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ABSTRACT 
 

In this work an optimization of a Rankine cycle, nested into a long-range intercity bus for the recovery 

of exhaust gas exergy is carried out. In order to optimize WHR-systems, it is of great importance to 

carry out a holistic optimization of the system in combination with all its subsystems and components. 

The applied working fluid is cyclopentane and the expander design is of scroll type. The main 

contributors to efficiency changes are the expansion machine and the heat exchangers. As can be seen 

in the literature, the process optimization is often carried out by assuming a constant efficiency of the 

expansion machine. If this is done, the relationship between the thermodynamic points of state applied 

to the in- and outlet of the expander and its efficiency is neglected. Thus, the full optimization potential 

of the process remains unused and leads to a non-realistic behaviour of the expander. In this paper a 

holistic approach to optimize the expansion machine and the thermodynamic process states is presented. 

The optimization is carried out by using accurate thermophysical properties of the working fluid. Part 

of this optimization is a novel approach to enable the scalability of the expander. The basis is a semi-

empirical model well-known in the literature. This model allows the prediction of the expander 

performance in a wide operating range. To enable the optimization of the sizing of the expander, the 

model parameters are scaled based on the geometry and selected characteristic numbers. A stationary 

optimization is carried out. Thanks to its reasonable computational effort of the modelling approaches, 

an application in transient optimizations is feasible in future works.  

 

1 INTRODUCTION 
 

Space provided in vehicles is highly demanded. Therefore, a successful implementation of a Rankine 

cycle into the long-range intercity bus requires an appropriate sizing of the components. On the one 

hand high efficiency is desired. On the other hand, thermodynamic ideal systems yield in large 

components and complex systems with a negative impact on the efficiency and the operability of the 

omnibus. An optimization process can be a suitable tool to obtain a solution for the conflicting goals. 

The expander is a main contributor to the losses inside the Rankine cycle. If the expander is not properly 

designed, the result might be a severe reduction of the overall system efficiency. Complex physical 

models of expanders e.g. shown in Ma et al. (2017) or Wu et al. (2015) are cumbersome and 

computationally expensive. An integration into a holistic optimization approach for the design of a 

Rankine cycle is complicated and convergence is difficult to achieve. To mitigate these challenges a 

novel approach is developed. The base model is a loss based expander model of a scroll expander with 

a more extensive physical background than the most models used in the literature for such optimization 

approaches. This base model still lacks of a geometrical binding. Without additional constraints, it is 

not suitable for geometrical scaling in the optimization process. A scaling method is developed to 

receive a binding to the changes of the expander scroll-geometry. This method is applied to scale the 

parameters in the base model. 
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2 RANKINE CYCLE 
 

The investigated Rankine cycle is shown in Figure 1. It consists of a pump, an evaporator, the scroll 

expander, an internal heat exchanger, and a condenser with a subcooling part. The evaporator is supplied 

with exhaust gas to evaporate the working fluid. The condenser is cooled by ambient air. It consists of 

the air cooler 1 to liquify the working fluid and the air cooler 2 for the subcooling. The pressure in state 

1 is regulated by a PI-controller by setting the speed of fan 1 and another PI-controller sets the speed of 

fan 2 and thus controls the subcooling of the working fluid. Through the speed of the pump the degree 

of overheating in front of the expander is controlled by means of another PI-controller. A final PI-

controller sets the expander speed and thus controls the pressure in state 3. The PI-controllers are only 

shown for the completeness and understanding of the real cycle, but are not of interest for steady state 

operation.  

 

 

 
 

Figure 1: Schematic Overview of the modelled Rankine cycle 

 

3 SIMULATION MODEL 
 

3.1 Rankine cycle 

The Rankine cycle described in Chapter 2 is composed of different components of which the most 

important ones will be described in their modelling. The net power output is given as 

 �̇�res = �̇�sh − �̇�p − �̇�f1 − �̇�f2. (1) 

The modelling approach for the pump and the fans is efficiency based and the shaft power is calculated 

with a given constant isentropic efficiency by 
 

�̇� =
1

𝜂is
�̇�Δ𝑝. (2) 

The heat exchangers are modeled as fin and tube types, using a finite volume approach. An exhaustive 

description of the modelling approaches is out of the scope of this paper, but can be found in Kaiser 

(2020) . The modelling of the expander is based on a well-known approach, as shown in Chapter 3.2, 

but altered to allow for scaling of the end involute angle 𝜙e and thus the volume ratio ΠE, as shown in 

Chapter 3.3.  

 

3.2 Expander  

The model on which the scaling method is applied, is the semi-empirical model depicted in Figure 2, 

which is derived from the model described in Lemort et al. (2009). Models that are similar or even 

derived from Lemort et al. (2009) are popular and can also be found in more recent literature (e.g. 

Panesar and Bernagozzi (2019), Fanelli et al. (2018), Ayachi et al. (2016)). The following changes of 

state of the working fluid are considered in the model as described in Lemort et al. (2009): 
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su → su, 1: Adiabatic and isenthalpic pressure drop1 

su, 1 → su, 2: Isobaric heat transfer 

su, 2 → thr, l: Isentropic pressure drop of the leakage mass flow 

su, 2 → ad: Isentropic expansion up to the internal volume ratio, transfer of technical work to 

the orbiting expander shell 

ad → ex, 2: Accounting for under- or over-expansion: performing the difference of work that 

is needed for exhausting the volume 𝑉ad at the pressure 𝑝ad in relation to the 

pressure 𝑝ex,2 (see Winandy et al. (2002)) 

→ ex, 1: Mixing of the mass flows �̇�in and �̇�leak 

ex, 1 → ex: Isobaric heat transfer 

  

  

 
 

Figure 2: Conceptual scheme of the expander model 

 

The system of equations for the calculation of the state variables is shown in Table 1. 

 

Table 1: System of equations for the calculation of the state variables inside the model. Herein means 

𝑓(𝑥, 𝑦) the solution of the equation of state of the unknown state variable. The mass flow �̇� and the 

values in the grey shaded table blocks are given values. The localization 𝑖 of the state points is shown 

in Figure 2. 

𝑖 𝑝𝑖  ℎ𝑖 𝑠𝑖 𝜚𝑖  𝜗𝑖 

su 𝑝su ℎsu 𝑓(𝑝su, ℎsu) 𝑓(𝑝su, ℎsu) 𝑓(𝑝su, ℎsu) 

su, 1 𝑝𝑠𝑢 −
1

2𝜚su

(
�̇�

𝐴sup

)

2

 ℎsu 𝑓(𝑝su,1, ℎsu,1) 𝑓(𝑝su,1, ℎsu,1) 𝑓(𝑝su,1, ℎsu,1) 

su, 2 𝑝su,1 ℎsu,1 −
�̇�su

�̇�
 𝑓(𝑝su,2, ℎsu,2) 𝑓(𝑝su,2, ℎsu,2) 𝑓(𝑝su,2, ℎsu,2) 

thr, l max (𝑝ex,2, 𝑝crit,leak) 𝑓(𝑝thr,l, 𝑠thr,l) 𝑠su,2 𝑓(𝑝thr,l, ℎthr,l) 𝑓(𝑝thr,l, ℎthr,l) 

ad 𝑓(𝑠ad, 𝜚ad) 𝑓(𝑠ad, 𝜚ad) 𝑠su,2 𝜚ad = 𝜚su,2

1

ΠE
 𝑓(𝑠ad, 𝜚ad) 

ex, 2 𝑝ex ℎad −
1

𝜚ad

(𝑝ad − 𝑝ex,2) 𝑓(𝑝ex,2, ℎex,2) 𝑓(𝑝ex,2, ℎex,2) 𝑓(𝑝ex,2, ℎex,2) 

ex, 1 𝑝ex 
�̇�leakℎsu,2 + �̇�inℎex,2

�̇�
 𝑓(𝑝ex,1, ℎ𝑒𝑥,1) 𝑓(𝑝ex,1, ℎex,1) 𝑓(𝑝ex,1, ℎex,1) 

ex 𝑝ex ℎex,1 −
�̇�ex

�̇�
 𝑓(𝑝ex, ℎex) 𝑓(𝑝ex, ℎex) 𝑓(𝑝ex, ℎex) 

 

                                                      
1 The modeling of the pressure drop is changed compared with Lemort et al. (2009) from an isentropic to an 

isenthalpic one because the authors consider it as a more physical plausible modelling approach. 
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The first law of thermodynamics leads to the following equation for the energy balance of the fictitious 

isothermal envelope with the temperature 𝑇w 

 0 = �̇�loss + �̇�su + �̇�ex − �̇�amb, (3) 

with the heat flux �̇�amb given through 

 �̇�amb = 𝛼amb𝐴amb(𝑇w − 𝑇amb). (4) 

The heat transfer occurring in  su, 1 → su, 2 and ex, 1 → ex is described with the equation 

 
�̇�𝑖 = 𝑐𝑝,𝑖(𝜗𝑖 − 𝜗w) (1 − 𝑒

−
𝑘𝐴𝑖

�̇�𝑐𝑝,𝑖).  (5) 

It is derived from the integration of the temperature difference of a fluid flow over a heat transfer area 

with constant surface temperature. The mass flow rate �̇� entering the machine is composed of the 

leakage mass flow rate through the scroll geometry �̇�leak and the mass flow passing through the scroll 

under ideal conditions �̇�𝑖𝑛 

 �̇� = �̇�in + �̇�leak. (6) 

The mass flow  �̇�in is quantified through the suction volume 𝑉s,exp, the revolutions per time 𝑁, and the 

density 𝜚su,2 adjacent to the suction port of the scroll shells 

 �̇�in = 𝑁𝑉s,exp𝜚su,2. (7) 

The leakage mass flow through the scroll geometry is calculated with 

 
�̇�leak = 𝐴leak𝜚thr,l√2(ℎsu,2 − ℎthr,l), (8) 

while a mass flow limit by reaching a certain pressure ratio is to consider 

 

𝑝crit,leak = 𝑝su,2 (
2

𝛾 + 1
)

𝛾
𝛾−1

. (9) 

The power �̇�in delivered between su, 2 → ex, 2 is given through 

 �̇�in = �̇�in(ℎsu,2 − ℎad) + �̇�in(ℎad − ℎex,2). (10) 

Reduced by the losses �̇�loss, the power �̇�sh is received 

�̇�sh = �̇�in − �̇�loss = �̇�in − 2𝜋𝑁𝑇loss. 
The model is characterized by the 9 parameters shown in Table 2 with the values given in Lemort et al. 

(2009). Those parameters have to be altered with the scaling of the volume ratio. The changes in the 

model made in this work are described as follows. The values in Table 2 are used as the base parameters 

for the scaling. 

 

Table 2: Expander model parameters and their values in Lemort et al. (2009)  

𝛼amb𝐴amb 𝑘𝑛𝐴su,L 𝑘𝑛𝐴ex,L �̇�n 𝐴leak,L ΠE,L 𝑉s,exp 𝐴sup 𝑇loss,L 

W/K W/K W/K kg/s mm² - cm³ mm² Nm 

6.4 21.2 34.2 0.12 4.6 4.05 36.54 27.43 0.47 

 

3.3 Scaling Method 

Since the heat transfer between su, 1 → su, 2 and ex, 1 → ex is modeled as a solely convective heat 

transfer between the fluid and the fictitious isothermal envelope, it can be calculated with 

 𝑘𝐴𝑖 = 𝛼𝑖𝐴𝑖. (11) 

To enable both the sizing of the geometry and the changing of the working fluid, the heat transfer 

coefficient will be calculated by means of a Nusselt-correlation 

 
𝛼𝑖 =

𝑁𝑢𝜆

𝐿𝑖
. (12) 

Equivalent to Lemort et al. (2009) the Nusselt number is calculated for a straight pipe and thus the 

Dittus-Bölter equation is chosen (Incropera et al., 2007) 

 𝑁𝑢 = 0.023𝑅𝑒0.8𝑃𝑟0.3. (13) 

A well-chosen characteristic length 𝐿su for the calculation of 𝛼𝑖 = 𝛼su is determined for the geometry 

of Lemort et al. (2008). The characteristic length 𝐿ex is a function of the end involute angle and is 

calculated through 
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𝐿ex = 𝐿su√ΠE.  (14) 

The areas 𝐴su,L and 𝐴ex,L are calibrated on the model of Lemort et al. (2009), so that the area 𝐴su can 

be calculated through 

 
𝐴su = 𝐴su,geo

𝐴su,L

𝐴su,L,geo
, (15) 

and 𝐴ex through 

 
𝐴ex = 𝐴ex,L

ΠE

ΠE,L
. (16) 

The geometrical areas are calculated with the shell radius 𝑅sh as  𝐴𝑖,geo = 𝜋𝑅sh
2  and 𝐴𝑖,L,geo with the 

given parameters in Lemort et al. (2008). In general the shell radius is a function of the end involute 

angle and the governing equation can be found in Ma et al. (2017). 

The friction force 𝐹Fr between two bodies can be described by (Beater, 1999) 

 𝐹Fr = 𝑘𝑣 + (𝐹𝐶 + 𝐹𝐻𝑒−𝑐1|𝑣|)𝑠𝑔𝑛(𝑣). (17) 

Since the scroll expander is an oil-free type, the viscous friction 𝑘𝑣 will be neglected. Therefore, if the 

relative velocity 𝑣 between the bodies is sufficiently high, only the Coloumb force 𝐹C needs to be 

considered 

 𝐹C = 𝜇 ⋅ 𝐹N = 𝜇 ⋅ 𝑝con𝑆N. (18) 

The force 𝐹C multiplied with the lever arm 𝑅𝑂𝑟 results in a constant loss torque. These considerations 

align well with the measurements of an oil-free scroll expander in Yanagisawa et al. (2001). It showed 

that the mechanical loss torque was nearly independent of the rotational speed. To obtain a similar size 

of the clearances of the radial leakage paths in the scroll geometry during the scaling of the volume 

ratio of the expander, it is assumed that the contact pressure 𝑝con between the scroll wraps and the base 

plates needs to remain constant. Under these considerations the following equation for the loss torque 

is received 

 𝑇Loss = 2𝑆Scroll𝑝con𝜇𝑅Or. (19) 

The area 𝑆Scroll describes herein the projected area of one scroll wrap on the base plate, calculated as 

shown in Ma et al. (2017). The value for 𝑝con𝜇 is calculated with the parameters in Table 2 and the 

geometry given in Lemort et al. (2008). 

The geometrical leakage area for the scroll geometry is calculated as 

 𝐴leak,geo = 𝐴f + 𝐴r. (20) 

The area 𝐴f describes the size of the flank clearance 

𝐴f = 𝛿fℎs, (21) 

the area 𝐴r the size of the radial clearances. To receive an over one turn of the scroll wrap averaged 

value, the clearance length of a pocket is integrated over its lifetime (𝜃ex,end − 𝜃su,0) and averaged 

�̅�r =
1

𝜃ex,end − 𝜃su,0
∫ 2𝜋𝑎𝜃 𝑑𝜃

𝜃ex,end

𝜃su,0

=
2𝜋𝑎(𝜃ex,end

2 − 𝜃su,0
2 )

𝜃ex,end − 𝜃su,0
 . (22) 

The area 𝐴r can now be calculated through 

𝐴r = 𝛿r�̅�r. (23) 

Then the scaling is done with  

𝐴leak =
𝐴leak,L

𝐴leak,L,geo
𝐴leak,geo. (24) 

Since this work is limited to the scaling of the end involute angle and thus the volume ratio, the inner 

area of the geometry of the expander scroll wraps is unchanged. Consequently, the suction volume and 

the area 𝐴sup remain constant. 

 

4 OPTIMIZATION PROCEDURE AND RESULTS  
 

In this paper a collective optimization approach of the expansion machine and the thermodynamic 

points of state is carried out. The used optimization algorithm is the gradient based SLSQP-optimizer, 

as provided within the scipy library in python. At first, two different optimization procedures are carried 
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out. In both cases the expander model described in Chapter 3.3 is used, while the thermodynamic points 

of state 𝑝3, ℎ3, 𝑝1, and ℎ1 are optimized. In the first one, the parameters 𝐴leak,L, 𝐴su,L, 𝐴ex,L, 𝑇loss,L and 

ΠE,L of Table 2 are used, and thus the expander geometry remains unchanged and will be further called 

base expander. In the second case the volume ratio of the expander is also optimized through changing 

the end involute angle. The objective function of the optimization problem in all cases is Equation (1). 

The optimization takes place in a stationary exhaust gas state (𝑇 =  350 °C, �̇�ehx  =  0.2675 kg/s). 

Optimal control strategies are out of scope of this paper, as a consequence a fixed point has been chosen. 
 

Table 3: Optimization parameters and results 

 𝑝3 ℎ3 𝑝1 ℎ1 ΠE 𝜂Exp 𝜂E𝑥 

 bar kJ/kg bar kJ/kg - % % 

Constraints 

 

≤ 45.71 

(critical 

pressure) 

≤ 850 

always 

superheated 

≥ 1 always 

subcooled 

≤ 15 - - 

Base expander 17.90 603.9 1.77 16.90 4.05 70.05 26.91 

Optimized expander 18.13 610.9 1.76 17.32 4.65 70.03 27.09 

 
Table 3 shows the optimization constraints and also the results of the two optimization procedures like 

the exergetic efficiencies of the processes and the corresponding overall efficiencies of the expansion 

machine. The exergetic efficiency is defined as the net power output divided by the provided exergy 

flow of the heat source 

 
𝜂Ex =

�̇�res

�̇�
, (25) 

and the overall efficiency of the expander is calculated through 

 
𝜂Exp =

�̇�sh

(ℎ4,Is − ℎ3)
, (26) 

with the enthalpy ℎ4,Is which would be reached if the expansion from state point 3 to 4 would be 

reversible. Figure 3 shows the essential state diagrams of the optimized expander. In Table 3 it can be 

seen that, after the optimization, there is no improvement of the overall expander efficiency and the 

increase of the exergetic efficiency is marginal, even though the volume ratio changes by more than 

10 % compared to the base expander. This leads to the assumptions, that either the parameter set of the 

base expander is already close to the optimum, and/or that the result is dominated by the optimization 

of the process variables (𝑝3, ℎ3, 𝑝1, and ℎ1) 

 

 

 
 

Figure 3: Log(p)-h-diagram (left) and t-h-diagram (right) of the final optimization result 
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In order to isolate this effect a two-step sensitivity analysis is carried out with respect to the volume 

ratio. In the first step, the optimized thermodynamic points of state are kept constant. The volume ratio 

is varied. The results are depicted in Figure 4 in blue. In the second step, the optimization problem for 

the thermodynamic points of state (𝑝3, ℎ3, 𝑝1, and ℎ1) is solved while the volume ratio is varied. The 

results are depicted in Figure 4 in red. As one can see, the overall optimization result is, as expected, 

influenced by both the optimization of the thermodynamic points of state and the optimization of the 

geometric design of the expander. It shows that a poorly designed expander regarding to its volume 

ratio cannot be compensated by the optimization of the thermodynamic points of state. At a small 

distance to the ideal expander the exergetic efficiency of the process first drops slightly, but with rising 

deviation the losses increase noticeably. This leads to the realization that the origin parameters 𝐴leak,L, 

𝐴su,L, 𝐴ex,L and 𝑇loss,L in Table 2 are close to the optimal volume ratio in consideration of the single 

given exhaust state. The small gradient of the exergetic efficiency in the area of the ideal expander leads 

the optimizer to a great change in the volume ratio with little influence on the exergetic efficiency. But 

if the expander is poorly designed a greater influence can be expected because of the sharply increasing 

losses with rising distance. It can be concluded that an optimization of the expander geometry should 

be included in addition to the optimization of the thermodynamic points of state. The modified expander 

model gives the option to do so. Still, this statement is the result of the examination of a single exhaust 

state and a more exhaustive investigation should be carried out in future works. Further is to say, that 

in a driving cycle of a long-range intercity bus the operation is highly dynamic and leads to highly 

transient operating conditions in the Rankine cycle. Thus, an optimal control design is needed. An 

influence of the optimal control design on the optimal design of the expander is assumed and should 

also be investigated. 

 

 

 
 

Figure 4: Results for the exergetic (left) and overall expander efficiency (right) in dependency of the 

volume ratio for optimized thermodynamics points of states in red and constant ones in blue 

 

5 CONCLUSION 
 

It is shown that the developed expander model with the ability of the scaling of the volume ratio works 

in the scope of a whole system optimization approach. The optimization of the expander geometry in 

addition to the optimization of the thermodynamic points of state shows potential and is highly 

recommended. The solely optimization of the points of states cannot outperform the combined 

optimization, especially if the expander has a poor design regarding to the boundary conditions.  

 

NOMENCLATURE 
 

�̇� Power W  Subscript  

�̇� Heat flux W  res Resulting 

�̇� Mass flow rate kg/s  sh Shell 
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�̇� Volume flow m3/s  p Pump 

𝑚 Mass kg  amb Ambient 

𝑉 Volume m3  f1 and f2 Fan 1 and 2 

𝑝 Pressure Pa  Is Isentropic 

Δ𝑝 Pressure difference Pa  su Suction 

ℎ Enthalpy kJ/kg  sup Suction port 

𝑠 Entropy kJ/(kgK)  thr,l Throat leakage path 

𝜚 Density kg/m3  ad Adiabatic 

𝑇 Temperature K  ex Expansion  

𝜗 Temperature °C  𝑖 Subscript (position) 

𝐴 Area m2  crit,leak Critical Leakage 

𝜂 Efficiency -  E Expander 

𝑐 Spec. heat capacity kJ/(kgK)  leak and l Leakage 

𝑐𝑝 Isobaric 𝑐 kJ/(kgK)  loss Loss 

𝑘𝐴 Thermal transmittance W/m2  in Internal 

𝑉s,exp Suction volume expander m3  w Wall 

𝛾 Heat capacity ratio -  L Lemort 

𝑇loss Loss torque Nm  end or e End 

𝑁𝑢 Nusselt number -  N Normal 

𝜆 Thermal conductivity W/m  con Contact 

𝐿 Characteristic length m  Or Orbiting 

𝑅𝑒 Reynolds number -  geo Geometrical  

𝑃𝑟 Prandtl number -  f Flank  

𝐹 Force N  r Radial 

𝑣 Velocity m/s  C Coulomb 

𝜇 Coefficient of friciton -  s Scroll 

𝑆 Surface area m2  H Static 

R Radius m  Ex Exergetic 

𝛿 Leakage clearance m  ehx Exhaust gas 

𝑐1 Decay coefficient s/m    

�̅�r Averaged radial leakage 

length 
m  Abbreviations   

𝜙 Involute angle rad  SLSQP Sequential Least 

Squares Programming 

Optimization 

Algorithm 

𝜃 Orbiting angle rad   

ℎs Height of scroll m   

𝛼 Heat transfer coefficient W/(m2K)   

�̇� Exergy flow W    
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