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In an effort to understand and control thermo-acoustic instabilities, we theoretically ana-
lyze the stability of a rectangular Rijke tube. This Rijke tube is the generic combustor used in
the EU-funded LIMOUSINE project. It is open at both ends, has rectangular cross-section,
and is uniform in width so it is described as two dimensional. Our novel approach considers
heat sources in the hydrodynamic region. This involves a Green’s function approach, where
the pressure response from an arbitrary source is calculated by convolution of the source
with the Green’s function. The Green’s function is the wave response to an impulse point
source and is calculated using the Schwarz-Christoffel transformation, where the tube ge-
ometry is mapped onto the real axis in the transformed space. The transformation has been
found numerically and verified by the solution to Laplace’s equation for the given geometry.
In the long term, we attempt to model the interaction between combustion, acoustics, and
aerodynamics in the tube.

1 Introduction

An unsteady heat source within a semi-enclosed body can generate acoustic waves, the amplitudes
of which grow due to a thermo-acoustic feedback mechanism which is ultimately unstable. The Rijke
tube is the simplest example of one of these bodies. We endeavor to describe the instabilities occurring
within the Rijke tube using the Green’s function approach.

Previous Green’s function solutions for the Rijke tube [1] have assumed the source to be located far
downstream of the burner. In this paper, we attempt to describe the Green’s function and pressure re-
sponse originating from a source near to the burner, in a region of the Rijke tube where the flow is
disturbed from a one-dimensional state.

We consider the Rijke tube used in the EU-funded LIMOUSINE project. The tube is depicted in Fig-
ure 1. It has open ends and has rectangular cross-section. The tube is uniform in width so it is con-
sidered two-dimensional. The tube cross-section is in the z-plane and its coordinate axes x = (x, )
are defined such that the x-axis extends along the length of the tube and the y-axis extends along the
height; the origin is located at the center of the tube entrance. The upstream half contains the flame-
holder. We model the upstream and downstream regions as having respective cross-sectional area /)
and >, mean temperature T; and T», mean density p; and p2, speed of sound ¢; and ¢, and mean
flow u; and up, where M) = u;/c; < 1 and Ms = up/cp, < 1 are the respective Mach numbers. The tube
has length L and for our analysis we divide the tube in two three regions: the cold acoustic region, the
hydrodynamic region, and the hot acoustic region. The flame region (hydrodynamic region) is assumed
to be small relative to the wave length of low-order modes so the acoustic motion can be treated as in-
compressible. X is the interface between the cold acoustic region and the hydrodynamic region and
X, is similarly the interface between the hydrodynamic region and the hot acoustic region. Interfaces
X and X, are chosen such that the flow is entirely one-dimensional in x < X; and X, < x. The flow is
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two-dimensional in X; < x < X. We model the temperature and density so that they jump from T}, ;
to Ty, p2, respectively, atinterface X,. There are pressure nodes located just outside the tube atlocations
x =/ and x = ¢, in order to account for pressure losses at the ends.
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Figure 1: Two-dimensional depiction of Rijke tube

2 The Rijke tube Green’s function

The Green'’s function G(x,x/, t—t') is the wave response at an observer point x to an impulse point source
located at source position x” at time ¢ = ¢ and is a solution of

10°G _,

= —-VG=6x-x)8(t-1), 6))

c2 or?
where ¢ = c(x) is the speed of sound at location x, and  denotes the Dirac delta-function. The Green’s
function is defined to be zero at pressure nodes ¢; and ¢» to account for small pressure transmission
at the ends. Eq. (1) assumes the far-field approximation where the distance between the source and the
observer [ > A, where A is the wavelength of the lowest-order mode.

We regard the hydrodynamic region as an airplug oscillating parallel to the x-axis. The conservation

equations of mass and momentum across the airplug are respectively

P11 uy — prboup =0, 2

o 6u1
Pl_Pz—PlLefny 3)

where p1, p2, p1, p2 and uy, uy are the respective pressures, mean densities, and velocities at interfaces
X1 and X;. Lefr designates the effective length of the airplug and is given by the formula (from [1])

X2 (p* © (Ap*  of. .
Leffzf ( 2 —l)dHf ( ? ——Z)dH—Z(Xz—Xl), (4)
-0 Xo dl

0x ox o

where ¢* (x) is the velocity potential of the hydrodynamic flow in the Rijke tube. Pressure and velocity
are continuous across the interfaces X; and X5.

We now consider a Rijke tube with unsteady volume source g (x, t). We choose to model a volume
source rather than a heat source due to its generality; the volume source could model an arbitrary heat
source. The velocity potential in the tube ¢ is governed by the acoustic analogy equation

1 6°¢

Sz vV ¢=dax. 5)
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It’s sufficient to assume that waves propagating in the cold and hot acoustic regions are one-dimensional

and hence have only x dependence. The flow in the hydrodynamic region remains two-dimensional.

2.1 The time-harmonic Green’s function

The time-harmonic Green’s function G(x, X', ) is found by Fourier transform of the time-domain Green’s
function

Gx,x,w) :f G, X, t— e d— ¢, (6)

where o is the frequency at which waves propagate.
The time-harmonic Green’s function is governed by the Helmholtz equation.

w?

V2G+—G=-6(x—X). @
c
We assume G has the following form in the each of the three regions described in Section 1. We place a
source at arbitrary location x’ = (x’, ') in the hot acoustic region.

asink;(x—4¢7) 0<x<X,

N a + *(X) X1<X<X2,

Gx,x,w) = ) 'B({ o 8
cethe(i=Xo) 4 go-ike(x=X2) ), < x < ¥
bsinky(x—¥¢5) X' <x<L,

where k; = w/c; and k» = w/c; are the respective wave numbers in the cold and hot acoustic regions.
a, b, ¢, d, a, and § are unknown coefficients determined using the conservations eqns (2-3) in addi-
tion to continuity of pressure and velocity at interfaces X; and X». ¢* (x) is the velocity potential of the
hydrodynamic flow in the Rijke tube.

Using eqns (2-3), coefficients ¢ and d are expressed in terms of a. Namely,

c=ay, d=ay", 9)
where -* designates the complex conjugate and
_lah [.51 (ﬁfz

. w .C2
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Z.Qfg .Qfl eff C1 C1

(w) —
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where 71 = (X7 —¢1)/c1 and 12 = (X2 —¥»)/ ¢, are the times required for sound to travel from an interface,
Xj or Xy, to the corresponding respective pressure node, ¢; or ¢5.

Using the Heaviside step function H(-), we rewrite G so that the entire hot acoustic region is defined
by a single expression,

GxxX,w) = 2aH(x -x) [Ryw)) cosk(x—Xz) —S(y(w))sinks(x — X)]

11
+bH(x—x")sinks(x— 1), b

where R(-) and 3(-) respectively designate the real and imaginary parts. Substitution in the Helmholtz
equation (7) leads to an expression containing coefficients of § (x— x') and its derivative 6’ (x — x'), yield-
ing the following linear equation a and b:

—2a[R(y(w))coska(x' — X2) — S(y(w)) sinkz (x' — X2)] + bsinkp (x' — £)

12
4kz [R(y(@)) sinka (x — X2) + S(y (W) cos ko (x — X2)| + 2bky coskp(x =€) = (12)
The determinant on the left-hand side of this equation is simplified to give
f(w) L [P CcCoSwT (dz sinwty + L @ CoSwWT @ CoSwT] SinwTt (13)
= —_-——— —_— — T —_— —_—— .
2 | b2 2 o 1 effcl 1 o 1 2
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The zeros of the function f(w) are the eigenfrequencies for the system.

Crammer’s rule is used to determine the coefficients a and b:

~2sin & (x' - ) -4 (%(y(w)) cos & (x' = X2) = S(y (@) sin ¢ (x' - Xz))
- P 0= (14)
fw) f(w)
Continuity of pressure conserved across the two interfaces X; and X» is written as
01G1(X1,X,0) = p1Go (X1, X, 0)
p1G1{A 01G2 (X )

p1G2(Xo, X, w) = p2G3(Xo, X, w),

where Gl, Gz, and G3 are the parts of G(x, x',w) respectively defined within 0 < x < X3, Xj < x < X, and
X, < x < x'. Continuity equations (15) are used to determine the coefficients & and § in terms of a:

sinwt1p* (X2) — 2%%(}/((4)))([}* (X7) 2%8‘%()/(0))) —sinwt;
a=a , B=a . (16)
P*(X3) —9*(X3) P*(X2) —9*(X3)

Calculations hitherto have assumed a source location in the hot acoustic region. Our novel approach
has led to calculations involving observer points located in the hydrodynamic region. Henceforth we
employ reciprocity [2] in order to calculate the effect of sources located in hydrodynamic region and
observer points at arbitrary position in the tube. Reciprocity states the potential at observer point x4
due to a source located at point xp is equivalent to the potential at observer point xp in response to a
source at point x4. Explicitly,

Gxa,xp,0) = G(Xp,X4, ) a7

We write the expression for the time-harmonic Green’s function corresponding to a source in the
hydrodynamic region and observer in the hot acoustic region as

N ;o —-28x,X,w)
Gx,xX,w) = —f(w) , (18)
where
Bx,w)A(x,w) 0<x'<Xp
A(x,w)C(X, X "< X
g,y =] ACEOE Fi<xi< (19)
Bx,w)D(x',w) Xo<x'<x
Dx,w)B(x,w) x<x'<L,
with
)
A(x,w) = smc—(x— l) (20)
1
L w
B(x,w) =sin—(x—¥¢5) 21
C2
Cox ) = P2 LX) | G oy, L XD 207 22)
01 @*(X2) —*(Xy) P*(X2) —*(X1)

o1 . A w w o Co .
D(x,w) = — |siInwT; + Leff— — €cOSWT] [€Os — (X — Xp) + — — coswT; sin — (x — X2) (23)
P2 o €1 a ofy € )

In order to calculate the Green’s function, velocity potential, and pressure, we must first numerically
determine the function ¢* (x), which is by best approximation the solution of Laplace’s equation within
the tube geometry. We choose conformal mapping in order to determine the function because it trans-
forms a complex geometry with several angles into the much simpler real axis in the complex plane.
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2.2 Calculation of ¢*

When describing the conformal mapping of the Rijke tube, we change notation in order to avoid con-
fusion. We no longer use vector notation x = (x, y) and instead use complex notation z = x + i y. Corre-
spondingly, the transformation exists in the complex plane { = ¢ + in.

The interior of straight-sided polygon in the z-plane can be mapped into the transformed space on
the upper half {-plane, such that the sides of the polygon are transformed into the real {-axis by means
of the formula (from [3]):

dz 5 ap/n—1

— =K[[C-&* (24)

d( n=1
for a polygon with N angular points, where a,, and &, (,, < ;1) are the respective internal angles and
points on the real {-axis ({,, = ¢, +in,) corresponding to the angular points z, = x, +iy, in the z-plane.
K is a complex constant and determines orientation and size. A transformation containing four angular
points is depicted in Figure 2. The perimeter of the polygon maps onto the real {-axis so that one of the
points &, has location { = oo; in this case, the factor ({ — &,)*/"! is omitted from the right-hand side
of eqn (24).

C-plane

Y

& & & &
Figure 2: Illustration of Schwarz-Christoffel transformation for an arbitrary polygon

The integral form of eqn (24),

N
z()=K f [T -én™ ™ ay + 1L, (25)
e

introduces an integration constant L, which determines the position of the polygon in the z-plane. In
any transformation, three ¢, parameters may be prescribed arbitrarily, obeying the condition {; < ¢&;4;.

2.2.1 Application to the Rijke tube

The Rijke tube in the z-plane is mapped onto the upper half {-plane, such that the sides of the tube are
transformed to the real {-axis using eqn (24). We utilize the apparent symmetry and only discuss the
upper-half portion of the tube. The upper-half Rijke tube and its transformation into the {-plane are
depicted in Figure 3. For the Rijke tube, eqn (24) simplifies to

%:K (S R (T
a¢ (=DM - &N - &P - &2

Constants ¢4 and ¢5 are chosen to be 0 and 1, respectively. The integral form of eqn (26) is

(26)

(= ENVB( - E6)0
=K F’d’:Kf dt’, 27
z(0) f( (@14 ((’((/—52)1/3((,_1)1/3((l_£7)1/2 ¢ @7

where the function on the right-hand side of eqn (26) is defined as F({). The four unknowns in eqn (27)
cannot be determined analytically because the number of parameters ¢; involved exceeds three. Refer-
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Figure 3: Illustration of Rijke tube transformation from the z plane to the { plane

ences [4] and [5] present a numerical method for calculating the constants in the Schwarz-Christoffel
transformation of a polygon. The method consists of defining an error S as the sum of the squares of
the differences between the {-plane integrals and the z-plane displacements for two consecutive points.

Specifically,
N-1

s=¥

n=1

(:fn+1 , , 2
K f{ FQ)AL ~ (Znr1—20)| 28)

=¢n

for all n corresponding to ¢, having finite position in the {-plane, where N is the total number of points.
The error should tend toward zero; however, it cannot be exactly zero due to the numerical nature so
we search for error § < 1076,

It is essential when calculating the error to devise a well-behaved numerical integration scheme due
to the singular nature of F({). For example, if integrating between ¢3 and ¢4 in eqn (27), a zero would be
encountered at {3 and a first-order pole would be encountered at ¢4.

Given the Schwarz-Christoffel transformation is defined such that ¢; < {;4,, singularities and zeros
exist only at the limits of integration, not between them. The Gauss-Jacobi quadrature addresses this
problem. [6] approximates an integral having a singular integrand using Gaussian integration. Namely,

1 M
f 1+0P1 -0 fdx =Y W;f(x)), 29)
-1 j=1
where M is the chosen number of abscissae x; and weights W;.

2.2.2 Minimization of the error

When a function is continuous and smooth, we employ a simple method of convergence, like Newton-
Raphson, which is gradient-dependent. However, when calculating the Schwarz-Christoffel transfor-
mation, the gradient is not practical to calculate because it is either highly singular or zero at the points
of interest. It is therefore essential to employ a convergence scheme in which the gradients are not nec-
essary.

The chosen method of convergence is called the simplex method. A simplex is the N-dimensional
analogue to a triangle containing N + 1 independent points in euclidean space, N being the number of
dimensions in the function.

For the Rijke tube transformation, the simplex is initiated at step P = 1 with N + 1 arbitrary points at

1

{Xp=n, Xn=ny,--» Xn=n+1}, it then replaces the point having the largest error S (Xﬁinj) with the dimensionally-

opposite point. If in the following step P = 2, the dimensionally-opposite point X2=2  corresponds to an
error S which is smaller than in the previous step, the procedure will do either one of the following. If

the error at a different point in the simplex S (Xﬁ;fl]) is greater than S (Xﬁi%j), fl);ij is replaced with

the dimensionally-opposite point Xf:;flj in the following step; however, if S (Xf;jflj) is still greater than

2

the error at any other point, the simplex expands in the direction between Xﬁi}” and Xb=2

i If replace-
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ment leads to an error which is smaller than any other, the simplex contracts. This procedure continues
for several iterations until converging upon the minimum, in this case S < 1075. The chosen method of
convergence is described in [7], Chapter 10.

2.2.3 Hydrodynamic streamlines

In order to validate the determined parameters of the Schwarz-Christoffel transformation, we calculate
the streamlines of the potential flow originating from a source at negative infinity in the z-plane. The
complex potential w is defined as ¢+ iy, where ¢ is the velocity potential and v is the streamline value.
Transformation into the z-plane is performed by integrating the function dz/d{ between the { value
chosen to correspond to z =0, { ;=9, and {, where

(:i\/e”‘/’/‘fo (COS(J;—W)+iSin(J;—w)) (30)
o o

The {-plane source configuration corresponding to eqn (30) is depicted in Fig. 4

A

C:g—\ C-plane
& /

1

Figure 4: A point source and its image about an infinite plane at { = ¢.

The streamlines are calculated allowing ¢/ <) to vary over the range (—oo, c0) for fixed values of ¥ in
the range 0 < v/« <1, where ¥/<f; =0 and y/<f) = 1 respectively correspond to the lower boundary
(centerline of the Rijke tube) and upper boundary of the geometry.

Numerical results have been obtained for the Schwarz-Christoffel transformation of the Rijke tube.
The minimization procedure requires P ~ 500 steps. The functional form of the transformation is

(¢’ +1.309)16(¢" — 586.4)%/3

¢
= ) h = 0. 4, =1. 1
“© K/a @ +393.016¢ )16 27202 WO K =804 @ GU

The calculated streamlines are depicted in Fig. 5. The streamlines obtained using the Schwarz-Christoffel
transformation are identical to those obtained using numerical integration of Laplace’s equation which
validates the transformation. We use the numerical values of ¢*(x) in order to calculate the Green’s
function.

2.3 The time-domain Green’s function

We calculate the time-domain Green’s function G(x,X, ¢ — ¢') from the time-harmonic Green’s function
by inverse Fourier transform,

1 [ . o
Gxx,t—t)= _2_f Gx,x,w)e D gy, (32)
T J-o0

The integration path is the contour which extends the entire real w-axis and passes through the nega-
tive w-plane, enclosing all singularities occurring at the eigenfrequencies f(w,) = 0. The transform is
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Figure 5: Streamlines of the incompressible, irrotational flow in the chosen Rijke tube

calculated using the method of residues. The function g(x,x’,w) in Eq. (18) has two properties which
simplify the transform equation. The residue vanishes at the trivial eigenfrequency w = wg = 0. Also, the
function g(x,x’,w) exhibits symmetry where —w,, = w_,. For each Rijke tube eigenfrequency w,, there
exists a singularity of order one. The Green’s function is found to be

o0 A !
Goox,t— ) =2H(t— 1) Y, S&Xn)

Wsinwn(t— f,). (33)
n=1 n

We introduce the Heaviside function H(t— t') in order to ensure causality.

3 Response to a point source in the hydrodynamic region

There are several quantities of interest which we can obtain from the Green’s function including the

velocity potential ¢ and the unsteady pressure p = —p % . The velocity potential is found by convolution
of the Green’s function with the source [8],

Px, 1) = f f Gx,x,t,tgX, thdx dr . (34)

We illustrate the effect of two source configurations, each located in the hydrodynamic region. The
first source configuration (i) consists of a volume source of strength g, with fixed location just down-
stream of the burner at x;. The source amplitude oscillates at a chosen Rijke tube eigenfrequency w.
The source function is

qx, 1) = go0 (X —X4) coswgyt. (35)

The expression for the observed pressure is calculated using eqn (32) and eqn (34). We integrate over
space, time, and frequency, in that order. The exact expression for the pressure is
g(Xy Xgq» wq)

f(wq)
The second source configuration (i) is similar to the first except it oscillates in the axial direction about

position x, at frequency w s over the range {x; —a, X, + a}, where a is a vector in the axial direction. The
source function is

pX, 1) = goP2wqCOS Wyt (36)

qx, 1) = g0 (x—x4— asinw, t)coswgyt. 37)

The expression for the observed pressure is similar to the first except there is a small correction due to
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the oscillations. The dominating frequency remains w. The expression for the pressure is

®/ .
_ GoP2 ~ lalp™’ (@sinw; 1+x4)
L () {wqcoswqtg(x,xq,wq)Jr X2 (XD)

[(wq +wg) COS(Wg + W)t (sin(wq +wg)T) - %%(y(wq + wqr))) (38)

~(lwg — g cos(log — gDt (sinog - 0y DT - ZR( (0 -0g))]}

where ¢*' designates d¢* /dx. The two source configurations are depicted in Fig. 6. Numerical results
for the two source configurations are presented in Section 4.

(i) fixed at x,
(ii) oscillates from x,

o>

\ source g

Figure 6: Depiction of the two chosen source configurations in the hydrodynamic region

X,

~

4 Numerical Results

The dimensions of Rijke tube used in the LIMOUSINE project are used to obtain illustrative numerical
results. It has respective upstream and downstream cross-sectional areas «/; = 0.027 m?, <% = 0.052 m?.
The flow enters the upstream section at room temperature and then increases by 200 K at X»; the re-
spective upstream and downstream temperatures are 7; = 288 Kand T, = 488 K. We assume an ideal gas
and the ratios of the temperature and density are inversely related: T;/ T» = 0.590 and p;/p2 = 1.695. The
respective speeds of sound in the upstream and downstream regions are ¢; = 342 m/s and ¢, =448 m/s.
The Rijke tube has length L = 1.450 m. Pressure nodes are located 0.014 m from the entrance and exit of
the tube at locations ¢; = —0.014 m and ¢, = 1.464 m. The numerical results to the Schwarz-Christoffel
transformation in Fig. 5 have shown that respective upstream and downstream interface locations X; =
0.288 m and X, = 0.366 m are sufficiently far from the burner to ensure the flow is one-dimensional.
Further hydrodynamic calculations using eqn (4) have shown that L,sr = 0.124 m = 1.6(Xz — X3). The
source strength g, = 1 m?/s is fixed in each of the three cases discussed below.

Figure 7 depicts the time history of the time-domain Green’s function. We limit the number of modes
Nineqn (33) to 10 because experimental evidence shows that modes n > 10 are highly three-dimensional
so they are not appropriate in the two-dimensional model. Experimental evidence also suggests that
modes n > 3 are not significant in the unstable feedback mechanism. The time history is plotted at
various positions x which range between X, and L. The Green’s function depicted is typical for a sum-
mation of modes. The key feature to notice is the time delay observed; in each case, the time delay is
approximately (x — X3)/c».

Figure 8 shows the pressure distribution resulting from the stationary source of eqn (35) having
source frequency w, = w1, where w, designates the n'" eigenfrequency. The figure shows the pressure
at six evenly-distributed time-intervals ranging between f =0 s and ¢ = 0.5 s. Pressure is plotted against
the non-dimensional axial position x/L ranging from the tube entrance x/L = 0 to the tube exit x/L =1.
In each of the three cases discussed, we present the pressure results similarly. The source is fixed at lo-
cation x4 = (0.344, 0.006) m which is halfway between the downstream end of the flame holder and X>.
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Figure 7: Green’s function time history over N = 10 modes

Results show the single dominating frequency is w; = w1 = 793.6 s~! which is expected from eqn (36)
and due to w; being the only Rijke tube resonant frequency to be excited.

We also consider the effect of the source of eqn (37) having frequency w, oscillating axially at fre-
quency w . Figure 9 depicts the pressure distribution resulting from a source of frequency w,; = w, = 1897 s
oscillating at frequency wy = w;. The source oscillates axially between the downstream end of the
burner and X over a distance of 2|a] = 0.044 m and is centered at location x; = (0.344, 0.006) m. We
determine from eqn (38) that the dominating frequencies should be w4, wq + wqy and lwg —wgl; how-
ever, results show the only prevailing frequency to be w,, confirming that the effects of the oscillation
frequency is small compared to the effect of the source frequency by a factor of 20.

-1

4 4 4
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5 5 5
=
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F /\
=5
= 0 0 0
IS8 \_/
-5 -5 -5
0 0.5 1 0 0.5 1 0 0.5 1

z/L [
Figure 8: Pressure response from a source of frequency w, = w;

In order to show the effects of the oscillation frequency w separately from the source frequency wg,
we assign the source frequency to a non-resonant frequency, say wqg = (@ + w2)/2 = 1345571, and we
assign the source oscillation frequency to the second resonant frequency w, = w. The resulting pres-
sure response is depicted in Fig. 10. The pressure oscillations at frequency w, are small in amplitude
compared to those observed when the source frequency is resonant, as in Figs. 8-9.

5 Conclusion and outlook

The Green’s function approach presented in this paper predicts the Rijke tube response to various
sources configurations located in the hydrodynamic region. We choose the approach because we can

10
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Figure 9: Pressure response from a translating source of frequency wg = w2, 0y = w1

extend it to account for other flame phenomena such as radiation losses.

Previous Rijke tube Green’s function models use a linear approximation for the Green’s function near
the hydrodynamic region which cannot accurately account for the presence of large bodies such as
the flame holder. We employ conformal mapping because it provides much more precise predictions,
especially in the presence of large bodies. The Schwarz-Christoffel transformation allows us to model a
source in the two-dimensional hydrodynamic region. Previous models were restricted to model sources
in the hot acoustic region, far from the flame holder and the heat source. We expect that our model will
better predict the stability of a particular Rijke tube geometry.

Our results show that for an oscillating point source in the hydrodynamic region it is the source fre-
quency, not the oscillation frequency which is dominant. We would like to extend these results so they
can account for the interaction between acoustics, combustion, and aerodynamics. For example, a vor-
tex sheet forms from the downstream edge of the flame holder; we would like to use our results to model
the effect due to the interaction of the vortices with the flame source.
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Figure 10: Pressure response from a translating source of frequency w, = (w2 + 01)/2, 0wy = w2
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