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Abstract— One significant barrier in introducing autonomous
driving is the liability issue of a collision; e.g. when two
autonomous vehicles collide, it is unclear which vehicle should
be held accountable. To solve this issue, we view traffic rules
from legal texts as requirements for autonomous vehicles. If
we can prove that an autonomous vehicle always satisfies
these requirements during its operation, then it cannot be
held responsible in a collision. We present our approach by
formalising a subset of traffic rules from the Vienna Convention
on Road Traffic for highway scenarios in Isabelle/HOL.

I. INTRODUCTION

Recently, there have been many studies aimed at increas-
ing the safety of autonomous vehicles. However, another
important but rarely studied area is the liability aspect of
autonomous vehicles. That is, when a collision occurs, we
want to determine who is responsible for it. The United
Kingdom government, for example, intends to to review the
regulation about the “clarification of liabilities” in a collision
for autonomous vehicles [1].

From an engineering perspective, we address this issue by
ensuring that autonomous vehicles always comply with the
traffic rules so that they cannot be held liable for a collision.
To check traffic rule compliance rigorously, we need to en-
sure that the traffic rules must be testable, i.e. we can always
decide whether an autonomous vehicle’s behaviour complies
with traffic rules unambiguously. However, the traffic rules
from legal text are written mostly in natural language and
therefore, they are often abstract and imprecise [2]. As the
first step to make the traffic rules machine checkable, we
propose to concretise and formalise traffic rules.

Buchanan and Headrick [3] could be considered as the first
to propose a serious effort in formalising law. Historically
speaking, this is the period when expert systems was popular
in the domain of Artificial Intelligence (cf. the history of AI
in [4]). Therefore, it is not surprising that they suggested to
formalise law with technique used in expert systems, that is,
with rules. Additionally, there are also other works which
use other computational structures such as algorithm, flow
chart, and decision nets to formalise law. However, since we
opt for logical formalism, we refrain from discussing these
structures and suggest the interested readers to consult the
work of Sergot [5] instead.

Two major milestones for formalising law are the works
of Sergot et al. [6] and Bench-Capon et al. [7] in which they
formalised the British Nationality Act and the Supplementary
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Benefit Act, respectively, with Horn fragments of First-
Order Logic (Horn clauses) in PROLOG [8]. Despite their
popularity, Horn clauses are not used in this work due to
the limited expressiveness of a primitive concept [2] they
can be represent. For example, when formalising a legal
sentence such as “Driving should be on the rightmost lane if
possible, except for overtaking” with Horn clauses, we are
forced to assume that the primitive concepts rightmost lane
and overtaking can always be determined. Unfortunately,
for our purpose, we have to base our formalisation with
primitive concepts such as positions, orientations, speeds,
and accelerations; not only the high-level concepts such as
‘overtaking’ and ‘rightmost lane’ directly.

Apart from Propositional and First-Order Logic, there is
also Deontic Logic [9] for formalising law which can express
the notions of permission and obligation explicitly. These
two notions can be easily recognised in legal documents
by identifying the keywords ‘may’ and ‘must’, respectively.
In relation to formalisation of traffic rules, this logic was
extended by Royakkers [10], and he showed how that ex-
tended logic can address the issue of conflicting speed limits
in Dutch Traffic Regulation 1990.

We also decided not to use Deontic Logic because our
goal is to elicit a set of formal specification for autonomous
vehicles from legal texts. Deontic Logic, meanwhile, is more
suitable to prove that a law sentence can be deduced from
a set of legal facts and concepts. This observation is in-
line with the study from Jones and Sergot [11] in which
they discuss when to use and not to use Deontic Logic for
formalising law.

Another line of work other than formalisation of law
which is related to our work is the formal verification of
autonomous vehicles. Formal verification for autonomous ve-
hicles can be broadly classified into two categories: set-based
and logic-based approaches. With set-based approaches, such
as in [12], a requirement is formalised by specifying a
set of acceptable behaviours. Meanwhile, with logic-based
approaches, such as [13]–[15], a requirement is formalised by
translating it into a logical sentence directly. In this work, we
opt for logic-based approach because logical operators, such
as disjunction, conjunction, and implication, are closer to
natural languages than set operators, such as set complement,
union, and intersection.

Logic-based approaches in [13]–[15] are aimed more
towards verifying the detailed design of a system rather than
specifying a complex requirement. That is, in addition to
formalising the properties, we would also need to provide
the system to be verified. Since our work is aimed at the
early specification phase, we refrain from using these logics.



Instead, we use Higher Order Logic (HOL), a purely logical
environment, with the Isabelle theorem prover [16] as our
research platform.

In this work, we show that by concretising and formalising
traffic rules in Higher Order Logic using the Isabelle theorem
prover, it is possible to check the compliance of traffic rules
unambiguously and formally. We list the contributions of our
paper as follows:
• We formalise hybrid traces which could be perceived

as the abstraction of autonomous vehicles’ behaviours
obtained from the data recorded on a black box (see
e.g. [17]) in Isabelle/HOL (Sec. III);

• We formalise a subset of traffic rules from the Vienna
Convention for Road Traffic which applies to highway
scenarios in Isabelle/HOL (Sec. III);

• We show a pattern for deriving a procedure for each
rule to verify whether a hybrid trace satisfies the rule
correctly (Sec. IV)

Of course, our work is the first step in the direction of
formalising traffic rules and it needs further discussion to
possibly become a standard. However, to our best knowledge,
there has not been any published work with the same goal.

II. PROBLEM FORMULATION

Our main source of legal text is the Vienna Convention
on Road Traffic from 1968 [18]. Since this treaty has been
widely ratified1, our formalisation can be applied for many
countries; something that is more difficult to achieve had we
chosen a legal text for a specific country only. However, our
approach in principle can also be applied for national traffic
rules.

Since the Vienna Convention on Road Traffic contains
many traffic rules, we select a subset of traffic rules, which
applies for (controlled-access) highways only. This is the
most likely domain that fully autonomous vehicles will firstly
be legal. In addition, it has a simpler structure compared to,
for example, urban environments, which require additional
considerations of pedestrians, bicyclists, oncoming traffic,
etc.

Vanholme et al. [19] have previously elicited, simplified,
and paraphrased the traffic rules from the Vienna Convention
on Road Traffic for highways. The list of traffic rules
considered in this work is the subset of rules from their
work and it is shown in Tab. I. Column ‘Article’ in the table
shows the corresponding article in the Vienna Convention on
Road Traffic associated with each traffic rule. Also note that
Article 34 will be formalised differently from the rest of the
rules. This is because this rule is a metarule which alters the
meaning of other rules.

Let us denote the set of formalised traffic rules from
the Vienna Convention on Road Traffic as Φ1,Φ2, . . . ,Φn,
the behaviour of an autonomous car as a trace ρ, and the
environment as E . Then the main problem addressed in

1https://treaties.un.org/pages/ViewDetailsIII.
aspx?&src=TREATY&mtdsg_no=XI˜B˜19&chapter=11&Temp=
mtdsg3&lang=en

TABLE I
TRAFFIC RULES FROM THE VIENNA CONVENTION ON ROAD TRAFFIC

FOR HIGHWAYS.

Identifier Description Article

Φ1 Road users should avoid damage to road
infrastructure or to other road users.

7

Φ2 Driving should be on the rightmost lane if
possible, except for overtaking.

10

Φ3 Speed must be adapted to road and weather
conditions (e.g. visibility and road friction),
speed limit signs, and the presence of other
vehicles.

13

Φ4 The distance between vehicles must be such
that a collision can be avoided if a vehicle
performs an emergency brake.

13

Φ5 Braking should only be performed for safety
reasons and must be indicated with braking
lights.

17

Ψ Priority vehicles are exempt from traffic
rules, except from Article 7.

34

this work is to check whether the behaviour ρ, given an
environment E , satisfies all the traffic rules Φ1,Φ2, . . . ,Φn.
That is,

ρ, E |=
n∧

i=1

Φi . (1)

The notation |= is called the satisfaction relation and this
problem is usually called the model checking problem [20].

In this work, we check the satisfiability problem in Eq. (1),
by deriving a procedure Φi-check which checks trace ρ and
environment E against property Φi such that

Φi-check(ρ, E) = True ⇐⇒ ρ, E |= Φi . (2)

Then, the problem of satisfiability in Eq. (1) can be divided
into the subproblems of checking each property Φi separately
by using Φi-check for 1 ≤ i ≤ n. To ensure that our
approach is rigorous, we also need to verify Eq. (2) for each
procedure Φi-check.

III. FORMALISING VIENNA CONVENTION TRAFFIC
RULES

This section presents the formalisation of the traffic
rules from the Vienna Convention on Road Traffic in Is-
abelle/HOL. We start this section with a brief introduction
to the notation used in Isabelle/HOL. Since each formalised
traffic rule Φi will be checked against a trace ρ (Eq. 1), we
first formalise the traces ρ and continue with formalising the
traffic rules in Isabelle/HOL.

A. Notations

Isabelle/HOL uses type theory as its basis to encode the
proofs, therefore each term in our formalisation has a type.
We denote a term t with the type τ by t :: τ . For example,
a lane can be identified with a natural number, that is,
lane-id :: N. Function type is denoted by ⇒. Thus, a
function which describes the speed of an autonomous vehicle
over time is represented by speed :: R ⇒ R. Function

https://treaties.un.org/pages/ViewDetailsIII.aspx?&src=TREATY&mtdsg_no=XI~B~19&chapter=11&Temp=mtdsg3&lang=en
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applications are often written without parentheses; the speed
of the vehicle at time t is written as speed t instead of
speed (t). Likewise, a function with more than one argument
is represented without commas and parentheses. For instance,
the lane currently occupied by the ego vehicle given a trace
ρ and time t is denoted by lane-occupied ρ t. A set of
type α is denoted by α set. For example, a set of lanes
occupied by the autonomous vehicle is therefore denoted by
occupied-lanes :: N set. When discussing the list datatype,
we use the operator · to append an element to the head of a
list. Notation LEAST x. P denotes the smallest element x
such that predicate P is true. The infimum of a set is denoted
by Inf, and similarly, the supremum of a set is denoted by
Sup.

B. Hybrid Traces

In practice, the behaviour of an autonomous vehicle is
obtained from a black box. A black box could include data,
such as position, orientation, speed, and acceleration, which
evolve continuously over time. However, it could also record
data such as the lane it currently occupies or whether the
braking light is turned on or not. Unlike the previous data,
these data evolve only at certain time points and remain
unchanged for the rest of the time. To capture these two types
of data, we formalise the trace ρ as hybrid traces formalised
as follows.

Definition 1 (Continuous Valuation and Activity):
Suppose that we denote the type of continuous variables
with V C . A continuous valuation is a function v which
assigns a real number value to a continuous variable, i.e.
v :: V C ⇒ real. A continuous activity meanwhile is the
function a which specifies the valuation at each time, that
is, a :: real ⇒ V C ⇒ real.

Definition 2 (Discrete Valuation): Suppose that we have a
set of discrete variables V D and a list of their types DT. A
discrete valuation is a function j which assigns each discrete
variable with a value according to its type, that is, j :: V D

⇒ DT.

Definition 3 (Event and Hybrid Trace): An event could
be either:

1) a pair (d , a) where a is a continuous activity (see
Def. 1) and d :: R is the duration of the activity; or

2) a discrete valuation (see Def. 2).

A hybrid trace ρ is a finite list of events.

Def. 3 does not put any restriction for the duration. How-
ever, since the duration of an event cannot be negative, we
always assume that the duration is nonnegative. Additionally,
Def. 3 does not rule out hybrid traces containing consecutive
discrete-discrete valuation or continuous-continuous activity.
Consider the situation where we have two consecutive dis-
crete valuations such that each valuation updates different
discrete variables. Since discrete valuations take no time, we
can combine them into single function and hence a single

event2. A similar argument also applies for the continuous
activities. Hence, we wish to eliminate this type of hybrid
trace by defining the alternating property for hybrid traces
as follows:

Definition 4 (Alternating Hybrid Traces): A trace ρ is an
alternating hybrid trace if there are no two consecutive
continuous flows nor two consecutive discrete valuations.

Note also that Def. 3 allows the duration d to be nega-
tive. We eliminate this condition by defining the non-Zeno
condition as follows.

Definition 5 (Non-Zeno Traces): A trace ρ is non-Zeno if
each continuous activity (d, a) in trace ρ has positive duration
0 < d.

For each event in a trace, there is a corresponding interval
of time for which the event is valid. We define a function
time-interval which takes a trace ρ as an argument and
returns the time interval I to which the first event of the trace
corresponds. We list the properties of these time intervals as
follows [21].

Theorem 1 (Hybrid Traces): If a trace ρ is non-Zeno, and
1) the head of trace ρ is a discrete valuation, then
∃ t3≥0 . (time-interval ρ) = {t | t3 ≤ t ∧ t ≤ t3}

2) the head of trace ρ is a continuous flow, then
∃ t1 t2.

(0 ≤ t1 ∧ 0 ≤ t2 ∧ t1 < t2) ∧
(time-interval ρ) = {t | t1 < t ∧ t < t2}

3) ρ = e · ρt where e is any event, and the interval of
time associated with ρt and ρ is I 1 and I 2 respectively,
then

Inf I 2 = Sup I 1

4) trace ρ is alternating and non-empty, then there is a
maximum value currt ρ such that the union of all time
intervals in the trace, complete-time ρ, is
• if the head of trace ρ is a discrete valuation:

(complete-interval ρ) = {t | 0 ≤ t ∧ t ≤ currt ρ}
• if the head of trace ρ is a continuous flow:

(complete-interval ρ) = {t | 0 ≤ t ∧ t < currt ρ}

C. Traffic Rules

We begin formalising traffic rules by instantiating the
continuous and discrete variables as in Def. 1 and Def. 2.
There are five relevant continuous variables3:

V C = position-x | position-y | orientation | speed |
acceleration

We assume that the black box records these data for both
the ego vehicle and the other traffic participants. As for
the discrete variables, there are only two relevant discrete
variables:

V D = lane-identifier | brake-light

2If two consecutive discrete valuations update the same discrete variables,
we assume that the last discrete valuation takes effect. This is because there
could only be one event at one time in reality.

3The notation simply says that VC could be either position, orientation,
speed, or acceleration.



Each lane on a highway is identified by a natural number.
For left-driving countries, the leftmost lane is identified by
0 and increased accordingly to the right. The reverse is true
for the right-driving countries.

Since a vehicle can occupy more than one lane, i.e. when
performing an overtaking manoeuvre, the type of the discrete
variable lane-identifier is the set of natural numbers N set.
Variable brake-light, however, represents the status of the
braking lights. Since we are interested whether the braking
lights are turned on or off, it is formalised by making its
type boolean B. A discrete valuation which assign the value
True to this variable is interpreted as the situation where the
braking lights are turned on; the converse is also true.

1) Free of Collision (Rule Φ1): There are two key-
words to consider if we want to formalise rule Φ1 (Ar-
ticle 7): “road infrastructure” and “damage”. We interpret
the former keyword by assuming that there are two path-
connected4 objects: left-road-boundary :: (R × R) set and
right-road-boundary :: (R × R) set. Additionally, these two
road boundaries are assumed to be disjoint.

left-road-boundary ∩ right-road-boundary = ∅

The latter keyword is interpreted by checking the intersec-
tion of occupancies. We consider the ego vehicle to cause
damage to road infrastructure if its occupancy intersects with
either the left or right road boundaries. The requirement that
the ego vehicle does not cause damage to road infrastruc-
ture is formalised by defining no-collide-boundaries ρ as
follows:

∀ t∈ (complete-interval ρ).
(ego-occupancy ρ t) ∩ left-road-boundary = ∅ ∧
(ego-occupancy ρ t) ∩ right-road-boundary = ∅

The definition above requires the function ego-occupancy
ρ t, which computes the occupancy of the ego vehicle for
trace ρ and time t. If we represent that the shape of the ego
vehicle by a set of points in R × R with its centre at (0, 0),
the occupancy can be obtained by translating the shape of
the ego vehicle to the current position and rotating it by the
current orientation.

The rule that the ego vehicle “should not cause dam-
age to the other traffic participants” is defined such that
the ego vehicle’s occupancy does not intersect with any
traffic participant’s occupancy. It is formalised by defining
no-collide-traffic-participant ρ as follows:

∀ t∈ (complete-interval ρ).
∀ tpid .

(ego-occupancy ρ t) ∩ (tp-occupancy ρ tpid t) = ∅

The function tp-occupancy ρ tpid t is similar to the function
ego-occupancy ρ t, except that the former requires the
identifier of the other traffic participants tpid. This is because

4Path-connectedness simply means that the objects with this property are
solid objects and not just sets of scattered points in two dimensional space.
Formally, it means for any two points in a path-connected object, we can
always draw a line connecting those two points; and the line must always
lie inside the object.

y

x
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lane 1

lane 2

x1 x2

ego vehicle
projection
to lane 0

projection
to lane 2

Fig. 1. An illustration to projection function.

each traffic participant can have different shapes, positions,
and orientations. Finally, given a hybrid trace ρ, rule Φ1 is
formalised as follows:

no-collide-boundaries ρ ∧ no-collide-traffic-participant ρ

2) Rightmost Lane and Priority Vehicle (Rule Φ2 and Ψ):
In order to formalise rule Φ2, we first assume that there is
a function which maps a lane identifier with the real lane
object lane-mapping ::N⇒ (R × R) set. As usual, we also
assume that each set of points mapped to a lane identifier i
is path-connected:

∀ i . path-connected (lane-mapping i)

and disjoint:

∀ i j . i 6= j −→ lane-mapping i ∩ lane-mapping j = ∅

Two important keywords for rule Φ2 are “rightmost lane”
and “overtaking”. The rightmost lane, or the leftmost lane
for the left-driving countries, is interpreted as the lane with
the smallest identifier such that the occupancy of the ego
vehicle does not intersect with the other traffic participants’
occupancy. To explain this notion clearly, we introduce the
projection function.

Function projection ρ t n finds the set of points mapped
to lane identifier n whose x-elements also belong to the
occupancy of the ego vehicle at time t (see Fig. 1).

projection ρ t i =
{(x , y) | (x , y) ∈ (lane-mapping i) ∧

(∃ y2. (x , y2) ∈ (ego-occupancy ρ t))}

The rightmost lane is then formalised as a function as
follows:

LEAST n.
∀ tpid . (projection ρ t n) ∩ (tp-occupancy ρ tpid t) = ∅

This function finds the smallest lane identifier n such that
the projection of the ego vehicle’s occupancy at time t,
i.e. projection ρ t n, does not intersect with the occupancies
of any traffic participant at time t, i.e. tp-occupancy ρ tpid



t = t0 (Continuous Event)

t = t1 (Discrete Event)

t ∈ [t1, t2]

t = t2 (Discrete Event)
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x ego vehicle traffic participant

(a)
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Fig. 2. An illustration of overtaking scenario where t0 < t1 < t2. The
initial traffic situation is depcited in part (a). At time t = t1, the tip of the
ego vehicle touches the lane divider and it marks the beginning of overtaking
manoeuvre (part (b)). Part (c) shows the occupancies at time t ∈ [t1, t2].
At time t = t2, the occupancy of the ego vehicle is completely back to the
initial lane (part (d)).

t.

When we overtake another traffic participant, 1) as soon
as we surpass this traffic participant; and 2) the projection to
the lane lane-id is free of any traffic participant’s occupancy;
the definition of function rightmost above stipulates that we
have to return to this lane immediately. However, when we
overtake another vehicle, we have to leave a sufficient dis-
tance before returning to the original lane. This is where the
phrase “except for overtaking” solves these two conflicting
requirements. As long as we are by definition performing
an overtaking manoeuvre, we do not have to return to the
rightmost lane immediately.

The keyword “overtaking” in this article refers to the time
interval when the ego vehicle is performing an overtaking
manoeuvre. We say that time interval [t1, t2] is the overtak-
ing interval of the hybrid trace ρ if and only if the following
conditions are satisfied (see Fig. 2).

1) At time t1 (Fig. 2b), the ego vehicle starts the over-
taking manoeuvre. The starting time of the overtaking
manoeuvre is defined as the earliest time when the ego
vehicle occupies the two lanes {lane-id , lane-id + 1}

segment 0 segment 1

lane 0

lane 1

lane 2

lane
divider

lane
divider

right road
boundary

left road
boundary

road
direction

Fig. 3. An example how the road is segmentised into two segments for
each lane.

simultaneously. This is the time when the corner of the
ego vehicle’s occupancy just starts to touch the lane
divider.

(lane-occupied ρ t1) = {lane-id , lane-id + 1}
2) There is a traffic participant identified with tpid located

in front of the ego vehicle at t1.
front (tp-occupancy ρ tpid t) (ego-occupancy ρ t)

3) At time t2 (Fig. 2d) where t2 > t1, the ego vehicle ends
the overtaking manoeuvre. The end of the overtaking
manoeuvre is the earliest time when the ego vehicle’s
occupancy completely re-enters the lane occupied at the
beginning of the overtaking manoeuvre.

(lane-occupied ρ t2) = {lane-id}
4) The traffic participant identified with tpid as in Con-

dition 2 is located at the behind of the ego vehicle at
time t2 (Fig. 2d).
behind (tp-occupancy ρ tpid t) (ego-occupancy ρ t)

By using the function lane-occupied which returns the set
of lanes currently occupied, we formalise the rule Φ2 and
Ψ for a hybrid trace ρ with predicate rightmost-lane ρ as
follows:

∀ t∈complete-interval ρ.
¬ priority-car ∨ ¬ (overtaking-interval ρ t) −→

(lane-occupied ρ t) = {rightmost ρ t}

In the definition above, we specify that at all times the lane
occupied by the ego vehicle must be the rightmost lane,
except when the ego vehicle is a priority car (Article 34)
or it is performing an overtaking manoeuvre.

3) Speed Limit (Rule Φ3): For formalising the speed
limit rule in Article 13, we assume that the road can be
segmented [22] as in Fig. 3. That is, there is a function which
maps each point (x, y) to a segment (i, j), where i and j
denote the lane and the segment identifier respectively. The
speed limit signs in Rule Φ3 are then formalised as a function
which assign a speed limit to each segment identifier (i, j),
i.e. speed-limit ::N × N ⇒ R. With additional functions
ego-speed and current-segment which return the current



speed and segment the ego vehicle occupies respectively, we
formalise rule Φ3 as follows:

speed-limit-compliance ρ ≡
∀ t∈ (complete-interval ρ).

(ego-speed ρ t) < speed-limit (current-segment ρ t)

4) Safe Distance (Rule Φ4): The next property specified
in Article 13 concerns the safe distance between the ego
vehicle and the other traffic participant in front of it. How-
ever, the legal text does not specifically define how far a safe
distance is. To determine this, we concretise this requirement
by analysing the initial distance required if both the ego
vehicle and the traffic participant in front of it perform an
emergency brake simultaneously5. Both the ego vehicle and
the vehicle in front of it are viewed as a point mass. More
precisely, the ego vehicle is represented by its front position
while the other vehicle is represented by its rear position.

The following equation determines the position of an
object in a straight line over time, given an initial position
s0, an initial speed v0 and an acceleration a.

s(t) = s0 + v0 · t +
1

2
· a · t2 (3)

We use indexes ‘ego’ and ‘tp’ as the qualifier for the ego
vehicle and the vehicle in front of it, respectively, except
for the acceleration where we assume that we have the
same maximum deceleration6. The difference of the distance
between these two vehicles after performing emergency
brake over time is

∆s(t) = (s0,tp + v0,tp · t +
1

2
· a · t2)−

(s0,ego + v0,ego · t +
1

2
· a · t2)

= ∆s0 + ∆v0 · t (4)

with

∆s0 = s0,tp − s0,ego,
∆v0 = v0,tp − v0,ego.

With the equation above, we are particularly interested with
the difference between these two vehicles when both vehicles
have completely stopped, i.e. ∆s(tstop). The following two
equations compute the time required for both vehicles to
come to a complete stop.

tstop,ego = −v0,ego
a

tstop,tp = −v0,tp
a

(5)

For this particular scenario, the value for the time tstop is the
maximum between these two stoppage times.

tstop = max{tstop,ego, tstop,tp} (6)

For a particular time instant, the requirement of safe dis-
tance can be formalised by checking whether the following

5We assume this to simplify our formalisation. In reality, there must be
a delay between these two brakings (reaction time).

6Situations where decelerations are not the same can be easily extended.
See the work by Weiß [23]

inequality is true or not.

∆s(tstop) > 0 (7)

Before we formalise rule Φ4, we introduce the predicate
closest-in-front-ego ρ t tpid which is true when the traffic
participant with identifier tpid satisfies the following condi-
tions:

1) Traffic participant tpid is located in front of the ego
vehicle.
front (tp-occupancy ρ tpid t) (ego-occupancy ρ t)

2) Traffic participant tpid is at the same lane with the ego
vehicle.
(tp-occupancy ρ tpid t)

⊆
(
⋃

(lane∈lane-occupied ρ t) (lane-mapping lane))

3) Each traffic participant tpid ′ 6= tpid which satisfies
Condition 1 and 2 above must be located in front
of tpid.
front (tp-occupancy ρ tpid ′ t) (tp-occupancy ρ tpid
t)

If we formalise the function which computes ∆(tstop) in
Eq. 7 for traffic participant tpid with dist-at-stop-time ρ t
tpid, then rule Φ4 is formalised as follows:

safe-distance ρ ≡
∀ t∈(complete-interval ρ).
∀ tpid . (closest-in-front-ego ρ t tpid) −→

0 < (dist-at-stop-time ρ t tpid)

Note that the formalisation above applies only when we
assume equal maximum deceleration for both vehicles.

5) Braking lights: In order to formalise rule Φ5, we check
at each time point whether acceleration of the ego vehicle
is negative or not. If it is, then the braking lights must be
turned on. This rule is formalised as follows.

turn-brake-light ρ ≡
∀ t∈(complete-interval ρ).

(ego-acceleration ρ t) < 0 −→ (brake-lights-on ρ t)

IV. DERIVING PROCEDURE TO VERIFY TRAFFIC RULES

All traffic rules formalised in this work belong to the
category of safety properties. A safety property is usually
characterised by the occurrence of universal quantification
over time. As can be seen from all rules formalised in
Sec. III-C, they have the form:

∀t ∈ complete-interval ρ . Pi

where Pi is a predicate which characterises rule Φi. One
obvious way to derive a procedure to check rule Φi, that is
Φi-check, is to test whether Pi is true or not for every point in
time in complete-interval ρ. However, we know from Thm. 1
that the time interval is a subset of real numbers and that the
number of points in time in this interval is infinite. Therefore,
using this approach would be computationally infeasible.



Although the number of points in time in a time interval
is infinite, the number of events in our hybrid trace is finite
(see Def. 3). Therefore, we check the predicate Pi for each
event in the hybrid trace ρ instead of checking it at each
point in time t in the time interval complete-interval ρ.
This observation implies the following pattern for deriving
procedure Φi-check.

1) Φi-check [] = Φi-check-nil
2) Φi-check e · ρt = Φi-check-event e ∧ Φi-check ρt

There are two cases which constitute the body of the
procedure Φi-check. In the first case, we need to derive
the expression Φi-check-nil which checks whether an empty
hybrid trace complies with rule Φi or not (base case). Since
an empty hybrid trace corresponds to the time t = 0, this
case checks whether the initialisation satisfies rule Φi or not.
For example, rule Φ5 is not satisfied only when the initial
acceleration is negative and the brake light is not turned on.
This is expressed as follows:

Φi-check-nil =

(icv accego < 0) −→ (idv brake light = True)

Function icv and idv takes continuous and discrete variables
as arguments, respectively, and return the corresponding
initial value.

The second case considers the case when the hybrid trace
is not empty (inductive case). A trace ρ = e · ρt complies
with rule Φi if i) the single event trace [e] with initialisation
obtained from the values in the head of ρt complies with
rule Φi; and ii) the tail ρt complies with rule Φi. We
check the compliance of the former and the latter by using
Φi-check-event and Φi-check respectively. For example, in
order to comply with rule Φ5, a single event trace [e] with
initialisation obtained from the head of ρt must satisfy the
following conditions:

1) If the event e is a continuous flow (a, d),

Φi-check-event e =

∀t. 0 < t ∧ t < d ∧ (a t accego < 0) −→
idv brake light = True)

2) When the event e is a discrete valuation j,

Φi-check-event e =

(icv accego < 0) −→ (j brake light = True)

A continuous flow (a, d) complies with rule Φ5 provided that
braking lights are turned on if the acceleration throughout
the whole duration d is negative. Note that this definition
implies that the situation where the acceleration changes
from a negative to a nonnegative value should be regarded as
two continuous flows and there must be a discrete valuation
in between them to update the braking lights accordingly.
Meanwhile, if a discrete valuation turns on braking lights
when the acceleration is negative, then this discrete valuation
complies with rule Φ5.

The next step after deriving this function is to prove that
function Φi-check indeed satisfies Eq. (2). We have proved

that Φ5-check satisfies this property by using the induction
principle, but we omit the proof due to space restrictions.

V. CONCLUSION AND FUTURE WORK

Summary: In this work, we present the formalisation
of a subset of the traffic rules elicited from the Vienna
Convention on Road Traffic for highways in Isabelle/HOL.
We started by formalising the hybrid traces which can be
regarded as an abstraction of the behaviours of autonomous
vehicles obtained from the data recorded in a black box. We
then formalised rules Φ1–Φ5 based on the notion of hybrid
traces. Additionally, we also show the pattern for deriving
the procedure to check each traffic rule.

Discussion: As can be seen from the formalisations,
there is no explicit formula when we formalise the priority
vehicles rule. We formalise this rule implicitly by adding a
Boolean variable which is

1) true if the autonomous vehicle is a priority vehicle; and
2) false otherwise;

into the premise of rule Φ2. Depending on how we interpret
the priority vehicle rule, we can also add this boolean
variable to the premise of rule Φ3–Φ5, as implied by the
priority vehicle rules. However, we argue that being exempt
from rule Φ3–Φ5 can cause damage to other road users. For
example, if we exempt a priority vehicle from safe distance
rule Φ4, this could potentially cause collisions with other
traffic participants (conflicting with rule Φ1). Therefore, we
do not add this status to the premise of other rules, except
rule Φ2.

There are also challenges in formalising the speed adap-
tation rule Φ3 and the braking rule Φ5. For rule Φ3, it
is especially difficult to concretise the notion of visibility.
However, future speed limit information infrastructure could
take into account these notions of visibility and road friction,
and communicate them to autonomous vehicles. As for rule
Φ5, the main difficulty lies in the notion of “safety reasons”
which is very abstract. Nevertheless, safety reasons can
potentially be concretised by prediction under uncertainty
using reachability analysis [12].

Conclusion: This work shows that we can make the
traffic rules precise and unambiguous by concretising and
formalising them. By formally specifying them, we can
also derive a procedure for checking their compliance. This
formal specification can be useful for technology providers as
the basis for developing autonomous vehicles. Our approach
can also be useful in terms of path planning since the
procedure for checking each rule can be used to assess the
safety (rule Φ1) or the compliance with other rules.

Future Work: We wish to perform validation on the
formalised traffic rules. This involves consulting with domain
experts in the transportation community and legal experts.
We also would like to enlarge the number of formalised
traffic rules and procedures for checking them with a vision
to obtain as many precise and unambiguous traffic rules as
possible.
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