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Abstract—In this paper, we consider antennas arrays with
small mutual resistance, and assess the impact of neglecting both
the small mutual resistance and the mutual reactance, on the
radiated power and on the achievable rates. This extends our
earlier results on antenna arrays with zero mutual resistance,
which show that when those antenna arrays are excited by
practical radio frequency amplifiers modeled as linear sources,
the radiated power depends on the mutual reactance and that
there is a gap between capacity and the achievable rate when
neglecting the mutual reactance. In this investigation, we consider
a Uniform Linear Array (ULA) consisting of λ/2-dipoles spaced
by λ/2, and compare it to a ULA consisting of hypothetical
isotropic radiators spaced by λ/2. Numerical results are given
for the ergodic rates in an independent and identically distributed
channel in the up- and downlink, with a base station transmitting
to a single antenna mobile. Furthermore, the investigation is
extended to a more realistic channel model based on QuaDRiGa.

I. INTRODUCTION

Antenna arrays are getting more and more important for
mobile communications. As the number of antennas in the
array increases, it becomes more important to model the
antennas accurately. In a recent article [1], the authors show
that arrays of hypothetical isotropic radiators also have a
mutual reactance, while in signal processing and wireless
communications literature, usually only the mutual resistance
is considered. They furthermore consider a base station with an
antenna array of canonical minimum scattering antennas [2] and
model the array using an impedance matrix ZBS. In addition, it
is assumed that the distances between the antennas in the array
are such that the mutual resistance is zero. In this case, the
radiated power is independent of the mutual reactance, if the
array is excited by ideal current sources [1]. However, practical
radio frequency amplifiers are not ideal current sources, but can
often be modeled as linear sources. In this case, the radiated
power does depend on the mutual reactance [1]. Then they
consider the impact of neglecting the mutual reactance of the
antenna array on the radiated power and on the ergodic rates for
an independent and identically distributed (i.i.d.) channel. They
consider two types of antenna arrays: a Uniform Linear Array
(ULA) consisting of hypothetical isotropic radiators spaced by
λ/2, where λ is the wavelength of the carrier, and a Uniform
Circular Array (UCA) consisting of three lossless and infinitely
thin λ/2-dipoles.

In this paper, we extend these results to antenna arrays that
only have a small mutual resistance. As in [1], the analysis is

based on the Multiport Communications Theory [3], [4] and
in particular on the simplified model from [5] that does not
consider a matching network.

Notation: Lowercase bold letters denote vectors, uppercase
bold letters matrices. AT ,AH correspond to the transpose and
Hermitian. 0 and I denote all-zero vector and identity matrix,
NC(μ,R) a complex Gaussian distribution with mean μ and
covariance R, diag(A) the matrix whose diagonal elements
are equal to those of A, and whose other entries are zero, and
E [·] the expectation operator.

II. ANTENNA ARRAYS WITH SMALL MUTUAL RESISTANCE

As in [1], we start with lossless antenna arrays consisting of
N identical antenna elements with resistance Rr and reactance
Xr, whose mutual resistance is zero, at the base station. That
means that its impedance matrix ZBS ∈ C

N×N · Ω fulfills [1]

ZBS = RrI + jXBS, diag(XBS) = XrI, (1)

where XBS is the mutual reactance matrix. Then the (instan-
taneous) radiated power when the array is excited by ideal
current sources i, can be computed as [1], [4]

PT,i = Re
(
iHu

)
= iH Re (ZBS) i = Rr‖i‖22. (2)

For example this is true for a ULA consisting of hypothetical
isotropic radiators spaced by λ/2 [1], but note that isotropic
radiators are hypothetical since isotropic sources of coherent
electromagnetic radiation do not exist [6, Sec. 1.13]. Therefore
in practice, other types of antennas need to be used, but in
general arrays consisting of these antennas do not have zero
mutual resistance, but some (small) mutual resistance since the
zeros of the mutual resistance are not equidistant in general.
Thus in this paper, we want to consider more practical antenna
arrays with small mutual resistance. The following analysis
also applies if it is not small, but that would lead to different
simulation results. Then impedance matrix of the array fulfills

ZBS = RBS + jXBS, (3)

where RBS is the mutual resistance matrix, which is symmetric
positive semidefinite.

In this case, the (instantaneous) radiated power is

PT,i = iH Re (ZBS) i = iHRBSi, (4)
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Fig. 1. Ergodic ratio αerg of true and predicted power for a ULA consisting
of hypothetical isotropic radiators spaced by λ/2 in an i.i.d. channel [1].

when the antennas in the array are excited by ideal current
sources i. Note that due to the mutual resistance, PT,i is
still directly proportional to ‖i‖22, but contrary to (2), the
proportionality factor is not constant and different from Rr in
general.

If more realistic linear power amplifiers are used to excite
the antenna array, which can be modeled [1] as a linear voltage
source uG with inner resistance R = RI , the (instantaneous)
radiated power can be computed as [1], [3], [5]

PT,i =
uH
GBuG

R
, (5)

B = R (ZBS +R)
−H

RBS (ZBS +R)
−1

, (6)

where B is the so-called power coupling matrix. If the base
station neglects the mutual impedance, i.e., it assumes that
ZBS is diagonal, it predicts the (hypothetical instantaneous)
radiated power via [1]

PT,p,i =
uH
G B̂uG

R
, B̂ = R

Rr

(Rr +R)2 +X2
r

I. (7)

Then the true and predicted radiated power are defined as [1]

PT = E[PT,i], (8)
PT,p = E[PT,p,i]. (9)

At the receiver side, the load voltage uL is measured across the
input impedance R of the low noise amplifier (LNA) in each
RF chain [1]. Let us assume the underlying physical model
is [4]

uL = DuG +
√
Rη, η ∼ NC(0

√
W,Rη), (10)

where D is the input-output relation of the voltages and η is
additive noise with variance Rη [5]. In the simulations, we will
use the noise parameters from [7], but with input impedance
R of the LNA.

According to the Multiport Communications Theory, we can
obtain the information theoretic model [4]

y = Hx+ ϑ, ϑ ∼ NC(0
√
W, σ2

ϑI),

H = σϑR
−1/2
η DB−H/2

(11)

with the receive vector y, the transmit vector x and the
information theoretic channel H . Similarly when neglecting
the mutual impedance [1], [5], we can obtain

y = Ĥx̂+ ϑ, Ĥ = σϑR
−1/2
η DB̂−H/2. (12)
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Fig. 2. Ergodic ratio αerg of true and predicted power for a ULA consisting
of λ/2-dipoles spaced by λ/2 in an i.i.d. channel.

III. SIMULATION RESULTS FOR THE I.I.D. CHANNEL

We will compare the results for the ULA consisting of
hypothetical isotropic radiators spaced by λ/2 with one
consisting of λ/2-dipoles. For the latter,

max
k,l
k �=l

|[RBS]k,l| ≈ 0.171 [RBS]k,k (13)

holds for N = 2, . . . , 64, and the maximum is attained for
|k − l| = 1, i.e., the mutual resistance is indeed small.

In this section, we compare the ergodic capacities, rates
and the ratio of (hypothetical) predicted radiated power and
radiated power by a Monte Carlo simulation of 1000 channel
realizations of the i.i.d. channel

z ∼ NC(0Ω, σ
2
zI), σz ≈ 0.019 085Ω, (14)

D =
R

Rr + jXr +R
zT (ZBS +R)−1, (15)

and assume that R = Rr, which is exactly the same setup
as in [1]. This choice of R leads to power matching for the
hypothetical isotropic radiators at the transmitter and receiver,
and to a matching of the resistance for the λ/2-dipoles, a
heuristic [1].

The impedance Zλ/2 and the mutual impedance of infinitely
thin λ/2-dipoles can be found in [6, Sec. 13.4]. For the isotropic
radiators, we assume that their resistance is Rr = Re(Zλ/2)
and their reactance is Xr = 0Ω [1].

A. Downlink

In the downlink, we consider the transmission of the base
station to a mobile with a single λ/2-dipole as an antenna.
Then H and Ĥ become row vectors. We define hH = H ,
ĥH = Ĥ . First, consider the ratio of true and predicted radiated
power [1]

αerg = exp(ln(2) E[log2 α]), (16)

α =
PT

PT,p
=

ĥH

‖ĥ‖2
B̂−1/2BB̂−H/2 ĥ

‖ĥ‖2
. (17)

Let us compare Figs. 1 and 2. Please note that not taking
XBS into account and not taking the mutual impedance into
account is the same for the ULA consisting of hypothetical
isotropic radiators, since its mutual resistance is zero. We see
that for this type of array, αerg saturates around 95.5% already
at about N = 7, but with λ/2-dipoles, it saturates for larger
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Fig. 3. Ergodic downlink rates of a ULA consisting of 64 isotropic radiators
spaced by λ/2 with and without neglecting the mutual impedance in an i.i.d.
channel [1].
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Fig. 4. Ergodic downlink rates of a ULA consisting of 64 λ/2-dipoles spaced
by λ/2 with and without neglecting the mutual impedance in an i.i.d. channel.

N and reaches about 102.3%. That means, for larger N , on
average a slightly different amount of power than predicted is
radiated by the arrays – about 0.2 dB less for the former [1]
and about 0.099 dB more for the latter.

Second, consider the ergodic capacity Cerg, the hypothetical
rate Rerg,hyp and the power corrected ergodic rate Rerg,pc for
a given power P , which are defined as [1]

C = log2
(
1 + ‖h‖22P/σ2

ϑ

)
for PT = P, (18)

Rhyp = log2

(
1 + ‖ĥ‖22P/σ2

ϑ

)
for PT,p = P, (19)

Cerg = E [C] , Rerg,hyp = E [Rhyp] , (20)
Rpc(P ) = Rhyp(P/α), Rerg,pc = E [Rpc] . (21)

There are two losses when the mutual impedance is neglected:
the one due to the suboptimal beamforming vector and the
one due to the base station using PT,p instead of PT, i.e., a
different than predicted power is radiated, as we have seen
in Figs. 1 and 2. Rhyp contains both losses, while Rpc only
contains the one due to the suboptimal beamforming vector.

Consider the ULAs with N = 64 antennas. Fig. 3 corre-
sponds to the one consisting of hypothetical isotropic radiators
and shows that Rhyp is 0.081 bpcu (bits per channel use),
smaller than Cerg at high SNR, where using PT,p results in a
smaller average radiated power that accounts for 0.066 bpcu,
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Fig. 5. Ergodic uplink rates of a ULA consisting of 64 isotropic radiators
spaced by λ/2 with and without neglecting the mutual impedance in an i.i.d.
channel [1].
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Fig. 6. Ergodic uplink rates of a ULA consisting of 64 λ/2-dipoles spaced
by λ/2 with and without neglecting the mutual impedance in an i.i.d. channel.

which is exactly the gap between Rerg,hyp and Rerg,pc at high
SNR [1]. That means, here the influence of the smaller average
radiated power dominates over the suboptimal beamforming
vector. Let us compare that to the ULA consisting of λ/2-
dipoles, see Fig. 4. Here Rerg,hyp is slightly larger than Cerg –
0.0061 bpcu at high SNR – due to the larger average radiated
power. The gap between Rerg,pc and Cerg is 0.025 bpcu, i.e.,
the effect of the larger radiated power and the one of the
suboptimal beamforming vector are about the same scale.

The gap between Cerg and Rerg,pc and between Rerg,pc and
Rerg,hyp is a bit larger for the ULA consisting of λ/2-dipoles
than for the one consisting of isotropic radiators, but still on
the same order of magnitude. However, neglecting the mutual
impedance leads to a larger instead of a smaller radiated power
and Rerg,hyp for the former.

B. Uplink

In the uplink, the mobile transmits over the transposed
channel. Then H and Ĥ become the column vectors h and ĥ.
We consider the same base station arrays as in the downlink
and compute the ergodic capacity [1]

CUL,erg = E
[
log2

(
1 + ‖h‖22PT/σ

2
ϑ

)]
(22)

and the ergodic rate neglecting the mutual impedance

RUL,erg = E
[
log2

(
1 + PT‖ĥ‖42/(ĥHRϑ̂ĥ)

)]
(23)
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Fig. 7. A base station serving a mobile in a hexagonal cell.

for a single antenna mobile with a λ/2-dipole.
When we compare the results for both arrays (see Figs. 5

and 6), the rates are almost the same. In both cases, RUL,erg

is a little bit smaller than CUL,erg, about 0.0058 bpcu with the
isotropic radiators and 0.010 bpcu with the λ/2-dipoles at high
SNR. The gap between them only results from a suboptimal
equalizer that does not take into account the noise correlations
between the antennas, introduced by the mutual impedance. The
predicted and (true) radiated power are the same, as the mobile
only has a single antenna. That means, also in the uplink, the
gap for the ULA consisting of hypothetical isotropic radiators
and the one for the ULA consisting of λ/2-dipoles are on the
same order of magnitude.

So far, we have only considered an i.i.d. channel. In the
next section, we will consider a more realistic channel model.

IV. SIMULATION RESULTS WITH QUADRIGA

QuaDRiGa [8], [9] implements the 3GPP channel models
defined in TS 38.901 [10], which are valid from 500MHz to
100GHz carrier frequency, and more realistic than an i.i.d.
channel model. Consider a single base station site in the urban
macrocell (UMa) model (without mobility), which assumes a
regular hexagonal pattern of cells with base station sites on
certain corners of the hexagons. Let us assume that this site is
not sectored, i.e., there is a single base station at this site. When
it serves all mobiles that are closest to it, it serves a hexagon
whose edge length is (500/

√
3)m, as the inter site distance is

500m, see Fig. 7. The base station is located at the center of this
hexagon at an altitude of 35m. For each channel realization,
a mobile is placed in the hexagon according to a uniform
distribution, except for a circle with radius 35m around the
base station, which does not contain any mobiles. Their altitude
is computed according to [10]. We only consider stationary
mobiles that have got a vertically oriented λ/2-dipole as an
antenna, as for the i.i.d. channel model. QuaDRiGa assumes
that isotropic radiators are vertically polarized. The orientation
of the ULA at the base station is such that it is parallel to
the ground, centered and perpendicular to one of the long
diagonals of the hexagon.

For each channel realization, QuaDRiGa computes a channel
impulse response in base band in continuous time

z(t) =

Npath∑
i=1

δ(t− ti)zi, (24)
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Fig. 8. Ergodic ratio αerg of true and predicted power for a ULA consisting
of isotropic radiators spaced by λ/2 in a UMa channel.
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Fig. 9. Ergodic ratio αerg of true and predicted power for a ULA consisting
of λ/2-dipoles spaced by λ/2 in a UMa channel.

consisting of Npath paths described by a Delta distribution δ,
with a delay ti and coefficients zi. To use this z(t) in our
model, we need to assume a transmit and a receive filter with
a certain symbol rate Δf . We use Δf = 15 kHz similar to a
subcarrier in LTE. Regarding the noise, we assume that we can
scale its covariance matrix by 15/740 to obtain the same noise
power per bandwidth as in Section III. An analog root-raised
cosine transmit and receive filter with roll-off factor 1 is used,
which does not introduce any temporal noise correlations. We
assume that we can approximate the system to be frequency
flat at the center frequency 3.5GHz, as the relative bandwidth
is only about 0.000 43%. The channel in discrete time then is

z[l] =

Npath∑
i=1

hRC

(
l

Δf
− ti

)
zi, (25)

where hRC(t) is the impulse response of a raised cosine filter
with symbol rate Δf and roll-off factor 1. We also assume this
channel to be frequency flat, so it is sufficient to consider the
channel at the base band frequency ν = 0Hz. To evaluate it
there, we compute the discrete-time Fourier transform of z[l],
which can be simplified using the Poisson summation formula

∞∑
l=−∞

hRC

(
l

Δf
− ti

)
e−jωl/Δf

= Δf
∞∑

k=−∞
e−j2π(kΔf+ν)tiHRC(kΔf + ν), (26)
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Fig. 10. Ergodic downlink rates of a ULA consisting of 64 isotropic radiators
spaced by λ/2 with and without neglecting the mutual impedance in a UMa
channel.
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Fig. 11. Ergodic downlink rates of a ULA consisting of 64 λ/2-dipoles
spaced by λ/2 with and without neglecting the mutual impedance in a UMa
channel.

as inspired by [11], where HRC(f) is the Fourier transform of
hRC(t). As the raised cosine pulse is sufficiently frequency-
limited, for ν = 0Hz only the summand with k = 0 is non-zero,
and the discrete-time Fourier transform evaluated at this ν is

z =

Npath∑
i=1

HRC (0Δf) zi =

Npath∑
i=1

zi. (27)

In the following, we will compare the two ULAs we already
compared for the i.i.d. channel: one consisting of isotropic
radiators and one consisting of λ/2-dipoles. All antenna
elements are oriented vertically.

In Figs. 8 and 9, we can see that compared to Figs. 1
and 2, αerg saturates at lower values, 91% ≈ −0.41 dB and
93% ≈ −0.32 dB. That means for more realistic channels it
may be more important not to neglect the mutual impedance
than in an i.i.d. channel. Interestingly for the ULA of λ/2-
dipoles, αerg < 1 in the UMa channel model, but αerg > 1 for
N ≥ 4 in the i.i.d. channel model, see Figs. 2 and 9.

Let us assume that the base station radiates 10W in a channel
bandwidth of 20MHz. If the power is equally spread among
this bandwidth, 7.5mW ≈ −21 dBW are radiated on one
subcarrier with 15 kHz bandwidth. Similarly a transmit power
of the mobile of 100mW corresponds to 75 μW ≈ −41 dBW.
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Fig. 12. Ergodic uplink rates of a ULA consisting of 64 isotropic radiators
spaced by λ/2 with and without neglecting the mutual impedance in a UMa
channel.
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Fig. 13. Ergodic uplink rates of a ULA consisting of 64 λ/2-dipoles spaced
by λ/2 with and without neglecting the mutual impedance in a UMa channel.

Compared to the i.i.d. channel, significantly more power is
needed to achieve the same ergodic capacity or rate, as σz

for the i.i.d. channel (see (14)) at 3.5GHz center frequency
corresponds to a line of sight channel in free space between
two parallel λ/2-dipoles spaced roughly 85.7m. In the UMa
model however, there is additional attenuation since mobiles
can be indoor or have non-line of sight reception. Also, the
mobiles can be further away from the base station, between
35m and about 289m. This leads to a large variation in the
rates, see Fig. 14 for the cumulative distribution function of
the downlink capacity and rates for N = 64. Please note
that this distribution is only for one narrowband subcarrier
and as the channel is frequency selective due to multi-path
propagation, for one channel realization, other subcarriers may
support a significantly higher or smaller rate, so a good resource
allocation is needed.

When we compare Figs. 10 and 11, and 12 and 13, we can
see that the ergodic rates and capacities are higher with the
λ/2-dipoles at the base station, which means that the directivity
of the λ/2-dipoles is beneficial in the UMa channel model.

In the downlink the gap between Cerg and Rerg,hyp at high
SNR is significantly larger than in the i.i.d. channel model –
0.16 bpcu for the isotropic radiators and 0.17 bpcu for the λ/2-
dipoles compared to 0.081 bpcu and 0.0015 bpcu respectively.
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the mutual impedance in a UMa channel for P = 7.5mW.

In power, at P = 7.5mW, this translates to a loss of 0.43 dB
and 0.37 dB, which is not negligible.

In the uplink, the gap between CUL,erg and RUL,erg at high
SNR is larger as well, 0.0095 bpcu for the isotropic radiators
and 0.014 bpcu for the λ/2-dipoles compared to 0.0058 bpcu
and 0.010 bpcu respectively. At PT = 75 μW, this translates
to a loss of 0.017 dB and 0.030 dB respectively, which might
be negligible in practice.

V. CONCLUSIONS

We have extended the evaluation of the impact of neglecting
the mutual impedance on the radiated power and on the ergodic
rates from antenna arrays with zero mutual resistance to antenna
arrays with small mutual resistance. In particular, we have
considered a ULA consisting of λ/2-dipoles. The effect of
neglecting its mutual impedance on the ergodic rates is a bit
larger, but still on the same order of magnitude compared to the
one for a ULA consisting of hypothetical isotropic radiators.

Furthermore, simulation results for a more realistic channel
model without mobility, based on the TS 38.901 UMa channel
model in QuaDRiGA, show that the effect of neglecting the
mutual impedance is larger there, than in an i.i.d. channel, and

that the losses in the downlink are non-negligible. Also the
losses with the λ/2-dipoles are larger than with hypothetical
isotropic radiators.
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