve of arithmetic genus 1,
— there are no (—1)-curves in fibers of f, and
- f admits a section o : P! — Y.
Moreover, the group MW(f) of sections of f is called Mordell-Weil group of
f:Y - PL
e The Weierstrafs model Y of Y is the surface obtained from Y by contracting all
components of fibers of f that do not meet og(P!).

REMARK 3.5. In the literature one usually finds the definition of a (quasi-)elliptic
surface as a pair of a surface and a (quasi-)elliptic fibration. Since Y is rational, the
canonical bundle formula shows that it admits a unique (quasi-)elliptic fibration induced
by | — K|, so we do not need to specify the fibration. Similarly, while a priori the
Weierstrall model Y seems to depend on the chosen section og of f, any two such sections
are interchanged by an automorphism of Y, so the associated WeierstraB models are
isomorphic, and thus we will not keep track of the section.

Note that, because all components of reducible fibers of f are (—2)-curves, the Weier-
straB model Y of Y has only rational double points as singularities. So, analogously to
Section 3.1, we define the configuration of (—2)-curves on Y and the RDP configuration of
Y. Note, however, that the configuration of (—2)-curves on Y is not a sum of root lattices
in general.

We assume that the reader is familiar with the Kodaira—Néron classification of singular
fibers of (quasi-)elliptic surfaces [Kod60], [Kod63], [N64] as described for example in
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[Si194, Table 4.1,~p.365]. In the following Table 8, we summarize which Kodaira—Néron
type of a fiber in Y leads to which rational double point on its image in Y. Here, we denote
a smooth point by Ay, and we have n > 1 for type I, and n > 0 for type I,.

| Kodaira-Nérontype || Io | I, |II |mr|1v| 1, [1v*|mor [T

‘ Rational double point H Ag ‘ A, ‘ Ap ‘ Ay ‘ Ao ‘ Dyyy, ‘ Eg ‘ E; ‘ Eg ‘

Table 8. Kodaira—Néron types and corresponding rational double points

By [Dol12, Section 8.3.2] an RDP del Pezzo surface X of degree 1 is isomorphic
to a sextic hypersurface V (fs) C P(1,1,2,3) and, conversely, a sextic hypersurface in
P(1,1,2,3) with at worst rational double point singularities defines an RDP del Pezzo
surface of degree 1. Such sextics are of the form

2

(W) v + aizy + azy = 2° + ar’ + aur + ag

where the a; € k[t, s] are homogeneous of degree i and ¢, s, z,y are of degrees 1,1, 2, 3,
respectively.

Projecting P(1, 1,2, 3) onto ¢ and s yields a rational map P(1,1,2,3) --» P!, which,
when restricted to the RDP del Pezzo X = V/(fs) is given by the linear system | — K x|
and has precisely one base point (at s = ¢ = 0, y? = 23). Blowing up the base point yields
the Weierstra model Y — P! of a rational (quasi-)elliptic surface f : Y — P!, where the
zero section g on Y resp. Y is the exceptional (—1)-curve of this blow-up. Conversely,
for a rational (quasi-)elliptic surface f : Y — P! with chosen section 0, contracting all
components of fibers not meeting o yields its Weierstral model Y, and contracting also
00, we obtain an RDP del Pezzo surface X of degree 1. In turn, X is the anti-canonical
model of a weak del Pezzo surface X of degree 1, which, when blown-up in the base point
of its anti-canonical linear system | — K | gives back Y. This connection is summarized in
the following commutative diagram:

f
N
Z Y —>P!
3.1 /”
v
Vs
e

|

X

8 <

In particular, since the morphis
shows the following:

Y — X is the blow-up of a smooth point, this diagram

OBSERVATION 3.6. A configuration of rational double points occurs on an RDP del
Pezzo surface X of degree 1 if and only if it occurs on the Weierstrafs model of a rational
(quasi-)elliptic surface.

Thus, Question 3.3 is equivalent to the following one:

QUESTION 3.7. Which rational double points occur on Weierstrall models of rational
(quasi-)elliptic surfaces?
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3.3. Configurations of (—2)-curves on weak del Pezzo surfaces: Reduction
to non-taut RDPs. Let I' = ). T'; ,, be a configuration of (—2)-curves. Consider the
following three conditions, where p = char(k) and ¢ # p is a prime and the respective
torsion parts are denoted by |. . .].

(E8) There is an embedding ¢ : ' — FEg.
(E8+T[/]) (E8) and (Eg/u(I"))[{] C (Z/¢Z)>.
(E8+TIp])

(E8), and if p > 0, (Eg/c(I"))[p] € Z/pZ or (Es/u(T")) = (Z/pZ)"™ for some n > 0.
The reason why we consider the above three conditions is the following lemma.

LEMMA 3.8. Let I' = ), T'; ,, be a configuration of (—2)-curves. If I occurs on a
weak del Pezzo surface of degree 1, then it satisfies Condition (E8+T[p]) and (ES8+T[{]) for
all £ # p = char(k).

PROOF. Let X be a weak del Pezzo surface of degree 1 realizing I'. Let f : Y — P! be
the associated rational (quasi-)elliptic surface as in Diagram (3.1) with Mordell-Weil group
MW/(f).

By [0S91, Theorem 3.1], there is an embedding ¢ : I' < FEjg such that rk(MW(f)) =
8 —rk(I') = rk(Es/c(T")) and MW (f)tors = (Es/t(T"))tors. For all n > 0, we have
(Es/u(T))[n] = (MW(f))[n] € X;™[n], where X is the smooth locus of the geometric
generic fiber of f. If f is elliptic, then X5™[¢] = (Z/{Z)* and Xi™[p] C Z/pZ, so
the Conditions (E8+T[p]), and (E8+T[/]) are satisfied for all / # p = char(k). If f is
quasi-elliptic, then MW (f) is a finitely generated subgroup of X ™ = G, so MW(f) =
(Z/pZ)" for some n > 0. In particular, Eg/c(I") = (Z/pZ)™, so again both conditions are
satisfied. U

The root sublattices of Eg have been classified by Dynkin [Dyn52, §5., Table 11, p.385].
We can easily check which of them satisfy the conditions above.

LEMMA 3.9. Let ' = ) . T';,, € Eg be a configuration of (—2)-curves. Then, the
following hold:

(1) T satisfies (E8+T[q]) for q # 2,

(2) If p # 2, then (E8+T[{ = 2]) is satisfied if and only if ' ¢ { D4+ 4A;1,841,7A1}.

(3) If p = 2, then (E8+T[p=2)) is satisfied if and only if T' ¢ {D4 + 3A1,2A3 +
2A1, A3 + 4A1,7A4, 6A1}

PROOF. The groups (E/I')iors have been calculated by Oguiso and Shioda in [OS91,
Corollary 2.1] for all T except D4 + 4A1,8A1, and TA;. Using their results, we leave it
to the reader to check that for I' ¢ {Dy + 4A;,8A;,7A;} the Conditions (E8+T[/]) are
satisfied for all ¢, and I" does not satisfy Condition (E8+T[p]) if and only if p = 2 and
e {Ds+3A;,A3+4A41,2A35+2A,,6A;}. We will now treat the three remaining cases.

o If ' = Dy + 4Ay, then Eg/T = (Z/27)3 by [1to94, Table 1]. So, I' satisfies
(E8+T[p]), and it satisfies (E8+T[¢]) if and only if ¢/ #£ 2.
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o IfI' = 8A4, then Eg/T" = (Z/27)* by [1t094, Table 1]. So, I satisfies (E8+T[p]),
and it satisfies (E8+T[¢]) if and only if ¢ # 2.

e Finally, if I' = 7A1, then there is a unique embedding of 7A; into Eg by [Dyn52,
§5., Table 11, p.385]. So, this embedding coincides with 7A; — 8A4; — Ejg
and thus Es/7A; has rank 1 and Eg/7A;[2] contains (Z/27Z)3. Hence, I' never

satisfies (E8+T[2]), but it satisfies all (E8 + T[q]) with ¢ # 2.
O

PROPOSITION 3.10. Let I' := ), I'; ,, be a configuration of (—2)-curves. Then, the
following are equivalent:

(1) T occurs on a weak del Pezzo surface of degree 1.
(2) T satisfies (E8+T[2]).

PROOF. The implication (1) to (2) follows immediately from Lemma 3.8.

For the converse, we have to show that every configuration of (—2)-curves that satisfies
(E8+T[2]) occurs on a weak del Pezzo surface of degree 1, or, equivalently, as the
configuration of (—2)-curves that do not meet a fixed chosen section oy on a rational
(quasi-)elliptic surface. We remind the reader that we summarized the relation between
these curve configurations and the corresponding Kodaira—Néron types in Table 8.

For p # 2,3, this is precisely the content of [SS19, Theorem 8.9] (see also [OS91,
Remark 2.7]). For p = 3, it follows from the classification of singular fibers of elliptic
surfaces in characteristic 3 [JLR"05], that every I that satisfies (E8+T[2]) occurs on an
elliptic surface, except ' = 4A45. By [1t092, Theorem 3.3], this IT" is realized on a quasi-
elliptic surface. Similarly, if p = 2, one can use [Lan00] and [Ito94] to check that every I'
that satisfies (E8+T[2]) occurs on some (quasi-)elliptic surface. O

Combining the results of this section, we can give a proof of Theorem 1.2 for
configurations of taut rational double points. In particular, this proves Theorem 1.2 in
characteristic different from 2, 3, and 5:

PROOF OF THEOREM 1.2 FOR TAUT RDPS. LetI' =}, Pfim be an RDP configuration

and assume that all the Fflm are taut, so I' is uniquely determined by its associated
configuration of (—2)-curves IV := . T ,,. Further assume that I' # 7A; if p = 2.
Then, we have the following equivalences:

I" occurs on an RDP del Pezzo surface

% I" occurs on an RDP del Pezzo surface of degree 1

all Ff’n taut
sTq
I'" occurs on a weak del Pezzo surface of degree 1

L0300 1 gatisfies (E8+T[2])
Lem 39 gatisfies (E8) and

I ¢ {D4+4A1,8A1,7A1} ifp;éQ,
{2A3+2A1,A3—|—4A1,6A1} if p=2.
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Note that for the last equivalence we did not have to consider Dy + 3A; since Dy is not taut
if p=2.

Since we already know by Proposition 3.2 that I' = 7A; occurs on an RDP del Pezzo
surface of degree 2, this proves Theorem 1.2 in the case where all the Ffznz are taut. O

Thus, we have reduced Question 3.3 to the following:

QUESTION 3.11. Which non-taut RDPs occur on Weierstral3 models of rational (quasi-)
elliptic surfaces?

The remainder of this chapter will be devoted to finding an answer to this question.

4. Classification of non-taut RDP del Pezzo surfaces of degree 1

In this section, we will explain how to derive simple equations for non-taut RDP del
Pezzo surfaces of degree 1 from the classification of singular fibers of rational (quasi-)
elliptic surfaces given in [Mir90], [JLR"05], [Lan00], [1t092], and [It094]. In the (quasi-)
elliptic case, the equations found by Ito are already simplified, which is why we will focus
on the elliptic case in Subsections 4.1, 4.2 and 4.3. Using these simplified equations, it is
straightforward to determine the Artin coindices of the rational double points that occur by
applying Proposition 2.2. We will exemplify this final step in Example 4.3 and Example 4.5
in characteristic 2 and 3, respectively.

4.1. Tate’s algorithm for determining the type of a singular fiber in an elliptic
pencil. Given a Weierstrall equation for the Weierstral model of a rational elliptic surface,
it is fairly standard to determine the Kodaira—Néron types (see Table 8) of its singular fibers
by carrying out Tate’s algorithm [Tat75], [Del75]. For the sake of self-containedness, we
quickly recall Tate’s algorithm: Let

2

(W) y2 + aizy + azy = 2+ a2x” + a4x + ag,

be a Weierstrall equation of an elliptic curve over the function field k£(C') of a smooth curve

C. Choose a closed point ¢ € C' and write @qc = k[[t]], assume a; € k[[t]] and write
v( ) = ord, for the valuation on k[[t]]. Then, Tate defines the following quantities:

by = a% + 4as, by = aia3 + 2ay4, bg = ag + 4ag,
bg = a%ag — ajagaq + 4asag + agag — ai,
cq = b3 — 24by, cg = —b3 + 36baby — 216bg,

A = —12bg — 8b3 — 2702 + Obgbubs £0,  j = %.

Then, excluding the subalgorithm for determining v > 0 in Step 7 if p = 2 (see [Tat75,
p.50-51] for details in this case), Tate’s algorithm is as follows, where F' denotes the fiber
overt = 0.
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ALGORITHM.

Step 1: If tfA, then F is of type I. Else . ..
Step 2: Change coordinates such that ¢|as, t|as and t|ag.
If t}bs, then F is of type I, for v = v(A). Else . ..
Step 3: If t2fag, then F is of type II. Else . . .
Step 4: If t3)bg, then F is of type III. Else ...
Step 5: If t3/bg, then F is of type IV. Else . ..
Step 6: Change coordinates such that t|ay, t|ag, t2|ag, t|as and t3|ag.
Consider the polynomial P(T) = T3 + CLQTT2 + a4t22 + agt%.
If P has three distinct roots, then F'is of type Ifj. Else ...
Step 7: If P has one single or one double root, then F' is of type I'¥ for some v > 0
(if p # 2, then v = v(A) — 6). Else . ..
Step 8: Change variables such that the triple root is 0, and t2|as, t3|a4 and t*|ag.
Consider the polynomial Q(Y) = Y + %Y — agt%.
If @ has distinct roots, then F' is of type IV*. Else . . .
Step 9: Change variables such that the double root is 0 and #3|ag and #°|ag.
If t*fay, then F is of type IIT*. Else . . .
Step 10: If t5/ag, then F is of type II*. Else . ..
Step 11: Divide each a; by ¢’ and repeat from Step 1.

4.2. Simplified Weierstrall equations. Depending on the characteristic, the Weier-
stral} equation (W) (if p = 2, under the additional assumption that it contains a non-taut
rational double point) for an RDP del Pezzo surface X of degree 1 with associated rational
elliptic surface f : Y — P! can be simplified to an equation of the following form:

(WO0) Y2 = 23 + ax + ag ifp#2,3,
(W3) Z/z = 3«"? + azwz + asr + ag ifp=3,
(W2) or y2 + aizy = 2° 4+ ax® + wzxr + ag it p=2.

(W2%) Y + asy = 2 + axx? + wxr + ag

This is well-known if p # 2. If p = 2, to see that we can simplify (W) to an equation of
the form (W2) or (W2’), we first observe that by Table § the non-taut rational double points
(see Table 7) correspond to certain additive fibers of f. Hence, Tate’s algorithm shows that,
if X contains a non-taut rational double point, then in (W) we may assume ¢ | a; and ¢ | as.
Thus, if a; = 0, we get (W2’) and if a; # 0, we can assume that Z—i’ is a polynomial and
T x+ Z—i’ transforms (W) to an equation of the form (W2).

4.3. Automorphisms of P(1, 1,2, 3) preserving simplified Weierstrali equations.
In order to find simple equations for degree 1 RDP del Pezzo surfaces with non-taut rational
double points, let us have a look at which automorphisms of (1,1, 2, 3) send an equation
of the form (W0), (W3), (W2) or (W2’) to an equation of the same form.

First, observe that substitutions in ¢ and s only, always preserve these types of equations.
Thus, let us focus on those automorphisms of P(1,1,2,3) fixing ¢ and s, that is, those
inducing the trivial automorphism on P!,
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4.3.1. Automorphisms of P(1,1,2,3) over P! if p # 2,3. A general substitution fixing

t and s and sending a Weierstral} equation of the form (W0) to one of the same form is given
by

z— Nz, y— Xy  with A € k¥
This sends (W0) to 3> = 2° + ‘Lasz + skae.

4.3.2. Automorphisms of P(1,1,2,3) over P! if p = 3. A general substitution fixing ¢
and s and sending a Weierstral3 equation of the form (W3) to one of the same form is given
by

r = Nz+f
y = Ny

with A € k* and f € k[t, s] homogeneous of degree 2. This sends (W3) to

1
\6

1 1
y? =%+ Saa® + —(as + 2a2f)x + 5 (a6 + asf + azf* + f°).

A2 A

4.3.3. Automorphisms of P(1,1,2,3) over P! if p = 2.

(W2) A general substitution fixing ¢ and s and sending a Weierstra3 equation of the form
(W2) to one of the same form is given by

r = Nz
y — My+frtyg

with A € k* and f, g € k[t, s] homogeneous of degree 1 and 3, respectively. This

sends (W2) to
v+ 1a,lruy =23+ i(/\A‘aQ + XNa1f + f2)332 + i(a4 +ai19)x + i(a + gz)
) A6 M 260 ‘

(W2’) A general substitution fixing ¢ and s and sending a Weierstral} equation of the form
(W2’) to one of the same form is given by

z = Naz+f
y — My+gr+h

with A € k* and f, g, h € klt, s] homogeneous of degree 2, 1 and 3, respectively.
This sends (W2’) to

1 . 1 1
Y + B = x4 F(A‘lag + >+ M) + F(A2a4 + azg + N f?)z
1
+E(a6+a4f—i—a3h+a2f2+f3+h2)-
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4.4. Proof of Theorem 1.2 in Characteristic 5. Assume p = 5. LetI' =), Fflnz be
an RDP configuration containing a non-taut RDP and let I' = )", T'; ,, be the associated
configuration of (—2)-curves. By Table 7, we have I; ,,, = Eg for some ¢ and by Proposition
3.2 and Lemma 3.8, T" can only occur on an RDP del Pezzo surface if I embeds into Es.
Thus, to prove Theorem 1.2 in characteristic 5, it suffices to consider I' € {EY, E$}. Note
that TV embeds into Eg and IV = Eg ¢ {D4 + 4A;1,8A41,7A;1}. On the other hand, the
following proposition shows that both of these rational double points occur, so Theorem 1.2
holds in characteristic 5.

PROPOSITION 4.1. Each of the rational double points Eg and Eé occurs on an RDP del
Pezzo surface X of degree 1. Moreover, every RDP del Pezzo surface of degree 1 containing
a non-taut rational double point is given by an equation as in Table 2.

PROOF. By Table 8, the rational elliptic surface associated to an RDP del Pezzo surface of
degree 1 with a singularity of type Fs admits a fiber of type I11*. By [Lan94, Theorem 4.1.]
and [MP86, Theorem 4.1., Tables 5.1 and 5.2] there are precisely two such elliptic surfaces
and their Weierstra3 equations in P(1,1, 2, 3) are

(4.1) P =23+ t0s
and
(4.2) y? = 2% + the + Os.

Considering the affine chart s = 1 and comparing with Table 7, we see that Equation (4.1)
defines a singularity of type Eg and Equation (4.2) defines a singularity of type Eé. U

4.5. Proof of Theorem 1.2 in Characteristic 3. Assume p = 3. LetI' =), Fflnz be
an RDP configuration containing a non-taut RDP and let I' = )", I'; ,, be the associated
configuration of (—2)-curves. By Table 7, we have I'; ,,, € {Eg, E7, Eg} for some i and
by Proposition 3.2 and Lemma 3.8, T" can only occur on an RDP del Pezzo surface if T’
embeds into Fg. Thus, by Dynkin’s classification [Dyn52, Table 11], to prove Theorem 1.2
in characteristic 3, it suffices to consider
(4.3)

I e {E) EL E2 E94 A, ES, EX 4 Ay EL EQ4+ Ay, EQ+ Ay, EY, Ei+Ag, ER+ Ay, ELY.
Note that for all of the I" above, we have I'' ¢ {Dy + 4A4;,8A1,7A;}. On the other hand,

the following proposition shows that all these possiblities occur on some RDP del Pezzo
surface, so Theorem 1.2 holds in characteristic 3.

PROPOSITION 4.2. Each RDP configuration I in the List (4.3) occurs on an RDP del
Pezzo surface of degree 1. Moreover, every RDP del Pezzo surface of degree 1 containing a
non-taut rational double point admits an equation as in Table 3.

PROOF. By Table 8, we have to study those RDP del Pezzo surfaces X whose associated
rational (quasi-) elliptic surface Y has a singular fiber of type IV*, IIT*, or IT*. In the elliptic
case and in the notation of [JLR " 05], these correspond to the Types 6 A, 6B, 6C, 7, 8A, and
8B. In the quasi-elliptic case and in the notation of [1t092, Theorem 3.3], these correspond
to Cases (1) and (2).
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All the Weierstrall equations for X C P(1,1,2,3) given in [J LRT05] and [It092] are
already of the form (W3). To simplify them and determine the rational double points that
occur, we will proceed along the following steps:

(1.) Carry out a substitution in ¢ and s only.

(2.) Apply an automorphism of P(1,1,2,3) over P! preserving the form (W3) as in
Subsection 4.3.2.

(3.) Check for additional rational double points (e.g. using Tate’s algorithm (see
Subsection 4.1) to determine the other reducible fibers of the underlying rational
(quasi-)elliptic surface).

[(4.) Determine the Artin coindices as described in Section 2, e.g. via Proposition 2.2.
This will be left to the reader, but we will show how it works in Example 4.3.]

Lang’s Type 6A (IV*). X is given by 32 = 23 +cot?x? + 113z +cot* with t { c1, 1 4 ¢
and ¢; € klt, s| homogeneous of degree i. From now on, let us distinguish the cases ¢o = 0
and ¢ # 0.

® Co = 0:

(1.) Since t { ¢, we can apply an automorphism of P! to assume ¢; = s. Then,
scaling s — A3s,t — A7t for an appropriate )\, we can write ¢y = s> +
62’1758 + 62,2t2.

QR)zr—ax— \3/@#, y +— y yields the equation 32 = 23 + t3sz + a6,5t5s +t4s2.

(3.) We have A = —t°s3 and by Tate’s algorithm the fiber at s = 0 is reducible
if and only if ags = 0 in which case it has two components; so the RDP
configuration on X is Fg + Aj in this case.

e ¢y £0:

(1.) Rescaling t and s, we can assume ¢y = 1. Then, we have A = —t9(02t —
c3t + c}). Since t { ¢1, we can apply a substitution of the form s +— us + At
for appropriate 1, A\ € k such that s | A and the coefficient of —t?s3 in A is
1.

(2.) x — z+c1t,y — y yields the equation y? = :c3—|—t2x2+a6,5t5s+a674t432+
353,

(3.) We have A = —t%s(ag 5t> + ag ats + s*) and we see by Tate’s algorithm that
the RPD configuration on X is Fs + A if ag 5 = ag.4 = 0, thatitis Fg + Ay
if ag.4 # 0 and (ag5 = 0 or ags = a%A), and Eg otherwise.

Lang’s Type 6B (IV*). X is given by y? = 23 +cot?x? +dot*x + cot* with ¢ { co, t 1 c2
and ¢;, d; € k[t, s] homogeneous of degree 7.

(1.) Rescaling ¢ and s, we can assume ¢y = 1. Then, we have A = —t19(cy — d2t? +
d3t?). Since t 1 c2, we can apply a substitution of the form s + us + At for
appropriate 1, A € k such that s | A and the coefficient of —#'s? in A is 1.

(2) = +— x + dot?, y — y yields the equation y2 =3 4 222 + a6,5t5s + t1s2.

(3.) We have A = —1%s(ag 5t + s) and we see by Tate’s algorithm that the RDP
configuration on X is Fs + A; if ag5 = 0, and Ep otherwise.
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Lang’s Type 6C (IV*). X is given by y? = 23 + dot*x + cot* with ¢ { do,t 1 ¢ and
¢i,d; € k[t, s] homogeneous of degree i.

(1.) Using an automorphism of P! we can assume that dy = 1 and ¢y = s% + 02,2t2.
(2) =+ x+At2,y — y with A3 +A+c22 = 0 yields the equation y? = 3+ tre 4+t
(3.) Since A = —t'2, X has no other singularities apart from E.

Lang’s Type 7 (IIT*). X is given by y? = a3 + cot?2? + c1t3x + dit° with t { ¢; and
¢i,d; € k[t, s] homogeneous of degree i. From now on, let us distinguish the cases ¢y = 0
and ¢ # 0.

® Co= 0:

(1.) Since t 1 ¢1, we can apply an automorphism of P! to assume ¢; = s. Write
dy = d1 s + di 1t. Then, scaling s — A3s,t — A\t for an appropriate ),
we can assume d; o — dy 1 € {0,1}.

(2) & — & — J/di1t?,y — y yields the equation y* = 2° + 35z + (di0 —
{/di1)E%s.

(3.) We have A = —t?s3 and by Tate’s algorithm the fiber at s = 0 is reducible if
and only if d:f,o — dq,1 = 0 in which case it has two components; so the RDP
configuration on X is F7 + Aj in this case, and Fr if d:f,o —dyg=1.

® 7é 0:

(1.) Rescaling ¢ and s, we can assume ¢y = 1. Then, we have A = —%(d;t? —
c3t + ¢}). Since t { ¢, we can apply a substitution of the form s + s + At
for appropriate y, A € k such that s | A and the coefficient of —t?s% in A is
1.

(2) o+ z+eit,y > y yields the equation y? = 23 +202 a6 5t° s —t1s2 +13s3.

(3.) We have A = —tgs(a6,5t2 —ts+ s2) and we see by Tate’s algorithm that the
RPD configuration on X is F7 + A if ag 5 € {0, 1}, and only E7 otherwise.

Lang’s Types 8A and 8B (IT*). These equations have been simplified by Lang in [Lan94]
and they are as described in the second column of Table 3.

Quasi-elliptic surfaces: Ito’s Types 3.3(1) (I1*) and 3.3(2) (IV*). These equations have
been simplified by Ito in [Ito92, Theorem 3.3] and they are as described in the second
column of Table 3. U

EXAMPLE 4.3. Consider Lang’s Type 7 with ¢y # 0 simplified as in the proof of
Proposition 4.2 and localized at the Er-singularity att = x = y = 0:

f=v*— @+ 1% fagst® — t* +13) = 0.
Applying Proposition 2.2, we have
Ty = k[t 2, yl(ey/(f 12" + agst* — %, 2t —y)
=~ k[t ] /(2 + agst’ — tT 4+ 13, 1% + agstt — £, 2t?)
= k[t @0 /(2 + 80, ta® — 1%, at®) = R,

where for the second isomorphism we have used that 0 = 222 + a675t5 +t = t4(1 +ag 5t),
hence t* = 0, as 1+ ag 5t is a unit. Now, it is easy to check that R is generated as a k-vector
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space by 1, x, 22, 23t te, ta?, tz3, ¢, hence dim Ty = 7. Therefore, by Table 7, the Artin
coindex of this F;-singularity is 1.

4.6. Proof of Theorem 1.2 in Characteristic 2. Assume p =2. LetI' =), I‘flnz be
an RDP configuration containing a non-taut RDP and let IV = Zl I'; », be the associated
configuration of (—2)-curves. By Table 7, we have I'; ,,, € {D,,, E, E7, Eg} for some i.

First, observe that if I' € {E?, DY + Ay, D + 3A;}, then T occurs on a weak del
Pezzo surface of degree 2 by Proposition 3.2. Moreover, its associated IV embeds into Fg
and IV & {2A3 + 24, A3 + 4A1,6A1}, so Theorem 1.2 holds for these three exceptional
cases.

Next, if I' & {E2, DY + Ay, D} + 3A;}, then, by Proposition 3.2, I" occurs on an RDP
del Pezzo surface if and only if it occurs on an RDP del Pezzo surface of degree 1. Hence,
by Lemma 3.8, Theorem 1.2 holds for all T" such that I does not embed into Eg. Thus, we
may assume that I embeds into Es and we note that T ¢ {243 + 2A;, A3 + 441,64},
since I" contains a non-taut summand. On the other hand, it will follow from Proposition 4.4
that every such I occurs on some weak del Pezzo surface of degree 1. Thus, the following
Proposition 4.4 finishes the proof of Theorem 1.2.

PROPOSITION 4.4. An RDP configuration 1" containing a non-taut rational double
point occurs on an RDP del Pezzo surface if and only if it occurs in Table 4, 5, or 6.
Moreover, every RDP del Pezzo surface of degree 1 containing a non-taut rational double
point is given by an equation in one of these tables.

PROOF. This time, not all of the Weierstra equations for X C PP(1,1,2,3) in the
classification of rational (quasi-)elliptic surfaces in [Lan00], [Lan94] and [[to94] are of
the form (W2) or (W2’). Thus, to simplify them, we have to add a Oth Step, before we can
go on with our procedure as follows:

(0.) Transform the Weierstraf3 equation into the form (W2) or (W2’).

(1.) Carry out a substitution in ¢ and s only.

(2.) Apply an automorphism of P(1,1,2,3) over P! preserving the form (W2), or
(W2), respectively, as in Subsection 4.3.3.

(3.) Check for additional rational double points (e.g. using Tate’s algorithm (see
Subsection 4.1) to determine the other reducible fibers of the underlying rational
(quasi-)elliptic surface).

[(4.) Determine the Artin coindices as described in Section 2, e.g. via Proposition 2.2.
This will be left to the reader, but we will show how it works in Example 4.5.]

Lang’s Type 4A (I5)). X is given by y? 4 try + ety = 23+ dita® + e t3x + c3t® with
t1c1,ttesandc,d;,e; € k[t, s| homogeneous of degree i.

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send x — ¢t to obtain the new equation y2 + try = % + ditx? + est?’x + c3t?
with ¢t { eg and t 1 (eady + c3).

(1.) For this new equation, we have A = t®(c3t + €2). Since t 1 ea, we can apply a
substitution of the form s — us + At for appropriate 1, A € k such that s | A and
the coefficient of t3s* in A is 1.
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(2.) We write di = dy,05+di1t. Then, z — x,y — y + Atz + eat, where X is chosen
in such a way that A2 + \ = dj ;. This yields the equation

y2 + txy = 2+ a271t3w2 + a675t5s + a6’4t4s2 + a673t3s3 + t%s* with as + ag3 7 0.

(3.) We have A = tgs(a675t3 + a674t28 + a673t52 + s%). By Tate’s algorithm we see
that the RDP configuration on X is D + Az if ags = as4 = a3 = 0, that it is
D4 + A2 if (a675 = a6,4 = 0 and a6,3 7& 0) or (a%73 = Q6,4 and ag’?) = ag,5 7& 0),
that it is D4 + 2A; if ags = a3 = 0 and ag.4 # 0, that it is Dy + Ay if
(ags =0and ag3 # 0) or ag 5 = ag 4063 7 0, and that it is only D4 otherwise.

Lang’s Type 4B (I3)). X is given by y? + txy + cot’y = 2 + dita? + e1t3x + c3t3 with
t 1 cs and ¢, d;, e; € k[t, s] homogeneous of degree .

(0.) We want to transform the Weierstral3 equation into one of the form (W2). For this,
send = > cgt? to obtain the new equation y? + txy = 3 + dita? + e1t3x + c3t?
with ¢ 1 c3.

(1.) For this new equation, we have A = t°(c3 + €3t). Since t { c3, we can apply a
substitution of the form s — ps + At for appropriate i, A € k such that s | A and
the coefficient of t?s3 in A is 1.

(2.) We write di = d1 s + dy1t. Then, x — z,y = y + Mz + e1t?, where ) is
chosen in such a way that A2 + X\ = d; ;. This yields the equation y* + tzy =
23 + agatsw? + apst’s + agatts® + 1353,

(3.) We have A = t9s(ag 5t + agats + s?). By Tate’s algorithm we see that the
RDP configuration on X is Dy + As if ags = asa = 0, that it is Dy + Aq
if (ag5 = Oandags # 0) or (ags # Oandags = 0), and that it is only Dy
otherwise.

Lang’s Type 5A (I}). X is given by y? +tzy + c1t?y = 23+ ditx? + e1t3z + cot* with
t1ci,t1dy and ¢, d;, e; € k[t, s homogeneous of degree i.

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send x — ¢t to obtain the new equation y2 + try = % + ditx? + est?®x + c3t?
with ¢ Jf eg and ¢ | (€2d1 + 63).

(1.) For this new equation, we have A = t®(c3t + €2). Since t 1 ea, we can apply a
substitution of the form s — us + At for appropriate 1, A € k such that s | A and
the coefficient of t3s* in A is 1.

(2.) We write d; = dy,05+dy,1t. Then, z — x,y — y + Atz + eat, where A is chosen
in such a way that M4 \= d1,1. This yields the equation

y2 + try = 2+ a271t8x2 + a675t5s + a674t4s2 + a673t383 + t%s* with a1+ ag3 = 0.

(3.) We have A = t83(a6,5t3 + a674t25 + a673t32 + s%). By Tate’s algorithm we see
that the RDP configuration on X is D5 + Az if ags = as4 = a3 = 0, that it is
Dy + Asy if (a6’5 = a4 = 0 and ag,3 7& 0) or (a%,g = 6,4 and a%73 = ag5 7& 0),
that it is D5 + 2A4; if ags = g3 = 0 and ae .4 75 0, that it is D5 + Aj if
(a5 =0and as 3 # 0) or ag 5 = ag 4063 7 0, and that it is only D5 otherwise.
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Lang’s Type 5B (I5). First, we note that there seems to be a typo in [Lan00, Case 5B.,
p.5825] in the sense that the fiber type should be (I}) instead of (I}). X is given by y?+txy-+
cotdy = o3 + dita? + e1t3z + c1t® with t { di,t { eq and ¢;, d;, e; € kl[t, s] homogeneous
of degree .

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send x — cot? to obtain the new equation y? + tzy = 23 + ditx? + e1t3x + ¢ td
with ¢ f dy and ¢ f e1.

(1.) For this new equation, we have A = t10(e2 + ¢1t). Since t { 1, we can apply a
substitution of the form s — ps + At for appropriate i, A € k such that s | A and
the coefficient of t'%s% in A is 1.

(2.) We write di = dy s + dy 1t, where d1 g # 0. Then, = + z,y — y + Mx + e t?,
where A is chosen in such a way that A> + A\ = d; ;. This yields the equation
y? + toy = 23 + a271tS.CL‘2 + a675t5s + t*s? with az # 0.

(3.) We have A = t%s(agst + s). By Tate’s algorithm we see that the RDP
configuration on X is Dg + A; if ag 5 = 0, and Dg otherwise.

Lang’s Type 5C (I5). X is given by y? + tzy + cot3y = 2 + dita? + ept*s + dot®
with ¢ { co, t 1 dy and ¢;, d;, e; € k[t, s] homogeneous of degree i.

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send = — cot? to obtain the new equation 32 + txy = 3 + dita® + egtx + c1t°
with ¢ J[ dy and ¢ J[ cq.

(1.) For this new equation, we have A = t11(¢; + €3t). Since t { ¢1, we can apply a
substitution of the form s — us + At for appropriate u, A € k suchthat s | A, i.e.,
(c1+ €3t) = s.

(2.) We write dy = dy s + dy 1t, where d1 o # 0. Then, = — ,y — y + Mx + ept,
where A is chosen in such a way that A> + A\ = d; ;. This yields the equation
y? + toy = 2% + (12,17581'2 + t5s with a1 # 0.

(3.) We have A = t!!s and the RDP configuration on X is Dr.

Lang’s Type 5D (I}). This equation has been simplified by Lang in [Lan94] and it is as
described in the second column of Table 5.

Lang’s Type 6 IV*). X is given by y? + tzy + c1t’y = 23 + dot?2? + e1t3x + cot?
with ¢ { ¢; and ¢;, d;, e; € k[t, s] homogeneous of degree i.

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send x — c;t to obtain the new equation y2 + try = 2 + ditx? + est?’x + c3t?
witht { eg,t | (d? + e3) and t | (dyea + c3).

(1.) For this new equation, we have A = t%(c3t + e3). Since t { ez, we can apply a
substitution of the form s — ps + At for appropriate i, A € k such that s | A and
the coefficient of t3s* in A is 1.

(2.) We write di = dq,05 + d1,1t, where d1 g # 0. Then, z — x,y — y + Mz + eat,
where ) is chosen in such a way that A2 4 \ = dy,1. This yields the equation

y2 + txy = x> + tsz? + a6’5t55 + a6,4t4s2 + 1353 + 25,
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(3.) We have A = tgs(a675t3 + a674t28 +ts% +s%). By Tate’s algorithm we see that the
RDP configuration on X is Eg + A if ags = aga € {0,1}, thatitis Eg + A; if
(ag5 =0and ag 4 # 0) or ags = aga & {0,1}, and that it is only Eg otherwise.

Lang’s Type 7 (I1T*). X is given by y? + tzy + cot3y = 23 + dot?a® + e1t3z + f1t?
with ¢ { e1 and ¢;, d;, e;, f; € k[t, s] homogeneous of degree i.

(0.) We want to transform the Weierstrall equation into one of the form (W2). For this,
send z — cot? to obtain the new equation y? +try = 22+ dot?x? + eit3x + f1t?
with ¢ J[ e1.

(1.) For this new equation, we have A = !0(e? + f1t). Since t { 1, we can apply a
substitution of the form s +— us + At for appropriate 1, A € k such that s | A and
the coefficient of ¢'%s2 in A is 1.

(2.) Then, z — x,y — y+ Mz + e1t?, where \ is chosen in such a way that A2 4+ \ =
dp. This yields the equation y2 + txy = x>+ a6,5t55 + t4s2.

(3.) We have A = t'%(ag5t + s). By Tate’s algorithm we see that the RDP
configuration on X is E; + A; if ag 5 = 0, and E7 otherwise.

Lang’s Type 8 (IT*). This equation has been simplified by Lang in [Lan94] and it is as
described in the second column of Table 5.
Lang’s Type 12A (I})). X is given by y? + c1t?y = 23 + dita? + e1t3s + c3t® with
t1ci,t1csand ¢, d;, e; € klt, s homogeneous of degree i.
(0.) The Weierstral equation is already of the form (W2’).
(1.) We have A = t3¢{. Since ¢ { ¢1, we can apply a substitution of the form s
ps + At for appropriate p, A € k such that c; = s. We write c3 = c305° +
31t + c39ts + 3 3t3. Then, since t { c3, scaling s — A\%s, ¢ — A71¢ for an
appropriate A yields c3 o = 1.
(2.) Let us write di = dy1,0s + d1,1t and e; = e1,05 + e11t. Then, we carry out the
substitution

T x4 Jeatt, Yy y+y/dig 4+ Verats + Ms + (es0 + eroy /e + dioers)t,

where A2+ )\ = c3,1. This yields y? 4+ t2sy = > + a271tsx2 + a473t33:17 + a676t6 +
353,

(3.) We have A = t8s*. By Tate’s algorithm we see that the RDP configuration on X
is Dy + Ay if age = A43 = 0, that it is Dy + Aq if ag.6 = 0 and aq.3 = 0, and
that it is D4 otherwise.

Lang’s Type 12B (I})). X is given by y? + cot3y = o3 + ditz? + 1tz + c3t® with
t t co,t 1 csand ¢;,d; € kl[t,s] homogeneous of degree 7. For the simplification of this
equation, we will not follow the procedure described in the beginning of the proof, but
perform the substitutions in a different order.

(a.) First, applying x + x + dit and then, scaling  +— Mz, — A2y for an
appropriate ) yields the new equation y? + t3y = 23 + cot?x + c3t® with ¢ £ cs.

(b.) Since t 1 c3, we can apply a substitution of the form s — s + At for appropriate
1, A € kto obtain a c3 of the form c3 = 3 +a2s?t+ast?+ 03,3753 for some a € k.
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(c.) Finally, y — y + ast?® + ut3 with pu? + p = c3 3 yields
Y2 4+ 3y = 23 4 (aa28 + agsts + agat®)t’x + 35,

(3.) Since A = t!2, there are no other reducible fibers and the RDP configuration on
X is Dy.

Lang’s Type 13A (I1). X is given by y? + c1t?y = 23 + ditx? + et3x + dot* with
ttci,ttdyand ¢, d;, e; € k[t, s| homogeneous of degree i.

(1.) We have A = t3¢{. Since ¢ { ¢1, we can apply a substitution of the form s —
s + At for appropriate p, A € k such that ¢; = s. Then, since ¢ 1 d;, we can scale
s and ¢ such that di = s + dj 1t.

(2.) Letus write e; = e195+e1,1t and da = d27082 +do1ts+ d272t2. The substitution
Tr— r+ \/atz, Y > y+6170t:€+)\t28 +/di1e11 + d2’2t3 with A2+ )\ = day
yields the new equation y? + t2sy = 23 + (ag2t? + ts)z? + ag 5t0s.

(3.) We have A = t8s*. By Tate’s algorithm we see that the RDP configuration on X
is Ds + Ay if ags = A9 = 0, that it is Dy + A; if ag5 = 0 and az 2 = 0, and
that it is D5 otherwise.

Lang’s Type 13B (I). X is given by y? + cot’y = 2® + dita® + e1t3z + f1t° with
t1co,t1er and ¢, d;, e, fi € k[t, s] homogeneous of degree 1.

(1.) Since t 1 e1, we can apply a substitution of the form s — us + At for appropriate
i, A € k such that e; = s. Then, since ¢ { ¢o, we can scale s and ¢ such that
Ccy — 1.

(2.) Letdy = dyps+di1tand f1 = f1 05+ fi1,1t. The substitution z — = + A2y —
y + A*tx + ut3, where A and p are chosen such that d; gA2 + A = fi and
p? + =X +dy 1A% + f11, yields the new equation y? + t3y = 2° + (ag2t® +
a271t5)x2 + t3sz.

(3.) Since A = t'2, the RDP configuration on X is Ds.

Lang’s Type 13C (I}). X is given by y? + cot3y = 23 + dita® + dot*z + eot® with
t1co,t1dy and ¢;,d;, e; € k[t, s homogeneous of degree i.

(1.) Since t 1 dy, we can apply a substitution of the form s — us + At for appropriate
i, A € k such that d; = s. Then, since t { ¢y, we can scale s and ¢ such that
co = 1. Further, we apply the P! -automorphism s — s + d%t to obtain 32 + 3y =
3+ tsx? 4+ d%tsz + dot*z + egtb.

(2.) Then the substitution y — y + dotz + A\t3 with A2 + X\ = eq yields y? + t3y =
x3 + tsa?.

(3.) Since A = t'2, the RDP configuration on X is D.

Lang’s Type 14 (IV*). X is given by y? + c1t?y = 2 + dot’z? + e1t>z + dot* with
t1c1 and ¢;, d;, e; € k[t, s] homogeneous of degree 1.

(1.) Since t 1 ¢1, we can apply a substitution of the form s — us + At for appropriate
W, A € ksuch that ¢; = s.
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(2.) Letus write e; = e1 95+ e1,1t and da = d27082 +d21ts+ d272t2. The substitution
T x4 eIt Y y+erota+ AMPs 4\ /doer s + daot® with A2+ X = dy o
yields the new equation y2 + t23y =3+ a272t2x2 + a6,5t5s.

(3.) We have A = t8s*. By Tate’s algorithm we see that the RDP configuration on X
is Bg + Agif ags = az2 = 0, thatitis Eg + Ay if ags = 0 and a2 # 0, and that
it is Fg otherwise.

Lang’s Type 15 (IIT*). X is given by y? + cot3y = 22 + dot?x? + e1t3x + dit° with
t1co,tter and ¢;,d;, e; € k[t, s] homogeneous of degree 1.

(1.) Since t 1 e1, we can apply a substitution of the form s — us + At for appropriate
i, A € k such that e; = s. Then, since t { ¢o, we can scale s and ¢ such that
co = 1. Let us write d; = dj s + dy 1t and apply the P!-automorphism s
s+ (df o + \/do + d1 o)t to obtain y* + t3y = 23 + dot*x® + t3sx + (di o +
Vo + dio)the + diot®s + dyo(df o + \/do + d1,0)t° + dy 115

(2.) Finally, the substitution x — x + d1,0t2, Yy — y + \/do + diotz + A\t3 with
M= dio + dodio +dy 1 yields the simplified equation y? + t3y = 23 + t3sz.

(3.) Since A = t'2, the RDP configuration on X is Fr.

Lang’s Type 16 (IT*). This equation has been simplified by Lang in [Lan94] and it is as
described in the second column of Table 5.

Quasi-elliptic surfaces:
Ito’s Types 5.2.(a) (IT*), 5.2.(b) (I}), 5.2.(c) (IIT*), 5.2.(d) (2I3), 5.2.(e) (I5) and 5.2.(f) (I{).
These equations have been simplified by Ito in [Ito94, Theorem 5.2.] and they are as
described in the second column of Table 3, where we only simplified the equation for 5.2.(e)
in order to put the Dg-singularity at (¢, z,y) = (0,0,0). O

EXAMPLE 4.5. Consider Lang’s Type 5B. simplified as in the proof of Proposition 4.4
and localized at the Dg-singularity att =z =y = 0:

f =92 +toy+ (2% + agata® + ag5t° +t1) = 0.
Applying Proposition 2.2, we have

Tf = k[t7 z, y] (t,x,y)/(fv a2,1x2 + a6,5t4 + xy, ':EQ + ty7 tLE)
= k[t? xz, y] (t,x,y)/(y2 + a675t5 + t47 a2,1$2 + a6,5t4 + 2y, 372 + ty, t.ilf)
> k2, Y0/ (Y7 + 1Y a212” + ag st + 2y, 27 + ty, tr) = R,
where for the first isomorphism we have used that > = xty = 0 and for the second
isomorphism we have used that a675t5 = a271x2t + zyt = 0. Now, it is easy to check that

R is generated as a k-vector space by 1, z, vy, t, 22,42, t2, >, hence dim Ty = 8. Therefore,
by Table 7, the Artin coindex of this Dg-singularity is 2.
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REMARK 4.6. Using our results, it is straightforward to list all RDP configurations
I such that the associated configuration of (—2)-curves I occurs on a weak del Pezzo
surface, but I itself does not occur on any RDP del Pezzo surface. By Theorem 1.2, this
phenomenon happens only in characteristic 2 and there precisely if

U e {Eg, E E;+ Ay, E7, B3 + Ay, Dg, D3, D7, DY, Dg + 2A1, Dg + A1, Di + 244,
D2 + A3, DY + 24y, DY + D}, D + A3, Di + Dj, Dj + 441, D} + 3A;}.

It would be interesting to find an abstract reason for the non-existence of those Artin
coindices on RDP del Pezzo surfaces.
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CHAPTER 1I

Weak del Pezzo surfaces with global vector fields

Up to minor modifications, this chapter is taken from the article “Weak del Pezzo
surfaces with global vector fields”, which is joint work of the author with G. Martin. The
article has been accepted for publication in Geometry and Topology and can be found on
the ArXiv (see [MS20]).

1. Motivation and summary

Recall that a weak del Pezzo surface over an algebraically closed field & is a smooth
projective surface X with anti-canonical divisor class —K  big and nef, or, equivalently,

X is P! x PL, the second Hirzebruch surface Fo, or the blow-up of at most 8 points in P2 in
almost general position. More classically, weak del Pezzo surfaces appear as the minimal
resolutions of surfaces of degree d in P4 which are neither cones nor projections of surfaces
of minimal degree d in Ppdtl [Dol12, Definition 8.1.5].

By a result of Matsumura and Oort [MOG68], the automorphism functor Aut % of a
proper variety X over k is representable by a group scheme locally of finite type over k.
Since Aut 5 is well-known for surfaces of minimal degree (that is for quadric surfaces, the
Veronese surface, and rational normal scrolls [Dol12, Corollary 8.1.2]), weak del Pezzo
surfaces form the first class of smooth projective surfaces for which the study of Aut ; is
interesting. In this chapter, we are concerned with the identity component Autgz of Aut g,
which can be non-reduced in positive characteristic.

While this non-reducedness phenomenon does not occur for smooth projective curves,
we will see that it appears for one of the first non-trivial classes of smooth projective
surfaces, namely for weak del Pezzo surfaces (see alsoN[Neu79]), at least in characteristic
2 and 3. This means that for a weak del Pezzo surface X in characteristic 2 and 3 we may
have ho(f( , Tg) > dim Aut%, that is, X may have more global vector fields than expected.

More classically, automorphisms of (weak) del Pezzo surfaces are being studied in the
context of the plane Cremona group, i.e. the group of birational automorphisms of P2. The
main reason for this is that automorphisms of (weak) del Pezzo surfaces yield birational
automorphisms of P? that do not necessarily extend to biregular automorphisms. For the
action of Aut% on a weak del Pezzo surface X , the situation is very different, since this

action always descends to an action on the whole minimal model of X by Blanchard’s
Lemma 2.10.
This special feature of the connected automorphism scheme Aut% will enable us to

calculate it explicitly for all weak del Pezzo surfaces that are blow-ups of P? in terms
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of stabilizers as a subgroup scheme of PGL3. Using this, we will classify all weak del
Pezzo surfaces X with non-trivial Autg? and determine their configurations of (—2)- and
(—1)-curves, as well as their number of moduli, which is the content of the following Main
Theorem:

MAIN THEOREM. Let X be a weak del Pezzo surface over an algebraically closed
field. Ith(X, T)?) =% 0, then X is one of the surfaces in Table 1, 2, 3, 4, 5, or Table 6. All
cases exist and have an irreducible moduli space of the stated dimension.

In Tables 2, 3, 4, 5, 6, the figure describing the configuration of (—2)-curves and
(—1)-curves (“lines”) on these surfaces is given in column 2. In these figures, a “thick”
curve denotes a (—2)-curve, while a “thin” curve denotes a (—1)-curve. The intersection
multiplicity of two such curves is no more than 3 at every point; intersection multiplicities
1 and 2 will be clear from the picture, whereas we write a small 3 next to the point of
intersection if the intersection multiplicity is 3. Recall that the dual graph of all (—2)-curves
on a weak del Pezzo surface is a union of Dynkin diagrams of types A,,, D,, and E,,. This
graph can be read off from the corresponding figure, but for ease of reference we give
its Dynkin type in column 3. For the same reason, in column 4, we list the number of
(—1)-curves on these surfaces. In column 5, we describe a general S-valued point of Aut%,

where § is a k-scheme. In particular, the dimension of HO(X Ts) = Aut%(k[e] /(€%)) can
be read off from this description and is listed in column 6 for the convenience of the reader.
Comparing this with the dimension of Aut%, it can be checked whether Aut% is smooth or
not. This is done in column 7. If there is more than one weak del Pezzo surface with the
configuration of curves and with the automorphism scheme as in the previous columns, we
give the dimension of a modular family of such surfaces in column 8. If, instead, there is
a unique surface of this type, we write “{pt}” in column 8 in order to emphasize that the
surface is unique. Finally, in column 9, we give the characteristic(s) in which the respective
surface(s) exist(s).

In particular, our classification also gives a complete list of weak del Pezzo surfaces with
non-reduced automorphism schemes. In the following corollary, we list the characteristics
p and degrees d for which every weak del Pezzo surface of degree d in characteristic p has
reduced automorphism scheme.

COROLLARY 1.1. Let k be an algebraically closed field of characteristic p > 0. Then,
every weak del Pezzo surface X of degree d over k has reduced automorphism scheme if
and only if one of the following three conditions holds:

(])p#273y
(2) p=3andd > 4,
(3) p=2andd > 5.

Moreover, if Aut ; is non-reduced, then the number of (—2)-curves on X is at least (7—d).

In particular, the above corollary recovers the result that the automorphism scheme of
every del Pezzo surface (where — K 5 is ample) is smooth, which is in fact easier to prove
and has already been observed by Dolgachev and Duncan (see [DD19, Theorem 2.4.]).
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REMARK 1.2. Independently, shortly after the upload of the article [MS20] to the
ArXiv, and using a completely different approach, Cheltsov and Prokhorov [CP21] classified
all RDP del Pezzo surfaces X over an algebraically closed field k£ of characteristic 0 such
that Autx (k) is infinite. Now, Autx (k) is infinite if and only if AutS (k) is infinite if

and only if Autg} (k) is infinite, where X is the weak del Pezzo surface that is the minimal
resolution of X. Since Aut% is always smooth in characteristic 0 by Cartier’s Theorem (see

e.g. [Per76, Corollaire 4.2.8]), Aut%(k) is infinite if and only if X admits global vector
fields. So, the classification in [CP21] is equivalent to the characteristic O part of our Main
Theorem.

The structure of this chapter is as follows: Section 2 is devoted to setting up the
framework for the study of the geometry of (most) weak del Pezzo surfaces as blow-ups
of P? including the notion of their “height” in Subsection 2.1. The necessary background
on automorphism schemes as well as the key ingredient Blanchard’s Lemma are treated
in Subsection 2.2. This enables us to set up an inductive strategy for the classification in
Section 3. Finally, this strategy is carried out in Section 4, where we go through all possible
heights of weak del Pezzo surfaces, realizing each such surface as a blow-up of a surface of
height one less, starting from the height 0 surface P2.

- Autl
Case | (—2)-curves | #{lines} Aut’ (X, Ty X | Moduli char(k)
X smooth?
P! x P! 0 0 PGLy x PGLy 6 v {pt} any
Aut re
Fy Ay 0 ( u3 P(1,1,2) red 7 v {pt} any
= (Ga % GLa)/pg

Table 1. Weak del Pezzo surfaces of degree 8 that are not blow-ups of P2
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0
Aut 3

w

Case | Figure | (—2)-curves Autg? C PGL3 mooth? Moduli | char(k)
degree 9
9A 0 PGL3 v {pt} | any
degree 8
8A | Fig. 5 0 (1 z f) v {pt} any
degree 7
7TA | Fig. 4 0 (1 e jj‘) v {pt} any
7B | Fig. 26 Ay (1 : }f) v {pt} any
degree 6
64 | Fig.3 0 (*e) v (ot} | any
6B |Fig.24| A (1 ) v (pt} | any
6C | Fig.2 Ay (1 1 ;:”) v {pt} any
6D |Fig.25| 24 ( e f) v (pt} | any
6E | Fig. 51 As (1 ‘g ) v {pt} | any
6F |Fig.52 | Ao+ A (1 f) v {pt} | any
degree 5
5A | Fig. 1 Ay < ) v {pt} any
5B | Fig.22 | 24, (1 ) v (pt} | any
5C | Fig. 18 Ay (1 ) v {pt} any
5D | Fig.23 | Ax+ A (1 e ]:) v {pt} any
5E | Fig.50 |  As (l g ) v (pt} | any
5F | Fig. 60 Ay (1 j ) v (pt} | any

Table 2. Weak del Pezzo surfaces with global vector fields of degree > 5 that are

blow-ups of P?
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0
Aut 5

Case | Figure | (—2)-curves | #{lines} Autg? C PGL3 | hO(X, Ts) Moduli | char(k)
smooth?

44 |Fig 13| 24, 8 (1 ! ) 1 v 1dim | any
AB |Fig. 14| 34 6 (1 ! ) 1 v (| any
4C | Fig. 15| As+ Ay 6 <1 1 Z) 1 v {pt} any
4D | Fig. 17 As 5 <1 1 Z) 1 v {pt} any
AE | Fig. 42 As 4 (1 ! ‘13) 1 v by | #2
AF | Fig.21| 44, 4 ( e ) 2 v (ptt | any
AG | Fig. 20 | Ay + 24, 4 (1 c ) 2 v (pt} | any
AH | Fig. 43| A+ A 3 (1 ] C) 2 v (pt} | any
41 | Fig. 49 Ay 3 (1 e 52) 2 v {pt} any
4J | Fig. 59 D, 2 (1 e Z) 2 v pty | #2
AK | Fig. 48| A+ 24, 2 (1 e {) 3 v (| any
AL | Fig. 65 Ds 1 (1 j ) 3 v | #£2
4M | Fig. 42 As 4 (1 | Z) 2 =1 2 x h | =2
AN | Fig. 59 D4 2 (1 | {) 2 v ht | =2
40 | Fig. 59 Dy 2 (1 f ) 3 v Mt | =2
AP | Fig. 65 Ds 1 (1 ! ,1«) 3 v | =2
4Q | Fig. 65 Ds 1 (1 L ) 4 v pt | =2

Table 3. Weak del Pezzo surfaces of degree 4 with global vector fields
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Case | Figure | (—2)-curves | #{lines} Autg? CPGL; | h%(X,Tg) Si;lig;i? Moduli | char(k)
34 |Fig. 10| 24, 7 (1 ! ) 1 v 1dim | any
3B | Fig. 16 Dy 6 (1 | ) 1 v pt} | any
3C | Fig. 11| 24+ A 5 (1 1 Z) 1 v {pt} any
3D | Fig. 12| Az +24, 5 (1 1 Z) 1 v {pt} any
3E | Fig. 41 | A4+ Ay 4 (1 1 Z) 1 v {pt} any
3F | Fig. 46 As 3 (1 | {) 1 v ptt | #3
3G | Fig. 58 Ds 3 (1 e 62> 1 v | #2
3H |Fig. 19| 34, 3 (1 c ) 2 v (pt} | any
3 |Fig. 47| A5+ A 2 (1 ‘ ) 2 v {pt} | any
3J | Fig. 66 Es 1 (1 c ‘;) 2 v {ptt | #£2,3
3K | Fig. 46 As 3 (1 f) A1 2 X ot} | =3
3L | Fig. 66 Eg 1 (1 | {) 2 v ptt | =3
3M | Fig. 66 Eg 1 (1 ‘ f) 3 v pt} | =3
3N | Fig. 33 Ay 6 (1 ! ) 2 =1 1 X pt} | =2
30 | Fig. 58 Ds 3 (1 | {) 1 v ptt | =2
3P | Fig. 58 Ds 3 (1 ‘ ) 2 v ptt | =2
3Q |Fig. 66| B 1 (' #io) 2 v oy | =2
3R | Fig. 66 Eg 1 (1 ! 1) 3 v p | =2

Table 4. Weak del Pezzo surfaces of degree 3 with global vector fields
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0
Aut %

Case | Figure | (—2)-curves | #{lines} | Aut% C PGL3 | hO(X, ) Moduli | char(k)
X smooth?
24 | Fig. 7 245 6 (1 ! ) 1 v 1dim | any
(2
2B | Fig.39| D5+ Ay 5 (1 1 ) 1 v {pt} any
(2
2C | Fig. 64 Ee 4 (1 e 2) 1 v | #£2
e
2D | Fig. 8 | 243+ Ay 4 <1 1 ) 1 v {pt} any
K3
9F | Fig.9 | D4+ 34, 4 (1 ! ) 1 v (ptt | any
(3
9F | Fig. 40 | As+ Ay 3 (1 ! ) 1 v (pt} | any
(3
. 1
°G | Fig. 57| De+ Ay 2 ( e 62) 1 v pth | #2
1
9H | Fig. 56 Ar p ( | {) 1 v pty | #£2
1
27 | Fig. 67 Er 1 ( e 3) 1 v | #2,3
e
1
27 | Fig. 45 Ag 4 ( e 2) =1 1 x o | =3
€
) 1 3
9K | Fig. 54 D 3 ( e 2),6 —1 1 x p | =3
€
1
oL | Fig. 67 B 1 ( ! {) 1 v pty | =3
2M | Fig. 67 Er 1 (1 ‘ ) 2 v o | =3
9N | Fig. 30 As 7 (11.>,i2:1 1 X 1dim | =2
K2
20 | Fig.38|  Ds 8 (1 | ) 2 =1 1 X pty | =2
K3
2P |Fig. 32| As+ A4, 6 (11,),2'2:1 1 x o | =2
K3
2Q | Fig. 31| As+ 4 5 (11,),1'2:1 1 X oy | =2
(2
2R | Fig. 54 Ds 3 (1 1 {) 1 v ldim | =2
25 | Fig. 64 Eg 4 <1 ‘ J;) =0 2 x o | =2
1
9T | Fig. 57| D¢+ A 2 ( | {) 1 v pty | =2
°U | Fig. 57| De+ A 2 (1 Y ) 2 v bty | =2
2V | Fig. 56 A 2 (1 ‘ f2> =1 2 x o | =2
oW | Fig. 67 Er 1 (1 1 1) 1 v ptt | =2
2X | Fig. 67 o 1 (" : i ) 2 v pt} | =2
2V | Fig. 67 Er 1 (1 ! b%;;) 3 v oty | =2

Table 5. Weak del Pezzo surfaces of degree 2 with global vector fields
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0
Aut e

Case | Figure | (—2)-curves | #{lines} Autg? C PGL3 | hO(X, T%) moorh? Moduli | char(k)
14 | Fig. 6 2D, 5 (1 ! ) 1 v 1dim | any
1B | Fig. 37| Es+ Ay 4 (1 ! ) 1 v {pt} | any
1C | Fig. 63| Er+ A 3 (1 e 62) 1 v | #2
1D | Fig. 68 joN 1 (1 e 63> 1 v o | #2,3
1E | Fig. 53 Dy 5 (1 ! ) =1 1 X ht | =3
\F |Fig 62| By 5 (1 e 62) &3 = 1 x py | =3
1G | Fig. 44 As 3 (1 . 62> e - 1 X pty | =3
1H | Fig. 68 Fy 1 (1 | {> 1 v ht | =3
1/ | Fig. 68 Fs 1 (l ‘ ) 2 v oty | =3
1J | Fig. 35 jo) 13 (112,),@'2:1 1 X ldim | =2
1K | Fig. 34| FEg+ A 8 (11i),i2:1 1 x o | =2
1L | Fig. 27 A 8 (11i>,i2:1 1 X ldim | =2
1M | Fig. 61 Er 5 (1 ! ,{) f2=0 1 x pt | =2
IN | Fig. 29| Dg+ 24, 6 (1 1¢> 2=1 1 x o | =2
10 | Fig.28 | Ay + A, 5 (11i>,i2:1 1 x | =2
1P |Fig. 63| Er+ A, 3 <le!‘2),f2:0 2 X pty | =2
1Q | Fig. 55 Ds 2 (1 ! {) 1 v 1dim | =2
1R | Fig. 55 Dy 2 (1 ‘ ég) o1 2 x oy | =2
15 | Fig. 68 Fs 1 (1 | ‘13) 1 v pt | =2
IT | Fig. 68 Es 1 <1 ! b) =0 3 x ot | =2

Table 6. Weak del Pezzo surfaces of degree 1 with global vector fields
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2. Generalities

This section provides the necessary background on the two main topics of this chapter:
weak del Pezzo surfaces and automorphism schemes. Throughout, we will be working over
an algebraically closed field k.

2.1. Geometry of weak del Pezzo surfaces and their “height”’. We recall that every
weak del Pezzo surface X (except X = P! xP! and the second Hirzebruch surface X = IF9)
is a successive blow-up of P? satisfying certain properties (see Lemma 2.5 and Lemma
2.7), and we define the notion of “height”, which is a measure for the complexity of X.
We describe the set of all (—2)- and (—1)-curves on X in terms of a realization of X as a
blow-up of P?.

DEFINITION 2.1. A weak del Pezzo surface is a smooth projective surface X with nef
and big anti-canonical class — K . The number deg(X ) = K 2 s called the degree of X.

Recall that every birational morphism 7 : X’ — X of smooth projective surfaces can
be factored as

7 X8 X LY Ry m0Y o m ) 1% 200) _ F
where ¢ is an isomorphism and each 7@ o X/ X/ s the blow-up of a number of
distinct closed points on X /(1) The isomorphism ¢ can be neglected by identifying X’ with
X' via . Then, the above factorization becomes unique (up to unique isomorphism for
every n > ¢ > 1) if in each step we blow up the maximal number of distinct closed points
of X’ In this case, we call the above factorization of 7 minimal.
DEFINITION 2.2. Let X and X’ be two smooth projective surfaces.

e For every birational morphism 7 : X = X, letm =70, . 0. 70D be its
minimal factorization. The height of m is defined as

ht(7) :=
e If X’ admits some birational morphism to X, we define the height of X' over X as
ht(X'/X) = min_g,  z{ht(m)},
where the minimum is taken over all birational morphisms 7 : X' = X.
e If X is a weak del Pezzo surface which is a successive blow-up of P2, then we define
ht(X) := ht(X /P?)
and if X is not a blow-up of P2, we set ht(X) = 0.

REMARK 2.3. The reader should compare our notion of height with the height function
on the bubble space of X considered in [Dol12, Section 7.3.2].

NOTATION 2.4. Let 7 : X — P2 be a birational morphism of height n, and let 7 =
7@ o ... 07w be its minimal factorization. Then, we fix the following notation:

e ForeachO < ¢ <mn,weletpi;,...,pn;i € X @ be the points blown up under (@),
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e The exceptional divisor (7))~ (p; ;) € X(*1) over a closed point p;; € X ) will be
denoted by Ej; for j = 1,...,n,.

e Forevery 0 < i < k < n, the strict transform of a curve C' C X @ along 7 o ... 0
7(k=1) is denoted by C'F).

Using this notation, we can now state a necessary and sufficient criterion for a successive
blow-up of P? to be a weak del Pezzo surface.

LEMMA 2.5. [DémS80] [Doll2, Section 8.1.3] With Notation 2.4, let 7 : X — P2 be
a birational morphism of height n. Then, X is a weak del Pezzo surface if and only if the
following three conditions hold.
e On each Ej; there is at most one py, ;1.
e For every line ¢ C P2, there are at most three Dji withpj; € () where i ranges over
0,...,n—1L
o For every irreducible conic Q C P2, there are at most six Dj,i with p;; € QY. where i
ranges over 0,...,n — 1.

NOTATION 2.6. By Lemma 2.5, there is at most one py ;41 on each £ ;. Therefore, it
makes sense to rename the py, ;41 so that py ;11 lies on Ey ;. We will adopt this convention
from now on.

If the above three conditions of Lemma 2.5 are satisfied, we say that the points p; ;
are in almost general position. Using this terminology, there is the following well-known
characterization of weak del Pezzo surfaces.

LEMMA 2.7. [Doll2, Section 8.1.3] If)Nf is a weak del Pezzo surface, then
(i) X = P! x P!, or
(ii) X = [y, the second Hirzebruch surface, or
(iii) X is the successive blow-up of P? in n < 8 points in almost general position.
Inlparticular, we have 1 < deg(X) < 9, and ht(X) = 0 if and only if X € {P2,P! x
P Fo b

All the possible classes of (—2)- and (—1)-curves in the odd unimodular lattice Pic(X)
L} 9 deg(x) Of signature (1,9—deg(X)) are well-known and described in [Man86, Definition
23.7., Proposition 26.1.] and [Dol12, Proposition 8.2.7]. This lattice-theoretic description
can be translated into geometry (see [Man86, Theorem 26.2. (ii)] for the case of del Pezzo
surfaces). A straightforward adaption of Manin’s approach to our situation of weak del
Pezzo surfaces yields the following description of (—2)- and (—1)-curves on X.

LEMMA 2.8. Let X be a weak del Pezzo surface and let T : X =XM" 5 P2peq
birational morphism of height n.
(i) A curve on Xisa (—2)-curve if and only if it is of one of the following four types:
e the strict transform E](ZL) of an exceptional curve such that there is exactly one p; ;1
on Ej,i;
o the strict transform (™ of a line ¢ C P? such that there are exactly three Dj,i With
pjvl € E(Z)’
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e the strict transform C (n) of an irreducible conic C C P? such that there are exactly

six pj; with pj; € C9, or

o the strict transform C'™ of an irreducible singular cubic C' C P? such that there are
exactly eight p;; with p;; € CY, and such that one of the Dj,0 is the singular point
of C.

(ii) A curve on Xisa (=1)-curve if and only if it is of one of the following seven types:

o the strict transform EJ(ZL) of an exceptional curve such that there is no py ;11 on Ej;,

o the strict transform (") of a line £ C P2 such that there are exactly two Dj,i with
pji € LD,

e the strict transform C () of an irreducible conic C C P? such that there are exactly
five pj; withp;; € c,

o the strict transform C'" of an irreducible singular cubic C' C P? such that there are
exactly seven p; ; with p;; € C @), and such that one of the Dj,0 is the singular point
of C,

o the strict transform C") of an irreducible singular quartic C C P2 such that there
are exactly eight p;; with pj; € C), and such that exactly three of the Dj,i are
double points of C (@),

o the strict transform C"™ of an irreducible singular quintic C C P? such that there
are exactly eight p;; with p;; € C9), and such that exactly six of the pj,i are double
points of C9, or

e the strict transform C' (n) of an irreducible singular sextic C C P? such that there are
exactly eight p;; with p;; € CD, and such that exactly seven of the p;; are double
points of C @) and exactly one of the pj is a triple point of C.

REMARK 2.9. In particular, it can be seen that the criterion given in Lemma 2.5 simply
tells us that a successive blow-up of P2 in at most 8 points is a weak del Pezzo surface if
and only if we have never blown up a point on a (—2)-curve.

2.2. Automorphism schemes of blow-ups of smooth surfaces. By a result of
Matsumura and Oort [MO68], the automorphism functor Autgg of a proper variety over
k is representable and it is well-known that the tangent space of Autg( can be identified
naturally with H°(X, T'x). The main tool in our study of automorphism schemes of weak
del Pezzo surfaces is the following lemma of Blanchard (see [Bril7, Theorem 7.2.1]).

LEMMA 2.10. (Blanchard’s Lemma) Let f : Y — X be a morphism of proper schemes
over k with f.Oy = Ox. Then, f induces a homomorphism of group schemes
fr s Aut) — Aut. If f is birational, then f. is a closed immersion.

Thus, if f is birational, we can and will identify Autg)/ with its image under f, in the
following. If f is the blow-up of a smooth surface X in a closed point p, it is possible
to describe the image of f. (see [Neu79, Lemma 1.1] and [Mar22, Proposition 2.7]) as an
intersection of successive stabilizer group schemes (see Definition 3.5 and Notation 3.6).

LEMMA 2.11. Let f : Y — X be the blow-up of a smooth projective surface X inn
distinct points p1, . .. ,pn € X. Then, we have Auty, = (", (Stab(p;))°)°.
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PROOF. We prove the claim by induction on n with the case n = 0 being trivial. For
the inductive step, let Y’ be the blow-up of X in py,...,p,—1. Then, f/ : Y — Y’ is
the blow-up in p,, and we have Aut{,, = (7=} (Stab(p;))°)° by the induction hypothesis.
Note that the identity component of the stabilizer of p, € Y, with respect to the action
of Aut., is precisely (N, (Stab(p;))°)°. By [Mar22, Remark 2.8], the Aut}-action on
Y preserves the exceptional divisor of f’, hence Autg)/, being connected, is contained in
(N7, (Stab(p;))?)°. Conversely, by [Mar22, Proposition 2.7], the (i, (Stab(p;))°)°-
action on Y” lifts to Y and since (i, (Stab(p;))?)" is connected, it actually lifts to a
subgroup scheme of Autg)/. This finishes the proof. g

_ Letm: X' (”)~—> X be a birational morphism of smooth projective surfaces X and
X' Let E C X'(") be a m-exceptional irreducible curve. Recall that the left-action of
Aut% on Hilb ¢ is given on S-valued points by

Aut%(S) x Hilbg(5) 22 Hilb ()
(g: Xg— Xg,0: Z < )Z's) — (Z X, Reg-L Xg < )Z's),

where X g = X x S, and this induces a natural action p of Aut%,(n) - Autoi on Hilb ¢.
For a pencil (that is, a 1-dimensional linear system) f : C — P! C Hilb 5 of curves on X
we will identify a point p € P1(S) with its fiber C, under f. Let V' C P! be an open subset
such that any two fibers C,, and C, with p, ¢ € V' (as well as their strict transforms in all the

X' (1)) have the same multiplicity at the pj,i- Then, the rational map
2.1) P! > V — Hilbg
P —> Clg") NnE,

can be extended to a morphism ¢ from P!, since every irreducible component of Hilby is
proper.

DEFINITION 2.12. Let 7 : X’ (f) — X be a birational morphism of smooth projective
surfaces X and X'("). Let E C X'(™ be a m-exceptional irreducible curve. A pencil of
curves f : C — P! is called adapted (to E and 7) (or E-adapted), if the morphism ¢ of

(2.1) factors through an isomorphism Pl S E C Hilbg.

For an adapted pencil C — P!, we can transfer the Aut%,(n)—action on F via ¢ to an
action on the pencil. Over V/, we can describe this action explicitly on S-valued points
as follows: For C, € V(S) C P!(S) with embedding ¢ : C, — Xg, an element g €
Aut 5, (S) sends C, to the unique curve C,(,y € P(S) such that (C, X, Kgg-1 X5)™ N

Es = ¢(Cy(p))- The action of Aut%,w) transferred from £ to the pencil is the unique
extension of the above action from V' to P!. In particular, orbits and stabilizers of the

Aut%/(n) -action on F can be calculated on P!, which we are going to exploit throughout.

REMARK 2.13. In most of the cases occurring in our classification we can choose the
adapted pencil C — P! to be stable under the natural action of Aut()l(,(n) on Hilb ;. In this

case, we have Cg(p) =Cp X, Rgg-1 Xs.
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EXAMPLE 2.14. Aut%

X,(n)-stable adapted pencils do not always exist, even for blow-

ups of P2

Consider the morphism 7 : X' — P2 of height 2 given by blowing up the points py o =
[1:0:0],p20=1[0:1:0],p30=1[1:1:0andp;; = Eg,l) N E1,0, where £, = V(y).
Then, X'® s the surface of Case 5C. In the classification in Section 4 (see Case 5(),

: ‘b 0 0 —
we use an [y j-adapted pencil which is not Aut S(2-Stable to show that Aut $12) (R) =

{(1 1 C) € PGLg(R)} acts on Fy 1 as [\ : p] — [X : i?p]. For this morphism 7, there is
7

no F4 1-adapted pencil which is also AUt()]?/@) -stable:

Indeed, seeking a contradiction, assume that there exists such a pencil whose fiber over
Ay € Plis Cyy = V(Afi + ufz) with fi, f» homogeneous of the same degree.
By the previous paragraph, the subgroup scheme G, C Aut()l(,@) of automorphisms with
i = 1 acts trivially on E; ;. By Remark 2.13, this implies that every C) ,, is stable under this
Gy-action. In particular, every C)y ,, is a union of orbits of the G,-action on IP2. The closures
of the G,-orbits are the lines through [1 : 0 : 0] except V'(z), and every point on V(z).
Therefore, each C) ,, is a union of lines through [1 : 0 : 0], hence ¢(C) ) = n(€§,2) NE1)

for some n > 0 and thus the pencil is not £ 1-adapted, contradicting our assumption.

REMARK/NOTATION 2.15. If X = P2 and f1, fo are homogeneous equations of the
same degree, we say that Af; + pfo is adapted (to m and F) if the pencil spanned by
Cy1 = V(f1) and Cy = V(f2) is adapted to 7 and FE and if, in addition, we identified C
and Cy with [1: 0] and [0 : 1] in P!, respectively. We will use this choice of coordinates to
determine the orbits and stabilizers of the Aut%“n) -action on E explicitly by reducing it to

a calculation on the pencil [\ : p.
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3. Strategy of proof

For the proof of our Main Theorem we are going to argue inductively by going through
all possible weak del Pezzo surfaces with non-trivial connected automorphism scheme in
the order given by their height, i.e., we start with del Pezzo surfaces of height 0, which
are P2, P! x P! and Fy. Then, by Lemma 2.7, to study del Pezzo surfaces of height 1 we
have to study blow-ups of P2 in a number of distinct “honest” points. After that, for height
2, we have to consider del Pezzos that arise as blow-ups of points on exceptional divisors
of blow-ups of points in P? (sometimes we will also refer to such points as infinitely near
points of the first order, as was introduced in [Dol12, Section 7.3.2]). Continuing this
pattern, increasing the height by 1 means that we have to study those surfaces that arise as
blow-ups of points on the “latest exceptional divisor”.

In this subsection, we are going to further specify our strategy of proof and explain why
the classification of weak del Pezzo surfaces with non-trivial vector fields obtained via our
inductive procedure is indeed complete.

3.1. Inductive strategy.

Assume we have a complete set £; = {)?k}ke k;, for some index set Kj;, of
representatives of weak del Pezzo surfaces of height i that are blow-ups of P? with
H° ()? ks T)?k) # 0, where for every X r we have fixed a birational morphism 1/, : X  — P?

of height 7. Further assume that we have calculated (1/Jk)*(Autg? ) € PGL3 (see Lemma
k

2.11) for every k. If ¢ = 0, such a list is given by Lo = {P?} with Aut), = PGL3. Using
the list £;, we produce a list £; 1 as follows:

PROCEDURE 3.1.
~ . ~ 9 ~ =1 (i—1) P(i=2) $(©
Stepl:(;hooseXeﬁiwnhq/;:X—HP’ andlety : X — X —_— .. —
X©) = P2 pe the minimal factorization of .
Step2: Ifi =0,let B =X = P2, Otherwise, let

i—2
E = | Exc(V) = | J Exc(v")) | — D,
j=0

where D is the union of all (—2)-curves on X. Note that, if i > 0, then E is the
set of points on the “latest” exceptional divisors that do not lie on (—2)-curves.
Using the description of Autg? as a subgroup scheme of PGL3, we calculate the

orbits and stabilizers of the action of Aut(}( on E using F;;_1-adapted pencils.
Step 3: Choose a set of points {p1;,...,pn;i} C E such that (L, (Stab(p;))°)? is
non-trivial and such that the blow-up v’ : X’ — X in these points is still a weak
del Pezzo surface (see the criterion given in Lemma 2.8). In particular, since
there is at most one of the p;; on every exceptional curve, we may assume that

pji € Ej;—1. Note that we obtain isomorphic surfaces if we replace a point p; ;
by a point in the same orbit under the action of (), Stab(pk,;) C Aut.

58



Step 4: If X' is isomorphic to a surface already contained in £; for some j < i + 1,
discard this case. Otherwise, add X’ to £;11, choose the blow-up realization
o+ X' — P2, and calculate

n;

(0 ¢)(Autk,) = ()([ ) (Stab(ps.i))° € PGLs.

j=1
We do this by describing the group Autg?,(R) for an arbitrary local k-algebra R
(see Subsection 3.2).
Step 5: Repeat Steps 3 and 4 for all possible point combinations {p1 ;,...,Pn,; i}
Step 6: Then, repeat Steps 1-5 for all X € L;.

LEMMA 3.2. For every i, the above Procedure 3.1 yields a complete set L;11 =
{Xk}rek, ., of representatives of isomorphism classes of weak del Pezzo surfaces of height
(i + 1) with non-trivial global vector fields, that are blow-ups of P2.

PROOF. We prove the claim by induction on the height i. The case i = 0 with Lo = {P?}
is clear by Lemma 2.11. Therefore, assume that the claim holds for (¢ — 1) > 0 and that we
have a list £;. _

Let X’ be a weak del Pezzo surface of height (i + 1) with h%(X’, T,) # 0. Choose a
birational morphism 7 : X' — P? with minimal factorization

i X = X 18 g ) m 00 p2

such that for every birational morphism 7'+ X' — P2, the number of exceptional curves
for ') is at least as great as the number of exceptional curves for 7(?), i.e. such that the
number of points blown up by the last step 7(?) is minimal. By Lemma 2.10, there is an
inclusion

% 0 0
(7). (Aut,) € Aut,, .

In particular, we have ho()?/(i),T)?/(i)) # 0 since Aut%, # {id} and (7)), is a closed
immersion. Hence, by the induction hypothesis, there is X € L; such that there exists an
isomorphism ¢ : X' — X and X comes with a birational morphism 1) : X — P2

To prove the claim, it suffices to show that ¢ o 7() is the blow-up of X in a set
of points pi;,...,pn,; on I defined as in Procedure 3.1. Indeed, once we prove this,
it will follow from Lemma 2.11 and the assumption h®(X’, T %) # 0 that Autg}, =
(N7, (Stab(p;.))?)° is non-trivial.

Now, note that the condition that the p; ; lie on £ is equivalent to ¢ o 7() being the first
step in the minimal factorization of

Y ::po(ﬁOW(i) X X' X 5 P2
Thus, we take the minimal factorization of 1" and let ¢’ () . X/ — X" be the first morphism
in the minimal factorization of v/’. Since X has height 4, the morphism ¢ o 7() : X’ — X

factors through ¢ (), which means there is a morphism f : X" — X such that f o ¢/ =
¢ o 7. In particular, the number of points blown up under 1/'(") is at most the number of
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points blown up under 7). As we chose the number of points blown up under 7@ to be
minimal, this shows that f is an isomorphism. In fact, since f is an isomorphism over P2,
this isomorphism is unique and we can identify X" with X. O

One technical question that arises in Procedure 3.1 is how one checks in Step 4 whether
X' is isomorphic to a surface in one of our lists £; with 7 < i + 1. Clearly, a necessary
condition for this is that X’ has the same configuration of negative curves as one of the
surfaces X, . € L; for some j <1+ 1. By Lemma 3.2, we have the following converse:

COROLLARY 3.3. Let X’ be a weak del Pezzo surface with non-trivial global vector
fields that arises in Step 3 of Procedure 3.1. Assume that X' has the same configuration of
negative curves as a surface in L; for some j < i+ 1. Then X' is isomorphic to a surface
already contained in L;.

PROOF. If X’ has the same configuration as a surface in £, then there is a sequence of
contractions of (—1)-curves on X' that realizes X' as a weak del Pezzo surface of height
J < i+ 1, and then Lemma 3.2 shows that X’ is isomorphic to a surface in £;. O

REMARK 3.4. If, instead, X’ has the same configuration of negative curves as a surface
in £;41, then we cannot immediately use Lemma 3.2, since the list £, is not yet complete
at that point. Whenever this happens in Section 4, we will describe an explicit way of
blowing down X' to ~a surface with the same configuration as (hence, by Lemma 3.2,
isomorphic to) some X € £; in such a way that the image of the exceptional locus lies in
theset E C X - If Steps 1 to 5 of Procedure 3.1 have already been carried out for X k € Li,
this implies that X'is isomorphic to a surface already contained in £; 1.

Since we distinguish the families of weak del Pezzo surfaces with global vector fields
according to their configuration of negative curves and automorphism schemes, once we
know that X' is isomorphic to a surface in £;, we can determine the family to which
it belongs by describing its configuration of negative curves and by computing its auto-
morphism scheme.

3.2. On the calculation of stabilizers. Before starting our classification, let us explain
how to calculate the scheme-theoretic stabilizers of the points p;; € Ej;_1 occurring in
Step 4 of Procedure 3.1. First, recall the definition of the scheme-theoretic stabilizer.

DEFINITION 3.5. Let p : G x X — X be an action of a group scheme G on a scheme
X over k. Let Z C X be a closed subscheme. The stabilizer Stabg(Z) C G of Z with
respect to p is defined as
Stabg(Z) : (Sch/k) — (Sets)
S ={geG(5)|9(Zs) = Zs},
where g € G(5) is considered as an element of Aut(Xg) via the homomorphism G(S) —

Aut(Xg) induced by p, and Zg = Z X S — Xg is the closed subscheme obtained by
base changing Z — X to S.
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NOTATION 3.6. Throughout this chapter, we will omit the subscript G in the case where
Z is a point p and simply write Stab(p) instead of Stabg(p), whenever G is clear from the
context.

The stabilizer Stab(p) C G is a closed subgroup scheme of G. As mentioned in Step 4
of Procedure 3.1, we will describe only the R-valued points of the stabilizers occurring in
our classification, where R is a local k-algebra. This is sufficient, since in each case — all the
conditions on the matrices in PGL3(R) of Tables 2-6 being given by polynomial equations
which respect the group structure on PGL3 — there will be an obvious closed subgroup
scheme G of PGLj3 that admits the same R-valued points as the given stabilizer. The group
scheme G will then be equal to the stabilizer because of the following well-known lemma.

LEMMA 3.7. Let Zy,Zs C X be two closed subschemes of a scheme X over a field k.
If Z1(R) = Z3(R) C X (R) for all local k-algebras R, then Z1 = Z5 as closed subschemes
of X.

The advantage of only considering R-valued points of PGL,, lies in the fact that R-
valued points P™ are simply given by (n + 1)-tuples of elements in R up to units in R such
that at least one of the elements in the (n + 1)-tuple is a unit. This allows us to describe
the action of Autg? (R) on Ej;_1(R) = P'(R) explicitly using adapted pencils, so that the
calculation of the scheme-theoretic stabilizer of a k-valued point p;; € FE;; 1 becomes
straightforward (by Lemma 3.7). Thus, R will denote a local k-algebra from now on.
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4. Proof of Main Theorem: Classification

In this section, we will carry out Procedure 3.1 to obtain the classification of weak del
Pezzo surfaces with global regular vector fields and prove our Main Theorem.

Firstly, note that there are two weak del Pezzo surfaces which do not fit into the
framework of Procedure 3.1, namely those which are not blow-ups of P2. By Lemma
2.7, these are P! x P! and Fy. As is well-known, we have Autpi,p1 = PGLy x PGLs.
As for Autp,, we make use of the fact that this group scheme is smooth and connected
by [Mar71, Theorem 1 and Lemma 10]. An explicit description of this group scheme
is given in [Mar71]. Alternatively, one can blow-down the unique (—2)-curve on Fy to
obtain the weighted projective plane P(1,1,2) and use the fact that (Autp(1 1,2))red fixes
the unique singular point on P(1, 1,2). Hence, this action lifts to Fy and we get Auty, =
(Autp(1,1,2))red- These results are summarized in Table 1.

For the remaining cases, we can apply Procedure 3.1 and we will subdivide the proof
into subsections according to the height of our weak del Pezzo surfaces. Throughout,
we write £¢ = V(f) for the line given by f = 0 in P2, Recall that in the following
figures a “thick” curve denotes a (—2)-curve, while a “thin” curve denotes a (—1)-curve.
The intersection multiplicity of two such curves is at most 3 at every point; intersection
multiplicities 1 and 2 will be clear from the picture, whereas we write a small 3 next to the
point of intersection if the intersection multiplicity is 3.

4.1. Height 0. We have £y = {)29,4}, where )~(9A = P2 with Autpe = PGL3.

4.2. Height 1. N
Case 9A. In this case, X = P? and ¢y = id. We have £ = P? and the action of
Aut% = PGL3 on E is transitive. Now, note that if p1,...,Pny0 € P? are points such
that at least four of them are in general position, then
ng
Aut%, = ([")(Stab(p;0))°) = {*}.

j=1

On the other hand, according to Lemma 2.5, to guarantee that X' is a weak del Pezzo
surface, no more than three of the p; o may be on a line. Up to isomorphism, this leaves the
following five possibilities for p1 o, ..., Png,0:

(1) n = 4 and p10,p2,0,p4,0 on a line ¢, p3 o € ¢: Using the
action of PGL3, we may assume that pjg = [1 : 0 : 0],
p2,0=1[0:1:0],p30=[0:0:1],ps0=1[1:1:0]and
=1,

o Aut’ (R) = {(1 ! ) c PGLg(R)}

e (—2)-curves: 1S

1D ,1) 01
o (—1)-curves: Ey o, Ey o, E3 0, By g, o, Ez(/ ),Eg_)y Figure 1
e with configuration as in Figure 1.
This is case 5 A.
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(2) n = 3, all points on a line /: We may assume that
pLO = [1 : 0 : O],pg}o = [0 1 O],pg}o = [1 S 0]
and /= /,. | | |

o aut,(R) = {("17) e Pary(R)} ‘

e (—2)-curves: ¢
o (—1)-curves: Fy o, Eyy, E3 Figure 2
e with configuration as in Figure 2.
This is case 6C.
(3) n = 3, not all points on a line: We may assume that

PrLo=[1:0:0],po0=[0:1:0],p30=1[0:0:1].
o Aut()l(,(R) = {(1 ei> c PGL3(R)}

e (—2)-curves: none
o (—1)-curves: E) o, s, E3 , 6&1),65}),69)
e with configuration as in Figure 3.
This is case 6 A.
(4) n = 2: We may assume that pjg = [1 : 0 : 0],
pg’():[():lio]. | ‘
o Aut’ (R) = {(1 c ,?) e PGLg(R)}
e (—2)-curves: none ' ‘ ‘
e (—1)-curves: Ey o, Ey , o
o with configuration as in Figure 4.
This is case TA.

(5) n = 1: We may assume that p; o = [1:0:0].
1b6c
o At (R) = {( Zf> c PGLg(R)}

e (—2)-curves: none

e (—1)-curves: E}

e with configuration as in Figure 5. Figure 5
This is case 8A.

Figure 3

Figure 4

Summarizing, we obtain £ = {)~(5A, Xoc, Xoa, X7a, )N(gA}.

4.3. Height 2.

Case 5A. We have E = (U?:1 Eo) — ¢ Recall that the R-valued points of Autg?
are given by Aut% (R) = { ( ' , ) € PGL3(R) } We calculate the action of Aut% on the
(2
FE; ; using adapted pencils:
e \y+ pzis I j-adapted and Autg?(R) acts as [A: pu] — [\ iy
e \z + pzis B, -adapted and Aut%(R) acts as [\ : p] — [\ :iy]

e \r + py is Fjy j-adapted and Aut%{(R) acts as [A : u] — [\ py]
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® \(x —y) + pzis B, y-adapted and AutUX(R) acts as [\ : p] — [\ iy]

In particular, there is one unique point with non-trivial stabilizer on EN E), ;, EN Ey (), and
EN E470, respectively. Since p1 o, p2.0 and p4 o can be interchanged by automorphisms of
P? preserving ps3 o, we have the following ten possibilities for pq 1,...,pn 1:

(1) pra =By g0 poy = Byg N psy = By,
with @ & {0, ~1}, pa1 = Egon e,

o Aut%, (R) = {(1 ! ) c PGLg(R)}

e (—2)-curves: E%’ Eé?g, E:(,)’zo), Efg, K&Z), Eéz) , E,(ZQ) , ff_)y

e (—1)-curves: El,l?E2,17E3,17E4,17€(12+)ay

e with configuration as in Figure 6.

This is case 1A and we see that we get a 1-dimensional Figure 6
family of such surfaces X7 4 o depending on the parameter
.
2) pri=EoN E?(;l)’pll =Ey0N E:(rl)apii,l = FE3oN fa(cllay
with a ¢ {0, —1}
o Aut%, (R) = {(1 ] ) c PGLg(R)}
7
e (—2)-curves: E%, Eé?g, E§28 , £§E>, Ez(f), 59)
2) (2 2
[ (—1)—CuI‘VeSI Elyl’ E271, E371, Ei’g, g(xjy, g;lay
o with configuration as in Figure 7.
This is case 24 and we see that we get a 1-dimensional Figure 7
family of such surfaces X34 , depending on the parameter
Q.
(3) prp=E; N fg(/l),l?z,l =EyoN ggcl),p:m =E30N Kg(clly
o Aut% (R) = {(1 ! ) c PGLg(R)}
7
e (—2)-curves: Efg, E;QO), E§28 , &9, Ez(f), 622) ) 5552_)3/
[} (—1)—CuI'VGSI E171, E2717 E3717 Ei?g
o with configuration as in Figure 8. Figure 8
This is case 2D.
@ pi1 = Eyo 0D pot = Eyo N8 pay = Eggné?))
o Aut% (R) = {(1 ] ) e PGLg(R)}
(2
e (—2)-curves: Efg, E;Qg, Efg ) 6&2), &52), Egz) ) 5;2_)y
e (—1)-curves: E1,1aE2,1aE4,1aE?(),23
e with configuration as in Figure 9. Figure 9

This is case 2F.
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(5) pra=E, N psy = Eyon ) witha & {0, -1
1,1 10 Vy " D31 3.0 foy { } o

o Aut%, (R) = {(1 ! ) c PGLg(R)}

e (—2)-curves: E]Ezg , Eé?g, 65/2) , Eg)

b (—1)—curves: El,la E?),lv Eéi%? Eé(L,Q(ga Zg)? €§:22y> g:&?ay
o with configuration as in Figure 10.

NN N\

This is case 3A and we see that we get a 1-dimensional )
Figure 10

family of such surfaces X 34, depending on the parameter
.

©) pri=EyogN 0 ps1 = Eggn ey

o Aut%, (R) = {(1 ] ) c PGLg(R)}

e (—2)-curves: E%, E:.S?g, ng) , 5732) ) E,(ZQ)

e (—1)-curves: ELI,E&I,ES&,EE&Z
e with configuration as in Figure 11.
This is case 3C.

() pra = By gN 6 poy = Eyg 065
1
o Aut®, (R) = {( ] ) € PGLg(R)}
o (~2)-curves: By, By, 00 05 ¢
e (—1)-curves: EI,I’E2,1’E§,287E4£728’£;2—)ZJ
e with configuration as in Figure 12.

This is case 3D.

(8) p31 = E3,O N Ez(vllay

2
=y

Figure 11

Figure 12

with a & {0, —1} .

1
o Aut’ (R) = {( ! ) e PGLg(R)}
e (—2)-curves: E?(fg,fg)
e (—1)-curves: Fj ,, E{?g, Eé?g, Efo), o2 , 53(12) ; 5&2_)?” Kgizay
e with configuration as in Figure 13.

This is case 4A and we see that we get a 1-dimensional } \ { 3\ \
family of such surfaces X4 o, depending on the parameter 1eure
Q.

o Autl, () ={("1 ) e PGLy(R)}

1

e (—2)-curves: E?(fg,fgf), o2

e (—1)-curves: E3,1,E£23,E§723, fg,ef),zf_)y —

e with configuration as in Figure 14. Figure 14

This is case 4B.
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(10) p11 = By N ey |

o Aut%, (R) = {(1 ! ) c PGLg(R)}

e (—2)-curves: E]Ezg , 652), 02

b (—1)—curves: El,la Eé?ga Ei(’fg’ Ez(l?g ’ 6;2)7 Ea(ﬁQf)y
e with configuration as in Figure 15.
This is case 4C.

Figure 15

1 ¢
Case 6C. Wehave E = (U2, E, ) — ") and Aut%(R) = {( ! f) c PGLg(R)}.

e \y+ pzis I j-adapted and Aut%(R) acts as [A: pu] — [A:ip+ fA
® \r + pz is B, j-adapted and Aut%(R) acts as [A : p] — [Aip+ e
® \(x —y) + pz is B3 -adapted and Autg?(R) actsas [A: pu] — [Aip+ (c— f)A]

Since p1,0,p2,0 and p3o can be interchanged by automorphisms of P2 and the action of
Aut% is transitive on every ENE; o, we have the following three possibilities for py 1, ..., pn.1:

(1) p1i=E; o N fél),pz,l =E50N fgcl),l)&l =E;oN fg(cl_)y
. Autg?,(R):{(ll) ePGLg(R)} ; :
e (—2)-curves: Efg,Eé?g,Eé?g,Eg) o I B
e (—1)-curves: Ey,,FEy, Eyq, 65;2),6?52),5;2_)y
e with configuration as in Figure 16.
This is case 35.

@ pri=EyoN 6 pos = Eygn ey
1
o Aut’ (R) = {( 12,) e PGL3(R)}
e (—2)-curves: E® g2 2 i ‘ ]

Figure 16

1,002,054z
e (—1)-curves: Ey ;, Ey E:g?g,ﬁg),ﬁg)

e with configuration as in Figure 17.

e (—2)-curves: Efg,ﬂ(f)

Figure 17
This is case 4D.
3) p11 = BN
1 ¢
o Aut% (R) = {( ! ) e PGLg(R)} ’ ] ‘

e (—1)-curves: E 4, Eé?g, E:(i’?()),&(f) |
e with configuration as in Figure 18. Figure 18
This is case 5C.
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Case 6A. We have E = U?:o E; o and Aut%(R) = {(1 e ) € PGLg(R)}.

e \y + pzis E j-adapted and Autg?(R) acts as [A: pu] — [eX :ip]
® \z + pzis B, -adapted and Aut%(R) acts as [\ : p] — [\ :iy]
e \r + py is Fjy j-adapted and Aut(}((R) acts as [A @ u] — [\ : eyl

Since p1,0,p2,0 and p3 o can be permuted arbitrarily by automorphisms of P2, we have the
following nine possibilities for p11,...,pn 1:

(D p11 = E170 N gél_)zval = E270 N ggl)ap&l = E370 N egcl)

° Autg?,(R) = {(1 e 6) € PGLg(R)} e (—1)-curves: By, E2,1’E3,1,£g(/2)a€§/222

e 9 2) (2) 2 e with configuration as in Figure 11,
e (—2)-curves: Eig, E;O,Eé,g,ﬁé ’6(2 : that is, as in case 3C.

Blowing down the two right-most (—1)-curves in Figure 11, we see that X arises as a
blow-up of X5, in 2 points on F and X’ = X3¢ by Remark 3.4.

() P11 = EI,O N Eg(/lzzapll = E270 N E,(zl)ap&l = Eg’o N gy(yl)
2) (1
o At (R) = {(1 ; ) e PGLg(R)} o (~1)-curves: By 1, By, By, 08 0V,
e . . o
0 o) o2 ,2) (2 ® withconfiguration as in Figure 12,

e (—2)-curves: El,Ov E2,0» 3,0’£y Lz that is, as in case 3D.
Blowing down the two (—1)-curves in Figure 12 that are not adjacent to any other
(—1)-curve, we see that X' arises as a blow-up of X5,4 in 2 points on F and X’ = X3p
by Remark 3.4.

3) pb11 = El,o N g(zl)ap2,1 = E270 N Egsl)7p3,1 = E370 N gg(;l)

o Autd,(R) = {(1 ) c PGLg(R)}

e (—2)-curves: Efg, Eé?g, E§28 , 65;2), 51(12), 69)
o (—1)-curves: E) 1, Eyy, By
e with configuration as in Figure 19.

This is case 3H.

) p11 = ELO N gg(jl_)zvpll = E270 N egl)

Figure 19

e (—1)-curves: Ey 1, By, Eé?g, Eg(f),

1
o Autl (R) = {( e )€ PGLg(R)} féz)léi
e (—2)-curves: E%, 523,622) e with configuration as in Figure 15,

)

that is, as in case 4C.
Blowing down the (—1)-curve in Figure 15 that is not adjacent to any other (—1)-curve,

we see that X’ arises as a blow-up of )2'5 4 in 1 point on E' and hence X' = )}40 by
Remark 3.4.

67



5) pr1 = EpgNeY, pot = Eyg )
2) pf2)

1 o (—1)-curves: B 1, Ey 1, B3, by
o Autt, (7)) ={("c ) ePGLy(R)} 42 4

(2 =(2) 42 . z . -
e (—2)-curves: EYg. Egg. be e with configuration as in Figure 14,

that is, as in case 4B.
Blowing down one of the (—1)-curves in Figure 15 that is not adjacent to any other

(—1)-curve, we see that X' arises as a blow-up of X54 in 1 point on E and X'~ Xup
by Remark 3.4.

©) pri = Eygn Y poy = Eygned)
1
o Autl, () ={("¢ ) e PGLy(R)}
e (—2)-curves: Eﬁ% , Eé?o)7 63(62), 522)

e (—1)-curves: Ey 1, By, E?()23 , &(,2)

o with configuration as in Figure 20. Figure 20
This is case 4G.

(7) p1p=E o0 53(/1),2?2,1 =Ey0N o
o Aut%, (R) = {(1 c ) e PGLg(R)}
e (—2)-curves: Eﬁ; , E§23, 6;2) , 6752)
e (—1)-curves: E1:1a EQ:I, Eé?g, 02
e with configuration as in Figure 21.

This is case 4F'.
(®) p11=E N géllz

Figure 21

e (—1)-curves: E171,E§723,E§,23,€§3),

1
o Aut®( {( ) c PGLg(R)} /2 4 4@
z ) y z
e (—2)-curves: %2 . W1th configuration as in Figure 1,

that is, as in case 5 A.
By Corollary 3.3, we have X’ & X5 4.

©) pr1 = Eponet”

1
o Aut%, (R) = {( ) e PGLg(R)}
e (—2)-curves: Efg,ﬁg)

e (—1)-curves: F 4, E%, E?ﬁ?g,e?),ef)
e with configuration as in Figure 22. Figure 22
This is case 55.
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1
Case TA. We have E = E, U E, ; and Autg?(R) = { ( e

=K 0

) c PGLg(R)}

e \y + uzis E j-adapted and Aut%{(R) acts as [\ : pu] — [eX tip + fA]
® \r + pzis B, j-adapted and Aut%(R) acts as [A: pu] — [A:ip+ )

Since p1,0 and p2 o can be interchanged by an automorphism of P2, we have the following
four possibilities for p1 1, ...,pn 1:

(D) pri= By g N6 poy = Eygn 6y
o Autgz,(R) = {(1 e ) € PGLg(R)} o (—1)-curves: E1717E271’£§32)7€Z(/2)7€g2)
2) ! 2) e with configuration as in Figure 22,
e (—2)-curves: Eyo Esp that is, as in case 5B3.
Blowing down the (—1)-curve in Figure 22 that is not adjacent to any other (—1)-curve,

we see that X' arises as a blow-up of Xg4 in 1 point on F and X’ = X;5 by Remark
3.4.

@) pri=Eon ) poy = Eygn !

o Aut®, (R) = {(1 c ,;) c PGLg(R)}

e (—2)-curves: E%, E;Zg, ¢?

[ ] (—1)—CurveSZ ELI, E271, 1652)
e with configuration as in Figure 23. Figure 23

This is case 5D.
3) p11 = BN

o Aut®,( {(1 ) c PGLg(R)}

e (—2)-curves: E %2

e (—1)-curves: F |, B é 8,6(2) 02
e with configuration as in Figure 24. Figure 24

This is case 6B.
@) pr1=Eone)

o Aut%, (R) = {(1 c f) c PGLg(R)}
@ 2

e (—2)-curves: El?g , IS

e (—1)-curves: E1,1aE§,28
e with configuration as in Figure 25.
This is case 6.D.

Figure 25
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1bc
Case 8A. We have E = E, g and Aut%(R) = { (¢ /) € PGLy(R) }.

e \y + uzis E j-adapted and Aut%(R) acts as [A: pu] — [eA+ hp cip+ fA]

Therefore, there is a unique possibility for p1 1, ..., pp 1 up to isomorphism:

(1) pra = Byon e
o Autd ( {(1 F) e PGLy(R)} ——
e (—2)-curves: Eﬁ% Z ———
e (—1)-curves: ELl,Z,(zQ)
e with configuration as in Figure 26. Figure 26

This is case 7B.

Summarizing, we obtain

Lo = {Xia0 X240 Xop, Xom, X340, X30, X3D, X0 XaB, X4c)
Xs3p, Xap, Xsc, Xsu, Xac, Xar, X5, Xsp, XeB, X6, X7B}

4.4. Height 3.
Case 2A. We have E = (P E,, — (U?Zl EJ(QO) U &2 U 6P) and

Aut% (R) = {(1 ! ) € PGLg,(R)}. o

o \zy+ puz’is B, ;-adapted and E, -adapted and Aut% (R) acts as [X : p] = [A: 4]
o \y? + p(x + ay)z is By -adapted and Autgz(R) acts as [A : pu] — [A iy

Note that X has degree 2, therefore we are only allowed to blow up one more point p; 2.
Moreover, the involution z < ay of P2 lifts to an involution of X interchanging £, ; and
E, 1, thus we may assume without loss of generality that j = 1 or j = 3. Finally, if j = 3,
then the stabilizer of p3o € E M Ej3 is trivial unless p3 2 lies on the strict transform of
l34ay. Moreover, Aut% acts transitively on £ N E7 1. Hence, we have the following two
possibilities:

(1) ps2=E3, N Eg(vlay

with a ¢ {0, —1}
o Auth,(R)={("1 ) ePcLy(R)} o (—)D-curvesr Eyo, E{Y, By B,
7 3
e (—2)-curves: E§38,E§30),E§38,E§31) , givfy . -
3) ,3) A3) 3 ' ’ ’ e with configuration as in Figure 6,
b7 by 7€m+ay that is, as in case 1A4.

By Corollary 3.3, we have X' = )~(1A,a’ for some o'.
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(2) pr2 = By, NCY with Cy = V(wy + 22)
{id} if p#£2
{(11.>6PGL3(R) 12—1} if p=2

Hence, X' has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the
configuration of negative curves.

e (—2)-curves: Eﬁg, Eg’g, E?(fg, Eﬁ), E;(Es) , &5,3) , 623)

o (—1)-curves: By 5, B ES) ES) 62 0P
C{B), C’f’) with o ¢ {0, —1} and
Co = V(23y + 23> + 2222 4 a?y?2?)

e with configuration as in Figure 27. Figure 27

o Aut% (R) =

This is case 1L and we see that we get a 1-dimensional

family of such surfaces X, , depending on the parameter
Q.

Case2D. We have B = |2 B, — (U BV u 6 U 6P U 6?)) and
Aut®(R) = {(1 ] ) c PGLg(R)}.
e \zy+pz?is E; j-adapted and E, ;-adapted and Aut% (R) acts as [\ : ] = [\ :i%p]
o M2+ pu(r —y)zis FE ,-adapted and Aut% (R) actsas [A : p] — [A:dy]
Note that X has degree 2, thus we are only allowed to blow up one more point p; 2. Next,

note that the stabilizer of every point on E'N Ej , is trivial, hence we may assume j = 1

or j = 2. Similar to Case 24, the involution x ¢+ y of P? lifts to an involution of X
interchanging E, ; and Ej ;, thus we may assume without loss of generality that j = 1.
Hence, there is the following unique choice for p; 2 up to isomorphism:

(1) pl,? - E171 N C(2) Wlth C = V([]jy + 2'2)
{id} ifp#2
{(11‘>€PGL3(R)1'2:1} ifp=2

Hence, X' has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the

configuration of negative curves.
e (—2)-curves: Eﬁgg, Eé?g, E:g?g, Eﬁ), 553), 4}3) , 523) , Kffy
e (—1)-curves: E o, E§31): E§31), Eig, c®)
e with configuration as in Figure 28.
This is case 10.

o Autg?, (R) =

Figure 28
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Case 2E. Wehave E = (E; UE, | UE, ;) — (E{y UES)UES ue? ueP ue? )

1
and Aut% (R) = {( ] ) = PGLg(R)}.
o \xy+ pz?is FE, ;-adapted and Ej ;-adapted and Autg? (R)actsas [A: p] — [A:
o Mz —y)z + pz?is E, ;-adapted and Autg?(R) acts as [\ p] > [\ : 32 p]

4]

Note that X has degree 2, thus we are only allowed to blow up one more point p; 2. Next,
the automorphisms of P? interchanging P1,0, p2,0 and py o and preserving p3 o lift to X and
interchange E ;, E, ; and E, ;, thus we may assume j = 1. Finally, Autg? acts transitively
on /' N Eq 1, hence we have the following unique choice for p; 2 up to isomorphism:

(1) pr2 = By, NCY with Gy = V(wy + 22)
{id} if p £ 2
{(H,)ePGLg(R) 1'2:1} ifp=2

Hence, X' has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the
configuration of negative curves.

e (—2)-curves: Efg,Esg,Eig, §

e (—1)-curves: F o, Eé:sl), Eﬁ), Eé
Co =V(zy +y* + 22)

e with configuration as in Figure 29.

o Aut% (R) =

3 3
NN ONCNC)
Y}

C’f ),C'é ) with

This is case 1.NV. Figure 29
Case 3A. We have E = (E;; U Eyy) — (EUy U Eyy U £) and

1
Aut% (R) = {( ! ) € PGLg(R)}.
o \zy + pz* is E; j-adapted and Autg? (R) acts as [\ : p] > [\ : i%p]
o \y? + p(x + ay)zis Fj ,-adapted and Autg?(R) acts as [A @ p] — [z iy

Note that there is one unique point with non-trivial stabilizer on £ N Ej ;, while Aut% acts
transitively on £ N E7 1. Hence, we have the following three choices up to isomorphism:

(1) pro =By, NCY pyo = By e8], with Oy = V(zy + 2%) and o ¢ {0, -1}

(i} o
{(1 11.) € PGLy(R)|i2 = 1} ifp—2

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2
when describing the configuration of negative curves.

e (—2)-curves: E£387E§337E§31)7E§31),£( ) fg ),Zﬁza

o (~1)-curves: By 5, By, EYy, B, 05 >,e;3)y,c§3),0§3) with

Co = V(2%y + 222 + ayz?),Cs = V(2?y + 222 + ayz® + y3)

o Aut% (R) =
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e with configuration as in Figure 27, that is, as in case 1L. B
Blowing down the right-most (—1)-curve in Figure 27, we see that X’ is the blow-up
of some X4, in 1 point on E and X’ = X, ./ for some o’ by Remark 3.4.

(2) p32=E31 N /2 Wwith a Z{0,—1}

r+oay
° Autg(«,(R) = {(1 1 ) € PGL3(R) o (—1)-curves: E3,2’E§?1)7 Eé?& Efg,
! 3) p(3)
e (—2)-curves: Eﬁ%, §33,E§31),€§,3), Ex_ bay _ -
@) ,3) ’ ' ’ e with configuration as in Figure 7,
123 7£x+ay that is, as in case 2A.

By Corollary 3.3, we have X' XVQA’a’ for some «’'.
3) pr2 =B, NC® with C = V(zy + 2?)
{id} ifp 2
{(1 ; ) € PQL3(R)|i? = 1} ifp=2

Hence, X' has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the /S /)

o Autg?, (R) =

configuration of negative curves.

e (—2)-curves: Ef’g, Eé?g, Eﬁ) , 6153), 6&3)

b (—1)-CLII'VCSI E1,27 E?()?1)7 Eé?())? Ezfg ’ &(33) ) e:(zgﬂy’ ggi)—ay
with a & {0, —1}

e with configuration as in Figure 30. N\ \
This is case 2V and we see that we get a 1-dimensional
family of such surfaces Xoy , depending on the parameter Figure 30
.
Case3C. We have E = (Ey, U Eyy) — (EU) U ES) U 67 U ) and

Aut®(R) = {(1 ! ) c PGLg(R)}.

o vy + pz?is F, ;-adapted and Autg? (R) acts as [\ : p] — [\ : i%p]
o \vz + uy?is FE; 1-adapted and Autg?(R) acts as [A @ pu] — [iA : p

Note that the stabilizer of every point in £/ N Ej ; is trivial while Autg? acts transitively on
E N Eq1. Hence, we have the following unique choice for pq 2 up to isomorphism:
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(1) pro =B, NC® with C = V(zy + 2?)

{id} ifp 72
{(1 | Z) € PGLy(R)|i? = 1} ifp =2
Hence, X' has global vector fields only if p = 2.

o Aut% (R) =

Therefore, we assume p = 2 when describing the
configuration of negative curves. |

e (—2)-curves: E§38,E§33, %31)%&3),&(;3),523) |
e (—1)-curves: ElZ,Eél),Eégg,Efl) /¥

0 *z—y
e with configuration as in Flgure 31. N
This is case 2Q).
Figure 31
Case3D. We have E = (E;; U Ey;) — (EY) U Esy U £ U () and

) c PGLg(R)}.

1

0 (1
Aut% (R) = {( !
o vy +puz?is E, ;-adapted and Ej, ;-adapted and Autg? (R)acts as [\ : p1] — [\ : 2]

Note that the involution z <+ y of P2 lifts to an involution of X interchanging E, ; and E, ;.
Moreover, Aut% acts transitively and with finite stabilizers on both EN E7 1 and EN Eo 1.
Hence, we have the following three possibilities for py 2, ..., pn 2 up to isomorphism:

(1) pr2=E; 1 N 0(2),]?272 =Ey; N C®@ with C = V(xy + 2%)
{id} if p £ 2
{(H)ePGLg(R) ¢2:1} ifp=2

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2
when describing the configuration of negative curves.
e (—2)-curves: E§58,E§33,E§31),E§ 1),6; ),EZ(J ),6(3) c®)
e (—1)-curves: E1,2aE2,27E§8> fg,fi)y
e with configuration as in Figure 28, that is, as in case 10.
Blowing down the left-most (—1)-curve in Figure 28, we see that X' is a blow-up of
XQD in 1 point on E and X' XlO by Remark 3.4.

o Autg?, (R) =
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2) pr2=E; ;1N C’P,pgg =Ey; N 052) with C = V(zy + 22), Co = V(zy + az?),
a¢{0,1}

o Autg}«,(R) =

{id} ifp 2
{(1 1i) € PGL3(R)|i® = 1} ifp=2

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2
when describing the configuration of negative curves.

e (—2)-curves: ESB, Eé‘?g, E§31)7 Eé f,ﬁ; ),Eé ),6(3)
e (—1)-curves: ELQ,EQ,Q,E?()(;, fg,fi )y,C’(?’) Cég),Cés) with
Cs = V(2®y? + 229 + 22t + o?y2?)
e with configuration as in Figure 27, that is, as in case 1L.
Blowing down the right-most (—1)-curve in Figure 27, we see that X' is the blow-up
of some Xsza in 1 point on E and X' XlL’a/ for some o’ by Remark 3.4.

(3) pl,? - E171 N C(Q) Wlth C = V([L‘y + z2)
{id} if p # 2
{(11 ) € PGL3(R) i2=1} ifp=2

Hence, X' has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the

configuration of negative curves.
e (—2)-curves: Ef’g, Eég’g, ﬁ , £§§’>, Ez(f), ES)’)
e (—1)-curves: ElQ,Eé I),E:gsg,Eig,Ef)y,C(g)
e with conﬁguratlon as in Figure 32. N\

This is case 2P.

o Autg?, (R) =

VAR S 4

Figure 32

2 1
Case 4A. We have E = Ey , — E\ and Aut(R) = {( ] ) c PGL;»,(R)}.
o \y? + p(x + ay)z is By -adapted and Autgz(R) acts as [A: pu] — [z iy

Note that there is one unique point on ' N Es ; with non-trivial stabilizer, leading to the
following unique choice for p3 :

(1) pa2 = By, N €2

), with o & {0, 1}

e (—1)-curves: E; 27E£?87E§?3’

1
o Autl, (R) = {( 1 )GPGLz(R)} E® /B 3 ,3)
() 53 (3 (B horfe 2By ey
o (—2)-curves: Egq, B3, 07 0o, e with configuration as in Figure 10,

that is, as in case 3A.

By Corollary 3.3, we have X' = )?'31470/ for some o’
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Case 4B. Wehave E = By, — (ES)US”) and Aut (R) = {(1 ! ) c PGLg(R)}.

2 : 0 . . g
e A\z° + pyz is Ey j-adapted and Aut’; (R) acts as [A : ] — [z iy]
There is no point on E' N Ej ; with non-trivial stabilizer, so we get no new cases by further

blowing up X.

Case AC. Wehave E = Ey  —(E{ UL and Aut%(R) = { (1 1
2 s 0 . .52
o Azy + pz"is By j-adapted and Aut’s(R) acts as [A : p] — [A:i%p]

In particular, Aut% acts transitively on £ N E7 1. We get the following unique choice for
P1,2 up to isomorphism:

(1) pro =B, NC® with C = V(zy + 2?)
{id} if p#2
{(11.>6PGL3(R) 1221} ifp=2

Hence, X' has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the |

o Aut% (R) =

configuration of negative curves.

e (—2)-curves: Ef)g, Eﬁ), 6383), o) ‘

e (—1)-curves: ELQ,E%,E&?&,ES&,Z(S) ¢

T Hvtr—y

e with configuration as in Figure 33. NN
This is case 3IV.

Figure 33

Case 3B. Wehave E = \J2_, E;,~U2_, B\ and Aut%(R) = {(1 ! ) c PGLg(R)}.

(2

e \zy+pz?is E; j-adapted and E, ;-adapted and Aut% (R) acts as [\ : u] = [\ :i%p]
o Nz —y)z + pz?is F ,-adapted and Autg? (R)actsas [\ : u] = [\ :i%p

Note that automorphisms of P2 fixing [0 : 0 : 1] and interchanging the pj,0 lift to automorphisms
of X interchanging the Ej,l' Moreover, since X has degree 3, we are only allowed to blow
up two more points. Finally, on every ' N £} 1, the action of Autg? has two orbits and one

of them is a fixed point. Hence, we get the following six possibilities for pi 2,...,p32 up
to isomorphism:
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(D) pr2=FE ;N C{Q)apzz =Ey; N C§2) with
C1 = V(zy + 2?)

{id} ifp £ 2
{(1 1i) € PGL3(R)|i® = 1} if p =2

Hence, X' has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the
configuration of negative curves.

e (—2)-curves: Eﬁ%, Eé?g, Eégg, Eﬁ), Eé?’l) , 623), C{g) -~

e (—1)-curves: E1,2’ EQ’27 E?El), fg’), Eé?)),ﬁfﬁy, 053), C§3) | i
with Cy = V(zy + y* + 22),Cs = V(xy + 22 + 2?)
e with configuration as in Figure 34.

This is case 1 K.

o Autgz, (R) =

Figure 34

(2) P12 = El,l N C§2)7p2,2 = E271 N 052) with
Cy =V(zy + 2%),Cy = V(zy + az?),a € {0,1}

{id} S
{(1 1 ) € PGLy(R)|i* = 1} ifp—2

Hence, X' has global vector fields only if p = 2.
Therefore, we assume p = 2 when describing the
configuration of negative curves.

e (—2)-curves: Eﬁg, Eg’g, E?()‘?g, Eﬁ), E§31) , 623)

o (—1)-curves: By 5, By o, ESY 050,69 08 oY, o5,

Yy r»Fr—y
C'ZEB), C’E()?’), Cég), Cég) with C3 = V(zy + y? + 22),
Cy = V(zy + 22 + az?),
Cs = V(2%y? + 21 + ay?2? + %),
Ce = V(2%y? + 23y + 2222 + a?24),
Cr = V(2®y? + 229 + 22* + o?y2?)
e with configuration as in Figure 35.

o Aut% (R) =

This is case 1.J and we see that we get a 1-dimensional
family of such surfaces X1, depending on the parameter
.

REMARK 4.1. Figure 35 is by far the most complicated configuration that occurs
in our classification. To make Figure 35 easier to digest for the reader, we will now
break our habit of describing the curve configuration only via an intuitive picture and
also describe the dual graph of the configuration. Each white vertex in the dual graph
corresponds to a (—1)-curve and each black vertex corresponds to a (—2)-curve. The
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number of edges between two vertices corresponding to curves C and C is equal to
the intersection number of C'; and C5. With these conventions, the dual graph of Figure
35 looks as follows:

Figure 36. Dual graph of Figure 35

Note that, in general, a dual graph carries less information than the non-dual picture. In
our case, we see from Figure 35 that every simply laced triangle of vertices in Figure 36
corresponds to three curves meeting in a single point, every double edge corresponds
to two curves meeting in a single point with multiplicity 2, and every triple edge
corresponds to two curves meeting in two distinct points with multiplicities 2 and 1,
respectively. While the symmetry group of Figure 36 is the dihedral group D19 of order
12, the interested reader can use the additional information from Figure 35 to check that
the only involution in D15 that can actually come from an automorphism of X is the
unique central involution. And indeed, the pencil of cubic curves through the 8 points
p;,; contains the curve V(2%) and the smooth curve V(23 + 2%z + az?y + 22y + zy?),
hence it is an elliptic pencil and the inverse in the group structure on the generic fiber of
the associated rational elliptic surface (classically called “Bertini involution” associated
to the points p; ;) induces the central Z /27Z-symmetry of the above graph.

3) pr2 =By NCP pas = By N with Cy = V(wy + 22)

O fid} ifp# 2
o Auty, (R) = {(11 )ePGLs(R) z‘2=1} if p =2

i
Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2
when describing the configuration of negative curves.

e (—2)-curves: Eﬁ%, Eégg, Eégg, Eﬁ), Eégl) , 6&3), £§3)

e (—1)-curves: Ey 5, Ey ,, E§31), 61(13),[;3,)1/, C’{3), Cé?’), C’?Es) with
Co = V(zy +y? + 22), Cég) = V(2%y? + 2y + 24)
e with configuration as in Figure 34, that is, as in case 1 K. N
Blowing down the left-most and the right-most (—1)-curve in Figure 34, we see that X’
is a blow-up of X3p in 2 points on E which do not lie on the intersection of E with the

other (—1)-curves on )233 and X' = X by Remark 3.4.
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4) pr2=FE; ;N 07 pap = Eyq 0 i
1
o Autl (R) = {( ! ) € PGL3(R }
e (—2)-curves: E&),Eég,Ego),E(g), E®) E(x),@(/g),ﬁ( ) B

2,1
o (—1)-curves: E} 5, Ey,, Eégl), €§032y

e with configuration as in Figure 37.
This is case 1.

Figure 37

(5) pr2 = By, NCY with Gy = V(wy + 22)

{id} ifp=#£2
{(1 | ) € PGLy(R)|i? = 1} ifp =2
Hence, X' has global vector fields only if p = 2.

Therefore, we assume p = 2 when describing the
configuration of negative curves.

e (—2)-curves: E§38,E£33,E§38,E(3) i

1,1» £
e (—1)-curves: E12,E§B,E§1),€§Cd),£é),£;3)y70£3)7cé3) / \
with Co = V(zy + y? + 2?)

e with configuration as in Figure 38.
This is case 20. Figure 38

o Autl (R) =

(6) p12=FE; N 4/2)
o Autl, () ={("1 ) e PGLy(R)}
e (—2)-curves: E§8,E£33,E§8,E£1),53(;),5(3) _7_><* N
e (—1)-curves: E12,E§1),E§3f,£§c),£§3)y I
e with configuration as in Figure 39. Figure 39
This is case 25.

2 2 2 1
Case 4D. Wehave E = J2_, E,;,—>_, B3 and Aut% (R) = {( | ) c PGL3(R)}.
o \xy+ pz?is FE, ;-adapted and Ej, ;-adapted and Autg? (R) acts as [\ : u] — [\ : 2]

Note that automorphisms of P? fixing [0 : 0 : 1] and interchanging p; ¢ and pa ¢ lift to
automorphisms of X interchanging £, ; and E, ;. Moreover, Aut% has two orbits on each

E N Ej 1, one of which is a fixed point. Hence, we get the following six possibilities for
D1,2, P2,2 up to isomorphism:
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(1) pr2=E; 1 N C® pyy = By N C® with C' = V(zy + 2?)
{id} ifp #2
Aut’ (R) =
* Auty (R) {(1 | ) € PGL3(R)|i2 = 1} ifp=2

7
Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2
when describing the configuration of negative curves.
e (—2)-curves: Eﬁg, Eg’g, E§31)7 Eégl), 623), c®)
e (—1)-curves: Ey 5, Ey ,, E?()f)’g, 1S , £§3)
e with configuration as in Figure 31, that is, as in case 20Q).
Blowing down the right-most (—1)-curve in Figure 31, we see that X'isa blow-up of
Xsc in 1 point on E and X' = )~(2Q by Remark 3.4.

(2) pr2=E;;1 N C’P),pm =Ey; N 052) with C1 = V(zy + 22), Co = V(zy + az?),

a ¢ {0,1}
O fid} if p # 2
o Auty, (R) = {(1 1 ) € PGL3(R)|i* = 1} if p =2

7
Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2
when describing the configuration of negative curves.
e (—2)-curves: Ef’g, ES), E§31)7 Eégl), 623)
o (—1)-curves: E} 5, Ey, E?()‘?’g, o) , £§,3), C’{S), 053)
o with configuration as in Figure 30, that is, as in case 2N.
Blowing down the right-most (—1)-curve in Figure 30, we see that X’ is a blow-up of
some )?3,4’(1 in 1 point on E and X/ o )Z'QN@/ for some o’ by Remark 3.4.

(3) pr2 =By, NCO pyy = By NE) with C = V(ay + 22)
{id} ifp 2
{(H)ePGLg(R) ¢2:1} ifp=2

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2
when describing the configuration of negative curves.

e (—2)-curves: E%, Sg,Eﬁ),Ef’l),e;?’),ﬁ?)

o (—1)-curves: E) 5, Ey,, Eé‘?’g,ﬁf’), c®

e with configuration as in Figure 31, that is, as in case 20Q).
Blowing down the right-most (—1)-curve in Figure 31, we see that X’ is a blow-up of
)~(30 in 1 point on E and X'~ )NCQQ by Remark 3.4.

o Autgz, (R) =
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@) pra=Ey N0 pos = By 065

o Aut%, (R) = {(1 ! ) € PGL3(R)

7
e (—2)-curves: E%, Eé?g, Eﬁ), E§31), Exg) , E(yg) , 6;(;’)
e (—1)-curves: E172,E272,E§‘?8 |
e with configuration as in Figure 40. Figure 40

This is case 2F'.

(5) p1,2 - E171 N C(Q) Wlth C = V({I;y + ZQ)
{id} ifp# 2
Aut%,(R) =
[ ] u)(—/( ) {(11 )EPGL?)(R) 12:1} lfp:2

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2
when describing the configuration of negative curves.

e (—2)-curves: Ef’g, Eéf)’g, Eﬁ) , 6(23)

e (—1)-curves: F o, Eégl), Eé?g, 63(63), E;B), c®)

e with configuration as in Figure 33, that is, as in case 3 V. N
Blowing down the right-most (—1)-curve in Figure 33, we see that X’ is a blow-up of
X4c in 1 pointon E and X’ = X35 by Remark 3.4.

(6) pro =By N LY
o Autl, () ={("1 ) e PGLy(R)}
1

e (—2)-curves: E%, Eésg , Eﬁ) , 55,3), %) ‘

e (—1)-curves: E1,27 E§31), Ei,(fg, &(03) |

e with configuration as in Figure 41. Figure 41
This is case 3E.

7

2 1 ¢
Case 5C. We have £ = E| | — E&% and Autgz(R) = {( 1 Z) € PGL3(R)}.
o vy + pz?is F) ;-adapted and Autg? (R) acts as [\ : p] + [\ : i%p]

Note that this is the first case in which there exists no Aut())z,—stable E 1-adapted pencil (see
Example 2.14). We remind the reader that we explained how to calculate the Autg?—action
on exceptional curves using not necessarily Autg?—stable adapted pencils after Definition

2.12. From now on, we will no longer explicitly point out when a non—Aut%—stable adapted
pencil is used and assume that the reader is familiar with the techniques explained in
Subsection 2.2.
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Since Aut% has two orbits on ' N £ 1, we get the following two possibilities for p; 2
up to isomorphism:

(1) P12 = ELl N 0(2) with C = V(Sﬂy + ZQ)
("17) e PGLy(R) ifp £ 2
(11?) € PGL3(R) i2:1} ifp=2

We describe the configurations of negative curves on
X' for p # 2 and p = 2 simultaneously: ‘

o Autg?, (R) =

e (—2)-curves: Efg, Eﬁ), &)

e (—1)-curves: F o, Eéf)’g, Eé?g, El(/g)
e with configuration as in Figure 42.

This is case 4F if p # 2, and case 4M if p = 2. Figure 42

2) pr2=Ep ney
o Aut%, (R) = {(11) EPGLg(R)} —

e (—2)-curves: ES&ESI)?%:S)?E?) ‘ ‘

e (—1)-curves: E o, Eé?g, Eésg
e with configuration as in Figure 43. | |

This is case 4H. Figure 43
2

Case 3H. We have B = (', E;; — (U, BV u 6P u e U ) and
1
Aut%(R) = {( ) c PGLg(R)}.

o \zz + py?is F) ;-adapted and Autg? (R) acts as [\ : j1] > [iX : €2y
o \zy + p2? is B, ;-adapted and Aut%(R) acts as [ : ] — [eA : i%4]

e \yz + pa® is Ey | -adapted and Autg?(R) acts as [\ : pu] — [eil : p]

Note that all automorphisms of P? inducing cyclic permutations of P1,0,P2,0, and p3 o lift

to automorphisms of X and since X has degree 3, we can only blow up two additional
points. Moreover, Aut% acts transitively on every £ N Ej 1. Hence, we get the following
two possibilities for pq 2, ..., p3 2 up to isomorphism:
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(1) pra = By NCOP pao = Eyy NS with Cy = V(wz + y?),Cy = V(zy + 22)
{id} iftp#3
{(leeQ)EPGLg(R) 63:1} ifp=3

Hence, X' has global vector fields only if p = 3.
Therefore, we assume p = 3 when describing the
configuration of negative curves.

e (—2)-curves: ES&, Eg’g, E:(,fg, Eﬁ) , E£31)7 E;(,;g) , &53), 6&3)

e (—1)-curves: ELQ, Eg,za E?(,31)

o with configuration as in Figure 44.
This is case 1G.

o Autg?, (R) =

Figure 44
(2) P12 = E171 N 0(2) with C = V(IZ + y2)
0 = 1
o Autg, (R) = {( e 82) € PGLs(R)} e (—1)-curves: E1,2’E§?1)7E§:,31)
e (—2)-curves: Eﬁ%, 5307E§38, Eﬁ) , e with configuration as in Figure 40,

&(1:3), 5783)7é3) that is, as in case 2F.

Blowing down the left-most and the right-most (—1)-curve in Figure 40, we see that X’
is a blow-up of X,p in 2 points on F and X' = X, by Remark 3.4.

CasedG. We have E = |2 E;; — (L, EY U ¢ U ) and

Aut®(R) = {(1 ) c PGL3(R)}. o

o vz + uy?is F) ;-adapted and Aut% (R) acts as [\ : ju] ~> [iX : €2y
o \zy + p2? is B, ;-adapted and Aut%(R) acts as [ : ] — [eA : i%4]

Since Autg? acts transitively on every /' N E; 1, we get the following three possibilities for
D1,2, P2,2 up to isomorphism:
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(1) pra = By, MO, pao = Eyy N O with Oy = V(@z + y?),Cy = V(zy + 22)
{id} ifp#3
{(1662)€PGL3(R)€3—1} ifp=3

Hence, X' has global vector fields only if p = 3.
Therefore, we assume p = 3 when describing the
configuration of negative curves.
e (—2)-curves: Eﬁ%, Eg’g, Eﬁ), E§31)7 E;(Es) , ES’)
e (—1)-curves: E\ 5, Ey 5, E§33 , 63(13)
e with configuration as in Figure 45.
This is case 2.J.

o Aut% (R) =

Figure 45

(2) p2,2 = E271 N 0(2) Wlth C = V(,’L‘y + 22)
(3) 3

1 3
o Autl,(R) = {( 2 ) € PGLg(R)} o (—1)-curves: E,,, B, ESY), 0§
i . . ol
3 4 3 (3) (3 e with configuration as in Figure 41,
e (—2)-curves: Ei), Eé,g’ Eé,l)v&(v )’ fg ) that is, as in case 3E.

Blowing down the left-most (—1)-curve in Figure 41, we see that X' is a blow-up of
Xyp in 1 point on F and X’ = X35 by Remark 3.4.

(3) p12 = E;; N C® with C = V(22 + ¢?)
3) ®

o Aut%, (R) = {(1 e 2) e PGLg(R)} o (—1)-curves: By, B, ESY . 4y

3 N 3 (3) (3 e with configuration as in Figure 41,
e (—2)-curves: Eig, Eé,gv Eil),eé )7 gg ) that is, as in case 3E.

Blowing down the left-most (—1)-curve in Figure 41, we see that X'isa blow-up of
X4p in 1 point on E and X’ = X35 by Remark 3.4.

Case AF. We have E = (Ey; U Ey1) — (E{y U Eyy U € U £5) and
1
Autd.(R) = {( ) e PGLg(R)}.

o \vy+pz?is E, ;-adapted and E, ;-adapted and Aut%(R) acts as [\ : p] — [e) : i%p)

Note that the involution x ¢+ 3 of IP? lifts to an involution of X interchanging F 1 and
E5 1. Moreover, Autg} acts transitively on both £ N 41 and £/ N Es 1, but the stabilizer
of every point on £ N E4q 7 acts trivially on £ N E5 1. Hence, we have the following three
possibilities up to isomorphism:
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(1) pr2=E; 1 N C® pyy = By N C® with C' = V(zy + 2?)

0 _ (.
i AUt)}/(R) = {( i Z) € PGLB(R)} e (—1)-curves: E172,E272,E§?8,€£3)
e (—2)-curves: e with configuration as in Figure 8,
B B, B B2 4P,c® thatis,asin case 2D.
By Corollary 3.3, we have X’ = X,p.

@) pra = By NCP pas = By MO with Oy = V(wy + 22),Cy = V(zy + az?),

a ¢{0,1}
3
. Autgz,(R) = {(1 i ) € PGLg(R)} e (—1)-curves: E1,27E2,2’E§,3=

v (3) ~(B) ~(3)
o curves: B B 5@ pG) ., cf
o (=2)-curves: Byg, o, Biy, Fa e with configuration as in Figure 7,

3) ,(3
&gc )v 57(; ) that is, as in case 2A.
By Corollary 3.3, we have X! )~(2A70/ for some o.
(3) pr2=FE; 1N C® with C' = V(zy + 2?)
) (3) 1(3)
1 o (—1)-curves: E) 5, Ey7, E3y,
o Autl,(R)={( " » ) € PGLy(R) } o o)

e (—2)-curves: Ef’g, Eégg, Eﬁ) , €§c3), ﬁz(f) e with configuration as in Figure 12,
that is, as in case 3D.

By Corollary 3.3, we have X’ = X3p.

Case 5B. Wehave E = Ey , —(EU) U6t and Aut® (R) = {(1 e ) € PGLg(R)}.
o vz + uy?is E, ;-adapted and Autg?(R) acts as [\ : p] — [iX : e2p)

Since Autgz acts transitively on £/ N E7 1, we have the following unique choice for p; 2 up
to isomorphism:

(1) pl,? - E171 N C(2) Wlth C = V(gjz =+ y2)
. (3) (3)

1 e (—1)-curves: E 5, By, Bz,

o Autd,(R)={("¢ ) ePGLy(R)} 20

Y
e (—2)-curves: Eigg, Eﬁ),ég’) e with configuration as in Figure 17,

that is, as in case 4D.

)

By Corollary 3.3, we have X’ = X,p.

Case 5D. Wehave B = )2, B, | — (U2, EVy U (%)) and
1
Aut®(R) = {( e {) c PGLg(R)}.

e \zz + puy® is E; j-adapted and Autg? (R) acts as [\ : p] = [iX : ey
o \xy + pz?is FE, ,-adapted and Autg? (R) acts as [\ : j1] — [eX : 32y



Note that Autg} acts transitively on £ N £y 1, and with two orbits, one of which is a
fixed point, on £'N F5 1. Hence, we have the following five choices for p;1 2, p22 up to
isomorphism:

(D p2 = By N 052),}?2,2 = Ey; N (152) with
C1 =V(xz+y?),Cy = V(zy + 2°)
{(11f>EPGL3(R)} ifp#£3

o Aut’ (R) = !
X {( 6J‘2>EPGL3(R)63:1} ifp=3

We describe the configurations of negative curves on
X' for p # 3 and p = 3 simultaneously:
e (—2)-curves: Eﬁ%, Esg, Eﬁ), E§31)7 ES‘)
[ ] (—1)—CuI‘VGSZ E172, E272, E;(gs)

e with configuration as in Figure 46. Figure 46
This is case 3F if p # 3, and case 3K if p = 3.

@) pr2 = B NC® oy = By 0 with C = V(zz+32)

1
o Aut%, (R) = {( e f) € PGL3(R)} /}M
e (—2)-curves: E§?8,E§33,E§31)7 5317£( : 623)

o (—1)-curves: F 5, Fy,

e with configuration as in Figure 47. Figure 47
This is case 31.

(3) p2,2 = E271 N 0(2) Wlth C = V(,’L‘y + 22)

1
° Aut0~ (R) = {( 2 ) e PGLg(R)} e (—1)-curves: E272,E£?1),&(63)
3 3 e with configuration as in Figure 43,
e (—2)-curves: E§87E§3» él),f( ) that is, as in case 4H..
Blowing down the (—1)-curve in the middle of Figure 43, we see that X'isa blow-up
of X5C in 1 point on E and X'~ Xyuy by Remark 3.4.

@) pos = Ey N1

1

o Aut%, (R) = {( e f) e PGLg(R)}
e (—2)-curves: Ef’g, Eg’g, Eé?’l) , 653), £§3)
e (—1)-curves: E,,, Ef’l)

e with configuration as in Figure 48.

Figure 48
This is case 4K.
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(5) pr2=E; 1 N C® with C = V(zz + y?)

e

o Aut%, (R) = {(1 f2> EPGL3(R)} —

e (—2)-curves: E%,Eéi)),Eg,ég) -1

e (—1)-curves: F o, ng”l),eg?’)
e with configuration as in Figure 49. Figure 49
This is case 41.

Case 6B. We have FF = y ; — E{ and Aut%(R) = { ("¢ ©) € PGLy(R)}.
b ) 1
e \zy + pz* is E; j-adapted and Aut(}( (R) acts as [\ : j1] — [eX : 32y
Since Aut())z has two orbits on £/ N F1 1, we have the following two choices for p1 2 up to
isomorphism:
(1) pra=FE; 1N C® with C' = V(zy + 2?)
(3) 4(3)

o Aut? (R) = {(1 ) €PGLy(R)} o (~1)-curves: E, o, EY), 0 1L
(3) 1(3) e with configuration as in Figure 18,
e (—2)-curves: E1,07 E1,1 that is, as in case 5C.

By Corollary 3.3, we have X’ 2 X5c.
2) pr2=Ep ney
1

o Autd,(R) = {('c9) ePaLym)} o (~D)-curves Ey 5, ES) 0%
(3) 1(3) 3) e with configuration as in Figure 23,
e (—2)-curves: Evo, Evisty that is, as in case 5D.

By Corollary 3.3, we have X’ = X5p.

C

Case 6D. Wehave E = By | —(EU) ) and Aut® (R) = {(1 e f) e PGLg(R)}.

)

e \zz + puy® is E; j-adapted and Aut(}( (R) acts as [\ : p1] = [iX : ey

Since Autg? acts transitively on ENE} 1, there is only one choice for p; 2 up to isomorphism:
(1) pl,? - E171 N 0(2) Wlth C = V(.’EZ + yQ)

e Aut® (R) = {(1 e

Qo0

€ PGLg(R)}

e (—2)-curves: Ef’g, Eﬁ), &) I
e (—1)-curves: E o, Eégg
e with configuration as in Figure 50. Figure 50

This is case HE.

bc
Case 7TB. We have E = Ey ; — E\%) and Aut’.(R) = {(1 ‘ f) € PGLg(R)}.
o \zz + py?is F, ,-adapted and Autg? (R) acts as [\ : j1] > [iX : €2y
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Since Aut% has two orbits on £/ N £} 1, there are the following two choices for pq 2 up to
isomorphism:

(1) pro =B, NC® with C = V(zz + y?)

1b ¢
sty = {1 eporain) ]
e (—2)-curves: Eﬁ%,Eﬁ) ’ I |
e (—1)-curves: F; 2,5(3) Fi 51
e with conﬁgurat1on as in Figure 51. e
This is case 6 E.
@) pro =By, 0
1b
o Aut%, (R) = {( ) € PGLs(R)}
o (—2)-curves: Eig, fl) i
e (—1)-curves: F , Figure 52

e with configuration as in Figure 52.
This is case 6 F'.

Summarizing, we obtain
Ly = {Xira X10, Xin, XoNa, X2, Xor, Xan, X1k, X170, X1B, X20, XoB, Xor,
X3, Xup, Xanr, Xam, X1, Xog, X3r, X3, X371, Xar, Xar, Xsg, Xep, Xer}

4.5. Height 4.
Case 2N. This case exists only if p = 2.

We have E = E, , — E{"] and Aut®(R) = {(1 ! ) € PGL3(R)

i = 1}.

o @y +x2%) 4 p2® is B, y-adapted and Aut%(R) acts as [A @ pu] — [A:ipl.

Note that there is only one point on E'N E , with non-trivial stabilizer, hence we have the
following unique choice for pq 3:

(1) prs = By, N CY with C1 = V(wy + 22)
o At (R) = {(1 ! ) = PGL3(R)‘Z‘2 - 1}

o (~2)-curves: By, Byg, By, By, 6 0

e (—1)-curves: E, 5, BV, E§ D ED 0 ),e;4>y, e;‘fgay, cf‘*), SN SR RN SN
with Cy = V(my—i—y +z 2, C’3 V(x? y—i—:cz: +ayz 9,
Cy = V(a? y+xz +y + ayz?), Cs = V(2?y? + 2222 + 23y + o?y?2?),
Ce = V(zy® + 2222 + 23y + o?*y?2?),a € {0, -1}
e with configuration as in Figure 35, that is, as in case 1.J.
By Corollary 3.3, we have XX 1J,o for some o'
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Case 2@). This case exists only if p = 2.
We have £ = E, 5, — Efdl) and Aut%(R) = {(1 1 ) € PGL3(R)
b b 1

i2 = 1}.

o \(a?y +x2%) 4 p2® is B y-adapted and Autg?(R) acts as [A @ pu] — [A:ipl.

Note that there is only one point on E'N E , with non-trivial stabilizer, hence we have the
following unique choice for pq 3:

(1) p1,3 - E172 N C§3) with Cl = V(xy + 22)

\ () + (~tcurves: By, 81, 5, 5L
1 ¢ oW o oY with
:{(1,)6PGL3R)¢2:1} AT I
i Cy =V(zy + y~ + 2°),
e (—2)-curves: Eﬁ%, E?(:lg, Eﬁ), E{g, Cs = V(z2* + 2%y + y°)

e with configuration as in Figure 34,

@) @) )4
ey by~ L that is, as in case 1 K.

By Corollary 3.3, we have X’ = X ;.

Case 2P. This case exists only if p = 2.
We have E = E, , — E{’] and Aut’(R) = {(1 1 ) € PGL3(R)

%

i = 1}.

o Aa?y +x2%) 4 p2® is B, y-adapted and Aut%(R) acts as [\ : p] — [IA @ pl.

Note that there is only one point on £ N E} , with non-trivial stabilizer, hence we have the
following unique choice for pq 3:

(1) prs = B, N CY with €y = V(wy + 22)
. Aut(}(,(R)

_ {(1 | ) € PGL3(R)

)

) e (—1)-curves: E| 4, Egll), E§48, Efg,
3 — 1 ) b K k)
! } E:(f,)y, C§4) with Cy = V(zy + y? + 22)
e (—2)-curves: Eﬁ%, E§73, Eﬁll)7 Ef}), e with configuration as in Figure 29,

ng),éy(f), 524)’ C§4) that is, as in case 1NV.

By Corollary 3.3, we have X’ & X .

Case 3N. This case exists only if p = 2.
We have E = B, , — E{’) and Aut% (R) = {(1 1 ) € PGL3(R)

)

i2 = 1}.

o \Nz%y + x2%) + p2dis FE) ,-adapted and Aut%(R) acts as [A : p] — [ :ipl.

Note that there is only one point on £ N E} , with non-trivial stabilizer, hence we have the
following unique choice for pq 3:

(1) prs = B, N CPY with Gy = V(wy + 22)
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4 4 4
o At (B « (-1)curves: B, 533, B3, E3

4) ) A4 ~E)
_ 1 9 b7 0,2, Cy 7, Oy with
_{( 1i>EPGL3(R)Z —1} Co = V(zy + 12 + 22)

o (—2)curves: Eﬁg, Eﬁ), E§42), 51(;4)a 624) . With.conﬁguration as in Figure 38,
; : ’ that is, as in case 20.

i = 1}.

o Nz%y + x2%) + p2dis FE) ,-adapted and Aut%(R) acts as [A @ p] — [ :ipl.
Note that there is only one point on £ N E; , with non-trivial stabilizer, hence we have the
following unique choice for pq 3:

By Corollary 3.3, we have X’ 2 Xy0.

Case 20. This case exists only if p = 2.
We have E = E, 5 — E{"] and Aut®(R) = {(1 | ) € PGL3(R)

7

(1) prs = B, N CY with Gy = V(wy + 22)

° Autg?, (R)

4 4) (4
(') evertmlpt)+ Crranes 5 B
U ) ) 6,6
. a—y
e (—2)-curves: Eio0.Eso,Esp, Eq s e with configuration as in Figure 29,
ES‘Q), Egl), C§4), 054) with that is, as in case 1.V.

Cy = V(xy +y* +2°)
By Corollary 3.3, we have X’ 2 X v.

Case 2B. Wehave E = Ey ,—(E{UL)")) and Aut%(R) = {(1 1 ) € PGLg(R)}.
o 2y + p2dis FE) ,-adapted and Autg?(R) acts as [\ : p] = [\ : 3.

Hence, we have the following unique choice for p1 3 up to isomorphism:

(1) pr3 =B, ,NCO with C = V(z%y + 23)
{id} if p # 3
{(11.>€PGL3(R)Z'3=1} ifp=3

Hence, X' has global vector fields only if p = 3.
Therefore, we assume p = 3 when describing the
configuration of negative curves.

o (—2)-curves: Eﬁ%, Eéflg, Eéj%, Eﬁll), Eﬁ; ; 554), s o B

o Autg?, (R) =

e (—1)-curves: E173,E§%I),E§f11),€;4), ;4_)y ]

e with configuration as in Figure 53.

This is case 1FE. Figure 53

90



Case 2F. We have E = (Ey, U Eyy) — (B U ES) U Y U 6f) and
Aut%(R) = {(1 1 Z) € PGLg(R)}.

o Moy + p2dis E, 5-adapted and Aut%(R) acts as [\ @ p] — [\ :d3pl.

o \zy? + p2dis FE, o-adapted and Aut%(R) acts as [\ : p] = [\ : 3.
Note that the involution 2 «+ y of P? lifts to an automorphism of X interchanging F, 5 and

Ey 5. Moreover, since X has degree 2, we are only allowed to blow up one more point.
Hence, we have the following unique choice for p; 3, p2 3 up to isomorphism:

(1) P13 = ELQ N 0(3) with C = V(x2y + 23)
{id} ifp#3
{(H)ePGLg(R) ¢3_1} ifp=3

Hence, X' has global vector fields only if p = 3. Therefore, we assume p = 3
when describing the configuration of negative curves.
o (—2)curves: B, 50, B, 5D, B0 4D (0 o)
e (—1)-curves: E173,E§2),E(4)
e with configuration as in Figure 44, that is, as in case 1G.
By Corollary 3.3, we have X’ 2 X .

. Autg?, (R) =

Case 3E. Wehave EE = Ey ,— (E{ U6 and Awt% (R) = { ("1 ) € PGLy(R) }.
) 5 i

o \z2y + p2dis E, 5-adapted and Aut%(R) acts as [\ : p] — [\ :d3pl.
Hence, we have the following unique choice for p; 3 up to isomorphism:
(1) p13 = E;, N CO) with C = V(a?y + 2°)
{id} ifp+#3
{(11.)EPGL3(R)Z'3:1} ifp=3

3

Hence, X’ has global vector fields only if p = 3. Therefore, we assume p = 3
when describing the configuration of negative curves.

o (~2)-curves: B\, By, EV) B 50 oY

e (—1)-curves: E1,3,E§71),E§j43,€§c)

e with configuration as inN FigurNe 45, that is, as in case 2.J.
By Corollary 3.3, we have X' = X5 ;.

o Aut% (R) =

Case 4F. This case exists only if p # 2.
We have E = Ey , — E{") and Aut(R) = {(1 | 1) e PGLg(R)}.
o A(a?y +x2%) 4 p2® is E, y-adapted and Aut%(R) actsas [\ : p] — [N p— ¢

In particular, the stabilizer of every point on £ N E , is trivial, hence this case does not
lead to additional weak del Pezzo surfaces with global vector fields.
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Case 4M. This case exists only if p = 2.
Wehave £ = F, , — Eﬁ) and Aut%(R) = {(1 1 c) € PGL3(R)|i*
) ) (2

:1},

o A&y +x2%) 4 p2® is B, y-adapted and Aut%(R) acts as [\ : pu] — [\ ip+ e

In particular, Aut% acts transitively on N Ej o, so there is the following unique possibility
for p1,3 up to isomorphism:

(1) p1,3 - E172 N C§3) with Cl = V(qjy + 22)

d Aut},(R) e (—1)-curves: £ 30 Egl) Eglg,&(jl),
= {(1 1 ) € PGL3(R)|i%® = 1} C§4),C§ ) with Co = V(zy + y* + 2?)
! e with configuration as in Figure 33,
e (—2)-curves: EYB, Eﬁ), E§42) NS that is, as in case 3V.

By Corollary 3.3, we have X’ = X3y.

Case AH. Wehave E = E, ,—(E{*]U(}”)) and Aut% (R) = {(1 1 C,) € PGLg(R)}.

7

o 2y + p2dis E, y-adapted and Aut%(R) acts as [\ : p] > [\ :33p]

Since Autg} acts transitively on £/ N £ o, there is the following unique possibility for p; 3
up to isomorphism:

(1) P13 = ELQ N 0(3) with C = V(xzy + 23)
{(11;>€PGL3(R) ifp+#3
{(110,)6PGL3(R) i3:1} ifp=3

We describe the configurations of negative curves on X' for p# 3andp = 3
simultaneously:

e (—2)-curves: E£8,E§41),E§2),€(4) 1S
e (—1)-curves: E 3, Eé 8, E§43
e with conﬁguratlon as in Flgure 46, that is, as in case 3F' or 3K.
By Corollary 3.3, we have X' Xypifp # 3, and X' Xy ifp = 3.

° Autoi,(R) =

Case 2J. This case exists only if p = 3.

We have E = (E; UE, ,)—(E{JUE{)) and Aut% (R) = { (1 e 2) € PGL3(R)|e3

e

:1},

o A2z + xy?) 4+ py® is E, ,-adapted and Aut%(R) acts as [\ : p] > [e2\ @ .
o MNzy? +y2?) + p2dis E, ,-adapted and Aut%(R) acts as [\ : p] = [e2\ : .
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Note that X has degree 2, hence we are only allowed to blow up one more point. Moreover,
there is a unique point on E'N E 5 and on £/ N E, , with non-trivial stabilizer. Therefore,
we have the following two possibilities for p 3 and ps 3:

(1) p2,3 - E272 N C(S) with C = V({I;y + ZQ)

At () (4) 1(4) ,(4)
o (—1)-curves: E, o, E; 5, Ea g, by,
_ {(1 e ) € PGL3(R)|e® = 1} (0(4)) 23T TR0
e (—2)-curves: Ef 87 E§40)7 E§ 1)7 Eél) o with.conﬁguration as in Figure 53,
542) €(4) 6(4) that is, as in case 1 F.

Blowing down the (—1)-curve in Figure 53 that is not adjacent to any other (—1)-curve,
we see that X’ is a blow-up of X5 in 1 point on £ and X’ = X5 by Remark 3.4.

(2) p1,3 = E172 N C(B) with C = V(.’EZ —+ y2)

Aut’

- Xll(R) 5 e (—1)-curves: F, 3,E§42),E§48,€§4),
= {( e ) € PGLg(R) € = 1} 0(4)

e (—2)-curves: Ef 87 E§43,E§ 1)7 Eéjll), e with configuration as in Figure 53,

Ef 2)’g( ) 6(4) that is, as in case 1F.

Blowing down the (—1)-curve in Figure 53 that is not adjacent to any other (—1)-curve,
we see that X’ is a blow-up of X5 in 1 point on £ and X’ = X5 by Remark 3.4.

Case 3F. This case exists only if p = 3.
1
We have E = (B, 5 U By) — (EP] U ELY)) and At (R) = { (11 ]lf) € PGLy(R) }.

o \Nz%z + zy?) + pyd is FE) ,-adapted and Autg?(R) actsas [A: pu] — [A:p—2f)
o \ay? +y2?) +pzdis E, y-adapted and Aut%(R) actsas [A: pu] = [N p— fA

If p # 2, then Autgz acts simply transitively on both £/ N Ey 2 and £/ N E5 o, hence we

cannot blow up X any further and still obtain a weak del Pezzo surface with global vector
fields. If p = 2, then Autgz still acts transitively on £ N E5 o, but now it acts trivially on
E N Eq 2. This leads to the following possibilities for pi 3:
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(1) p13 = E; 5N CO) with C = V(2?2 + xy® + ay?)

{id} ifp#23
{(1 1 {) c PGLg(R)} ifp =2
Hence, X’ has global vector fields only if p = 2.

Therefore, we assume p = 2 when describing the

configuration of negative curves.
e (—2)-curves: Eﬁ%, Eéflg, Eﬁ) , Eéi), E%) , 624)
e (—1)-curves: E 3, Eég,é;ﬁl)

e with configuration as in Figure 54.

° Autg?,(R) = {

This is case 2R and we see that we get a 1-dimensional

family of such surfaces X o, depending on the parameter Figure 54
a.

Case 3K. This case exists only if p = 3.
1
We have E = (I, ,UE, ,)—(E{JUEYY) and Aut®(R) = { < e f ) € PGL3(R)

e

63—1}.

o 2%z +ay?) +py’is E, y-adapted and Autg?(R) acts as [\ : pu] = [N p—2ef )
o Aay? +yz*) + pz® is By y-adapted and Autg?(R) acts as [A : p] > [€2\ : p—ef )]

Note that Autg} acts transitively on both &' N E1 2 and £ N Ey». The stabilizer of every

point on £'N E 2 is isomorphic to p3 and this 3 has a unique fixed point on £ N E5 5. This
leads to the following three possibilities for p; 3, p2 3 up to isomorphism:

(1) prs = BN CY pas = Eyy NCS with Oy = V(wz +42), Co = V(zy + 22)
° Aut[}(,(R)
1

- {( 662) € PGL3(R)

o (—1)-curves: E 3, Ey 5, oY, C§4) ,

C§4) with C3 = V(z2y? + 232 + 24)
o (—2)-curves: EY%? E§43, E§41), EY, e with configuration as in Figure 53,
4) (4) ,4) ’ ’ ’ that is, as in case 1F.
By, Eso, t

e3

)

(4

Blowing down the (—1)-curve in Figure 53 that is not adjacent to any other (—1)-curve,
we see that X’ is a blow-up of X5 in 1 point on £ and X’ = X; g by Remark 3.4.

(2) pa3 = B, NCG) with C = V(zy + 2?)
. Aut%,(R)

- {(16.32) € PGLy(R)

1,2: %

e with configuration as in Figure 45,
4 4 4 4

e (—2)-curves: Ei(z? E;(z, EH? E§1), that is, as in case 2.J.

EY, e

e3 = 1} e (—1)-curves: E273,E(4) & c®

By Corollary 3.3, we have X' 2 X, .
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3) pr3 = E; ,NCB) with C = V(zz + ).
. Aut(}(,(R)

1
- {( 62) € PGLy(R)[e* =1 e (—1)-curves: E1’3,E;12),£§;4)
o (—2)-curves: EYB? E;lg, Eﬁll)7 Egil)’ e with configuration as in Figure 54.
B3, &
This is case 2K.
Case 3. We have E = (E;, U Ey,) — (Eﬁ) U Eégl) U E(wg)) and

Aut%(R) = {(1 e f2> € PGLg(R)}.

e

o MNz2ztay?)+uydis E, ,-adapted and Aut%(R) actsas [\ : p] > [€2X: e3u—2ef)]
o \xy? + p2dis E, 5-adapted and Aut%(R) acts as [\ : p] > [e2\ : €Sy

Note that Aut% acts transitively on £ N Foo. If p # 2 (resp. p = 2), then Autoi acts
transitively (resp. with two orbits) on £ N E 2. We have the following five possibilities for
D1,3, P2,3 up to isomorphism:

(1) prs = BN CY . pas = By y N CFY with
Cr=V(@*z+ x> +93),Co = V(zy? + az3),a £ 0

i if 2
e Aut® (R) = tid) p#
{( 1{>6PGL3(R)} ifp =2
Hence, X' has global vector fields only if p = 2. _} I I |
Therefore, we assume p = 2 when describing the
configuration of negative curves. I I |
e (—2)-curves: EELO), ngg, Efll), E§41) , Eﬁg, Eég, &(04), 624)

[ ] (—1)-CuI‘VCSI E173,E273
e with configuration as in Figure 55.
This is case 1Q) and we see that we get a 1-dimensional Figure 55

family of such surfaces X1¢ , depending on the parameter
o.
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@) prs = BN CY pag = Eyy N CS with O = V(w2 + y2), Co = V(ay? + 29)
{id} ifp#£2
Autl =
° U.tX/(R) {(143];) EPGL?,(R) 6421} ifp=2

Hence, X' has global vector fields only if p = 2. Therefore, we assume p = 2
when describing the configuration of negative curves.
e (—2)-curves: EYB, E;lo), E§41) , Eéjll), Eﬁg, Eég, 6554) , 624)
e (—1)-curves: E} 3, Ey 4
e with configuration as in Figure 55.
This is case 1R.

(3) p23 = By, N CB) with C = V(zy? + 23)
{(11f>EPGL3(R)} ifp#2
b Autg{*l(R) = 1 !
{< e J;) € PGL3(R) 6421} ifp=2

We describe the configurations of negative curves on ' |
X' for p # 2 and p = 2 simultaneously:

e (—2)-curves: EYB, E;lg, Eﬁll)a E&)’ E§42) J 624)’ £§4) | I I |

(4)

o (—1)-curves: Ey 5, Ey ,
e with configuration as in Figure 56.

This is case 2H if p # 2, and case 2V if p = 2.
Figure 56

@) p13 = E;,NCO with C = V(22 + 3?)
1 .
{("e ) ercrsm)} itp#2
o Aut% (R) = 1€
{( ef2> EPGLg(R)} ifp=2

We describe the configurations of negative curves on I I

X' for p # 2 and p = 2 simultaneously: I I
@) p@) p@) B p@) @) 4)

e (—2)-curves: EioEsp, Erq, Eaq, Eq g, oz
e (—1)-curves: E 3, E§42)
e with configuration as in Figure 57.

This is case 2G if p # 2, and case 2U if p = 2. Figure 57

(5) Letp=2andp1,3 = E; 5N C®) with C = V(2?2 + 2y? + ).

1
o Aut%, (R) = {( ! ,{) e PGLg(R)} N
_ @ @) o p@ o (—1)-curves: E 5, E;
o (=2)-curves: By 5, By g,y By, e with configuration as in Figure 57.
EBfY. 67,69

This is case 27'.
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Case 4K. Wehave E = E272—(E§?1)U£§C3)) and Aut%(R) = {(1 e ) € PGLg(R)}.

)

o \zy?® + pz? is B, 5-adapted and Aut%(R) acts as [\ : p] — [\ 1 i3p]

Since Aut% acts transitively on E/' N FEa 9, there is a unique possibility for po 3 up to
isomorphism:

(1) P23 = E272 N 0(3) with C = V(:Cy2 + 2;3)

° Autg?,(R)
1 4
= {( e f) € PGL3(R)|e? = i3} e (—1)-curves: E273,E£1)
i A A A . e with configuration as in Figure 47,
o (—2)-curves: Ei), E;g, Eél), Eéz), that is, as in case 3/.
6 Y

By Corollary 3.3, we have X’ & X;.

1
Case AI. We have E = E, , — E{) and At (R) = { ( e f ) € PGLg(R)}.

(&)
o Nz2ztay?)+uydis E, ,-adapted and Aut%(R) actsas [\ : u] > [2X: e3u—2ef)]

If p # 2, then Autg? acts transitively on £ N F4 o, while if p = 2, then the Aut% has two
orbits on £ N £ 2. Hence, if p = 2, there is only one possibility for p; 3 and if p = 2, there
are two possibilities up to isomorphism:

(1) pr3 =B, ,NCG with C = V(zz + )
1 .

(‘e .)ercram} ifpr2
1

< ef2> EPGLg(R)} ifp=2

We describe the configurations of negative curves on
X' for p # 2 and p = 2 simultaneously:
e (—2)-curves: EYB, Eéflg, E§41) , E}g, 6,(34)
e (—1)-curves: F 3, E§41) , o
e with configuration as in Figure 58.
This is case 3G if p # 2, and case 3P if p = 2.

(2) Letp=2andp; 3= E; 5N C®) with C = V(2?2 + zy® + °).

1
o Autd,(R) = {( "1 {) EPGL3(R)} o (“1)curves: By 5 B, 09

e (—2)-curves: Eﬁ%: ES& E§41) , Eﬁg, ¢Y) e with configuration as in Figure 58.
This is case 30.

o Aut%{, (R) =

Figure 58
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0

[

1
Case 5E. We have E = E, , — B} and Aut% (R) = { ( e ) € PGLg(R)}.

o Nz2ztay?)+uydis E, ,-adapted and Aut%(R) actsas [\ : p] — [2X : e3u—2ef)]
As in the previous case, if p # 2, there is only one possibility for p; 3 up to isomorphism,
and if p = 2, there are two possibilities up to isomorphism:

(1) p13=FE; 5N C®) with C = V(zz + y?)
{(1 ; 2) c PGLg(R)} ifp#2
o Aut% (R) = 1%
{( e f2> GPGLg(R)} ifp=2
e

We describe the configurations of negative curves on
X' for p # 2 and p = 2 simultaneously:

e (—2)-curves: EYB, Eﬁ), E§42) , 1S

e (—1)-curves: E 3, Eéfg l
e with configuration as in Figure 59.
This is case 4.J if p # 2, and case 40 if p = 2.

(2) Letp =2and py 3 = E; , NC®) with C = V(2?2 + ay® + ).

0 1 ¢
e (1= {(11]) PO s 1y camen £, 8

o (—2)-curves: EY})7 Eﬁ?? EYB» Vi e with configuration as in Figure 59.

This is case 4N

e

Figure 59

0

b
Case 6E. We have E = E, , — E{) and Aut®(R) = { (1 ¢ ) S PGLg(R)}.

e \a?z + xy*) + wy® is E,,-adapted and Autg?(R) acts as [\ : ] ~
[€2): €3 — be? )\ — 2ef ).
Since Aut% acts transitively on £ N Ej o, there is a unique possibility for pq 3 up to
isomorphism:

[M]

e

(1) p13=FE; 5N C®) with C = V(zz + y?)
o Aut% (R)

1-2fe"! ¢ e (—1)-curves: E173,€g4)
= ¢ 1) €PGLs(R) e with configuration as in Figure 50,
€

hat i ; r
e (—2)-curves: EYB, E£41),E§42) that is, as in case 5

By Corollary 3.3, we have X’ 2 X5p.

b
Case GF. Wehave E = By, —(E)U”)) and At (R) = {(1 ¢ 7) € PGLy(R) }.
’ i
o A2z 4 gl is FE) ,-adapted and Aut%(R) acts as [\ : p] — [iX: €3l
Since Aut% acts transitively on £ N Ej o, there is a unique possibility for pq 3 up to
isomorphism:
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(1) p1,3 - ELQ N 0(3) with C = V(,’L‘Qz + y?’)

1b
o Aut% (R) = e ?) € PGL3(R)

63
e (—2)-curves: EYB, Eﬁ , E§42) , 624)
e (—1)-curves: | 5
e with configuration as in Figure 60. Figure 60
This is case 5F'.

Summarizing, we obtain

Ly = {Xip, Xora» Xok, X1Q.a) X1r, Xom, Xov, Xoc,
Xov, Xor, X3¢, Xsp, X30, XaJ, X40, Xan, X5}

4.6. Height 5.
Case 2R. This case exists only if p = 2.

We have E = E, ; — E\) and Aut® (R) = {(1 | {) & PGLy(R)}.
o Mz + ay)?(xz +y* + ayz) + py' is E, 3-adapted and Aut%(R) acts as [\ @ p] —
At (af + f2)AL
Therefore, if o # 0, then the identity component of the stabilizer of every pointon EN E| 5

is trivial, hence there is no way of further blowing up X and still obtaining a weak del Pezzo
surface with global vector fields. If o« = 0, then there is the following unique possibility for
P1,4 up to isomorphism:

(1) P14 = El 3 N C§4) Wlth Cl = V(xz -+ y2)

;Aut(l’(R)Z{(l € PGL3(R ‘f2—()} —m

e (—2)-curves: Efg,EéE’g,E(E’) 5) ?2,65 -1 ‘ ‘

110 B2 1 1 2v
e (—1)-curves: E\ 4 5752),&(35),0{5),055) with
Co = V(z2y? + 232 + 24)
e with configuration as in Figure 61. Figure 61
This is case 1.M.
ed = 1}.

o \v2(zz +y?) + pytis F) 3-adapted and Autgz(R) acts as [\ : p] > [€2\ @ epl.

Case 2K. This case exists only if p = 3.
We have £ = E| ; — E§42) and Autg?(R) = {(1 e 2) € PGL3(R)
b 9 e
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Note that there is a unique point on £/ N E; 5 with non-trivial stabilizer. This leads to
the following unique possibility for pq 4:

(1) pra=FE; 3N C§4) with C1 = V(zz + y?)

o Aut, (R) = {(1 c 62) € PGLg(R)'e?’ = 1} CZW

o Copenes 20 50 10 50 0 w0 —' ] ]
e (—1)-curves: E 4, E§52),€L(z5), C’P), 6’55) with
Cy = V(2?y? + 232 e 277y2%)
e with configuration as in Figure 62. Figure 62
This is case 1F.

Case 2H. This case exists only if p # 2.

We have F = E, y — B§3 and Aut%.(R) = { (" 17) € PGLy(R) }.

f
1
o \y(wy? + 23) + pztis E, 3-adapted and Autg?(R) acts as [A: pu] — [A:p—2fA

In particular, since p # 2 the stabilizer of every point on E' N E, 5 is trivial, hence there is

no way of further blowing up X and obtaining a weak del Pezzo surface with global vector

fields.
et = 1}.

o \y(wy? + 23) + pztis E, 3-adapted and Aut%(R) acts as [\ : u] > [e3\ @ .

Case 2V. This case exists only if p = 2.
1
We have E = F, ; — By and Aut% (R) = { ( e f ) € PGL3(R)

e2

This leads to the following possibilities for py 4:

(1) p2a=Ey3N C® with C = V(zy® + y2° + az?),a #0

0 /1
o Auty, (R) = {( 1 J{) € PGL?)(R)} e (—1)-curves: E274,Ef’2)

e (—2)-curves: Eﬁ%, Eé‘r’g , Eﬁ), Egsl) , e with configuration as in Figure 55,
(5) 7(5) »(5) ,(5) that is, as in case 1Q).
E2,27E2737€I 762

By Corollary 3.3, we have X' = )?IQ,O/ for some o’

(2) P24 = E273 N 0(4) with C = V(xyz —+ 2;3)

. AUtg}/(R)
1
— {( e J;) € PGL3(R) et = 1} e (—1)-curves: E274,E£752)
e e with configuration as in Figure 55,

e (—2)-curves: Ef)g, Eé?(z, Eﬁ) ; E§51) ; that is, as in case 1R.
ES), ES) 00 6
By Corollary 3.3, we have X' = X .
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Case 2G. This case exists only if p # 2.
We have E = E; 5 — B\ and Aut’.(R) = {(1 e 2) c PGLg(R)}.
o \2%(zz +y?) + py" is B y-adapted and AutS (R) acts as [A : u] — [A: €?p).

Since p # 2, there is a unique point on E'N E 5 such that the identity component of its
stabilizer is non-trivial. This leads to the following unique possibility for p; 4:

(1) pra = E; 3N CW with C = V(22 + ¢?)
o Aut (R) = {(1 e ) c PGLg(R)}
X'’ e2
+ (2yeunes B, 55, 50, B2, B 6089, 0 ]

727
. (—1)—curves: E1,4,E§?2),C(5)
e with configuration as in Figure 63.
This is case 1C'.

I
NI

Figure 63

Case 2U. This case exists only if p = 2.
1
We have £ = E; 3 — E§42) and Aut%(R) = { ( e J;) € PGLg(R)}.
€

o \?(zz+y?)+uy is E, 3-adapted and Aut%(R) actsas [\ : u] — [e2X : etu+ f2N].

Since Aut% acts transitively on I/ N FE4 3, there is a unique possibility for p; 4 up to
isomorphism:

(1) pra=E, 3N CW with C = V(zz + %)
° Aut(}(,(R)

_ (! 2 _
= {( eefg) € PGL3(R)|f* = 0} e (—1)-curves: E1’4,E§752),C’(5)

o (—2)-curves: E§587 Eé?g’ E§51)7 E§51), e with configuration as in Figure 63.

EF),EC) 69 0
This is case 1P.

Case 2T'. This case exists only if p = 2.
1
We have E = Ey 5 — B{) and Aut:(R) = {( | {) c PGLg(R)}.
o Mz + y)(2%2 + 2y® + v* + y22) + pyt is E, j-adapted and Aut%(R) acts as
N opd = Vot (F + AL
Note that the identity component of the stabilizer of every point on E'N E, 4 is trivial, hence

we cannot blow up further and still obtain a weak del Pezzo surface with global vector
fields.

Case 3G. This case exists only if p # 2.
We have B = Ey 5 — E{ and Aut(R) = { ("¢ ) € PGLy(R)}.
b b e

o \v?(zz + y?) + pytis FE ;-adapted and Autgz(R) acts as [\ : p] = [\ : e?p).
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Since p # 2, there is a unique point on £ N E 5 for which the identity component of the
stabilizer is non-trivial. This leads to the following unique possibility for p; 4:

(1) pra = B3N CW with O = V(zz +32) —ﬂ
o Aut, (R) = {(1 e 62) € PGL3(R)
5)

o (~2)-curves: BV, Esy, B, EV), EY), 0 ——
e (—1)-curves: E1,4,E§751),€§5),C(5)
e with configuration as in Figure 64. Figure 64

This is case 2C.

Case 3P. This case exists only if p = 2.
4 1
We have E = B, 5 — E{) and Aut% (R) = { ( e f2> S PGLg(R)}.

€
o \z*(zz+y?)+py is B y-adapted and Aut% (R) acts as [A : p] — [e2X : et f2)].
Since Aut% acts transitively on I/ N FEj 3, there is a unique possibility for p; 4 up to

isomorphism:

(1) pra = B3N CW with O = V(zz +32)
° Autg?,(R)

1
= {( ee];) € PGL3(R)|f? = 0} o (—1)-curves: E, 4,E§51),€§;5),C(5)
e (—2)-curves: Efg, Eéf’g, Eﬁ), EF’) e with configuration as in Figure 64.

B3, 69
This is case 25.

)

Case 30. This case exists only if p = 2.
1
We have E = Ey 5 — E\) and Aut(R) = {( 1 {) e PGLg(R)}.

o Nz + )22 + 2y® + v* + y22) + pyt is E, s-adapted and Aut%(R) acts as
N pl e N (F + N

In particular, the identity component of the stabilizer of every point on E'N E 4 is trivial,
hence we cannot blow up further.

Case 4J. This case exists only if p # 2.
1
We have E = Ey 5 — B\ and Aut:(R) = {( e :2) e PGLg(R)}.

o \2?(zz +y?) 4+ py’ is B, 3-adapted and Autgz(R) acts as [\ : p] = [\ :eu+ ).

Since Aut% acts transitively on £/ N F4 3, we have the following unique possibility for p; 4
up to isomorphism:

102



(1) pra=E, 3N CW with C = V(zz + %)
o Aut()l(,(R) = {(1 e 2) € PGLS(R)} e (—1)-curves: E174,E§750), C®)
) '3(5) (5) (5) ,(5 ©® Withconfiguration as in Figure 58,
e (—2)-curves: El,an1,17E1,2vE1,3>£Z

that is, as in case 3G.
By Corollary 3.3, we have X’ & Xs.

Case 40. This case exists only if p = 2.
1
We have E = B, 5 — E{) and Aut% (R) = { ( e f ) c PGLg(R)}.

e2

o \o2(zz + B 4+ uyt s E) 3-adapted  and Aut%(R) acts  as
N:p] = [N etu + (ce? + f2)N.
Since Aut% acts transitively on 2N F4 3, we have the following unique possibility for p; 4
up to isomorphism:

(1) pra =B, 3N CW with C = V(zz + %)
. Autoi,(R)

1 f2e2 o (—1)-curves: F} 4, Eé‘r’g, c®)
= { ( e f ) € PGL3(R)} e with configuration as in Figure 58,

€ . .
o (—2)-curves: Efg, E£51)7E§52)7 Ef?z,gg) that is, as in case 3P.

By Corollary 3.3, we have X’ = X3p.

Case 4N. This case exists only if p = 2.
4 1 ¢
We have E = Ey 5 — E{) and Aut:(R) = {( 1 {) e PGLg(R)}.
o Mz + y)(22%2 + 2y® + v® + v?2) + pyt is E, s-adapted and Aut%(R) acts as
Nrpl = N (et f+ N
Since Autg{« acts transitively on £/ N E4 3, we have the following unique possibility for p; 4
up to isomorphism:
(1) pra=E; 3N C§4) with C1 = V(222 + zy? +93)
0
¢ Aut)?'(R) e (—1)-curves: E174,E§758, C§5) with

1 2
' 5 (5) (5) (5 (5 with configuration as in Figure 58,
¢ (=2)-curves: E%’ EH? E§2), Eig),ﬁ,(z ) that is, as in case 30.

By Corollary 3.3, we have X' Xs0.

1b ¢
Case 5F. We have E = E, 5 — E\ ) and Aut%(R) = { ( e f > € PGLg(R)}.

o \x(2?z +y%) 4+ py’ is E, 3-adapted and Aut[))z(R) acts as [A: u] — [A:ep — 2bA].

Therefore, if p # 2, we have one unique possibility for p; 4 € E N Ey 3, while if p = 2,
there are two possibilities:
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(1) p1,4 - E173 N 0(4) Wlth C = V(,’L‘Qz + y?’)
¢ f ) €PGLy(R), ifp#2

o Aut% (R) = O
e € PGL3(R) p ifp=2

s o
WO O

We describe the configurations of negative curves on
X' for p # 2 and p = 2 simultaneously:
e (—2)-curves: E&r’g, Ef’l,ES’Q), Ef’§,£§5> Figure 65
e (—1)-curves: E} 4
e with configuration as in Figure 65.
This is case 4L if p # 2, and case 4Q) if p = 2.

(2) Letp=2andp14 = E; 3N C® with C = V(232 + zy® + ).

1b
. Aut(}(,(R) = {( 1 %) € PGL3(R)} o (—1)-curves: F; 4
o (—2)-curves: Efg, E£51)7E§?2)’ ES?BJS) e with configuration as in Figure 65.

)

This is case 4 P.

Summarizing, we obtain

Ls = {Xuu, Xir, X10, X1p, Xoc, Xaos, Xar, X4, Xap}.

4.7. Height 6.
Case 2C. This case exists only if p # 2.

We have £ = E; 4 — Eg) and Autg?(R) = {(1 e 2) € PGLg(R)}.

o \3(zz + y?) + pyd is E), 4-adapted and Autgz(R) acts as [\ : p] = [\ : el
Note that if p # 3, then there is a unique point on 2N E , such that the identity component
of its stabilizer is non-trivial. If p = 3, this identity component is non-trivial for every point.
In all characteristics, the action of Autg? on £ N Ej 4 has two orbits. Hence, we have the
following two possibilities for p; 5 up to isomorphism:

(1) p15=E; 4N 0{5) with C1 = V(a2 + 2392 + o)

{id} ifp # 2,3
{(1e 2) € PGL3(R) e3—1} ifp=3

Hence, X’ has global vector fields only if p = 3. Therefore, we assume p = 3
when describing the configuration of negative curves.

e (—2)-curves: Eﬁ}g, Egsg, Eﬁ), E@, Eg, Eﬂ, 626)

o (—1)-curves: By 5, B, 0, G, O with Cy = V(a2 +¢?),
Cs = V(zy* — 2yz® — 22?2 + 2322 — 322 — 2P)

e with configuration as in Figure 62, that is, as in case 1F.

o Aut% (R) =
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By Corollary 3.3, we have X'~ X, p.
(2) p1,5 - E174 N 0(5) with C = V(gjz —+ yQ)

v ={(",) }
o Auty (R) {( ‘)€ PGLs(R) e (—1)-curves: F 5, Eé?l),&(f)
e (—2)-curves: Efg, Eg&g , Eﬁ), E£62) , e with configuration as in Figure 63,

Eg, Eg’ 826)7 C(6) that is, as in case 1C.

By Corollary 3.3, we have X’ = X¢.

Case 2S. This case exists only if p = 2.
5 1
We have E = B, , — E{’) and Aut% (R) = { ( e f2> € PGL3(R)

f? :0}.

o \z3(zz +y?) 4 py® is B 4-adapted and Autg}(R) acts as [\ : u] = [\ : el

Since Aut% acts on I N Fq 4 with two orbits, we have the following two possibilities for
P1,5 up to isomorphism:

(1) prs = Ey 4 NCY with Cy = V(atz + 2%y + )
0
[ Aut)'z.,(R) ° (—1)—CurVeS: E1’57E5761)7£§:6), 56),

1
_ {( 1{) € PGL3(R)| 2 :o} ¥ with Cy = V(22 + 92),
C3 = V(zy* + 2322 + 2°)

. (6) 1(6) 1(6) £(6)
e (—2)-curves: E1,0> E2,07E1,1 ) E1,2’ e with configuration as in Figure 61,
Eiﬁg, Eﬂ, £§6> that is, as in case 1.

By Corollary 3.3, we have X’ = X ;.
2) p15 = E; 4N CO with C = V(zz + %)

° Aut%{,(R)
1
N {< °f ) € PGL3(R) f2 - 0} e (—1)-curves: E; 5>E§61)’€9(66)
2 . 0 2 .
e e with configuration as in Figure 63,

e (—2)-curves: Efg, E;?(z, Eﬁil)v Eg, that is, as in case 1P.
E£?§7 E§764), ggi), 0(6)
By Corollary 3.3, we have X'~ X, p.

Case 4L. This case exists only if p # 2.
1
We have E = B, , — E{’) and Aut(R) = { ( e

R =h0

) e PGLg(R)}.
o \?(2%z+y?)+py’ is By 4-adapted and Aut%(R) actsas [\ : p] > [e : e3u—3fA].

In particular, if p # 3, then Aut% acts transitively on £ N F4 4 and we have only one choice

for p1 5 up to isomorphism, and if p = 3, then Aut% acts with two orbits on £'N E1 4, hence
we have two choices up to isomorphism:

105



(1) p1,5 - E174 N 0(5) with C = V(,’L‘Qz + y?’)
1 ¢ .
{("e%)ercrsr)} ifp£23

o Aut% (R) = 1% ,
{( eg;)GPGLg(R)} ifp=3 W
We describe the configurations of negative curves on
X' for p # 2,3 and p = 3 simultaneously:
e (—2)-curves: Eﬁ}g, EH,E@, Eg,Eﬂ,fg) Figure 66
e (—1)-curves: F 5
e with configuration as in Figure 66.
This is case 3.J if p # 2, 3, and case 3M if p = 3.

(2) Letp=3andp15 = E; 4 N CO) with C = V(z*z + 22y% + o).

1
o Aut% (R) = {( 1{) € PGLg(R)}
. (6) (6) 1(6) 1(6) e (—1)-curves: E, 5
* (=2)-curves: Eyo Eigs Bips Brs, e with configuration as in Figure 66.
£(6) p(6)
1,47%%
This is case 3L.

Case 4Q). This case exists only if p = 2.
1b
We have £ = E; 4 — E@ and Aut%(R) = { ( e

0

w

) S PGLg(R)}.

o \o2(2%2 4+ y¥) + md s F) 4-adapted  and Autg?(R) acts  as
N:p] = [ed:eu+ (bPe+ )N

Since Autg? acts transitively on ENE} 4, there is a unique choice for pq 5 up to isomorphism:

e

(1) p1,5 - E1’4 N C(S) with C = V(xzz + y3)
o Aut%, (R)

1b c
= {( e b23e> € PGLg(R)} e (—1)-curves: E 5

€ . . . .
o (—2)-curves: Efg, Eﬁ)? Eg)’ E£?3)7 e with configuration as in Figure 66.

55, 49
This is case 3R.

Case 4P. This case exists only if p = 2.
We have E = E; , — E{) and Aut’,(R) = {(1 i {> € PGLy(R) }.
o \x(23z + a2y + yt) + wyS s E, 4-adapted and Aut%(R) acts  as
A op] = N4 0+ 02+ A
Since Autg? acts transitively on £/ N £ 4, we have the following unique choice for pq 5 up
to isomorphism:
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(1) pr5 =B, 4N CO) with C = V(2®z + zy® + y*)

b ¢
o Aut? (R) = {(1 11%40) € PGLy(R) }
1 e (—1)-curves: E s

. (6 6) (6 6)
e (—2)-curves: Eig, Ei,l ’ E1,2)v E£,37 e with configuration as in Figure 66.
E©) )
1,4>%2

This is case 3Q).
Summarizing, we obtain

Lo = {Xs7,Xsm, Xar, Xsr, X350}

4.8. Height 7.
Case 3J. This case exists only if p # 2, 3.

We have B = By 5 — B\ and Aut%(R) = { ("« © ) € PGLy(R) }.

o A3 (2?2 +y%) + g is By 5-adapted and Aut% (R) acts as [A : p] = [A: e3pu+2eA].
Since p # 2, Autg} acts transitively on £/ N E' 5, so there is a unique choice for pq ¢ up to
isomorphism:

(1) pre = By 5N CO with C = V(2?2 + )

1
o Autgz,(R) = {( e 3) € PGLg(R)} /%N
€
o (—2)-curves: B, B\, E\), B\, B}, B, 45"
e (—1)-curves: E| g
e with configuration as in Figure 67. Figure 67
This is case 21.

Case 3M. This case exists only if p = 3.
6 1 C
We have E = B, ; — E{°) and Aut% (R) = { ( e fs) S PGLg(R)}.

o M3 (2?2 +y%) 4+ uy® is B, 5-adapted and Aut%(R) actsas [\ : ] = [\ e3u+2e)].

As in the previous case, there is a unique choice for pq ¢ up to isomorphism:

(1) p1,6 - E175 N 0(6) with C = V(;U2Z + yg)

1
. Aut(}(,(R) = {( e f> € PGLg(R)}
\ 637 o e (—1)-curves: E, ¢
e (—2)-curves: Eig, E§1)» EB, EE??? e with configuration as in Figure 67.

E{), 5.0
This is case 2M.

107



Case 3L. This case exists only if p = 3.
6 1 c
We have E = By ; — B{%] and Aut%(R) = { ("1 {) € PGLy(R) }.
o \z(ztz + 2% + ¥¥) + b s E, s-adapted and Autgz(R) acts as
A p] = [N+ 2eA].
As in the previous case, there is a unique choice for py ¢ up to isomorphism:
(1) pre = By 5N CO with C = V(2tz + 2% + ¢°)
1
o Autl (R) = {( | {) c PGLg(R)}
e (—2)-curves: Efg, Eﬁ), EQ, E@,
£ B 0
This is case 2L.

o (—1)-curves: E| g
e with configuration as in Figure 67.

Case 3R. This case exists only if p = 2.

1b
We have £ = E, 5 — Eﬁ and Aut%(R) = { (

e b23) € PGLg(R)}.

(&

o \v3 (222 + y3) + uyl is F, 5-adapted and Aut%(R) acts as [\ : u] — [\ : eyl
Since Autg? has two orbits on £ N E 5, we have the following two choices for p1 ¢ up to
isomorphism:

(1) p16=E; 5N C©) with C' = V(252 4 233 + ¢/°)
1b
o Aut%, (R) = {( 1 b%) € PGLg(R)}
e (—2)-curves: Egg, EH,EYQ)7 E@,
E{), 5.0

This is case 2.X.

) pre = By 5N CO with C = V(2?2 + )

o (—1)-curves: F g
e with configuration as in Figure 67.

1b
o Aut% (R) = {( ‘ b§e> € PGLg(R)}
\ 6;’ - o (—1)-curves: F; ¢
e (—2)-curves: Eig, E£1)7 E§2), E£3)7 e with configuration as in Figure 67.
{0, £, o7
This is case 2Y.

Case 3Q. This case exists only if p = 2.
_ (6) 0 _ (e
We have £ = | 5 — Ey j and Aut;(R) = {( 1 b2+b> € PGLg(R)}.
k) ) 1
o \22(2%z 4+ wyd + yH) + b s F) s-adapted and Autgz(R) acts as
A:p] = [N+ (B2 + D).

Since Autg? acts transitively on £/ N £ 5, we have the following unique choice for pq ¢ up
to isomorphism:
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(1) pre = By 5N CO with C = V(2®2 + zy® + y*)
1 ¢
o Aut%, (R) = {( 1 1) € PGLg(R)}
e (—2)-curves:
7 7 7 7 7 7 7
B, By By By By By 6
This is case 2V

o (—1)-curves: F| g
e with configuration as in Figure 67.

Summarizing, we obtain

£7 = {XQL X2M7 X2La X2X7 XQY; XQW}

4.9. Height 8.
Case 21. This case exists only if p #£ 2, 3.

We have E = Ey g — E{J and Aut(R) = { ("¢ ) € PGLy(R)}.

e3
o Mrt(22z +y3) + gy is F) ¢-adapted and Autg? (R) acts as [\ : ju] = [\ : e*pul.
Since p # 2, there is a unique point on £ N £ g whose stabilizer has non-trivial identity
component. This leads to the following unique choice for p1 7 up to isomorphism:

(D) pr7 =B N CT with C = V(2?2 + )

1
o Autl (R) = {( e 63) e PGLg(R)}
e (—2)-curves: Eisg, Eﬁ), Eg, Eg, Eﬂ, EE%),

B3, 6

e (—1)-curves: E ;

e with configuration as in Figure 68.
This is case 1D.

Figure 68

Case 2M. This case exists only if p = 3.

1
We have £ = E, ¢ — E&) and Aut%(R) = { < e é) € PGL3(R)}.

(&
o Mrt(22z2 +y3) + gy is F) ¢-adapted and Autg? (R) acts as [\ : j1] = [\ : e*ul.
Since Autgz acts with two orbits on £/ N F g, we have the following two choices for p1 7

up to isomorphism:
(1) pr7 =B 4N CT with C = V(2%2 + 2ty + y)
1
o Aut% (R) = {( ! {) c PGLg(R)}
e (—2)-curves: Eisg, EH» Eg, Eg,
8 8 8) (8
E{, Bi3, B9, &
This is case 1H.

e (—1)-curves: F; ;
e with configuration as in Figure 68.
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) pr7=E, N CT with C = V(2?2 + )

1
o Aut% (R) = {( e > € PGLg(R)}
\ 6‘; O s o (—1)-curves: F, ;
e (—2)-curves: Eig, E£ 1), Egz), E{Q, e with configuration as in Figure 68.

8) (8) m(8) H8)
B B0 B
This is case 11.

Case 2L. This case exists only if p = 3.
1
We have E = By  — B{) and Aut%(R) = { ("1 {) € PGLy(R) }.

o \o2(ztz 4+ 2% + o) + wy” s F, ¢-adapted and Aut%(R) acts as
Asp] = A+ fAL

Hence, the stabilizer of every point on £ N E 4 is trivial, therefore we cannot blow up X
further and still obtain a weak del Pezzo surface with global vector fields.

Case 2X. This case exists only if p = 2.

We have = 7, ¢ — B{7) and Aut% (R) = { (' b ) € PGLy(R)}.

—=H0

o \x(2Pz + 233 + %) + wy” s F) g-adapted and Autg?(R) acts as
Aop] = [N+ (b+bHAL

Since Aut% acts transitively on ENE} g, there is a unique choice for pq 7 up to isomorphism:

(D) p17 = ELﬁ N C with C = V(:c5z + 23y + yﬁ)
1 ¢
o Aut, (R) = {( ! 1) c PGLg(R)}
e (—2)-curves: Es;g, Eﬁ), Eg, Eg,
8 8 8) (8
EY) ES ES, ¢
This is case 1.5.

e (—1)-curves: F; ;
e with configuration as in Figure 68.

Case 2Y. This case exists only if p = 2.
7 1b ¢
We have E = B, ¢ — E{") and Aut (R) = { ( c bjge) € PGLg(R)}.

o Mrt(z?z+y3) + puyTis FE) ¢-adapted and Autg?(R) actsas [\ : ] = [A: et +biA].

Since Autg? acts transitively on ENE} g, there is a unique choice for pq 7 up to isomorphism:
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(1) pr7 =B N CT with C = V(2?2 + )
. Aut(}(,(R)

_ {(1’21,536) € PGLy(R

e

)bt = 0} e (—1)-curves: F; ;
o (—2)-curves: E%? Eil)’ Eg? Eﬁg, e with configuration as in Figure 68
8 8 8) ,(8
By BS, By, )
This is case 17

Case 2W. This case exists only if p = 2.
We have E' = E, g — E&) and Aut%(R) = {(1 1 :) € PGL3(R)}.
e X323z 4+ wyd + ¢yt + oy’ s F) g-adapted and Autgz(R) acts as
A p] = [N+ cAl

In particular, the identity component of the stabilizer of every point on E'N E 4 is trivial,

hence we cannot blow up further and still obtain a weak del Pezzo surface with global vector
fields.

Summarizing, we obtain

£8 — {XlDa)?lHa)?lla)f5157jle}-
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CHAPTER 1III

RDP del Pezzo surfaces with global vector fields in odd
characteristic

Up to minor modifications, this chapter is taken from the article “RDP del Pezzo
surfaces with global vector fields in odd characteristic”, which is joint work of the author
with G. Martin. Currently, the article is submitted to a peer-reviewed journal and can be
found on the ArXiv (see [MS22]).

1. Motivation and summary

We are working over an algebraically closed field k& of characteristic p > 0. Let
X be a del Pezzo surface with at worst rational double points as singularities and let
7w : X — X be its minimal resolution, so that, by definition, X is a weak del Pezzo surface.
Since — K x is ample, Autx is an affine group scheme of finite type, hence its group of
automorphisms Aut(X) := Autx (k) is infinite if and only if the automorphism scheme
Autx is positive-dimensional. Moreover, by Blanchard’s Lemma [Bril7, Theorem 7.2.1],
and since X is the anti-canonical model of X, there is a closed immersion of group schemes
e+ Aut 5 Autx. We call X equivariant, if 7, is an isomorphism. Summarizing, for
all characteristics, there is the following chain of implications:

(1.1 JAu(X)] = [Aut(X)| =00 = HOX,T5)#0 = H(X,Tx)#0

Over the complex numbers, every RDP del Pezzo surface X is equivariant, so in
particular we have H%(X, Tx) = H%(X,T%), and by Cartier’s theorem (see e.g. [Per76,
Corollaire 4.2.8]) Autg( is smooth, hence it is positive-dimensional if and only if
H°(X,Tx) # 0. In other words, in characteristic 0, all implications in (1.1) are in fact
equivalences.

In the previous Chapter II, we obtained the classification of weak del Pezzo surfaces
with global vector fields over algebraically closed fields of arbitrary characteristic (over the
complex numbers, an independent proof was given by Cheltsov and Prokhorov in [CP21]).
By (1.1), this includes the classification of all RDP del Pezzo surfaces with infinite
automorphism group, but we note that if p = 2, 3, there are RDP del Pezzo surfaces with
finite automorphism group whose minimal resolution has global vector fields, so the first
implication in (1.1) is not an equivalence precisely if p = 2, 3. In other words, we have

P£2,3

(12) [Auwt(X)| = [Awt(X)| =0 == H(X,T5)#0 = H(X,Tx)#0

and a classification of X with HO(X,T 'v) # 0 in all characteristics.
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Now, the missing piece is a classification of RDP del Pezzo surfaces X with
HY(X,Tx) # 0. What makes this subtle in positive characteristic is the existence of
non-equivariant rational double points. Recall that the dual graph of the exceptional locus of
the minimal resolution of a rational double point is a Dynkin diagram of type A, D,, Eg,
FE-, or Eg. In positive characteristic, the Dynkin diagram does not always determine the
formal isomorphism class of the singularity, but for each fixed graph I',, there are only
finitely many isomorphism classes I'], of RDPs with resolution graph I';,. These iso-
morphism classes have been classified by Lipman [Lip69] and Artin [Art77]. As a first step
towards the classification of RDP del Pezzo surfaces with global vector fields, we extend
Hirokado’s [Hir19] results on the liftability of vector fields to group scheme actions on RDP
del Pezzo surfaces as follows:

THEOREM 1.1 (=Theorem 6.1). Let X be an RDP del Pezzo surface and let 7 : XX
be its minimal resolution. Assume that one of the following conditions holds:

(1) p & {2,3,5,7},

(2) p =7 and X does not contain an RDP of type Ag.

(3) p=>5and X does not contain an RDP of type A4 or Eg.

(4) p = 3 and X does not contain an RDP of type Ao, As, Ag, Eg, E61, Eg, Eg or Eé.

(5) p = 2 and X does not contain an RDP of type A1, Az, As, A7, D], Eg, E?, E%,
E2 E3 EQ EL, E? or E3, where n < 8.

Then, Autx = Autg, and thus, in particular, HO()Z', T}?) = HYX,Tx). Therefore,
HY(X,Tx) # 0 if and only if X is the anti-canonical model of one of the surfaces in the
classification Tables 1, 2, 3, 4, 5 and 6 of Chapter II.

Thus, in order to classify RDP del Pezzo surfaces X with global vector fields, we may
restrict our attention to RDP del Pezzo surfaces containing a configuration I' of RDPs
excluded in Theorem 6.1. In Theorem 7.1, we give a criterion for X to be the blow-up
of an RDP del Pezzo surface of higher degree with the same configuration I'. In the
language of the Minimal Model Program, this means that we give a sufficient criterion for
the existence of a K ¢-negative extremal ray on X which lies in the orthogonal complement
of the exceptional locus over I'. Using Blanchard’s Lemma, this allows us to set up an
inductive argument for the classification of non-equivariant RDP del Pezzo surfaces X with
RDP configuration I'. This strategy will be carried out in Sections 8.1, 8.2, and 8.3, for
characteristic p = 7, p = 5, and p = 3, respectively. The following theorem is obtained by
combining Theorem 8.3, Theorem 8.6, and Theorem 8.8.

THEOREM 1.2. Let X be an RDP del Pezzo surface and let 7 : X — X be its minimal
resolution. Assume that H°(X, Tx) # 0. Then, the following hold:

(1) If p = 7 and X contains an RDP of type Ag, then X is one of the 2 surfaces in
Table 1.

(2) If p = 5 and X contains an RDP of type Ay or ES, then X is one of the 9 surfaces
in Table 2.

(3) If p = 3 and X contains an RDP of type As, A5, As, E§, B¢, E2, EQ or EL, then
X is a member of one of the 56 families of surfaces in Tables 3, 4, 5, and 6.
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For each of these surfaces, we have h%(X,Tx) > ho()? ,T5) and in particular
Autyx # Autg. Moreover, Aut% is as described in the respective table.

REMARK 1.3. The reason why we do not treat the case p = 2 is due to the sheer amount
of RDP del Pezzo surfaces with global vector fields in characteristic 2. Indeed, by Theorem
6.1, it is unclear whether Aut 5= Autx as soon as X has a single node and in fact, even for
the quadratic cone {x% —z129 =0} C P2 in characteristic 2 it is not true that every vector
field lifts to its minimal resolution; consider for example x30,,. However, in principle, our
approach would also work if p = 2.

Comparing Tables 1, 2, 3, 4, 5, and 6 with the classification in Chapter II, we see
that in characteristics p = 3,5 and 7, there exists an RDP del Pezzo surface X with
H°(X,Tx) # 0 whose minimal resolution admits no non-trivial global vector fields. In
other words, we have the following picture, where the implications from right to left hold
only in the indicated characteristics:

(1.3)
~ P£2,3 - p#2,3,5,7
| Aut(X)| = [Aut(X)| =0 == HX,T;)#0 =———= H(X,Tx) #0.

d || singularities equation of X Aut%

2 Ag w? =23y + e+ 2 | pr s D My A2z 0w

1] Asg+ Ay y? =23 +tsdx + s pr s (As At x oy

Table 1. Non-equivariant RDP del Pezzo surfaces with global vector fields
in characteristic 7
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RDPs equation(s) of X Autl
Ty — T2 = 0 (as, Aut%> with
e T 0 10 0 0 0 0
03 14 0 1 —22% 283 ¢ 2¢*
Ay ToTy — T173 =0 O
Tr1To + I‘i + x5 = 0 00 0 1 0 -
9 00 e ¢ 1 28
332+LU3I4+131I5 =0 00 0 0 0 1
0 .
(as, Aut%) with
1 —e3 -2 2e2 2¢4
ToT1 — T2X3 = 0 1 0 0 2
Ay
ToTy + 3172 + 23 = a5t 0 -2 1 -2 &
0 ¢ 0 1 g2
0 0 0 0 1
Ay x%xl + 2279 + 7373 + x%xo =0 ws s (ot Awy : Mg 2 A3x3)
as X Gy, with
1 e ¢ -2
0 1 2 —£2
Ay + Ay Tox1x3 + (L‘ox% + x%$2 =0 as
0 0 1 —€
0 0 O 1
G : [To 2 Azp 2 N2 : A3a3]
Ag+ Ay w? =zt + 2’z + y2? ps t [ Ay s A3z w]
Ay + As w? = a2y + y22 + 2222 ps s N2z Ay A3z )
Ag+ Ay + Ay y? =23 + s3tx + %4 ps : (s At A3z A2y
244 y? = a3 + thr + s5¢ s X s [As+etitxy]
EY y? =23+ 57t a5 X Gy i [As+et: N0t x oy

Table 2. Non-equivariant RDP del Pezzo surfaces with global vector fields
in characteristic 5
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\ d \ RDPs equation(s) of X Autg(

ToTs — T3T4 =0 (a3, Aut%,) with
ToTg — T1T4 = 0 X
i 1 0 0 0O 0 0 O
ToLe — T2X3 = 0
— 1 0 0O 0 0 O
T3T6 — T1T5 = 0
€ 0 1 0O 0 0 O
A2 T4 — X2X5 =0 . 9
2 _ Qg —€ —€ 0 1 0 0 0
T1%e + T3 + T34 =0 2 0 - 0 10 0
tywg +asrg t 4y = 0 O 0 0 0 010
7 + o + vars = 0 0 -2 -2 - ¢ 01
6 T1T2 + 2or3 + oy = 0
2 — =
To = T1Ts 0 (a3, Aut%) with
zoxz — @14 = 0 I = 000000
Zoxs — #afs = 0 01 0 000 0
Zoty — 2225 = 0 00 1 000 0
Ay, + A — =0
24 T T as:| 0 0 0 1000
1w Ty = 0 0 — 0100
zats —23 = 0 £ 2 0 0010
2t — 2425 = 0 00 0 0001
Talg — m% = 0
0 .
Loy — T1T5 - 0 (az, Aut) ;Vlth 2
_ 1 ¢ 0 —& —& —¢
Loxz = L3L4 =0 01 =2 ¢ 0 0
As ror3+xf + 2124 = 0 w00 1 0 0 0
$0x5+x1x4+$i = 0 3 00 62 1 0 0
3xs5 + 129 + 294 = 0 00 == 0 L -
0 .
x% — T1T4 = 0 <?3>AUt%> V‘(/)lﬂ:) .
—&
Tor2 — 1123 = 0 01 0 000
Az + Ay xors —woxgy = 0 w00 1 000
ToTy —Toxs = 0 3510 02 - 100
— 2 = 0 e & 0 010
L35 — Xy 00 0 001
Tox1 + xoxy + 2324 = 0 ) ) _ _ 2
Ag LTy + T1T4 + Toxg = 0 U3 - [xo I )\.%'2 : )\%’3 S .%'4]
as X Gy, with
1 0 O 0 O
L1 — I2X3 =0 _52 1 © — 0
As + A o as — 0 1 0 0
2 1 T1x9 + x0Ty + 2324 = 0 3 5 0 0 1 0
4 -2 0 — 0 1
G : [N : 21 0 Awg @ Aw3 : 24
ag x G2, with
1 0 0 O
2 0 0100 0
Ay + 24, 0 7 3% as: ] 0010 0
Tox3 — IT1x2 = 0 e 00 1 62
0000 1
ng : [.7}0 : )\1.1‘1 : )\QJEQ )\1)\2:E3 /\1)\2 x4

Table 3. Non-equivariant RDP del Pezzo surfaces of degree at least 4 with global
vector fields in characteristic 3
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RDPs equation(s) of X Autg{
Ay x%xl + wox? + w373 + xgl‘% =0 w3 : [xo s a1 s Axg @ Axs)
Ay + 24, :1:%331 + JJ%.’EQ + 930:70:2)) + x12923 = 0 w3 s (ot Amy : Awg 2 A%x3)
(s, ag, G,) with
2, T3 + 17073 + 1073 + azdr; =0 as:[xo +exe i my t X 1 agwg — £x1 — ag’wy + 3)
with a? # 1 as: [xo +ex3:my : agw — exy + 1o — agx3 : 13)
G = [xo s w1 Awg 2 A Lag]
(s, ag, Gyy,) with
2y + Ay 28 & 21295 + 51 = 0 as: [z +exe i my a0t exg — €229 + 23]
as: [zo +ex3: my : agzo + T2 — w3t 23]
G @ [zo s w1 2 Awg 2 A Lag]
aj x G2, with
34, T3 + 117973 =0 Qi : [ro + 1wy + e9wa + €313 1 11 ¢ T2 ¢ T3]
G2, : [zo: A2 = Aawg + (M A2) " Lag]
(az, G4 X pg) with
As 28 + wowams + 2333 + 28 = 0 as: [z +ery —e2x3 2y +ex3 w0 a3
Gq : w0 : exg + 21 @ w2 : —€2w0 + 21 + 23]
w3 : (ot Amy : Awg 2 A2a3)
(as, G4 ¥ Gyy,) with
As 4 A, 28 + wowas + 233 = 0 as : [z +exy —e2xg 21 + w3 wo a3
Gy : [0 : ex0 + 21 : T2 : —e2w0 + €71 + 73]
G @ [zo 2 Az @ Awg : A2
(G,G2 x G,y,) with
Gq : [vo +exo : 21 @ T2 1 —339 + T3]
Gy : [0 : 21 +ex9 : w9 : 321 — w9 + 3]
EY o3+ 2iwo + 2313 =0 G @ [To 2 Ax1 w2 A 22 - Mag]
and G non-commutative, |G| = 27, acting as
[0 + 121 + €923 : T1 + €323 1 —€Smy + 12 + 823 ¢ 23]
where € = &3 = 0
(3, G2) with
Eé x% + :c:f + xoxr179 + I‘%.Tg =0 pa + [Ato : N sy %3
G : [vo — €x9 : 71 : T2 : ex1 + 39 + 3]
G : [0 : 21 — T2 : T2 : ex0 + 3w0 + 3]

Table 4. Non-equivariant RDP del Pezzo surfaces of degree 3 with global vector
fields in characteristic 3
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RDPs equation(s) of X Aut%
As + 34 w? = z(zy(z +y) + 2°) ps ey Az Al
Ag + Az wh=at + a%xzyz Ty’ gt pst s Ay ATz s
with a? # 1
A + Az + Ay w? = 22yz + 2y’ + y222 ps Ay ATz )
Ay + Ay w? = (zz+ %)% + 32 ag:lztey—e2z:ytez:z:w]
24, wh=at oy’ 4 22 aatys o+ byt ps e Ay ATz )
with (b3 — a?b?)% # a3b3,b # 0
245 wh= (2 b y)t b ate 4 atd ag:lr+ey—e2z:iytez:z:wl
with a # 0
245 + Ay wh = artyz oy’ + o2ty ps: Ay ATz )
witha # 0,1
3A, w? =yt + 22y? + 223 a2 X pz [y e1x 4+ ey + Azt w)
As wh=at+ oy + o’ artys o+ byt ps [z Ay ATz ]
with (b3 — a?b?)? = a3b3,b # 0
4 w? = 24 + ax’yz + 2y + 223 bs e Ay A1z wl
with a # 0
As w? = (22 +y*)? + 232 azilrt+ey—e2ziytez:z:wl
As w? = 2(z(xz + y?) + 23) ag:lrt+ey—e2z:yter:z:wl
As + Ay w? = 2%yz + 2 + 223 ps: [z Ay ATz ]
As + Ay w? = 2?yz + 2y + 123 + 222 ps [z Ay ATz ]
As + As w? = 2%y? + 23 A2 X G [7: Ny e1m + eay + A2z 0 A
(G, Gyy,) with
Gt [ X3y Az Aw]
EY w? =yt + 223 and G non-commutative, |G| = 27, acting as
[z:y—&lx ez + 1y + 2 w]
where ] = €3 =0
E} w? = (y3 + 23z + 222 ps s Ay ATz s
(az, Go X Gyy,) with
£ w? = By 1 1 ag:lr:iy:z4ey:w]

Ga:lr:y+edn:z—ex:w)
G = [z : MOy 2 A2z 2 N3]

Table 5. Non-equivariant RDP del Pezzo surfaces of degree 2 with global vector

fields in characteristic 3
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RDPs equation(s) of X Aut())(
2 _ 3 2 | 136 1 343
=x° + stx® +a’s’ + s°t
As + Dy Y ps: As: AT x )
witha # 0
A+ Dy y? =23 + s*2x + 16 ps i As: AT x sy
2 3 2 3.6 13343 4 46
=2x° + stx® +a’s’ + b’s°t° + t
24, Y ps i As: AT i x )
witha # 0,b? # a
2 31 242 3.6 4 46
=x° + stz +a’s’ +1
24, Y ps: [As: ATt x iy
witha # 0
2 31 2.2 3 34343 1 p346
=a° + s7z° + st°x + a’s°t> + bt
34, 4 ) ag X ps[sies+ At :x:y
with a & {0, (b—1)2},b #0
2 31 2,2 1 3343 1 46
=zx°+ sz +a°s’t” +t
3As Y ag X us:[s:es+ At :x:y)
with a # 0
2 3 2.2 3 34343
=z° + s°x° + st°r + a’s’t
342 + Ay Y ag X us:[s:es+ At :x:y]
witha ¢ {0,1}
4A, y? = a3 + 1?2 + 2t a3 X pz i [As M x4 €182 + east + e3t? ]
2 3 2 | 166 1 p3e343 4 46
= x° + stz + b°s® + b°s°t° 4+t
As Y ps i As: AT x sy
with b % 0
2 3 2.2 3 346
=a° + s7x° + st°x + b7t
As + Ao 4 _ ag X us:[s:es+ At :x:y)
with b # 0, 1
As + Ao y? = 23 4 5202 410 ag X psi[sies+ Nt :x oyl
As + Az + Ay y? = a3 + 5202 + stix a3 Xz [sies+ Mia iy
2 3 3 343 | 16
=x° + st°x +as’t’ +t
EY Y ag X us:[s:es+ A :x oy
witha # 0
Eg y? = 2® + st + 10 w3z s Aty
E(6)+A1 y? = 23 + st3x + s3t3 az X g [M0s:es+ At :x+ (1 —A3)s?: g
(G, Gyp,) with
G :[Ms: A2tz
EY + Ay y? = a3 + 542 and G non-commutative, |G| = 81, acting as
G :[s:t—eds:x+e182 + east +e3t? 1 y]
withed =e) =3 =0
E + Ay y? = 23 4 %22 + 313 ag X us:[s:es+ At :x:y)
E? y? =23 + st3x + 5 az X pg:[sies+ Mz
EY + A4 y? =23 + stz az X Gy, : [N 3ses+ At x oy
Ag y2:x3—|—52x2—|—st3x—|—t6 Oég)dugl[8158+)\t:l’+€382:y]
(a2,G, % Gyp,) with
Gg:ls:t—a®s:x+as?:
EY y? = a3 + 5t | v
G i [As: X0tz 0y
Qd:i[s:t:x+est+eat? iy
Gam,ugwith
E} y? = 23 + sta + 33 Go:ls:t—(a®+a)s:z+as?:y

w3 :[s: A xy

Table 6. Non-equivariant RDP del Pezzo surfaces of degree 1 with global vector

fields in characteristic 3
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2. An application: Regular inseparable twists of RDP del Pezzo surfaces

A twisted form of a k-scheme X over a field extension L DO k is a scheme Y over L
such that Y7 = Xy, where L is an algebraic closure of L. If X is a proper scheme over
k, then smoothness of Aut x is intimately related with properties of twisted forms of X, as
the following proposition shows. Even though this proposition should be well-known, we
include the proof for the convenience of the reader.

PROPOSITION 2.1. Let k C L be a field extension. Let X be a proper scheme over k
and let Y be a twisted form of X over L. Assume that Autx is smooth. Then, the following
hold:

(1) If L is separably closed, then Y = X.
(2) If P is a property of schemes that is stable under field extensions and local in the
étale topology, then, if X satisfies P, also'Y satisfies P.

PROOF. Let us first prove Claim (1). As explained for example in [Mil16, p.134], an
isomorphism ¢ : Y7 = X givesrise to a Cech cocycle on the fppf site of Spec L, hence to
an element in ﬁflppf(Spec L, Autx, ). By [Mill6, Chapter III: Theorem 4.3.(b), Corollary
4.7, Remark 4.8], the smoothness of Auty implies that

H'flppf(Spec L,Autx,) = H} (Spec L, Autx, )

and since L is separably closed, the latter is trivial. Hence, Y and X, are already isomorphic
over L.

For Claim (2), let L*°P be the separable closure of L in L. By (1), we have Xpsep =
Y7 ser. Since X is proper, this isomorphism is defined over a finite subextension L C L' C
L5, so that X7, = Y7,. The morphism Spec L’ — Spec L is finite and étale. Hence,
by our assumptions on P, if X satisfies P, then X/ satisfies P, and thus also Y satisfies
P. O

Choosing for P the property that the singular locus is non-empty and specializing to the
case where X is an RDP del Pezzo surface, we obtain the following:

COROLLARY 2.2. Let X be an RDP del Pezzo surface over k. Let k C L be a field
extension and let Y be a twisted form of X over L. If X has at least one singular point and
Y is regular, then Auty is non-smooth.

At a first glance, these twists seem rather hard to get a grip on geometrically, but it
turns out that they can be written down explicitly if one has explicit descriptions of X
and Autx. For example, consider yi, C PGL,, 1 embedded diagonally with weights

(0,a1,...,apn-1,1), that is, given on the level of scheme valued points as
A= (1, A%, 00, A%=1 X)), Alternatively, the ju,-action is given by the p-closed derivation
D = Z?Zl a;x;0, With a,, = 1. We can write 11, as the kernel of the surjective
homomorphism

I G}, — G,

(Liug, ..o up) — (Liugu, . up—qu, ™t ub).
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By [Mill6, Proposition 4.5] and Hilbert 90, for every field extension £ C L, this yields a
short exact sequence of abelian groups

0— Gr (L) " 6 (r) S ik i(Spec L, ) — 0.

Here, for g € G”(L), the element d(g) is defined by choosing § € G (L) such that
f(L)(g) = g1, and setting d(g) to be the image of the cocycle (@ 1) 1 (1®g) € up(L @y,
L).IfX C [P}, is a subvariety stabilized by ji;, — which, on the level of derivations, means
that D(Ix) C Ix, where Ix is the ideal of X — then §~'(Xf) C P% is defined over L
and the cocycle one associates to this twisted form is in the same class as d(g). In other

words, we can realize every twist of X corresponding to an element of Hflppf(Spec L, up)
1

by choosing g € G (L) such that f(L)(g) is defined over L and translating X along g—!.

EXAMPLE 2.3. Consider the quartic curve Q = {23y + y3z + 232z = 0} C ]P’z in
characteristic 7. It is stable under the pi7-action with weights (0,3, 1). Let L = k(t) and
consider g = (1,37 #'/7) € G2,(L) € PGL3(L). Then,

Q) = {323y + 172 + 3780 = 0} = {28y + P2 + 22 = 0.

Spreading out over A}, — {0} = Spec k[t, ¢ !], we obtain a fibered surface S over A} — {0}
which is easily checked to be smooth using the Jacobian criterion. Its generic fiber is a
twisted form of @) over k(t) and this twisted form is regular, because it is the generic fiber
of a flat morphism between smooth k-schemes. Taking the double cover of (Al —{0}) x P?
branched over S, we obtain a smooth fibered threefold 7" over A' — {0} whose generic fiber
is the regular del Pezzo surface Y of degree 2 given by the equation

{w? = 23y + ty32 4 232} C Pr(1,1,1,2).

As before, Y is regular, being the generic fiber of a flat morphism of smooth k-schemes.
Observe, however, that Y is not smooth, because Ym = X, where X is the del Pezzo
surface of degree 2 with a singularity of type Ag given in our Table 1.

REMARK 2.4. Example 2.3 shows that the bound p < 7 given in [BT20, Proposition
5.2] for the characteristics in which non-smooth regular RDP del Pezzo surfaces can exist
is sharp. Using the approach explained in the beginning of Example 2.3, it is not hard to
construct similar examples if p = 2,3, 5, but since this is not the topic of this chapter,
we leave these constructions to the interested reader. Finally, we note that it is no mere
coincidence that the Klein quartic in characteristic 7 appears in this context and refer the
reader to [St604] for a closer study of this curve and its regular twists.

3. Preliminaries on (RDP) del Pezzo surfaces

In this section, we recall the definition of RDP del Pezzo surfaces and weak del Pezzo
surfaces, which occur as minimal resolutions of RDP del Pezzo surfaces, as well as their
basic properties.
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DEFINITION 3.1. Let X and X be projective surfaces.
o X is adel Pezzo surface if it is smooth and —Kx is ample.
e X is aweak del Pezzo surface if it is smooth and — K ¢ is big and nef.
e X is an RDP del Pezzo surface if all its singularities are rational double points and
— K is ample.
In all the above cases, the number deg(X) = K% (resp. deg(X) = K?%) is called the
degree of X (resp. X ).

Recall (e.g. from [Doll2, Theorem 8.1.15, Corollary 8.1.24]) that 1 < deg(X) =
deg(f( ) < 9 and that every weak del Pezzo surface of degree d and different from P* x P!
and the second Hirzebruch surface F5 can be realized as a blow-up of P? in 9 — d (possibly
infinitely near) points in almost general position.

As mentioned in the beginning of this section, weak del Pezzo surfaces arise as the
minimal resolutions of RDP del Pezzo surfaces and, conversely, every RDP del Pezzo
surface X is the anti-canonical model of a weak del Pezzo surface X. The linear systems
| — nK | are well studied (see e.g. [BT20, Proposition 2.14, Theorem 2.15] for proofs in
positive characteristic). We denote the morphism induced by a linear system [D| by ¢p|
and recall that a curve singularity is called simple if its completion is isomorphic to one of
the normal forms given in [GK90, Section 1]. The following description of the geometric
picture is well-known [Dol12, Theorem 8.3.2].

THEOREM 3.2. Let X be a weak del Pezzo surface of degree d.

[-Kx]|

~ ®
(1) Ifd > 3, then ¢|,Kg|fact0rs as X 5 X —
immersion that realizes X as a surface of degree d.
~ @
(2) If d = 2, then 90|_K)Z|fact0rs as X & x Z2ExD P?, where P K x| I8 finite flat
of degree 2.
Ifp # 2, then |_c | is branched over a quartic curve () with simple singularities.
(3) If d = 1, then the | s _| factors as X 5 X P(1,1,2) C P3, where
P(1,1,2) is the quadratic cone and ¢|_s | is finite flat of degree 2.
If p # 2, then p|_o | is branched over a sextic curve S with simple singularities.

P?, where P|_K x| is a closed

P|-2K x|

Next, we recall the notion of a marking of a weak del Pezzo surface X ¢ {P' x P!, Fy}
(see [Dol12, Definition 8.1.21]) and explain how to describe the negative curves on X in
terms of such a marking.

e A marking of X is an isomorphism ¢ : 9~ 5 Pic(X), where "9~ is the
lattice of rank 10 — d with quadratic form given by the diagonal matrix
(1,—1,...,—1) with respect to a basis e, . .., e9_g4.

e A realization 7 : X — P2 of X as an iterated blow-up of P? induces a marking
¢ with ¢(eg) = 7*Op2(1) and é(e;) is the class of the preimage in X of the i-th
point blown up by 7. A marking that arises in this way is called geometric.

o If ¢ is a geometric marking of X, then ¢ HEKg) = (—3,1,...,1) = ko_qg.

e The lattice Fy_g is defined as (kg_q)t C IV97¢,
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— Ford =1, 2, 3, the lattices Fy_4 are precisely the three exceptional irreducible
root lattices.

— For d = 4,5, 6, there are identifications E5 = D5, Fy = Ay, E3 = Ay @ A;.

— For d = 7,8, the lattices Fy_4 are no root lattices. Every maximal root
lattice contained in F» is isomorphic to A;, and F; does not contain any
(—2)-vectors.

REMARK 3.3. In particular, the number of (—2)-curves in the minimal resolution of an
RDP del Pezzo surface of degree d is bounded above by 9 — d.

Following [Dol12, Section 8.2], we let
Exco_g:={v e I"97 |02 = —1, vky_g = —1} C 11971

be the subset of exceptional vectors. Let R be a set of linearly independent (—2)-vectors in
FEy_,, and define the cone

Cr={ve 4o R | v.aw > 0 forallw € R}.

For a sublattice A of Ey_,4, we denote the Weyl group of A by W (A). Thatis, W (A) is the
subgroup of the orthogonal group O(I"°~%) generated by reflections along (—2)-vectors in
A. With this notation, W (A) preserves Excg_4 and, for A = (R), Cr is a fundamental
domain for the action of W (A) on IM9~4 @ R.

LEMMA 3.4. With the above notation, we have the following description of certain sets
of (—1)-curves on X :

(1) If R is the pre-image of the set of all (—2)-curves on X undera geometric marking
@, then ¢ induces a bijection

{(~=1)-curves on X} +— Cr NExcy_q = Exco_q/W(A).
(2) If R C R with N .= (R'), then ¢ induces a bijection
{(=1)-curves on X disjoint from $(R')} <+— CrNExcg_qN(A)* = Cr ﬂEXCIg/V_(Cé\/).
(3) If. moreover, N is a sum of connected components of A, then ¢ induces a bijection
{(=1)-curves on X disjoint from $(R')} «— (EXC};K(dA/))/W(A).

PROOF. For (1) and (2), see [Dol12, Lemma 8.2.22 and Proposition 8.2.34]. To prove
(3), we note that we have an orthogonal decomposition A = A’ & A”, where A = (R) and

A" = (R\ R'). Therefore, the W (A)-action preserves Excg_q N (A/)* = Excg[i(év) and,
by (1), we can write

Cr N Excy_qg N (A)E = (Cr N Excy_g)V ™) 2 (Excy M) /W ().
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4. Group scheme actions on anti-canonical models

The purpose of this section is to recall some basic facts about group scheme actions on
(blow-ups of) normal projective surfaces and to describe the automorphism scheme of an
RDP del Pezzo surface in terms of the anti-(bi-)canonical morphisms recalled in Theorem
3.2.

Quite generally, the key tool to control the behavior of group scheme actions under
birational morphisms is Blanchard’s Lemma [Bril7, Theorem 7.2.1]. Note that Blanchard’s
Lemma was already used as the crucial ingredient in Chapter II (see Lemma 2.10), but for
the reader’s convenience we will recall it here and give a generalization of Lemma 2.11
of Chapter II to the setting of normal surfaces with at worst rational double points in the
following Proposition 4.2.

THEOREM 4.1. (Blanchard’s Lemma) Let f : Y — X be a morphism of proper
schemes with f,Oy = Ox. Then, [ induces a homomorphism of group schemes
fo s Aut) — Aut. If f is birational, then f, is a closed immersion.

Given an action of a group scheme G on a scheme X and a closed subscheme Z C X,
we let Stabg(Z) C Autx be the stabilizer subgroup scheme of Z (recall Definition 3.5
in Chapter II). The following proposition describes the image of 7, if 7’ is a blow-up of a
closed point on a normal surface with at worst rational double points.

PROPOSITION 4.2. Let X be a normal surface with at worst rational double points
and let 7' : X' — X be the blow-up of X in a closed point P. Then, 7’ (Aut%,) =
(Stabauty (P))°.

PROOF. By [Mar22, Proposition 2.7], it suffices to find an infinitesimal rigid subscheme
E C X’ whose schematic image is P. Thus, let F be the exceptional divisor of 7/, with
scheme structure given by the inverse image ideal sheaf of P. In particular, F is a Cartier
divisor on X,

If P is smooth, then F is a (—1)-curve, hence E is infinitesimally rigid. If P is not
smooth, then P is a rational double point. In particular, 7’ factors the minimal resolution
m:X = Xand mtwy & w - Since X " has at worst rational double points as well and

X — X is its minimal resolution, we obtain 7"*w x = wy using the projection formula.
Now, wyx is trivial in a neighborhood of P, so wx- is trivial in a neighborhood of E. Thus,
the normal sheaf N,/ x of E in X' coincides with wg by adjunction.

On the other hand, the rational double point P € X has multiplicity 2 and embedding
dimension 3, hence F is isomorphic to a (possibly non-reduced) conic in P2. As such, it
satisfies wg = Op2(—1)|p. Hence,

hO(E7NE/X’) = hO(Ea OPQ(_1)|E) =0,

s0, by [Ser06, Proposition 3.2.1.(ii)], £ is infinitesimally rigid. This finishes the proof. [J

If X is an RDP del Pezzo surface, then we have the following description of Autx in
terms of the anti-canonical morphisms ¢|_, x| of X.
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PROPOSITION 4.3. Let X be an RDP del Pezzo surface of degree d. Then, |_, x| is
Aut x-equivariant for all n > 0 and the following hold.
(1) If d > 3, then Autx = StabPGLd+1 (X).
(2) If d = 2 and p # 2, then there is an exact sequence of group schemes

1 — Z/ﬂ — Autx — Stabpar, (Q) — 1,

where Q is the branch quartic of the anti-canonical morphism X — P2,
(3) If d = 1 and p # 2, then there is an exact sequence of group schemes

1—Z/2Z — Autx — StabAutP(l’l,Q)(S) — 1,

where S is the branch sextic of the anti-bi-canonical morphism X — P(1,1,2) C
P3.

PROOF. By [Bril8, Remark 2.15.(iv)], the line bundles w?;(_n) admit natural
Aut x-linearizations for all n > 0 and hence the natural action of Autx on the space of

global sections of w?é(_") induces a homomorphism f,, : Auty — PGLy41, where N =

dim(H°(X, w?}(fn)))—l, making the rational map |, x| : X --» PN Aut x-equivariant.

If d > 3, then the anti-canonical map is an embedding by Theorem 3.2, hence f; is a
monomorphism. By [Mar22, Lemma 2.5], f1 factors through Stabpgt,, . (X). Conversely,
restricting the G-action on P to X yields a left-inverse g1 : Stabpgr,,, (X) — Autx
to fi. Since X is not contained in a proper linear subspace of P4 and the fixed locus of a
subgroup scheme of PGL4 is a linear subspace, g; has to be a monomorphism. Hence f;
is an isomorphism.

If d = 2 and p # 2, then the anti-canonical map is a finite flat cover of P? branched
over a quartic curve ) C P? by Theorem 3.2. Let K be the kernel of fi. Restricting
the action of K on X to the generic point of X yields a k(P?)-linear action of K k(P2) ON
the degree 2 field extension k(X) of k(P?). Since p # 2, the field extension k(P?) C
k(X) is Galois, which shows K = 7Z/27. Since K is normal in Auty, the action of
Autx on X preserves the fixed locus X K hence, by [Mar22, Lemma 2.5], the induced
action of Autx on P2 preserves the scheme-theoretic image of X ¥ under ©|— K x|» Whichis
nothing but Q. Hence, f; factors through Stabpgr,, (Q). In order to show faithful flatness of
fi: Auty — Stabpar, (Q), we write X as {w? = Q(z,y,2)} € P(1,1,1,2). For every
k-algebra R and every automorphism o of P% preserving Qr = {Q(z,y, 2) = 0} C P%,
that is, mapping Q(z,y, z) to AQ(z,y, z) for some A € R*, we can pass to the faithfully
flat ring extension R’ := R[ﬁ] of R and lift o to an automorphism of X/ by mapping w
to +v/Aw. Hence, f1 is faithfully flat and thus the sequence in (2) is exact.

If d = 1 and p # 2, we can apply essentially the same argument as in the previous
paragraph to the anti-bi-canonical morphism ¢ x| : X — P3: Indeed, the argument
for K = 7, /27 is exactly the same as in the previous paragraph. To prove faithful flatness
of f3 + Autx — Stabauty ,,, (), we can write X as a hypersurface in (1, 1,2, 3) by
identifying the quadratic cone with P(1, 1, 2) and then argue as above. O
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5. On equivariant resolutions

It is an immediate consequence of the uniqueness of the minimal resolution X ofa
projective surface X that the action of the automorphism group Autx (k) on X lifts to X.
Over the complex numbers, this implies that the action of the automorphism scheme Autx
lifts to X. In general, this is no longer true in positive characteristic. In this section, we will
study this phenomenon.

DEFINITION 5.1. Let 7 : X — X be a proper birational morphism of schemes.
Assume that X is integral and normal.
(1) The morphism 7 is called T’x -equivariant if the natural map 7.7y — Tx is an
isomorphism.
(2) Assume additionally that X is proper (in particular, this implies .05 = Ox).
Then, 7 is called Aut%-equivariant if the closed immersion 7, : Aut% — Aut%
induced by Blanchard’s Lemma is an isomorphism.

REMARK 5.2. Note that T'x-equivariance is local on X and implies HO(X, T %) =
HO(X,Tx). If wis Tx-equivariant, then 7, : Autg~< — Autg( is an isomorphism on
tangent spaces.

The study of the T'x-equivariance of the minimal resolution of a rational double point
has been initiated by Wahl [Wah75] and extended to all positive characteristics by Hirokado
[Hir19]. There, T'x-equivariance is simply called “equivariance”. For the convenience
of the reader, we will recall the classification of RDPs whose minimal resolution is not
T'x-equivariant (see [Hir19, Theorem 1.1]).

PROPOSITION 5.3. Let m : X — X be the minimal resolution of a rational double
point (X, x). Then, 7 is not Tx equivariant if and only if (X, x) is of type
(1) Ap withp | (n+1),
(2) E§ifp=5,
(3) EQ,E}, B9 EY,EYifp=3, or
(4) D, EQ, EV, EL, B2 B3, EQ, E}, E2, E3 ifp = 2.
In the next sections, we would like to apply the notions of Autg(—equivariance and
T'x-equivariance to RDP del Pezzo surfaces and their partial resolutions.

DEFINITION 5.4. Let X be a proper surface. A partial resolution of X is a proper
birational morphism 7’/ : X’ — X such that the minimal resolution of X factors through 7’

We thank the referee for suggesting a simplified proof of the following result.

PROPOSITION 5.5. Let X be a normal proper surface and let 7' : X' — X be a partial
resolution of X. Assume that there exists an open subset U C X such that m'~1(U) — U is
an isomorphism and all singularities in X \ U admit a Tx -equivariant minimal resolution.
Then, 7' is T'x -equivariant.

PROOF. Let 7 : X — X be the minimal resolution of X. By definition of a partial
resolution, 7 factors through /. We get an induced sequence

o / T
W*T)} — 7T*TX/ — Tx.
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By assumption, 7 is an isomorphism on U and 7 o ¢ is an isomorphism in a neighborhood of
every point in X \ U. Hence, 7 is surjective and generically an isomorphism. Since 7, T/ is
torsion-free, this implies that 7 is an isomorphism, hence 7’ is equivariant, as claimed. [J

In some situations, Aut%-equivariance can be deduced immediately from the simpler
notion of T'x-equivariance, which is the content of the following proposition.

PROPOSITION 5.6. Let m : X — X be a birational morphism of proper k-schemes. If
Aut% is smooth and 7 is T'x-equivariant, then T is Autg(-equivariant.

PROOF. If 7 is T'x-equivariant, then
dim Aut()l( < dim Aut < dimy, HO(X, Tx) = dim, H°(X, T5)

and since Autg? is smooth, all inequalities above are in fact equalities. Thus, Autg( is
smooth and of the same dimension as Aut%. Hence, we must have Autg? = Autgg, that is,
7 is Aut$-equivariant. O

REMARK 5.7. In particular, if, in the situation of Proposition 5.5, we assume in addition
that Autg(, is smooth, then 7’ is Autg(—equivariant.

To the best of our knowledge, the question whether partial resolutions of a proper
normal surface with rational double points are Autg(—equivariant has not been studied.
In the following, we prove Aut%-equivariance for A,,-singularities with n < p — 1 and
bound the failure of Autg(—equivariance for A,_1-singularities. While this does not cover
all rational double points and not even all A, -singularities, it will come in handy for the
calculation of the automorphism schemes of non-equivariant RDP del Pezzo surfaces in
Section 8.

PROPOSITION 5.8. Let X be a proper surface. Let 7’ : X' — X be a partial resolution
of X and assume that the only singularities over which ' is not an isomorphism are A,,-
singularities with n < p — 1. Then,

length (Autk / Autk/) < p™,

where m is the number of A,,_1-singularities on X over which 7’ is not an isomorphism. In
particular, if m = 0, then 7' is Autx-equivariant.

PROOF. It suffices to prove the statement if 7/ : X’ — X is not an isomorphism
only over a single singularity P of type A,,. By Proposition 4.2, it suffices to show that
G = Aut% fixes P if n < p — 1 and that the stabilizer of P has index 1 or p in G if
n = p — 1. To see this, we equip the singular locus Xy;,, of X with a scheme structure
using Fitting ideals (see [Stal8a, Tag 07Z6]) and we let Y be the irreducible component of
Xsing containing P. Since the scheme structure on Xy;,, is canonical and G is connected,
G preserves Y (see [Stal8a, Tag 07ZA]), so we get a homomorphism ¢ : G — Auty. To
prove the proposition, it suffices to show that the stabilizer of P in Auty has index 1 or p,
with the latter only occurring for n = p — 1.
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Since an A,,-singularity is given in a formal neighborhood by the equation 2"+ + x,
Y is isomorphic to

Y, = Spec (k[2]/(2"™)) if n<p-1
Y,—1 = Spec (k[z]/(2F)) if n=p-—1.

Now, we calculate Auty; by computing its R-valued points for an arbitrary local k-algebra
R. An element of Auty,(R) is an R-linear automorphism ¢ of R[z]/(2'™!), hence it is

determined by where it sends 2. Let ap, . .. ,a; € R such that p(2) = > "_ a; 2. Letm be

the maximal ideal of R, so that (m, z) is the maximal ideal of R[z]/(2*"!). Since ¢ is an
automorphism, it maps (m, z) to itself, hence ag € m. If a; € m, then the coefficient of z
in every (27) is in m, so z would not lie in the image of ¢, which is absurd. Hence, a €
R\m = R*. Next, we know that ¢(2**1) = 0. Since the degree 0 term of (2**1) is a§"",
o1 = 0. The degree j term of ¢(2**1) is of the form (Zyl)aéﬂ_]ajl +al b,

for some b; € R. If i < p—1,thenp{ (’erl) for all j, hence solving the above equations

inductively shows ag = 0. If i = p — 1, then p | (ZJ;I) for all j > 0, so we only get af = 0.

we have a

Conversely, given a sequence (ao, . ..,a;) in R witha; € R* andag = 0ifi <p—1
(resp. aff = 0if ¢ = p), the morphism induced by z — Z}:O ajzj is an automorphism,
i 1

since it is well-defined and its inverse is given by 2 — (3., a;jz? 1)z —ap.

Summarizing, we have natural identifications

Auty,(R) = {(0,a1,...,a;) |aj € R,a1 € R*}fori <p—1
AutYp,l (R) = {(aoaala v 7ap71) ‘ Qaj € R, al € Rx,ag = 0}

In both cases, the corresponding automorphism of Y; preserves P x Spec R C Y; X Spec R
if and only if ap = 0, since the ideal of P x Spec R is (z). Hence, the index of the stabilizer
of Pin Auty, is 1if i < p — 1, and p if i = p — 1. This finishes the proof. O

REMARK 5.9. The strategy of proof of Proposition 5.8 would, in principle, also apply
to other rational double points. However, there are two obstacles to overcome:

(1) The automorphism scheme of the singular locus is more complicated for more
general RDPs, since the singular locus has a more complicated scheme structure
in general. For example, if p = 5 and X admits an RDP of type EY, then, in a
neighorhood of this singularity, the singular locus of X looks like
Spec k[[x,]]/(x?,y°). This also makes the calculation of the stabilizer of the
closed point more complicated.

Q) If w: X — X is the minimal resolution of an RDP surface, then Aut()l( is the
intersection of all stabilizers of all singularities that occur in the blow-ups making
up 7. For example, if p = 3 and X admits a single RDP of type A4, then the
argument of Proposition 5.8 shows that Autgf, = Autg(, where X' is the blow-up
of the closed point of P, but X’ has a singularity of type As, so the approach

of Proposition 5.8 only shows that length (Autg( / Aut%) < 3 even though we
would expect the two group schemes to be equal by Proposition 5.3.
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One case where the argument of Proposition 5.8 goes through essentially unchanged is
if p = 3 and the morphism 7 : X — X is the minimal resolution of an RDP of type
As. In this case, 7 factors as a composition of three blow-ups X — X" — X' — X,
where X’ has an As-singularity and X” has an Aj-singularity. Then, the argument of
Proposition 5.8 shows that Aut% = Aut}, = Aut%, and length (Aut% / Autk,) < 3,

hence length (Autg( /Autg?) <3.

6. Automorphism schemes of equivariant RDP del Pezzo surfaces

In Chapter II, we classified all weak del Pezzo surfaces X with global vector fields and
calculated the identity component Aut% of their automorphism schemes. In particular, if X

is a projective surface, whose minimal resolution 7 : X - Xis Autg(—equivariant and such
that X is a weak del Pezzo surface, then Aut% = Autgz and thus, if Aut% is non-trivial,

then X appears in the classification tables of Chapter II.

In the following, we will observe that all RDP del Pezzo surfaces in characteristic p >
11 fall into the above category and we will give a list of possible candidates for exceptions
in small characteristics.

THEOREM 6.1. Let X be an RDP del Pezzo surface over an algebraically closed field
of characteristic p and let m : X — X be its minimal resolution. Assume that one of the
following conditions holds:

(1) p£{2,3,5,7}

(2) p="Tand X does not contain an RDP of type Ag.

(3) p=>5and X does not contain an RDP of type A4 or Eg.

(4) p = 3 and X does not contain an RDP of type Ao, As, Ag, Eg, E61, Eg, Eg or Eé.

(5) p = 2 and X does not contain an RDP of type A1, Az, As, A7, D], Eg, E?, E%,

E2 B3 EQ EL, E? or E3, where n < 8.

Then, Autx = Autg, and thus, in particular, H 0(X, Tg) = H 9(X,Tx). Therefore,
HO(X,Tx) # 0 if and only if X is the anti-canonical model of one of the surfaces in the
classification Tables 1, 2, 3, 4, 5 and 6 of Chapter II.

PROOF. By Proposition 5.5 and Proposition 5.6, the theorem holds for those RDP del
Pezzo surfaces that satisfy the following two conditions:

(a) all singularities of X admit a T’y -equivariant minimal resolution, and
(b) Aut% is smooth.

By Proposition 5.3 and Remark 3.3, Condition (a) holds if we exclude the types of RDPs in
the statement of the theorem. In particular, note that if p > 11, we do not have to exclude
any RDPs.

Once we exclude those types of RDPs, then, by Tables 1-6 in Chapter II, Condition
(b) is also satisfied unless we are in one of the following three cases, where I" is the RDP
configuration on X and d = deg(X):

130



1)
(ii)
(iii)

p:3,d:2,F:A6
p=3,d=2T=Dg
p=2,d=3T=A4

In Chapter II, these exceptions correspond to cases 2.J, 2K and 3N, respectively, and
there is a unique weak del Pezzo surface of each of these types. In all cases, we have
hO(X, T%) = 1, hence h®(X, Tx) = 1 by Proposition 5.3, so the only remaining statement
we have to show in these three cases is that 7 is Aut$-equivariant. We will check this via
explicit calculation:

®

(i)

(iii)

Assume p = 3. Consider the surface
X = {w? = 2222 +ay?2 + oyt + 2Py} CP(1,1,1,2)

and let @ be the branch quartic of the induced double cover X — P2. An
elementary calculation shows that X admits an Ag-singularity over [0 : 0 : 1] and
no other singularity. By Proposition 4.3, we have Aut} = Stabpqr,(Q)°. The
diagonal p3-action with weights (0, 1,2) on P? preserves @, hence 3 C Autg(.
Since 7 is T'x -equivariant by Proposition 5.3, X must be the surface of type 2.J in
Chapter II, hence Autg} = p3. Since h(X, Tx) = 1, we have Aut%[F] = us,
where Aut [F] denotes the kernel of Frobenius on Aut%. Hence, y3 is normal in
Aut% = Stabpar, (Q)° and thus Stabpar,, (Q)° preserves the eigenspaces of the
ps-action, hence Stabpgr, (Q)° acts diagonally. With this restriction, it is easy to
compute that Aut% = Stabpgr,(Q)° = 3. Therefore, 7 is Aut%-equivariant,
which is what we wanted to show.

Assume p = 3. Consider the surface

X = {w? = z(2® + 3> + zy2)} CP(1,1,1,2)

and let Q be the branch quartic of the induced double cover X — P2, Note that Q
is the union of a nodal cubic and one of its nodal tangents, with the node located at
[0:0: 1], hence X has a Dg-singularity at [0 : 0 : 1 : 0] and no other singularities.
The diagonal p3-action with weights (0, 1, 2) preserves @, hence h(X, Tx) # 0,
and thus X is the surface of type 2K in Chapter II. The rest of the argument is the
same as in the previous Case (i), and shows that 7 is Autg(—equivariant.

Assume p = 2. Consider the surface

X = {xor123 + x%mg + xox% + $(2]£L‘2} C P3,

which is a cubic surface with a single singularity, which is of type Ay, at
[0:0:0: 1] (see e.g. [Roc96, Case B]). It admits a diagonal pz-action with
weights (0,1, 0, 1), hence h°(X, Tx) # 0 and therefore, as 7 is Ty -equivariant by
Proposition 5.3, X is the anti-canonical model of the surface of type 3NV in Chapter
II. Straightforward calculation, again wusing that ps 1is normal in
Stabpar, (X)°, shows that Aut% = Stabpgr, (X)? = u2, hence 7 is Aut-
equivariant.

0
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7. Finding (—1)-curves in the equivariant locus

In view of Theorem 6.1, in order to classify RDP del Pezzo surfaces with global vector
fields in odd characteristic, it remains to study RDP del Pezzo surfaces X which are not
T'x-equivariant. Let I be the configuration of rational double points on X which are not
T'x-equivariant and let 7 : X — X be the minimal resolution of X.

In this section, we will describe a criterion for X to be the anti-canonical model of a
blow-up of an RDP del Pezzo surface X’ of higher degree containing IV such that X’ --» X
is an isomorphism around I"'. On the corresponding minimal resolutions, this will amount
to finding (—1)-curves away from the configuration of (—2)-curves over I"". In other words,
we are trying to find (—1)-curves on X that map to the T’y -equivariant locus of 7. In Section
8, this criterion will allow us to give a complete classification of non-equivariant RDP del
Pezzo surfaces with global vector fields by setting up an inductive argument depending on
the degree of the surface.

THEOREM 7.1. Let X4 be an RDP del Pezzo surface of degree d < 8 and let T" be a
configuration of rational double points on Xy. Assume that its minimal resolution )?d isa
blow-up of P? and let A’ C Pic()zd) be the sublattice generated by the components of the
exceptional locus over T"'. Then the following are equivalent:

(1) There exists a (—1)-curve on X 4 whose image in X4 does not pass through T".
(2) Xg4 is the anti-canonical model of a blow-up in a smooth point P of an RDP del

Pezzo surface X 4.1 of degree (d + 1) containing T such that Xgq --+ X441 is an

isomorphism around I
(3) The map ' — (K )?dH = Fg_g4 factors through an embedding Eg_ 4 — Fq_g4.

PROOF. First, we show (1) = (2). Let C be the (—1)-curve whose existence is asserted
in (1) Contracting C, we obtain a weak del Pezzo surface Xd+1 of degree (d + 1) such
that Xd is the blow-up of Xd+1 in a smooth point P. Let X441 be the anti-canonical model
of Xd+1 and let P be the image of Pin Xg41. By our choice of C, all components of the
exceptional locus over I'” stay (—2)-curves in X, 441, hence X4, contains I".

Since X, is a weak del Pezzo surface, P cannot lie on a (—2)-curve (otherwise the strict
transform of such a curve would have negative intersection with — K %, which is impossible
as — K <, is nef), hence P is a smooth point on X ;1. Thus, blowing up P € X1, we
obtain a surface Y; with the same singularities as X4 1. In particular, Y; has only rational
double points as singularities and its minimal resolution is )~(d. Therefore, pullback of
sections induces isomorphisms H (Y, —nKy,) = HO(X4, —nK %,) foralln > 0, where
the surjectivity follows from the fact that Y, is normal. Thus, the anti-canonical model of
Y, coincides with X ;. The situation is summarized in the following Figure 1.

Note that Xy --+ Y; — X441 is an isomorphism in a neighborhood of I”, since C is
disjoint from the exceptional locus over I

Next, we show (2) = (3). We have (K)?d>L >~ Fy_gand (Kg )& = Fg_g.
Since X1 contains IV, the embedding A" — Pic()? ) factors through the pullback map
Pic(Xq41) < Pic(X4), which maps <K)Z_d+1)L to <K)?d>l. Hence (3) follows.

d+1
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Figure 1. Contracting a (—1)-curve disjoint from the singular locus

Finally, to show that (3) = (1), we identify Pic(X,) and 149~ via a geometric
marking. We have to show that there is a (—1)-curve C on X that does not meet the
set R’ of exceptional curves over I'V. Let A be the sublattice of Pic(Xd) spanned by the
classes of all (—2)-curves. Since A’ is a sum of connected components of A, Lemma 3.4
shows that it suffices to prove

(Excg ") >/W< ) # 0.

Clearly, this is the case if and only if EXC9 d 7& (). Since A’ < Eg_4 factors through an
embedding Eg_4 — Eg_g4, we have

Exc, (fs @) C Exc, (C‘l/v),
so it suffices to show that Exc, (ES 2 # ). Since the action of W (Ey_g) on Pic(Xy)

preserves Excg_g4, the condition Ex09 W(Es-a) # () depends on the embedding Fg_4 <

FEq_4 only up to conjugation by elements of W(Fy_4) and up to automorphisms of Fg_ .
If d < 5, then Fg_4 is aroot lattice. By [Dyn52, Table 11] and [Mar03, Exercise 4.2.1,
4.6.2], the embedding ¢ : Fg_4 < Fg_4 is unique up to the action of O(FEg_g4). Since
O(FEy_q) is generated by {£id} and W (Ey_) in every case (see e.g. [Mar03, Proposition
4.2.2, Theorem 4.3.3, 4.5.2, 4.5.3]), ¢ is unique up to the action of W(Eg 4) and up to
automorphisms of Eg_4. Therefore, in order to show that Excgv (Es—a) # (), it suffices to

show that there exists some X containing a configuration of (—2)-curves of type Fs_,4 and
such that a (—1)-curve disjoint from this configuration exists. This is known and can be
seen for example in Figures 23, 49, 58, 64, and 62 in Chapter II.

If d > 7, then Eg_ 4 does not contain any (—2)-vectors, hence A’ = 0 and the implication
(3) = (1) holds, since X, is a blow-up of P2 by assumption.

Finally, if d = 6, then the maximal root lattice contained in Fg_4 = Fso is A;. Thus,
we may assume A’ = Aj, for otherwise we can argue as in the previous Case d > 7.
Up to the action of O(FE3) = {xid} x W (E3), there are two embeddings of A; into
FE3 = Ay @ A;j. Ttis easy to check that ¢ : A] — Fj3 factors through Fs if and only if ¢
factors through the As-summand of F3 and then ¢ is unique up to the action of W (E3) and
up to automorphisms of A;. Hence, similar to what we did in the case d < 5, it suffices to
find some X containing a (—2)-curve and a disjoint (—1)-curve. Again, this is known, see
Figure 24 in Chapter II. U
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COROLLARY 7.2. Let X4 be an RDP del Pezzo surface of degree d < 8, let T be a
configuration of rational double points on Xy, and let N’ be the root lattice associated to
I''. Assume that T" occurs on an RDP del Pezzo surface of degree (d + 1) and satisfies one
of the following conditions:

(1) d+#4,2,1

(2) d=4and N # As

(3) d=2and N ¢ {A5 + Ay, As, A3 +2A1, A3 + A1,4A1,3A1}

(4) d=1and N ¢ {A7, 2A3, As + A1, As + 2A1,4A1}
Then, X is the anti-canonical model of a blow-up in a smooth point P of an RDP del Pezzo
surface X 4y1 of degree (d + 1) containing " such that X4 --+ Xg41 is an isomorphism
around T".

PROOF. The embeddings of root lattices into Eg, E7, and Eg have been classified by
Dynkin [Dyn52, Table 11] and for the embeddings of root lattices into F'3 = Ao @ A1, Ey =
Ay, and E5 = Ds, we refer the reader to [Mar03, Exercise 4.2.1, 4.6.2]. It follows from
these classifications that if an embedding of A’ into Egy_,4 exists, then this embedding is
unique (up to the action of O(Ey_)), except precisely in the cases excluded in (2), (3) and
(4). Hence, if one embedding A’ — FEg_4 factors through an embedding Eg_4 — Eg_g,
then every embedding factors through an embedding Eg_4 < Fg_4. If TV occurs on some
RDP del Pezzo surface of degree (d + 1), then an embedding of A’ with such a factorization
exists and the claim follows from Theorem 7.1. O

8. Automorphism schemes of non-equivariant RDP del Pezzo surfaces

Throughout this section, X denotes an RDP del Pezzo surface and 7 : X — X isits
minimal resolution. In this section, we will prove Theorem 1.2, that is, we will classify all
X with H%(X, Tx) # 0 over a field of characteristic p € {3, 5, 7} and such that X contains
one of the RDPs excluded in Theorem 6.1. We will treat the cases p = 7, p = 5, and p = 3,
in Sections 8.1, 8.2, and 8.3, respectively. This will complete the classification of all RDP
del Pezzo surfaces with global vector fields in odd characteristic.

The strategy of proof is as follows: First, for each degree 1 < d < 9, we give the
list of RDP configurations I' that can occur on an RDP del Pezzo surface X of degree d
and that contain at least one RDP whose minimal resolution is not T'y-equivariant. Then,
starting with the highest possible degree and working our way down with Theorem 7.1, we
classify those X containing I" and satisfying H"(X, T'x) # 0. In each step, we give explicit
equations and calculate Autg( using Proposition 4.2, Proposition 4.3, and Proposition 5.8.

NOTATION 8.1. If d > 3, we use the notation z, ..., x4 for the coordinates of P¢.
If d = 2, we use the notation z,y, z and w for the coordinates of P(1, 1,1, 2), where w
has weight 2. Finally, if d = 1, we use the notation s, ¢,z and y for the coordinates of
P(1,1,2,3), where x has weight 2 and y has weight 3. In Tables 1, 2, 3, 4, 5, and 6, we
describe Aut% as follows:

e We only describe the R-valued points of Aut%, where R is an arbitrary local
k-algebra. By Lemma 3.7 in Chapter II, this suffices to describe the scheme
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structure of Autg( completely. We do this by either describing a general R-valued
point as a matrix or by describing the image of [z¢ : ... : z,] (resp. [x : y : 2z : w),
resp. [s : t : x : y]) under a general R-valued automorphism of X.

e We often describe Aut$ as the group scheme (G, Go) generated by subgroup
schemes G and G2 of Aut%. By this we mean that we describe Aut%, using
Proposition 4.3, as the smallest subgroup scheme of PGLg 41 (resp. Autp( 11,2
if d = 2, resp. Autp(y 1,23) if d = 1) containing both G and Go.

e We use the variables A or \; for R-valued points of G,,, and ,,» (where NP = 1),
and the variables ¢ or ¢; for R-valued points of G, and c,» (where eP" = 0).

8.1. In characteristic 7. By Theorem 6.1, we have to list all RDP configurations
containing Ag that can occur on an RDP del Pezzo surface in characteristic 7.

LEMMA 8.2. Ifp =7, deg(X) = d, and X contains an Ag-singularity, then d and the
configuration I' of RDPs on X is one of the cases in Table 7.

Ld]] r | € (ky-a)" |
Ag C Ey
1] As, A+ A1 C Eg

Table 7. Non-equivariant RDP configurations in characteristic 7

PROOF. Since Ag has rank 6 and discriminant 7, it does not embed into Eq_,; with
d > 3. By [Dyn52, Table 11], the only root lattice containing Ag as a direct summand and
embedding into F; is Ag itself and there are precisely two root lattices containing Ag and
embedding into Fg, namely Ag and Ag + A;. ]

THEOREM 8.3. Assume that p = 7 and X contains an RDP of type Ag. Then,
HO(X,Tx) # 0 if and only if X is given by an equation as in Table 1. Moreover, Aut())( is
as in Table 1, so that Aut% C Auth and even h°(X,Tx) > h%(X, T).

PROOF. By Lemma 8.2, we have deg(X) = d < 2. Assume H%(X,Tx) # 0.

If d = 2, then, by Theorem 3.2, the anti-canonical system of X realizes X as a double
cover of P2 branched over a quartic curve Q with a simple singularity of type Ag. Over the
complex numbers, there is a unique such ) (see [BG81, Proposition 1.3.1I]: Up to projective
equivalence, one can choose L = 2, B = 242, and ¢ = y* 4 23y in the notation of loc.
cit.) and the argument carries over without change to characteristic 7. Now, an elementary
calculation shows that the Klein quartic equation

By + 2+ B =0

defines such a () with an Ag-singularity at [1 : 2 : —3]. Thus, X is given by the equation in
Table 1. Clearly, the p7-action described in Table 1 preserves X. Since Aut% is trivial by

Chapter II, Proposition 5.8 implies that Aut% = p7.
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If d =1, then, by Theorem 3.2, the anti-bi-canonical system of X realizes X as a
double cover of the quadratic cone in IP? branched over a sextic curve S. By Table 7, the
RDP configuration on X is either Ag or Ag+ A;. By Corollary 7.2, X is the anti-canonical
model of a blow-up Y7 in a smooth point P of the surface X5 of Case d = 2. By Proposition
5.8, the morphism Y7 — X is Autg{—equivariant, since it is an isomorphism around the
Ag-singularity. Hence, by Proposition 4.2, we have Aut} = Autg)/l = Staby g (P)Y =

2

StabM(P)O. So, since p7 is simple, Y7 is the blow-up of X5 in a smooth fixed point P of
the ju7-action on X3, and Auty = pu7.

Next, we prove the uniqueness of X. We may assume that X is given by the equation
in Table 1. The fixed points of the z7-action are the three points [1:0:0:0],[0:1:0: 0]
and [0 : 0 : 1 : 0]. The automorphism x — y — z — z of Xy permutes these fixed points.
So, Y7 is unique and hence so is X.

Therefore, X is the unique RDP del Pezzo surface of degree 1 with an Ag-singularity
and non-zero global vector fields. Now, the equation

y2 =2+t + s

defines such an RDP del Pezzo surface of degree 1 in P(1, 1, 2, 3) with an Ag-singularity at
[1:—3:1:0]and, additionally, an A;-singularity at [1 : 0 : 0 : 0]. Clearly, the u7-action
described in Table 1 preserves X. Hence, this is the surface we were looking for. g

REMARK 8.4. We remark that by Chapter II, in both cases of Theorem 8.3 the minimal
resolution X of X does not admit any non-trivial global vector fields. In particular,
7w : X — X is not T'x-equivariant.

8.2. In characteristic 5. By Theorem 6.1, we have to list all RDP configurations
containing A4 or EY that can occur on an RDP del Pezzo surface in characteristic 5.

LEMMA 8.5. If p = 5, deg(X) = d, and X contains a singularity of type Ay or E3,
then d and the configuration I" of RDPs on X is one of the cases in Table 8.

[d] r [ € (ko—a)" |

5 Ay C Ay
4 Ay C Ds
3 Ay, Ay + Ay C Eg
2 Ay, As+ A1, A+ As C Er
1 Ay, Ag+ Ay, A+ 241, Ay+ Ao, CE

0 C Eg

A+ As+ Ay, Ay + Az, 244, Eg

Table 8. Non-equivariant RDP configurations in characteristic 5

PROOF. Since A4 has rank 4 and discriminant 5, it does not embed into Ey_, with
d > 6, and the only root lattice containing A4 as a direct summand and embedding into
Eg_q with d € {4,5} is Ay itself. The other cases can be found in [Dyn52, Table 11]. O
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THEOREM 8.6. Assume that p = 5 and X contains an RDP of type A4 or E8 Then,
HO(X,Tx) # 0ifand only if X is given by an equation as in Table 2. Moreover, Aut§ X IS

as in Table 2, so that Autg? C Aut and even hO(X, Tx) > h° (X, ).

PROOF. By Lemma 8.5, we have d < 5.

If d = 5, then X is a quintic surface in P°. By Table 8, the RDP configuration on X is
A,. By the same argument as in characteristic 0 (going through the possible configurations
of four (possibly infinitely) near points in P?), there is a unique quintic surface in P°
containing an A4-singularity. It is given by the equations in Table 2 (see [Derl4, Section
3.3., p.657]) with singular point at [0 : 0 : 0 : 0 : 0 : 1]. The «as-action given in Table
2 preserves X and does not preserve the singular point, hence as N Aut% = {id}. By

Proposition 5.8, this implies that Aut% = (as, Aut%>.

If d = 4, then X is a quartic surface in P*. By Table 8, the RDP configuration on X is
Ay. By Corollary 7.2, X is the anti-canonical model of a blow-up Y} in a smooth point P
of the surface X5 of Case d = 5.

Such an X is in fact unique: By Chapter II, we have dim Aut = dim Aut0~ =4, and
since the orbit of P is at most 2-dimensional, the stabilizer of P is positive- dlmensmnal
so HY (X ,T%) # 0. By Chapter II, there is a unique quartic del Pezzo surface with an
Ay-singularity and whose minimal resolution has global vector fields, hence X is unique.

In Table 2, we give equations for such a surface (which we took from [Der14]), hence
this is our X. The singular point is located at [0 : 0 : 0 : 0 : 1]. The as-action given in
Table 2 preserves X and does not preserve the singular point. Again, by Proposition 5.8,
this implies that Aut% = (as, Autgz).

If d = 3, then X is a cubic surface in 3. By Table 8, the RDP configuration on X is A4
or Ay + Aj. By Corollary 7.2, X is the anti-canonical model of a blow-up Y3 in a smooth
point P of the surface X, of Case d = 4.

Next, we show that there are at most two non-isomorphic such X. By Chapter II, we
have dim Aut$ X, = dim AutO = 2. There is at most one 2-dimensional orbit on X4,
hence there is at most one X Whose minimal resolution does not admit global vector fields.
On the other hand, by Chapter II, there is precisely one X whose minimal resolution does
have global vector fields.

In Table 2, we give two (non-isomorphic) equations for cubic surfaces with an A4-singu-
larity, distinguished by their RDP configuration I', hence these are the two possible X:

(1) If I' = Ay, the singular point is located at [—2 : —1 : 2 : 1]. We describe a
ps-action on X in Table 2. In this case, Autgz is trivial by Chapter II, hence
Aut% = s by Proposition 5.8.

(2) IfT' = Ay + Ay, the Ay-singularity is [0 : 0 : 0 : 1] while the A;-singularity is
[1:0:0:0]. We describe an a5 X G,,-action on X in Table 2. In this case,
Autg( = G,y by Chapter II, hence Aut% = a5 x G,, by Proposition 5.8.

If d = 2, then X is a double cover of P? branched over a quartic curve (). By Table 8,
the possible RDP configurations on X are A4, Ay+ A1, and A4+ As. By Corollary 7.2, X is
the anti-canonical model of a blow-up Y5 in a smooth point P of an RDP del Pezzo surface
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X3 of degree 3 with an Ay-singularity. Since Yo — X3 and Yo — X are isomorphisms
around the Ay-singularities, Proposition 5.8 yields Autg = Auty, = Stab Autd, (P)°.

3
Hence, for each of the surfaces X3 in Case d = 3, we have to determine the points with
non-trivial stabilizer.

e If the RDP configuration on X3 is A4, then the points with non-trivial stabilizer
under the action ofAutg(3 =psare[1:0:0:0,[0:1:0:0[,[0:0:1:0],
and [0 : 0 : 0 : 1] and these fixed points are permuted by the automorphism
To — x1 — x2 — x3 — x9. Hence, there is a unique choice for P up to
isomorphism.

e If the RDP configuration on X3 is A4 + A1, then there are four lines on X3: The
lines 51 = {l‘o = I = O},[Q == {l‘o = T2 = 0},53 = {$1 = T2 = O}
pass through the Ay-singularity at [0 : 0 : 0 : 1] and the line {4 = {z2 =
x3 = 0} passes through the A;-singularity at [1 : 0 : 0 : 0], but not through
Ay. Moreover, {9 and ¢4 intersect in [0 : 1 : 0 : 0]. Straightforward calculation
shows that the points with non-trivial stabilizer in X3 \ {¢1, {2, 3} are precisely
those lying on the hyperplane H = {x3 = 0}. The intersection X3 N H is
the union of the conic C = {z3 = zox2 + x% = 0} and the line /4. Hence,
either P € C'\ ({1 Ul Uls) = C\{[1:0:0:0,[0:0:1:0]}or
Pely\((1UlaUls) =L, \{[1:0:0:0],[0:1:0:0]}. The group scheme
Autg(3 acts transitively on both loci, hence there are only two choices for P up to
isomorphism. In both cases, one checks that Aut?/2 = Stabayt X3 (P)O = 5. One
of the two choices of P can be reduced to a previous case as follows:

-IfPeC\{[1:0:0:0][0:0:1: 0]}, then the RDP configuration
on X is Ay + Aj. The strict transform C” of C' on the blow-up X’ of X in
the A;-singularity is a (—1)-curve that passes through the (—2)-curve over
A1 and which is disjoint from A4. If we contract C’, we obtain an RDP
del Pezzo surface X4 of degree 3 which contains an A4-singularity as its
only singularity and such that A O(Xé,TXé) # 0 (by Proposition 5.5 and
Blanchard’s Lemma). Hence X} is isomorphic to the cubic surface with
RDP configuration A4 in Table 8, and thus X coincides with the surface we
constructed in the previous bullet point.

Summarizing, there are at most two RDP del Pezzo surfaces of degree 2 which contain

an Ay-singularity and which admit a non-trivial global vector field. Moreover, Aut())( =

Stab 0 (P) = ps in both cases. In Table 2, we give two equations of such surfaces,
3

distinguished by their RDP configuration I':

() fT" = A4 + Ay, the Ay-singularity is [-2 : 1 : 2 : 0], the A;-singularity is
[0:1:0:0],and the corresponding Aut$- = ps-action is as in Table 2

(2) If ' = Ay + As, the Ay-singularity is [2 : 1 : —1 : 0], the Ag-singularity is
[1:0:0: 0], and the corresponding Aut% = ps5-action is as in Table 2.
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If d = 1, then X is a double cover of the quadratic cone in P? branched over a sextic
curve S. We consider separately the three cases where X contains a single A4-singularity
(and possibly equivariant RDPs of other types), two A4-singularities, and an EQ-singularity,
respectively:

(a) X contains a single Ay-singularity. By Corollary 7.2, X is the anti-canonical
model of a blow-up Y7 in a smooth point P of an RDP del Pezzo surface X9 with
an A4-singularity. By Proposition 5.8, we have Aut$ = Autg)/l = Stab Autd (P)°.

2

Since Autg(2 = u5, we thus have to determine the fixed points of the p5-action on
Xo.

e If the RDP configuration on Xo is A4 + As, then the fixed points of the
ps-actionare [1 : 0:0:0[,[0:1:0:0],and [0:0:1: 0], and we recall
that [1 : 0 : 0 : 0] is the Ag-singularity. Hence, there are two choices for P.
In fact, one of them does not occur, as the following argument shows:

—If P =1[0:0:1:0]let Q be the branch quartic of Xy — P2
The line / = {y = 0} is tangent to Q at [1 : 0 : 0] and [0 : O : 1],
hence the preimage of £ in X2 consists of two smooth rational curves
C, C’" meeting in P and the As- -singularity. In the minimal resolution
Y1 of Y, their strict transforms C' and C’ are (—2)-curves, which,
together with the two exceptional curves over the As-singularity, form
an Ay-configuration of (—2)-curves. Thus, X contains two Ay-
singularities, contradicting our assumption.

e If the RDP configuration on Xo is A4 + A, then the fixed points of the
ps-actionare [1 : 0 : 0 : 1],[1:0:0: —1[,[0:1:0 :0],and [0 :
0 : 1:0]. The first two points are interchanged by w — —w and the point
[0:1:0:0]is the A;-singularity on X2, hence we have two choices for P
up to isomorphism. Let ) be the branch quartic of X5 — P? and recall that
the A4-singularity is located at [—2 : 1 : 2 : 0]. We will now show that both
choices for P lead to the same surface as the one in the previous bullet point:

—If P=[1:0:0: 1], then the image [1 : 0 : 0] of P in P? lies on
the two bitangents {; = {y = 0} and {3 = {z = 0} of Q. Let C;, C!
be the two irreducible components of the preimage of ¢; for i = 1, 2
and assume that P lies on C and C5. On Yl, the strict transforms Cl
and Cy are (—2)-curves, while the strict transforms C/ and C}, remain
(—1)-curves. Thus, the RDP configuration on X is Ay + As + Ay,
where the A, is obtained from the A; of Y7 by also contracting 5’2, and
the A; arises from the contraction of 51. Therefore, if we contract the
image of C in the surface Y] obtained from Y; by contracting Cs, we
obtain an RDP del Pezzo surface of degree 2 with global vector fields
and containing an RDP configuration of type A4 + Ao, hence this case
is reduced to the previous bullet point.

—IfP =1[0:0:1:0],then the image [0 : 0 : 1] of P in P? lies on
the bitangent ¢ = {y = 0} and P is the non-transversal intersection
point of the two irreducible components C' and C’ of the preimage of
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¢ in X5. Thus, the strict transforms C' and C’ of C and C’ on Y; are
(—2)-curves, hence the RDP configuration on X is A4+ Ao+ A5, where
the As is obtained by contracting Cand C’. The preimage D of the line
{z = 0} in Xy is a cuspidal cubic with cuspat [0 : 1 : 0 : 0]. On Xo, the
strict transform of D is a smooth rational curve of self-intersection 0 by
adjunction. Hence, the strict transform Dof DonY, isa (—1)-curve
which passes through the exceptional curve over the Aj-singularity.
Contracting the image of D on the surface Y]/ obtained from Y7 by
contracting C' and C’ and resolving the A;-singularity, we obtain an
RDP del Pezzo surface of degree 2 with global vector fields containing
an RDP configuration of type A4 + Ao, hence this case is also reduced
to the previous bullet point.

Summarizing, there is at most one RDP del Pezzo surface of degree 1 with
global vector fields and containing a single A4-singularity. In Table 2, we
give an equation of such a surface, hence this is our X. The singularities of
X are as follows: Agat[l: —2:2:0], Ayat][0:1:0:0],and A4; at
[1:0:0:0]. The us-action we describe in Table 2 preserves the equation,
hence Aut% = ps.

(b) X contains two Ay4-singularities. By [Lan94, Theorem 4.1.], there is a unique

(©)

RDP del Pezzo surface of degree 1 with RDP configuration A4 + A4, namely
the Weierstrass model of the rational elliptic surface with singular fibers of type
I5, I, IL. Its equation is given in Table 2. The a % p5-action we describe in Table
2 preserves the equation. By Chapter 11, Aut% is trivial, hence Autg( = a5 X U5
follows from Proposition 5.8.

X contains an Ey-singularity. By [Lan94], there are two RDP del Pezzo surfaces
of degree 1 with an RDP of type Eg. The one whose equation we give in Table
2 has an E{-singularity, while the other one has an E{-singularity (see Table 2 in
Chapter I). The a5 x G,,-action we describe in Table 2 preserves the equation.
We leave it to the reader to check that Aut$, = Stabauts; ; ) (9)° = az x Gy,.

0

8.3. In characteristic 3. By Theorem 6.1, we have to list all RDP configurations

containing As, As, Ag, E, EX, EY, EY or E§ that can occur on an RDP del Pezzo surface.

LEMMA 8.7. If p = 3, deg(X) = d, and X contains a singularity of type As, As, Asg,

Eg, Eﬁl, E?, Eg or Eé, then d and the configuration I' of RDPs on X is one of the cases in
Table 9.

PROOF. The maximal root lattice contained in E5 is isomorphic to A, hence none of

the root lattices in the statement of the lemma embed into Fy_4; with d > 7. The list for
4 < d < 6 follows from [Mar03, Exercise 4.2.1, 4.6.2] and the one for 7 < d < 9 follows
from [Dyn52, Table 11] (note that the lattice Ag + Ao in Dynkin’s table of root lattices in
Ejg should be Eg + As), where we marked those RDP configurations whose associated root
lattice embeds in two non-conjugate ways into Eg_4 by a prime . U
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Ay, Ay + Ay, As+2Aq, 245, 245+ A1, As,
3As, As+ Ay, EY, E}

Ag, Ao+ Ay, As+2Aq, 245, Ay +3A1, 245+ A4,
2 A3+A2, (A5)/, 3A2, A3+A2—|—A1, A4—|—A2, QE7
(A5+A1)/, Eg, Eé, Az + Ao, E?

Az, Ax+ Ay, Ag+ 24y, 243, Az +3A1, 243+ Ay,
A3+ Az, As, Ay +4A1, 245 +241, 343, Az + As + A,
A4+A27 D4+A27 (A5+A1)/a Eg: Eé?
34+ Ay, Az + Ay +2A1, Ag+ As+ Ay, As+ 244, -
As+ Ay, Ds+ Ay, EJ+ Ay, E§+ A, E?,
4A2, A5—|—A2+A1, Eg—l—AQ, Eé+A2, Ag, Eg, Eg

Ld] r | S (ko—a)" |
6 Ay, Ag+ Ay C A+ Ay
5 Az, Ax+ Ay C Ay
4 Az, As+ Ay, Ax+ 24 C Ds
3

C Es

Table 9. Non-equivariant RDP configurations in characteristic 3

THEOREM 8.8. Assume that p = 3 and X contains an RDP of type Aa, As, As, EY, E¢,
E2 EY, or EL. Then, H*(X,Tx) # 0 if and only if X is given by an equation as in Tables
3,4, 5 and 6. Moreover, Autg( is as given in these tables, so that Autg} - Autg( and even

WO(X,Tx) > (X, T%).

PROOF. By Lemma 8.7, we have d < 6.

If d = 6, then X is a sextic surface in P®. The RDP configuration I' on X is either A
or Ay + A; by Table 9. In both cases, X is uniquely determined by its singularities, by
the same argument as in characteristic 0, that is, by checking the possible configurations of
infinitely near points in P? (see e.g. [Dol12, Section 8.4.2]).

(a) If I' = Ay then, by [Derl4, Section 3.2.], X is given by the equations in Table
3. The Aj-singularity is [1 : 0 : 0 : 0 : 0 : 0 : 0] and we give an a-action
on X which does not preserve the singularity in Table 3. By Proposition 5.8, this
implies Aut$, = <a3,Autg~(>.

(b) If I' = Ay + Aj, then, by [KNO09, Appendix, p.3], X is given by the equation in
Table 3. The Ag-singularity is [0 : 1 : 0: 0 : 0 : 0 : 0] and the A;-singularity
is[0:0:0:0:0:0:1]. We give an ag-action on X which does not fix the
Aj-singularity in Table 3. By Proposition 5.8, this implies Aut = (as, Aut%).

If d = 5, then X is a quintic surface in P>. By Table 9, the RDP configuration I' on X
is either Az or As + A;. As in the Case d = 6, X is uniquely determined by I', as can
be seen by checking the possible configurations of four infinitely near points in P? (see e.g.
[Dol12, Section 8.5.1]).

(a) If I' = Ay, then, by [Derl4, Section 3.3.], X is given by the equation in Table
3. The Ag-singularity is [0 : 0 : 1 : 0 : 0 : 0] and we give an agz-action on X
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which does not preserve the singularity in Table 3. By Proposition 5.8, this implies
Autl = <a3,Autg~(>.

(b) If ' = As + A;, then by [KN09, Appendix, p.5] is given by the equation in
Table 3. The As-singularity is [0 : 1 : 0 : 0 : 0 : 0] and the A;-singularity
is[0:0:0:0:0:1]. We give an az-action on X which does not fix the
Aj-singularity in Table 3. By Proposition 5.8, this implies Aut = (as, Aut}).

If d = 4, then X is a quartic surface in P*. By Table 9, the RDP configuration on X is
Ag, Ay + Ay, or Ay + 2A;. By Corollary 7.2, X is the anti-canonical model of a blow-up
Y, in a smooth point P of an RDP del Pezzo surface X5 of degree 5 with an As-singularity.

Next, we show that there are at most three non-isomorphic such X. By Chapter II, there
are at most two X whose minimal resolution has global vector fields. Assume that Autg( =
{id}. Then, by Proposition 4.2 and Proposition 5.8, the stabilizer of P is 0-dimensional,
hence dim Aut%5 = dim Autg(5 < 2. Hence, by Chapter II, X5 is the RDP del Pezzo

surface of degree 5 whose RDP configuration is As. For this surface, dim Autg(5 = 2,
hence there is at most one 2-dimensional orbit on X5, so there is at most one X whose
minimal resolution does not have global vector fields. In Table 3, we give equations for
three such surfaces, distinguished by their RDP configuration I':

(1) IfI' = Ag, the Ag-singularity isat [1 : 1:1:1: 1]. We give a us-action on X
in Table 3, while the group scheme Autg? is trivial by Chapter II. By Proposition
5.8, this implies Aut% = 3.

(2) If " = Ag + Ay, the Ag-singularity is [1 : 0 : 0 : 0 : 0] while the A;-singularity is
[0:0:0:0:1]. We give a ag X G,,,-action on X in Table 3 , while Autg( =Gy,
by Chapter II, hence Aut = a3 x G,, by Proposition 5.8.

(3) IfT' = Ay+2A,, the Ag-singularityis [0 : 0: 0 : 0 : 1] and the two A; -singularities
are[0:1:0:0:0]and [0:0:1:0 :0]. We give a ag x G2,-action on X in Table
3, while Autg( = G2, by Chapter II, hence Aut% = a3 x G2, by Proposition 5.8.

If d = 3, then X is a cubic surface in P3. By Table 9, X contains either a single Ao,
two Ass, three Ass, one As, one Eg, or one Eé. In the following, we consider these six
cases separately.

(a) X contains a single As-singularity. By Corollary 7.2, X is the anti-canonical
model of a blow-up Y3 in a smooth point P of an RDP del Pezzo surface X,
with an As-singularity. More precisely, since X --» X, is an isomorphism
around the only non-equivariant RDP on X and all other singularities of X are
A -singularities by Table 9, Proposition 5.8 and Proposition 4.2 imply that Aut} =
Autg)/3 = Stab Autd, (P)°. In particular, P is a point with non-trivial stabilizer on

one of the surfaces X, in Table 3. Before we go on, note that by Chapter II, the
group scheme Aut% is trivial, hence the stabilizer of P is O-dimensional.

e Assume the RDP configuration on X, is Ao + 2A;. In this case, Aut()]( R
2-dimensional, so there is at most one 2-dimensional orbit for this action,
hence there is at most one choice for P up to isomorphism.
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e Assume the RDP configuration on X, is A + A;. The surface X4 contains
the six lines {1 = {xg = 22 = xz3 = 0},4y = {29 = 22 = x4 = 0},
ly = {330 = T3 = T1 + T4 = 0}764 = {a;l = Ty = X3 = 0},55 =
{1 = 29 = 24 = 0},4s = {x1 = x3 = x4 = 0}. The lines ¢4, {5, and
g pass through the Aj-singularity at [1 : 0 : 0 : 0 : 0] and the others do
not. The lines ¢; and ¢4 pass through the A;-singularity at [0 : 0 : 0: 0 : 1]
and the others do not. Using the description of the Autg( ,-action in Table 3,
one easily checks that the points with non-trivial and O-dimensional stabilizer
on X, are precisely those on /5 and those on /3, except for [0 : 1:0:0: 0],
0:0:1:0:0,0:0:0:1:0],and[0:1:0:0:—1]. Since
the automorphism zo <> x3,x4 <> —x4 — 7 interchanges the two lines
¢y and /3 and G,, C Auty, acts transitively on the locus of points with
0-dimensional stabilizer on each of {5 and /3, there is a unique choice for P
up to isomorphism. We will now reduce this case to the previous bullet point.

— Without loss of generality, assume that P € ¢\ {[0: 1:0:0 : 0],
[0:0:0:1:0]}. Then, the strict transform of /5 on Y3 is a (—2)-curve
and the RDP configuration on X is Ao + 2A1. Since /3 is disjoint from
o, it remains a (—1)-curve on X, hence we can contract it to obtain
a realization of X as a blow-up of an RDP del Pezzo surface X with
RDPs of type Az + 2A;. Hence, this case is reduced to the previous
bullet point.

e Assume the RDP configuration on X, is A,. Using the description of the
Autg( , = ig-action given in Table 3, we see that the points P with non-trivial
stabilizeron Xy are [1:0:0:0:0[,[0:1:0:0:0],[0:0:1:0:0],[0:
0:0:1:0,and[0:0:0:0:1]. The surface X4 admits the two
involutions zg <> x1 and (xg,x1) <> (x2,x3). Hence, blowing up any of
the first four points leads to the same surface. In fact, we already treated the
resulting surface, as the following argument shows:

— Assume without loss of generality that P = [1: 0: 0 : 0 : 0]. There are
two lines on X passing through P, namely ¢; = {z1 = 22 = x4 = 0}
and lo = {x1 = x3 = x4 = 0}, and both of these lines do not pass
through the Ag-singularity at [1 : 1 : 1 : 1 : 1]. Their strict transforms
on Y3 are disjoint (—2)-curves. Thus, the RDP configuration on X is
As+2A;. Now, the conic C' = {x1 = z9+23 = zgz4—73 = 0} meets
¢y and /5 transversally at P and does not pass through [1 : 1:1:1: 1],
hence we can contract the image of the strict transform of C' in X and
obtain an RDP del Pezzo surface Xj with RDP configuration Ay +2A4,
and with global vector fields, hence X} is the surface in the first bullet
point.

Summarizing, there are at most two RDP del Pezzo surfaces of degree 3 with
global vector fields and containing a single As-singularity. Moreover, Aut% =
Stab 0 \ (P)° = u3. In Table 4, we give equations for two such surfaces,

distinguished by their RDP configuration I':
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(b)

(©)

(d)

(e)

()

(1) If ' = Ay, the Ay-singularity is at [1 : 1 : —1 : —1]. Clearly, the us-action
we give preserves the equation.

(2) If T' = Ay + 2A;, the Ag-singularity is at [1 : —1 : —1 : 1] and the two
A;-singularities are at [0 : 1 : 0 : 0] and [0 : 0 : 1 : 0]. Again, the ug-action
we give preserves the equation.

X contains two As-singularities. By Table 9, the RDP configuration I on X is

2As or 245 + A;. Simplifying the normal form of Roczen given in [Roc96], we

obtain the equations given in Table 4. In particular, there is a 1-dimensional family

of X with I' = 245 and a unique X with I' = 24, + A;.

(1) If ' = 2As, the two Ay-singularities are at [0 : 0 : 1 : O] and [0 : O :
0 : 1]. The two as-actions and the Aut()l( = G,,-action we give in Table 4
preserve the equation. Each of the as-actions fixes one of the As-singularities
and does not preserve the other one, hence Proposition 5.8 shows Autg( =
<063, Qas, Gm> .

(2) IfI' = 2A5 + Ay, the two Ag-singularities areat [0 : 0: 1 : 0] and [0: 0 :
0 : 1] and the A;-singularity is at [0 : 1 : 0 : 0]. The two ag-actions and
the Aut% = G,-action we describe in Table 4 preserve the equation. By the
same argument as in (1), we have Aut%, = (a3, asz, G,,).

X contains three As-singularities. Again, we can simplify the normal form of

Roczen given in [Roc96] and obtain the equation in Table 4, which admits As-

singularitiesat [0 : 1:0:0],[0:0:1:0],and [0: 0: 0 : 1]. In Table 4, we give

an action of a3 x G2, on X. By Chapter II, we have Aut% = G2,. Each of the
the three factors of the a3-action preserves two of the As-singularities and moves
the other one, hence Proposition 5.8 yields Aut = a3 x G2,.

X contains an Ajs-singularity. As above, we simplify Roczen’s normal form

[Roc96] to the two equations in Table 4. Let I' be the RDP configuration on

X:

(1) If ' = As, then the As-singularity is at [0 : 0 : 0 : 1]. The ag-action
we describe preserves the equation and does not fix the As-singularity. By
Chapter II, we have Autg? = G, » p3 and we describe this action in terms of

the equation in Table 4. By Remark 5.9, we have Aut% = (a3, G, x p3).
(2) fT' = As + Ay, then the As-singularity is at [0 : 0 : 0 : 1] and the
Ajp-singularity is at [0 : 0 : 1 : 0]. The ag-action we describe preserves
the equation. By Chapter II, we have Autg? = G4 x Gy, and we describe
this action in terms of the equation in Table 4. By Remark 5.9, we have
Autg( = (a3,G, ¥ Gyy,).
X contains an Eg—singularity. By [Roc96, Case C3], X is given by the equation
in Table 4 and the singularity is at [0 : 0 : O : 1]. In Table 4, we give an action of
a group scheme G of order 27 such that no subgroup scheme of G lifts to X, as
well as the action of Aut% = G2 x Gy, in terms of the equation. We leave it to

the reader to check that these two actions generate Aut% = Stabpgr, (X)°.
X contains an Eé—singularity. By [Roc96], X is given by the equation in Table 4
and the singularity is at [0 : 0 : 0 : 1]. In Table 4, we give a u3-action that does
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not preserve the singular point, as well as the action of Aut% = G2 in terms of

the equation. We leave it to the reader to check that these two actions generate
Autg{ = Stabpgr, (X)O

If d = 2, then X is a double cover of P2 branched over a quartic curve Q. In this case,
we will take a slightly different approach which will turn out to be more economical than
using Corollary 7.2. Namely, we classify all possible (2 with global vector fields. If Q
admits a global vector field, then it also admits an additive or multiplicative global vector
field. This vector field is induced by a vector field on P2. Up to conjugation, there are two
non-zero vector fields D on P? with D3 = D and two non-zero vector fields with D3 = 0.
They correspond to the following four matrices in Jordan normal form in the Lie algebra of
PGLgZ

00 0 00 0 010 010
o1 o, [oo0oo], [ooof, (001
00 -1 00 1 00 0 00 0

Integrating the corresponding vector fields (see e.g. [Tzil7, Proposition 3.1]), we obtain the
following four pi3- and az-actions on P2

(@) ps:[z:y:z]— [x: Ay A\
(b) pus:[z:y:z]—[x:y: Az
© as:[z:y:z]—[z+ey:y:Z

d ag:[r:y:z]—=[rtey—e2z:ytez:z]
For each of these actions, we will now classify the quartics that are invariant under it:

(a) There are three types of quartics which are invariant under this p3-action, namely

axt + bxyz + cay® + dez + ey?2?
az®y + ba’2? + cxy?z + dy* + ey2®
az’z + bay? + cxyz? + dyz + ez

These families are identified by permuting x, y and z, so it suffices to study the
first one. Now, we simplify this equation and identify the singularities. We sort
the classification according to the number of coefficients that are 0. Since @) is
reduced, at least 2 coefficients are non-zero. Except in the case where ¢ = d = 0,
we can scale three of the non-zero coefficients to 1.
e If three of the coefficients are 0, the other two can be scaled to 1. The fact
that () is reduced leaves us with the following three cases, after using the
symmetry y < z:

(8.1) z* + Y222
(8.2) a?yz + ay?
(8.3) r2yz + y?2?

In Case (8.1), X has two As-singularities, one at [0 : 1 : 0 : 0] and one at
[0:0:1:0]. In particular, X contains only equivariant RDPs, so it does not
appear in Table 5.

145



(8.4)
(8.5)
(8.6)
(8.7)
(8.8)
(8.9)

In Case (8.2), X has a Dg-singularity at [0 : 0 : 1 : 0] and an A;-singularity
at[1:0:0:0]. As before, X contains only equivariant RDPs, so it does not
appear in Table 5.

In Case (8.3), X has an A;-singularity at [1 : 0 : 0 : 0] and two As-singularities
at[0:1:0:0]and[0:0:1:0]. Again, X contains only equivariant RDPs,
so it does not appear in Table 5.

If two of the coefficients are 0, we get the following cases, again using scaling
and the symmetry y <> z:

zt + amQyz + y222
z* + 2?yz + 2y
zt 4+ y2z2 + a:y3
xzyz + y222 + a:y3
22yz + xyd + w23
zyd + 223+ y222

In Case (8.4), we must have a® # 1, otherwise @ is a double conic. Then,
@ is the union of two conics, tangent at the points [0 : 1 : 0] and [0 : O : 1].
The singularities of X over these two points are two As-singularities, hence
X contains only equivariant RDPs and does not appear in Table 5.

In Case (8.5), X has a Dg-singularity at [0 : 0 : 1 : 0], hence X contains only
equivariant RDPs and does not appear in Table 5.

In Case (8.6), X has an Asz-singularity at [0 : 0 : 1 : 0] and an Ay-singularity
at [1 : —1 : 0 : 0]. By Chapter II, Autg} is trivial, hence Proposition 5.8
implies AutS, = us.

In Case (8.7), X has an As-singularity at [0 : 0 : 1 : 0], an Ay-singularity at
[1:1:1:0],and an A;-singularity at [1 : 0 : 0 : 0]. By Chapter II, Autg? is
trivial, hence Proposition 5.8 implies Aut% = p3.

In Case (8.8), X has an As-singularity at [0 : 1 : —1 : 0] and an A;-singularity
at[1:0:0:0]. By Chapter II, Aut% is trivial, hence Proposition 5.8 implies
AutS = ps.

In Case (8.9), X has an E}-singularity at [1 : 0 : 0 : 0]. It is elementary to
check that Autg( = Stabpar, (Q) = w3 in this case. Alternatively, observe
that this case does not occur in the classification of invariant quartics for
the actions (b), (c), and (d) below, so Aut$[F] = us3, where Aut$[F] is
the Frobenius kernel of Autg(. In particular, ug is normal in Autg(, so the
Autg(—action preserves the eigenspaces of the ps-action, hence the induced
action on P? is diagonal. This simplifies the calculation of the stabilizer of Q
considerably.
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o If only one coefficient is 0, then we get the following cases, again using
scaling and the symmetry y <> z:

(8.10) z* + az?yz + xyd + 28
(8.11) ot 4+ a32?yz + xyd + 222
(8.12) zt + zyd + 223 + ay?2?
(8.13) ax?yz + zy® + 223 + y?2?

In Case (8.10), X has an As-singularity at [0 : 1 : —1 : 0]. By Chapter II,
Autg? is trivial, so Aut%, = 3 by Remark 5.9.

Consider Case (8.11). If a®> = 1, then X has an Ag-singularity at [0: 0: 1 :
0], hence X contains only equivariant RDPs and does not occur in Table 5. If
a® # 1, then X has an Az-singularity at [0 : 0 : 1 : 0] and an Ay-singularity
at [a® — 1:a* +a® + 1: 4% : 0]. In this case, Aut% is trivial by Chapter I,
so Aut% = 3 by Proposition 5.8.

In Case (8.12), X has two As-singularities, one at [1 : 0 : —1 : 0] and one at
[1:—1:0:0]. We leave it to the reader to check that Auty = u3 in this
case.

In Case (8.13), X has an A;-singularity at [1 : 0 : 0 : 0], and additional
singularities at [u : au? : 1], where u is a solution of a3u% — au® + 1 = 0.
If a = 1, then u = —1 is unique and the resulting singularity of X is of type
As. If a # 1, then X has two singularities of type Ao. In both cases, Autgz

is trivial by Chapter II, so Aut = p3 if @ = 1 by Remark 5.9. If a # 1, one

can check Aut% = p3 directly.
o If no coefficient is 0, we get the following case

(8.14) 2t 4z 4 223 + axtyz + by?2?
Here, X has singularities at the points [bu : au? : b], where u is a solution of
adub + (b3 — a?b?)ud + b3 = 0. If (b® — a®b?)? = a3b?, then x is unique and
the resulting singularity of X is of type As. If (b — a?b?)? # a3b>, then X
has two singularities of type As. In both cases, Autg? is trivial by Chapter II,

SO Autg( = 3 by Proposition 5.8 and Remark 5.9.
(b) There are three types of quartics which are invariant under this p3-action, namely

fg(x,y)z2
f3(x7y)z + fOZ4
f4(.fC, y) + fl(xa y)z?;

where the f; are homogeneous polynomials of degree ¢ in x and y. All quartics in
the first family contain a double line, hence they lead to non-normal X. For the
same reason, we have f3, f4 # 0 in the latter two families. In the third family,
we have f; # 0, for otherwise () has a quadruple point and the corresponding
singularity on X is not an RDP. The GLy-action on x, y normalizes the j3-action,
hence acts on the space of invariant quartics. Similarly, substitutions of the form
z — z + Bx + vy with 8, € k act on the space of invariant quartics. Using
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(8.15)
(8.16)
(8.17)
(8.18)
(8.19)
(8.20)
(8.21)

these substitutions, and keeping in mind that ) must be reduced, we obtain the
following simplified normal forms:

zy(z +y)z
zy(x+y)z+ 24
xzyz + 24
y* + 223
y* + 22y? + 223
x?y? + 223
x3y + 223

In Case (8.15), X has a Dy-singularity at [0 : 0 : 1 : 0] and three A;-singularities,
at[1:0:0:0],0:1:0:0],and [1: —1:0:0]. In particular, X contains only
equivariant RDPs, so it does not occur in Table 5.

In Case (8.16), X has an Ag-singularity at [1 : 1 : 1 : 0] and three A;-singularities,
at[1:0:0:0],0:1:0:0],and [1: —1:0 : 0]. By Chapter II, Aut% is trivial,
hence Aut())( = 3 by Proposition 5.8.

In Case (8.17), X has a Ds-singularity at [0 : 1 : 0 : 0] and an A;-singularity at
[1:0:0:0]. In particular, X contains only equivariant RDPs, so it does not
occur in Table 5.

In Case (8.18), X has a singularity of type Eg at[1:0:0:0]. In Table 5, we give
an action of a group scheme G of length 27 which preserves X and such that no
subgroup scheme of G lifts to X. Moreover, we give an action of Aut% = Gp,
on X. As in the corresponding case in degree 3, we leave it to the reader to check
that these two actions generate AutS.

In Case (8.19), X has three Ag-singularities, at [1:0:0:0],[1:—1:1:0], and
[1:1:1:0]. In Table 5, we describe an action of o x 3 on X. By Chapter II,
Aut% is trivial, hence Aut} = a3 x 3 by Proposition 5.8.

In Case (8.20), X has an As-singularity at [0 : 1 : 0 : 0] and an A,-singularity
at [1:0:0:0]. In Table 5, we give an action of a3 x G,, on X. By Chapter
II, we have Aut% = G, so Proposition 5.8 and Remark 5.9 show that Aut% =
aZ x Gy,

In Case (8.21), X admits a singularity of type E9 at [0 : 1 : 0 : 0]. In Table 5, we
give an action of a3 on X that does not fix the E9-singularity as well as the action
of Autgz = G4 ¥ Gy,. We leave it to the reader to check that these two actions

generate Auty.

(c) We can write the equation of () as

f()CC4 + :ngl(yv Z) + $2f2(y, Z) + l‘f3(y’ Z) + f4(y7 Z)a
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where the f; are homogeneous of degree ¢ in y and z. Applying the a-action, we
obtain
for* +efor’y + 2’ fi(y, 2) + (2 — exy + €%y?) faly, 2)
+(x +ey)fs(y, 2) + faly, 2).
By considering the non-zero term of highest degree in x, we see that this is a
multiple of the original equation if and only if it is equal to it. Comparing the

coefficients of £? and ¢, we see that this happens if and only if fo = fo = f3 = 0.
Hence, @ is of the form

I3fl(y7 Z) + f4(y7 Z)'

But then @ is invariant under the ps-action [z : y : z] — [Az : y : z] and hence,
after interchanging = and z, Q) is as in Cases (8.18), (8.19), (8.20), and (8.21).

(d) We write the equation of Q) as ) | aijkx"yj 2¥. As in Case (c), one checks that Q is

(8.22)
(8.23)
(8.24)
(8.25)
(8.26)

preserved by the az-action if and only if its equation is preserved by the aiz-action.
Applying the a3-action and comparing the coefficients of € and €2, respectively,
we see that () is «as-invariant if and only if the following two conditions are
satisfied:

2 2.2
a1002>y + az107%z — a202?yz + ag12%2? — axry®
2 2 4
— ag17y?z — (agee + ai91)wy2? + ajerz® + a130y
2.2 4
+ (a121 + aoa0)y32 + a112y%22 + (a103 — ap22)yz> + agizz? = 0

2 3

2 2
— ag00732 + a2207%2% — agowy?z + (a121 + aze2) 2
4 3 2.2
+ a220y” + (a211 — a130)y°z + (@121 + a202)y~ 2
4
+ (a2 — a103)z =0

In other words, @ is a-invariant if and only if it is given by an equation of
the form
a(zz +y*)? + b2 (w2 + y?) + cadz + dydz + e2?.
The substitutions of the form = — B2z 4 Byy+0z,y — By+yz with 8 € kX and

7,6 € k normalize the az-action, hence they preserve the space of a-invariant
quartics. If a # 0, we can scale it to a = 1 and use ¢ to kill b. If a = 0, then
b # 0, otherwise () contains a triple line. Then, we can assume b = 1. Using the
other substitutions, we arrive at one of the following five simplified normal forms:

(xz + %)% + 24

(xz +y*)* + 9’2

(xz+y*)? + 232 4 ab2?

2wz + %) + iz

P(xz +y?) + 22
In Case (8.22), X has an Ay-singularity at [1 : 0 : 0 : 0], hence X contains only

equivariant RDPs and does not occur in Table 5.
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In Case (8.23), X has an Ay-singularity at [1 : 0 : 0 : 0] and an As-singularity at
[0:0:1:0]. By Chapter II, Autgz is trivial, hence Aut% = a3 by Proposition
5.8.

In Case (8.24), X is singular precisely at [-a? : +a : 1]. If @ = 0, then this
singularity is of type A5 and, by Chapter IT and Remark 5.9, we have Aut$, = as.
If a # 0, then both singularities are of type As. Direct calculation shows that
Autl = az.

In Case (8.25), X has an RDP of type EY at [1 : 0 : 0 : 0]. In particular, X
contains only equivariant RDPs and does not occur in Table 5.

Finally, in Case (8.26), has an RDP of type A5 at [0 : 1 : 0 : 0]. By Chapter
11, Autg? is trivial, hence, by Remark 5.9, we have Autgg = «3. Note that this
surface is not isomorphic to the one in Case (8.24) (with a = 0), since here, )
contains a line, while in the other case, () is irreducible.

If d = 1, then X is a double cover of the quadratic cone in P branched over a sextic
curve S. In particular, X is given by an equation in Weierstrass form

y? = 2% + ag(s, t)x? + ay(s, t)x + ag(s,t),
where a; is a homogeneous polynomial of degree ¢ in s and ¢, and S is given by the equation
(8.27) 23+ ag(s, t)z? + as(s, t)x + ag(s,t) =0

in P(1,1,2). By Proposition 4.3, we have Aut}, = StabAute, 1 2 (8)0. Since P(1,1,2) is
an Aut x-equivariant RDP del Pezzo surface of degree 8, Theorem 6.1 and Chapter II show
that Autp(y 19y = (G} x GLy)/(Z/2Z), which acts via substitutions of the form

r = x4+ fa(s,t)
s — as+ [t
t > s+ 0t

where f5 is a homogeneous polynomial of degree 2 in s and ¢, and «, 3,7, are scalars
such that ad — 5+ is invertible.

Now, assume Aut is non-trivial. Then, it contains G € {as, u3}. If G = u3, we claim
that there are only three embeddings of G into Aut%,(l’m) = G2 x GLs. First, by counting
the possible Jordan normal forms, observe that there are only three conjugacy classes of
embeddings of G into GLs. Then, applying [Ray66, Théoreme 5.1.1 (ii) (b)], we see that
every such embedding lifts uniquely, up to conjugation by G2, to an embedding of y3 into
G3 x GLg. Hence, if G = 3, we may assume that it acts in one of the following three
ways on P(1,1,2):

(@ pg:[s:t:x]—[s: At ],

(b) ps:[s:t:x]— [As: At:x],

(¢) puz:[s:t:a] > [As: A1t a].
Next, assume that G = «3 and the image of G in GLs is trivial. Then, the embedding of
G into G} x GLg is given by a homomorphism a3 — G2, which in turn corresponds to a
choice of homogeneous polynomial f> of degree 2 in s and ¢. According to whether this
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polynomial has one double zero or two simple zeroes, we can conjugate the embedding of
a3 using the GLg-action to get one of the following two aiz-actions:

(d) ag:[s:t:x] > [s:t:x+es?],
(€) ag:[s:t:x]—[s:t:x+est]
Finally, assume that G = a3 and the image of G in GL3 is non-trivial. After conjugating
by elements of GL2, we can assume that the image of G in GLg acts as (s,t) — (s +¢t, t).
An action of a3 on P(1, 1, 2) that lifts this embedding of 3 into GL3 acts on x via
z = x +p(e)s + q(e)st + r(e)t?
where p, ¢, r are polynomials of degree 2 in ¢ satisfying the following conditions:
p(0) = ¢(0) = r(0) =0
ple +¢€') =p(e) + p(e')
q(e +') = qle) + q(e) — ple)e’
r(e+&) =r(e) +r() +qle)e + p(e)e”
Solving this system of equations, we obtain p = 0, g(¢) = ac and 7(¢) = e — ag? for

scalars «, 3 € k. Conjugating with the substitution = — x — as? + (3st, we obtain that our
as-action is conjugate to the following:
) as:[s:t:x]—~[s+et:t:x.

We will now classify the sextics as in Equation (8.27) which are reduced with only simple
singularities and invariant under one of the above actions. In particular, note that if all the a;
are scalar multiples of the i-th power of the same linear polynomial in s and ¢, then .S has a
non-simple singularity, so it will not appear in our list. Calculating Autgf is straightforward
here, using our description of Autp(;,1 ) above, so it will be left to the reader without
further mention. The results can be found in Table 6:

(a) The sextic .S is invariant if and only if the ¢-degree of every monomial that occurs
in the equation of S is divisible by 3. Note that the substitutions

r — z+as’
s +— pfs
t — ~At+ds

act on the space of sextics satisfying the condition on the ¢-degree, hence we can
apply them to arrive at the following normal forms for S:

(8.28) 23 4 ste +1°
(8.29) 3+ ste + 33
(8.30) 3 + st’x
(8.31) 23+ stdr + astd +1°
(8.32) 23+ stPr + 33
(8.33) 22+ s22? + $3¢3
(8.34) 22+ 222 + a3 + 18

(8.35) 28+ 222 + st3z + aBs3t? + b3¢t0
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(b)

(8.36)
(8.37)
(8.38)

(©)

In Case (8.28), X has an E{-singularity at [0 : 1: —1: 0].

In Case (8.29), X has an E3-singularity at [0: 1: 0 : 0].

In Case (8.30), X has an E2-singularity at [1 : 0 : 0 : 0] and an A;-singularity at
0:1:0:0].

In Case (8.31), if a # 0, then X has an E§-singularity at [1: 0: 0: 0]. If a = 0,
then X has an E9-singularity at [1: 0: 0 : 0].

In Case (8.32), X has an E§-singularity at [1: 0 : 0 : 0] and an A;-singularity at
0:1:0:0].

In Case (8.33), X has an E}-singularity at [0 : 1 : 0 : 0] and an Ag-singularity at
[1:0:0:0].

In Case (8.34), X is singularat[1:0:0:0],[1: —a:0:0],and [0:1: —1:0].
If a # 0, then all singular points are As-singularities. If @ = 0, then the first two
combine to an As-singularity, while the latter stays an As-singularity.

Consider Case (8.35). Here, X is singularat [1:0:0:0]and [u:1:u"!: 0],
where w is a solution of au? 4+ (b—1)u+1 = 0. If b = 0, then X has an additional
Ajp-singularity at [0 : 1 : 0 : 0]. If the first three singular points are distinct,
which happens if and only if a # 0, (b — 1), then they are A,-singularities. Now,
consider the case where a = 0 or @ = (b — 1)2, but not both: Then [1 : 0 : 0 : (]
is an Ajs-singularity and [u : 1 : u~! : 0] an A-singularity if 0 = a # (b — 1),
and the other way round if 0 # a = (b — 1)2. Note that the substitution ¢
t+ (b—1)s,z — = + (b — 1)3s? maps the family with a = (b — 1)? to the one
with a = 0, which is why only the latter occurs in Table 6. Finally, if a = 0 and
b =1, then X has an Ag-singularity at [1:0:0: 0].

The sextic S is invariant if and only if the degrees of the a; are divisible by 3. This
happens if and only if az = a4 = 0. Using a substitution from Autp(; ; 2), we
obtain the following normal forms:

a4+ 57t
2 + st
o + st + 57!
In Case (8.36), X has an E3-singularity at [0 : 1: 0 : 0].
In Case (8.37), X has an Eg—singularity at [0 :1:0: 0] and an Ay-singularity at
[1:0:0:0].
In Case (8.38), X has four Ay-singularities, at [1 : 0 : 0 : 0], [0 : 1 : 0 : 0],
[1:—1:0:0},and[1:1:0:0].
The sextic S'is invariant if and only if for every monomial in the equation of .5, the
difference between the s- and ¢-degree is divisible by 3. We may assume that not

both ay and a4 are zero, otherwise we get Cases (8.36), (8.37), and (8.38). Note
that the substitutions

r — x+ast
s — fs
t — vt

152



(8.39)
(8.40)
(8.41)
(8.42)
(8.43)

normalize our ps-action, hence we can apply them to arrive at the following
normal forms for S
2?4 st
23+ 222 415 + a3s°
23 + sta? + s
2’ + sta® + a®s° + $°t°
2 + sta? + as® + b2 s + 10
In Case (8.39), X has two Dy-singularities, one at [1 : 0 : 0 : 0] and one at
[0:1:0: 0], hence X contains only equivariant RDPs and does not occur in
Table 6.
Consider Case (8.40). If a = 0, then X has a Dy-singularity at [1 : 0 : 0 : 0] and
an Ag-singularity at [0 : 1 : —1 : 0]. If a # 0, then X has two As-singularities,
oneat[1:0:—a:0]andoneat[0:1:—1:0].
In Case (8.41), X has an RDP of type D7 at [0 : 1 : 0 : 0]. In particular, X
contains only equivariant RDPs and does not occur in Table 6.
Consider Case (8.42). If a = 0, then X has RDPs of type Dy at[1 : 0 : 0 : 0
and [0 : 1 : 0 : 0], hence X contains only equivariant RDPs and does not occur
in Table 6. If a # 0, then X has an RDP of type Dy at [0 : 1 : 0 : 0] and an
Ag-singularity at [1 : —a : 0 : 0].
Consider Case (8.43). If @ = 0, we can interchange s and ¢ to reduce to one of
the previous two cases. Here, X has singularities at [1 : w : 0 : 0], where u is a
solution of u? + bu + a = 0. If b> = a, then the unique singularity of X is an
As-singularity. If b # a, then X has two Ag-singularities.

(d) If ag # 0 or aq # 0, then S cannot be ag-invariant. Hence, a2 = a4 = 0. But

then .S is given by one of the equations in (b), so we are done.

(e) By the same argument as in Case (d), we can reduce this to Case (b).
(f) The sextic S is az-invariant if and only if each a; is invariant under the as-action.

This happens if and only if the s-degree of each monomial in the equation of S
is divisible by 3. Interchanging the roles of s and ¢, we can therefore reduce this
Case to Case (a). In fact, this explains why each of the surfaces in Case (a) admits
an «g-action of this form.

O
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CHAPTER IV

On rational (quasi-)elliptic surfaces with global vector fields

1. Motivation and summary

Recall from Chapters I and II that the blow-up of a weak del Pezzo surface X of degree
1 in the unique base point of | — K )?| yields a Jacobian rational (quasi-)elliptic surface
Y (see Definition 3.4 in Chapter I) and, conversely, the contraction of any section of a
Jacobian rational (quasi-)elliptic surface yields a weak del Pezzo surface of degree 1 such
that the image of the exceptional curve is exactly the base point of its anti-canonical linear
system. Similarly, the Weierstral model Y of Y is the blow-up of the anti-canonical model
X of X in the unique base point of | — Kx|. As in Chapters I, II, and III, we will denote
by X a weak del Pezzo surface (here of degree 1) and by X the corresponding RDP del
Pezzo surface (of degree 1). We recall (see Diagram 3.1 in Chapter I) and summarize the
connection between these four kinds of surfaces in the following commutative diagram:

f
i
(1.1) i l
X—>X

This close connection between Jacobian rational (quasi-)elliptic surfaces and del Pezzo
surfaces has already been exploited at several points in this thesis:

e In Chapter I, we classified the rational double point configurations that occur
on Weierstral models Y of Jacobian rational (quasi-)elliptic surfaces, thereby
classifying which rational double point configurations occur on RDP del Pezzo
surfaces X.

e In Subsection 0.8 of the main introduction to this thesis, we noted that Blanchard’s
Lemma implies that Aut% = Autg?, so Table 6 in Chapter II already gives a
complete classification of Jacobian rational (quasi-)elliptic surfaces with global
vector fields (see also Corollary 3.1 below).

e Similarly, for the corresponding Weierstral models Y of Jacobian rational (quasi-)
elliptic surfaces resp. the anti-canonical models X of weak del Pezzo surfaces
of degree 1, we have Autg)/ >~ Aut%, so Theorem 6.1 and Tables 1, 2, and
6 in Chapter III give a classification of Weierstral models of Jacobian rational
(quasi-)elliptic surfaces with global vector fields in characteristic different from 2.
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In this chapter, we will explain how to use the results of the previous chapters to classify
non-Jacobian rational (quasi-)elliptic surfaces f : 7 — P! with global vector fields, where
for the notion of non-Jacobian such surfaces we simply drop the last assumption that f
admits a section in Definition 3.4 in Chapter 1.

For this, we will first recall that all such surfaces are obtained by blowing up the
9 base points of a Halphen pencil of degree 3m and deduce that they are blow-ups of
weak del Pezzo surfaces of degree 1 in a point which is different from the base point of
the anti-canonical system (in contrast to the Jacobian case), but satisfies other restrictive
properties which we make precise in Section 2 below.

Then, again using Blanchard’s Lemma, we can apply the approach of Chapter II and
calculate stabilizers of the Aut%—action on X, or we calculate the stabilizers of the Autl-
action on X using the Weierstral equations of Chapter III (see Sections 3 and 4 for a
combination of these two approaches).

Since the classification of rational (quasi-)elliptic surfaces with global vector fields is a
byproduct of this thesis and only tangentially related to the study of the geometry of rational
double points and del Pezzo surfaces, we will mainly be interested in explaining how our
previous results make such a classification possible. We will illustrate the approach for
rational (quasi-)elliptic surfaces that are blow-ups of the surfaces of type 14, 1B, 1C,
or 1D in Table 6 of Chapter II (see Section 4). Note that, if p # 2,3, then every not
necessarily Jacobian rational (quasi-)elliptic surface with global vector fields is a blow-up
of surfaces of these four types, so we will in fact achieve a complete classification of all
rational (quasi-)elliptic surfaces with global vector fields in characteristic p # 2,3 (see
Corollary 1.2). At the same time, we will make some progress towards the full classification
in the remaining characteristics p = 2 and p = 3.

THEOREM 1.1. Let Z be a rational (quasi-)elliptic surface with hO(Z ,Tz) # 0. Assume

that Z is a blow-up of a weak del Pezzo surface of type 1A, 1B, 1C, or 1D in Table 6 of
Chapter I1. Then Z is one of the surfaces in Table 1.
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Type bl(iw up Jac. or Multiple | Reducible Aut?, | 1O(Z.T) ModHli char(k)
X in non-Jac. fiber fibers z d of Z =p
1A | base pt. Jac. none I§ + I Gm 1 1 dim any
1A | 2-tors. pt. || non-Jac. 211 I3 142 1 1 dim =
1B | base pt. Jac. none IVF+1V | Gy, 1 {pt} any
1B | 3-tors. pt. | non-Jac. 311 T 13 1 {pt} =3
1B | 2-tors. pt. || non-Jac. 2IV* IV* + 13 142 1 {pt} =
1C | base pt. Jac. none I+ 1011 | Gy, 1 {pt} #2
1C | 3-tors. pt. || non-Jac. 3IIT* I + Ip 13 1 {pt} =3
1D | base pt. Jac. none T Gm 1 {pt} #2,3
1D | 5-tors. pt. || non-Jac. 5IT* I s 1 {pt} =5

Table 1. Rational (quasi-)elliptic surfaces Z with global vector fields that are
blow-ups of weak del Pezzo surfaces X of types 14, 1B, 1C' and 1D

In Table 1, the first column denotes the type of a weak del Pezzo surface X of
degree 1 of which Z is a blow-up and the second column denotes the kind of point that
is blown-up. Note that the type of X is not uniquely determined — we will see this in
Remark 3.3 —, that is, blow-ups of non-isomorphic weak del Pezzo surfaces of degree 1
can be isomorphic rational (quasi-)elliptic surfaces. Hence, the first and second column
of Table 1 should be understood as instructions for the construction of these surfaces A
from Theorem 1.1. The third column indicates whether Z is Jacobian or non-Jacobian,
where only in the latter case there exists a multiple fiber that is specified in the fourth
column. Moreover, we determine all reducible fibers (fifth column) of the (quasi-)elliptic
fibration Z — P! and compute the connected component of the identity of its automorphism
scheme (sixth column), both in the Jacobian case (Corollary 3.1) and in the non-Jacobian
case (Subsections 4.1, 4.2, 4.3, and 4.4). In seven of the nine cases in Table 1, there is
a unique Z with global vector fields (compare column eight), whereas the 1-dimensional
moduli in the second and third row of Table 1 come from the fact that the family 1A of
weak del Pezzo surfaces is 1-dimensional (see Table 6 in Chapter II). Comparing the third
and last columns of Table 1 with Table 6 from Chapter II, we see that in characteristic
p # 2,3 there is only one non-Jacobian rational (quasi-)elliptic surface with global vector
fields, and this one only occurs in characteristic 5. In particular, the results of this chapter
imply the following.

COROLLARY 1.2. Let char(k) = p # 2,3. Let Z be a non-Jacobian rational (quasi-)
elliptic surface.

(1) Ifp #5, then h°(Z,T5) = 0.
(2) If p=>5, then ho(z T) # 0 if and only le is the surface in row ten of Table 1.
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Although the classification of rational (quasi-)elliptic surfaces with global vector fields
is complete only if p # 2, 3, we nevertheless determined the connected components of the
automorphism schemes and (—2)-curve configurations for those surfaces that are blow-ups
of types 1A, 1B, 1C and 1D if p = 2,3, in order to illustrate the interplay of the
classifications of previous chapters as well as to reap the benefits of our meticulous drawings
of configurations of negative curves on weak del Pezzo surfaces in Chapter II. In this
sense, the parts of this chapter exceeding the p # 2, 3 cases should be seen as an outlook
on possible future projects and should highlight the strength of the classifications of the
previous chapters of this thesis.

2. Non-Jacobian rational (quasi-)elliptic surfaces and Halphen pencils

As before, we work over an algebraically closed field & of characteristic char(k) = p >
0. For the sake of completeness, we recall the definition of not necessarily Jacobian rational
(quasi-)elliptic surfaces (compare with Definition 3.4 in Chapter I in the Jacobian case).

DEFINITION 2.1. A projective surface Z is called a rational (quasi-)elliptic surface if it

is smooth, rational, and admits a morphism f : Z — P! such that the following conditions
hold:

e [ issurjective and f.O7 = Op,
e the generic fiber of f is a regular curve of arithmetic genus 1, and
e there are no (—1)-curves in fibers of f.

We call f elliptic if the generic fiber of f is smooth, and quasi-elliptic if the generic fiber is
singular.

As in the Jacobian case, if f is quasi-elliptic, then the geometric generic fiber has to be
a cuspidal curve and such fibrations can only occur in characteristics p = 2 and p = 3.

Now, let f : Z — P! be a rational (quasi-)elliptic surface. We denote the fiber of f over
P € P! by Fp. The greatest common divisor mp of the multiplicities of the components
of Fp is called the multiplicity of the fiber Fp and we set Fp := mLPFp. The fibers with
mp > 1 are called multiple fibers. With this notation, the canonical bundle formula (see for
example [BO1, Theorem 7.15.]) yields

(2.1) Wy = f*O]Pu(—l) & OZ Z (mp - 1)Fp
Pep!

Since Z is rational, for any n > 0 we have hO(Z,wgm) = pn(Z) = pn(P?) = 0, hence,
by Equation 2.1, there is at most one multiple fiber and we denote its multiplicity by m.
Hence, the class of a fiber of f in the Picard group is —K 5 if there are no multiple fibers,
and —m Kz if there is a multiple fiber. Thus, by adjunction, all (—2)-curves on Z have to
lie in fibers of f.

For [ > 0, an [-section of f is an irreducible curve C' on 7 such that C.F '» = [, where
Fpis a general fiber of f. The index of f is the minimal / for which there exists an [-section.
By [CD89, Chapter V, Proposition 5.6.1.(vi)], the index of a rational (quasi-)elliptic surface

158



is equal to the maximal multiplicity of its fibers. In particular, it is 1 if and only if f does
not admit a multiple fiber. In this case, f admits a section and is called Jacobian (see
Definition 3.4 in Chapter I). Moreover, by contracting a section of f, one obtains a weak
del Pezzo surface X of degree 1. If f admits a multiple fiber, then the index of f is equal
to the multiplicity m of this unique multiple fiber. Moreover, note that in this case, every
(—1)-curve on Z is an m-section of f and intersects each fiber with multiplicity m (as can
be seen by adjunction).

As recalled above and explained in Subsection 3.2 of Chapter I, every Jacobian rational
(quasi-)elliptic surface is a blow-up of a weak del Pezzo surface of degree 1. This connection
persists for non-Jacobian rational (quasi-)elliptic fibrations, as we are going to recall in the
following (we refer the reader to [Bél, Chapter 7], [CD89, Chapter V], [Dol66], [CD12,
Section 2.], or [Hal82] for further details).

Let X be the contraction of any m-section of f. Since K% = 0 and — K7 is nef, the
anti-canonical divisor — K % of X is nef with Kg? =1, so X is a weak del Pezzo surface

of degree 1. Hence, we can choose a realization of X asa blow-up of P? in 8 points and
obtain a birational morphism 7 : Z — X — P? which realizes Z as the blow-up of 9
(possibly infinitely near) points. This yields the classical description of f as the resolution
of the base points of a Halphen pencil of index m, which is a pencil of curves of degree 3m,
all of which have multiplicity m at the 9 points prescribed by 7. The image of the multiple
fiber of f under 7 is a cubic through these 9 points, taken with multiplicity m.

If X is a weak del Pezzo surface of degree 1, then every curve in | — K | is of arithmetic
genus one and marked with the base point of | — K ¢|. Note that this base point is a smooth
point on every member of | — K 5|, since K)Q? = 1. Hence, for every curve C € | — K|,
the smooth locus of the irreducible component of C' that contains this base point becomes
a group scheme (with the base point as neutral element). We call this group scheme the
identity component of C and denote it by CY.

The description of the previous paragraph has the following important consequence,
which is explained in [DM22, Theorem 4.2]:

PROPOSITION 2.2. Let [ : Z — P! be a rational (quasi-)elliptic surface of index
m. Then, Z is the blow-up of a weak del Pezzo surface X in a point P that satisfies the
following conditions:

(1) If m = 1, then P is the base point of | — K 5|.
(2) If m > 1, then P lies on a unique curve C' € | — Kf(‘ More precisely, Pisa
point of exact order m on C°.

Using this, we can now extend the above Diagram 1.1 with non-Jacobian fibrations
f: Z — P! of index m and Halphen pencils: Let fi, fo be equations of cubics in P?
such that 8 of their (possibly infinitely near) 9 points of intersection lie in almost general
position (see Subsection 2.1 in Chapter II). Let & be the equation of a curve of degree 3m
in P? with multiplicity m at the above 8 points in almost general positionin {f; = 0 = fo}
and with one more point of multiplicity m at a point Py different from the 9 base points of
the cubic pencil spanned by f; and fo. Then, there exists precisely one curve in this cubic
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pencil passing through Py. Let g be the cubic equation of this curve. By Proposition 2.2,
the point Py € {g = 0} is a point of exact order m on {g = 0}. Moreover, the Halphen
pencil corresponding to Zis spanned by ¢ and h, and Z is obtained by blowing up P? in
the 8 common base points of the cubic pencil and the Halphen pencil, and Py. Note that
simply blowing up the 9 base points of the cubic pencil (f1, f2) yields a Jacobian rational
(quasi-)elliptic surface Y. The situation is summarized in the following Diagram 2.2.

(2.2)

fibration

blow up 8
- base points

Halphen pencil cubic pencil

[g" () : h(x)] lz = [@o : w1 : 2] | [f1(z) : fo(2)]
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3. Automorphism schemes: From weak del Pezzo surfaces of degree 1
to rational (quasi-)elliptic surfaces

Now that since we have realized each rational (quasi-)elliptic surface Zasa blow-up of
a weak del Pezzo surface X of degree 1, the approach of Chapter II gives us a method of
calculating Aut% from our knowledge of Aut%.

First, we note the following corollary, which we have already mentioned in Subsection
0.8 of the main introduction of this thesis and which enables us to reduce the classification
of Jacobian rational (quasi-)elliptic surfaces to weak del Pezzo surfaces of degree 1.

COROLLARY 3.1. There is a bijection of isomorphism classes

Weak del Pezzo surfaces SN Jacobian rational =
of degree 1 o (quasi-)elliptic surfaces o

o Blow-up of X
X —
in the base point of | — K g|

Contraction of a section <+— Y

which preserves the subsets of surfaces with global vector fields and identifies the identity
components of the automorphism schemes of these surfaces.

PROOF. First, we observe that the map from the left-hand side to the right-hand side
is well-defined, since every isomorphism between two weak del Pezzo surfaces of degree 1
identifies the unique base points of the anti-canonical system and hence lifts to the blow-up.

Similarly, since any two sections of a Jacobian rational (quasi-)elliptic surface can be
mapped to each other by a suitable translation, the isomorphism class of the weak del
Pezzo surface resulting from the contraction of a section does not depend on the choice
of a section. Hence the map from the right-hand side to the left-hand side is well-defined.

Finally, if X is the contraction of a Jacobian rational (quasi-)elliptic surface Y, then
Aut% = Aut? by Lemma 2.10 and Lemma 2.11 in Chapter II. O

In the case of not necessarily Jacobian rational (quasi-)elliptic surfaces Z, the
correspondence is more subtle, since contractions of two different m-sections might lead
to non-isomorphic weak del Pezzo surfaces (see Remark 3.3). Nevertheless, let us note the
following corollary to Proposition 2.2, combined with Lemma 2.10 and Lemma 2.11 from
Chapter II:

COROLLARY 3.2. Every rational (quasi-)elliptic surface A of index m > 1 with
ro(Z, TZ) = 0 is obtained by blowing up a weak del Pezzo surface X of degree 1 with

ho()? ,Ts) # 0 in a point P € X such that the following conditions hold:
(1) (Stab 0 (P))° is non-trivial.
X

(2) Pisa point of exact order m on the identity component C° of the unique curve
C € | — K | that contains P.

Moreover, we have Au‘c%~ = (StabAut% (P))°.

161



Thus, in order to classify rational (quasi-)elliptic surfaces with global vector fields, we
have to calculate the stabilizers of the action of Auto where X is a weak del Pezzo surface
of degree 1 with global vector fields.

REMARK 3.3. Note that the above corollary does not yield a bijection between iso-
morphism classes of weak del Pezzo surfaces of degree 1 together with a point to be blown
up and rational (quasi-)elliptic surfaces with multiple fibers. Indeed, we we will see in the
discussions of configurations of (—2)-curves for Family 1B and Family 1C' that blow-ups
of non-isomorphic weak del Pezzo surfaces can yield isomorphic rational (quasi-)elliptic
surfaces Z: For example, if p = 2, the unique Z with hO(Z T) # 0 obtained from

type 1B is a blow-up of a weak del Pezzo of type 1K, and if p = 3, the unique Z with
h°(Z,Ty) # 0 obtained from type 1C is a blow-up of a weak del Pezzo of type 1F.

4. Four families of weak del Pezzo surfaces of degree 1 with global vector fields

Throughout this section, we use the notation summarized in Diagram 2.2.

By Corollary 3.1, the classification of Jacobian rational (quasi-)elliptic surfaces with
global vector fields follows immediately from Table 6 of Chapter II. In this section, we will
carry out the approach suggested by Corollary 3.2 for the non-Jacobian rational (quasi-)
elliptic surfaces that are blow-ups of the surfaces of types 14, 1B, 1C and 1D in Table 6 of
Chapter II. In particular, the results of this section will prove Theorem 1.1.

By Corollary 3.2 and our classification in Chapter II, every rational (quasi-)elliptic
surface is of this form as long as p # 2,3. So, Corollary 1.2 will follow immediately
from Theorem 1.1.

In the following Table 2, we recall the configurations of (—1)- and (—2)-curves (thin
resp. thick lines) on these four families of del Pezzo surfaces (compare Table 6 of Chapter
II). The Weierstral3 equations for their anti-canonical models X are taken from [MP86],
[Lan94], [1to92], and [Ito94] (resp. Tables 2-6 in Chapter I), and simplified to a
characteristic-free form. In each case, we know from Table 6 of Chapter II that Autgz =~

Gy, hence (Autg()red = Gy, since smooth group scheme actions lift to X by the universal
property of the minimal resolution and Aut% — Autg( by Blanchard’s Lemma. Therefore,

the faithful G,,,-actions on X that we describe in Table 2 lift to X and must coincide with
the known Autgz—actions.
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(—2)-curves Configuration of Action of Aut% on
Case ~ ~ X char(k)
on X negative curves on X the Weierstral3 equation of X
L
G : [As: At ia iy
acting on
1A 2Dy g any
y2 = 23 + asta® + s°t%x
where a € k and a® # 4
N\
Gt [N2s: A1t a1y
1B E¢ + Ay acting on any
» | y? + sty = 23
r
Gt [M3s: A7z o g
1C E; + Ay acting on #*2
y2 =23 + st
Gt [Ns: A7t a iy
1D Eg acting on #2,3
y? =23 + std

Table 2. Four families of weak del Pezzo surfaces of degree 1 with global vector

fields
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NOTATION 4.1. In the following, we say that C' € | — K | is of type ¥, where X is a

Kodaira—Néron type, if the strict transform of C' on the Jacobian (quasi-)elliptic surface Y
associated to X is a fiber of type 2. For the readers convenience, we recall these fiber types
Y resp. the extended Dynkin types corresponding to the configurations of (—2)-curves in
reducible fibers of Y — P!, as well as the respective types of rational double points on the
corresponding Weierstral models Y resp. the RDP del Pezzo surfaces X (compare Chapter
I, Subsection 3.2) in the following table (see also [CD89, Chapter V] or [LLRO04], [LLR18],
[Kod60], [Kod63], [N64]):

Kodaira—Néron type Ip L, II nmr v | 1, |Iv* | III* | IT*
dual graph A Ay A Ay | Ay 54+n Es | Er | Es
correspondin
P g smooth | A,—1 | smooth | Ay | Ao | Dyvn | Fs | E7 | B3
rational double point

Table 3. Kodaira—Néron types and dual graphs

Now, we are ready to outline the structure of the following subsections in the following
Strategy 4.2 and to explain how they imply Theorem 1.1.

STRATEGY 4.2. Let X be a weak del Pezzo surface in family 1A, 1B, 1C or 1 D. Since
the identity components of the curves in | — K )}\ are not contracted by the anti-canonical
model X — X , we can use the explicit G,,,-actions in Table 2 to calculate the stabilizers of
the Autg?-action on the identity components C° of the curves C'in | — K ¢|. In particular,
we will obtain a classification of the points on X satisfying the assumptions of Corollary
3.2 in Propositions 4.5, 4.9, 4.13 and 4.17. After that, in Corollaries 4.6, 4.10, 4.14 and
4.18, we will determine which of these points lead to isomorphic non-Jacobian rational
(quasi-)elliptic surfaces with global vector fields. At this point, we know the Kodaira—Néron
type as well as the multiplicity m of the multiple fiber of Z, but the configuration of
all (—2)-curves on Z is not clear in general. Indeed, it might happen that curves with
non-negative self-intersection on X — which are therefore not visible in the configurations
of Table 2 — become (—2)-curves on Z.

We solve this issue in Discussions 4.7, 4.11, 4.15 and 4.19: First, we study what
happens to the negative curves on X under the blow-up Z — X. Ineach case, the following
Lemma 4.3 shows that there is at most one (—2)-curve on Z which does not come from a
negative curve on X. Using a realization of Zasa blow-up of a weak del Pezzo surface
of another type (see Table 6 in Chapter II) by contracting a suitable (—1)-curve on Z as
well as using the smoothness of the fixed locus of linearly reductive group scheme actions
[CGP15, Proposition A.8.10(2)], we determine how this “new” (—2)-curve fits into the
configuration of “known” curves that come from negative curves on X.Asa byproduct, we
will sometimes obtain additional (—1)-curves on Z that come from non-negative curves on
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X, but we do not claim completeness of the configuration of (—1)-curves on Z that occur
in our diagrams.

In particular, these discussions will allow us to determine the Kodaira—Néron types of
the reducible fibers of Z in Corollaries 4.8,4.12,4.16, and 4.20. Note that the configuration
of (—2)-curves on Y is usually different from the configuration of (—2)-curves on Z (so,
contrary to what one might expect at first, Y is, in general, not isomorphic to the Jacobian
of Z — compare [LLLR04], [LLR18]). Taken together, these results will yield Table 1.

Recall that, by adjunction, (—2)-curves on Z lie in fibers of f: Z — P! and that,
conversely, all components of reducible fibers have to be (—2)-curves. In order to determine

the configurations of (—2)-curves on Z, we will need the following lemma.

LEMMA 4.3. Let f : Z — P! be a not necessarily Jacobian rational (quasi-)elliptic
fibration. Let ep be the number of irreducible components of a fiber Fp over P € P. Then,

> (ep—1) <8

PeP?

PROOF. By [LLRO04, Theorem 6.6.], [LLR18], it sufﬁcei to prove the statement if f
has a section o, i.e., if f is Jacobian. Then, (o, Fp)® C Pic(Z) has rank 8. For every fiber

F'p, the irreducible components of Fp that do not meet o span a negative definite lattice of
rank (ep — 1) in (o, Fp)®. Hence Y pepi (ep — 1) < rank((o, Fp)*) = 8. O

NOTATION 4.4. The convention according to which we draw curves in the qualitative
pictures in Discussions 4.7, 4.11, 4.15 and 4.19 is as follows:

As for the curve configurations in the above Table 2 and the figures in Chapter II, thick
curves always depict (—2)-curves. On Z resp. X thin curves depict (—1)-curves. Whereas
on each X resp. Y the picture shows the configuration of all negative curves resp. fibers,
for the study of curves on Z we restrict ourselves to the description of configurations of all
(—2)-curves, i.e. reducible fibers, and do not claim completeness of the configuration of
(—1)-curves on Z.

Intersection multiplicities 1 and 2 will be clear from the pictures, whereas we write a
small 3 next to the point of intersection if the intersection multiplicity is 3. Base points and
sections, as well as their (pre)images, will be marked in gray. The blown up points P € X
and their (pre)images are drawn in red.

If a figure contains five configurations with no specific labels (see Figures 1, 5, 6, 10,
and 11), they will be arranged according to the following diagram:

T
X

A

|

-

B S
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4.1. Family 1A. These surfaces occur for arbitrary char(k) = p > 0.

PROPOSITION 4.5. Let X be a weak del Pezzo surface of degree 1 of type 1A. Let

P € X be a point which is a non-trivial torsion point of order m on the identity component
CCof acurve C € | — K¢|.

(0) If p # 2, then (Stab 0 (P))” = {x}.
X ~

(1) If p = 2, then (Stab, o (P))° # {x} if and only if C is of type 11 and P lies on
X

a (=1)-curve. Moreover, then (Stab , .0 (P))° 2 g and m = 2.
X

PROOF. As explained in Strategy 4.2 for such a P € X, wecan compute Stab, o (ﬁ)
X
as Stab,o (P) = Stabg,,(P), where P is the image of P in X under the minimal
X

resolution and where X is explicitly given as a sextic hypersurface in P(1, 1,2, 3) by
4.1) y? = 2% + asta® + s*t%x with a € k and a® # 4.

with Autgz > Gy actingas [s : t: @ :yl — [As: A7l 1 y] (see Table 2). We
note that the two Dy-singularities are at [1 : 0 : 0 : O and [0 : 1 : 0 : 0]. To find points
P =[s:t:x:y] € X with non-trivial (Stabg,, (P))°, which are distinct from the base
point of | — Kx| (i.e., with s and ¢ not both zero), we consider the following cases:

(a) If s = 0, we can assume ¢ = 1. For the action [0 : 1 : = : y] — [0 : 1 :
A2z : A3y] to fix P, we must have either = y = 0, in which case P would be a
Dy-singularity, or z,y # 0 and A = 1, in which case Stabg,, (P) is trivial.

(b) Thus, we can assume s = 1. Exploiting the symmetry between s and ¢, we can
assume t # 0 by (a).

(1) For the action [1 : ¢t : o : y] +— [1 : A72t : X722 = A73y] to fix P, we
immediately see that A> = 1 must hold. If furthermore y was non-zero, this
would imply A = A3 = 1. Thus, we can assume y = 0.

Then, (Stabg,, (P))? is non-trivial if and only if p = 2 and

P=[1:t:2:0] with t #0 and 2° + atz® + t*z = 0.

We note that 2% + atz? 4+ t?x = x(z + bt)(x + (a + b)t) for b € k a solution
of 22 + az+ 1 =0, and thus

Pe{[l1:t:0:0],[1:t:bt:0],[1:¢t:(a+0b)t]}.

For such points P, we have (Stabg, (P))® = us. Moreover, from the
location of the singular points of X, we see that P lies in an irreducible fiber
C of X — X --» PL. Since p = 2, our equation for X is the Weierstral$3
equation (4.1) of a quasi-elliptic fibration [Ito94, Theorem 5.2.(d)], hence C'
is of type II, C° = G, and m = 2 by Corollary 3.2. Finally, note that the
equations x = 0,z + bt = 0, and x + (a + b)t = 0 are exactly the equations
of the (—1)-curves on X that are not contained in members of | — K <l

0
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COROLLARY 4.6. Let Z be a non-Jacobian rational (quasi-)elliptic surface that is a
blow-up of a weak del Pezzo surface X of type 1A in a point P on the identity component
CY of a curve C € | — K| Assume that hO(Z, T5) # 0. Then, p = 2, such surfaces Z

form a 1-dimensional family, each of them has one multiple fiber 211, and Aut% = uo.

PROOF. Everything except the number of moduli follows by combining Corollary 3.2
with the above Proposition 4.5. To see that these surfaces form a 1-dimensional family,
note that weak del Pezzo surfaces of type 1A form a 1- dimensional family, so it suffices
to show that for every fixed X of type 1A, the choice of Pis unique up to automorphisms
of the surface. For this, firstly, we observe that all the curves C' € | — K| of type II
are conjugate under Aut()? ), and, secondly, that in every such fiber C, the three points
P, whose blow-up yields 7 are permuted by an Ss-action on X. Both follow from our
description of the G,,-action on X in Table 2 and the proof of Proposition 4.5(1): First,
G, sends a fiber {[1 : ¢t : x : y] | y* = 2% + atz? + t2z} over [1 : t],t # 0, to the fiber
over [1 : )\_Qt], hence all such fibers are conjugate under G,,. Second, for fixed t # 0, the
involutions x +— x + bst (resp. « — = + (a + b)st) of X interchange [1 : ¢ : 0 : 0] and
[1:¢:0t:0] (resp. [1:t: (a+b)t:0)). O

DiscussioN 4.7. Note that, in the explicit description of the possibly blown up points
P € X in the proof of Proposition 4.5(1) and their identification via automorphisms of X
in Corollary 4.6, we see the structure of the Mordell-Weil group of the Jacobian rational
quasi-elliptic fibration Y — P! associated to X: By [0S91] the Mordell-Weil group is
MW (Y — P!) = (Z/2Z)2, and, since Y — X is the contraction of the zero-section, the
three sections different from the zero-section are visible in the equation of X'; namely as
XN{x =0}, XN{z =bst}and X N{x = (a + b)st}. The involutions = +— x + bst
and x — x + (a + b)st generate Aut((Z/2Z)?) = S; and permute these sections resp.
the three possibilities for P on each fiber over [1:t],¢t # 0. The strict transforms of these
sections in X are the three (—1)-curves intersecting only (—2)-curves. Thus, Z contains
a configuration of nine (—2)-curves of Kodaira—Néron type Ij. By Lemma 4.3, Z cannot
contain any further (—2)-curves. This situation is summarized in Figure 1 and Corollary
4.8.
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D DY — D} DY

VN

Figure 1. Non-Jacobian and Jacobian fibrations with global vector fields
originating from X of type 14 (p = 2)

COROLLARY 4.8. Each of the non-Jacobian rational (quasi-)elliptic surfaces Z of

Corollary 4.6 contains nine (—2)-curves with dual graph of type Dg forming configuration
I;.

4.2. Family 1B. Again, these surfaces occur for arbitrary char(k) = p > 0.

PROPOSITION 4.9. Let X be a weak del Pezzo surface of degree 1 of type 1B. Let

PeXbea point which is a non-trivial torsion point of order m on the identity component
CY of acurve C € | — K5|.

(0) If p # 2,3, then (Staby o (P))" = {+}.

(1) If p = 2, then (StabAutg?(]B))O # {*} if and only if C is of type IV*. Moreover,
then (StabAuth (P))° = pig and m = 2.

(2) If p = 3, then (StabAut% (ﬁ))o # {x} if and only if C' is of type 11 and P lies on

a (—1)-curve. Moreover, then (Stab, 0 (P))° = yg and m = 3.
X

PROOF. As explained in Strategy 4.2 for such a P € X, wecan compute Stab Autd, (ﬁ)
as Stab Aut. (P) = Stabg,, (P), where P is the image of P in X under the minimal
resolution and where X is explicitly given as a sextic hypersurface in P(1, 1,2, 3) by
4.2) y2 + St2y =23

with Autg? > Gy actingas [s: ¢ : 2 y] = [\2s: A7t : 2 : y] (see Table 2). We note that
the Eg-singularity is at [1 : 0 : O : 0], whereas the Aa-singularity is at [0 : 1 : 0 : 0]. To find
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points P = [s : t : & : y] € X with non-trivial (Stabg,, (P))°, which are distinct from the
base point of | — K x| (i.e., with s and ¢ not both zero), we consider the following cases:
(a) If s = 0, we can assume ¢t = 1. For the action [0 : 1 : 2z : y] — [0 : 1 : A%z
)\3y] to fix P, we must either have x = y = 0, in which case P would be the
Ag-singularity, or z,y # 0 and A = 1, in which case Stabg,, (P) is trivial.
(b) Thus, we can assume s = 1.

(1) If t = 0, then for the action [1 : 0 : @ : y] = [1 : 0 : A4 : A6y
to fix P, we must either have x = y = 0, in which case P would be the
FEg-singularity, or , # 0 and A> = 1. Thus, (Stabg,, (P))° is non-trivial if
and only if p = 2 and

P=1[1:0:2:y] with z,y #0 and y* = 23
In this case, (Stabg,, (P))" 2 2. Moreover, since P and the Eg-singularity
lie on the same fiber of the projection P(1,1,2,3) 2 X --» P! onto s and
t, P lies on the identity component of a curve C' € | — K| of type IV*.
Since P lies on the cuspidal curve X N {t = 0}, we have C° = G, as group
schemes and thus m = 2 by Corollary 3.2.

(2) If t # 0, then for the action [1 : ¢ : @ : y] = [1 : A3t : A%z 1 A6y
to fix P, we immediately see that A> = 1 must hold. If furthermore x was
non-zero, this would imply A = A* = 1. Thus, we can assume z = 0.

Then, (Stabg,, (P)) is non-trivial if and only if p = 3 and
P=1[1:t:0:9y] with t #0 and y € {0, —*}.
For such points, (Stabg,, (P))? = _pi3. Moreover, from the location of the
singular points of X, we see that P lies in an irreducible fiber C' of X —
X --» PL. Since p = 3, our equation (4.2) for X is the WeierstraB equation
of a quasi-elliptic fibration [Ito92, Theorem 3.3(2)], hence C' is of type II,
C® = G, and m = 3 by Corollary 3.2. Finally, note that the equations iy = 0
and y = —t? are exactly the equations of the (—1)-curves on X that are not
contained in members of | — K g|.
O
COROLLARY 4.10. Let Z be a non-Jacobian rational (quasi-)elliptic surface that is a
blow-up of a weak del Pezzo surface X of type 1B in a point P on the identity component
C° of a curve C € | — K g|. Assume that W(Z, T5) # 0. Then,

(1) either p = 2, the surface Z is unique up to isomorphism, has one multiple fiber
2IV*, and Aut%~ > 1o,

(2) or p = 3, the surface Z is unique up to isomorphism, has one multiple fiber 311,
and Aut% > us.
PROOF. Everything except the uniqueness follows by combining Corollary 3.2 with the
above Proposition 4.9.

(1) I£ p = 2, for the uniqueness of 7 in (1), it suffices to observe that all points
P e CY where C € | - K 5| is the curve of type IV* are conjugate under
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Aut(X ). This follows from our description of the G,,,-action on X in Table 2 and
the proof of Proposition 4.9(1): G,,, sends a point of the form [1 : 0 : z : y|, where
z,y #0and y? = 23, to [1 : 0 : Az : A=5y], so all such points are in the same
G,,,-orbit. B

If p = 3, for the uniqueness of Z in (2), firstly, we observe that all the curves
C € | — Kg| of type II are conjugate under Aut(X), and, secondly, that in

every such fiber C, the two points P, whose blow-up yields Z are interchanged
simultaneously by an automorphism of X. Both follow from our description of
the G,,-action on X in Table 2 and the proof of Proposition 4.9(2): First, G,,
sends a fiber {[1 : ¢ : x:y] | y? + t2y = 23} over [1 : t],¢ # 0, to the fiber over
[1: A=3¢], hence all such fibers are conjugate under G,,. Second, for fixed t # 0,
the two points [1:#:0: 0] and [1 : ¢ : 0 : —¢?] are interchanged by the involution
of X given by y — —y — st2.

n

DISCUSSION 4.11. In both of the above cases, we again see the Mordell-Weil group

of the Jacobian rational (quasi-)elliptic fibration Y — P! associated to X: By [0S91]
MW (Y — P!) 2 Z/37 and the two sections that are visible in the equation for X are
given by X N {y = 0} and X N {y = —st?}. These sections are interchanged by the
automorphism y — —y — st2. By [Lan94] and [1t092], Y is elliptic with singular fibers IV*
and IV if p = 2, and quasi-elliptic with reducible fibers IV* and IV ifp=3.

To determine the number and configuration of (—2)-curves on Z we treat cases (1) and

)

(2) of Corollary 4.10 separately.

By the proof of Proposition 4.9(1), we know that P € X lieson a (—1)-curve
intersecting the Fg- but not on a (—1)-curve intersecting the Ag-configuration of

(—2)-curves. Hence, Z contains configuration IV*.

\ / \ /

<

Figure 2. Z — X with incomplete (—2)-curve configuration on Z

From the Kodaira—Néron classification of fiber types and Lemma 4.3 we see
that the other two obvious (—2)-curves on Z (in the left of the picture for Z in
Figure 2) have to constitute a dual graph Ay together with another (—2)-curve,
that we were not yet able to see as a negative curve on X. We will now determine
the precise configuration — either IV or I3 — of the two “known” (—2)-curves
with the “new” (—2)-curve: Taking into account that, by Proposition 4.9(1), every
(—1)-curve on Z is a 2-section, we obtain that the (—1)-curve in Figure 2 that
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intersects both the “known” (—2)-curves in one point cannot intersect the “new”
(—2)-curve. Hence, configuration IV is not possible.

We are therefore left with the four possibilities for the intersection behavior of
I3 as in Figure 3, where the “known” (—2)-curves are still drawn in black and the
“new” (—2)-curve is drawn in purple. Note that we also assigned other colors to
some of the remaining negative curves in order to be able to better refer to them in
the argument. We remark that, in order to not overload these drawings, we did not
yet include the intersection behavior of the red exceptional curve on Z with other
curves.

i1} / @ 1 / N /

Figure 3. Four possibilities for configurations of (—2)-curves on A

When contracting the blue (—1)-curve in Figure 3, we obtain a realization
of Z as blow-up of another weak del Pezzo surface with global vector fields
containing an Fjg-configuration of (—2)-curves and at least five (—1)-curves. So,
by the classification in Chapter II, this weak del Pezzo surface is either of type
1K or 1J. Since the blue (—1)-curve does not intersect the purple (—2)-curve,
its image under the contraction is still a (—2)-curve that does not intersect the
Es-configuration of (—2)-curves on the contraction. So, Zisa blow-up of the
weak del Pezzo surface X 1x of type 1K. We can identify some of the curves in
Figure 3 with curves on X1k according to the color they are given below and learn
about their intersection behavior.

Vit~ 4r

Figure 4. Zasa blow-up of a weak del Pezzo surface of type 1K (p = 2)

—_—

From a comparison with Figure 4 we see that the fourth configuration in Figure
3 is correct. Moreover, there are (at least) three more (—1)-curves on Z than
visible in Figure 2, and the red exceptional curve intersects the purple (—2)-curve
in one point with multiplicity 2. The results of this discussion are summarized in
the following Figure 5.
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Figure 5. Non-Jacobian and Jacobian fibrations with global vector fields
originating from X of type 1B (p = 2)

(2) By the proof of Proposition 4.9(2), P lies on a (—1)-curve connecting the Eg-
and the Ay-configuration of (—2)-curves on X. Thus, Z contains (—2)-curves
forming a configuration of type II* and, by Lemma 4.3 no further ones. As in the
previous cases, the situation is illustrated below.

< >

A2 E},’ <_ :1_) 1.:_’

VS

Figure 6. Non-Jacobian and Jacobian fibrations with global vector fields
originating from X of type 1B (p = 3)

Hence, we have the following summarizing corollary.
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COROLLARY 4.12. Let Z be one of the non-Jacobian rational (quasi-)elliptic surfaces
of Corollary 4.10. Then, the following hold.

(1) If p = 2, Z contains ten (—2)-curves with dual graph of type Eﬁ + Zg forming
configurations IV* and 13. Moreover, IV* is the unique multiple fiber and of
multiplicity m = 2.

(2) If p = 3, Z contains nine (—2)-curves with dual graph of type Eg forming
configuration 11*.

4.3. Family 1C. This family exists only if char(k) = p # 2.

_ PROPOSITION 4.13. Let X be a weak del Pezzo surface of degree 1 of type 1C. Let
P € X be a point which is a non-trivial torsion point of order m on the identity component

Cof acurve C € | — Kg|.
(0) If p # 3, then (Stabyp0 (P))° = {x}.
(1) If p = 3, then (StabAutog(P))O # {x} if and only if C is of type I1I*. Moreover,
then (StabAutg? (P))° 2 yi3 and m = 3.

PROOF. As explained in Strategy 4.2 for such a P € X, wecan compute Stab 0 (]3)
X

as Stab Aut0~(ﬁ) = Stabg,, (P), where P is the image of P in X under the minimal
X

resolution and where X is explicitly given as a sextic hypersurface in P(1, 1,2, 3) by
(4.3) v’ =23 + st

with Aut()l( >~ Gy, actingas [s : ¢ : 2 y] = [\3s: A7tz 2 y] (see Table 2). We note that
the E7-singularity is at [1 : 0 : 0 : 0], whereas the A;-singularity isat [0 : 1 : 0 : 0]. To find
points P = [s : t : & : y] € X with non-trivial (Stabg,, (P))°, which are distinct from the
base point of | — K x| (i.e., with s and ¢ not both zero), we consider the following cases:

(a) If s = 0, we can assume ¢t = 1. Forthe action [0 : 1 : z : y] — [0: 1 : A2z :
A3y] to fix P, we must either have z = y = 0, in which case P would be the
Aj-singularity, or z,y # 0 and A = 1, in which case Stabg,, (P) is trivial.

(b) Thus, we can assume s = 1. If ¢ # 0, then for the action [1 : ¢ :  : y] — [1 :
A4 A702 0 A% to fix P, we see that \* = 1 must hold. Since p # 2, this
implies (Stabg,, (P))° = {x}.

(a) So, we can assume ¢t = 0 and see that for the above action to fix P we get
either x = y = 0, in which case P would be the F;-singularity, or z,y # 0
and A3 = 1. Thus (Stabg,, (P))° is non-trivial if and only if p = 3 and

P=[1:0:2:y] with z,y#0 and y* = z°.

In this case, (Stabg,, (P))" = 3. Moreover, since P and the E;-singularity
lie on the same fiber of the projection P(1,1,2,3) O X --» P! onto s and ¢,

P lies on the identity component of a curve C' € | — K | of type I1I*. Since
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P lies on the cuspidal curve X N {t = 0}, we have C° = G, and thus m = 3
by Corollary 3.2.

0

COROLLARY 4.14. Let Z be a non-Jacobian rational (quasi-)elliptic surface that is a
blow-up of a weak del Pezzo surface of type 1C in a point P on the identity component CcO
of a curve C € | — K 5|. Assume that h°(Z,T) # 0. Then, p = 3, the surface Z is unique

up to isomorphism, has one multiple fiber 3111*, and Aut% = us.

PROOF. Everything except the uniqueness follows by combining Corollary 3.2 with
Proposition 4.13. To show that Z is unique up to isomorphism, it suffices to observe that all
points P € C9 where C € | — K 5| is the curve of type III* are conjugate under Aut(X).
This follows from our description of the G,,-action on the Weierstral model in Table 2:
The points on C° which do not lie on the zero section are of the form [1 : 0 : x : y] with
z,y # 0,92 = 23, and G,,, sends such a point to [1 : 0 : A6z : A=, so all such points
are in the same G,,-orbit. O

Di1SCcUSSION 4.15. In the configuration of curves on X, the base point has to be the
intersection of the two intersecting (—1)-curves. Blowing it up yields Y, which is elliptic
with singular fibers I1T* and III by [Lan94] and has Mordell-Weil group Z/27 by [OS91].
Thus, the (—1)-curve on X which does not intersect another (—1)-curve corresponds to the

non-zero section on Y. _ _
We have seen in the proof of Proposition 4.13 that P € X lies on the (—1)-curve

that contains the base point and intersects the E7-configuration of (—2)-curves. Thus, Z
contains configuration ITT*.

<

Figure 7. Z — X with incomplete (—2)-curve configuration on Z

Aiming for the entire configuration of (—2)-curves on Z, we recall from the classi-
fication of reducible fibers of Z and Lemma 4.3 that the single (—2)-curve on Z has to
constitute a dual graph A together with another (—2)-curve, that we were not yet able to
see as a negative curve on X . We will now determine the precise configuration — either I or
111 — of the “known” (—2)-curve with the “new” one on Z: Taking into account that every
(—1)-curve on Z is a 3-section, we have the following ten possibilities for their intersection
behavior, where the first two rows in Figure 8 show the Is-cases and the third row shows
the two IIl-cases. Here, the “known” resp. “new” (—2)-curves are drawn in black resp.
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purple. Note that we also assigned other colors to some of the remaining negative curves
to be able to better refer to them in the argument. We remark that, in order to not overload
these drawings, we did not yet include the intersection behavior of the red exceptional curve
on Z with other curves.

(330313
(3 C3L3 03
(303

Figure 8. Ten possibilities for configurations of (—2)-curves on A

When contracting the blue (—1)-curve in Figure 8, this yields a realization of Z asa
blow-up of another weak del Pezzo surface with global vector fields and an Er-configuration
of (—2)-curves and two (—1)-curves with intersection number 2. By the classification of
Chapter II, this must be )Z'l r of type 1F. The blown-up point ﬁl F € )Zl r has to be
one of the intersection points of the horizontal (—1)-curve with the curved ones in Figure
62 in Chapter II. By symmetry of the configuration on X1p, we can choose Py to be
the blue point in Figure 9. Although, when contracting the blue (—1)-curve, the “known”
(—2)-curve becomes a curve of non-negative self-intersection and hence is no longer visible
in the curve configuration below, we can identify some images of the curves in Figure 8 with
curves on X according to the color they are given below and learn about their intersection

behavior.
T W RN

Figure 9. Zasa blow-up of a weak del Pezzo surface X 17 of type 1F
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Thus, in Figure 8 the purple (—2)-curve and the green (—1)-curve intersect in one point
with multiplicity two, which rules out the first four possibilities in Figure 8. Moreover, we
see that the red (—1)-curve meets the purple (—2)-curve in one point with multiplicity
3. To find the true configuration among the remaining six possibilities we need stronger
techniques using the p3-action on Z:

Since ps3 is linearly reductive, its fixed locus on Z is smooth by [CGP15, Proposition
A.8.10(2)]. Moreover, u3 preserves every negative curve and hence transverse intersections
of negative curves are fixed points. This excludes the first configuration in the second row
of Figure 8. Indeed, since there are at least 3 fixed points on the purple curve and on the
black “known” (—2)-curve, and since p3 has at most 2 fixed points on P! (see for example
[Mar22, Lemma 2.34(i)]), both these curves have to be fixed pointwise. This contradicts the
smoothness of the fixed locus Z#5.

To exclude the sixth, seventh and tenth configuration of Figure 8, we refine the above
argument and carry it out for the sixth configuration (the other two use the analogous
argument for differently colored curves): The purple curve contains 3 fixed points, hence is
fixed pointwise. Let () be the point on the green (—1)-curve C, where the purple (—2)-curve
touches C. Since u3 fixes their intersection C; = Spec k[z]/(x?), the non-reduced C;
is contained in the fixed locus C'*3, which is smooth by [CGP15, Proposition A.8.10(2)]
applied to C. Thus, u3 has to act trivially on C. The purple curve and C' being contained
in Z1s yields a contradiction to smoothness of AL (again applying [CGP15, Proposition
A.8.10(2)] to Z).

To exclude the ninth configuration in Figure 8, we cannot immediately tell that the
green, blue, purple or black curve is fixed pointwise since there are not enough transverse
intersections. To overcome this, let us have a closer look at a point where two of these
curves meet: 43 acts on the first order neighborhood C; = k[z]/(z?) of such a point. In
the proof of Proposition 5.8 in Chapter III, we saw Autc, = G, acting as  — a1z if
p # 2. Thus, the closed point of C; is fixed by G,,, and thus also by p3 since C1"* D C’f’ .
Therefore, the green, blue, purple and black curve are fixed pointwise, which contradicts
smoothness of Z#3. _

So, we showed that Z contains configurations III* and I as depicted in the eighth
configuration of Figure 8. Note that from the comparison with Figure 9 we see that there is
an additional (—1)-curve on Z intersecting the red (—1)-curve in a point with multiplicity
2 and the “known” (—2)-curve in a point of multiplicity 3 (the latter follows from the
smooth fixed loci argument that we used above). We summarize the results of the previous
discussion in Figure 10 and Corollary 4.16 below.
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Figure 10. Non-Jacobian and Jacobian fibrations with global vector fields
originating from X of type 1C' (p = 3)

COROLLARY 4.16. The unique non-Jacobian rational (quasi-)elliptic surface Z of
Corollary 4.14 contains nine (—2)-curves with dual graph of type E; + A; forming
configurations 111" and 1s. Moreover, 111* is the unique multiple fiber and of multiplicity
m = 3.

4.4. Family 1D. This family exists only if char(k) = p # 2,3.

PROPOSITION 4.17. Let X be a weak del Pezzo surface of degree 1 of type 1D. Let

P € X be a point which is a non-trivial torsion point of order m on the identity component
Cof acurve C € | — Kg|.

(0) If p # 5, then (Stab,y 0 (P))° = {x}.
X ~
(1) If p = 5, then (Stab, 0 (P))? # {*} if and only if C is of type I1*. Moreover
. X
then (Stab, 0 (P))° & u5 and m = 5.
X

PROOF. As explained in Strategy 4.2 for such a P € X, wecan compute Stab Autd, (ﬁ)
as Stab Aut. (P) = Stabg,, (P), where P is the image of P in X under the minimal
resolution and where X is explicitly given as a sextic hypersurface in P(1, 1,2, 3) by
4.4) y2 =23 + st°
with Autg? > Gy, actingas [s: ¢ : 2 y] = [\s : A7z 2 9] (see Table 2). We note that
the Eg-singularity isat [1 : 0 : 0 : 0]. To find points P = [s : ¢ : x : y|] € X with non-trivial

(Stabg,, (P))?, which are distinct from the base point of | — K x| (i.e., with s and  not both
zero), we consider the following cases:
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(a) If s = 0, we can assume t = 1. For the action [0 : 1: 2 : g+ [0: 1 : A2z : A3y]
to fix P, we have two possibilities: either z,y % 0 and A = 1, or x = y = 0. But
the point [0 : 1 : 0 : 0] corresponds to the singular point of a C' € | — K | of type
I1, hence does not lie in the smooth CV.

(b) Thus, we can assume s = 1. If ¢ # 0, then for the action [1 : ¢ : = : y] —
[1: A0t A710 0 \715 } to fix P, we see that A = 1 must hold. Since p # 2, 3,
this implies (Stabg,, (P))? = {x}.

(a) So, we can assume ¢t = 0 and see that for the above action to fix P we get
either x = y = 0, in which case P would be the Fg-singularity, or z,y # 0
and \’> = 1. Thus (Stabg,, (P))° is non-trivial if and only if p = 5 and

P=[1:0:z:y] with z,y#0 and 3> = 2.

In this case, (Stabg,, (P))? = 5. Moreover, since P and the Eg-singularity
lie on the same fiber of the projection P(1,1,2,3) 2 X --» P! onto s and ¢,
P lies on the identity component of a curve C € | — K 5| of type II*. Since
P lies on the cuspidal curve X N {t = 0}, we have C° = G, and thus m = 5
by Corollary 3.2.

g

COROLLARY 4.18. Let Z be a non-Jacobian rational (quasi-)elliptic surface that is a
blow-up of a weak del Pezzo surface of type 1D in a point P on the identity component cP
ofacurve C € | — K g|. Assume that hO(Z T5) # 0. Then, p = 5, the surface Z is unique
up to isomorphism, has one multiple fiber 511*, and Aut% 5.

PROOF. Everything except the uniqueness follows by combining Corollary 3.2 with
Proposition 4.17. To show that Z is unique up to isomorphism, it suffices to observe that all
points P € C° where C € | — K 5| is the curve of type IT* are conjugate under Aut()z ).
This follows from our description of the G,,-action on the Weierstral model in Table 2:
The points on C° which do not lie on the zero section are of the form [1 : 0 : x : y] with
x,y # 0,y* = 23, and G, sends such a point to [1: 0 : A™1% : A=15y], so all such points
are in the same G,,,-orbit. O

DiscussSION 4.19. By [Lan94, Theorem 4.1.] and [MP86], Y contains singular fibers
IT* and II, the Mordell-Weil group of Y is trivial by [OS91], and thus there are no other
(—1)-curves on Y besides the zero-section. By the computation in the proof of Proposition
4.17(1) P lies on this (—1)-curve as well. So, Z contains configuration II* and by Lemma

4.3 these are all (—2)-curves on Z. The situation is summarized in the following Figure 11
and Corollary 4.20.
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Figure 11. Non-Jacobian and Jacobian fibrations with global vector fields
originating from X of type 1D (p = 5)

COROLLARY 4.20. The unique non-Jacobian rational (quasi-)elliptic surface Z of

Corollary 4.18 contains nine (—2)-curves with dual graph of type Es forming configuration
IT*. Moreover, 11* is the unique multiple fiber and of multiplicity m = 5.
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0. Deformation spaces of weak del Pezzo surfaces

4A,4B,4AC,AD,AE

AF,AG,AH AT, 4J,4M AN

4K ,4L,40,4P

4Q

all other X

34,3B,3C,3D,3E,3F,3G,3N, 30

3H,31,3J,3K,3L,3P,3Q

3M,3R

WO(X, Tx)
Case(s)
dim(Tid(Aut;()) = dim(Def;()
8 | 0 | P2
6 0 P! x P, 84
7 1 [y
4 0 TA
5 1 7B
2 0 6A
3 1 6B,6C
4 2 6D, 6E
5 3 6F
0 0 all other X
1 1 A
2 2 5B,5C
3 3 5D,bE
4 4 5F
0 2 all other X
1 3
2 4
3 5
4 6
0 4
1 5
2 6
3 7
0 6

all other X

—_

J

24,2B,2C,2D,2E,2F,2G,2H,21,2J,
9K,2L,2N,20,2P,2Q, 2R, 2T, 2W

oM, 28,2U,2V,2X

2Y

all other X

14,1B,1C,1D,1E,1F,1G,1H,1J,1K,
1L,1M,1N,10,1Q,18

11,1P,1R

1T

Table 0. Dimensions of H' (X, T ) for all weak del Pezzo surfaces X




I. Which rational double points occur on del Pezzo surfaces?

I s By occurs if I < By occurs if I s By occurs if
p#2|p=2 p#2|p=2 p#2|p=2
Ay v v Az + 34, v v As + Ao v v
24, v v 345 v v Ds + As v v
As v v As+ Ay + Ay v v Ag + A v v
34, v v Ag+ 24, v v D¢ + A4 v v
As + Ay v v Dy + 24, v v Eg+ Ay v v
As v v 245 v v Ay v v
4A; v v Ay + Ag v v D v v
Ag + 24, v v Dy + Ay v v Er v v
245 v v As + Ay v v 8A; X v
As + Ay v v Ds + Ay v v Dy +4A X v
Ay v v Ag v v 4A9 v v
Dy v v Dy v v 2A3 + 2A, v X
5A4 v v Eg v v As + Ay + Ay v v
As + 344 v v TAq X v Dg + 24, v v
2A5 + Aq v v Az + 44, v X 24, v v
Az + 24, v v 3A5 + A v v 2D, v v
Az + Ao v v As+ Ay + 24, v v D5 + As v v
Ay + A v v D4+ 34 v v FEg + Ao v v
Dy+ Ay v v 2A3 + Aq v v A7+ Aq v v
As v v Ay + Ao+ Ay v v Er+ Ay v v
Ds v v As + 24, v v Ag v v
6A; v X Ds + 24, v v Dg v v
Ag + 444 v v Ay + As v v Ey v v
249 + 24, v v Dy + As v v

Table 1. IV C Eg occurring on weak del Pezzo surfaces
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RDP Weierstral3 equation of X A = Miranda’s &
configuration inP(1,1,2,3) Persson’s type
Es
Eg y2 =23 + s —ot1042 0 Xoo

E} y? =2 + thr + 155 t1O(t? — 252) % Xon

Table 2. Eg-singularities on del Pezzo surfaces in char(k) = 5
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S8l

RDP ~ Weierstral equation of X in I?(}a}; 2, 53)7 B A = Lang’s / ell/
configuration condition for extra RDPs Ito’s type g-ell
Eg

EY y? = a3 + the + t1s? t12 0 6C ell
E§ y? = 23 + sz + ag 5t0s + t1s? 93 0 6A ell
o+ A | ifags=0 | | eas. | en |
EY + A y? = 23 4 t4s? 0 3.3(2) g-ell
E} y? = 23 + 222 + ag 5t°s + t1s? —t0s(ag 5t + ) % 6B ell
o+ A | ifags=0 | | eB2 | en |
Eé y? = a3 4+ 20 + a675t53 + a6,4t432 + 353 —tgs(a675t2 + ag.ats + 32) % 6A ell
A | ifags #0and (ags = Oorags —a,) | | eaz [ en |
+ A ifags =0andagy =0 6A 1. ell
Er
E? y? =23 + sz + s —t9s3 0 7 ell
EY + A y? =23+ t3sx —t9s3 0 75. ell
E} Y2 = a3 + 1222 + ag 5105 — t1s2 + 133 —9s(ap5t2 — ts + %) | Lo 7 ell
o+ oA ifags € 0,1y | 72 [ en |
Es
E$ y? =23+ t0s 0 3.3(1) g-ell
Eé y? =23 +thr + 75 —t12 0 8B ell
E? y? =’ + 22 + t0s —tlls -t 8AlL ell

Table 3. Eg-, E7- and Es-singularities on del Pezzo surfaces in char(k) = 3



RDP ~ Weierstra equation of X in ]?(,111,’ 2, ‘:%)7 o A j= Lang’s / ell /
configuration condition for extra RDPs Ito’s type g-ell
Dy

DY Y2+ 3y = 23 + (as28% + agsts + aggt?) 2z + 33 12 0 12B ell
Dg y2 + t25y =23+ a271tsx2 + a473t35x + a676t6 + 1353 8% 0 12A ell
o+ A ifagg=O0andags£0 | [ 12am0a | en |
+ Ay ifage = as3 =0 12A 11 ell
D2 + 34 occurs only in degree 2 (see Proposition 3.2 (C.))
DY + 44 y? =23 + (t3s + agot?s® + ts?)x with ag o # 0 0 5.2.(0) g-ell
DY + DY y? = 2 + agot?s’z + 353 0 52.d) | gl
Di y2 + try = 3+ a271t5:p2 + a675t5s + a674t452 + 33 tgs(a675t2 + ag ats + 52) % 4B. ell
.+ A | if(ags=0Oandaga £0)or (ags #O0andaga=0) | | a2 | en |
+ Ay ifags =asa =0 4B.3 ell
D! y? + toy = 2° + ag1tsa? + ag 5t°s + ap at?s® + ag 3t + 125 (a5 + apat?s + agts? + 5% % A 1
with az 1 +ag3 # 0
o+ A if (a5 = Oand ags # 0) or ags = agaags 20 | o aa2 | oen |
+ 24 ifags =as3 =0and aga # 0 4A.4 ell
+ Ay |if (a5 =ass =0andass # 0)or (af 3 = ag 4 and a3 5 = ags # 0) 4A.3 ell
+ A3 ifags = ass = ag3 =0 4A.5 ell
Ds
DY Y2 + t2sy = 23 + (ag2t? + ts)2? + ag 5t°s 85t 0 13A ell
o+ A ifags=O0andasn £0 | [ 13atoA | en |
+ A if ags = az2 =0 13A 11 ell
Dé vty =aty a271tsx2 " a6’5t58 * a6’4t482 - a6’3t383 + 1t tSS(GG,E}t?’ + a6,4t23 + a6,3t32 + 33) % 5A. ell
with as 1 = ag 3
o+ A if (a5 = Oand ags £ 0) or ags = agaaes 20 | | sa2 | oen |
+ 24 ifags = as3 =0and ags # 0 5A.4 ell
+ Ay |if(ass =asa =0andas3 # 0)or (af 3 = ag 4 and ag 3 = ag5 7 0) 5A.3 ell
+ Az ifags =ass = ag3 =0 5A.5 ell

Table 4. Dy4- and Dj;-singularities on del Pezzo surfaces in char(k) = 2



L81

RDP ~ Weierstra} equation of X in If’(}a}; 2, §), o A i Lang’s / ell /
configuration condition for extra RDPs Ito’s type g-ell
Dg
Dg + A occurs only in degree 2 (see Proposition 3.2 (B.))
DY + 24 y? =23 + (35 + 125z 0 5.2.(e) g-ell
D} y? + 3y = 23 + (ag2t? + ag1ts)a? + t3sw t12 0 13B ell
D? y? + toy = 8 + agtsa® + agst®s + t1s? with ag1 # 0 | t'0s(ag 5t + 5) | o 5B. ell
T ifags =0 | | sB2 | en |
D~
D} y? + t3y = 23 + tsa? t12 0 13C ell
D% y? + toy = 2% + a2,1tsx2 + t5s with azy #0 ts g 5C. ell
Ds
DY y? =23 + 2% + s 0 5.2.(b) g-ell
D} y? + toy = 2 + tsaz® + agtS with agg # 0 ap 6! aoe 5D. ell

Table 5. Dg-, D7- and Dg-singularities on del Pezzo surfaces in char(k) = 2
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RDP ~ WeierstraB equation of X in I,PJ(}’},’ 2,3) A i— Lang’s / ell /
configuration condition for extra RDPs Ito’s type g-ell
Ee

EQ y? + t2sy = 23 + agot?a? + ag 5t0s 85 0 14 ell
& A | fags=0andas#0 | | 1am0a [ en |
+ Ay ifags =az2 =0 14 11 ell
E} y? +try = 23 + tsax® + ag5t°s + a674t432 + 1353 + 254 tgs(a675t3 + agat’s + ts? + s3) % 6. ell
.+ A | if(ass=0andags #0)orags =ags £ (0,1} | ] 2 [ en |
+ Ay ags = aga € {0,1} 6.3 ell
E7
E? occurs only in degree 2 (see Proposition 3.2 (A.))
EY + A y? =23 + s 0 5.2.(c) g-ell
E? y? + 3y =23 + sz t12 0 15 ell
E3 y? +try = 23 + ag 5t0s + t1s? t1%s(ag 5t + s) % 7. ell
T ifags =0 | 72 | en |
Es
EY y? =23+ s 0 5.2.(a) g-ell
E3 y? +t3y =23 +t%s t12 0 16 ell
E§ y? +toy = 23 4+ t0s ts é 8. ell

Table 6. Eg-, E7- and Fg-singularities on del Pezzo surfaces in char(k) = 2



I1. Weak del Pezzo surfaces with global vector fields

- Autl
Case | (—2)-curves | #{lines} Aut% (X, Tk) X Moduli | char(k)
X smooth?
P! x P! 0 0 PGLy x PGLo 6 v {pt} any
Aut re
Fy Ay 0 (Autp(r,1,2))red 7 v {pt} any

= (G} % GL2)/p2

Table 1. Weak del Pezzo surfaces of degree 8 that are not blow-ups of P2
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0
Aut Ee

Case | Figure | (—2)-curves Aut% C PGL3 mooth? Moduli | char(k)
degree 9
94 0 PGL3 v {pt} | any
degree 8
8A | Fig. 5 0 (1 Z f) v {pt} any
degree 7
7TA | Fig. 4 0 (1 e Jj‘) v {pt} any
7B | Fig. 26 Ay ( e ;f) v {pt} any
degree 6
64 | Fig. 3 0 (*e) v (ot} | any
6B | Fig.24| A (1 ) v (pt} | any
6C | Fig.2 Ay (1 1 %) v {pt} any
6D |Fig.25| 24, ( e f) v (pt} | any
6E | Fig. 51 As (1 ! f) v {pt} | any
6F |Fig.52| Ao+ A (1 f) v {pt} | any
degree 5
5A | Fig. 1 Ay (1 1 Z) v {pt} any
5B | Fig.22 | 24, (1 e ) v {pt} | any
5C | Fig. 18 Ay <1 1 j) v {pt} any
5D | Fig.23 | As+ A (1 e {) v {pt} any
5E | Fig. 50 As (1 ‘ f) v {pt} | any
5F | Fig. 60 Ay (1 : ?) v {pt} any

Table 2. Weak del Pezzo surfaces with global vector fields of degree > 5 that are

blow-ups of P2
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0
Aut Fe

Case | Figure | (—2)-curves | #{lines} | Aut} C PGLj3 hO(X,Tx) Moduli | char(k)
smooth?

1A |Fig 13| 24, 8 (1 | ) 1 v 1dim | any
AB |Fig. 14| 34 6 (1 | ) 1 v (| any
4C | Fig. 15| A+ Ay 6 (1 1 z) 1 v {pt} any
4D | Fig. 17 As 5 (1 1 z) 1 v {pt} any
AE | Fig. 42 As 4 (1 | ‘13) 1 v bt | #2
AF |Fig.21| 44 4 (1 c ) 2 v (pty | any
AG | Fig. 20 | Ap + 24, 4 (1 c ) 2 v ptt | any
AH | Fig. 43| A+ A 3 (1 ! C) 2 v (pt} | any
41 | Fig. 49 Ay 3 (1 e 52> 2 v {pt} any
4J | Fig. 59 Dy 2 (1 e Z) 2 v o | #£2
AK | Fig. 48| A+ 24, 2 (1 e ]Zf) 3 v (| any
AL | Fig. 65 Ds 1 (1 f ) 3 v ot | #£2
AM | Fig. 42 As 4 (1 ! ) 2 =1 2 x po | =2
AN | Fig. 59 D4 2 (1 ! Jlf) 2 v pt | =2
10 | Fig. 59 D4 2 (1 j ) 3 v pt | =2
4P | Fig. 65 Ds 1 (1 i {> 3 v pt | =2
1Q | Fig. 65 Ds 1 (1 ‘g ) 4 v pt | =2

Table 3. Weak del Pezzo surfaces of degree 4 with global vector fields
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Case | Figure | (—2)-curves Aut% C PGL3 Autg? Moduli | char(k)
smooth?

3A | Fig. 10 24, A v 1 dim any
3B | Fig. 16 Dy ) v {pt} any
3C | Fig. 11| 245+ A4 ) v {pt} any
3D |Fig. 12| As+24A; ) v {pt} any
3E | Fig. 41 | As+ Ay ( ) v {pt} any
3F | Fig. 46 As ( ) v pt} | #3
3G | Fig. 58 Ds ( ) v Mt | #£2
3H | Fig. 19 34, ( ) v {pt} any
3] |Fig. 47| As+ 4 ( - f ) v {pt} any
37 |Fig. 66|  Eg ( ) ) v | #2,3
3K | Fig. 46|  As 3 (1 f) =1 2 x oty | =3
3L | Fig. 66 Eg 1 (1 | {) 2 v pt} | =3
3M | Fig. 66 Eg 1 (1 ‘ f) 3 v ptt | =3
3N | Fig. 33 Ay 6 (1 ! ) 2=1 1 x oty | =2
30 | Fig. 58 Ds 3 (1 | {) 1 v pt} | =2
3P |Fig.58|  Ds 3 (1 ‘ ) 2 v | =2
3Q |Fig. 66|  Eg 1 (' o) 2 v | =2
3R | Fig. 66 Eg 1 (1 ! b) 3 v ht | =2

Table 4. Weak del Pezzo surfaces of degree 3 with global vector fields
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0
Aut ke

Case | Figure | (—2)-curves | #{lines} Aut% C PGL3 | hO(X, T5) Moduli | char(k)
smooth?

24 | Fig.7 24, 6 (1 ) 1 v 1dim | any
9B | Fig.39 | Ds+ A, 5 (1 | ) 1 v (pt} | any
2C | Fig. 64 Es 4 (1 2) 1 v o | #£2
2D | Fig. 8 | 243+ Ay 4 (1 1 ) 1 v {pt} any
9F | Fig.9 | D4+ 34, 4 (11 ) 1 v (ptd | any
9F | Fig. 40 | As+ Ay 3 (1 ! ) 1 v (| any
°G | Fig. 57| De+ A 2 (1 2) | v pth | #2
2H | Fig. 56 A 2 (1 Ly ) 1 v bt | #2
27 | Fig. 67 Er | (1 ) | v | #2,3
27 | Fig. 45 Ag 4 (1 e 62) =1 | x pt | =3
oK |Fig.54|  Dg 3 (1 e 62) =1 1 x oty | =3
oL | Fig. 67 Er 1 (1 | ,10) 1 v ptt | =3
oM | Fig. 67 Er 1 (1 ‘ ) 2 v ot} | =3
2N | Fig. 30 As 7 <11i),i2:1 1 X 1dim | =2
20 | Fig.38|  Ds 8 (1 | ) 2=1 1 x oty | =2
°P | Fig. 32| A5+ A 6 (11i>,i2:1 | x h | =2
2Q | Fig. 31| As+ A 5 <11i>,i2:1 | x M | =2
R | Fig. 54 Dy 3 (1 | {) 1 v ldim | =2
25 | Fig. 64 Eg 4 (1 f> =0 2 x M | =2
oT | Fig. 57 | Dg+ A 2 (1 ! {) | v pt | =2
oU | Fig. 57| De+ A 2 (1 s ) 2 v p | =2
2V | Fig. 56 A 2 (1 f) et =1 2 x p | =2
oW | Fig. 67 Er 1 (1 1 1) 1 v | =2
2X | Fig. 67 Er 1 (" : bf) 2 v oty | =2
2V | Fig. 67 Er 1 (1 ! b> 3 v Mt | =2

Table 5. Weak del Pezzo surfaces of degree 2 with global vector fields
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0
Aut 5

Case | Figure | (—2)-curves | #{lines} Aut% C PGL3 | hO(X, T%) coorh? Moduli | char(k)
14 | Fig. 6 2D, 5 (1 | ) 1 v 1dim | any
1B | Fig. 37| FEg+ Ay 4 (1 | ) 1 v (ot} | any
1C |Fig. 63| Er+ A 3 (1 e 62) 1 v bt | #2
1D | Fig. 68 joN | (1 e 63) | v | #2,3
1E | Fig. 53 Dy 5 (1 ] l) 3 =1 1 x bt | =3
IF |Fig.62| B 5 (1 e 62) &b = 1 x oty | =3
1G | Fig. 44 Ag 3 (1 e 62) ,ed = 1 x oty | =3
1H | Fig. 68 Ey 1 (1 | ’f) 1 v ht | =3
1I | Fig. 68 By | (1 . ) 2 v pt} | =3
1J | Fig. 35 o) 13 <11i>,i2:1 1 X ldim | =2
1K |Fig. 34 | FEe+ A 8 (11@~)’i2:1 | x p | =2
1L | Fig. 27 A 8 <11@-)’i2:1 1 x ldim | =2
1M | Fig. 61 Er 5 <11{>,f2:0 1 x bt | =2
IN | Fig. 29 | Dg+ 24, 6 (1 | Z) 2 =1 | x p | =2
10 | Fig. 28 | A7 + A, 5 <11i>,i2:1 | x by | =2
1P |Fig. 63| Er+ A 3 (1e€f2>,f2:o 2 x oty | =2
1Q | Fig. 55 Ds 2 (1 ] Jlf) 1 v 1dim | =2
1R | Fig. 55 Dy 2 (1 f) o1 2 x b | =2
1S | Fig. 68 s 1 ( . ;) 1 v bt | =2
1T | Fig. 68 Es | (1 ! b) =0 3 x ht | =2

Table 6. Weak del Pezzo surfaces of degree 1 with global vector fields
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8A

TA

(@
24

6C

6B

6F
5C

K

5D
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L L L [

KL

NN N\ N\
A 4B
4D AF, AM
|
4G AH
4K |
4N, 4J,40
L L
NN\
3B

196

i
<

4

/KX

4P, 4Q, 4L




3D

3G,30,3P

/YN

3J,3L,3M,
3R,3Q

2A

2D

3E

3SH

3N

2B

2F
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3F, 3K

31

2C,28

2F




HH HH v

91,2L,2M,
oW, 2X, 2V
929G, 2T, 2U 2H,2V
@ iﬁ ></<></
9K, 2R IN
2J
/ /S J/ ></
//| |\\ N i N N
20 2P 2Q
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/NN

1D, 1H, 11,
18,17

1F

1M

1Q,1R
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II1. RDP del Pezzo surfaces with global vector fields in odd characteristic

Ld|] r | € (ko—a)" |
Ag C Er
11 Ag, Ag+ Ay C Eg

Table 7. Non-equivariant RDP configurations in characteristic 7

d || singularities equation of X Aut$

2 Ag w? =23y + P2+ 2B | pr s D Aty A2z 0w

1| As+ A y? =23 +ts3x + t0s pr i [As: Atz

Table 1. Non-equivariant RDP del Pezzo surfaces with global vector fields
in characteristic 7

Ld] r [ C (ko)™ |

5 Ay C Ay
4 Ay C Ds
3 Ay, As+ A4 C Eg
2 Ag, As+ A1, As+ As C Er
1 Ay, Ag+ Ay, Ag+2A1, Ay + Ao, CE

0 C Eg

A+ As+ Ay, Ay + Az, 244, Eg

Table 8. Non-equivariant RDP configurations in characteristic 5
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RDPs equation(s) of X Aut%
ToT2 — T3 = 0 (as, Am%) with
o — 0 10 0 0 0 0
03 14 01 —2¢% 288 ¢ 2
Ay rorg —m1z3 = 0 O
r1T2 + $Z + zoxs 0 00 0 10 —e
9 00 e & 1 —23
x5+ x324 + 21275 = O 00 o o0 0 1
O .
(as, Aut%) with
1 —e —2 22 2¢°
ZTor1 — T2X3 = 0 1 0 0 2
Ay
Toxy + 102 + 25 = 0 as:| 0 -2 1 -2 &8
0 ¢ 0 1 g2
0 0 0 0 1
Ay x%ﬂ:l + 2279 + 2373 + x%xo =0 ps : (ot Awy : Mg s A3x3]
as X Gy, with
1 e & -2
9 9 0 1 2 —¢?
Ag+ Ay Tox1x3 + Tox5 + xix2 = 0 as
0 0 1 —€
0 0 O 1
G @ [zo 2 Azp 0 N9 M)
Ag+ Ay w? = 24 4+ xy’z + y23 ps : [ Ay s A3z 0wl
Ag+ A w? = xyd 4+ y22 + 2222 ps N2z Ay A3z s w)
Ag+ Ay + Ay y? =23 + st + 5%t ps s[5 At A3z A2y
24, y? = a3 + the + $5¢ as X s [As+etit:xy]
EY y? =23 + 57t a5 X Gy i [As+et: ANtz y]

Table 2. Non-equivariant RDP del Pezzo surfaces with global vector fields
in characteristic 5
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d] T [ S (ko—a)t ]
6 Ay, As+ Ay C Ay + A4
5 Ay, Ao+ Ay C Ay
4 Az, As+ Ay, Ax+ 24 C Dy
3 Ay, Ay + Ay, As+2Aq, 245, 245+ A1, As, CE
34y, As+ Ay, EQ, E} =6
Ag, Ao+ Ay, As+2Aq, 245, Ay +3A1, 245+ A4,
2 A3+A2, (A5)/, 3A2, A3+A2+A1, A4—|—A2, CE7
(A5+A1)/, Eg, Eé, Az + Ao, E?
Ay, As+ Ay, As+24;, 243, As+ 345, 24+ Ay,
A3+ Az, As, Az +4A;, 2A5+2A;, 343, A3+ Ay + Ay,
1 A4+A27 D4+A27 (A5+A1)/a Eg: Eé? CE
3Ax + Ay, Az+ A +2A1, Ay+Ax+ Ay, As+ 244, =
As+ Ay, Ds+ Ay, EQ+ A1, Ej+ A, EY,
4A2, A5—|—A2+A1, Eg—l—AQ, Eé+A2, Ag, Eg, Eg

Table 9. Non-equivariant RDP configurations in characteristic 3
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\ d \ RDPs equation(s) of X Autg(

Toxs — T3T4 =0 (s, Aut®) with
ToTe — T1T4 = 0 X
. 1 0 0 0 0 0 O
ToLe — T2X3 = 0
—€ 1 0 0 0 0 O
3T — T1X5 = 0
€ 0 1 0 0 0 O
AQ T4 — T2X5 = 0 9
2 o le %) —&*  —¢€ 0 1 0 0 0
T1%6 + 25 + 2324 = O 2 0 . 0 10 0
3:2:1:64-3(:3354-1—:6?1 =0 0 0 0 0 010
x% +x325 + 2475 = 0 0 -2 22 - 2 0 1
6 r1x2 +x9r3 +Tore = O
2 — =
Yo — 15 0 (ag, Aut'L) with
Tozy —@1%s = 0 1 0 00 00
zows — @2t = 0 01 0 0000
Zoxg — 2205 = 0 00 1 0000
Ay + A Tors — xoxg = O
2 oy 22— 0 az:| 0 0 0 100 0
I T 00 - 0100
TaTs T T e 2 0 0010
vate — 24Z5 = 0 00 0 0001
T4z — 25 = 0
0 .
ToTy — T1T5 = 0 ) <O‘3’A0ut)~(> :Vlth ,
1) —& —& —€
Loxa = X34 = 0 01 > ¢ 0 0
Aa Tor3 + 22+ 174 = 0 w00 1 0 0 o0
Tors + 1174 +af = 0 B P S
_ —c —€
0 .
ETE
Torz — 2123 = 0 01 0 000
Ay + Ay xorg —x2ry = 0 w00 1000
zoTy — Tox5 = 0 3510 0 — 100
2 _ e e 0 010
LT3ls — T4 = 00 0 001
Tox1 + Toxg + 374 = 0 _ )2
A2 LTy + T1T4 + Toxg = 0 M3 [.%'0 T )\xg )\xg T 1‘4]
as X Gy, with
1 0 0 0 O
ToT1 — ToTs — 0 -2 1 & — 0
Ay + A - o3 —- 0 1 0 0
2 1 r1x9 + x9x4 + 2324 = 0 3 5 0 0 1 0
4 -2 0 — 0 1
G : [N2xg : 21 0 Awg : A3 2]
ag x G2, with
1 0 0 O
2 0100 0
Ay 424, 0™ 3% ™ as: | 0010 0
Tor3 —x1x2 = 0 £ 00 1 &2
0 00 0 1
G?n . [:EO . )\1261 . )\21‘2 )\1)\2163 )\1)\2 .7,'4

Table 3. Non-equivariant RDP del Pezzo surfaces of degree at least 4 with global
vector fields in characteristic 3
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RDPs equation(s) of X Autg(
Ay x%xl + wox? + 1373 + x2m§ =0 w3 : o s x1 s Axg @ Axs)
As + 244 x%xl + x%xz + xoxg + x12903 =0 w3t (ot Awy : Mg 2 A2x3)
(as, ag, Gy,) with
94, :z:% + 12023 + :ch% + a:c%wl =0 as [xo +exo X1 T2 AaETY — EXT] — a52x2 + :c;;]
with a? # 1 as i [zo +ex3 @1 1 agw — exy + 1o — agxs : 3]
G @ [zo 2 21 2 Mg 2 A ag)
(as, ag, Gy, ) with
oMy + Ay 28+ 21295 + a0y = 0 Qs : [z +ere i wy X0t emg — €220 + 23]
as:[xo +ex3: wy : aczo + T2 — w3 23]
G @ [zo s 21 2 Ao 2 A o)
aj x G2, with
34, T3 + z13073 =0 Qi 1 [ro + e1m1 + e9mo + €33 Ty ¢ T2 ¢ T3]
G2, : [zo: Mz : Aoz : (M1 Ag) L)
(ag, G4 % pg) with
A 28+ oy + 22 + 78 = 0 as: [z +exy —elry 2y ez wo a3
Gq : w0 : ez + 21 : w2 : —€2m + £21 + 23]
w3t (ot Amy 1 A 2 A2x3)
(as, G4 ¥ Gyy,) with
Ay + Ay 28 + wowams + 2373 = 0 as: [xo +exy —elwg 11 +exs i wo a3
Gy : [0 : ex0 + 21 : 2 : —€2w0 + €71 + 73]
G @ [To 2 Az Awg : A2a3)
(G,G2 x G,y,) with
Gy : [wo+ex0 : 71 : o : —3w9 + 3]
G : [0 : 21 +ex9 : w9 : 311 — 229 + 3]
EY T3+ 23wo + 2323 =0 G @ [zo 2 Az 22 0 A 229 M)
and G non-commutative, |G| = 27, acting as
[0 + 121 + €223 1 1 + €323 1 —efwy + 22 + 823 ¢ 23]
where €] = &3 =0
(u3, G2) with
EG1 x% + xzf + xoxr1ix2 + .T%SU;; =0 Ha + [Azo N sy 23
Ga : [vo — X : 71 : T2 : ex1 + 39 + 3]
Ga : [0 : 21 — T2 : T2 : ex0 + 39 + 23]

Table 4. Non-equivariant RDP del Pezzo surfaces of degree 3 with global vector
fields in characteristic 3
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RDPs equation(s) of X Aut%
As + 344 w? = z(zy(z +y) + 2°) ps iy Az Al
Ag+ As wh=at + a%’nyz ay’ £yt ps [ Ay ATz s
with a2 # 1
Ay + Az + Ay w? = 2?2yz + a2y + y222 ps Ay ATz )
Ag + Ay w? = (zz +y*)? + 32 ag:lrtey—e2ziytez:z:w]
24, wh =t oyt e +aatys 4 byt ps [ Ay ATz s
with (% — a?b?)? # a3b3,b # 0
24, wh= (@24 y?) 4 ot 4 bt ag:lrtey—e2ziytez:z:w]
witha # 0
245 + Ay wh= ety oy’ + a2 4yt ps Ay ATz s
witha # 0,1
3A, w? =yt 4 2%y% + 223 a2 xps:[riyeir+ey+ Az w)
As wh =t oy + a2t artys o+ byt ps: [z Ay ATz ]
with (b* — a?b?)? = a®b3,b # 0
4 w? = 24 + ax?yz + 2y + 223 bs e Ay A1zl
with a # 0
As w? = (vz +y*)? + 232 as:[z+ey—e2z:y+ez:z:w
As w? = z(z(zz + y?) + %) ag:lrtey—e2z:iytez:z:w]
As+ Ay w? = 2%yz + 2y + 223 ps Ay ATz )
As + Ay w? = 2%yz + 2y + 123 + 222 ps s Ay ATz )
As + A w? = 22y? + 23 A2 X Gy, [2: N3y e1m + g9y + A2z Au]
(G, Gyp,) with
Gt [ A3y Atz A
EY w? =yt + 223 and G non-commutative, |G| = 27, acting as
[z:y—elx:eox +e1y + 2 w]
where ] = 3 =0
E} w? = (y3 + 23z + 3222 ps i Ay ATz )
(a3, Gg X Gyy,) with
B9 W? = By 1 13 ag:[z:y:z+ey:w]

Go:lr:y+edn:z—ex:w)
Gy 2 [z 2 MOy 2 A2z 2 N3]

Table 5. Non-equivariant RDP del Pezzo surfaces of degree 2 with global vector

fields in characteristic 3
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RDPs equation(s) of X Autl
2 _ .3 2 | 3.6 1 <343
=x° + stx” +a’s’ + s°t
As + Dy Y tha 0 ps: As: AT i x )
with a
Az + Dy y? =23 + 522z + 10 ps i (As: AT 2y
2 3 2 36 3343 4 46
y° = x° + stx® +a’s’ +b’s°t° + t B
245 witha £ 0,12 £ a ps i As: ATH 2y
2 3 242 3.6 1 16
=z° +s“t“r+a’s’ +t
2As Y tha 0 ps i (As: AT 2y
with a
2 3 (2.2 3 3.343 | 1346
=x° 4+ s°x” + st’x + a°s°t° + bt
342 Y ) ) ag X pg[sies+ Atz y]
witha & {0, (b—1)*},0#0
2 31 2.2 3343 | 16
=z + 82" +a’s°t’ + ¢
3A, Y itha £ 0 ag X us:[s:es+ My
with a
2 3. 2.2 3 34343
=z° + s°z° + st’r + a’s’t
3As + Ay Y witha & {0.1) ag X us:[s:es+ Myl
a )
4A y? =23 + s42 4 2t a3 X piz i [As M x4 e18 + east + e3t? 4]
2 3 2 | 166 4 p3e343 4 46
= z° 4 stx® + b°s® + b°s°t° 4t
As Y ith b £ 0 ps:[As: AT 2y
wit
2 31 2,2 3 346
=z + s*z* + st°z + b7t
As + Ao 4 ithb£0.1 ag X us:[s:es+ Myl
W 9
As + Az y? = a3 + 5202 416 az X pz:[sies+ ATy
As + As + Ay y? =23 + %22 + stz Qa3 X 3 [sies+ My
2 3 3 343 | 46
=2+ st°x + as°t’ + ¢
EY 4 tha 0 ag X us:[s:es+ Ayl
with a
EY y? =23 + stz 4+ 16 ps s Ay
E8+A1 y? = 23 + st3x 4+ s3¢3 agxugz[)\63:55+)\t:x+(1—)\3)52:y]
(G, G,,) with
G :[As: A2t :x:y]
E§+ A y? = a3 + 542 and G non-commutative, |G| = 81, acting as
G i [s:t—e3s:x+e15% + east +e3t? 1 y)
withed =¢f =3 =0
E} + Ag y? = 23 + 202 + s3¢3 ag X us:[s:es+ Myl
E? y? =% + stz + 10 az X pg:[sies+At:a oyl
EY+ Ay y? = 2% + stz az X G, i [N 3sies+ At x oy
Asg y? = 23 + s2x? + st3x + 15 Qg X i3 [ses+ M+ e352 1y
(a2,G4 % Gyp,) with
50 RN Gy:[s:t—ads:x+as®:y]
h G i [As: At a g
a2 :i[s:t:a+erst+eat? iy
Ga><I,u3With
Eg y? = a3 + sta + 33 Go:[s:t—(a®+a)s:z+as?:y

ps i [s: Aty

Table 6. Non-equivariant RDP del Pezzo surfaces of degree 1 with global vector

fields in characteristic 3
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IV. On rational (quasi-)elliptic surfaces with global vector fields

Type blgw up Jac. or Multiple | Reducible Autl, | 1O(Z,T) ModEIi char (k)
X in non-Jac. fiber fibers z Z of Z =p
1A | basept. Jac. none I + 1§ Gm 1 1 dim any
1A | 2-tors. pt. | non-Jac. 211 I; 2 1 1 dim =2
1B | base pt. Jac. none IV*+1V | Gy, 1 {pt} any
1B | 3-tors. pt. | non-Jac. 311 T 13 1 {pt} =3
1B | 2-tors. pt. || non-Jac. 2IV* IV* + 13 2 1 {pt} =2
1C' | base pt. Jac. none Ir-+1r | Gy, 1 {pt} # 2
1C | 3-tors. pt. | non-Jac. 31T~ I +1Ip U3 1 {pt} =
1D | base pt. Jac. none I Gm 1 {pt} # 2,3
1D | 5-tors. pt. || non-Jac. 5IT* I s 1 {pt} =

Table 1. Rational (quasi-)elliptic surfaces Z with global vector fields that are
blow-ups of weak del Pezzo surfaces X of types 14, 1B, 1C and 1D
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Configuration of Action of Aut% on
Case | (—2)-curves ~ X char(k)
negative curves on X the Weierstral3 equation of X
Z
G i [As: At ia g
acting on
1A 2Dy g any
y2 = 23 + asta® + s*t%x
where a € k and a® # 4
N\
G : [N2s: A1t a1y
1B Egs + Ay acting on any
- | o g2+ st? = 2
-
Gt [Ms: A7 iz 0y]
1C E;+ Ay acting on #2
y2 =23 + st
Gt [Ns: A1t a iy
1D Eg acting on #2,3
y? = a3 4 std

Table 2. Four families of weak del Pezzo surfaces of degree 1 with global vector

fields
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