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Cooperative Swinging of Complex Pendulum-Like Objects:
Experimental Evaluation

Philine Donner and Martin Buss

Abstract—Cooperative dynamic object manipulation increases the ma-
nipulation repertoire of multiagent teams. As a first step toward cooperative
dynamic object manipulation, we present an energy-based controller for
cooperative swinging of two-agent pendulum-like objects. Projection of the
complex underactuated mechanism onto an abstract cart–pendulum allows
us to separate desired and undesired oscillations. The desired oscillation
is excited up to a desired energy level, while an undesired oscillation can
be actively damped. Communication between the agents is restricted to
force feedback. The controller can render leader and follower agents. The
follower actively assists the swinging task by imitating the leader’s energy
flow. Real-world experiments with a robot and a human swinging complex
pendulum-like objects are presented. The experimental results indicate
that no simultaneous damping of the undesired oscillation is needed, also
because it disturbs the human partner. A successful contribution of the
robotic follower to the swing-up effort in interaction with a human leader
supports the proposed control approach.

Index Terms—Cooperative manipulators, dynamic manipulation, force
and tactile sensing, physical human–robot interaction, suspended loads.

I. INTRODUCTION

This study is motivated by the belief that cooperative dy-
namic manipulation extends the manipulation capabilities of
multiagent teams. Cooperative manipulation extends the range
of objects that can be manipulated to higher loads and bulky
objects. Examples are carrying suspended loads by aerial load
transportation systems to areas that are difficult to access [1], as
well as moving bulky furniture in home environments. Dynamic
manipulation comprises manipulation strategies that make use
of the object dynamics [2] with the advantage of an extended
“repertoire of actions” available to manipulators: Larger ob-
jects can be handled more quickly by simpler end effectors and
outside the workspace of the manipulator [3]. Cooperative dy-
namic manipulation brings the advantages of cooperative and
dynamic manipulation together. As a motivational example for
cooperative human–robot object swinging, imagine the joint
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Fig. 1. Classification of (a) flexible object swinging as a combination of
(b) rigid object swinging and (c) pendulum swinging.

manipulation of a sports mat, as presented in Fig. 1. Through
synchronous incremental energy injection, the bulky flexible
sports mat is brought to a higher elevation, at which it can be
released to be placed onto a stack of mattresses. Consequently,
the combination of more than one agent and dynamic swing
motion allows the manipulation of large and heavy loads, which
might be infeasible to be handled by a single agent or through
pure translational motion. Moreover, a flight phase following
the swing-up phase increases the reachable workspace.

Swinging of flexible objects [see Fig. 1(b)] can be interpreted
as a mixture of two extremes: swinging of rigid objects, in which
the manipulators/arms of the agents together with the rigid ob-
ject form an oscillating entity [see Fig. 1(a)], and swinging
of pendulum-like objects, which can oscillate themselves [see
Fig. 1(c)]. The focus of this paper is on two-agent cooperative
swinging of pendulum-like objects.1 Pendulum-like objects like
the one in Fig. 1(c) are also referred to as slung loads or sus-
pended loads in the literature. The agents can form human–robot
or also purely robotic teams. We assume that communication be-
tween the agents is restricted to the forces exchanged via the
physical coupling through the manipulated object. The control
goal is to reach a desired level of energy stored in the object
oscillation. The desired energy level is equivalent to a desired
maximum object height or maximum deflection angle at the
turning points and represents a periodic orbit in the state space of
the pendulum-like object. Disturbance oscillations in additional
degrees of freedom (DoFs) of the underactuated mechanism are
to be damped. The controller can render a robotic leader and
follower. While the leader knows the desired energy level, the
follower needs to infer the partner’s intention from the interac-
tion with the object in order to actively assist. In the following,
we present the literature that is relevant to the different aspects
of our approach.

A. Manipulation of Suspended Loads

Applications for the manipulation of suspended loads are
found in aerial vehicles or crane systems. The highly nonlin-

1Swinging of rigid objects is treated in [4].
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ear dynamics of aerial vehicles makes their control challenging.
Therefore, and for reasons of safety, the focus has been on damp-
ing of undesired oscillations. Most approaches look into object
manipulation via a single suspension. The cascaded control ap-
proach in [1] can control two or more small helicopters to jointly
carry a suspended load. Zemrovski, Starr, Wood, and Lumia use
dynamic programming to perform fast swing-free load transport
by two independent robotic manipulators [5].

In contrast with the aforementioned works, we aim at making
use of oscillations instead of only damping them. As a con-
sequence, the manipulation repertoire is increased, energy can
be injected swing by swing, and the manipulator workspace
can be extended, e.g., a load transported by a quadrotor could
reach below overhangs. Despite these advantages, only a few
works exist that exceed the control benchmark problem of in-
verted pendulum swing-up. Recently, de Crousdaz, Farshidian,
Neunert, and Buchli showed how controlled energy injection
into a slung load transported by a quadrotor allows the sys-
tem to fly through a window, which is too small to be passed
with the load hanging down [6]. Parametric excitation is used
to control single-cable-suspended mechanisms in [3], [7], and
[8] and double-cable-suspended mechanisms in [9] and [10].
The suspended objects in [5] and [9] are similar to the object
under consideration in this paper [see Fig. 1(c)]. However, the
approaches in the literature either only damp oscillations [5] or
use one centralized controller for both control inputs [9].

B. Dynamic Manipulation in Physical
Human–Robot Interaction

Physical human–robot interaction addresses tasks during
which a human and a robot are in contact, directly or through
an object. Within cooperative object manipulation, the focus
has been on cooperative transport of rigid objects. In contrast
with such kinematic manipulation [2], dynamic manipulation
requires to take the object dynamics into account in order to
achieve a certain object trajectory through appropriate end ef-
fector motion. Only limited work exists on human–robot coop-
erative dynamic object manipulation. Rope turning of a human
and a robot is investigated in [11] and [12]. However, the robot
controllers are only able to sustain a stable rope turning motion,
which was established beforehand by the human.

Research in the area of human–robot cooperative kinematic
object manipulation has seen great interest. Starting from pas-
sive assistants [13], the goal shifted toward robotic partners
that actively contribute to the task goal [14]. In this study, we
restrict the robotic agents to haptic feedback only, meaning that
they have to infer the state of the object as well as the intention
of the partner through the measured interaction forces only in
order to actively contribute to the task. Motivated by the finding
that humans switch roles during haptic interaction tasks [15],
Evrard and Kheddar introduce a homotopy switching model to
blend between leader and follower behaviors [16]. Mörtl et al.
define effort roles, which specify how the task effort is split
among the agents in the redundant task directions [17]. For
many kinematic manipulation tasks, the leader’s intention is
reflected in a planned trajectory. In contrast, for the swinging

task, the leader’s intention is reflected in a desired object energy
that is a stable periodic orbit. An important difference of the
dynamic compared with the kinematic manipulation task is the
loose coupling through the pendulum-like object. Consequently,
the direct mapping of measured interaction force to leader in-
tention as done in many kinematic manipulation tasks (e.g., see
[17] and [18]) does not apply. We propose a follower that com-
pensates for a lack of knowledge regarding the desired periodic
orbit, by monitoring and imitating the energy flow produced by
the leader.

C. Simple Pendulum-Based Energy Control

Simple pendulum approximations are frequently used to
model and control complex underactuated mechanisms. Exam-
ples are biped walking [19] and brachiation [20]. The goal of the
cooperative swinging task discussed in this paper is to achieve a
simple pendulum-like oscillation of the complex underactuated
mechanism. We use an observer with simple pendulum dynam-
ics to separate desired and undesired oscillations. What remains
is the task to control the energy content of the individual oscilla-
tions to the desired periodic orbit. The swing-up of pendulums
and their subsequent stabilization in the unstable equilibrium is
a common application to test linear and nonlinear control con-
cepts, e.g., [21] and [22]. We build our energy control on the
cart–pendulum swing-up controller by Yoshida [23].

D. Contribution and Outline

In our previous works, we introduced the task of cooperative
pendulum swinging, starting with a v-shaped pointmass pendu-
lum in [24], which was extended to the more complex trape-
zoidal pendulum in Fig. 1(c) in [25]. Experiments in both works
were limited to virtual reality experiments, which allowed for
human interaction but used an ideal simulated object and robotic
partner. In this study, we evaluate our control approach in ex-
periments with a robotic manipulator and real pendulum-like
objects.

The remainder of this paper is organized as follows. In
Section II we formally state our problem. The main ideas of
the control approach and its implementation are presented in
Section III. Experiments with a robotic manipulator and real
pendulum-like objects follow in Section IV. We draw our con-
clusion in Section V.

II. PROBLEM FORMULATION FOR COOPERATIVE SWINGING

This study presents a controller design for cooperative dy-
namic manipulation of a pendulum-like object through two
agents, A1 and A2 [see Fig. 1(c)]. In this section, we intro-
duce the complex pendulum-like object used throughout this
paper and formally state the problem.

A. T-Pendulum

We use a dual-lift system with a cylindrical object as an
example for a complex pendulum-like object (see Fig. 2 with
details in the caption). We refer to it as a t-pendulum due to its
trapezoidal shape. Under the assumption of point-mass handles,
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Fig. 2. T-pendulum: cylindrical pendulum object of mass mp , length lp ,
and inertia Ip suspended from two handles of mass mh ,A i located at rA i with
i = 1, 2 through massless ropes of length l. The pendulum is under the influence
of gravity g. The initial distance between the two agents is B . The location rA1
is defined with respect to the world fixed coordinate system {w}. The location
rA2 is defined with respect to the fixed point w p = [0 0 B ]T in {w}. Pairs of
parallel lines at the same angle indicate parallelity.

the t-pendulum has 10 DoFs. We further neglect rotations of
the cylindrical object around its center line and oscillations in
the t-pendulum plane (around the horizontal axis perpendicular
to the connection line between the interaction partners).2 This
leaves us with eight generalized coordinates that fully describe
the configuration of the t-pendulum: the 3-D positions of the two
handles rAi and the two angles θ and ψ, which we refer to as
oscillation DoFs throughout this paper. The desired oscillation
DoF θ describes oscillations of the object around the connection
line between the interaction partners (angle between the plane
defined by rAi and the y-axis and the plane defined by rAi and
the center of mass of the object). The disturbance oscillation
DoF ψ describes oscillations of the object around the y-axis
(angle between the plane defined by rAi and the y-axis and the
plane along the object center line parallel to the y-axis). The

state vector results in x =
[
θ ψ θ̇ ψ̇ rA1 ṙA1 rA2 ṙA2

]T
.

The control approach is based on a projection of the complex
t-pendulum onto a cart–pendulum of length l∗ and deflection
angle θ∗. The projection is carried out along the z-axis as il-
lustrated by the dark gray dashed–dotted arrow in Fig 2. The
projected deflection angle θ∗ in the xy plane is caused by a
superposition of the θ-oscillation and the ψ-oscillation

θ∗ = θ∗θ + θ∗ψ (1)

where θ∗θ is the angle that results from a projection of the center
of mass of the t-pendulum onto the xy plane (light gray dashed–
dotted arrow in Fig 2). We use θ∗ψ for the difference θ∗ − θ∗θ , as
its main origin are ψ-oscillations. For a synchronous motion of
the agents, zero disturbance oscillation ψ ≈ 0 is to be expected,

2The in-plane oscillation was shown to play a minor role for robot motion
along the x-axis and natural human motion. Therefore, we neglect this oscilla-
tion in the following. However, essentially the same controller can be applied
along the z-direction to damp these disturbance oscillations (see videos [26]).

leading to θ = θ∗ = θ∗θ . Independent motion of the agents, how-
ever, causes the initial distance B between the agents to alter
and the projected length l∗ to change. The presented control
approach requires knowledge of l∗. We use l∗(x = 0) for our
controllers, which leaves us with a relatively small mistake as
B �

∥
∥rAi

∥
∥

2 in our setup. Furthermore, nonzero disturbance
oscillation ψ �= 0 has the effect that θ∗ψ �= 0 and, consequently,
θ∗θ �= θ∗. For cylinder length lp → 0, the t-pendulum simplifies
to a v-shaped point mass pendulum without disturbance oscil-
lation ψ, which we refer to as v-pendulum [24].

B. Problem Statement

The objective is to control the pendulum-like object to reach
the desired periodic orbit

O(x) :

⎧
⎪⎨

⎪⎩

Eθ = Ed
θ = mpghd

E = mpgl∗(1 − cos (θd
E ))

Eψ = Ed
ψ = 0

rAi = ṙAi = 0 with i = 1, 2

(2)

where Eθ and Eψ are the energies contained in the θ- and ψ-
oscillations and the superscript d signifies their desired values.
Thus, the desired oscillation DoF θ is to be excited such that
the oscillation reaches the energy Ed

θ , which is equivalent to a
maximum deflection angle θd

E or desired object height hd
E . The

energy contained in the θ-oscillation is computed by

Eθ =
1
2
mp l∗2 θ̇2 + mpgl∗(1 − cos(θ)). (3)

The object state x can be influenced through acceleration of
the agents’ interaction points u = r̈A1 and z = r̈A2 . Although
we assume cooperative interaction, only the behavior of agent
A1 can be directly controlled. Consequently, the input of agent
A2 is defined as disturbance z. We assume that the sensor feed-
back of agent A1 is limited to the forces applied at its own
end effector ym = F A1 . Although A2 might move in 3-D, we
limit the motion of agent A1 to the x-direction for simplicity,3

i.e., u =
[
u 0 0

]T =
[
r̈A1 0 0

]T
.

We distinguish between a leader A1 = L and a follower agent
A1 = F . A leader L knows the desired periodic orbit O(x)
including the desired energy levels Ed

θ and Ed
ψ . Thus, we are

looking for a control law

uL = r̈L = f(ym = F L)

such that
∣
∣Ed

j − Ej (t > Ts)
∣
∣ ≤ εj with j = θ, ψ

for 0 < Ts < ∞ (4)

with Ts being the system settling time. Consequently, we require
the energy errors ΔEj = Ed

j − Ej to stay within the ranges εj

the latest after t = Ts .
A followerF has partial knowledge about the desired periodic

orbit O(x), i.e., the follower knows which oscillation DoFs to
excite and which ones to damp, but not the value of Ed

θ . Thus, a
follower needs to infer the partner’s intention—increase, hold,

3One-dimensional motion is sufficient and does not restrict a human partner’s
3-D motion due to the loose coupling of the agents through the pendulum-like
object. See the video in the multimedia material.
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Fig. 3. Block diagram of the energy-based swing-up controller.

or decrease the current system energy Eθ —to actively contribute
to the task goal. The follower can achieve this by monitoring and
imitating the leader’s energy flow ĖL,θ . We define the desired
follower behavior as

uF = r̈F = f(ym = F F ) such that
⎧
⎪⎨

⎪⎩

ĖF ,θ > 0, if ĖL,θ > δF ,θ

ĖF ,θ = 0, if −δF ,θ ≤ ĖL,θ ≤ δF ,θ

ĖF ,θ < 0, if ĖL,θ < −δF ,θ

(5)

with δF ,θ > 0 being a threshold4 and ĖF ,θ being the energy
flow to the oscillation DoF θ produced by the follower. The
ψ-oscillation is known to the follower as being undesired. Thus,
the follower behaves as a leader with respect to the ψ-oscillation
(Ed

ψ = 0).

III. CONTROL APPROACH

The main ideas of the control approach presented are:
1) to extract the desired and the undesired oscillation DoFs by
projecting the complex pendulum-like object onto an abstract
cart–pendulum and 2) to apply an energy-based controller to the
extracted oscillation to reach the desired periodic orbit O(x).

Fig. 3 shows the block diagram of the control structure with
details on the control of the desired θ-oscillation. The control
of the ψ-oscillation is structurally similar. Differences are high-
lighted in Section III-C. In this section, we first introduce the
abstract cart–pendulum, followed by an overview of our control
method and implementation based on Fig. 3. For details, the
reader is referred to our previous work [25].

4The threshold δi , θ can be adjusted such that the follower does not react to
minor energy flow, e.g., that caused by friction.

A. Projection onto the Abstract Cart–Pendulum

For synchronous motion of the agents along the x-axis r̈Ai =
[ r̈Ai 0 0 ]T , the disturbance angle is zero ψ = 0 and the complex
t-pendulum approximately behaves as a cart–pendulum with
two-sided actuation

θ̈ = − g

l∗
sin (θ) − 1

l∗
cos (θ)

r̈A1 + r̈A2

2
. (6)

We call this system an abstract cart–pendulum. Cart–pendulum
signifies a massless pole of length l∗ connecting the point mass
mp and the cart-actuated pivot point. We use the term abstract to
underline the simplification we make by reducing the influence
of the two agents to additive acceleration inputs r̈A1 and r̈A2
along the x-axis.

We extract estimates of the desired θ-oscillation in two steps.
In a first step, we map the measured forces F A1 to the projected
deflection angle θ∗ (see Fig. 2) as

θ∗ = arctan
(
−FA1,p,x

FA1,p,y

)
. (7)

The force F A1,p = [FA1,p,x FA1,p,y FA1,p,z ]T is the force
exerted on the pendulum through agent A1 and is obtained
from the measurable end effector force F A1 by dynamically
compensating for the force caused by the handle mass mh,A1 :
F A1,p = F A1 − mh,A1 [r̈A1 − g 0]T .

In a second step, a nonlinear observer extracts estimates

θ̂∗θ ≈ θ∗θ and ˙̂
θ∗θ ≈ θ̇∗θ , which represent the part of the projected

deflection angle θ∗ belonging to the θ-oscillation in (1) as

˙̂
θ∗

θ =

⎡

⎣
˙̂
θ∗θ

− g

l∗
sin(θ̂∗θ )

⎤

⎦ + Lθ (θ∗ − y), y =
[
1 0

]
θ̂
∗
θ (8)

with state vector θ̂
∗
θ = [θ̂∗θ

˙̂
θ∗θ ]

T . The observer represents the
abstract cart–pendulum dynamics (6) without inputs. The term
Lθ (θ∗ − y) couples the observer to the t-pendulum. We sum-
marize these two steps as a projection onto the abstract cart–
pendulum (see the yellow background in Fig. 3).

We are aware that the dynamics of the v-pendulum (Fig. 2
with a point mass lp → 0) and two agents that both only move in
the x-direction is already a lot more complex than (6), as it also
depends on the agents’ relative position rA1 − rA2 and velocity
ṙA1 − ṙA2 . In this paper, we refrain from deriving the lengthy
differential equations of the v- and t-pendulum.5 Instead, we
show that through the projection of the complex pendulums
onto the abstract cart–pendulum, we are able to separate the
oscillation DoFs such that we can control the oscillation DoFs in
a desired manner and design an actively contributing follower.
Consequently, we do not try to capture the complex system
dynamics with (6), but we extract the desired oscillation by
making use of the fact that the desired oscillation behaves as (6).

5See, e.g., [27] for slung-load systems.
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B. Energy Control of θ-Oscillation

The idea of the swing-up controller proposed by Yoshida [23]
is captured in the following approximate control law:

r̈A1,θ ≈ aA1,θ ω2
θ sin (ϕθ ) (9)

with ωθ being the natural frequency of the θ-oscillation. The
amplitude factor aA1,θ specifies the direction and amount of
energy flow induced by agent A1. A well-timed energy injection
is achieved through the phase angle ϕθ .

1) Energy Flow Timing ϕθ : A simple pendulum is a highly
nonlinear system with energy-dependent natural frequency
ωθ (Eθ ) and can, therefore, not be excited to high energy levels
with a sinousoidal input of constant frequency. Calculation of
the phase angle

ϕθ = atan2

(

−
˙̂
θ∗θ

ω0,θ
, θ̂∗θ

)

(10)

with the observer states θ̂
∗
θ and the small-angle approximation

of the natural frequency ω0,θ =
√

g
l∗ for normalization allows

us to excite the θ-oscillation at its natural frequency up to high
energy levels.

2) Energy Flow Specification aA1: The time derivative of
(3) with (7) results in the energy flow induced by one agent

ĖAi,θ = −mp l∗θ̇ cos (θ)
r̈Ai

2
. (11)

In [25], we show that for aAi > 0 and our region of interest,6

− π
2 < θ < π

2 , the energy flow ĖAi,θ ≥ 0.
For the leader L, we apply a saturated linear mapping from

energy error ΔÊθ = Ed
θ − Êθ to amplitude factor aL,θ

aL,θ =

⎧
⎪⎨

⎪⎩

āL,θ sgn(ΔÊθ ), if |ΔÊθ | ≥ δL,θ

āL,θ

δL,θ
ΔÊθ , else

(12)

with āL, θ

δL, θ
being the slope of the linear mapping with maximum

amplitude factors ±āL,θ , which are approximately equal to the
maximum amplitude of the resultant robot motion. The estimate
of the energy contained in the θ-oscillation Êθ is calculated
based on the observer states θ̂

∗
θ and (3).

For the follower F , a mapping from estimated leader energy

flow ˆ̇EL,θ to three discrete amplitude factors is applied as

adis =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

āF ,θ , if ˆ̇EL,θ ≥ δu,F ,θ

0, if δu,F ,θ > ˆ̇EL,θ > δl,F ,θ

−āF ,θ , if ˆ̇EL,θ ≤ δl,F ,θ .

(13)

Instead of the linear connection between the two maximum
values ±āL,θ in the case of the leader (12), we define a neutral
zone for the follower for estimated energy flows within the

6In order to be able to approximate the massless suspension ropes as rigid,
we do not consider higher maximum deflection angles than θE = π

2 .

limits7 ]δl,F ,θ , δu,F ,θ [. Ramps

ȧF ,θ = τF sgn(adis − aF ,θ ) (14)

with inverse blending time constant τF [17] prevent discontinu-
ities in the end effector acceleration r̈F ,θ .

Computation of the leader–induced energy flow estimate ˆ̇EL,θ

requires filtering. We use a second-order low-pass filter

Glp(s,Dlp , Tlp ) =
1

T 2
lps2 + 2DlpTlps + 1

(15)

with damping Dlp and time constant Tlp . Under the assumption
of a lossless t-pendulum, the energy flow balance results in the
estimate of the leader energy flow

ˆ̇EL,θ = ˆ̇Eθ − ˆ̇EF ,θ = sGF (s)Êθ (s) − GF (s)ĖF ,θ (s) (16)

with GF (s) = Glp(s,Dlp = 1, Tlp = TF ) of (16) and Êθ and
ĖF ,θ according to (3) and (12) based on the observer states θ̂

∗
θ ,

respectively.
3) Control Law Formulation: As suggested in [23], we do

not directly command the acceleration (9), but apply the low-
pass filter Gθ (s) = Glp(s,Dlp = ζ, Tlp = c0

ω0 , θ
) of (15) and

make use of the sinusoidal shape of (9) to compensate for am-
plitude and phase shift of the filter.

C. Damping of Undesired ψ-Oscillation

This section explains how to actively damp the undesired
ψ-oscillation of a t-pendulum with an approach similar to the
control of the θ-oscillation. Again, we choose the approximate
control

r̈A1,ψ ≈ aA1,ψ ω2
ψ sin (ϕψ ). (17)

1) Extraction of ψ-Oscillation: In an ideal simulation envi-
ronment, the ψ-oscillation can be efficiently extracted by the
simple subtraction θ̂

∗
ψ = θ̂

∗ − θ̂
∗
θ according to (1). However,

noise in the force measurements leads to a highly distorted
angular velocity θ̇∗ when being calculated by first-order numer-
ical differentiation from θ∗. In order to extract smooth states
θ̂
∗
ψ = [θ̂∗ψ

˙̂
θ∗ψ ]T , a second nonlinear observer of the same form

as (8) is used with coupling term Lψ ((θ∗ − θ̂∗θ ) − θ̂∗ψ ). The pro-
jection of the ψ-oscillation cannot be easily related to a simple
pendulum oscillation. However, simulations showed a better
approximation of the ψ-oscillation using the nonlinear observer
model than a harmonic oscillator as a filter. The small-angle
approximation of the natural frequency ω̂0,ψ , as needed within
the observer model, was found experimentally.

2) Energy Flow Timing ϕψ : The approximation of the natu-
ral frequency ω̂0,ψ is used together with the estimated state θ̂

∗
ψ

to compute the phase angle ϕψ related to the ψ-oscillation ac-
cording to (10).

7Separate lower δl,F ,θ and upper δu ,F ,θ limits allow us to take into account
that friction shifts the leader energy flow estimates toward negative values.
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3) Energy Flow Specification aA1,ψ : For the follower as
well as for the leader, the objective is to regulate the energy
contained in the ψ-oscillation to zero Ed

ψ = 0 [see (2)]. The
leader mapping of the θ-oscillation control (13) is reused with
parameters δL,ψ , āL,ψ to compute an amplitude factor aL,ψ

based on the pseudoenergy Êψ according to (3) and observer
states θ̂

∗
ψ . The pseudoenergy Êψ is not a real energy, but allows

us to quantify the disturbance oscillation. One drawback of its
computation according to (3) is that Êψ is not constant for a
pure ψ-oscillation, but oscillates. We reduce these oscillations
by applying the filter GE,ψ (s) = Glp(s,Dlp = 1, Tlp = Tψ ) of
(15) to the pseudoenergy Êψ .

4) Control Law Formulation: In contrast with the θ-
controller, the extracted ψ-oscillation does not only contain
higher but also lower frequency components than ωψ origi-
nating from the θ-oscillation. In order to damp all frequencies
other than the one of interest ωψ , we apply a bandpass filter
Gψ (s) = s2( c0

ω̂0 , ψ
)2G2

lp(s,Dlp = ζ, Tlp = c0
ω̂0 , ψ

) based on the
low-pass filter of (15). Again, we compensate for amplitude and
phase shift, as suggested in [23].

We add r̈A1,ψ to the acceleration computed to control the
θ-oscillation to form the final control input

r̈A1 = r̈A1,θ + r̈A1,ψ . (18)

IV. EXPERIMENTS

The controller shows convincing performance in simulation
and in virtual reality for the v- and the t-pendulum [24], [25].
However, in these cases, the robot and the object are simulated
and thus show ideal behavior. In this section we evaluate the con-
trol approach presented in Section III in real-world experiments
with and without a human interaction partner. Consequently,
the controller is tested under the influence of noise and nonideal
object and robot behavior.8

A. Experimental Procedure

Experiments under multiple conditions were performed: v-
or t-pendulum, with or without ψ-damping in the case of the
t-pendulum, interaction with a human or with one side of the ob-
ject being fixed to the environment and different leader/follower
role assignments. The following two pairs of t-pendulum exper-
iments are presented in detail (see the video in the multimedia
material).

1) Robot Leader and Fixed End (RL-0): The handle of
agent A2 = 0 was fixed at distance B with respect to the
robot A1 = R = L. At the start of each trial, the cylindrical
pendulum mass was released at a pose with significant distur-
bance oscillation ψ(t = 0) > 35◦, while the desired oscillation
contained almost no energy θ(t = 0) ≈ 0◦. The desired energy
level was set to θd

E = 40◦.
2) Robot Follower and Human Leader (RF-HL): The trials

started from rest θ(t = 0) = ψ(t = 0) ≈ 0◦. The human inter-
action partner (agent A2 = H = L) was asked to inject energy

8Due to the highly complex dynamics and the interaction with a human, we
are not able to provide theoretical convergence guarantees. A stability proof for
the abstract cart–pendulum is given in [26].

Fig. 4. Experimental setup.

TABLE I
PENDULUM AND CONTROLLER PARAMETERS

m p lp dp l B ω0 , θ m h

1250 g 85 cm 5 cm 96 cm 200 cm 3.57 rad/s 255 g
Lθ , Lψ ω̂0 , ψ δL, θ āL, θ āF , θ δu ,F , θ δl ,F , θ

[ω0 , θ 0]T 2ω0 , θ 0.5 J 4 cm 4 cm 0.12 W 0.18 W
τF TF c0 ζ δL, ψ āL, ψ Tψ

10 1/s 4 . 5
ω 0 , θ

0.9 1.2 0.2 J 3 cm 1 . 5
ω 0 , θ

into the pendulum such that a desired energy level of θd
E = 40◦

is reached, to track the desired constant energy level and to
release the t-pendulum energy again. The desired energy level
was displayed to the human in form of horizontal lines to which
the t-pendulum had to be aligned to at its turning points (see
Fig. 4). The robot supported the human leader as a follower
A1 = R = F .

B. Experimental Setup

1) Hardware Setup: Fig. 4 shows the experimental setup. A
KUKA LWR 4+ under impedance control on joint level (joint
stiffness 1500 N·m/rad and damping 0.7 N·m·s/rad) served as the
robotic manipulator. The one end of the pendulum-like object
was attached to the robot end effector. The other end was either
fixed to the environment or attached to the handle of the human
interaction partner dependent on the experimental condition. We
recorded the interaction forces using JR3 force/torque sensors.
For analysis only, a Qualisys motion-capture system recorded
the position and orientation of the manipulated objects and of
the human handle. Table I lists the pendulum parameters.

2) Software Implementation: The motion capture data was
recorded at 200 Hz and the force/torque data at 1 kHz by individ-
ual computational units and streamed to a MATLAB/Simulink
Real-Time Target model, which was run at 1 kHz. The same
model contained the presented energy based controller as
well as the low-level velocity controller of the robotic ma-
nipulator. The force/torque data9 at the robot’s interaction
point were the only input to the energy-based controller.
For the analysis, we applied a third-order Butterworth low-
pass filter with cutoff frequency 4 Hz to the motion capture
data as well as the force/torque data. The filtering circum-
vented problems arising from numerical differentiation due

9The 8-kHz force/torque data were filtered by a first-order low-pass filter with
cutoff frequency 500 Hz provided by JR3 before being sampled at 1 kHz.
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°
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Fig. 5. Experimental results for RL-0 (1a–1c) with ψ-damping and (2a–2c)
without ψ-damping. (a) Desired Ed

θ , estimated Êθ , and actual Eθ energy con-
tained in θ-oscillation, complete pendulum energy E , robot ER energy input.
(b) Desired maximum θd

E deflection angle, extracted projected deflection an-
gles θ∗θ and θ∗ψ , and actual deflection angles θ and ψ . (c) Actual robot trajectory
rR ,m and commanded robot trajectory rR = rR ,θ + rR ,ψ .

to outliers or the undersampling of the motion data with re-
spect to the force/torque data.

3) Controller Parameterization: The controller parameters
were tuned in simulation and based on initial experiments (see
Table I).

C. Measures

1) Analysis of the Projection onto the Abstract Cart–
Pendulum: The projection of the complex pendulum onto the
abstract cart–pendulum allows extraction of the dominant os-
cillation DoFs θ∗θ and θ∗ψ and their respective energy levels, Êθ

and Êψ . The approximations were compared against the actual
motion of the pendulum mass mp obtained from the motion
capture data, as the actual deflection angles θ and ψ. Based
on the actual deflection angle θ, the energy contained in the
θ-oscillation Eθ was calculated according to (3). The complete

pendulum energy was obtained from the motion capture data

of the t-pendulum E = mpgyp + 1
2 ξ̇

T

p Mp ξ̇p , with pendulum

mass height yp and pendulum mass velocity ξ̇p =
[
ṙp Ω̇p

]
in-

cluding translational and rotational velocities, respectively. The
6 × 6 mass matrix Mp consists of the 3 × 3 diagonal matrix
with the pendulum mass mp as diagonal entries and the 3 × 3
inertia tensor Ip . We approximated the pendulum inertia Ip
by a cylinder of length lp , diameter dp , and evenly distributed
mass mp . All variables are expressed in the fixed world coordi-
nate system located such that yp = 0m for θ = ψ = 0◦. Under
the assumption of two dominant oscillation DoFs and negligible
handle velocity, the actual energy contained in the ψ-oscillation
is Eψ = E − Eθ .

2) Analysis of the Controller Performance: To analyze the
controller performance, we calculated the settling time Ts and
the steady-state error e. The settling time Ts is the time af-
ter which the energy Eθ stays within bounds ±εθ around
the energetic steady-state value Ēθ . We chose the bounds
εθ,RL−0 = 16% and εθ,RF−HL = 25%. The steady-state error
is defined as e = Ed

θ − Ēθ .
3) Analysis of the Effort Sharing: The energy flows of the

human and the robot to the pendulum were calculated based
on the interaction point velocities and the measured interaction
forces Ėi = ṙT

i F i,p with i = R,H. The effort sharing between
the robot and the human under condition RF-HL was analyzed
based on the relative contribution of the robot

γR =

∫ T

0 ĖR dτ
∫ T

0 ĖR + ĖH dτ
(19)

with fixed T = 17 s for comparability (vertical dashed–dotted
lines in Fig. 6).

D. Results and Discussion

1) Robot Leader and Fixed End (RL-0): The results of the
RL-0 experiment are displayed in Fig. 5 with ψ-damping (1a–
1c) and without ψ-damping (2a–2c).

a) Projection onto the abstract cart–pendulum
The experimental trials started with significant initial deflec-
tion of the disturbance oscillation ψ(t = 0)ψon = 35.9◦ and
ψ(t = 0)ψoff = 38.9◦, but close to zero θ-oscillation. This is
in accordance with the complete system energy E and the en-
ergy contained in the θ-oscillation Eθ , with the difference being
the energy contained in the ψ-oscillation. Due to initialization
of the observer with the ψ-dominated initial force measurement,
the estimates θ̂∗θ ≈ θ∗θ and Êθ were initially off. The estimate Êθ

approached the actual energy contained in the θ-oscillation Eθ

at around 1 s. The estimated deflection angle θ̂∗θ ≈ θ∗θ closely
followed the actual deflection angle θ. The results show the
practicability of the abstract cart–pendulum projection. The ob-
servers separate the nonlinearly coupled oscillation DoFs θ and
ψ, and the abstract cart–pendulum-based energies reflect the
system energy.

b) Performance
The desired energy level Ed

θ was reached after settling times
Ts,ψon = 23.9 s and Ts,ψoff = 23.6 s (vertical dashed lines in
Fig. 5) and tracked with steady-state errors eψon = −0.41mJ
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°
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Fig. 6. Experimental results for RF-HL (1a–1d) with ψ-damping and (2a–
2d) without ψ-damping. (a) Desired Ed

θ , estimated Êθ , and actual Eθ energy
contained in θ-oscillation, complete pendulum energy E , robot ER , and hu-
man EH energy input. (b) Desired maximum θd

E deflection angle, extracted
projected deflection angles θ∗θ and θ∗ψ , and actual deflection angles θ and ψ .

(c) Follower thresholds δu/ l,F ,θ , estimated ˆ̇EH ,θ , and actual ĖH human en-
ergy flow. (d) Actual robot trajectory rR ,m and commanded robot trajectory
rR = rR ,θ + rR ,ψ .

and eψoff = −5.98mJ. With active ψ-damping, the distur-
bance angle reduced to |ψ|max,ψon = 7.2◦ within the first 7 s
in contrast with |ψ|max,ψoff = 16◦ without active ψ-damping.
Close to the energetic steady state, the disturbance oscilla-
tion was kept within |ψ|max,ψon = 3.2◦ and |ψ|max,ψoff = 7.2◦,
respectively. The difference between active and inactive ψ-
damping is visible in the energy contribution by the robot ER .
While the robot hardly influenced the system energy E

during the first 6 s without active ψ-damping ER ,ψoff ≈ 0 J,
the robot released energy from the ψ-oscillation with active ψ-
damping ER ,ψon,min = −0.586 J. The active ψ-damping led to
a faster decrease of the disturbance oscillation and a smaller re-
maining disturbance oscillation.10 This observation confirms the
practicability of the approximations made to allow the applica-
tion of the cart–pendulum swing-up controller to other oscilla-
tion DoFs. With respect to controller performance as captured in
settling time Ts and steady-state error e, no significant difference
was observable between the controllers with and without active
ψ-damping.11 Natural damping is shown to be sufficient to keep
the disturbance oscillation in relatively small bounds. This re-
sult is further supported by the observation that more energy Ed
dissipated without ψ-damping: Ed,ψoff > Ed,ψon under conser-
vation of energy E = E(t = 0) + ER − Ed . In summary, the
control goals for the leader as formulated in (4) are achieved us-
ing the presented θ-excitation controller with and without active
ψ-damping, but with a lower εψ for active ψ-damping.

c) Combination of θ-excitation and ψ-damping
A simple summation combines θ-excitation and ψ-damping

to one control input. The actual robot trajectory rR ,m is a combi-
nation of θ-excitation at frequency ωθ , ψ-damping at frequency
ωψ (if active), and the influence of the joint impedance con-
trol of the robot. Even though the oscillation DoFs θ and ψ are
nonlinearily coupled, simulations and experiments show that a
separate control of the two oscillation DoFs is possible through
simple addition. However, the effectiveness of our control ap-
proach depends on how similar the individual oscillations are to
a simple pendulum oscillation. We conducted additional experi-
ments to examine the limits of our controller with respect to θd

E .
For high energies contained in the θ-oscillation θE > 60◦, the
ψ-oscillation is less simple pendulum-like and the effectiveness
of our active ψ-damping diminishes, and active ψ-damping can
even have a negative effect on the ψ-oscillation (see [26]).

2) Robot Follower and Human Leader (RF-HL): Fig. 6 dis-
plays results under experimental condition RF-HL with ψ-
damping (1a–1d) and without ψ-damping (2a–2d).

a) Human interaction partner: The human partner started to
inject energy into the t-pendulum at t = 0 s, which was initially
at rest. At tψon = 2.9 s and at tψoff = 2.1 s, the estimated en-

ergy flow of the human exceeded the threshold ˆ̇EH ,θ > δu,F ,θ

and the robot started to inject energy as well. The energetic
steady state was reached after settling times Ts,ψon = 11.6 s
and Ts,ψoff = 4.4 s with steady-state errors eψon = 664mJ
and eψoff = −319mJ. The disturbance oscillation stayed within
bounds of |ψ|max,ψon = 9◦ and |ψ|max,ψoff = 7◦. The perfor-
mance of the robot follower highly depends on the performance
of the human leader. The human’s precision was significantly
lower compared to the one of the robot, also because the hu-
man could only estimate the pendulum energy at the turning
points of the pendulum. This explains the higher steady-state
errors compared with the RL-0 experiments. Furthermore, the

10See videos for a comparison of natural with active ψ-damping in [26].
11Note that the initial conditions varied slightly from experimental trial to

trial, as the object was hold in the initial configuration by hand. Multiple trials
yielded similar results.
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experimental results of different trials with a human interac-
tion partner can differ significantly, as, e.g., reflected in the
different steady-state errors for the two trials presented. How-
ever, throughout all trials, the performance values without active
ψ-damping clearly outperformed the performance values with
active ψ-damping in contrast to the RL-0 experiments. The feed-
back of the human interaction partner as well as the recorded
data indicate that the active ψ-damping irritates the human in-
teraction partner and, thus, impairs the human’s performance.
Without active ψ-damping, the robot end effector only slightly
oscillated due to the impedance control during the energetic
steady state, whereas the robot constantly moved with active
ψ-damping.

b) Effort sharing
The relative contribution of the robot with respect to the

swing-up was γR ,ψon = 0.323 and γR ,ψoff = 0.295. For both
controllers, peaks were visible in the actual human energy flow
ĖH , which is in accordance with the observations made during
human–human rigid object swinging [4]. The projection onto the
abstract cart–pendulum as well as the filtering led to a delayed

but smooth human energy flow estimate ˆ̇EH ,θ . This estimate
stayed within the follower thresholds during the energetic steady
state. The energy release of the human was detected by the
robot at tψon = 27.3 s and tψoff = 21.0 s, and the robot started
to move to release energy from the system as well. However,
the energy released by the robot was negligible compared with
the energy released by the human. The correct detection of
the human intention, i.e., goal-directed energy injection and
release, further supports the practicability of the abstract cart–
pendulum projection. With and without active ψ-damping, the
robot took over a significant share of the swing-up task effort.
The low effort share of the robot during swing-down was due
to natural damping, which helped the human interaction partner
to achieve especially fast energy release. Note that we adjusted
the lower follower threshold δl,F ,θ such that natural damping is
not interpreted as energy release initiated by the human partner.
In summary, we were able to achieve the control goal for the
follower of identifying and imitating the energy flow of the
leader as formulated in (5).

3) Maximum Energy Content θd
E : We limited the desired en-

ergies to θd
E = 40◦ for the RL-0 condition, because the fixed end

caused increased ψ-oscillations for high θE
12 and for the RF-

HL condition, in order to enable the human leader to sustain a
steady-state oscillation for comparability, which gets more dif-
ficult with higher θE . In order to find the limits of our controller,
we performed additional experiments with a robot leader and
a passive human, i.e., the human partner allowed his hand to
passively move with the swinging pendulum. Our results show
that the controller can reach θd

E = 70◦. However, we had to re-
strict the amplitude factor to ā = 0.12m due to joint velocity
limitations. As a consequence, the controller saturated and was
not able to reach the desired energy levels θd

E = 80 and 90◦

(see [26]). An energy content of θd
E = 70◦ for our pendulum

of l∗ = 0.77m would, e.g., allow the object to reach a height

12This was also the case for HL-0.

hE = 0.47m at a distance x = 0.77m from the pivot point af-
ter being released at θ = 60◦. Robot manipulator motion for a
controlled landing at an elevated location as motivated in Fig. 1
could be realized, e.g., by similar methods as presented in [3]
and will be part of our future work.

V. CONCLUSION

In this paper, we have presented a control approach for two-
agent cooperative swinging of complex pendulum-like objects.
We show experimentally that our approach of projecting the
complex pendulum-like object onto an abstract cart–pendulum
allows us to separate desired and undesired oscillation DoFs. We
regulate the energies of the individual oscillation DoFs through
the application of a cart–pendulum swing-up controller. There-
fore, the effectiveness of our control approach depends on how
simple pendulum-like the individual oscillations are. The simple
pendulum-like desired oscillation DoF of the complex pendulum
is excited such that a desired energy level is reached. The less
simple pendulum-like undesired oscillation can be simultane-
ously damped for moderate energy levels of the desired oscilla-
tion through summation of two control inputs. The experiments
did not reveal clear benefit of active disturbance damping, but
natural damping seemed to be sufficient. Experiments with a hu-
man interaction partner indicate further that active disturbance
damping irritates the human partner. We realize robotic fol-
lower behavior through imitation of the energy flow produced
by the leading partner. This energy flow is solely estimated
from the measured interaction force and relies on the abstract
cart–pendulum projection. Experiments showed that the robotic
follower can take over a substantial share of the swing-up effort
to a desired energy level, which is only known to the leading
human partner.

We are currently extending the presented approach to adaptive
control, such that dimensions and mass do not have to be known
in advance. In a next step, we plan to combine the results from
pendulum-like object swinging with our findings from rigid
object swinging in order to enable cooperative swinging of bulky
flexible objects for controlled placing of these objects at elevated
locations.
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