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1 Introduction

The absence of any signal in direct searches for particles beyond the Standard Model (SM)
at the LHC renders a scenario likely in which the scale A of such potential particles is
much larger than the electroweak scale. The resulting hierarchy can be used together
with the assumption of linearly realized electroweak symmetry breaking to formulate the
so-called Standard Model Effective Theory (SMEFT), provided no undiscovered weakly-
coupled light particles exist, like axions or sterile neutrinos. This framework incorporates
the full SM gauge symmetry which is unbroken at the high scale A and allows to investigate
its implications on observables measured at scales significantly below A. Technically this is
realized via an operator product expansion, where all the SM degrees of freedom are kept
as dynamical degrees of freedom and only the NP is integrated out, yielding dimension-six
operators built out of SM fields that are invariant under the full SM gauge symmetry. This
type of effective theory is usually called SMEFT, because it reduces at low energies to the
SM. Yet, the presence of dimension-six operators whose Wilson coefficients can in principle
be arbitrary can introduce very significant modifications to the SM phenomenology.



The effective Lagrangian of SMEFT at dimension six is given as follows:

£ =%"c"qQ, (1.1)
k

with the contributing operators classified in full generality in [1, 2], the latter article for
the first time providing an irreducible basis which is now standard. The corresponding
renormalization group analysis at leading order of all these operators has been carried out
in [3-5].! The renormalization group equations (RGEs) in SMEFT derived there often
involve many operators mixing with each other. The corresponding anomalous dimen-
sion matrix (ADM) depends not only on the three gauge couplings of the SM, but also
on fermion Yukawa couplings, in particular the top-quark Yukawa coupling, and quartic
Higgs couplings.

Given this complicated structure, solutions to RGEs in SMEFT are typically obtained
in one of two ways: either analytically, assuming the ADM to be constant and furthermore
commonly considering only the first leading logarithm, or numerically as in [6-8], taking
the scale-dependence of the ADM into account, but making further analytical insight dif-
ficult. Although the former procedure can be useful in showing the overall importance of
renormalization group effects, see for instance [9, 11-16], we prefer to avoid the assump-
tion of a scale-independent ADM, since the anomalous dimensions involved in fact typically
show a pronounced scale dependence. However, analytical solutions are very useful, since
they are easy to use and facilitate applying constraints at different scales. Moreover, they
give some insight into the pattern of the dominant dynamical effects. The main goal of
our paper is therefore to provide analytic solutions for the relevant RGEs, including the
phenomenlogically relevant effects from the scale dependence of the ADM, specifically the
running of the strong and relevant Yukawa couplings. In order to achieve this and to resum
the leading logarithms to all orders in perturbation theory, we exploit a distinct hierarchy
in the different running effects:

1. The running of the strong and top-Yukawa couplings themselves is dominated by SM
physics; while effects from NP are possible, they can be safely assumed to be at most
of the order of the neglected NLO contributions.

2. For operators present at the scale A, the RG effects due to the latter two couplings
are dominant, since they are the only O(1) couplings.

3. The scale-dependence of g; and go is much weaker than that of gs (or equivalently
o) and y;; we hence consider g o fixed to their values at the electroweak scale.

We therefore solve the RGEs in a step-wise fashion: we first discuss the scale depen-
dence of the strong and top Yukawa couplings. We use these results to solve the self-mixing
of the parent operators generated at the NP scale A. Finally, taking the latter solution
into account, we consider the running of the child operators generated via weak mixing,
including their self-mixing.

!See http://einstein.ucsd.edu/smeft/ for errata.
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Solving the RGEs including the running of both a4 and %, is not trivial, even with
this hierarchy of different effects; while we discuss the exact inclusion of both couplings,
we achieve a much simpler form due to the crucial observation that

yi (1)
as(p)

The weak p-dependence of the right-hand side at leading order in «y is discussed below

~ const. (1.2)

and shown to have a negligible effect, such that both effects can be included using a simple,
very accurate approximation. Higher order corrections are unimportant at scales p > prpw
considered by us. They would become more important at © < ugw, but y;(x) does not run
at these scales as the top quark is integrated out at p =~ pugw. Nevertheless, the relation
still holds approximately for the remaining Yukawa couplings.

Our paper is organized as follows: in section 2 we recall the relevant formulae for
RGEs and specify our assumptions. In section 3 we recall for pedagogical reasons the
solutions of RGEs when the ADM is assumed to be scale independent. Here we consider
also the interesting case mentioned in the abstract when the coefficient of the first leading
logarithm vanishes so that the solution involves the square of In(A/u). In section 4, the
main section of our paper, we derive the analytic solutions of RGEs under the assumptions
listed above. We demonstrate our method first for the case of a single non-vanishing Wilson
coefficient at y = A and generalise it systematically to an arbitrary number of operators.
The examples given there demonstrate the precision of our analytical formulae. Our brief
numerical analysis in section 5 demonstrates the application of the developed framework
very explicitly, in order to facilitate its application. In section 6 we summarize our results
by presenting table 1, which guides the reader to the main results of our paper and should
simplify their usage.

2 Basic setup

The one-loop RGE can generically be written as

C = 1672 dC

i =1 C. 1)

where C = (C1,Ca,Cs,...)T contains the Wilson coefficients of contributing operators and
4 is a general, scale-dependent anomalous dimension matrix that depends on gauge and
Yukawa couplings. Note that we do not use the traditional notation with the transpose of
the anomalous dimension matrix in order to agree with [3-5], where anomalous dimensions
are defined for Wilson coefficients and not operators. In our examples we will mostly use
the conventions of these papers specifying exceptions.

We first consider a typical scenario in which NP generates a subset of parent operators
O; of the SMEFT at some high scale A > pgpw. The RG-running of this subset down to
puew, described by the RGEs in eq. (2.1), has the following implications:

e Creation of non-vanishing coefficients of the child operators Of. In order to dis-
tinguish these operators from parent operators O;, we use the indices (k,[) for the
former, while (i, j) are used for the latter.



e Mixing between the parent operators O; (including their self-mixing), modifying their
coefficients.

e Mixing between the child operators O (including their self-mixing), modifying their
coefficients.

e Mixing of the child operators back into the parent operators.

Considering electroweak, strong and Yukawa interactions, the RG effects show additional
hierarchies:

e Strong mizing due to the QCD and (top) Yukawa couplings can generate large ef-
fects, and exhibits a strong scale dependence. Note that these two contributions
are qualitatively different: while Yukawa interactions can provide chiral flips, this
is not possible for QCD. We define parent operators to include all operators with
Ci(A) # 0, together with those generated from the O; via strong mixing.

e The child operators Oy are hence by definition generated via weak mizing. The corre-
sponding anomalous dimensions include electroweak gauge couplings and /or Yukawa
couplings from lighter fermions. As such, they fulfill generically Yyeak/Vstrong << 1.
Analogously to parent operators, the class of child operators includes also those not
directly generated via weak mixing, but via strong mixing from operators generated
via weak mixing. As already stated in the introduction, the scale dependence of g o
will be neglected.

e Since by definition C(A) = 0, the mixing of child into parent operators is of higher
order, even without additional hierarchies. Given the definitions above, it is actually
at least suppressed as vgveak /Ystrong relative to strong-mixing contributions, and hence
negligible.

Schematically, we obtain the following block form for the ADM, writing P and C for parent
and child operators, respectively:

~P
~ _ [ 7Vstrong 0 . o CP(N) o CP(A)
y=1 . R , with C = and C(A) = . (2.2

<v£e:f fvs%mng> () <cc(u> W 0 22)

Our goal is to include all phenomenologically relevant effects in this setup.
Formally, the solution of eq. (2.1) can be written as

Inp 20
C(u) = exp [ /IHA“ Zé;‘g dIn /1] C(A), (2.3)

and the result for C(u) can in principle be obtained by numerically performing the integral
in the exponential. In this manner all the effects discussed above can be taken into account.
Moreover, as the result is written in terms of an exponential, all leading logarithms are
summed up to all orders of perturbation theory. It should be remarked that in the presence
of two-loop ADMs (2.3) should be generalized to include T} ordering that takes into account
that one-loop and two-loop ADMs generally do not commute with each other. However,
in this paper we will confine our discussion to one-loop ADMs.



3 Scale-independent ADM

We begin with the simplest scenario in which 4 is scale independent to find

C() = exp [—1612111@)] C(A). (3.1)

The leading logarithms are summed to all orders, but assuming %4 to be scale independent
is an approximation that will be remedied in the next section.

3.1 One step running

If the argument of the exponential in eq. (3.1) is sufficiently below unity, we can expand it

C(p) = [i — 1612 1n<2>] C(A), (3.2)

to obtain

with 1 denoting the unit matrix. This result is often encountered in the literature. The
effects included in this rough solution can be made explicit by simply performing the
multiplication of 4 and C(A), keeping our conventions for the indices (i, 7, k) in mind: one
finds (u < A)

cu) = m(B) . o= [oi- ()] aw. ey

We observe the following:

e The first result above describes the generation of child operators from parent opera-
tors due to weak mixing.

e The second one describes the evolution of parent operators due to strong mixing,
including self mixing due to ;.

e While the self mixing affects the values of the parent coefficients C;(u), it does not
have impact on child coefficients Cj(p) at this order.

e Similarly, the strong mixing among the child coefficients has no impact on other child
coefficients at this order, even if 4y; # 0.

The latter two points can be improved by expanding eq. (3.1) to higher orders (or
using the full solution), although effects not taken into account in eq. (3.3) and listed
above will generally be subleading. Generally higher powers of Jweax Will be neglected in
this expansion; however, such contributions can be relevant when the contributions at first
order are absent or heavily suppressed, e.g. by several Yukawa couplings of light fermions.
We will discuss this case now, still without the inclusion of the scale-dependence in 4.



3.2 Two-step running

The first formula in eq. (3.3) tells us that for a given element 4;; = 0 no mixing occurs
between the operators O and O; at one-loop level, and consquently Cj(x) = 0 in ordinary
perturbation theory. On the one hand, such mixing could take place at two-loop level, in
which case the contribution would be of the order 2 _, In(A/u). However, it turns out
that the renormalization group improved solution (3.1) can generate non-vanishing Cj (1)
through the so-called two-step running, even if 4, = 0 at one-loop. Such contributions
receive an additional enhancement by In(A/u) compared to the two-loop matching contri-
bution, which can render them dominant for high scales A. We consider only these enhanced
contributions in the following. This mechanism was primarily discussed in the context of
electric dipole moments [9, 11, 12], where a situation occurs when a given operator of inter-
est does not mix directly with a second operator that enters an experimental observable,
but does so via a third mediator operator. In spite of the presentations in [9, 11, 12] we
describe this case again in an attempt to exhibit the resulting structure more clearly.

To be specific, we consider the following situation: the coefficient of an operator O; is
the only one with a non-zero value at some high scale A. At some much lower scale y an
observable is determined by the value of a coefficient of an operator Oy, which does not
mix directly with O;, but O; mixes into a third operator O,, and O,, mixes into Of. The
one-loop RGE and its solution in the approximation of scale-independent % are again given
by egs. (2.1) and (3.1), respectively, where additionally C = (C;, Cy,,, Cx)T and

Expanding the exponential, we find that a non-vanishing result for Ci(u) is obtained first
at second order which introduces a factor 1/2 and a logarithm squared. One can also check
that as long as eqgs. (3.4) are satisfied, the result for Ci (1) is independent of other entries
in 4. The latter enter first at third order and can be neglected. We thus find the leading
contribution

Cr(p) = %’mm Ami [16;2 In <2>r@(/\). (3.5)

This result is trivially extended to block-diagonal forms of 4. Needless to say that eq. (3.1)
allows for the generalization of this result to an arbitrary number of operators and to
contributions via arbitrary levels of mediator operators, which, however, will typically give
negligible contributions.

4 Analytical solution of RGEs

4.1 The case of a single Wilson coefficient

We will next take into account the scale dependence of 4 resulting from a(p) and yq(p).
For pedagogical reasons we start with the derivations for a single coefficient C; with the
corresponding anomalous dimension 7;(p) to be explicitly given below. The relevant RG
equation remains eq. (2.1) and its formal solution eq. (2.3), both written for a single
coefficient. To perform the integration in eq. (2.3), we first reiterate that the only two
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Figure 1. The running of the top Yukawa coupling in different approximations: grey-dashed: only
as running; grey-dotted: only y? running; black: exact solution [19]; red: our approximation, see
egs. (4.3), (4.4).

numerically important contributions in self mixing are the ones from the strong and the
top-Yukawa couplings that can both appear in ~;(u). Regarding the scale dependence of
the strong coupling, we use the standard leading-logarithmic solution

as (o)
as() = Mol (4.1)
1+ arg(po) 57 In 5
with some reference scale pg. As far as the top-Yukawa coupling is concerned, we note that
its QCD evolution satisfies for p > pgpw to an excellent approximation

yi (1)
as(p)

For the top Yukawa, we also take a non-linear term ~ y; [17, 18] approximately into
account. Assuming eq. (4.2) to hold for the full solution, we obtain?

~ constant. (4.2)

Yq(1) = Yq(pt0) [0, pro)) e (4.3)
where we introduced
_ o) _ 1 © 9z (1o)
77(1“’7#0) - OZS(H(])’ 6yq - 8775[) [47T m 2 Oés(,uf(]) (44)

with %(,?) = 4CF = 8. The expression for €,, holds for the Yukawa coupling of any quark,

but the non-linear part is only relevant for the top quark. This approximation is excellent
over the whole range of considered scales, see figure 1.

Given eq. (4.3), both contributions we consider for the self mixing are proportional to
as to some power. We make these dependencies explicit by writing

i = hi, a5+ bl as™ (4.5)

2Note that the scale o does not have to be equal to the one in as(u).



such that the quantities hfls and hét are scale-independent, and the lower index differenti-

ates between the two possible terms in this equation. The integration in eq. (2.3) can be

simplified by using

dgs dog
3= 4595

Bogs Boarg

inserting this into eq. (2.1) and again making the as-dependence explicit, we obtain

dlnji = —1672

(4.6)

dC; . ~
dal = (pgsas + p;tazeyt) a;2C;, (4.7)
S
where we introduced
N )
1o s r— . 4.8

In this form the integration of eq. (4.7) can be performed easily, yielding

Cilp) = 172 exp [Xi(1) — X;(A)] Ci(A) (4.9)
where '
Xl = 5l =), (4.10)

with €, defined in eq. (4.4). This expression holds for arbitrary values of €,, # 1/2. In the
limit |2¢,, — 1| < 1, we can write

v = (hfxs + h;tageyfl) s = higa (4.11)

and again neglect the scale dependence in the bracket so that héﬂ is p-independent. In
that case eq. (4.9) simplifies to

My
8750

Ci(p) =nPa Ci(A),  plg = — (4.12)
As an example, we consider top dipole operator O;p = (Oyp)33: using the results from
refs. [4, 5] and eq. (4.3), we obtain
~ 327 - 15 9 _9

he,, = = and  hy, = ?yt(A) as(A) ™" (4.13)
The resulting running is shown in figure 2, where we compare the exact solution eq. (4.9)
with our approximation in eq. (4.12), the solution for a constant ADM and the solution
for the case where the term ~ y? in the ADM is neglected: while the running due to the
top-Yukawa coupling is important to include, we see that in this case the change due to
the scale dependence of the ADM is in this case actually negligible. This is due to the fact
that the scale dependence of the ADM is in this case a second-order correction: since the
coeflicient is present at the high scale, already the running due to the scale-independent
ADM is a correction; the relative correction to the effect we are considering is, however,
not small, it amounts to ~ 15% in this case over the considered range of scales.
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Figure 2. Running of C;p in different scenarios: neglecting the term ~ y? in the ADM (grey
dashed), assuming a scale-independent ADM (blue dashed), exact (black) and with our approxi-
mation (red, overlapping with the black line).

4.2 General case of one step running

With the solutions in eqs. (4.9) and (4.12) at hand, we return to the RGEs for the oper-
ators induced by the ones at the scale A via weak mixing, with the goal to generalize the
expressions in section 3 by including the scale dependence in the anomalous dimensions.

We first consider the case of a single parent operator O; and a single child operator
Oy, neglecting the impact of mixing with other operators; the latter effect will be included
below. The one-loop RGE is given as follows:

G = WM aliC+ (RS o + B0l ) G, with k#i and Cy(A)=0,  (414)
where again the as-dependence of the anomalous dimensions is made explicit via the arbi-
trary exponent ay; and constant parameters h* and h’gts’yt. The first term on the right-hand
side of this equation describes parent-child mixing, whereas the second term describes the
self-mixing of the child operator.

Inserting the result for C;(p) from eq. (4.9) we take the self-mixing of the parent
operator into account. The resulting equation can be integrated exactly. We find

Cr() = p* s (A)]P5s ~Phs exp[ Xy (1) — Xi(A)] nP%s [V () — Y(A)] Gi(A),  (4.15)
with
pH=— Sf:ﬂio and (4.16)

i k
Pag ~Pog Toki—1

U (PP 1-2ey 1—pi, +p8, —ari [as(@)]* (9, —p},)
V() =15 ( ! ”) F< : v Pl ) (4.17)

1—2¢y, 1—2¢y, ’ 1—2¢y,

where I'(s,z) denotes the incomplete Gamma function, with the integral representation

given as

/v dtt*te™t =T(s,v) — T'(s,u). (4.18)

All other symbols have been defined previously.
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Figure 3. Comparison of the approximations discussed in the text, taking the scale-dependence of
the ADM into account (red) or not (blue dashed). Shown is the mixing of Cis into Cyq relative to
the exact solution.

Inserting instead the approximation eq. (4.12), we obtain the much simpler expression

ki )
Cul) = —— s (At (it —gpla) (), (419)
ag; + phg — g — 1

which again is an excellent approximation. We demonstrate the different approximations in
figure 3, where we consider the one-loop mixing of O;¢ into Oy4g as an example. As already
discussed in the context of self mixing, the influence of the scale dependence is much larger
here, since there is no trivial leading-order contribution that is equal in both cases; while
the approximation of a scale-independent ADM differs from the exact solution by ~ 30%
over the considered range, our approximate formula shows less than 4% deviation.

4.3 General case of two step running

We begin with two RG expressions
Ciln) = B a2 o (1) + (s + B a3 ) Cu(11) (4.20)
Con(1) = R™ a%miCi(11) + (hgg as + hg;aieyt) Con(10) (4.21)
together with the solution for C; obtained previously and with boundary conditions
Cr(A) = Cp(A) =0, R =0. (4.22)

Evidently Oy, O, O; are child, mediator and parent operators, respectively. We solved
eq. (4.21) in the last subsection (for m — k), so we can use for Cp,(u) either the exact
expression in eq. (4.15) or the approximate one in eq. (4.19). While the resulting equation
still has an exact analytic solution within our setup in the former case, we restrict ourselves
for simplicity to the solution using the approximation in eq. (4.19). We hence consider

the equation

d s _ _
Cdko<za) = P a2 Cnlas) + peg 05 Cilas) (4.23)

~10 -



with Cp, () given in eq. (4.19). The solution reads

pkm pmz‘ [as(A)]akaram—? [Ammp’;ﬂ + A, nakm+am+pgﬂﬁ—2 — Api nakm+p;’§—l Ci(A)

Cr(p) = A Ami Akemi ’
(4.24)

where we defined for convenience

A = g —pFa+0T% =1, A = Qi +Dig—0"% =1, Apmi = G+ ami +05g —pFs—2.
(4.25)
To compare to the common assumption that C; and the anomalous dimensions Vi, mi

are scale-independent, we observe that these assumptions correspond to the limit

Pt =0, agmmi = 0 (4.26)
and yield
pkmpmi 5 112
e = o2 1 - PG, (4.27)
with
km Vkm mi TYmi
= — = — . 4.28
p anBy P 876 (4.28)
Inserting eq. (4.1) one finds
Co(pr) = o | L g (A 20-(A) (4.29)
N ETT R i '

which can also be obtained by integrating the RGEs directly in In u. This serves as a
non-trivial crosscheck of eq. (4.24).

4.4 Generalization to an arbitrary number of operators

Finally we consider the case with several operators at each level, which is rather common
in practical applications. Having shown the effectiveness of our approximation (1.2), we
use it in the following for simplicity. As above, we start with the self-mixing of the parent
operators O;, denoting Cp = (C;) and analogously for child and mediator operators:

CPZ’S/PCPZCMS}AL?HCP. (4.30)

Given the scale-independence of ﬁeg in our approximation, we can easily solve this equation
by diagonalization via
Wl =VphBP VL, (4.31)

where ﬁféD is a diagonal matrix. Defining furthermore

Kp=Vs'Cp, (4.32)
we obtain the equation
dKCp _1 PD
do. =ag pg Kp, (4.33)

- 11 -



which decouples the differential equations and has the solution

~p . ~p P.D . » D
Kp(p) =Ug (u, A)ICp(A)  with  Uj (u, A) = nPei = diag (77 eﬁu) , or (4.34)

Cp(n) =U"(u, A)Cp(A)  with TP (s, A) =Vp UL (u, M) V5, (4.35)

i.e. the solution is analogous to eq. (4.12), only in the rotated basis. To obtain the solution
in practice, one needs to use standard linear algebra methods to obtain Vp and hi‘ffD.

To generalize the one-step running, we recall eq. (2.2) and hence consider
Co=ash§Co+4779%p, where (7579) = (a®inf %) . (4.36)

Diagonalizing the strong mixing matrix for the child operators analogous to eqs. (4.31)
and (4.32), and inserting the above solution for Cp, we have

’CC = Qg4 heff Kc + V— W P=Cy) Vp UIC (1, A)KCp(A) . (4.37)

This equation is already diagonal in the coefficients Ky, but involves now a lengthy sum of
terms with explicit as dependence, which is, however, trivial to treat in the solution of the
differential equation: making the as-dependence explicit as before, we have

dICk . PD q4pP_2

T = al G K Y Bugi las(W)] P ol TR TG (), with (4.38)
S ,jl

Biji = (‘75 ) pE° (Vp)ji . (4.39)

This equation can again be solved explicitly:

Bigji [as(A)] @it agi+ptl — pCLT
Ké(p) =Y jp[D( )]CD it Pet it pPei k| K3 (A) (4.40)

i1 O T Deii — Pep g — 1

which is again clearly the generalization of eq. (4.19) in the (doubly) rotated basis. The
solution for the coefficients of child operators in the original basis reads then

Colp) = VoK) . (4.41)

In the limit that the strong operator mixing becomes diagonal for parent and child
operators, this equation simplifies to

P—C ap;—1
Py [avs (A)] e agi+ph. —1 i
CE(p) = kitPeri—l _ Pl | oL (A 4.42
C(/J) O +peff7i _ pgﬂk 1 [77 } ( ) ( )

All other effects remain included, and the advantage is that the relevant coefficients can
directly be read off the RGEs, without determining the diagonalization matrices. If ad-
ditionally even the diagonal running of parent or child operators can be neglected, the
corresponding pég/ P clements vanish.

Finally, we consider two-step mixing with an arbitrary number of operators at each
level. This problem is still exactly solvable, but the equations become quite cumbersome,

so we defer them to appendix A. However, its solution eq. (A.5) provides an analytic

- 12 —



master formula that with the help of coefficient tables obtainable from refs. [3-5] allows
for the calculation of the two-step evolution down to the electroweak scale, including the
relvant running of all anomalous dimensions involved. Furthermore, in all these equations
large logarithms are resummed; while this might not be necessary for the weak mixing
contributions, it can constitute a large effect for the running due to the top-Yukawa and
strong couplings when going to large scales A. For the case of negligible self-mixing the
formulae are much simpler: we still consider an arbitrary number of parent operators O;
that generate an arbitrary number of child operators O in a two-step running process
via an arbitrary number of mediator operators O,,, under the assumption that there is no
mixing among the operators in each group. Then, simply using eq. (4.24), we find

km,mi Apm+tami—2 _ 1 agm—1 _ 1
pp a Wi —
Cul(p) = 3 2 [ ()joumtami=2 | ! . Ci(A).  (4.43)

—~ A — 1 Qln, + Qi — 2 A, — 1
im

While this equation still looks a bit cumbersome, it has again the advantage that all relevant
coefficients can be read off easily, without the need of diagonalization. This is also true
for the case of diagonal self-mixing, discussed in appendix A. Yet, one should be aware
of the fact that these simpler analytic results do not describe the general case considered
in appendix A in which all parent, mediator and child operators mix with each other.
Moreover, generally the generated operators will mix back into their respective parent
operators. While the latter effect is suppressed, as discussed above, it is interesting to note
that it could in fact be included analytically as well.

4.5 Special cases of weak mixing

So far we assumed an arbitrary coefficient for the as-dependence of the weak ADM,
parametrized by the a®™. Here we discuss a few specific cases in which our formalism
yields even simpler expressions.

The trivial case ag; — 0 is relevant for pure electroweak mixing ~ 9%12 and occurs also
when considering the limit of constant ADMs. For the latter limit, we have pg&m — 0
and ay; — 0 implying pM=¢ — —yM=C /(875,), and we obtain from eq. (4.40) the trivial
generalization of eq. (3.3).

A less trivial limit is the weak mixing via Yukawa interactions. In this case, the
mixing is typically proportional to y,y,/, and its scale-dependence can be approximated by

considering ag, = 1. Then the general solution for one-step mixing in eq. (4.40) reduces to
Bkl .. P,D C,D )
,Cé — P7D ]ZC’D fr]peﬁ,z — npeﬁ,k:| ICZP(A) , (444)

i, Petfi — Peff k
with By given in eq. (4.39). Similarly, the general expression for two-step mixing, given
in eq. (A.5), is reduced to

M,

pC’D pP’D. D b P
]Ck Z Eklomanji |:Apzm77 eff.k - Apkmﬁ cffi — Apik n eH’m:| IC'L (A)
¢ Apim Apmi Apik ’

T/’J’l7m7n70

(4.45)

where Ejop, is defined in eq. (A.7) and where we defined
Apa =D’ — Paty > With X, = {P,M,C} for a € {(i, ), (m,n,0), (k, 1)} . (4.46)

~13 -



5 Numerical analysis

In order to facilitate the application of the formalism developed over the last sections,
we perform in this section one calculation explicitly. We choose an example where RGE
running can be very important, due to the enhancement of certain (left-right) matrix
elements for meson mixing [15]. To be even more specific, we consider the case of left-right
contributions to Bg-mixing, and use a basis in which the down-Yukawa matrix is diagonal,
implying Y, = V1V, 3% where V denotes the CKM matrix. In this specific case, only one
operator Oy is created at the NP scale A. Looking up its RGE [4, 5], its self-mixing is
approximated via
Crahs = 697 [Cralis (5.1)

from which we can read off, using eqs. (4.30), (4.31) and (4.3), Vp = 1 and hence
2 [os (A)]Pew ! 2 [os (A)]Pw

[ovs (o) > [evs (o))

.P,D

“pp - R 3
hyg = hlg = 6y (po) , and  pog = Py =— Yt (#o)
47 Bo

(5.2)
The child operators consist of Oé}i’s); the relevant parts of their RGEs read
5(1) — (v YT 1 Y. YT (1) _ 3277( (8)
[qu } 1313 < v “)13 (Crrals + 2 ( v “)33 [C‘?d } 1313 3 s {qu } 1313 (5:3)
[C@)} _ (L (YUYT ) — S6rma, [C(S)} — 487a, [c(l)} . (5.4)
9d | 313 2 U )33 ad | 1313 ad | 1313

From these equations we identify ayq(1) ga = 2€y, together with

~C _ 1 (3"/tb|2y152/as —64m ) (l’ll 5612) and (5'5)
T21 X22

Peft = TU8nBo \ 2881 3[Vi|2y2/ s — 3367 )
poe 1 [ ViVilye(po)]*[es(po)] 2
D = . (5.6)
875 0

The remaining diagonalization will rarely be done by hand, but for the purpose of this
example we give the diagonalization matrix and eigenvalues explicitly: defining

X = /(x11 — x92)2 + dx19291 (5.7)

we obtain for the eigenvalues

1 1
pgfi"ﬁ = 5(3311 + w22 — X) and Pff%g = 5(9011 + 22 + X)), (5.8)

and for the diagonalization matrix

- 1 [211—222—X w11—222+X 1 1 [ 2791 my1—wee+X
Vo= 1 R L . (5.9)
2w91 2x91 2x91 2X \ 2x91 —z11tw22+X

With this, all the ingredients for evaluating eq. (4.40) are given. In figure 4 we show the
relative influence of the full running (within our approximations) of parent and children
operators, including the mixing among the latter, compared to the trivial running with
(1)
d

Ap_sc = const.,¥p = o = 0. We observe a smaller effect on C°; than in the previous

example (see figure 3), but still the influence on C’;tli) is ~ 10% and C(Si) is generated at
~ 25% of C(gcll) at the electroweak scale when starting from A = 20 TeV.

— 14 —
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Figure 4. Example of full mixing from Oy into (9((1(11’8) beween 20 TeV and pgw in our framework,
including mixing among parent and child operators, relative to the values generated for 4p_.c =
const.,¥p = J¢ = 0 (denoted by Cyq,0 and shown blue dashed) considered in [15].

g | g g | = g &l g

(&) < o (&) < [} < o
P—P | | &« - P—C | &« - & P—-M—C| « -
single op.|(4.9)[(4.12)[(3.1), (3.3)|single op.|(4.15)[(4.19)|(3.1), (3.3)|| single op. [(4.24)[(3.1), (3.5)
multi op.| — [(4.35)|(3.1), (3.3)| | multi op. (4.40)|(3.1), (3.3)|| multi op. |(A.5) (3.1)

Table 1. Summary of equations relevant for parent-parent mixing (P — P), one-loop parent-child

mixing (P — C) and two-loop parent-mediator-child mixing (P — M — C') with different levels of
approximation.

6 Summary

We analyzed the analytic inclusion of significant contributions to the renormalization-
group evolution from the strong and top-Yukawa couplings to operators generated via weak
mixing. This can be achieved due to a distinct hierarchy between several effects, allowing
to solve the relevant RGEs in a step-wise fashion. While the running due to both the
strong and the top-Yukawa coupling (squared) can be included exactly, the approximation
y2(11)/cs(p) ~ const. has been shown to be excellent and facilitates the analysis greatly.
The included effects are sizable mostly for the coefficients of the generated child operators.
The analytic inclusion of these contributions facilitates for instance the application of
phenomenlogical constraints at different scales.

Our paper contains a large number of expressions that correspond to various patterns
of ADMs and to different approximations. In order to make our paper transparent we
summarize the equations corresponding to these different situations in table 1. In addi-
tion to the main formulae listed there, we discuss specific additional approximations in
eqs. (4.42)—(4.45) and (A.8) that yield further simplifications.

We hope that the analytic results presented here will give readers better insight into
the importance of the various renormalization-group effects than it is possible by using
numerical codes, only. Furthermore, the explicit expressions should allow for quick tests of
new ideas without getting involved with the intricacies of the codes present in the literature.
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A General two-step running with an arbitrary number of operators

We consider a system of RGEs for two-step running, including strong self-mixing and an
arbitrary number of operators at every stage:

Cp=oashlzCp, Cy=ashlicy+477MCp, Co=ashSCo+4M7%Cy, (A1)

where the three matrices Bg% (X = P,M,C) are again approximately scale-independent
and defined via

/Alg% = Oés_l’?X = VX ﬁﬁf’D V)zl . (A.2)
The solutions for the self-running of Cp and the full expression for the mediator operators
can be obtained from egs. (4.35) and (4.40). We rewrite the third equation in eq. (A.1) as

KC’ = Oy hg_’fD Ko+ Vgl ’?M_)C VM’CM . (A3)

Inserting the solution for K, we can further rewrite this equation as

dICE —1 _C.D -k Binnji _pPD aggtani+pln -3
WC = o P KE+ ) Eklom# s (A)] Pemi g ” T (A.4)
s i,4,lm,m,0 mnge
__M,D . ot M,D 5
[t (A)]PemmFana =1 gt P }’CZP (A),
which is solved by
KE = (A.5)

ajotan;i—2 pcf’fD. azo+anj+ppf’fD~*2 azoﬂoﬂff’D -1 P
Eklomanji[as(A)] loTfnj Amnjzn € ’k+AklomT] et 7Aklonji77 ethm Kl (A)

L AmnjiAklomAklonji
,9,1,m,n,0

Here we introduced the abbreviations

PD _M,D oD | MD
Amnji = Qnj +peff,i ~ Deftm — L, Aklom = Q1o — Detr i +peﬁ7m -1, (A-G)
PD _C.D - ~
Aktonji = Glo + anj + Doy — Pegip =2, Entom = (Ve Dmpia " (Va)om, (A7)

and used the definition in eq. (4.39). In the limit where the strong mixing matrices are
diagonal, this equation simplifies to

< pb. o A
ck Z PhmPmias (A)]@kmtami =2 [Ammiinpe“’k + A Ot i T2 Ay e T Pettm 1] cr ()
c AmmiiAkkmmAkkmmii ’

o (A.8)

where the coefficients can be read off directly from the RGEs in [3-5].
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