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Abstract

Parallel iterative domain decomposition methods are an essential tool to simulate
structural mechanics because modern hardware takes its computing power almost
exclusively from parallelization. These methods have undergone enormous develop-
ment in the last three decades but still some important issues remain to be solved.
This thesis focuses on the application of dual domain decomposition to problems of
linear structural dynamics and the two main issues that appear in this context. First,
the properties and the performance of known a priori coarse spaces are assessed for
the first time as a function of material heterogeneity and the time step size. Second,
strategies for the efficient repeated solution of the same operator with multiple right-
hand sides, as it appears in linear dynamics, are investigated and developed. While
direct solution methods can easily reuse their factorization of the operator, it is more
difficult in iterative methods to efficiently reuse the gathered information of for-
mer solution steps. The ability of known recycling methods to construct tailor-made
coarse spaces is assessed and improved. In particular, this work and the according
preceding papers present the first highly efficient recycling strategies for the recently
published adaptive multipreconditioning framework.

Zusammenfassung

Parallele iterative Gebietszerlegungsverfahren sind ein essenzielles Werkzeug zur Si-
mulation von Strukturmechanik, denn moderne Hardware schöpft ihre Rechenleis-
tung fast ausschließlich aus Parallelisierung. Diese Methoden haben in den letzten
drei Jahrzehnten eine enorme Entwicklung durchlaufen, doch es gibt noch einige
wichtige Probleme, die gelöst werden müssen. Diese Arbeit konzentriert sich auf die
Anwendung von Gebietszerlegungsverfahren auf lineare Probleme der Strukturdy-
namik und die beiden Hauptprobleme die sich in diesem Zusammenhang ergeben.
Dies sind erstens die Eigenschaften und die Leistungsfähigkeit von bekannten a priori
Coarse Spaces, welche erstmalig in Abhängigkeit der Material-Heterogenität und der
Zeitschrittgröße untersucht werden. Der zweite Punkt ist die Untersuchung und Ent-
wicklung von Strategien für die effiziente mehrfache Lösung von konstanten Opera-
toren mit wechselnder rechter Seite. Während direkte Lösungsverfahren einfach die
Faktorisierung des Operators wiederverwenden können, ist es in iterativen Verfahren
schwieriger die gesammelten Informationen aus vorhergehenden Lösungsschritten
effizient wiederzuverwenden. Die Fähigkeit bekannter Recyclingstrategien, maßge-
schneiderte Coarse Spaces aufzubauen, wird untersucht und verbessert. Insbeson-
dere werden in dieser Arbeit und in den entsprechenden vorangegangenen Publika-
tionen die ersten hocheffizienten Recyclingstrategien für das kürzlich veröffentlichte
multipreconditioning Verfahren präsentiert.
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Chapter 1

Introduction

The possibility to precisely predict the behavior of structures by computer simula-
tion, whether they are of very large scale like the wing of an airplane or of much
smaller scale like the timing chain of a combustion engine, has revolutionized almost
every single field of engineering. It allows to analyze the stability and the operating
performance of a specific design of a mechanical part, long before the first proto-
type has been built. Even structural optimization, which had never been possible to
discover by experiment, becomes a widely automated task. The according mathe-
matical methods are not limited to the operating behavior of mechanical parts like in
aerospace or automotive structures, but also include complex physical processes like
plastic deformation and thermodynamic effects, for example, the welding of struc-
tural steel. Today, most product development processes are characterized by a strong
interaction of simulation and experiment.

A common method to create mathematical models that can be solved by computer
algorithms is to discretize the computational domain, for example, using the finite
element method. With increasing demands on accuracy, the discretizations become
ever finer, allowing for a more accurate resolution of the physical processes. However,
this leads to computational problems with a huge number of unknowns, which in turn
requires accordingly large resources of memory and computational power.

Unfortunately, the clock rate of processor cores as well as the memory that is usually
addressed by one core did not increase anymore since more than ten years. This
is related to physical limits concerning the scale of transistors, thermal issues and
energy consumption. Even the effective performance, which is still increasing due
to more complex instruction sets and internal parallelization, is almost stagnating as
figure 1.1 shows. At the same time, the price for processor cores and memory has
dropped significantly. As a result, modern computers, whether smartphone, work-
station or supercomputer, take their power from multiple cores. To make use of
these new hardware architectures, the numerical methods used to solve linear or
nonlinear discretized mathematical problems have to exhibit a high degree of paral-
lelism. That is to say, their routines must divide the computational task in as many
as possible independent tasks with as little as possible increase of the overall compu-
tational complexity. Furthermore, the necessary amount of communication between
the cores, i.e., between the independent tasks, should be very low and should rise
only weakly when the number of parallel tasks is increased.

1



2 1 Introduction

Figure 1.1. Growth in processor performance over 40 years relative to the VAX 11/780 as measured by
the SPEC integer benchmark. For more information, see [1]. (Source: [1])

In the field of structural mechanics, domain decomposition methods have been de-
veloped since several decades to cope with these requirements. Most of them rely
on two basic principles. First, they divide the computational domain into several
subdomains so that each of them can be handled by a separate computing core. Sec-
ond, they search for a solution iteratively. That means they start with a guess for
the solution, and repeatedly compute the deformation of the subdomains. After each
computation, neighboring domains exchange information in their common region
to check if their solutions match. Based in the error, the solution is improved step
by step until a sufficient accuracy is attained. Because the underlying mathemati-
cal algorithms guarantee convergence toward the exact solution, iterative methods
that terminate at a certain accuracy can turn this very little and usually irrelevant
deficiency of exactness into significant savings in memory and computation time.
However, it is impossible to design domain decomposition methods in which the in-
dividual domains, i.e., the computing cores, do not have to communicate with each
other.

1.1 Problem Statement

In this thesis, the focus is set on the finite element tearing and interconnecting (FETI)
method, one of the most successful domain decomposition methods. In this chapter,
no references are given. This is done in the following chapters when the according
theory is introduced.

It is based on a non-overlapping decomposition of the domain, which is why the
subdomains are usually called substructures in this context. They are connected by
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a global set of interface forces, which are called dual unknowns and chosen such
that they automatically fulfill the action-reaction principle. The interface forces are
improved iteratively, based on the error of the displacement, called primal unknowns,
on the substructure interfaces. Mathematically, all the iterative procedures discussed
in this thesis are equivalent to a classical or multipreconditioned conjugate gradient
(CG) algorithm.

The following key features of the basic method have helped to make it one of the
most popular and most powerful methods for parallelizing the computation of large
problems in structural mechanics. First, the vast majority of computations is local
to a substructure and thus trivial to parallelize. Second, most communication is
also local, i.e., only occurs between neighboring substructures. These two impor-
tant properties also hold for the usual preconditioning methods. Third, by solving a
problem of flexibility instead of stiffness, the formulated problem exhibits very ad-
vantageous spectral properties that make the CG algorithm find the most important
physical modes first. This leads to fast convergence and physically accurate approxi-
mations after few iterations. Fourth, the mathematical structure allows to introduce
a type of coarse space correction, called coarse space here, which implicates global
propagation of error information and thereby leads to good scalability. Based on
this foundation, a whole family of dual domain decomposition methods has been
established over almost three decades.

In the past, several types of particularly hard problems for this class of dual domain
decomposition methods have been investigated and numerous enhancements have
been proposed and assessed. The original, basic algorithm works well for homo-
geneous structures whose mesh is decomposed in substructures with smooth bound-
aries and balanced aspect ratios. Less optimal conditions can cause slow convergence
or breakdown. The hard problems are essentially heterogeneous material distribu-
tions, jagged interfaces, and bad aspect ratios. Heterogeneous material distributions
occur, for example, in rubber tires that include steel parts. They are most difficult to
solve if the material borders do not align with the substructure interfaces but cross
them. Jagged interfaces happen especially when structures are decomposed into sub-
structures after they have been meshed. In this case it is often difficult or impossible
to find smooth paths along the mesh. Bad aspect ratios mean that the dimensions of a
substructure in two different spatial directions have a ratio far from one. To cope with
these problems, numerous modifications of the basic preconditioners, mostly scaling
procedures, have been proposed. A second family of enhancements are the defla-
tion methods, which build a coarse space that aims to relieve the iterative algorithm
by computing the solution within a particularly difficult subspace with a direct solu-
tion method. The most recent enhancement is multipreconditioning, which exploits
the additive structure of the preconditioner to compute multiple search directions in
each iteration. However, most of these strategies have been tailored for the solution
of static problems and have also only been applied to such in the majority of cases.

Regarding problems of linear structural dynamics, many important questions have
not been investigated thoroughly enough yet. The effects of mass and time on the
one hand and the solution of many problems with identical operators but changing
right-hand sides on the other hand pose a special class of problems that require
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separate consideration. Instead of a pure stiffness, the operator in linear dynamics
is a combination of stiffness and mass. Their weights are primarily governed by the
time step size, which is why the analyzed time scale is of major importance and
can change the systems characteristics substantially. While the special case of linear
dynamics seems to reduce the complexity, the fact that the operator remains identical
over all time steps calls for a highly efficient reuse of information from one time step
to the next. For these multiple right-hand side problems, direct solution methods
simply compute a complete factorization of the operator and can subsequently solve
all time steps very efficiently and fast. Instead, iterative methods do not offer such
a convenient method and require a different approach to solve multiple right-hand
side problems efficiently.

In the context of the classical single-preconditioned variants of FETI, a thorough
analysis of the requirements on coarse spaces when solving dynamic problems is
necessary. Some publications applied the rigid body mode coarse space and also con-
sidered heterogeneity, but widely varied scales of time have not been investigated.
The more sophisticated and much more capable generalized eigenvalues in the over-
laps (GenEO) coarse space has not been considered. It is unclear for which type
of dynamic problems coarse spaces are necessary at all, and if they are, how they
should be constructed. While basic recycling strategies have been applied to multiple
right-hand side problems, their behavior and the according requirements as a func-
tion of the parameters heterogeneity and time step size have not been investigated.
Similarly unknown is the assessment of more sophisticated recycling strategies like
global eigenvector approximations against this background.

The recently published adaptive multipreconditioned FETI (AMP-FETI) has been ap-
plied to various linear and nonlinear problems of structural mechanics, while dy-
namic problems have not been considered yet. When the multipreconditioning frame-
work is applied to solve problems of structural dynamics, new issues like search space
degeneration appear. On the one hand these issues allow for improvements in effi-
ciency, on the other hand their specific handling is critical for the successful appli-
cation of recycling strategies. Because of the repeated solution of the same linear
system, such recycling of former solution spaces is one of the most important ingre-
dients for the efficient solution of problems in linear structural dynamics. The most
simple recycling strategy known for the classical single-preconditioned framework
can be transferred quite intuitively to multipreconditioning, but the resulting per-
formance has not been assessed so far. What’s more, it is not possible to apply the
more powerful recycling strategies of single-preconditioning to multiprecondition-
ing. Therefore, new methods that are specifically tailored for the new state of the art
are absolutely essential to extend its scope to problems of linear structural dynamics.
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1.2 Objective and Outline

This thesis discusses the application of the classical and the multipreconditioned FETI
method to problems of linear structural dynamics. Non-linear problems are not con-
sidered. After a short introduction of the motivation to consider dual domain de-
composition methods, an overview of the state of the art is given and the prevailing
problems within the context of linear structural dynamics are highlighted. In general,
this thesis presents the important aspects of the method that should be considered
for the efficient solution of this class of problems and investigates some critical issues
that have not been considered so far. In particular, the influence of the time scale,
suitable coarse spaces, and recycling strategies are discussed and new methods are
proposed to improve the state of the art.

Chapter 2 gives a thorough overview of the important aspects when applying FETI
to dynamics. At first, non-overlapping domain decomposition and the concept of
primal and dual interfaces, which constitute the basis of everything that follows, are
introduced in detail. Next, importance is attached to the iterative solution process
because of its particular significance to understand how coarse spaces and solution
space recycling work. The physical view of the iterative improvement of the solution
is connected to the mathematical framework of conjugate gradients with a natural
coarse space projection. Furthermore, the augmentation by auxiliary deflation spaces
is illuminated in detail. Important basic enhancements like preconditioners and scal-
ing techniques are introduced, and the most important mathematical framework to
describe and predict the convergence by spectral properties is explained.

Chapter 3 adds the surrounding framework of time integration schemes to apply
dual domain decomposition methods to linear structural dynamics. It also explains
the adaption of preconditioners and scaling procedures, which have been originally
designed to solve static problems, to dynamics. In addition, special issues in dynam-
ics like the computation of the initial acceleration and the stability of integration
schemes for constrained mechanical systems are considered. Finally, a summary of
the fundamental concepts that can be used to improve the convergence and to lower
computational cost and time are presented. The short overview also highlights which
of them are investigated in more detail in the following chapters.

Chapter 4 provides a thorough analysis of the requirements on coarse spaces and in-
vestigates suitable methods to construct them with particular attention to the chang-
ing conditions in different scales of time. To introduce the setting, the spectral prop-
erties of the dynamic interface problem are investigated as a function of the time
step size and heterogeneity. Furthermore, the relation to the equivalent static prob-
lem is illustrated. The requirements on coarse spaces depending on the time scale
and heterogeneity are analyzed by visualizing the local GenEO modes of a specific
substructure. Especially the rigid body mode coarse space and several variants of its
application are compared to the GenEO coarse space in order to identify for which
types of problems it is able to accelerate the convergence and why it does not work
well in other cases. Recycling strategies are introduced as a further method to con-
struct efficient deflation spaces. They allow to reuse the information gathered during
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the solution of former time steps to accelerate the solution of future ones. This is
crucial to obtain an efficient algorithm because otherwise, the same linear system
is solved over and over again without reusing any of the important properties of the
system that had already been discovered. The a priori coarse spaces are subsequently
compared to those constructed by recycling strategies. In particular, their ability to
adapt the chosen subspace and its size to the requirements of the problem, which
strongly change for different scales of time and heterogeneities, is investigated. To
improve this adaptivity for a wide range of time scales and for the specific needs of
linear dynamics, a new selection criterion for the global Ritz approximation strategy
is proposed.

Chapter 5 focuses on multipreconditioning and its application to linear dynamics. It
starts with the introduction of the theory of adaptive multipreconditioning. To pre-
pare for the analysis and the development of recycling strategies, which is the main
focus of the chapter and completely novel in the framework of multiprecondition-
ing, the issue of search space degeneration is investigated. The effect is explained
and illustrated by numerical examples. Subsequently, two methods to handle it are
proposed. At first, a new method to improve the efficiency of multipreconditioning
in case of degenerated search spaces is proposed, which can be used if no recycling
strategy should be applied. Next, the important requirement of recycling strategies
to have a fully populated search space available from the beginning is introduced. To
meet this requirement, a new activation method, which is a slight modification of an
existing one, is proposed and assessed numerically. The most important part of the
chapter is the introduction and the numerical assessment of recycling strategies for
multipreconditioning. For the most basic recycling strategy of single-preconditioning,
the plain reuse of solution spaces, the analogous approach for multipreconditioning
is introduced. Because the more sophisticated and more powerful recycling strate-
gies of single-preconditioning cannot be transferred to multipreconditioning, a com-
pletely novel and comprehensive recycling strategy is presented. It is based on an
approximation of the local GenEO eigenproblems. Beside its abilities to significantly
improve the rate of convergence very efficiently, it also allows to gain insight into the
connection between AMP-FETI and the GenEO coarse space. The recycling strate-
gies are assessed numerically for different types of decomposition, heterogeneity and
loading.

Chapter 6 summarizes the results and most important findings of this thesis and
outlines possible future directions of research.
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1.3 Scientific Contributions

This thesis and the corresponding publications of the author, on which this thesis is
partially based, provide scientific contributions on four main areas, which are listed
in the following.

A priori coarse spaces for single-preconditioned FETI for dynamic problems.
For the first time, this thesis applies the GenEO coarse space to dynamic problems
and analyses the performance of GenEO for this class of problems. In particular a
visualization and spectral analysis of the GenEO coarse space as a function of the
time scale and heterogeneity gives valuable insight into the general requirements on
coarse spaces for dynamic problems. The analogous analysis of the behavior and
performance of the rigid body mode coarse space results in a unique identification of
time scales in which this coarse space can be applied efficiently to homogeneous and
heterogeneous problems and when its application should not be considered. A direct
comparison between the GenEO coarse space and the rigid body mode coarse space
through the relevant time scales explains the underlying effects.

Recycling strategies in single-preconditioned FETI for dynamic problems. This
thesis provides a review of the relevant recycling methods. In particular, their ability
to deliver tailor-made coarse spaces for heterogeneities and different time scales is
investigated for the first time. This includes a decision on the coarse space size, up to
the point of a fully automated decision that no coarse space is needed at all. To meet
these demands better, a new selection criterion for the global Ritz approximation
recycling strategy is proposed that improves robustness and efficiency. An analysis
of principal angles between subspaces visualizes the practical limitations of these
recycling strategies.

Search space degeneration in multipreconditioned FETI for dynamic problems.
This thesis, together with the preceding publication [2] of the author, provides a first
dedicated analysis of the effect of search space degeneration in multipreconditioned
FETI and explains possible causes. For the case that no recycling strategy should
be applied, the proposal of a new criterion to handle the effect prior to the already
known, but more complicated mechanisms, allows to improve the efficiency in case
of search space degeneration. An analysis of the effect and the behavior of the new
criterion is provided and its influence on recycling strategies is explained. Because
of the importance of fully populated search spaces for recycling methods, a method
that is specifically tailored to these demands is proposed and applied for all following
investigations.

Recycling strategies in multipreconditioned FETI for dynamic problems. The
author’s publications [3, 4] and this thesis address for the first time the urgent
demand for recycling strategies for the multipreconditioning framework. A basic,
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widely known recycling strategy for single-preconditioning is adapted to multipre-
conditioning and the new, comprehensive, and competitive recycling strategy RitzGe-
nEO is presented. It was first published in [3] and is tailored to multipreconditioning,
including an intelligent criterion to preselect the numerous search directions. This
thesis and the preceding publication [4] propose furthermore a simplified variant of
the RitzGenEO recycling strategy, called RitzDirect, which provides new insight into
the connection between multipreconditioning and GenEO.

1.4 Linear Static Elasticity

The problems of structural mechanics, which shall be solved here, are originally for-
mulated as initial boundary value problems, or more precisely, as second-order dif-
ferential equations that are continuous in space and time. To make them accessible
to a numerical solution in general and to domain decomposition methods in partic-
ular, they must be discretized in space and time. In the following, the way in which
the discretized problems considered in this thesis were derived is outlined shortly.
For a detailed description of the underlying theory, see [5–8]. Because linear static
problems are sufficient to illustrate the most basic and important aspects of finite el-
ement tearing and interconnecting, the dynamic and the nonlinear parts are dropped
as soon as possible. In this section, an overline is used to denote some continu-
ous quantities like the vector field u describing the displacement, because the same
letters are needed later for other purposes.

For a given displacement u the deformation gradient is defined as

F = Gradu + I ,

which is used to compute the Green-Lagrange strain

E =
1
2

�
F

T
F − I

�
.

For small displacements, the Green-Lagrange strain converges to the infinitesimal
or engineering strain, which is thus used in linear computations. The constitutive
equation relates stresses with strains and defines the second Piola-Kirchhoff stress S
as

S =
∂W

∂ E
,

which is the derivative of the strain energy W with respect to the Green-Lagrange
strain. The definition of the functional relation between the strain energy and the
Green-Lagrange strain implies the choice of a particular constitutive law, for example,
St. Venant or Mooney Rivlin, which describes the material’s behavior by a set of
parameters. For linear problems, St. Venant material is always used. With these
quantities, the balance equation that has to be fulfilled at every point in space and
time, expressed with respect to the initial configuration, reads

Div
�
F S
�
+ρ0b−ρ0ü = 0 .
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b

ΓD

t fext

ΓD

Figure 1.2. Left: Continuous structure in initial (undeformed) configuration, with body load b, traction
forces t and Dirichlet boundary ΓD. Right: Discretized structure in initial (undeformed) configuration,
with nodes, elements and the nodal external force f ext.

In the balance equation, b denotes the body load, e.g., gravitational force, and ρ0

the mass density in initial configuration. Figure 1.2 illustrates these quantities for
an exemplary continuous structure. The boundary Γ of the structure is divided in a
Dirichlet part ΓD and a Neumann part ΓN . Along those, the structure is subjected to
the boundary conditions

u|ΓD = uD

�
F S N

� |ΓN = t ,

using the surface normal in initial configuration N. For the rest of the section, the
inertia term is dropped such that the static problem remains.

Trial and test functions are introduced. The trial functions

uh ∈ U U = �u ∈ H1(Ω), u|ΓD = uD

	

approximate the exact solution and fulfill the Dirichlet boundary conditions. The test
functions

v ∈ U 0 U 0 =
�
v ∈ H1(Ω), v |ΓD = 0

	

vanish on the Dirichlet boundary and together they yield the weak form

G (uh, v) =

∫

Ω

S(u) : δE(u, v)dΩ −
∫

Ω

b · v dΩ −
∫

ΓN

t · v dΓ = 0 .

Here, δE(u, v) denotes the variation of the Green-Lagrange strain according to the
test displacement v and can also be expressed by a directional derivative as

δE(u, v) =
d

dµ
E(u +µv)

����
µ=0

.
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Discretization is obtained by meshing the domain and assembling the test and trial
functions from shape functions N such that

uh = Nu v = Nv .

The nodal internal reaction force f int of the structure due to its displacement and the
nodal external force f ext are defined by

v T f int(u) =

∫

Ω

S(Nu) : δE(Nu, Nv)dΩ

v T f ext = v T

∫

Ω

N T b dΩ+ v T

∫

ΓN

N T t dΓ

resulting in the short form

v T f int(u)− v T f ext = 0 .

If the equation is restricted to degrees of freedom (dof) that are not subjected to
Dirichlet boundary conditions, the test functions can be dropped and the discretized,
nonlinear static equation

f int(u)− f ext = 0

remains. The linearization of the weak form

DG(u, v) ·∆u = v T D f int(u)∆u = v T K∆u

leads to tangential matrix of the internal force K , also called stiffness matrix. Again,
the test functions may be dropped if only unconstrained dof are considered. This
finally yields the linear system of equations

Ku = f ext (1.1)

that has to be solved if a linear approximation Nu for the displacement field of the
static problem is demanded. In the following, the nodal displacements u are simply
called displacements.



Chapter 2

Finite Element Tearing and
Interconnecting

Iterative domain decomposition methods date back at least to the Schwarz algorithm
proposed by Hermann Schwarz in the year of 1869. Variants of it like the addi-
tive Schwarz method, the multiplicative Schwarz method or the alternating Schwarz
method are still studied today and provide a prolific framework for developing con-
cepts and enhancements of domain decomposition algorithms. Today, they aim at
the parallelization and thus at improving the efficiency of the solution of boundary
value problems for partial differential equations. The fundamental idea is to split
the whole spatial domain into several subdomains like illustrated in the upper part
of figure 2.1. While every part of the original domain Ω is assigned to at least one
subdomain such that

Ω= Ω(1) ∪Ω(2) ,
this mapping is not injective, i.e., the subdomains overlap in some region such that

Ω(1) ∩Ω(2) 6= ; .

The boundary value problem is then solved on each individual subdomain and the
solutions are improved iteratively until they match in the overlapping region.

The 1963 published paper [9] is often considered as the origin of substructuring, a
different approach to domain decomposition. It is characterized by a non-overlapping
decomposition of the domain like depicted in the lower part of figure 2.1. From the
beginning, the single compartments were called substructures instead of subdomains.
While the decomposed problem was originally solved by direct methods, the founda-
tions of a new type of non-overlapping algorithms were developed in the 1980s, e.g.,
in [10–13]. They employ in particular the CG method [14] to solve the substructured
problem, which leads to highly efficient iterative procedures.

Non-overlapping decompositions result in a new formulation in which the problem
is restricted to the common interface that the substructures share. The substruc-
tures are thereby seen as kind of superelements that are described by Schur com-
plements of their original, full operators. An additional condition appears in non-
overlapping decompositions, the conservation of fluxes, which is the same as the

11
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Ω

Ω(1)
Ω(2)

Ω(1) ∩Ω(2)

Ω

Ω(1) Ω(2)

overlapping

non-overlapping

Figure 2.1. Overlapping and non-overlapping domain decomposition.

action-reaction principle in structural mechanics. The corresponding solution algo-
rithm then searches iteratively for the displacement field on the interface, such that
the connection forces will respect this additional transmission condition. If a solu-
tion of acceptable accuracy is found, the displacement field on the interior part of a
subdomain can be recovered by solving a local problem.

Since that time, these two different basic approaches were classified and distin-
guished into overlapping Schwarz-type methods and non-overlapping Schur com-
plement-type methods. The Schur complement-type methodology was further elabo-
rated in terms of preconditioning and even already coarse spaces in a series of papers
[15–18] before it was equipped with a rigid body mode coarse space for a specific
preconditioner and denominated as balancing domain decomposition (BDD) in [19],
which is the most widely used form today.

FETI was introduced 1991 in [20–22] and was soon identified as the dual counter-
part of the BDD algorithm. Just as BDD, it operates on the interface using the Schur
complements of the non-overlapping substructures. However, it formulates the prob-
lem not in terms of the original solution field, e.g., displacement, but in terms of the
corresponding interface flux, e.g., connection forces. Different from BDD, the flux is
chosen and adapted during the iterations such that it always fulfills the transmission
conditions, and the solution is found when the original solution fields, e.g., displace-
ment, of the substructures match on the interface. Accordingly, the original way of
solving Schur complement-type decompositions like BDD is usually referred to as the
primal approach to distinguish it from the FETI-like approach, the dual one. A fur-
ther approach in which dual and primal assembly is mixed was published in [23] and
is called FETI dual-primal (FETI-DP).



2.1 Non-overlapping Domain Decomposition 13

Today, a wide range of domain decomposition algorithms exists and they can still be
classified in the two main groups. These are the overlapping Schwarz-type methods
on the one hand, and non-overlapping Schur complement-type methods on the other
hand as depicted in figure 2.1. Despite their apparent differences, both types were
found to be equivalent in certain cases for specific preconditioners [24]. Profound
surveys of domain decomposition methods, overlapping and non-overlapping, can be
found in [25–29] and especially for non-overlapping methods in [30].

In this chapter, the non-overlapping domain decomposition of structural mechan-
ics problems, discretized by the finite element method (FEM), is reviewed. The
FETI family of methods, which is studied throughout this work, belongs to the non-
overlapping classification and is presented subsequently in detail. At first, the dual
mathematical formulation of the decomposed problem, on which FETI methods are
based, is derived and illuminated. It is put in contrast to the older primal formulation,
which gives rise to another large family of non-overlapping domain decomposition
methods. After that, the iterative solution of the dual formulation is discussed. More
precisely, only symmetric problems that are solvable by a CG method, are considered.
Next, commonly used enhancements to accelerate the basic iterative solution algo-
rithm are introduced. These are preconditioners, the according scaling techniques,
and deflation spaces, which are also known as auxiliary coarse spaces. The chapter
is closed by an analysis of the spectral properties of the presented method and by the
statements about its convergence that can be made on this basis.

2.1 Non-overlapping Domain Decomposition

As it was already described and illustrated for the special case of two substructures,
non-overlapping domain decomposition means in general that the spatial domain Ω,
whose boundary is denoted by Γ , is decomposed into Ns non-overlapping subdomains
Ω(s), which are mostly referred to as substructures. Their union

Ω=
Ns⋃

s=1

Ω(s)

results again in the original domain. This process can be thought of as defining
the future interfaces between the substructures as connected lines along which the
structure is then sliced apart, resulting in the individual substructures. This global
interface is denoted ΓI and illustrated on the left of figure 2.2, which shows the ex-
ample structure that is used throughout this section. Each substructure s touches a
specific part of the global interface. This part is called the substructure’s local inter-
face Γ (s)I and is a part of the substructure’s entire boundary Γ (s). The local interfaces,
illustrated on the right of figure 2.2 are defined by

Γ
(s)
I = Γ

(s) \ Γ .
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Figure 2.2. Left: The global interface ΓI along which the global structure is sliced into non-overlapping
substructures. Right: The torn apart substructures and their local interfaces Γ (s) along which they are
connected to each other.

The part of the interface that is common to two substructures, i.e., the interface
between two neighboring substructures, is defined by

Γ
(s,r)
I = Γ (s)I ∩ Γ (r)I .

Furthermore, Dirichlet and Neumann boundaries can be determined for each sub-
structure by

Γ
(s)
D = Γ

(s) ∩ ΓD
Γ
(s)
N = Γ

(s) \ Γ (s)D .

In general, it is possible to decompose the domain first and mesh the substructures
afterwards independently, which results in non-conforming interfaces of the substruc-
tures. This means, that the nodes of two connected substructures do not necessarily
coincide on their interface Γ (s,r)I . In this work, only conforming meshes are con-
sidered. Therefore, the decomposition or the substructuring can be done after the
spatial domain was meshed and interfaces are then defined along the edges of the
mesh.

2.1.1 Local Problems

The local interface Γ (s)I of a substructure defines a set of dof, which is made up of the
dof of all nodes located on the interface, also called the local interface space. This
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set is denoted as

u(s)I = u(s)|
Γ
(s)
I

,

which is the restriction of u(s) to the interface Γ (s)I . The illustration on the right of
figure 2.3 shows the set of local interface dof and their relation with the full set of
local dof for the decomposed example structure. A local restriction or trace operator
t (s) can be defined, which realizes the restriction operation

u(s)I = t (s)u(s) . (2.1)

These local trace operators read in the case of the example structure

t (1) =




1 0 0
0 1 0
0 0 1


 t (2) =




1 0 0 0
0 0 1 0
0 0 0 1


 t (3) =




1 0 0 0
0 1 0 0
0 0 0 1


 .

By cutting mechanical systems apart into substructures, internal forces become ex-
ternal forces that act on the newly created substructure interfaces. If the local forces
f (s)ext are defined to represent only the original, global external force f ext, an addi-
tional term has to be added on the right-hand side of the local balance equation such
that it reads for the substructure s

K (s)u(s) = f (s)ext − t (s)
T
λ(s) .

Here, the restriction operator t (s) is used reversely by transposition as expansion
operator, which maps a quantity that is defined solely on the interface, like the con-
nection forces, to the full local space of dof of a substructure. As the connection
forces can only act on the interface, they are defined on the local interface space as
λ(s) and are expanded to the complete local space. In the resulting force vector, the
forces on non-interface dof are set to zero by the operator t (s)

T
.

Assembly of the local problems. Similar to the assembly process in the finite el-
ement method, strictly Boolean assembly matrices A(s) can be defined that realize a
mapping from local to global dof. In transposed form A(s)

T
, they realize a reverse

mapping from global to local. This way, local force contributions f (s) can be assem-
bled to a global force f by

f =
Ns∑

s=1

A(s) f (s) . (2.2)

Reversely, local displacements u(s) can be obtained by the restriction of the global
displacement u by

u(s) = A(s)
T
u . (2.3)

The assembly process that is illustrated in equation (2.2) can be applied to the local
balance equation. This leads to the assembly of the left-hand side and the right-hand
side, which represent the internal and the external force, respectively. If additionally
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the local displacements are extracted from the global displacement by the transposed
assembly matrices, like it was done in equation (2.3), the assembly of the balance
equations reads

Ns∑
s=1

A(s)K (s)A(s)
T
u =

Ns∑
s=1

A(s) f (s)ext −
Ns∑

s=1

A(s)t (s)
T
λ(s) .

If the system of local balance equations shall represent the original global system,
the global stiffness is identified as

K =
Ns∑

s=1

A(s)K (s)A(s)
T

.

In this manner, the substructures can also be considered as a kind of superelements. A
block matrix notation that defines block matrices of diagonal, vertical, and horizontal
concatenation is used in the following and is introduced here using the examples of
the local stiffnesses K (s), the assembly matrices A(s), and the local displacements u(s).
Their block versions are denoted by

K =




K (1)

K (2)

. . .
K (Ns)


 u =




u(1)

u(2)
...

u(Ns)




A =
�
A(1) A(2) · · · A(Ns)

�
,

which allow for instance to imply the summation over all substructures by matrix
multiplication like in

K = A K A
T

.

Action-reaction principle. According to equation (2.2), the assembly of the right-
hand sides of the local balance equations must yield the global external force

f ext =
Ns∑

s=1

A(s) f (s)ext −
Ns∑

s=1

A(s)t (s)
T
λ(s) . (2.4)

Simultaneously, the local contributions f (s)ext are defined to represent exclusively the
original global force f ext, i.e.,

f ext =
Ns∑

s=1

A(s) f (s)ext , (2.5)

and must not include any of the connection forces acting between the substructures.
Those are represented by λ(s) and by combining equation (2.4) and equation (2.5),
the condition

Ns∑
s=1

A(s)t (s)
T
λ(s) = 0 (2.6)
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Figure 2.3. Left: The global interface space, established by the subset of dof that belong to nodes
situated on the global interface. Right: The local interface spaces, established by the subsets of dof that
belong to nodes situated on the local interfaces.

for the connection forces λ(s) is obtained, which is exactly the action-reaction prin-
ciple in mechanics. More general, this condition ensures the conservation of fluxes,
i.e., the surface normal derivatives of the solution on the interface.

Continuity of the displacement field. A global displacement u that fulfills equa-
tion (2.3) for each substructure can only exist if all pairs of neighboring substructures
s and r exhibit identical solutions on their common interface such that

u(s)|Γ (s,r) = u(r)|Γ (s,r)

This condition ensures the continuity of the solution across substructure interfaces,
which is the continuity of displacement in the case of structural mechanics. For the
discretized problem, this means that local dof that correspond to the same global dof
must be equal, i.e., for the example in figure 2.3

u(1)1 = u(2)1 u(1)2 = u(2)4 u(1)2 = u(3)1

u(2)4 = u(3)1 u(1)3 = u(3)4 u(2)3 = u(3)2 . (2.7)

These conditions can be expressed by defining signed Boolean operators E(s), i.e.,
composed by 1, −1, and 0, for each substructure. For the example in figure 2.3, they



18 2 Finite Element Tearing and Interconnecting

read

E(1) =




1 0 0
0 1 0
0 1 0
0 0 0
0 0 1
0 0 0




E(2) =




−1 0 0 0
0 0 0 −1
0 0 0 0
0 0 0 1
0 0 0 0
0 0 1 0




E(3) =




0 0 0 0
0 0 0 0
−1 0 0 0
−1 0 0 0
0 0 0 −1
0 −1 0 0




. (2.8)

The conditions of equation (2.7) can then be expressed as
Ns∑

s=1

E(s)u(s) = 0 . (2.9)

A more general definition of the operators E(s) can be given by using the block nota-
tions E and u . The condition

E u = 0 (2.10)

ensures displacement continuity if E fulfills

range
�

E
T
�
= ker

�
A
�

. (2.11)

In other words, any set of E(s) that fulfills equation (2.11) is suitable to formulate
the displacement continuity condition as written in equation (2.9) or in block for-
mulation in equation (2.10). For example, from the signed Boolean operators E(s)

that were defined in equation (2.8), a new set of suitable E(s)
∗

could be created by
E(s)

∗
= QE(s), where Q is any symmetric positive definite matrix. Every row of E(s)

∗

is then a linear combination of the rows of E(s), and E(s)
∗

are not Boolean anymore.
However, a natural choice to begin with is to connect all possible pairs of spatially
coincident nodes, like it was done in equation (2.7), which leads to signed Boolean
operators E(s) like in equation (2.8). With either choice for E(s), exact displacement
continuity is enforced at the nodes. This is not necessarily the case for other parts
of the interface, i.e., along the common edge of two connected elements. Displace-
ment continuity is fulfilled exactly along the whole interface if the same element
formulations and the same shape functions are used on all connected elements.

A local formulation of the global problem. The decomposition of the global struc-
ture into Ns non-overlapping substructures results in the following system of equa-
tions that is equivalent to the original global problem Ku = f ext.

K (s)u(s) = f (s)ext − t (s)
T
λ(s) s = 1, . . . , Ns (2.12)

Ns∑
s=1

A(s)t (s)
T
λ(s) = 0 (2.13)

Ns∑
s=1

E(s)u(s) = 0 (2.14)
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The system of equations comprises the balance equations (2.12), the action-reaction
principle in equation (2.13), and the displacement continuity in equation (2.14).

2.1.2 Condensation on the Interface

Just like it was done for the local interfaces, a global interface space is established
by the dof of the global system that belong to nodes on the global interface ΓI . The
illustration on the left of figure 2.3 shows the set of global interface dof and their
relation with the full set of global dof for the example structure. Global interface
dof are denoted by the subscript I , i.e., the corresponding displacements by u I . The
remaining dof are denoted by the subscript r. Again, this gives rise to a restriction
operator t , enabling the mapping operation

u I = t u

Condensation of the global problem. A linear problem like Ku = f ext can be con-
densed on an arbitrary subset of dof. That is to say, one can define an operator that
establishes an input-output relation, e.g., between forces and displacements, solely
on these dof. First, the original problem is split into coupled equations by splitting
K into four parts. For example, K r I is the restriction of K to rows corresponding to
r dof and columns corresponding to I dof. The resulting equations, equivalent to
Ku = f ext, then read

K r ru r + K r I u I = f ext,r

K I ru r + K I I u I = f ext,I .

They enable to eliminate the u r displacements, which results in the equation
�
K I I − K I r K−1

r r K r I

�
u I = f ext,I − K I r K−1

r r f ext,r .

The operator on the left-hand side is then denoted by

SK = K I I − K I r K−1
r r K r I

and represents the condensation of the global stiffness K on the global interface
space I . It is mostly called the Schur complement of K .

The right-hand side is denoted by

f̂ ext,I = f ext,I − K I r K−1
r r f ext,r

and is called the external force condensed on the interface. It represents a force on
the interface that is, regarding the displacements on the interface, equivalent to the
original external force that acts on arbitrary dof, including those in the r-set.

After all, the global problem can be expressed only in terms of global interface dof,
reading

SK u I = f̂ ext,I (2.15)
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Condensation of the local problems. As it was done for the global problem, the
local problems are also split into interface dof, denoted by the subscript I , and the
remaining dof, denoted by the subscript r. In the context of a substructure, I always
refers to the local interface part and r always refers to the non-interface part of that
substructure. A further differentiation like denoting by I the global interface and
by I (s) the local interface of substructure s is omitted in favor of better readability.
The mapping operation from the full local substructure space to the local interface
space I was already defined by the trace or restriction operator t (s) in equation (2.1).
Especially in the case of the local substructure problems, it is noteworthy to mention
that the r-set can include inner dof as well as boundary dof of a substructure because
not the entire boundary of a substructure is also necessarily an interface. The location
of the local interfaces and the location and numbering of the local interface dof is
shown on the right of figure 2.3.

The condensation of the local stiffness K (s) on the local interface is defined analo-
gously to the global Schur complement as

S(s)K = K (s)I I − K (s)I r K (s)r r
−1

K (s)r I ,

and the condensation of the external force is defined as

f̂
(s)

ext,I = f (s)ext,I − K (s)I r K (s)r r
−1

f (s)ext,r .

They allow to formulate the local problems solely on their interface. The condensed
local problem reads

S(s)K u(s)I = f̂
(s)

ext,I −λ(s) .
In these condensed local problems, the connection forces λ(s) no longer need to be
expanded by the transposed restriction operators t (s)

T
as they are already defined on

the local interface space I , which is also illustrated in figure 2.3.

Assembly of the condensed local problems. Analogously to the assembly oper-
ators A(s) for the non-condensed system, the condensed local problems can be as-
sembled to the global condensed problem. These condensed assembly operators are
defined by

L(s) = t A(s)t (s)
T

.

The condensed global left-hand side and right-hand side are then recovered by as-
sembly as

SK =
Ns∑

s=1

L(s)S(s)K L(s)
T
= L SK L

T
f̂ ext,I =

Ns∑
s=1

L(s) f̂
(s)

ext,I = L f̂ ext,I .

Action-reaction principle. From the action-reaction principle condition in equa-
tion (2.13), the condensed form of the condition directly follows as

Ns∑
s=1

L(s)λ(s) = 0 . (2.16)
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It enforces the action-reaction principle of the connection forces λ(s) without going
the indirect way of expanding them to the full space of substructure dof.

Continuity of the displacement field. Similar like the action-reaction principle
only includes quantities on the interface, only the displacements of interface dof have
to be taken into account in the conditions, that ensure the continuity of displacement.
In other words, in

B(s) = E(s)t (s)
T

the zero columns are removed from the E(s) matrices by multiplication with t (s)
T
.

The resulting B(s) matrices can be used subsequently to formulate the displacement
continuity condition solely on the space of the interface. The condition then reads

Ns∑
s=1

B(s)u(s)I = 0 . (2.17)

The same relation that was set up between A(s) and E(s) also holds for L(s) and B(s),
i.e., any matrix B fulfilling

range
�

B
T
�
= ker

�
L
�

(2.18)

such that

L B
T
=

Ns∑
s=1

L(s)B(s)
T
= 0

holds can be used to formulate the continuity of the displacement. The B(s) matrices
that connect each pair of coinciding interface nodes in the example of figure 2.3 read

B(1) =




1 0 0
0 1 0
0 1 0
0 0 0
0 0 1
0 0 0




B(2) =




−1 0 0
0 0 −1
0 0 0
0 0 1
0 0 0
0 1 0




B(3) =




0 0 0
0 0 0
−1 0 0
−1 0 0
0 0 −1
0 −1 0




.

The compatibility condition from equation (2.17) reads in this case

Ns∑
s=1

B(s)u(s)I =




u(1)I ,1 − u(2)I ,1

u(1)I ,2 − u(2)I ,3

u(1)I ,2 − u(3)I ,1

u(2)I ,3 − u(3)I ,1

u(1)I ,3 − u(3)I ,3

u(2)I ,2 − u(3)I ,2




= 0 .
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A condensed local formulation of the global problem. The former results can be
summarized to the system of equations

S(s)K u(s)I = f̂
(s)

ext,I −λ(s) s = 1, . . . , Ns (2.19)
Ns∑

s=1

L(s)λ(s) = 0 (2.20)

Ns∑
s=1

B(s)u(s)I = 0 (2.21)

This system of equations with its two conditions is equivalent to the original global
problem Ku = f ext and operates solely on the interface dof. The local balance equa-
tions (2.19) are furthermore completely uncoupled and the coupling is established
exclusively by the conditions of equation (2.20) and equation (2.21).

Equations (2.19) to (2.21) are the point of departure for almost any non-overlapping
domain decomposition method. Most of these methods follow one of two approaches,
which are are presented in the following subsections. Either they construct the pri-
mal interface problem or the dual interface problem. Only the dual approach is
considered as object of research in this work. Nevertheless, a short description of the
primal one is given first since it is very helpful to understand the terminology and
the advantages of the dual approach.

2.1.3 Primal Interface Problem

The fundamental idea in the concept of primal Schur complement-type domain de-
composition methods is to operate only on a unique global vector of the interface
displacement u I and derive all local interface displacements u(s)I from it. This is done
using the assembly matrices L(s) of the condensed local problems as mapping from
the global interface to the local interfaces. For a given global interface displacement
u I local interface displacements u(s)I are computed as

u(s)I = L(s)
T
u I (2.22)

In this case, the continuity of displacement B u I = 0 is always fulfilled because of
B L

T = 0 and the condition is eliminated. The resulting system of equations reads

S(s)K L(s)
T
u I = f̂

(s)

ext,I −λ(s) s = 1, . . . , Ns (2.23)
Ns∑

s=1

L(s)λ(s) = 0 (2.24)
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Solving the local balance equations (2.23) for the connection forces λ(s) and injecting
the results in the remaining action-reaction principle condition of equation (2.24)
yields

Ns∑
s=1

L(s) f̂
(s)

ext,I

︸ ︷︷ ︸
f̂ ext,I

−
Ns∑

s=1

L(s)S(s)K L(s)
T

︸ ︷︷ ︸
SK

u I = 0

and in short

SK u I = f̂ ext,I (2.25)

These two versions of the problem, i.e., the substructured one of equations (2.23)
and (2.24) and the assembled one of equation (2.25), are called primal interface prob-
lem. Equation (2.25) is identified to be identical to the already discussed condensed
global problem of equation (2.15). In this context, the L(s) matrices are denominated
primal assembly matrices.

Iterative primal Schur complement domain decomposition methods search for an
interface displacement u I for which the primal interface problem equation (2.25),
which is actually the action-reaction principle condition, is fulfilled. On the left of
figure 2.4, the primal interface problem is depicted. Taking up the illustrations in
[30], it emphasizes that the displacement u I represents the interface through which
the substructures are connected. Accordingly, the continuity of displacement al-
ways holds during the iterations in primal Schur complement domain decomposition
methods, while the action-reaction principle condition does not until convergence.
Instead, the error of the action-reaction principle condition is the residual that is
minimized throughout the iterations.

From here on, the space of u I as well as u I itself is referred to as primal interface.

2.1.4 Dual Interface Problem

The fundamental idea in the concept of dual Schur complement-type domain decom-
position methods is to operate only on a unique global vector of connection forces λ,
which is then mapped to the local connection forces λ(s) by

λ(s) = B(s)
T
λ or equivalently λ = B

T
λ . (2.26)

Each element in λ corresponds to one line in
∑Ns

s=1 B(s)u(s) = 0. In other words, for
each pair of dof of coinciding nodes that are connected by a condition, one unique
connection force is defined. By equation (2.26), this connection force is put with
different signs on the two connected dof, such that the action-reaction principle is
respected by design.
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Figure 2.4. Left: The primal interface. Local interface displacements are derived from a unique global
interface displacement and thus fulfill the continuity condition by definition. Right: The dual interface.
Local connection forces are derived from a unique global connection force and thus fulfill the action-
reaction principle by definition.

More general, by selecting

λ ∈ range
�

B
T
�

the action-reaction principle condition L λ = 0 will always be fulfilled because of
L B

T = 0. Analogously to the elimination of the displacement continuity condi-
tion in the primal interface problem by introducing the primal interface u I , it is the
action-reaction principle condition that is eliminated in the dual interface problem by
introducing the dual interface λ. An illustration of the dual interface for the example
structure is depicted on the right of figure 2.4. According to the fact that all possible
pairs of spatially coincident nodes were connected in the continuity of displacement
conditions, all those possible pairs are also connected by a connection force. In the
case of more than two spatially coinciding nodes, like at the crosspoint of the exam-
ple structure where all three substructures touch, redundancy can be introduced in
the continuity of displacement conditions as well as in the connection forces. These
redundancies are discussed in section 2.1.5.

The resulting system of equations reads
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S(s)K u(s)I = f̂
(s)

ext,I − B(s)
T
λ s = 1, . . . , Ns (2.27)

Ns∑
s=1

B(s)u(s)I = 0 (2.28)

The vector of connection forces λ can as well be interpreted as vector of Lagrange
multipliers that enforce the compatibility conditions, i.e., they make sure that the
displacement field of connected substructures is continuous across their interface.

Floating substructures. An important aspect that arises especially in dual meth-
ods1 is the fact that substructures possess zero-energy modes if they lack of enough
Dirichlet boundary conditions. In static problems of structural mechanics, these are
rigid body modes and the affected substructures are said to be floating. In this case,
their stiffness K (s) as well as their condensed stiffness S(s)K are singular and they fea-
ture a core or null space denoted by

R(s) = ker
�
K (s)

�
and R(s)I = ker

�
S(s)K

�
= t (s)R(s) .

The number of rigid body modes per substructure and the total number of rigid body
modes is denoted by

n(s)rbm = rank
�
R(s)

�
and Nrbm =

Ns∑
s=1

n(s)rbm

respectively. The implications of this are two-fold.

On the on hand, when searching for connection forces λ that solve equations (2.27)
and (2.28), the right-hand side of equation (2.27) must lie inside the range of the
corresponding local operator, i.e.,

�
f̂
(s)

ext,I − B(s)
T
λ
�
∈ range

�
S(s)K

�
. (2.29)

According to the fundamental theorem of linear algebra [31]

range
�
S(s)K

�
= ker

�
S(s)K

T�⊥
= ker

�
S(s)K

�⊥

and thus equation (2.29) can be expressed as the condition

R(s)I

T
�

f̂
(s)

ext,I − B(s)
T
λ
�
= 0 . (2.30)

In structural mechanics, this condition corresponds to the requirement of floating
substructures to be self-equilibrated, at least in the direction of their zero-energy
modes. Therefore, equation (2.30) is referred to as self-equilibrium condition.

1It is also relevant in primal methods but not before certain preconditioners are applied.
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On the other hand, when solving the local balance equations (2.27) for u(s)I to eval-
uate the dual interface error of equation (2.28), a generalized inverse of S(s)K or K (s)

must be introduced. These generalized inverses are denoted by S(s)K

+
and K (s)

+
, for

which

S(s)K

+
= t (s)K (s)

+
t (s)

T

holds. However, this also means that the right-hand side, i.e., the force acting on the
substructure, only determines a solution u(s)I up to an additive element from ker

�
S(s)K

�
.

Accordingly, the full solution reads

u(s)I = S(s)K

+
�

f̂
(s)

ext,I − B(s)
T
λ
�
+R(s)I α

(s)
R (2.31)

where α(s)R are the amplitudes of the zero-energy modes, which are represented by
the columns of R(s)I . It remains to be noted that indeed the generalized inverse is not
uniquely defined, but the complete solution for u(s)I is independent from a specific
choice. This holds for all dual methods. The practical computation of the null space
and solving singular problems of this type is discussed in [32] and more generally in
[33].

Dual assembly. In the primal as well as in the dual interface problem, it is the re-
maining interface condition that is evaluated. In the primal interface problem, this
is the action-reaction principle, which is evaluated by solving the balance equations
for the connection forces λ(s). In the dual interface problem, this is the continuity
of displacement, which is evaluated by solving the balance equations for the inter-
face displacements u(s)I . As a consequence, dual assembly is attained by injecting
the solved u(s)I of equation (2.31) into the continuity of displacement condition of
equation (2.28). The result reads

Ns∑
s=1

�
B(s)S(s)K

+
f̂
(s)

ext,I

�
−
� Ns∑

s=1

B(s)S(s)K

+
B(s)

T

�
λ+

Ns∑
s=1

�
B(s)R(s)I α

(s)
R

�
= 0 . (2.32)

Similar to the primal interface problem where the local Schur complements were as-
sembled to the global Schur complement by the primal assembly matrices L(s), the
generalized inverses of the local Schur complements are assembled to a global quan-
tity by the B(s) matrices. Accordingly, the B(s) matrices are also called dual assembly
matrices. This global quantity is denoted by

F =
Ns∑

s=1

F (s) =
Ns∑

s=1

B(s)S(s)K

+
B(s)

T
= B SK

+
B

T
. (2.33)

Like SK is a stiffness defined on the primal interface u I , the operator F is a flexibility
defined on the dual interface λ. In the context of dual Schur complement-type meth-
ods, i.e., FETI, F will often be called interface operator. In the same way, the term
from external forces is also assembled to a global quantity denoted by

d =
Ns∑

s=1

B(s)S(s)K

+
f̂
(s)

ext,I = B SK
+

f̂ ext,I (2.34)
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To abbreviate the term that originates from the zero-energy modes and to write the
self-equilibrium condition in block form, the quantities

G =
h
B(1)R(1)I B(2)R(2)I · · · B(Ns)R(Ns)

I

i
αR =




α(1)R

α(2)R
...

α
(Ns)
R




e =




R(1)I

T
f̂
(1)

ext,I

R(2)I

T
f̂
(2)

ext,I
...

R(Ns)
I

T
f̂
(Ns)

ext,I




are introduced. The columns of G can be interpreted as a mapping of the zero-energy
modes onto the dual interface. The vector e reflects the non-equilibrated part of the
external forces. With these abbreviations, the dual interface problem finally reads

Fλ+GαR = d (2.35)
GTλ= e (2.36)

Equation (2.35) is the short form of equation (2.32), using the introduced global
abbreviations. Different from the primal interface problem, it still requires the self-
equilibrium condition of equation (2.30), which is now expressed as the single equa-
tion (2.36). It is often expressed as one equation in the form

�
F G

GT 0

��
λ
αR

�
=
�
d
e

�
. (2.37)

This form is known as saddle-point problem and emphasizes that the unknowns are
the connection forces λ and the zero-energy mode amplitudes αR.

Dual interface problem using non-condensed quantities. The dual interface prob-
lem can also be expressed using the non-condensed quantities. The local balance
equations and the continuity of displacement condition then read

K (s)u(s) = f (s)ext − t (s)
T
B(s)

T
λ s = 1, . . . , Ns (2.38)

Ns∑
s=1

B(s)t (s)u(s) = 0 (2.39)

and the self-equilibrium condition

R(s)
T
�

f (s)ext − t (s)
T
B(s)

T
λ
�
= 0 . (2.40)

The interface operator expressed by non-condensed quantities reads

F =
Ns∑

s=1

F (s) =
Ns∑

s=1

B(s)t (s)K (s)
+
t (s)

T
B(s)

T
= B t K

+
t

T
B

T
(2.41)
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and the corresponding right-hand side

d =
Ns∑

s=1

B(s)t (s)K (s)
+

f (s)ext = B t K
+

f̂ ext . (2.42)

Analogously, the restricted zero-energy modes and the non-equilibrated part of the
external forces read

G =
h
B(1)t (1)R(1) B(2)t (2)R(2) · · · B(Ns)t (Ns)R(Ns)

i
e =




R(1)
T

f (1)ext

R(2)
T

f (2)ext
...

R(Ns)T f (Ns)
ext




.

The amplitudes α(s)R of the zero-energy modes and their block representation are not
affected.

2.1.5 Redundant Lagrange Multipliers

Already equation (2.18) as definition for possible dual connectivity matrices B im-
plies that those are not unique. For example, they do not necessarily have to be
Boolean. Furthermore, equation (2.18) allows redundant constraints, i.e., that B

T

does not exhibit full column rank.

Redundancy of the Lagrange multipliers is closely related to the occurrence of cross-
points. While more elaborate descriptions are used in the literature where this aspect
is of primary interest, it is sufficient in this work to define crosspoints as nodes of the
original global system that are shared by more than two substructures. In the pres-
ence of crosspoints, redundancy is introduced automatically if each pair of coinciding
interface nodes is connected via a Lagrange multiplier and with it by a constraint.

For example, as illustrated in figure 2.5, two Lagrange multipliers are sufficient to
connect three substructures. However, connecting each pair creates a third Lagrange
multiplier and thereby a redundant one. A further example is given in figure 2.6
where the situation is illustrated for the case of four substructures. They are con-
nected sufficiently by three Lagrange multipliers, while the full set includes three
more, such that in total six Lagrange multipliers are generated.

For the understanding of mechanically consistent preconditioners and for analyzing
the spectral properties of the interface operator, it is important to know the number
of redundant Lagrange multipliers. To this end, the multiplicity of a node is defined
as the number of substructures that share this node. According to this, all nodes
depicted in figure 2.5 hold a multiplicity of three and all depicted nodes in figure 2.6
hold a multiplicity of four. The smallest possible multiplicity of an interface node
is thus two and there is no upper limit in theory. Let the multiplicity of a global
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Figure 2.5. Non-redundant and redundant Lagrange multipliers at a crosspoint with a multiplicity of
three.

node i be denoted by µi and let the number of Lagrange multipliers that are gener-
ated to connect the substructure nodes that emerged from global node i, if the full,
redundant set is used, by Nλ,i,max. Then, Nλ,i,max is computed by

Nλ,i,max =
µi−1∑
k=1

k ,

corresponding to the illustrations on the right of figure 2.5 (Nλ,i,max = 3) and fig-
ure 2.6 (Nλ,i,max = 6). On the contrary, the number of Lagrange multipliers that is
needed when a minimal, non-redundant set should be used, is determined by

Nλ,i,min = µi − 1 ,

corresponding to the illustrations on the left of figure 2.5 (Nλ,i,min = 2) and figure 2.6
(Nλ,i,min = 3). By applying the formula for a finite arithmetic series, the number of
additional redundant Lagrange multipliers for the global node i can be computed by

Nλ,i,redundant = Nλ,i,max − Nλ,i,min =
µi−2∑
k=1

k =
(µi − 2)(µi − 2+ 1)

2
.

Consequently, the number of redundant Lagrange multipliers per global node i and
the total number are defined as

Nλ,i,redundant =
(µi − 2)(µi − 1)

2
and Nλ,redundant =

∑
i

Nλ,i,redundant (2.43)

respectively. The formula shows that for the simplest case of an interface node µi = 2,
no redundant Lagrange multipliers are created. Therefore, only interface nodes with
µi > 2 must be taken into account here.

Consequences for the solution of the interface problem. Using a redundant set
of Lagrange multipliers causes the interface operator F to become semi-positive def-
inite instead of positive-definite. Recalling its definition by block matrices in equa-
tion (2.33) reveals that F inherits the core of B

T and thus

ker (F) = ker
�

B
T
�
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Figure 2.6. Non-redundant and redundant Lagrange multipliers at a crosspoint with a multiplicity of four.

The dimension of the kernel of the interface operator F can be computed by summing
equation (2.43) over all nodes i on the global interface ΓI , which yields

rank (ker (F)) =
∑

i

(µi − 2)(µi − 1)
2

.

The interface problem is still solvable although multiple solutions exist because the
range of the right-hand side d and the range of the interface operator F are both
in range

�
B
�
. Choosing the solution from range

�
B
�

leads to a unique solution
because of the fundamental theorem of linear algebra [31]

range
�
B
�
= ker

�
B

T
�⊥

.

In either case, the resulting originally sought displacement field, the corresponding
strain, and the corresponding stress are all unique and independent of the specific
choice of λ [34].

Necessity of redundant constraints. While finite element tearing and intercon-
necting was originally introduced without redundant Lagrange multipliers in [20],
they were soon recognized as useful or even necessary for the performance of the
algorithm. In [35] it is claimed and justified that redundant constraints have a pos-
itive impact on the convergence of the iterative procedure as they establish better
communication between substructures. Furthermore, the efficiency of the Dirichlet
preconditioner is shown to be reliant on a full set of inter-subdomain constraints.
In [36] then, mechanically consistent preconditioners, which are accounted for in
section 2.3 are built upon this foundation.

2.2 Iterative Solution

After the non-overlapping decomposition and dual formulation of the original global
problem, an important part of the FETI method is the iterative solution of the inter-
face problem. In fact, only an iterative solution procedure enables a large number
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of operations to be efficiently performed in parallel. The short form of the interface
problem, consisting of equation (2.35) and equation (2.36), is used throughout this
section to describe the iterative numerical solution algorithm because this renders
possible to clearly see important numerical properties of the method and improves
the readability of the algorithms.

It should always be kept in mind that these global quantities, like the interface oper-
ator F , are never assembled explicitly in the implementation of these computations.
Instead, most of the operations can obviously be carried out by independent calcula-
tions within each substructure and require only a small amount of communication,
mostly limited to neighboring substructures. In this context, one substructure can
usually be regarded as one independent process, probably handled by one processor
in a large network of connected processors, like in modern high performance com-
puting hardware. This parallel structure becomes clear when expressing the global
quantities by local quantities, e.g., the interface operator F as its sum of local contri-
butions. For example, the application of the operator to a vector, which is the most
important operation of most iterative algorithms, reads

Fλ=
Ns∑

s=1

B(s)S(s)K

+
B(s)

T
λ .

Assuming that every substructure already knows λ on its local interface, the single
contributions require to solve completely independent Neumann problems on each
substructure, i.e., on each processor. Subsequently, the results must be exchanged
between every pair of neighbors s and r on their common interface Γ (s,r). Finally,
every substructure can compute the solution of Fλ on its interface independently.

While many also widely used iterative solvers, for example, the generalized minimal
residual (GMRES) algorithm, can be employed, the best choice is always the conju-
gate gradient method if the problem allows its application. That is most generally the
case when F is symmetric. For non-symmetric problems, which can occur in fracture
mechanics or in rotational dynamics with gyroscopic effects, the conjugate gradient
method cannot be used. Throughout this work, only symmetric problems are solved
and thus no other iterative algorithm is employed.

Next, this section motivates the concept of conjugate directions before introducing
the method of conjugate gradients. Subsequently, the preconditioned version of the
method, adapted to the constrained interface problem of FETI by projections, is pre-
sented.

2.2.1 Conjugate Directions

To introduce the concept of conjugate directions, a fundamental basis of the CG
algorithm, an unconstrained system of linear equations, e.g., the FETI system when
no floating substructures are present, is considered. When an initial value λ0 has
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been set as first estimate for λ, the remaining problem reads

F λ̂= r 0 with r 0 = d − Fλ0 and λ= λ0 + λ̂ .

Considering a symmetric positive definite (SPD) matrix F , or a symmetric semi-
positive definite matrix as long as the right-hand side is in the operators range, this
problem is equivalent to solving the optimization problem

min
λ̂

�
f (λ̂) =

1
2
λ̂

T
F λ̂− r T

0 λ̂

�
. (2.44)

In case F is a diagonal matrix

F = diag
�
Θ1,Θ2, . . . ,ΘNλ

�

the function f (λ̂) would not contain any terms where different elements λ̂1, λ̂2, . . .
of λ̂ are mixed, i.e.,

f (λ̂) =
1
2

�
λ̂2

1Θ1 + λ̂
2
2Θ2 + · · ·+ λ̂2

Nλ
ΘNλ

�
− λ̂1r1 − λ̂2r2 − · · · − λ̂Nλ rNλ .

Finding the solution λ̂ would be easy in this case because setting every partial deriva-
tion of f (λ̂) with respect to λ̂i to zero immediately delivers the solution

λ̂i =
ri

Θi
.

In the general case of course, F is not diagonal, and every possible mixed term in the
form of λ̂iλ̂ j with i 6= j can appear. The partial derivatives will then form a coupled
system of equations and a simple solution like above is not possible. The first idea
behind the method of CG is now to compose an approximate solution λ̂i from the
linear combination

λ̂i =
i−1∑
k=0

αkw k i = 1, . . . , Nλ

using i F -conjugated vectors w k, and to find the optimal coefficients αk. Optimal
refers in this case to minimizing f (λ̂i) according to equation (2.44) if i < Nλ vectors
are employed because in general, the exact solution can only be found if i = Nλ
linearly independent vectors are used.

F -conjugated means that they are orthogonal with respect to the inner product that
is induced by the matrix F such that

w T
i F w j = 0 ∀ i 6= j

holds. Because of the pairwise F -conjugacy of the w i vectors, the function f (λ̂) now
shrinks down to

f (α0,α1, . . . ,αn−1) =
1
2

n−1∑
i=0

α2
i w T

i F w i −
n−1∑
i=0

αi r
T
0 w i .
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Partial derivation with respect to αi now immediately delivers the solution

∂

∂ αi
f (αi) = αi w

T
i F w i − r T

0 w i = 0 and thus αi =
r T

0 w i

w T
i F w i

.

This result means that for a given set of F -conjugate directions, their optimal coeffi-
cients to minimize the function f can be computed independently from each other.
Even when they are added subsequently, like in an iterative method that improves
the solution with every added w i, they do not interfere with each other. A conjugate
basis of the space spanned by an arbitrary set of vectors can be computed by the
Gram-Schmidt orthogonalization procedure [37] and will simply be referred to as
orthogonalization in the following.

2.2.2 Conjugate Gradients

It is not specified yet how to compute the directions w i, called search directions.
An arbitrary choice of conjugate search directions will not show good convergence,
i.e., decreasing value of the functional f when adding the directions step by step. A
suitable choice, leading to the method of conjugate gradients, is to build the search
direction subsequently from the residual

r i = r 0 − F λ̂i = r i−1 −αi−1F w i−1 (2.45)

of the current solution that is composed of the already used search directions. The
next search direction w i can be then be obtained by making r i through an or-
thogonalization F -conjugate against all former search directions. Because of the
F -conjugacy, adding a new search direction does not change the optimal choice of
the coefficients for the old search directions already used. This trick ensures that the
conjugate gradient algorithm will find the exact solution after at most Nλ iterations
using Nλ search directions.

If the problem is well conditioned, the use of the residual to build the next search
direction by orthogonalization leads to suitable convergence, i.e., the solution will
improve with every iteration. The residual always equals the direction of steepest
descent or the negative gradient of f (λ̂). While the solution in iteration i is composed
from the first i search directions, the error is of course composed of the remaining
Nλ− i unused search directions. Denoting the first search direction with w 0 the error
writes

e i = λ̂i − λ̂= −
Nλ−1∑

j=i

α j w j .

As a result, the error e i is F -conjugated to every search direction w j that has been
used before so that

w T
j Fe i = 0 j = 0, . . . , i − 1
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holds. Because

Fe i = F(λ̂i − λ̂) = F λ̂i − r 0 − F λ̂+ r 0 = −r i

the residual is always orthogonal to the previously used search directions and because
the previous directions were constructed by the previous residuals, every residual is
also orthogonal to all the previous residuals, i.e.,

r T
j r i = 0 ∀ j < i . (2.46)

Recalling how r j is built from r j−1 in equation (2.45) and the search direction w j−1,
this relation can also be expressed as

�
r j−1 −α j−1F w j−1

�T
r i = 0 ∀ j < i

and leads by using again equation (2.46) to

w T
j−1F r i = 0 ∀ j < i or equivalently w T

j F r i = 0 ∀ j < i − 1 .

As a consequence, a new search direction w i that is built from the current residual
r i is already F -conjugate to the former search directions w j with j = 0, . . . , i − 2 and
must thus only be orthogonalized against the latest search direction w i−1. This is
also called the short recurrence relation of the conjugate gradient algorithm. Un-
fortunately, in many practical applications, numerical errors make it necessary to
orthogonalize a new search direction against all former search directions.

2.2.3 Projected Preconditioned Conjugate Gradient

The basic FETI procedure is basically a CG algorithm that solves the interface problem
of equation (2.37). In the presence of floating substructures, this interface problem is
a constrained problem as it must respect the self-equilibrium of floating substructures
at all times. This section illustrates the basic steps of the projected CG. It enables to
restrict the iterative search for a solution to the subspace of self-equilibrated substruc-
tures by projections. Furthermore, a preconditioner is introduced, finally leading to
the projected preconditioned conjugate gradient (PPCG) method that was originally
proposed as solution algorithm for FETI in [20]. For a static problem, the following
steps are run through.

1. Choose a start solution: choose any initial λ that fulfills the self-equilibrium
condition

2. Compute the projected residual: it corresponds to the gaps between substruc-
ture interfaces

• Calculate the deformation of every substructure according to f ext and λ

• Calculate the resulting gaps between all pairs of connected interface nodes

• Choose the rigid body mode amplitudes for floating substructures such that
the gaps are minimized
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3. Check for convergence: if the gaps undercut a specific tolerance, exit

4. Generate a new search direction: estimate a correction of connection forces

• Preconditioning: estimate an adaption of connection forces needed to close
the gaps

• Projection: remove parts from the search directions that would hurt the
self-equilibration of floating substructures

• Orthogonalization: make the new search direction F -conjugate to the pre-
vious ones

5. Adapt the solution: compute the optimal step length and adjust λ

6. Return to step 2

Step 1: find an admissible start vector

In the first step, one needs to find a start vector that satisfies the self equilibrium
condition. It is denoted λG from here on. Every vector or search direction fulfilling
or not violating the self-equilibrium condition is called admissible. Recalling that
requirements are imposed on λ only within the space spanned by G, these require-
ments can be satisfied by choosing λ from the space spanned by G. More generally,
any other space, for example, the space spanned by a symmetric positive definite
matrix Q, could be used such that

λG = QGµ .

it is only required that

rank
�
GT QG

�
= rank

�
GT G

�
(2.47)

holds. Injecting this Ansatz into the self-equilibrium condition GTλG = e yields

GT QGµ= e and thus µ= (GT QG)−1e .

This finally leads to the admissible starting vector

λ0 = λG = QG(GT QG)−1e . (2.48)

If the global structure is not floating, GT QG and GT G have full rank. In case of a
floating global structure, GT G as well as the global stiffness matrix K are singular.
However, if equation (2.47) holds and the global problem in equation (1.1) is well
posed, i.e., f ext is in the range of K , which is the case if f ext is self-equilibrated in the
directions of global rigid body modes, the FETI method can still be used. [38]

Step 2: calculate gaps

These steps require solving local Neumann problems to calculate the deformation of
each substructure. They further require communication between neighbors to ex-
change the resulting displacements. The computation of the displacements of the
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substructures includes choosing the amplitudes of their rigid body modes. The resid-
ual considering only the displacements by deformation, computed by applying the
pseudoinverse, is denoted as

r̃ i = d − Fλi ,

while the residual also considering rigid body modes is denoted as

r i =
Ns∑

s=1

B(s)t (s)u(s)i = d − Fλi −GαR,i = r̃ i −GαR,i .

The first residual, corresponding to the initial admissible starting vector λ0 is thus
indexed as r 0. What can be expected from choosing αR and what is as well necessary
to find the correct solution is to eliminate the error when projected onto the space of
rigid body modes. More general, an oblique projection

GT Q(r̃ i −GαR,i) = 0 (2.49)

can be used. This is equivalent to using a particular norm that is defined by the
symmetric positive matrix Q and yields the solution

αR,i = (G
T QG)−1GT Qr̃ i . (2.50)

As long as the solution is not converged, the rigid body modes are not of explicit
interest. However, they appear in the resulting residual r . Injecting the formula for
the rigid body mode amplitudes αR of equation (2.50), the residual can be expressed
as

r i = r̃ i −G(GT QG)−1GT Qr̃ i .

By defining the projector

PG = I −QG(GT QG)−1GT ,

this operation can be shortly written as

r i = PT
G r̃ i . (2.51)

The conclusion of this step is that the residual r with optimally chosen rigid body
mode amplitudes, i.e., the best residual for a given λ, is found by projecting the
residual r̃ , which can include arbitrary rigid body mode components. Hence, the
projection of the residual by the projector PT

G implicates the calculation of optimal
rigid body mode amplitudes. In this context, optimal refers to the criterion of equa-
tion (2.49). This step is coupling all floating substructures because a rigid body
displacement of one substructure inherently also affects the residual, i.e., the gaps,
of its neighbors along the common interface.

The problem of the type (GT QG)x = y , which must be solved during every applica-
tion of PG or PT

G, is thus called natural coarse problem and the space spanned by the
columns of G is called the natural coarse space.



2.2 Iterative Solution 37

Step 3: check for convergence

After the current residual is computed, it must be checked for convergence, i.e., if
the quality of the solution is already satisfying. In general, the residual could be
measured in any suitable norm. The norm induced by the preconditioner H is most
common and a good estimator for the global residual. Two different types of residuals
are important for the numerical experiments in this work. The first one is based on
the absolute measure of the residual, such that the convergence criterion is expressed
by the inequality

rabs,i < εr,abs rabs,i = ‖r i‖H .

Usually, the absolute scale of the residual is unknown. In this case, it is more rea-
sonable from a numerical point of view to expect a decrease of the residual by a
certain number of orders of magnitude. In this case, the inequality that expresses the
convergence criterion reads

rrel,i < εr,rel rrel,i =
‖r i‖H

‖r 0‖H
.

For example, setting a relative tolerance of εr,rel = 10−8 asks the residual to decrease
by 8 orders of magnitude during the iterations. In the following algorithms, the
placeholders r∗,i and εr,∗ are used.

Step 4: estimate a correction for connection forces

The probably most important step regarding the performance of an iterative solution
algorithm is the preconditioning. Basically, the preconditioner tries to estimate the
solution error by means of the residual. If this estimate is chosen well, an iterative
algorithm is able to converge in a number of iterations that is much lower than the
size of the solved problem. As a consequence, it can be much more efficient than
a direct solution algorithm, provided that the application of the preconditioner is
not too costly. In the case of FETI, the preconditioning step estimates the necessary
correction of the connection forces based on the current gap between the interfaces
of the substructures. In the PPCG algorithm, the preconditioning step must be fol-
lowed by a projection to make sure that the self-equilibrium condition is not violated.
Afterwards, the final search direction can be created by orthogonalization.

Preconditioning. Instead of directly employing the residual as search direction,
one tries to estimate the adaption that is necessary to make the residual vanish.
Physically, in terms of solving a problem of linear elasticity, this is the adaption of
the interface forces, necessary to close the gaps between the substructures. It usually
involves solving local Dirichlet problems when applying a preconditioner H , which
should be an approximation of the inverse of the operator F such that

H ≈ F−1 .
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Its application to the residual then delivers an estimate of the direction in which the
exact solution can be found. This direction is denoted by

z i = Hr i ,

which will also be called preconditioned residual from now on.

Projection. Directly using the preconditioned residual as search direction, for ex-
ample, ∆λi+1 = αi z i, to adapt the solution for λ would corrupt the self-equilibration
of free floating substructures such that

GT (λG +∆λi+1) 6= e .

This problem is handled by another projection that makes sure that

GT∆λi+1 = 0 (2.52)

holds and thus the condition will not be hurt. In particular, z needs to be split into ẑ
and w such that

z = ẑ + w (2.53)

where

GT w = 0

This decomposition is not unique. Similar to the computation of an admissible
start vector in equation (2.48) and the oblique projection of the residual in equa-
tion (2.51), we use the matrix Q to construct the basis QG for ẑ. For reasons of
symmetry, which become more obvious in the following, it is necessary to use the
same matrix Q here as for the projection of the residual in equation (2.51). Multiply-
ing equation (2.53) with GT and injecting the Ansatz ẑ = QGµ yields

GT ẑ = GT QGµ and µ= (GT QG)−1GT ẑ .

This results in the splitting

ẑ = QG(GT QG)−1GT z and w = z − ẑ =
�
I −QG(GT QG)−1GT

�
z .

The projector PG used before can be identified here again and an admissible search
direction is obtained by the projection step

w i = PG z i .

The same projector PG that was found to realize the projection of the residual, i.e.,
choosing amplitudes of rigid body modes, is also suitable to project a new search
direction onto the space of admissible directions. Physically, this is the step of self-
equilibrating the connection force vector z, which is a coupled problem because ad-
justing the force on one substructure inherently also changes the force and thereby
the equilibrium of its neighbor due to the action-reaction principle. As the first resid-
ual, corresponding to the starting vector λ0, is index as r 0, also the corresponding
first generated search direction is indexed as w 0.
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Orthogonalization. A simple Gram-Schmidt procedure using the norm induced by
the operator F to measure angles between vectors enables F -conjugacy. To this end,
the orthogonalization step coefficients

βi, j =
w T

j F w i

w T
j F w j

are defined, such that the orthogonalization of w i against all former search directions
w 0 to w i−1 is achieved by

w i ← w i −
i−1∑
j=0

w jβi, j .

As indicated before, due to the short recurrence in the CG method, a reorthogonaliza-
tion of w i against w i−1 would be sufficient in exact arithmetics, but due to numerical
errors, a full orthogonalization, then sometimes also called reorthogonalization, is
necessary.

Step 5: adaption of the interface forces

After the projection of the residual, the preconditioning step and another projection
step followed by orthogonalization, a new admissible conjugate search direction is
ready to be used. The only step that remains to be done is the computation of a
suitable step length. Ideally, the adaption ∆λi+1 should solve

F∆λi+1 = r i with ∆λi+1 = αi w i

to find the exact solution. Of course, this is usually not possible. Therefore, the
problem is again reformulated as the optimization problem

min
αi

�
f (αi) =

1
2
(αi w i)

T F(αi w i)− r T
i αi w i

�
,

which yields as optimal solution for the step length αi

∂

∂ αi
f (αi) = αi w

T
i F w i − r T

i w i = 0 ⇒ αi =
r T

i w i

w T
i F w i

.

The connection forces λ are subsequently adapted to

λi+1 = λi +αi w i

At this point, one more iteration is completed. For example if i = 2, λ3 is the approx-
imate solution of the interface problem after 3 iterations, consisting of the starting
vector λ0 and the three search directions w 0, w 1, and w 2, which have been computed
and added to improve the accuracy.

The complete procedure is listed in Algorithm 1. Some formulas are slightly adapted
so that no identical computations, e.g., the application of the operator or the precon-
ditioner, are unnecessarily executed twice.



40 2 Finite Element Tearing and Interconnecting

Algorithm 1: FETI-1
λG = QG(GT QG)−1e
λ̂0 = 0

r 0 = PT
G(d − FλG)

z0 = Hr 0

i = 0
while r∗,i > εr,∗ do

for 0≤ j ≤ i − 1 do
φi, j = q T

j z i βi, j =
φi, j

∆ j

w i = PG z i −
∑i−1

j=0 w jβi, j

q i = F w i

∆i = q T
i w i γi = w T

i r i αi =
γi
∆i

λ̂i+1 = λ̂i + w iαi

r i+1 = r i − PT
Gq iαi

z i+1 = Hr i+1

i← i + 1

m= i
λi = λG + λ̂i

2.3 Preconditioning

The preconditioning is probably the most crucial step in an iterative algorithm re-
garding its performance, especially if the conditioning of the problem is very bad.

2.3.1 Basic Preconditioners

In this context, one of the most important properties a preconditioner must possess,
is of course that its application can be computed in parallel. This implies that it will
most likely be constructed from local contributions from the individual substructures,
similar to the operator F . The first preconditioner for FETI that was introduced and
employed in the original publication [20] is the so-called lumped preconditioner. It
is computed as

H L =
Ns∑

s=1

H (s)L =
Ns∑

s=1

B(s)t (s)K (s)t (s)
T
B(s)

T

and physically implies the solution of a Dirichlet problem in each substructure in
which all non-interface dof are fixed. A variant of this preconditioner is called super-
lumped. It is obtained by replacing the stiffness matrix K (s) by its diagonal.
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Later, the so-called Dirichlet preconditioner was proposed in [34] and proven to be
optimal in [39], which means that the effective condition number of the PPCG algo-
rithm grows only slowly when decreasing the mesh size and that it is independent of
the number of subdomains. The Dirichlet preconditioner is computed as

H D =
Ns∑

s=1

H (s)D =
Ns∑

s=1

B(s)S(s)K B(s)
T

.

Like the lumped preconditioner, it requires a Dirichlet problem to be solved on each
subdomain. However, the full Schur complement is used here. As a result, the exact
reaction force of the structure for a prescribed interface displacement is returned. It
was also shown in [39] that the Dirichlet preconditioner is not always the computa-
tionally most efficient choice, which is related to its higher computational cost when
compared to the lumped version.

Both preconditioners are symmetric. Nevertheless, also non-symmetric precondition-
ers can be employed as long as full orthogonalization against all former search direc-
tions is applied [40]. In algorithms throughout this work, the subscripts L and D to
distinguish the different preconditioners are omitted unless a specific choice should
be emphasized.

2.3.2 Scaling

All preconditioners in the current state of the art build on the two basic versions pre-
sented above. The main improvements that have been achieved are scaling proce-
dures that allow to properly handle crosspoints and certain types of heterogeneities.
In principle, these techniques scale the residual, i.e., the gaps, as well as the cor-
responding force resulting from the local Dirichlet problem. The scaling factors are
specific to the substructures and their properties like their stiffness or node multi-
plicities. This can be expressed as replacing the dual assembly matrices B(s) by scaled
dual assembly matrices

eB(s) = eβ (s)B(s)

where eβ (s) are diagonal scaling matrices. They have the dimension Nλ × Nλ and can
assign a scaling factor to each element of a vector on the dual interface space, for
example, to each connection force in λ or to each gap in r . However, they are specific
to each substructure, and eβ (s) only scales connection forces or gaps on the interface
of s. Considering that the substructure s has at least one neighbor on its interface, it
becomes apparent that the same element in r may be scaled by different factors in
the two associated substructures.

Usually, all scaling procedures, even if motivated purely physically, lead to a partition
of unity expressed by

Ns∑
s=1

B(s)eB(s)T = I . (2.54)
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The scaled versions of the preconditioners are not denoted by separate symbols and
read

H L =
Ns∑

s=1

H (s) =
Ns∑

s=1

eB(s)t (s)K (s)t (s)T eB(s)T =
Ns∑

s=1

eβ (s)B(s)t (s)K (s)t (s)T B(s)
T eβ (s)

H D =
Ns∑

s=1

H (s) =
Ns∑

s=1

eB(s)S(s)K
eB(s)T =

Ns∑
s=1

eβ (s)B(s)S(s)K B(s)
T eβ (s) .

A first energy based attempt to deal with jumps in the coefficients of the partial
differential equation was published in [41]. The concept of a node’s multiplicity and
an according scaling that respects equation (2.54) was developed and justified in
[35]. Let the elements of the diagonal scaling matrices and the Lagrange multipliers
be defined by

eβ (s) =




β
(s)
1

β
(s)
2

. . .
β
(s)
Nλ


 and λ=




λ1

λ2
...
λNλ




and let Λ(s) be the set of Lagrange multipliers that act on substructure s. Then

β
(s)
i = 0 ∀ i ∈ �i ∈ {1, . . . , Nλ} | λi /∈ Λ(s)

	
,

which is to say that all diagonal elements of eβ (s) that do not correspond to interface
dof on s are zero. In multiplicity scaling, the scaling coefficients are set to

β
(s)
i =

1

µ
(s)
i

where µ(s)i is the multiplicity of the node corresponding to λi. In case of hetero-
geneities, for example, when the stiffness exhibits a jump across the interface, mul-
tiplicity scaling is not sufficient anymore. The so-called stiffness or superlumped
scaling was originally developed and published in [36] for static problems. It defines
a mechanically consistent preconditioner by scaling the gaps and the estimated cor-
rection forces not only based on the multiplicity but on the stiffnesses of the interface
dof. Recalling that every Lagrange multiplier acts on two distinct substructures, let
λi be the Lagrange multiplier that connects the local dof ns in substructure s and the
local dof nr in substructure r. The corresponding global dof of the undecomposed
structure is denoted by n and it is shared by the substructures Sn = {s, r, . . . }. The
non-zero diagonal elements in the scaling matrix of substructure s then read

β
(s)
i = K (r)nr ,nr

�∑
j∈Sn

K ( j)n j ,n j

�−1

∀ i ∈ �i ∈ {1, . . . , Nλ} | λi ∈ Λ(s)
	

where K (r)nr ,nr
refers to the entry of the matrix K (r) in the nr-th row and the nr-th col-

umn, i.e. to its nr-th diagonal entry. Explained in words, the scaling coefficient of
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a Lagrange multiplier in substructure s is the stiffness of the interface dof in sub-
structure r it connects to, divided by the sum of the stiffnesses of all dof that have
emerged from the corresponding original, single dof of the undecomposed structure.

In a homogeneous structure, taking into account that the preconditioned residual is
globally scaled by a step length anyway, it is equivalent to multiplicity scaling. The ex-
act definition of the multiplicity scaling coefficients is recovered when all stiffnesses
are set to one such that

β
(s)
i = 1

�∑
j∈Sn

1

�−1

∀ i ∈ �i ∈ {1, . . . , Nλ} | λi ∈ Λ(s)
	

.

In this work, stiffness scaling is applied to static problems if nothing different is
stated explicitly. To dynamic problems, the analogous superlumped scaling procedure
described in section 3.3.1 is applied.

2.4 Deflation by Auxiliary Coarse Spaces

Already before the FETI algorithm was published, [42–44] studied deflation of the
CG algorithm by projection independently from each other. It was basically identi-
fied as a method to accelerate the convergence of the standard CG method, based
on auxiliary subspaces. In [44], it was already proven that the effective condition
number of the deflated operator has an equal or lower condition number than the
original operator, regardless of the deflation space.

In [34], the first published application to FETI can be found where the approach was
described as a splitting of the substructure solution into “nice” and “troublesome”
components. The technique was further used in [45] to substitute the vanishing
natural coarse space in the case of dynamics. In [46] and [47], a thorough analysis
was dedicated exclusively to this technique and FETI algorithms augmented this way
were denominated as two-level FETI or FETI-2.

The procedure can be derived from the idea to enforce the auxiliary condition

C T r = C T

� Ns∑
s=1

B(s)u(s)I

�
= C T (d − Fλ) = 0 (2.55)

to be fulfilled throughout all iterations. In the standard CG algorithm, this condition
is not fulfilled before convergence. The auxiliary condition equation (2.55) states
that the residual should vanish within the subspace spanned by the columns of C .
This subspace is denominated deflation space or auxiliary coarse space or, if confusions
with the natural coarse space are impossible, just coarse space. To realize this, the
solution is calculated within the auxiliary coarse space prior to the iterative solution
process, e.g., by a direct method. During the iterative solution process, a projection
will prevent changes to the solution within the auxiliary coarse space.
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To make sure that one can operate on the connection forces λ inside the auxiliary
coarse space, it must not violate the self-equilibrium condition, which is ensured if

GT C = 0

holds. This can easily be achieved, e.g., by using the natural coarse space projector
PG to make all basis vectors of the auxiliary coarse space self-equilibrated. This
projection step must be carried out only in the beginning and can be used to self-
equilibrate an arbitrarily chosen coarse space without changing its global effect. It is
executed by setting

C ← PGC .

An admissible start solution for the Lagrange multipliers, denoted by λC , ensures
that λG + λC fulfills the self-equilibrium condition and the auxiliary constraint of
equation (2.55). It can be computed from the Ansatz

C T FλC = C T (d − FλG) where λC = Cµ

and finally reads

λC = C
�
C T FC

�−1
C T (d − FλG) .

In order to prevent that the adaptions that are made to λ during the iterations lead
to a violation of equation (2.55), the search directions w i must be made F -conjugate
to the auxiliary coarse space, i.e.,

C T F w i = 0

must hold for all i. The corresponding correction of w i reads

w i = ew i −Cµ such that C T F ( ew i −Cµ) = 0

where ew i denotes the original uncorrected search direction. The new admissible
search direction w i is finally computed as

w i = ew i −C(C T FC)−1C T F ew i .

This step is usually written as the projection

w i = PC ew i or w i = PC PG z i (2.56)

using the projector

PC = I −C(C T FC)−1C T F .

Each time the projector PC is applied, a problem of the type (C T FC)x = y must be
solved. While in all non-projection steps, only neighbors need to exchange infor-
mation, this projection step introduces global communication within one iteration,
similar to the natural coarse space projection. This kind of global communication
propagates information throughout the whole domain. It is usually very important
for domain decomposition methods to be scalable and almost any FETI method is
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Algorithm 2: FETI-2
λG = QG(GT QG)−1e
λC = C(C T FC)−1C T (d − FλG)
λ̂0 = 0

r 0 = PT
G(d − F(λG +λC))

z0 = Hr 0

i = 0
while r∗,i > εr,∗ do

for 0≤ j ≤ i − 1 do
φi, j = q T

j z i βi, j =
φi, j

∆ j

w i = PC PG z i −
∑i−1

j=0 w jβi, j

q i = F w i

∆i = q T
i w i γi = w T

i r i αi =
γi
∆i

λ̂i+1 = λ̂i + w iαi

r i+1 = r i − PT
Gq iαi

z i+1 = Hr i+1

i← i + 1

m= i
λi = λG +λC + λ̂i

equipped with a projection or some other type of coarse space correction. For simple
static problems, the natural coarse space is often sufficient. However, as it is illus-
trated in the following, dynamic or more ill-conditioned problems require auxiliary
coarse spaces.

The resulting iterative algorithm is listed in Algorithm 2. It should be noted that
there, the projection is applied before the orthogonalization step, i.e., to z i, which is
advantageous in multipreconditioning later.

To solve the auxiliary or coarse problem, either iterative solvers as proposed and
analyzed in [47] or direct solvers, discussed and compared in [40, 48], can be used.
According to [40], solving the problem by direct solvers is more efficient when the
number of subdomains becomes large.

Reconjugation and projection. In several cases, the columns of the matrix C are
either naturally already F -conjugate or have been orthogonalized in such a way ex-
plicitly. In this case, the coarse problem (C T FC)−1 becomes diagonal and the calcu-
lation of the initial value can be rewritten as

λC =
Nc∑
j=1

c j

cT
j (d − Fλ)

cT
j Fc j

with C =
�
c1

�� c2

�� . . .
�� cNc

�
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and the projection can be expressed as re-conjugation

PC w i = ew i −
Nc∑
j=1

c j

cT
j ew i

cT
j Fc j

. (2.57)

In exact arithmetic, both methods lead to equal results, regardless of how the basis
vectors c j are chosen. For both, the solution is computed a priori in the coarse space
and the CG algorithm searches for the solution only in the remaining space. The
latter is realized by making all search directions F -conjugate to the auxiliary coarse
space, no matter if this is done by a projection like in equation (2.56) or independent
re-conjugation operations for each coarse space basis vector like in equation (2.57).
Therefore, deflation by projection and re-conjugation against a set of conjugate di-
rections is mathematically equivalent as long as the c i basis vectors span the same
space. Of course, a projection step with non-conjugate vectors involves a higher
computational cost.

Deflation and preconditioning. Deflation is often formulated in terms of a precon-
ditioner. Indeed, a deflated preconditioner

HC ,G = PC PGHPT
GPT

C

can be defined, which allows to apply a standard preconditioned CG procedure to the
system Fλ = d. However, it was noted in [49] that it is reasonable to differ between
the application of a classical preconditioner H and a deflation by the projector PC .
Both techniques aim to lower the condition number by changing the spectrum of
the operator, but only deflation makes the operator become singular, i.e. changes the
spectrum by moving parts of it into the kernel. If the operator was already singular
before, the size of its kernel is increased by the size of the coarse space.

2.5 Convergence and spectral properties.

Beside other considerations like the necessary amount of communication between
substructures and the locality of operations, the performance of the standard or the
deflated FETI method can be analyzed by evaluating the computational cost and the
rate of convergence of the underlying CG algorithm. At first, this section introduces
the spectral properties of the CG algorithm in general and then the special case of its
application to the interface problem of FETI.

2.5.1 General Spectral Properties of the Conjugate Gradient Algorithm

The CG algorithm is a Krylov space based method, because the space inside which
the solution is sought is a Krylov space, built up during the iterations. For a matrix F
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and a vector d, the Krylov space K j(F ,d) is defined by

K j(F ,d) = span
�
d, Fd, F2d, . . . , F j−1d

	
.

It is identical to the space spanned by the first j search directions of a standard CG
algorithm with start value 0, applied to solve

Fλ= d .

In each iteration, the operator F is applied once more to build the next residual and
thus the next search direction. From the definition of the Krylov space, it becomes
obvious that in the first directions created, the eigenvectors of the largest eigenval-
ues will dominate. For better readability, the eigenvectors of the smallest or highest
eigenvalues are denominated from here the smallest eigenvectors or largest eigen-
vectors, respectively. While in the Krylov space as defined above, the domination of
the largest eigenvectors will increase for further basis vectors, this is intentionally
not the case for the CG algorithm because of the orthogonalization.

Once an eigenvector can be represented by the search directions up to a certain
precision, the corresponding eigenvalue is said to be captured. All following search
directions are F -conjugate to the eigenvector, that is to say, it does not reappear. Con-
sequently, the highest eigenvalues are captured first, and the part of the solution that
is composed of the smallest eigenvectors will likely be discovered last, in the final it-
erations before convergence. This behavior, driven by the distribution of eigenvalues,
implies in particular three important consequences.

First, this is the reason why a rapid loss of orthogonality occurs in the presence of
large, well-separated eigenvalues as analyzed in [50]. Small numerical errors in the
orthogonalization grow exponentially, and the high eigenvectors captured by early
search directions come back into later search directions when orthogonalization is
carried out only against the most recent one. As such a distribution of eigenvalues is
almost always present in larger realistic models of physical structures, full orthogo-
nalization is carried out in every iteration in all algorithms considered in this work.
This was also suggested for domain decomposition methods in [51]. Of course, only
eigenvectors triggered by the right-hand side d will occur, but the right-hand sides d
of the interface problems of structural mechanics usually contain significant parts of
all higher eigenvectors of F .

Second, when an eigenvalue was captured with a certain precision and F -conjugacy
of search directions is successfully maintained, the CG algorithm behaves as if it was
not present in the spectrum. This becomes clear when recalling the equivalence be-
tween deflation and reconjugation. It does not make a difference if the CG algorithm
keeps iterating, or if the search directions built so far are used as coarse space basis
vectors within a newly started deflated CG algorithm on the same problem.

Finally, in the direction of nearly equal or close eigenvalues, which are then said to
be clustered, an accurate solution is found after very few iterations. In fact, if the
operator has only n distinct eigenvalues, a standard CG algorithm finds the exact
solution in at most n iterations, presuming exact arithmetic [52]. In contrast, the
worst case is an evenly distributed spectrum. In this case, for an arbitrary right-hand
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side, almost as many iterations as dof are required to achieve a reasonable accuracy.
Summarized, the rate of convergence is not only dependent on the ratio between
the largest and the smallest eigenvalue, but also heavily on the distribution of all
eigenvalues in between. Several specific types of distributions and their influence on
the real rate of convergence were analyzed in [53].

Nevertheless, the smallest and the largest eigenvalue of F can be used to formulate
a worst case scenario of the real convergence of a CG algorithm, employed to solve
the example linear system of equations Fλ = d. Let the eigenvalues of F be denoted
by Θmin(F), . . . ,Θi(F), . . . ,Θmax(F) when sorted in ascending order. The condition
number of F is defined as

κ(F) =
Θmax(F)
Θmin(F)

and the error at start and the error after iteration i as

e0 = λ̂0 − λ̂ and e i = λ̂i − λ̂ ,

respectively. Then, the upper bound for the error at iteration i is described by

‖e i‖F ≤ ‖e0‖F 2
�p
κ− 1p
κ+ 1

�i

, (2.58)

i.e., at iteration i, the error has decreased by a factor of at least 2
�p

κ−1p
κ+1

�i
. [37]

2.5.2 Spectral properties of the FETI operator.

The unpreconditioned FETI operator F and the preconditioned FETI operator HF
exhibit a number of beneficial properties for the application of the CG algorithm.
In particular, the preconditioning leads to a bounded and clustered spectrum at the
lower end, and the property of the CG algorithm to capture the highest eigenvalues
first is exploited optimally by the dual formulation, based on flexibility operators
instead of stiffnesses.

Spectral Bounds of the FETI Operator

The undeflated standard FETI procedure as listed in algorithm 1 to find λ̂ is mathe-
matically equivalent to applying a standard CG algorithm to

PGHPT
G F λ̂= PGHPT

G(d − FλG) . (2.59)

It becomes obvious from equation (2.59) that the spectral properties of the precon-
ditioned FETI operator PGHPT

G F define the convergence of the preconditioned FETI
method.

For the spectrum of this operator, useful bounds have been proven for the case of the
Dirichlet preconditioner H = H D. They depend on the mesh and the decomposition
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into substructures. The smallest and largest eigenvalues of PGHPT
G F are bounded

such that

1≤ eig(PGHPT
G F)≤ C

�
1+ log

�
H
h

��2

(2.60)

under the requirement that Q is chosen as the preconditioner H . A first similar proof
was published in [54], and it was improved in [55] in the way that the exponent
could be lowered from 3 to 2. In the definition of the upper bound of the spectrum in
equation (2.60), h is a measure for the typical size of one element and H measures
the typical size, e.g., the diameter, of one substructure. Furthermore, C is a constant
that is independent of h and H. On the one hand, it follows that the eigenspectrum
of the preconditioned operator is bounded from below by one. On the other hand,
the upper bound proved numerical scalability with respect to the mesh size h and
the substructure size H. Iterative domain decomposition algorithms that satisfy this
property are said to be optimal, which is why the Dirichlet preconditioner is also
called an optimal preconditioner for FETI.

Typical Eigenvalue Distribution

An important aspect of the FETI method and its success are its specific spectral prop-
erties in terms of the eigenvalue distribution and the correspondence of the high and
low eigenvalues to certain physical modes. In a finite element discretized problem of
structural dynamics, the eigenvectors that correspond to the smallest eigenvalues are
usually the most important ones, because they correspond to global, physical modes.
In contrast, the highest eigenvalues correspond to very local, unphysical modes. The
finer the mesh, the more numerous and higher these eigenfrequencies of the upper
part of the spectrum become. Unfortunately, as described above, iterative algorithms
that are based on building Krylov spaces capture the highest and thereby the most
unimportant modes first, which leads to poor convergence.

The dual FETI operator is instead built from the inverses of the substructure stiff-
nesses. As a result, its highest frequencies correspond to slow physical modes and
its smallest frequencies to local, unphysical modes of the mesh. When the mesh is
refined, the slow physical modes consolidate in the upper part of the spectrum and
the ever growing number of mesh modes accumulates to zero. As it was described
above, preconditioning the FETI operator shifts up the lower part of the spectrum
such that it is bounded from below by one. The result is that the solution in the high
physical modes is captured first with fast convergence during the iterations, undis-
turbed from the numerous mesh modes. Consequently, a good approximation of the
global shape is found in very few iterations. This difference in the typical distribu-
tion of eigenvalues between the primal and the dual Schur complement method and
the advantageous properties of the dual one concerning the convergence of a CG
algorithm were analyzed in [56].

When solving problems of structural mechanics, it is typical for the FETI algorithm
that a few high, well-separated eigenvalues are captured by almost one iteration per
eigenvalue. Subsequently, due to the massive clustering of the smallest eigenvalues
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at and above one, these are captured all together in the very last, few iterations.
As extensively studied in [57], this leads to an increase of the convergence rate, also
called superconvergent behavior, in which the number of iterations until convergence
can be much less then predicted by the classical estimate of equation (2.58).

Active Spectrum

For a very large, real engineering problem, it may be impossible to compute and ana-
lyze its spectrum. In this case, the active spectrum, i.e., the part of the spectrum that
needed to be captured to reach convergence, can be recovered after the iterative solu-
tion. This is discussed in Chapter 4. However, in case the complete spectrum should
be computed by eigenanalysis for small academic examples, it is also necessary to
distinguish between relevant and irrelevant parts of the spectrum. Not relevant for
the active spectrum are zero eigenvalues that emanate from the well-chosen core of
the possibly deflated or preconditioned operator. The zero eigenvalues can be am-
biguous due to numerical precision and in order to handle them appropriately, at
least their number should be known in advance. Subsequently, the corresponding
smallest eigenvalues should be discarded. Of course, a check for plausibility must be
implemented. The dimension of the core of a deflated, possibly preconditioned inter-
face operator, i.e., of PC PGHPT

GPT
C F , is equal to the exact number of zero eigenvalues

and is computed as

rank
�
ker

�
PC PGHPT

GPT
C F
��
= Nλ,redundant + Nrbm + Nc

where Nλ,redundant is the total number of redundant Lagrange multipliers defined in
equation (2.43), Nrbm the total number of rigid body modes of floating substructures,
and Nc the size of the auxiliary coarse space.

Ill-Conditioning

The high part of the spectrum of F is obviously not composed directly by mode shapes
of the global structure. Instead, it is a combination of the smooth physical modes of
the substructures. This circumstance, introduced by the decomposition of the do-
main, can be the origin of severe ill-conditioning. If a single substructure exhibits
smooth modes, i.e., modes with large displacements at very little force, which are at
the same time almost non-existent in the global structure, these modes can appear as
very high eigenvalues at the upper end of the spectrum of F . Because they emanate
solely from the decomposition and do not represent mode shapes of the global struc-
ture, they severely impair the rate of convergence. In the context of FETI, they are
called bad modes.

From a numerical point of view, it happens due to many high, often well-separated
eigenvalues that the CG algorithms has to capture. From a physical point of view, it
is the discrepancy in behavior between local substructures and the assembled, global
structure. This type of ill-conditioning occurs most regularly when the coefficients of
the underlying partial differential equation, for example, the stiffness, exhibit strong
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jumps along interfaces. While jumps across interfaces can be handled well by the
scaling procedures described in section 2.3.2, jumps along the interface require ad-
ditional attention and are more difficult to address.

2.5.3 Desireable Coarse Spaces

An auxiliary coarse space should satisfy essentially two requirements. On the one
hand, it should be as small as possible and on the other hand, chosen such that
the convergence of the CG algorithm, which shall find the solution in the remaining
space, is as fast as possible.

Already in [44], as one of the first publications considering a deflation of the CG
algorithm, certain eigenvectors were identified to compose an ideal coarse space.
Because the problems addressed in [44] were based on stiffness operators, the small-
est eigenvalues have been considered for an efficient coarse space. In dual domain
decomposition, because of the flexibility based operator, the higher eigenvalues re-
flect smooth, physical modes and possibly originate from local bad modes, while
the smallest ones are clustered towards one and correspond to less important mesh
modes. Thus, ill-conditioning can only result from the upper part of the spectrum,
and the ideal coarse space for FETI is built from the highest eigenvectors of F . When
they are removed from the solution process by deflation or re-conjugation, the CG
algorithm behaves as if they were not present in the spectrum and the effective con-
dition number is lowered significantly. The iterative process starts immediately to
capture the strongly clustered smaller eigenvalues with fast convergence. Of course,
computing the high eigenvectors or bad modes of F directly is not possible in practical
applications. It is thus the aim to construct auxiliary coarse spaces that approximate
the bad modes with the highest possible accuracy at the lowest possible cost.

2.6 Generalized Eigenvalues in the Overlaps

An explicit method to construct an auxiliary coarse space for FETI, designed to dis-
cover the bad modes for a given decomposition and a given preconditioner, was
proposed in [58]. It was originally developed within the overlapping Schwarz frame-
work and is based on solving local generalized eigenvalue problems. It is denomi-
nated GenEO. When its solutions are employed as coarse space, it effectively removes
the high extremal part of the spectrum in the deflated, preconditioned operator.

For every substructure s, the generalized eigenproblem reads

S(s)K y (s) = θ (s)B(s)
T
HB(s)y (s) (2.61)

where θ (s) is called a GenEO eigenvalue and y (s) a GenEO eigenvector. The solutions
(θ (s)1 , y (s)1 ), (θ

(s)
2 , y (s)2 ), . . . are sorted in ascending order of the GenEO eigenvalues θ (s)i .
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The coarse space is then chosen as

C =
�
C (1)

��C (2)
�� . . .

��C (Ns)
�

C (s) =
�
HB(s)y (s)1

��HB(s)y (s)2

�� . . .
��HB(s)y (s)ks

�
.

An important property is its locality. That means that on the one hand, each substruc-
ture s must solve its own eigenproblem of equation (2.61), which is a completely
local problem once the substructure has the matrix B(s)

T
HB(s) available. On the other

hand, though the global preconditioner in present here, the computation of the ma-
trix B(s)

T
HB(s) is still limited to neighbors. That becomes obvious when expressing

the preconditioner as sum of local contributions. The right-hand side of the GenEO
eigenproblem for substructure r then reads in case of the Dirichlet preconditioner

B(r)
T
HB(r) =

Ns∑
s=1

B(r)
T
B(s)S(s)K B(s)

T
B(r) .

All terms for which s is not a neighbor of r vanish because B(s)
T
B(r) = 0 in case that

the substructures s and r do not share any interface node. As a result, only neighbors
need to communicate, for example, by exchanging their local operators Ss

K to prepare
solving the local eigenproblems.

An important issue to be addressed is which GenEO vectors y (s)i should be considered
to construct the contribution of substructure s to the coarse space. First of all, the
GenEO vectors y (s)i with the smallest GenEO values form together an approximation
of the eigenvectors of F with the highest eigenvalues and should thus be used to form
the coarse space. However, for static problems, the core of S(s)K is found as solutions
y (s) with zero GenEO eigenvalues θ (s), in case of floating substructures. These zero
energy modes may not be included in the auxiliary coarse space, as they were already
considered in the natural coarse space by the projector PG. It remains to determine
the number of basis vectors k(s) that should be contributed by a substructure s.

An appropriate global threshold for θ can be found by setting an explicit limit on the
size of the auxiliary coarse space. Another approach that is known to be very efficient
is to search for a significant jump in the GenEO eigenvalues θ (s)i of each substructure
when sorted in ascending order. The matrix C (s) of substructure s is then constructed
by considering all eigenvalues before the jump.



Chapter 3

Application to Dynamic Elasticity

This section covers all important aspects that should be considered when applying
the method of finite element tearing and interconnecting to solve linear problems
of structural dynamics. First, the corresponding equations of motion are presented
and their decomposition in non-overlapping substructures, according to the theory of
dual domain decomposition. The requirements on a reasonable step-by-step time in-
tegration method are explained and several possible approaches are presented. Fur-
thermore, the specific requirements of the constrained system of substructure equa-
tions, which must be solved each time step, are introduced. After the decomposed
linear system to be solved has been derived, the corresponding interface problem is
constructed and the common techniques of preconditioning and scaling are trans-
ferred from the static case. Further issues like the computation of the initial accel-
eration and the iterative solution within the FETI framework are covered. Also the
specific spectral properties of the interface problem in the dynamic case are high-
lighted. The chapter is closed by an overview of the basic principles that could be
used to accelerate the iterative solution procedure.

FETI was already applied earlier to structural dynamics, e.g., in [59], where it was
employed to solve the linear systems occurring during Newton-Raphson iterations,
solving a non-linear problem. No coarse space correction is introduced automatically
in the space of rigid body modes as it happens in static problems. Accordingly, no
coarse space technique was applied in [59].

The introduction of an auxiliary or artificial coarse space correction when applying
the FETI method to dynamic problems in order to maintain scalability was proposed
in [45]. While the rigid body modes possess energy and thus do not cause any singu-
larities in dynamics anymore, they can still be computed and used as coarse space.
The corresponding results in [45] showed reasonable improvements in scalability
and performance.

53
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3.1 Linear Dynamic Elasticity

An inertia term, considering the acceleration ü, is added to the weak form of the
equilibrium in initial configuration, which reads

G(u, v) =

∫

Ω

S(u) : δE(u, v)dΩ −
∫

Ω

b · v dΩ +

∫

Ω

ρ0ü · v dΩ −
∫

ΓN

t · v dΓ

= 0 .

For the definition of the variation of the Green-Lagrange strain δE(u, v), see sec-
tion 1.4. Similar to the stiffness matrix in section 1.4, the mass matrix is defined
by

v T Mü = v T

∫

Ω

ρ0N T N dΩ ü .

The linear dynamics of a mechanical structure can now be described by the system
of equations

Mü(t) + Ku(t) = f ext(t) . (3.1)

The structure is loaded by an arbitrary time dependent force f ext(t). The values
of the initial displacement u(0) and the initial velocity u̇(0) are given. To simplify
the formulas, the time dependency of ü, u and f ext is omitted from here on. After
decomposition, the local substructure equations read

M (s)ü(s) + K (s)u(s) + t (s)
T
B(s)

T
λ= f (s)ext .

Naturally, the compatibility constraints are imposed on the displacements. However,
according to [60], it is equivalent to impose the constraints on the velocities or ac-
celerations. The possible constraints then write

Ns∑
s=1

B(s)t (s)u(s) = 0
Ns∑

s=1

B(s)t (s)u̇(s) = 0
Ns∑

s=1

B(s)t (s)ü(s) = 0 .

3.2 Time Integration of Constrained Dynamical Problems

To compute the behavior of the structure over time, it is necessary to discretize the
differential equation of motion in time. This is usually achieved by applying a step-
by-step integration method, which allows to compute the solutions for the discretized
points in time subsequently one after the other. In this section, an overview over the
relevant methods is given and unconditionally stable, implicit one-step algorithms
are justified as a reasonable choice. Furthermore, the specific requirements in the
case of finite element tearing and interconnecting as a constrained problem are ad-
dressed.
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Generalized single-step single-solve (GSSSS) methods

Mü + Ku = f ext

Generalized-α

ẏ = Ay
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Figure 3.1. Three boxes at the top of the figure: Selected main classifications of time integration meth-
ods, the differential equation they can be applied to, and an exemplary, representative method for which
the class is well known. Table below: Further examples of the discussed, most relevant and most widely
known time integration methods and into which classifications they can be casted equivalently.

3.2.1 Overview and Classification

When looking for a time integration method, one can choose from an extensive vari-
ety of algorithms that exhibit highly different properties regarding stability, accuracy,
computational complexity, and for which type of differential equation they fit best.
It is thereby essential to know the specific needs of the type of problem considered
here, which is mainly described as second-order differential equation with additional
constraints. This section describes the physically motivated requirements on the ac-
curacy of the solution and how the demand to invest the least possible computational
effort then indicates the optimal properties of a well suited method.

Figure 3.1 presents an overview of the most important classes of step-by-step in-
tegration methods, namely linear multistep (LMS) methods, generalized single-step
single-solve (GSSSS) methods and Runge-Kutta (RK) methods. Furthermore, it names
a representative example for each class like the widely used fourth-order Runge-Kutta
scheme, mostly known as RK4. The vast majority of integration schemes, especially
the most simple ones like the trapezoidal rule, fit into either one or both of the tradi-
tional LMS or RK classes.

Recently, another unified framework of time integration algorithms was proposed in
[61, 62], the GSSSS algorithms. They encompass the complete range of LMS meth-
ods as well as the one-step methods that are specifically designed for the solution of
second-order differential equations of structural dynamics. The authors prove that
practically all known single-step methods for second-order structural dynamics, like
those of the generalized-α family, are equivalent to LMS methods. This is why funda-
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mental findings on LMS methods, like the Dahlquist barriers, are valid for the single-
step representations of the methods as well. The lower part of figure 3.1 lists some
of the most relevant algorithms as well as those employed in this work and shows
how they fit into the three main classes of step-by-step time integration methods. For
example, the generalized-α family can be written as a three-step LMS method [63]
and the Newmark family, itself a special case of generalized-α, as a two-step LMS
method [64–66].

3.2.2 Requirements

The basic requirements on a time integration method for dynamic mechanical sys-
tems have been listed [67, 68] and were rendered to the needs and the context of
this work in the following. Every method to be considered should exhibit or provide

1. Unconditional stability

2. Second-order accuracy

3. Solution of only one implicit system of the size of the mass matrix per time step

4. (User-controllable numerical dissipation in the high frequency regime without
affecting lower modes too strongly)

Unconditional stability

The first important distinction to be made is if wave propagation effects or just the
global structural response are of interest. In the majority of problems and those
considered in this work, the global structural response is of interest. In these cases,
usually only the lowest modes are excited in the physical system and contribute to the
total structural response. Accordingly, those low modes are the only ones of interest
in the FEM model and should be reproduced with an appropriate accuracy. [7]

The accuracy of low mode representation can be measured well by period elonga-
tion and amplitude decay and is mainly dependent on the size of the time step. For
example, the trapezoidal rule leads to approximately 3% period elongation and no
amplitude decay for a mode with period T when the time step is chosen as ∆t = T

10 .
All modes with longer periods are represented more accurately. The period elonga-
tion improves to about 1% for ∆t = T

15 . [69]

This approach for determining a reasonable time step size has been used in [45],
where a time step size of T3

15 was used to analyze a diffraction grating system. In
this example, T3 denotes the period of the third lowest mode. Consequently, the
first three modes of the structure were represented at an accuracy of at least 1%. In
[59] and [70], time steps of T6

10 and T6
15 , respectively, have been used to compute the

transient dynamics of plates discretized by shell elements using implicit integration
schemes.
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The stable regime of conditionally stable algorithms is confined by a time step size
that is inversely proportional to the highest frequency ωmax of the FEM model. It can
be estimated from above by the highest eigenfrequency of an isolated element [33]
and thus increases for a finer mesh, while the low modes and with them the desired
time step for solution accuracy do not change. If, for example, the central difference
scheme is used, the time step size must satisfy the relation

∆t ≤ 2
ωmax

,

which is known as the Courant-Friedrichs-Lewy condition [71]. It relates the wave
propagation speed to the mesh size. As a consequence, conditionally stable algo-
rithms often require time steps that are many orders of magnitude smaller than ac-
tually needed for the desired solution accuracy. Therefore, for the considered type of
problem, an unconditionally stable algorithm is recommended as the most effective
and can save a substantial amount of computational cost. [7, 67, 68]

Implicit methods and second-order accuracy

According to [72], no explicit LMS method exists that is unconditionally stable. Fur-
thermore, the order of accuracy of implicit and unconditionally stable LMS methods
cannot exceed 2. These statements are also known as the second Dahlquist barrier.
While this result confines the possible accuracy of these methods from above, it is
widely known by experience that second-order accurate methods exhibit strong su-
periority to first-order accurate methods [68]. It follows that second-order accuracy
is a reasonable property to aim for.

Numerical damping

The spatial discretization in FEM models introduces artificial modal components,
so-called spurious high frequency oscillations. They can affect the total response,
especially in problems where non-linear material behavior is considered. Numerical
dissipation is used to damp out these components of the response, where asymptotic
annihilation refers to numerical dissipation that eliminates high-frequency modes
after one time step. Of course, the numerical dissipation should influence the low-
mode response as little as possible. In many applications, numerical damping is
not necessary and in this case, a wider range of time integration methods becomes
available. [66–68]

Review of the three main classifications

RK methods fail to fulfill the third requirement stated earlier, as they require the
solution of more than one implicit system or of larger systems than the mass matrix.
This is due to the multi-stage character of RK methods and due to the fact that any
differential equation must be transformed into a first-order system, also known as
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state-space form. This leads to the storage of at least twice as many variables, for
example, when employing the well-known fourth-order Runge-Kutta (RK4) scheme
[8]. Of course, equation (3.1) can be transformed into the state-space form, yet the
RK and LMS methods are not able to exploit all the advantages of the specific form
of the second-order differential equations [33].

Instead, another family of integration schemes is directly applicable to second-order
differential equations. The Newmark method was the first basic procedure of this
kind and was originally introduced in [73]. While there exist other step-by-step time
integration methods that were specifically designed to handle second-order differen-
tial equations describing structural dynamics problems, the generalized-α family is
one of the most interesting. It includes besides Newmark the most widely known
and used methods. Generalized-α fulfills all of the requirements stated at the begin-
ning of this section, including numerical damping up to asymptotic annihilation that
barely affects low frequencies.

The original Newmark family itself is of minor interest, as it loses second-order ac-
curacy as soon as numerical damping is introduced [68] and the numerical damping
significantly affects the low modes [74]. If numerical damping is not necessary, the
trapezoidal rule, of course a special case of the Newmark family, offers second-order
accuracy with the lowest truncation error of all unconditionally stable LMS meth-
ods and no amplitude decay independently of the time step size [7, 68, 72]. Thus,
without the necessity of numerical damping, it is best to go with the trapezoidal
rule. Only in case that numerical damping is required, generalized-α must be used.
However, problem specific tuning is often necessary for efficient numerical damping,
which is why it is reasonable to stick with the trapezoidal rule unless this effort shall
be made.

3.2.3 Generalized-α

The generalized-α was originally published in [74] and is basically a combination
of the HHT-α method [67] and the WBZ-α method [75], both building upon the
foundation of Newmark’s integration rules.

Let t1, . . . , tn, . . . be equidistant discrete points in time with a time step size defined
as

∆t = tn+1 − tn

where n denotes the current time step index. The quantities ü(s),n, u̇(s),n, and u(s),n are
approximations of ü(s)(tn), u̇(s)(tn), and u(s)(tn), respectively. The basic idea of the
so-called α-methods is that not only the differential equation at one specific point
in time is evaluated, but a linear combination of it at the current time n and the
next time step n + 1. The weights for inertia terms are denoted by αm and can be
different from the weights of the remaining terms denoted by α f . To this end, the
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abbreviations

ü(s),n+1−αm = (1−αm)ü
(s),n+1 +αmü(s),n

u(s),n+1−α f = (1−α f )u
(s),n+1 +α f u(s),n

λn+1−α f = (1−α f )λ
n+1 +α f λ

n (3.2)

f
(s),n+1−α f
ext = (1−α f ) f

(s),n+1
ext +α f f (s),next

are introduced. The resulting modified balance equation then reads

M (s)ü(s),n+1−αm + K (s)u(s),n+1−α f + t (s)
T
B(s)

T
λn+1−α f = f

(s),n+1−α f
ext . (3.3)

The classical Newmark scheme is employed as implicit integration rule to compute
displacement and velocity increments from given accelerations of the next time step.
They provide

u̇(s),n+1 = u̇(s),n +∆t
�
(1− γN )ü

(s),n + γN ü(s),n+1
�

u(s),n+1 = u(s),n +∆t u̇(s),n +∆t2
��

1
2
− βN

�
ü(s),n + βN ü(s),n+1

�
. (3.4)

Second-order accuracy and unconditional stability. As it was shown in [74], the
generalized-α is second-order accurate for a structural differential equation without
constraints if

γN − 0.5− (α f −αm) = 0

holds and it is unconditionally stable for

αm ≤ α f ≤
1
2

βN ≥
1
4
+

1
2
(α f −αm) . (3.5)

Numerical dissipation. In [74], the authors of generalized-α further describe the
optimal choice of the parameters. First, to maximize the high-frequency damping
and minimize the low-frequency damping,

βN −
1
4
(1+α f −αm)

2 = 0

should hold. Second, the user can set the spectral radius of the algorithm at infinity
ρ∞ ∈ [0,1] and compute the weights subsequently from

αm =
2ρ∞ − 1
ρ∞ + 1

α f =
ρ∞
ρ∞ + 1

.

A spectral radius of ρ∞ = 0 leads to maximal high-frequency damping, i.e., the
case of asymptotic annihilation. At the other end, ρ∞ = 1 means that no numerical
dissipation is present, that is to say, the algorithm is undamped. If no numerical
damping should be used, the trapezoidal rule can provide the smallest truncation
error and should be considered as simple alternative.
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Iteration or stepping matrix. To receive the final, linear, constrained system of
equations that needs to be solved for the accelerations of time tn+1, the interpolated
quantities of equation (3.2) and the Newmark integration rules in equation (3.4) are
inserted into the modified balance equation (3.3). This yields the effective structural
equation

M (s)
�
(1−αm)ü

(s),n+1 +αmü(s),n
�

+ K (s)
�
(1−α f )

�
u(s),n +∆t u̇(s),n +∆t2

�
(0.5− βN ) ü

(s),n + βN ü(s),n+1
��
+α f u(s),n

�

= (1−α f ) f
(s),n+1
ext +α f f (s),next − t (s)

T
B(s)

T
λn+1−α f

which can be rearranged as

�
M (s)(1−αm) + K (s)(1−α f )∆t2βN

�
ü(s),n+1

= (1−α f ) f
(s),n+1
ext +α f f (s),next − t (s)

T
B(s)

T
λn+1−α f −M (s)αmü(s),n

− K (s)(1−α f )
�
u(s),n +∆t u̇(s),n +∆t2 (0.5− βN ) ü

(s),n +α f u(s),n
�

so that the acceleration terms are summarized on the left-hand side, and the right-
hand side is a known force vector if the Lagrange multipliers are given. To obtain a
shorter notation, abbreviations for the left- and right-hand side are introduced. The
matrix

D(s)gα = (1−αm)M
(s) + (1−α f )∆t2βN K (s) (3.6)

is called iteration matrix [33] or, to distinguish it from the iterative process of the CG
algorithm, stepping matrix. For the right-hand side, the generalized force vector

g (s),n+1
gα = (1−α f ) f

(s),n+1
ext +α f f (s),next −M (s)αmü(s),n

− K (s)(1−α f )
�
u(s),n +∆t u̇(s),n +∆t2 (0.5− βN ) ü

(s),n +α f u(s),n
�

(3.7)

is defined. Injecting them into the rearranged effective structural equation results in
the short notation

D(s)gαü
(s),n+1 = g (s),n+1

gα − t (s)
T
B(s)

T
λn+1−α f .

Newmark. For αm = α f = 0, the Newmark method is obtained for which the step-
ping matrix D and the generalized force vector g simplify to

D(s)N = M (s) +∆t2βN K (s) (3.8)

g (s),n+1
N = f (s),n+1

ext − K (s)
�
u(s),n +∆t u̇(s),n +∆t2 (0.5− βN ) ü

(s),n
�

. (3.9)

The short form of the structural equation reads in this case

D(s)N ü(s),n+1 = g (s),n+1
N − t (s)

T
B(s)

T
λn+1 .
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Trapezoidal rule. The Newmark method without numerical damping is the same as
the so-called implicit trapezoidal rule, also known as constant average acceleration
method or Crank-Nicolson method. Furthermore, the implicit trapezoidal rule is
equivalent to the midpoint rule for the case of linear dynamic problems and is simply
denoted as trapezoidal rule in the following. It is obtained by setting

βN =
1
4

γN =
1
2

and results in the most simple variant for the iteration matrix and the generalized
force vector

D(s)tr = M (s) +∆t2 1
4

K (s) (3.10)

g (s),n+1
tr = f (s),n+1

ext − K (s)
�
u(s),n +∆t u̇(s),n +∆t2 1

4
ü(s),n

�
. (3.11)

The short form for the structural equation for the trapezoidal rule reads

D(s)tr ü(s),n+1 = g (s),n+1
tr − t (s)

T
B(s)

T
λn+1 .

Generalized substructure equations. In the following, the subscripts gα, N and tr
are omitted for the simplicity of notation. The general substructure equations used
from here on read

D(s)ü(s),n+1 = g (s),n+1 − t (s)
T
B(s)

T
λ (3.12)

Ns∑
s=1

B(s)t (s)ü(s),n+1 = 0 (3.13)

In this notation, it is not specified anymore to which point in time λ corresponds.
This could be effectively tn+1 in case of a Newmark time integration scheme or the
trapezoidal rule, i.e., the same point in time at which the accelerations are computed.
In the case of generalized-α, it would correspond to tn+1−α f

, referring to a point in
time between tn and tn+1.

Limitations of generalized-α methods. Despite the broad success of the family of
generalized-α methods in the field of computational structural dynamics, its limita-
tions are also worth mentioning. As the main drawback, the whole family of methods
was found to inherently exhibit velocity overshoot as well as first-order accuracy in
accelerations. But due to the results in [61], it is impossible for methods within the
GSSSS framework and thus within the LMS framework to possess L-stability, i.e., un-
conditional stability and asymptotic annihilation of the high-frequency response and
not to suffer from velocity overshoot at the same time. In other words, either one or
the other always occurs. In [62], a method without velocity overshoot is presented,
which is accordingly not L-stable. For further information about overshooting, see
[76] and for further attempts to develop methods which do not suffer from these
drawbacks [77, 78].
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3.2.4 Constrained dynamics

While the methods recommended so far are all unconditionally stable for uncon-
strained systems, i.e., the global, undecomposed system of equation (3.1), it is shown
in [60] that for a system with constraints on the displacements, instability is intro-
duced. This instability is caused by infinite double eigenfrequencies, which can be
interpreted as modes associated with the Lagrange multipliers due to their lack of
mass [35].

This weak instability is transferred to the accelerations, disabling the unconditional
stability of Newmark family methods like the trapezoidal rule, independent of the
time step value ∆t. Adding numerical dissipation in the Newmark framework, re-
stores stability but its second-order accuracy is then lost.

Three ways were presented in [60] to retain unconditional stability for the decom-
posed, constrained system of substructure equations.

Numerical damping. As presented earlier, the generalized-α method allows for
numerical high-frequency dissipation and is proven in [60] to be stable as well as
second-order accurate for the decomposed system with constraints on the displace-
ments. This only holds if numerical dissipation is present and thus αm = α f is not
longer allowed. Consequently, the requirement for unconditional stability in equa-
tion (3.5) must be adapted to

αm < α f ≤
1
2

βN ≥
1
4
+

1
2
(α f −αm) .

Constraints on accelerations. If the constraints are imposed on the accelerations,
zero eigenfrequencies are introduced but can be filtered out if the constraints on
accelerations are chosen such that displacement compatibility follows. As it was an-
alyzed in [79], the interface problem derived in this chapter always satisfies this
requirement. It is proven in [60] that in this case, every time integration scheme that
is unconditionally stable and second-order accurate for the undecomposed, global
system, holds these properties for the decomposed, (acceleration-)constrained sys-
tem as well, even without numerical dissipation.

Bypassing the constraint dynamics. A third method, based on bypassing the con-
straint dynamics by introducing momentum variables is presented in [60].

In this work, only the second approach, i.e., formulating the constraints on the ac-
celeration level, is considered as it allows for the largest variety of time integration
schemes and is the least complicated to implement.

Further investigations on the stability and convergence of the generalized-α scheme
were carried out in [63] for nonlinear dynamic problems. The accuracy for con-
strained mechanical systems with non-constant mass matrix are analyzed in [80] for
a variant of the algorithm.
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3.3 Construction of the Interface Problem and Iterative Solu-
tion

Like it was done for static problems, the interface problem is built by evaluation of
the interface compatibility condition of equation (3.13). To do so, the substructure
balance equation (3.12) is solved for the accelerations

ü(s),n+1 = D(s)
−1
�
g (s),n+1 − t (s)

T
B(s)

T
λ
�

and inserted into the compatibility constraints of equation (3.13). This yields the
dynamic interface problem

Fλ= dn+1 . (3.14)

In this case, the dynamic interface operator F and the right-hand side d are defined
by

F =
Ns∑

s=1

F (s) =
Ns∑

s=1

B(s)S(s)D

−1
B(s)

T
and dn+1 =

Ns∑
s=1

B(s)t (s)D(s)
−1

g (s),n+1 .

The interface operator is built using the Schur complement S(s)D , which is the stepping
matrix D(s) of substructure s condensed on its interface dof. It is defined by

S(s)D = D(s)I I − D(s)I r D(s)r r
−1

D(s)r I and S(s)D

−1
= t (s)D(s)

−1
t (s)

T
.

Different from the stiffness matrices in static problems, the stepping matrices D(s) are
always symmetric positive definite because of the presence of the mass matrix M (s).
From a physical point of view, rigid body modes still exist but possess kinetic energy
in the case of dynamics.

Consequently, the matrix G(s) that consists of the zero energy modes, i.e., rigid body
modes in statics, is empty. As a result, the self-equilibrium condition and the natural
coarse space projection by the projector PG vanish. However, an auxiliary coarse
space projection that results in a FETI-2 algorithm can still be applied.

FETI interface problems of this type were first constructed in [59] and later in [40,
45, 70] with auxiliary coarse spaces. Further improvements on auxiliary coarse space
for dynamics were proposed in [81] and an adapted auxiliary coarse space for contact
problems was introduced in [82].

3.3.1 Preconditioning and Scaling

Already in the first approach to employ the FETI algorithm for dynamic problems
in [59], the lumped and the Dirichlet preconditioner were adapted to the dynamic
interface problem by replacing the condensed stiffness by the condensed stepping
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matrix. The scaled lumped preconditioner for the dynamic interface problem of equa-
tion (3.14) is then defined as

H L =
Ns∑

s=1

H (s)L =
Ns∑

s=1

eB(s)t (s)D(s)t (s)T eB(s)T =
Ns∑

s=1

eB(s)D(s)I I
eB(s)T

and the scaled Dirichlet preconditioner as

H D =
Ns∑

s=1

H s =
Ns∑

s=1

eB(s)S(s)D
eB(s)T .

Also the scaling coefficients have to be adapted in dynamic problems. The scaled
dual assembly matrices are still defined by

eB(s) = β (s)B(s) .
In [36], a mechanical consistent scaling was proposed for static problems. The
method scales the gaps and the estimated correction forces based on their stiffness.
As proposed in [81], the diagonal scaling matrices β (s) for dynamic problems have to
be computed using the coefficients of the stepping matrix and not only the stiffness
coefficients anymore. While nothing changes for multiplicity scaling, the diagonal
elements β (s)1 ,β (s)2 . . .β (s)Nλ

of the superlumped scaling matrices β (s) for the precondi-
tioners of the dynamic interface problem are defined by

β
(s)
i = 0 ∀ i ∈ �i ∈ {1, . . . , Nλ} | λi /∈ Λ(s)

	

and

β
(s)
i = D(r)nr ,nr

�∑
j∈Sn

D( j)n j ,n j

�−1

∀ i ∈ �i ∈ {1, . . . , Nλ} | λi ∈ Λ(s)
	

.

Similar to the static problem, λi is the Lagrange multiplier that connects the local
dof ns in substructure s and the local dof nr in substructure r. The scalar D(r)nr ,nr

refers to the entry of the matrix D(r) in the nr-th row and the nr-th column, i.e.,
to its nr-th diagonal entry. Furthermore, Λ(s) is the set of Lagrange multipliers that
act on substructure s and Sn = {s, r, . . . } is the set of substructures that share the
corresponding global dof n of the undecomposed structure, which then becomes after
decomposition the local dof nr in substructure r, and so on.

3.3.2 Initial Acceleration

To start the time stepping scheme, an initial iteration must be available. Its compu-
tation is slightly different from the subsequent time steps, but the FETI solver can
still be applied. For a given initial displacement u(s),0, the local balance equation for
substructure s reads

M (s)ü(s),0 = f (s),0ext − K (s)u(s),0 − t (s)
T
B(s)

T
λ0
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and can be solved for the initial accelerations, yielding

ü(s),0 = M (s)−1
�

f (s),0ext − K (s)u(s),0 − t (s)
T
B(s)

T
λ0
�

. (3.15)

These accelerations must fulfill the interface compatibility constraint, which reads
after injection of the initial acceleration

Ns∑
s=1

B(s)t (s)M (s)−1
t (s)

T
B(s)

T
λ0 =

Ns∑
s=1

B(s)t (s)M (s)−1 �
f (s),0ext − K (s)u(s),0

�
.

This is called initial interface problem and reads in short

F0λ0 = d0

with

F0 =
Ns∑

s=1

B(s)t (s)M (s)−1
t (s)

T
B(s)

T

d0 =
Ns∑

s=1

B(s)t (s)M (s)−1 �
f (s),0ext − K (s)u(s),0

�
.

If a diagonal, i.e., lumped, mass matrix is used, the system is trivial to solve. In this
work, a consistent and thus non-diagonal mass matrix is always used. Consequently,
the interface problem must be solved iteratively by employing the standard FETI
procedure. After the solution for λ0 is found, each substructure can compute its
initial accelerations from equation (3.15).

There exist some alternative procedures to avoid the solution of this system. One
possibility is to simply set the accelerations to zero, also called truncation. This was
analyzed for mechanical systems in [83] and found to lead to a loss of accuracy.
More precisely, the presented algorithms of second-order degrade to first-order ac-
curacy. According to [35], zero initial acceleration introduces parasitic force and
energy, which is reduced for smaller time steps but remains nonetheless when nei-
ther numerical nor physical damping is present. Further alternatives are presented
in [35]. One approximates the mass matrix by its diagonal and another neglects in-
terface coupling, i.e., sets the interface forces to zero. However, this introduces an
error in the interface compatibility condition and thus leads to permanent drift over
time if the constraints are set on the accelerations.

3.3.3 Spectral Properties

Recalling the definition of the stepping matrix for generalized-α in equation (3.6) or
Newmark-β in equation (3.8), which reads

D(s)N = M (s) +∆t2βN K (s) ,
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one observes a strong dependency of its composition on the time step size ∆t. The
following implications of small and large time steps, in particular a strong depen-
dency of the conditioning on the size of ∆t, are described, e.g., in [59, 82].

For small time steps, the influence of the stiffness matrix becomes small, and the step-
ping matrix inherits the properties of the mass matrix with only small perturbations
from the stiffness. In this case, D(s) is also said to be dominated by the mass matrix,
which is usually diagonally dominant [35]. The mass matrix is very well conditioned
and so is the resulting stepping matrix.

If instead, the time step size is large, the stepping matrix is dominated by the stiffness
matrix with only small perturbations from the mass matrix. In this case, D(s) is likely
to be much more ill-conditioned. Furthermore, if there are floating subdomains,
eigenvalues close to zero occur, originating from the kernel of the stiffness matrix
that represents the physical rigid body modes.

The eigenvalue distribution of the dynamic interface operator was already discussed
in the first application of FETI to dynamic problems in [59]. For a refined mesh, the
authors observed for the dynamic case the same effect that results in superconvergent
behavior in the static case. Small eigenvalues of F accumulate to zero or in case of the
preconditioned operator to one, while large eigenvalues that correspond to smooth
physical modes stabilize. Consequently, a superconvergent behavior according to
[57] is observed for the dynamic case.

Regarding the numerical scalability of the method, a weak dependence of the condi-
tion number on the mesh size h was observed in [59] for the Dirichlet preconditioner
if crosspoints, i.e., interface nodes with a multiplicity greater than two, are present.
In absence of crosspoints, the condition number was observed to be independent
from the mesh size h.

3.3.4 Iterative Solution

The time stepping algorithm with the inner loop of FETI iterations is listed in algo-
rithm 3. It computes the displacements of a transient problem for the discrete points
in time tn with n= 1, . . . , nend. Because the discussed time stepping schemes only vary
in the definition of D and g , the algorithm is valid for all of them. The computation
of the initial acceleration is not listed explicitly, as only F and dn+1 must be replaced
by F0 and d0, respectively.

While the interface operator F remains constant, the right-hand side d changes for
every time step. After convergence of the FETI algorithm, the accelerations are recov-
ered and the Newmark integration rules are applied to compute the corresponding
velocities and displacements.
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Algorithm 3: FETI-2 for dynamic problems

Given: u(s),0, u̇(s),0, ü(s),0

for n= 0 . . . (nend − 1) do

dn+1 =
∑Ns

s=1 B(s)t (s)D(s)
−1

g (s),n+1

λ̂0 = 0 λC = C(C T FC)−1C T dn+1

r 0 = dn+1 − FλC

z0 = Hr 0

i = 0
while r∗,i > εr,∗ do

for 0≤ j ≤ i − 1 do
φi, j = q T

j z i βi, j =
φi, j

∆ j

w i = PC z i −
∑i−1

j=0 w jβi, j

q i = F w i

∆i = q T
i w i γi = w T

i r i αi =
γi
∆i

λ̂i+1 = λ̂i + w iαi

r i+1 = r i − q iαi

z i+1 = Hr i+1

i← i + 1

mn+1 = i
λi = λC + λ̂i

ü(s),n+1 = D(s)
−1
�
g (s),n+1 − t (s)

T
B(s)

T
λi

�

u̇(s),n+1 = u̇(s),n +∆t
�
(1− γN )ü

(s),n + γN ü(s),n+1
�

u(s),n+1 = u(s),n +∆t u̇(s),n +∆t2
��

1
2 − βN

�
ü(s),n + βN ü(s),n+1
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3.4 Fundamental Concepts for Improving Convergence

The main question addressed in this work is how the iterative procedure can be
accelerated by enhancing the algorithm. In particular, the specific requirements of
problems of structural dynamics are investigated. This section presents an overview
of the most important fundamental concepts to improve convergence. Figure 3.2
summarizes them and groups them into different classes. Furthermore, this section
differentiates between concepts that are not considered in this thesis, concepts that
are employed as state of the art, and concepts that are extended by newly proposed
methods. Where possible, the corresponding chapters and sections are referred.

An important requirement to obtain fast convergence of an efficient iterative algo-
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Figure 3.2. Basic techniques to accelerate the iterative procedure and non-exhaustive lists of examples.

rithm that is based on the method of conjugate gradients is to ensure a beneficial
spectrum of the deflated, preconditioned operator. The according relations between
the interface operator spectrum and the convergence were described in section 2.5.
This leads to a fast rate of convergence and an accurate solution is found in only few
iterations. However, it must always be considered how much additional computa-
tional cost and how much additional communication is introduced in each iteration.
Both should be kept as low as possible.

First of all, methods based on preconditioning and methods based on auxiliary coarse
spaces are differentiated. Although auxiliary coarse space projections can formally
be integrated completely in the preconditioner, they work in fundamentally different
ways as it was remarked in [49]. An auxiliary coarse space projection makes the
effective operator singular and removes parts of the spectrum. Accordingly, an ad-
ditional coarse problem must be solved in each iteration to obtain and maintain the
solution within the coarse space, which is not considered anymore by the iterative
process. In contrast, a classical preconditioner does not make the effective operator
singular. Instead it approximates the inverse of the original operator. The aim is to
change the spectrum in a beneficial way without removing parts, i.e., without shifting
eigenvalues to zero. In FETI, the requirement for a viable preconditioner is of course
that it is constructed from local contributions with only local communication, which
allows for an efficient parallel application. The deflation based methods are further
differentiated between those who construct the coarse space independently of a for-
mer solution process, called a priori spaces, and those who construct the coarse space
from the solution space of a former time step, called recycled spaces.
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3.4.1 Preconditioner Based Methods

Concerning the basic preconditioners, i.e., a way to approximate the inverse of F by
local contributions, only the lumped and the Dirichlet preconditioner that were intro-
duced in section 2.3.1 are known in the literature. While the Dirichlet preconditioner
is optimal in terms of numerical scalability, the lumped preconditioner can be even
more efficient, but this depends on the problem to be solved [34, 70, 84].

Independently from the chosen basic preconditioner, a scaling procedure can be em-
ployed by using scaled dual assembly matrices. In this work, multiplicity and su-
perlumped scaling as introduced in section 2.3.2 are considered. In the presence of
crosspoints, at least multiplicity scaling is mandatory. Because scaling adds only neg-
ligible computational cost to the algorithm, it should always be used. Superlumped
scaling can improve the rate of convergence significantly if there are jumps in the
coefficients across the substructure interfaces.

A more recent advancement in preconditioning of non-overlapping dual domain de-
composition methods is multipreconditioning. It is discussed in detail in chapter 5
and exploits in principal the structure of the preconditioner as sum of local contri-
butions. Each local contribution is viewed as individual preconditioner such that
instead of one, multiple search directions become available in each iteration.

This work only makes use of the state of the art concerning basic preconditioners
and scaling techniques. In any case, the superlumped scaling is used. The standard
preconditioning is sometimes called single-preconditioning to differentiate it from
multipreconditioning. In chapter 4, single-preconditioned methods are applied to
dynamic problems with heterogeneous and homogeneous material distributions. In
particular, the behavior of a priori coarse spaces and recycling strategies in different
scales of time is considered. Chapter 5 introduces multipreconditioning, highlights
some special issues when used for the solution of dynamic problems, and proposes
and investigates new recycling strategies applied to problems with heterogeneous
and homogeneous material distributions.

3.4.2 Deflation by a Priori Spaces

An auxiliary coarse space as introduced in section 2.4 has been employed to acceler-
ate the solution of problems in structural dynamics for the first time in [45] where the
rigid body mode coarse space was used. It was refined in [81] and further modified
for dynamic contact problems in [82]. The GenEO coarse space that was introduced
in section 2.6 has been first been applied to problems of structural dynamics in the
author’s publication [3].
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Rigid Body Modes

Already in [59], the standard FETI algorithm was found to lack the important nu-
merical H scalability. That is to say, when the number of subdomains was increased
by decreasing the subdomain size, the condition number was observed to increase
significantly. This was explained in [59] by the fact that the subdomain bandwidth
does not decrease as fast as the subdomain size, and it was proposed to allocate more
than one processor to a given subdomain, i.e., to use a kind of hybrid parallelization
to cope with this problem. A better solution was provided in [45]. It was suggested
to employ the rigid body modes of floating substructures as auxiliary coarse space in
order to establish more global communication during the iterations. Several exper-
iments were conducted in [45] that indicated that the rigid body modes are viable
to restore numerical H scalability. However, these experiments did neither consider
heterogeneities, nor different time scales. The applicability to dynamic problems and
the performance of the rigid body mode coarse space, in particular as a function of
heterogeneity and time scale, is investigated in chapter 4.

The GenEO Coarse Space

The GenEO coarse space has been introduced for static problems in section 2.6. It
was shown to construct very efficient coarse spaces for diverse static problems, e.g.,
in [58, 85], but was never studied when applied to dynamic problems. Its application
to linear dynamic problems, its relation to rigid body modes, and in particular its be-
havior as a function of the time scale is investigated in detail in chapter 4. Moreover,
it is compared to recycling strategies.

Aggregation

A further well known method to construct a priori coarse spaces is aggregation. It
means to enforce exact compatibility of certain individual interface nodes. Aggrega-
tion was the coarse space for which FETI-2 was initially invented in [46] and [47]. It
was designed especially for fourth-order shell problems, which required to glue the
corner dof permanently together throughout the iterative process. Later, this tech-
nique was replaced by FETI-DP, which was published in [23]. It ensured the compat-
ibility on the corner dof not by an auxiliary coarse space like introduced in chapter 2
but by splitting the dof into dual and primal ones. However, this also leads to the
solution of a coarse problem in each iteration. The primal dof are never connected
by Lagrange multipliers and respect the compatibility by design, just like it is done
in the primal Schur complement method. Neither aggregation as auxiliary coarse
space nor the improved variant of FETI-DP are considered in this work. FETI-DP is
able to exploit its strengths if either fourth-order problems should be solved or if zero
energy modes would require a natural rigid body mode coarse space otherwise. In
this case, FETI-DP was found to be superior compared to FETI-2. However, arbitrary
and abstract coarse spaces are necessary in dynamic problems. Furthermore, only
second-order problems are considered in this work. As a consequence, a limitation
to FETI-2 methods is reasonable.
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3.4.3 Deflation by Recycled Spaces

A distinctive feature of linear structural dynamics is that the matrix that describes
the system of equations to be solved remains constant. Only the right-hand side
changes from one time step to the next. This suggests reusing the information gath-
ered during a solution process, similar to what direct solvers can do by storing the
factorization of the matrix. Of course, this is not possible for FETI solvers because
they work iteratively and the global problem is never assembled but instead remains
distributed over the individual substructures. The general case of solving a problem
on the same structure for multiple right-hand sides has been addressed in [86] and
[87] by exploiting the potential of a standard CG algorithm to efficiently reuse pre-
viously built Krylov spaces. This recycling strategy of reusing the plain, unprocessed
solution spaces was also applied in the case of changing operators when solving non-
linear problems in [88] and [89]. These techniques were refined in the context of
domain decomposition in several publications, mostly [90], [91], and [92], by ap-
proximating eigenvectors of the preconditioned operator inside the generated Krylov
space, based on a Ritz ansatz similar to the Lanczos procedure. Unfortunately, the
Ritz approximation based recycling strategies can not be transferred to multiprecon-
ditioned FETI. Moreover, recycling has not been applied to multipreconditioned FETI
at all before the publications [3, 4] of the author and this work.

Recycling for Single-Preconditioning

These recycling strategies combined with single-preconditioned FETI are applied to
problems of linear dynamics in chapter 4. In particular, their capabilities to construct
specific and efficient coarse spaces for heterogeneous dynamic problems at different
time scales are assessed. They are further compared to the a priori coarse spaces.

Recycling for Multipreconditioning

In chapter 5, the most simple strategy of plain reuse is transferred to multiprecondi-
tioning. The chapter proposes furthermore two completely new and comprehensive
recycling strategies that are based on a Ritz approximation of the GenEO eigenmodes.
The strategies are assessed and compared for homogeneous and heterogeneous prob-
lems as well as for different mesh decompositions.

Reconjugation Types

Figure 3.2 lists two types of reconjugation. This is to express that mainly two dif-
ferent ways that are not mathematically equivalent exist to use or reuse a solution
subspace for deflation. In linear problems, deflation by a projector and reconjugation
as part of the orthogonalization step in the CG algorithm are equivalent. This was
noted earlier in [40] and demonstrated in section 2.4. Because this results in exact
F -conjugacy between the newly created search directions and the reused solution
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space, called coarse space, augmentation space or the like, it is distinguished here as
a reconjugation of the type exact. Another possibility arises if the operator does not
remain constant, for example, in nonlinear problems. To attain exact reconjugation
in this case, either the basis vectors of the reused solution space must be reorthog-
onalized with respect to the new interface operator F n of the next step, or a full
non-diagonal projector must be used. A different strategy with the aim to save com-
putational cost has been proposed in some very similar ways in [88, 89, 93]. They all
have in common that they use the reused directions as they are, i.e., conjugate with
respect to the old interface operator F n−1. Furthermore, they also reuse the already
computed applications F n−1w n−1

i of the old interface operator to the reused search
directions. The remaining process works like a reorthogonalization. However, it is
an inexact reorthogonalization because of the simplifications stated above. That is
why it may only be applied as a preconditioner and it is not possible to predict the
quality of the procedure.



Chapter 4

Deflation Strategies on Different
Scales of Time

The aim of this chapter is to analyze the properties of the FETI interface problem on
different scales of time and to assess deflation strategies, i.e., methods to construct
coarse spaces, with regard to their ability to increase the efficiency of the iterative
solution algorithm. To this end, mainly spectral properties are studied, as they essen-
tially determine convergence rate and robustness.

The first section introduces the major effects that occur when the time step size is
varied across a large range. In particular, it studies the role of rigid body modes
and furthermore the influence of the Dirichlet and the lumped preconditioner on
the discussed phenomena. Rigid body modes still exist in problems of structural
dynamics but, different from the static case, possess kinetic energy and therefore play
a different role. A final discussion highlights the impact of these influencing factors
on the conditioning of the interface problem and how this affects the convergence
behavior of the conjugate gradient algorithm.

The use of a priori coarse spaces, in particular of those based on rigid body modes, is
be discussed in section two. Mode shape visualizations and principal angles between

Homogeneous/Metis/Mixed Stripes/Metis/Mixed

Figure 4.1. Structural problem setup. The homogeneous structure is shown on the left, the heteroge-
neous structure on the right. The heterogeneous structure is composed of a soft matrix (blue) between
small fibers (gray), which consist of the same stiff material as the homogeneous structure. The nodes
on the left egde are fixed by Dirichlet conditions. The nodes on the upper edge are subjected to a bend-
ing load and those parts of the right edge that belong to stiff fibers in the heterogeneous structure are
subjected to a traction load. Because of the two different types of load, these variants are also identified
by the keyword Mixed.
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Figure 4.2. Scaling factors of the bending and the traction load over time. First, the bending load linearly
increases from zero to its maximum and then decreases back to zero again. Subsequently, the traction
load is scaled alike.

subspaces illustrate their relation to GenEO modes, which are used as a kind of refer-
ence. To find a recommendation which technique should be applied according to the
problem setting, their spectral efficiency and their ability to reduce computational
cost are investigated.

The third section mainly addresses recycling methods, which build coarse spaces
from former solution spaces, and studies their fitness to increase the solver’s effi-
ciency for homogeneous problems as well as for heterogeneous ones and indepen-
dently from the time step size. The main aspect considered is the ability to construct
coarse spaces that are appropriately adapted to the problem in terms of the spanned
subspace and their size. For the selective reuse of Krylov subspaces (SRKS) algorithm,
which is based on Ritz approximations of global eigenvectors, the optimal tuning of
its parameters and an alternative selection criterion are investigated. While the Ge-
nEO method is used in section two more as a reference for the rigid body mode based
coarse spaces, it is included here to the full extent of its capabilities.

Throughout the whole chapter, homogeneous and heterogeneous problems are con-
sidered to illustrate the effects of material heterogeneity. The two example structures
used are shown in figure 4.1. They correspond to the example structures 1 and 4 in
appendix A. Both are two-dimensional, linear finite element problems and use the
same geometry, mesh, and decomposition. The mesh was generated by Gmsh [94]
and decomposed into 18 substructures by the built-in METIS [95] implementation.
In the heterogeneous structure on the right of figure 4.1, the four gray colored thin
fibers have the same stiff material properties as the identically colored homogeneous
structure on the left. The space between the fibers is filled by a much softer matrix,
which is colored blue. In table A.1 in appendix A, the stiffness ratio is given.

The nodes on the left edges are fixed by Dirichlet boundary conditions, and both
structures are subjected to two different kinds of load. First, a bending load on the
top edge linearly increases until time step number 5 and then linearly decreases to
zero again. The same linear scaling is subsequently applied to the traction load,
which acts on the nodes on the right edge. However, in both examples, the trac-
tion load is only applied to nodes which belong to stiff fibers in the heterogeneous
example. The scaling of both loads over time is illustrated in figure 4.2.

Table A.1 in appendix A summarizes the most important physical properties. This
also includes the periods of the first three eigenfrequencies, which are the determin-
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ing measures when choosing large time step sizes that are appropriate to simulate
slow, global oscillations. Furthermore, the period of the highest eigenfrequency is
included, which is highly dependent on the mesh size and gives an upper bound for
the time step size when analyzing wave propagation phenomena.

4.1 Spectral Properties of the Interface Problem

This section illustrates the change of the interface problem’s spectral properties in
case of material heterogeneities and for different scales of time. Special attention
is given to the composition of the spectrum, to the role of rigid body modes, and
to the convergence behavior of the conjugate gradient algorithm for time steps of
practically relevant size.

4.1.1 Relation to the Equivalent Static Problem

There exists an intuitive relation between the static and the dynamic interface prob-
lem. It is illustrated in the following for the case of the trapezoidal rule. When the
time step size increases to infinity, the dynamic interface operator, scaled by ∆t2/4,
becomes

lim
∆t→∞

∆t2

4
Fdynamic = lim

∆t→∞
∆t2

4

Ns∑
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B(s)t (s)D(s)
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T
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T
= F static .

At least, this relation holds in the case where the inverse of each stiffness matrix
K (s) exists. Note that in equation (4.1), the interface operators for a dynamic and a
static problem are exceptionally distinguished by a subscript. The subscript ?dynamic is
omitted in the remaining part of this chapter.

If floating substructures exist and thus pseudo inverses of the affected stiffness ma-
trices have to be used, an important effect becomes visible in the spectrum of the
interface operator F . When ∆t becomes infinitely large, the scaled iteration matrix

4
∆t2

D(s) =
4
∆t2

M (s) + K (s) (4.2)

of a floating substructure returns infinitely small forces for rigid body accelerations.
In other words, for a floating substructure s in a two-dimensional problem, three
eigenvalues of D(s) tend to zero. Conversely, (∆t2/4)D(s)

−1
exhibits three eigenvalues
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Figure 4.3. Spectra of the unpreconditioned and preconditioned interface operators for both examples
at four different, very large time steps. All spectra of dynamic, unpreconditioned interface operators are
scaled by the factor ∆t2/4 to show how they converge to the spectrum of the static interface operator
for very large time steps. The spectra also show the diverging eigenvalues, which emerge from rigid
body modes. They also occur in the preconditioned spectra. Furthermore, mesh modes of stiff and soft
parts are clearly distinguishable in the heterogeneous example.

diverging to infinity. At the same time, the other eigenvalues of (∆t2/4)D(s)
−1

stabi-
lize and converge towards the eigenvalues of K (s)

+
. For a total number of Nf floating

substructures, these three eigenvalues that diverge to infinity cause 3Nf eigenvalues
in the interface operator F , which also diverge to infinity.

In figure 4.3, the eigenspectra for several interface operators of both examples at
different time step sizes are shown. For a clearer visualization, the number of data
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points has been reduced by deleting extremely close data points, which would not
have been distinguishable at the printed resolution. The left column shows the ho-
mogeneous problem, whereas the right column shows the heterogeneous one. In
each plot, the spectra at four different time steps are shown. The second smallest
time step ∆t = T3 can be seen as the largest reasonable time step for any practical
investigation because it is close to T1/10 and therefore only suitable to resolve the
lowest structural mode. The larger time steps 100T3 and 1000T3 only illustrate the
effects of very large time steps by exaggeration.

Unpreconditioned operators. The first row of plots in figure 4.3 shows the eigen-
value distributions of the unpreconditioned interface operators F . To illustrate how
the dynamic interface problem converges to its static equivalent, the eigenvalues of
the dynamic, unpreconditioned interface problem are scaled by the factor ∆t2

4 , accord-
ing to the discussion above. As predicted, the largest 48 eigenvalues, which is the
number of rigid body modes of the 16 floating substructures in both examples, di-
verge to infinity as the time step becomes very large. At the same time, the remaining
spectrum aligns with that of the static interface problem. This is most clearly visible
for the heterogeneous case. The static spectrum has 48 eigenvalues less than the dy-
namic spectra, despite the fact that both interface problems are of the same size. This
is due to the necessary natural coarse space projection. In fact, the static spectrum
shown is the spectrum of PG

T FPG. This projection by PG generates a zero eigenvalue
for each rigid body mode of each substructure. Zero eigenvalues are generally omit-
ted in plots of interface operator’s spectra and thus they are shifted to the left and
look like possessing fewer eigenvalues.

Mesh Modes. The heterogeneous case allows a clear distinction between stiff and
soft mesh modes, i.e., modes that represent a very localized deformation of only a few
elements. Due to the narrow fibers and the relatively large matrix area in between,
the heterogeneous example exhibits considerably less stiff mesh modes with very
small eigenvalues than the homogeneous example. Instead, the spectrum of the
heterogeneous example shows a large number of softer mesh modes. In this context,
it must be noted that the interface operator is a flexibility operator and therefore
the highest frequencies of substructure operators M (s) and K (s) transform into the
smallest frequencies of F .

Preconditioned operators. In the second and third row of plots in figure 4.3, the
spectra of the preconditioned interface operators HF are shown, for the Dirichlet
and for the lumped preconditioner. Because the preconditioners already include the
scaling by the factor ∆t2

4 by design, these spectra are not scaled artificially. Both pre-
conditioners fail to capture the rising eigenvalues that emerge from rigid body modes
of floating substructures. The mesh modes are handled very well by shifting them
closely to 1, which is characteristic of the preconditioners used in dual domain de-
composition. Consequently, the corresponding solution subspaces require only mod-
est effort in the iterative solution algorithm to be found. Those higher eigenvalues in
the spectra which do not result from rigid body modes correspond to lower, structural



78 4 Deflation Strategies on Different Scales of Time

modes. They are not captured very well by the preconditioners and pose the most
severe problems to iterative solution algorithm as they describe more global and thus
coupled effects among the substructures.

4.1.2 Conditioning and Convergence on Relevant Time Scales

As explained before in the context of time stepping schemes, a tenth of the period
of a structural mode is a good rule of thumb for the maximal time step size that still
allows to resolve the mode’s oscillations at a reasonable accuracy. Based on that, the
following four time step sizes have been chosen for all investigations in the remaining
chapter, in order to cover the complete range of relevant time scales for implicit time
stepping schemes:

∆t = T3. It is close to ∆t = T1/10, which would allow to investigate at least the
lowest structural mode and is thus considered as an upper limit for reasonable
time step sizes.

∆t = T3/10. This time step size allows an investigation of the lowest three structural
modes. It is large but highly relevant in practice.

∆t = T3/100. It is an intermediate step size between large and small time step sizes
and allows to observe a fair number of structural modes.

∆t = T3/1000. For both examples, this time step size is close to the one prescribed
by Courant’s condition for explicit time stepping schemes. It is thus considered
as lower limit for reasonable implicit time step sizes.

As an introductory example, the courses of the residuals during the solution of time
step number 22 are shown in figure 4.4. They illustrate the behavior of the yet
undeflated iterative solution algorithm for both examples on different time scales,
and for both preconditioners.

For very large time steps, the graphs show a distinct superlinear convergence, also
called superconvergence, and a saw-toothed course of the residual. In particular in
the case of the homogeneous example and the time step size ∆t = T3, a very strong
plateau for about 48 iterations can be observed. This is also the number of rigid body
modes, which lead in the case of ∆t = T3 to very large eigenvalues of the interface
operator, as shown later in figure 4.5. Once these very low-energy modes have been
captured, convergence is extremely fast for the remaining problem. They can be
captured well by a rigid body mode coarse space, as it is shown later in figure 4.12.

For very small time steps, convergence is very fast from the beginning. The time steps
in between include a transition zone in which the convergence does not exhibit the
strong plateau and the saw-tooth shape of the largest time step anymore but is still
slow and more bumpy than for the smallest time step. For the homogeneous problem,
this transition zone can be identified already round T3/10 and for the heterogeneous
problem at smaller time steps around T3/100.
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Figure 4.4. Progress of the residual
p

r T z during the solution of the 22nd time step for the homo-
geneous and the heterogeneous example. The lumped and the Dirichlet preconditioner as well as all
four time step sizes are considered. Smaller time step sizes result in a significant acceleration of the
convergence rate.

While the Dirichlet preconditioner leads to clearly better convergence, the lumped
preconditioner may be much cheaper in computational cost, but performance com-
parisons between the basic preconditioners are not considered further in this work.
Instead, it is clearly observable that the qualitative behavior of the solution algo-
rithms is the same for both of them. This includes plateaus or saw-tooth shapes in
the residual courses as well as slow convergence in general. Therefore, all follow-
ing investigations are restricted to the Dirichlet preconditioner. Figure 4.5 shows the
corresponding eigenspectra and demonstrates how well they allow to predict con-
vergence behavior almost independently from the actual right-hand side, i.e., the
applied load. The upper two plots in figure 4.5 show the full spectra, and it is clearly
observable that the lower parts of the spectra are almost identical. Furthermore,
these lower parts are not important for the iterative solution algorithm because the
eigenvalues are very close to 1. Therefore, from here on, only the high parts of the
spectra are shown in detail like in two lower plots in figure 4.5.

At the time step sizes considered here, the eigenvalues caused by rigid body modes
do not clearly stand out anymore. Nevertheless, the time step sizes with very slow
convergence show well-separated eigenvalues far above 100, while those in the tran-
sition zone are limited to about 50 and the quickly converging ones to less the 2.
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Figure 4.5. Eigenvalue distributions of the preconditioned interface operators HF for the homogeneous
and the heterogeneous example and for all four time step sizes. The eigenvalues are sorted in ascend-
ing order, and only the Dirichlet preconditioner is considered. Because the spectrum is bounded from
below by 1, only eigenvalues significantly larger than 1 are relevant for the convergence of the iterative
algorithm. Therefore, this part is shown in detail.

4.2 A Priori Coarse Spaces

In this section, mainly rigid body mode based coarse spaces are discussed and as-
sessed. They are called a priori coarse spaces because they have to be calculated
before the solution of the first linear system. Furthermore, the GenEO coarse space
for dynamic problems is presented and used as a reference for the rigid body mode
based coarse spaces. For reasons of comparability and competitiveness, the perfor-
mance of the GenEO coarse space when used to the full extent of its capabilities is
assessed together with recycling strategies in the next section.
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4.2.1 Rigid Body Modes

It was first proposed in [45] to employ the rigid body modes as an auxiliary coarse
space when solving problems of structural dynamics with FETI. This is achieved by
setting the coarse space C , which is used to build the auxiliary coarse space projector
PC , to

C = G =
�
B(1)R(1)I B(2)R(2)I · · · B(Ns)R(Ns)

I

�
.

In [45], this approach was only applied to homogeneous problems and a large time
step size that is suitable to capture the first few lowest structural modes. It was iden-
tified as efficient coarse space that is capable to restore convergence and scalability.
A variant of this method is to also include the rigid body modes of the interfaces of
fixed substructures. However, in the case of using rigid body modes of all substruc-
tures, it must be noted that the whole coarse space becomes rank deficient, similar
to the natural coarse space for a globally floating structure.

In [34], a modified natural coarse spaced for static problems was proposed. Instead
of G, the more general space QG was used to build the natural coarse space projec-
tor. When the additional matrix Q is identical to the preconditioner, the performance
improves especially for heterogeneous problems. This result was confirmed in [84],
where another choice for Q was proposed, namely the so-called superlumped pre-
conditioner defined by

Q = HSL =
Ns∑

s=1

eB(s)t (s)diag
�
K (s)

�
t (s)

T eB(s)T .

It is similar to the lumped preconditioner, which uses the full stiffness matrix is in-
stead of only the diagonal.

This technique was first applied to dynamic problems in [81], where these kinds of
preconditioned rigid body modes were employed to solve homogeneous and hetero-
geneous problems for a large time step size. Similar to the findings in [45], the
standard rigid body mode coarse space, i.e., Q = I , was found to be efficient for
homogeneous dynamic problems. For heterogeneous dynamic problems, significant
improvements were shown for the choice Q = HSL.

In this section, the performance of these coarse spaces on different time scales is
assessed. Furthermore, they are compared to the GenEO modes, which, different
from the rigid body modes, depend on the time step size. In addition to the cases
Q = I and Q = HSL, the cases Q = H L and Q = H D are also taken into consideration.

4.2.2 Generalized Eigenvalues in the Overlaps

The GenEO coarse space is of particular interest for this analysis of rigid body mode
based coarse spaces because on the one hand, it also delivers local substructure
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modes and on the other hand, those modes are already known to set up a well suited
coarse space. It solely relies on the Schur complement of local iteration matrix S(s)D
and the preconditioner H , which both include the full information about the contri-
bution of the mass matrix as a function of the time step size. Therefore, the GenEO
coarse space is expected to take the time step size correctly into account.

To compute the GenEO coarse space, the same generalized eigenvalue problems as
for static problems are solved, replacing the Schur complement of the stiffness matrix
by the Schur complement of the iteration matrix D(s). The eigenproblem for the
substructures s = 1 . . . Ns then reads

S(s)D y (s) = θ (s)B(s)
T
HB(s)y (s) . (4.3)

One first important observation is that the presence of the mass matrix in S(s)D prevents
zero eigenvalues for y (s) describing rigid body modes. In other words, different from
statics, the lowest GenEO modes of floating substructures are not identical to rigid
body modes anymore. However, one can expect the first three GenEO modes of
floating substructures to converge to rigid body modes for very large time step sizes.
This leads to the following consideration: if the GenEO modes are especially well
suited to build a coarse space, rigid body modes should be a good choice for large
time steps. For an decreasing time step size then, the evolution of the first three
GenEO modes should illustrate the necessary change in the coarse space and reveal
when and why a rigid body mode based coarse space suits well or not.

Figure 4.6 shows the GenEO values for the heterogeneous problem for all four time
step sizes and for three substructures. In the top row, the GenEO values for one of
the two fixed substructures are shown, and in the two rows below, the GenEO values
for two floating substructures are shown. The GenEO values for the homogeneous
problem can be found in appendix A in figure A.2.

The results shown in figure 4.6 illustrate the following findings. First, for very large
time steps, the three smallest GenEO values of floating substructures diverge to zero
as expected. However, this is more obvious for the homogeneous case shown in
appendix A in figure A.2. Second, it is not optimal to choose always the smallest three
GenEO modes of floating substructures. For very large time steps, more than three
modes might be important, and for small time steps, also non floating substructures
become important. Third, the jump criterion is not suitable to identify the optimal
number of GenEO modes per substructure. It is very difficult to identify a unique,
significant jump. Furthermore, also for the smallest time step sizes, significant jumps
can be identified. It is illustrated in more detail later that problems with very small
time step sizes do not require any coarse space at all due to their good conditioning.
As a consequence, the jump criterion should not be used exclusively.

The threshold criterion was applied in figure 4.7 to select the same total number
of 48 GenEO modes. Instead of selecting 3 modes of each floating substructure,
those 48 modes with the lowest GenEO values among all substructures were chosen.
Figure 4.7 shows the resulting number of selected modes per substructure for the ho-
mogeneous and the heterogeneous example for all four time step sizes. The selected
number of GenEO modes for the fixed substructures, which have the number s = 10
and s = 13, are highlighted.
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Figure 4.6. GenEO values of three substructures in the heterogeneous example. For each time step
size, the smallest GenEO value of the fixed substructure is indicated by a dashed line. For large time
steps, the free substructures have much smaller and thus more important GenEO values than the fixed
substructure. For smaller time steps, the distributions of free and fixed substructures become more
similar, and the overall level of the GenEO values rises.

The distributions show that for the largest time step ∆t = T3, exactly three modes
are chosen for each floating substructure of the homogeneous problem. This happens
because of the dominating role of the stiffness matrix, i.e., the proximity to the static
problem, and it indicates that rigid body modes might be a well suitable choice. In
contrast, for the heterogeneous problem, this is not even true for the largest time
step. For smaller time steps, the distributions begin to change and the fixed substruc-
tures are selected as well. From this it follows for the GenEO coarse space that, in
the general case, neither three local contributions per substructure nor a restriction
to floating substructures is optimal within the assessed practically relevant range of
time step sizes.
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Figure 4.7. Number of selected GenEO modes per substructure k(s) for different time step sizes. The
48 GenEO modes that have the lowest GenEO values among all substructures are selected. For large
time steps, three modes are considered for most substructures and only the fixed substructures are less
important. For smaller time steps, this rule of thumb no longer holds and local effects lead to distributions
which depend on the mesh and its decomposition.

In the remaining part of this section, the first three GenEO modes of each floating
substructure are used as reference to analyze the rigid body mode coarse spaces.
As it was shown above, it is necessary to apply the threshold criterion without a
restriction to 48 modes to enable the full capabilities of the GenEO method. Such a
sound application of it is presented in the subsequent section 4.3.

4.2.3 Local Mode Shapes and Subspace Angles

As a next step, the rigid body modes of each floating substructure are directly com-
pared to the first three GenEO modes of each substructure. In particular, the evolu-
tion of the GenEO modes from very large to very small time steps is studied.
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The local rigid body modes, which are used to build the different variants of rigid
body mode coarse spaces, are always the unprocessed rigid body modes y (s)rbm,i defined
by

R(s)I =
�
y (s)rbm,1, y (s)rbm,2, y (s)rbm,3

�
, R(s)I = ker

�
S(s)K

�
.

Only the computation of the final contribution C (s)rbm,i to the coarse space C of a local

mode y (s)rbm,i may include the application of a preconditioning step as it reads

C (s)rbm,i = H∗B
(s)y (s)rbm,i .

The placeholder H∗ is replaced either by H D, H L, HSL, or I . It should be noted that
as soon as y (s)rbm,i is transformed into the global interface space by multiplication with
B(s), its interpretation as a local deformation of one substructure is lost.

This entails two major conclusions. First, for analyzing local mode shapes of sub-
structures, only the unprocessed rigid body modes y (s)rbm,i are available, and they are
identical for all variants of rigid body mode coarse spaces. Second, they are indepen-
dent of the time step size. In contrast, the GenEO modes y (s)GenEO,i are defined as the
solutions of

S(s)D y (s)GenEO = θ
(s)B(s)

T
HB(s)y (s)GenEO

and change with the time step size. The computation of the final contribution CGenEO,i

of a local mode y (s)GenEO,i reads

C (s)GenEO,i = H DB(s)y (s)GenEO,i ,

which is identical to the computation in rigid body mode coarse spaces. The only
difference to the processing in rigid body mode coarse spaces is that the GenEO
coarse space always uses the Dirichlet preconditioner H D. For this reason, a direct
comparison between y (s)rbm,i and y (s)GenEO,i should lead to meaningful conclusions. Of
course, the GenEO modes deliver true accelerations, while the rigid body modes have
the unit of a displacement. Nevertheless, when y (s)rbm,i is considered as an acceleration,
it describes a rigid body motion as well.

The shapes of these local modes are visualized in figure 4.8 for the homogeneous
example and in figure 4.9 for the heterogeneous example. In both cases, the same
floating substructure is considered. As these mode shapes effectively depict displace-
ments, while y (s)GenEO,i is an acceleration, a short explanation is required. From the ac-
celerations, displacements can be computed, e.g., by a Newmark integration scheme.
With a certain initial acceleration ü(s),0, zero initial displacement, and zero initial
velocity, one obtains the relation

u(s),1 =
1
2
∆t2ü(s),0

Consequently, plotting the accelerations as if they were displacements, is equivalent
to computing the displacements after one fictitious time step, starting with zero dis-
placement and zero velocity. This method is thus considered suitable to visualize the
shapes of the local GenEO modes y (s)GenEO,i.
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The y (s)GenEO,i are only defined on the interface dof of a substructure, e.g., for u(s)I .
Therefore, the plotted displacements (originally accelerations) of interface dof I and
internal dof r were computed by

u(s)I ,GenEO,i = y (s)GenEO,i ,

u(s)r,GenEO,i = −D(s)r r
−1

D(s)r I y (s)GenEO,i .

Another important aspect for the interpretation of the homogeneous mode shapes
in figure 4.8 is the coloring. To illustrate whether the modes are dominated more
by global or more by local effects, the stresses corresponding to the displacements
have been computed. The displacements used to calculate the stresses have been
normalized such that the largest magnitude of a nodal displacement is equal to 1
within each mode. Because this scaling works well for computing comparable stress
distributions but not for plotting a shape, the displacements used to plot the shape
have been scaled differently than the displacements used to compute the stresses. In
other words, the visualized mode shapes correspond to the plotted stresses not in a
quantitative, but only in a qualitative way. To apply a common color scale for all
investigated time step sizes a logarithmic scaling was required, which is indicated by
a color bar in the upper left corner. The rigid body modes are a by-product of the
factorization of the stiffness matrix. For this reason, they are not split into purely
translational and rotational modes. More important, their coloring represents zero
stresses throughout the whole substructure.

Three different regimes can be identified for the homogeneous example in figure 4.8.
In the first regime, which is represented by time step size ∆t = T3, the GenEO modes
look very similar to rigid body modes and the coloring confirms almost no deforma-
tion. In the second regime, which is represented by ∆t = T3/10, the modes have
apparently changed as they clearly show deformation now. However, an impor-
tant property is their homogeneous coloring, which indicates that the deformation
is equally distributed among the whole substructure. The next smaller time step
∆t = T3/100 in the bottom row represents the third regime. It is classified by very
localized deformations that mainly affect only few elements near the interface, while
the major part of the structure is undeformed.

These three regimes can be identified similarly for the heterogeneous example, but
they are not separated as sharply as for the homogeneous one. The first and the
second regime are shown in figure 4.9. The first regime, where the GenEO modes
closely resemble rigid body modes shrinks down to almost only the first GenEO mode
of ∆t = T3 in the second row. Nevertheless, the second and the third mode still in-
clude a fair amount of rigid body motion. The second regime is distributed over
∆t = T3/10 and ∆t = T3/100. It is characterized by deformations that include less
rigid body motion but are still distributed over a significant part of the substructure
and are not limited to a few single elements. The third regime of highly localized ef-
fects can be observed for the heterogeneous problem only for the smallest time step
size ∆t = T3/1000, which is illustrated for the same substructure in the upper part of
figure 4.10. The deformations are highlighted by circles and mainly comprise only a
single node. To investigate the dependence of this effect on the mesh size, the same
global physical structure was remeshed with elements that are approximately three
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Figure 4.8. Visualization of the rigid body modes and the GenEO modes as displacements for the
homogeneous example. The coloring represents the corresponding stresses and visualizes if the defor-
mation is distributed uniformly or if very localized effects prevail. The displacement used to compute the
stresses are scaled differently than the plotted displacement.

times smaller in size. The resulting structure is illustrated as example structure 2 in
appendix A. For this finer mesh, the GenEO modes have been computed as well for
the time step size ∆t = T3/1000. The period T3 in this case was recomputed for the
finer mesh, resulting in a slightly larger time step due to the stiffening of the coarse
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Mode 1 Mode 2 Mode 3

RBM

GenEO
∆t = T3

GenEO
∆t = T3/10

GenEO
∆t = T3/100

Figure 4.9. Visualization of the rigid body modes and the GenEO modes as displacements for the
heterogeneous example. In favor of indicating the different materials by different colors, a coloring based
on stresses was omitted.

mesh. The lower part of figure 4.10 shows the GenEO modes for one floating sub-
structure, which exhibit the same highly local mesh modes like the coarser standard
example. This confirms that these extremely localized effects are not mainly induced
by the mesh size, but represent a change in important solution spaces when the time
step size varies.
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GenEO
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Figure 4.10. Visualization of the GenEO modes for very small time steps for the heterogeneous example.
In the lower part, the GenEO modes for the same ∆t/T3 ratio, and for the same physical structure with
a significantly smaller mesh are shown.

The observations made in the analysis of the local mode shapes allow a first predic-
tion about the requirements on efficient coarse spaces in structural dynamics, which
can be summarized as follows:

1. As expected, the GenEO modes resemble rigid body modes for very large time
steps, called first regime in the discussion above. This indicates that for very
large time steps, rigid body modes would be well suited to build a coarse space
from.

2. For middle sized time steps, effects that are still distributed very uniformly
throughout the substructure are responsible for the high part of the spectrum of
the preconditioned interface operator. This range is called the second regime.
They cause a strong coupling between the substructures and can presumably be
handled efficiently by a coarse space. However, the rigid body modes might not
fit optimally because the GenEO modes already show a strong overall deforma-
tion.
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Algorithm 4: Computation of principal angles between subspaces
Given: A, B

Compute orthonormal bases of A and B
A= AQAR, B = BQBR with AT

QAQ = I , BT
QBQ = I

Compute a singular value decomposition
AT

QBQ = Udiag(σ1, . . . ,σq)V T

S =

¨
BQ − AQ(AT

QBQ) if rank
�
AQ

�≥ rank
�
BQ

�
,

AQ − BQ(BT
QAQ) otherwise

Compute a singular value decomposition
S = Udiag(µ1, . . . ,µq)V T

Compute principal angles

Ψi =

¨
acos (σi) if σ2

i < 1/2,

asin (µi) if µ2
i ≤ 1/2

3. For even smaller time steps towards Courant’s condition, where at some point
implicit time stepping schemes can be replaced by cheaper explicit schemes, the
effects that are identified as the most important ones begin to be extremely lo-
calized. They can thus be assumed to cause a minimum of coupling between the
substructures and are already known to be handled well by the preconditioned
iterative solution algorithm. Under these conditions, a coarse space might be
unnecessary and inefficient, regardless of its chosen subspace.

The direct comparison between GenEO modes and rigid body modes is concluded by
a more objective and mathematical measure than visually comparing the appearance
of mode shapes. In fact, the GenEO modes y (s)GenEO,i and the rigid body modes y (s)rbm,i,
where i = 1, 2,3, span each a 3-dimensional subspace of the complete interface space
I of a substructure s. A convenient method to compare the proximity of subspaces
inside a common space is the method of subspace angles. Profound introductions
can be found in [96, 97], and the specific method used here to compute the so-called
principal angles between two subspaces was published in [98].

The exact procedure is listed in algorithm 4. It computes the principal angles Ψi

between two subspaces A and B , which are spanned by the columns of A and B,
respectively. The meaning of principal angles can be illustrated most clearly by the
recursive description given in [96]. It first defines the smallest principle angle by

cos (Ψ1) =max
a∈A

max
b∈B

aT b , ‖a‖= 1, ‖b‖= 1 .

If the smallest principal angle has been found for the so-called principal vectors a =
a1 and b = b1, the second smallest principal angle Ψ2 between A and B is defined
as the smallest angle between the orthogonal complement of A with respect to a1,
and the orthogonal complement of B with respect to b1, and so on.

It follows from this definition that A ∈ Rm×n and B ∈ Rm×k and furthermore that for
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Figure 4.11. Principal angles or subspace angles between the subspaces spanned by the rigid body
modes, which are constant over all time step sizes, and the GenEO modes, which are dependent on the
time step size. Small principle angles indicate overlapping parts of the subspaces, large principle angles
close to 90◦ indicate rather orthogonal parts.

n < k, exactly n principal angles exist. Each of the very small principle angles that
are close to 0◦ represents a direction that is almost covered by both subspaces, i.e.,
where the subspaces overlap. Each of the very large principle angles close to 90◦

represents a direction that is covered by one subspace but is almost orthogonal to the
other subspace, i.e., where the subspaces are orthogonal.

The resulting principal angles between GenEO modes and rigid body modes are
shown in figure 4.11 for the homogeneous and the heterogeneous example for all
four considered time step sizes. Like in the visualization of the mode shapes shown
earlier, the rigid body modes do not depend on the time step size. Thus, each set
of three principal angles relates the same set of rigid body modes y (s)rbm,i against the

GenEO modes y (s)GenEO,i of the specific time step size.

For the homogeneous example, a very good agreement with the local mode shape
visualizations can be observed. For the largest time step, the GenEO modes are
found to be very close to the rigid body modes. For ∆t = T3/10, the subspace angles
reveal what is difficult to see in the mode shape visualizations. The visualization of
the GenEO modes already showed overall deformation, but the low principal angles
clearly reveal that the rigid body motion still dominates. The large principle angles
close to 90◦ confirm the observation of very local effects for ∆t = T3/100, which have
almost no relation to rigid body modes anymore.

Like in the local mode shape visualizations, the results of the heterogeneous example
are not separated as sharply as those of the homogeneous one. Already for the largest
time step size ∆t = T3, at least one principal angle shows that the GenEO modes are
not aligned well with rigid body modes. Except for one principal angle, the GenEO
modes show no close relation to the rigid body modes anymore for larger time step
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sizes.

The following conclusions about the efficiency of rigid body mode based coarse
spaces can be drawn from the preceding observations: for the homogeneous ex-
ample, one would expect that rigid body modes work as well as GenEO modes for
the two largest time step sizes ∆t = T3 and ∆t = T3/10. For the heterogeneous ex-
ample, this is expected only for the largest time step size ∆t = T3. In both cases, the
results suggest a bad efficiency of rigid body mode based coarse spaces for smaller
time steps.

4.2.4 Spectral Efficiency

It was already justified theoretically and by experiment that the eigenvalue distribu-
tion of the operator which is effectively solved by the conjugate gradient algorithm
almost exclusively predicts the rate of convergence. In case of the preconditioned in-
terface problem of FETI, deflated by an auxiliary coarse space, this effective operator
was identified as PC HPT

C F . Consequently, the spectra of this operator are now shown
for the different variants of rigid body mode coarse spaces and compared to those of
the GenEO mode coarse space. Furthermore, the spectra if the undeflated precondi-
tioned operators are included for comparison. From this point on, the different rigid
body mode coarse spaces lead to different results because the full coarse space C ,
including the different choices for Q, becomes relevant.

Figure 4.12 shows the spectra of the most relevant algorithms for the homogeneous
example. The results of all considered algorithms for the homogeneous example can
be found in appendix A in figure A.3 and figure A.4. The algorithms considered in
figure 4.12 are all based on the standard FETI algorithm using the Dirichlet precon-
ditioner. They are named and distinguished by the employed coarse space as listed
in the following.

none No coarse space is employed.

GenEO The GenEO coarse space using the 48 GenEO modes with the smallest Ge-
nEO values is used. Note that this means that not necessarily three modes per
substructure are used, as shown in figure 4.7. The results of a GenEO coarse
space that uses exactly three modes per floating substructure is included in the
results in the appendix.

RBM The rigid body modes are directly used as coarse space, i.e., C = QG with Q = I

GEV The 48 eigenvectors of the preconditioned interface operator HF that exhibit
the largest eigenvalues are employed as coarse space. This is considered as the
optimal coarse space in case that a size of 48 is prescribed. As this spectrum is
exactly congruent with the spectrum of none, except for less eigenvalues, it is
not plotted. Instead, only the corresponding condition numbers are shown.

Figure 4.12 also includes a table with the effective condition numbers of the resulting
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Homogeneous/Metis/Mixed

T3/∆t none GenEO RBM GEV
( ) ( ) ( )

1 2.85× 103 1.14× 101 1.21× 101 1.07× 101

10 3.02× 101 5.37× 100 7.61× 100 4.44× 100

100 2.21× 100 1.58× 100 2.03× 100 1.38× 100

1000 1.05× 100 1.03× 100 1.04× 100 1.01× 100
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Figure 4.12. Spectra of the deflated operator PC HPT
C F for the homogeneous example. Different vari-

ants of coarse spaces are compared against the undeflated variant for all four time step sizes. In the
upper part, a table including the plot legend and the resulting effective condition numbers is shown.

deflated operators. Because the spectra are bounded from below by one, the effective
condition numbers are practically identical to the largest eigenvalue.

In very good agreement with the prior results, the rigid body mode coarse space RBM
manages effectively to improve the spectrum for the two largest time steps ∆t = T3

and ∆t = T3/10. The other rigid body mode coarse space variants have been omitted
here because they are more costly and show almost identical or worse performance
compared to RBM. For time step sizes around ∆t = T3/10, similar results were found
in [45, 81]. For the two smaller time steps ∆t = T3/100 and ∆t = T3/1000, RBM
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Stripes/Metis/Mixed

T3/∆t none GenEO RBM HDRBM HSLRBM GEV
( ) ( ) ( ) ( ) ( )

1 1.30× 105 6.23× 103 2.11× 104 1.10× 104 2.11× 104 3.49× 103

10 3.15× 103 3.38× 102 2.57× 103 1.18× 103 1.94× 103 1.37× 102

100 5.05× 101 1.06× 101 5.00× 101 2.58× 101 3.50× 101 3.18× 100

1000 1.95× 100 1.49× 100 1.94× 100 1.78× 100 1.81× 100 1.24× 100
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Figure 4.13. Spectra of the deflated operator PC HPT
C F for the heterogeneous example. Different

variants of coarse spaces are compared against the undeflated variant for all four time step sizes. In the
upper part, a table including the plot legend and the resulting effective condition numbers is shown.

clearly declines in comparison to GenEO. In fact, its spectra even resemble the un-
deflated ones and appear to be merely shifted to the left. This means that mainly
small eigenvalues around 1 on the lower end of the spectrum have been removed
by the projection, which does not affect the rate of convergence at all. Interestingly,
also GenEO is not able to effectively capture the largest 48 eigenvalues. However,
most important for the two smaller time steps is that the condition numbers of the
undeflated operator are already lower than 2, which indicates that a coarse space is
not efficient or necessary at all.
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Figure 4.13 shows the results for the heterogeneous example, which are more differ-
entiated than in the homogeneous case. Again, only the most relevant coarse space
variants are shown, which are the variants already shown in the homogeneous case
and additionally the following ones.

HSLRBM The rigid body modes are preconditioned by the superlumped precondi-
tioner, i.e., C = QG with Q = HSL.

HDRBM The rigid body modes are preconditioned by the Dirichlet preconditioner,
i.e., C = QG with Q = H D.

The results of all considered algorithms for the heterogeneous example can be found
in appendix A in figure A.5 and figure A.6. First of all, RBM performs very bad,
even for the largest time step for which the subspace angles predicted at least a
moderate agreement between the rigid body modes and the GenEO modes. This can
be explained by the different methods to construct the coarse space. For GenEO, a
coarse space contribution is computed by C (s)GenEO,i = H DB(s)y (s)GenEO,i, while for RBM, it
is computed by C (s)rbm,i = B(s)y (s)rbm,i. Consequently, different coarse spaces result even in
the case of perfect congruence between the GenEO modes and the rigid body modes.
Instead, the coarse space of HDRBM is constructed as C (s)rbm,i = H DB(s)y (s)rbm,i and should
thus show the expected similarity.

In agreement with these considerations and the subspace angles investigated before,
GenEO and HDRBM show the expected alignment for the largest time step size ∆t =
T3 in figure 4.13. For ∆t = T3/10 and ∆t = T3/100, the performance of all rigid
body based variants declines significantly. Similar to the homogeneous example, the
spectral efficiency of the coarse spaces in terms of catching the highest 48 eigenvalues
of the undeflated, preconditioned operator is bad but at the same time assumed to
be irrelevant because the undeflated spectrum is already very well conditioned.

4.2.5 Computational Efficiency

To complete the assessment of the efficiency of the considered a priori, rigid body
mode based coarse spaces, 30 time steps are computed for both example problems in
order to measure computational cost.

Measuring computational cost of a parallel domain decomposition method is a par-
ticularly difficult task. Usually, one is mainly interested in the wall clock time the
computation takes to complete as well as in the memory requirement. To gener-
ate meaningful measurements of these quantities, a high-performance code in which
all operations are implemented in the most efficient and thus fastest way available
is necessary. This includes in particular the communication among the computing
nodes of a distributed parallel computer. If one aspect, be it of computational or
communicational character, is implemented badly, an algorithm relying on this spe-
cific operation might deliver worse results than another actually superior algorithm
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that does not depend on the badly implemented operation. Such kind of high-
performance code whose efficiency throughout all implemented operations has been
proved has not been available for this work. Furthermore, the aim of this work is to
assess the algorithms in terms of purely algorithmic and mathematical measures and
not in terms of computer science. Consequently, measurements of wall clock time or
processor time have not been taken.

One important numerical measure to quantify the computational cost of a classical
FETI algorithm is the number of iterations needed to solve the linear system of each
time step. Of course, the cost of one iteration for a specific system depends on the
preconditioner used. In the results discussed here, only the Dirichlet preconditioner
was applied and therefore the cost of the preconditioner is always the same. The
main difference between the algorithms assessed in this chapter is their coarse space.
In particular, the none algorithm is not using any coarse space, while all others em-
ploy a coarse space of size 48. Finally, this leads to the question how much cost is
generated by the auxiliary coarse space projections in relation to the cost saved by
requiring less iterations than without a coarse space.

Thorough measurements of the computational cost of deflated and non-deflated FETI
algorithms were conducted in [92]. After all, it was found that 4 to 7 coarse space
basis vectors are as costly as one iteration. In the following, the estimation that 4
coarse space basis vectors generate the same computational cost as one additional
iteration is adopted. Consequently, the measure total saving ms is defined as

ms = mnone −m− NC

4
, (4.4)

where m and NC are the number of iterations and the size of the coarse space, respec-
tively, of the variant to be assessed. The number of iterations, which are necessary to
solve the same linear system without a coarse space, is denoted by mnone. The total
saving ms quantifies the saved computational costs in terms of saved iterations while
considering the additional cost of the auxiliary coarse space projection.

Figure 4.14 shows the according results for the homogeneous example as well as for
the heterogeneous one. In both cases, the efficiency of all rigid body mode based
coarse spaces deteriorates for smaller time step sizes because of the improved condi-
tioning of the undeflated operator. For middle sized time steps, where the important
solution spaces change from rigid body motion to effects that are dominated more
by deformation, GenEO shows the expected advantage. It is recalled that the a priori
costs to compute the GenEO modes is not included here. For small time steps, GenEO
shows even negative efficiency and thus additional computational cost as well. The
main reason for this is that GenEO is basically used improperly here because regard-
less of the operator spectra, the same number of modes, i.e., the same coarse space
size, was employed. In this subsection, this was done to allow a comparison between
the time dependent GenEO modes and the rigid body modes. The GenEO method
with a variable coarse space is considered in section 4.3.

A particularly interesting case is the heterogeneous example at the time step size
∆t = T3/100. In the first time steps, the rigid body mode coarse spaces show a
negative efficiency and even GenEO starts at zero. During the next 10 time steps,
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Figure 4.14. Total saving based on the saved iterations and the additional cost of the auxiliary coarse
space projection. For the homogeneous case, the coarse spaces HSLRBM and HDRBM are not shown.

the efficiency improves and finally HSLRBM and HDRBM show a clearly positive effi-
ciency, i.e., they save computational cost. This effect is assumed to originate from a
lack of physical information propagation. That is to say, in the first few time steps, the
acceleration caused by the loading on the upper edge has not yet reached all parts of
the structure. Therefore, in these first time steps, the problem is comparatively easy
to solve because no coupling and thus no coarse space is required. Later, when the
whole structure is accelerated, the time step is still sufficiently large to require global
coupling through a coarse space.

4.2.6 Conclusions

Within the scope of rigid body mode based coarse spaces, the following conclusions
can be drawn. For homogeneous problems, the use of unpreconditioned rigid body
modes, called RBM in the preceding investigations, is the best choice. For hetero-
geneous problems, only the preconditioned variants could effectively save computa-
tional cost. Because the lumped preconditioner in HLRBM did not show significant
improvements over the superlumped one in HSLRBM, and because the Dirichlet pre-
conditioner in HDRBM generates high additional cost before the iterations start, only
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HSLRBM is recommended. Similar results were found in [45, 81], but only a single
time step size around T3/10 was considered.

In the preceding part of this chapter, insight was gained in the dependence of these
effects on the time scale, which have been defined relative to the physical properties
of the structure. With the help of GenEO modes, it could be shown that the impor-
tant effects that are responsible for the high end of the operator spectrum change
from global to very local effects, passing through the following three differentiable
regimes.

1. At very large time steps, the most important effects are mainly comprised of
rigid body motion, which is why rigid body mode based coarse spaces suit well.

2. For a range of middle sized time steps, the important effects change to overall
deformations of the substructures. This still requires some coupling by a coarse
space. The rigid body modes are not optimal anymore.

3. Problems at even smaller time step sizes begin to be dominated by much more
localized effects. In the course of this, coarse spaces become inefficient in gen-
eral because coupling becomes less important and the undeflated operators are
already very well conditioned.

The rigid body mode based coarse spaces inherently exhibit another severe limita-
tion. There is no reasonable mechanism to adapt their coarse space sizes. At the
same time, the preceding results already suggest that larger coarse spaces could fur-
ther improve the efficiency at large time step sizes and that for middle and small time
steps sizes, smaller coarse spaces would be necessary. Any practical a priori deter-
minable criterion to decide as a function of the time step size and the heterogeneity
pattern if a rigid body mode coarse space should by applied or not is missing.

4.3 Recycling Strategies

In this section, mainly recycling algorithms are assessed. In addition, the GenEO
method is studied here because of its similar capabilities regarding an adaptive choice
of the coarse space size. The aim is to study methods that are able to automatically
construct coarse spaces that are specifically designed for a particular problem. This
includes that the method should be able to automatically select a reasonable coarse
space size up to the point where using no coarse space at all is the best available
alternative.

When a time stepping scheme is applied to solve a problem of linear structural dy-
namics, the same linear system must be solved for each time step in order to compute
the according solution. Only the right hand side usually changes with each time step.
The iteration matrices D(s) and thus the interface operator F as well as its precon-
ditioner H remain constant throughout all computations. Recycling strategies aim
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to reuse the information gathered in earlier time steps to accelerate the solution of
future ones. They all have in common that they build a coarse space based on the
search directions that have been generated by the CG algorithm before. The numer-
ous techniques that have been suggested in the literature either use the plain (i.e.,
unprocessed) search directions as coarse space basis vectors or try first to extract the
most important information from them. In this section, both types are presented,
extended, and compared concerning their capabilities to fulfill the requirements that
have been set above.

4.3.1 Plain Reuse

Building the coarse space C directly from the directions w , which were used to adapt
the solution λ, is the most simple and the oldest recycling method. It was introduced
for dual domain decomposition in [86] and further applied and investigated in [40,
87, 91, 92]. The standard variant for linear problems was denominated total reuse
of Krylov subspaces (TRKS) in [92]. In [88, 89, 93], the plain reuse technique was
extended to nonlinear problems, in which the interface operator changes slightly
from one iteration to the next.

A straightforward implementation of the method is to set

C ← �
C
��w 0

��w 1

�� . . .
��w m−1

�

at the end of each time step when the algorithm has converged after m iterations.
Due to the F -conjugacy of all search directions w i, i = 0, . . . , m − 1 with respect to
each other and with respect to the (also F -conjugate) coarse space C that was used
during the iterations, this results in a diagonal coarse problem

�
C T FC

�
x = y , C T FC = diag .

Because of this orthogonality (i.e., F -conjugacy), the coarse space projection could
also be integrated into the standard orthogonalization step of the conjugate gradient
algorithm. In this case, the current search direction w i is not only orthogonalized
with respect to the search directions w j, j = 0, . . . , i − 1 of the current time step, but
also against the search directions of former time steps. Both methods were shown to
be mathematically equivalent in [40].

The method is expected to deliver reasonable results, because the search directions
generated by the conjugate gradient algorithm must have been important to find the
solution. Furthermore, considering that the solution space is a Krylov space and how
it is constructed, it should especially capture the eigenvectors with large eigenvalues.
These have already been identified as the optimal basis vectors to build an efficient
coarse space. However, one particular problem is already predictable at this point.
If the number of necessary iterations does not drop to zero quickly, the coarse space
grows larger and larger because a well-founded criterion that could decide when to
stop adding search directions to the coarse space is not available.
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4.3.2 Global Ritz Approximation

The similarity of the single-preconditioned CG algorithm to the Lanczos algorithm,
which is used to compute eigenvalues and -vectors iteratively, led to the idea of build-
ing the coarse space from so-called Ritz vectors. The Ritz vectors approximate the
eigenvectors of the preconditioned operator HF within the solution space spanned
by the search directions. This strategy has been presented and analyzed in several
publications [90–92]. Like the Lanczos algorithm, the efficiency of the procedure is
based on two main principles.

First, a basis of the Krylov space that is orthonormal with respect to the inverse of
the preconditioner H−1 can be built from the preconditioned residuals z i. With the
columns of Vz being the basis vectors, this can be expressed as

I = V T
z H−1Vz , Vz =

�
. . .
�� (−1)i

z iÆ
r T

i z i

�� . . .

�

Furthermore, due to the short recurrence relation of the CG algorithm, the projec-
tion of the unpreconditioned operator F onto this subspace results in the tridiagonal
matrix

Hm = V T
z FVz =




δ0 η1 0 . . . 0

η1 δ1 η2
. . . ...

0 η2
. . . . . . 0

... . . . . . . . . . ηm−1

0 . . . 0 ηm−1 δm−1




(4.5)

whose entries are even scalar functions of the scalar CG algorithm step lengths αi

and βi, readily available from the preceding solution procedure. They are given by

δ0 =
1
α0

, δi =
1
αi
− βi,i−1

αi−1
, ηi = −

Æ
βi,i−1

αi−1
, i = 1, . . . , m− 1

It is remarked here that H denotes the preconditioner, and Hm denotes the tridi-
agonal matrix defined in equation (4.5). Furthermore, according to the algorithm
listings like algorithm 3, m is the number of iterations after which the CG loop was
terminated.

Second, the repeated application of the preconditioned operator in such Krylov space
based methods is likely to capture the desired eigenvectors with extremal eigenvalues
in the high part of the spectrum well. These properties allow to approximate the
desired eigenvalue problem

HF y = Θy or F y = ΘH−1y

by using a Ritz ansatz, which means in general that the solution is sought in some
subspace while the projection of the error on this subspace must vanish. The pro-
jected eigenvalue problem reads

Hmq = eΘq
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Figure 4.15. Visualization of the Ritz values after m− 1 and after m iterations. Arrows indicate against
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in which eΘ are the Ritz values that approximate the eigenvalues Θ of HF and the pro-
jection of the corresponding solutions back on the full space Vzq are the Ritz vectors.
For such tridiagonal matrices, very efficient eigensolvers are available. Furthermore,
the system is rather small because its size is equal to the number of iterations.

It is well known from the earlier works [99–101] on CG and Lanczos algorithms in
general that the Ritz values converge rapidly to extremal eigenvalues in the high
part of the spectrum when the size of the Ritz space Vz is increased and that the
corresponding Ritz vectors then converge to the corresponding eigenvectors as well.
The Ritz values were used in [56] to analyze and compare the convergence of the
dual and the primal Schur complement method, and the Ritz vectors were identified
as very efficient coarse space basis vectors in a series of publications [90, 102, 103].
In [91, 92], the method was further studied, extended, and denominated SRKS.

It is important to note that using all available Ritz vectors would be equivalent to the
TRKS because only the space that is spanned by the columns of C is relevant and not
the basis itself. Consequently, a profound choice should be made. The authors in [92]
suggest to compute the convergence of the Ritz values, i.e., to check if the change
of a Ritz value from one iteration to another is small enough to assume that it has
converged to an eigenvalue of the original preconditioned operator HF . However,
this convergence measure is not unique because the number of Ritz values increases
in every iteration by one. Let eΘm

1 >
eΘm

2 > · · · > eΘm
m be the eigenvalues of Hm, i.e.,

the Ritz values after m iterations, and eΘm−1
1 > eΘm−1

2 > · · · > eΘm−1
m−1 the eigenvalues

of Hm−1. To check the convergence of eΘm
2 , the difference eΘm

2 − eΘm−1
2 but also the

difference eΘm
2 − eΘm−1

1 must be considered. This relation is illustrated by figure 4.15.
The procedure applied in [92] to compute the coarse space in the case of the SRKS
algorithm is listed in algorithm 5. It is executed in each time step after the conjugate
gradient algorithm has converged and extends the coarse space by the Ritz vectors
that correspond to converged Ritz values. To decide if a Ritz value is converged or
not, a convergence criterion is defined by εΘ. In [92], the two values εΘ = 10−6 and
εΘ = 10−14 have been considered.

The technique of choosing converged Ritz values is mainly based on the fact that
only high, well-separated eigenvalues of HF are captured precisely by the conjugate
gradient algorithm and thus lead to converged Ritz values. At the same time, this also
indicates that the corresponding eigenvector was important for finding the solution
and consequently, that it is worth a place in the coarse space. Furthermore, it is
well known that in problems of structural dynamics, the complete higher part of
the spectrum is usually excited and thus important for the solution. However, the
algorithm does not verify if a converged Ritz value is large enough to be able to
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Algorithm 5: Construction of the coarse space for SRKS
Given: C , Hm, Hm−1, εΘ
Compute the eigendecompositions of Hm and Hm−1

Hmqm
i = eΘm

i qm
i , i = 1, . . . , m , eΘm

1 >
eΘm

2 > · · ·> eΘm
m

Hm−1qm−1
i = eΘm−1

i qm−1
i , i = 1, . . . , m− 1 , eΘm−1

1 > eΘm−1
2 > · · ·> eΘm−1

m−1

Compute convergence measures ∆eΘi,rel

∆eΘ1,rel =

�����
eΘm

1 − eΘm−1
1

eΘm
1

����� , ∆eΘm,rel =

�����
eΘm

m − eΘm−1
m−1

eΘm
m

�����

∆eΘi,rel =min

������
eΘm

i − eΘm−1
i−1

eΘm
i

����� ,
�����
eΘm

i − eΘm−1
i

eΘm
i

�����

�

Construct the coarse space

for 1≤ i ≤ m do

C ←

C ,

Vzq
m
iq

|eΘm
i |


 if ∆eΘi,rel < εΘ

significantly affect convergence. Finally, it must be noted that it is not necessary to
build the coarse space basis from precise approximations of high eigenvectors of HF .
Instead, it is sufficient and mathematically equivalent if a coarse space can represent
the according set of high eigenvectors. In other words, the specific basis chosen to
span the coarse space is not relevant for its efficiency in terms of reducing iterations.

These considerations lead to an alternative criterion for choosing the Ritz values
whose Ritz vectors should be included into the coarse space. The procedure to con-
struct the coarse space by the new selection criterion is listed in algorithm 6. The
aim of the new criterion, which is simpler and less costly to compute than the one
of algorithm 5, is to lower the effective condition number of the deflated, precon-
ditioned interface operator below the value of εκ. The parameter εκ is thus called
target condition number. As long as the conjugate gradient algorithm discovers parts
of the spectrum that have eigenvalues higher than εκ, they are removed in the subse-
quent time step. The first question arising for the target condition number criterion
is if it leads to more coarse space basis vectors for capturing the same number of
high eigenvectors when compared to the classical convergence criterion. This would
result in less efficient coarse spaces by including less important subspaces, i.e., lower
parts of the spectrum.
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Algorithm 6: Construction of the coarse space for SRKSκ
Given: C , Hm, εκ
Compute the eigendecomposition of Hm

Hmqm
i = eΘm

i qm
i , i = 1, . . . , m , eΘm

1 >
eΘm

2 > · · ·> eΘm
m

Construct the coarse space

for 1≤ i ≤ m do

C ←

C ,

Vzq
m
iq

|eΘm
i |


 if eΘm

i > εκ

4.3.3 Accuracy of Ritz Approximation

In this section, the ability of the SRKS algorithm, i.e., of a global Ritz approximation,
to precisely capture a set of high eigenvectors of the preconditioned interface oper-
ator HF is studied. In particular, the convergence method of algorithm 5 using εΘ
and the target condition number method of algorithm 6 using εκ are compared. Also
the FETI method without a coarse space and the TRKS approach are considered. In
[92], the choice εΘ = 10−14 lead to a saturation of the coarse space, i.e., no further
converged Ritz values were found. The choice εΘ = 10−6 was instead found to be too
large because the coarse space kept growing steadily and did not saturate. However,
this result was found for nonlinear problems in which the operator always changes
slightly. This could be an explanation why the SRKS algorithm was so prone to keep
finding new converged Ritz values. In the case of linear dynamics, the SRKS coarse
space is expected to saturate also for tolerances εΘ >> 10−14.

For the according investigation, the heterogeneous example at the time step size
∆t = T3/100 was chosen as a practically relevant but also difficult enough problem.
Figure 4.16 shows the results of computing 30 time steps. The algorithms consid-
ered are all based on the standard FETI algorithm using the Dirichlet preconditioner.
They are named and distinguished by the employed recycling strategy as listed in the
following.

none No coarse space is employed.

TRKS The coarse space is built up from all search directions the conjugate gradient
algorithm generates.

SRKS10−4 The coarse space is built up from all Ritz vectors corresponding to con-
verged Ritz values using the tolerance εΘ = 10−4.

SRKS10−14 The coarse space is built up from all Ritz vectors corresponding to con-
verged Ritz values using the tolerance εΘ = 10−14.
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Figure 4.16. Results for the first 30 time steps of the heterogeneous example. Beginning from the left,
the figure shows the number of iterations per time step and the number of coarse space basis vectors.
Furthermore, it shows the coarse space efficiency as defined in equation (4.6) and the total saving as
defined in equation (4.4).

SRKSκ3 The coarse space is built up from all Ritz vectors corresponding to Ritz
values eΘm

i > εκ = 3.

SRKSκ10 The coarse space is built up from all Ritz vectors corresponding to Ritz
values eΘm

i > εκ = 10.

A successful recycling strategy should build up the coarse space very fast and then
stop to add further directions as soon as an efficient size has been reached. The TRKS
coarse space keeps does not reach saturation. Instead, it keeps growing fast even
though the efficiency drops. The reason is that the number of iterations does not drop
to zero and thus more and more search directions are generated. All SRKS coarse
spaces reach saturation. The buildup phase is also very short, only that of SRKS10−14

is comparatively slow and delayed. This may be caused by the gradual activation
of all substructures, which is also indicated by a growth phase in the number of
iterations of none. It causes an only partial activation of the spectrum during the
first time steps and as a consequence, only few Ritz values converge at very high
precision. The other SRKS based variants are less sensitive to this effect.

The third plot in figure 4.16 shows the coarse space efficiency ξC , which is defined
as

ξC =
mnone −m

NC
, (4.6)

i.e., the number of saved iterations per coarse space basis vector. In practice, the
best possible coarse space efficiency that could be attained is ξC = 1, i.e., one saved
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iteration per coarse space basis vector. This can be deducted from the influence of
the highest eigenvalue in the spectrum. It is already known that the corresponding
eigenvector is the most effective coarse space basis vector that could be chosen. For
example, the linear system Fλ= d is considered. To construct a worst case scenario,
the highest eigenvalue of F is assumed to be arbitrarily large in comparison to its
other eigenvalues. Under the assumption that the whole spectrum is excited by d,
the eigenvector corresponding to that highest eigenvalue arbitrarily dominates the
second basis vector Fd of the Krylov space that is generated during the iterations.
Consequently, the eigenvector is rapidly captured in the search space and removed
from subsequent iterations by the orthogonalization step. This is mathematically
equivalent to remove it right from the start by a coarse space projection.

The final performance in saving computational cost is illustrated in the rightmost plot
that shows the total saving ms, which was introduced in equation (4.4). The increase
of the coarse space size by setting εΘ = 10−4 in comparison to the more conserva-
tive choice εΘ = 10−14, which was suggested for nonlinear problems, significantly
improves the performance. The newly proposed target condition number criterion
with εκ = 3 leads to very similar behavior and performance when compared to the
convergence criterion with εΘ = 10−4. A major difference between the two criteria is
the much faster buildup of the coarse space by SRKSκ10 or SRKSκ3 in comparison to
SRKS10−14.

It is now investigated further, if the reason for the very similar results in performance
is that the newly proposed target condition number criterion εκ is able to approxi-
mate the large global eigenvectors at the same precision as the classical εΘ criterion.
For this purpose, the principal angles between the space spanned by the largest 150
eigenvectors of HF and the coarse space of the 30th time step have been computed.
They are shown in figure 4.17 for the homogeneous example at ∆t = T3/10 and for
the heterogeneous example at ∆t = T3/100. The two time step sizes were chosen for
this study because they have been identified before as especially challenging. The
high end of the effective spectra of the deflated operators is shown in the upper part,
and the principal angles are shown the lower part of the figure. In the plots of the
spectra, the resulting condition numbers, which are equivalent to the largest eigen-
value, are indicated by horizontal lines and given in nearby boxes. In the plots of
the principal angles, the coarse space size is given in nearby boxes. Furthermore, the
principal angles are plotted from right to left and have been aligned such that they
are positioned just below the “removed” part of the corresponding spectrum above.

For the SRKS based variants, the results are very similar and show that a large part
of the coarse space is used to precisely approximate a subspace of the largest 150
eigenvectors of HF . Only very few principal angles are larger than 10−3. From this it
clearly follows that all SRKS variants chose a coarse space of similarly high efficiency,
which agrees well with the plot of the coarse space efficiency ξC in figure 4.16. Fur-
thermore, the condition number prescribed by the target condition number criterion,
e.g., 10 in SRKSκ10, is attained quite precisely.

Even more revealing are the principal angles of the TRKS. It should be noted first that
the coarse space sizes for TRKS (265 and 227) are much larger than the number of
principal angles (150) shown in figure 4.17. This allows two conclusions. First, TRKS
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Figure 4.17. In the upper row, the high end of the eigenspectra of the deflated operators is plotted with
boxes that indicate the condition number. The vertical lines indicate the number of non-zero eigenvalues.
In the lower row, the principal angles between the space spanned by the largest 150 eigenvectors of
HF and the coarse space are plotted from right to left to align them with the corresponding removed
parts of the spectrum above.

is very inefficient because, for example, in the heterogeneous case, the large coarse
space with 227 basis vectors only manages to capture about 60 directions within the
space of the 150 largest eigenvectors at a high precision. Second and most important,
the principal angles of TRKS should be recognized as an indicator of the best possible
achievement regarding the precise approximation of large eigenvectors by a selective
recycling algorithm. It is recalled that the TRKS uses the complete available solution
space that has been produced over all 30 time steps computed so far. By selecting a
subspace of this, regardless of the chosen basis, no recycling algorithm can produce
principal angles below the grey dashed curve of TRKS.

This realization is especially interesting in combination with the quite sharp rise of
the TRKS’s principal angles between #40 and #60. It means that it is impossible
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Figure 4.18. Progress of the residual
p

r T z during the solution of the 30th time step for the homoge-
neous and the heterogeneous example.

to approximate more than about 50 large eigenvectors at a very high precision by a
selective recycling algorithm like the SRKS method; simply because the other part of
the spectrum was not important enough for the solution. Consequently, SRKS10−4

and SRKSκ3 can be identified to be very close to this optimal point of precisely ap-
proximating not more and not less than the most important subspace of the largest
eigenvectors.

To conclude this study of comparison and parameter tuning of the SRKS variants, the
course of the residuals over the iterations during the solution of the 30th time step
are shown in figure 4.18. The courses for εΘ = 10−14 and εκ = 10 are still a little
jagged and unsteady, which confirms that the choices εΘ = 10−4 and εκ = 3 are closer
to the optimum. It should also be noted that despite of the applied coarse space, all
SRKS variants start with a residual that is not significantly smaller than in the case
of no coarse space. This makes clear that these coarse spaces do not work by already
finding a good approximation of the solution itself within the coarse space, but simply
remove those specific subspaces that hurt the convergence of the conjugate gradient
algorithm.

4.3.4 Appropriate Coarse Space Sizes

This section compares the performance of all coarse space methods that are basically
able to automatically generate coarse spaces that are adapted to the requirements of
the underlying problem. In particular, the appropriate selection of the coarse space
size is investigated. The rigid body mode based coarse spaces are simple solutions
for large time steps but the coarse space size is limited and fixed. As a consequence,
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these methods cannot adapt to different needs. The GenEO method is expensive in
the a priori computations, but with the jump or the threshold criterion, at least an
appropriate coarse space size should result. The jump criterion is not considered
here because it was already shown that at very small time steps, jumps are present
although the problem is already very well conditioned. Instead, the threshold crite-
rion as explained in [58] is applied. Let κ be the effective condition number of the
deflated preconditioner interface operator PC HPT

C F and Nmax the maximal number of
neighbors of a substructure, including itself. Then, if all GenEO modes corresponding
to GenEO values θ (s) < K (s), s = 1, . . . , Ns are selected as coarse space basis vectors,
the relation

κ≤max
§

1, Nmax max
1≤s≤Ns

�
1

K (s)

�ª
(4.7)

holds. In other words, if the threshold for choosing the GenEO modes of substructure
s is set to K (s), it is guaranteed that the effective condition number of PC HPT

C F is
bounded by the limit of equation (4.7). Consequently, one can prescribe a target
condition number κ by setting

K (s) =
Nmax

κ
, s = 1, . . . , Ns

The only methods offering an adaptive coarse space size are thus GenEO with the
threshold criterion and SRKS based variants. While the SRKS based variants have
been introduced already before, the following GenEO based variants are added. They
are both based on a deflated FETI algorithm using the Dirichlet preconditioner.

GenEO10 The coarse space is built from GenEO modes using the threshold criterion,
which is set by the target condition number κ= 10.

GenEO60 The coarse space is built from GenEO modes using the threshold criterion,
which is set by the target condition number κ= 60.

The different coarse spaces have been applied to solve 30 time steps of the homo-
geneous and the heterogeneous example at all four time step sizes. The number of
iterations, the size of the coarse space, and the total saving are measured. Figure 4.19
shows the results for the homogeneous example, and figure 4.20 shows the results
for the heterogeneous example.

Throughout all cases, the GenEO based variants work well in saving computational
cost and generating appropriate coarse space sizes but their performance stays consis-
tently below the recycling algorithms. Neither the additional a priori computational
cost of the GenEO eigenproblems nor the cost of computing the Ritz approximations
is included here but the GenEO eigenproblems are much more expensive.

The SRKS algorithms perform well, and through all test cases, the larger coarse
spaces generated by εΘ = 10−4 and εκ = 3 are more efficient than the smaller ones
generated by εΘ = 10−14 and εκ = 10. In summary, the newly proposed target con-
dition criterion εκ is preferred over the classical convergence criterion εΘ for the
following two reasons:
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Figure 4.19. Number of iterations, size of the coarse space and total saving for 30 time steps of
the homogeneous example at four different time step sizes. The GenEO method is least efficient and
SRKS10−4 shows inefficiency for small time steps. SRKSκ3 shows the best combination of consistently
efficient coarse spaces.

1. Setting the tolerance εΘ as large as 10−4 is required to reach the most efficient
coarse space size but leads to the problem that non-empty coarse spaces are
applied to already very well-conditioned problems, e.g., at small time step sizes,
even if this leads to negative efficiency. The target condition number criterion
εκ does not suffer from this.

2. The target condition number criterion εκ builds up the coarse space significantly
faster and does not require to solve a second eigendecomposition of Hm−1.
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Figure 4.20. Number of iterations, size of the coarse space and total saving for 30 time steps of the
heterogeneous example at four different time step sizes. The GenEO method is least efficient and
SRKS10−4 shows inefficiency for small time steps. SRKSκ3 shows the best combination of consistently
efficient coarse spaces.

4.4 Conclusion

In this chapter, different deflation strategies, i.e., methods to generate coarse spaces,
have been tested for their ability to speed up convergence and reduce computational
cost. In particular, problems differing by material heterogeneity and time step size
have been considered. A main aspect assessed was the capability of the methods
to adapt to the specific requirements in different time scales, regarding construction
and size of the coarse space.

Rigid body mode based coarse spaces have been assessed and shown to result in
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efficiency gains at least for large time steps. It was found that they suffer from severe
disadvantages. These are in particular their fixed coarse space size and bad efficiency
for middle sized time steps. The reason was found to be a change of the subspaces
which are most important for the solution and thus constitute the optimal coarse
space. They change from global, rigid body mode dominated effects at large time
steps to still global but deformation dominated effects at middle sized time steps
until they end up at completely local effects, which cause less coupling and do not
necessitate coarse spaces anymore. Although such effects have not been considered
here, this is important results for questions of scalability. It indicates that for very
small time steps, and then possibly for explicit integration schemes, the FETI method
might numerically scale up to very high numbers of substructures without a coarse
space.

The GenEO method, although it is very adaptable to changing problems and was
used as reference for the analysis of rigid body mode coarse spaces, was found to be
less efficient than recycling based methods.

The TRKS recycling method was found to produce inefficient coarse spaces, mainly
due to its lack of a reasonable criterion to limit the coarse space size. It could be
used as a temporary solution to quickly implement a recycling strategy. However,
a limitation of the coarse space size must be included, e.g., reusing only the search
directions generated during the solution of the first time step.

The SRKS methods showed a remarkable ability to precisely approximate the largest
eigenvectors and thus to build highly efficient coarse spaces. On the one hand, the
results of the TRKS illustrated that only a strictly limited subspace within the space
of large eigenvectors can be extracted from the solution spaces. On the other hand,
it was shown that the classically used strict accuracy criterion of εΘ = 10−14 for de-
tecting converged Ritz values is not able to capture this subspace to the full extent,
while the much smaller choice εΘ = 10−4 suffers from the problem of constructing
unnecessary and inefficient coarse spaces in the case of well conditioned problems,
e.g., at very small time step sizes.

To cure this problem, an alternative selection criterion for the SRKS method was pro-
posed, which is based on choosing a target condition number. It allows to directly
select the Ritz vectors based on their Ritz value and thus without solving a sec-
ond tridiagonal eigenproblem for a convergence check. The spectra of the deflated
operators as well as the principal angles between the coarse spaces and the high
eigenvectors have shown that the target condition number criterion does not suffer
from lower approximation accuracy. Instead, it allows to precisely attain a prescribed
effective condition number and builds up the coarse space extremely fast. Further-
more, it has shown to build the most appropriately sized and most efficient coarse
spaces through all relevant time scales for implicit integration schemes in structural
dynamics. It is thus the recommended coarse space in the case of solving problems
of linear structural dynamics with a classical deflated FETI method.





Chapter 5

Multipreconditioning

This chapter introduces adaptive multipreconditioning for problems of structural dy-
namics. After a theoretical introduction in the first section, the problem of degener-
ated search spaces is discussed, which is practically non-existent in static problems,
but typically occurs in dynamic ones. These effects have been discussed earlier in the
author’s publications [2] and [3]. In section three, several recycling strategies that
specifically address multipreconditioning are presented. These encompass a straight-
forward application of the plain reuse strategy to multipreconditioning, a more so-
phisticated procedure combining the GenEO eigenproblems with Ritz approxima-
tions, and a simplified variant of the latter method. These recycling strategies give
valuable insight into the internal mechanisms of AMP-FETI and its connection to the
auxiliary coarse space generated by GenEO. They have been published earlier in the
author’s publications [3] and [4]. The following sections are substantially based on
these publications.

In the preceding chapters, all the discussed techniques to accelerate the solution pro-
cess and to make it more efficient were applied to the classical form of the finite
element tearing and interconnecting algorithm. Their similarity of the fundamental
concept becomes clearly visible when one recalls that all these techniques, whether it
may be the choice of the basic preconditioner, a scaling procedure, or deflation, can
be expressed in the form of a classical CG algorithm. Despite the mentioned reasons
why a distinction should be made between classical preconditioners and deflation
techniques, all these enhancements of the classical FETI algorithm fit into the appli-
cation of a simple preconditioning operator and thus into the standard concept of
conjugate gradients as an iterative Krylov subspace method.

The first idea that outlined a concept beyond this mathematical framework was de-
scribed in [35] for the special case of two substructures. It was based on the ob-
servation that when the procedure seeks for a correction of the interface forces λ
within the preconditioning step, it asks both substructures for the necessary change
in interface forces to fulfill a prescribed interface displacement. In the classical FETI
algorithm, the answers of the two substructures are always averaged somehow, i.e.,
by the rules of a scaling procedure. This averaging is done in exactly the same way in
each iteration. For this reason, the preconditioning operator is always the same. The
fundamental idea was to consider both answers of the two substructures as indepen-
dent search directions, i.e., to compute the optimal step lengths in both directions

113
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simultaneously. Consequently, it was called FETI Simultaneous. This concept has
been generalized to an arbitrary number of substructures in [104], and the impli-
cations of this new method called multipreconditioning are profound. The resulting
procedure can be described as a CG algorithm whose preconditioner changes in each
iteration. As a result, many of the mathematical relations of CG algorithm do not
hold any longer. The solution space is not a classical Krylov space anymore, most
orthogonality relations vanish and the typical short recurrence relation of the conju-
gate CG algorithm no longer exists. On the other hand, multipreconditioning, which
was first described for the CG algorithm as such in [105], showed a massive im-
provement in performance. It was proven to solve the hardest problems for iterative
domain decomposition techniques at a comparable efficiency and robustness as the
GenEO coarse space.

When solving the dynamic interface problem of (3.14) by applying a preconditioned
CG procedure, the residual

r i = d − Fλi

is computed at each iteration i. It is used in the preconditioning step of a standard
or single-preconditioned FETI algorithm to compute the search direction

z i = Hr i =
Ns∑

s=1

H (s)r i

by summing up individual contributions from every substructure. See algorithm 3
to recall the notation. Multipreconditioning exploits the additive structure of the
preconditioner to compute the optimal step direction not only in the space of one,
but multiple search directions. These multiple search directions are the individual
contributions of the substructures z(s)i . They form the matrix Z i column-wise, such
that

z(s)i = H (s)r i

Z i =
�
z(1)i | z(2)i | . . . | z(Ns)

i

�
.

Consequently, the orthogonalized and projected search direction w (s)
i form the matrix

W i column-wise, and the formerly scalar search direction αi becomes the vector αi,
which includes an individual step length for each individual search direction. The
new residual is then formed by r i+1 = r i − F W iαi, and just like in a classical CG
algorithm, the step length αi is computed by requiring the projection of the new
residual r i+1 into the space of the search directions w (s)

i to vanish. This minimization
problem reads

W T
i r i = W T

i F W iαi

and yields for αi the computation

αi =∆
+
i W T

i r i ∆i = W T
i F W i .

Unfortunately, it is not guaranteed that the inverse of ∆i exists, which is why the
pseudoinverse ∆+i has to be used. This rank deficiency of ∆i occurs, when the indi-
vidual search directions, i.e., the columns of W i, are linearly dependent. The causes
and implications of this possible linear dependence of the individual search directions
are investigated further in section 5.2.
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5.1 Adaptive Multipreconditioning

To keep the computational costs of the minimization step low, the FETI Simultaneous
method of [104] has been enhanced by an adaptive selection criterion in [106],
where it was also classified as a multipreconditioned CG algorithm. The adaptive
selection is based on the so-called τ-criterion. By defining the threshold τ, it selects
only certain individual, local contributions z(s)i as basis vectors of the minimization
space. First, the measure

Ξ
(s)
i =

αT
i W T

i F (s)W iαi

r T
i+1H (s)r i+1

is defined for each substructure in each iteration. The product of W i and αi forms
the adaption ∆λi of the solution λi in iteration i. The measure Ξ(s)i then compares
the localized energy αT

i W T
i F (s)W iαi of the taken step in iteration i with the localized

energy r T
i+1H (s)r i+1 of the resulting error, both localized to substructure s. At last,

all those individual contributions z(s)i+1 = H (s)r i+1 whose substructures s fulfill the
criterion

Ξ
(s)
i < τ

are selected as individual basis vectors of the minimization space. This selection is
based on a convergence estimate that makes an educated guess in which parts of
the global domain convergence can be accelerated by the extra cost of solving the
minimization problem. Several examples have been analyzed in [106] and [107]
concerning the optimal choice of τ. A value of 0.1 has shown to be a reasonable
choice that leads to robust behavior in the majority of cases. Consequently, τ = 0.1
holds throughout all investigations in this chapter.

Let the set Ji = ( j1, j2, . . .) contain the numbers of the selected substructures for a
specific iteration i. The remaining directions are summed up to a single direction so
that the actual minimization space in iteration i is then spanned by the columns of

Z i =


∑

s /∈ Ji

z(s)i

���� z( j1)i

���� z( j2)i

���� ...

 .

The resulting AMP-FETI algorithm, including a coarse space projection, is listed in
algorithm 7.

One important aspect to consider is the application of the interface operator F to the
search directions in W i to obtain Qi. If projection or orthogonalization, which are
doing the same in principal, would be applied before applying F , this would mean
that each substructure has to solve as many Neumann problems as there are search
directions. In the extreme case of full multipreconditioning without adaptivity, each
substructure would have to solve Ns Neumann problems, which obviously renders
scalability impossible. Fortunately, small reformulations that were proposed in [104]
and [106] allow to apply F before orthogonalization and projection, respectively.
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Algorithm 7: Deflated adaptive multipreconditioned FETI
Let the columns of C span the deflation space.

PC = I −C(C T FC)−1C T F

λ̂0 = 0 λC = C(C T FC)−1C T d

r 0 = d − FλC

for s = 1, . . . , Ns do
zs

0 = H (s)r 0

Z0 =
�
z0
(1) | z0

(2) | . . . | z0
(Ns)
�

i = 0
while r∗,i > εr,∗ do

for 0≤ j ≤ i − 1 do

Φi, j =
�∑Ns

s=1 Qs
j

�T
Z i β i, j =∆

+
j Φi, j

Z i =
�
C T FC

�−1
(C F)T Z i Z i,C = CZ i W i = Z i − Z i,C −

∑i−1
j=0 W jβ i, j

for s = 1, . . . , Ns do
Z (s)i,FC =

�
F (s)C

�
Z i

Q(s)i = F (s)Z i − Z (s)i,FC −
∑i−1

j=0 Q(s)j β i, j

∆i =
�∑Ns

s=1 Qs
i

�T
W i γi = W T

i r i αi =∆+i γi

λ̂i+1 = λ̂i +W iαi

r i+1 = r i − (
∑Ns

s=1 Qs
i)αi

Z sum = 0 Z i+1 = ;
for s = 1, . . . , Ns do

z(s)i+1 = H (s)r i+1

Ξ
(s)
i =

(W iαi)T Q(s)i αi

r T
i+1z(s)i+1

if Ξ(s)i < τ then
Z i+1←

�
Z i+1 | z(s)i+1

�
else

Z sum← Z sum + z(s)i+1

Z i+1← [Z i+1 |Z sum]

i← i + 1

m= i
λi = λC + λ̂i

Those reformulations are included in algorithm 7 and allow to apply F directly to the
raw Z i, in which each column is local to a substructure and its neighbors. As a result,
the number of Neumann problems each substructure has to solve does only depend
on the number of neighbors one substructure has, but not on the global number of
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substructures Ns.

5.2 Degeneration of the Search Space

In this section, causes, implications, and remedies of the search space degeneration
in multipreconditioning are investigated and presented. Degeneration of the search
space means that the columns of W i are linearly dependent, i.e., W i is rank deficient,
which also implies rank deficiency of ∆i. This can happen even if a selection of the
direction of descend, e.g., by the τ-criterion, is performed. First, the general math-
ematical procedure to compute the step lengths in this case, a rank revealing LDLT
decomposition as proposed in [104], is presented. Second, causes and implications
of this effect are discussed. Finally, two completely different strategies to improve
this part of multipreconditioned FETI are presented. While the first strategy simply
allows to prefilter the individual contributions at low cost to relieve the more costly
LDLT decomposition algorithm, the second strategy aims to restore a full, linearly
independent search space, which is an important requirement for efficient recycling
procedures.

5.2.1 Minimization by a Rank Revealing Matrix Factorization

The rank revealing LDLT decomposition is first and foremost a mathematical tool to
guarantee a stable and robust iterative method, no matter how many linearly inde-
pendent search directions can be produced by the preconditioning step. Therefore,
it is always necessary and should never be replaced by the subsequently presented
methods. In general, the decomposition identifies linearly dependent directions on
the basis of a certain numerical tolerance. What’s more, the procedure leads to an
F -orthogonal basis of the space spanned by the remaining directions. This simplifies
the repeated solution of ∆+i , which is then a diagonal matrix.

A full LDLT factorization with symmetric pivoting, extended to the semidefinite case,
as described in [37], computes the factorization

∆i = ePeLAeLT ePT
(5.1)

with a square permutation matrix eP, a diagonal matrix A, and a lower triangular
matrix eL. More details can be found in [108]. For a given ∆i of dimension n× n with
rank r the results have the dimensions

eP : n× n eL : n× r A : r × r

and can be written as

eP = �P ∗� with P : n× r eL=
�
L
∗
�

with L : r × r
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The rank is determined to be r, when the (r + 1)-th pivot element is smaller than
ε∆ multiplied by the largest pivot element. As a result of the pivoting strategy, the
permutation matrix eP puts the linearly dependent directions at last. Ignoring the last
(n − r) columns of eP and the last (n − r) rows of eL leads to the factorization of the
symmetric positive matrix PT W T F WP

PT W T F WP = LALT or L−1PT W T F WPL−T = A

In fact, the algorithm can be interrupted as soon as a pivot element that undercuts
the tolerance, set by ε∆, has been found. A reasonable choice for ε∆ is the machine
precision, which is 2.3 · 10−16 on the machine that has been used to generate the
results presented in this chapter.

Algorithm 7 then proceeds with the substitutions

W i ← W iPL−T Qi ← QiPL−T ∆+i = A−1 αi = A−1(PL−T )Tγi , (5.2)

which leads to F -conjugate columns of W i without a linearly dependent part. An
important aspect for the scalability of multipreconditioned FETI and its performance
similar to coarse space methods is that the construction of ∆i implies global commu-
nication. On the one hand this makes the minimization step costly, but, on the other
hand, allows for scalability and robustness.

5.2.2 Zero Contributions due to Inactive Parts

While linear dependency of the individual search directions is very unlikely in statics
or fully excited structures in dynamics, it happens usually in the first few time steps
of a dynamic problem where the initial configuration of the structure is a state of
equilibrium. Unfortunately, most dynamic problems start in an initial state of equi-
librium. In this case, it takes some time steps before acceleration and deformation
have spread throughout the domain, such that all substructures are fully activated.
This effect is particularly strong in soft structures with localized loads and small time
steps. During the first time steps, when some substructures are still in equilibrium,
local parts of the residual and thus certain directions z(s) can become exactly or nu-
merically zero. Furthermore, it was demonstrated in [2] that the τ-criterion has the
tendency to select these zero-directions.

To investigate this effect, the example problem shown in figure 5.1 is considered.
The mesh, the decomposition, and the material distribution matches the example
Stripes/Metis as described in appendix A. The corresponding physical properties can
be found in appendix A in table A.1. Here, a shock load is applied on a single element
in the first time step, which has a size of T3/100.

In this example, very localized effects dominate and thus lead to individual, local
search directions z(s)i whose norms differ in value by several orders of magnitude.

The plot on the left of figure 5.2 shows the number of directions that have been
removed by the rank revealing matrix factorization for different tolerances ε∆. The
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Figure 5.1. Structural problem setup. The heterogeneous structure is composed of a soft matrix (blue)
between small fibers (gray). The nodes on the left egde are fixed by Dirichlet conditions. An element in
the middle of the upper edge is subjected to a shock load.
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Figure 5.2. Number of directions removed by the rank revealing matrix factorization and the according
average number of local solves per substructure at different values for the tolerance ε∆.

plot on the right of figure 5.2 shows the corresponding average number of local solves
per substructure. Any Neumann or Dirichlet problem that a substructure has to solve
is considered as one local solve. Different from classical single-preconditioned FETI
algorithms, iterations are not a well-suited indicator anymore to measure the compu-
tational cost of the algorithm because the cost of each iteration strongly depends on
the number of search directions and on further aspects like the number of neighbors
each substructure has. The number of local solves is instead a much more meaningful
measure of the computational cost.

First of all, figure 5.2 shows the intuitive result that for larger tolerances ε∆, more
directions are dropped because they are identified to be linearly dependent. Further-
more, it also shows that the efficiency of AMP-FETI strongly depends on the tolerance.
For larger tolerances, the number of local solves rises. Consequently, the tolerance
should be set as low as possible, i.e., to machine precision.

It is recalled that the removal of directions by the ε∆ tolerance implies that they have
been selected by the τ-criterion in the first place. To investigate this further, some
energy expressions are introduced. The contribution of the substructure s to the
energy of the final step direction W iαi is denoted by E(s)p , and the contribution of the
substructure s to the energy of the error is denoted by E(s)r . They allow to write the
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Figure 5.3. Results in case of applying the relative localized error criterion with εr,sub = 1 · 10−6, which
deselects certain directions prior to the rank revealing matrix factorization. In the upper part: Number
of directions removed by the rank revealing matrix factorization and the number of directions removed
beforehand by the relative localized error criterion. In the lower part: The according average number of
local solves per substructure.

measure Ξ(s) of the τ-criterion in terms of localized energies. Recalling the definition
of the measure Ξ(s), it reads for substructure s in iteration i

Ξ
(s)
i =

E(s)p,i

E(s)r,i+1

=
αT

i W T
i F (s)W iαi

r T
i+1H (s)r i+1

As indicated before, the LDLT factorization is limited by machine precision. It is
numerically impossible to simultaneously minimize the error in two directions with
extremely different magnitudes. In addition, such a small search direction is an
indicator that the error on which it is based is already very small. The magnitude of
the residual, measured in the norm of the preconditioner, is usually used as measure
for the termination criterion of the CG algorithm. Its square can be expressed as

r T
i+1Hr i+1 =

∑
s

r T
i+1H (s)r i+1 =

∑
s

E(s)r,i+1

and is thus a sum of local contributions of the individual substructures. If the con-
tribution E(s)r of a substructure s to the global error energy is negligibly small, it is
reasonable to assume that this substructure’s search direction is not important. Fur-
thermore, this indicates that the corresponding local search direction is of extremely
small magnitude and therefore numerically linearly dependent.

Based on these considerations, a new selection criterion for the individual contribu-
tions in multipreconditioned FETI, based on a new measure e(s)r , was introduced in
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[2]. It is used in addition to the τ-criterion and aims to prevent linear dependency in
most cases before the rank revealing LDLT matrix factorization is applied. The new
measure e(s)r can be understood as a relative localized error energy and is defined by

e(s)r,i+1 =
E(s)r,i+1∑
s E(s)r,i+1

The criterion selects only those directions of a substructure s that fulfill the criterion

e(s)r,i+1 > εr,sub (5.3)

as significant for the global error. Directions not fulfilling this εr,sub-criterion are
summed up as if they had not been selected by the τ-criterion, that is to say, they are
deselected.

This suggests two advantages compared to just letting the rank revealing LDLT fac-
torization remove them. On the one hand, directions that are considered linearly de-
pendent by the factorization are removed completely from the minimization space,
while the εr,sub-criterion keeps them within the summed direction. On the other hand,
the cost of the factorization is reduced by decreasing the number of put in directions
and thereby the size of ∆. Considering the communication cost of the rank revealing
LDLT matrix factorization, which is not required by the εr,sub-criterion, this results in
improved performance.

The results of applying the criterion with εr,sub = 10−6 in combination with the tol-
erances ε∆ as considered before are shown in figure 5.3. The effectiveness of the
new εr,sub-criterion can be observed in the upper-left plot, showing the number of di-
rections removed by the rank revealing factorization. Except for the extremely slack
tolerance of ε∆ = 10−6, no directions are removed anymore by the rank revealing
LDLT factorization. The upper-right of figure 5.3 shows that the directions have been
deselected by the εr,sub-criterion prior to the factorization. As a result, the factoriza-
tion works more efficiently because it only has to consider directions that are more
likely to be actually important for the solution process.

The second observation is that for all tolerances ε∆, the same performance in terms
of local solves, shown in the lower part of figure 5.3, is attained. The performance is
furthermore comparable to that of the smallest tolerance ε∆ in figure 5.2 without the
new deselection criterion. This means that the whole algorithm has become much
more robust against different tolerances ε∆, such that optimal performance is always
reached while simultaneously lowering the cost of the rank revealing factorization.

5.2.3 Activation Strategies

In the preceding section, the mechanisms leading to degenerated search spaces have
been explained and investigated. Furthermore, a criterion was presented that allows
to prevent that degeneration of the search space at very low cost before the rank
revealing factorization of ∆i. This was done by moving directions of substructures
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with a very low relative localized error energy into the sum direction, where all other
directions that have not been selected by the τ-criterion were already accumulated.

With regard to recycling algorithms, this is not an ideal scenario. Recycling algo-
rithms rely on a fully populated search space that contains information about all
parts of the structure. If the residual is almost zero on the interface of a specific sub-
structure, no relevant information about this substructure can be extracted from the
solution process. Consequently, if the coarse space generated from such a recycling
process should later be used to solve a time step in which this substructure is active,
the performance of this coarse space is very low. If a recycling procedure should be
applied efficiently from the first time step on, it is necessary to ensure a rich solution
space throughout the whole structural domain.

One solution would be to activate the recycling strategy at a later time step when
the structure is fully excited. However, this is not maximally efficient and it is un-
clear how to decide in which time step the recycling strategy should be activated. A
different, much more reliable procedure is an artificial activation technique, which
was presented and applied in [3], is described in the following. The reason why the
search space on a substructure is not populated is that no problem had to be solved,
because the initial guess λ0 = 0 for the solution, i.e., the interface forces, is already
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Figure 5.5. Structural problem setup. The heterogeneous structure is composed of a soft matrix (blue)
between small fibers (gray). The nodes on the left egde are fixed by Dirichlet conditions. In the left
example, an element in the middle of the upper edge is subjected to a shock load. In the right example,
a bending load and a traction load are scaled over time.
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correct. To artificially cause a full solution process that also involves an already equi-
librated substructure, a simple way is to start with a random distribution of interface
forces as initial guess. The solution algorithm has to find the real solution, which
is zero, by a comprehensive iterative process. During this process, the important
modes of the substructure are discovered, which leads to a fully populated search
space. What’s more, this procedure prevents any limitation of the search space to the
modes activated by a very restricted excitation. A random activation procedure was
applied already in [104] for the same reason. To achieve maximum comparability
and reproducibility, a deterministic activation procedure is presented and applied in
the following.

Instead of using a zero vector as start value for λ, the vector λ0 is constructed by
putting loads with alternating directions on the interfaces so that also high frequen-
cies are excited. For example, if λ0 contains the dof of the interface nodes in sequen-
tial order, beginning with substructure one, it is set to

λ0 = λactivate =




λ1
1,x

λ1
1,y

λ1
2,x

λ1
2,y

λ1
3,x

...




=




+1

+1

−1

−1

+1

...




. (5.4)

In the case of a consecutive numbering of the interface nodes, this leads to an inter-
face loading of substructure one as shown in figure 5.4. What has been identified as
an important aspect, is the relative magnitude η of the initial excitation. It is defined
by the relation

η=
‖Fλ0‖
‖d‖ .

If the relative magnitude is chosen too high or two low, the performance of the
method drops. A specific relative magnitude can be achieved by the following pro-
cedure. First λ0 with the desired structure of equation (5.4) and arbitrary relative
magnitude is built. After computation of Fλ0, the result as well as λ0 are scaled such
that η results to the desired value.

To investigate the effect of the proposed activation procedure and the influence of
different relative magnitudes η, the two example problems shown in figure 5.5 are
considered. In both cases, the mesh, the decomposition, and the material distribution
match the example Stripes/Metis as described in appendix A. The according physical
properties can be found in appendix A in table A.1. The time step size is set to T3/100
for both examples. Accordingly, the shock load example is identical to the example
of figure 5.1, which was considered before to analyze the εr,sub-criterion.

The results are shown in figure 5.6 for both examples and for two different choices
of the tolerance ε∆. The rougher tolerance of ε∆ = 1 · 10−8 is considered in addition
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Figure 5.6. Results for for applying the activation strategy with different values for η.

to the standard choice, which is the machine precision, to get an impression of how
close the search space is to being degenerated.

For ε∆ = 2.3·10−16, all choices of ηmanage to produce a fully populated search space
without any removed directions because of numerical linear dependency. For η= 50
a significant rise in local solves is caused in the shock example. A very small choice
like η = 0.005 on the other hand, is not able to prevent search space degeneration
at the more rough tolerance ε∆ = 1 · 10−8. As a rule of thumb, a relative magnitude
between 0.5 and 0.01 makes sure that the artificial excitation on the interface does
not disturb the solution process of the actual external load by dominating it. At the
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Algorithm 8: Modified initialization for AMP-FETI
if C = ; then

PC = I λ0 = λactivate (see Equation (5.4))

F0 = Fλ0 η= ‖Fλ0‖/‖d‖ ηset = 0.05

λ0← λ0ηset/η F0← F0ηset/η

r 0 = d − F0

for s = 1, . . . , Ns do
z(s)0 = H (s)r 0

Z0 =
�
z(1)0 | z(2)0 | . . . | z(Ns)

0

�

else
PC = I −C(C T FC)−1C T F

λ0 = C(C T FC)−1C T d

r 0 = d − Fλ0

Z0 =
∑Ns

s=0 H (s)r 0

same time it makes sure that it is not so much smaller than the actual external load
that it becomes less important for the solution process. Of course, this is coupled
to the numerical precision in general. The more accurate the interface problem is
solved, the lower the choice for η can be.

This activation strategy is used in the remaining chapter to support all recycling al-
gorithms that are presented and investigated in the following. Because all recycling
strategies only recycle the solution space of the first time step, two different initial-
ization scenarios are distinguished. In the first time step, when the coarse space is
empty and a recycling strategy is be applied, λ0 is initialized as explained in this sec-
tion to activate the full structure. When a coarse space is present in later time steps,
no artificial initialization of λ0 is added anymore. Furthermore, because the appli-
cation of the τ-criterion is not yet possible in the initialization phase, algorithm 7
suggests to consider all substructure contributions as individual search directions. In
the following, this is only done if no coarse space is present. If C is not empty, the
individual contributions are summed up just like in a classical conjugate gradient
procedure because the coarse space is assumed to be efficient, so that a full multipre-
conditioning is not necessary. The resulting initialization phase, which replaces the
initialization before the iterative loop in algorithm 7, is listed in algorithm 8.

5.3 Recycling Strategies

Recycling former solution spaces to accelerate the solution of future solves in itera-
tive dual domain decomposition methods was addressed in numerous publications.
They are all based on deflation, i.e., they construct a coarse space either directly from
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the former search spaces or by a more complex recycling procedure, aiming to extract
only the most important subspace. Some do not explicitly use a deflation projector,
but incorporate the procedure into the orthogonalization step. This is always possi-
ble and only requires a basis of the coarse space that is orthogonal with respect to
the interface operator F . However, all these methods were designed for classical con-
jugate gradient procedures, i.e., single-preconditioning and Krylov subspaces. Such
recycling strategies for single-preconditioning were discussed in chapter 4. The first
recycling strategies that are applicable to multipreconditioning have been proposed
by the author in [3] and [4].

5.3.1 Plain Reuse

The simplest approach is to reuse the plain, that is to say, unprocessed, solution space
that has been build during the CG iterations. It can include a selection criterion to
not reuse the complete former solution spaces, but only a part of them. In [86–89,
91, 92] as well as in section 4.3.1, this approach was applied to the classical single-
preconditioning algorithm, which generates Krylov solution spaces by a repeated
application of the preconditioned interface operator. It was shown in section 4.3.1,
that this is an inefficient procedure for single-preconditioning and that at least a
criterion to limit the coarse space size is necessary.

In this subsection the strategy of plain reuse is applied to multipreconditioning. The
mechanisms of AMP-FETI suggest that plain reuse strategy could be much more ef-
ficient here because the individual contributions of the individual substructures are
available. They are more likely to be able to capture the relevant local effects. As
it was shown in section 4.3.1, a limitation of the coarse space size is necessary and
is be applied here. While it is quite obvious that all individual contributions in W
that were generated within one time step can represent the relevant local effects, the
important question to be addressed is how much computational cost can be saved in
relation to the (limited) size of the coarse space.

The simple method is implemented by setting

C ← �
C
��W 0

��W 1

�� . . .
��W m−1

�

at the end of a time step when the conjugate gradient algorithm has converged after
m iterations. Because the method has the potential to produce already in the first
time step much more directions than an efficient coarse space size would allow, a
target coarse space size is set, and the matrix C is chopped such that only the first,
i.e., left, columns remain. This automatically implies a reasonable selection, because
the kept directions correspond to earlier iterations and are thus more likely to cap-
ture the well-separated extremal eigenvalues in the high part of the spectrum. Such
advantageous sorting even applies to the directions within one iteration, because
they are sorted within W i in the order of the size of the pivot elements in the rank
revealing LDLT factorization. This order reflects their importance for the solution,
and thus also their relevance to discover the detrimental local effects.
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5.3.2 Local Ritz Approximation

While the plain reuse strategy presented above is easy to implement and does not
require any extra cost to build the coarse space, a very large number of directions is
generated and the efficiency of this coarse space, i.e., the computational cost saved in
relation to the coarse space size, might be comparably low. For improved efficiency,
a method to extract the essence out of the available spaces is necessary, just like the
Ritz approximation of global eigenvectors of the preconditioned interface operator,
which was considered in section 4.3.2. Unfortunately, this strategy is not applicable
to multipreconditioning, because the important orthogonality relations as well as the
short recurrence of the classical conjugate gradient, on which this method is based,
are no longer valid. This happens, because the effective preconditioner changes from
one iteration to the next, even without the adaptivity by the τ-criterion. At the same
time, AMP-FETI is known for precisely considering the detrimental local effects of
substructure behavior because it does not blur the individual contributions by simply
adding them to a single search direction. Consequently, the search spaces generated
by AMP-FETI should be well suited to extract highly efficient coarse spaces.

This section presents a method, which was first presented in the author’s publication
[3], that applies such an extraction method to AMP-FETI. The basic idea is to solve
the GenEO eigenproblems in a strongly reduced form, such that they require a min-
imum of computational cost to be assembled and solved. To construct the reduced
eigenproblems, the original GenEO eigenproblems are projected onto a specific part
of the search space.

Although the GenEO eigenproblems can be easily parallelized as proposed in [109],
they involve the Schur complements of the substructure itself and its neighbors and
result in a dense generalized eigenproblem of the size of the substructures interface.
The resulting coarse space was shown to result in fast convergence for the hardest
problems for dual domain decomposition algorithms, including material heterogene-
ity, jagged interfaces and bad aspect ratios. However, it would be favorable to reduce
the computational cost by making use of the information that was gathered during
the solution of the first time step.

Construction of a Local Ritz Space for GenEO

As remarked earlier, the main strength of the multipreconditioned FETI method lies
in its ability to compute the optimal combination W iαi of the substructure contri-
butions, instead of blurring the local modes by simply summing them up. These
solution increments W iαi are thus the point of departure to build a Ritz space that is
able to represent the local bad modes. The basis vectors of this Ritz space are then
applied, analogously to the global approximation in section 4.3.2, as test and trial
functions for approximating the corresponding local GenEO eigenproblems. As a re-
sult, a much smaller eigenproblem has to be solved, which is likely to deliver similar
results as the unreduced and much larger original problem.

Numerous variants are possible to construct a Ritz space from the solution increments
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W iαi and it is a very critical step of the method. First of all, it is recalled that the
GenEO modes of equation (4.3) are interface displacements. Because the solution
increments are global interface forces for the whole domain, they can not be used
directly as basis to approximate local interface displacements of a single substructure.
Instead, they are first mapped by B(s)

T
to local interface forces on a substructure s.

Subsequently, the inverse of the substructure’s Schur complement (S(s)D )
−1 is applied,

to compute the corresponding interface displacements of the substructure. The result
is then an adequate basis to approximate the substructures GenEO modes.

According to this mapping process, the Ritz space for a specific substructure s is
constructed as

V (s) = (S(s)D )
−1B(s)

T
V (s)W where V (s)W =

�
W 0α0

��W 1α1

�� . . .
��W ns−1αns−1

�

Using all available solution increments W iαi of the first time step to build the Ritz
space would result in a smaller eigenproblem in most cases. However, an intelligent
selection can further improve the efficiency, as is shown in the results later. Based on
the property of the CG algorithm to capture the largest, well-separated eigenvalues
and with them the bad modes first, the most reasonable selection is to consider only
the first ns iterations to build the Ritz space. This parameter is chosen individually
for each substructure and directly controls the size of the Ritz space, which is limited
by the relation ns ≤ m. The specific value of ns is set by a criterion that is explained
later.

First, the GenEO eigenproblem and the according coarse space construction is re-
called, which read

S(s)D y (s) = θ (s)B(s)
T
HB(s)y (s)

C (s) =
�
HB(s)y (s)1

��HB(s)y (s)2

�� . . .
��HB(s)y (s)ks

�
(5.5)

C =
�
C (1)

��C (2)
�� . . .

��C (Ns)
�

,

where ks is the number of kept modes from substructure s. Accordingly, the reduced
eigenproblem, obtained by projection on the space spanned by V (s), reads

V (s)
T
S(s)D V (s)q (s) = eθ (s)V (s)T B(s)

T
HB(s)V (s)q (s)

and in a more extended form

V (s)W

T
B(s)S(s)D

−1
S(s)D S(s)D

−1
B(s)

T

︸ ︷︷ ︸
=F (s)

V (s)W q (s) =

eθ (s)V (s)W

T
B(s)S(s)D

−1
B(s)

T

︸ ︷︷ ︸
=F (s)

H B(s)S(s)D

−1
B(s)

T

︸ ︷︷ ︸
=F (s)

V (s)W q (s) .

Using the localized interface operators F (s), the reduced eigenproblem can be written
in the form

V (s)W

T
F (s)V (s)W q (s) = eθ (s)V (s)W

T
F (s)HF (s)V (s)W q (s) . (5.6)
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According to the original procedure of GenEO, the coarse space is assembled as

C (s) =
�

HF (s)V (s)W q (s)1

�� HF (s)V (s)W q (s)2

�� . . .
�� HF (s)V (s)W q (s)ks

�

C =
�
C1
��C2

�� . . .
��C Ns

�
.

The resulting coarse space has a size of

rank(C) =
Ns∑

s=1

ks

and is limited by the relation ks ≤ ns. For ks = ns, all computed solutions of the
reduced eigenproblems would be included in the coarse space. In this case, it would
be unnecessary to solve the reduced eigenproblem at all because the solutions then
exactly span the Ritz space, i.e., it would be equivalent to apply the Ritz space as
coarse space directly.

Assembly of the Reduced Eigenproblem

While the sizes of the reduced eigenproblems and thus their solution is negligibly
small, the assembly of equation (5.6) must be implemented carefully because the so-
lution of a few local Dirichlet problems and some communication between neighbor-
ing substructures inevitably remain. The solution of any additional local Neumann
problem, i.e., the application of a local operator F (s), can be completely avoided:
based on Q(s)i αi being readily available from the deflated AMP-FETI procedure listed
in algorithm 7, F (s)V (s)W can be expressed as

F (s)V (s)W =
�
Q(s)1 α1

��Q(s)2 α2

�� . . .
��Q(s)ns αns

�

It must further be noted that the original as well as the reduced GenEO eigenproblem
for one substructure only requires the application of the preconditioners H (s) of the
substructure itself and its neighbors. Two substructures are called neighbors, if they
share at least one dof on their interfaces. This topological restriction is expressed by
the function

N(s) := {s, neighbors of s} .

The application of the preconditioner in the reduced eigenproblems of equation (5.6)
then reads

HF (s)V (s)W =
∑

j∈N(s)

H ( j)F (s)V (s)W

and consequently requires each substructure to solve additional Dirichlet problems
by applying H (s) only to the basis vectors of its own Ritz space as well as to the basis
vectors of its neighbors’ Ritz spaces.
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A Selection Criterion for the Basis of the Ritz Space

An important task that remains, is the choice of ns, i.e., to choose of how many itera-
tions the solution increments should be included as basis vectors. To select a reason-
able number of iterations for building the Ritz space, the behavior of the τ-criterion
delivers valuable insight. As long as it selects the local contribution of a specific
substructure or its neighbors to be included as a separate direction in the minimiza-
tion space, it means that the multipreconditioned CG algorithm was probably busy
catching high, well-separated eigenvalues whose eigenvectors are very active on the
interface of the observed substructure. Such individual contribution should be taken
into the Ritz space because they are assumed to be important for the representation
of the bad modes. If, on the contrary, the τ-criterion has consistently stopped to
select the individual contributions of a substructure and its neighborhood, these con-
tributions are very likely to be not important anymore for representing bad modes.
Instead, these are contributions at the end of the iterative process that correspond to
very low eigenvalues of the interface flexibility operator, describing mesh modes of
high physical frequencies.

The criterion presented and used here to choose a value ns for each substructure,
consequently includes all iterations into the Ritz space up to the point, where the τ-
criterion remains consistently inactive for the considered substructure and its neigh-
borhood. In other words, it includes all iterations until no search space contribution
of the substructure itself and no search space contribution of one of its neighbors is
selected anymore for the rest of the iterations.

A Selection Criterion for the Basis of the Coarse Space

As noted before, it is a waste of computational resources to solve a reduced eigen-
problem and subsequently include all computed GenEO vector approximations V (s)W q (s)i
into the coarse space. The solution only makes sense, if just a small number com-
pared to the Ritz space size is taken into the coarse space. Therefore, a criterion
to determine a reasonable ks is necessary. This problem is identical to the choice of
how many GenEO eigenvectors should be taken into the coarse space. Accordingly,
the same methods and criteria can be applied here. When the jump criterion or the
threshold criterion is combined with the method to choose a value for ns, the pre-
sented local Ritz approximation method can choose a reasonable coarse space com-
pletely autonomously. In the following, either the jump criterion or a fixed coarse
space size is applied. The fixed coarse space size is used to ensure a maximum of
comparability to the results of the GenEO method and its use is indicated in the
legends by (n). The use of the jump criterion is indicated in the legends by (j).

5.3.3 Computational and Spectral Efficiency

This section shows the results of applying the two recycling strategy of plain reuse
(section 5.3.1) and the recycling strategy of local Ritz approximations (section 5.3.2).
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Figure 5.7. Structural problem setup. Left: Mesh, decomposition, material distribution, and applied load.
Right: Scaling of the load over time.




�

Group Short Name A Priori Reuse Space Eigenproblem Size
Coarse Grid Structure

reference
algorithms

None - - -

GobalEV eigenvectors of HF - # all interface dof

GenEO GenEO - # interface dof of s

recycling
algorithms

PlainReuse - W i -

RitzGenEO - HF (s)W iαiq k Ritz space size ns

Table 5.1. Summary of algorithms.

The strategies are applied during the solution of the example problem shown in fig-
ure 5.7. The mesh, the decomposition, and the material distribution match the ex-
ample Stripes/Metis as described in appendix A. The according physical properties
can be found in appendix A in table A.1. The time step size is set to T3/10. Table 5.1
summarizes the investigated algorithms. Beside the recycling strategies, three refer-
ence algorithms are considered for comparison. For all algorithms, short names like
RitzGenEO are introduced and used in the legends of the plots. Furthermore, the
type of the employed a priori coarse space, the basic structure of the recycled space,
and the size of the eigenproblems that must be solved are listed for each algorithm
in table 5.1. The short names refer to the presented methods as follows.

None: Implements algorithm 7 and λ is initialized as zero for each time step. No a
priori coarse space or recycling technique is applied. It represents the simplest
variant.

GobalEV: Implements algorithm 7 and λ is initialized as zero for each time step.
Uses an a priori computed coarse space that is built from the eigenvectors asso-
ciated with the highest eigenvalues of the complete, assembled preconditioned
CG operator HF . This is, of course, impossible for larger problems and further-
more highly inefficient. It serves as a reference in terms of the best possible
reduction of computational cost per coarse space basis vector.

GenEO(n/j): Implements algorithm 7 and λ is initialized as zero for each time step.
Uses an a priori computed coarse space that is built from GenEO modes, see
equation (5.5). Before the solution starts, the GenEO eigenproblem is solved
for every substructure. The GenEO modes are selected by their GenEO values.
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Figure 5.8. Performance of the recycling methods, measured by the average number of local solves per
substructure at equal target coarse space sizes.
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Figure 5.9. Spectrum of the projected preconditioned operator HPT
C F . The ordinate shows the eigen-

values while the abscissa gives its number, sorted in ascending order. Zero eigenvalues, whether they
are caused by cross points, i.e., redundant Lagrange multipliers, or deflation by projection, are ignored.

For (j), this is done by the application of the jump criterion, for (n) the coarse
space size is set manually and the globally lowest GenEO values are chosen.

PlainReuse: Reuse of individual contributions, see section 5.3.1. All individual basis
vectors of the minimization spaces from every iteration are reused. They are
selected in the order of the iterations. The individual directions within one iter-
ation are sorted in descending order of the pivot elements in the rank revealing
LDLT decomposition. For better comparability, the size of the coarse space is
manually limited to be equal to the size of the GenEO coarse space.

RitzGenEO(n/j): A Ritz approximation of the GenEO modes is computed, see sec-
tion 5.3.2. The Ritz space basis is selected automatically by the method pre-
sented in section 5.3.2. The approximated modes per substructure are selected,
based on the corresponding Ritz values, as in GenEO either by the jump (j) cri-
terion or a fixed coarse space size (n). In the case of (n), the size of the coarse
space is chosen to be equal to the size of the GenEO coarse space to enable
better comparability.
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Figure 5.10. Size of the eigenproblem to be solved once for each substructure.

For both recycling strategies, the number of local solves and the size of the coarse
space is measured and plotted in figure 5.8. The left of figure 5.8 shows the average
number of local solves per substructure per time step. The number of local solves one
substructure needs to execute depends on many factors like the number of iterations,
the size of the minimization space and on how many neighbors one substructure
has. Because all variants employ identically sized coarse spaces from the second time
step on, their performance can be compared in terms of local solves. The coarse
space size has been manually set to the size that was produced automatically by a
GenEO(j) algorithm. The resulting effective eigenspectrum of the preconditioned
and projected interface operator is shown in figure 5.9.

The results clearly show, similar to the investigations in chapter 4, that the plain
reuse of solution spaces in PlainReuse is not very efficient. Instead, RitzGenEO using
a cheap Ritz approximation of the GenEO modes shows a remarkable performance,
which is very close to the original GenEO method. In [3], a different example was
used to compare these algorithms and RitzGenEO was even able to save more local
solves than GenEO. This was explained by the fact that while the original GenEO
coarse space is completely independent from the external load, the Ritz space used
for approximation is directly derived from the response of the structure to the specific
load. The reason for the very high number of local solves in the first time step for
RitzGenEO is that the additional local solves, more precisely, the application of the
local preconditioners H (s) between neighbors, needed to assemble the Ritz spaces,
are included here. In contrast, the a priori cost to compute the GenEO modes is not
included in the measurements shown.

The eigenspectra shown in figure 5.9 confirm the close approximation of the original
GenEO modes by the Ritz recycling strategy. In particular, the spectra show, how close
both methods are to the optimum of removing only the high part of the spectrum.
This being considered, the plain reuse strategy clearly delivers better results than the
plain reuse strategy investigated for single preconditioning in chapter 4. Of course,
this is due to the fact that the individual contributions that were used as coarse
space here allow a much better representation of the bad modes than the final step
directions of a single preconditioned algorithm.

To illustrate the computational cost more in depth, figure 5.10 shows the size of the
eigenproblem that must be solved once for each substructure. For RitzGenEO, the
size of an eigenproblem is equal to the number of solution increments that have been



134 5 Multipreconditioning

0 20 40 60 80 100
20

25

30

35

40

# time step

av
g.

no
.

of
lo

ca
l

so
lv

es
pe

rs
ub

. RitzGenEO(n)
GenEO(n)

0 20 40 60 80 100
0

40

80

120

# time step

si
ze

of
co

ar
se

sp
ac

e

Figure 5.11. Comparison of performance for RitzGenEO and GenEO over a longer time span.

considered to build the specific Ritz space for this substructure. This measure is much
smaller for the Ritz approximations than for GenEO. Building the Ritz reduced eigen-
problems requires only a small number of vector exchanges between neighbors and
vector products as well as some additional local solves, which are already incorpo-
rated in figure 5.8. For GenEO, the full Schur complements of the iteration matrices
must be exchanged between all neighbors and are then assembled to a significantly
larger eigenproblem.

In figure 5.11, RitzGenEO and GenEO are compared over a longer period of time on
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Figure 5.12. Problem setting of the three test cases, showing the mesh, its decomposition, and the
material distribution. Furthermore, the direction, the location, and the scaling over time of applied the
loads applied load is shown.
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Stripes/Metis/Mixed

Measure None GenEO(j) GenEO(n) RitzGenEO(n) PlainReuse

iterations 597 252 252 283 640

size of min. space 2869 252 252 400 864

avg. local solves per sub. in t1 87 26 26 154 90

avg. local solves per sub. in
∑20

i=2 t i 1694 520 520 546 1284

size of coarse space in t20 - 103 103 103 103

avg. size of eig.space. in t1 - 87.9 87.9 13.1 -

Homogeneous/Metis/Mixed

Measure None GenEO(j) GenEO(n) RitzGenEO(n) PlainReuse

iterations 686 316 192 242 305

size of min. space 1379 316 192 275 338

avg. local solves per sub. in t1 75 32 20 147 78

avg. local solves per sub. in
∑20

i=2 t i 1506 640 404 454 580

size of coarse space in t20 - 114 114 114 114

avg. size of eig.space. in t1 - 87.9 87.9 14.6 -

Stripes/Rectangular/Bending

Measure None GenEO(j) GenEO(n) RitzGenEO(n) PlainReuse

iterations 605 590 590 609 722

size of min. space 4384 1061 999 1127 1597

avg. local solves per sub. in t1 82 60 61 129 82

avg. local solves per sub. in
∑20

i=2 t i 1635 1228 1219 1248 1520

size of coarse space in t20 - 140 140 140 140

avg. size of eig.space. in t1 - 113.3 113.3 16.2 -

Table 5.2. Table of results for all three test cases. The number of iterations and the size of minimization
space have been accumulated over 20 time steps. The average number of local solves per substructure
is given separately for the first time step and accumulated over the remaining time steps.

the test case Stripes/Metis/Mixed. As the graph shows, the performance of RitzGe-
nEO does not deteriorate and remains almost identical to GenEO although the Ritz
approximation was computed only once from the solution increments of the first time
step. For all later time steps, the coarse space remains unchanged.

The methods are applied to two more test cases. The problem settings for all three
test cases including the scaling of the load over time are shown in figure 5.12. The
physical properties can be found in appendix A, table A.1, where in particular the
periods of the three lowest eigenmodes and the period of the highest eigenmode are
listed. The time step size is set to T3/10 in all cases where T3 always refers to the
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Figure 5.13. Performance of the Ritz approximation based methods with different Ritz space sizes,
compared to GenEO for the case Stripes/Metis/Mixed.

actual structure.

The results are listed in table 5.2, including the first case Stripes/Metis/Mixed which
was studied in detail before. The most important numbers, showing the performance
without any coarse space, with a GenEO coarse space, and the Ritz approximation
method, are emphasized in bold face.In all cases, the GenEO coarse space has a slight
advantage over its Ritz approximation, although the differences between the two al-
gorithms remain small. The overall performance of GenEO and RitzGenEO is very
good for the METIS decomposition and much worse for the rectangular decomposi-
tion. The reason is that the rectangular decomposition is particularly unfavorable.
Obviously, the rectangular subdomains have a bad aspect ratio. But what is more
important is that each rectangular subdomain includes a full set of four unconnected
pieces of stiff fiber. Recalling the mode shape visualizations of section 4.2.3, the bad
modes at large time step sizes are especially composed by the different combinations
of rigid body movements of the fibers within the soft matrix. Of course, in the case
of the rectangular decomposition, each substructure contributes a large number of
such combinations. Nevertheless, the None algorithm takes less local solves for the
rectangular decomposition than for the METIS decomposition, which is caused by
the special feature of the rectangular decomposition that each substructure has at
most two neighbors.

5.3.4 Effect of Increasing the Ritz Space Size

This section illustrates one of the most significant findings of this research on Ritz
approximations of the GenEO eigenproblems: a very rough and thus cheap approxi-
mation of the GenEO coarse space is sufficient to achieve a similar reduction of local
solves. This is shown by comparing different Ritz space sizes because a larger Ritz
space usually results in a better, but more expensive approximation.

Figure 5.13 and figure 5.14 show the performance by means of local solves and
the effective operator spectra for the case Stripes/Metis/Mixed that is illustrated in
figure 5.7. The Ritz space size, averaged over all substructures as each substructure
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Figure 5.14. Effective spectra for the different Ritz space sizes, governing the convergence of the
CG algorithm, for the case Stripes/Metis/Mixed. The ordinate shows the eigenvalues of the projected
preconditioned operator HPT

C F while the abscissa gives its number, sorted in ascending order. Zero
eigenvalues, whether they are caused by cross points, i.e., redundant Lagrange multipliers, or deflation
by projection, are ignored.

can use a different size, is given for each variant in the legend in brackets. The Ritz
space size of 13.1 results from the automatic selection method in section 5.3.2, the
others were set manually.

The results confirm the assumption on which the Ritz space basis selection method
in section 5.3.2 was built: Not all available solution increments must be taken into
account to build an efficient coarse space, but only those, where the τ-criterion iden-
tifies bad convergence and the minimization step subsequently computes a favorable
combination of neighboring contributions. The automatic selection criterion leads
to the small Ritz space size of 13.1 but already achieves the same performance as
GenEO. A smaller Ritz space, for example 6 basis vectors, shows clearly inferior per-
formance. The criterion has thus not selected an unnecessary large Ritz space. On
the other hand, approximating the GenEO coarse space much more precisely, e.g.,
by a Ritz space size of 30, is not efficient. The number of local solves does not de-
crease any further. Only the spectra shown in figure 5.14 illustrate how the larger
Ritz spaces with 18 and 30 basis vectors converge ever closer to GenEO. However,
the exact distribution of eigenvalues is not relevant, as long as their general level
and their clustering lead to the same computational performance.

5.3.5 Direct Employment of Ritz Spaces as Coarse Space

Varying the parameters ns and ks of the local Ritz approximation method shows that
a Ritz space size that is only marginally larger than the number of extracted GenEO
vector approximations V (s)W q (s)i , already leads to very good results. This observation
gives rise to the idea to simply use the complete Ritz space as coarse space, equivalent
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to setting ks = ns for all substructures. This idea, the according algorithm, and results
have been published first in [4]. As in exact arithmetic, only the space itself that is
used as coarse space is relevant, regardless of the basis chosen. This means that no
eigenvalue problem needs to be solved anymore. Noting that HF (s)V (s)W = HB(s)V (s),
the coarse space can be directly constructed as

C =
�

HF (1)V (1)W

�� HF (2)V (2)W

�� . . .
�� HF (Ns)V (Ns)

W

�
. (5.7)

It should be recalled that the spaces V (s)W , constructed as

V (s)W =
�
W 0α0

��W 1α1

�� . . .
��W ns−1αns−1

�
,

only consist of the solution increments∆λi. Consequently, the coarse space construc-
tion can also be expressed as

C (s) = HF (s)V (s)W =
�

HF (s)∆λ1

�� HF (s)∆λ2

�� . . .
�� HF (s)∆λks

�

C =
�
C (1)

��C (2)
�� . . .

��C (Ns)
�

. (5.8)

Each substructure contributes ks = ns basis vectors to the coarse space. This results
in a coarse space size of

rank(C) =
Ns∑

s=1

ns

In the following, this algorithm is referred to as RitzDirect.

What remains, is the choice of how many iterations ns should be included in the
space V (s)W for a certain substructure s. There is no such thing as a Ritz value available
that would allow the application of the jump criterion or to sort them in order of
importance. Here, the values of ns = ks in RitzDirect are chosen as balanced as
possible and such that the overall size of the coarse space is equal to that of the
GenEO variant to ensure good comparability. To obtain a reasonable coarse space size
for RitzDirect automatically, the selection method proposed in section 5.3.2 to choose
the sizes of the approximation spaces V (s) could be applied with a more restrictive
criterion.

To assess the capabilities of the proposed method, the reference algorithms listed in
table 5.1, RitzGenEO, and RitzDirect are applied to the Stripes/Metis/Mixed exam-
ple. The computational cost, described by the average number of local Dirichlet and
Neumann solves per substructure, is shown in the left of figure 5.15. The according
effective operator spectra are shown in figure 5.16 The results show that the reduc-
tion in local solves achieved by RitzDirect is of course inferior to that of RitzGenEO,
but still very close to the original GenEO variant. Nevertheless, it leads to signifi-
cantly better performance than the plain reuse strategy. This is a remarkable result,
considering that no eigenproblem and not any other system of equations needs to
be solved to obtain the respective coarse space. Only a few additional local solves,
which are included in the results, are necessary to compute the application of the
preconditioner H to the localized products F (s)∆λi. Consequently, the coarse space
(5.8) is easy to implement and therefore recommended in cases where, for exam-
ple, only few right hand sides must be solved. Otherwise, the application of the full
RitzGenEO approximation might be superior in the long run.
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Figure 5.15. Performance of the RitzDirect method in comparison to others, measured by the average
number of local solves per substructure at equal target coarse space sizes.
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Figure 5.16. Spectrum of the projected preconditioned operator HPT
C F . The ordinate shows the eigen-

values while the abscissa gives its number, sorted in ascending order. Zero eigenvalues, whether they
are caused by cross points, i.e., redundant Lagrange multipliers, or deflation by projection, are ignored.

5.4 Conclusion

In this chapter, the application of adaptive multipreconditioned FETI to problems of
linear structural dynamics has been investigated. In particular, two main aspects have
been considered. First, the possible degeneration of the search space was shown and
two different ways to handle it were introduced. Second, the options for solution
space recycling within the multipreconditioned framework have been highlighted
and three recycling strategies were introduced.

The solution space degeneration occurs in dynamic simulations that start from a state
of equilibrium and it can be handled mathematically well by a rank revealing LDLT
factorization during the minimization step, which seeks for the simultaneous, opti-
mal step lengths in the multiple directions. However, this is inefficient because the
rank revealing LDLT factorization is costly in computational and communicational re-
sources. To relieve this operation from the unnecessary, numerically extremely small
and thus linearly dependent directions, the very simple, cheap and effective εr,sub-
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criterion was presented. Used in addition to the rank revealing LDLT factorization, it
identifies the unnecessary directions from inactive substructures.

In case the solution space should be recycled for accelerating later solves, this simple
identification of inactive substructures and the corresponding reduced search space
is not the optimal scenario. Instead, the search space should be fully populated and
contain as much as possible information about all substructures, even about those
that are still inactive in the first time step. To realize this, a structured initialization
vector for the interface forces instead of zero was proposed. This activation strategy
is reliably capable to excite all substructures, prevent search space degeneration and
forms the basis of any recycling strategy.

The aim of recycling strategies is to efficiently reuse information from prior solution
processes, when the same linear operator is solved repeatedly. Three recycling strate-
gies, specifically tailored to multipreconditioning, have been presented and assessed
by application to three test cases. All three methods work by building a coarse space
that is then employed to accelerate the AMP-FETI algorithm.

The first method, called PlainReuse here, is a straightforward application of an exist-
ing method for single-preconditioned FETI. It reuses the plain solution space without
further processing as coarse space. It showed minor performance in the results. Nev-
ertheless, its performance is much better than plain reuse of the solution spaces in
single-preconditioning because the individual contributions of the substructures as
basis vectors can represent the detrimental local effects much better. It is very easy
to implement and can thus serve as a quick solution to accelerate multiple right-hand
side problems in AMP-FETI.

The second method, called RitzGenEO, approximates the local eigenproblems of Ge-
nEO, which are known to provide highly efficient coarse spaces. This is done by
applying a Ritz ansatz and consists of three steps. Build a Ritz space basis in which
the approximation is sought, construct and solve the local eigenproblems, and finally
choose which of their solutions are used to construct the coarse space. The idea to
compute a Ritz approximation of GenEO using a prior solution space of AMP-FETI
is completely novel and has first been proposed by the author in [3]. The specific
choice of the Ritz space basis is crucial. Not only a very effective basis for the Ritz
space, but also a selection method to restrict the basis’ size has been presented, such
that the highly efficient RitzGenEO method results. It achieves about the same per-
formance as the original GenEO with just a rough and thus cheap approximation of
it. For the solution of multiple right-hand side problems by a dual domain decom-
position technique, RitzGenEO in combination with adaptive multipreconditioning is
currently the most advanced and efficient way available.

In addition to the new RitzGenEO method, this work also gives valuable insight into
the connection between AMP-FETI and GenEO. The results show that using a larger
part of the solution space as Ritz space basis, results in a precise approximation of
the GenEO coarse space’s behavior. This indicates that both identify the same bad
modes using different mechanisms.

Finally, following the observation that even a very rough approximation by a very
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small Ritz space is already effective, a third method was proposed. By selecting only
a very small sized Ritz space and simply using it completely as coarse space, the
necessary assembly and solution of the eigenproblems is eliminated. What remains,
is an extremely cheap method, which costs only little more than the plain reuse
strategy but performs rather close to the GenEO coarse space.

What should be investigated in more detail in the future, is the superiority of the
AMP-FETI method over the classical FETI method in structural dynamics problems.
For the case Stripes/Metis/Mixed at ∆t = T3, the results show an approximate reduc-
tion of the local solves from about 190 for FETI to about 90 for AMP-FETI. However,
this should be verified for larger examples and different material heterogeneities and
time scales.





Chapter 6

Closure

The major topic of this thesis was the development of methods to optimize the ef-
ficient applicability of deflated single- and multipreconditioned FETI algorithms to
problems of linear structural dynamics. As it is one of the most crucial aspects for
high efficiency in this context, the focus was set on the use of coarse spaces, either
constructed by a priori computations or by recycling strategies, to accelerate the so-
lution of the multiple right-hand side problems that arise in linear dynamics. This
chapter summarizes the most important findings of this thesis and proposes future
research topics that could contribute to the development of parallel iterative methods
that enable the efficient use of modern parallel computers to simulate the dynamics
of mechanical structures.

6.1 Conclusion

Chapter 2 and 3 thoroughly introduced the framework of dual domain decomposition
and in particular the deflation of the CG solution algorithm in FETI. This theory
review is specifically tailored to the later application to dynamics and the according
key aspects, which are the construction and application of coarse spaces and recycling
strategies. The specific structure and characteristics of the operators that result from
applying time integration schemes are discussed and the application of FETI to solve
them iteratively and in parallel is illustrated. On this basis, the chapters explain
where the current state of the art lacks of efficiency and which fundamental concepts
could be applied to improve it in the special case of linear structural dynamics.

Chapter 4 focused on the numerical assessment of a priori coarse spaces, recycling
strategies, and the comparison of performance between them. Furthermore, the
chapter enlightened the specific characteristics of the interface problem in linear
structural dynamics as function of heterogeneity and the time scale. The visualiza-
tions of the GenEO coarse space showed that for very large time steps, the high part
of the spectrum of the interface problem consists of substructure modes that are dom-
inated by overall deformation. These introduce strong coupling between many sub-
structures, which is a weakness of the undeflated FETI algorithm and thus requires

143
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according coarse spaces. For very small time steps that are much smaller than neces-
sary to resolve global, physical modes, the important modes that constitute the high
part of the spectrum become very localized and confined to a few elements. These
effects are covered very well by the preconditioners and coarse spaces are not nec-
essary anymore. Instead, they can even be detrimental to the overall efficiency. The
transition zone for the considered homogeneous and heterogeneous examples was
found to be situated between time step sizes of T3/10 and T3/100. However, it is dif-
ficult to generalize these ranges for arbitrary problems. In the single-preconditioned
framework, the SRKS recycling strategy in combination with the newly proposed tar-
get condition number criterion εκ should always be preferred over a priori coarse
spaces and other recycling strategies. The εκ criterion is based only on the absolute
Ritz values and not on their convergence and is thus easier to compute and easier to
implement. It is the only method that was found to provide highly efficient coarse
spaces whose chosen subspace and size is always tailor-made for the specific problem
in terms of time scale and heterogeneity. It automatically takes care of the specific
requirements on the coarse space, whether it should be large and contain rigid body
mode-like components, include specific deformation modes in case of heterogeneous
structures, or even be empty for very small time steps. The analysis of principal
subspace angles showed that the precise reconstruction of eigenvectors is practically
limited to very few eigenvectors at the high end of the spectrum.

Chapter 5 investigated possible issues in the application of multipreconditioning to
problems of linear structural dynamics, and three new recycling methods were pro-
posed and assessed by numerical experiments. Setting the initial conditions to a state
of equilibrium, which is the most common case, in combination with a localized ap-
plication of force, can lead to degenerated search spaces. The rank revealing LDLT
factorization was found to handle them properly but at unnecessarily high cost. The
newly proposed εr criterion identifies unimportant contributions of inactive substruc-
tures by their relative portion of the error energy. It should be used in between the
τ-criterion and the rank revealing LDLT factorization, and it was found to handle this
problem comprehensively and at negligible additional cost. However, it is not opti-
mal in case that recycling algorithms should be applied because these rely on fully
populated search spaces. In the considered case, some substructures are still inactive
and exhibit no interface error at the beginning of a time step. As a consequence,
the solution process is not able to identify important characteristics of them. An ac-
tivation strategy was proposed that cures this issue, enriches the search space, and
thus lays the optimal foundation for applying a recycling strategy. The plain reuse
recycling strategy, transferred in a straightforward way from single- to multiprecon-
ditioning, showed much higher potential than in single-preconditioning but still lacks
of a useful criterion to choose a reasonable coarse space size and is inferior to the
other strategies considered. The RitzGenEO method, which approximates the GenEO
coarse space within a part of the former solution space, was proposed and achieved
excellent performance close to the exact GenEO coarse space. A very important find-
ing of the investigations is that a very rough approximation of GenEO is sufficient
to obtain very good performance. The proposed criterion to automatically tune this
approximation quality by setting the size of the approximation space was shown to
be close to optimal for the considered examples. This important result was developed
further to another new recycling strategy that does not need to solve approximated
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eigenproblems anymore. The new strategy, called RitzDirect, showed a remarkable
efficiency and constitutes the best combination of an easy to implement and highly
efficient recycling strategy for adaptive multipreconditioned FETI that is available at
this time.

6.2 Outlook

In the field of parallel domain decomposition methods for structural mechanics, nu-
merous extensive areas of research have to be combined. The mathematical problem
to be solved is provided by the modeling and discretization of the physical problem
using the finite element method. This includes meshing the geometries, applying ele-
ment formulations, material laws and time integration schemes. To solve it, solution
algorithms belonging to the area of numerical mathematics have to be applied. For
this to work all together, it must be implemented as executable computer program,
using suitable programming languages. In case that parallel computing hardware
should be used, sophisticated implementations that use parallel programming mod-
els, for example, the message passing model for distributed memory machines, are
necessary. Not only the actual algorithms must be implemented very efficiently but
also the communication between the parallel tasks.

Because it is not possible to cover all these aspects in a single thesis, this work is
limited to the development of the solution methods and their assessment by appli-
cation to rather academic examples. To implement the methods, a comprehensive
simulation code based on Matlab was developed that covers everything between the
meshing and the visualization of the results. However, it is not able to run in parallel
on high performance computing clusters. This restriction made it possible to focus
on the development of the methods and to investigate a large variety of solution
algorithms, coarse spaces, and recycling strategies. Accordingly, many possible fu-
ture directions to continue this research remain open. The ones considered as most
important are presented in the following.

Application to industrial examples. In this thesis, only small two dimensional ex-
amples have been considered. They include much less dof than most detailed anal-
yses of real mechanical parts would require. Also the number of subdomains was
chosen rather small to preserve a reasonable ratio between the number of dof in the
global structure and in one subdomain. For a further verification of the effectiveness
of the methods, they should be applied to industrial examples. This means in par-
ticular three dimensional problems and a large number of dof. As a consequence, a
larger number of subdomains would be possible and aspects like numerical scalability
could be investigated. Typical examples would be woven composites like investigated
in [107] or automotive tires as considered in [85].
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State of the art implementation. To analyze the efficiency of the a priori coarse
space and the recycling strategies considered in this thesis, an estimate of the compu-
tational cost and gain was computed by a formal weighting of the algorithmic steps.
This weighting was based on the results of state of the art implementations applied
to industrial examples in other publications. With the Matlab code that was used to
generate the results of this thesis, a measurement of real wall clock times of paral-
lel computations was not possible. To further verify the efficiency of the methods
proposed in this thesis, such measurements should be considered in the future. For
this task, the methods must be integrated into state of the art implementations of
AMP-FETI that allow to solve large industrial problems on modern high performance
computing hardware with several thousand cores. A very careful implementation of
interprocessor communication is crucial herein. This will also enable the analysis of
the parallel scalability of the methods.

Update global Ritz approximations in nonlinear problems. This thesis was fo-
cused to linear dynamic problems, which is a special case because a series of identi-
cal operators with changing right-hand sides must be solved. The proposed methods
were accordingly tailored to this requirement. Nevertheless, they offer a high poten-
tial for nonlinear problems as well. The most important aspect in this case will be
the slight changes of the operator from step to step. In this case, an identification
of a fixed set of Ritz vectors has been shown in [92] to already significantly improve
the performance. A procedure that would allow to update the global Ritz approxi-
mations of the SRKS recycling strategy along with the changing operator could lead
to a further substantial improvement of the method. In the linear case, updating
Ritz approximations has been considered in [110], but the results of this thesis, i.e.,
the analysis of principal angles between subspaces in section 4.2.3, indicated that a
simple extension of the coarse space already leads to very good results. In contrast,
nonlinear problems might benefit from a real update on the existing coarse space
basis vectors from time to time.

Update local Ritz approximations in nonlinear problems. The recycling strategy
RitzGenEO was limited to the one-time computation of a set of Ritz approximations
based on the solution space generated in the first time step. For the application
to nonlinear problems, the strategy could be enhanced. Similar to the updating of
global Ritz approximations, also the local Ritz approximations of GenEO modes could
be updated within the RitzGenEO strategy. One possibility would be to make a real
update of the existing set of GenEO vector approximations. The alternative is to rate
the quality of a GenEO vector approximation and decide if a complete recalculation
of the Ritz approximation should be done. A major advantage of the combination
of multipreconditioning and RitzGenEO is the possibility to do all this individually
for each substructure. If in a nonlinear problem, only few substructures change their
state to such an extent that their bad modes also change significantly, only those
would need to update or recalculate their contributions to the coarse space.
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Application to nonlinear relocalizations. A recent development in the application
of iterative domain decomposition techniques to nonlinear problems are nonlinear
relocalizations, which have been investigated in [111] and [112] and within the
FETI-DP framework in [113]. Nonlinear relocalizations constitute an additional step
within each global Newton iteration. In this step, local Newton iterations are run on
each substructure until their internal reaction force is equilibrated with the external
interface force. These procedures have been designed to account for very localized
nonlinearities that affect only a few substructures. Accordingly, the combination
with multipreconditioning and the RitzGenEO recycling strategy holds great potential
because both techniques also allow to account very specifically for locally confined
effects. It should be investigated if the strategies proposed in this work are capable
of creating very selective coarse spaces that cover in particular the bad modes of the
few affected substructures. A first approach was already implemented and analyzed
in a master’s thesis supervised by the author and presented in [114].





Appendix A

Example Structures and Further Results

Example Structures

This section illustrates the example structures that are used throughout this work.
Figure A.1 shows the geometry, the mesh, the decomposition, and the Dirichlet
boundary conditions. Table A.1 summarizes the physical properties of the examples.
In particular, the ratio of the materials’ Young’s moduli, the Poisson ratios and the
periods of the most important eigenfrequencies are listed. All four variants of mesh,
material and decomposition are two-dimensional, linear finite element problems and
use the same underlying geometry.

The mesh was generated by Gmsh [94] and decomposed into 18 substructures, either
automatically by the built-in METIS [95] implementation or manually into rectangu-
lar regions. In the heterogeneous structures, the four gray colored thin fibers have
the same material properties like the identically colored homogeneous structure. In
the heterogeneous examples, the space between the fibers is filled by a much softer
matrix, which is colored blue. For the heterogeneous structure with METIS decom-
position, a much finer meshed variant, whose elements have about one third of the
size of the elements of the coarser mesh, was created and used in chapter 4. The
nodes on the left edge are fixed by Dirichlet boundary conditions for all structures.
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Parameter Example 1 Example 2 Example 3 Example 4

Material distribution - Stripes Stripes(Fine) Stripes Homogeneous

Decomposition - Metis Metis Rectangular Metis

Youngs mod. fiber/matrix E2
E1

104 104 104 1

Density fiber/matrix ρ2
ρ1

101 101 101 1

Poisson ratio matrix ν1 0.49 0.49 0.49 0.3

Poisson ratio fiber ν2 0.3 0.3 0.3 0.3

Period of 1. eigenfreq. T1 3.2× 10−1 s 3.4× 10−1 s 3.2× 10−1 s 3.8× 10−2 s

Period of 2. eigenfreq. T2 6.6× 10−2 s 7.5× 10−2 s 6.7× 10−2 s 7.6× 10−3 s

Period of 3. eigenfreq. T3 4.2× 10−2 s 4.2× 10−2 s 4.2× 10−2 s 6.2× 10−3 s

Period of highest eig.f. Tmin 1.4× 10−5 s 3.2× 10−6 s 1.5× 10−5 s 1.3× 10−5 s

Table A.1. Physical properties of the example structures.

Example 1: Stripes/Metis Example 2: Stripes(Fine)/Metis

Example 3: Stripes/Rectangular Example 4: Homogeneous/Metis

Figure A.1. Structural problem setup.
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GenEO Value Distributions for the Homogeneous Case

Figure A.2 shows the GenEO value distributions investigated in section 4.2.2 for the
case Homogeneous/Metis/Mixed.
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Figure A.2. GenEO values of three substructures for the case Homogeneous/Metis/Mixed. For each
time step size, the smallest GenEO value of the fixed substructure is indicated by a dashed line.
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A Priori Coarse Space Spectra for the Homogeneous Case

Figure A.3 and figure A.4 show the full results of the investigation in section 4.2.4
for the case Homogeneous/Metis/Mixed.
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Figure A.3. Spectra of the deflated operator PC HPT
C F for the case Homogeneous/Metis/Mixed and all

coarse spaces of section 4.2.4 for the time step sizes ∆t = T3 and ∆t = T3/10. In the legend, the
coarse space sizes and the resulting effective condition numbers are given.
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Figure A.4. Spectra of the deflated operator PC HPT
C F for the case Homogeneous/Metis/Mixed and all

coarse spaces of section 4.2.4 for the time step sizes∆t = T3/100 and∆t = T3/1000. In the legend,
the coarse space sizes and the resulting effective condition numbers are given.
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A Priori Coarse Space Spectra for the Heterogeneous Case

Figure A.5 and figure A.6 show the full results of the investigation in section 4.2.4
for the case Heterogeneous/Metis/Mixed.
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Figure A.5. Spectra of the deflated operator PC HPT
C F for the case Heterogeneous/Metis/Mixed and all

coarse spaces of section 4.2.4 for the time step sizes ∆t = T3 and ∆t = T3/10. In the legend, the
coarse space sizes and the resulting effective condition numbers are given.
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Figure A.6. Spectra of the deflated operator PC HPT
C F for the case Heterogeneous/Metis/Mixed and all

coarse spaces of section 4.2.4 for the time step sizes∆t = T3/100 and∆t = T3/1000. In the legend,
the coarse space sizes and the resulting effective condition numbers are given.
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