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Abstract. Consider a bipartite system, of which one subsystem, A, undergoes
a physical evolution separated from the other subsystem, R. One may ask under
which conditions this evolution destroys all initial correlations between the
subsystems A and R, i.e. decouples the subsystems. A quantitative answer to
this question is provided by decoupling theorems, which have been developed
recently in the area of quantum information theory. This paper builds on
preceding work, which shows that decoupling is achieved if the evolution on A
consists of a typical unitary, chosen with respect to the Haar measure, followed
by a process that adds sufficient decoherence. Here, we prove a generalized
decoupling theorem for the case where the unitary is chosen from an approximate
two-design. A main implication of this result is that decoupling is physical, in the
sense that it occurs already for short sequences of random two-body interactions,
which can be modeled as efficient circuits. Our decoupling result is independent
of the dimension of the R system, which shows that approximate two-designs
are appropriate for decoupling even if the dimension of this system is large.

> Author to whom any correspondence should be addressed.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence.
BY Any further distribution of this work must maintain attribution to the author(s) and the title of the work, journal
citation and DOI.

New Journal of Physics 15 (2013) 053022
1367-2630/13/053022+20$33.00 © IOP Publishing Ltd and Deutsche Physikalische Gesellschaft


mailto:o.dim.qit@googlemail.com
http://www.njp.org/
http://creativecommons.org/licenses/by/3.0

2 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

Contents

1. Introduction 2
2. Preliminaries 4
2.1 Notation . . . . . . . oL e 4
2.2. Smoothentropies . . . . . . . . . ... e 5
2.3. Approximate two-designs and quantum circuits . . . . . . ... ... ... L 6
3. Decoupling with §-approximate unitary two-designs 6
3.1. Decoupling with Schatten two-norms . . . . . . .. ... ... ... ..... 7

3.2. Decoupling with perfect two-designs . . . . . . . .. ... ... ... .. 9
3.3. Decoupling with §-approximate two-designs . . . . . . . . ... ... ..... 11
3.4. A smoothed decoupling formula for approximate two-designs . . . . . . . .. 14
4. Decoupling in physical systems 17
Acknowledgments 19
References 19

1. Introduction

Consider a joint quantum system, consisting of subsystems A and R. We say that A is
decoupled from R if the joint state t4x has product form 74 ® 7¢. Operationally, this means
that the probability distributions obtained upon measuring the A and R systems are statistically
independent. In this work, we are interested in processes acting locally on system A, which may
initially be correlated to R, such that A ends up being decoupled from R.

Processes that decouple a system A from R play an important role in various information
theoretic applications. Examples abound in the area of quantum Shannon theory: state
merging [23] and state transfer [20]. Other important theorems, such as the best known
achievable rates for sending quantum information through a quantum channel [21], can be
proven concisely via decoupling. Moreover, arguments referring to decoupling have been used
in a physical context and, for example, deepened our insight into the black hole information
paradox [22] and the role of negative conditional entropies in thermodynamics [10].

In [13], a decoupling theorem has been derived that generalizes the previous decoupling
theorems used in the aforementioned work. There one considers a situation where a subsystem
A of a joint system AR undergoes an evolution while R is left unchanged. The mapping
describing the evolution of A is conceptually split into two parts: a unitary followed by an
arbitrary trace-preserving and completely positive map 7 = T,_. 5. The decoupling theorem
of [13] (see also [14]) states that if an initial state p4z and a process T are fixed and the unitary
is taken either from the Haar measure or from a two-design [9], then the expected distance of
the resulting state from a decoupled state is bounded in terms of entropic quantities

% IT(Ua®1R)par(Ua®@12)") — wp ® prlly < 27 2 Hmia(A'1B)o =3 Hoin (AR,

Here the operator @ only depends on the map 7,_. 5 and, in particular, is independent of
the chosen input state, psz. The min-entropy, Hpin(A|R), (cf definition 1 below), quantifies
the uncertainty an observer with access to R has about the A subsystem prior to the
decoupling operation. The quantity H,;,(A’|B), measures how well the mapping T,
conserves correlations. It quantifies the uncertainty of an observer with access to the output
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subsystem B about a copy A’ of the input state space, after the map 7, 5 is applied to a
maximally entangled state on AA’. The min-entropy can be seen as a generalization of the well-
known von Neumann entropy in the following sense. If a smoothed version of the min-entropy
(cf definition 2) is evaluated for n identical copies of the same state then in the asymptotic limit
of large n it reduces to the von Neumann entropy (cf equation (2)). Thus an important special
case of the above relation arises when we consider the limit of a large number of identical
copies of states, pag, and channels, 74_, g, applied to them. In this scenario the subsystems
decouple if

H(A'|B),+H(A|R), >0

holds for the conditional von Neumann entropies of @ and p. Roughly, this inequality establishes
a condition on the correlation in the initial state psz and the ‘decoupling power’ of the map
Ta_.p, which is sufficient for decoupling. Suppose, for instance, that p, g contains strong
quantum correlations such that H(A|R), is negative, then decoupling occurs if 74_, 5 can
destroy this correlation, that is H(A'|B),, is large enough for the above to hold. (See [29]
for a general introduction of negative conditional entropies and [10] for their meaning in
thermodynamics. A detailed discussion of sufficiency and necessity of the above condition for
decoupling can be found in [14].)

Often 74_ p is chosen in a specific way. For example, in order to obtain the fully quantum
Slepian—Wolf (FQSW) theorem [20], it suffices to consider the case where T,_, p is the partial
trace. Another special case is state merging [23], where T,_, p represents a measurement of the
A system. In the FQSW scenario, the above inequality is known to be tight [20].

In this paper, we analyze whether decoupling occurs in a typical physical process. For this
purpose, we generalize the decoupling theorem above to the case when the random unitary is
taken from an approximate two-design instead of a two-design. Our discussion of approximate
two-designs is motivated by the fact that as opposed to exact two-designs, such as the Clifford
group [12, 15, 18], approximate two-designs emerge in various realistic models of physical
systems. In particular, approximate two-designs can be used to model a typical quantum
mechanical evolution of an A subsystem that is governed by two-particle interactions. More
precisely, we follow the lines of [19] and model the internal dynamics of the A subsystem
in terms of a random quantum circuit and address the question of how well these dynamics
decouple. We show that the quality of decoupling does not depend on the dimensions of the
channel output B and the reference system R and prove that decoupling is physical, in the
sense that it occurs already for short sequences of random two-body interactions even if R
is large®. Moreover, our decoupling results open the door to a more efficient implementation
of operational tasks such as state transfer and state merging, since one might expect good
approximate two-designs to outperform exact two-designs in terms of circuit complexity’.

We note that the result achieved here has a (semi-) classical analogue, which is used, for
instance, in quantum cryptography for a task called privacy amplification. Here the system A is
a classical random variable that is correlated with a quantum memory, R, held by an adversary.

® Note that it follows straight from continuity that approximate two-designs can be used for decoupling with an
error depending on the approximation and the dimension of the physical system. However, in a physical scenario
the dimensions of the channel output B and the reference system R can be large or unknown, which motivates the
more elaborate analysis we provide in this paper.

7 Note that the circuit complexity of the exact two-design given by the Clifford group is quadratic, as shown
in [18].
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The goal is to extract randomness from A which is private, i.e. uncorrelated to the adversary’s
data R. This can be achieved by two-universal hash functions [5], which replace the unitary
two-design used in the decoupling theorem [33]. An extension to almost two-universal hash
functions is already known in this classical scenario [36]. Our work can be seen as a fully
quantum version of this result.

In this paper, we consider finite-dimensional systems only. However, the analogous task
of privacy amplification described above has recently been extended to the case where the
adversary holds an infinite-dimensional system [16] or a general von Neumann algebra of
observables [2]. The fact that our decoupling results do not involve the dimension of the
system held by the adversary (and the dimension of the channel output) suggests that a similar
generalization is also possible for decoupling.

The remainder of the paper is organized as follows. In section 2, we introduce the
mathematical framework used to derive our main technical results, which are presented in
section 3. Finally, in section 4, we apply our results to analyze decoupling in a physical context.

2. Preliminaries

2.1. Notation

Let H be a finite-dimensional, complex Hilbert space. The set of linear operators on H will be
denoted by £(H), the set of Hermitian operators by £7(#) and the set of positive-semidefinite
operators is given by P(H). The set of quantum states is given by S_(H) :={p € P(H) | trp =
1} and the set of subnormalized quantum states is S<(H) := {p € P(H) | tr p < 1}. For the Lie
group of unitary matrices, we write U. A subscript letter following some mathematical object
denotes the physical system to which it belongs. However, when it is clear which systems are
described we might drop the subscripts to shorten the notation.

Bipartite systems AB are represented by a tensor product space H, Q Hp =: Hap. We
will denote by 1, the identity operator on 4, and by w4 :=1,/ds the completely mixed
state on A, where d4 =dimH,. Linear maps from L(#H4) to L(Hp) will be denoted by
calligraphic letters, e.g. T4 p. Quantum operations are in one-to-one correspondence with
the trace preserving completely positive maps (TPCPMs). The TPCPM we will encounter most
often is the partial trace (over the system B), denoted trp (-), which is defined to be the adjoint
mapping of Ty, ap(E4) = &4 ® 1 for £4 € LT(H4) with respect to the Schmidt scalar product
(A, B) :=1tr(A"B). This means tr((§4 ® 15)Cap) =tr(Extrg (C4p)) for any Cap € LT(Hap).
Given a multipartite state §,5, we write &4 :=trg §4p5 for the reduced density operator on A
and & :=try 4, respectively, on B.

For isomorphic ‘H, and H,, we denote by ®4, the completely entangled state on
AA,ie. Dyp = |D)(P|aa, Where |D)an =, [i)a ®|i)a/+/da and {[i) 4} and {|i) 4’} form
orthonormal bases. The swap operator F on the bipartite space Ha4 is defined as F :=
Zi’ J1iXila®1jXila. It is not difficult to verify [1, 4] that this operator satisfies tr(MN) =
tr((M ® N)F) for any M, N € L(H,). We refer to this observation as the swap trick. The
Choi—Jamiotkowski representation [6, 25] of T, € Hom(L(H ), L(Hp)) is given by the
operator wup := (Tap ® Zy)(Paa). Here, Z, denotes the operator identity on A’, which we
will only write explicitly if it is not clear from the context.

For any operator in § € L(H), we denote by | &]|;, I£]l, and || the Schatten one-, two-
and oco-norms of &, respectively. These norms are invariant under conjugation with unitaries
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and satisfy €|l < 1§11, < €], We will furthermore use that, for any A, B, C € L(#H) and
any Schatten norm || - ||, it holds that || ABC|| < ||A]lIBIIIC ||« (see e.g. [3]).

The metric induced on £(#) via the Schatten one-norm is D(p, o) := ||p — o ||;. Another
measure of distance on P(H) is the fidelity, F (o, o) :=|l/p /o |l1. We also require a norm for
linear maps T4 p from L(H ) to L(Hp). Given such a map, its diamond norm is defined to
be [26]

T
ITislo = sup max  11A=sPanly
Hp PAREL(HAR) loarl

Note that the diamond norm is the dual of the well-known norm of complete boundedness [30].

2.2. Smooth entropies

Entropies are used to quantify the uncertainty an observer has about a quantum state. Moreover,
conditional entropies quantify the uncertainty of an observer about one subsystem of a bipartite
state when he has access to another subsystem. The most commonly used quantity is the von
Neumann entropy. Given a state psp € S—(Hap), we denote by H(A|B), := H(pap) — H(pp)
the von Neumann entropy of A conditioned on B.

While the von Neumann entropy is appropriate for analyzing processes involving a large
number of copies of an identical system, the smooth min-entropy is the relevant quantity when
a single system is considered [32]. Its definition is based on the following quantity.

Definition 1 (Min-entropy [32]). Let psp € S<(Hag), then the min-entropy of A conditioned
on B of p,p is defined as
H_ . (A|B), := max
O'BES

—(Hp

)sup{k €R|pap <274 ®0p).

More precisely, the smooth conditional min-entropy is defined as the largest conditional min-
entropy one can obtain within a distance of at most ¢ from p. Here closeness is measured with
respect to the purified distance, P(p, o), which is defined to be

P(p,0):=4/1—F(p,0)?

where F(p,o) is the generalized fidelity;, F(p,0):=F(p,o0) +/(1—trp)(1—tro) for
p,0 € S<(H). In [34], it is shown that P constitutes a metric on S¢(H) and the following
inequalities are derived:

Ho—al+3lttp—tro| < P(p,0) </llp—oll,+|trp—tro]. (1)
We say that p is e-close to p, denoted by p ~, p if P(p, p) < ¢.

Definition 2 (Smooth min-entropy [32, 34]). Lete > 0 and let pap € S<(Hap) With /trp > ¢,
then the e-smooth min-entropy of A conditioned on B of p,p is defined as

Hi,(A|B), = max H,,;,(A|B)3,
0
where we maximize over all p ~, p.

The fully quantum asymptotic equipartition property (QAEP) states that in the limit of
an infinite number of identical states the smooth min-entropy converges to the von Neumann
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entropy [35]: let pap € S—_(Hap), then

ng.

lim lim — (A"|B")pen = H(A|B),. (2)
e—>0n—oon
In that sense, the smooth conditional min-entropy can be seen as a one-shot generalization of

the von Neumann entropy.

2.3. Approximate two-designs and quantum circuits

Heuristically, a unitary two-design is a finite subset D of U that has the property that averaging
any polynomial of degree 2 over D gives the same result as integrating this polynomial over U
with respect to the Haar measure, dU .

Definition 3 (Unitary §-approximate two-design [8, 9, 19]). Let D = {(p;, U;)}i=1.... be a set
of pairs, where the U; are unitary matrices on a Hilbert space # and the p; > 0 with ) . p; =1
are probabilities. We define the maps

Gw(p) ==Y _ piUPpU)®* and Gy(p):= / U®pUH®*dUu
i U

for p € L(H®?). The set D is called a unitary two-design if Gy = Gy . Furthermore, D is called
a §-approximate unitary two-design if |Gy — Gyll, < 6.

We will denote an integral over the unitary group with respect to the normalized Haar
measure by Ey(-) and an average over a unitary approximate two-design by [Ep(+) for notational
convenience.

For the applications that we are interested in, the most relevant approximate designs are
generated by random quantum circuits [19]. A quantum circuit is a set of wires on which gates
are applied. Each wire corresponds to a qubit evolving in time, and each gate on the wire
corresponds to some unitary operation being applied to the qubit. A k-qubit gate is given by
an element of U(2¥). For us it will be sufficient to think of the circuit as a sequence of unitaries
that are applied in a certain order: W = W, - ... - W, - W}, where we call ¢ the time of the circuit.
We call a set of gates universal for n qubits if any operation that can be performed on n qubits
can be approximated to arbitrary precision using operations from the universal gate set only.

3. Decoupling with §-approximate unitary two-designs

We prove a decoupling theorem which applies to the general case where the evolution is
described by a unitary chosen from a §-approximate two-design followed by an arbitrary
physical process.

Theorem 1 (Decoupling with §-approximate unitary two-designs). Let par € S<(Har) be a
subnormalized density operator and let Ty_.p be a linear map with Choi—Jamiotkowski
representation wa g € S<(Hpar), then

EIT((Us ® 1r) par (Us @ 10)) = w5 @ prly < y/ 14485272 a1t o 41800),

where D constitutes a §5-approximate two-design.
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Remark 1. It should be noted that the factor d} in the above formula can be compensated for
by making § accordingly small. See section 4 for a specific example, where the approximate
two-design is created by a random circuit.

Remark 2. Since the above decoupling formula does not involve the dimension factors dp and
dg a §-approximate two-design (with fixed ) yields decoupling even if one of these factors is
intractably large.

Note that theorem 1 does not follow straight from a simple argument based on continuity.
If exact two-designs work in the sense of decoupling, one expects that §-approximate two-
designs should work approximately. The error due to approximation depends on é and, due to
norm equivalence (compare also lemma 2.2.14 in [28]), the dimension of the expression in the
norm above. However, the upper bound of theorem 1 does not involve the dimensions of the
systems B and R. Hence, it allows for the conclusion that decoupling can occur in a physical
scenario, where the evolution of the A subsystem is modeled as a (short) quantum circuit and the
reference system R potentially is large (see section 4). We also remark that in the particular case
of a perfect two-design, the proof of theorem 1 includes a shorter derivation of the decoupling
theorem for perfect two-designs as opposed to the original proof in [13, 14] (see section 3.2).

The rest of this section is structured in four subsections. First, we prove a lemma that
quantifies decoupling in terms of Schatten two-norms. Then, in section 3.2, we derive the
decoupling formula for perfect two-designs using that lemma (see theorem 2). Section 3.3 is
devoted to the derivation and analysis of the decoupling formula for general §-approximate
two-designs (see theorem 1). And lastly, in section 3.4 we reformulate the upper bound given
by the decoupling formula for §-approximate two-designs in terms of smooth conditional min-
entropies (see theorem 3). This enables us to make statements about independent, identically
distributed states via the QAEP, equation (2).

3.1. Decoupling with Schatten two-norms

For amap 7 € Hom(L(H4), L(Hg)) with Choi-Jamiotkowski representation w3 € LT (Hpa')
and an operator psz € LT(Har), we prove that

+ 2
E|T(Wa®10) par (U} @ 10) — 05 © pu|

2
A

Cdi-1
For our application and the proof of (3) it is convenient to reformulate the argument of the
expectation value in a more symmetric way. We introduce the map £;_. ., which we define to
be the unique Choi-Jamiotkowski preimage of the state pag, 1.6. E;_ x(P,4i) = par, Where
A is just a copy of A. Note that £ is not trace preserving in general. We can write for any
unitary Uy:

T((Ua®1Rg) par (Uj«, ®1g)) —wp ® pr

loar — 704 ® prll2 lwas — 74 @ wpl2. 3)

=(TREUa®1) P, (U ®@17) — (TRE) (4 @) (4)

= (TRE((Us®1;) &, (UyR15)), (5)
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where we have introduced the decoupling operator & ,; := ® ,; — wa @ ;. Equation (4) uses
the fact that an arbitrary map acting exclusively on the A subsystem of ® , ; commutes with any

map that only acts on A.In equation (5), the linearity of the maps is used. Analogously, one has
that

ECEL i) =Par—TAQ®pr, T 5) =wip—7;Qwp.

Thus the stated result, equation (3), can be rewritten equivalently in terms of the decoupling
operator.

Lemmal. Let §,;=®,; —naQ®m; and let Ty.p € Hom(L(Ha), L(Hp)) and E;_ 4 €
Hom(L(H ), L(HRr)) be linear maps that preserve hermiticity, then

2 d?
E|T oo W10 WL = A [e€nl; | TEw ]
A

Proof. We have that
. 2
E|TeoWse16, U1 =B (T 16, U e1)?)

Etr (T8 (U @10)% 0% (U ®10%) Fur) (©)

=Bt (U1 ® 106,02 W 0 10%) (THF1@ ENIF]). ()

We introduced two further copies A’ and A" of A when using the swap trick in equation
(6), 1.e. (&4 A)®2 =£,:®&, ;. In equation (7), we used the definition of the adjoint of the
mapping (7 ® £)®? with respect to the Schmidt scalar product. We have from [13, lemma 3.4]
that

% ((UA)T®2(ﬂ)®2(fB)(UA)®2) =alsa+BFa

with the coefficients o and f satisfying

& — ) & — )
tr(w tr Wy
o= tr(a)é) di——llg and ,3 = tr(a)i/B) W

Similar integrals were evaluated in the context of decoupling already in [23]. Using the above
we obtain

. 2
E|TeoWi@108, Wie 1)) =u (@™l +BF) @ €HPIFr)

= Btr (4% Fa ® (NP [FR]) (8)

= BllEED| )
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In equation (8), we used that tracing out one of the subsystems A, A of & i gives the zero
state. The last line above makes use of the definition of the adjoint of £, the swap trick and the
definition of the Schatten two-norm. Rewriting 8 we find that

2 dau(wp)
B o)

B =t(w}p) 71

dz TEwl (10)

Substituting this into equation (9) yields

E[Teo o1 Wiely| = 2 [TED] 6]

27

which proves the lemma. O

3.2. Decoupling with perfect two-designs

In this section, we show two additional lemmas that we require for the derivation of our
main result, theorem 1. Taking these lemmas together with lemma 1, we also obtain a concise
derivation of the decoupling theorem for the Haar measure (cf theorem 2).

Lemma 2. Let Egg € LT(Hpg) and let Agr € S_(Hpg) be invertible. Then

[FTIIES II)»BR Epr BRIIz

Proof. The lemma follows from an application of the Holder-type 1nequa11ty IABC|, <
hAl* || [1B]? H lic® H1 (see, e.g. [3]), with A = C = (Agg) and B = ABRSBR o 0

Lemma 3. For any §ag € S<(Hag) there is {g € S_(Hg) with

1 —1/2 2 9~ Hpin (AIR)
ae gt (e Mgw7) <27

Proof. Choose ¢k such that it saturates the bound in the definition of the H,;,-entropy. Without
loss of generality (f is invertible (otherwise, redefine R such that it corresponds to the support
of pagr). Then

SAR 2 Hmln(AlR)E]l ® CR

which implies that there is ¢z with

VEar (14 ®¢g 2)f’EAR(]lA ® Lk 2) Eap <27 M AR:g o, (1)
Taking the trace on both sides of (11) proves lemma 3. O
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Before proving our main theorem, it will be useful for the sake of completeness to first state and
prove the decoupling theorem of [13] in the formulation which is given in [14]:

Theorem 2 (Decoupling theorem [13].). Let par € S<(Har) be a subnormalized density
operator and let Ty_.p be a linear map with Choi—Jamiotkowski representation wap €
Sg(’HBA/), then

EIT((Ua® 1) par (UL ® 1) —wp @ pgly < 274/ nn X 1B 2o A100,

Proof. Note first that for a proof of theorem 2 it suffices to show that
%"T((UA ®1z) par (Uj ®1g)) — wp @ pglj < 27 1B~ Hnin(AIR), (12)

holds and to apply the Jensen inequality. To prove equation (12), we work with the integrand in
terms of the decoupling operator (lemma 1). We use lemma 2 to bound the Schatten one-norm
of the integrand with the Schatten two-norm. Introducing the positive and normalized operators
op and g, we have

|Teauiens W)

< H(aB @) (TOOWA1) 8, U@ 1)) (s @)

2
One can abbreviate the notation using the completely positive maps T, 5 and & i_ g defining
T(ta5) = (01 T (1, )0 @1 V1,56 L(H), (13)
E(tap) = (1a®) MA@ )™ V5 € L(MHyp), (14)
and @y p 1= T (Pun), Par :=E(P ,;), which yields

| reawiett;wiety| <E|dedwioint; wioiy|,

- e e

By equation (10) we have that

P , ) . d2 — dA(tf(@%)) 2 dA(‘r(f)fe))
FR EPRN Y SN SR U WP G w(n
yo [Tew)|, |éew] = (1 di) W@ TG |~z o
1
tr(@% 5) ———tr(piz). (16)

= tr{wap] tr[par]

In equation (16) we used the Cauchy—Schwarz inequality (Ilemma 3.5 in [13]) to infer that both
bracket terms are smaller than one. The derivation is valid for any positive and normalized
operators o and ¢, therefore one can choose 63 and ER such that they minimize the expression

in (16). An application of lemma 3 then shows that

2
< 2_Hmin(A/‘B)w_ Hmin(AlR)ﬂ .
1

% HT((UA ® 1g) par (Uj; ® 1)) —wp ® pr
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3.3. Decoupling with §-approximate two-designs

This section is devoted to a proof of the core theorem of this paper:

Proof of theorem 1. Due to the Jensen inequality it suffices to show that
E|T((Ua®1r) par (Uy @ 1) — w5 ® prl < (1+48d}) 27 M1l 4150, (17)

holds. To prove (17), we proceed in a similar fashion to our proof of theorem 2. As before, we
introduce the map &;_, ; which we define to be the unique Choi—-Jamiotkowski preimage of p4z
and the state §,; = ®, ; — m4 ® ; and write for any unitary:

T(Us@1R)par(US @ 1) —wp ® pr = (TR E(Ua @ 1)E (UL @17)).

To upper bound the left-hand side of (17), we apply lemma 2. We introduce positive, normalized
operators op and ¢x and the maps 7 and £ as defined in equations (13) and (14), respectively,
and find

| Teawiets; Wity <E|Tedwieint vioiy|,
=Bt (T@OWUs@ 118, Ui @1).
Applying the swap trick and using the definitions of the adjoint mappings of 7 and € gives
Etr ((T@&((Us @156, (UL @10))
=Bt (U4 8107 €% U @1)%) (THZUF5] @ NPTl
With the relations
E (W2 @19) (6,0% (WD ©19) = @Gy @ Tip)E2D),

eEd o

(U019 @™ (UHTZ©1D)) = Gn 8 Tin) E5D.
we have
w(E (UF 019 €% (UDZe19) (THP1Fs @ €)1 74
=t (G ®T12) 2D — (Gn ® Tiz) €2D)) (THZUF41 @ (€N Fxl)
+1r((9n ®T35) €22 (THEUF @ (ENFrl). (18)
For now we fix our attention on the first term of equation (18). Bounding this term gives
(G ©Ti €D — (Gn ©Tiz) €52) (THFs1 @ E)A]|

<|(@v e Tis - guezin) €| | THF

A

NCHN

<Gw —Guls

il [l Jerezal

<48 (THeFa| €| (19)

o0
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where inequality (19) uses the explicit form of &, ; = ®,; — 74 ® ; and the definition of the
§-approximate two-design. In the following steps, we upper bound the term [[(7)®2[F5][ o
Let P}, be the projector corresponding to the biggest absolute eigenvalue of (TH®2[F3). The
oo-norm can then be rewritten as

| TOeFs| = o (D=2Pi7s) | 0)

To be able to apply the swap trick, we decompose P}, into some basis: P}, =, jCi 0L ® GZ“/.
Without loss of generality, we choose the coefficients ¢;; to be real. This gives

e (DPPIFs) = Y ayte (T T@h). @1)
ij

We rewrite 7'(012) using the Choi—Jamiotkowski representation of 7~

S eytr (T T@in) =di D eyt (tta @an (15 @ @)ty @ (15 ® (@3)))
i,j i,j

=ditr (Ly ® dap) Ly @ @arp) (15 ® (PF,)T)). (22)
To obtain an upper bound for equation (22), we apply the following lemma 4. 0

Lemmad. Let wap € LT(Hap), wap € LT (Hap) and let paa € LT(Han), then

tr (Lo @ wap) (La @ wag) (L @ paa))| <tr(wlip)y/tr(03a)-

The proof of this lemma will be given after concluding the proof of theorem 1. We use the
fact that (P ,)7 is a rank one projector and obtain

tr ((Lay ® @ap) (La @ @ap) (L ® (Py,)M) < tr(@%5). (23)
This gives the bound

| 71| < djur (@),
And identically we find that

@71 <

Thus we obtain the desired bound for the first term of (18) using (19):

|(Gw ®T30)EED) — (91 © Tiz) €5D) (FH1Fs1 @ EV21Frl |

1 . 1 -
< 43611 —]tr (a)i/B) mﬂ' (piR) (24)

trlwa g
The only thing left is to evaluate the second term of (18), but this term was already calculated as
a part of the proof of the decoupling theorem. It equals the term on the right-hand side of (15)
and can be bounded using (16):
1 1
tr (d)i 5)
trlwa ] tr[oar]

r ((Gn ®Tiz) (€53 (THEF41 @ ENUF]) < r(Pae). (29
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An application of lemma 3 on (24) and (25) gives
E|T((Ua®Lg) par Uy @ 1r)) — w5 ® prli < (1+48d}) 27 1D A0

which proves (17) and thus concludes the proof of the decoupling theorem with approximate
two-designs.

Proof of lemma 4. We introduce a basis {o}}; for L7(#4) and a basis {o}}; for L7(Hp).
Moreover, we choose them to be orthonormal with respect to the Schmidt scalar product (i.e.
tr(agog) = §;; and likewise for the B system). Hence, the product operators {0} ® aé}i, ; also
form an orthonormal basis for £7(# 45) with respect to the Schmidt scalar product:
tr <(Gf\ ®op) (0h® Ué)) =tr (G/iaﬁ) -tr <aéol§> = 0k
We write the operators wapg, wa g and pa 4 in that basis:
WAB ‘= Z(ZUO'A@O’Z;, aj ‘= tr ((O’A@O’é)a)AB),
iJj
Wap = Za,-jo/’;, X al’g, ajj = tr <(aj‘, ® 6{3) a)A/B>,
i.j
Paa = Z c,-jaf\ ®o/§,, Cij = 1r ((o/i ®aj‘,) ,oAA/).
i,J
Since all matrices in the above statements are Hermitian, the coefficients a;; and c;; are
real. Moreover, the coefficients in the expansion of w,p and w, g are the same, because the

corresponding matrices are the same. Substituting the expansions into the left-hand side of the
lemma gives

tr (La @ wap) (1a@wap) (Ig® paar))

= Y aymucut ((Ly 804 ®@0) 14 ) ®oh) (1@ 0 o))

i,j,k,l,m,n

= Z Q;j Ak Cpn T (O’iO’Zl)tl‘ (Gﬁ/o*z’,)tr (agollg)

i,j.k,l,m,n

= E aijaklcmnSimaanjl

i,j.k,,m,n

= Z a,-.,-akjc,-k. (26)
i,j.k
We now introduce the matrices A := (a;;) and C := (¢;;) and use equation (26) to find that

Itr (La @ wap) (1a@wap) (Ip® pan))l = ‘tf (ATCA)|
< [|AAT|,IC]

<tr (AAT)ICl,. 27)
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We calculate the Schatten two-norm of C using that ||C||22 =) i |c,-j|2 ([3]) and the explicit
formula for the c;;:

2 2
ICI,” = E |cij
ij

= Z tr ((Uf\ ®0}) pAA’)tr ((UA ®0}) /OAA’)

ij

=tr Ztr(oé@af(,pAA)oi\@oi, LA

ij

=tr(pia)- (28)
The trace term in (27) can be calculated similarly. We use the explicit formula for the
coefficients:
tr (AAT) = Z a;;a;;
ij
= Z tr <(O’j4/ ® cré) a)A/B>tr ((02, ® O’é) a)A/B>
ij
=1r Ztr (O’X@O’éa)A/B)O'A/@O'é WA'B
ij
=tr (w}p)- (29)
Taking (28) together with (29) and substituting them into (27) concludes the proof of lemma 4.
O

3.4. A smoothed decoupling formula for approximate two-designs

In order to achieve a tighter bound in the decoupling formula for approximate two-designs
(theorem 1), we now introduce a modified upper bound stated in terms of smooth conditional
min-entropies (see definition 2). We refer to [14] for a discussion of the optimality of decoupling
in terms of these quantities. The smooth conditional min-entropy has the additional advantage
that it reduces to the von Neumann entropy in the important special case where the state is a
tensor product of many identical states, as shown by the fully quantum asymptotic equipartition
theorem (see equation (2)).

Theorem 3 (Smoothed decoupling formula for §-approximate two-designs). Let  pag €
S<(Har) be a subnormalized density operator and let Ty_.p be a linear map
with  Choi—Jamiotkowski representation wap € Sc(Hpa) and let & be such that

min{./tr(p), v/tr(w)} > & > 0. Then
E |[T(Wa® 10)panU} @ 10) — 05 @ x|

1 & ’ 1 &
<o/ 1 +48d% 272 Huin A 1By Hoin(A1R), 4 877, 8 & + 126,

where D constitutes a §-approximate two-design.
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Proof. Let &5 € S<(Hap) be the state that saturates the bound in the definition of H

min’®
i.e. P(wap, wap) <eand H, (A'|B); = H., (A’'|B),. Analogously p4r is defined to be an

operator with P(par, par) < € and H_. (A|R), = H:. (A|R),.
Using inequality (1), we find that
” wap—Ouap Hl < 2, H,OAR — PAR Hl < 2e. (30)

We decompose @ — w and p — p into positive operators with orthogonal support writing
w—wo=A—A_, p—p=T,—-T_

and conclude from (30) that
1A <26, Al <26, T <26, T < 2e.

Let 7A', D, and D_ be the unique Choi-Jamiotkowski preimages of @sp, A, and A_
respectively. We apply theorem 1 on p and @ to find

1 e ’ 1 gye 1 / . N
[1 +a5at 24 i @1B)o Y Hiaa R, — [ L 45 2} Husa W18} Hy A1RY,

>E | T(WUa®10) par (UL @10) — o ® |
For any unitary, we have with an application of the triangle inequality

[ T(WUa©10) par W} @100~ 5 @ |

> H%((UA ®1x) par (UL ®15) — w5 ® pr ”1 2.

In the same way pg is eliminated from the product term and we obtain in total

!

> | T(Wa @ 10par UL @ 10) — 05 @ pr | —4e

[T (A 10par (U} @ T1)) — o5 @ g

= HT((UA ® ]lR)IOAR(UZ ®1r)) —wp ® pr ”1
B HT((UA X ]lR)/OAR(Ujl ®1p) —T((Ua® ]lR)'aAR(U‘I ®1z) Hl

N H’j\d((UA ® ]lR),bAR(U,: ®R1LR) =T ((Usa® ]lR)/aAR(UX ® ]lR))Hl e
(31)

The first term of equation (31) corresponds to the unsmoothed decoupling formula. For the
remaining two terms

E | T(Ws @ 10)par U @ 10) = T(WUa @ 10)par U @ 10) | (32)

and

IE H'?-((UA ® ]lR)/A)AR(UIZ Q1) —T((Us® ]lR),aAR(U}; ®15z))

B
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we need to find upper bounds. We treat them separately beginning with the first one. To perform
the calculation we write p — p = I'y — I'_ and use the linearity of 7. We obtain

E | T(Ws @ 10)par (U} @ 10) = T(WUa @ 10)par U @ 100) |

<Y E|TWielolruUie )|

aef{+,—)
= Z tr (T( (IDE - %) ((UA ®Lp)I(U; ® ]IR)) ))
aef+,—)
+ Z tr (T(% ((UA ® ]lR)Fa(U/Z ® ]lR)) ))
ael{+,—}

< Y |E-B) (wistor.wiew)| [T,

ae{+,—}

+ Y (T ®traTy)

ae{+,—}

< ) ST ap|+ Y tr(@ap)tr(Ty) (34)
acf{+,—} ac{+,—}
<4dsde +4e. (35)

Inequality (34) used that an approximate two-design constitutes an approximate one-design
automatically. This can be seen straight from the definition by considering states that are given
by the identity operator on one of the systems on which the unitaries act. The last inequality (35)
can be seen by choosing the eigenvalue of 77 (1) which is the biggest in absolute value and
defining P, to be the projector corresponding to this eigenvalue. One then has H T(1p) H o Sda.

Bounding the term (33) is done similarly. We decompose 7T —7T = D, — D_ in accordance
with the decomposition @ — @ = A, — A_. We then obtain

Ig, H T(Ua® ]lR)f)AR(Uj\ ®1g) —T(Us® ]lR)/aAR(Uj\ ® 1)) Hl

< Z tr(Du(Ig (Ua @ 1R) par (U,Z®]1R)>>

ae{+,—}

_ Z tr<Da((Ig —%‘,> ((UA®]1R) PAR (UZ®HR)) ))

ae{+,—}

+ 3 (DB (Ua@ 10 har U @10) )

ae{+,—}

<Y |E-B) (wetninwiotn)| [Dias].
}

ac{+,—

+ Y tr(Da(ma ® )

ae{+,—}
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< D0 Slparly [DiAR)| + D] tr(Ad® pr)

ac{+,—} ac{+,—}
< 4dée +4e. (36)
Combining the expressions (35) and (36) and substituting them into (31), we obtain

I% H TUs® ]lR)f)AR(UZ ®1x)) — @5 ® pr Hl

>E | T(WUs @ 10U} @ 10) — 05 ® pi

—8djde — 12¢.
1
Finally this yields
E | T(Ws @ 10)pan(U} @ 15)) — o @ i

<o 1+48d4 273 P A 1Blo=3 Hin(AIR) 4 8775 & 4126

which proves the smoothed decoupling formula for §-approximate two-designs. 0

4. Decoupling in physical systems

In this section, we explain how our result can be applied to study a typical evolution of a physical
system. Consider, as before, a joint system AR in an initial state psg and assume that the A
system consists of a large number of interacting particles. In a physical scenario A might be
correlated with a huge, diffuse subsystem of the universe such that R might be much larger than
A. The most common type of interaction in nature is a local two-particle interaction. It can be
modeled using a two-qubit unitary gate. More generally, one may describe the randomization
process induced by the evolution of a many-particle system using a quantum circuit. Such
approaches were considered earlier for instance in [7, 19]. The circuit is constructed in the
following way: at each step of the circuit, two qubits from A and an element of a universal gate
set for U(4) are chosen uniformly at random. The gate is applied to the qubits and the circuit
proceeds to the next step. For a given circuit time ¢, we consider the set of all possible unitaries
the circuit can produce together with the corresponding probabilities. If # goes to infinity this
yields the Haar distribution on the whole unitary group [19]. Unfortunately, it turns out that the
convergence rate of the random circuit toward the Haar distribution is exponentially slow in the
number of qubits of the underlying system [7, 19, 29]. Nevertheless, after a time ¢ that grows
polynomially in the number of qubits and logarithmically in %, the above circuit will constitute
a §-approximate two-design.

More precisely, the authors of [19] (theorems 2.9 and 2.10) and [11] derive the following
pivotal theorem.

Theorem 4 (Random quantum circuits are approximate two-designs [11, 19]). Let u be the
probability distribution corresponding to any universal gate set on U(4) and let W be a random
circuit on n qubits obtained by drawing t random unitaries according to |1 and applying each
of them to a random pair of qubits. Then there exists C (and C = C(w) only) such that for
any § > 0 and any t > C(n* +nlog(1/8)), the set of unitaries produced by W together with the
corresponding probabilities forms a §-approximate unitary two-design.

Following the discussion in [7], we will assume that typical dynamics in nature are given
by (short) circuits of the type of theorem 4. We conclude that in our model the possible
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evolutions of a many qubit system are given by elements of a unitary approximate two-design.
Moreover, theorem 4 states that in order to reach a §-approximate two-design a circuit time
t:=C(n*+nlog é) is sufficient, with C being some constant that only depends on the concrete
circuit used.

We can now apply our decoupling theorem for approximate two-designs to infer conditions
under which typical processes in nature result in decoupling. In this example, we shall assume
that the R system is correlated with a subsystem of A and we are interested in how this
correlation behaves under a typical evolution. Hence, we decompose A into two parts: Ag,
which identifies the subsystem of interest; and Ag, which corresponds to an environmental
system which is uncorrelated with R. Since we are interested in the state of Ag we choose
T to be the partial trace on the environment system: 7 (p) = tra,[p]. Formally, this implies
that H . (A|R), > —logd,, and H_. (A'|E), > logds, —logdsg (see lemma 20 in [34]). An
application of Markov’s inequality to the decoupling formula for approximate two-designs
shows that, for any € > 0, one has

PTW{"UAE (Wa®1R) par (W/I ®1R)) —mas ® prlli = E}

1 dy,
< — ——,/1+48d4.
€ \/da, 4

This implies that if the environment Ag is chosen big enough, decoupling occurs except with
small probability. Note, moreover, that the factor d4 does not increase the time that is required
until decoupling is reached in a significant way. To reach a §-approximate two-design with
8= % it is sufficient to have run the circuit for a time

Fa_ 2 2% _ 2 2 1
t:=C|(n +nlog =C|n"+4n" +nlog .
) )

This means that once the circuit has reached a §-approximate two-design, it suffices to wait only
approximately five times longer until it generates a §-approximate two-design. This additional
time certainly does not affect our conclusions.

We summarize our discussion with a corollary and give an outlook for possible applications
of our results.

Corollary 1. Given a system A which consists of two subsystems As and Ag, assume that
Ag is correlated with a reference system R. Furthermore, assume the A system to consist of
interacting particles, whose dynamics can be described with the above circuit model. Then if
Ag is chosen large enough a typical process reaches decoupling after polynomial time except
with small probability.

In the context of black hole evaporation a result similar to theorem 1 occurs in [22,
inequality (5.1)]. However, the validity of this formula is restricted to the approximate two-
designs constructed in [9], which share strong additional properties [9, equation (16)]. In the
model of [22] it seems reasonable to assume that the approximate two-designs are generated via
a random quantum circuit as in corollary 1. Since in general such circuits will not produce the
two-designs of [9] our decoupling formula seems more appropriate for the application in [22]
than inequality (5.1).

Finally, note that related results concerning the thermalization of subsystems have been
derived in [17, 27, 31] and a generalization of these results using the decoupling approach has
recently been proposed in [24].
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