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We calculate analytically the three-loop planar master integrals relevant for heavy-to-light form factors 
using the method of differential equations. After choosing a proper canonical basis, the boundary 
conditions are easy to be determined, and the solution of differential equations is greatly simplified. 
The results for seventy-one master integrals at general kinematics are all expressed in terms of harmonic 
polylogarithms.
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1. Introduction

Huge samples of top quarks at the LHC and B mesons in 
B-factories provide us good opportunity to precisely measure the 
properties of heavy quarks, e.g., the CKM matrix element |V ub|, 
which may give some clues for the new physics. To match the 
increasing experimental precision, higher-order theoretical predic-
tions are mandatory.

The heavy quark form factor is an important ingredient of the 
higher-order calculations on the heavy quark production, and has 
been explored up to the third order in αs [1–4]. In contrast, the 
heavy-to-light form factor, which is a base for the calculation of 
the heavy quark or meson decay [5–13], has been studied so far 
only up to the second order [8,14,15]. In order to achieve a uni-
form precision for the production and decay, it is necessary to 
improve the knowledge of the heavy-to-light form factor to the 
third order too. In this work, we calculate, as a first step toward 
this goal, the three-loop planar master integrals for the heavy-to-
light form factors. We consider an arbitrarily momentum transfer 
so that our result can be applied not only in a heavy quark de-
cay, but also in other processes, such as W ′ → tb̄ or heavy quark 
production via deep inelastic scattering.

Another motivation of our work is the understanding of the in-
frared divergences of the amplitude involving both massless and 
massive particles. The general structure of the infrared divergence 
in a massive amplitude has been investigated up to two loop level 
[16–22]. It is interesting to explore the structure at even higher or-
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ders. Our project, once completed, would help to see this infrared 
structure.

Our calculation relies on the method of differential equations 
[23,24], and is highly inspired by the strategy of choosing a proper 
basis with uniform transcendentality proposed in ref. [25]. This 
choice simplifies the solution of differential equations significantly, 
and has been successfully applied in [26–41] and many other 
works. In addition, we utilise several properties of the master in-
tegrals around the (pseudo-)singularities to reduce the determina-
tion of the boundary condition to simple or even trivial integrals.

This paper is organised as follows. In section 2 we present 
the canonical basis and the corresponding differential equations. 
We discuss the determination of boundary conditions in section 3. 
Conclusions are given in section 4. The analytic results as well as 
the rational matrices are provided in ancillary files.

2. Canonical basis and differential equations

Though our goal is to calculate the full three-loop heavy-to-
light form factor, we focus first on the leading color contribution, 
which constitutes a gauge invariant part and dominates the full 
result in the large Nc limit. As such, we consider the color-planar 
integrals in this work. The corresponding topologies of the inte-
gral families are shown in Fig. 1. All these scalar integrals can be 
formulated as

In1,n2,...,n12

=
∫ Ddk1 Ddk2 Ddk3

Dn1 Dn2 Dn3 Dn4 Dn5 Dn6 Dn7 Dn8 Dn9 Dn10 Dn11 Dn12
(1)
1 2 3 4 5 6 7 8 9 10 11 12
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Fig. 1. The color-planar three-loop topologies for the heavy-to-light form factor. The bold lines represent massive particles, while the thick lines indicate massless particles.
with the propagator defined by

D1 = −(k1 + p1)
2 + m2, D2 = −(k2 + p1)

2 + m2,

D3 = −(k3 + p1)
2 + m2, D4 = −(k3 + p2)

2,

D5 = −(k2 + p2)
2, D6 = −(k1 + p2)

2, D7 = −k2
1,

D8 = −(k1 − k2)
2, D9 = −(k2 − k3)

2, D10 = −(k1 − k3)
2,

D11 = −k2
2, D12 = −k2

3,
and

Ddki ≡ m2ε

πd/2�(1 + ε)
ddki, d = 4 − 2ε . (2)

The heavy and light quarks are both on-shell, i.e., p2
1 = m2, p2

2 = 0, 
and we consider an arbitrary momentum transfer (p1 − p2)

2 ≡ s. 
All the color-planar scalar integrals considered can be described 
by the parametrization of eq. (1). Note that for the definition of 
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planar integrals in eq. (1), each index can be positive but the total 
number of positive indices is less than or equal to nine.

The first step of the calculation is to set up the differential 
equations. The derivative with respect to the kinematic variable 
s can be written in terms of a derivative respect to the external 
momentum,

∂

∂ s
= 1

s − m2
p2 · ∂

∂ p2
. (3)

The planar scalar integrals shown in Fig. 1 can be reduced to 
a set of 71 master integrals by using the FIRE package [42]. In-
spired by the way of choosing canonical basis presented in [2,27], 
we choose a basis F = {F1, . . . , F71} for the master integrals,

F1 = m6 I3,3,3,0,0,0,0,0,0,0,0,0 ,

F2 = ε2 m4 I0,2,3,0,0,0,1,2,0,0,0,0 ,

F3 = ε3 m2 I0,0,2,0,0,0,2,2,1,0,0,0 ,

F4 = (ε − 1)(1 + 4ε)ε m2 I2,0,2,0,0,0,0,2,1,0,0,0 ,

F5 = ε s m4 I3,3,2,1,0,0,0,0,0,0,0,0 ,

F6 = ε3 s I2,0,0,2,0,0,0,2,1,0,0,0 ,

F7 = ε2 m2 (2ε I2,0,0,2,0,0,0,2,1,0,0,0

+ (s − m2) I3,0,0,2,0,0,0,2,1,0,0,0) ,

F8 = ε2 s m2 I2,0,3,0,2,0,0,1,0,0,0,0 ,

F9 = ε2 m2 (−2m2 I2,0,3,0,2,0,0,1,0,0,0,0

+ (s − m2) I1,0,3,0,2,0,0,2,0,0,0,0) ,

F10 = ε2 s2 m2 I3,2,2,1,1,0,0,0,0,0,0,0 ,

F11 = ε4 (s − m2) I0,0,1,1,0,0,2,2,1,0,0,0 ,

F12 = ε3 m2 I0,2,0,0,0,0,2,1,2,0,−1,1 ,

F13 = ε4 (s − m2) I0,2,0,2,0,0,1,1,0,1,0,0 ,

F14 = ε3 m2 (I2,−1,2,0,0,0,0,1,1,0,2,0 − m2 I2,0,2,0,0,0,0,1,1,0,2,0) ,

F15 = ε3 m2 (s − m2) I0,1,3,0,1,0,2,1,0,0,0,0

− ε2

2
m4 I0,2,3,0,0,0,1,2,0,0,0,0 ,

F16 = ε3 s m2 I0,2,2,1,0,0,1,2,0,0,0,0 ,

F17 = ε3(1 − 2ε)
s

s − m2
I2,0,1,1,0,0,0,1,2,0,0,0

− s

6(s − m2)
(F4 + 2F7) − 4s − 3m2

3(s − m2)
F6 ,

F18 = ε4 (s − m2) I0,1,0,2,0,0,2,1,1,0,0,0 ,

F19 = ε3(1 − 4ε)
s

s + m2
I0,1,0,2,0,0,2,1,1,0,−1,0 − 5m2

s + m2
F18 ,

F20 = ε4(1 − 2ε) s I0,2,0,1,0,1,0,1,1,1,0,0 ,

F21 = −ε3(1 + 2ε)(s − m2)I0,1,0,2,0,2,0,1,1,0,0,0 − s − m2

s
F20

+
(

1

3
+ m2

s

)
F6 − 2

3
F7,

F22 = ε4 (s − m2) I2,0,0,0,1,0,0,1,2,0,0,1 ,

F23 = ε3 m2 (s − m2) I3,0,0,0,1,0,0,1,2,0,0,1 ,

F24 = ε4(1 − 2ε) s I1,0,1,0,2,0,0,1,1,1,0,0 ,
F25 = ε3(1 − 2ε)
s m2 (s − m2)

3s − m2
I2,0,1,0,2,0,0,1,1,1,0,0

+ 8 m2

3(3s − m2)
F24 − s

2(3s − m2)
(F4 − 2F7 + 4F9)

+ 2m2

3(3s − m2)
(F6 + 3F8) ,

F26 = ε3 s2 I2,0,2,1,2,0,0,1,0,0,0,0 ,

F27 = ε3 s (s − m2)I1,0,2,1,2,0,0,2,0,0,0,0 − 2m2

s
F26 ,

F28 = ε4 (s − m2) I0,1,0,0,1,0,1,2,2,0,−1,1 ,

F29 = ε5 (s − m2) I0,1,0,1,1,0,1,1,0,2,0,0 ,

F30 = ε4 s (s − m2) I0,1,2,1,1,0,1,2,0,0,0,0 ,

F31 = ε4(1 − 2ε) s I1,0,1,1,0,1,0,1,2,0,0,0 ,

F32 = ε3 s3 I2,2,2,1,1,1,0,0,0,0,0,0 ,

F33 = ε5 (s − m2) I0,2,1,1,0,0,1,1,0,1,0,0 ,

F34 = ε4 m2 (s − m2) I0,3,1,1,0,0,1,1,0,1,0,0 ,

F35 = ε4 (s − m2)2 I0,2,1,2,0,0,1,1,0,1,0,0 ,

F36 = ε3 m2 (s − m2)2 I0,3,1,2,0,0,1,1,0,1,0,0 ,

F37 = ε4 m2 (s − m2) I0,2,1,1,0,0,2,1,0,1,0,0 ,

F38 = ε5 (s − m2) I0,1,1,1,0,0,1,2,1,0,0,0 ,

F39 = ε4 m2 (s − m2) I0,1,2,1,0,0,1,2,1,0,0,0 ,

F40 = ε5 (s − m2) I2,0,0,0,1,0,0,1,1,1,0,1 ,

F41 = ε4 (s − m2)2 I2,0,0,0,2,0,0,1,1,1,0,1 ,

F42 = ε5 (s − m2)2 I1,0,2,0,1,1,1,1,1,0,0,0 ,

F43 = ε5 (s − m2) I1,0,2,0,1,0,1,1,1,0,0,0 ,

F44 = ε4 s (s − m2) I1,0,2,0,2,0,1,1,1,0,0,0 ,

F45 = ε4 (s − m2) I1,−1,2,0,2,0,1,1,1,0,0,0 − m2

s
F44 ,

F46 = ε5 (s − m2) I1,0,1,1,0,0,1,2,1,0,0,0 ,

F47 = ε4 m2 (s − m2)2 I1,0,2,1,0,0,1,2,1,0,0,0 ,

F48 = ε5 (s − m2) I1,1,0,2,0,0,1,1,1,0,0,0 ,

F49 = ε4 m2 (s − m2)2 I1,2,0,2,0,0,1,1,1,0,0,0 ,

F50 = ε4 m2 (s − m2) I1,1,3,0,1,0,1,1,0,0,0,0 ,

F51 = ε3 m2 (s − m2)2 I1,1,3,0,2,0,1,1,0,0,0,0 ,

F52 = ε6 (s − m2) I0,1,1,1,0,1,1,1,1,0,0,0 ,

F53 = ε5 (s − m2)2 I0,1,1,2,0,1,1,1,1,0,0,0 ,

F54 = ε6 (s − m2) I1,0,1,1,1,0,1,1,1,0,0,0 ,

F55 = ε5 (s − m2)2 I1,0,1,1,1,0,1,2,1,0,0,0 ,

F56 = ε5 (s − m2) I1,1,0,0,1,0,1,1,1,0,−1,2 ,

F57 = ε4 (−1 − 6ε)
m2 (s − m2)2

s + m2
I1,1,0,0,1,0,1,1,1,0,0,2

+ 3m2

s + m2
F56

− m2

2
(2F2 + 4F15 − 4F22 + F23 + 2F28) ,
2(s + m )
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F58 = ε6 (s − m2) I1,1,1,1,0,0,1,1,1,0,0,0 ,

F59 = ε6 (s − m2)2 I1,1,1,1,1,0,1,1,1,0,0,0 ,

F60 = ε6 (s − m2)2 I1,1,1,1,0,1,1,1,1,0,0,0 ,

F61 = ε6 (s − m2)3 I1,1,1,1,1,1,1,1,1,0,0,0 ,

F62 = ε5(1 − 2ε) s I1,1,1,1,0,1,0,1,1,0,0,0 ,

F63 = ε4(1 − 2ε) s m2 I2,1,1,1,0,1,0,1,1,0,0,0 ,

F64 = ε5 s (s − m2) I1,1,2,1,1,0,1,1,0,0,0,0 ,

F65 = ε4 s (s − m2)2 I1,1,2,1,2,0,1,1,0,0,0,0 ,

F66 = ε4(1 − 2ε)m4 I1,2,1,0,0,0,1,1,1,0,0,1 ,

F67 = ε5 (s − m2) I1,1,0,1,1,−1,1,1,0,2,0,0 ,

F68 = ε5 (s − m2)2 I1,1,0,1,1,0,1,1,0,2,0,0 ,

F69 = ε6 (s − m2) I1,1,0,1,0,0,1,1,1,0,0,1 ,

F70 = ε6 (s − m2)2 I1,1,0,1,1,0,1,1,1,1,−1,1 ,

F71 = ε6 (s − m2) I1,1,0,1,1,−1,1,1,1,1,−1,1

+ 1

12(1 − 2ε)
(12F2 + 6F3 + 3F4 − 2F7 + 6F9

− 18F14 + 2F24 + 12F25) . (4)

Note that the choice of canonical basis is not unique. We choose 
the basis in such a way that they have a uniform transcendentality, 
and, more importantly, that it is easy to determine their boundary 
conditions, which will be discussed in the next section.

The differential equations for the above basis can be expressed 
in the canonical form,

∂F(x, ε)

∂x
= ε

(
P

x
+ Q

x − 1

)
F(x, ε). (5)

Here the variable x is defined as x ≡ s
m2 . The singular points 

at x = 0 and x = 1 correspond to the soft limit and threshold 
limit, respectively. In analytic continuation, it is understood that 
x ≡ s

m2 + i0. P and Q are 71 × 71 rational matrices, of which the 
explicit forms are provided in the ancillary file.

3. Boundary conditions and solutions of differential equations

3.1. Three-loop planar master integrals

Before solving the differential equations shown in the previ-
ous section, the boundary conditions must be determined. We will 
make use of several properties of the basis integrals to achieve this 
goal. First, we find that the bases {F1, . . . , F4, F12, F14, F66} are sin-
gle scale integrals and their results have been already known in the 
literature [2],

F1 = 1

8
,

F2 = 1

8
+ ε2 π2

12
+ ε3ζ(3) + ε4 4π4

45
+ 2ε5 27ζ(5) + π2ζ(3)

3

+ ε6
(

229π6

1890
+ 4ζ 2(3)

)
+O(ε7) ,

F3 = −1

6
− ε2 π2

3
− ε3 16ζ(3)

3
− ε4 37π4

45

− 16ε5 39ζ(5) + 2π2ζ(3)
3

− ε6
(

2318π6

945
+ 256ζ 2(3)

3

)
+O(ε7) ,

F4 = 1 + 8ε3ζ(3) − ε4 2π4

5
+ 144ε5ζ(5)

+ ε6
(

−4π6

7
+ 32ζ 2(3)

)
+O(ε7) ,

F12 = −1

6
− ε2 π2

3
− ε3 19ζ(3)

3
− ε4 151π4

180

− ε5
(

38π2ζ(3)

3
+ 215ζ(5)

)

− ε6
(

4729π6

1890
+ 361ζ 2(3)

3

)
+O(ε7) ,

F14 = 1

12
− ε2 π2

18
− ε4 7π4

30
− ε5

(
8π2ζ(3)

3
+ 34ζ(5)

)

− ε6
(

4069π6

5760
+ 14ζ 2(3)

)
+O(ε7) ,

F66 = −ε3ζ(3) − ε4 11π4

180
− 38ε5ζ(5)

− ε6
(

431π6

1890
+ 18ζ 2(3)

)
+O(ε7) . (6)

Second, we notice that all the master integrals are regular at 
x = 0, as expected, since the limit s → 0 does not correspond to 
any physical pole. This regular condition that all the integrals are 
finite in this limit can be employed to create relations among the 
boundary conditions of different bases. For instance, the differen-
tial equation for F11 can be formulated as

∂ F11

∂x
= ε

(
3F11 − F3

x
− 6F11

x − 1

)
. (7)

Since F11 is regular at x → 0, its derivative should be also free of 
such a pole as 1/x. This means that on the right-hand side of the 
above equation, the coefficient of 1/x is vanishing in this limit, i.e.,

F11|x=0 = 1

3
F3|x=0. (8)

Third, the master integrals in F7, F9, F18, and the integral 
I0,1,0,2,0,2,0,1,1,0,0,0 in F21 do not contain any sub-topology, and we 
apply Mellin–Barnes integration method to calculate their bound-
ary conditions at x → 0. The calculation is easy since the results 
are all expressed in terms of �-functions after using some func-
tions in the Mathematica packages MB [43] and AMBRE [44].

We use ns to count the number of linear independent sin-
gle scale integrals appearing in our calculation, and denote as n0
the number of linear independent master integrals whose bound-
ary conditions can be determined from the regular conditions at 
x → 0. The number of integrals whose boundary conditions can be 
calculated with Mellin–Barnes method is represented by nmb . We 
find that ns + n0 + nmb < 71, which means that we are not able 
to determinate all the boundary conditions using the above three 
methods.

Note that more than half of the bases defined in eq. (4) contain 
a coefficient (s − m2). Though x → 1 may be a singular point for 
several integrals, we find that there are some bases that may be 
regular at x → 1. If this is the case, then they are actually vanishing 
at x → 1. We use n1 to represent the number of linear independent 
bases whose boundary conditions are vanishing at x → 1. It turns 
out that ns +n0 +nmb +n1 > 71 so that we can determinate all the 
boundary conditions in simple ways.
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As an example, we consider the topology
I0,n2,n3,n4,0,0,n7,n8,n9,0,0,0 with ni > 0. This topology has two master 
integrals. The canonical bases for this topology are chosen as

F38 = ε5 (s − m2) I0,1,1,1,0,0,1,2,1,0,0,0 ,

F39 = ε4 m2 (s − m2) I0,1,2,1,0,0,1,2,1,0,0,0 , (9)

and the corresponding differential equations for them are formu-
lated as

∂ F38

∂x
= ε

(−4F2 − F3 + 6F11 + 2F19 − 6(3F38 − 2F39)

6x

+ 2F38

x − 1

)
, (10)

∂ F39

∂x
= ε

(
−20F2+4F3+3F11−12F16+30F18+16F19−30(3F38−2F39)

12x

− 2
3F39 − 4F38

x − 1

)
. (11)

We can derive two equations from the regular condition at x → 0
for the differential equations of F38 and F39,

−6(3F38 − 2F39)|x=0 = (−4F2 − F3 + 6F11 + 2F19)|x=0 ,

−30(3F38 − 2F39)|x=0

= (−20F2 + 4F3 + 3F11 − 12F16 + 30F18 + 16F19)|x=0 . (12)

However, one can readily see that these two equations are not lin-
ear independent, hence only one of the boundary conditions for 
F38, F39 at x → 0 can be obtained from the regular conditions at 
x = 0.1 The other boundary condition must be obtained in an-
other way. Of course, one can use some standard methods, such 
as the numerical estimation or multi-fold Mellin–Barnes integra-
tion. However we want to obtain analytic results and consider the 
Mellin–Barnes integration still complicated. As a result, we adopt 
a guess-and-check method. Observing the definitions of F38, F39
in eq. (4), we find that the denominator of F39 has more pow-
ers than that of F38, indicating that F38 may be less singular than 
F39. Therefore, we make a bold assumption that F38 is regular at 
x → 1. Under this assumption, we readily know that F38 = 0 at 
x = 1 from its differential equation in eq. (10). After obtaining the 
boundary condition of F38, we solve the differential equations for 
F38. Then we use the regular condition in eq. (12) to obtain the 
boundary condition for F39. With the analytic results of F38, F39
at hand, we have checked them with the numerical results cal-
culated by FIESTA and found perfect agreement. This confirms 
our assumption that F38 is regular at x → 1. So far we have not 
figured out a principle to apply this method to more general in-
tegrals, but it is efficient in practice, e.g. for the calculation of the 
nine-line master integral F71. For comparison, we notice that in 
the calculation of master integrals for massive form factors [2] all 
the boundary conditions except the single scale integrals can be 
obtained in the soft limit, i.e., x → 0, and the degeneracy problem 
in eq. (12) does not happen there.

The methods described above can be used to determinate the 
boundary conditions for all bases in this work. We list in Table 1
the specific method for each basis. It is found that the bases Fi , i =
13, 22, 33, 34, 35, 38, 40, 42, 43, 46, 48, 50, 52, 54, 56, 58, 59, 60, 
67, 69, 71 are vanishing at x = 1. The bases Fi, i = 5, 6, 8, 10, 15 ∼

1 Since F38 starts from weight four, the boundary conditions for the series of F39

with weight less than four can already be determined by eq. (12). In the main text, 
we focus on the part with weight equal to or larger than four.
Table 1
The methods of determining boundary conditions.

Methods Basis integrals

Single scale F1 ∼ F4, F12, F14, F66

Mellin–Barnes F7, F9, F18, F21

Vanishing at x = 0 F5, F6, F8, F10, F15 ∼ F17, F20,
F24 ∼ F27, F30 ∼ F32, F44, F62 ∼ F65

Vanishing at x = 1 F13, F22, F33 ∼ F35, F38, F40, F42, F43, F46, F48

F50, F52, F54, F56, F58 ∼ F60, F67, F69, F71

Regular conditions F11, F19, F23, F28, F29, F36, F37, F39, F41, F45

F47, F49, F51, F53, F55, F57, F61, F68, F70

17, 20, 24 ∼ 27, 30 ∼ 32, 44, 62 ∼ 65 are vanishing at x = 0. Then 
the left non-vanishing boundary conditions are given by

F7|x=0 = −1

2
− ε2 π2

2
+ 5ε3ζ(3) − ε4 23π4

60

+ ε5(27ζ(5) + 5π2ζ(3))

− ε6
(

361π6

1260
+ 25ζ 2(3)

)
+O(ε7) ,

F9|x=0 = −1

2
− ε2 π2

6
+ ε3ζ(3) − ε4 π4

20

+ ε5 (9ζ(5) + π2ζ(3))

3

− ε6
(

61π6

3780
+ ζ 2(3)

)
+O(ε7) ,

F11|x=0 = 1

3
F3 ,

F18|x=0 = − 1

15
− ε2 π2

10
− ε3 14ζ(3)

15
− ε4 33π4

200

− ε5 7π2ζ(3) + 134ζ(5)

5

− ε6
(

2713π6

8400
+ 98ζ 2(3)

15

)
+O(ε7) ,

F19|x=0 = −5F18|x=0 ,

F21|x=0 = −2ε3ζ(3) − ε4 π4

30
− 2ε5(π2ζ(3) + 7ζ(5))

+ ε6
(

−41π6

630
+ 14ζ 2(3)

)
+O(ε7) ,

F23|x=0 = 1

24
− ε3 5ζ(3)

3
− ε4 2π4

15
− ε5(3π2ζ(3) + 53ζ(5))

− ε6
(

173π6

315
+ 62ζ 2(3)

3

)
+O(ε7) ,

F28|x=0 = 1

3
F12|x=0 ,

F29|x=0 = −1

3
F13|x=0 ,

F36|x=0 = − 7

120
+ ε2 17π2

360
+ ε3 7ζ(3)

4
+ ε4 47π4

1800

− ε5
(

11π2ζ(3)

3
+ 7ζ(5)

20

)

− ε6
(

4361π6

8100
+ 69ζ 2(3)

2

)
+O(ε7) ,



458 L.-B. Chen, J. Wang / Physics Letters B 786 (2018) 453–461
F37|x=0 = − 11

240
− ε2 π2

180
+ ε3 3ζ(3)

4
+ ε4 379π4

5400

− ε5
(

4π2ζ(3)

3
− 1107ζ(5)

20

)

+ ε6
(

901π6

4725
+ 21ζ 2(3)

2

)
+O(ε7) ,

F39|x=0 = −ε2 π2

36
+ ε4 79π4

1080
+ ε5

(
143π2ζ(3)

18
+ 5ζ(5)

2

)

+ ε6
(

18737π6

22680
+ 48ζ 2(3)

)
+O(ε7) ,

F41|x=0 = 7

180
− ε2 7π2

270
− ε3 89ζ(3)

45
− ε4 139π4

900

− ε5 353π2ζ(3) + 8469ζ(5)

135

− ε6
(

92077π6

170100
+ 2503ζ 2(3)

45

)
+O(ε7) ,

F45|x=0 = ε2 π2

36
+ 2ε3ζ(3) + ε4 π4

20

− ε5
(

11π2ζ(3)

9
− 55ζ(5)

)

− ε6
(

311π6

2835
+ 23ζ 2(3)

)
+O(ε7) ,

F47|x=0 = −ε2 π2

36
+ ε3 ζ(3)

2
+ ε4 127π4

1080

+ ε5
(

191π2ζ(3)

18
− 25ζ(5)

2

)

+ ε6
(

19847π6

22680
− 7ζ 2(3)

2

)
+O(ε7) ,

F49|x=0 = −ε2 π2

30
+ ε3 2ζ(3)

5
+ ε4 11π4

75
+ ε5 163π2ζ(3)

15

+ 52

1575
ε6(26π6 + 945ζ 2(3)) +O(ε7) ,

F51|x=0 = − 5

48
+ ε2 π2

36
+ ε3 7ζ(3)

12
+ ε4 π4

360

− ε5
(

14π2ζ(3)

9
− 41ζ(5)

4

)

− ε6
(

1297π6

22680
+ 17ζ 2(3)

6

)
+O(ε7) ,

F53|x=0 = −ε2 π2

18
− ε3 5ζ(3)

3
− ε4 19π4

270

+ ε5 20

9
(π2ζ(3) − 12ζ(5))

+ ε6
(

113π6

756
+ 47ζ 2(3)

3

)
+O(ε7) ,

F55|x=0 = − 1

72
− ε2 π2

27
− ε3 11ζ(3)

6
− ε4 29π4

240

+ ε5
(

59π2ζ(3)

108
− 123ζ(5)

2

)

− ε6
(

5993π6

+ 571ζ 2(3)
)

+O(ε7) ,

22680 36
F57|x=0 = − 1

48
− ε2 5π2

72
− ε3 13ζ(3)

6
− ε4 49π4

540

+ ε5
(

46π2ζ(3)

9
− 66ζ(5)

)

+ ε6
(

1189π6

11340
+ 94ζ 2(3)

3

)
+O(ε7) ,

F61|x=0 = 1

144
+ ε2 37π2

2160
+ ε3 67ζ(3)

120
+ ε4 239π4

7200

+ 7

1080
ε5(17π2ζ(3) + 2475ζ(5))

+ ε6
(

61291π6

680400
+ 2843ζ 2(3)

360

)
+O(ε7) ,

F68|x=0 = − 1

60
− ε2 π2

36
− ε3ζ(3) − ε4 7π4

150

+ ε5
(

73π2ζ(3)

45
− 136ζ(5)

5

)

+ ε6
(

193π6

22680
+ 29ζ 2(3)

3

)
+O(ε7) ,

F70|x=0 = 1

240
+ ε2 π2

108
+ ε3 19ζ(3)

45
+ ε4 3007π4

64800

+ ε5 443π2ζ(3) + 6672ζ(5)

360

+ ε6
(

9931π6

51030
+ 9719ζ 2(3)

360

)
+O(ε7) . (13)

By now, we have determined all the necessary boundary con-
ditions. The differential equations can readily be solved using the 
method shown in ref. [25]. The analytic results for {F1 . . . F71} up 
to transcendental weight six are provided in an ancillary file. As an 
example, we show the result for F71,

F71 = ε4
(

H0,1,0,1(x) − H0,0,1,1(x) + π2

6
H0,1(x) − π4

30

)

+ ε5
(

− 2H0,0,0,0,1(x) − 2H0,0,0,1,1(x) − 2H0,0,1,0,1(x)

− 10H0,0,1,1,1(x) + 2H0,1,0,1,1(x) + 6H0,1,1,0,1(x)

− π2

6
H0,0,1(x) + π2 H0,1,1(x) + 2ζ(3)H0,1(x)

− 7π2ζ(3)

6
− ζ(5)

)

+ ε6
(

−
(

2ζ(5) + π2ζ(3)

3

)
H1(x) + 9π4

40
H0,1(x)

+ ζ(3)(−13H0,0,1(x) + 9H0,1,1(x) − 2H1,0,1(x))

− π2
(

− H0,0,0,1(x) − 5

6
H0,0,1,1(x) + H0,1,0,1(x)

+ 6H0,1,1,1(x) + 1

3
H1,0,0,1(x)

)
− 11H0,0,0,0,0,1(x)

− 11H0,0,0,0,1,1(x) − 20H0,0,0,1,0,1(x) − 20H0,0,0,1,1,1(x)

− 16H0,0,1,0,0,1(x) − 26H0,0,1,0,1,1,(x) − 29H0,0,1,1,0,1(x)

− 76H0,0,1,1,1,1(x) − 14H0,1,0,0,0,1(x) − 12H0,1,0,0,1,1(x)

+ 2H0,1,0,1,0,1(x) − 4H0,1,0,1,1,1(x) + 3H0,1,1,0,0,1(x)
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+ 12H0,1,1,0,1,1(x) + 36H0,1,1,1,0,1(x) + 4H1,0,0,0,0,1(x)

+ 2H1,0,0,1,0,1(x) + 2H1,0,1,0,0,1(x) − 1219π6

15120

)
+O(ε7),

(14)

where Ha1,a2,...,an (x) (ai ∈ {0, ±1}) are harmonic polylogarithms 
defined in [45].

All the analytic results have been checked with the nu-
merical package FIESTA [46], and good agreement has been 
found. For illustration, we consider the most complicated nine-
line master integrals in F70 and F71, i.e., I1,1,0,1,1,0,1,1,1,1,−1,1 and 
I1,1,0,1,1,−1,1,1,1,1,−1,1, of which the analytic results at the kine-
matic point (m = 1.0, s = −1.3) are

Ianalytic
1,1,0,1,1,0,1,1,1,1,−1,1

= 0.00078765

ε6
− 0.00393624

ε5 + 0.0190587

ε4
− 0.0151068

ε3

+0.290244

ε2
+ 1.37654

ε
+ 4.82542,

Ianalytic
1,1,0,1,1,−1,1,1,1,1,−1,1 = −6.69426

ε
− 63.1207.

The results evaluated by FIESTA at the same kinematic point are 
given by

Inumeric
1,1,0,1,1,0,1,1,1,1,−1,1

= 0.000788

ε6
− 0.003936

ε5 + 0.019058 ± 0.000002

ε4

−0.015109 ± 0.000035

ε3
+ 0.290192 ± 0.000756

ε2

+1.37606 ± 0.01581

ε
+ 4.80886 ± 0.31758,

Inumeric
1,1,0,1,1,−1,1,1,1,1,−1,1

= −6.69429 ± 0.00003

ε
− 63.1213 ± 0.0004,

where we have included the numerical uncertainties. We can see 
that the numerical results obtained using the package FIESTA
agree well with our analytic results. Note that it takes FIESTA
two days on an eight-cores workstation to reach the above preci-
sion, while it takes only a few seconds to evaluate analytic results 
by running the Mathematica package HPL [47] on a single core.

3.2. Two-loop non-planar master integrals

We have seen above that choosing a proper basis can efficiently 
simplify the determination of boundary conditions for master in-
tegrals. This strategy is general and can also be used to calculate 
the non-planar master integrals. For a proof-of-principle study, we 
consider the two-loop non-planar master integrals for the heavy-
to-light form factor, leaving the results of three-loop non-planar 
master integrals to a future work. The master integrals shown in 
Fig. 2 are represented generally by

Jn1,...,n7

=
∫ Ddk1 Ddk2

[−(k1 + p1)2 + m2]n1 [−(k2 + p1)2 + m2]n2 [−k2
1]n3

× 1

[−(k2 + p2)2]n4 [−(k1 − k2)2]n5 [−(k2 − k1 + p2)2]n6 [−k2
2]n7

.

(15)
Fig. 2. The non-planar two-loop topology for the heavy-to-light form factor. The 
bold lines represent massive propagators, while the thick lines indicate massless 
propagators.

The canonical basis is chosen as

K1 = ε2 J2,2,0,0,0,0,0 ,

K2 = ε2 m2 J0,2,2,0,1,0,0 ,

K3 = ε2 s J2,2,0,1,0,0,0 ,

K4 = ε2 s J0,2,2,0,0,1,0 ,

K5 = ε2 (s − m2) J0,1,2,0,0,2,0 − 2m2

s
K4 ,

K6 = ε3 (s − m2) J0,1,1,1,2,0,0 ,

K7 = ε3 (s − m2) J1,2,1,0,0,1,0 ,

K8 = ε2 m2 s (s − m2)

s + m2
J2,2,1,0,0,1,0

− m2

2(s + m2)
(K1 − 4K4 + K5) ,

K9 = ε3 (s − m2) J2,1,0,1,0,1,0 ,

K10 = ε2 m2 (s − m2) J3,1,0,1,0,1,0 ,

K11 = ε2 m2(s − 2m2) J2,2,0,1,0,1,0 + (s − 2m2)

s − m2
(2K10 − 3K9) ,

K12 = ε4 (s − m2) J1,1,1,1,1,0,0 ,

K13 = ε3 (s − m2)2 J1,1,1,2,1,0,0 ,

K14 = ε4 (s − m2) J1,1,1,1,1,1,−1 . (16)

The corresponding differential equations for the basis K =
{K1, K2, ..., K14} are given by

∂K(y, ε)

∂ y
= ε

(
L

y
+ M

y − 1
+ N

y + 1

)
K(y, ε) (17)

with y ≡ s−m2

m2 . L,M,N are rational matrices provided in an ancil-
lary file. The relation between y and the previous x is y = x − 1. 
We use y as a letter in the above differential equations so that 
the singularities appear at −1, 0, 1. The singularities at y = −1, 0
correspond to the poles at x = 0, 1 in the planar diagrams. The 
new singularity at y = 1 is a pseudo-pole because it has no phys-
ical origin. It appears only in the differential equations, but not in 
the final result. Actually, this property can be used to derive the 
boundary conditions of some bases. For example, since the loop 
integral is regular at y = 1, K11 is equal to zero at y = 1 due to 
the prefactor (s − 2m2).
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The determination of the other boundary conditions is similar 
to that in the three-loop planar case. The single scale bases are

K1 = 1 ,

K2 = 1

4
+ ε2 π2

6
+ 2ε3ζ(3) + ε4 8π4

45
+O(ε5) . (18)

The bases K3, K4 are vanishing at y = −1, and K7, K9, K10, K12, 
K14 are vanishing at y = 0. The other non-vanishing boundary con-
ditions are estimated to be

K5|y=−1 = −1 − ε2 π2

3
+ 2ε3ζ(3) − ε4 π4

10
+O(ε5) ,

K6|y=−1 = K2

2
,

K8|y=−1 = ε2 π2

6
− ε3ζ(3) + ε4 π4

20
+O(ε5) ,

K13|y=−1 = − 5

24
+ ε2 π2

18
+ ε3 7ζ(3)

6
+ ε4 π4

180
+O(ε5) . (19)

With these boundary conditions, it is straightforward to solve 
the differential equations to obtain the master integrals at general 
kinematics. The analytic results of {K1, . . . , K14} are provided in an 
ancillary file along with this paper.

At the end of this section, we explain a key point in our choice 
of the basis integrals for the six-line integral. Usually, one would 
expect to choose ε4(s − m2)2 J1,1,1,1,1,1,0 as a canonical basis in-
tegral [8,37]. However, we could not determinate the boundary 
condition for this basis from the regular condition at y = −1, 
and it has a logarithmic singularity at y → 0. One may also ex-
pect to use other ways to obtain the boundary conditions. The 
integral at the boundary y = −1 has been calculated numerically 
in [8]. In ref. [14], the author calculated the boundary condi-
tion for J1,1,1,1,1,1,0 at y = −1 by computing several three-fold 
Mellin–Barnes integrals. And in ref. [37] the boundary condition 
for J1,1,1,1,1,1,0 at y → ∞ has been calculated using the idea out-
lined in [48].

In our calculation we choose an alternative basis integral K14 =
ε4 (s −m2) J1,1,1,1,1,1,−1 instead of ε4 (s −m2)2 J1,1,1,1,1,1,0. Due to 
the numerator, the master integral J1,1,1,1,1,1,−1 is expected to be 
less divergent. Therefore we use the guess-and-check method and 
assume that it is regular at y = 0. Then we see from its differen-
tial equation that K14 = 0 at y → 0. Under this assumption, we 
solve the differential equation and obtain the analytic result. The 
correctness of our assumption is checked by the comparison with
FIESTA.

In order to compare with the previous result in the literature, 
we calculate the result of J1,1,1,1,1,1,0 from J1,1,1,1,1,1,−1 and other 
known bases by applying the IBP reduction. The value of ε4 (s −
m2)2 J1,1,1,1,1,1,0 at y = −1 is determined to be

ε4 (s − m2)2 J1,1,1,1,1,1,0|y=−1

= 1

12
− 7π2

72
ε2 − 89ζ(3)

12
ε3 − 71π4

120
ε4 +O(ε5), (20)

which agrees with the result in ref. [14].

4. Conclusions

We have calculated analytically the color-planar three-loop 
master integrals for the heavy-to-light form factor, which is nec-
essary to provide a precision prediction for the heavy quark pro-
duction and decay. We make use of the differential equations to 
calculate the master integrals. After choosing a canonical basis 
properly, the boundary conditions can be determined easily. This 
is achieved by studying the pole structure of the master integrals 
carefully and making use of the guess-and-check method. As a re-
sult, the differential equations for the basis can be readily solved 
and all master integrals are expressed in terms of harmonic poly-
logarithms. The rational matrices of the differential equations and 
the analytic results of the master integrals are all provided in an-
cillary files. It would be interesting to extend our method to the 
other diagrams such as the color suppressed or non-planar three-
loop master integrals in order to calculate the full heavy-to-light 
form factor at the three-loop level.
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