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t Let (Xn) be a re
urrent Markov 
hain on Z2 with X0 = (0; 0) su
h that for some 
onstant C,P [Xk = (0; 0)℄ � Ck , and whose trun
ated Green fun
tion is slowly varying at in�nity. Let L0n denote thelo
al time at zero of su
h a Markov 
hain. We prove various moderate and large deviation statements andlimit laws for res
aled versions of L0n, in
luding fun
tional versions of these. A version of Strassen's fun
tionallaw of the iterated logarithm, re
ently dis
overed by E. Cs�aki, P. R�ev�esz and J. Rosen, 
an be derived as a
orollary.R�esum�e Soit (Xn) une 
hâ�ne de Markov r�e
urrente sur Z2, ave
X0 = (0; 0), telle que pour une 
onstante C,P [Xk = (0; 0)℄ � Ck , et telle que la fon
tion de Green est de variation lente �a l'in�ni. Ave
 L0n le temps lo
alde (Xn) �a zero, nous d�emontrons des r�esultats de grandes d�eviations et de d�eviations mod�er�ees pour 
ertains
hangements d'�e
helle de L0n, ainsi qu'une version fon
tionelle. Comme 
orollaire, on note un th�eor�eme dulogarithme it�er�e fon
tionnel de type Strassen, demontr�e r�e
emment par E. Cs�aki, P. R�ev�esz, et J. Rosen.Key words: Lo
al time, Markov 
hain, large deviations, Strassen's law.AMS Classi�
ations: 60J10, 60J55, 60F10.1 Introdu
tion and statement of resultsLet (Xn) be a re
urrent Markov 
hain on Z2 with X0 = (0; 0), and let g(n) :=Pnk=0 P [Xk = (0; 0)℄ be thetrun
ated Green fun
tion. We 
an extend g to a 
ontinuous, in
reasing fun
tion g(t); t � 0. Sin
e (Xn) isre
urrent, g(t)!1 for t!1.We will assume throughout that, for some positive 
onstant C,P [Xk = (0; 0)℄ � Ck ; (1)�This resear
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hen
e g(n) � C logn. We will also assume throughout thatg is slowly varying at 1 ; (2)that is g(tx)=g(t) �!t!1 1 for any x > 0. Note that (1) is satis�ed for symmetri
 random walks on Z2, i.e. ifP [X1 = (y; z)℄ = P [X1 = �(y; z)℄, see [6, Proposition 2.14℄. Sin
e our results depend only on (1) and (2),they might also apply to symmetri
 re
urrent random walks on Z in the domain of attra
tion of a Cau
hyrandom variable.We denote by L0n the lo
al time of X at (0; 0), i.e. L0n := jf0 � k � n : Xk = (0; 0)gj, and L00 = 0. Let�0 = 0, �k = minfj : j > �k�1; Xj = (0; 0)g ; k = 1; 2; 3; � � �. It is known, see [6℄, (and will follow from theproof of Theorem 1), that L0n=g(n) 
onverges in distribution to an exponential distribution, i.e.P � L0ng(n) � y� �!n!1 e�y for y � 0 : (3)Our goal is to investigate the 
u
tuations of L0n, and asso
iated fun
tional laws.Theorem 1 (Moderate Deviations) Let  (n) be a positive, non-de
reasing fun
tion su
h that
n := n (n)g(n) �!n!1 1 :Then L0n=g(n) (n) satis�es a large deviation prin
iple with speed  (n)g(n)=g(
n) and rate fun
tion y.We refer to [2℄ for the de�nition of a large deviation prin
iple. Here, it will be enough to show thatg(
n) (n)g(n) logP � L0ng(n) (n) � y� �!n!1 � y : (4)Theorem 1 is a moderate deviation prin
iple sin
e the speed 
an vary without 
hanging the rate fun
tion.Further, the rate fun
tion does not depend on the distribution of �1.The next theorem gives a large deviation prin
iple for the distributions of L0n=n, with rate fun
tion whi
hdoes depend on the distribution of �1.Theorem 2 (Large Deviations) Let ��(y) = sup��0(�y � logE[e��1 ℄) andJ(y) = 8>>>>><>>>>>: y�� � 1y� ; 0 < y � 10; y = 0+1; otherwiseThen the distributions of L0n=n satisfy a LDP with speed n and rate fun
tion J .Remarks1. Comparing with Theorem 1, the large deviation prin
iple holds for  (n) = ng(n) . In this 
ase, 
n = 1 andTheorem 1 does not apply. Considering the proof of Theorem 2, it is easy to show that we have a LDPwhenever 
n �!n!1 �, 0 < � < 1. 2



2. Let p0 := P [X1 = (0; 0)℄. Then we have J(1) = � log p0 if p0 > 0 and J(1) =1 otherwise.3. Let L0(�) be the linear interpolation of L0� between integer points. We believe (but have not 
he
ked thedetails) that the standard argument (see e.g. [2, Se
tion 5.1℄) allows one to 
on
lude that the distributionsof (L0(nt)n )0�t�1 satisfy a large deviation prin
iple (in C[0; 1℄) with rate fun
tion~J(f) =8>><>>: 1R0 J(f 0(s))ds; f absolutely 
ontinuous with derivativef 0+1; otherwise.As usual, we 
an derive an Erd�os-Renyi law from the large deviation prin
iple:Corollary 1 Let 
 > 0 and �n;j : = 1
 log g(n)�L0j+b
 log g(n)
 � L0j�; j = 0; 1; 2; � � � ; n � b
 log g(n)
. Thenlimn!1 supj=0;1;���;n�b
 log g(n)
 �n;j = d
, a.s., where d
 = inf �y : J(y) � 1
	.For a random walk on Z, this 
omplements results of [5℄.We next turn to the appropriate fun
tional statements. Let  (n) and 
n be as in the statement of Theorem1, and let t(n; x) be a sequen
e of positive, in
reasing (in n; x) fun
tions satisfying, for any x 2℄0; 1℄,limn!1 g � t(n;x)g(n) (n)�g(
n) = x > 0 : (5)For example, if g(n) � C logn, and log (n)logn �!n!1 0, we 
an take t(n; x) = nx. If g(n) � C logn and (n) = n�, (0 < � < 1), we 
an take t(n; x) = nx(1��)+�. If g(n) � C log2 n and log (n)logn �!n!1 0, we
an take t(n; x) = e(logn)x (here and throughout, logk n denotes the k�th iterated logarithm fun
tion). Ifg(n) � C log2 n and  (n) = n� , (0 < � < 1), we 
an take t(n; x) = n�e(logn)x .It is straightforward to 
he
k, using (5), that for 0 � x1 < x2 � 1, we havet(n; x1)t(n; x2) �!n!1 0 : (6)Let Ln(x) := Lot(n;x)g(n) (n) ; x 2 [0; 1℄ :Note that Ln(x) 2M+, the spa
e of non-negative Borel measures on [0; 1℄. Equip M+ with the topology ofweak 
onvergen
e. Our main fun
tional statement is the following:Theorem 3 (Fun
tional Moderate Deviations) Ln(x) satis�es in M+ a large deviation prin
iple withspeed g(n) (n)=g(
n) and rate fun
tionI(m) = 8>><>>: 1R0 1xm(dx) ; 1x 2 L1(m)1 ; otherwise:3



As in the one-dimensional 
ase, we 
an dedu
e 
onvergen
e in distribution from our large deviationbounds, taking  (n) � 1.Theorem 4 (Fun
tional Limit Law) Let t(n; x) be su
h that g(t(n; x)) � xg(n), x 2 [0; 1℄. The distri-butions of �L0t(n;x)g(n) �0�x�1 
onverge weakly to � 2 M1(M+), the distribution of the pro
ess (Zx)0�x�1 within
reasing paths and independent in
rements given byP [Zx2 � Zx1 2 B℄ = x1x2 Æo(B) +�1� x1x2�ZB 1x2 e� 1x2 u du ; (7)for any 0 � x1 < x2 � 1, B Borel subset of [0;1[.J. Bertoin kindly pointed out to us that in fa
t the pro
ess (Zx)0�x�1 in Theorem 4 is a pure jumppro
ess whi
h 
an be 
onstru
ted from an inhomogeneous Poisson point pro
ess. Indeed, one may 
onstru
t aPoisson point pro
essN(x; z) on [0; 1℄�IR+ with intensity n(x; z)dxdz = x�2 exp(�z=x)dxdz and de�ne Yx =R10 zdzN(x; z). Obviously, (Yx)0�x�1 possesses in
reasing paths and independent in
rements. Moreover, itis not hard to 
he
k, using the identity valid for any �; � > 0,lim�!0�Z 1� e��zz dz � Z 1� e��zz dz� = log� � log� ;that for any � � 0,E�exp (��(Yx+y � Yx))� = 1 + �x1 + �(x+ y) = E�exp (��(Zx+y � Zx))� ;proving that the pro
esses (Zx)0�x�1 and (Yx)0�x�1 have the same law.We 
lose this se
tion by mentioning that the fun
tional moderate deviations of Theorem 3 are strongenough to derive by standard arguments the following Strassen law of the iterated logarithm presented in[1, Theorem 5℄. Obtaining su
h a derivation was a
tually the original motivation for this work. Sin
e thearguments are standard, see [3, Theorem 1.4.1℄, we do not provide a proof.Theorem 5 (E. Cs�aki, P. R�ev�esz and J. Rosen) Let t(n; x) be su
h that g(t(n; x)) � xg(n), x 2 [0; 1℄.The set � L0t(n;x)g(n) log2 g(n)�0�x�1 ; n large enough, is relatively 
ompa
t in M+ with limit points K, whereK = fm : I(m) � 1g.2 ProofsWe begin by stating some simple bounds on g(n).Lemma 1 We have limn!1 g(n)g(ng(n)) = 1 ; (8)and limn!1 g(n)g(n=g(n)) = 1 : (9)4



Proof of Lemma 1We have g(ng(n))� g(n) � dng(n)eXj=n P [Xj = (0; 0)℄� C dng(n)eXj=n 1j � C 0 log g(n) ;where C 0 is some (�xed, depending on C) 
onstant. The limit (8) follows by dividing by g(ng(n)) and usingthe monotoni
ity of g(�). The proof of (9) is analogous.Lemma 1 is needed for the following 
ru
ial estimate for the tail of the distribution of the ex
ursion �1.For a more pre
ise statement, whi
h we do not need here, see [6℄.Proposition 1 P [�1 > n℄ � 1g(n)and P [�1 > n℄ � 1g(n)i.e. g(n)P [�1 > n℄ �!n!1 1.Proof of Proposition 1:1. A last exit de
omposition gives nXk=0P [Xk = (0; 0)℄ P [L0n�k = 0℄ = 1 :Sin
e P [L0n�k = 0℄ � P [L0n = 0℄; k = 0; 1; :::; n, this implies g(n)P [L0n = 0℄ � 1; hen
eP [�1 > n℄ = P [L0n = 0℄ � 1g(n) :2. In the same way, 1 � kXj=0 P [Xj = (0; 0)℄P [L0n�k = 0℄ + nXj=k+1 P [Xj = (0; 0)℄hen
e 1 � g(k)P [L0n�k = 0℄ + g(n)� g(k), sog(k)P [L0n�k = 0℄ � 1� (g(n)� g(k)) : (10)Choose k = k(n) = jn� ng(n)k, and note that, for some C 0; C 00 > 0,g(n)� g(k) = nXj=k P [Xj = (0; 0)℄ � C nXj=k 1j � C 0(logn� log k) � C 00 log(1� 1g(n) ) �!n!1 0 :This, together with (9) of Lemma 1, yields the proposition.5



Proof of Theorem 1We begin with a qui
k proof of the lower bound in (4). Let Y1; Y2; : : : be i.i.d. with the same distribution as�1. Then P [L0n �  (n)g(n)y℄ � P 24dg(n) (n)yeXi=1 Yi � n35� P � max1�i�dg(n) (n)ye Yi � ndg(n) (n)ye�= �1� P ��1 > ndg(n) (n)ye��dg(n) (n)yeNow apply Proposition 1 and the fa
t that g(�) is slowly varying to getlim infn!1 g � n (n)g(n)�g(n) (n) logP [L0n �  (n)g(n)y℄ � �y :We next turn to the proof of the upper bound. We follow the standard strategy to apply Cheby
he�'sinequality and to optimize over the parameter. Due to Cheby
he�'s inequality,P [L0n � g(n) (n)y℄ � P 24bg(n) (n)y
Xi=1 Yi � n35 � E �e��nY1�bg(n) (n)y
 e�nn (11)for ea
h �n > 0. Re
all 
n = n (n)g(n) . Taking logarithms and dividing by g(n) (n)g(
n) , (11) yieldsg(
n)g(n) (n) logP [L0n � g(n) (n)y℄ � g(
n)y bg(n) (n)y
g(n) (n)y logE[e��nY1 ℄ + g(
n)�nn (n)g(n) (12)Next we show that for ea
h Æ > 0, and Cn > 0 large enough, we havelogE[e��nY1 ℄ � 1� Æg(Cn) (e��nCn � 1): (13)Indeed, observe that logE[e��nY1 ℄ = logE[e��n�1 ℄ � E[e��n�1 ℄� 1� e��nCnP [�1 � Cn℄ + P [�1 < Cn℄� 1= P [�1 � Cn℄(e��nCn � 1) � 1� Æg(Cn) (e��nCn � 1)where we used Proposition 1 in the last inequality.Substituting this estimate in (12), we getg(
n) (n)g(n) logP [L0n � g(n) (n)y℄ � y(1� Æ) g(
n)g(Cn) (e��nCn � 1) + g(
n)
nCn �nCn : (14)Choose Cn = K
ng(
n), �n = K0Cn with K;K 0 > 0. Then the r.h.s. of (14) isy(1� Æ) g(
n)g(K
ng(
n)) (e�K0 � 1) + g(
n)Kg(
n)K 0 : (15)6



Due to Lemma 1 and the fa
t that g(�) is slowly varying, g(
n)g(K
ng(
n)) �!n!1 1. Hen
e (14) and (15) yieldlim supn!1 g(
n) (n)g(n) logP [L0n � g(n) (n)y℄ � y(1� Æ)(e�K0 � 1) + K 0Kand the upper bound follows by letting Æ ! 0, K 0 !1, K0K ! 0.Remark In parti
ular, taking in the proof of the upper and the lower bound  (n) � 1, we haveg � ng(n)�g(n) logP � L0ng(n) � y� �!n!1 � y :Together with (9) in Lemma 1, this implies that for y � 0,P � L0ng(n) � y� �!n!1 e�y ;as noted in (3).Proof of Theorem 2Note �rst that P [L0n � ny℄ = 0 if y > 1. As in the proof of Theorem 1, we haveP 24dnyeXi=1 Yi � n35 � P [L0n � ny℄ � P 24bny
Xi=1 Yi � n35 :But P 24bny
Xi=1 Yi � n35 � P 24 1bny
 bny
Xi=1 Yi � 1y35so we ask about large deviations of the arithmeti
 mean of a sequen
e of i.i.d. random variables. Cram�er'stheorem (see [2, Theorem 2.2.3℄) implies that the distributions of 1bny
Pbny
i=1 Yi (or 1dnyePdnyei=1 Yi) satisfy aLDP with speed bny
 (or dnye) and rate fun
tion ��. Note that Y1 � 0, E[Y1℄ = 1 hen
e ��(y) ! 0 fory !1. Sin
e we have1n logP 24 1bny
 bny
Xi=1 Yi � 1y35 = bny
n 1bny
 logP 24 1bny
 bny
Xi=1 Yi � 1y35and bny
n �!n!1 y, the 
laim follows.In order to prove Corollary 1, we need the following preliminary proposition.Proposition 2 Let  (n)! 0,  (n)g(n)!1. Then, for ea
h x > 0, 1 (n)P h L0ng(n) (n) � xi �!n!1 x.Proof of Proposition 2
7



1. We haveP �L0n � g(n) (n)x� � P 24dg(n) (n)xeXj=1 Yj � n35 � P � max1�j�dg(n) (n)xe Yj � ndg(n) (n)xe�= 1��1� P �Y1 � ndg(n) (n)xe��dg(n) (n)xe� 1�0�1� 1g � ndg(n) (n)xe�1Adg(n) (n)xewhere we used Proposition 1 in the last inequality. Sin
e 1� z � � log z, the last term is� �dg(n) (n)xe log0�1� 1g � ndg(n) (n)xe�1A :Hen
e 1 (n)P � L0ng(n) (n) � x� � �dg(n) (n)xeg(n) (n) log0�1� 1g � ndg(n) (n)xe�1Ag(n) : (16)Provided that g(n)g � ng(n) (n)� �!n!1 1 ; (17)(16) implies that lim supn!1 1 (n)P � L0ng(n) (n) � x� � x : (18)But (17) holds true sin
e g(n) � g� ng(n) (n)� � g� ng(n)�and g(n)g(n=g(n)) �!n!1 1 due to Lemma 1.2. P �L0n � g(n) (n)x� � P 24bg(n) (n)x
Xj=1 Yj � n35� P � max1�j�bg(n) (n)x
 Yj � n� = 1� (1� P [Y1 � n℄)bg(n) (n)x
 :Now we use the inequality 1� z � �z log z (0 < z < 1) with z = (1� P [Y1 � n℄)bg(n) (n)x
 to getP [L0n � g(n) (n)x℄ � �bg(n) (n)x
g(n)x log(1� P [Y1 � n℄)g(n)x � (1� P [Y1 � n℄)bg(n) (n)x
 : (19)Proposition 1 implies that (1� P [Y1 � n℄)g(n)x �!n!1 e�x8



and therefore (1� P [Y1 � n℄)bg(n) (n)x
 �!n!1 1 :We 
on
lude from (19) that lim infn!1 1 (n)P � L0ng(n) (n) � x� � x :Proof of Corollary 11. Let d 2 IR; J(d) > 1
 , 
hoose Æ > 0 su
h that J(d)� Æ > 1
 , and �x any d0 > d. We show thatP h supj=0;1;���;n�b
 log g(n)
 �n;j � d0 for in�nitely many ni = 0 : (20)Let  (n) = (log g(n))
 where 
 > 1. Sin
e we 
an take the sup in supj=0;1;���;n�b
 log g(n)
 �n;j over thosej with Xj = (0; 0) only, without 
hanging the value, and sin
e �n;j has the same distribution as �n;0 forthose j, we haveP h supj=0;1;���;n�b
 log g(n)
 �n;j � di � P hL0n � g(n) (n)i+  (n)g(n)P h�n;0 � di : (21)Now we have to estimate the terms on the r.h.s. of (21):P hL0n � g(n) (n)i � e� (n)(1�Æ) (22)for n big enough, due to Theorem 1 andP h�n;0 � di � e�
 log g(n)(J(d)�Æ) (23)for n big enough, due to Theorem 2.Let � > 1, n0 = 0 and nk = dg�1(�k)e, k = 1; 2; � � �. Then we see from (22) and (23), applying theBorel-Cantelli lemma, thatP h supj=0;1;���;nk�b
 log g(nk)
 �nk;j � d for in�nitely many ki = 0 :In other words, we have proved (20) along the subsequen
e (nk) with d repla
ing d0. Let nk � n � nk+1and observe that, for j = 0; 1; � � � ; n� b
 log g(n)
,�n;j � �nk+1;j log g(nk+1)log g(n) � �nk+1;j log g(nk+1)log g(nk)� �nk+1;j k + 1kFor k big enough, �nk+1;j < d implies �n;j < d0. This 
ompletes the proof of (20).2. Let d 2 IR; J(d) < 1
 . Choose Æ > 0 and � > 1 su
h that �(J(d)+Æ) < 1
 . We will 
onstru
t a subsequen
enk su
h that P [ sup0�j�nk�b
 log g(nk)
 �nk;j < d for in�nitely many k℄ = 0 : (24)9



Fixing n, let jn0 := 0, jnm := inffj : j > jnm�1 + b
 log g(n)
; Xj = (0; 0)g, Mn :=Mn(!) = maxfm : jnm �ng and Jn := fjn0 ; : : : ; jnMn�1g. Then (�n;j)j2Jn are i.i.d. with the same distribution as �n;0. Let  (n),to be determined below, satisfy the assumptions of Proposition 2. We haveP [ sup0�j�n�b
 log g(n)
 �n;j < d℄ � P [Mn < bg(n) (n)
b
 log g(n)
 ℄ + P [�n;0 < d℄ bg(n) (n)
b
 log g(n)
 : (25)But, for ea
h ~Æ > 0, and all n large enough,P [Mn < bg(n) (n)
b
 log g(n)
 ℄ � P [L0n < bg(n) (n)
℄ � (1 + ~Æ) (n) (26)for n large enough, where we used Proposition 2 in the last inequality. Turning now to the se
ond termin (25), we �rst note that, by Theorem 2, for all n large enough,P [�n;0 � d℄ � e�
 log g(n)(J(d)+Æ) � e�� log g(n)for n large enough, where � := 
(J(d) + Æ) < 1. Hen
eP [�n;0 < d℄ bg(n) (n)
b
 log g(n)
 � �1� e�� log g(n)� bg(n) (n)
b
 log g(n)
 � e� (1�Æ) (n)g(n)1��
 log g(n) (27)for n large enough. Considering (26) and (27), it remains to spe
ify a subsequen
e (nk) and a positivefun
tion  (�) su
h that  (n) �!n!1 0,  (n)g(n) �!n!1 1 andXk  (nk) <1 (28)Xk e� (1�Æ) (nk )g(nk)1��
 log g(nk) <1 (29)Then, (24) follows from (25), (26) and (27) together with the Borel-Cantelli lemma. We �nish the proof byobserving that (28) and (29) are satis�ed for nk = g�1(2k) and  (n) = log g(n)=g(n)
 where 0 < 
 < 1��.Proof of Theorem 3We begin by proving a �nite distribution result, from whi
h the required LDP will follow by standardproje
tive limits arguments. Note �rst that for 0 = x0 < x1 < x2 < � � � < xk � 1, and 0 = a0 � a1 � a2 �� � � � ak <1, and with Yi as in the proof of Theorem 1,P [Ln(x1) � a1; Ln(x2) � a2; � � � ; Ln(xk) � ak℄� P 24bg(n) (n)a1
Xi=1 Yi � t(n; x1); � � � ; bg(n) (n)ak
Xi=1 Yi � t(n; xk)35� P"bg(n) (n)a1
Xi=1 Yi � t(n; x1); bg(n) (n)a2
Xi=bg(n) (n)a1
+1Yi � t(n; x2); � � � ;bg(n) (n)ak
Xi=bg(n) (n)ak�1
+1Yi � t(n;xk)35= kYj=1P 24 bg(n) (n)aj
Xi=bg(n) (n)aj�1
+1 Yi � t(n; xj)35 :10



Write g(n) (n) = g�t(n; xj)� j�t(n; xj)�, then for any Æ > 0 and n large enough,P hLn(x1) � a1; � � � ; Ln(xk) � aki� kYj=1P 264 bg(t(n;xj )) j(t(n;xj))aj
Xi=bg(t(n;xj)) j(t(n;xj))aj�1
+1Yi � t(n; xj)375� kYj=1P 24bg(t(n;xj)) j(t(n;xj))(aj�aj�1)
�1Xi=1 Yi � t(n; xj)35� kYj=1 exp0BB��(aj � aj�1)  j(t(n; xj))g(t(n; xj))g� t(n;xj) j(t(n;xj))g(t(n;xj))� (1� Æ)1CCA= kYj=1 exp0��(aj � aj�1)  (n)g(n)g � t(n;xj) (n)g(n)� (1� Æ)1Awhere the last inequality holds for n large enough and follows from the proof of the upper bound in Theorem1. Therefore, using the assumption (5),lim supn!1 g(
n)g(n) (n) logP [Ln(x1) � a1; � � � ; Ln(xk) � ak℄ � � kXj=1(aj � aj�1) (1� Æ)xj :Taking now Æ ! 0 yieldslim supn!1 g(
n)g(n) (n) logP [Ln(x1) � a1; � � � ; Ln(xk) � ak℄ � � kXj=1 (aj � aj�1)xj ; (30)proving a �nite dimensional upper bound.We next turn to a 
omplementary lower bound. We �rst show thatlim infn!1 g(
n)g(n) (n) logP [Ln(x1) � a1; � � � ; Ln(xk) � ak℄ � � kXj=1 aj � aj�1xj : (31)Indeed, assume w.l.o.g. aj�1 < aj ; j = 1; 2; � � � ; k. We have, setting 'n;j := dg(n) (n)aje,P " Lot(n;xj)g(n) (n) � aj ; j = 1; 2; � � � ; k#� P 24'n;1Xi=1 Yi � t(n; x1); 'n;2Xi='n;1+1Yi � t(n; x2)� t(n; x1); � � �'n;kXi='n;k�1+1Yi � t(n; xk)� t(n; xk�1)35� kYj=1P 24 'n;jX'n;j�1+1Yi � t(n; xj)� t(n; xj�1)35 : (32)11



Observe that for j = 1; 2; � � � ; n P 24 'n;jXi='n;j�1+1Yi � t(n; xj)� t(n; xj�1)35� P � max'n;j�1+1�i�'n;j Yi � t(n; xj)� t(n; xj�1)'n;j � 'n;j�1 � 1 �� P � max'n;j�1+1�i�'n;j Yi � t(n; xj)� t(n; xj�1)'n;j �� 0�1� 1g � t(n;xj)�t(n;xj�1)'n;j �1A'n;j�'n;j�1�1 (33)where the last inequality is due to Proposition 1. Note that due to (5) and (6),g(
n)g � t(n;xj)�t(n;xj�1)dg(n) (n)aje � �!n!1 1xj (34)(31) now follows from (32), (33) and (34).In the se
ond step, we prove that, for 0 < Æ < minfaj � aj�1; j = 1; 2; � � �kg we havelim infn!1 g(
n)g(n) (n) logP [Ln(x1) 2 (a1 � Æ; a1 + Æ); : : : ; Ln(xk) 2 (ak � Æ; ak + Æ)℄ � � kXj=1 aj � aj�1xj : (35)To prove (35), observe thatP " Lot(n;xj) (n)g(n) 2 (aj � Æ; aj + Æ); j = 1; 2; � � � ; k#� P " Lot(n;xj)g(n) (n) � aj � Æ; j = 1; 2; � � � ; k#� kX̀=1 P " Lot(n;xj)g(n) (n) � aj � Æ; j 6= `; Lot(n;x`)g(n) (n) � a` + Æ# :Sin
e lim infn!1 g(
n)g(n) (n) logP " Lo(n;xj)g(n) (n) � aj � Æ; j = 1; 2; � � � ; k#� �a1 � Æx1 � kXj=2 aj � aj�1xj � � kXj=1 aj � aj�1xjdue to the �rst step, it is enough to show that for ` = 1; 2; � � � ; k we havelim supn!1 g(
n)g(n) (n) logP " Lot(n;xj)g(n) (n) � aj � Æ; j 6= `; Lot(n;x`)g(n) (n) � a` + Æ# < � kXj=1 aj � aj�1xj :But, using the upper bound (30), we havelim infn!1 g(
n)g(n) (n) logP " Lot(n;xj)g(n) (n) � aj � Æ; j 6= `; Lot(n;x`)g(n) (n) � a` + Æ#12



� � `�1Xj=1 aj � aj�1xj � a` + 2Æ � a`�1x` � a`+1 � a` � 2Æx`+1 � kXj=`+2 aj � aj�1xj< � kXj=1 aj � aj�1xjwhere we used 2Æx` � 2Æx`+1 > 0 in the last inequality. This 
ompletes the proof of the lower bound.It now follows from (30) and (35) that for 0 < x1 < � � � < xk < 1, the random ve
tor fLn(xj)gkj=1 satis�esin IRk the LDP with good rate fun
tionIk(y1; � � � ; yk) = kXj=1 (yj � yj�1)xj :where y0 := 0. By [2, Thm 4.6.1℄ (see Se
tion 5.1 in [2℄ for a similar argument), we have that the ran-dom monotone fun
tion fLn(x)gx2[0;1℄ satis�es the LDP in M!+([0; 1℄) (with M!+([0; 1℄) denoting M+([0; 1℄)equipped with the topology of pointwise 
onvergen
e) with good rate fun
tionI�(m) = sup0=x0<x1<���<xk<1 kXi=1 m(xi)�m(xi�1)xi :It then follows by monotone 
onvergen
e thatI�(m) = I(m) = 1Z0 m(dx)x :Finally, note that the topology in M!+([0; 1℄) is stronger than the topology in M+([0; 1℄), whi
h 
on
ludesthe proof of the theorem by an appli
ation of [2, Corollary 4.2.6℄.Proof of Theorem 4 Let 0 = a0 < a1 < � � � < ak � 1 as before. Re
all that with  (n) � 1, (30) and (31)imply that P  L0t(n;xj)g(n) � aj ; j = 1; 2; � � � ; k! �!n!1 exp0�� kXj=1 aj � aj�1xj 1A :But sets of the form A = ff : f(xj) � aj ; j = 1; 2; � � � ; kg generate the Borel �-�eld on M+, hen
e in orderto prove 
onvergen
e of the �nite-dimensional marginals of L0t(n;�)g(n) to those of Zx, we only have to 
he
k thatP [Zxj � aj ; j = 1; 2; � � � ; k℄ = exp0�� kXj=1 aj � aj�1xj 1A ;whi
h follows from an expli
it 
omputation using (7). Tightness of the distributions of L0t(n;�)g(n) is immediatefrom Prohorov's theorem.
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