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Abstract

In this thesis, we study models for pattern formation in the Gram-positive bac-
terium Staphylococcus aureus. Starting from gene regulation mechanisms, we derive
a reaction-diffusion model including quorum sensing and biofilm formation and
demonstrate the potential of the model by finite element simulations. Furthermore
we consider a front instability approach to determine the onset of pattern formation
and investigate effects related to Darcy’s law using level set simulations.

Zusammenfassung

In dieser Arbeit betrachten wir Modelle für Musterbildung im Gram-postiven
Bakterium Staphylococcus aureus. Ausgehend von Genregulationsmechanismen
leiten wir ein Reaktions-Diffusions-Modell mit Quorum Sensing und Biofilmbildung
her und untersuchen es mit Finite Elemente Simulationen. Des Weiteren betrachten
wir einen Front-Instabilitätsansatz, um zu bestimmen, wann Musterbildung einsetzt,
und untersuchen mit Level Set Simulationen Effekte im Zusammenhang mit Darcy’s
Gesetz.
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1. Motivation and outline

Bacteria are intriguing organisms, which show very diverse and intelligently coor-
dinated behavior, often perfectly adapted to environmental conditions [72]. The
bacterium Staphylococcus aureus (S. aureus) is an important human pathogen,
which is of special interest since it is a main cause of hospital-acquired infections
through biofilm formation in its methicillin resistant strains [68, 72, 78]. Further-
more, S. aureus is found in diverse biological settings, such as soil, human skin
or public places like hospitals [68, 72]. It is relatively complex and has thus not
yet been studied as profoundly as other bacteria, such as its close relative Bacillus
subtilis (B. subtilis), e.g., [82, 127, 143]. The detailed study of S. aureus and its
regulation systems by models and simulations in this thesis is aimed at a better
understanding of the physical and biological mechanisms involved in its pattern
formation. This knowledge may in the future be used to identify mutant types in a
time- and cost-efficient way and may thus help to prevent or cure S. aureus infections.

Discrete and continuous patterns are observed in all areas of life and have been
studied in a variety of biological settings. A famous example are animal coat
patterns of diverse animals such as leopards, snakes or butterflies [106, 122] and
also the skin [42, 131]. The same underlying mechanisms are found in phenomena
such as chemical reactions and ecological interactions [106]. Further investigations
have been carried out on patterns in chemotaxis [23, 28, 117], tumor growth [31,
83], general growing domains [27, 38] and neural models [106]. In many approaches,
scale and domain growth considerations play a role. Furthermore, mathematical
modeling approaches include not only Turing [106, 141] or Turing-Hopf [27] pattern
formation, but also discrete models such as cellular automata [47, 51] and combined
Turing-Hopf instability approaches for discrete models [48]. Pattern formation has
also been investigated experimentally in the biological and physical context [23, 86,
132]. It is thus a natural phenomenon of great interest across several disciplines.

In a laboratory setting bacteria colonies show a variety of patterns. Several models
have been developed to investigate this process using mostly reaction-diffusion
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1. Motivation and outline

equations, e.g., [14, 98, 99, 102]. Furthermore, bacteria colony survival crucially
depends on biofilm formation. This process has been studied in S. aureus and
several related bacteria, e.g., [30, 35, 37, 100, 127]. Pattern formation is specific for
different bacterial mutants, which have one or several disabled gene loci. Therefore
the pattern formed by a bacterial colony is a characteristic feature which may help
to determine the mutations of the bacteria [65]. Thus, in this thesis we investigate
bacterial pattern formation of the Gram-positive bacterium S. aureus in the context
of quorum sensing and biofilm formation.

To this end the thesis is divided into three parts, where Part I constitutes the
introduction, Part II includes reaction-diffusion models and Part III deals with
the effects of bacterial division. We introduce the necessary biological, physical
and mathematical background, including the numerical simulation techniques, in
Chapters 2 and 3 of Part I. Then in Chapter 4 of Part II, we derive a new model
for the production of the S. aureus quorum sensing substance autoinducing peptide
(AIP) and the principal biofilm component polysaccharide intercellular adhesin
(PIA), starting from cell regulation mechanisms. Using finite element simulations,
we show that changing the related parameter values in a system of five partial
differential equations allows to obtain the qualitative phenotypes of S. aureus mu-
tants as observed in the laboratory. We furthermore compare our results to the five
morphologies of bacterial pattern formation introduced in [98]. In Chapter 5 we
investigate a front instability approach for a reduced system of two partial differen-
tial equations, which includes nutrient-dependence in the bacterial diffusion term,
and compare the obtained predictions to Turing instability parameters. Finally, in
Part III, we investigate the effects of pressure on bacterial pattern formation. In this
context we concentrate on effects induced by bacterial division, which all bacterial
colonies experience and which are considered in Chapter 6. For the numerical
simulations of Chapter 6 we employ a finite element based level set method.

The following introduction uses several biological abbreviations. A short overview
of some important abbreviations can be found in Table 1.1 below.

Abbreviation for Abbreviation for
TSS toxic shock syndrome MRSA strain methicillin resistant S. aureus strain
AHL acyl homoserine lactone CSF competence and sporulation factor
ATP adenosine triphosphate ABC transporter ATP-binding cassette transporter
LHSC lifting Hele-Shaw cell EPS exopolysaccharide
AIP autoinducing peptide PIA polysaccharide intercellular adhesin

Table 1.1.: Abbreviations for biological terms used in the introduction.
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2. Biological and physical
background

In the following we give a short introduction to the biological setting which we model,
namely pattern formation in the bacterium S. aureus, and to its special properties.
This includes the process of quorum sensing in bacterial colonies. Furthermore, we
introduce Darcy’s law, which will be relevant in Part III.

2.1. The bacterium Staphylococcus aureus

Bacteria are very diverse prokaryotic microorganisms [72] that are about 0.1−700µm

in length, but can show different morphologies [72]. After growing to a fixed size,
bacteria reproduce asexually using the reproduction mechanism of binary fission [72].
Bacteria divide rapidly under optimal and nearly optimal conditions. If nutrients
are sparse, some bacteria can sense the local population density and coordinate
their behavior using quorum sensing. One distinguishes between Gram-positive
and Gram-negative bacteria. This notation is due to the Gram straining method [72].

The bacterium S. aureus is a Gram-positive non-sporulating bacterium of the genus
Staphylococcus, the class Bacilli and the order Bacillales. It is a close relative of
the Gram-positive bacterium B. subtilis, which has the same class and order. Under
the microscope S. aureus forms grape-like clusters [72] and large round golden or
yellow colonies. This is the reason for the name of the bacterium: The Latin word
"aureus" means "golden". The bacterium commonly occurs on the human skin and
nasal passages and can cause a wide range of bacterial infections from very minor
skin infections to fatal diseases such as pneumonia [72]. It is responsible for a large
number of hospital-acquired infections since S. aureus bacteria can survive under
harsh conditions, adhere to smooth surfaces and are well cultivated at a temperature
of 37◦C [72]. The methicillin resistant S. aureus (MRSA) strains show resistance
against several antibiotics [72]. Furthermore, also resistances against disinfectants
and against clearance by host defenses can be found [150]. Some strains produce
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2. Biological and physical background

Figure 2.1.: Staphylococcus aureus pattern formation in the laboratory. Colony on
1.5% agar with standard nutrient concentration after five days [65].

toxins, which can lead to the toxic shock syndrome (TSS) [72]. S. aureus infections
are persistent and difficult to treat. Together with the increasing awareness for
the clinical relevance of bacterial biofilm formation [150], this leads to an increased
interest in the study of this bacterium.

We investigate S. aureus mathematically in a laboratory setting, where the bacterium
and its mutants are commonly grown in growth media with varying densities and
nutrient concentrations. In this setting S. aureus, and also other bacteria such as B.
subtilis, form distinct patterns on the agar surface as it can be seen in Figure 2.1.
These patterns are characteristic of the bacterium and its mutants and thus strong
candidates for the identification of particular mutants.

2.2. Quorum sensing in bacteria colonies

In general, bacteria live in large communities of cells. In order to coordinate the
behavior of the population in a way that benefits the bacterial population as a whole,
there is a need for communication and coordination of behavior within or between
species. This is achieved by the use of signaling molecules such as autoinducers,
that are excreted by the bacteria if they sense that the population density reaches
certain threshold values.

Such a behavior was observed in the 1970’s [55, 63, 108] for the bacteria Vibrio
fischeri (V. fischeri) and Vibrio harveyi. The bacterium V. fischeri is found in
the light organs of bony fishes and the squid at densities of 1010 − 1011 cells per

14



2.2. Quorum sensing in bacteria colonies

milliliter as well as in sea water, where it only reaches densities of less than 102

cells per milliliter. Due to this density difference, the bacteria can determine where
they are using quorum sensing, and luminescence is only induced when the bacteria
are associated to a host. With increasing cell density, the luminescence per cell
increases up to its 100-fold value [77] and the bacteria provide light for the fish in a
symbiotic process. The quorum sensing substance involved in the autoinduction of
the bacterial luminescence is the autoinducer N-3-oxohexanoyl-l-homoserine lactone
(3OC6-HSL) [6], a member of the acyl homoserine lactone (AHL) family [104]
who is able to diffuse freely across the cell membrane [77]. At low cell densities
the autoinducer can diffuse freely outside the cell, but at higher cell densities the
molecules accumulate, which leads to quorum sensing activation.

In the DNA of V. fischeri two divergently transcribed units are responsible for the
autoinducer synthesis: In the presence of autoinducer, the gene luxR encodes the
LuxR protein which activates the luxICDABEG gene by binding at the correspond-
ing binding site. The luxI gene then encodes the autoinducer synthase while the
other genes play only mechanistic roles. The autoinducer synthase is responsible for
producing the autoinducer molecule. This constitutes a positive feedback cycle as
the level of the autoinducer has to reach a certain threshold for the cycle to start,
which then further increases the autoinducer concentration [10].

The mechanism of quorum sensing can be found in many bacterial species, allowing
the bacteria to accomplish a collective task. However the quorum sensing system
itself differs for Gram-positive bacteria such as S. aureus or B. subtilis. B. sub-
tilis monitors the concentration of competence and sporulation factor (CSF) in
order to measure the cell density and determine the best time for its entry into
sporulation [77]. In S. aureus bacteria the main quorum sensing system is the agr
regulation system, which, depending on the environmental conditions, plays a role
in the colony’s biofilm formation.

There are two main characteristics of quorum sensing in Gram-positive bacteria
in comparison to Gram-negative bacteria. The first is that Gram-positive bacteria
employ secreted peptides as the autoinducers and the second is that they use two-
component adaptive circuits for signal transduction. These consist of a family of
homologous proteins, where the first component is a membrane-bound sensor kinase
protein, which autophosphorylates to start the information transfer process, and the
second component is a response regulator protein that controls gene transcription.
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2. Biological and physical background

In this way, sensory information is relayed by cascades of (de-)phosphorylation and
Gram-positive bacteria can adapt to a wide range of environmental conditions [10].
The peptide signaling substances are produced by cleaving a precursor protein,
which is produced at the peptide signal precursor locus. The peptide signal is
transported out of the cell by an ATP-binding cassette (ABC) transporter. The
principle of the quorum sensing process in Gram-positive bacteria is depicted in
Figure 2.2, which is adapted from [10].

ABC-transporter

sensor kinase

phosphorylation
response regulator

transcription of target genes

precursor protein cleavage

translation into precursor protein

signal peptides

bacterium

Figure 2.2.: The general principle of quorum sensing in a Gram-positive bacterium.

Deterministic, time-continuous models of quorum sensing can either consist of
systems of ordinary differential equations if the spatial component is disregarded or
of systems of partial differential equations if diffusion outside the cells is included
into the model. In the case without diffusion, the exchange of molecules between
the cytoplasm and the outside of the cell can be included as ±(d1ue − d2uc), where
uc and ue denote the concentrations of the signaling molecule in- and outside the
cell and d1, d2 ∈ R+ denote the rates of diffusion into and out of the cell. When
considering a setting in which diffusion takes place outside single cells, an integral
formulation for the net inflow into the cell can be used and an appropriate condition
has to be added for the evolution at the cell boundary [104].

The gene regulation processes inside the cell, and thus also the differences and
similarities between the bacteria, influence the form of the quorum sensing substance
production term f(uc). A general form for this term, which can be adapted to the
degree of polymerization n, is introduced in [104] as

f(uc) := α + β
unc

uthresh + unc
− γcuc.

Here the parameter α ∈ R+ denotes the basic production rate of the quorum sensing
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2.3. Darcy’s law in Hele-Shaw cells

substance and its increase due to a positive feedback is described by β ∈ R+. The
parameter uthresh ∈ R+ denotes the threshold between low and increased production
levels and γc ∈ R+ is the abiotic degradation rate of the quorum sensing substance
in the cytoplasm.

2.3. Darcy’s law in Hele-Shaw cells

The setting of Hele-Shaw cells resembles the setting of bacterial growth in a labora-
tory. This is due to the fact that in both cases, displacements in a small layer of the
respective substances are considered. The Hele-Shaw cell consists of two immiscible
fluids between two parallel (glass) plates with the spacing h ∈ R+ between them.
In the thin gap the more viscous fluid is displaced by the less viscous one or by air,
which is considered as a non-viscous fluid. The point of investigating this scenario
is that, while small-scale disturbances are stabilized by surface tension, interface
instabilities can occur that lead to fingering patterns. In a lifting Hele-Shaw cell
(LHSC) and also when a lower viscosity fluid is injected into the Hele-Shaw cell,
these patterns closely resemble the branching patterns observed in bacterial colony
growth [133, 134].

In this context, Darcy’s law describes the dependence of the velocity v on the
pressure gradient ∇p. The fluid dynamics in the thin gap of a Hele-Shaw cell can be
derived from the three-dimensional Navier-Stokes equations via asymptotic analysis
to the Darcy’s law formulation given by [61, 132]:

v = − h2

12µ
∇p, ∇ · v = 0, (2.1)

where the parameter µ ∈ R+ denotes the viscosity. The evolution of the boundary
depends on the surface tension’s stabilizing effect according to the Young-Laplace
boundary condition given by [p] = −γκ, with the surface tension γ ∈ R+, the
curvature of the boundary κ ∈ R and the pressure jump [p] across the boundary in
the direction of the outer normal vector.

2.4. Darcy’s law in bacterial biofilm growth

Biofilms are found in many natural, industrial and medical settings. In medical
settings, they can be responsible for chronic and possibly lethal infections. Biofilms
consist of bacteria, their byproducts and also trapped particles. While laboratory
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2. Biological and physical background

colony

medium

Ωc

Ωm

Γ

biomass components

Figure 2.3.: Two-dimensional model setting for biomass growth modeling.

biofilms mostly consist of one single species, in nature several species may be
involved, as well as fungi and algae or other microorganisms. The bacteria produce
the exopolysaccharide (EPS) component of the extracellular matrix, which holds the
colony together [152]. Depending on the biological situation under consideration,
there are two main growth scenarios for a bacteria colony: In a liquid environment
the bacteria in the biofilm obtain nutrients from all sides, which yields highly
heterogeneous growth and possible detachment processes [2, 35, 36, 56, 64]. In a
laboratory environment the colony feeds from the nutrient suspension, which leads
to growth in height and planar expansion [127].

Bacterial colony growth in a surrounding medium depends on pressure build-up by
dividing bacteria and on the surrounding medium density and nutrient concentration.
The pressure induced by substrate-limited bacterial division results in the idea to
introduce an equation for the pressure, from which the velocity is calculated using
Darcy’s law [49]. With the growth function of the biofilm denoted by g and Darcy’s
law given as v = −λ∇p, in [49] the Poisson equation

−λ∆p = g

for the pressure is obtained. While the model in [49] is developed for the situation of
biofilm growth into a static aqueous environment, the authors mention similarities
to Hele-Shaw flow and bacterial colony pattern formation. Also in the situation
of a circular colony as displayed in Figure 2.3, growth is driven by the availability
of nutrients in the domain Ωm outside the colony and biomass growth induces
spreading of the population. The applicability of pressure-based models including
Darcy’s law in the situation of circular bacterial colony growth is further supported
by [66, 67], where effects related to chemotaxis are considered.
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2.4. Darcy’s law in bacterial biofilm growth

Biologically the secretion of EPS is important in biofilm formation since the EPS
induce osmotic pressure gradients [127]. The resulting biofilm growth, thickening
and spreading leads to an increased relative fitness of those colonies which are
able to secrete EPS. In the chronology of its evolution, a colony inoculated on
an agar plate first thickens, and then starts expanding its base. In B. subtilis
colonies, an approximately five-fold increase in radius is observed over 24 hours,
with significantly slower expansion for EPS mutant colonies [127]. We note that
also in multi-component biofilm models Darcy’s law-like behavior is observed, for
example in [127] for the relative motion of water with respect to the network
component.
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3. Mathematical background

In the following, we give a short introduction to several mathematical methods which
are used in this thesis. We introduce time scale analysis and existing approaches
for pattern formation, which are relevant in Part II. Furthermore, we define the
necessary function spaces and introduce the appropriate techniques for the finite
element simulations in this thesis and give a short introduction to level set methods,
which are used in Part III.

3.1. Time scale analysis

Often the aim in biomathematical modeling is to describe several processes which
happen on different timescales. A famous example for time scale analysis methods
is Michaelis-Menten enzyme kinetics as established by Leonor Michaelis and Maud
Menten in 1913 [101] and as described in [105]. Similar observations can be made in
many living organisms and the corresponding dynamics differ from those of simple
chemical reactions. In an enzyme kinetics process, a substrate is transformed into
a product substance by the catalytic effects of enzymes, which form a complex
with the substrate. The enzymes are not consumed in the process, but are again
available for binding to the substrate after the process is completed. The entire
process is often written in the form

E + S
k1−−⇀↽−−
k−1

SE
k2−−→ E + P ,

where arrows denote chemical reactions with the corresponding reaction rates indi-
cated above or below. While a double arrow means that the reaction is reversible,
this is not the case for a single arrow.

Using the law of mass action, a system of differential equations can be derived
from the diagram of the chemical reactions, including differential equations for the
enzyme (e), the substrate (s), the complex (c) and the product (p) concentrations.
This system is simplified using that there is a constant amount of enzyme in the
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3. Mathematical background

system, i.e., e(t) + c(t) = e0. Furthermore, the differential equation for the product
concentration p(t) can be omitted for now as it can be directly determined from
the concentration of the complex and does not influence the other equations. Thus
we obtain a system of two differential equations

ds

dt
= −k1e0s+ (k1s+ k−1)c,

dc

dt
= k1e0s− (k1s+ k−1 + k2)c,

with the initial conditions s(0) = s0 and c(0) = 0.

This system is then non-dimensionalized to include the relation between the initial
values of enzymes and substrate ε := e0

s0
. In the dimensionless system the new

variables u(τ) := s(t)
s0

and v(τ) := c(t)
e0

are considered on the timescale τ := k1e0t

and we obtain

du

dτ
= −u+ (u+K − λ)v, (3.1)

dv

dτ
=

1

ε
(u− (u+K)v) , (3.2)

with the initial conditions u(0) = 1 and v(0) = 0 as well as the constants λ := k2

k1s0

and K := k−1+k2

k1s0
. When we consider a system in which there is much less enzyme

than substrate, we also obtain that ε = e0
s0
� 1 and we can use this to consider

the Equations (3.1) and (3.2) on two different timescales. The system as presented
above is called the slow system, where Equation (3.1) represents the reference time
scale and Equation (3.2) takes place on a much faster timescale since 1

ε
� 1.

When we use another timescale τ̂ := τ
ε
for the non-dimensionalization, we obtain

the fast system

du

dτ̂
= ε (−u+ (u+K − λ)v) , (3.3)

dv

dτ̂
= u− (u+K)v. (3.4)

Now Equation (3.4) for the fast complex formation represents the reference time
scale and the substrate conversion in Equation (3.3) is very slow in comparison.

The slow system in the limit ε→ 0 corresponds to a quasi-steady state assumption
since we have that ε dv

dτ
≈ 0. From this we derive a fixed relation between the

22



3.1. Time scale analysis

concentrations of complexes and substrate v = u
u+K

and a differential equation for
u of the form

du

dτ
= −u+ (u+K − λ)

u

u+K
= −u+ u− λ

u+K
u = − λu

u+K
.

Thus the slow process of substrate to product conversion can now be described
using only one single differential equation.

The fast complex formation takes place before the slow substrate conversion process.
When considering the fast system in the limit ε→ 0, we obtain that du

dτ̂
= 0, i.e.,

the value of u is constant. Equation (3.4) with the initial value v(0) = v0 can then
be solved as

v(τ̂) = v0 exp(−(u+K)τ̂) +
u

u+K
(1− exp(−(u+K)τ̂)) .

For τ̂ →∞ we obtain the limit limτ̂→∞ v(τ̂) = u
u+K

, which reminds us of the result
for the relation between u and v obtained from the quasi-steady state assumption
for the slow system. Thus we conclude that the fast system describes how the
system settles on the slow manifold v = u

u+K
, where its evolution then follows the

slow system dynamics, as depicted in Figure 3.1.

u

v

slow manifold
v = u

u+K

v̇ > 0

v̇ < 0

initial state

Figure 3.1.: Michaelis-Menten dynamics. Fast system makes the dynamics settle on
the slow manifold, where slow system dynamics dominate.

Often one is interested only in the final result of such a process, in our case the
rate of product formation dp

dt
on the original time scale. Due to the considerations

above, it is now much easier to find a closed form expression for this rate. We use
our results from the time scale analysis to obtain

dp

dt
= k2c(t) = k2e0v(τ) = k2e0

u(τ)

u(τ) +K
=

k2e0s(t)

s(t) +Km

,
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3. Mathematical background

where Km = s0K = k−1+k2

k1
is known as the Michaelis-Menten constant and we have

obtained a saturated growth equation.

3.2. Pattern formation and bifurcations

Many biological mechanisms in nature generate spatial or temporal patterns. Among
these are vital processes in embryology, animal coat pattern formation in zebras,
snakes or alligators, as well as bacterial pattern formation. Apart from taking place
in very different species, these processes also happen on different scales and serve
different purposes. While in animal coat pattern formation, the pattern is formed
on the coat of a single animal to protect it from predators or to facilitate hunting in
a special environment, in bacterial pattern formation, an entire colony of bacteria
participates in the formation of the pattern.

Despite these apparent differences, many biological mechanisms of pattern forma-
tion can be united through a similar description in terms of mathematics. The
typical tool for this task are systems of reaction-diffusion equations, which describe
the spatio-temporal evolution of the concentrations of the substances involved in
the pattern formation process. Each of these equations typically includes a diffu-
sion term, which may be standard Fickian diffusion, porous medium diffusion or
also related diffusion mechanisms. The equations are then completed by their re-
action components, which describe the interactions between the different substances.

In the case of Fickian diffusion, the system is of the form

∂c

∂t
= D∆c + f(c),

where c = (c1, . . . , cn)T ∈ Rn
+ is the vector of the concentrations of the chemical

substances and bifurcations rely on the behavior of the eigenvalues of the system.

Three principal types of instabilities in reaction-diffusion systems of this form are
Turing, Hopf and wave instabilities. While Turing bifurcations yield patterns that
are spatially periodic and stationary in time, Hopf bifurcations lead to spatially
homogeneous patterns that are oscillatory in time and wave bifurcations produce
patterns that are both spatially periodic and oscillatory in time [71, 149]. The most
famous mechanism for the mathematical description of biological pattern formation
in the case of constant diffusion coefficients is the Turing mechanism, which was
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3.2. Pattern formation and bifurcations

discovered by Turing in 1952 [141] and has been investigated since then in great
detail, e.g., [88, 90, 92]. Furthermore, investigations of Turing pattern formation
for inhomogeneities, e.g., [18, 91, 112, 113], and growing domains, e.g., [38, 39],
have been performed. Here we follow the description of Turing pattern formation
in [106].

In general, diffusion is considered to have a stabilizing effect on a system of differential
equations. However, for the principle of Turing pattern formation the opposite is
the case: Turing pattern formation takes place when a uniform steady state which is
linearly stable in the absence of diffusion looses its spatial stability in the presence
of diffusion. This process is called diffusion-driven instability and generates spatially
inhomogeneous patterns. It has to involve at least two different substances with
different diffusion constants DA 6= DI , where often the substance A is called the
activator and the substance I is called the inhibitor. The corresponding nonlinear
reaction terms are denoted by F (A, I) and G(A, I). Then the entire system reads

∂A

∂t
= DA∆A+ F (A, I),

∂I

∂t
= DI∆I +G(A, I).

For the diffusion-driven instability we take d := DI
DA
∈ R+ and consider the system

of reaction-diffusion equations in its non-dimensional form

∂u

∂t
= ∆u+ γf(u, v), (3.5)

∂v

∂t
= d∆v + γg(u, v), (3.6)

where the parameter γ ∈ R+ results from the inclusion of a typical length scale
in the non-dimensionalization of the original system and thus represents the size
of the considered domain. These equations are accompanied by the homogeneous
Neumann boundary condition

(n · ∇)

(
u

v

)
= 0 on ∂Ω

with the outward unit normal vector n to the domain boundary ∂Ω and appropriate
initial conditions u(x, 0) and v(x, 0).
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3. Mathematical background

The two-dimensional system without diffusion reads

du

dt
= γf(u, v),

dv

dt
= γg(u, v),

and thus the spatially homogeneous steady state (u0, v0) can be determined as the
positive solution to the condition f(u, v) = g(u, v) = 0. In order to investigate the
stability, we linearize around the steady state (u0, v0) to obtain

w =

(
u− u0

v − v0

)

and thus for |w| small, we have that

wt = γAw, where A =

(
fu fv

gu gv

)
(u0,v0)

, (3.7)

with the Jacobi matrix A. We look for solutions w ∝ eλt in order to investigate
how the spatial derivation from the equilibrium (u0, v0) evolves in time. Then
the eigenvalues λ determine the stability behavior of the noise. Eigenvalues with
<(λ) < 0 at the steady state w = 0 mean that the steady state is linearly stable
and the perturbations decay to zero as t→∞.

When we substitute the form of the solutions into Equation (3.7), we obtain from
det(γA− λI) = 0 that the characteristic equation reads

λ2 − γ (fu + gv)︸ ︷︷ ︸
=tr(A)

λ+ γ2 (fugv − fvgu)︸ ︷︷ ︸
=det(A)

= 0.

The eigenvalues λ1 and λ2 are calculated as

λ1/2 =
1

2
γ
[
tr(A)±

{
tr(A)2 − 4 det(A)

}1/2
]

and <(λ) < 0 if

tr(A) = fu + gv < 0 and det(A) = fugv − fvgu > 0, (3.8)

which needs to be satisfied in order for the homogeneous stationary state without
diffusion to be linearly stable. Therefore (3.8) imposes restrictions on the parameter
range.
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3.2. Pattern formation and bifurcations

In the restricted parameter range we then analyze the full system of Equations (3.5)–
(3.6) by linearizing about the steady state w = 0, which gives

wt = D∆w + γAw, where D =

(
1 0

0 d

)
. (3.9)

For the problem with diffusion we search for the roots λ of the characteristic
polynomial

det(λI − γA+Dk2) = 0, (3.10)

which depends on the wavenumber k. Furthermore, we define W(r) to be the
time-independent solution of the spatial eigenvalue problem

∆W + k2W = 0, (n · ∇)W = 0 on ∂Ω. (3.11)

For example, if we consider a one-dimensional domain Ω = (0, p) where p > 0, with
zero flux boundary conditions, then W ∝ cos

(
nπx
p

)
, where n is an integer. With

the wavenumber k = nπ
p
, we define the wavelength as ω = 2π

k
= 2p

n
.

In a finite domain there is a discrete set of possible wavenumbers since n is an
integer. Since the problem is linear, the solutions are of the form

w(r, t) =
∑
k

cke
λtWk(r).

Here Wk(r) denotes the solution of (3.11) corresponding to k, λ denotes the eigen-
value for temporal growth and the coefficients ck are determined by a Fourier
expansion of the initial conditions in terms of Wk(r). Then Equation (3.10) follows
by substituting w(r, t) into Equation (3.9) and using (3.11).

From Equation (3.10) it follows that

λ2 + λ
[
k2(1 + d)− γ(fu + gv)

]
+ h(k2) = 0, (3.12)

where h(k2) := d k4 − γ(d fu + gv)k
2 + γ2 det(A). We now have to find λ such that

<(λ(k)) > 0 for some k = kT 6= 0 for the diffusion-driven instability. We calculate
the dispersion relation λ = λ(k) as

2λ = −
[
k2(1 + d)− γ(fu + gv)

]
±
√

[k2(1 + d)− γ(fu + gv)]
2 − 4h(k2). (3.13)
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3. Mathematical background

Thus <(λ(k)) > 0 can be obtained if h(k2) or the coefficient of λ in Equation (3.12)
are negative. However, due to the constraints in the case without diffusion, the
coefficient of λ is greater than zero and thus we need h(k2) < 0. Since from
Equation (3.8) we know that det(A) > 0, we find the additional condition

d fu + gv > 0⇒ d 6= 1. (3.14)

Furthermore, in order to be able to achieve that h(k2) < 0 for some nonzero kT with
k2

1 < k2
T < k2

2, we need the minimum hmin = γ2
[
det(A)− (dfu+gv)2

4d

]
to be smaller

than zero and therefore we obtain the condition

(dfu + gv)
2 − 4d det(A) > 0. (3.15)

Thus we can state the following theorem [106]:

Theorem 3.2.1. (Turing bifurcations)
Let the matrix A satisfy fu + gv < 0 and fugv − fvgu > 0. Let furthermore d > 0,
d 6= 1 and dfu + gv > 0. Then there are diagonal matrices D as introduced in (3.9),
such that for certain k2, the matrix γA− k2D has eigenvalues with positive real part
if d satisfies

(d fu + gv)
2 > 4 d det(A).

Let us assume that fu > 0 and gv < 0. Then from the first condition in (3.8) and
from (3.14), it follows that d > 1, which means that the inhibitor diffuses faster
than the activator. The critical wavenumber, at which hmin = 0, is determined from

k2
c = γ

(
det(A)
dc

)1/2

. For d > dc a band of unstable wavenumbers k appears, which
represents a saddle-node bifurcation. Then the Turing solutions are of the form

w(r, t) ∼
k2∑
k1

cke
λ(k2)tWk(r) for large t,

since their behavior is determined by the eigenvalues with <(λ(k)) > 0. The
conditions (3.8) and (3.14)–(3.15) evaluated at the spatially homogeneous stationary
state (u0, v0) thus determine if a Turing pattern is formed. We can determine the
relevant discrete wavenumbers k, and thus also the relevant eigenfunctions, on
a finite domain, which tell us which spatial patterns are the ones that establish
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3.3. Pattern formation for nutrient-dependent bacterial diffusion

(a) Pattern for (ns, D) = (1, 0.2). (b) No pattern for (ns, D) = (1, 3).

Figure 3.2.: Turing pattern simulations for Equations (5.1)–(5.2) with standard
diffusion and parameters as in Figure 5.1. The initial nutrient concen-
tration is ns = 1 and D denotes the relation between the bacterial and
nutrient diffusion coefficients.

themselves. The relevant band of unstable wavenumbers, in which the dispersion
relation is positive, is given as

k2
1 =

γ

2d

[
(d fu + gv)− ((d fu + gv)

2 − 4d det(A))1/2
]
< k2

<
γ

2d

[
(d fu + gv) + ((d fu + gv)

2 − 4d det(A))1/2
]

= k2
2.

Depending on the geometry of the domain, the eigenfunctions are determined
analytically or numerically [106]. As seen above, Turing bifurcations happen when
h(k2) becomes negative. For h(k2) = 0 the linearization has a vanishing eigenvalue
at the bifurcation point, i.e., <(λ) = 0 and =(λ) = 0, due to Equation (3.13).
Bifurcation analysis can be performed for each system parameter found in one of
the conditions (3.8), (3.14) and (3.15). As an example of such a bifurcation analysis,
we perform a detailed Turing analysis in Chapter 5. This stability analysis is used
to obtain the pattern formation results depicted in Figure 3.2, where standard
diffusion simulations for two parameter sets are displayed on a rectangular domain.

3.3. Pattern formation for nutrient-dependent

bacterial diffusion

In several papers on bacterial colony pattern formation such as [14, 98, 99, 102],
computationally derived bifurcation diagrams are presented, but the conditions for
instability are not derived in a formal way. The models in [98, 99, 102] consider
the bacterium B. subtilis, where five main morphological patterns are observed:
The diffusion-limited aggregation, the Eden, the concentric ring, the disk and the
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3. Mathematical background

dense branching morphology patterns. Some of these patterns, but not all of them
at once, are achieved in the numerical simulations of the models. We will see in
Part II that our detailed reaction-diffusion system is able to reproduce the whole
spectrum of different pattern types at once. The corresponding simulation results
are depicted in Figure 4.20 of Section 4.6.3.

The models in [82, 84, 98] vary in the number of equations considered. Apart from the
concentrations of nutrients n and bacteria b, which are always included, sometimes
also two separate bacteria concentrations of replicative and non-replicative bacteria
are considered [98]. For the bacteria diffusion coefficient, both density-dependent
terms of the form ∇·(b∇b) [84] and terms of the mixed form ∇·((1+ω(x))nb∇b) [82]
are found. Further aspects are addressed in the papers by Ben-Jacob et al. [12,
13, 14], where it is assumed that the bacteria produce a wetting layer of fluid that
leads to a diffusion term of the form ∇ · (lγ∇b) with the exponent γ ∈ R+ [14].
Here l denotes the height of the lubrication layer in which the bacteria swim and
the influence of chemotaxis on branching and chiral patterns is considered [13,
14]. In [12], a connection between bacterial pattern formation and Hele-Shaw cell
modeling including surface tension is established.

Following the idea of [82], in this thesis we consider a bacterial diffusion coefficient
which is dependent on both the nutrient and the bacteria densities. This form is
due to the observation that bacterial movement is impeded if b = 0 or n = 0. Thus
we have a diffusion term of the form ∇ · (σnb∇b), which leads to a system related
to the simple form

∂b

∂t
= ∇ · (σnb∇b) + εf(n, b), (3.16)

∂n

∂t
= ∆n− f(n, b), (3.17)

where possible approaches for f(n, b) are a term of the form f(n, b) = nb or a type II
term of the form f(n, b) = nb

1+γn
.

Another possible approach [73] to determine when bacterial pattern formation takes
place is to consider existence and uniqueness in the sense of weak solutions to a
model with a bacterial diffusion term of the form ∇ · (dbnβbα∇b) with db ∈ R+ and
the exponents α, β ∈ R+ in the domain Ω ⊂ R2 [73]. Here assumptions on the
reaction terms as well as on the regularity of the initial data guarantee existence
and uniqueness of the solutions in the weak sense. A crucial assumption is the
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3.4. Instabilities arising from front propagation

simplified subcritical growth assumption, which reads [73]

c+ 1 ≤ 2 + α

1 + β
a

in the two-dimensional case for a reaction term of the form f(n, b) = bc+1n1+a

1+γn1+a

with a ∈ R+, c ∈ R0
+. Under several assumptions, which include the subcritical

growth assumption, it is shown in [73] that the solutions exhibit no blowup in finite
time, which means that they exist globally and are bounded in finite time. The
corresponding numerical simulations show circular growth of the bacterial colony. If
the condition is violated, finger-like patterns with and without blowups are observed.

However, for Equations (3.16)–(3.17) it holds that α = β = 1. Furthermore, the type
II reaction term introduced above corresponds to a = c = 0 and is not admissible.
Another assumption in [73] is the assumption β ≥ 2, which is not met here and
thus the main theorem of the paper cannot be applied to the case ∇ · (σnb∇b).

In the following, we look for a different way to analyze the onset of pattern formation,
investigating closely the dependence of fingering patterns on the strength of the
bacterial diffusion for the bacterial diffusion term ∇ · (σnb∇b). We aim to take
into account the special geometry of an initially circular bacterial colony, where the
instability develops from the front between the bacteria and the agar solution in the
domain [102, 103]. As we will see in Part II, the evolution of the instabilities from
the moving front can be investigated analytically by a front instability approach.

3.4. Instabilities arising from front propagation

The principle of instabilities arising from front propagation is observed in several
physical settings such as Hele-Shaw cells or solidification processes. In addition,
several instabilities arise indirectly from the presence of interfaces such as the
Rayleigh-Bénard convection instability, which develops in flat liquid layers heated
from below and the Taylor-Couette instability, which is found where a viscous fluid
moves between two rotating cylinders [138]. This motivates us to investigate models
derived from the physical processes involved in colony growth in Part III.

The instability responsible for viscous fingering processes in a Hele-Shaw cell is
the Saffman-Taylor instability [11, 121]. The higher the velocity and the lower
the surface tension, the more unstable or chaotic behavior is observed at the
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interface [16]. A measure that is used in experimental studies to determine if the
flat interface is unstable is the parameter 1

B
as defined below. The interface is

considered unstable if

1

B
:= 12

µV

T
(
w

b
)2 > (2π)2,

where V denotes the velocity of the interface, T the interfacial tension, µ the
viscosity, w the width of the cell and b the plate spacing in the Hele-Shaw cell [137].
It is observed that fingers become unstable at large values of 1/B and small values
yield a semicircular interface [137]. Some mechano-chemical models, which combine
mechanical modeling with reaction-diffusion equations, have been introduced in [41,
42, 131] for skin morphogenesis.

3.5. Finite element methods

Finite element methods rely on the weak (or variational) formulation of a problem
under investigation in appropriate function spaces [22]. In the weak formulation,
well-behaved test functions are introduced and an integral formulation is considered,
where derivatives can be shifted to the test functions by partial integration. For
the discrete numerical procedure the problem is then solved on a finite-dimensional
subspace of solutions. On the two-dimensional domain under investigation, a mesh
of triangles or rectangles (quadrilaterals) is generated.

First let us introduce the necessary function spaces [22, 24, 60]. Let in the following
Ω ⊂ R2 denote the bounded Lipschitz domain under investigation with the boundary
∂Ω. Then the Lebesgue spaces of integrable functions over Ω for 1 ≤ p < ∞ are
defined as

Lp(Ω) :=


{
u : Ω→ R :

∫
Ω
|u|p dx <∞

}
, p <∞

{u : Ω→ R : ess sup{|u(x)|,x ∈ Ω} <∞} , p =∞
,

where ess sup{|u(x)|,x ∈ Ω} = infA⊂Ω,µ(A)=0 supx∈Ω\A |u(x)| with the Lebesgue
measure µ(A) of A. If a function is locally integrable, it belongs to the space

L1
loc := {u : u ∈ L1(K), K ⊂ Ω compact},

which is of special importance for the definition of the weak derivative of a function.
In two dimensions, let α be a multiindex α = (α1, α2) of order |α| = α1 + α2 = k.

32



3.5. Finite element methods

Then for x = (x, y)T we define the α-th partial derivative of a function as

Dαu(x) :=
∂|α|u(x)

∂α1x ∂α2y
.

For u, v ∈ L1
loc we define the α-th weak derivative of u, i.e., Dαu = v, as the function

v that satisfies ∫
Ω

uDαφ dx = (−1)|α|
∫

Ω

vφ dx ∀φ ∈ C∞c (Ω),

where C∞c (Ω) denotes the space of infinitely differentiable functions with compact
support. If a function v is a derivative of u in the classical sense, it is also a weak
derivative of u.

The spaces of the functions that are locally integrable and for which the weak
derivatives for all multiindices up to order k exist and belong to Lp(Ω) are called
Sobolev spaces

W k,p(Ω) := {u ∈ L1
loc : Dαu ∈ Lp(Ω), |α| ≤ k}.

The case p = 2 stands out, as in this case the norm on the Sobolev space induces
a natural inner product. The resulting spaces are the Hilbert spaces denoted by
Hk(Ω) := W k,2(Ω).

Now we can introduce the variational formulation for a boundary value problem on
Ω ⊂ R2 given as

−∇ · (A(x)∇u) = f in Ω, u = 0 on ∂Ω,

for A(x) ∈ R2×2 symmetric and uniformly positive definite, i.e., A(x) ≥ α0I for
some α0 ∈ R+, and f sufficiently smooth. The continuous variational problem can
then be restated in the weak form as:
Find the solution u ∈ V := H1(Ω) such that

a(u, v) = l(v) ∀v ∈ V,

where v are the test functions and a(u, v) :=
∫

Ω
A∇u · ∇v dx and l(v) :=

∫
Ω
fv dx

denote the bilinear form and the linear form, respectively.
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The theorem of Lax-Milgram yields the existence and uniqueness of a solution to
the problem in the weak form and reads [22, 24, 34]:

Theorem 3.5.1. (Lax-Milgram)
Let V be a Hilbert space, a : V × V → R a continuous coercive bilinear form with

|a(u, v)| ≤ c1||u||V ||v||V and |a(u, u)| ≥ c2||u||2V

for u, v ∈ V and positive constants c1, c2 and l a continuous linear functional. Then
it exists a unique u ∈ V such that

a(u, v) = l(v) ∀v ∈ V.

For time-dependent problems, the derivative with respect to time has to be dis-
cretized using an adequate scheme. Such a scheme can be the explicit or the implicit
Euler scheme or the Crank-Nicolson scheme.

We look for the solution in the standard finite element space of continuous piecewise
polynomials of degree k called V k

h ⊂ V , where

V k
h := {vh ∈ H1(Ω) : vh|T ∈ Pk(T ), T ∈ Th}.

Here (Th)h>0 denotes the family of triangular meshes obtained through uniformly
refining a conform triangulation of the domain Ω. The accuracy of the discrete
solution uh depends on the degree k of the piecewise polynomials contained in the
approximation space as well as on the mesh size h. In the following, we use linear
polynomials and denote Vh := V 1

h for ease of notation.

In this case the discrete variational problem reads:
Find the solution uh ∈ Vh such that

a(uh, vh) = l(vh) ∀vh ∈ Vh.

If the set {ψ1, . . . , ψN} describes a basis of Vh, we rewrite the above variational
problem in terms of the basis of Vh and obtain the system of equations

N∑
j=1

a(ψj, ψi)zj = l(ψi), i = 1, . . . , N,
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Figure 3.3.: Triangular finite element Tt ∈ Th with three nodes N t
i , i = 1, 2, 3.

using that uh =
∑N

j=1 zjψj . This means that it is enough to consider the problem in
terms of the basis functions. If the bilinear form is given as a(u, v) =

∫
Ω
∇u · ∇v dx

and the linear form is given as l(v) =
∫

Ω
fv dx, the corresponding system of equa-

tions can be written in matrix-vector form as Sz = b. Here S denotes the stiffness
matrix, which is given as S = (

∫
Ω
∇ψi(x)∇ψj(x) dx)ij, and b = (

∫
Ω
fψi dx)i de-

notes the right-hand side load vector. Then the integration for the weak problem is
performed using routines for the expressions of the basis functions.

The size of these expressions depends on the number of nodes considered, as for
linear polynomials each basis function can be chosen to correspond to one node [22].
For N nodes the matrix for a scalar problem has the size N ×N and the load vector
is of size N × 1. Let us consider a single triangle Tt with the nodes N t

i = (xti, y
t
i),

i = 1, 2, 3 and the corresponding linear non-zero hat functions

ψti =
1

2|Tt|
(ati + btix+ ctiy), i = 1, 2, 3.

Then the weights ati, bti and cti are chosen as

at1 = xt2y
t
3 − xt3yt2, bt1 = yt2 − yt3, ct1 = xt3 − xt2,

at2 = xt3y
t
1 − xt1yt3, bt2 = yt3 − yt1, ct2 = xt1 − xt3,

at3 = xt1y
t
2 − xt2yt1, bt3 = yt1 − yt2, ct3 = xt2 − xt1,

such that we have ψti(N t
j) = δij for i, j = 1, 2, 3. This is due to the fact that the

area of the triangle Tt can be described as

|Tt| =
1

2

∣∣∣∣∣det

(
ptx qtx

pty qty

)∣∣∣∣∣
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with the vectors pt = (ptx, p
t
y)
T and qt = (qtx, q

t
y)
T as depicted in Figure 3.3. For the

gradients we obtain

∇ψti =
1

2|Tt|

(
bti

cti

)
,

and thus, from the three non-zero hat functions, the triangle Tt contributes nine
integral terms to the stiffness matrix S. Large calculations can be simplified when
performed on a reference element, which is most often defined as the triangle with
the vertices (0, 0), (1, 0) and (0, 1), where the linear basis functions are chosen as

ψ1 := x, ψ2 := y and ψ3 := 1− x− y.

Then an affine transformation is used to bijectively map the vertices of a triangle
Tt onto those of the reference triangle.

3.6. Level set methods

Level set methods offer an elegant way to track the motion of an interface. In
the following, we introduce the level set method in two dimensions following the
approach as stated in [130] and shortly discuss the theoretical and computational
advantages of the approach.

Let now the speed of propagation of a curve in normal direction be defined as
F = F (L,G, I), depending on the local (L), the global (G) and the independent (I)
properties of the curve. Then we distinguish between the boundary value and the
initial value level set formulations. The boundary value formulation is appropriate
whenever the curve will not pass a point x ∈ R2 twice, i.e., F > 0 always holds. In
this approach, the position of the front can be characterized using the arrival time
T (x) at a point x as

|∇T |F = 1

since ∇T is orthogonal to the T level sets and its magnitude is inversely proportional
to the speed T . It also holds that T = 0 on Γ, the initial location of the interface
and the front Γ is in general given as Γ(t) = {x : T (x) = t}. The front motion can
thus be described as a boundary value problem.
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3.6. Level set methods

(a) k = 0. (b) k = 200. (c) k = 350.

Figure 3.4.: Three-dimensional level set cone simulation of the constant velocity
expansion of a two-dimensional circle in time on a quadratic domain.
Time step increasing from left to right.

If the speed F is not strictly positive or negative, we cannot use the boundary value
formulation, but need to use the initial value formulation, which can be stated as
follows:
We define the higher-dimensional function φ and define the front as the position of
its zero level set

φ(x(t), t) = 0, (3.18)

i.e., Γ(t) = {x : φ(x, t) = 0}. Applying the chain rule to Equation (3.18) gives

φt +∇φ(x(t), t) · xt = 0,

which can be reformulated, using that F = xt · n with n = ∇φ
|∇φ| , as

φt + F |∇φ| = 0,

when φ(x, t = 0) is given.

A straight-forward example for the extension of the problem by one dimension is a
circle, whose radius grows. As depicted in Figure 3.4, starting from a circle in the
two-dimensional plane, as time progresses the growing circle forms a descending
cone in (x, t) coordinates. At a fixed time we consider cross sections through this
cone corresponding to the position of the circle in x-coordinates at the fixed time.
Numerically, level set methods are often considered in the context of finite difference
methods, e.g., [130, 136], but also finite element approaches are available, e.g., [52,
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69, 107]. Both presented schemes allow for explicit implementations, which can be
made more efficient by the use of adaptive strategies. Furthermore, the normal
direction of the moving front is easily calculated as

n =
∇T
|∇T |

or n =
∇φ
|∇φ|

,

and the curvature as

κ = ∇ · ∇T
|∇T |

or κ = ∇ · ∇φ
|∇φ|

,

respectively. While the initial value approach is suitable whenever the speed function
F can be negative and positive, the boundary value approach is advantageous since it
requires no time step and hence does not need to fulfill the Courant-Friedrichs-Lewy
(CFL) stability conditions [130].
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Part II.

Modeling with reaction-diffusion
equations
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4. Detailed system of
reaction-diffusion equations for
Staphylococcus aureus

Systems of reaction-diffusion equations, such as the ones introduced in [14, 82, 84, 99,
102], represent the standard approach for the study of bacterial pattern formation.
While these models include partial differential equations for the nutrients as well
as subgroups of the bacteria population, they do not take into account the roles
of the bacterial biofilm and quorum sensing in pattern formation. Since biological
evidence [37, 100, 127, 151] points towards an important role of these factors in
bacterial colony growth, and consequently also in bacterial pattern formation, their
roles are in the following considered more closely for the bacterium S. aureus.

This chapter contains results included in the submitted publication "A beautiful
human pathogen: Staphylococcus aureus" [109] by the author with T. Horger and
C. Kuttler and in the submitted publication "From Staphylococcus aureus gene
regulation to its pattern formation" [110] by the author with T. Horger and C.
Kuttler.

4.1. Model setting

In the following, we extend an existing modeling approach [65] for pattern formation
in S. aureus, which is similar to the approaches in [98, 102]. We concentrate on
the effects of gene regulation systems and derive terms for the development of the
biofilm and quorum sensing substance concentrations, which are vital factors in
bacterial colony growth [50, 65, 151] and thus in pattern formation. So far the
system in [65] includes equations for the nutrient concentration, the replicative and
the non-replicative bacteria densities and the concentration of the quorum sensing
substance, which are denoted by the variables n for the nutrient concentration, the
variables b and s for the densities of replicative and non-replicative bacteria and
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4. Detailed system of reaction-diffusion equations for Staphylococcus aureus

the variable q for the quorum sensing substance, respectively. However, in [65] the
evolution of the quorum sensing substance is considered in a generic way. The
system in [65] is of the form

∂n

∂t
= dn∆n−G1 g1(n, b) g2(q), (4.1)

∂b

∂t
= ∇ · (D2(n, b)∇b) +G2 g1(n, b) g2(q)− a(n, b), (4.2)

∂s

∂t
= ∇ · (D3(b)∇s) + a(n, b), , (4.3)

∂q

∂t
= dq∆q + f2(b, q), (4.4)

where the diffusion rates are given as

D2(n, b) := σnb and D3(b) := τ
b

b+ bs

with the parameters σ, τ, bs ∈ R+. The term D3(b) represents the movement of
the non-replicative bacteria, which is assumed to be a result of the non-replicative
bacteria being pushed by the replicative ones. If the concentration of replicative
bacteria b(x, t) is zero, this diffusion coefficient is zero as well. The replicative
bacteria growth term g1(n, b) := nb

1+γn
for γ ∈ R0

+ and the term

a(n, b) := ε
b

(1 + b
a1

)(1 + n
a2

)
(4.5)

as well as the bacterial diffusion term ∇ · (σnb∇b) in [65] are chosen according
to [102], [98] and [82], respectively. Here and in the following, we assume all param-
eters to be non-negative as customary for the modeling of biological systems.

The complete replicative bacteria growth term f1(n, b, q) in [65] is of the form

f1(n, b, q) := g1(n, b)g2(q) =
nb

1 + γn

(
1 +

1

qm + δq

)
, (4.6)

where g1(n, b) = nb
1+γn

as above and g2(q) is defined as g2(q) := 1 + 1
qm+δq

. While
the first factor g1(n, b) represents a Holling type II response term for the limited
consumption of nutrients by the bacteria, the second factor g2(q) is chosen to account
for the decrease of nutrient consumption with an increasing concentration of the
quorum sensing substance concentration q. In [65] the quorum sensing substance
concentration is modeled using standard diffusion, which is adequate due to the
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small size of the molecules, and a generic quorum sensing term [59, 104] of the form

f2(b, q) :=

(
α + β

q2

q2
thr + q2

)
b− µqq.

This term shows that there is always a basic production of the quorum sensing
substance by the bacteria and that the production of the quorum sensing substance
is subject to a positive feedback loop, where an increased quorum sensing concen-
tration leads to a further increase of the production. Furthermore, the last term in
f2(b, q) represents the decay rate of the substance.

Our aim for the modeling in the following sections is to obtain a quorum sensing
reaction term, which is derived directly from the regulation processes in S. aureus
bacteria and which is thus specific for this bacterium, instead of using a generic
term. Furthermore, we include a new equation for the concentration of biofilm
substance in the system, since biofilm is an important factor in bacteria colony
growth. We also include the effects of biofilm and quorum sensing substance as
we replace the diffusion coefficients dn and D2(n, b) by newly derived coefficients
D1(f) and D2(n, b, q). The spatial spread of biofilm and quorum sensing signaling
molecules is assumed to be sufficiently well described by standard diffusion. For the
reaction terms in the equations for the nutrient concentration, the replicative and
the non-replicative bacteria densities, we use the terms introduced in [65]. Thus,
the new extended system consists of five equations and is of the form

∂n

∂t
= ∇ · (D1(f)∇n)−G1 f1(n, b, q), (4.7)

∂b

∂t
= ∇ · (D2(n, b, q)∇b) +G2 f1(n, b, q)− a(n, b), (4.8)

∂s

∂t
= ∇ · (D3(b)∇s) + a(n, b), (4.9)

∂q

∂t
= dq∆q + f2(b, q), (4.10)

∂f

∂t
= df∆f + f3(n, b, q, f), (4.11)

where the terms f2(b, q) and f3(n, b, q, f) and the coefficients D1(f) and D2(n, b, q)

are derived in detail in the following sections.

Biofilm formation plays a crucial role for the development of an accurate and
detailed model since the biofilm component constitutes the environment in which
the bacterial colony grows and develops its characteristic features. Experimental
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investigations of the role of biofilms in the growth of bacterial colonies extend to
several types of bacteria [46, 100] and for our derivation of the additional equations
in the pattern formation model, we take into account investigations of bacterial
biofilms in the species S. aureus and B. subtilis. This is due to the fact that the
Gram-positive bacterium B. subtilis is closely related to S. aureus and that its
biofilm formation has been investigated in more detail in comparison to S. aureus
biofilm formation, which is often considered with a focus on its role in MRSA
strain infections [5]. The replicative bacteria are the only bacteria able to produce
biofilm, such that a non-zero density of these bacteria is necessary for biofilm growth.

Furthermore, quorum sensing signaling molecules impede the attachment and
development of a biofilm. Quorum sensing is mainly performed by the agr operon in
S. aureus, a process which has been investigated in [21, 150, 151]. A mathematical
model of the process was established in [76] and asymptotically analyzed on different
time scales. Out of the timescales analyzed there, the time scale corresponding
best to the processes considered in this modeling approach is the time scale of the
approach to the steady state. On this timescale the reduced model consists of six
ordinary differential equations, which describe the evolution of the concentrations of
mRNA, cytoplasmic and transmembrane AgrB, AIP-bound receptor, phosphorylated
AgrA and free AIP. The concentrations of transmembrane AgrC, anchored AgrD,
cytoplasmic AgrA and up-regulated cells assume fixed values on this time scale.
Then the development of the concentration ā of the free quorum sensing signaling
molecule AIP in time is described depending on the concentration S of anchored
AgrD and the concentration R of transmembrane AgrC as [76]

dā

dτ̄
=
β̂φ̂

η

(
dR

dτ̄
+ λR− dS

dτ̄
− λS

)
− λaā. (4.12)

Equation (4.12) indicates that there are many interdependencies. Thus this equation
cannot be used without considering the evolution of the system in order to express
the production of free AIP molecules. However, we aim to establish a form for
the development of the concentration of AIP that can stand for itself, depending
only on the AIP concentration and external factors like the nutrient or bacteria
concentrations, while still taking into account the main processes involved. The
equation for the AIP concentration then has an effect on the biofilm formation,
since the repression of the agr system is necessary for the formation of biofilm [21].

The overall ability of bacteria to form biofilm is dependent on the particular carbon
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4.2. Derivation of the system of equations

source in the system as well as the laboratory strain used in the experiments. The
biological experiments were performed using several mutants of the Newman strain
of S. aureus on a tryptic soy broth (TSB) medium at 37◦C. In this context a mutant
is a bacterium in which one or several gene loci are disabled, e.g., an agr mutant is
a bacterium which does not perform quorum sensing due to a disabled agr locus.

Biofilm is often produced by only a part of the bacterial population. If the bacterial
population divides into a subpopulation of extracellular matrix (ECM) producers
and a subpopulation of non-producers, the matrix producing bacteria are able to
profit from the non-producing population by releasing antimicrobial agents against
the non-producers and thriving on the molecules released by the lysed cells [94].
Constrained cell death in this situation leads to an accumulation of by-products,
which makes the growth of the colony saturate and results in wrinkling on the
colony surface [46]. Furthermore, the matrix-producing cells have a slightly higher
division time [94]. Since this behavior is mainly observed in competitive situations
with different strains, we do not include a differentiation into matrix producing and
non-producing cells, but assume the production to be proportional to the number
of reproductive bacteria. While the population, and with it the biofilm, grows,
on top of the biofilm a thin film of liquid is formed. In the final stages of colony
growth, water repellent hydrophobins can be found on top of the colony [148]. This
facilitates nutrient transport in the bacterial colony.

4.2. Derivation of the system of equations

In the following, we consider the different regulation systems involved in the biofilm
formation of S. aureus bacteria as depicted in Figure 4.1, first by themselves and
then concerning the interactions between the systems.

S. aureus bacteria perform quorum sensing via the two regulation systems agr and
luxS. While the agr system is only found in the Staphylococcus genus, the luxS
system is found in many bacterial species. Quorum sensing systems regulate the
behavior of the bacterial population in response to its own density by the help of
signaling substances. The quorum sensing substance used in the luxS system is
AI-2 and the corresponding substance for the agr system is AIP. These substances
are produced with different aims. The goal of the agr system is to repress biofilm
formation and determine the structure of the biofilm, mainly using the regulation
factors PSM-α, PSM-β and δ-toxin. In S. aureus, the luxS system regulates the
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Figure 4.1.: Gene regulation in S. aureus. External influences written in blue,
resulting variable stress written in green, output substances of a cell
colony written in red. Red, blue, green and yellow areas indicate the
agr, sarA, sarA homologue and ica regulation subsystems, respectively.

gene transcription of CP5, a capsular polysaccharide which is a cell wall compo-
nent responsible for interaction with the host immune system during the invasive
process [153]. Also according to [153], the luxS system is clearly involved only in
the production of capsular polysaccharide. Since we consider bacterial growth in a
laboratory setting, this pathway is not included into the model. Quorum sensing
induced biofilm structuring is important under the aspect of pattern formation since
it enhances the speed of nutrient transport in the biofilm [147].

The mediation of initial biofilm adhesion and aggregation into multicellular struc-
tures depends on a multitude of biophysical processes. Furthermore, initial adhesion
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depends on the surface on which the biofilm grows: On biotic surfaces media-
tion takes place by Microbial Surface Components Recognizing Adhesive Matrix
Molecules (MSCRAMM), while on abiotic surfaces Bap protein is an important
regulator [43]. Due to the influence of physical factors, we do not consider initial
adhesion in detail. Other surface molecules such as exopolysaccharides (EPS) and
poly-N-acetylglucosamine (PNAG) homopolymer or polysaccharide intercellular
adhesin (PIA) regulate biofilm aggregation. PIA controls the intercellular adhesion
and is synthesized at the ica gene locus. There the icaADBC operon encodes
the enzymatically active membrane proteins IcaA, IcaD and IcaC as well as the
extracellular protein IcaB [44]. The protein IcaR is a transcriptional repressor of ica
transcription, whose expression is regulated by the alternative sigma factor σB [44].
IcaR inhibits the expression of the icaADBC operon. The agr system is responsible
for the formation of PSM-α and PSM-β molecules involved in biofilm structuring
and dispersal [115]. The sarA homologues regulate the production of protein A as
well as the transcription and translation of α-toxin.

In our numerical simulations in Section 4.6, we investigate the effects of mutations
in the ica, spa, psm-α, psm-β and agr gene loci on bacterial pattern formation.
Therefore in the following considerations of gene regulation mechanisms, we are
especially interested in the quorum sensing substance AIP, the PSM, the biofilm
component PIA and in the concentration of protein A and reduce the full system
to account for these components.

For all concentrations of proteins and RNA, we consider concentrations of molecules
per volume unit (in this case cm3 or mm3) in the dimensional model setting. Only
the proportions of up-regulated cells are considered as non-dimensional values. The
translation and transcription rates are measured in units translated/transcribed per
second and the same applies for the uptake, degradation and dilution, separation,
unbinding and (de)phosphorylation rates. If several molecules are required for a
certain process to take place, we adjust for the additional units by taking appropriate
units for the corresponding rate constants, e.g., the constant k in Equation (4.20)
for the production of AIP from AgrD and AgrB has the unit [k] = cm3

molecules·second
.

4.2.1. The agr system

An approach to modeling the S. aureus agr quorum sensing system, which is de-
picted in the red area in Figure 4.1, can be found in [76]. The system of ordinary
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differential equations is developed for the situation of a well-mixed environment with
sufficient supply of ribosomes, such that at each pass the entire strand of mRNA is
translated. These assumptions are reasonable also for our model. We start with an
approach similar to [76] for modeling the agr system in the following, which is then
adapted to our purpose of not only reducing the system, but finding single equations
for some of the regulating factors, that include the effects of other regulatory systems
in S. aureus. We consider the processes in a population of bacteria with a fixed
number of cells, where a proportion of the cells is up-regulated for the activity of
a regulatory system, such as the agr system, that uses phosphorylated AgrA for
up-regulation.

Parameter Rate constant for Parameter Rate constant for
b· gene locus up-regulation u· gene locus down-regulation
m· basal production of mRNA v· regulation-induced transcription
δ· degradation and dilution κ· translation

Table 4.1.: Recurring parameters in the regulation systems.

In the following, the basic binding speed at a gene locus is denoted by b·. It can
be increased, depending on the binding of external substances to the promoters.
In this process, the regulation of the binding speed depends on the amount of
mRNA in the system, as well as on internal cross-regulation mechanisms with
other regulatory subsystems. In the same way, down-regulation is proportional to
the number of up-regulated cells and can be increased by the presence of certain
substances. Furthermore, the degradation and dilution rate of a substance is always
denoted by the parameter δ·. For simplicity, the interaction terms in the model are
chosen according to the law of mass action, without an explicit saturation term.
Table 4.1 describes the meaning of typical recurring parameters and an overview of
the agr regulation equations is depicted in Figure 4.2. Here the system influences
are depicted in red, while the equations for the output variables, whose influence is
considered in the following, are depicted in blue.

Let Pagr denote the proportion of up-regulated cells due to binding at the agr
promoter with the binding speed bagr. Let furthermore R3 denote the amount
of mRNAIII. Then in the basic model, in contrast to the approach in [76], we
include multiple influences on the binding, resulting in the agr up-regulation
activity, denoted by [agr+] ≥ 0, and the agr down-regulation activity, denoted
by [agr−] ≥ 0. This allows the proportion of up-regulated bacteria to increase
depending on the up-regulation factors as well as to decrease in proportion to the
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dAP
dt

= φAR− µAP − δAPAP

+

+

(de)phosphorylation

dM2

dt
= Nm2 +Nv2Pagr − δM2M2

dPagr
dt

= bagr(R3 + [SarA] + [SarU ] + AP )(1− Pagr)− uagr[σB]Pagr
dR3

dt
= Nm3 +Nv3Pagr − δR3R3

+

dA
dt

= κM2M2 + µAP − φAR− δAA dD
dt

= κM2M2 − kDB − δDD dB
dt

= κM2M2 − δBB

dC
dt

= κM2M2 − βCa+ γR− δCC

df
dt

= caggrD[PSM ]− δff da
dt

= kDB − λaa− βCa+ γRd[PSM ]
dt

= κPSMMPSM − δPSM [PSM ]

dMPSM

dt
= NmPSM +NvPSMPPSM − δMPSM

MPSM

dPPSM
dt

= bPSMAP (1− PPSM)− uPSMPPSM

d[δ−toxin]
dt

= κR3R3 − δδ−toxin[δ-toxin]

dR
dt

= βCa− γR− δRR

Figure 4.2.: Differential equations for gene regulation in the S. aureus agr subsystem.
System influences in red, equations for output variables in blue.

down-regulation factors and the amount of up-regulated cells. The proportion of
up-regulated cells is always between 0 and 1 since at Pagr = 0, the derivative is
positive and negative at Pagr = 1. Thus, if the proportion of up-regulated bacteria is
zero, no further down-regulation is possible and, if it is one, no further up-regulation
is possible. In Figure 4.1, we see that activity at the agr operon is positively
influenced by the amount of mRNAIII (R3), phosphorylated AgrA (AP ), SarA
([SarA]) and SarU ([SarU ]) [25] and negatively influenced by the concentration of
σB ([σB]) [20]. Therefore we state our modeling approach as

[agr+] := R3 + [SarA] + [SarU ] + AP , [agr−] := [σB], (4.13)
dPagr
dt

= bagr[agr+](1− Pagr)− uagr[agr−]Pagr, (4.14)

dM2

dt
= Nm2 +Nv2Pagr − δM2M2, (4.15)

where N denotes the amount of bacteria per volume unit and m2 denotes the
basal production rate of mRNAII. The term [agr+] is kept as simple as possible in
that the influences of the substances are considered independently of each other.
Equation (4.14) describes the increase of the proportion of up-regulated cells, which
is proportional to [agr+] and the amount of down-regulated cells 1 − Pagr, and
the decrease of this proportion, which is proportional to [agr−] and the amount of
up-regulated cells Pagr. The corresponding proportionality constants are denoted
by bagr and uagr, respectively. In Equation (4.15) for the amount of mRNAII
(M2), the first term denotes the basal production and the parameter v2 denotes the
up-regulation velocity of this production by increased agr activity. Furthermore,
the last term −δM2M2 describes the degradation and dilution of mRNAII.
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Variable Concentration of Variable Concentration of
Pagr agr up-regulated cells M2 mRNAII
B AgrB D AgrD
C AgrC A AgrA
a AIP R AgrC-AIP complex
AP phosphorylated AgrA R3 RNAIII
PPSM PSM up-regulated cells MPSM PSM mRNA
[PSM ] PSM f amyloid fibrils
[δ-toxin] δ-toxin [SarA] SarA
[SarU ] SarU [σB ] σB

Table 4.2.: Variables for the agr subsystem as described in Section 4.2.1.

As it can be seen in Table 4.2, in the following the concentrations of the proteins
AgrB, AgrD, AgrC and AgrA are denoted by B, D, C and A, respectively. These
proteins are produced by the P2 operon transcription and translation of mRNAII
(M2). While AgrB is a membrane protein, AgrA can be phosphorylated by AgrC
(with bound AIP) and the quorum sensing substance AIP is produced from AgrD
under the influence of AgrB, which is represented by the terms ±kDB in Equa-
tion (4.17) and Equation (4.20). Since we assume that the entire strand of mRNA
is translated at each pass, we assume the translation rates to be of the same order
κM2 and obtain

dB

dt
= κM2M2 − δBB, (4.16)

dD

dt
= κM2M2 − kDB − δDD, (4.17)

dC

dt
= κM2M2 − βCa+ γR− δCC, (4.18)

dA

dt
= κM2M2 + µAp − φAR− δAA. (4.19)

Here the variables a, AP and R denote the concentrations of AIP, phosphorylated
AgrA and AIP-bound AgrC, respectively. AIP is bound to AgrC (±βCa) in a
reversible (±γR) binding and the phosphorylation and dephosphorylation of AgrA
are modeled as ±φAR and ±µAP . For the concentrations of AIP, phosphorylated
AgrA and AgrC-AIP complex we obtain

da

dt
= kDB − λaa− βCa+ γR, (4.20)

dAP
dt

= φAR− µAP − δAPAP , (4.21)

dR

dt
= βCa− γR− δRR, (4.22)
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where the constant λa denotes the degradation of AIP outside the cell.

We furthermore include the production of the biofilm-promoting phenol-soluble
modulins (PSM) from AgrA, which are responsible for biofilm structuring and
dispersal as well as the production of amyloid fibrils [116, 125]. The regulation of
PSM is not directly dependent on the agr locus since the transcription is independent
of the concentration of RNAIII [116]. We obtain

dPPSM
dt

= bPSMAP (1− PPSM)− uPSMPPSM , (4.23)

dMPSM

dt
= NmPSM +NvPSMPPSM − δMPSM

MPSM , (4.24)

d[PSM ]

dt
= κPSMMPSM − δPSM [PSM ], (4.25)

df

dt
= caggrD[PSM ]− δff. (4.26)

The S. aureus agr regulation of PSM genes occurs independently of RNAIII and
is regulated by direct binding of the AgrA response regulator [119]. The PSM are
expressed from several discrete loci in the S. aureus genome, which, due to their
size, have only been discovered recently [125]. They stabilize the biofilm to the
influence of mechanical stress and enzymatic degradation [125] and their production
is positively influenced by agr activity. It was observed that PSM and the N-
terminal amphipathic leader of the AgrD propeptide (N-AgrD) amino acid sequence
aggregate to form amyloid fibrils, which are strongly resistant to degradation [126].
Due to the amphipathic α-helical structure of PSM, PSM can lyse eukaryotic cells,
such as neutrophils, monocytes and erythrocytes, by non-specific destruction of
biological membranes [54].

Apart from the P2 operon transcription considered above, we account for the P3
operon, which influences the production of protein A and α-toxin. The P3 operon is
responsible for the formation of the untranslated RNAIII, which is an intracellular
effector that up-regulates extracellular protein genes and down-regulates cell wall
colonization factor genes [76]. RNAIII experiences transcription but not translation,
which allows it to base pair with other mRNA strains in order to inhibit encoding
of virulence factors [146]. Nevertheless δ-hemolysin (Hld)/δ-toxin is encoded by
RNAIII by translation after a conformational change [15].

The transcription of δ-toxin and α-toxin is derepressed during the exponential
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4. Detailed system of reaction-diffusion equations for Staphylococcus aureus

growth phase [93] and the inhibitor δ-toxin is one of the hydrophobic PSM [111].
The protein δ-toxin is encoded by the gene hld located within RNAIII (R3), and
we thus obtain the amount of δ-toxin by transcription from RNAIII. This gives the
equations

dR3

dt
= Nm3 +Nv3Pagr − δR3R3, (4.27)

d[δ-toxin]

dt
= κR3R3 − δδ-toxin[δ-toxin], (4.28)

where the rate constants in Equation (4.27) are defined analogously to those in
Equation (4.15) for the concentration of mRNAII.

4.2.2. The sarA system

In this section we investigate the sarA regulation subsystem as depicted in the
blue area in Figure 4.1. S. aureus biofilm formation is essentially dependent on the
staphylococcal accessory regulator sarA, while a minor role is also attributed to
the σB-operon [142]. Furthermore, the production of biofilm in Staphylococci is
a reaction of the bacterial population to environmental conditions, including the
availability of salt and glucose, oxygen and iron and the pH environment [144]. In
the following, we include the influence of environmental factors on the sarA system.
To this end the formula

[str] := α|T− Tref |+ β[osmolarity] + γ|pH− pHref |+ δ[ethanol]

is used to model the stress on the system. Here T denotes the temperature in
degrees Celsius and for the temperature as well as for the pH level, we consider
derivations from a reference equilibrium value. The dependencies are modeled
using independent linear terms with the corresponding dimensional rate constants
α, β, γ, δ ∈ R+. Note that, in contrast to salt concentration, osmolarity depends on
the temperature of the medium. It is inversely proportional to temperature and
high concentrations of NaCl can lead to salt stress. We do not set up a differential
equation for [str] since we assume that the included values are constant in a labora-
tory medium. Furthermore, we choose the parameters such that the values for [str]

are between 0 and 1.

Stress is a regulator of the production of the rsbU gene product, which together
with the rsbV and rsbW gene products, influences the expression of the σB-operon,
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Variable Concentration of Variable Concentration of
[str] stress in the system [C1] RsbW-RsbV complex
[C2] RsbW-σB complex PRsbU RsbU up-regulated cells
MRsbU RsbU mRNA [RsbU ] RsbU
[RsbV ] RsbV [RsbW ] RsbW
Pσ sigma up-regulated cells Mσ sigma mRNA

PsarA sarA up-regulated cells MsarA sarA mRNA

Table 4.3.: Variables for the sarA subsystem as described in Section 4.2.2.

responsible for the regulation of sarA transcription, in a competitively inhibitory
process. The regulation of rsbU activity in S. aureus is different from that in
B. subtilis [114] and thus investigated in detail in the following. An overview of
the variables considered in the sarA subsystem can be found in Table 4.3 and the
principal equations are depicted in Figure 4.3.

dPRsbU
dt

= b0[str](1− PRsbU)− u0PRsbU
dMRsbU

dt
= NmRsbU +NvRsbUPRsbU − δMRsbU

MRsbU
d[RsbU ]

dt
= κRsbUMRsbU − δRsbU [RsbU ]

d[RsbW ]
dt

= κσMσ − δRsbW [RsbW] d[RsbV ]
dt

= κσMσ
1

0.22
[RsbU]− d[RsbV][RsbW]− δRsbV [RsbV]

dMσ

dt
= Nmσ +NvσPσ − δMσMσ

dPσ
dt

= (b0 + bσ[C1])[str](1− Pσ)− u0Pσ
d[σB ]
dt

= κσMσ − δσ[σB]

dPsarA
dt

= bsarA[σB](1− PsarA)− usarAPsarAdMsarA

dt
= NmsarA +NvsarAPsarA − δMsarA

MsarA
d[SarA]
dt

= κsarAMsarA − δsarA[SarA]

binding

binding

competition

dephosphorylation

Figure 4.3.: Differential equations derived from gene regulation in the S. aureus
sarA subsystem with σB. External influences in green.

The RNA polymerase (RNAP) core enzyme and the σB-factor can associate to
form an RNAP holoenzyme [128], which recognizes promoter regions in the DNA,
initiating transcription [46]. The regulatory protein RsbW binds to σB at the
rate k2 if the environmental stress on the system is low, keeping it from aggre-
gating to the RNAP core enzyme. The corresponding complex is denoted by C2.
If the stress increases, RsbU dephosphorylates RsbV, such that RsbV can bind
to RsbW. The complex C1 is formed at rate k1 and the activated σB factor is
released, which then binds to the RNAP core enzyme, forming an RNAP holoen-
zyme [85]. Thus σB and RsbV compete for the binding with RsbW. All bindings as
well as the dephosphorylation are assumed to be reversible. If the binding occurs
at a certain rate ki, i ∈ {1, 2}, then the rate for the reverse process is denoted by k−i.

We set up differential equations for the complex formation processes. Similar to the
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4. Detailed system of reaction-diffusion equations for Staphylococcus aureus

well-known Michaelis-Menten framework, we obtain

d[C1]

dt
= −k−1[C1] + k1[RsbW ][RsbV ],

d[C2]

dt
= −k−2[C2] + k2[RsbW ][σB].

We assume that the rates of complex formation k1 and k2 depend on the stress
level of the system. This means that the more stress, the higher the binding rate
k1 of RsbW and RsbV, and the lower the binding rate k2 of RsbW and σB. We
assume that the unbinding rates for both complexes are independent of the stress
level and of the same order as the basic binding rates denoted by k0

1 and k0
2. Since

the stress level [str] is between 0 and 1, we model the binding rates as k1 = [str]k0
1

and k2 = (1− [str])k0
2. The processes of binding and unbinding happen very fast

and are thus assumed to be in equilibrium. It follows that the values Ki := k−i
ki

for
i ∈ {1, 2} are taken as

K1 =
[RsbW ][RsbV ]

[C1]
, K2 =

[RsbW ][σB]

[C2]
. (4.29)

This means that the equations for the complex formations do not have to be
considered any further. The values Ki, which describe the relationships between
binding and unbinding for the respective complexes, depend on [str] as a consequence
of the dependence of the ki on [str]. Due to mass conservation for σB, [RsbV ] and
[RsbW ] [101, 105], the following equations with the constant dimensional parameters
σ0, v0 and r0 hold:

[σB] + [C2] = σ0, [RsbV ] + [C1] = v0, [RsbW ] + [C1] + [C2] = r0. (4.30)

We thus express the amount of molecules of the complex [C1], composed of [RsbW ]

and [RsbV ], in dependence on the concentrations of [RsbV ] and [σB] molecules. The
higher the concentration of [C1], the more transcription happens at the σB-operon.
Using Equations (4.29)–(4.30) and multiplying by r0

r0
= 1 we obtain the formula

[C1] = r0
[RsbV ]/K1

1 + [RsbV ]/K1 + [σB]/K2

= r0
[RsbV ][str]

1 + [RsbV ][str] + [σB](1− [str])
,

where the parameter r0 carries the dimension of [C1]. Here we set the basic binding
and unbinding constants k0

i and k−i from above to be equal, which results in the
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4.2. Derivation of the system of equations

fact that the constants

K1 =
1

[str]
and K2 =

1

1− [str]

are inversely proportional to [str] and (1− [str]), respectively. We model a system
of competition, where the up-regulation of translation levels depends on the stress
levels. We know that the amount of [C1] is in the interval (0, 1) if r0 is chosen
appropriately as r0 ∈ (0, 1] and [RsbV ] 6= 0. In order to consider the proportion
of complexes in relation to the amount of biomass, we further set the value of r0 to 1.

Additionally, we include the number of up-regulated cells Pσ. The σB-operon,
consisting of rsbU, rsbV, rsbW and sigB, is controlled by two different promoters.
The entire strand is transcribed from the σA-dependent promoter sigBP1, while part
of it, i.e., rsbV, rsbW and sigB, is also transcribed from the σB-dependent promoter
sigBP3. Both promoters show a rapid response to environmental stress [128].

In our system, the stress [str] is a non-zero quantity. We thus model the increase
in sigB transcription from the different promoters using different up-regulation
mechanisms. While the binding rate constant for the up-regulation of RsbU
production in Equation (4.31) is expressed as b0[str], the rate constant for RsbV,
RsbW and σB in Equation (4.32) is of the form (b0 + bσ[C1])[str]. This is due to the
fact that transcription from the P3 promoter is increased because of the formation of
the holoenzyme from σB and polymerase core enzyme. The corresponding amounts
of mRNA are denoted by MRsbU and Mσ. Here PRsbU denotes the proportion of
bacteria whose RsbU production is up-regulated and Pσ denotes the proportion of
bacteria whose production of RsbV, RsbW and σB is up-regulated. We obtain the
system

dPRsbU
dt

= b0[str](1− PRsbU)− u0PRsbU , (4.31)

dPσ
dt

= (b0 + bσ[C1])[str](1− Pσ)− u0Pσ, (4.32)

dMRsbU

dt
= NmRsbU +NvRsbUPRsbU − δMRsbU

MRsbU , (4.33)

dMσ

dt
= Nmσ +NvσPσ − δMσMσ. (4.34)

Environmental stress leads to a direct activation of the promoters. In S. aureus,
overexpression of RsbU is sufficient to trigger an immediate and strong activation
of σB [128]. This can be explained by a basal transcription of rsbU from the
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σA-controlled P1 promoter at rate κRsbUMRsbU . The protein RsbU then dephos-
phorylates RsbW to allow binding of RsbW to RsbV at rate k1[RsbV ][RsbW ].
Then this enables the release of σB at rate k−2[C2], which forms a holoenzyme at
rate k2[σB][RsbW ], which can induce transcription at the P3-promoter. Therefore,
the amount of active σB increases with the concentration of RsbU, without any
significant influence from the ratio RsbV/RsbV-P of standard and phosphorylated
RsbV. The level of this basal activity is higher than the corresponding level for
B. subtilis, which activates stress-induced σB-transcription due to a shift in the
RsbV/RsbV-P ratio [114]. In addition, and in contrast to the case in B. subtilis, it
was found that stress activates σB-dependent transcription, which takes place at
the rate κσMσ, but is not accompanied by a strong accumulation of RsbV, RsbW,
and σB [114]. The increase in σB- dependent transcription is modeled by the factor
[str] in Equation (4.32).

Only the dephosphorylated amount of RsbV is counted and we thus assume that
the amount of RsbV is a direct consequence of the availability of RsbU, which
dephosphorylates RsbV-P. We thus take the transcription term κσMσ

1
0.22

[RsbU ]. If
the cell is in an unstressed state, most of the RsbV is phosphorylated by RsbW [114]
at the rate d[RsbW ][RsbV ]. In the unstressed as well as in the stressed cell, the
RsbV/RsbV-P ratio is approximately 0.22 if RsbU is present. This ratio cannot be
changed remarkably due to stress in S. aureus, only very high RsbU levels permit
an increase up to 0.35, which was considered to not be significant [114]. Due to this
fixed relationship, we do not model the amount of phosphorylated RsbV explicitly as
it can be calculated from the amount of dephosphorylated RsbV at any time. Stress-
induced binding of RsbV and RsbW is included using the rate k1[RsbV ][RsbW ]

and the corresponding unbinding process has the rate k−1[C1]. Rate constants δ·
denote the degradation rate constants of a substance. The Equations (4.36)–(4.38)
for [σB], [RsbV ] and [RsbW ] are simplified considerably by taking into account that
d[C1]
dt

= 0 and d[C2]
dt

= 0. This yields

d[RsbU ]

dt
= κRsbUMRsbU − δRsbU [RsbU ], (4.35)

d[σB]

dt
= κσMσ − k2[σB][RsbW ] + k−2[C2]− δσ[σB]

= κσMσ − δσ[σB], (4.36)
d[RsbV ]

dt
= κσMσ

1

0.22
[RsbU ]− (d+ k1)[RsbV ][RsbW ] + k−1[C1]− δRsbV [RsbV ]

= κσMσ
1

0.22
[RsbU ]− d[RsbV ][RsbW ]− δRsbV [RsbV ], (4.37)
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d[RsbW ]

dt
= κσMσ − (k1[RsbV ] + k2[σB])[RsbW ] + k−1[C1] + k−2[C2]

− δRsbW [RsbW ]

= κσMσ − δRsbW [RsbW ]. (4.38)

The DNA binding protein SarA is transcribed via three overlapping transcripts at
the sarA operon, denoted by P1, P2 and P3. While the P1 and P2 promoters are
σA-dependent, the P3 promoter is positively regulated by σB [32]. Thus, the basic
transcription is independent of the level of σB and additional transcription takes
place at increased concentration levels. SarA also activates its own expression [25],
but this is neglected here for the sake of model simplification. At the transition from
exponential growth to late exponential and stationary growth, the sarA transcription
shifts from the σA-dependent promoter to the σB-dependent promoter.
We obtain

dPsarA
dt

= bsarA[σB](1− PsarA)− usarAPsarA, (4.39)

dMsarA

dt
= NmsarA +NvsarAPsarA − δMsarA

MsarA, (4.40)

d[SarA]

dt
= κsarAMsarA − δsarA[SarA]. (4.41)

The resulting equations are depicted in Figure 4.3. We have seen that SarA positively
influences transcription at the agr locus. In the following section, we will see that
the protein SarA also positively influences transcription at the ica locus and is thus
a principal regulator of S. aureus biofilm formation.

4.2.3. The ica system

The intercellular adhesion (ica) locus depicted in the yellow area in Figure 4.1 is
part of the accessory genes, which means that it cannot be found in every bacterial
strain [7]. Nevertheless it is found in most S. aureus strains [44] and it is necessary
for biofilm production [29]. In Figure 4.4 the principal equations for the ica system
are depicted and an overview of the used variables can be found in Table 4.4.

The transcription at the ica locus is a direct consequence of the concentrations
of σB and SarA. It is a requirement for the synthesis of the main extracellular
polymeric substance component polysaccharide intercellular adhesin (PIA/PNAG).
In the ica operon of S. aureus and Staphylococcus epidermidis (S. epidermidis),
the ica genes icaA, icaD, icaC and icaB are transcribed divergently from the gene
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d[IcaR]
dt

= κica1Mica1 − δicaR[IcaR] dMica1

dt
= Nmica1 +Nvica1Pica1 − δMica1

Mica1
dPica1

dt
= bica1(1− Pica1)− uica1[str]Pica1

dPica2

dt
= bica2([SarA] + rica2n(1− n

Kn
))(1− Pica2)− uica2[IcaR]2Pica2

dMica2

dt
= Nmica2 +Nvica2Pica2 − δMica2

Mica2

d[IcaADBC]
dt

= κica2Mica2 − δicaADBC [IcaADBC]d[PIA]
dt

= γ[IcaADBC]− (δPIA + δadd)[PIA]

-

Figure 4.4.: Differential equations derived from gene regulation in the S. aureus
ica subsystem. External influences in green, system influences in red,
equations for output variables in blue.

icaR [44]. Many proteins directly and indirectly influence transcription at the
icaADBC operon. Among the proteins included in our model, especially SarA has
a direct influence through binding to the icaADBC promoter region and is thus
included in Equation (4.42). Nevertheless, the transcription of icaR is unaffected by
the deletion of sarA for both S. epidermidis and S. aureus [44]. The influence of σB

may be considered indirect [44] since the ica locus does not have a corresponding
binding site [29]. The IcaR dimers bind in cooperative pairs to the icaADBC opera-
tor, where they inhibit transcription [44]. Thus, we use the quadratic term [IcaR]2

in Equation (4.42) for [ica2−]. In S. epidermidis the activity at the icaR locus
is reduced by environmental stress, especially high levels of ethanol but remains
unaffected by changed concentrations of NaCl and glucose. Furthermore, IcaR has
no effect on the expression of its own gene in both S. aureus and S. epidermidis.
In contrast, the concentration of glucose does have a small effect in S. aureus [44],
where increasing levels of glucose lead to less repression by IcaR. In Equation (4.42)
we model the positive influences of the SarA and nutrient concentrations on the
gene locus with the weight rica2, since the nutrients do not bind at the promoter
site. For the nutrient concentration n, we assume that the up-regulation due to
nutrients can be described logistically.

Variable Concentration of Variable Concentration of
n nutrients Pica1 icaR up-regulated cells

Mica1 icaR mRNA [IcaR] IcaR
Pica2 icaADBC up-regulated cells Mica2 icaADBC mRNA

[IcaADBC] IcaADBC [PIA] polysaccharide intercellular adhesin

Table 4.4.: Variables for the ica subsystem as described in Section 4.2.3.

The synthesis of PIA is achieved by a combination of all products of the icaADBC
gene cluster. While the proteins IcaA and IcaD are necessary for the expolysac-
charide synthesis, IcaC translocates the poly-N-acetylglucosamine polymer to the
bacterial surface and IcaB deacetylates the molecule, enabling fixation to the bacte-
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rial cell surface [44]. The icaADBC cluster genes are thus modeled together with
the concentration [IcaADBC] and we obtain the system of equations

[ica2+] := [SarA] + rica2n(1− n

Kn

), [ica2−] := [IcaR]2, (4.42)

dPica1

dt
= bica1(1− Pica1)− uica1[str]Pica1, (4.43)

dPica2

dt
= bica2[ica2+](1− Pica2)− uica2[ica2−]Pica2, (4.44)

dMica1

dt
= Nmica1 +Nvica1Pica1 − δMica1

Mica1, (4.45)

dMica2

dt
= Nmica2 +Nvica2Pica2 − δMica2

Mica2, (4.46)

d[IcaR]

dt
= κica1Mica1 − δicaR[IcaR], (4.47)

d[IcaADBC]

dt
= κica2Mica2 − δicaADBC [IcaADBC], (4.48)

d[PIA]

dt
= γ[IcaADBC]− (δPIA + δadd

[σB]

[SarA]
)[PIA]. (4.49)

The constants bica1 and bica2 denote the binding speeds at the icaR and icaADBC
loci. A remarkable observation in some strains is that, while in combined sarA
and σB mutants, the overall biofilm formation attributable to PIA is decreased
following decreased ica activity, the decrease is strongest for sarA mutants. For
mutants only in σB, the least decrease is observed. This may be explained by an
intermediate substance that would either degrade the PIA product or repress the
PIA synthesis, the production of the intermediate substance being up-regulated by
[σB] and down-regulated by [SarA] [142]. We model this by an additional factor
δadd

[σB ]
[SarA]

in the equation for the PIA production. This factor is close to δadd if
[σB] and [SarA] are present at similar levels and greater than δadd if the level of
σB is higher than that of [SarA]. If the concentration of [σB] is smaller than that
of [SarA], the factor is less than δadd. Since it is uncertain if this factor has a
negative influence on the production of PIA or if it increases the degradation of the
PIA already produced, both approaches are valid and for simplicity we choose to
describe the influence as an additional degradation term. For our purpose, we can
simplify even more by observing that the amount of [SarA] is only up-regulated
by the amount of [σB]. Thus we take limt→∞

[σB ]
[SarA]

= limN→∞
[σB ]

[SarA]
= const. when

the number of bacteria N increases with time. With the additional death δadd we
obtain the approximation

d[PIA]

dt
≈ γ[IcaADBC]− (δPIA + δadd)[PIA].
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4.2.4. The sarA homologue system

In this section we model the sarA homologues depicted in the green area in Fig-
ure 4.1. There are at least nine major sarA homologues, including sarR, sarS,
rot, sarT, sarU, sarV, mgrA, sarX and sarZ. The gene loci sarS and sarT are
adjacent, but transcribed divergently [95]. Furthermore, while no differences in
expression among strains can be observed for the sarA, sarT and sarU genes [9],
other homologues behave differently in different strains of S. aureus. We thus
include the genes sarT and sarU into our model. The genes mgrA, rot, sarZ, sarR
and sarS are expressed in all strains, but the level of expression varies from strain
to strain [9]. As a representative of this group we include the sarS gene.

Variable Concentration of Variable Concentration of
PsarT sarT up-regulated cells MsarT sarT mRNA
[SarT ] SarT PsarU sarU up-regulated cells
MsarU sarU mRNA [SarU ] SarU
PsarS sarS up-regulated cells MsarS sarS mRNA
[SarS] SarS Pspa spa up-regulated cells
Mspa spa mRNA [protein A] protein A
Phla hla up-regulated cells Mhla hla mRNA

[α-toxin] α-toxin

Table 4.5.: Variables for the sarA homologue subsystems as described in Sec-
tion 4.2.4.

Very delicate interactions take place between the sarA homologues, which include
interactions with the agr regulation system. They have an influence on the pro-
duction of protein A (via spa) and α-toxin (via hla). The variables included into
the model can be found in Table 4.5 and an overview of the regulation processes is
depicted in Figure 4.5.

The sarA-agr network is responsible for the expression of cell-wall associated
adhesins during exponential growth and the expression of secreted enzymes and
toxins in the transition to post-exponential growth [124]. SarA directly regulates
the expression of sarS and sarT. The transcription at sarT is further reduced by a
high activity of the agr quorum sensing system. SarT binds to the sarS promoter,
increasing its activity and SarS influences the transcription of spa. The transcription
of hla depends on the level of SarT. This is expressed in the following system of
equations

dPsarT
dt

= bsarT (1− PsarT )− usarT ([SarA] +R3)PsarT , (4.50)
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dPsarT
dt

= bsarT (1− PsarT )− usarT ([SarA] +R3)PsarT
dMsarT

dt
= NmsarT +NvsarTPsarT − δMsarT

MsarT
d[SarT ]
dt

= κMsarT − δsarT [SarT ]

dPsarU
dt

= bsarU(1− PsarU)− usarU [SarT ]PsarU
dMsarU

dt
= NmsarU +NvsarUPsarU − δMsarU

MsarU
d[SarU ]

dt
= κMsarU − δsarU [SarU ]

dPsarS
dt

= bsarS[SarT ](1− PsarS)− usarS([SarA] +R3)PsarS

dMsarS

dt
= NmsarS +NvsarSPsarS − δMsarS

MsarS

d[SarS]
dt

= κMsarS − δsarS[SarS]
dPspa
dt

= bspa[SarS](1− Pspa)− uspa([SarA] +R3)Pspa

dMspa

dt
= Nmspa +NvspaPspa − δMspaMspa

d[proteinA]
dt

= κMspa − δprotA[proteinA]

dPhla
dt

= bhla([SarA] +R3)(1− Phla)− uhla([SarS] + [SarT ])Phla

dMhla

dt
= Nmhla +NvhlaPhla − δMhla

Mhla

d[α−tox.]
dt

= κR3Mhla − δα[α− toxin])

[sarU−]

[sarS+]

[hla−]

[hla−]

[hla+]

Figure 4.5.: Differential equations derived from gene regulation in the S. aureus sar
homologue subsystems. System influences in red, equations for output
variables in blue.

dMsarT

dt
= NmsarT +NvsarTPsarT − δMsarT

MsarT , (4.51)

d[SarT ]

dt
= κMsarT − δSarT [SarT ], (4.52)

dPsarU
dt

= bsarU(1− PsarU)− usarU [SarT ]PsarU , (4.53)

dMsarU

dt
= NmsarU +NvsarUPsarU − δMsarU

MsarU , (4.54)

d[SarU ]

dt
= κMsarU − δSarU [SarU ], (4.55)

dPsarS
dt

= bsarS[SarT ](1− PsarS)− usarS([SarA] +R3)PsarS, (4.56)

dMsarS

dt
= NmsarS +NvsarSPsarS − δMsarS

MsarS, (4.57)

d[SarS]

dt
= κMsarS − δSarS[SarS]. (4.58)

SarA has a further direct influence on its homologues since it binds to conserved
regions termed Sar boxes within promoter regions of the genes encoding protein A
and α-toxin [53] in the same way it binds to the promoter region for agr. Furthermore,
mRNAIII regulates the transcription and translation of α-toxin [25]. We obtain the
equations

[spa+] := [SarS], [spa−] := [SarA] +R3, (4.59)
dPspa
dt

= bspa[spa+](1− Pspa)− uspa[spa−]Pspa, (4.60)

dMspa

dt
= Nmspa +NvspaPspa − δMspaMspa, (4.61)

d[protein A]

dt
= κMspa − δprotA[protein A], (4.62)
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[hla+] = [SarA] +R3, [hla−] = [SarS] + [SarT ], (4.63)
dPhla
dt

= bhla[hla+](1− Phla)− uhla[hla−]Phla, (4.64)

dMhla

dt
= Nmhla +NvhlaPhla − δMhla

Mhla, (4.65)

d[α-toxin]

dt
= κR3Mhla − δα[α-toxin]. (4.66)

4.3. Non-dimensional equations

In this section we non-dimensionalize the dimensional model introduced in Sec-
tion 4.2 in order to reduce the number of parameters in the system. It is important
to choose an appropriate time scale, since we want to consider all subsystems on the
same time scale. We further note that the processes in our model take place on very
different time scales. In the following sections, we also consider the orders of the
speeds of the different processes in order to justify time scale induced simplifications
of the model.

An important assumption is that the new timescale is the same for all subsystems.
Since often several proteins are translated from neighboring strangs of mRNA, we
conclude that the mRNA are very similar and assume that the degradation rates
of the mRNA needed for protein formation are the same in all subsystems. Thus,
while we use different variables, such as δMRsbU

for the sarA subsystem or δMica1

for the ica subsystem, in the following it is important to keep in mind that all
these parameters are assumed to be equal to δM2 . Accordingly we choose the new
timescale [76]

τ := δM2t,

where δM2 = δR3 = δMPSM
= δMRsbU

= δMica1
= δMsarT

. Time scale values for specific
non-dimensional parameters of the model can be found in [70, 76].

4.3.1. The agr system

Following [76], for the agr subsystem we first determine the stationary states of the
system in the case k = 0 and Pagr = 0 and then use these as the starting values of the
system. We non-dimensionalize with respect to the starting values. Due to k = 0,
the stationary values for a, R and AP equal zero, i.e., a(0) = R(0) = AP (0) = 0. We
choose the non-dimensionalizations for these variables in order to simplify our system
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as much as possible. Further the notation X ′ denotes the non-dimensionalized form
of the original variable X. We find the following non-dimensional equations for the
agr subsystem:

dPagr
dτ

= b′agr[agr+]′(1− Pagr)− u′agr[agr−]′Pagr, (4.67)

dM ′
2

dτ
= 1 + v′Pagr −M ′

2, (4.68)

dB′

dτ
= λ(M ′

2 −B′), (4.69)

dD′

dτ
= λ(M ′

2 −D′)− k′D′B′, (4.70)

dC ′

dτ
= λ(M ′

2 − C ′)−
β′

η
C ′a′ + γ′R′, (4.71)

dA′

dτ
= λ(M ′

2 − A′) + µ′A′P − φ′A′R′, (4.72)

da′

dτ
= k′D′B′ − λ′aa′ − β′C ′a′ + γ′ηR′, (4.73)

dA′P
dτ

= φ′A′R′ − µ′A′P − λA′P , (4.74)

dR′

dτ
=
β′

η
C ′a′ − (γ′ + λ)R′. (4.75)

In these equations, as we use non-dimensional variables, we also employ new
parameters, which are given as follows:

λ :=
δA
δM2

=
δB
δM2

=
δC
δM2

=
δD
δM2

=
δAP
δM2

=
δR
δM2

, b′agr :=
bagrNm3

δ2
M2

,

u′agr :=
uagrκσNmσ

δM2δσδMσ

, v′ :=
v2

m2

, k′ :=
kB̃

δM2

=
kNm2κM2

δ2
M2
δB

, µ′ :=
µ

δM2

,

λ′a :=
λa
δM2

, γ′ :=
γ

δM2

, β′ :=
βC̃

δM2

=
βNm2κM2

δ2
M2
δC

, φ′ :=
φC̃

δM2

and η :=
δD
δC
.

This means that also δA = δB = δC = δD = δAP = δR and η = 1, which is reasonable
since the dominating factor is the dilution, which is the same for all substances. For
the remaining reparametrizations we obtain

a′ :=
δM2δD
Nm2κM2

a, A′P :=
δM2δA
Nm2κM2

AP , R′ :=
δM2δC
Nm2κM2

R.

The resulting system is depicted in Figure 4.6. We furthermore reconsider the
activation and deactivation factors as well, since the new timescale applies and the
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variables are rescaled. Thus we obtain

[agr+]′ :=
Nm3

δR3

(R′3 + α([SarA]′ + [SarU ]′ + A′P )) and [agr−]′ :=
Nmσκσ
δσδMσ

[σB]′,

where the parameter α is defined as α := κX
δX

and assumed to be equal for all
substances X ∈ {[SarA], [SarU ], AP}. This is detailed in Section 4.5.1.

dA′P
dτ

= φ′A′R′ − (µ′ + λ)A′P

+

+

(de)phosphorylation

dM ′2
dτ

= 1 + v′Pagr −M ′
2

dPagr
dτ

= b′agr[R
′
3 + α([SarA]′ + [SarU ]′ + A′P )](1− Pagr)− uagr[σB]′Pagr

dR′3
dτ

= 1 + v′3Pagr −R′3

+

dB′

dτ
= λ(M ′

2 −B′) dC′

dτ
= λ(M ′

2 − C ′)−
β′

η
C ′a′ + γ′R′dD′

dτ
= λ(M ′

2 −D′)− k′D′B′dA′

dτ
= λ(M ′

2 − A′) + µ′A′P − φ′A′R′

df ′

dτ
= λ(D′[PSM ]′ − f ′) da′

dτ
= k′D′B′ − λ′aa′ − β′C ′a′ + γ′ηR′d[PSM ]′

dτ
= λ(M ′

PSM − [PSM ]′)

dM ′PSM
dτ

= 1 + v′PSMPPSM −M ′
PSM

dPPSM
dτ

= b′PSMA
′
P (1− PPSM)− u′PSMPPSM

d[δ−toxin]′

dτ
= λ(R′3 − [δ − toxin]′)

dR′

dτ
= β′

η
C ′a′ − (γ′ + λ)R′

Figure 4.6.: Nondimensional differential equations derived from gene regulation in
the S. aureus agr subsystem. System influences in red, equations for
output variables in blue.

In the same way as above, we non-dimensionalize the equations for the PSM and
for δ-toxin, where we also choose the new time scale τ = δM2t = δR3t = δMPSM

t.
We non-dimensionalize using again the stationary points, this time assuming in
addition that PPSM = 0. The resulting equations are

dPPSM
dτ

= b′PSMA
′
P (1− PPSM)− u′PSMPPSM , (4.76)

dM ′
PSM

dτ
= 1 + v′PSMPPSM −M ′

PSM , (4.77)

d[PSM ]′

dτ
= λ(M ′

PSM − [PSM ]′), (4.78)

df ′

dτ
= λ(D′[PSM ]′ − f ′), (4.79)

dR′3
dτ

= 1 + v′3Pagr −R′3, (4.80)

d[δ-toxin]′

dτ
= λ(R′3 − [δ-toxin]′), (4.81)

64



4.3. Non-dimensional equations

with the new parameters

λ :=
δPSM
δMPSM

=
δf

δMPSM

=
δδ−toxin
δR3

, b′PSM :=
bPSMNm2κM2

δR3δM2δA
, u′PSM :=

uPSM
δR3

,

v′PSM :=
vPSM
mPSM

and v′3 :=
v3

m3

.

Since in this case all stationary state components are greater zero, the reparametriza-
tions are achieved from the stationary points. For the next system of equations
we need the values of [str] and the availability of nutrients. These quantities are
already given as non-dimensional values.

4.3.2. The sarA system

The next subsystem to be non-dimensionalized is the sarA system of regulation with
the competitive interaction between σB and RsbV for RsbW. The non-dimensional
equations with the assumptions PRsbU = Pσ = PsarA = 0 and d = b0 = bσ = bsarA =

0 and the new timescale τ = δM2t = δMRsbU
t are of the form

dPRsbU
dτ

= b′0[str](1− PRsbU)− u′0PRsbU , (4.82)

dPσ
dτ

= (b′0 + b′σ[C1]′)[str](1− Pσ)− u′0Pσ, (4.83)

dM ′
RsbU

dτ
= 1 + v′RsbUPRsbU −M ′

RsbU , (4.84)

dM ′
σ

dτ
= 1 + v′σPσ −M ′

σ, (4.85)

d[RsbU ]′

dτ
= λ(M ′

RsbU − [RsbU ]′), (4.86)

d[σB]′

dτ
= λ(M ′

σ − [σB]′), (4.87)

d[RsbV ]′

dτ
= λ(M ′

σ[RsbU ]′ − [RsbV ]′)− d′[RsbV ]′[RsbW ]′, (4.88)

d[RsbW ]′

dτ
= λ(M ′

σ − [RsbW ]′), (4.89)

dP ′sarA
dτ

= b′sarA[σB]′(1− PsarA)− u′sarAPsarA, (4.90)

dM ′
sarA

dτ
= 1 + v′sarAPsarA −M ′

sarA, (4.91)

d[SarA]′

dτ
= λ(M ′

sarA − [SarA]′), (4.92)
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where we use the new parameters

b′0 :=
b0

δMRsbU

, u′0 :=
u0

δMRsbU

, b′σ :=
bσ

δMRsbU

, v′RsbU :=
vRsbU
mRsbU

,

λ :=
δRsbU
δMRsbU

=
δσ
δMσ

=
δRsbV
δMRsbU

=
δRsbW
δMRsbU

=
δsarA
δMsarA

, b′sarA :=
bsarANmσκσ
δMRsbU

δσδMσ

,

d′ :=
d[Rs̃bW ]

δMRsbU

=
dκσNmσ

δMRsbU
δRsbW δMσ

, u′sarA :=
usarA
δMRsbU

and v′sarA :=
vsarA
msarA

.

4.3.3. The ica system

The ica regulation system is non-dimensionalized using the assumptions Pica1 =

Pica2 = 0 and bica1 = bica2 = 0 and the new timescale τ = δM2t = δMica1
t to obtain

the system

dPica1

dτ
= b′ica1(1− Pica1)− u′ica1[str]Pica1, (4.93)

dPica2

dτ
= b′ica2[ica2+]′(1− Pica2)− u′ica2[ica2−]′Pica2, (4.94)

dM ′
ica1

dτ
= 1 + v′ica1Pica1 −M ′

ica1, (4.95)

dM ′
ica2

dτ
= 1 + v′ica2Pica2 −M ′

ica2, (4.96)

d[IcaR]′

dτ
= λ(M ′

ica1 − [IcaR]′), (4.97)

d[IcaADBC]′

dτ
= λ(M ′

ica2 − [IcaADBC]′), (4.98)

d[PIA]′

dτ
= 2λ([IcaADBC]′ − [PIA]′), (4.99)

where we introduce the new parameters

b′ica1 :=
bica1

δMica1

, b′ica2 :=
bica2NmsarAκsarA
δMica2

δMsarA
δsarA

, u′ica1 :=
uica1

δMica1

,

u′ica2 :=
uica2N

2m2
ica1κ

2
ica1

δMica2
δ2
Mica1

δ2
icaR

, v′ica1 :=
vica1

mica1

, v′ica2 :=
vica2

mica2

and λ :=
δicaR
δMica1

=
δicaADBC
δMica2

=
δPIA
δMica2

=
δadd

δMica2

.

The non-dimensionalization for [ica2+] is considered separately due to the de-
pendence on the nutrient concentration n. From Equation (4.42) we know that
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[ica2+] = [SarA] + rica2n(1− n
Kn

). The reparametrization yields

bica2[ica2+] = bica2

(
κsarANmsarA

δsarAδMsarA

[SarA]′ + rica2n(1− n

Kn

)

)
= b′ica2

(
[SarA]′ + r′ica2n(1− n

Kn

)

)
= b′ica2[ica2+]′.

Inserting into the differential equation, we verify that the reparametrizations

b′ica2 :=
bica2κsarANmsarA

δsarAδMsarA
δMica2

=
bica2[SãrA]

δMica2

and r′ica2 :=
rica2

[SãrA]

are a good choice. Note that, in the partial differential equation model (4.7)–(4.11),
the concentration of nutrients is also non-dimensional.

4.3.4. The sarA homologue system

For the sarA homologues sarT, sarU and sarS, the corresponding equations are
non-dimensionalized with the assumptions PsarT = PsarU = PsarS = Pspa = Phla = 0

and b1 = b2 = 0 taking into account the new timescale τ = δM2t = δMsarT
t as follows:

We assume that the degradation times for the sarU and sarS mRNAs are the same
as the degradation time for the sarT mRNA and obtain the system of equations

dPsarT
dτ

= b′1(1− PsarT )− u′2(α[SarA]′ +R′3)PsarT , (4.100)

dM ′
sarT

dτ
= 1 + v′sarTPsarT −M ′

sarT , (4.101)

d[SarT ]′

dτ
= λ(M ′

sarT − [SarT ]′), (4.102)

dPsarU
dτ

= b′1(1− PsarU)− u′1[SarT ]′PsarU , (4.103)

dM ′
sarU

dτ
= 1 + v′sarUPsarU −M ′

sarU , (4.104)

d[SarU ]′

dτ
= λ(M ′

sarU − [SarU ]′), (4.105)

dPsarS
dτ

= b′2[SarT ]′(1− PsarS)− u′2(α[SarA]′ +R′3)PsarS, (4.106)

dM ′
sarS

dτ
= 1 + v′sarSPsarS −M ′

sarS, (4.107)

d[SarS]′

dτ
= λ(M ′

sarS − [SarS]′), (4.108)

dPspa
dτ

= b′2[SarS]′(1− Pspa)− u′2(α[SarA]′ +R′3)Pspa, (4.109)
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dM ′
spa

dτ
= 1 + v′spaPspa −M ′

spa, (4.110)

d[protein A]′

dτ
= λ(M ′

spa − [protein A]′), (4.111)

dPhla
dτ

= b′2(α[SarA]′ +R′3)(1− Phla)− u′1([SarS]′ + [SarT ]′)Phla, (4.112)

dM ′
hla

dτ
= 1 + v′hlaPhla −M ′

hla, (4.113)

d[α-toxin]′

dτ
= λ(M ′

hla − [α-toxin]′). (4.114)

The relations between the parameters such as bsarT
δMsarT

and bsarU
δMsarU

are comparable and
we thus simplify in the following by assuming that these and similar fractions take
the same value. With the expressions [SãrT ] = κNmsarT

δMsarT δSarT
and [SãrS] = κNmsarS

δMsarS δSarS
,

we obtain that in the above system the new parameters are calculated from the old
ones as follows:

b′1 :=
bsarT
δMsarT

=
bsarU
δMsarU

, b′2 :=
bsarS[SãrT ]

δMsarS

=
bspa[SãrS]

δMspa

=
bhla[SãrT ]

δMhla

,

u′1 :=
uhla[SãrT ]

δMhla

=
usarU [SãrT ]

δMsarU

, u′2 :=
usarTNm3

δMsarT
δR3

=
usarSNm3

δMsarS
δR3

=
uspaNm3

δMspaδR3

,

α :=
κsarA
δsarA

, v′sarT :=
vsarT
msarT

, v′sarU :=
vsarU
msarU

, v′sarS :=
vsarS
msarS

, v′spa :=
vspa
mspa

,

v′hla :=
vhla
mhla

and λ :=
δSarT
δMsarT

=
δSarU
δMsarU

=
δSarS
δMsarS

=
δprotA
δMspa

=
δα
δMhla

.

Note that in the following sections, we use the non-dimensional parameters and
variables, while omitting the dashes on both the variables and the parameters for
notational convenience.

4.4. Rescaled equations

As in Section 4.3 we keep the separation into subsystems and aim to reduce the
submodels such that the remaining equations are those for the evolution of the
concentrations of substances that influence another submodel.

For example the influences on the agr -system are the amount of bacteria and the
amounts of the proteins SarA ([SarA]) and SarU ([SarU ]). From this subsystem,
we would like to keep the equations for the substances PSM ([PSM ]), amyloid fibrils
(f) and δ-toxin ([δ-toxin]) as well as the equation for mRNAIII (R3). Furthermore,
the sarA system depends on the stress and nutrient levels and we are interested in
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the concentration of SarA. The ica system uses the concentration of SarA and from
this system the PIA concentration ([PIA]) is obtained. The sarA homologue system
requires the concentrations of mRNAIII and SarA and yields the concentrations of
protein A ([protein A]), α-toxin ([α-toxin]) and SarU. Our goal for the entire system
is to achieve equations for the variables [PSM ], f , [δ-toxin], [PIA], [protein A] and
[α-toxin] dependent on the external stress ([str]), the concentration of nutrients (n)
and the amount of replicative bacteria b in the full model.

First we determine the timescale, on which we consider the regulation processes.
This timescale is the timescale of the slow system. Here the scale of interest is
the scale in which the system up- and down-regulations happen. Thus the fast
regulation processes are considered in relation to the regulations of Pact for the
gene loci act ∈ {agr, PSM,RsbU, σ, sarA, ica1, ica2, sarT, sarU, sarS, spa, hla} of
interest. As an example, the changes in the concentration of AgrA, AgrB, AgrC
and AgrD as well as those in the concentration of RNA have to be much faster than
the reference time scale, since only many of those changes together can achieve a
change in the proportion of up-regulated cells.

A recurring equation in the regulation processes is the equation

dPact

dτ
= bact[act+](1− Pact)− uact[act−]Pact.

Here we introduce the parameter ε̂ since the parameters bact and uact are in fact of
order ε̂� 1, as this process is slow in comparison to the processes described in the
recurring set of equations

dMact

dτ
= 1 + vactPact −Mact,

dX

dτ
= λ(Mact −X),

where X denotes a substance in the regulation system. We note that, in terms
of notation, the agr system constitutes a special case, since here mRNAII (M2)
and RNAIII (R3) have to be considered. For details we refer to Figure 4.6. Thus
we rescale using the rescaled parameters, where we introduce b̂act and ûact by the
equations

bact = ε̂b̂act and uact = ε̂ûact.
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4. Detailed system of reaction-diffusion equations for Staphylococcus aureus

On the slow reference time scale τ̂ := ε̂τ of the changes in the proportions Pact of
up-regulated cells, we then obtain the set of equations

dPact

dτ̂
= b̂act[act+](1− Pact)− ûact[act−]Pact, (4.115)

ε̂
dMact

dτ̂
= 1 + vactPact −Mact, (4.116)

ε̂
dX

dτ̂
= λ(Mact −X). (4.117)

Asymptotically, i.e., for ε̂ → 0, the concentrations of the substances Mact and X
depend on Pact in the form X = Mact = 1 + vactPact, where vact = const., which
reduces the system [105]. The differential equation for the amount of X on the time
scale τ̂ is a direct consequence of the evolution of Pact as

dX

dτ̂
= vact

dPact

dτ̂
= vact(b̂act[act+](1− Pact)− ûact[act−]Pact).

We can solve for Pact analytically, if [act+] and [act−] do not depend on Pact as
described in Section 4.5. The connecting principle for all subsystems is that the
evolution of the proportion of up-regulated cells is the slowest process. There are
some differences between the speeds of the faster processes, some being even faster
than others [76]. However, since we consider the processes on the slowest timescale,
all the fast processes approach the quasi-steady state in the asymptotic limit. In
the following, we use the regular variables bact and uact instead of the hatted ones
for notational clarity.

In the processes described in the subsystems there are significant differences be-
tween certain rate constants, which are investigated here in order for the resulting
description of biofilm formation to be accurate. In agreement with [76], we use the
parameter ε := m

v
< 1, which represents the relationship between the basal mRNA

transcription rate and the regulation-induced transcription, valid for all subsystems.
In order for quorum sensing to be effective, the quorum sensing induced regulation
takes place faster than the regular effects. Some publications assume ε to be of order
10−3 [76]. This modeling assumption is due to the very analytic approach of the
paper. Since our focus is directed towards including the results into a PDE model,
we take rates similar to the ones introduced in [70]. Both models are consistent in
magnitude, but in [70] it is assumed that the activation rates are the largest rates,
being five times the degradation rates, about 100 times the rates of spontaneous
separations and ten times the sizes of all remaining parameters.
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The parameters to be considered for the agr system are the regulation speed (v),
the binding rate of AIP to AgrC (β) and the activation rate of AgrA by AIP-bound
AgrC (φ) as well as the dephosphorylation rate of AgrA (µ). The rate constant λa
is the quotient of the degradation rate of AIP and the degradation and dilution
rate of mRNAII. Since we consider the up-regulation process, we assume that the
natural degradation outside the cell λa is very small [76]. We take most parameters
to be close to 1 and choose ε = 10−1. Then we introduce the O(1) parameters
ṽ, β̃, φ̃, µ̃, λ̃a by

v =
ṽ

ε
, β =

β̃

ε
, φ =

φ̃

ε
, µ = εµ̃, λa = ελ̃a. (4.118)

Thus in terms of magnitude the activation rates are about 100 times the spontaneous
separation rates and 10 times the remaining parameters. These considerations of
parameter orders of magnitude will be used in Section 4.5.6 to determine the
magnitudes of the parameters in the full system.

4.4.1. The agr system

For the agr subsystem on the timescale τ̂ , we find a subsystem similar to [76] with
the concentration X = B and can thus express the amount of AgrB in dependence
of the amount of up-regulated cells. We find that only very few concentrations are
needed in an explicit form since they provide the connections between the different
subsystems. We investigate the agr subsystem asymptotically and obtain

M2 = B = 1 + vPagr, D =
λM2

λ+ kB
=

λ(1 + vPagr)

λ+ k(1 + vPagr)
, C =

λM2 + γR

λ+ βa
,

a =
kDB + γR

λa + βC
, A =

λM2 + µAP
λ+ φR

, R =
βCa

(γ + λ)

and AP =
φAR

µ+ λ
. (4.119)

Now we want to find an explicit form for the concentration of free AIP (a) and for
the concentration of phosphorylated AgrA (AP ), which influences the agr activity
term due to the positive feedback loop. In order to describe the concentration AP
explicitly, we need expressions for the concentrations of AgrA (A) and AIP-bound
AgrC (R). A also depends on AP and R, while R depends on the concentration of
AgrC (C) and a. We thus want to find explicit expressions for all these variables
in the steady state. We simplify the expression for a using that λa is very small,
as stated in Equation (4.118). The term for the concentration of free AIP thus
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simplifies to

a =
kDB + γR

λa + βC

λa≈0
≈ kDB + γR

βC
.

The approximate expression for a is used to find that Ca ≈ kDB+γR
β

and to find a
simpler expression for R given by

R =
βCa

γ + λ
=
kDB + γR

γ + λ
.

We solve for R to obtain that

R =
kDB

λ
. (4.120)

This is used to calculate

a ≈
k(1 + γ

λ
)

β

DB

C
=
k(1 + γ

λ
)

β

DB(λ+ βa)

(λM2 + γR)
=
k(1 + γ

λ
)

β

λ+ βa
λ
D

+ γk
λ

.

Since B = M2 we can replace M2 in the equation for D and thus find

a ≈
k(1 + γ

λ
)

β

λ
λ
D

+ γk
λ
− k(1 + γ

λ
)

=
k(1 + γ

λ
)

β

λ
λ
D
− k

=
k(1 + γ

λ
)

β

1
1
D
− k

λ

=
k(1 + γ

λ
)

β

1
λ+k(1+vPagr)

λ(1+vPagr)
− k

λ

=
k(1 + γ

λ
)

β

λ(1 + vPagr)

λ

=
k(1 + γ

λ
)

β
(1 + vPagr). (4.121)

Inserting Equation (4.120) into the form for A from Equation (4.119) then gives
A = λM2+µAP

λ+φkDB
λ

, which is used to find the expression

AP =
φAR

µ+ λ
=

φ(λM2 + µAP )

(µ+ λ)( λ2

kDB
+ φ)

. (4.122)

Solving Equation (4.122) for the variable AP yields

AP =
φλM2

(µ+ λ)( λ2

kDB
+ φ)(1− φµ

(µ+λ)( λ2

kDB
+φ)

)
=

φλM2

(µ+ λ)( λ2

kDB
+ φ)− φµ

=
φλ(1 + vPagr)

(µ+ λ)
[
λ(λ+k(1+vPagr))

k(1+vPagr)2 + φ
]
− φµ

=
φλ(1 + vPagr)

(µ+ λ)λ(λ+k(1+vPagr))

k(1+vPagr)2 + λφ
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=
(1 + vPagr)

(µ+ λ)λ+k(1+vPagr)

kφ(1+vPagr)2 + 1
, (4.123)

where we use the known expressions for B and D from Equation (4.119). This
equality and Equation (4.67) for Pagr form the reduced agr subsystem. Note that
the velocity of up-regulation v is larger than other terms, and thus dominates the
behavior. Other terms such as µ are very small.

Similarly, for the subsystem of PSM and δ-toxin we search expressions for the levels
of [PSM ], f , [δ-toxin] and R3. Thus we keep Equation (4.76) for PPSM and, as a
result, express the other variables as

MPSM = [PSM ] = 1 + vPSMPPSM , R3 = [δ-toxin] = 1 + v3Pagr

and f = D[PSM ] =
1 + vPagr

1 + k
λ
(1 + vPagr)

(1 + vPSMPPSM). (4.124)

Again the velocities vPSM and v3 are the largest parameters.

4.4.2. The sarA system

For this system, we keep Equations (4.82)–(4.83) and Equation (4.90) for the
proportions of up-regulated cells PRsbU , Pσ and PsarA on the timescale τ̂ . Using
these variables, we obtain for the other concentrations that it holds

MRsbU = [RsbU ] = 1 + vRsbUPRsbU , Mσ = [σB] = [RsbW ] = 1 + vσPσ,

[RsbV ] =
MRsbUMσ

1 + d
λ
Mσ

=
(1 + vRsbUPRsbU)(1 + vσPσ)

1 + d
λ
(1 + vσPσ)

and

MsarA = [SarA] = 1 + vsarAPsarA. (4.125)

The parameters vRsbU , vsarA and d are considered to be large and we are interested
in the amount of SarA depending on the stress and the nutrient levels.

4.4.3. The ica system

Using the same principle as in the previous subsystems, we obtain the equations

Mica1 = [IcaR] = 1 + vica1Pica1, Mica2 = [IcaADBC] = 1 + vica2Pica2

and [PIA] = [IcaADBC] = 1 + vica2Pica2. (4.126)
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Furthermore, Equations (4.93) and (4.94) for Pica1 and Pica2 are included, where the
parameters vica1 and vica2 represent the set of large parameters. In order to model
the biofilm, we are interested in the resulting concentration of the substance PIA.

4.4.4. The sarA homologue system

For this system, we keep Equations (4.100), (4.103), (4.106), (4.109) and (4.112)
for PSarT , PSarU , PSarS, Pspa and Phla, since we are interested in the quantities of
protein A, α-toxin and SarU. In the usual way, we obtain that

MsarT = [SarT ] = 1 + vsarTPsarT , MsarU = [SarU ] = 1 + vsarUPsarU ,

MsarS = [SarS] = 1 + vsarSPsarS, Mspa = [protein A] = 1 + vspaPspa

and Mhla = [α-toxin] = 1 + vhlaPhla. (4.127)

In this system the parameters vsarT , vsarU , vsarS, vspa and vhla are considered to be
large.

4.5. Modeling of biofilm formation

In the following, we consider in detail the necessary calculations to obtain the desired
evolution equations from the reduced system of equations derived in Section 4.4.

4.5.1. Modeling the proportions of up-regulated cells

So far, we have derived a system of fewer evolution equations as well as explicit
expressions for the amounts of the substances in direct dependence on the proportion
of up-regulated cells. The general form for the development of the proportion of
up-regulated cells is stated in Equation (4.115), with the general terms for the
activation and inactivation of the up-regulation of a certain regulatory system
denoted by [act+] and [act−]. In the following, we distinguish several levels of
regulation. For the full system of partial differential equations, only the variables
from Equations (4.128)–(4.134) are of interest. Thus, in these equations we assume
that in order to have an effect on the regulation in another subsystem, a certain
concentration of the substances must be reached. The concentration values calcu-
lated in Section 4.4 represent quasi-stationary solutions. This means that, while
these variables are approximately stationary and can be calculated explicitly, other
variables in the system may still change, for example due to the external input
variables, and thus also change the quasi-stationary values. In the following, we
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extend this quasi-stationary approach by assuming that also some of the proportions
of up-regulated cells Pact are in an approximately stationary state. This assumption
is taken for those variables Pact, which are not directly related to one of the output
variables a, [PSM ], f , [δ-toxin], [PIA], [protein A] and [α-toxin]. For the directly
related Pact at the top level of the system we consider the full differential equation,
in order to capture possible alterations by changing external concentrations.

For the general form of Pact we determine the explicit solution of Equation (4.115)
as

Pact(τ̂) =Pact(0) exp(−(bact[act+] + uact[act−])τ̂)

+
bact[act+]

bact[act+] + uact[act−]
(1− exp(−(bact[act+] + uact[act−])τ̂))

with the initial condition Pact(0) = 0. Furthermore, we use an exponential relation-
ship between the number of bacteria and time, i.e., N = exp( τ̂

c
)⇔ τ̂ = c ln(N), to

obtain that

Pact(N) =
bact[act+]

bact[act+] + uact[act−]
(1−N−c(bact[act+]+uact[act−])).

This allows to eliminate the explicit time dependency by a dependency on the number
N of bacteria in the population. Exponential growth is a plausible simplification
especially when the bacteria have sufficient supply of nutrients. Since the number of
bacteria in the system is large and it holds that bact[act+], uact[act−] and c > 0, it
is reasonable to consider the limit N →∞ as a further approximation. Figure 4.7
shows the fast convergence to bact[act+]

bact[act+]+uact[act−]
, even for relatively small numbers

of bacteria such as N = 100. For c = 1 and bact[act+] + uact[act−] = 1 we calculate
1 − N−c(bact[act+]+uact[act−]) = 1 − 0.01 = 0.99. Thus it holds that the relative
approximation error |Pact(N)−Pact

Pact
| ≤ 1% already for N ≥ 100, which is equivalent

to τ̂ = ln(100) ≈ 4.61. Note that for bact[act+] + uact[act−] > 1 the convergence is
even faster. As a result we approximate the term Pact(N) further to obtain that

Pact ≈
bact[act+]

bact[act+] + uact[act−]
,

where the dependence on N is also eliminated.

For the directly related Pact we assume that dPact

dτ̂
6= 0. Thus for these equations in

the full system we have dX
dτ̂

= dX
dPact

dPact

dτ̂
6= 0 and we obtain the following equations
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Figure 4.7.: Influence of N on Pact(N) for the parameters bact[act+] = uact[act−] =
0.5, c = 1.

on the slow timescale

da

dτ̂
=
k(1 + γ

λ
)

β
v
dPagr
dτ̂

, (4.128)

d[PSM ]

dτ̂
= vPSM

dPPSM
dτ̂

, (4.129)

df

dτ̂
=

v(1 + vPSMPPSM)

(1 + k
λ
(1 + vPagr))2

dPagr
dτ̂

+
vPSM(1 + vPagr)

1 + k
λ
(1 + vPagr)

dPPSM
dτ̂

, (4.130)

d[δ-toxin]

dτ̂
= v3

dPagr
dτ̂

, (4.131)

d[PIA]

dτ̂
= vica2

dPica2

dτ̂
, (4.132)

d[protein A]

dτ̂
= vspa

dPspa
dτ̂

, (4.133)

d[α-toxin]

dτ̂
= vhla

dPhla
dτ̂

. (4.134)

The next goal is to make the system dependent on the quantities that are involved in
the exchange of information between the subsystems and finally derive an expression
in terms of the external variables of the system, such as the concentration of AIP
denoted by a. To this end we also non-dimensionalize the activation factors [act+].
In order to express these terms in terms of the non-dimensional variables, we insert
the expressions found for the non-dimensional dashed variables. For example we see
that in the new expression [agr+]′ the variables are multiplied by a factor. After
sorting by orders of magnitude, we obtain

[agr+]′ =
Nm3

δR3

R′3 +
κsarANmsarA

δsarAδMsarA

[SarA]′ +
κsarUNmsarU

δsarUδMsarU

[SarU ]′ +
Nm2κM2

δM2δA
A′P
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=
Nm3

δR3

(
R′3 +

κsarA
δsarA

[SarA]′ +
κsarU
δsarU

[SarU ]′ +
κM2

δA
A′P

)
,

where we assume that m3 = msarA = msarU = m2 and δR3 = δMsarA
= δMsarU

= δM2 .

Consequently also the factors are assumed to be equal, i.e., αagr := κsarA
δsarA

= κsarU
δsarU

=
κM2

δA
and thus they are also equal to the parameter α = κsarA

δsarA
from the sarA

homologues subsystem in Section 4.3.4. The factor βagr is incorporated into the
factor bagr in the differential equation as b′agr := bagrβagr. This results in a simplified
expression for [agr+]′, which is stated as

[agr+]′ =
Nm3

δR3

(
R′3 +

κsarA
δsarA

([SarA]′ + [SarU ]′ + A′P )

)
= βagr(R

′
3 + α([SarA]′ + [SarU ]′ + A′P )). (4.135)

Again the prime is omitted in the following for notational clarity.

4.5.2. Modeling the concentration of AIP

Since we obtain that a =
k(1+ γ

λ
)

β
(1 + vPagr) from Equation (4.121), we calculate that

Pagr =
1

v

[
βa

k(1 + γ
λ
)
− 1

]
=

1

v

[
βλa

k(λ+ γ)
− 1

]
. (4.136)

Using Equation (4.124), this leads to

R3 = 1 + v3Pagr = 1 +
v3

v

[
βλa

k(λ+ γ)
− 1

]
. (4.137)

We furthermore use that PPSM = [PSM ]−1
vPSM

, due to Equation (4.124), to obtain that

df

dτ̂
=

v[PSM ]

(1 + aβ
λ+γ

)2

dPagr
dτ̂

+
aβλvPSM

k[(λ+ γ) + βa]

dPPSM
dτ̂

.

We derive expressions for the derivatives of Pagr, PPSM Pica2, Pspa and Phla and for
[PSM ], that depend only on n, [str] and a. To this end it is necessary to express
AP in terms of the external variable a using Equation (4.123) and the expression
for Pagr from Equation (4.136). This is calculated as

AP =
1 + vPagr

(µ+ λ)λ+k(1+vPagr)

kφ(1+vPagr)2 + 1
=

βλa
k(λ+γ)

(µ+ λ)
λ+k βλa

k(λ+γ)

kφ( βλa
k(λ+γ)

)2
+ 1
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=
kφ( βλa

k(λ+γ)
)3

(µ+ λ)(λ+ k βλa
k(λ+γ)

) + kφ( βλa
k(λ+γ)

)2

=
φ(βλa)3

(µ+ λ)(λk2(λ+ γ)3 + k2βλa(λ+ γ)2) + kφ(βλa)2(λ+ γ)

=
φ(βλa)3

(µ+ λ)λk2(λ+ γ)2(λ+ γ + βa) + φk(λ+ γ)(βλa)2

=
a3

A1 + A2a+ A3a2
, (4.138)

where we define

A1 :=
k2(µ+ λ)(λ+ γ)3

φβ3λ2
, A2 :=

k2(µ+ λ)(λ+ γ)2

φβ2λ2
, A3 :=

k(λ+ γ)

βλ
. (4.139)

We also replace the concentrations in the agr system activation term from Equa-
tion (4.135). The first factor that contributes to the regulation is the amount of
SarA. Since [SarA] = 1+vsarAPsarA, we consider Equation (4.90) for the proportion
PsarA. Then we determine Pσ from Equation (4.83) in order to use the expression
[σB] = 1 + vσPσ from Equation (4.125). Furthermore, from Equation (4.125) we
know that

[RsbV ] =
MRsbUMσ

1 + d
λ
Mσ

=
(1 + vRsbUPRsbU)(1 + vσPσ)

1 + d
λ
(1 + vσPσ)

.

Since both rsbV and sigB are transcribed from the P3 operon and, in order
to focus on the principal dependencies, we approximate by the assumption that
[RsbV ] ≈ [σB] in the equation

[C1] = r0
[RsbV ][str]

1 + [RsbV ][str] + [σB](1− [str])
.

For r0 = 1 this yields the expression

[C1] =
[str]

1
[RsbV ]

+ [str] + (1− [str])
≈ [str].

We can thus define

g([str]) := (b0 + bσ[str])[str]

and rewrite Equation (4.83) for the evolution of Pσ and determine its stationary
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solution from the equation

dPσ
dτ̂

= g([str])(1− Pσ)− uσPσ as Pσ =
g([str])

g([str]) + uσ
=: f([str]).

For the expression of f([str]), we obtain

f([str]) =
g([str])

g([str]) + uσ
=

(b0 + bσ[str])[str]

(b0 + bσ[str])[str] + uσ
(4.140)

=
B1[str] +B2[str]2

B3 +B1[str] +B2[str]2
,

with B1 := b0, B2 := bσ and B3 := uσ. Then we use this result to calculate [σB],
using Equation (4.125), as

[σB] = 1 + vσPσ = 1 + vσf([str]).

Thus, in the following we turn to Equation (4.90) for PsarA and obtain its solution
as

PsarA =
bsarA[σB]

bsarA[σB] + usarA
.

Using Equation (4.125), we calculate the expression

[SarA] := 1 + vsarA
bsarA[σB]

bsarA[σB] + usarA

= 1 + vsarA
bsarA(1 + vσf([str]))

usarA + bsarA(1 + vσf([str]))
. (4.141)

The evolution equations in the system of the sarA homologues are dependent of
each other. Given the concentrations that can be calculated for this system, the
concentration of SarU is needed as an input for the activation term of the agr system.
The proportion of sarU up-regulated cells PsarU is calculated from Equation (4.103)
as

PsarU =
b1

b1 + u1[SarT ]

and thus using Equation (4.127) we obtain

[SarU ] = 1 + vsarUPsarU = 1 + vsarU
b1

b1 + u1[SarT ]
.
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Therefore the concentration of SarU depends on the unknown concentration of SarT,
which is determined in the following.

In order to determine the concentration of SarT, we consider the system of equations
for the regulations of the gene loci sarT, sarU and sarS, which reads

dPsarT
dτ̂

= b1(1− PsarT )− u2(α[SarA] +R3)PsarT ,

dPsarU
dτ̂

= b1(1− PsarU)− u1[SarT ]PsarU ,

dPsarS
dτ̂

= b2[SarT ](1− PsarS)− u2(α[SarA] +R3)PsarS.

They have the quasi-steady state solutions

PsarT =
b1

b1 + u2(α[SarA] +R3)
,

PsarU =
b1

b1 + u1[SarT ]
,

PsarS =
b2[SarT ]

b2[SarT ] + u2(α[SarA] +R3)
,

if the interdependence can be accounted for by the expression of the terms through
the external variables such as the concentration of AIP (a) and the stress level ([str]).
We thus start by determining PsarT , which depends on the concentrations of SarA
and mRNAIII, determined outside the subsystem for the sarA homologues. From the
term for PsarT we then calculate the concentration of SarT using Equation (4.127).
Due to Equation (4.137), Equation (4.141) and the form of the solution PsarT , we
obtain the following result

PsarT =
b1

b1 + u2(α[SarA] +R3)

= b1 ·
[
b1 + u2(α + 1− v3

v
) +

u2v3βλa

vk(λ+ γ)
+
u2αvsarAbsarA(1 + vσf([str]))

bsarA(1 + vσf([str])) + usarA

]−1

.

We then define A,B such that it holds that PsarT = b1

[
A
B

]−1 and write A and B in
the form

A = K1 +K2a+ (K3 +K4a)f([str]) and B = bsarA + usarA + bsarAvσf([str]).
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In these equations the constants Ki, i ∈ {1, . . . , 4} are defined as

K1 := u2αvsarAbsarA +
(
b1 + u2(α + 1− v3

v
)
)

(bsarA + usarA),

K2 :=
u2βλv3

vk(λ+ γ)
(bsarA + usarA),

K3 :=
[
u2αvsarA + b1 + u2(α + 1− v3

v
)
]
bsarAvσ and

K4 :=
u2βλv3

vk(λ+ γ)
bsarAvσ.

Thus, we obtain from Equation (4.127) that for the concentration of SarT the
following equation holds:

[SarT ] = 1 + vsarT b1
B

A
= 1 + vsarT

T1 + T2f([str])

K1 +K2a+ (K3 +K4a)f([str])
. (4.142)

In the above equation the parameters T1 and T2 are defined as

T1 := b1(bsarA + usarA) and T2 := b1bsarAvσ.

For the expression of the SarU concentration we again use Equation (4.127) to
obtain

[SarU ] = 1 + vsarUPsarU = 1 + vsarU
b1

b1 + u1[SarT ]

= 1 + vsarU
b1A

(b1 + u1)A+ u1vsarT b1B

= 1 + vsarU b1
K1 +K2a+ (K3 +K4a)f([str])

K5 +K2a+ (K6 +K4a)f([str])
, (4.143)

with the new parameters

K5 := (b1 + u1)K1 + u1vsarT b1(bsarA + usarA),

K6 := (b1 + u1)K3 + u1vsarT b1bsarAvσ.

The expression for SarS is calculated in the same way as those for SarT and SarA
and is needed for the regulation of spa activity and thus the production of protein A.
We use Equation (4.127) and calculate PsarS to be

PsarS =
[SarT ]

[SarT ] + u2

b2
(α[SarA] +R3)
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=
1 + vsarT

b1
b1+u2(α[SarA]+R3)

1 + vsarT
b1

b1+u2(α[SarA]+R3)
+ u2

b2
(α[SarA] +R3)

=
b1(1 + vsarT ) + u2(α[SarA] +R3)

b1(1 + vsarT ) + u2

(
1 + b1

b2

)
(α[SarA] +R3) +

u2
2

b2
(α[SarA] +R3)2

≈
b1(1 + vsarT ) + u2

(
α
(

1 + vsarA
f([str])

B5+f([str])

)
+ 1 + v3

v

[
βλa

k(λ+γ)
− 1
])

b1(1 + vsarT ) + u2

(
1 + b1

b2

)(
α
(

1 + vsarA
f([str])

B5+f([str])

)
+ 1 + v3

v

[
βλa

k(λ+γ)
− 1
])

+
u2

2

b2

(
α
(

1 + vsarA
f([str])

B5+f([str])

)
+ 1 + v3

v

[
βλa

k(λ+γ)
− 1
])2

=
b1(1 + vsarT ) + u2

(
1 + α− v3

v

)
+ u2αvsarA

f([str])
B5+f([str])

+ u2
v3

v
βλa

k(λ+γ)

b1(1 + vsarT ) + u2

(
1 + b1

b2

) (
1 + α− v3

v

)
+ u2

(
1 + b1

b2

) [
αvsarA

f([str])
B5+f([str])

+ v3

v
βλa

k(λ+γ)

]
+

u2
2

b2

[
1 + α− v3

v
+ u2αvsarA

f([str])
B5+f([str])

+ v3

v
βλa

k(λ+γ)

]2

=
S1 + S2

f([str])
B5+f([str])

+ S3a

S4 + S5
f([str])

B5+f([str])
+ S6a+

[
S7 + S8

f([str])
B5+f([str])

+ S9a
]2 . (4.144)

Here the new parameters Si, i ∈ {1, . . . , 9} are defined as

S1 := b1(1 + vsarT ) + u2

(
1 + α− v3

v

)
, S2 := u2αvsarA,

S3 := u2
v3

v

βλ

k(λ+ γ)
, S4 := b1 (1 + vsarT ) + u2

(
1 +

b1

b2

)(
1 + α− v3

v

)
,

S5 :=

(
1 +

b1

b2

)
S2, S6 :=

(
1 +

b1

b2

)
S3, S7 :=

u2

b
1/2
2

(
1 + α− v3

v

)
,

S8 :=
u2

b
1/2
2

S2 and S9 :=
1

b
1/2
2

S3.

The expressions for the concentrations of mRNAIII (R3) and phosphorylated AgrA
(AP ) from Equation (4.137) and Equations (4.138)–(4.139) together with Equa-
tion (4.141) and Equation (4.143) for the concentrations of SarA and SarU are now
used to rewrite Equation (4.135) and thus the evolution of Pagr.

Furthermore, we use that Pagr = 1
v
[ βλa
k(λ+γ)

− 1] according to Equation (4.136) and
obtain

dPagr
dτ̂

= bagr[agr+](1− Pagr)− uagr[agr−]Pagr

= bagr[agr+]

(
1 +

1

v
− βλa

vk(λ+ γ)

)
− uagr[agr−]

1

v

[
βλa

k(λ+ γ)
− 1

]
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= bagr [R3 + α([SarA] + [SarU ] + AP )]

(
1 +

1

v
− βλa

vk(λ+ γ)

)
− uagr[σB]

[
βλa

vk(λ+ γ)
− 1

v

]
= bagr

(
1 +

1

v
− βλa

vk(λ+ γ)

) [
1 + 2α− v3

v
+
v3

v

βλa

k(λ+ γ)

+ αvsarA
bsarA(1 + vσf([str]))

usarA + bsarA(1 + vσf([str]))
+ αvsarUb1

K1 +K2a+ (K3 +K4a)f([str])

K5 +K2a+ (K6 +K4a)f([str])

+ α
a3

A1 + A2a+ A3a2

]
− uagr (1 + vσf([str]))

[
βλa

vk(λ+ γ)
− 1

v

]
.

This is equivalent to a general term of the form

dPagr
dτ̂

= (C1 − C2a)

[
C3 + C4f([str]) + C5a+ C6

1 + vσf([str])

C7 + 1 + vσf([str])
(4.145)

+ C8
K1 +K2a+ (K3 +K4a)f([str])

K5 +K2a+ (K6 +K4a)f([str])
+

a3

A1 + A2a+ A3a2

]
− (C9 + C10f([str])),

with f([str]) as defined in Equation (4.140) and the new parameters Ci, where
i ∈ {1, . . . , 10}, given by

C1 := bagr

(
1 +

1

v

)
, C2 := bagr

βλ

vk(λ+ γ)
, C3 := 1 + 2α− v3

v
+
uagr
bagr

,

C4 :=
uagr
bagr

vσ, C5 :=
βλ

vk(λ+ γ)
v3, C6 := αvsarA, C7 :=

usarA
bsarA

,

C8 := αvsarUb1, C9 := uagr and C10 := uagrvσ.

We further reduce the expression for SarA from Equation (4.141) by using that
1 + vσf([str]) ≈ vσf([str]). Thus we obtain in Equation (4.145) that

C6
1 + vσf([str])

C7 + 1 + vσf([str])
≈ C6

vσf([str])

C7 + vσf([str])
= C6

f([str])

B5 + f([str])
(4.146)

with B5 := C7

vσ
= usarA

bsarAvσ
. Then Equation (4.145) reads

dPagr
dτ̂

= (C1 − C2a)

[
C3 + C4f([str]) + C5a+ C6

f([str])

B5 + f([str])
(4.147)

+ C8
K1 +K2a+ (K3 +K4a)f([str])

K5 +K2a+ (K6 +K4a)f([str])
+

a3

A1 + A2a+ A3a2

]
− (C9 + C10f([str])).

We see that agr up-regulation is dependent on the stress level and on the concen-
tration of AIP. With the corresponding evolution for dPagr

dτ̂
from Equation (4.147)
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4. Detailed system of reaction-diffusion equations for Staphylococcus aureus

we obtain the differential equation for AIP that reads

da

dτ̂
=
k(1 + γ

η
)

β
v
dPagr
dτ̂

= C11(C1 − C2a)

[
C3 + C4f([str]) + C5a+ C6

f([str])

B5 + f([str])
(4.148)

+ C8
K1 +K2a+(K3 +K4a)f([str])

K5 +K2a+(K6 +K4a)f([str])
+

a3

A1 +A2a+A3a2

]
− C11(C9 +C10f([str])).

with the new parameter C11 defined as C11 :=
k(1+ γ

η
)

β
v.

4.5.3. Modeling the concentrations of PSM, amyloid fibrils

and δ-toxin

The next evolution equation to be investigated is Equation (4.76) for the evolution
of PPSM . PSM molecules enable the lysis of cells to gain nutrients. This equation
constitutes a special case since here the regulation and the production of the regulator
substance take place at the same level. We insert the term AP = a3

A1+A2a+A3a2 from
Equation (4.138) to obtain the equation

dPPSM
dτ̂

= bPSM
a3

A1 + A2a+ A3a2
(1− PPSM)− uPSMPPSM .

This means that an increase in the PSM concentration is positively influenced by
the concentration of free AIP, i.e., the presence of quorum sensing. Due to abundant
nutrient supply in the medium and a homogeneous bacteria population, cell lysis
only plays a minor role and the concentration of PSM is not included explicitly.

The evolution of the concentration of amyloid fibrils in Equation (4.130) is a direct
result of the up-regulation mechanism for PSM production and of the agr activity.
Since we do not include the evolution of PPSM and since amyloid fibrils are most
important in in vivo settings, Equation (4.130) is not investigated further here, but
we note that the model can be extended accordingly if required and that we obtain
important information for adapting the parameter values.

Equation (4.131) for δ-toxin only differs from Equation (4.147) for Pagr by the factor
v3 and can thus be derived without further calculation. This is in accordance with
experimental results, as the amount of δ-toxin is directly related to agr activity.
The substance δ-toxin inhibits spreading of the colony. Thus, it is used in the
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4.5. Modeling of biofilm formation

spreading term of the active bacteria in the full model. Furthermore, δ-toxin, and
thus agr activity, inhibits biofilm formation [111].

4.5.4. Modeling the concentrations of PIA, protein A and

α-toxin

In order to investigate the concentration of PIA according to Equation (4.132),
we consider regulation at the ica locus. From the evolution of Pica2 according to
Equation (4.94), we find with Equation (4.42) that

dPica2

dτ̂
= bica2

(
[SarA] + rica2n

(
1− n

Kn

))
(1− Pica2)− uica2[IcaR]2Pica2.

The terms in this equation are known since the concentration of SarA is calculated
from Equation (4.141) and the concentration of nutrients (n) is explicitly included
in the full model.

The evolution of Pica1 is described according to Equation (4.93), which has the
stationary solution Pica1 = bica1

bica1+uica1[str]
. This is then used to determine the concen-

tration of IcaR from Equation (4.126) as

[IcaR] = 1 + vica1Pica1 = 1 + vica1
bica1

bica1 + uica1[str]
.

Thus, with the expression for [PIA] from Equation (4.126) and Equation (4.94) we
calculate

d[PIA]

dτ̂
= vica2

dPica2

dτ̂

= vica2

(
bica2

(
[SarA] + rica2n

(
1− n

Kn

))
(1− Pica2)

− uica2

(
1 + vica1

bica1

bica1 + uica1[str]

)2

Pica2

)
= vica2

(
bica2

(
[SarA] + rica2n

(
1− n

Kn

))(
1− [PIA]− 1

vica2

)
− uica2

(
1 + vica1

bica1

bica1 + uica1[str]

)2
[PIA]− 1

vica2

)
= bica2

(
[SarA] + rica2n

(
1− n

Kn

))
(1 + vica2 − [PIA])

− uica2

(
1 + vica1

bica1

bica1 + uica1[str]

)2

([PIA]− 1) ,
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where n denotes the nutrient concentration. With Equation (4.146), the above
equation approximately reduces to the equation

d[PIA]

dτ̂
≈ bica2

(
1 + vsarA

f([str])

B5 + f([str])
+ rica2n

(
1− n

Kn

))
(vica2 − [PIA])

− uica2b
2
ica1v

2
ica1

(bica1 + uica1[str])2
([PIA]− 1)

=

[
P1 + P2

f([str])

B5 + f([str])
+ P3n

(
1− n

Kn

)]
(P4 − [PIA])

− P5

(P6 + [str])2
([PIA]− 1), (4.149)

with the new parameters

P1 := bica2, P2 := bica2vsarA, P3 := bica2rica2, P4 := vica2,

P5 :=
uica2b

2
ica1v

2
ica1

u2
ica1

and P6 :=
bica1

uica1

.

Thus, the evolution equation for PIA is written in dependence of the substance itself
and the external variables n and [str]. PIA is considered to be a main biofilm indi-
cator, thus from this equation the principal form of the biofilm evolution is obtained.

The concentrations of spa and hla up-regulated cells are called Pspa and Phla, respec-
tively, and evolve according to Equation (4.109) and Equation (4.112). Furthermore,
we know the expressions for [SarA], [SarS] and R3 from Equation (4.146), Equa-
tion (4.127) with Equation (4.144) and Equation (4.137).

Thus, we use the expression for protein A from Equation (4.127) to obtain that

d[prot A]

dτ̂
= vspa

dPspa
dτ̂

= vspa [b2[SarS](1− Pspa)− u2(α[SarA] +R3)Pspa]

= vspa

[
b2[SarS]

(
1− [prot A]− 1

vspa

)
− u2(α[SarA] +R3)

[prot A]− 1

vspa

]
= b2[SarS](1 + vspa − [prot A])− u2(α[SarA] +R3)([prot A]− 1)

≈

b2 +
b2 vsarS

(
S1 + S2

f([str])
B5+f([str])

+ S3a
)

S4 + S5
f([str])

B5+f([str])
+ S6a+

[
S7 + S8

f([str])
B5+f([str])

+ S9a
]2

(1+vspa− [prot A])

− u2

(
α

(
1 + vsarA

f([str])

B5 + f([str])

)
+

(
1 +

v3

v

[
βλa

k(λ+ γ)
− 1

]))
([prot A]− 1)
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=

b2 +
b2 vsarS

(
S1 + S2

f([str])
B5+f([str])

+ S3a
)

S4 + S5
f([str])

B5+f([str])
+ S6a+

[
S7 + S8

f([str])
B5+f([str])

+ S9a
]2

(1+vspa− [prot A])

−
(
u2

(
1 + α− v3

v

)
+ S2

f([str])

B5 + f([str])
+ S3a

)
([prot A]− 1)

=

D1 +D2

S1 + S2
f([str])

B5+f([str])
+ S3a

S4 + S5
f([str])

B5+f([str])
+ S6a+

[
S7 + S8

f([str])
B5+f([str])

+ S9a
]2

(D3− [prot A])

−
(
D4 + S2

f([str])

B5 + f([str])
+ S3a

)
([prot A]− 1),

with the parameters

D1 := b2, D2 := b2vsarS, D3 := 1 + vspa and D4 := u2

(
1 + α− v3

v

)
.

The evolution equation for protein A has a form which depends on [str], a and
the concentration of protein A. We note that agr activity, represented by the
concentration of AIP, is crucial for this equation.

Cell-to-cell interaction in biofilm formation is regulated by α-toxin. In addition to
the evolution equations mentioned for the derivation of the equation for protein
A, here we use that [SarT ] is given according to Equation (4.142). Analogously to
the above derivation, we use that [α-toxin] = 1 + vhlaPhla from Equation (4.127) to
obtain that

d[α-toxin]

dτ̂
= vhla

dPhla
dτ̂

= vhla(b2(α[SarA] +R3)(1− Phla)− u1([SarS] + [SarT ])Phla)

=vhla

(
b2(α[SarA] +R3)

(
1− [α-toxin]− 1

vhla

)
−u1([SarS] + [SarT ])

[α-toxin]− 1

vhla

)
= b2(α[SarA] +R3)(1 + vhla − [α-toxin])− u1([SarS] + [SarT ])([α-toxin]− 1)

≈b2

(
α

(
1 + vsarA

f([str])

B5 + f([str])

)
+

(
1 +

v3

v

[
βλa

k(λ+ γ)
− 1

]))
(1+vhla− [α-toxin])

− u1

(
2 + vsarS

S1 + S2
f([str])

B5+f([str])
+ S3a

S4 + S5
f([str])

B5+f([str])
+ S6a+

[
S7 + S8

f([str])
B5+f([str])

+ S9a
]2

+ vsarT
T1 + T2f([str])

K1 +K2a+ (K3 +K4a)f([str])

)
([α-toxin]− 1)
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= b2

(
1 + α− v3

v
+ αvsarA

f([str])

B5 + f([str])
+
v3

v

βλa

k(λ+ γ)

)
(1 + vhla − [α-toxin])

− u1

(
2 + vsarS

S1 + S2
f([str])

B5+f([str])
+ S3a

S4 + S5
f([str])

B5+f([str])
+ S6a+

[
S7 + S8

f([str])
B5+f([str])

+ S9a
]2

+ vsarT
T1 + T2f([str])

K1 +K2a+ (K3 +K4a)f([str])

)
([α-toxin]− 1)

=

(
E1 + E2

f([str])

B5 + f([str])
+ E3a

)
(E4 − [α-toxin])

−

(
E5 + E6

S1 + S2
f([str])

B5+f([str])
+ S3a

S4 + S5
f([str])

B5+f([str])
+ S6a+

[
S7 + S8

f([str])
B5+f([str])

+ S9a
]2

+ E7
T1 + T2f([str])

K1 +K2a+ (K3 +K4a)f([str])

)
([α-toxin]− 1),

with the parameters

E1 := b2

(
1 + α− v3

v

)
, E2 := b2αvsarA, E3 := b2

v3βλ

vk(λ+ γ)
, E5 := 2u1,

E4 := 1 + vhla, E6 := u1vsarS and E7 := u1vsarT .

Thus, also here we have found a form that depends on [str], a and the concentration
of α-toxin itself.

4.5.5. Derivation of the reaction and diffusion terms in the

full model

In the previous Sections 4.5.2, 4.5.3 and 4.5.4, we have achieved a reduced system
of equations, which allows to determine the evolution of the concentrations of the
biofilm factors AIP, amyloid fibrils, PSM, protein A, δ-toxin (Hld), α-toxin (Hla)
and PIA in time. The concentrations of these biofilm factors have very distinct
effects on S. aureus biofilm formation, which are considered in detail in this section.

Although S. aureus bacteria do not have a flagella, they are able to spread on soft
agar with a velocity of approximately 100 µm

min
. This spread is inhibited during the

stationary growth phase by the secretion of inhibitors against colony-spreading [111].
The inhibitory activity can be measured for different S. aureus strains, taking one
unit of colony-spreading inhibitory activity as the fraction that inhibits colony-
spreading by 50%. An important inhibitor of colony-spreading is the protein δ-toxin.
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Note that δ-toxin inhibits colony-spreading without having an effect on the growth
rate of S. aureus [111]. The concentration of δ-toxin is therefore included into
the replicative bacteria diffusion. From Equation (4.128) and Equation (4.131) we
conclude that the development of the concentration of δ-toxin is proportional to
that of the AIP concentration as

d[δ-toxin]

dτ̂
=

v3β

vk(1 + γ
η
)

da

dτ̂
.

We define αq := v3β
vk(1+ γ

η
)
and observe that both concentrations are zero initially.

Thus we assume that [δ-toxin] = αqa and divide by the factor 1+αqq in the diffusion
of the replicative bacteria, where q denotes the concentration of the quorum sensing
substance AIP in the full system.

Other PSM, like PSM-α and PSM-β, are stimulants of biofilm-spreading [33, 111].
They are able to lyse eukaryotic cells, especially in competitive settings with several
bacteria types, due to their ability to destroy non-specific biological membranes [33].
The POPC vesicle lysing capacity is highest for PSM-β, a bit lower for PSM-α
and lowest for δ-toxin [54]. We account for changes in the PSM concentrations by
altering several parameter values accordingly. In psm-α and/or psm-β mutants,
PSM-induced lysing is not available and thus the bacteria growth parameters G1

and G2 are smaller than in the wildtype bacterium. Furthermore, mutants lack
biofilm structure and thus have decreased nutrient diffusion coefficients, while the
diffusion coefficients for the biofilm itself and the replicative bacteria are increased.
Note that, since PSM production depends on the availability of phosphorylated
AgrA, also quorum sensing or agr mutants do not produce PSM. In vivo, psm-α
and/or psm-β mutants produce thicker biofilms, show reduced channel formation
and have a smoother surface than the wild-type [87].

Amyloid fibrils provide structural integrity to biofilms [120] and increase resistance
to degradation [125]. This plays a role especially in in vivo settings, where bacterial
colonies defend themselves against other bacterial strains or antibiotics. Since we
investigate biofilm formation in a laboratory setting, we do not explicitly include
amyloid fibrils into the full model, but note that their production depends on the
agr locus, such that the presence or absence of amyloid fibrils plays a role in certain
mutants. In terms of the parameters, due to the decreased structural integrity in
quorum sensing or agr mutants, the diffusion coefficient σ of the replicative bacteria
increases.
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Colonies of bacteria lacking α-toxin are unable to adhere to plastic surfaces under
static or flow conditions [26], since the substance α-toxin is necessary for cell-to-cell
interaction during biofilm formation. Nevertheless α-toxin is no physical component
of the biofilm and adhesion is not as important in our setting as it would be in a
flow cell. Therefore the concentration of α-toxin is not explicitly included into the
equation for the biofilm concentration.

Protein A is most important in the context of invasion of a biological host [45, 96].
Nevertheless, as protein A facilitates colony spreading in a biological host and has a
positive effect on virulence, it also has an effect on laboratory colony growth. This
effect is represented by an increase in the replicative bacteria growth parameter δ.
In attachment or spa mutants the parameter δ is larger since agr and sarA activity
negatively regulate spa activity, while sarA activity positively regulates agr activity.
Therefore a decrease in spa activity goes hand-in-hand with an increase in quorum
sensing effects. Furthermore, the decrease in cell wall anchoring of protein A in
the spa mutant decreases the stability of the biofilm, which results in an increased
nutrient diffusion coefficient.

Since the evolution of the factors described above can be calculated explicitly, as
seen in Sections 4.5.3 and 4.5.4, our model for the laboratory setting may also
be extended to include these factors explicitly if this is necessary for a biological
setting. An example of a biological setting, in which these factors may be crucial, is
the very important modeling of biofilm formation on medical implants, a possibly
lethal process, including competition and host invasion.

Now we include the developments of the single substances into the full model. In the
equation for the quorum sensing signaling molecule AIP, we include Equation (4.148)
multiplied by the concentration of replicative bacteria as the growth and decay
term for AIP. Denoting the AIP concentration in the full system by the variable q
and the density of replicative bacteria by b, it is of the form

f2(b, q) := b
dq

dτ̂
.

Furthermore, the diffusion of AIP is modeled with a constant diffusion coefficient
dq.

Initial microbial adhesion to surfaces is a complex process that involves bacterial
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factors as well as physical interactions like Lifshitz-van der Waals forces, electrostatic
forces, acid-base interactions and Brownian motion forces. Among the considered
substances, PIA contributes to biofilm formation in S. aureus [29], and in the close
S. aureus relative S. epidermidis, PIA is even considered a clear determinant of
biofilm formation [30]. This indicates that it may be sufficient for our purposes to
consider the amount of PIA for biofilm formation.

The production of PIA is not under the control of agr gene regulation [144].
Nevertheless the agr system must influence biofilm formation via other (unknown)
mechanisms since repression of agr is necessary to form a biofilm and the reactivation
of agr in established biofilms, through AIP addition or glucose depletion, triggers
detachment [21]. We thus model decay of biofilm in S. aureus as being agr -mediated
in a process that is different from the inter-cellular regulatory processes we have
considered so far, since it depends on the extra-cellular presence of the quorum
sensing signaling substance q. In addition to that, biofilm growth is assumed to
be negatively affected by the presence of AIP. Here we use Equation (4.149) and
denote the concentration of PIA by the full system variable f . Then the reaction
term for the biofilm equation is of the form

f3(n, b, q, f) := b
df

dτ̂

1

1 + βfq
− µff q.

Furthermore, the presence of biofilm facilitates diffusion and especially nutrient
transport. Therefore the concentration of biofilm is included into the nutrient
diffusion term by multiplication with the factor 1 + f ≥ 1. The slight increase or
decrease in replicative bacteria diffusion due to the presence or absence of biofilm is
represented by an appropriate change in the corresponding diffusion coefficient.

With the notation from Section 4.1 we denote the time scale of the full system by t
and obtain the system of equations

∂n

∂t
= ∇ · (D1(f)∇n)−G1f1(n, b, q), (4.150)

∂b

∂t
= ∇ · (D2(n, b, q)∇b) +G2f1(n, b, q)− a(n, b), (4.151)

∂s

∂t
= ∇ · (D3(b)∇s) + a(n, b), (4.152)

∂q

∂t
= dq∆q + f2(b, q), (4.153)

∂f

∂t
= df∆f + f3(n, b, q, f). (4.154)
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Furthermore, we define the functions for the diffusion coefficients, which are given
as

D1(f) := dn(1 + f), D2(n, b, q) :=
σnb

1 + αqq
, D3(b) := τ

b

b+ bs
, (4.155)

and which are used in the finite element discretization in Section 4.6.1.

4.5.6. Reparametrization of the reaction terms in the full

model

In this section we summarize and simplify the terms in f2(b, q) and f3(n, b, q, f) fur-
ther, where the reaction terms for the quorum sensing substance and the biofilm are
as described in Equation (4.148) and Equation (4.149), respectively. For simplicity,
we approximate the monotonically increasing function f([str]) by the variable [str],
since both f([str]) and [str] are modeling assumptions. As both expressions take
values in the interval (0, 1), this important characteristic is preserved. An example
for the comparison of f([str]) as defined in Equation (4.140) and the function
f([str]) = [str] is depicted in Figure 4.8.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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tr
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f([str]) and [str] in comparison

f([str])
[str]

Figure 4.8.: Comparison of f([str]) and [str] with the parameters b0 = bσ = 1 and
uσ = 0.75.

For f2(b, q) we obtain the equation

f2(b, q) = bC11 (C1 − C2q)

[
C3 + C4f([str]) + C5q + C6

f([str])

B5 + f([str])
(4.156)

+ C8
K1 +K2q + (K3 +K4q)f([str])

K5 +K2q + (K6 +K4q)f([str])
+

q3

A1 + A2q + A3q2

]
− C11 (C9 + C10f([str])) b
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Parameter Formula Magnitude
A1

k2(µ+λ)(λ+γ)3

φβ3λ2 ε4Ã1

A2
k2(µ+λ)(λ+γ)2

φβ2λ2 ε3Ã2

A3
k(λ+γ)
βλ εÃ3

B5
usarA
bsarAvσ

εB̃5

C1 bagr(1 +
1
v ) C̃1

C2 bagr
βλ

vk(λ+γ) C̃2

C3 1 + 2α− v3
v +

uagr
bagr

C̃3

C4
uagr
bagr

vσ C̃4/ε

C5
βλ

vk(λ+γ)v3 C̃5/ε

C6 αvsarA C̃6/ε

C8 αvsarUb1 C̃8/ε

C9 uagr C̃9

C10 uagrvσ C̃10/ε

C11
k(1+ γ

η )

β v C̃11

K1 u2αvsarAbsarA + (b1 + u2(α+ 1− v3
v ))(bsarA + usarA) K̃1/ε

K2
u2βλv3
vk(λ+γ) (bsarA + usarA) K̃2/ε

K3 [u2αvsarA + b1 + u2(α+ 1− v3
v )]bsarAvσ K̃3/ε

2

K4
u2βλv3
vk(λ+γ)bsarAvσ K̃4/ε

2

K5 (b1 + u1)K1 + u1vsarT b1(bsarA + usarA) K̃5/ε

K6 (b1 + u1)K3 + u1vsarT b1bsarAvσ K̃6/ε
2

P1 bica2 P̃1

P2 bica2vsarA P̃2/ε

P3 bica2rica2 P̃3

P4 vica2 P̃4/ε

P5
uica2b

2
ica1v

2
ica1

u2
ica1

P̃5/ε
2

P6
bica1
uica1

P̃6

Table 4.6.: Parameters from Sections 4.5.2–4.5.4 in terms of the non-dimensional
model parameters with their corresponding magnitudes.

≈ Gq b (1− αq)
[
βq

(
q + α3

q3

1 + c1q + c2q2

)
+ β?str

+ βstr,q
K1 +K2q + (K3 +K4q)[str]

K5 +K2q + (K6 +K4q)[str]

]
− µstr b,

with the new parameters

Gq := C1C3C11, α :=
C2

C1

, βq :=
C5

C3

, α3 :=
1

C5A1

, c1 :=
A2

A1

,

c2 :=
A3

A1

, β?str := 1 +
C4

C3

[str] +
C6[str]

C3(B5 + [str])
, βstr,q :=

C8

C3

and µstr := C11(C9 + C10[str]).

In the above definitions, we approximate the function f([str]) by the constant
parameter [str]. Furthermore, the magnitudes of the above parameters are as
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Parameter(s) Formula Magnitude
[str] model assumption ∈ (0, 1)
dq, df model assumption –
αq model assumption –
βf model assumption –
µf model assumption –
Gq C1C3C11 G̃q
α C2/C1 α̃

βq C5/C3 β̃q/ε
α3 (C5A1)

−1 α̃3/ε
3

c1 A2/A1 c̃1/ε
c2 A3/A1 c̃2/ε

3

β?str 1 + C4

C3
[str] + C6[str]

C3(B5+[str]) β̃?str/ε

βstr,q C8/C3 β̃str,q/ε
µstr C11(C9 + C10[str]) µ̃str/ε

Gf P1 G̃f
γ?str 1 + P2[str]

P1(B5+[str]) γ̃?str/ε

γn P3/P1 γ̃n
Kf P4 K̃f/ε
γ?str,f

P5

P1(P6+[str])2 γ̃?str,f/ε
2

Kn model assumption –

Table 4.7.: New parameters from Sections 4.5.5 and 4.5.6 in terms of the model
parameters from Table 4.6 with their corresponding magnitudes.

described in Table 4.6 and Table 4.7. In our numerical simulations, we use the
parameter magnitude results as indicators for the size relationships between the
parameters in our derived equations, and adapt the overall parameter magnitudes
to the parameters used in the nutrient and bacteria equations.

For the term f3(n, b, q, f) in the evolution equation of the biofilm, we obtain

f3(n, b, q, f) = b

[(
P1 + P2

f([str])

B5 + f([str])
+ P3n

(
1− n

Kn

))
(P4 − f)

− P5

(P6 + [str])2
(f − 1)

]
1

1 + βfq
− µf f q

≈ Gf b

[(
γ?str + γnn

(
1− n

Kn

))
(Kf − f)− γ?str,ff

]
1

1 + βfq
− µf f q, (4.157)

with the new parameters

Gf := P1, γ?str := 1 +
P2[str]

P1(B5 + [str])
, γn :=

P3

P1

, Kf := P4

and γ?str,f =
P5

P1(P6 + [str])2
.

The magnitudes of the parameters γ?str, Kf and γ?str,f are also as described in

94



4.5. Modeling of biofilm formation

Table 4.7. Above we have approximated (f − 1) by f . Formulas for the equations
are given in terms of the parameters in the non-dimensional model from Section 4.3
and we distinguish between the parameters introduced in Sections 4.5.2, 4.5.3
and 4.5.4 in Table 4.6 and those introduced in Sections 4.5.5 and 4.5.6 in Table 4.7.

4.5.7. Simulation of the system of regulation equations

In this section we simulate the non-dimensional system of ordinary differential
equations introduced in Section 4.3 and given by the Equations (4.67)–(4.114). We
investigate the behavior of these equations, with special attention to the system
reduction, using an ordinary differential equation solver in MATLAB [97]. We take
into account that the changes described in Equations (4.67)–(4.114) take place on
different time scales, as seen in Section 4.4. Thus we simulate a system consisting
of Equations (4.67), (4.76), (4.82), (4.83), (4.90), (4.93), (4.94), (4.100), (4.103),
(4.106), (4.109) and (4.112), where the resulting concentrations of AIP and PIA are
calculated using Equation (4.121) and Equation (4.126), respectively.

The concentrations resulting from this system are shown in Figure 4.9(a)–(c). The
resulting concentrations of AIP and PIA in Figure 4.9(c) are then compared to
those obtained directly from the reduced Equations (4.148) and (4.149) with the
additional assumption f([str]) ≈ [str] in Figure 4.9(d).

In both cases, the concentrations of nutrients and the stress level are assumed to be
constant at the levels n = 5 and [str] = 0.5. The parameters for the larger system
are chosen as n = 5, [str] = 0.5, bagr = uagr = λ = k = γ = η = bPSM = uPSM =

b0 = u0 = bσ = bsarA = usarA = bica1 = bica2 = uica1 = uica2 = rica2 = b1 = u2 = α =

u1 = b2 = 1, v = 3, v3 = vσ = vsarA = vica1 = vica2 = vsarT = vsarU = vsarS = 5,
µ = 0.1 and φ = β = Kn = 10 and the parameters for the reduced system are
calculated from these parameters using the formulas from Table 4.6 and Table 4.7.

We see that both systems yield very similar concentrations of AIP and PIA, such
that we can say that the reduction does not lead to a significant loss of accuracy.
The peaks that arise in the concentrations of the larger system are due to the system
taking longer to swing into its final stage. However, we see that these peaks do not
alter the long-term behavior of the system significantly.
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Figure 4.9.: Comparison of the concentrations of AIP and PIA from the larger
rescaled system and the reduced system on the τ̂ -timescale.

4.6. Simulation of the full system

In this section the finite element discretization of our system is presented and we
simulate the full system of partial differential equations derived in Section 4.5 using a
time-adaptive finite element method in two spatial dimensions which is implemented
in MATLAB. For further details on finite element methods, we refer to Section 3.5
and the references [22, 24]. Note that the model uses a random diffusion component
from a triangular distribution as introduced in [82], in order to reflect the stochastic
fluctuation of the random movement of bacteria. This means that the diffusion
parameter σ has the form σ = σ0(1 + ∆), where ∆ is taken from a triangular
distribution supported by [−1, 1]. Furthermore, as in [82], the initial distribution of
cells is chosen as a normal distribution of the form b0(x) = bM exp(−(x2 + y2)/6.25),
where we take bM = 0.71.
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4.6. Simulation of the full system

4.6.1. Finite element discretization

We use a finite element method to simulate the model given by the Equations (4.150)–
(4.154) with the functions f1(n, b, q), a(n, b), f2(b, q), f3(n, b, q, f) and the diffusion
coefficients given by Equations (4.5)–(4.6) and (4.155)–(4.157). We recall that our
resulting system is of the form

∂n

∂t
= ∇ · (D1(f)∇n)−G1f1(n, b, q),

∂b

∂t
= ∇ · (D2(n, b, q)∇b) +G2f1(n, b, q)− a(n, b),

∂s

∂t
= ∇ · (D3(b)∇s) + a(n, b),

∂q

∂t
= dq∆q + f2(b, q),

∂f

∂t
= df∆f + f3(n, b, q, f).

For the finite element method we need the weak form of the equations and use the
implicit Euler method for the time derivatives. For the simple case of an ODE
problem of the form dy

dt
= f(t, y), y(0) = y0, the implicit Euler approximation is of

the form yk+1 = yk + δt f(tk+1, yk+1) with the time step δt. In the following, this
method is applied to the weak formulation of the time-dependent PDE problem in
order to obtain a variational formulation.

Since we assume homogeneous Neumann boundary conditions, this results in a
variational problem of the form

F ((n, b, s, q, f),(u, v, w,m, p)) =∫
Ω

[n− nk
δt

u+D1(f)∇n · ∇u+G1f1(n, b, q)u

+
b− bk
δt

v +D2(n, b, q)∇b · ∇v −G2 f1(n, b, q) v + a(n, b) v

+
s− sk
δt

w +D3(b)∇s · ∇w − a(n, b)w

+
q − qk
δt

m+ dq∇q · ∇m− f2(b, q)m

+
f − fk
δt

p+ df ∇f · ∇p− f3(n, b, q, f) p
]
dx = 0.

Here the terms nk, bk, sk, qk and fk denote the approximations of the respective
concentrations in the previous time step k. This means that in fact we have taken
(n, b, s, q, f) := (nk+1, bk+1, sk+1, qk+1, fk+1). Our goal is to determine the tuple
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(n, b, s, q, f) such that

F ((n, b, s, q, f), (u, v, w,m, p)) = 0

for all (u, v, w,m, p) ∈ (H1(Ω))5. This is achieved numerically by linearizing the
functional F at (n̂, b̂, ŝ, q̂, f̂) in the direction (δn, δb, δs, δq, δf) for the fixed tuple
of test functions (u, v, w,m, p). The linear problem to be solved for each iteration
then becomes:
Find (δn, δb, δs, δq, δf) ∈ (H1(Ω))5 such that

F̂ ((n̂+ δn, b̂+ δb, ŝ+ δs, q̂ + δq, f̂ + δf), (u, v, w,m, p)) = 0 (4.158)

for all test functions (u, v, w,m, p) ∈ (H1(Ω))5. To compute the solution of the
linearized problem in each step, we employ a Newton method. Note that the starting
point for the Newton iteration is always the solution calculated in the last time step.
Then the solution of (4.158) is computed and the new approximation is taken to be
the solution from the last time step plus the calculated solution. This procedure is
repeated until the given error tolerance is reached.

In order to set up the linearized Equation (4.158) appropriately, we simplify our
notation and define

x̂ := (n̂, b̂, ŝ, q̂, f̂), y := (u, v, w,m, p) and δx := (δn, δb, δs, δq, δf).

Then we sort the terms in the resulting expression by their dependency on the
vector δx to achieve a problem of the form

F̂ (x̂ + δx,y) = a(δx,y)− f(y) = 0, (4.159)

to be solved for δx. Here the residual −f(y) is defined as

−f(y) =

∫
Ω

[ 1

δt
(n̂u− nku) +D1(f̂)∇n̂ · ∇u+G1 f1(n̂, b̂, q̂)u

+
1

δt
(b̂v − bkv) +D2(n̂, b̂, q̂)∇b̂ · ∇v −G2 f1(n̂, b̂, q̂) v + a(n̂, b̂) v

+
1

δt
(ŝw − skw) +D3(b̂)∇ŝ · ∇w − a(n̂, b̂)w

+
1

δt
(q̂m− qkm) + dq∇q̂ · ∇m− f2(b̂, q̂)m

+
1

δt
(f̂p− fkp) + df ∇f̂ · ∇p− f3(n̂, b̂, q̂, f̂) p

]
dx,
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and the matrix a(δx,y) is of the form

a(δx,y) =

∫
Ω

[ 1

δt
δn u+D1f (f̂) δf ∇n̂ · ∇u+D1(f̂)∇δn · ∇u

+G1f1n(n̂, b̂, q̂) δn u+G1f1b(n̂, b̂, q̂) δb u+G1f1q(n̂, b̂, q̂) δq u

+
1

δt
δb v +D2n(n̂, b̂, q̂) δn∇b̂ · ∇v +D2b(n̂, b̂, q̂) δb∇b̂ · ∇v

+D2q(n̂, b̂, q̂) δq∇b̂ · ∇v +D2(n̂, b̂, q̂)∇δb · ∇v −G2f1n(n̂, b̂, q̂) δn v

−G2f1b(n̂, b̂, q̂) δb v −G2f1q(n̂, b̂, q̂) δq v + an(n̂, b̂) δn v + ab(n̂, b̂) δb v

+
1

δt
δsw +D3b(b̂) δb∇ŝ · ∇w +D3(b̂)∇δs · ∇w − an(n̂, b̂) δnw

− ab(n̂, b̂) δbw

+
1

δt
δq m+ dq∇δq · ∇m− f2b(b̂, q̂) δbm− f2q(b̂, q̂) δq m

+
1

δt
δf p+ df ∇δf · ∇p− f3n(n̂, b̂, q̂, f̂) δn p− f3b(n̂, b̂, q̂, f̂) δb p

− f3q(n̂, b̂, q̂, f̂) δq p− f3f (n̂, b̂, q̂, f̂) δf p
]
dx.

Since we consider a system of five differential equations, we distinguish several
cases in the numerical assemblation of the matrix and the residual. There are five
cases, one for each model variable utest ∈ {u, v, w,m, p}, for assembling the residual
f(y) and 25 cases, one for each pair (csol, utest) with csol ∈ {δn, δb, δs, δq, δf}, for
assembling the system matrix a(δx,y). Furthermore, in the equations for f(y) and
a(δx,y) above, several terms of the same form can be found. In the equations
for f(y) and a(δx,y), terms of the same form can be treated in the same way
numerically and therefore we distinguish different routines, which assemble the
residual terms of the form∫

Ω

futest dx and
∫

Ω

f ∇g · ∇utest dx

and the matrix terms of the form

M =

∫
Ω

f csol utest dx, S =

∫
Ω

f ∇csol · ∇utest dx and

R =

∫
Ω

f csol∇g · ∇utest dx,

where f and g denote the coefficient functions.

We solve the variational problem over the space (Vh)
5, where Vh denotes the finite
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element space of continuous piecewise linear polynomials given as

Vh := {vh ∈ H1(Ω) : vh|T ∈ P1(T ), T ∈ Th},

introduced in Section 3.5. We introduce the basis {ψj}j∈[5N ], where N denotes the
number of ansatz functions, in order to rewrite the variational problem. Note that
since the problem has five equations, the basis components are in fact vectors of
the form ψj = (φj, 0, 0, 0, 0) for j ∈ [N ], ψj = (0, φj−N , 0, 0, 0) for j ∈ [2N ]\[N ],
ψj = (0, 0, φj−2N , 0, 0) for j ∈ [3N ]\[2N ], ψj = (0, 0, 0, φj−3N , 0) for j ∈ [4N ]\[3N ]

and ψj = (0, 0, 0, 0, φj−4N) for j ∈ [5N ]\[4N ], where {φj}j∈[N ] is a Lagrange or
nodal basis of the space Vh.

Then the variational problem from Equation (4.159) in discrete form reads:
Find vh ∈ (Vh)

5 such that

a(vh, ψi) = f(ψi) ∀ψi ∈ (Vh)
5.

Since vh =
∑5N

j=1 zjψj , this is equivalent to
∑5N

j=1 a(ψj, ψi)zj = f(ψi) for i = 1, . . . , 5N .
In matrix notation the problem thus takes the form Az = b, where we write the
matrix A(i, j) = a(ψj, ψi) ∈ R5N×5N , with the components M(i, j), S(i, j), R(i, j) ∈
R5N×5N , and the vector b(i) = f(ψi) ∈ R5N with the components described above,
in terms of the basis functions.

4.6.2. Time adaptivity

We distinguish between time and space adaptivity. While the latter involves changing
the finite element mesh and consequently requires appropriate error estimation,
time adaptivity only changes the time step in the simulation of a parabolic problem.
For our parabolic boundary value problem, we use a separate time discretization
and can thus consider time adaptivity as a separate process. We control the time
step based on the number of Newton steps required to obtain the spatial solution.
The underlying idea is to assume that a fast numerical convergence of the Newton
method implies that the solution is uncritical and that it has a good quality. Thus,
the four parameters

newtonmin < newtonnearlymin < newtonnearlymax < newtonmax
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and two constant time factors α1, α2 ∈ (0, 1) with α1 ≤ α2 are defined. The time
step is forced to be larger than a minimal value in order to stop the algorithm if
convergence cannot be reached. If the number of Newton steps needed is larger
than newtonmax or if the solution did not converge, the step size is reduced by multi-
plication with the smaller factor α1. For a number of Newton steps that is between
newtonnearlymax and newtonmax, the step size is only reduced by multiplication with
the larger factor α2. If the number of Newton steps needed is too small, i.e., less
than or equal newtonnearlymin, or the update norm is too small, the time step is
increased by division by the factor α2.

4.6.3. Comparison of the numerical results to real data

This section is divided into two parts: In the first part we perform simulations of
bacteria colony growth in the wildtype and in several mutants of the bacterium
S. aureus "Newman". We then compare our results to real data in the form of
biological observations of bacteria colonies grown in the laboratory. The biological
real data observations have in part been published in [65] and are reprinted under
the terms of the Creative Commons Attribution License. This is indicated by
the reference [65] in the captions of the corresponding figures. Further biological
observations result from experiments performed at the University of Würzburg, also
as indicated in the figure captions. In the second part we compare our results to
the five morphologies of bacterial colonies introduced in [82, 98].

Parameter Value Parameter Value Parameter Value Parameter Value
G1 7 G2 7 σ 0.5 Gf 0.1
Gq 0.1 µq 0.1 δ 1 dn 1
df 2 dq 1 ε 10 γ 1
qm 0.3 z 1 τ 0.25 bs 2
1/a1 2400 1/a2 120 ρ 1 αq 1
α 0.1 βq 1 α3 100 c1 1
c2 100 β?str 1 βstr,q 1 K1 = K2 1
K3 10 K4 10 K5 1 K6 10
[str] 0.5 γ?str 1 γn 0.5 γ?str,f 10
βf 1 µf 0 Kf 10 Kn 10

Table 4.8.: Parameter values for the simulation of the wildtype S. aureus bacteria
colony.

For the wildtype bacterium we choose moderate parameter values since all regu-
lation subsystems are active and contribute to the growth of the colony. These
parameter values are described in Table 4.8 and the corresponding simulation results
are depicted in Figures 4.10–4.12. In order to display the colony structure, we
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(a) Replicative bacteria. (b) Nonreplicative bacteria.

(c) Biofilm concentration. (d) Nutrient concentration.

(e) Quorum sensing substance.

Figure 4.10.: S. aureus wildtype single concentrations as obtained from simulation
with the parameters indicated in Table 4.8.

add up the concentrations of replicative and non-replicative bacteria as well as
the concentration of biofilm as depicted in Figure 4.10(a)–(c) to obtain the colony
depicted in Figure 4.12(b). Since the dimensionless concentration of biofilm is in
the range of 0 to 4.5, these values are indicated by a light blue color and the larger
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(a) First day. (b) Simulation at t = 2.28.

(c) Second day. (d) Simulation at t = 4.57.

(e) Third day. (f) Simulation at t = 6.85.

(g) Fourth day. (h) Simulation at t = 9.20.

(i) Fifth day. (j) Simulation at t = 11.55.

Figure 4.11.: S. aureus wildtype colony evolution in time observed in the labora-
tory [65] in comparison to the evolution as obtained from simulation
with the parameters indicated in Table 4.8. Simulations take values
in the interval [0, 14].

concentration values, which range up to 14 in areas where bacteria are present,
are indicated by shades of yellow and red. The concentrations of nutrients and
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(a) S. aureus wildtype colony evolution. (b) S. aureus wildtype simulation result.

Figure 4.12.: S. aureus wildtype bacteria colony as obtained from simulation with
the parameters indicated in Table 4.8 in (b) in comparison to biological
real data [65] in (a).

quorum sensing molecules are not added since these molecules are very small and
thus cannot be seen in the real data. The single component concentrations are
depicted in Figure 4.10 and Figure 4.11 shows the evolution of the wildtype bacteria
colony in time. In the biological real data in Figure 4.12(a) we observe that the
wildtype bacterium shows a quite distinct structure with concentric rings of bacteria
and a narrow fingering or wrinkling structure towards the outer area of the colony.
The colony is mostly round with only few shallow dents. Furthermore, we observe
a thin layer of biofilm surrounding the bacteria in the real data. These features
are reproduced in the simulation result depicted in Figure 4.12(b), where a distinct
ring structure is observed, the colony fingers are close and a thin layer of biofilm
surrounds the colony. Thus in this case a good agreement is reached between the
real data and the simulation result.

The real data for the extracellular matrix or ica mutant as depicted in Figure 4.13(a)
shows a less pronounced colony structure, especially in the inner area where the
ring structure is weaker than in the wildtype colony. The colony is round and very
narrow wrinkles are observed in the outer parts. Furthermore, the colony does not
have a surrounding biofilm layer. In this case we set Gf = µf = 0 since the ica
locus of the bacteria is deactivated. The lack of biofilm leads to a slower availability
of nutrients for colony growth, such that the growth rates G1 and G2 are decreased
to G1 = G2 = 5. In addition, we take σ = 1 in the replicative bacteria diffusion
since, without the added structure of the biofilm, the bacteria move faster. In the
simulation results depicted in Figure 4.13(b) we observe that a good agreement is
reached as the ring structure is less pronounced and the branches are very close.
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(a) Ica mutant colony evolution. (b) Ica mutant simulation result.

Figure 4.13.: S. aureus ica mutant bacteria colony as obtained from simulation with
the described parameter changes in (b) and biological real data [65]
in (a).

For the interested reader, the single concentrations of the five components, as shown
above for the wildtype colony, are depicted in Figure A1.1 in the appendix.

(a) Spa mutant colony evolution. (b) Spa mutant simulation result.

Figure 4.14.: S. aureus spa mutant bacteria colony as obtained from simulation with
the described parameter changes in (b) and biological real data [65]
in (a).

In Figure 4.14(a) we see the real data for the attachment mutant, in which the
spa locus is disabled. As in the wildtype, the ring structure can be observed, but
it is even more pronounced. An important difference to the wildtype is that the
spaces between the wrinkles in the outer part of the colony are larger in the spa
mutant. The bacteria colony is surrounded by a biofilm layer. Since a decrease in
the concentration of protein A is linked to an increase in the AIP concentration, we
obtain the effects of the spa mutation by increasing the effects of the quorum sensing
substance on colony growth, thus increasing the parameter δ from δ = 1 to δ = 5. In
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addition, protein A binds to the cell wall envelope [45, 96], thus providing stability
to the biofilm. In the attachment mutant bacterium, the biofilm is still present, but
less stable, leading to the slightly increased nutrient diffusion coefficient dn = 1.5.
In the simulation result depicted in Figure 4.14(b) we observe a good agreement
of the simulations as the distances between the fingers are increased, while a very
distinct ring structure is observed. For the interested reader, Figure A1.2 in the
appendix depicts the single concentrations for the spa mutant.

(a) Ica and spa mutant colony evolution. (b) Ica and spa mutant simulation result.

Figure 4.15.: S. aureus ica and spa mutant bacteria colony as obtained from simu-
lation with the described parameter changes in (b) and biological real
data [65] in (a).

The combined spa and ica mutant real data is depicted in Figure 4.15(a) and
shows features from both mutations. Here the concentric ring structure is more
pronounced than in the ica mutant and the outer areas of the colony show wider
gaps between the wrinkles in the colony structure. As above, there is no biofilm
formation due to the ica locus mutation. We combine the parameters G1 = G2 = 5,
σ = 1 from the ica mutant with the parameters δ = 5, dn = 1.5 from the spa
mutant to obtain the simulation result depicted in Figure 4.15(b). In comparison to
the ica mutant simulation result, it shows a stronger ring structure and wider gaps
between the fingers, and thus a good agreement of the real data and the simulation.
In addition, the single concentrations are depicted in Figure A1.3 in the appendix.

The amyloid type 1 or psm-αmutant biological observation depicted in Figure 4.16(a)
has a rather pronounced ring structure and narrow wrinkling in the outer areas
of the round colony, which means that the wrinkles in the outer part are close
to each other. In the real data as well as in the simulation result, depicted in
Figure 4.16(b), we observe a layer of biofilm, which surrounds the bacteria colony
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4.6. Simulation of the full system

(a) Psm-α mutant colony evolution. (b) Psm-α mutant simulation result.

Figure 4.16.: S. aureus psm-α mutant bacteria colony as obtained from simula-
tion with the described parameter changes in (b) and biological real
data [65] in (a).

and which is larger than the corresponding layer in the wildtype colony. Concerning
the regulation mechanisms, the effect of a lack of PSM is mainly the decreased
POPC vesicle lysing capacity. Since this capacity is smaller for PSM-α than for
PSM-β, also the decrease is smaller and thus we obtain the growth parameters
G1 = G2 = 6. Due to the structuring effect of PSM, we decrease the parameter dn
to dn = 0.7 in the mutant. Since the psm-α mutation has much slighter effects than
the psm-β mutation on biofilm diffusion, we do not change the parameter df here.
The interested reader can find the single concentrations for the psm-α mutant in
Figure A1.4 in the appendix.

(a) Psm-β mutant colony evolution. (b) Psm-β mutant simulation result.

Figure 4.17.: S. aureus psm-β mutant bacteria colony as obtained from simula-
tion with the described parameter changes in (b) and biological real
data [65] in (a).

Similar choices are taken for the amyloid type 2 or psm-β mutant real data de-
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4. Detailed system of reaction-diffusion equations for Staphylococcus aureus

picted in Figure 4.17(a), where the growth parameters are decreased to the values
G1 = G2 = 4. Since the psm-β mutation has a much stronger effect than the psm-α
mutation, here we also slightly increase the replicative bacteria diffusion parameter
to σ = 0.65. This reflects the fact that the lack of biofilm structure makes it easier
for the bacteria to move. Due to the structuring effect of PSM, the parameter dn
is changed to the value dn = 0.4. Furthermore, since PSM positively influences
biofilm dispersal [87], we increase the mutant biofilm diffusion coefficient to df = 3.
The further decrease in G1 and G2 is due to the higher lysing capacity of PSM-β.
The colony of this mutant shows very little structure and very little wrinkling in
a round colony shape in both the real data and the simulation results depicted in
Figure 4.17(b). Additionally the single concentrations for the psm-β mutant can be
found in Figure A1.5 in the appendix.

(a) Psm-α and psm-β mutant colony evo-
lution.

(b) Psm-α and psm-β mutant simulation
result.

Figure 4.18.: S. aureus psm-α and psm-β mutant bacteria colony as obtained from
simulation with the described parameter changes in (b) and biological
real data [89] in (a).

The biological observation for the mutant in both amyloid type 1 and type 2 is
depicted in Figure 4.18(a). We observe a colony that shows a ring structure like the
amyloid type 1 mutant and an outer area with very few wrinkles like the type 2 mu-
tant. Furthermore, the colony shape is no longer round, but has pronounced dents
resulting in a flower-like colony shape. It is observed that the biofilm-enhancing
effect in psm-α and psm-β mutants is not additive. A possible reason for this is
the absence of the benefits on biofilm structuring and maturation induced by low
concentrations of PSM-β, as it is the case in S. epidermidis [87, 145], a close relative
of S. aureus. Thus we cannot simply add the effects from the type 1 and type 2
mutants. We take the nutrient consumption parameters G1 = G2 = 2.5, which are
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4.6. Simulation of the full system

(a) Agr mutant colony evolution. (b) Agr mutant simulation result.

Figure 4.19.: S. aureus agr mutant bacteria colony as obtained from simulation with
the described parameter changes in (b) and biological real data [65]
in (a).

smaller than the corresponding parameters in the single mutants. Furthermore,
we set the bacteria diffusion parameter to σ = 0.6, which represents a value in
between the values chosen for the psm-α and psm-β mutants. This is also the case
for the nutrient diffusion coefficient, which is chosen to be dn = 0.5 and the biofilm
diffusion coefficient df = 2.5. In the simulation results depicted in Figure 4.18(b), a
good agreement of the simulation results is observed as the flower-like shape as well
as the predicted changes in wrinkling and ring structure are reproduced. Again the
interested reader can find the single concentration simulation results in Figure A1.6
in the appendix.

The quorum sensing or agr mutant real data as displayed in Figure 4.19(a) shows
a very clear structure in the middle of the colony, while towards the outer areas,
the colony flattens and shows more pronounced dents. The colony is surrounded by
a biofilm layer, which is slightly uneven, but not as uneven as in the case of the
psm-α and psm-β mutant colony. Since there is no quorum sensing, the parameters
Gq and µq are set to zero. No agr activity also means that there are no PSM, which
lyse cells to gain nutrients and help in biofilm structuring and dispersal. Thus the
growth parameters are decreased, i.e., G1 = G2 = 2.5 as in the psm-α and psm-β
mutant colony. Furthermore, since the biofilm is less structured without PSM,
the diffusion coefficient of the replicative bacteria is again increased to σ = 0.6.
Analogously to the psm-α and psm-β mutant, the diffusion parameters for the
nutrients and for the biofilm are chosen as dn = 0.5 and df = 2.5, respectively. We
observe a good agreement of the simulation result depicted in Figure 4.19(b), where
the structure in the middle of the colony as well as the slightly uneven biofilm layer
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Mutant G1 = G2 σ Gf Gq µq δ dn df
Wildtype 7 0.5 0.1 0.1 0.1 1 1 2

Ica 5 1 0 0.1 0.1 1 1 2
Spa 7 0.5 0.1 0.1 0.1 5 1.5 2

Ica and spa 5 1 0 0.1 0.1 5 1.5 2
Psm-α 6 0.5 0.1 0.1 0.1 1 0.7 2
Psm-β 4 0.65 0.1 0.1 0.1 1 0.4 3

Psm-α and -β 2.5 0.6 0.1 0.1 0.1 1 0.5 2.5
Agr 2.5 0.6 0.1 0 0 1 0.5 2.5

Table 4.9.: Changed parameter values for the simulation of the S. aureus mutant
bacteria colonies in comparison to the parameters for the wildtype.

are reproduced. In addition, the single concentrations are depicted in Figure A1.7
in the appendix. A summary of the changes in the parameter values for the mutants
considered above is found in Table 4.9.

In Figure 4.20 the results for the five bacterial morphologies as introduced in [98]
are displayed. As in [98], the type of pattern is investigated depending on the
initial nutrient concentration n0 and the concentration of the growth medium or
the bacterial diffusion coefficient σ, respectively. We distinguish five different mor-
phologies: The diffusion-limited aggregation (DLA) denoted by A, the Eden-like
morphology denoted by B, the concentric ring-like morphology denoted by C, the
disk-like morphology denoted by D and the dense branching morphology (DBM)
denoted by E in Figure 4.20. Diffusion-limited aggregation colonies show a star-like
structure with only few branches, which have larger gaps in between them, and are
observed for low values of both n0 and σ. In the Eden-like morphology, the bacteria
colony has a flower-like shape and the branches are close. In comparison to the
parameters in the DLA case, here the initial nutrient concentration is significantly
larger. The concentric ring-like morphology shows a rather round shape, in which
concentric structures are observed and is found for large values of n0 and rather
large values of σ. The disk-like morphology has a surface with very little structure
and a round colony shape, which is mainly caused by large diffusion coefficients. In
the DBM, the branches are dense but can be clearly distinguished and the shape of
the colony is mostly round. This is the case for medium to large diffusion coefficients
in combination with a medium to small initial nutrient concentration.

To obtain the morphologies displayed in Figure 4.20, we use the wildtype parameter
values as described in Table 4.8 and alter the parameters n0 and σ, and in one
case also the parameter αq, as indicated by the axes of the diagram. Varying only
these three parameters yields a wide range of colony morphologies. The wildtype
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4.6. Simulation of the full system

colony represents a dense branching morphology phenotype at (σ, n0) = (0.5, 1.11).
Another DBM is found at (0.5, 0.7), thus at the same nutrient level as the DLA
representative, which is found at (0.2, 0.7). The Eden-like morphology is observed
at a larger initial nutrient concentration at (0.1, 2.0) and disk-like patterns are
obtained at (1.0, 2.0) and (0.5, 3.0). For the concentric ring-like morphology we
obtain the result displayed at (0.2, 4.0), where a ring structure is observed in the
inner part of the colony while the outer part of the colony shows a pattern which
resembles the beginning of branching, such that two different levels are observed.
Thus, the arrangement of the different colony types in the (σ, n0) plane qualitatively
replicates the classification scheme displayed in [98].
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Figure 4.20.: The five morphologies as obtained from simulations of the five equation
model. Dependence of pattern formation on levels of σ and n0.
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5. Analysis of pattern formation

In this chapter we investigate methods to analyze pattern formation in the simpli-
fied situation of a reduced system consisting of two partial differential equations.
Starting from standard Turing approaches as described in Part I, Section 3.2 for
the investigation of a system such as Equations (4.1)–(4.2), we later consider a
front instability approach in order to determine the onset of fingering for the mixed
bacterial diffusion term.

5.1. Turing pattern formation analysis

Turing pattern formation analysis as introduced in Section 3.2 represents a well-
known approach for the investigation of pattern formation in systems of reaction-
diffusion equations. However, we keep in mind that there are two main challenges
for our situation of bacterial pattern formation. The first one is the initially circular
geometry of the biological setting, which does not represent a spatially homogeneous
stationary state as required for Turing pattern formation, and the second one is
the inhomogeneous bacteria diffusion coefficient. Our aim in the following is to
investigate the mechanisms behind the pattern formation in our particular model
setting. We start by investigating which role Turing pattern mechanisms could
play. To this end, we derive the corresponding Turing parameters and investigate
simulation results around these parameters.

For a system of equations similar to Equations (4.1)–(4.2), a spatially homogeneous
stationary state is not readily obtained. As we consider only the equations for the
nutrient concentration n and the replicative bacteria density b, we obtain that the
steady state concentrations (n̄, b̄) have to satisfy the equation

∂n̄

∂t
= −G1g1(n̄, b̄) = 0,

where we recall that g1(n̄, b̄) = n̄b̄
1+γn̄

. This is only possible if either n̄ = 0 or b̄ = 0.
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In order to obtain

∂b̄

∂t
= G2g1(n̄, b̄)− a(n̄, b̄) = 0,

also a(n̄, b̄) = ε b̄

(1+ b̄
a1

)(1+ n̄
a2

)
has to vanish. This leads to the two possible types of

steady states (n̄, b̄) = (0, 0) and (n̄, 0) with b̄ = 0 and n̄ > 0. In both cases, one of
the steady state concentrations is zero. Thus, in the following, we consider a simple
modified system of equations of the form

∂n

∂t
= dn∆n−G1

nb

1 + γn
+ ε0, (5.1)

∂b

∂t
= ∇ · (σnb∇b) +G2

nb

1 + γn
− µb, (5.2)

in the domain Ω. Here the parameter ε0 denotes a small positive inflow of nutrients
into the system and is necessary for a positive spatially homogeneous state of the
system. The spatially homogeneous stationary state of such a system is

(n̄, b̄) = (
µ

G2 − γµ
,
G2ε0

G1µ
). (5.3)

Then, the required positivity of the stationary state gives the first restriction on
the parameters dn, σ,G1, G2, γ, ε0, µ ∈ R+ as

G2 − γµ > 0. (5.4)

With the transformations n→ n̄+ n1 and b→ b̄+ b1, the bacteria diffusion term is
linearized as

∇ · (nb∇b) = n̄b̄︸︷︷︸
=:ρ/σ

∆b1 +∇ · (n1b1∇b1) + b̄∇ · (n1∇b1) + n̄∇ · (b1∇b1)︸ ︷︷ ︸
=:g(n1,b1)/σ

.

Using the diffusion coefficient reparametrization D := σ
dn
, the resulting linearized

system is of the form

∂n1

∂t
= ∆n1 + j11n1 + j12b1, (5.5)

∂b1

∂t
= Dn̄b̄∆b1 + j21n1 + j22b1 + g(n1, b1). (5.6)
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The entries of the Jacobian J = (jkl)k,l=1,2 in (n̄, b̄) are

j11 = −G2ε0(γµ−G2)2(9γ2µ2 + 4G2γµ+G2
2)

µ(G2 + γµ)4
, j12 = −G1µ(4γ2µ2 + 3G2γµ+G2

2)

(G2 + γµ)3
,

j21 =
G2

2ε0(γµ−G2)2(9γ2µ2 + 4G2γµ+G2
2)

G1µ(G2 + γµ)4
and j22 = −γ

2µ3(γµ−G2)

(G2 + γµ)3
.

Furthermore, the linearized system matrix Lλ := J −Bλ, where −Bλu is defined

as −Bλu :=
(

∆n1
ρ
dn

∆b1

)T
, constitutes a mapping Lλ : X2 → (H2(Ω))2 from the

space X2 := {u ∈ (H2(Ω))2 : ∂u
∂n

= 0 on ∂Ω}.

With the above results we perform the Turing stability analysis according to
Theorem 3.2.1 in Section 3.2. Following (3.8), the stability of the equilibrium
without diffusion translates to the Turing conditions

tr(J) = j11 + j22 < 0 and det(J) = j11j22 − j12j21 > 0. (5.7)

The remaining Turing conditions for the diffusion-driven instability read

j22 +Dn̄b̄j11 > 0 and (j22 +Dn̄b̄j11)2 > 4Dn̄b̄(j11j22 − j12j21), (5.8)

as in (3.14)–(3.15). Then the first condition from (5.7) is fulfilled if the condition

j11 + j22 < 0 ⇐⇒ ε0 >
γ2µ4(G2 + γµ)

G2(G2 − γµ)(9γ2µ2 + 4G2γµ+G2
2)

⇐⇒ n̄ =
µ

G2 − γµ
<
ε0G2(9γ2µ2 + 4G2γµ+G2

2)

γ2µ3(G2 + γµ)

holds. Furthermore, due to (5.4), we know that the right-hand side, and thus also
ε0, are greater than zero.

We verify that the second condition from (5.7) always holds by inserting the terms
for j11j22 < 0 and j12j21 < 0. We obtain the condition

j11j22 − j12j21 > 0

⇐⇒
(
−G2ε0(γµ−G2)2(9γ2µ2 + 4G2γµ+G2

2)

µ(G2 + γµ)4

)(
−γ

2µ3(γµ−G2)

(G2 + γµ)3

)
−(

−G1µ(4γ2µ2 + 3G2γµ+G2
2)

(G2 + γµ)3

)(
G2

2ε0(γµ−G2)2(9γ2µ2 + 4G2γµ+G2
2)

G1µ(G2 + γµ)4

)
> 0

⇐⇒
(
G2ε0(γµ−G2)2(9γ2µ2 + 4G2γµ+G2

2)

µ(G2 + γµ)4

)
·
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[
γ2µ3(γµ−G2) +G2µ(4γ2µ2 + 3G2γµ+G2

2)

(G2 + γµ)3

]
> 0

⇐⇒

γ3µ4−G2γ
2µ3 + 4G2γ

2µ3︸ ︷︷ ︸
=3G2γ2µ3

+3G2
2γµ

2 +G3
2µ

 > 0,

which is fulfilled since the parameters are positive by definition.

The first condition in (5.8) yields the inequality

Dn̄b̄j11 + j22 > 0

⇐⇒Dn̄b̄
(
−G2ε0(γµ−G2)2(9γ2µ2 + 4G2γµ+G2

2)

µ(G2 + γµ)4

)
+

(
−γ

2µ3(γµ−G2)

(G2 + γµ)3

)
> 0

⇐⇒−Dn̄b̄G2ε0(G2 − γµ)2(9γ2µ2 + 4G2γµ+G2
2) + γ2µ4(G2 − γµ)(G2 + γµ) > 0

⇐⇒D <
γ2µ3(G2 + γµ)

b̄G2ε0(9γ2µ2 + 4G2γµ+G2
2)
.

Furthermore, we note that again the right-hand side is greater than zero.

For the second condition in (5.8) we find the following inequality to be fulfilled by
the diffusion parameter D:

(j22 +Dn̄b̄j11)2 > 4Dn̄b̄(j11j22 − j12j21)

⇐⇒j2
22 − 2Dn̄b̄j11j22 +D2n̄2b̄2j2

11 > −4Dn̄b̄j12j21

⇐⇒γ4µ6(γµ−G2)2

(G2 + γµ)6
− 2Dn̄b̄G2ε0(γµ−G2)3(9γ2µ2 + 4G2γµ+G2

2)γ2µ2

(G2 + γµ)7

+
D2n̄2b̄2G2

2ε
2
0(γµ−G2)4(9γ2µ2 + 4G2γµ+G2

2)2

µ2(γµ+G2)8
>

4Dn̄b̄(4γ2µ2 + 3G2γµ+G2
2)G2

2ε0(γµ−G2)2(9γ2µ2 + 4G2γµ+G2
2)

(γµ+G2)7

⇐⇒D2n̄2b̄2G2
2ε

2
0(G2 − γµ)2(9γ2µ2 + 4G2γµ+G2

2)2 + γ4µ8(G2 + γµ)2 >

2Dn̄b̄G2ε0µ
2(9γ2µ2 + 4G2γµ+G2

2)(G2 + γµ)[γ3µ3 + 7G2γ
2µ2 + 6G2

2γµ+ 2G3
2]

⇐⇒D2b̄2G2
2ε

2
0(9γ2µ2 + 4G2γµ+G2

2)2 + γ4µ6(G2 + γµ)2 >

2Dn̄b̄G2ε0(9γ2µ2 + 4G2γµ+G2
2)(G2 + γµ)[γ3µ3 + 7G2γ

2µ2 + 6G2
2γµ+ 2G3

2].

For the Turing bifurcations we are especially interested in the relationship between
the diffusion coefficients and the initial values. For the chosen parameter values
G1 = γ = 1, G2 = 0.2, ε0 = 0.01 and µ = 0.1, we calculate that the spatially
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Figure 5.1.: Turing bifurcation diagram for Equations (5.5), (5.6). Parameters G1 =
γ = 1, µ = 0.1, G2 = 0.2, ε0 = 0.01. Parameter sets (ns, D) = (1, 0.2)
and (ns, D) = (1, 3) for simulations indicated by red and blue cross.

homogeneous stationary state is (n̄, b̄) = (1, 0.02).

Thus it follows that n̄b̄ = 0.02 and the Turing bifurcation takes place at Dcrit =
σcrit

dncrit
= 0.3247. We observe that in this fraction the nutrient diffusion dncrit

is high
in comparison to the bacteria diffusion σcrit, even more so when we consider the
relationship between dncrit

and the effective diffusion value ρcrit := σcritn̄b̄. From
ρcrit

dncrit
= Dcritn̄b̄ we calculate dncrit

= ρcrit

0.3247·0.02
≈ 154ρcrit, which is unrealistic in a

biological scenario.

The bifurcation diagram for the chosen parameter values is displayed in Figure 5.1,
where a set of parameter values for which we expect Turing pattern formation is
indicated by a red cross and another set of parameter values, where we do not
expect a Turing pattern, is indicated by a blue cross. Using these parameter values
and standard diffusion with the coefficient Dn̄b̄ for initially homogeneous concen-
trations with a random disturbance, we obtain the simulation results depicted in
Figure 3.2 in Section 3.2. With the same sets of parameter values for the bacterial
colony simulations of Equations (5.1)–(5.2), we obtain the results later displayed in
Figure 5.5 in Section 5.3.

An approach which seems promising for bacterial colony pattern formation is Turing
pattern analysis using an inhomogeneity approach. Inhomogeneity approaches
as introduced in [112, 113] and [17, 18, 19, 91] are appealing since they allow for
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inhomogeneity in either the diffusion coefficient or in one of the remaining parameters
of a system of model equations. This idea appears promising to represent some
aspects of the special geometry of our model. Due to the circular geometry of
the bacterial colony, polar coordinates in the two-dimensional domain Ω are of
interest to investigate pattern formation along the one-dimensional radius of the
colony. However, while the colony, and thus also the radius, grow in time, a fixed
radius is required to divide the domain into two subdomains. Furthermore, a
single inhomogeneous parameter approach is not fully tailored to represent the
inhomogeneities in colony growth, as there are several differences in- and outside
the colony and thus step functions are needed for several parameters. Thus we
do not consider Turing inhomogeneity approaches in detail, but in the following
section concentrate on a front instability approach, which is based on traveling wave
solutions.

5.2. Front instability approach

In [123], global existence of traveling wave solutions of the system of equations
describing bacterial pattern formation introduced in [82], which is similar to our
system, is investigated. With the assumption dn = 0 in the equation for the nutrient
density, the existence of sharp type traveling wave solutions is shown and a minimum
wave speed is derived. In [62], the existence of a finite traveling wave solution for
the degenerate mixed diffusion equation is investigated also in the case dn 6= 0. This
approach opens another path to investigate bacterial pattern formation in the special
geometry of a growing bacterial colony. In order to determine when branching is
observed, we consider traveling wave solutions along the one-dimensional radial
direction. If diffusion is large enough, perturbations are smoothed out, otherwise
they develop to a pattern. Traveling wave approaches such as [57, 75, 103, 140] can
help to determine the critical diffusion coefficient for the onset of pattern formation
in our mixed diffusion model. In the following, we consider a numerical traveling
wave approach as introduced in [103].

For the planar front instability ansatz we do not need to modify our two-equation
system by adding a constant ε0 as in Equations (5.1)–(5.2) in order to obtain a
positive spatially homogeneous steady state. However, we want to ensure mass
conservation and reduce the number of parameters. For proof of principle we
therefore do not include a bacterial death term −µb and take G1 = G2 = 1. We
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consider the system of equations

∂n

∂t
= dn∆n− nb

1 + γn
, (5.9)

∂b

∂t
= ∇ · (σnb∇b) +

nb

1 + γn
. (5.10)

Note that we extend the non-linear diffusion term in the form

∇ · (σnb∇b) = σ(nb∆b+ [b∇n+ n∇b] · ∇b).

In the following, we rescale using D := σ
dn
. The system of Equations (5.9)–(5.10)

has the two trivial homogeneous solutions (n?, b?) = (cn, 0) and (0, cb). Of these
homogeneous solutions, the first one is unstable since any small population of
bacteria can invade and due to the ample nutrient supply the population will grow.
The second solution is stable since any small amount of nutrients is eaten by the
bacteria, leading back to the stationary state. The propagation of the bacteria field
into the nutrient field corresponds to a propagation of the stable stationary state
into the unstable stationary state.

The problem stated in Equations (5.9)–(5.10) is well-posed, but the solutions may
not be classical due to the nutrient dependent diffusion [73, 123]. Following [123], we
can assume that for suitable initial and boundary conditions there exists a unique
pair of solutions (n, b) for all positive times. Furthermore, as in [123], we deduce
that the traveling wave solutions are the only long time solutions supported by
Equations (5.9)–(5.10). This is further supported by the results in [62], where an
existence and uniqueness proof is conducted for traveling wave solutions to a system
with mixed diffusion for the bacteria and reaction terms of the form nqbl with q, l > 1.

We consider a one-dimensional traveling wave approach in the radial direction
(x, y) = (x, 0) with the variable ξ := x− v0t, which yields the equations

Dnb
d2b

dξ2
+D

[
b
dn

dξ
+ n

db

dξ

]
db

dξ
+ v0

db

dξ
+

nb

1 + γn
= 0, (5.11)

d2n

dξ2
+ v0

dn

dξ
− nb

1 + γn
= 0, (5.12)

in the co-moving frame. In the following, we adapt the approach from [103] for the
case of bacteria density dependent diffusion to our bacteria density and nutrient
concentration dependent diffusion model. For large negative values of ξ, n ap-
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proaches 0 and the term d
dξ

[
nb db

dξ

]
represents a smaller effective diffusion coefficient

than the bacteria density dependent term d
dξ

[
b db
dξ

]
. Thus, the changes in the con-

centrations towards ξ → −∞ are slower than in the bacteria density dependent case.

The boundary conditions at ξ → ±∞ are given by the homogeneous steady states.
Thus for ξ → −∞ we obtain

b(ξ → −∞) = cb, dξb(ξ → −∞) = 0,

n(ξ → −∞) = 0, dξn(ξ → −∞) = 0,

and for ξ →∞ we obtain

b(ξ →∞) = 0, dξb(ξ →∞) = 0,

n(ξ →∞) = cn, dξn(ξ →∞) = 0.

The stable state (cb, 0) at ξ → −∞ invades the unstable state (0, cn) at ξ →∞. We
choose ξ such that the region outside the colony in which b(ξ) = 0 corresponds to
the region in which ξ > 0. Thus, in this region the system of linear equations [103]

b(ξ) = 0,
d2n

dξ2
+ v0

dn

dξ
= 0

is valid. It is solved explicitly to yield n(ξ) = cn − c0 exp(−v0ξ), where c0 ∈ R+ is a
constant. At the boundary ξ = 0 the boundary conditions

n(0) = cn − c0 > 0,
dn

dξ
|ξ=0 = v0c0, (5.13)

have to be fulfilled. We consider the area near ξ = 0, where for ξ → 0 we assume
that the concentration b shows a behavior of the form b(ξ) ∼ A(−ξ)α according
to [62, 103]. Inserting this form into Equation (5.11) for the traveling wave yields

DnA(−ξ)αα(α− 1)A(−ξ)α−2 +D

[
A(−ξ)αdn

dξ
− nαA(−ξ)α−1

]
·

(−αA(−ξ)α−1)− v0αA(−ξ)α−1 +
nA(−ξ)α

1 + γn
= 0

⇐⇒Dnα(α− 1)A2(−ξ)2α−2 −DαA2dn

dξ
(−ξ)2α−1 +Dnα2A2(−ξ)2α−2

− v0αA(−ξ)α−1 +
nA(−ξ)α

1 + γn
= 0.
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5.2. Front instability approach

Since the dominant terms in ξ have to cancel out at ξ = 0, it holds that

Dn(0)α(α− 1)A2(−ξ)2α−2 +Dn(0)α2A2(−ξ)2α−2 − v0αA(−ξ)α−1 = 0.

It follows that for the above equation to be fulfilled it has to hold that

α = 1 and A =
v0

Dn(0)
. (5.14)

Since we have chosen reaction terms that fulfill conservation of mass, we can reduce
the order of the system. Adding Equations (5.11) and (5.12) yields the system

D
d

dξ

(
nb
db

dξ

)
+ v0

db

dξ
+

nb

1 + γn
= 0,

d2n

dξ2
+D

d

dξ

(
nb
db

dξ

)
+ v0

dn

dξ
+ v0

db

dξ
= 0,

and by integration from −∞ to ξ in the second equation, we obtain the system

D
d

dξ

(
nb
db

dξ

)
+ v0

db

dξ
+

nb

1 + γn
= 0,

dn

dξ
+Dnb

db

dξ
+ v0(n+ b− cb) = 0.

Since the derivatives vanish at ξ → ±∞, it holds that cb = cn = 1. Any other choice
of cb, cn can be transformed to this case using a renormalized diffusion coefficient
DR as described in [103].

Following the approaches described in [58, 103, 118], we consider a heteroclinic
orbit in the (b, dξb, n) phase space and shoot to a fitting point in order to determine
the planar velocity v0. Since the values for ξ > 0 are determined analytically, we
do not need to use a shooting method on the positive line. Instead, at ξ = 0,
we compare the analytically obtained concentrations to those from the shooting
method on ξ < 0 and choose v0 as the value for which the boundary conditions
are fulfilled. For the computation of the front profiles, the initial concentrations
(ninit, binit) = (0.001, 0.999) are chosen for computational reasons and the point ξ = 0

is set such that b(0) = 0. In Figure 5.2 the obtained values of v0 for several values
of D are displayed. As expected, in comparison to the bacteria density dependent
case with k = 1 [103], we observe that smaller values of v0 are chosen. Furthermore,
the behavior for small values of D differs as we observe very small and also similar
values of v0 for small D. This reflects the fact that the effective diffusion is further
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5. Analysis of pattern formation

reduced by the dependence on the small nutrient concentration.
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0
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Figure 5.2.: Planar front velocities v0 in dependence of the diffusion coefficient
D ∈ [0.25, 5.00].

In the following Sections 5.2.1 and 5.2.2, two different approaches to investigate
stability are presented. Since these approaches yield very similar results in the
bacteria density dependent case [103], we only perform one of these approaches for
the stability analysis, namely the investigation of the critical line as described in
Section 5.2.2.

5.2.1. Linear stability analysis investigating the dispersion

relation

In the following, we introduce a perturbation of the front in order to study its
linear stability. This approach is relevant for both stability investigations mentioned
above. The perturbations are not only perturbations in b and n, but also in the
shape of the line. As in [103], for (x, y) ∈ R2, we focus on perturbations of the form
h(y, t) := ε exp(iqy + ωt) and switch to the locally co-moving frame

ζ := x− v0t+ h(y, t) = ξ + h(y, t).

This yields the expressions

b(ζ, y, t) = b0(ζ) + εb1(ζ) exp(iqy + ωt) and (5.15)

n(ζ, y, t) = n0(ζ) + εn1(ζ) exp(iqy + ωt), (5.16)

where (b0, n0) is the planar front solution determined above. Furthermore, ε denotes
the amplitude, q is the wave number and b1, n1 are twice continuously differentiable
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5.2. Front instability approach

functions away from 0 with b1
b0
, n1

n0
bounded.

Linearization of Equations (5.9)–(5.10) about the uniformly translating solution
with ε = 0 gives the matrix formulation

L

(
b1

n1

)
=

(
ω +Dn0b0q

2 0

0 ω + q2

)(
b1 + ∂b0

∂ζ

n1 + ∂n0

∂ζ

)
, (5.17)

where the matrix operator L has the components

L11 = Dn0b0
∂2

∂ζ2
+Dn0

∂2b0

∂ζ2
+ 2Dn0

∂b0

∂ζ

∂

∂ζ
+D

∂n0

∂ζ

∂

∂ζ
(b0·)︸ ︷︷ ︸

=
∂b0
∂ζ

+b0
∂
∂ζ

+v0
∂

∂ζ
+

n0

1 + γn0

,

L12 = Db0
∂2b0

∂ζ2
+D(

∂b0

∂ζ
)2 +

D

2

∂b2
0

∂ζ

∂

∂ζ︸ ︷︷ ︸
=Db0

∂b0
∂ζ

∂
∂ζ

+
b0

(1 + γn0)2
,

L21 = − n0

1 + γn0

and

L22 =
∂2

∂ζ2
+ v0

∂

∂ζ
− b0

(1 + γn0)2
.

A main difference to the results in [103] are the non-diagonal derivative terms in L,
which are due to the mixed bacterial diffusion coefficient. Furthermore, the form of
the terms L11 and L12 is due to the expansion

∂

∂ζ

(
nb
∂b

∂ζ

)
= nb

∂2b

∂ζ2
+

[
b
∂n

∂ζ
+ n

∂b

∂ζ

]
∂b

∂ζ
= nb

∂2b

∂ζ2
+ b

∂b

∂ζ

∂n

∂ζ
+ n

(
∂b

∂ζ

)2

= nb
∂2b

∂ζ2
+

1

2

∂b2

∂ζ

∂n

∂ζ
+ n

(
∂b

∂ζ

)2

.

The planar front looses stability when ω becomes positive for spatial modes in
(0, qmax). Thus, the onset of lateral instability happens when the derivative dω

d(q2)
at

q = 0 becomes positive due to the variation of a model parameter. Since it holds
that

L

(
∂b0
∂ζ
∂n0

∂ζ

)
= 0, (5.18)

we introduce the variables b̄1 := b1+∂b0
∂ζ

and n̄1 := n1+∂n0

∂ζ
and write the system (5.17)
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5. Analysis of pattern formation

as

L

(
b̄1

n̄1

)
=

(
ω +Dn0b0q

2 0

0 ω + q2

)(
b̄1

n̄1

)
. (5.19)

Again, two different domains meet at ζ = 0 and are considered separately. On the
positive line b0 = 0 and also for ζ > 0, it holds that b1(ζ) = 0. Thus we solve for
b1(ζ) and n1(ζ) in the system of equations, which is given as

b1 = 0,

∂2n1

∂ζ2
+ v0

∂n1

∂ζ
− (ω + q2)n1 = (ω + q2)

∂n0

∂ζ
,

and obtained from Equation (5.19).

With ∂n0

∂ζ
as defined above, the solution for n1(ζ) in this system is calculated

explicitly as

n1(ζ) = −c0v0 exp(−v0ζ) + d0 exp(−λζ),

where λ :=
v0−
√
v2
0+4(ω+q2)

2
and d0 is a constant. We furthermore investigate the

behavior of n1 and b1 as ζ → 0 from the left. Since n1 and its derivative are
continuous across ζ = 0, for n1 and ∂ζn1 at ζ = 0 we obtain

n1(0) = −c0v0 + d0 and (5.20)

∂ζn1(0) = c0v
2
0 − d0λ. (5.21)

The expression b1
b0

has to remain bounded, such that perturbations are arbitrarily
small when ε → 0. Therefore we consider b1 ∼ B(−ζ)β. Inserting this form into
Equation (5.17) yields

Dn0b0
∂2b1

∂ζ2
+Dn0

∂2b0

∂ζ2
b1 + v0

∂b1

∂ζ
+

n0b1

1 + γn0

+ 2Dn0
∂b0

∂ζ

∂b1

∂ζ
+D

∂n0

∂ζ

∂

∂ζ
(b0b1)

+
b0n1

(1 + γn0)2
+Db0

∂2b0

∂ζ2
n1 +D

(
∂b0

∂ζ

)2

n1 +Db0
∂b0

∂ζ

∂n1

∂ζ

= (ω +Dn0b0q
2)

(
b1 +

∂b0

∂ζ

)
.
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5.2. Front instability approach

We insert the expressions b0 = A(−ζ) and ∂b0
∂ζ

= −A and obtain the equation

Dn0A(−ζ)β−1β(β − 1)B + 0− v0βB(−ζ)β−1 +
n0B(−ζ)β

1 + γn0

+ 2Dn0AβB(−ζ)β−1

−D∂n0

∂ζ
AB(β + 1)(−ζ)β +

A(−ζ)n1

(1 + γn0)2
+ 0 +DA2n1 −DA2(−ζ)

∂n1

∂ζ

= ωB(−ζ)β − ωA+Dn0A(−ζ)β+1q2B − ADn0B(−ζ)βq2.

When we consider only the dominant terms and assume that they have to cancel
for the equation to be fulfilled at ζ = 0, we obtain β = 1 and

Dn0(0)Aβ(β − 1)B − v0βB + 2Dn0(0)AβB +DA2n1(0) + ωA = 0

⇐⇒B[Dn0(0)Aβ(β + 1)− v0β] +DA2n1(0) + ωA = 0

β=1⇐⇒B = −DA
2n1(0) + ωA

2Dn0(0)A− v0

(5.14)
= −

(
v0n1(0)

Dn0(0)2
+

ω

Dn0(0)

)
= −A

(
n1(0)

n0(0)
+
ω

v0

)
.

This means that the quotient b1
b0

= −(n1(0)
n0(0)

+ ω
v0

) remains finite as the quotient n1(0)
n0(0)

also remains finite. At ζ → −∞ all perturbations vanish, which yields that for
ζ → −∞ we obtain

b1(ζ)→ 0, ∂ζb1(ζ)→ 0,

n1(ζ)→ 0, ∂ζn1(ζ)→ 0.

Due to Equation (5.15) and Equation (5.16), this means that b0(ζ) and n0(ζ) show
the same behavior as b(ζ, y, t) and n(ζ, y, t) as ζ → −∞. This allows to calculate
the functions b0(ζ), n0(ζ) as well as their derivatives ∂ζb0(ζ) and ∂ζn0(ζ) from
Equation (5.18) as an ordinary differential equation initial value problem. The
resulting profiles of b0 and n0 for the parameter values γ = 0.1, D = 3.5 and
v0 = 0.9231 are depicted in Figure 5.3.

Using a shooting method on Equation (5.17) for different values of q, which starts
at ζ → −∞ and ends at ζ = 0, in [103] a dependence of the form ω = ω(D, q, k)

for the wavelength is found. Here k denotes the exponent in the bacteria density
dependent diffusion coefficient as used in [103]. Then the numerical linear dispersion
relation is obtained by performing the shooting method for several values of D and
k. However this approach is not performed here.
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Figure 5.3.: Profiles for the parameters γ = 0.1, D = 3.5 and v0 = 0.9231.

5.2.2. Linear stability analysis investigating the ω-q2 curve

For the onset of instability we are interested in the critical diffusion coefficient Dc,
such that for all D < Dc a long-wavelength q = 0 instability is found while all
modes are stable for D > Dc. The critical line is defined [103] as the line where it
holds that

dω

d(q2)
|q=0 = 0.

The q = 0 mode is called the translational mode and it is the eigenmode of L from
Equation (5.17) to the eigenvalue ω = 0 [103]. Here ω is small and of order q2 when
q is small. Furthermore for q = 0 also n1 = b1 = 0 and thus for small q these terms
are of order q2 as well.

Thus, in Equation (5.17) the right-hand side terms involving n1 and b1 are of order
q4 and we obtain the following equation of order q2

L

(
b1

n1

)
=

(
ω +Dn0b0q

2 0

0 ω + q2

)(
∂b0
∂ζ
∂n0

∂ζ

)
.

Here the operator L is as introduced in Equation (5.17) and has a zero eigenvalue.
We use the solvability condition for the left zero mode Ψ = (Ψ1,Ψ2)

T , which,
following [103], reads

∫ ∞
−∞

dζ

(
Ψ1

Ψ2

)T (
ω +Dn0b0q

2 0

0 ω + q2

)(
∂b0
∂ζ
∂n0

∂ζ

)
= 0.
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5.2. Front instability approach

This equation is rewritten as

ω

∫ ∞
−∞

dζ

(
Ψ1
∂b0

∂ζ
+ Ψ2

∂n0

∂ζ

)
= −q2

∫ ∞
−∞

dζ

(
DΨ1n0b0

∂b0

∂ζ
+ Ψ2

∂n0

∂ζ

)
and, following [103], for q2 → 0 we find the equation

dω

d(q2)
|q=0 = −

∫∞
−∞ dζ

(
DΨ1n0b0

∂b0
∂ζ

+ Ψ2
∂n0

∂ζ

)
∫∞
−∞ dζ

(
Ψ1

∂b0
∂ζ

+ Ψ2
∂n0

∂ζ

) . (5.22)

Thus, our task is to find the point at which the integral in the numerator changes
sign. In order to calculate the integral, we determine the adjoint matrix operator of
L and determine the zero mode solution numerically using a shooting method.

5.2.2.1. The adjoint eigenmodes

The left eigenvector of the matrix operator L is the same as the right eigenvector of
the adjoint matrix operator L? given by

L? =

(
Dn0b0

∂2

∂ζ2 + (Db0
∂n0

∂ζ
− v0) ∂

∂ζ
+ n0

1+γn0
− n0

1+γn0

b0
(1+γn0)2 −Db0

∂b0
∂ζ

∂
∂ζ

∂2

∂ζ2 − v0
∂
∂ζ
− b0

(1+γn0)2

)
. (5.23)

This adjoint matrix operator L? is obtained by partial integration from the operator
L. In general, we obtain boundary terms. Here the requirement that the boundary
terms vanish yields the boundary conditions on the adjoint functions, which have
to stay bounded [103].

As in [103] for ζ > 0 we have b0 = 0 and thus it holds that

L? =

(
−v0

∂
∂ζ

+ n0

1+γn0
− n0

1+γn0

0 ∂2

∂ζ2 − v0
∂
∂ζ

)
.

Therefore the component Ψ2 in Equation (5.22) has to fulfill the homogeneous
ordinary differential equation

∂2Ψ2

∂ζ2
− v0

∂Ψ2

∂ζ
= 0,

which can have an exponential or a constant solution. Since, due to the boundary
condition, the solution has to remain bounded, we have Ψ2 = ψ0 = const. for ζ > 0.
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5. Analysis of pattern formation

This yields the boundary conditions at ζ = 0, which read

Ψ2(ζ = 0) = ψ0,
∂Ψ2

∂ζ
|ζ=0 = 0. (5.24)

Furthermore, b0 vanishes for positive ζ and thus Ψ1 is only needed for ζ < 0. For
ζ < 0, we determine Ψ1 and Ψ2 using a shooting method, as described in the
following section.

5.2.2.2. A shooting method for the adjoint eigenmodes

The zero mode solution Ψ is determined using a shooting method [118, 135].
Shooting methods can be used to approximate the solution of a second order
ordinary differential equation boundary value problem of the form

y′′(t) = f(t, y(t), y′(t)), y(t0) = y0, y(t1) = y1

on the time interval [t0, t1] by the solution y(t; a) of the initial value problem

y′′(t) = f(t, y(t), y′(t)), y(t0) = y0, y′(t0) = a.

The resulting error is measured by the function F (a) := y(t1, a)−y1. If the function
F (a) has a root a?, then y(t, a?) solves the boundary value problem.

For the mode Ψ with Ψ = (Ψ1,Ψ2)
T we obtain the two-dimensional system of

equations

Dn0b0
∂2Ψ1

∂ζ2
+

(
Db0

∂n0

∂ζ
− v0

)
∂Ψ1

∂ζ
+

n0

1 + γn0

(Ψ1 −Ψ2) = 0,

∂2Ψ2

∂ζ2
− v0

∂Ψ2

∂ζ
−Db0

∂b0

∂ζ

∂Ψ1

∂ζ
+

b0

(1 + γn0)2
(Ψ1 −Ψ2) = 0,

from Equation (5.23).

This set is then translated to a four-dimensional system in order to avoid the second
derivatives and we obtain the system

∂Ψ1

∂ζ
= Z1,

∂Z1

∂ζ
=

1

Dn0b0

((
v0 −Db0

∂n0

∂ζ

)
Z1 +

n0

1 + γn0

[Ψ2 −Ψ1]

)
,
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Figure 5.4.: Components of the zero right eigenvector of the adjoint operator for
γ = 0.1, D = 3.5 and v0 = 0.9231.

∂Ψ2

∂ζ
= Z2,

∂Z2

∂ζ
= v0Z2 +Db0

∂b0

∂ζ
Z1 +

b0

(1 + γn0)2
[Ψ2 −Ψ1].

The component Ψ2 is related to n and defined on (−∞,∞). Since the positive
solution is determined as Ψ2 = ψ0, the boundary conditions for Ψ2 at {−∞, 0} are

Ψ2(−∞) = 0, Ψ2(0) = ψ0,

such that the modes can be continuously extended into the domain ahead of the
front. For the components related to b defined on (−∞, 0], there is no right boundary
condition, as long as the solution does not diverge. On the left boundary −∞ we
have Ψ1(−∞) = 0. Furthermore, the solutions have to satisfy

∂Ψ2

∂ζ
|ζ=0 = 0

according to Equation (5.24). The resulting modes Ψ1 and Ψ2 obtained from the
numerical simulations are depicted in Figure 5.4. The shooting method for the
calculation of the modes uses a fourth-order Runge-Kutta method.

Using n0, b0 as well as their derivatives with respect to ζ and the solution Ψ, the
constant Dc is calculated as the value at which the numerator in Equation (5.22)
changes sign. In this calculation the translational mode (∂ζb0, ∂ζn0) is calculated as
the right zero eigenmode of L, as described above. We approximate by integrating
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over the interval ζ ∈ [−aint, bint] as∫ ∞
−∞

dζ

(
DΨ1n0b0

db0

dζ
+ Ψ2

∂n0

∂ζ

)
≈
∫ 0

−aint

dζ

(
DΨ1n0b0

∂b0

∂ζ
+ Ψ2

∂n0

∂ζ

)
+

∫ bint

0

dζ

(
ψ0
∂n0

∂ζ

)
since b0 = 0 for ζ > 0. Furthermore, ψ0 denotes the constant value of Ψ2 for ζ > 0.

This approximation is admissible since at larger absolute values of ζ only small
changes are induced. For small negative ζ, only small values of n0 and ∂n0

∂ζ
are

observed and for large positive ζ the expression ∂n0

∂ζ
is small as well. The integration

is performed in MATLAB using trapezoidal numerical integration. In comparison to
the bacteria density dependent case, the factor n0 lowers the effective diffusion coeffi-
cient for ζ < 0. Therefore we expect to obtain a larger critical diffusion coefficient Dc

for the long-wavelength instability than in the bacteria density dependent case. In
fact for our example of γ = 0.1, we obtain the critical diffusion coefficient Dc ≈ 3.95

in comparison to the critical diffusion coefficient Dc ≈ 1.5 for the case k = 1 in [103].

A diffusion coefficient D > Dc means that all modes are stable. Thus, in this
case we can exclude an instability. However, whether an instability is observed for
D < Dc also depends on the size of the domain and on the total simulation time,
and we investigate simulations on large domains in the following.

5.3. Comparison of the stability results using

numerical simulations

The numerical simulations of the systems (5.1)–(5.2) and (5.9)–(5.10) in this section
are performed using the numerical finite element methods described in Section 4.6,
adapted to the considered systems of equations.

In order to obtain the simulation results depicted in Figure 3.2 in Section 3.2, we
use the classical Turing pattern formation setting of randomly disturbed spatially
homogeneous initial concentrations. In this case, Turing patterns are obtained
as expected from the evaluation of the Turing conditions. In contrast, bacterial
colony growth does not represent a classical setting as we do not have spatially
homogeneous initial conditions and since there is a mixed diffusion term in the
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5.3. Comparison of the stability results using numerical simulations

equation for the bacteria density. However, we would like to obtain an impression of
how the bacteria colony simulations change around the Turing instability parameters
derived in Section 5.1.

(a) Colony for D = 0.2 at t = 241.92. (b) Colony for D = 3 at t = 241.92.

Figure 5.5.: Simulation of Equations (5.1)–(5.2) with parameters dn = G1 = γ = 1.0,
G2 = 0.2, ε0 = 0.01, µ = 0.1 on a domain of size 240× 240 with varying
parameter D = σ

dn
.

Thus a comparison of two different bacteria colonies for (in)stability parameters as
predicted by the Turing pattern formation analysis is displayed in Figure 5.5. In this
figure, we observe a similar behavior in both cases, with a rounder colony shape for
the higher diffusion coefficient D = 3. Furthermore, due to the relationship between
the growth rates, where many nutrients are needed for only little bacteria colony
growth, the highest concentration of bacteria is found at the colony border. As
expected, the diffusion coefficient D = 3, which is increased far from the bifurcation
value Dcrit = 0.3247, leads to a considerably faster growth of the bacteria colony.
In both cases, a very low concentration of bacteria is observed in the middle of the
colony due to a combination of slow growth due to lack of nutrients and diffusion.
In contrast to the case D = 3, for D = 0.2, the start of fingering behavior can be
observed in Figure 5.5. However a similar fingering behavior is also observed in the
case D = 1, which lies outside the Turing pattern domain. We note that obtaining
parameters which fit the Turing instability regime was rather difficult and that we
also concluded before that these parameters represent a biologically less relevant
case, which can also be observed in the simulation results. Thus, we conclude that
the observed pattern formation in bacterial colony growth is not directly related to
a Turing mechanism.

An analogous comparison for the front instability approach from Section 5.2 is
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5. Analysis of pattern formation

(a) Colony for D = 1 at t = 279.92. (b) Colony for D = 3 at t = 84.92.

(c) Colony for D = 3.5 at t = 84.92. (d) Colony for D = 4 at t = 84.92.

(e) Colony for D = 4.5 at t = 84.92. (f) Colony for D = 5 at t = 84.92.

Figure 5.6.: Simulation of Equations (5.9)–(5.10) with parameters dn = 1, γ = 0.1
on a domain of size 240 × 240 with varying D = σ

dn
. Change in the

stability regime at D = 3.95 predicted by front instability approach.

depicted in Figure 5.6 and Figure 5.7. These figures display simulation results for
parameter values D ∈ {1.0, 3.0, 3.5, 4.0, 4.5, 5.0}, such that we cover values of D
close to the predicted critical diffusion coefficient Dc ≈ 3.95. We recall that we
expect all modes to be stable for D > Dc, with a colony expanding in a round
shape without instabilities. This behavior is observed in Figure 5.6, where for
D ≥ 4 the colonies are round and without structure. For decreasing values of D < 4
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(a) Colony for D = 1 at t = 488.92. (b) Colony for D = 3 at t = 249.92.

(c) Colony for D = 3.5 at t = 224.92. (d) Colony for D = 4 at t = 209.92.

(e) Colony for D = 4.5 at t = 199.92. (f) Colony for D = 5 at t = 189.92.

Figure 5.7.: Simulation of Equations (5.9)–(5.10) with parameters dn = 1, γ = 0.1
on a domain of size 500 × 500 with varying D = σ

dn
. Change in the

stability regime at D = 3.95 predicted by front instability approach.

such as D = 3.5 or D = 3, the colonies start to show small indentations and a
structure develops inside the colonies. Simulations are performed on a domain of
size 240× 240. As an example of full fingering behavior, we include the case D = 1.
Since the observed patterning behavior agrees well with the prediction of the front
instability approach, the approach seems appropriate.
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(a) Colony for D = 2.5 at t = 249.92. (b) Colony for D = 3.5 at t = 224.92.

Figure 5.8.: Simulation of Equations (5.9)–(5.10) with parameters dn = 1, γ = 0.1,
D ∈ {2.5, 3.5} on a domain of size 500× 500.

According to [103], stability behavior depends on the system size and simulation
time since long-wavelength instabilities only develop if the corresponding unstable
modes are able to enter the domain. Thus, in Figure 5.7 we display simulation
results for the larger domain size 500× 500 and longer simulation times. For both
domains, the mesh sizes of the finite elements are similar. We observe that the
round colony structure for D ≥ 4 is preserved and that for decreasing D a structure
is observed inside the colony. In Figure 5.8(b), the colony for D = 3.5 is depicted.
If the parameter D is decreased further away from the critical value, we obtain
the simulation result displayed in Figure 5.8(a) for D = 2.5. In this simulation
we observe a further step in the transition to full fingering behavior as in the case
D = 1, as we see that the colony structure and small indentations at the colony
boundary start to develop into fingers.

D rsurr rdom
rsurr−rdom

rsurr
D rsurr rdom

rsurr−rdom
rsurr

1 177 172.87 0.0234 3 237.5 235.68 0.0077
3.5 240.5 239.02 0.0062 4 247.5 246.41 0.0044
4.5 256.5 255.32 0.0046 5 262 260.84 0.0044

Table 5.1.: Comparison of the radius of a colony with the same area to the colony
surrounding radius.

To also quantify the results, we extract a black-and-white representation of the
colonies in Figure 5.7 in MATLAB and compare the radius that would correspond
to a circular domain of the same area to the radius of the smallest circle surrounding
the colony. This yields the relative results displayed in Table 5.1. We observe that
for D ≥ 4, the relative radial difference remains below 0.5%, where a completely
circular domain is never reached due to the random bacterial diffusion component.
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5.3. Comparison of the stability results using numerical simulations

Furthermore, we note that even a perfect circle is never completely round on a
discrete numerical grid.

(a) Simulation with 49732 triangles. (b) Simulation with 199614 triangles.

(c) Simulation with 448814 triangles. (d) Simulation with 795874 triangles.

Figure 5.9.: Simulation of Equations (5.9)–(5.10) with parameters D = 3 on a
domain of size 240× 240 with varying degrees of refinement.

The simulations in Figure 5.6 are performed on a rectangular domain with side
length 240 and 448814 triangles. At this point we note that the choice of a
sufficient degree of refinement is important as it assures numerical convergence of
the method. This convergence can be observed in Figure 5.9, where simulation
results of the colony with D = 3 at time 104.92 are displayed for several degrees
of refinement. Convergence is observed in the colony size, which decreases when
a finer mesh is chosen until, for our chosen mesh size and the simulation result
depicted in Figure 5.9(c), even in comparison to the considerably finer mesh with
795874 triangles and the simulation result depicted in Figure 5.9(d), only small
non-qualitative changes are observed.
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Part III.

Modeling with pressure
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6. Modeling the effects of
pressure due to bacterial
division

The approaches considered so far have emphasized bacterial regulation processes in
the cell and between cells, which are described using systems of reaction-diffusion
equations. Physical effects such as pressure induced by the division of bacteria have
so far been considered indirectly in the different forms of diffusion, which aim at
evening out concentration differences. However these processes play an important
role in colony growth. In the following, we concentrate on pressure effects induced
by bacterial division, a process which is relevant for all bacteria colonies.

In laboratory experiments it is observed that the colony shape of S. aureus bac-
teria does not only depend on the mutant, but also in a very general way on the
environmental conditions. In Figure 6.1 the shapes of S. aureus wildtype bacteria
colonies for varying concentrations of the agar medium are depicted. We observe
very different morphologies, where at the lowest agar concentration the colony seems
to almost flow out and at the highest agar concentration colony growth is restricted
to a small circular area. Furthermore, in Figure 6.2 colony shapes after 5 days
for different nutrient concentrations in the medium are depicted. We observe that
a higher nutrient concentration in the medium leads to a rounder shape of the
colony and less fingering behavior and that an increasing agar concentration leads
to a significantly slower growth of the bacterial colony. In order to describe these
processes, models for the expansion of a colony due to cell division as in [49] or
models for the swelling of gel-like substances from the physical literature as in [37,
127] are of great interest. In all cases, the formation of biofilm, which encompasses
all components, is important for the physical processes.

Using a pressure model, we investigate in the following, which effects of S. aureus
pattern formation can be explained by the physics of biomass growth alone. The
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6. Modeling the effects of pressure due to bacterial division

(a) Colony after 5 days at
agar concentration 0.5%.

(b) Colony after 5 days at
agar concentration 1.5%.

(c) Colony after 5 days at
agar concentration 3.0%.

Figure 6.1.: Influence of the agar concentration on S. aureus pattern formation in
the laboratory [65, 89]. Nutrient concentration at standard level.

(a) Colony after 5 days at
standard nutrient concen-
tration.

(b) Colony after 5 days at
double nutrient concen-
tration.

(c) Colony after 5 days at five
fold nutrient concentra-
tion.

Figure 6.2.: Influence of the nutrient concentration on S. aureus pattern formation
in the laboratory [65, 89]. Agar concentration at 1.5% (standard level).

starting point for our modeling is Darcy’s law in Hele-Shaw cells as introduced in
Equation (2.1) in Section 2.3. Then, in order to consider the evolution of a growth
limiting nutrient substance, a reaction-diffusion equation for the concentration n
is introduced, which drives biomass expansion described by a nutrient-dependent
Poisson equation.

6.1. Mathematical modeling

Bacteria colony expansion due to an increase of pressure from bacteria division is
similar in different bacteria species, such as B. subtilis and S. aureus and is a process
which can also be observed in similar form for other phenomena. While for colony
expansion with biofilm formation as described in [127], osmotic stresses seem to be
an important factor, all species experience pressure effects due to bacterial division.
Furthermore, species who do not secrete the exopolysaccharide (EPS) component of
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the extracellular matrix or EPS mutants of species that usually secrete EPS show
slower expansion [127]. This is due to the fact that this expansion is mainly led by
cell-cell interactions, which we study in this chapter.

In a first modeling approach, we concentrate on the horizontal bacteria colony
expansion in the domain Ω̄ = Ω̄a ∪ Ω̄b ⊂ R2, divided into the colony subdomain
Ωb and the subdomain Ωa. The boundary between the subdomains is defined as
Γ := Ω̄a ∩ Ω̄b and the boundary of the whole domain is denoted by ∂Ω. For the
modeling we adapt the approaches from [49, 67], which model situations similar to
the situation in a Hele-Shaw cell. In [67] the influence of chemotactic motility on
bacteria colony expansion is considered in an equation of the form

∂ρ

∂t
+∇ · (ρv) = ∇ ·m,

where m = χρ∇n denotes the chemotactic coefficient. Then with the assumption
of constant bacterial density ρ and Darcy’s law v = −K∇p, a Poisson equation of
the form

∇2p = − χ
K
∇2n

for the colony area is obtained. In contrast, in [49] biofilm growth is limited by
substrate availability and a Poisson equation of the form

−λ∇2p = g(u(S))

is obtained, where g(u(S)) = umax
S

S+KS
denotes the use of the substrate S. While

for the model presented in [67] moving boundary simulations of a circular bacteria
colony are available, the model from [49], which includes the growth function, is
considered in the setting of biofilm growth in height. Our model is based on the
model from [49]. However, we consider time-dependence in the nutrient equation for
colony growth and investigate the situation of circular growth of the entire bacteria
colony instead of investigating the growth of biofilm layers.

For our model, as in both of the above references, we consider the density of biomass
b, which includes biofilm and bacteria in the case of a wildtype colony, and the
concentration of nutrients n and assume that the nutrients are only consumed
in the colony subdomain. We assume the evolution to take place according to
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6. Modeling the effects of pressure due to bacterial division

Equation (5.9) in Section 5.2 with the consumption rate α, which is stated as

∂n

∂t
= dn∆n− α nb

1 + γn
. (6.1)

Since b = 0 outside the colony subdomain Ωb, consumption automatically takes
place only in the area where b 6= 0. As stated in [49], diffusion constants can be
different in- and outside the colony subdomain, but this case is not considered here.

For the biomass, Darcy’s law v = −K∇p holds for the two-dimensional velocity
vector v = (vx, vy)

T . This means that the propagation velocity of the colony is
proportional to the pressure gradient, with the proportionality constant K := k/µ

depending on the permeabilty tensor k and the kinematic viscosity µ. In the colony
subdomain, the mass conservation law

∂b

∂t
+∇ · (bv) = β

nb

1 + γn
(6.2)

holds, where b denotes the density of the biomass and β ∈ R+ describes the speed
of the conversion of nutrients to biomass. If we assume constant density in the
colony subdomain, Equation (6.2) simplifies to the equation

∇ · v = β
n

1 + γn
.

Then we use Darcy’s law to obtain a Poisson equation for the pressure of the form

−K∇2p = β
n

1 + γn
. (6.3)

We assume that there is a constant non-zero concentration of biomass b in the
colony area and no biomass, i.e., b = 0, outside this area.

In contrast to the paper [67], where a moving boundary approach is used, we employ
a level set approach as described in Section 3.6. Starting from appropriate initial
conditions, we calculate the concentration of nutrients using Equation (6.1) and
from this the pressure distribution on the entire domain using Equation (6.3) for
the colony subdomain and a Laplace equation on Ωa. The pressure distribution
yields the pressure gradients and thus also the velocity field using Darcy’s law.
Then, the level set signed distance function is updated using Equation (6.5) and the
biomass density for the next iteration is determined from the position of the level set.
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This allows to determine the evolution of the colony without considering separate
subdomains, which are only connected at the boundary Γ. Especially for the
concentration of nutrients, diffusion should take place across the boundary. Then
continuity of the nutrient concentration and of the flux

[n]|Γ = 0, ∇n+ · n|Γ = ∇n− · n|Γ, (6.4)

as described in [67], are automatically satisfied. Here n denotes the outward normal
vector of the colony domain. Furthermore, following [49], we do not include surface
tension effects. The stability analysis in [66, 67] heavily relies on the used separation
of domains and performs coupling at the radius of the colony at time t. Since our
approach does not provide this separation of domains, we do not perform a similar
stability analysis here.

6.2. Numerical simulations

For the numerical simulations we combine a finite element simulation of the Poisson
equation given in Equation (6.3) and the reaction-diffusion equation given in
Equation (6.1) for the nutrient concentration with a finite element based level set
formulation for the position of the interface as in [2, 3, 52, 136].

6.2.1. Level set modeling approach

The level set modeling approach is appropriate for a system of this form since we
track the motion of an interface using the distance of the points in the domain to
the interface. We consider the evolution of a two-dimensional colony with uniform
density on the planar domain Ω ⊂ R2 with homogeneous Neumann boundary.
The two different subdomains are the colony area Ωb and the area Ωa containing
the agar medium surrounding the colony. Note that, as mentioned in the intro-
duction, the boundary between the domains is defined as Γ(t) := {x : φ(x(t), t) = 0}.

Then the level set formulation for the motion of this interface is constructed as
follows: Let x(0) ∈ Ω denote the initial position of a particle in Ω and x(t) denote
the trace of this particle over time t ≥ 0. If a particle starts on the interface,
it remains on it for the entire calculation, which means that its signed distance
level set function φ(x(t), t) is zero, i.e., φ(x(t), t) = 0 for all t ≥ 0. We recall that
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6. Modeling the effects of pressure due to bacterial division

differentiation then yields that

φt +∇φ(x, t) · xt = 0, (6.5)

where xt denotes the time derivative of the trace of the particle. This displacement
is described using the velocity field v = −K∇p obtained from Darcy’s law.

When calculating the evolution of the level set using Equation (6.5), the signed
distance function property of the level set function φ(x(t), t) may be lost as the
level sets adjacent to the zero level set may move with different velocities than the
zero level set. This makes the advection of the level set less accurate. In order to
reestablish the signed distance property, different approaches to reinitialize the level
set function have been developed, e.g., [40, 107, 130, 136]. These aim at fulfilling
two main requirements: The zero-level set position should be preserved and the
norm of the level set function gradient should satisfy ||∇φ|| ≈ 1. We distinguish
partial differential equation approaches and geometric approaches.

Partial differential equation approaches use a pseudo time-stepping scheme. To this
end, we introduce the pseudo timescale τ , which is not related to the physical time
t. On this scale an equation of the form

∂d

∂τ
= Sh(φ)(1− ||∇d||), (6.6)

d(x, 0) = φ(x, t), (6.7)

is introduced, where d(x, τ) corresponds to the level set function on the pseudo
timescale. When this equation is solved to equilibrium, it holds that ||∇d|| = 1,
since convergence occurs when the right hand side is zero. Thus the steady solu-
tions are distance functions. Furthermore, Sh(φ) denotes a smoothed sign function
depending on the initial condition for the pseudo timescale equation, which can
for example be of the form Sh(φ) = φ√

φ2+h2
as in [136] or Sh(φ) = φ√

φ2+|∇φ|2h2
as

in [40] and where 0 < h� 1. However, solving Equations (6.6)–(6.7) to equilibrium
may require many steps and may thus slightly move the zero level set. A strategy
to overcome this shortfall is introduced in [136] for the finite difference method, and
extended to the finite element case in [107]. The idea is to apply a constraint which
ensures that the volume occupied by the colony and the agar components remains
constant during the reinitialization.
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Therefore at the pseudo time step τk, we consider the volume V k in each element
as an integral over the element area Ωe given as

V k =

∫
Ωe

H(dk) dΩe,

where dk is the distance field at the k-th iteration of the pseudo time redistancing
and H(φ) denotes the Heaviside function

H(φ) =


0, if φ < 0

1
2
, if |φ| = 0

1, if φ > 0

.

Since the volume should not change, we require that V k = V 0. Thus we can write

V k − V 0 ≈ (τ k − τ 0)

∫
Ωe

dH ′ε(d
0)

dτ
dΩe ≈

∫
Ωe

H ′ε(d
0)(dk − d0) dΩe = 0, (6.8)

where we take H ′ε(d) of the form

H ′ε(d) =

0, if |d| > ε

1
2

[
1
ε

+ 1
ε

cos(πd
ε

)
]
, if |d| ≤ ε

.

By a projection of the current level set values d̃k to values dk, which satisfy
Equation (6.8), according to [107], we assume that the new distance field can be
calculated as

dk = d̃k + λΩe(τ
k − τ 0)H ′ε(d

0), where λΩe =
−
∫

Ωe
H ′ε(d

0)
(
d̃k−d0

τk−τ0

)
dΩe∫

Ωe
(H ′ε(d

0))2 dΩe

and λΩe is constant in Ωe. However, we observe that, while it preserves the zero
level set for few pseudo time steps, this method also induces a slight change in the
zero level set for many steps. Furthermore, several parameters have to be chosen,
making the calculations difficult to control.

An alternative reparametrization method is geometric reparametrization via the fast
marching method [129, 130], which aims at solving the eikonal equation ||∇φ|| = 1

directly. For our simulations, we use a finite element based version of this method,
similar to the one introduced in [69].
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In the initialization of the method in [69], the set I denotes the collection of triangles
which contain the discrete interface. Then the set of vertices corresponding to I is
defined as

F := {v ∈ V (T ) : T ∈ I} ⊂ V ,

where V (T ) denotes the set of vertices of a triangle T and V denotes the collection
of all vertices. For each vertex v belonging to the set F , the discrete approximation
d(v) of the distance function is calculated. This approximation relies on orthogonal
projections and the calculated distance function is assumed to be good enough,
such that F represents the set of accepted vertices.

The active set of vertices A is defined as the set of the vertices which are not in F
themselves, but have a neighboring vertex in F , i.e., we take

A := {v ∈ V\F : N(v) ∩ F 6= ∅},

where N(v) denotes the collection of all neighboring vertices of v. For these vertices
the distance function is approximated similarly, but in relation to the distances
already known for F . Then the vertex vmin ∈ A with the minimal distance function
is chosen and moved to the set F and those of its neighbors which are not in F are
added to the set A, i.e., we obtain Fnew = F ∪ {vmin} and Anew = (A ∪N )\{vmin}
with N := N(vmin)\F . The distances of the neighbors are calculated and the proce-
dure is repeated until |A| = 0. The zero level set function is uniquely determined by
the calculated distance function and can now be determined with only very minor
changes to the zero level set before the reinitialization.

Our variant of the reinitialization method is similar to the fast marching method
described above. An example for the use of our method is depicted in Figure 6.3.
In a first step, we determine the set of elements, which are intersected by the zero
level set. This set of elements is colored in green in the example. In each of these
triangular elements, we determine the points on the edges where the zero level set
intersects. For the example element in Figure 6.3, these are the points P0 and P1.
The discrete approximation of the circular zero level set, depicted in blue in the
example, consists of line segments, which connect the intersection points.

For the calculation of the approximate distance function d(v), we enrich the set
{P0, P1} of vertices on the zero level set by several additional points on the line
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P0

P1

P0.25

P0.5

P0.75
N1

N3

N2

P0

P1

P0.25

P0.5

P0.75
N1

N3

N2

Figure 6.3.: Fast marching reinitialization method on a coarse example finite element
grid with the circular zero level set in red and its discrete approximation
in blue. The green area describes the set I of triangles which are
intersected by the zero level set.

between the two intersection points. Thus, in the example P0 and P1 as well as the
points P0.25, P0.5 and P0.75 form a set {P0, P0.25, P0.5, P0.75, P1} which approximates
the zero level set {x : φ(x(t), t) = 0}. The approximate distance functions for
the vertices v(T ) belonging to triangles T in the set of intersected elements I are
calculated as the minimal distances to the set of points on the zero level set, which is
similar to the projection in [69]. In the example this means that the approximation
for the distance function d(v) for v ∈ {N1, N2, N3} is calculated as the minimal
distance to the set {P0, P0.25, P0.5, P0.75, P1} of points on the zero level set. Note
that in the implementation the set of points on the zero level set is calculated for all
triangles in I at once, such that cases where the minimal distance is achieved for a
point belonging to another triangle is treated accordingly. The calculated distance
function is assumed to be good enough, such that the set F of the vertices belonging
to triangles from the set I represents the set of accepted vertices. For the example
in Figure 6.3, the set {N1, N2, N3} is a subset of the set F . Then the remaining
distances are calculated in relation to this set. In order to ensure convergence, the
level set simulations of bacterial colony growth have been performed on grids with
different refinement levels and an appropriate refinement level has been chosen for
our following simulations.

6.2.2. Comparison of the numerical results to real data

The following simulations are performed in FEniCS [139] and the simulation results
are visualized in Paraview [1]. Using the parameter values in Table 6.1 on a circular
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Parameter Value Parameter Value Parameter Value Parameter Value
dn 0.01 γ 1.0 K 0.01 α = β 100
n0 1.0 r0 0.05 R 0.5 εdist 0.001

Table 6.1.: Parameter and initial values for the level set simulation of colony growth
due to bacterial division.

domain of radius R = 0.5, we obtain the simulation results depicted in Figure 6.4,
which represent the shape of the zero level set function at different time points.

Figure 6.4.: Level set simulation of Equations (6.1),(6.3) and (6.5) with Darcy’s
law for parameter values as indicated in Table 6.1 at times t =
0, 0.25, . . . , 1.25, 1.45.

The corresponding level sets in three dimensions at selected time points are depicted
in Figure 6.5. Here the signed distance property of the level set resulting from the
fast marching method reinitialization can be observed. The initial level set function
is slightly perturbed so that the initial zero level set has the radius

r = r0 + εdist(cos(3θ) + sin(7θ) + cos(15θ) + sin(25θ)),

which changes with the polar coordinate angle θ of a point in Ω ⊂ R2 [132]. This
represents the fact that the shape of the initial bacteria colony is not perfectly
circular. The chosen circular domain has a radius of R = 0.5, where the initial
radius of the colony is chosen as r0 = 0.05. Furthermore, the mesh for the level set
function is refined twice around the zero level set. This refinement is adapted as
the level set moves.
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(a) Level set from the side at t = 0.0. (b) Level set from above at t = 0.0.

(c) Level set from the side at t = 0.5. (d) Level set from above at t = 0.5.

(e) Level set from the side at t = 1.0. (f) Level set from above at t = 1.0.

(g) Level set from the side at t = 1.45. (h) Level set from above at t = 1.45.

Figure 6.5.: Three-dimensional views of the level set function φ(x, t) corresponding
to selected timesteps of the colony level sets in Figure 6.4.

Changing a total of only three model parameters, we investigate the model’s reaction
to changing environmental conditions. Note that the colonies grow at very different
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(a) Simulation for dn =
0.05, K = 0.05, t =
0, 0.15, . . . , 0.9.

(b) Simulation for dn =
0.01, K = 0.01, t =
0, 0.25, . . . , 1.25, 1.45.

(c) Simulation for dn =
0.005, K = 0.005, t =
0, 0.25, . . . , 1.5.

Figure 6.6.: Simulations for the influence of the agar concentration on S. aureus
pattern formation.

(a) Simulation for n0 = 1 t =
0, 0.25, . . . , 1.25, 1.45.

(b) Simulation for n0 = 1.5,
t = 0, 0.1, . . . , 0.6.

(c) Simulation for n0 = 2,
t = 0, 0.05, . . . , 0.4.

Figure 6.7.: Simulations for the influence of the initial nutrient concentration on S.
aureus pattern formation.

speeds, such that in Figure 6.6 and Figure 6.7 different ranges of time steps are
depicted. We model the varying agar concentrations as depicted in Figure 6.1 by
simultaneously increasing or decreasing the parameter K in Darcy’s law and the
parameter dn for the nutrient diffusion, where an increase in these values corresponds
to a decreased agar concentration and a decrease corresponds to an increased agar
concentration. As expected the colony grows faster for the case corresponding
to a decreased agar concentration depicted in Figure 6.6(a) and slower growth is
observed for an increased agar concentration in Figure 6.6(c). However, for the
decreased parameters the colony shape is similar to the reference case, whereas the
real data in Figure 6.1 shows a round colony shape. This corresponds well to the
first time steps of colony growth, but not to the later ones, where the simulated
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colony in Figure 6.6(c) shows fingering. However, also the biological observation in
Figure 6.1(c) shows a compressed fingering structure inside the round colony. Vary-
ing the initial value of the nutrients, we obtain results that replicate the biological
data as depicted in Figure 6.7. In the numerical simulations, we observe that for
an increasing initial nutrient concentration, the colonies grow faster, needing less
time steps to reach the domain boundary. Also for increasing n0 the colony shape
becomes rounder as expected from the real data. Thus we obtain a good qualitative
agreement with the real data depicted in Figure 6.2.

In [127] a distinct effect of agar concentration on EPS-mediated spreading is ob-
served. As the S. aureus wildtype strains considered in the experiments are able
to secrete EPS, including osmotic pressure effects into the modeling should be
the next step in the investigation of the dependence of colony evolution on agar
concentration. The mathematical modeling of S. aureus colony expansion due
to biofilm osmotic pressure effects is similar to that of B. subtilis as described
in [127]. While B. subtilis bacteria loose their ability to move using their flag-
ella at the secretion of the biofilm component EPS, the bacterium S. aureus is
also able to secrete EPS, but does not have a flagella at all. Thus, the slow ex-
pansion process of the biofilm driven by osmotic pressure must be comparable
in both species and similar models should apply. As in the case of B. subtilis,
this is not appropriate for the EPS mutant, which shows slower expansion caused
mainly by cell-cell interactions instead of osmotic effects, as described in this chapter.

While the model in [127] considers bacterial biofilm growth in height, models
such as [35, 36] are available, which model biofilm growth in a similar way to
two-dimensional multi-component tumor growth [4, 8]. Thus, a possible approach
would be to consider the biofilm as a biological gel composed of the main biomass
components EPS and water as in [37], where the polymer-producing bacteria are
enmeshed in the EPS. Then the EPS experiences swelling and contraction induced
by the osmotic pressure gradient and the forces acting in this situation are physical
forces resulting from the deformation of the matrix as well as chemical forces from
osmotic processes. From mass and momentum balance equations, a model could
then be derived for the evolution of the colony.

However, the crucial features of such a model are the different concentrations of the
colony components at different points in space, such that a level set approach, which
relies on the assumption that the concentrations of the components are constant
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6. Modeling the effects of pressure due to bacterial division

inside the domain, is no longer adequate. Instead the evolution of the colony could
be described using transport equations for the single components resulting from
mass balance considerations.
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Conclusion and outlook
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Conclusion and outlook

In this thesis we have considered several aspects of pattern formation processes in
bacterial colonies under laboratory conditions. We have focused on two different
modeling approaches, namely reaction-diffusion equations with nutrient-dependent
bacterial diffusion and pressure-based approaches.

We have first introduced the biological, physical and mathematical background and
the numerical simulation techniques in Chapters 2 and 3 of Part I.

In Part II we have considered classical reaction-diffusion equation models. Thus, in
Chapter 4, starting from a detailed consideration of the gene regulation processes in
Staphylococcus aureus, we have derived ordinary differential equations to describe
the temporal evolution of the concentrations of the quorum sensing substance AIP
and of the biofilm. These were then incorporated into a partial differential equation
model consisting of evolution equations for the concentrations of replicative and
non-replicative bacteria, nutrients, quorum sensing substance and biofilm. We have
performed the corresponding numerical simulations using a time-adaptive finite
element method and demonstrated that the mutation-dependent pattern formation
of S. aureus bacteria in the laboratory can be obtained from the newly developed
system by a variation of the parameters associated to the mutated gene loci. We
have also demonstrated the reproduction of the five qualitative morphologies of
bacteria pattern formation with our model. Furthermore, in Chapter 5 we have
briefly considered Turing pattern formation approaches. We have observed that
these approaches do not yield a sufficient explanation for the fingering behavior
observed in bacterial colonies. However, we have derived a critical diffusion parame-
ter for the onset of long-wavelength instabilities in a reduced system of two partial
differential equations with mixed diffusion by adapting a front instability approach.

In Part III, we have investigated a very general model for the effects of pressure
induced by biomass growth on pattern formation in the bacterial colony. We have
concentrated on the effects induced by bacterial division in Chapter 6. For the
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numerical simulations we have again employed a finite element method, which was
coupled to a level set method with a fast marching reinitialization.

The investigations in this thesis help to better understand S. aureus gene regulation
processes related to pattern formation as well as pressure-induced effects in general
bacterial pattern formation. Pattern formation is of special interest not only due
to the patterns themselves, but also due to the differences in pattern formation
for mutant colonies of a bacterium. In case of a pathological S. aureus infection,
determining which kind of bacterium is responsible for the infection is an important
part of finding the right treatment. In this context time is crucial. Growing bacterial
colonies in a laboratory and analyzing the obtained patterns may allow to determine
the mutant type in a time- and cost-efficient way. The results from this thesis
may be used to help develop a methodology for this, which is able to isolate and
recognize typical graphical patterns which can be attributed to a certain mutant.
In terms of future work, it seems promising to investigate further pressure-related
influences on colony growth such as osmotic pressure effects as described at the
end of Chapter 6. The related model approaches can become very complex and,
in comparison with experimental real data, further effects in pattern formation
can be isolated and studied in detail. Future work could also include investigating
a possible combination of these general models with specific models for quorum
sensing or considering pattern formation of mixed bacterial colonies.
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A1. Simulation results for the
mutant colonies

On the following pages, the single concentration simulation results for the ica,
spa, ica/spa, psm-α, psm-β, psm-α/psm-β and agr mutant colonies discussed in
Section 4.6.3 are displayed.
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A1. Simulation results for the mutant colonies

(a) Replicative bacteria. (b) Nonreplicative bacteria.

(c) Biofilm concentration. (d) Nutrient concentration.

(e) Quorum sensing substance.

Figure A1.1.: Single concentrations for the S. aureus ica mutant as obtained from
simulation with the parameters indicated in Section 4.6.3.
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(a) Replicative bacteria. (b) Nonreplicative bacteria.

(c) Biofilm concentration. (d) Nutrient concentration.

(e) Quorum sensing substance.

Figure A1.2.: Single concentrations for the S. aureus spa mutant as obtained from
simulation with the parameters indicated in Section 4.6.3.
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A1. Simulation results for the mutant colonies

(a) Replicative bacteria. (b) Nonreplicative bacteria.

(c) Biofilm concentration. (d) Nutrient concentration.

(e) Quorum sensing substance.

Figure A1.3.: Single concentrations for the S. aureus ica and spa mutant obtained
by simulation with the parameters from Section 4.6.3.
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(a) Replicative bacteria. (b) Nonreplicative bacteria.

(c) Biofilm concentration. (d) Nutrient concentration.

(e) Quorum sensing substance.

Figure A1.4.: Single concentrations for the S. aureus psm-α mutant as obtained
from simulation with the parameters indicated in Section 4.6.3.
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A1. Simulation results for the mutant colonies

(a) Replicative bacteria. (b) Nonreplicative bacteria.

(c) Biofilm concentration. (d) Nutrient concentration.

(e) Quorum sensing substance.

Figure A1.5.: Single concentrations for the S. aureus psm-β mutant as obtained
from simulation with the parameters indicated in Section 4.6.3.
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(a) Replicative bacteria. (b) Nonreplicative bacteria.

(c) Biofilm concentration. (d) Nutrient concentration.

(e) Quorum sensing substance.

Figure A1.6.: Single concentrations for the S. aureus psm-α and psm-β mutant
obtained by simulation with the parameters from Section 4.6.3.
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A1. Simulation results for the mutant colonies

(a) Replicative bacteria. (b) Nonreplicative bacteria.

(c) Biofilm concentration. (d) Nutrient concentration.

(e) Quorum sensing substance.

Figure A1.7.: Single concentrations for the S. aureus agr mutant as obtained from
simulation with the parameters indicated in Section 4.6.3.
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