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Chapter 1

Introduction

1.1 Motivation

Over the last few decades the world’s few on energy has changed from a resource that

can be harvested as desired to a precious good that should be handled with care.

Increasing pollution forces more and more countries to move away from salvaging the

earth’s limited resources to the usage of renewable energy-based technologies. One

of the most important factors in this field is the energy consumption of mobility.

The problem is to combine the high energy requirement of moving objects with

the limited availability of renewable energy on a mobile device. Furthermore, most

mechanical devices require a driving force in order to function.

A possible way to produce the driving forces without the requirement of re-

sources such as oil is the use of electrical engines. Electrical engines can produce a

considerable amount of energy however they need to be controlled by an automatic

controller in order to react to changes in the environment such as load, friction or

disturbances. Therefore, many control concepts have been achieved over the last

few years. One of the most popular concept is model predictive control. The big

advantage of model predictive control compared to look-up tables is the flexibility.

The biggest disadvantage that comes with model predictive control is the increased

computational cost which predict the behaviour of the machine over several sam-

pling steps. The results for model predictive control can be further increased by

using long prediction horizon techniques. There are two types of model predictive
1
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control strategies for electric machines. One is the continuous control set control

which has an overall more complicated structure due to the requirement of pulse

width modulation. The other one is discrete control set model predictive control.

The disadvantage of discrete control set model predictive control is that the number

of input states are very limited for this control method. The number of possible

inputs for the machine is given by the corresponding inverter. The higher the level

of the inverter, the more inputs can be applied. In this way, the difficulties of the

discrete control set method can be overcome. The disadvantage of high level in-

verters is however that they require additional constrains such as DC-link balancing

in order to function. Those properties make the design of a control considerably

more complicated. For this reason it is not yet possible to combine DC-link bal-

ancing and more advanced concepts that increase the performance while still being

efficient, such as the sphere decoding algorithm.

In this project we solve the problem of combining DC-link balancing and the

long prediction horizon for model predictive control of an induction machine fed by

a 3 level neutral point clamped inverter.

1.2 Report structure

This report is structured as follows:

• In the second chapter the system model of the induction machine and three

level inverter is presented.

• In chapter 3 we introduce the concept of predictive current control for single

step prediction and multistep prediction using a sphere decoding algorithm.

• Chapter 4 covers the solution of the DC-link balancing problem for multistep

prediction with different concepts.

• In chapter 5 the presented methods are compared by means of simulation.

• Chapter 6 draws the conclusion of the project.



Chapter 2

System Model

In this chapter we give an overview over the system that is used in this project.

The purpose of this chapter is to introduce the system which will be used in the

following report and give the notation, basic definitions and equations. The system

consists of two main components which is an induction machine and a 3 level neutral

point clamped inverter. While the purpose of the inverter is to generate a certain

voltage given a switching state, the goal of the induction machine is to transform a

given voltage into a torque. In the first part of this chapter the induction machine

is examined from a mathematical point of view [1]. A description of the induction

machine from the physical point of view can be found for example in [2]. Therefore,

we first have a look into the concept of space vector modulation which is necessary

to transform the output voltages of the inverter into a reference frame in which the

system equations of the induction machine can be formulated in a convenient way

[3]. This section then concludes by giving the system equations and explaining the

parameters of those equations. In the second section we first introduce the concept

of a 3-level neutral point clamped (NPC) inverter [4], [5]. After that a common issue

of the 3 level NPC, the topic of DC-link balancing is presented.

2.1 Induction machine

Generally there are two types of electrical machines: The DC machine and the AC

machine. While the DC machine has a simpler mathematical model, it also has a
3
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more difficult structure and is therefore more expensive [2]. For this reason we focus

on AC machines in this project. There are two major types of AC machines [2]:

• The Induction machine (IM)

• The permanent magnet synchronous machine (PMSM).

Induction machines are asynchronous machines which means that the mechanical

rotor speed is different from the electrical stator speed. In this project we focus on

the induction machines due to their low price, robustness, efficiency and reliability

[2]. In this project we therefore consider induction machines in the following. It

should be noted that the results can be transferred to PMSM by repeating every

derivation with the PMSM differential equation instead of the induction machine

ODE.

2.1.1 Space vector transformation

In this section we introduce the two space vector transformations which are used

to switch between the common coordinate frames that are used to describe the

induction machine, namely the Clarke transform and the Park transform [1].

Clarke Transform:

The current flowing to through the stator of an electric machine is a two dimensional

vector given as
~is(t) =

[
iα(t) iβ(t)

]T
. (2.1)

This equation has two degrees of freedom: the iα and iβ. The transient behaviour

of a three phase stator current with a frequency of ω and amplitude of I0 in a fixed

coordinate frame is generally given by the following three quantities [1]:

ia(t) = I0 cos(ωt+ ϕ0) (2.2a)

ib(t) = I0 cos(ωt− 2π
3 + ϕ0) (2.2b)

ic(t) = I0 cos(ωt− 4π
3 + ϕ0). (2.2c)
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The current described in equation 2.2 has two degrees of freedom as well: The

amplitude I0 and the phase ϕ0. The relationship between those two formulations,

equation 2.1 and equation 2.2, is given by the Park transform. The transformation

xa

xb

xc

xα

xβ

Clarke Transform

Inverse Clarke Transform

Figure 2.1: Relationship between abc- and αβ coordinate frame

from the abc-frame to the αβ frame is given as the Clarke transformation:

iα = 2
3ia −

1
3ib + 1

3ic (2.3a)

iβ =
√

3
3 ib −

√
3

3 ic (2.3b)

In order to get a more convenient expression of equation 2.3 we define the following

vectorized quantities:

~iαβ =

 iα

iβ

 (2.4a)

TC = 2
3

 1 −1
2

1
2

0
√

3
2 −

√
3

2

 (2.4b)

~iabc =


ia

ib

ic

 . (2.4c)
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Using the definitions from 2.4 we can reformulate equation 2.3:

~iαβ = TC
~iabc. (2.5)

In order to transform a given quantity in αβ coordinates to abc coordinates it is

necessary to compute the inverse transformation of TC . Since TC is rank deficient,

there are infinitely many solutions to this problem. In this work we define the back

transformation as the Moore-Penrose pseudoinverse [6], which is given as

A† = AT
(
AAT

)−1
. (2.6)

The pseudoinverse of TC can be written specifically as

T†C =


1 0

−1
2

√
3

2

−1
2 −

√
3

2

 . (2.7)

Using equation 2.7 we can formulate the transformation from αβ coordinates to abc

coordinates as
~iabc = T†C~iαβ. (2.8)

The Clarke transform is used to transform quantities between two stationary coor-

dinate frames. In order to describe the machine, it is however important to also

define a rotating coordinate frame dq. Therefore the Park transform is used.

Park Transform:

We define the dq coordinate frame as a rotating frame with origin in the center

of the machine. The dq frame is rotating with the speed ω of the machine. The

transformation from the stationary αβ frame to the rotating dq frame is given by

the Park transform [1]:

id = cos(θ)iα + sin(θ)iβ (2.9a)

iq = − sin(θ)iα + cos(θ)iβ (2.9b)
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xd

xq

xα

xβ

Park Transform

Inverse Park Transform

θe

Figure 2.2: Relationship between αβ- and dq coordinate frame

Similarly to the Clarke transform we reformulate the Park transform 2.9 as an

equation of vector valued quantities:

TP =

 cos(θ) sin(θ)

− sin(θ) cos(θ)

 . (2.10a)

~idq =

 id

iq

 . (2.10b)

Applying equation 2.10 to equation 2.9 leads to

~idq = TP
~iαβ. (2.11)

If the quantities in stator coordinates should be determined from the quantities in

rotor frame we use the inverse transformation. Since TP is a rotation matrix the

inverse is given as

T−1
P = TT

P . (2.12)
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This leads to an efficient way of computing the quantities in rotor coordinates as

~iαβ = TT
P
~idq. (2.13)

2.1.2 System equations

This project focuses on the speed control of electric machines. Therefore we intro-

duce the mathematical model of the induction machine in the following section.

An induction machine is a nonlinear multiple input multiple output system with

non distributed parameters. The behaviour of the physical quantities of the induc-

tion machine can be described by the following set of equations [1]:

~uαβs = Rs
~iαβs + d

dt
ψ̃αβs (2.14a)

0 = Rr
~iαβr + d

dt
ψ̃αβr − ω

 0 1

−1 0

 ψ̃αβr (2.14b)

ψ̃αβs = Ls~i
αβ
s + Lm~i

αβ
r (2.14c)

ψ̃αβr = Lr~i
αβ
r + Lm~i

αβ
s (2.14d)

T = 3
2pIm{

[
ψαs −ψβs

]
~is}. (2.14e)

Furthermore, the transient behaviour of the angular velocity of the induction ma-

chine is given by the theorem of angular momentum:

d

dt
ωm = T − Tload

J
. (2.15)

The equations 2.14 and 2.15 are depending on the time varying physical quantities

given in table 2.1: If a description of those quantities in a different coordinate frame

is required, it is possible to transform them using equation 2.5 and equation 2.11.

The relationship between the electrical speed of the rotor ωe and the mechanical

speed ωm is given by

ωe = Npωm. (2.16)
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Table 2.1: Time varying parameters of the induction machine

Parameter Symbol Dimension
Stator Voltage in αβ frame ~uαβs R2

Stator Current in αβ frame ~iαβs R2

Rotor Current in αβ frame ~iαβr R2

Rotor Flux in αβ frame ψ̃αβr R2

Stator Flux in αβ frame ψ̃αβs R2

electrical speed ω R
angular speed of the rotor ωm R

Torque around the rotor axis generated by the machine T R
Load torque around the rotor axis Tload R

The angle θ, which is needed for the Park transformation is defined as

θ = d

dt
ωe. (2.17)

Furthermore, the equations 2.16, 2.15 and 2.14 are depending on the machine prop-

erties given in table 2.2, which do not change during the machine operation and can

thus be assumed to be constant: A system is defined as a part of the world which

Table 2.2: Constant parameters of the induction machine

Parameter Symbol
Stator resistance Rs

Rotor resistance Rr

Stator inductance Ls
Rotor inductance Lr
Mutual inductance Lm
number of pole pairs p

Inertia around rotor axis J
Number of pole pair windings Np

can be described by its inner state and its interfaces which it uses to interact with its

environment. Therefore, it is important to define the interfaces of the system as well

as its state in order to apply a system theoretic approach. In case of the induction

machine need to select certain input quantities of the machine. The input of the

induction machine is usually selected as the stator voltage ~uabcs ∈ R3. A possible
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output of the induction machine is the angular speed of the rotor ωm. In order to

avoid differential algebraic equations as given in equation 2.14, it is common practise

that only two of the variables given in table 2.1 are selected as state variables. A

possible choice is introduced in chapter 3.

2.2 Inverter

The inverter is an important component of an electric drive which is needed to set the

input for an induction machine [1]. The purpose of the electric machine is to produce

a mechanical torque from an electric voltage. Therefore, it is necessary to produce

a certain input electric voltage which is capable of driving the machine. In power

electronic applications the inverter is usually the device which produces the electric

voltage for the induction machine. In order to do so, it takes a switching state as

an input and produces an output voltage depending on the switching state. In this

project we only focus on 3 phase inverters which have 3 different voltage outputs.

In the following two sections we introduce the 3 level neutral point clamped inverter

[4], [5] and the problem of DC-link balancing, which comes with this inverter.

2.2.1 3 level-neutral point clamped inverter

Inverters can be classified by the number of voltage levels which they can produce.

For the three level inverter the switching states that can be applied at each input

are {−1, 0, 1} [4]. The 3 level neutral point clamped (NPC) inverter is a special type

of 3 level inverter. The main advantage of the three level NPC inverter is the trade

off between the number of voltages which it can produce, and the number of parts

which are required to build the inverter [4]. There are several structures of the 3

level inverter.

Figure 2.3 shows the circuit diagram of a 3-level NPC inverter. From the figure

we see that the inverter consists of 12 IGBT modules which are divided into two

groups of 6 upper IGBT modules and 6 lower IGBT modules. Similarly to [7] the

upper IGBT are labelled as Gxi with x ∈ {a, b, c} and i ∈ {1, 2}. The state of the
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Gb2

Gb1

Gc2

Gc1

Ga2

Ga1

Gb1

Gb2

Gc1

Gc2

Ga1

Ga2

VDC

C1

C2

ia

ib

ic

Figure 2.3: Circuit diagram of the 3L-NPC converter

lower IGBT shall be the negative of the corresponding upper IGBT:

Gxi = G
xi
. (2.18)

Using the state of the IGBT modules Gxi we define the switching state Sabc ∈

{−1, 0, 1}3 of the inverter,

Sx =



1, if Gx1 = 1 ∧Gx2 = 1

0, if Gx1 = 0 ∧Gx2 = 1

−1, if Gx1 = 0 ∧Gx2 = 0

(2.19)

, where x ∈ {a, b, c}. The total switching state S is then defined as

Sabc =
[
Sa Sb Sc

]T
. (2.20)

For each time step of length TS the inverter can produce one of the 27 possible

switching states Sabc. Figure 2.4 shows the applicable switching states of a 3L NPC.

The corresponding output voltage ~uabc of the 3L NPC given a certain state Sabc as
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xa

xb

xc
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0P0
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N00
0PP

00P
NN0

0N0
P0P

PPP
000
NNN

Figure 2.4: Applicable switching states of a 3-phase 3-level inverter

input is given as

~uabc = 1
2
Vc1 + Vc2

3


2 −1 −1

−1 2 −1

−1 −1 2

Sabc + 1
2
Vc1 − Vc2

3


2 −1 −1

−1 2 −1

−1 −1 2

 |Sabc|,
(2.21)

where Vc1 and Vc2 are the voltages at the capacitors C1 and C2 at the DC link,

compare figure 2.3.

2.2.2 DC-link balancing

Equation 2.21 shows that the obtained output voltage of the 3L NPC depends on

the DC-link voltages Vc1 and Vc2. It is important that the DC-link voltages are

balances, i.e. Vc1 = Vc2. Otherwise it is possible that the output waveforms are
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reduced to two-level from three-level [8]. We define VO as the DC-link balance

VO = Vc1 − Vc2. (2.22)

In order to avoid power losses we demand that VO should be zero. This problem

is known as DC-link balancing. Several methods for DC-link balancing have been

proposed in the literature, in [7], [9] and [10]. From the structure of the 3L NPC

2.3 and [7] we see that the DC-link balance can be expressd as

d
dtVO =

~iabc,T |~uabc|
C

, (2.23)

where C is the capacitance of the capacitors at the DC-link (in this project we

assume that both capacitors have the same capacitance C). Equation 2.23 can be

reformulated as time discrete version using the Euler method or the integration

method under the assumption that the current ~iabc is constant,

VO[k + 1] = VO[k] + Ts~i
abc,T |~uabc|
C

. (2.24)

Equation 2.24 shows that the DC-link balance only depends on the stator voltage

and current. Equation 2.14 gives a relationship between the stator voltage and the

stator current. For this reason it is possible to choose voltages ~uabc that optimize

the DC-link as well as the control goal [7]. In chapter 4 we introduce different

approaches how this can be achieved for multistep prediction horizons.
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Chapter 3

Predictive Current Control

In this chapter we introduce the concept of predictive current control for induction

machines. First we give an overview over the existing control methods for induc-

tion machines. Then, the general strategy of predictive current control (PCC) is

explained for single step predictions. After that we introduce a generalized PCC

for long prediction horizons using the sphere decoding algorithm. There are many

control strategies for electric machines, therefore it is the first task to select which

one should be used for this project. According to [11] a good control strategy for

nonlinear systems should fulfil the requirements of

• Performance

• Stability

• Computational cost.

Generally there are two approaches that can achieve the control of an electric ma-

chine:

1. Vector oriented control methods such as field oriented control [12], [13].

2. Predictive control methods such as Model based Predictive control (MPC)

[14], [15].

The main difference between those method lies in the structure of the controller:

While direct control methods use a cascaded structure of PI controllers, MPC is
15
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using a mathematical model to predict the future behaviour of the system and

selects the best input value for the next sampling step. In this project we focus on

model predictive control methods due to their simple structure and better dynamic

response [16].

The field of MPC for power electronics can again be divided into two categories

which are

1. Continuous MPC [17].

2. Finite State MPC (FS-MPC) [18].

While continuous MPC computes a time-continuous output, FS-MPC achieves a

time-discrete output. Therefore, FS-MPC includes the model of the inverter, while

continuous MPC requires pulse width modulation and thus has an overall more

complicated structure. In order to obtain a cost efficient and simple system we

therefore select FS-MPC as the method of choice in this project.

Finally, there are two major approaches for FS-MPC in motor control:

1. Predictive torque control [19] (PTC).

2. Predictive current control [20], [21], [22] (PCC).

PTC aims to control the torque T and the magnetic flux ψ̃S at the stator of the

electric machine. The worst disadvantage of PTC is the nonlinear model which is

required to predict the following behaviour of the machine. The goal of PCC is to

control the stator current ~iS and the rotor flux ψ̃r of the machine. As equation 2.14

shows, PCC can be achieved by using only linear system models. Therefore, PCC

is more suitable for control techniques which use a long prediction horizon [23]. For

this reason, PCC is the control method which will be used in the following.

3.1 Single step predictive current control

The purpose of predictive current control is to find switching states Ŝabc at the in-

verter which ensure that the machine achieves a certain reference current~i∗S. Math-
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ematically, this can be expressed as an optimization problem,

Ŝabc(t) = argmin
(
~iS(Sabc(t))− i∗S

)
, (3.1)

for all times t. If the trajectory of the reference speed ~i∗S is not known beforehand,

which is assumed here, the desired switching state Ŝabc can not be precomputed for

all times. For this reason the computation of Ŝabc has to be performed in real time

which allows a quick reaction to sudden unpredictable changes in ~i∗S.

3.1.1 Predictive current control framework

dq

αβ

T ∗

iq

|ψ̃r|∗

id

PI+ Cost Function

Current Prediction

Rotor Flux Estimation

~is

ω
|ψ̃|∗

ω∗ T ∗ i∗q

i∗d

i∗α

i∗β

θ

ψ̃r

iα(k + 1) iβ(k + 1)

Inverter IM
Sabc

ω

ib

ia

Figure 3.1: Block diagram of predicted current control

As given in equation 2.14, an induction is described by a differential aglebraic

equation (DAE). This makes the numerical treatment of the induction machine

difficult, since solution methods for ODE generally do not work on DAEs. For this

reason we need to transform the DAE into an ODE by reducing the number of
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equations. A possible analytic solution for this was derived in [3]:

diαβs
dt = − 1

τσ
~iαβs + kr

rστσ

 1
τr

 1 0

0 1

− ω
 0 −1

1 0


 ψ̃αβr + 1

rστσ
~uαβs (3.2a)

dψ̃αβr
dt = Lm

τr
~iαβs −

 1
τr

 1 0

0 1

− ω
 0 −1

1 0


 ψ̃αβr , (3.2b)

with the auxiliary constants

σ = 1− L2
m

LsLr
, (3.3a)

kr = Lm
Lr

, (3.3b)

τr = Lm
Rr

, (3.3c)

rσ = Rs + k2
r ·Rr, (3.3d)

τσ = σLs
rσ

. (3.3e)

Using this ODE system it is possible to obtain the remaining parameters using the

equations 2.14b and 2.14c. The basic idea of predicted current control [20] is to use

a system model of the machine with the rotor flux ψ̃r and the stator current ~is as

state variables and the voltage ~us. The output y shall be the states, i.e. ψ̃r and ~is:

x =
[
~is ψ̃r

]T
(3.4a)

~u = Sabc (3.4b)

y =
[
~is ψ̃r

]T
. (3.4c)

Each other quantity, such as the speed ω, or the parameters Lm, kr, τσ, τr are as-

sumed to be constant over short time intervals. Normally, the input for the system is

selected as the switching state Sabc of the inverter, since the stator voltage can only

be influenced using the inverter. The relationship between ~uabc is given in equation

2.21. Equation 2.21 however is dependant on the DC-link balance VO = VC1 − VC2.

The DC-link balance VO on the other hand side is depending on the switching state

Sabc again as shown in equation 2.23. For the multistep prediction this would lead



3.1. SINGLE STEP PREDICTIVE CURRENT CONTROL Page 19

to a complicated, interleaved, nonlinear function of switching states. For this reason

we assume for the modelling that VO << VDC for this paper. Thus, we can say that

~uabc ≈ 1
2
Vc1 + Vc2

3


2 −1 −1

−1 2 −1

−1 −1 2

Sabc. (3.5)

From equation 3.5 we obtain the voltage ~uαβs using the Clarke transform in equation

2.5. Thus, we can express the behaviour of the induction machine with a system of

linear differential equations. Therefore, we define the following matrices:

F =



− 1
τσ

0 kr
rστστr

krω
rστσ

0 − 1
τσ
− krω
rστσ

kr
rστστr

Lm
τr

0 − 1
τr

−ω

0 Lm
τr

ω − 1
τr


∈ R4×4, (3.6a)

G =



1
rστσ

0

0 1
rστσ

0 0

0 0


∈ R4×2, (3.6b)

C =



1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


∈ R4×4. (3.6c)

Using equation 3.6 and equation 3.4 we can rewrite equation 3.2 as

ẋ = Fx + Gu (3.7a)

y = Cx. (3.7b)

In modern control devices, real-time computations are solved by a microprocessor

operating with a discrete sampling time Ts. A new switching state is selected after

each sampling interval Ts and kept for the complete next sampling interval. In this
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project it is assumed, that each sampling interval has the same duration Ts. Since an

electric machine is described by a system of time continuous differential equations, as

given in equation 2.14, we first formulate a discrete version of the system equations.

The most accurate way to predict the state of the machine is by integrating the

ODE system given in equation 3.7. Since this ODE system is linear, there exists

a known analytic solution. With x(t) being the initial value and u(t) the constant

input for the time interval t ∈ [t0, t0 + Ts] the prediction is given as [24],

A = exp (FTs) , (3.8a)

B = −F−1 (I−A) G, (3.8b)

x(t0 + Ts) = Ax(t) + Bu, (3.8c)

where I is the identity matrix. This approach provides accurate results, however the

computation of the matrix exponential exp (FTs) as well as the inverse F−1 might

be inefficient. For this reason we introduce a second prediction method:

Alternatively, the Euler discretization which approximates the continuous deriva-

tive with a discrete finite difference, can be used,

d
dtx(t) ≈ x(t+ Ts)− x(t)

Ts
. (3.9)

inserting equation 3.9 in a linear ODE system such as equation 3.7 yields

d
dtx(t) ≈ x(t+ Ts)− x(t)

Ts
= Fx + Gu. (3.10)

A reformulation of equation 3.10 suggests a way to predict the behaviour of the x(t)

at the next sampling instant x(t+ Ts) [24]:

A = I + FTs, (3.11a)

B = GTs, (3.11b)

x(t+ Ts) = Ax(t) + Bu(t). (3.11c)

Since the time continuous signal of the machine is not available in the control
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hardware, we denote the discrete-time signal after sampling with period Ts as x[k],

i.e. :

x[k] = x(kTs). (3.12)

A reformulation of equation 3.11a or 3.8a using the definition from equation 3.12

leads to a framework which allows us to predict the future behaviour of the electric

machine:

x[k + 1] = Ax[k] + Bu[k] (3.13a)

y[k] = Cx[k]. (3.13b)

The idea of predicted current control is to select the switching state which yields

to the lowest deviation of the predicted stator current ~is[k + 1] from a given refer-

ence current ~i∗,αβs [k + 1]. Thus, we formulate a discrete version of the continuous

optimization problem depending on the current sampling step k at the time instant

t = kTs 3.1:

Ŝabc(k) = argmin
(
~iS(Sabc(k))−~i∗S

)
, (3.14)

for all discrete sampling steps k.

Since the user often only gives a reference speed ω∗, it is now important to find a

relationship between ~i∗,αβs [k+ 1] and ω∗. Using ω∗, we compute the reference stator

current ~i∗,dqs [k + 1] in the rotor reference frame as [23]

i∗,ds [k] = |ψ̃r[k]|∗,dq
Lm

, (3.15a)

i∗,qs [k] = 2LrT ∗

3Lm|ψ̃r[k]|∗,dq
, (3.15b)

where ψ̃∗r is the reference rotor flux and T ∗ the reference torque. T ∗ is given by

the reference speed ω∗ through the theorem of angular momentum which is given in

equation 2.15. ψ̃∗r is selected as a constant for PCC. The complete PCC framework

is given in figure 3.1.
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3.1.2 Time delay compensation

The calculation of the optimal switching state requires a certain time when a real

digital hardware is used. This time delay cannot be avoided and can lead to wrong

predictions. The problem of time delay compensation is illustrated in figure 3.2:

As soon as the optimal û[k + 1] is selected and applied, the interval when û[k + 1]

k k + 1 k + 2 t

Measurement of
y[k]

Computation of the û[k + 1]
optimizing y[k + 1]

Application of the û[k + 1]
optimizing y[k + 1]

Figure 3.2: The time delay compensation problem

would optimize y is already lying in the past. It is however possible, to assume that

the time delay caused by computations is equal to one sampling period Ts. For this

reason, the time delay can be compensated by predicting the states of the induction

machine x[k] after one sampling interval by using equation 3.13 with the input value

u[k] of the current time k. The resulting vector x[k + 1] is the predicted state of

the induction machine at the time instant directly after the computations. Thus, if

the behaviour of the machine in the future should be predicted, it is necessary to

compute the next state x[k + 2] which is depending on the possible inputs which

could be applied in the future u[k+ 1]. This is again computed using equation 3.13.

The solution to the time delay problem is visualized in figure 3.3:

k k + 1 k + 2 t

Measurement of
y[k]

Computation of the u[k + 2]
optimizing y[k + 2]

Application of the u[k + 2]
optimizing y[k + 2]

Figure 3.3: Solution to the time delay compensation problem
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3.1.3 Cost function

The next step is to obtain the control goal by finding the minimum of a cost function

gj depending on the predicted value of the current under the assumption that the

switching state Sj was selected [20]:

gcontrolj =
N+1∑
l=2
|i∗α[k + l]− iα[k + l]|+ |i∗β[k + l]− iβ[k + l]|, (3.16)

whereN is the length of the prediction horizon. Due to the time delay compensation,

the prediction starts at an index of two. In this section we only regard single step

prediction which is equal to choosing

N = 1. (3.17)

Furthermore, we assume that the reference current ~i∗,αβs [k + 1] stays constant over

time intervals of the size of few sampling time Ts. This yields to a simplified cost

function:

gcontrolj = |i∗α[k]− iα[k + 2]|+ |i∗β[k]− iβ[k + 2]|. (3.18)

This cost function ensures that the control goal is reached. If the switching effort

between the current inverter state u[k] and the inverter state at the next time instant

u[k+1] is high, the inverter might suffer from high losses. In order to avoid this, we

take a second cost function geffortj into account. The purpose of geffortj is to penalize

high control efforts. The control effort that is needed to reach the state ~uabc[k + 1]

from the state ~uabc[k] is defined as

∆uabc[k] = ~uabc[k + 1]− ~uabc[k]. (3.19)

Using equation 3.19 we can formulate geffortj as

geffortj = ‖∆uabc[k]‖2
2. (3.20)
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Combining equation 3.18 and equation 3.20 yields to the complete cost function gj:

gj = gcontrolj + λug
effort
j . (3.21)

λu is here a gain factor which determines the trade-off between switching effort and

control goal. The literature suggests to choose λu as The optimal switching state

can now be computed as:

Ŝabc = argmin gj(Sabc). (3.22)

The PCC framework allows to compute the optimal switching state using a relatively

simple framework. So far we only assumed PCC with a prediction horizon of length

1. Longer prediction horizons might however be useful to improve the stability

and performance of the system [11],[25]. For this reason we shall look into a long

prediction horizon based PCC framework in the next section.

3.2 Multi step prediction

This section extends the results derived in the previous to the case of long prediction

horizons [11]. Therefore, we assume that the number of prediction steps N can now

be any positive integer. The main disadvantage of most of the long prediction

horizon techniques is the exponentially increasing complexity [11]. For this reason

we use a sphere decoder based approach in this project [24],[25],[26],[27]. This long

prediction horizon strategy leads to a multidimensional optimization problem which

will be derived in the following.

3.2.1 Formulation of the optimization problem

Before we set up the optimization problem we first define multidimensional versions

of the system parameters. The multistep input Uabc[k] ∈ R3N shall represent the

inputs for each time instant of the prediction interval:

Uabc[k] =
[
~uabc[k] ~uabc[k + 1] ... ~uabc[k +N ]

]T
. (3.23)
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u is here the previously defined input from equation 3.4. Similarly, the multistep

output Yαβ[k] ∈ R4N is defined as the output of the system at each time instant of

the prediction interval,

Yαβ[k] =
[

yαβ[k] yαβ[k + 1] ... yαβ[k +N ]
]T
. (3.24)

y again is given in equation 3.4. The multistep control effort ∆Uabc[k] is defined in

the same way,

∆Uabc[k] =
[

∆uabc[k] ∆uabc[k + 1] ... ∆uabc[k +N ]
]T
, (3.25)

as well as the reference output Y∗,αβ[k]. Therefore in this paper we assume that the

reference output y∗,αβ does not change over one prediction horizon:

Y∗,αβ[k] =
[

y∗,αβ[k] y∗,αβ[k] ... y∗,αβ[k]
]T
. (3.26)

The next step is to derive a relationship between U[k] and Y[k]. This is achieved by

applying the Euler discretization formula from equation 3.13 N times. The result

was derived in [24]. The following auxiliary matrices are defined in order to simplify

the expression:

Ξ =



CBTC
† 0 ... 0

CABTC
† CBTC

† ... 0
... ... ...

...

CAN−1BTC
† CAN−2BTC

† ... CBTC
†


(3.27a)

Γ =
[

CA CA2 ... CAN

]T
. (3.27b)

Using the matrices from equation 3.27 and the current state x[k] we get a relation-

ship between Yαβ and Uabc as:

Yαβ[k] = Γx[k] + ΞUabc[k]. (3.28)
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Similarly, [24] derived a long horizon expression for the control effort. Therefore we

define the following auxiliary matrices:

S =



I 0 ... 0

−I I ... 0

0 −I ... 0
... ... ...

...

0 0 ... I


(3.29a)

E =
[

I 0 ... 0
]T
. (3.29b)

With equation 3.29 we reformulate the control effort ∆U for the multi step predic-

tion as

∆U[k] = SU[k]− Eu[k − 1]. (3.30)

This gives rise to the formulation of a new cost function,

g(U) = ‖Γx[k] + ΞUabc[k]−Y∗,αβ‖2
2 + λu‖SU[k]− Eu[k − 1]‖2

2. (3.31)

The goal of the long prediction horizon framework is to find the solution U which

minimizes equation 3.31 and lies within the accessible states UN of the inverter.

Mathematically, this can be expressed as an optimization problem:

U∗ = argmin g(U) s.t.U ∈ UN . (3.32)

This optimization problem is the basis of the following parts of the paper. In the

next section we will present the solution to the optimization problem 3.32.

3.2.2 Solution to the optimization problem

The main difficulty of the solution of 3.32 lies within the constrains [24]. For this

reason, [24] and [27] suggested a novel approach that consists of two steps:
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1. The first step is to solve the unconstrained optimization problem

Uunc[k] = argmin g(U[k]), (3.33)

2. the second step is to look for solutions that fulfil the constraints and lie close

to Uunc[k] to find the optimal one. This can be achieved with the help of a

modified sphere decoding algorithm [24], [26].

The unconstrained solution Uunc[k] can be expressed with the auxiliary parameters

Q and Θ[k] [24],

Q = ΞTΞ + λuSTS (3.34a)

Θ[k] =
(
Γx[k]−Y∗,αβ[k]

)T
Ξ− λu

(
(Eu[k − 1])T S

)T
. (3.34b)

Using the definitions from equation 3.34 we can express the cost function as [24]

gDC(U) = UTQU + 2ΘTU + θ. (3.35)

A derivation of this expression is given in chapter 4. Uunc[k] is then given as

Uunc[k] = −Q−1Θ[k]. (3.36)

A detailed derivation of Uunc is given in chapter 4.

The sphere decoder [24], [27] requires triangular matrices. For this reason a

Cholesky decomposition of Q is performed:

Q = HTH, (3.37)

where H ∈ R3N×3N is an invertible, lower triangular matrix. Defining

Ǔunc = HUunc (3.38)
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results in a new optimization problem

U∗[k] = argmin ‖HU− Ǔunc‖2
2 s.t. U ∈ U3N . (3.39)

This optimization problem is called an integer least squares (ILS) problem [24]. The

solution of the original ILS problem using brute force methods is NP-hard [28]. For

this reason more efficient solution algorithms have to be utilized. [29],[28] showed

that ILS problems can be solved using a sphere decoding algorithm. [24] then

modified the sphere decoding algorithm to fit it to the ILS problem of multistep

model predictive control.

Since the sphere decoding algorithm shall be extended for more general opti-

mization problems, we briefly introduce the basic idea behind the sphere decoding

algorithm in this section.

For the derivation of the sphere decoding algorithm we apply the following no-

tation:

s = Uabc[k] (3.40a)

s∗ = Uabc,∗[k] (3.40b)

y = Ǔunc[k] (3.40c)

m = 3N. (3.40d)

Then the optimization problem 3.39 can be rewritten as

s∗ = argmin ‖Hs− y‖2
2 s.t. s ∈ Sm. (3.41)

We denote the set of accepted integer values for s∗ as S. For the 3L-NPC the set

S is given as the states S = {−1, 0, 1} which can be produced by the inverter.

The basic idea behind the sphere decoding algorithm is to search not every possible

combination of integer values Sm that can be applied to s. Let s̃ be the current

optimal solution which the algorithm found so far. Every solution s which is already

worse than the current optimal solution s̃ shall be excluded from the search in order
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to reduce the computational complexity. This gives rise to the question, how we can

determine whether a solution is worse than s̃ without evaluating it beforehand.

An essential requirement for the sphere decoding algorithm [28] is that the matrix

H has upper triangular structure. We denote the value of the cost function at s̃ as

d2:

g(s̃) = d2. (3.42)

The goal is to determine for a candidate switching sequence s̄ whether it has a higher

or lower cost function value compared to d2. In the case of an upper triangular

structure of H this can be expressed as [28]

d2 ≥ ‖Hs̄− y‖2
2 (3.43)

≥
m∑
i=1

yi −
m∑
j=1

Hi,j s̄j

2

. (3.44)

From equation 3.44 a necessary condition for the s̄ can be derived:

d2 ≥ (ym −Hm,ms̄m)2. (3.45)

If this condition is not fulfilled, we can neglect the sequence s̄m and every other

sequence with the same value at the m-th entry.

It is furthermore possible to determine, whether the sequence can be excluded

beforehand. Therefore, upper and lower bounds for s̄m can be derived from equation

3.45: ⌈
−d+ ym
Hm,m

⌉
≤ s̄m ≤

⌊
d+ ym
Hm,m

⌋
. (3.46)

Equation 4.56 is a possible way to determine the existence of solutions for the sphere

decoding algorithm. From equation 3.45 it is possible to derive an iterative structure

which checks for each subsequence whether sequences with the same prefix can be

excluded without having to check the m explicitly. In order to reduce the number of

trials required for the sphere decoder we set an initial value for the sequence s̄m. This

initial value should be as close to the unconstrained solution as possible. Promising

results [26] were achieved with the Babai estimate which rounds the unconstrained
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solution to the closest integer

s̄m,ini =
⌊

ym
Hm,m

⌋
. (3.47)

For the k-th entry we define

yk|k+1 = ym −
m∑

j=k+1
Hk,j s̄j (3.48)

d2
k = d2

k+1 − (yk+1|k+2 −Hk+1,k+1s̄k+1)2. (3.49)

Using equation 3.49 we can formulate a version of equation 3.46 for the k-th iteration

step [28]: ⌈
−dk + yk|k+1

Hk,k

⌉
≤ s̄m ≤

⌊
dk + yk|k+1

Hk,k

⌋
. (3.50)

For the k-th iteration step it is also possible to define a Babai estimate as initial

value in the same manner as equation 3.47:

s̄k,ini =
⌊

yk|k+1

Hk,k

⌋
. (3.51)

With the help of equation 3.50 it is possible to reduce the number of discrete values

which are examined This step is especially required if |S| = ∞. In case of the 3

level neutral point clamped inverter we have S = {−1, 0, 1}.

Starting from the lowest entry of s∗, higher entries of s∗ are computed stepwise.

The modified sphere decoding algorithm consists of 6 steps similarly to [28]:

1. Initialize:

set k = m, d̃2
m = d2, ym|m+1 = ym

2. Set initial value (Babai Estimate):

s̃k =
⌊yk|k+1
Hk,k

⌋
,

Set l = 1, go to 3.

3. Increase l:

Set l = l + 1

s̃k = S(l)
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Update Distance: d̃2
k = d̃2

k+1 − (yk|k+1 −Hk+1,k+1s̃k+1)2.

If d̃2
k < d̃2

m go to 5.

Else if l < |S| go to 3.

Else go to 4.

4. Increase k:

k = k + 1

if k > m: Terminate algorithm, else go to 3.

5. Decrease k:

If k = 1 go to 6,

else k = k−1, yk|k+1 = ym−
∑m
j=k+1 Hk,j s̃j, d̃2

k = d̃2
k+1−(yk|k+1−Hk+1,k+1s̃k+1)2,

go to 2.

6. Solution found:

Save s̃ to s∗, d̃2
m − d̃2

1 + (y1 −H1,1s∗1)

go to 3.

The only task which remains is to determine the series of those steps: The sphere

decoder is given in algorithm 3.1.
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Algorithm 3.1: Modified Sphere Decoding Algorithm
input : y, H, d, ρ, m
output: s∗

1 begin
2 Initialize (step 1).;
3 Compute upper bound (step 2).;
4 while k ≤ m do
5 if dM(k) < D then
6 if k == 1 then
7 Solution found (step 6).;
8 if l(k) > |S| then
9 Increase k (step 4).;

10 Compute upper bound (step 2).;

11 else
12 Increase sk (step 3).;

13 end.;

14 else if Direction == 1 then
15 Decrease k (step 5).;
16 Compute upper bound (step 2).;

17 else
18 if l(k) > |S| then
19 Increase k (step 4).;
20 Compute upper bound (step 2).;

21 else
22 Increase sk (step 3).;

23 end.;

24 end.;

25 else
26 if l(k) > |S| then
27 Increase k (step 4).;
28 Compute upper bound (step 2).;

29 else
30 Increase sk (step 3).;

31 end.;

32 end.;

33 end.;



Chapter 4

DC-Link Balancing

So far we discussed the implementation of a control framework that predicts the

behaviour of an induction machine over several sampling steps. In the following

the optimal next switching state is selected using a control law, such as given for

example in equation 3.32.

After that, the selected input signal is produced by the inverter. This gives rise

to the question, whether the optimal input signal for the machine is the optimal

input signal for the inverter as well. Therefore, it is important to take characteristic

properties of the inverter into account. In this project, we specialize on 3 level

neutral point clamped inverters.

The mathematical equation that describes the behaviour of the DC-link voltage

over time is given in [7]:

VO[k + 1] = VO[k] + Ts
C
~iabc,T [k]|~uabc[k]|, (4.1)

where Ts is the sampling time, C is the DC-link capacitance and ~iabc[k], ~uabc[k] are

the current and voltage at the inverter. Based on equation 4.1, [7] defined a cost

function which includes the DC-link balance in order to ensure the control goal and

the DC-link balancing:

J = Jcontrol goal + λV |VO[k + 1]|2, (4.2)
33
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where Jcontrol goal is the previously defined control function which is given in 3.21.

In this chapter we derive a multistep version of equation 4.2 in order to combine

the concepts of DC-link balancing and multistep prediction. Therefore, we formulate

the transient behaviour of the DC-link voltage to use it as prediction for multiple

sampling steps. After that, several cost functions that reduce the DC-link balance

are defined. We conclude this chapter by introducing control algorithms that can

minimize the cost functions and find suitable input signals.

4.1 Multistep DC-link framework

The first step is to formulate an expression for the prediction of the DC-link voltage

over multiple sampling steps. In this paper we search expressions for the DC-link

voltage that would ensure a minimum in VO[k+ l] for l = 1, ..., N which implies that

the whole prediction horizon is taken into account. In order to do so, we define the

multistep DC-link balance VO[k] ∈ RN as a stacked version of single step DC-link

balance voltages VO[k + l]:

VO =
[
VO[k + 1] VO[k + 2] VO[k + 3] ... VO[k +N ]

]T
. (4.3)

This formulation gives rise to the question how the DC-link voltages VO[k + l] at a

certain time k+ l are computed. Therefore, the expression from equation 4.1 can be

successively applied N times on VO[k+N ]. Starting from equation 4.1 we formulate

the DC-link voltage after N prediction steps as

VO[k +N ] = VO[k +N − 1] + Ts
C
|~iabc,T [k +N − 1]~uabc[k +N − 1]| (4.4a)

= VO[k +N − 2] +
N∑

l=N−1

Ts
C
|~iabc,T [k + l − 1]~uabc[k + l − 1]|(4.4b)

= VO[k] +
N∑
l=1

Ts
C
|~iabc,T [k + l − 1]~uabc[k + l − 1]|. (4.4c)

Equation 4.4 contains the known stator current ~iabc[k] as well as the stator voltage

~uabc[k]. Using equation 4.4 we reformulate the expression for VO[k] from equation
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4.3:

VO[k] =



VO[k] + Ts
C
~iabc,T [k]|~uabc[k]|

VO[k] +∑2
l=1

Ts
C
~iabc,T [k + l − 1]|~uabc[k + l − 1]|

...

VO[k] +∑N
l=1

Ts
C
~iabc,T [k + l − 1]|~uabc[k + l − 1]|


(4.5a)

= VO[k]



1

1
...

1


+ Ts
C



~iabc,T [k]|~uabc[k]|∑2
l=1
~iabc,T [k + l − 1]|~uabc[k + l − 1]|

...∑N
l=1
~iabc,T [k + l − 1]|~uabc[k + l − 1]|


. (4.5b)

The next goal is to rewrite VO[k] using the defined input and output quantities

from equation 2.14. The expression ~iabc,T [k+ l− 1]|~uabc[k+ l− 1]| can be rewritten

in terms of the input Uabc[k] and the current Iabc[k] ∈ R3N ,

Iabc[k] =
[
ia[k] ib[k] ic[k] ia[k + 1] ... ic[k +N ]

]T
. (4.6)

It is further visible that every expression in equation 4.5 is linear in terms of~iabc,T [k+

l − 1]|~uabc[k + l − 1]|. For this reason, we define an auxiliary matrix L ∈ RN×3N :

L =



1 1 1 0 0 0 0 ... 0

1 1 1 1 1 1 0 ... 0

1 1 1 1 1 1 1 ... 0
... ... ... ... ... ... ... ...

...

1 1 1 1 1 1 1 ... 1


. (4.7)

Thus we obtain a more simple equation for VO[k]:

VO[k] = VO[k]



1

1
...

1


+ Ts
C

L
(
Iabc[k] ◦ |Uabc[k]|

)
, (4.8)
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where the operation ◦ denotes the Hadamard product [30]. |Uabc[k]| means here,

that the absolute value of Uabc[k] is taken element wise. In order to obtain a simpler

expression for equation 4.8 we further introduce the quantity VO[k] ∈ RN :

VO[k] = VO[k]
[

1 1 ... 1
]T
. (4.9)

This yields to a more compact formulation of equation 4.8:

VO[k] = VO[k] + Ts
C

L
(
Iabc[k] ◦ |Uabc[k]|

)
. (4.10)

While Uabc[k] is the input, which is the goal of the control algorithm, Iabc[k] is the

stator current of the system in abc coordinates at the time t. Iabc[k] is given in

abc− coordinates, while the system in equation 2.14 is described in αβ coordinates.

For this reason we first have to perform a coordinate transformation as shown in

equation 2.8. We define the multistep Clarke transformation Tαβ→abc ∈ R3N×2N as:

Tαβ→abc =



T†C 0 ... 0

0 T†C ... 0
... ... ...

...

0 0 ... T†C


(4.11)

Using equation 4.11 we can express VO[k] using the current in αβ coordinates:

VO[k] = VO[k] + Ts
C

L
((

Tαβ→abcIαβ[k]
)
◦ |Uabc[k]|

)
. (4.12)

The stator current in αβ coordinates Iαβ[k] is part of the system output y as defined

in equation 3.26. In order to obtain Iαβ[k] from Y we define a projection SY ∈
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R2N×4N :

SY =



1 0 0 0 0 0 0 0 0 ... 0

0 1 0 0 0 0 0 0 0 ... 0

0 0 0 0 1 0 0 0 0 ... 0

0 0 0 0 0 1 0 0 0 ... 0

0 0 0 0 0 0 0 0 1 ... 0
... ... ... ... ... ... ... ... ... ...

...

0 0 0 0 0 0 0 0 0 ... 1



. (4.13)

Applying equation 4.13 to equation 4.12 yields

VO[k] = VO[k] + Ts
C

L
((

Tαβ→abc
(
SY Yαβ[k]

))
◦ |Uabc[k]|

)
. (4.14)

Using equation 3.28 we substitute Yαβ[k] with the unknown input Uabc[k] and cur-

rent state x:

VO[k] = VO[k] + Ts
C

L
((

Tαβ→abc
(
SY

(
Γx + ΞUabc[k]

)))
◦ |Uabc[k]|

)
. (4.15)

The goal is to minimize this expression. From equation 4.15 it is obvious that the

relationship between VO[k] and Uabc[k] is nonlinear. In the next section we discuss

several methods how to deal with the nonlinearity of the DC-link balance and set

up several cost functions for the problem.

4.2 DC-link balancing using a priori switching state

selection

The main contribution of this section is to combine the multistep prediction horizon

concept with DC-link balancing without changing the equations from chapter 3.

Therefore, we extend the framework proposed in [8] to a long prediction horizon

formulation. Figure 4.1 shows the topology of the accessible state of the 3L-NPC.

It was shown by [8] that the 27 inverter states can be divided in four groups:
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1. States that do not affect the neutral point voltage:

PPN, PNN, PNP, NNP, NPP, NPN, NNN, OOO, PPP.

In figure 4.1 those states are shown with in black.

2. States that affect the neutral point voltage in an unknown way:

PON, PNO, ONP, NOP, NPO, OPN.

Those states have red text colour in figure 4.1.

3. States that increase the neutral point voltage:

OON, ONN, ONO, NNO, NOO, NON.

These states are green in figure 4.1.

4. States that decrease the neutral point voltage:

PPO, POO, POP, OOP, OPP, OPO.

Those states are displayed with blue text in figure 4.1.

xa

xb
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PPNNPN

NPP

NNP PNP

PN0

P0N

0PN
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00N
P00

00N
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000
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Figure 4.1: Grouping of the applicable switching states

The approach suggests that only neutral point affecting voltages should be selected,

if the DC-link imbalance is beyond a certain level VO,crit. Depending on the sign of
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the DC-link voltage VO[k] we select only states from the third group that increase the

DC-link voltage or states from the fourth group that decrease the DC-link voltage.

If |VO[k]| is below VO,crit each inverter state should be taken into account.

Since the neutral point voltage increasing states only consist of the negative and

neutral positions, the framework can be realized by only taking those two switching

states into account, i.e. Sabc ∈ {−1, 0}3.

Similarly, the inverter states of the fourth group only consist of the switching

positions 1 and 0. Those states can be achieved by setting Sabc ∈ {0, 1}3.

For the multistep prediction framework, the DC-link voltage shall be checked at

each sampling step as well:

• If VO is greater than a certain threshold VO,crit, only neutral point voltage

increasing states shall be selected for the whole prediction horizon N .

• If VO is smaller than −VO,crit, only neutral point increasing states are selected

for each of the N steps.

In this way the multistep DC-link balancing framework can be assembled: First, the

unconstrained solution Uabc[k]unc is computed similarly to equation 3.36. After that,

H is determined with a cholesky decomposition of Q, as explained in equation 3.37.

Then the DC-link balance is measured. If the DC-link voltage is greatly imbalanced,

the set of applicable states U is adjusted. According to [8] those values have to be

flipped when the current direction is changing. The framework can be summarized

as follows:

1. Compute H and Uabc[k]unc.

2. If VO[k] > VO,crit: S = {0, 1}

3. Else if VO[k] < −VO,crit: S = {−1, 0}

4. Else: S = {−1, 0, 1}

5. If the reference velocity is not reached: S = −S.

6. S∗ = SphereDecoder(Uabc[k]unc,H, N,S).
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A flowchart of the framework is given in figure 4.2
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Figure 4.2: Multistep prediction using a priori selection
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4.3 DC-link balancing by linearization

In the previous section we derived a model for the DC-link voltage for multistep

prediction. The goal was to obtain a DC-link balance which means that the DC-

link voltage is either zero or below a certain threshold VO,crit. At the same time we

aimed to follow the control goal and achieve a low control effort. In this section

we present a different approach how DC-link balancing and the control goal can be

reached simultaneously with the help of a cost function. This can be achieved by

adding the DC-link term which is given in equation 4.15 to the cost function which

is given in equation 4.2. The obtained cost function g then has the structure

g(Uabc[k]) = ‖Yαβ[k]−Y∗,αβ‖2
2 + λ‖∆Uabc[k]‖2

2 + λV ‖VO[k]‖2
2. (4.16)

From equation 4.15 it is visible that the relationship between VO[k] and Uabc[k] is

nonlinear. For this reason, the expression for g(Uabc[k]) is not a convex function.

The problem of nonconvex functions is that a local minimum of the function does

not necessarily need to be the global minimum of the function [31]. Since many

optimization algorithms search for local minima only, it is necessary to initialize the

algorithm with a suitable starting point. Another way to overcome this problem

is to avoid the solution of the nonconvex problem by approximating it with a sim-

pler convex problem. This can for example be achieved with a linearization of the

nonlinear expression of VO[k].

4.3.1 Linearization theory

Linearization is one of the most common simplification methods for nonlinear ex-

pressions. In this section we present a possible way how to linearize the quantity

VO(Uabc[k])[k] using a Taylor series approach.

An arbitrary nonlinear function f(x) ∈ RNy can be expanded using the Taylor

series of f around a certain point x0 ∈ RNx :

f(x) = f(x0) + ∂

∂x
f(x0)(x− x0) +

∞∑
n=2

f (n)(x0)
n! (x− x0)n, (4.17)
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where f (n)(x0) indicates the n-th multidimensional derivative of f with respect to x

evaluated at x = x0. If the derivatives f (n) exist, equation 4.17 can compute the

exact value of f at any suitable point x. The main idea of linearization is to assume

that higher order terms of equation 4.17 are negligible, if x does not deviate from

the reference point x0 too much:

∞∑
n=2

f (n)(x0)
n! (x− x0)n ≈ 0 (4.18)

if x ≈ x0.

Applying equation 4.19 on equation 4.17 leads to the linearization of f(x):

f(x) ≈ f(x0) + ∂

∂x
f(x0)(x− x0). (4.19)

A Substitution of VO[k] and Uabc[k] in equation 4.19 gives the linearization formula

of VO[k]:

VO(Uabc[k])[k] ≈ VO(U0[k])[k] + ∂

∂Uabc[k]VO(U0[k])[k](Uabc[k]−U0[k]). (4.20)

Generally the computation of the linearization of VO[k] consists of two steps:

1. Find a suitable linearization point U0[k].

2. Compute the derivative ∂
∂Uabc[k]VO(U0[k])[k].

In the following, both steps are derived for VO[k].

4.3.2 Linearization point selection

The goal of the linearization point selection is to find an expansion point U0[k]

that ensures the fulfilment of equation 4.19. This can be achieved by selecting a

value U0[k] that is close to the actual behaviour of the machine under the given

conditions. The most simple choice of U0[k] would be to just set U0[k] to 0. This

implies that the inverter state remains constant 0 during the next N sampling steps.

Furthermore, it leads to a VO[k] which is independent of Uabc[k], so that DC-link
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balancing cannot be achieved. Another possible solution would be taking the current

inverter state and repeat it for the whole prediction horizon. This implies that the

inverter state remains unchanged during the next N sampling steps. In order to

obtain the linearization point we look back at the network topology of possible

inverter states which is given in figure 2.4:

• If the motor is running in steady state, the inverter states will be selected

clockwise or counter-clockwise depending on the direction of the motor

• If the motor is accelerating, it is possible that some of the inverter states are

skipped so that only every 2nd or 3rd,... state is selected.

The linearization point selection should be designed based on this concept. In this

project we utilize the following concept to obtain the linearization point U0[k]:

• If the reference speed is reached, the N entries of the linearization point should

be the next N steps from the inverter, depending on the direction of the speed,

e.g. if the current state is PNO

U0[k] = [PNN,PON,PPN,OPN,NPN ]T .

The strategy is illustrated in figure 4.3. The current state is marked red. The

linearization point is composed of the blue states.
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Figure 4.3: Initial value selection during steady state

• if the reference speed is not reached, the N entries should take only every

second entry of the figure 2.4, e.g. if the current state is PNP

U0[k] = [PON,OPN,NPO,NOP,ONP ]T .

This strategy is shown in figure 4.4. The red state is the one currently applied

while the blue states will be taken for the linearization point.
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Figure 4.4: Initial value during acceleration

Possible variants include just taking every 3rd, every 4th or every 5th value from

the next inverter states.

4.3.3 Gradient computation

In this section we present how to compute the derivative of the multistep DC-link

balance VO[k]. Generally, the derivative of a multidimensional function f(x) where

x ∈ RNx is given as

∂

∂x
f(x) =



∂f1
∂x1

∂f1
∂x2

... ∂f1
∂xNx

∂f2
∂x1

∂f2
∂x2

... ∂f2
∂xNx

... ... ... ...

∂fNx
∂x1

∂fNx
∂x2

... ∂fNx
∂xNx


. (4.21)
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Applying equation 4.21 to the expression of VO from equation 4.15 gives

∂

∂U[k]VO(Uabc[k])[k] = ∂

∂U[k]

(
VO[k]+

Ts
C

L
((

Tαβ→abc
(
SY

(
Γx + ΞUabc[k]

)))
◦ |Uabc[k]|

))

= ∂

∂U[k] (VO[k]) + ∂

∂U[k]

Ts
C

L
((

Tαβ→abc
(
SY (Γx+

+ ΞUabc[k])
))
◦ |Uabc[k]|

)
= ∂

∂U[k]

(
Ts
C

L
((

Tαβ→abc
(
SY

(
Γx + ΞUabc[k]

)))
◦ |Uabc[k]|

))
.

(4.22)

The last two rows of equation 4.22 can be concluded from the linearity of the partial

derivative and the fact that the measured DC-link voltage VO[k] is independent of

the change of the input Uabc[k].

Since the factor Ts
C

L is constant, the result of the computation will not be affected

if the multiplication with Ts
C

L is performed after the derivative:

∂

∂U[k]VO(Uabc[k]) = ∂

∂U[k]

Ts
C

L
((

Tαβ→abc
(
SY (Γx+

ΞUabc[k])
))
◦ |Uabc[k]|

)
= Ts
C

L
∂

∂U[k]
((

Tαβ→abc
(
SY

(
Γx + ΞUabc[k]

)))
◦ |Uabc[k]|

)
.

(4.23)

For further simplification we can make use of the properties of the Hadamard

product:

The Hadamard product is distributive over addition [30],

A ◦ (B + C) = A ◦B + A ◦ C. (4.24)
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Using this property we rewrite equation 4.23:

∂

∂U[k]VO(Uabc[k]) = Ts
C

L
∂

∂U[k]
((

Tαβ→abc
(
SY

(
Γx + ΞUabc[k]

)))
◦ |Uabc[k]|

)
= Ts
C

L
∂

∂U[k]
((

Tαβ→abc
(
SY Γx + SY ΞUabc[k]

))
◦ |Uabc[k]|

)
= Ts
C

L
∂

∂U[k]

((
Tαβ→abcSY Γx+

+ Tαβ→abcSY ΞUabc[k]
)
◦ |Uabc[k]|

)

= Ts
C

L
∂

∂U[k]

(
Tαβ→abcSY Γx ◦ |Uabc[k]|+

+ Tαβ→abcSY ΞUabc[k] ◦ |Uabc[k]|
)

= Ts
C

L
∂

∂U[k]
((

Tαβ→abcSY Γx
)
◦ |Uabc[k]|

)
+

+ Ts
C

L
∂

∂U[k]
((

Tαβ→abcSY ΞUabc[k]
)
◦ |Uabc[k]|

)
.

(4.25)

The last line again follows from the linearity of the derivative and the matrix

product. From equation 4.25 we see that the derivative computation consists of two

sum terms. In the following we split the calculations in order to save space:

1. First term:

Ts
C

L
∂

∂U[k]
((

Tabc→αβSY Γx
)
◦ |Uabc[k]|

)
= Ts
C

L
(
diag

(
Tabc→αβSY Γx

)
◦ ∂

∂U[k] |U
abc[k]|

)
= Ts
C

Ldiag
(
Tabc→αβSY Γx

)
◦ diag

(
sign(Uabc[k])

)
= Ts
C

Ldiag
(
Tabc→αβSY Γx

)
· diag

(
sign(Uabc[k])

)

(4.26)

2. Second term:

First we define an auxiliary quantity:

Rabc = Tabc→αβSY Ξ. (4.27)
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Using Rabc, the second term can be simplified as follows:

Ts
C

L
∂

∂U[k]
((

Tαβ→abcSY ΞUabc[k]
)
◦ |Uabc[k]|

)
=

= Ts
C

L
∂

∂U[k]
((

RabcUabc[k]
)
◦ |Uabc[k]|

)
. (4.28)

In the next step we apply the product rule on Equation 4.28:

Ts
C

L
∂

∂U[k]
((

RabcUabc[k]
)
◦ |Uabc[k]|

)
=

= Ts
C

L
(

∂

∂U[k]
(
RabcUabc[k]

)
◦ |Uabc[k]|

)
+

+ Ts
C

L
(

RabcUabc[k] ◦ ∂

∂U[k] |U
abc[k]|

)
. (4.29)

Equation 4.29 again consists of a sum of two terms. the first term has to be

derived using product rule:

Ts
C

L
(

∂

∂U[k]
(
RabcUabc[k]

)
◦ |Uabc[k]|

)
=

= Ts
C

L
(

Rabc
(

∂

∂U[k]U
abc[k]

)
◦ |Uabc[k]|

)
=

= Ts
C

L
(
Rabc (I) ◦ |Uabc[k]|

)
=

= Ts
C

L
(
RabcT ◦ diag

(
|Uabc[k]|

))T
(4.30)

The second term has a similar structure compared to equation 4.26:

Ts
C

L
(

RabcUabc[k] ◦ ∂

∂U
[k]|Uabc[k]|

)
=

= Ts
C

L
(
diag

(
RabcUabc[k]

)
diag

(
sign(Uabc[k])

))
. (4.31)

The result of the computation is obtained by adding the results of the equations
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4.26, 4.30 and 4.31 up:

∂

∂U[k]VO[k] = Ts
C

Ldiag
(
Tabc→αβSY Γx

)
diag

(
sign(Uabc[k])

)
+

+Ts
C

L
(
RabcT ◦ diag

(
|Uabc[k]|

))T
+

+Ts
C

Ldiag
(
RabcUabc[k]

)
diag

(
sign(Uabc[k])

)
. (4.32)

The gradient formula given in equation 4.32. From the formula in equation 4.20 we

see that linearization consists of two terms:

• A constant term:

VO,const = VO(U0[k])− ∂

∂U[k]VO(U0[k])[k]U0[k] (4.33)

• A linear term:

VO,lin = ∂

∂U[k]VO(U0[k])[k]. (4.34)

The complete formula can be rewritten as

VO[k] = VO,const + VO,linUabc[k]. (4.35)

Equation 4.35 has the same structure compared to the terms in equation 3.31. In this

way we can rewrite the cost function for the linearized DC-link balancing framework

as

gDC(Uabc[k]) = ‖Γx[k] + ΞUabc[k][k]−Y∗,αβ‖2
2 +

+λu‖SUabc[k][k]− Eu[k − 1]‖2
2 +

+ λV ‖VO,const + VO,linUabc[k]‖2
2 . (4.36)

The task is to minimize this cost function in order to guarantee a good control

performance, low control effort and DC-link balancing.
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4.3.4 Solution to the optimization problem

In this section we present a sphere decoder-based framework that solves the opti-

mization problem

U∗ = argmin gDC(Uabc[k]) s.t.Uabc[k] ∈ UN , (4.37)

where gDC is the cost function including DC-link balancing which was presented in

equation 4.36. The computation of the unconstrained solution Uabc
Unc[k] can is similar

to the DC-link balancing less case given in equation 3.36:

The unconstrained solution can be found by simplifying equation 4.36. An in-

spection of equation 4.36 reveals that gDC(Uabc[k]) consists of a weighted sum of 3

terms. In order to improve the overview we derive each term separately:

1. Control performance ‖Γx[k] + ΞUabc[k]−Y∗,αβ‖2
2:

For an arbitrary vector v, the norm of v is defined [6] as

‖v‖2
2 = vTv. (4.38)

Applying this definition to the control performance yields:

‖Γx[k] + ΞUabc[k]−Y∗,αβ‖2
2 =

(
Γx[k] + ΞUabc[k]−Y∗,αβ

)T
·
(
Γx[k] + ΞUabc[k]−Y∗,αβ

)
.

(4.39)

This expression can be simplified by expanding the multiplication:

(
Γx[k] + ΞUabc[k]−Y∗,αβ

)T (
Γx[k] + ΞUabc[k]−Y∗,αβ

)
=

= Uabc[k]TΞTΞUabc[k] + Uabc[k]TΞT
(
Γx[k]−Y∗,αβ

)
+

+
(
Γx[k]−Y∗,αβ

)T
ΞUabc[k] +

(
Γx[k]−Y∗,αβ

)T (
Γx[k]−Y∗,αβ

)
. (4.40)

Equation 4.40 expresses a scalar. For this reason, each part of the summation



Page 52 CHAPTER 4. DC-LINK BALANCING

must be a scalar. Thus, the equation can be simplified as follows:

Uabc[k]TΞT
(
Γx[k]−Y∗,αβ

)
=

((
Γx[k]−Y∗,αβ

)T
ΞUabc[k]

)T
=

(
Γx[k]−Y∗,αβ

)T
ΞUabc[k]. (4.41)

Furthermore, the last part of the summation in equation 4.40 has the same

structure as the definition of the norm in equation 4.38:

(
Γx[k]−Y∗,αβ

)T (
Γx[k]−Y∗,αβ

)
= ‖

(
Γx[k]−Y∗,αβ

)
‖2

2. (4.42)

Applying equation 4.41 and equation 4.42 onto equation 4.40 yields:

‖Γx[k] + ΞUabc[k]−Y∗,αβ‖2
2 = Uabc[k]TΞTΞUabc[k]+

+ 2
(
Γx[k]−Y∗,αβ

)T
ΞUabc[k]+

+ ‖
(
Γx[k]−Y∗,αβ

)
‖2

2.

(4.43)

2. Control effort ‖SUabc[k]− Eu[k − 1]‖2
2:

The control effort term and the control performance term share a similar struc-

ture. For this reason the simplification of the control effort term is similar

compared to the control performance.

‖SUabc[k]− Eu[k − 1]‖2
2 =

(
SUabc[k]− Eu[k − 1]

)T (
SUabc[k]− Eu[k − 1]

)
= Uabc,T [k]STSUabc[k]−Uabc,T [k]STEu[k − 1] +

−u[k − 1]TETSUabc[k] + u[k − 1]TETEu[k − 1]

= Uabc,T [k]STSUabc[k]− 2u[k − 1]TETSUabc[k] +

+‖Eu[k − 1]‖2
2. (4.44)

3. DC-link balancing ‖VO,const + VO,linUabc[k]‖2
2:

The simplification is similar to compared to the control performance and the
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control effort:

‖VO,const + VO,linUabc[k]‖2
2 =

(
VO,const + VO,linUabc[k]

)T (
VO,const + VO,linUabc[k]

)
= Uabc,T [k]VTO,linVO,linUabc[k] + VTO,constVO,linUabc[k] +

+Uabc,T [k]VTO,linVO,const + VTO,constVO,const

= Uabc,T [k]VTO,linVO,linUabc[k] + 2VTO,constVO,linUabc[k] +

+‖VO,const‖2
2. (4.45)

Combining the terms of control performance, control effort and DC-link balancing

results in the following structure of the cost function:

Q = RTR + λuSTS + λV (VTO,linVO,lin) (4.46a)

Θ = (Γx(k)−Y∗,αβ)TR − λu(Eu(k − 1))TS + λV (VO,const)TVO,lin

θ = ‖
(
Γx[k]−Y∗,αβ

)
‖2

2 + λ‖Eu[k − 1]‖2
2 + λV ‖VO,const‖2

2 (4.46b)

gDC(U) = Uabc,T [k]QUabc[k] + 2ΘTUabc[k] + θ. (4.46c)

The structure of equation 4.46 is similar compared to the structure of the cost

function without DC-link balancing given in equation 3.34. If λV is set to λV =

0,equation 4.46 becomes identical to equation 3.34. For this reason the structure of

the unconstrained solution for the linearized DC-link balancing problem is similar

to the unconstrained solution without DC-link balancing given in equation 3.36.

Uabc
unc[k] = −Q−1Θ. (4.47)

Since the structure of equation 4.47 is the same as the one given in equation 3.36,

it is possible to utilize the same sphere decoding algorithm 3.1 for the solution.

4.4 Nonlinear sphere decoding

The linearized DC-link balancing framework provides a relatively simple approxi-

mation to the nonlinear DC-link balancing equation. In order to evaluate the per-
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formance and complexity properties of the linearized DC-link balancing framework

it is however necessary to compare it to the original nonlinear DC-link balancing

framework. For this reason we further present a nonlinear DC-link balancing con-

trol strategy. Since the sphere decoding algorithm is only defined for ILS problems

of linear equation systems we have to generalize the sphere decoding algorithm for

more general nonlinear integer optimization problems. In this section we generalize

the modified sphere decoding algorithm 3.1 to a greater set of optimization prob-

lems. It should be noted that this algorithm does actually not search within a sphere

anymore. Instead it is more comparable to nonlinear branch-and-bound algorithms

([32] and [33]). Since it shares almost the same derivation as the sphere decoding

algorithm we refer to it as nonlinear sphere decoding in the following. The main

difficulty of the generalization of the classic sphere decoding algorithm is that it is

impossible to obtain a nonlinear generalization for the QR-decomposition. The two

main challenges for this section therefore are

• Due to the nonlinearity of the problem a QR-decomposition is not possible.

The algorithm therefore has to work without QR-decomposition.

• Due to the lack of the QR-decomposition the equation system has no triangular

structure. It has however block triangular structure. The algorithm therefore

has to be generalized to block triangular structure.

An algorithm that satisfies those requirements can optimize the control performance

as well as the control effort without QR-decomposition. We start by introducing the

nonlinear sphere decoding algorithm itself. After that we introduce three possible

applications of the nonlinear sphere decoding algorithm for different cost function

in motor control. The block structure compatibility can be shown by applying the

algorithm on the optimization of the control performance. The compatibility to

several goals at once is shown by applying the algorithm to the optimization of the

control performance and the control effort. The nonlinearity of the algorithm is then

shown by extending the algorithm with the nonlinear DC-link balancing term.
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4.4.1 The nonlinear sphere decoding algorithm

In this section we introduce the nonlinear sphere decoding algorithm. The first step

is to define the conditions that must be fulfilled in order to apply the algorithm.

The modified sphere decoding algorithm [24], [25] is only applicable for the solution

of integer linear least squares problems. An integer least squares problem is an

optimization problem with a similar structure compared to equation 3.41.

The first step is to examine the requirements of the nonlinear sphere decoding

algorithm. The nonlinear sphere decoder can be applied to a more general optimiza-

tion problem,

s∗ = argmin
M∑
i=1

λi‖hi(s)‖pipi s.t. s ∈ S, (4.48)

where s ∈ Rm, S ⊂ Zm, 1 ≤ pi ≤ ∞, and hi : Rm 7→ Rl are nonlinear vector-valued

functions. Solving problem 4.48 is similar to finding an integer optimizer to a more

general cost function

gNL =
M∑
i=1
‖hi(s)‖pipi . (4.49)

The integer linear least squares problem 3.32 can be recovered from the optimization

problem 4.48 by setting m = 3N , M = 1, p1 = 2, and h1(s) = y − Hs. The

sphere decoding algorithm proposed in [24] further requires a linear system with

triangular structure of H. Thus, in order to utilize the structure of the sphere

decoding algorithm we need to translate this restriction to the new notation using

the hi. For the generalized sphere decoding algorithm we require that the arguments

sj of each function hi(s) are called in a blockwise triangular manner with B blocks

of size l
B
. Block triangular structure means that the r-th block should only depend

on the last r × m
B

elements sr×m
B
, ..., sm of s. In this project we only consider the

case that each of the B blocks has the same size. The algorithm however can

easily generalized for varying block sizes. Furthermore it is possible that that the

number of arguments sk changes in the same amount for each block. This shall not

be considered here as well. A triangular structure of h can then be achieved by

requiring that

b1 ≥ b2 ≥ ... ≥ bB, (4.50)
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similarly to the structure of H. Each of the blocks :

hi =



hi,1(s1, s2, ..., sm)

hi,2(s1, s2, ..., sm)
...

hi,B(s1, s2, ..., sm)

hi,B+1(sm
B

+1, sm
B

+2, ..., sm)
...

hi,l−B+1(sm−m
B

+1, sm−m
B

+2, ..., sm)
...

hi,l(sm−m
B

+1, sm−m
B

+2, ..., sm)



, ∀i, (4.51)

with arbitrary scalar nonlinear functions hi,j(·). In case of a linear function hi(s) =

His− yi 4.51 requires upper triangular block structure on Hi.

Having examined the requirements of the nonlinear sphere decoding algorithm

the next goal is to derive the nonlinear sphere decoding algorithm:

The structure of the derivation shall be similar to the modified sphere decoding

algorithm in chapter 3. Let s̄ be a candidate solution. d2 shall be the lowest value

so far of the cost function gNL that was introduced in equation 4.49. In that case,

the condition on s̄ to be the new optimal solution can be formulated as follows:

d2 >
M∑
i=1
‖hi(s)‖pipi (4.52)

Equation 4.52 is nothing less than the nonlinear version of equation 3.44. Therefore

we apply the definition of the ‖‖p-norm onto equation 4.52

d2 ≥
M∑
i=1
‖hi(s)‖pipi (4.53)

≥
M∑
i=1

 l∑
j=1
|hi,j(s)|pi

 . (4.54)

It is now possible to separate the lowest block from the sum in equation 4.54:

• The first part should represent the first B − 1 blocks
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• The second part should represent the last block which only depends on sm−m
B

+1, ..., sm.

The goal is to define a condition that is weaker than equation 4.54

d2 ≥
M∑
i=1

 l∑
j=1

hi,j(s)pi
 (4.55)

≥
M∑
i=1

l−B∑
j=1
|hi,j(s1, ..., sm)|pi

+
M∑
i=1

 l∑
j=l−B+1

|hi,j(sm−m
B

+1, ..., sm)|pi
 .(4.56)

Both parts of the sum in equation 4.56 are always positive. For this reason we

can formulate a necessary condition on s to be a minimizer of gNL similarly to the

condition 3.45 :

d2 ≥
M∑
i=1

 l∑
n=l−B+1

|hi,j(sm−m
B

+1, ..., sm)|pi
 . (4.57)

From equation 4.51 we can see that equation 4.57 only depends on m
B

entries of s.

This allows us to firstly choose the last m
B

entries of s lying in this block. If the

condition 4.57 is not fulfilled, the next sm−m
B

+1, ..., sm ⊂ Sm−m
B

+1,...,m is selected and

evaluated using equation 4.57. Otherwise, the next m
B

elements are selected and the

procedure is repeated.

In order to formalize the algorithm we define an iterative structure which allows

us to formulate an arbitrary iteration step. Therefore we define, similarly to [28]

yk|k+1 =
M∑
i=1

 l∑
j=l−kB+1

|hi,j(sm−km
B

+1, sm−km
B

+2, ..., sm)|pi
 (4.58)

d2
k = d2

k+1 − (yk+1|k+2)2. (4.59)

The nonlinear sphere decoder can be summarized in 6 steps - similarly as the stan-

dard sphere decoder or the modified sphere decoder:

1. Initialize:

set k = m, d̃2
m = d2, ym|m+1 = ∑M

i=1

(∑l
j=m−B+1 |hi,j(sm−mB +1, sm−m

B
+2, ..., sm)|pi

)

2. Set initial value:

s̃m−km
B

+1, ..., s̃m − (k + 1)m
B

= Sm−km
B

+1,...,m−(k+1)m
B

(1, ..., 1),

Set l = 1, go to 3.
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3. Increase l:

Set l = l + 1

s̃k = S(l)

Update Distance: d̃2
k = d̃2

k+1 − dk+1 − (yk|k+1)2.

If d̃2
k < d̃2

m go to 5.

Else if l < |Sm−km
B

+1,...,m−(k+1)m
B
| go to 3.

Else go to 4.

4. Increase k:

k = k + 1

if k > m: Terminate algorithm, else go to 3.

5. Decrease k:

If k = 1 go to 6,

else k = k − 1, yk|k+1 = ∑M
i=1

(∑l
j=m−kB+1 |hi,j(sm−kmB +1, ..., sm)|pi

)
, d̃2

k =

d̃2
k+1 − dk+1 − (yk|k+1)2, go to 2.

6. Solution found:

Save s̃ to s∗, gNL(s∗)

go to 3.

The overall structure of the sphere decoder i.e. the conditions under which each of

the steps should be used does not change for the matrix valued sphere decoder. For

this reason, the sphere decoding algorithms for block structured ILS-problems can

also be described with algorithm 3.1.

4.4.2 Application: algorithm for control performance

The standard sphere decoding algorithm requires an integer least squares problem,

‖HUabc[k]− Ǔunc‖2
2, (4.60)

where the matrix H has upper triangular structure. In reality however, some systems

such as the multistep formulation of the induction machine given in equation 3.27
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do not posses this structure. If H does not have upper triangular structure, the

desired structure can be achieved with matrix decompositions such as for example

the QR- decomposition or the Cholesky decomposition.

In case of the induction machine however, a weaker condition than the upper

triangular structure is given for the matrix Ξ.

In this section we consider the following least-squares problem:

Uabc,∗ = arg min ‖Γx[k] + ΞUabc[k]−Y∗,αβ‖2
2. (4.61)

Equation 4.61 only considers the control performance of the system. Equation 3.27

shows that Ξ consists of several recurring blocks of size R4×3 which can be expressed

as products of system matrices. Those blocks are arranged in a lower triangular

structure. In the following formulate a sphere decoding algorithm for linear systems

in block structure. The basic idea is to examine the system blockwise instead of

entrywise.

In the first step, the system is converted to upper triangular structure. Therefore,

each vector is flipped upside down and each matrix is rotated by 180◦. This can

be achieved by multiplying equation 4.61 with an antidiagonal permutation matrix:

We define the antidiagonal permutation matrix as Pflip ∈ R3N×3N as

Pflip =



0 0 ... 0 1

0 0 ... 1 0
... ... ...

... ...

0 1 ... 0 0

1 0 ... 0 0


. (4.62)

Multiplying a vector with Pflip turns the entries upside down. Multiplying a matrix

with Pflip from left turns the rows upside down while a multiplication with Pflip from

right flips the columns. Using Pflip we can thus transform the equation system 4.61
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into an upper triangular system as follows:

y̌ = Pflip
(
Γx[k]−Y∗,αβ

)
(4.63a)

H = PflipΞPflip (4.63b)

s = PflipUabc[k]. (4.63c)

Equation 4.63 has upper triangular block structure. The solution Uabc[k] can be

recovered by flipping the values of s upside down again:

Uabc[k] = Pflips. (4.64)

In the next step the equations for the sphere decoding algorithms for block structured

systems are derived. The derivation has the same structure compared to the one in

[28] which was briefly introduced in chapter 3.

This algorithm can be derived as a special case of the nonlinear sphere decoding

algorithm. Therefore, the parameters of the general sphere decoding algorithm have

to be set as given in table 4.1: In the following we assume that the matrix H consists

Table 4.1: Nonlinear sphere decoder parameters for control performance

Parameter Symbol Value
Norm of the function p 2
Number of functions M 1
Number of blocks B N
Block size b(l) 4
Arguments for each block bk 3

of blocks of size b. Those blocks are arranged in an upper triangular structure. For

the induction machine we have b = 3. Instead of examining the solution entry-

by-entry as the classic sphere decoding algorithm would, the new algorithm always

checks a whole block of size b for s. Thus, the equation system 4.61 is examined

blockwise instead of entrywise. In this case, the next candidate block of the set U

has to be selected. Setting one block of size b at once for the algorithm increases

the number of children that have to be checked for each level which will increase the

size of U compared to the set of possible values for the standard sphere decoding



4.4. NONLINEAR SPHERE DECODING Page 61

algorithm Usingle:

U = U bsingle. (4.65)

In our case we have U = {−1, 0, 1}3. On the other hand side, the number of levels

m that need to be examined are reduced by a factor of b compared to the number

of levels for the standard sphere decoding algorithm msingle :

m = msingle

b
. (4.66)

For the induction machine that implies that m = N . In order to check whether a

block is suitable without evaluating it we define a condition which is similar to the

inequality 3.46:

− d ≤ ‖y̌3N−2:3N −H3N−2:3N,3N−2:3N s̄3N−2:3N‖2
2 ≤ d. (4.67)

So far we did not make any assumption on the existence of a (pseudo)- inverse of

H.

For this reason we cannot bring the inequality 4.67 to an explicit form of s. In

case there exists a positive definite left inverse. If a pseudo inverse H† of H exists,

it is possible to multiply 4.67 with H† from right. If H is further positive definite,

the inequality sign will not change its sign after the multiplication. Since we assume

a general structure for H we set UB to

UB =
[

1 1 1
]T
. (4.68)

H† of H which , it is possible to simplify the condition 4.67 as follows

It should be noted that this equation is important here, since the number of

sequences U is larger compared to the standard standard sphere decoder and the

evaluation requires more computational effort. If the inequality 4.67 is fulfilled the

prefix of s̄ is kept and the m − 1-th block is examined. In this case, the running

variable y̌ has to be updated by substracting the middle block if the matrix. The

whole procedure can be summarized in 6 steps, similarly to the standard sphere
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decoding algorithm: In step 2 it is also possible to compute the Babai estimate for

the initial value, if H is invertible. In this case, we set

s̃ = H†y. (4.69)

After that s̃ is rounded to the closest grid point. In this way the complexity of the

algorithm can be reduced.

The overall structure of the sphere decoder i.e. the conditions under which each

of the steps should be used does not change for the matrix valued sphere decoder.

For this reason, the sphere decoding algorithms for block structured ILS-problems

can also be described with algorithm 3.1.

4.4.3 Application: algorithm for control performance and

input

The second application to the nonlinear sphere decoding algorithm covers the opti-

mization of the control performance and control effort of an induction machine fed

by a 3L NPC over a long prediction horizon.

This framework can be expressed by an optimization problem,

Uabc,∗ = arg min ‖Γx[k] + ΞUabc[k]−Y∗,αβ‖2
2 + λ‖SUabc[k]−Eu[k − 1]‖2

2. (4.70)

The structure of 4.70 is slightly more complicated compared to the optimization

problem given in equation 4.61. The parameters of the nonlinear sphere decoding

algorithm can be determined as given in table 4.2: The first step of the algorithm is

Table 4.2: Nonlinear sphere decoder parameters for control effort

Parameter Symbol Value
Norm of the function p 2
Number of functions M 2
Number of blocks B N
Block size b(l) 4 or 3
Arguments for each block bk 3

again to flip both equations upside down to ensure upper triangular block structure.



4.4. NONLINEAR SPHERE DECODING Page 63

This process is similar to the control performance case 4.63:

y̌1 = Pflip
(
Γx[k]−Y∗,αβ

)
(4.71a)

y̌2 = Pflip (−Eu[k − 1]) (4.71b)

H1 = PflipΞPflip (4.71c)

H2 = PflipSPflip (4.71d)

s = PflipUabc[k]1. (4.71e)

The input Uabc can be recovered from s using equation 4.64. From equation 4.71

The nonlinear function hi are chosen as follows:

h1(s) = y̌1 −H1s (4.72a)

h2(s) = y̌2 −H2s (4.72b)

As the control problem 4.70 has a considerably more complex structure compared

to 4.61, it is in general not possible to define an explicit upper and lower bound for

s anymore. Thus, there is no explicit version of equation 4.67 for this problem. It

is however possible to define an unconstrained solution for the problem 4.70. This

solution is given in chapter 3, equation 3.36.

4.4.4 Application: algorithm for DC-link balancing

Unfortunately it is not possible to translate the linearized DC-link balancing frame-

work directly into a form that can be processed with the nonlinear sphere decoder.

The reason for this is that the gradient of the linearized DC-link balancing framework

has a full matrix structure. Therefore, a matrix decomposition is always required in

this case.

It is however possible to apply the nonlinear DC-link framework directly to

this algorithm. The nonlinear cost function for multistep predictive control of an
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induction machine with DC-link balancing is given by the following equation:

Uabc,∗ = arg min ‖Γx[k] + ΞUabc[k]−Y∗,αβ‖2
2 +

+λu‖SUabc[k]− Eu[k − 1]‖2
2 + +λV ‖VO(Uabc[k])‖2

2. (4.73)

Contrary to the previous examples, the optimization problem 4.73 includes a non-

linear DC-link balancing term. In order to reformulate the optimization problem

4.73 within the nonlinear sphere decoder framework we set the parameters as shown

in table 4.3: This model has to be flipped upside down as well. Therefore we define

Table 4.3: Nonlinear sphere decoder parameters for DC-link balancing

Parameter Symbol Value
Norm of the function p 2
Number of functions M 3
Number of blocks B N
Block size b(l) 4 or 3
Arguments for each block bk 3

again the following parameters:

y̌1 = Pflip
(
Γx[k]−Y∗,αβ

)
(4.74a)

y̌2 = Pflip (−Eu[k − 1]) (4.74b)

H1 = PflipΞPflip (4.74c)

H2 = PflipSPflip (4.74d)

s = PflipUabc[k]1. (4.74e)

The solution Uabc[k] can be recovered from s using equation 4.64 The nonlinear

functions hi are then given as

h1(s) = y̌1 −H1s (4.75a)

h2(s) = y̌2 −H2s (4.75b)

h3(s) = PflipVO(s). (4.75c)

For this problem it is not possible to define an explicit version in terms of s of
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equation 4.67. The finding of an unconstrained solution is difficult as well, since the

unconstrained optimization problem is not convex. It is possible to use approxima-

tions to the unconstrained solution such as equation 3.36, and then using the Babai

estimate on this solution. Alternatively the unconstrained solution can also be pro-

jected on neutral point voltage affecting states only, such as the ones introduced in

section 4.2.

It is obvious that the nonlinear sphere decoding algorithm has a significantly

higher computational complexity compared to the standard sphere decoding algo-

rithm in [24]. For this reason it is important to take methods that reduce the

complexity into account. In the next chapter we introduce a certain class of those

methods.
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Chapter 5

Comparative Analysis

5.1 Simulation setup

The algorithms of this project were implemented on a Toshiba Satellite laptop

computer for the simulation. The simulation environment was MATLAB version

R2016b.The hardware properties of the compute are given in table 5.1

Table 5.1: Parameters of the simulation workstation

Parameter Value

Operating System Windows 8.1 64-Bit

CPU Intel Core i7-4700MQ 2.40 GHz

RAM 8.00 GB

The simulation makes use of the setup given in table 5.2:
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Table 5.2: Parameters of the simulated induction machine

Parameter Value

Rs 2.738Ω

Rr 2.1385Ω

Ls 0.328H

Lr 0.328H

Lm 0.317H

ωref 1125upm

Load Torque Tl −4Nm

p 2

The inverter of the simulated system has a capacity of C = 1100µF and a DC

Voltage Vdc = 700V . The sampling time of the control is set to Ts = 50µS. For

the algorithm we set the gain factor λ as λ = 0.1. The critical DC-link voltage

which should be allowed is VO,crit = 1V . During the simulation it was detected that

lower values for VO,crit = 1V may decrease the performance of the framework. The

prediction horizon shall be N = 3. Furthermore, we assume that an initial DC-link

imbalance VO(t = 0) is set to VO(t = 0) = 100V to examine the performance of the

algorithm during acceleration of the machine.

5.1.1 Simulation scenario

The reference speed, the DC-link voltage, and the machine load are changed during

the simulation:

• Speed change: The speed reference speed for the machine is changed from

1125upm to 2250upm at t = 0.2S.

• Load change: The load torque is increased from Tl = −4Nm to −9Nm at

t = 0.1S.
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• DC-link voltage change: At t = 0.3S the machine is assumed to have reached

the reference voltage again, i.e. the system is in steady state. In order to vali-

date the DC-link balancing under steady state conditions the DC-link voltage

is set to VO = 40V at the time of t = 0.3S.

Moreover we assume that the machine is idle at the beginning of the simulation.

The machine torque, the currents and the speed of the machine are observed and

compared to the reference values in order to evaluate the framework. Furthermore

we examine the behaviour of the DC-link balance for the simulation setup. In order

to investigate the benefit of multistep prediction DC-link balancing we compare the

performance of the framework to the performance of a a single-step framework under

the same conditions. Each simulation is run for t ∈ [t0, tf ] with t0 = 0S, tf = 1.2S.

5.1.2 Figures of merit

In order to analyze the methods we save the recorded torque Ť (t), speed ω̌(t), current

ǐa(t),̌ib(t),̌ic(t) and DC-link voltage V̌DC(t) signals. Since every output signal is only

available at discrete sampling step we define the following discrete output signals:

Ť =
[
Ť (0) Ť (Ts) Ť (2Ts) ... Ť (tf )

]
∈M

tf
Ts

+1 (5.1a)

ω̌ =
[
ω̌(0) ω̌(Ts) ω̌(2Ts) ... ω̌(tf )

]
∈M

tf
Ts

+1 (5.1b)

ǐa =
[
ǐa(0) ǐa(Ts) ǐa(2Ts) ... ǐa(tf )

]
∈M

tf
Ts

+1 (5.1c)

ǐb =
[
ǐb(0) ǐb(Ts) ǐb(2Ts) ... ǐb(tf )

]
∈M

tf
Ts

+1 (5.1d)

ǐc =
[
ǐc(0) ǐc(Ts) ǐc(2Ts) ... ǐc(tf )

]
∈M

tf
Ts

+1 (5.1e)

V̌DC =
[
V̌DC(0) V̌DC(Ts) V̌DC(2Ts) ... V̌DC(tf )

]
∈M

tf
Ts

+1 (5.1f)

The obtained signals from equation 5.1 are then analyzed and evaluated according

to the following criteria:

• Qualitative behaviour:

For the qualitative behaviour we inspect whether the signal shows any note-

worthy deviations from the reference.
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• DC-link balancing:

For the DC-link balancing it is observed how long it takes for the DC-link

voltage to take until it first falls below 1%VDC . Furthermore, the reaction to

changing conditions such as reference speed or load are observed. Another

criterion is how close the DC-link voltage stays to 0V as soon as steady state

conditions are reached.

• Root Mean Square Error (RMSE): The performance of the torque is observed

by computing the root mean square error of the torque signal. The RMSE

value of the time-discrete torque signal T of length NS is given by

RMSE(T) =
√
‖T−Tref‖2

2, (5.2)

where ‖‖2 is the discrete `2 norm. The RMSE related to the variance and the

bias of the signal.

• Total Harmonic Distortion (THD):

For the evaluation of the current behaviour we examine the total harmonic

distortion for acceleration and steady state conditions. The total harmonic

distortion of a discrete current signal i of length NS is defined as

THD(i) =

√∑NS
k=1 |̂i(kffund)|
|̂i(ffund)|

, (5.3)

where î is the discrete fourier transform (DFT) of the current signal and ffund
is the fundamental frequency. In this project the THD is computed over 10

cycles of ffund in steady state operation for all algorithms.

Furthermore we observe the Simulation Time. The simulation time is the time which

the simulation needs to run through on a MATLAB R2016b implementation on the

system specified in table 5.1. Since no optimized hardware is used this is only a

rough measure of the real computational complexity.
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5.2 Simulation results

5.2.1 Standard sphere decoder

(a) N = 3

(b) N = 1

Figure 5.1: Steady state THD of the standard sphere decoder
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(a) N = 3

(b) N = 1

Figure 5.2: Steady state performance of the standard sphere decoder
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(a) N = 3 (b) N = 1

Figure 5.3: Performance of the standard sphere decoder
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Table 5.3: Performance of the standard sphere decoder, horizon, N = 3

Scenario
Acceleration

and Balancing
Steady State Load Change Acceleration Steady State

Torque RMSE 0.0898 0.0201 0.0218 0.9249 0.0230

The standard sphere decoder is a linear method that does not take DC-link

balancing into account. The results are given in figure 5.3 under transient and in

figure 5.6. The method has good torque and current performance for both horizon

lengths since no DC-link balancing is included. In both cases however no visible

improvement of the DC-link balance is given. For this reason the design of spe-

cialized algorithms that include DC-link balancing is necessary. Those algorithms

will be regarded in the following sections. For single-step prediction the RMSE of

the torques are given in table 5.4 and for the long prediction horizon in table 5.3.

The torque performance seems to be unaffected by the prediction horizon for the

standard sphere decoder. The total harmonic distortion under steady state condi-

tions is shown in figure 5.1 for N = 3 and for N = 1. It is visible that the current

performance decreases for the longer prediction horizon. A possible explanation for

this is that the errors resulting from DC-link unbalance are more visible for the long

prediction horizon. In both cases however, there is a THD of 5.9% or more. This

could be explained by distortions that result from the high DC-link unbalance. For

a horizon length of N = 3 the simulation took 11.19 Seconds to run through. For

the short prediction horizon, N = 1 the simulation took 5.937 Seconds. This shows

that a long prediction horizon also increases the computation time. The sphere

decoder here improves the method so that the increase in computation time is not

exponentially high.

Table 5.4: Performance of the standard sphere decoder, horizon, N = 1

Scenario
Acceleration

and Balancing
Steady State Load Change Acceleration Steady State

Torque RMSE 0.0882 0.0204 0.0214 1.9534 0.0221
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5.2.2 DC-link balancing using a priori selection
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(a) N = 3 (b) N = 1

Figure 5.4: Performance of a priori selection
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(a) N = 3

(b) N = 1

Figure 5.5: Steady state THD of the a priori selection
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(a) N = 3

(b) N = 1

Figure 5.6: Steady state performance of the a priori selection
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Table 5.5: Performance of the a priori selection, horizon, N = 3

Scenario
Acceleration

and Balancing
Steady State Load Change Acceleration Steady State

Torque RMSE 0.1056 0.0301 0.0219 1.4632 0.0228

The simulation results are shown in figure 5.4 for transient operation and figure

5.6 for steady state operation. From the torque plot it is clearly This method

optimizes the DC-link balancing at the cost of lower control performance. The

states that are used to reach the control goal are only selected from those that

guarantee an optimal DC-link balance. This is also seen from the results. During

the second acceleration phase the torque cannot follow the reference any more and

the currents suffer from high distortions as well. The advantage of this method

is that the DC-link balance stays low especially for the multistep prediction case.

Table 5.5 summarizes the torque-RMSE for multistep prediction and in table 5.6

for single step prediction. Now significant improvement is seen for the case of a

long prediction horizon. The the total harmonic distortion in the case of steady

state conditions is shown in figure 5.5 for N = 3 and for N = 1. Extending the

prediction horizon improves the THD by more than 0.4%. It is however visible that

in both cases the THD suffers for the a priori selection approach. The simulation

took 9.23 Seconds for a horizon length of N = 3. The simulation took 5.89 Seconds

for prediction horizon of N = 1. It is visible that this method is more efficient

compared to the standard sphere decoder, especially for multistep prediction. This

is due to the fact that the number of possible switching states is lower most of the

times. Especially for a longer prediction horizon this property comes handy in terms

of efficiency.

Table 5.6: Performance of the a priori selection, horizon, N = 1

Scenario Acceleration
and Balancing Steady State Load Change Acceleration Steady State

Torque RMSE 0.1051 0.0290 0.0218 1.0190 0.0224
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5.2.3 DC-link balancing using linearized cost function

(a) N = 3

(b) N = 1

Figure 5.7: Steady state THD of the linearized cost function
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(a) N = 3

(b) N = 1

Figure 5.8: Steady state performance of the linearized cost function
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(a) N = 3 (b) N = 1

Figure 5.9: Performance of the linearized cost function
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Table 5.7: Performance of the linearized cost function, horizon, N = 3

Scenario Acceleration
and Balancing Steady State Load Change Acceleration Steady State

Torque RMSE 0.0901 0.0229 0.0218 1.3512 0.0226

The simulation results are given in figure 5.9 for the transient simulation and in

figure 5.8 for the steady state simulation. The results show that the performance of

the current and torque is comparable to the standard sphere decoder without DC-

link balancing. This is achieved by selecting a careful trade off between performance

and control effort and DC-link balancing. The linearized DC-link balancing term

reaches a lower DC-link balancing compared to the a priori selection approach.

The reason for this is that the linearized framework suffers from a modelling error

compared to other methods standard sphere decoder. It is further visible that the

torque performance and the DC-link voltage are slightly better for the multistep

prediction. Table 5.7 shows the torque performance for the multistep prediction and

in table 5.8 for single step prediction. The steady state total harmonic distortion is

given in figure 5.7 for the long prediction horizon and for single step prediction. For

the linearized sphere decoding framework the THD show the worst performance. A

possible explanation for this are modelling errors that result from linearization. It

is however possible to improve the THD by extending the prediction horizon. For

a prediction horizon of N = 3 the simulation took 13.78 Seconds. The simulation

for N = 1 took 6.20 Seconds. The simulation duration is slightly higher compared

to the standard sphere decoder. Since the derivative terms have to be computed

for every time step, this method has a worse computational complexity. It should

be noted that the linearized sphere decoder is depending on the highest number of

degrees of freedom of every inspected method. Reconfiguring the algorithm may lead

to a different trade off with different control performance and DC-link balancing.
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Table 5.8: Performance of the linearized cost function, horizon, N = 1

Scenario Acceleration
and Balancing Steady State Load Change Acceleration Steady State

Torque RMSE 0.0894 0.0208 0.0216 1.0670 0.0223
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5.2.4 DC-link balancing using nonlinear sphere decoder

(a) N = 3

(b) N = 1

Figure 5.10: Steady state performance of the nonlinear cost function
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(a) N = 3 (b) N = 1

Figure 5.11: Performance of the nonlinear cost function
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Table 5.9: Performance of the nonlinear cost function, horizon, N = 3

Scenario
Acceleration

and Balancing
Steady State Load Change Acceleration Steady State

Torque RMSE 0.1026 0.0294 0.0260 1.0988 0.0292

The simulation results are shown in figure 5.12 and figure 5.10. The results show

that the torque, current as well as the DC-link voltage performances are all very well

compared to the other methods. Increasing the prediction horizon slightly improves

the results. This can be explained by the higher fact that nonlinear models describe

the real system more accurate compared to the linearization on one hand and are

capable to select any switching state on the other hand side. The torque RMSE

is summarized in table 5.9 and 5.10 for N = 1. An increase in the horizon length

leads to a slightly better torque performance as seen from the tables. Figure 5.12

shows the total harmonic distortion under steady state conditions for the nonlinear

sphere decoder. The overall steady state THD is excellent compared to all three of

the previous methods. An increase in the prediction horizon further improves the

THD. In the horizon length N = 3 case this simulation took 1772.35 Seconds until

it was finished. The simulation was finished after 22.06 Seconds. This method has

by far the worst computational complexity. The reason for this is the recurring calls

of nonlinear functions, and the absence of an unconstrained solution.

To conclude we can say that the nonlinear sphere decoder is the method of choice

if DC-link balancing and performance are required.

Table 5.10: Performance of the nonlinear cost function, horizon, N = 1

Scenario
Acceleration

and Balancing
Steady State Load Change Acceleration Steady State

Torque RMSE 0.1037 0.0199 0.0212 1.5183 0.0222
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(a) N = 3

(b) N = 1

Figure 5.12: Steady state THD of the nonlinear cost function



Chapter 6

Conclusion

We proposed several novel frameworks that combine the concepts of long prediction

horizon and DC-link balancing for multistep model predictive control of an induction

machine and a three level neutral point clamped inverter. While the standard sphere

decoding algorithm only achieves a long prediction horizon, a change to an adaptive

input set allready leads to the achievement of DC-link balancing using space vector

modulation. This method however showed bad performance in the comparison. A

tunable method is given by the linearized cost function. The algorithm can have

DC-link balancing, good performance and high efficiency - just as the user desires.

The drawback of this method is that the tuning effort is rather high compared to the

other proposed methods. The nonlinear sphere decoder can make use of nonlinear

cost function. In this way, the DC-link balancing problem can be tackled without

requiring any tuning or simplification. The disadvantage of this method is the high

complexity. If the control effort is the most important goal, a sparse reconstruction

framework in combination with a linear or nonlinear sphere decoder might be used.

This framework can also be applied for linear setups without DC-link balancing.

The drawback of this method is the bad performance and DC-link balancing. The

advantage is a guaranteed maximum control effort.

The formulation of a nonlinear sphere decoder might have advantages that go

further than DC-link balancing. Many cost functions in time varying systems ful-

fil the requirements for the nonlinear sphere decoder. Furthermore, the methods

applied in this project also rely on several simplifications such as a constant electri-
89
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cal angle or no backscattering of the DC-link voltage. An efficient implementation

of the nonlinear sphere decoder might be the key to a completely new chapter in

the model predictive control of induction machines. Simplifications could be left

out which could lead to a significantly increased performance. For this reason it

is important to design specialized hardware which can quickly implement nonlinear

sphere decoder in the next step.
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