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Abstract—We study the variant of the successive refinement
problem where the receivers require identical reconstructions. We
characterize the rate region when the joint support of the source
and the side information variables is the Cartesian product of
their individual supports. The characterization indicates that the
side information can be fully used to reduce the communication
rates via binning; however, the reconstruction functions can
depend only on the Gacs-Korner common randomness shared
by the two receivers. Unlike existing (inner and outer) bounds
to the rate region of the general successive refinement problem,
the characterization for the variant studied requires only one
auxiliary random variable.

I. INTRODUCTION

We consider the successive refinement (SR) problem where
the reconstructions at the receivers are required to be identical.
We call this the common receiver reconstructions (CRR)
requirement. In this problem, the encoder compresses the
source into two messages — one that is common and is intended
for both receivers; and the other is private and is intended for
only one of the receivers. Each receiver has side information
correlated with the source. The receivers use their received
messages along with the side information to generate source
reconstructions that: (a) meet certain fidelity requirements, and
(b) are identical to one another. The problem considered can
be viewed as an abstraction of the communication scenario
that could arise when conveying data (e.g., meteorological or
geological survey data, or an MRI scan) over a network for
storage in separate data clusters storing past records of the
data. The records, which serve as side information, could be
an earlier survey data or a previous scan, depending on the
case. The framework considered here arises when data is to
be communicated over a degraded broadcast channel using a
separate source-channel coding paradigm.

Characterization of rate region of the general successive
refinement problem in open and only inner and outer bounds
exist [1], [2]. The version of the SR problem where the
private message is absent, known as the Heegard-Berger
(HB) problem, is open as well [3], [4]. However, complete
characterization exists for specific settings of both SR and HB
problems. For example, the rate region of the SR problem is
known when the side information of the receiver that receives
one message is a degraded version of side information of the
other receiver [1]. Similarly, the rate region of the HB problem
is known when the side information is degraded [3].
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The common reconstruction variant of the Wyner-Ziv prob-
lem was first motivated and solved by Steinberg [5]. Common
reconstructions in other problems were then considered in [6].
In our previous work [7], we characterised the rate region for
several cases of the HB problem with CRR requirement. In
this work, we characterize the rate region for the SR problem
with the CRR requirement (SR-CRR problem) when the joint
distribution of the source and side information variables satisfy
a certain support condition. The characterization indicates
that while the respective side information can be completely
used for binning, only the Gacs-Korner common randomness
between the two side information variables can be used for
generating the reconstructions. This feature is also seen in
the characterization for the HB problem with the CRR re-
quirement. Unlike the best-known bounds for the SR problem,
the characterization of the SR-CRR rate region (when the
source satisfies a certain support condition) requires only one
auxiliary random variable that is decoded by both receivers.
Thus, the CRR requirement obviates the need for a second
auxiliary random variable to absorb the private message.

The paper is organized as follows. Section II defines the
notation used, and Sec. III defines the problem studied.
Section IV presents useful terminologies and their properties,
Sec. V presents the main result and its proofs, and the Ap-
pendix provides the proofs of the auxiliary results of Sec. IV.

II. NOTATION

For a set T, and a,b € T, we let 1(a,b) = 1 if a = b,
and 0, otherwise. Uppercase letters (e.g., S, U, V) denote
random variables (RVs), and the script versions (e.g., S, U,
V) denote their alphabets. All alphabets are assumed to be
finite. Realizations of RVs are given by lowercase letters
(e.g., x, u, v). Vectors are indicated by superscripts, and their
components by subscripts. So, " £ (z1,...,,). We denote
o™\ & (zy,...,%_1,%i11,...,%,). For RVs A, B,C, we
denote A— B — (' if they form a Markov chain. Given RVs A
and B, we denote A = B iff H(A|B) = H(B|A) = 0. The
probability of an event E is given by P(F), and E denotes
the expectation operator. supp(-) denotes the support of a
random variable, and c1(-) denotes the (topological) closure.
Lastly, for a p.m.f. pag, 04 = min{pa(a) : pa(a) > 0} and
oz = min{pap(alb) : pap(alb) > 0,;ps(b) > 0}.
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III. PROBLEM DEFINITION

The aim of the successive refinement problem is to encode
a discrete memoryless source pg with S € S into a pair of
messages — one is broadcasted to two receivers, and the other is
sent exclusively to one of the receivers. As is given in Fig. 1,
the receiver that receives one message has side information
U € U, and the other that receives both the messages has side
information V' € V. These side information variables and the
source are together generated by a discrete memoryless source
with p.m.f. psyyv. This work focuses on common receiver
reconstructions, where the aim of the encoder is to compress
S so that: (1) each receiver can reconstruct the source to
within a prescribed level of distortion under a given distortion
measure; and (2) the two receiver reconstructions are almost
always identical. We aim to characterize the rate region for
this problem, which is formally defined as follows.

Definition 1: Given a p.m.f. psyy and a bounded distortion
measure d : S x & — [0,D], we say common receiver
reconstructions at distortion D > 0 are achievable at a
rate pair (7y,,7,)7, if for each ¢ > 0, there exist: (a)
n € N, (b) encoders E,, : 8" — {1,...,[2"("«v+)]} and

B, :8" = {1,...,[2"*)7}, and (c) receiver reconstruc-
tion functions Dy : {1,...,[2"("*) ]} x Y — 8", and
Dy :{1,... [20ruvte)] 5 {1,. .. [2n(e )] x P 5 S™ st

§" £ Dy(Ews(S"), U") 0
S™ £ Dy(Buy(S™), Bo(S™), V™)
satisfy: ) -
BS" £ 5§57 < e
S E[d(Si,S)] < n(D+e )
S Ed(S, 8)] < n(D+e)
n -Du n
E) U
M’LL'U - uv Sn
gn (5™)
M, = B,(5%) )
)
e} e

Fig. 1. The successive refinement problem.

We define the rate region Zsg_crr(D) for the successive
refinement problem with the CRR requirement as the set of
all rate pairs achievable in the above sense. Without loss
of generality, we may assume that D € [D, D], where
D £ min, g, sE[d(S,¢(S5))]. This minimum distortion D
is attained when .S is conveyed to the receivers.

IV. ADDITIONAL TERMINOLOGIES

Given a p.m.f. pxy on X x ), define bipartite graph
G*Y[pxy] with left nodes X, right nodes ) and edges
between x € X and y € Y iff pxy(z,y) > 0. Define an
equivalence relation on ) by y; = yo iff they are in the same
connected component of G*Y [pxy]. Let GKXY .y 5y
satisfy GK™Y (y1) = GK™Y (yo) iff 41 = 0.

Fig. 2.

Hustration of GX'Y [pxy] and GKXY

Fig. 2 illustrates an example of GXY [pxy] and a choice
for GK*Y'. While there are many choices for GK**Y | any
two are equivalent, i.e., given two choices GK;'¥ GK ',
GKY (V) = GK3°Y (Y). In this work, we use any one choice
to represent GKXQY and use the resulting RV GK™Y (V) as
the representation of the Gécs-Korner common randomness
between X and Y [8]. We now define the spaces of p.m.f.’s and
associated regions required for the rate region characterization.

Definition 2: Given pgyy, k€N, D> D and € > 0:

1. 77 Dk denotes the set of p.m.f’s gapcosuv s-t. (@) gsyv =
DSUV, (A B,C)— S — (U,V), max{|A],|B|,|C|} < k; and
(b) there exist f: AxCxV—S and g:AxBxL[%S’ s.t.

PIf(A,C,V) #9g(A, B, U)| < e 3)
E[d(S, f(A,C,V))] <D 4)

2. 7311:),1@ denotes the set of all p.m.f’s gapcsuy s.t. (a)
gsuv = psuv, (A, B,C)=S—(U, V), max{|A|, |B|,[C|} < k;
and (b) there exists a function f : A x C x V — &, such that

E[d(S, f(GK*?"4°Y(A,C,V)))] < D. (5)

3. PD i denotes the set of all p.m.f’s gaspyv s.t. (a) gsyv =

psuv, A—S— (U, V), |A| < k; and (b) there exists function
fiAXY =S, suchthat
E[d(S, f(GK*"*V(A,V)))] < D. (6)

Definition 3: Given psyv, k € N, and D > D, let

Lo U L) o
%! (D)2 (“”) 1(S; BJACUV
qE’Ple r’U TU+TU1) 2 +I(S7 AC|V)

Also, let %; (D) be the resultant region when the union over
qe P! _p.), above is replaced by a union over g € P} - Let

U L Tuw > I(S; A|U)
/ Ty rU + ruw > I(S; A|V)
qepD,k

Remark 1: For any psyy, D>D, k€N, and € > 0,
P})’k C 73T Dk and Z; (D) C %’,ﬁ(D) - %’;k(D). ™

X; (D) £ c1

V. THE MAIN RESULT

The achievablity of 2/ +3( ) follows from a standard
proof employing letter typlcahty, and is omitted. The main
result here is the converse when the source p.m.f. satisfies

supp((5,U, V)) = supp(S) x supp((U,V)). (1)
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Before we prove the converse, four ancillary results quantify-
ing how the three regions of Def 3 are related are presented.
Proofs of the first two results are given in the Appendix. The
first result is the key step in reducing the symbol error between
the two reconstructions from ¢ to 0, i.e., to prove that for each
p.m.f. g € P! ,,, satisfying (3) and (4) can be tweaked slightly
to a p.m.f. q'7€777f3,’k for some D’ marginally larger than D.

4
Isuv

Lemma 1: LetkEN,D ZQ,O < e < W’
psuy satisfying (7) be given. Let (7y,,7,)T € #! (D) and
E(x) = USU‘\fLw|S|I log ‘5‘2(052‘/_‘8'36)' Then,

B(2¢E), 1o + 2229E)T € % (D + 5{3)

Lemma 2: Let psyv, k € Nand D > D be given. If psyy
satisfies (7), then Z}.(D) C Z;. (D).

Lemma 3: For any p.m.f. psyy, k € Nand D > D,

%(D) C Hig, (D).

Proof: The proof is identical to that of Lemma 3 of [7]
with the exception of requiring one more function to preserve
the value of I(S; A|U). The proof is therefore omitted. M

Lemma 4: Let p.mf. psyy, sequence of rate pairs
{("wvi>T0i) T Vien, and sequence {D; }iew be given such that:
@) Hm (ryps, mo:)T = (rf,,m*)T;(b) lim D; = D* > D;

11— 00 1— 00
and (C) ({rum»rm) € %|S\+3( )
Then, (r%,,75)T € ‘%SH:%( *). Further, if psyy satisfies (7),
the claim holds even if D* = D.

Proof: The proof uses time-sharing arguments to show
(D) changes smoothly with D, and is omitted. [ |

and

(Tuo +

Xs|4s
We are now ready to prove the main result. The proof first
uses standard arguments to identify suitable auxiliary RVs and
derive an outer bound that does not, per se, seem achievable.
It is with the use of above lemmas that the outer bound is then
reduced to the correct form.
Theorem 1 (Converse): Let p.m.f. psyy satisfying (7) be
given. Let D > D. Then, %sg_crr(D) C %’SHS( ).
Proof 0]: Converse: Let (ryy,7y)T € %sr_crr(D). Let
0<e< 10%0()' ST By Def 1, there exist functlons I

Dy, D, satisfying (2). Let My, = 2 E.,(S™), M, & E,(S™),
Sm 2 D, (My,,U™), and S™ £ D, (MUU,MU,V"). Then,
n(ruv +5) > H(Muv) > H(Mulen) > I(SnvMu1)|Un)

= S I(Si; My |U™S*™1) = ST I(Si; My, U™ S™HU)
=1

i=1

2 S I(S ABUY), 8)
=1

where 4; £ (M,,,U"') and B; £ (U}, S"1). Similarly,
(T 410 +2) > H(MyyM,) > I(S™; My M,|V™) (9)

I(S™; My MyU™ V™) — I(S™; U™ | My M, V™) (10)
2 [ I(Ss; My M, UM VN ST
_2{ —I(S™; U;| My M,V"U1) an
B i I(S;; AiB;M,V"™"\N'U;| Vi) — H(U; | A; M, V™) (12)
A +H(U;|A; M, V™ S™)

(a) 2": I1(S;; A;B,C;U;|V;) — H(U;| A G V) (13)

=] +H(U;|A:C;V,S;)

= 3 [ IS5 ABGUIV:) — I(Ss U ACV)) ] (14)
=1

= 3 [I(S: AGIVI) + I(Ss BIAGUV) |, (19)

&
Il
—

where in (a) we have denoted C; £ (M,, V"™\") and have used

Ui — (Myy, My, VUL S, — (Myy, My, VUL S,
Now, note that H(M,,M,V"|A;C;V;) = 0 and
H(M,,U"|A;B;U;) = 0. Hence, S; and S; are functions of

(AZ,BZ,U) and (A;,C;, Vi), resp. Let S; £ g;(A;, By, Us)

and S; fi(A;,C;,V;). Define RVs Q € {1,...,n},
Ae{l,...,n} x U A;, BeUur 1Bl,CeU CZ,SeS
UEL{andVEVasfollows For i,5 € {1,. n},aGAi

pﬁ,Q((jaa)vi) = Z)A%Tw]l(%j) (16)

PBCSUV|A=(i,a),Q=i — PB;C;S;U;V;|Ai=a>

By construction, we have pgryy = PSUV elndifor 1 <13 <n,
(4;,B;,C;)—S;—(U;,V;) and hence (A, B,C)—S— (U, V).
Further, the rate expressions (8) and (15) single-letterize to

raw+e > I1(S;ABlU)
Faw + 10 + 26 > 1(S; AC|V) + I(S; BJACUV)

Define maps §: Ax BxU — S and f: AxCxV — S by
i,a),byu) =
)

,< 7
( ,C,’U) =

a7

gi(a7 ba U)

fila,c,v) (18)

(
(i,a

-

Then,

—~
=
N2

)
A%

n

- ]P)[gl 7é g i fz A“CZ, V) 7é gl(A'uBuUz)]

Il
-

i

kHl

P[f(A,C,V) #g(fl B U], (19)

where (b) follows from (2). Additionally,

E[d(g,f(;l’c7v)] Z [ (Szafz(AuCu‘/z” < D+e,

: n
=1

where (c) holds because fi(A, Gy ;) = S;. Let us denote
k = max{|.A|, |B|,|C|}. Then, by Def. 3,

(ruvtero+e)T €2 L (D+2)
(@) [ Tyy +€+ 5(2\4@) i 2ED
= (rv+s+25(2{%) € X} (D+e+ 2E0)
() Tuv +e+ E(2\4@) *
<rv+s+25(2\4@) € Hlsi4s(D+er 557,

where (a) follows from Lemma 1, (b) from Lemmas 2 and 3.
The proof is then complete after invoking Lemma 4. [ ]

APPENDIX
A. Proof of Lemma 1
4
Let (ruy,m0)? € %! (D) for e < 710‘886"“’3‘4
must exist a p.m.f. pABCSUV € 73 Dk such that

> I(S; AB|U)
> I(S; AC|V) + I(S; BJACUV).

Then, there

ruv

rU + Tu'u (20)
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Let f, g be reconstruction functions meeting (3), (4). Define

E* CAxBxCby (a,b,c) e & if
P[f(A,C,U)#9(A, B,U)|(A, B,C)=(a,b.c)| <Ve (21)
Then, by Markov inequality and (3), P[(A4, B, C) ¢ £*] < \/e.

Note that for (a, b, c) € £*, (21) can be rewritten as

gla,b,u)] >1— /e

E pUV|ABC(u7 ’U|G,, b) C)ﬂ[f(aﬂ c, U)a

u,v

Since psyy satisfies (7), we have the following.

min (M) > opyis > 0. (22)

sesupp(s) Py v (W)
(u,w)€supp((U,V))

Then, note that for any (u,v) € supp((U,V)),

>

sesupp(S)

pUV|ABC’(U7'U|a,b7 C) = pUVS|ABC(u7’U75|a'ab7C)

> Z ouvispuv (U, v)psiapc(sla,b,¢) = ouy souy (23)
sesupp(S)

Using (23) in (21), we see that for (a,b,c) € £*

>

(u,v)esupp((U,V))

(1-1[f(a,c,v),9(a,b,u)]) < —L— < 1.

— OUVOUvV|s

Hence, it must be the case that when (a,b,c) € £*,

P[f(A,C,U)#g(A,B,U)|(A,B,C)=(a,b,c)] =0 (24)

Since the two reconstruction functions agree exactly on £*,
and since P[(4, B,C) € £*] > 1 — /e, it is possible to prune
the distribution p4pcs to have a support £* x supp(S). To
do so, define p.m.f. p}. g.c.g Over A x BxC x S by

papcs(ab,c,s) (a,be)ce”
P pecegla, b, ¢, s)={ FIAB.C)EETT5=5]" sESUPP(S) (25
0, otherwise

Extend pa«p+c+s 10 Ph«pgec-syy St Psyy = Psuv and
(A*,B*,C*) — S — (U,V). From (24) and (25), we have

P[f(A",C",U) # g(A",B*, V)] =0
Further, by a simple triangle inequality, we see that

E[d(S, f(A*,C*, V)] < E[d(S, f(A,C,V))]
+D [[ph-c-sv — pacsv,

(%)D+D( 2V ),

(26)

0’37\/&7‘

where (a) follows from P1 of Lemma 6. Hence, p* € P}, ,,

where D' £ D + 0_23\/535. Now, from P6 of Lemma 6, we get
A 2 |I(S;A*B*\U) I(S; AB|U | o7
= |H(S|ABU) - S|A*B* )| < E(2¢e)
Similarly,
Ay 2 |I(S; A*C*|V)—1(S; AC’|V | 28)
= |H(S|ACV) - S|A*C* )| <E(2

Now, consider Ag £ |I(S; B*|A*C*UV) — I(S; BJACUV)|.
Expressing Ag using conditional entropies and comparing
corresponding terms using P5 and P6 of Lemma 6 yields:

Az < E(VE) + E(2ve) < 2E(Ve).
Combining the bounds for A, As, A3 with (20), we have

rus+E(29/6) > 1(S; A*B*|U)
Fo+Tun+ 32(29E) > I(S; B*|A*C*UV) +1(S; A*C*|V).

Hence, the claim follows. [}
B. Proof of Lemma 2
Pick papcsuv € Pp - Let f: AXCxV — S satisfy
E[d(S, f(GK*?74°Y(A,C,V)))] < D

An application of Lemma 5 with A = (A4,C) and Ay =
(A, B) yields the following conclusion.

GKACVABU (4 ¢ V) = (GKACAB (4, C), GKV'Y (V) (30)

(29)

Now, define A £ GKA54Y (A, C) and let D gy denote the
p.m.f. of (A, S,U, V). Then, by construction the Markov chain

A— S — (U, V) holds. Further,
H(A, GKUY (V)|GKAVAU (4, 1)) = 0 31)
Then, by (30), H(GKABUACY (4, V)|GKAVAV(A, 1)) =
Let f: AxVY — AxC xV be such that
FGKAVAY (A V) = GKABUACY (4 01V).  (32)

Then, from (29). E[d(S, f(f(GKAV(4,V))))] < D.

Hence, p 141y € Pg’kz since A C A x C. Lastly, note that
v > 1(S;AB|U) > I(S;GKACAB(A, 0)|U) =

FotTue > I(S;AC|V) > I(S;GKACAB(A ) |V)

I(S;A|U)
=1(S;A|V)
The claim holds since p4pcsyy Was chosen at random. m

C. Ancillary Results

Lemma 5: Let p.m.f. pa, a,suv over Ay X Aa x S xU XV
be s.t.: (a) (A1,A42) — S — (U,V), and (b) (7) is met. Then,

GKAV A2V (4, V) = (GKA42(A;), GKYY (V). (33)

puv|s(u,v|s)
puv (u,v)

Proof: Let n* & . Then,

(s,u,v)esnll;lglp(S,U,V)
n* > 0 due to (7) . Now, let (a1,a2) € supp(A;, As) and
(u,v) € supp(U, V). Then,

u) = Z Pa,Ay|s(a1, az, 8)puvis(u,vls)
sesupp(S)

> Z n"pa, azs(ar, az, s)puv (u,v)

sesupp(S)

=1"pa, 4, (a1, a2)puv (u,v) > 0.
Hence, for (a1,v), (a},v") € A1 x V, (a1,v) = (a},?’) in
GAV:A2Ulp v a,u] if and only if ay = af in GAvA42[pa, a,]

and v = v’ in GYV [pyv]. Hence, the claim follows. [ |

pA1VA2U(a1,7)a a2,
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Lemma 6: Let p.m.f. pa,a,sB,8, be given such that
(Al,AQ) -5 - (B17BQ) and (7) is met. Let § < 0SB, B>
and £ C A; x Ay be such that P[(A;, 43) € £] > 1 — 6.
Define p.m.f. p3, 4,5 by

PA; Ays(a1,az,s) (a1,a2)€EE
T—P[(A1,A2)¢E[S=5]7 SESUPP(S) -

0, otherwise

DA, a,s(ar, az,s)=

and extend it to a p.m.f. pz 4, 55,5, DY setting (Ay, Ay) —
S — (Bi1, B2) and psp, B, = PsB, B, Let () be as defined
in Lemma 1. Then the following hold.

pa, ,425*13’132”1 = 05256-

P1 HﬁAlAgsBle
P2 If (alag,bg,bg)Esupp((Al,Ag,Bth)) and (al,ag)eé’,
‘ﬁS|A2AQBlBQ(.al’a2’b17b2) 6

_pS‘A1A2BlB2(.|a17a’27b17b2) 1 - gs — 1)
P3. Let D = {a1 e A Z]P[(A1,A2) ¢ g'Al = al] < \/g}
Then, P[A; € D] > 1 — /4.

P4.If a; € D, and by € By s.t. pp, 4, (b1,a1) > 0, then

2V3|S
Hps|A~131('|a17 b1) —psj|a, B, (la, bl)Hl < m.

SB182
100[S?

P5. |H(S|A1A2B1Bs) — H(S|A1A2B1Bs)| < E(0).
P6. [H(S|A1B1) — H(S|A1B1)| < 2(2V0).
Proof: To prove P1, first note that the contribution to
the Lp-norm due to elements of £¢ x & x By x Bs equals
P[(A1,A2) ¢ €] < 6 < ;25 When (a1,a5) € € and
(a1,a9,8,b1,b) € SUpp((Al,AQ,S By, Bs)), we see that

Additionally, if § < then the following hold:

1< ﬁz‘]lAQS’Ble(alﬁa/2a8ab17b2) gs
P — b
PA,A2SB, By (a1, 02,8,b1,b2) — 05 — 6

since P[(A;, Ag) ¢ £|S = 5] = HAUALLIEES=] < 0
Rearranging and summing (34) over all elements of the set
E x 8 x By x By yields an upper bound of m for the
contribution from £ x S x By x Bs.

P2 follows from straightfoward algebraic manipulations of
(34), and is omitted. We now prove the validity of P3.

6>P[(A1, A2) €= 5. pa,(a1)P[(Ar, A) € €A1 = ai]

a1€D°

(34)

>3- P[A; € D] = V5 (1 - P[A; € D). (35)
To prove P4, we use the following arguments.
>ay Psd, Ay, (501,02, b1)
PsA, B, (8lar, 1) = =" (36)
SiA B > psA1A231(5 ai,az, by)
ag,s
PSALAyB (8,01,02,b1)
1-P[(A1,A2)ZE|S=5]
az:(ai,a2)€EE
_ — (37)
Z , PSAj AyBy (87,a1,a2,b1)
s'€S,az:(a1,a2)€E  1-P[(A1,A2)¢E|S=s']
(O-Zié)pSA]Bl (Sva‘lvbl) (38)

= par,gi(ar, b)) —P[(A1, A2) ¢ E, A1 =a4]

b (a) b

_ Ps|A, B, (8]a1, b1) 1 < Ps|a, B, (sla1, 1)7 (39)
v/ SN, 1— Ve 8
PBy|a, (bi]a1) Is oB,ls Os

where in (a) we have used

gmn PB4, (b1lar) = gmn > Ps|a, (8)pBys(bi]s) > o, s

1,01 g
Using (37), we see that

Z pSAlAgBl(saalaaQabl)
- az:(ay,a2)€E
Ps|4, B, (8la1,01) =
S|A1B1( | ) (ag 5)17,4 B (al,bl)

PsaiB(s,a1,01) = 30 Psa auB, (s, a1, a2,b1)
az:(a1,a2)¢E
(agié) PA, B, (alybl)
Ve
= (1 o 7) (pS|AlBl( laiby) — W)

> ps|a, B, (slaibr) — % - g;/js-

(40)

(41)

A straighforward argument combining (39) and (41) along
with the fact that % SR/ yields

0B1|S — 0SB By

5o« . _ . _2/6ls|
15514, 5, (la1b1) = psja, B, (larbr)||, < PN TIR
PS5 follows from P2 upon an application of Lemma 2.7 of
[9]. The proof of P5 is omitted since it is similar to that

02
of P6 outlined below. Since § < 18‘515?'3, Lemma 2.7 of [9]

guarantees that when a1 € D, and pp, 4, (b1,a1) > 0,

H(S|A1=a1,B1=b1)

2/5|S| lo
—H(S|Ay=a1,B1=b1)

- 0SBq By —2\/S|S|

0SB, By —2V0|S]
2V8

Further, when a; ¢ D, the difference in the conditional
entropies can be bounded by log |S|. Combining these two
conditional entropy bounds with P1 and P3, we obtain P6. H
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