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Recursive adjustment approach for the estimation of
physical Earth parameters from observations of polar mo-
tion

S. Kirschner, F. Seitz
Earth Oriented Space Science and Technology (ESPACE), Technische Universität München,
Arcisstr. 21, D-80290 München, Germany

Abstract: The connection between highly pre-
cise time series of Earth rotation parameters
(ERP) and geophysical processes in the Earth
system can be studied on the basis of analytical
or numerical forward models. Such models are
dependent on a variety of parameters describing
geometrical, physical or rheological properties of
the Earth. A sensitivity analysis showed that
some weakly determined Earth parameters have
a large influence on the forward model results.
We aim at the improvement of such parameters
on the basis of observed ERP. In order to make
use of the long ERP time series that cover sev-
eral decades, a recursive adjustment procedure
is being developed. We present the principle of
the approach and compare it to a least-squares
adjustment in the Gauss-Helmert model. It is
shown that both approaches are comparable with
respect to the results, but the recursive proce-
dure is superior in terms of computational effi-
ciency. Our study focuses on the pole tide Love
number k2, a specifically critical model parame-
ter that is directly related to period and damp-
ing of the modelled Chandler oscillation. In or-
der to simplify the case, the algorithm is devel-
oped and tested for a simpler example of a two-
dimensional spring mass damper system in which
the simulated damped oscillation is equivalent to
the Chandler oscillation.

Keywords: Earth rotation, Euler-Liouville
equation, pole tide Love number, recursive
adjustment, inverse problem

1 Introduction

Variations of Earth rotation with respect to an
Earth-fixed reference system are expressed by
the Earth rotation parameters (ERP) polar mo-
tion and changes of length-of-day. Since many
decades space geodesy provides time series of
these parameters with increasing accuracy. ERP

are influenced by various processes and interac-
tions within and between different subsystems of
the Earth. Consequently, dynamic forward mod-
elling of respective effects allows for the investi-
gation of variations of Earth rotation. In forward
models time series of ERP or deduced angular
momentum functions are balanced with the su-
perposed effects of various driving mechanisms.
Among the most important ones are atmospheric
and hydrospheric angular momentum variations
and solid Earth deformations due to tides, load-
ing and rotational variations.

Previously the Dynamic Model for Earth Ro-
tation and Gravity (DyMEG) (Seitz et al, 2004)
has been developed. DyMEG aims at a simu-
lation of ERP on the basis of a consistent bal-
ance of external and internal gravitational and
geophysical processes. Naturally the quality of
the balance also depends on a multitude of phys-
ical, rheological and geometrical parameters in
DyMEG and underlying models that describe
processes in the Earth’s subsystems (e.g. atmo-
sphere and ocean models). Many of the model
parameters are weakly determined from sparse
observations or simplified model assumptions. A
sensitivity analysis of DyMEG showed that nu-
merical values of some of these parameters have
a significant influence on the model result (Seitz
and Kutterer, 2005). Among them, the pole tide
Love number k2 (Section 2) has been identified
as the most critical parameter since it directly
influences the modelled Chandler oscillation.

Our project aims at the implementation of a
reliable adjustment procedure for the estimation
and improvement of such parameters. Here we
focus on the pole tide Love number k2. Its nu-
merical value is related to the damping of the
Chandler oscillation. Since this damping is very
slow (for details see Section 2), observations over
a time span of several decades need to be taken
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into account in order to derive a meaningful
value. In order to increase the computational
efficiency of the procedure we propose a recur-
sive adjustment procedure. In the following we
present the principle of the approach (Section
3) and compare its results to a least-squares ad-
justment procedure in the Gauss-Helmert model
(Section 4). The focus of this paper is on the
methodology. Therefore we outline the proce-
dure for the case of a two-dimensional spring
mass damper system in order to reduce the com-
plexity of the real situation. The parameters in-
volved (spring constant and damping coefficient)
determine period and damping of the simulated
oscillation. This way they are comparable to
real and imaginary part of pole tide Love num-
ber k2 which makes the simplified example well
suited for conclusions with respect to the Chan-
dler oscillation and the estimation of pole tide
Love number k2.

2 Theory of Earth rotation

The physical model of Earth rotation is based on
the balance of angular momentum in the Earth
system. With respect to an Earth-fixed refer-
ence system this balance is described by the
well-known Euler-Liouville equation (Lambeck,
1980):

d

dt
(Iω + h) + ω × (Iω + h) = L . (1)

The Earth’s tensor of inertia I is influenced by
the mass distribution in the Earth system. Vec-
tor h accounts for variations of angular momen-
tum due to the motion of masses with respect to
the reference system, and L stands for external
gravitational torques. The Earth rotation vec-
tor ω comprises the small quantities m1, m2 and
m2 that are related to polar motion in x- and y-
direction and variations of length-of-day respec-
tively:

ω = Ω

 m1(t)
m2(t)

1 +m3(t)

 . (2)

In this equation Ω = 2π/86164 s is the angular
velocity of the Earth-fixed reference system with
respect to which variations of Earth rotation are
viewed.

Observed time series of ERP are provided by
the International Earth Rotation and Reference
Systems Service (IERS) in its C04 series (Dick

and Richter, 2009). Variations of length-of-day
will not be treated in the following since they
are not related to the pole tide Love number k2
which is our parameter of interest. Observations
of polar motion are characterised by a dominant
beat between two oscillations, the annual oscil-
lation and the Chandler oscillation. While the
annual oscillation is a forced phenomenon that
results from the strong annual variability of the
mass distribution in the Earth system, the Chan-
dler oscillation is a free rotational mode of the
Earth that is caused by the misalignment of the
Earth’s figure axis and rotation axis. Due to the
anelasticity of the Earth’s mantle and associated
dissipation caused by friction the Chandler oscil-
lation is damped.

Variations of I and h are caused by mass redis-
tributions and motions in individual subsystems
of the Earth (Fig. 1). Here we focus in partic-
ular on the effect of rotational deformations of
the solid Earth and the oceans that are caused
by time-variable centrifugal forces resulting from
polar motion. Physically, the inclusion of rota-
tional deformations means the transition from
a rotating rigid to a rotating deformable body.
Rotational deformations are responsible for the
prolongation of the period of the free oscillation
from 304 days (Euler period) to approximately
432 days (Chandler period) and are accompa-
nied by the above-mentioned dissipation (Lam-
beck, 1980). The deformations give rise to vari-
ations of the tensor of inertia and thus yield a
back-coupling effect on polar motion.

With respect to principal axis, the tensor of
inertia can be formulated explicitly in terms of
principal moments of inertia of the Earth (A, B
and C) and time-variable surcharges due to mass

Figure 1: Mass redistributions and motions in the
Earth’s subsystems influence the balance of angular
momentum that is described by the Euler-Liouville
equation.
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variations in the different subsystems (cij ; i, j =
1, 2, 3):

I =

A+ c11 c12 c13
c12 B + c22 c23
c13 c23 C + c33



cij = catmosphere
ij + coceanij + crotdefij + ... .

(3)

Here crotdefij describes the effect of rotational de-
formations. In particular, the two tensor ele-
ments c13 and c23 are related to the correspond-
ing mass redistributions (Lambeck, 1980):

crotdef13 =
Ω2 · a5

3 ·G
(
< (k2) ·m1 + = (k2) ·m2

)
crotdef23 =

Ω2 · a5

3 ·G
(
< (k2) ·m1 −= (k2) ·m2

)
.

(4)

In these equations the dimensionless pole tide
Love number k2 = < (k2)+= (k2) i (i =

√
−1) de-

scribes the anelasic response of the Earth’s body
and the ocean to polar motion, a is the Earth’s
semi major axis and G means the gravitational
constant. The real part of k2 is connected with
the period of the Chandler oscillation, and the
imaginary part with its damping (cf. Seitz and
Kutterer (2005) for details). Since k2 is charac-
terised by a high level of uncertainty (see Tab.
6.1 in Seitz and Schuh (2010) for a review of dif-
ferent values that can be found in the literature)
and at the same time one of the central param-
eters for modelling the Chandler oscillation, we
aim at an improvement of this parameter within
our adjustment approach. It shall be assumed
in this study that all other sources of mass re-
distributions and motions in the Earth system
are known and perfectly described by the model.
This simplification has of course to be kept in
mind, and further studies will have to address
the validity of the results of the estimation pro-
cedure in the light of the accuracy of model com-
ponents and other parameters. This is, however,
beyond the scope of the present paper.

The result of a simulation with DyMEG over
100 years in which solely the effects of rotational
deformations were considered is shown in Figure
5 of Seitz and Schuh (2010). All other mass re-
distributions and motions in the Earth system
as well as external torques were neglected. The
resulting oscillation (Chandler oscillation) with
a period of 431.9 is clearly damped, and after 22

years its amplitude is reduced by half. The value
of k2 = 0.35+0.0036i used in this experiment was
taken from the Conventions of the IERS 2003
(McCarthy and Petit, 2004). It corresponds to a
damping coefficient of Q = 82 and is representa-
tive for a deformable Earth with a spherical liq-
uid core including the effects of ocean pole tides
and mantle anelasticity.

In order to develop our adjustment approach
we simplify the problem at hand by replacing
the Chandler oscillation modelled via DyMEG
by a simple damped oscillation from a two-
dimensional spring mass damper system. Such a
system creates a damped two dimensional circu-
lar motion that is fully equivalent to the damped
Chandler oscillation of the Earth. Parameters
that need to be defined in this system are the
spring constant and the damping coefficient that
determine period and damping of the simulated
oscillation in analogy to real and imaginary part
of k2. Therefore the results from this study are
later on directly applicable for the inversion of
DyMEG.

3 Adjustment approach

Figure 2 displays the set-up of our spring mass
damper system in a principle sketch. It is as-
sumed that the damped motion is circular which
holds also for the modelled Chandler oscillation.
The displacement z of the two-dimensional sys-
tem is a vector containing the respective dis-
placements in x- and y-direction. The damp-
ing coefficient is denoted by b. It corresponds
to = (k2) in the case of the Chandler oscillation.
The spring constant, that corresponds to < (k2)
is denoted by k. The mass m is set to 1 kg.

The resulting damped oscillation is described

Figure 2: Sketch of the Spring mass damper sys-
tem.
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by following differential equation:

z̈ =
k

m
z− b

m
ż . (5)

We simulate the time-dependent displacement
with

z =

[
x
y

]
=

[
x0 · e−

b
2 t sin(ω · t)

y0 · e−
b
2 t cos(ω · t)

]
, (6)

where x0 and y0 are the initial values of
the oscillation and the angular frequency is

ω =
√

k
m −

b2

4m2 . Figure 3 shows the simu-

lated damped two-dimensional oscillation (pe-
riod: 10.62 s). This simulation represents the
observations in the adjustment approach.

Figure 3: Simulated oscillation of the spring mass
damper system. Parameters: x0 = 180, y0 = 180,
k = 0.35, b = 0.0036, m = 1 kg; a) displacement in
x- and y-direction; b) oscillation in x-direction; the
oscillation in y-direction is similar with a phase-shift
of π

2
.

3.1 Parameter estimation in the Gauss-
Helmert Model

An appropriate approach for estimating the
spring parameters (and in analogy for the pole
tide Love number k2) from the observations is the
least-squares adjustment in the Gauss-Helmert
Model. This approach matches the problem at

hand in which unknowns (x =
[
k b

]
) and ob-

servations z cannot be separated. The func-
tional model F (z,x) of the approach has the
form (Niemeier, 2008):

F (z,x) = A ·∆x + B · v + w = 0 . (7)

Here A and B are design matrices (Eqs. 9 and
10), ∆x is the improvement of the unknowns rel-
ative to initial values and v is the vector of the
residuals. The discrepancy vector w is calucu-
lated via the functional model by inserting initial
values for the unknowns and the observations.

For the linearisation of the differential equa-
tion that describes the motion of the spring mass
(Eq. 5) first and second derivative of the dis-
placement z are approximated by central differ-
ence quotients (the central difference quotient is
known to be more stable and accurate than the
forward or backward difference quotient). Con-
sequently the functional model is represented by
the linearised equations

x
k−2

−
2tb

m
x
k−1

+

(
4t2k

m
− 2

)
x
k
+

2tb

m
x
k+1

+ x
k+2

= 0

y
k−2

−
2tb

m
y
k−1

+

(
4t2k

m
− 2

)
y
k
+

2tb

m
y
k+1

+ y
k+2

= 0 .

(8)

The design matrices A and B mean the partial
derivatives of the functional model with respect
to unknowns and observations:

A =

[
∂F (z,x)

∂x

]
=

[
∂F (z,k)

∂k

∂F (z,b)

∂b

]
(9)

B =

[
∂F (z,x)

∂z

]
=

[
B1 0
0 B2

]
, with

B1 =
[

∂F
∂x

k−2

∂F
∂x

k−1

∂F
∂x

k

∂F
∂x

k+1

∂F
∂x

k+2

]
B2 =

[
∂F

∂y
k−2

∂F
∂y

k−1

∂F
∂y

k

∂F
∂y

k+1

∂F
∂y

k+2

]
.

(10)

For the spring mass damper system we obtain:

A =

[
4t2

m
xk − 2t

m
xk−1 + 2t

m
xk+1

4t2

m
yk − 2t

m
yk−1 + 2t

m
yk+1

]
(11)

B1 = B2 =

[
1 −2tb

m

4t2k

m

2tb

m
1

]
. (12)

The structure of the B-matrix is displayed in
Figure 4. According to Niemeier (2008) ∆x is
estimated by

∆x = −
(
AT

(
BQllB

T
)−1

A

)−1

AT
(
BQllB

T
)
w

(13)
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where Qll is a weighting matrix. In our simula-
tion we apply an identity matrix assuming lab-
oratory conditions without measurement errors.
For the case of Earth rotation the (time-variable)
accuracy of geodetic observations would have to
be taken into account. The cofactor matrix of
the unknowns is given by

Qxx =

(
AT

(
BQllB

T
)−1

A

)−1

. (14)

Figure 4: B-matrix for 50 observations.

3.2 Recursive adjustment

More efficiently the parameter estimation can
be performed in a recursive procedure (Kutterer
and Neumann, 2010). It allows a fast calcula-
tion and requires less segmentation capacity than
the standard adjustment approach in the Gauss-
Helmert Model. The difference with respect to
the latter is, that after an initial estimate using a
certain number of observations stepwise only one
new observation i (i = 1, 2, 3, ...) is considered:

wi + Bi · vi + Ai ·∆xi = 0 . (15)

The estimated unknowns from the previous step
are considered as additional observations. There-
fore the functional model is extended into[

wi

0

] [
Bi 0
0 I

]
·
[
vi

vi−1

]
+

[
Ai

I

]
·∆xi = 0 . (16)

This way the inversion has to be performed only
for the new observation in each step:

∆xi = AiT
(
BiQi

llB
iT
)−1

Qi
xx wi (17)

Qi
xx =

(
AiT

(
BiQi

llB
iT
)−1

Ai +
(
Qi−1
xx

)−1
)−1

.

(18)

This procedure allows a fast computation and,
consequently, longer observation series may be

used for the estimation of the parameters. This
is especially useful for the computation of the
damping coefficient. Since the damping is com-
parable slow a longer time-series can significantly
improve the accuracy of the estimate.

4 Results

4.1 Adjustment in the Gauss-Helmert Model

The estimation is performed for a time-span of
200 s (cf. Fig. 3). The results turn out to be
very sensitive to the sampling rate of the data as
a consequence of the applied central difference
quotient (Tab. 1). For small sampling rates the
approximation of the first and second derivative
of the displacement is more accurate. The result
is especially influenced by the approximation of
the first derivative that is calculated on the basis
of three observations. The second derivative is
more accurate since it is based on five observa-
tions.

Since we assumed error-free conditions so far,
the estimates of both unknown parameters are
highly precise. Standard deviations are in the
order of 10−14. The comparison of the results
with the values that have been applied in the
simulation (k = 0.35, b = 0.0036) shows a very
good agreement for sampling rates of about 0.1 s
and smaller. For this value the differences be-
tween original value and estimate are 4.1 · 10−4

for the spring constant k and 1.6 · 10−5 for the
damping coefficient b. The limit of the segmen-
tation capacity of a standard PC is exceeded if
a sampling rate of 0.01 s is applied for a 200 s
time-span. Under error-free conditions of course
a shortening of the time-span is possible and does
not change the results much. However (as will
be shown below) the length of the simulation be-
comes very important as soon as noise is added
to the observations.

sampling rate k b
in seconds

0.05 0.3498979 0.0035984
0.10 0.3495919 0.0035937
0.50 0.3399102 0.0034436
1.00 0.3110260 0.0029882

Table 1: Estimates of the unknown parameters for
different sampling rates.
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4.2 Recursive approach

The estimates from the recursive approach are
identical to those of the adjustment in the stan-
dard Gauss-Helmert Model. Differences are only
visible in the fourteenth or fifteenth decimal
place due to rounding errors. However the pro-
cessing times are very different (Tab. 2). Here
we used 50 observations in the initial step of
the recursive procedure. As outlined above, one
additional observation is added in each subse-
quent step. The comparison of the computa-
tion times reveals that the recursive adjustment
method is much more efficient which holds espe-
cially for longer observation series. In contrast to
the standard approach the recursive adjustment
allows for the application of very high sampling
rates. For a sampling of 0.01 s of our 200 s time-
span we obtain the values k = 0.3499959 and
b = 0.0035999; the computation requires only
1.77 s.

sampling tproc trecproc number

rate of obser-

in seconds in seconds in seconds vations
0.05 854.02 0.51 4001
0.10 100.56 0.40 2001
0.50 2.28 0.15 401
1.00 0.23 0.15 201

Table 2: Comparison of the processing times on
a 32 bit processor for the standard Gauss-Helmert
Model (tproc) and for the recursive approach (trecproc).

4.3 Considering observation errors

Now we perform an experiment with normal dis-
tributed random noise added to the observations.
The noise level is chosen to be 10−4 of the (mean)
amplitude of the damped oscillation which corre-
sponds to the accuracy of the ERP (mean Chan-
dler amplitude: 170 mas; observation accuracy:
0.1 mas). The recursive approach is applied to
two simulated oscillations of 20 s and 2000 s
length (sampling rate: 0.1 s). For the longer
time series the standard deviation σ of both esti-
mated parameters is clearly smaller, and in par-
ticular the result for the damping coefficient is
closer to the original value (Tab. 3). From this
experiment we conclude that the application of
the procedure to a long ERP time series will be
beneficial.

length of time series 20 2000
in seconds

k 0.3495921 0.3495466
σk 0.0000319 0.0000136
b 0.0035937 0.0035993
σb 0.0000539 0.0000217

Table 3: Estimates of the unknown parameters
for oscillations over different time-spans with corre-
sponding standard deviations σ.

5 Conclusion & Discussion

The results from the previous section show that
the recursive procedure is an efficient and reliable
method for the estimation of parameters from
long time series. Furthermore it has been demon-
strated that the estimates of the spring param-
eters from noisy observations improve with the
length of the time series.

For our problem at hand we found out that
a sampling rate of at least 0.1 s is necessary in
order to obtain satisfying results. The period
of the simulated oscillation was 10.62 s, which
means that we require more than 100 samples
per period. For the Chandler oscillation with a
period of 432 days this would mean in analogy
that we require a temporal resolution of a few
days (which is unproblematic since daily values
of ERP are provided). Meanwhile highly accu-
rate observations of polar motion are available
for five decades. In conclusion we expect a stable
estimate of the pole tide Love number k2 when
the recursive procedure is applied to ERP. The
results will be discussed in a follow-up paper to
this study.
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