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Abstract— Inferring the intent of an intelligent agent from
demonstrations and subsequently predicting its behavior, is
a critical task in many collaborative settings. A common
approach to solve this problem is the framework of inverse
reinforcement learning (IRL), where the observed agent, e.g.,
a human demonstrator, is assumed to behave according to an
intrinsic cost function that reflects its intent and informs its
control actions. In this work, we reformulate the IRL inference
problem to learning control Lyapunov functions (CLF) from
demonstrations by exploiting the inverse optimality property,
which states that every CLF is also a meaningful value function.
Moreover, the derived CLF formulation directly guarantees
stability of inferred control policies. We show the flexibility of
our proposed method by learning from goal-directed movement
demonstrations in a continuous environment.

I. INTRODUCTION
Autonomous system are increasingly deployed in close

proximity and conjunction with humans, whether it is in
healthcare robotics, semi-autonomous driving or manufac-
turing facilities. In many of these applications it is essential
that the automation is able to effectively collaborate with the
human partner. To this end, a model of the human’s behavior
is needed. This model can be used not only to predict the hu-
man partner, but also to teach machines complex behaviors,
for which the design of a controller is cumbersome. This con-
cept is called imitation learning or programming by demon-
strations. Approaches based on this paradigm are advanta-
geous, since preferences can be encoded through the demon-
strations and the emulated behavior is easily interpretable [1].

However, imitation learning is in general more difficult
than just replicating the demonstrated behavior exactly, since
the inferred control policy should ideally generalize well
to unknown environments. Therefore, Abbeel and Ng [2]
propose an indirect imitation learning approach called ap-
prenticeship learning. Here, the agent is modelled to behave
optimally with regards to an intrinsic cost function, which
can be used to retrieve the agent’s control policy. Hence, the
imitation learning problem is reformulated to inferring the
agent’s cost function from demonstrations. This inference
problem can be solved using inverse reinforcement learning
(IRL), which is sometimes also referred to as inverse op-
timal control (IOC).1 In [3], Ziebert et al. expand the IRL
framework by introducing the notion of suboptimalities in
observed demonstrations through probabilistic models. More
recently, in [4], neural network parameterizations are used
to learn high dimensional nonlinear cost functions. However,
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the deployment of expressive function approximators has the
drawback that it introduces model complexity to an already
ill-posed inference problem. In addition, most state-of-the-art
IRL methods need to continuously solve the forward optimal
control problem in order to evaluate the generated trajectories
under the current parametrization of the cost function, which
is computationally expensive in general. Furthermore, no
guarantees regarding the convergence behavior of inferred
control policies are provided.

An alternative way of approaching the imitation learning
problem are dynamical movement primitives (DMP). Here,
the provided demonstrations of a goal-directed task are used
to learn a dynamical system capturing the observed behavior
through its attractor landscape [5]. For instance, asymptot-
ically stable dynamical system models for describing robot
reaching tasks are learned from demonstrations in [6]. DMP
methods generally allow to make strong statements regarding
the convergence properties of inferred models, due to their
grounding in dynamical systems theory. Nevertheless, they
lag behind the representational richness of IRL approaches.
Since in DMP the agent and the system it is acting on are
described as one dynamical system, no explicit model of the
agent is retrieved and only pure imitation learning is possible.

In this work we propose a novel approach that uses the
property of inverse optimality, which asserts that every
Lyapunov function is a value function for some meaningful
cost, to reformulate the IRL inference problem to learning
CLFs from demonstrations. By utilizing tools of stochastic
dynamical system theory we are able to provide formal
guarantees for the stability of inferred control policies.
Additionally, we propose non-parametric regression
methods to learn the CLFs, therefore, resulting in flexible
and data-driven human behavior models. The remainder
of the paper is structured as follows: First the problem
statement is introduced in Section II, while the reformulation
of the IRL problem is presented in Section III. Finally, the
evaluation of the proposed method follows in Section IV.

II. PROBLEM FORMULATION

Consider a discrete-time, control-affine system driven by
the nonlinear dynamics2

xxxt+1 = fff (xxxt)+ggg(xxxt)uuut , (1)

with continuous states xxx ∈ X ⊂ Rn, where X is a compact
set, and known fff : X → X , ggg : X → Rn×m and initial

2Notation: Lower/upper case bold symbols denote vectors/matrices,
R+/N+ all real/integer positive numbers, IIIn the n×n identity matrix, ‖·‖ the
Euclidean norm, and C(X ) the set of continuous functions over a compact
set X .

√
· applied to a matrix means it is applied element-wise.



condition xxx0 ∈X . The agent acting on the system is assumed
to perform continuous control actions uuu ∈ U(xxx)⊆ Rm, such
that U(xxx) = {uuu ∈ Rm : fff (xxx)+ggg(xxx)uuu ∈ X }. Since the agent
performing the task is an expert, it is reasonable to assume
that trajectories generated by the agent are bounded. Further-
more, (1) is not a particular restrictive system class, since this
structure holds for many mechanical systems.

Following the optimality principle, the agent chooses its
control actions uuut according to a cost function with the goal
of minimizing the accumulated stage costs l : X× U →R
over time. Thereby, the agent employs the optimal policy

πππ
∗(xxx) = argmin

πππ : X→U

∞

∑
t=0

γ
t l(xxxt ,πππ(xxxt)), xxx0 = xxx (2a)

such that xxxt+1 = fff (xxxt)+ggg(xxxt)πππ(xxxt), (2b)

where γ ∈ R+, γ < 1 is a discount factor.
While optimal control describes the problem of retriev-

ing the optimal policy πππ∗ given the known stage cost l,
IRL considers the inverse problem. Here, an expert agent
demonstrates state-action trajectories {(xxxt ,uuut)}T

t=0, with T ∈
N+. Subsequently, IRL infers the unknown cost function
under which the associated optimal policy best explains the
observations. However, since the behavior of human agents
does not exactly reflect the deterministic optimal policy in
practice, e.g., due to motor noise, the unaccounted variations
in observed control actions are typically modelled as random
perturbations [3]. We consider perturbed policies of the form

uuut = π̃ππ(xxxt) := πππ
∗(xxxt)+

√
ΣΣΣ(xxxt)ωωω t , (3)

where the perturbations are described by the independent
and identically distributed random variable ωωω and state-
dependent covariance ΣΣΣ(xxx) ∈ Rm×m. The perturbations ωωω

are generated according to a zero-mean truncated Normal
distribution, where the truncation is chosen such that π̃ππ(xxx) =
uuu ∈ U(xxx) remains true. Thereby, the closed-loop dynamics

xxxt+1 = f̄ff (xxxt)+ggg(xxxt)
√

ΣΣΣ(xxxt)ωωω t , (4)

with f̄ff (xxxt) := fff (xxxt)+ggg(xxxt)πππ
∗(xxxt), become stochastic.

The following assumptions are made for the closed-loop
dynamics and the perturbed policy:

Assumption 1: The agent performs a goal-directed task,
where the goal is defined by a unique target state xxx∗ ∈ X .

Assumption 2: The variance in (3) vanishes at the target;
limxxxt→xxx∗ ΣΣΣ(xxxt) = 000, such that π̃ππ(xxx∗) = πππ∗(xxx∗).

Intuitively, Assumption 2 states that the agent should act
more deterministic close to the target xxx∗, which is necessary
for task completion according to Assumption 1. Since the
target is unique, xxx∗ coincides with the minimization of the
agent’s cost function. Therefore, any agent that successfully
performs the task has to act on the system such that it
asymptotically converges to the desired final state xxx∗. This
has to hold true regardless of the stochasticity due to random
perturbations in (4). In order to formalize this property, we
introduce the following concept of stability.

Definition 1 ([7]): A system (4) has an asymptotically
stable equilibrium xxx∗ on the set X in probability if

1) for all ε >0, d>0, there exist δ >0, t0≥0 such that

‖xxx0−xxx∗‖<δ implies P{‖xxxt−xxx∗‖<d} ≥ 1−ε, ∀t≥t0.
2) P{limt→∞ ‖xxxt−xxx∗‖=0}=1 for all xxx0 ∈ X .

Intuitively, Definition 1 is the probabilistic analogue to the
classical stability definition in the sense of Lyapunov [8].
Therefore, we subsequently refer to this property as
asymptotic stability. Consequently, using Assumption 1
and 2, we can express the asymptotic minimization of the
objective despite of stochasticity as follows.

Assumption 3: Policy (3) renders system (1) asymptoti-
cally stable at the target state xxx∗.

Based on this assumption, we consider the problem of
determining the value function

V ∗(xxx) =
∞

∑
t=0

γ
t l(xxxt ,πππ

∗(xxxt)), xxx0 = xxx, (5)

which describes the minimum cost-to-go when starting in
a state xxx and following the optimal policy πππ∗ thereafter.
Due to the Bellman equality, the optimal policy πππ∗ can be
defined equivalently as

πππ
∗(·) = argmin

uuu

[
l(·,uuu)+ γV ∗( fff (·)+ggg(·)uuu)

]
. (6)

Using this identity, the problem of estimating the stabilizing
value function can now be formulated as a constrained
functional optimization problem. Here, the posterior of V
is maximized by evaluating the alignment of state-visitation
probabilities, under the associated optimal policy πππ∗, with
observed trajectories {τ1, . . . ,τN}, where τn = {xxxn

t }T
t=0 and

N ∈ N+. In addition, Assumption 3 must hold true, which
leads to the following formulation:

V ∗ =argmax
V∈C(X )

P{V | τ1, . . . ,τN} (7a)

such that π̃ππ asymptotically stabilizes (1). (7b)

From (7b) follows an additional constraint to the solu-
tion V ∗. This structural constraint holds over the whole so-
lution space and not only at data points, therefore, providing
information at unobserved states. Furthermore, any policy
derived from V ∗ is guaranteed to be stabilizing by design.

III. STABILITY-CERTIFIED INVERSE REINFORCEMENT
LEARNING

In order to infer the value function V ∗ from training data
τ1, . . . ,τN , while considering the stability constraint on the
corresponding perturbed optimal policy π̃ππ , we exploit the
inverse optimal relationship between value functions and
CLFs. This allows us to transform the constraint (7b) into
a Lyapunov-type constraint on the optimal value function in
Section III-A. By considering the optimal value function as a
control Lyapunov function, we can approximate the posterior
maximization (7a) in a closed-form in Section III-B. In
Section III-C, the problem is finally cast as a constrained
kernel regression problem in order to efficiently solve the
problem using machine learning techniques.

A. Lyapunov-Constrained Value Function Approximation
A practical method to ascertain the convergence property

as introduced in Definition 1, without solving the underly-
ing dynamical system equations, is by means of Lyapunov



stability theory [7]. Since the state space of the considered
dynamics is bounded to a compact set, the following relax-
ation regarding positive definiteness constraints of Lyapunov
function candidates can be concluded here.

Lemma 1: Consider a stochastic system of the form (4),
which generates trajectories with states xxxt , such that xxx0 ∈ X
implies xxxt ∈ X almost surely for all t ∈ N+ and compact
sets X . If there exists a continuous W : X →R+,0, such that

E [W (xxxt+1) | xxxt ]−W (xxxt)< 0, ∀xxxt ∈ X \ {xxx∗} (8a)
E [W (xxxt+1) | xxxt ]−W (xxxt) = 0, xxxt = xxx∗ (8b)

then, the system with equilibrium point xxx∗ is asymptotically
stable in the sense of Definition 1.

Proof: We prove this lemma by showing that Ŵ =
W −minxxx∈XW (xxx) is a Lyapunov function, which implies
asymptotic stability in probability [7]. The decrease of Ŵ
along system trajectories is ensured by (8a), such that it
remains to show that Ŵ is positive definite. This is identical
to proving that xxx∗ is the only minimizer of W on X . In order
to show this let M = {xxx ∈ X : minxxx′∈XW (xxx′) = W (xxx)} be
the set of minimizers of W . Assume that there exists a x̂xx 6= xxx∗,
x̂xx ∈M. This implies that

E[W ( f̄ff (x̂xx)+ggg(x̂xx)
√

ΣΣΣ(x̂xx)ωωω)]−W (x̂xx)≥ 0 (9)

by definition of the setM. However, this is a contradiction of
(8a), such that xxx∗ is the unique minimizer of W . Therefore,
Ŵ is positive definite, which concludes the proof.

A major strength of Lyapunov stability theory is the
existence of converse theorems, i.e., under the assumption of
stability, a Lyapunov function is guaranteed to exist. Since
the Lyapunov-like function W considered in Lemma 1 is
merely a shifted Lyapunov function, this property extends.
We exploit this together with the fact that every Lyapunov
function is an optimal value function for some meaningful
cost [9]. This so called inverse optimality property is
employed to formulate the original problem (7) as a
Lyapunov-constrained optimization problem, which is guar-
anteed to be feasible. This is shown in the following result.

Lemma 2: The Lyapunov-constrained functional opti-
mization problem

V ∗ =argmax
V∈C(X )

P{V | τ1, . . . ,τN}, (10a)

s.t. E [∆V (xxx)] < 0, ∀xxx ∈ X \{xxx∗} (10b)
E [∆V (xxx∗)] = 0, (10c)

with E [∆V (xxxt)] = E [V (xxxt+1) | xxxt ]−V (xxxt) is feasible.
Proof: Since the perturbed optimal policy π̃ππ asymp-

totically stabilizes system (1) in the sense of Definition 1,
the converse Lyapunov theorem guarantees the existence
of a Lyapunov function satisfying constraints (10b)-(10c)
[10]. Moreover, every Lyapunov function also resembles an
optimal value function for some meaningful cost l [9], which
makes the Lyapunov function a valid solution of (10).
Note that the realization of the stability constraint (7b)
through the constraints (10b) and (10c) does not pose a
restriction to the solution space, since every Lyapunov-like
function is an optimal value function for a continuum of

stage costs with different optimal control laws. Hence, the
considered stability constraints still allow to infer different
agent preferences modelled by the intrinsic costs l.

B. Closed-Form Likelihood Expression

While the focus of the previous section lies on deriving a
feasible expression for the stability constraint, we deal with
the problem of maximizing the posterior (7a) in this section.
In order to solve this problem, we follow a Bayesian ap-
proach, which directly leads to the proportional relationship

P{V | τ1, . . . ,τN} ∝ P{τ1, . . . ,τN |V}P{V}, (11)

where P{V} denotes the prior probability distribution over
value functions V , which is a design choice. Since the
trajectories τ1, . . . ,τN are generated independently using the
perturbed optimal policy π̃ππ , they are conditionally indepen-
dent given the optimal policy πππ∗. Due to (6), this implies

P{τ1, . . . ,τN |V}= P{τ1 |V}· · ·P{τN |V}. (12)

Similarly, observed states xxxn
t along a trajectory τn are con-

ditionally Markovian given the optimal policy πππ∗. Thus, it
follows by the same argument as before that

P{τn |V}= P{xxxn
0 | τn}

T

∏
t=1

P{xxxn
t |V,xxxn

t−1}, (13)

where P{xxx0 |τn}=P{xxx0} is the prior initial state distribution.
Since this prior is independent of V , we have

P{τn |V} ∝

T

∏
t=1

P{xxxn
t |V,xxxn

t−1}. (14)

Because the agent behaves optimally, it follows that for
each of these probabilities, the next state xxxn

t generated by
the policy π̃ππ applied to the state xxxn

t−1 can be determined
using (4). Since the considered perturbations ωωω to the opti-
mal policy (3) are truncated normally distributed, a closed
form expression for the probabilities can be obtained. For
improved readability, we assume ω ∼N (000, IIIn), which is not
particular restrictive in practice, since the deterministic part
of (3) dominates the perturbations in general. Accordingly,
resulting in the following expression for the probabilities

P{xxxn
t |V,xxxn

t−1}= (15)
N (xxxn

t | fff (xxxn
t−1)+ggg(xxxn

t−1)πππ
∗(xxxn

t−1),ggg
ᵀ(xxxn

t−1)ΣΣΣ(xxxn
t−1)ggg(xxx

n
t−1)),

where πππ∗ is defined in (6). By combining all these equalities,
we obtain the log-likelihood

log(P{V | τ1, . . . ,τN})∝ log(P{V})−
N

∑
n=1

T

∑
t=1

(eeen
t )

ᵀ
ΓΓΓ

n
t eeen

t , (16)

where

eeen
t = xxxn

t − fff (xxxn
t−1)−ggg(xxxn

t−1)πππ
∗(xxxn

t−1) (17)

ΓΓΓ
n
t =

(
gggᵀ(xxxn

t−1)ΣΣΣ(xxxn
t−1)ggg(xxx

n
t−1)

)−1
. (18)

This function measures how well the perturbed optimal
policy π̃ππ approximates the observed demonstrations
τ1, . . . ,τN of the agent. Thereby, the optimal value function
V ∗ is indirectly inferred, as it induces the unperturbed
optimal policy πππ∗ via (6), thus, influencing the loss in (16).



However, in order to maximize (16) the optimal policy
πππ∗ is needed. A closed-form expression for πππ∗ is generally
difficult to obtain and is only available for some problems,
e.g., linear systems with quadratic costs. Although (16) can
be practically employed in (7) by approximately solving the
optimal control problem to determine the optimal policy πππ∗,
this approach is computationally demanding in general [4],
particularly considering that the stability constraint needs to
be enforced. Therefore, we make use of the fact that we
already know that V is a Lyapunov-like function due to
the constraints (10b) and (10c). Additionally, we know from
the inverse optimality property and Assumption 3 that there
exists a CLF, which is equivalent to V ∗ [9]. This approach
allows us to construct closed-form control laws π̂ππ for many,
more general system classes, e.g., control-affine systems
[11], [12]. Hence, instead of employing the relationship
between the optimal value function V ∗ and the optimal policy
πππ∗, we propose to approximate the inference problem by
exploiting the closed-form control law π̂ππ coming along with
the CLF. Analogue to before, the Lyapunov-like function V
is fitted by evaluating the incurred loss under the closed-form
control law π̂ππ . This immediately leads to the approximation

log(P{V | τ1, . . . ,τN})∝∼ log(P{V})−
N

∑
n=1

T

∑
t=1

(êeen
t )

ᵀ
ΓΓΓ

n
t êeen

t , (19)

where

êeen
t = xxxn

t − fff (xxxn
t−1)−ggg(xxxn

t−1)π̂ππ(xxx
n
t−1). (20)

This log-likelihood still allows to infer V indirectly by
fitting a policy, merely substituting the optimal policy πππ∗

by the closed-form policy π̂ππ . Thereby, optimization with the
approximate log-likelihood (19) yields a function V , which
reflects the agent’s preferences, since the associated policy
π̂ππ best possibly represents the observed demonstrations
τ1, . . . ,τN . Even though the obtained V is not an optimal
value function in general, this formulation allows to encode
arbitrary agent behaviors in principle, only limited by the
flexibility of the closed-form control policy. This flexibility
is often sufficient to represent arbitrary training data. In the
following theorem this is exemplarily shown for a time-
discrete system with control-affine structure (1) and policy

π̂ππ(xxx) =−β [∇V ( f (xxx))g(xxx)]ᵀ (21)

where β > 0 and (21) is taken from [12].
Theorem 1: Given a control-affine system and a data set

with N trajectories τn generated by an agent with stabilizing
deterministic policy π̂ππ , i.e., ΣΣΣ = 000. If fff (xxx) 6= fff (xxx′) for all
xxx,xxx′ ∈ X , xxx 6= xxx′, there always exists a function V such that
the closed-loop control law (21) generates the training data.

Proof: It it is straightforward to see that the control
Lyapunov policy (21) generates given trajectories τn if

ggg(xxxn
k)πππ(xxx

n
k) =−βggg(xxxn

k)ggg
ᵀ(xxxn

k)(∇V ( fff (xxxn
k)))

ᵀ (22)

holds for all t = 0, . . . ,T −1, n = 1, . . . ,N. This immediately
gives explicit conditions for the gradient of V , e.g., if ggg(xxxn

k)
has full rank, we have

β (∇V ( fff (xxxn
k)))

ᵀ =−(ggg(xxxn
k)ggg

ᵀ(xxxn
k))
−1 ggg(xxxn

k)πππ(xxx
n
k). (23)

Therefore, this condition requires the existence of a function
with specified gradient values, which can be achieved with
a continuous function when its arguments are different.
Since this is satisfied by assumption, i.e., fff (xxx) 6= fff (xxx′) for
all xxx,xxx′ ∈ X , xxx 6= xxx′, a function V generating trajectories τn

using the policy (21) is guaranteed to exist.
Even though this finding demonstrates that the approximation
is flexible enough to represent the training data, a possible
optimality gap between πππ∗ and π̂ππ remains. However, for
uninformative priors in (19) and assuming the noiseless case
π̃ππ = πππ∗, it is possible to make the loss in (20) arbitrarily
small, such that the the closed-form policy π̂ππ and optimal
policy πππ∗ agree on the training data. Since policies π̂ππ

as defined in (21) follow the gradient descent paradigm
similarly as optimal policies, the gradient of a convex optimal
value function exhibits the same direction as that of the
learned CLF on the data. Hence, the level sets of the optimal
value function V ∗ and the CLF V are similar in this case.

C. Formulation as Constrained Kernel Regression Problem

While (10) in combination with the approximate log-
likelihood (19) is theoretically appealing for inferring V , it
requires solving a functional optimization problem, which is
not tractable in practice. Therefore, expressive function ap-
proximators are needed. Due to the lack of structural knowl-
edge regarding the value function V of a human demon-
strator, kernel-methods [13] are suitable, since this class
of machine learning techniques does not take a predefined
structure, but instead constructs one solely using provided
training data. To achieve this, they rely on a kernel function

k : X ×X → R, (xxx,xxx′) 7→ k(xxx,xxx′), (24)

which defines a structure to the data by acting as a similarity
measure between data points. Every kernel defines a so
called reproducing kernel Hilbert space (RKHS)

Hk =

{
h: h(·)=

N

∑
i=1

αik(·,zzzi), ‖h‖k =
∞

∑
i=1

∞

∑
j=1

αiα jk(zzzi,zzz j)<∞

}
,

(25)

where αi ∈ R and zzzi ∈ X . The RKHS comprises all the
functions that can be approximated through the kernel.

Since we cannot optimize over arbitrary functions,
we restrict ourselves to a parameterization of continuous
functions. Linear combinations of universal kernels are
particularly well-suited, since their spanned function space
Hk is known to be dense in the continuous functions, thus,
allowing to approximate continuous functions arbitrarily
well [14]. Moreover, due to the analogy between certain
kernel regression problems and Gaussian process regression
[15], the prior P(V ) can be intuitively defined, such that
log(P(V )) ∝ −‖V‖k. This results in the constrained kernel
regression problem

min
V∈Hk

N

∑
n=1

T

∑
t=1

(êeen
t )

ᵀ
ΓΓΓ

n
t êeen

t +λ‖V‖2
k , (26a)

s.t. E [∆V (xxx)]< 0 for all xxx ∈ X \{xxx∗}, (26b)
E [∆V (xxx∗)] = 0, (26c)



where λ ∈ R+ is a small constant.
The stability constraint (26b) remains a restriction prevent-

ing the direct implementation of this optimization problem,
as it must hold for an uncountable, infinite set of states
xxx. This condition can only be resolved exactly in simple
problems, e.g., quadratic Lyapunov functions and linear
systems. Therefore, we relax the stability condition and allow
an increase of the Lyapunov function along trajectories in
a small neighborhood Bξ = {xxx ∈ X : ‖xxx− xxx∗‖ ≤ ξ} of the
equilibrium xxx∗, such that convergence of the closed-loop
system trajectories to a neighborhood of the equilibrium is
still guaranteed [16]. This allows us to approximate (26) as a
practically tractable optimization problem using a discretiza-
tion of the stability conditions, such that strong theoretical
guarantees are retained as shown in the following theorem.

Theorem 2: Let Xξ = {x̂xx1, . . . , x̂xxNξ
}, Nξ ∈N+ be a dis-

cretization over X with grid constant ξ ∈ R+, i.e., ξ =
maxxxx∈X minxxx′∈Xξ

‖xxx−xxx′‖. Moreover, consider a continuous
kernel k, continuous system dynamics fff and ggg and let
L∆V denote the Lipschitz constant of E [∆V (xxx)]. Then, any
solution V ∈Hk of the optimization problem

min
V∈Hk

N

∑
n=1

T

∑
t=1

(êeen
t )

ᵀ
ΓΓΓ

n
t êeen

t +λ‖V‖2
k , (27a)

s.t. E [∆V (x̂xxi)]<−L∆V ξ , ∀x̂xxi ∈ Xξ \{x̂xx∗} (27b)

E [∆V (x̂xx∗)]≤ 0 (27c)
x̂xx∗ = argmin

x̂xxi∈Xξ

V (x̂xxi), (27d)

admits a representation of the form

V (·) =
N

∑
n=1

αnk(xxxn, ·)+
Nξ

∑
i=1

αN+ik(x̂xxi, ·), (28)

and satisfies condition (10b) for system (4) on all X \Bξ .
Proof: The constrained optimization problem (27) can

be transformed into an unconstrained one by using Lagrange
multipliers. Since the regularizer ‖V‖2

k is strictly increasing
on [0,∞[, the obtained unconstrained regularized risk func-
tional conforms to the requirements of the generalized repre-
senter theorem, which guarantees that a solution of the form
(28) is admitted [17]. This proves the first part of the theo-
rem. The second part follows from continuity of the kernel
k, such that all functions of the form (28) are continuous. To-
gether with the continuity of fff and ggg follows that ∆V is con-
tinuous, which immediately implies the existence of a Lips-
chitz constant L∆V on X . Therefore, tightening the stability
constraint (10b) by L∆V ξ on the grid Xξ \{x̂xx∗} ensures that it
is satisfied for all xxx ∈X \Bξ , which concludes the proof.
In order to transform the stability conditions into tractable
constraints, we adopt a discretization approach in Theorem 2,
which is a commonly used method in the context of numer-
ical analysis of non-parametric Lyapunov functions [18],
[19]. It can be seen clearly that this approach requires
trading-off computational complexity and flexibility of the
feasible solutions, since small values of ξ result in a slight
constraint tightening, but in turn cause a high computational
complexity. This can be exploited by employing multi-
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Fig. 1. Contours of the ground truth value function illustrated in blue,
dashed lines and the learned CLF given in green. The purple stars depict
the training data, while the greyed out part shows the data free area.

resolution grids, in which the grid constant is adapted to the
training data and the dynamics, such that high flexibility is
provided where required, while unnecessary computational
effort is avoided. In order to further reduce the conservatism
of the constraint tightening, multi-resolution grids can be
combined with local Lipschitz constants, which can be
efficiently computed for kernel methods using GPUs [20].

IV. EVALUATION

For the evaluation of the proposed approach, we examine
two scenarios. First, the principle capacity of the CLF
to approximate an optimal value function is shown, by
considering a linear-quadratic problem for which ground
truth information is known. Secondly, the flexibility of
the method is demonstrated by learning from human
demonstrations in a goal-directed movement task.

In the first problem, we consider a system governed by
the linear dynamics xxxt+1 = AAAxxxt +BBBuuut and define a quadratic
running cost c(xxxt ,uuut) = xxxᵀt QQQxxxt +uuuᵀt RRRuuut , where

AAA=

[
1 0.1
0 0.9

]
, BBB=

[
1 0
0 1

]
, QQQ=

[
1 0
0 0.5

]
, RRR=

[
15 0
0 15

]
.

Using the LQR it is straightforward to compute the optimal
value function, which takes a quadratic form here. To learn
the CLF we observe the one step trajectories generated by
the deterministic optimal feedback control, i.e., ΣΣΣ = 000, at
N = 120 points. The state space is bounded in X ∈ [−5,5]2

and an 11 × 11 grid spanning equidistantly over the
state space is used to ensure the stability constraint. The
regularization factor is set to λ = 1/N̄, where N̄ = NT +Nξ

equals the total number of observed data points. The
optimization is initialized with ααα = 000 and the control law
is given by (21) with β = 0.2. In Fig. 1 the contour plots
for the ground truth value function and the learned CLF are
depicted. It can clearly be seen that both functions agree in
the shape of their level curves in areas of the state space,
where training data is provided. Thus, the learned Lyapunov-
like function constitutes an appropriate approximation for
the optimal value function. However, the approximation
does not take a quadratic form in the data free area, since
the kernel-based approach does not assume a predefined
structure and requires data to build one. Therefore, our
proposed method remains flexible in approximating the



0 1 2 3 4 5

0

1

2

3

4

5

x∗

x1

x
2

0 1 2 3 4 5
x1

training data Lyapunov function

reproduced trajectory learned model

Fig. 2. (Left) Depiction of the goal-directed movement task environment.
The goal position xxx∗ is indicated by the bold circle on the bottom right. The
grey, transparent rectangles visualize areas associated with high costs. With
purple lines the human demonstrations are depicted. (Right) Visualization of
the kernel regression result for the goal-directed movement task. The learned
Lyapunov function is visualized in form of a projected surface plot and as
streamlines (black) along the gradient direction. The simulated trajectories
under the inferred control law π̂ππ are given in green.

value function and does not limit the expressiveness of
resulting control policies. We demonstrate this flexibility in
the following learning from human demonstrations task.

The task is performed in a two-dimensional, continuous
space, where the demonstrator attempts to reach a target
position, whilst avoiding areas associated with high costs.
The environment and human generated demonstrations are
depicted in Fig. 2 on the left. Generally, this setup can
be thought of as an abstraction of typical programming
by demonstration tasks, i.e., human reaching motions. The
considered system is driven by the nonlinear dynamics

fff (xxx) =
[

x1 (1+ s(x1))
x2
(
1+ s(x2)cos2 (π

5 x2)
)] (29)

where s(x) = (2/(1 + exp(x − 2.5)) − 1)sin2 (πx/5) and
ggg(xxx) = (2− cos2 (πx2/5)sin2 (πx1/5))III2, xxx = [x1 x2]

ᵀ.
The state space is bounded in X ∈ [−0.5,5.5]2 and a

10× 10 grid spanning equidistantly over the state space is
used. The number of observed trajectories is N = 4 and we
sample T = 11 observations from each trajectory. For the
computation of the expectation in (27) we draw and average
over five points generated by a Gaussian distribution with
standard deviation σ = 0.05, centered around the determin-
istic V . The regularization factor λ , the initialization of ααα

and the control factor β stay the same as before.
From the results in Fig. 2 it can clearly be seen that the

proposed method is capable of simultaneously learning a
Lyapunov function and an accompanying control law that
drives any point in the bounded state space to the desired
equilibrium point, i.e., the system is asymptotically stable.
When comparing the reproduced trajectories generated by
the control law (21) with the training data, it becomes
apparent that the inferred control policy reflects the depicted
preferences in the human demonstrations. This demonstrates
that the learned Lyapunov function is flexible enough to
encode the observed behavior in a similar fashion as a

value function would. Furthermore, this is accomplished in
a data efficient manner, since our method only requires 44
human-generated data points for the presented results.

V. CONCLUSION

This paper presents a novel perspective on the IRL infer-
ence problem, by using tools from dynamical system theory.
Based on the concept of inverse optimality, the inference
task is reformulated to learning CLFs from demonstrations.
Through kernel-based non-parametric regression the CLFs
are learned efficiently and with minimum structural assump-
tions. Finally, derived policies are certifiably stable and are
shown to encode the preferences of the human demonstrator.
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