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| Objectives

1. ldentify the main mechanisms governing the
flame response to flow perturbations.

2. Give some theoretical and modelling tools to
analyze combustion dynamics

3. Provide some elements for the prediction of
linear and nonlinear stability of combustors

Material :
Literature review
EM2C production



e - | What is not considered?

Intrinsic instabilities == unstable combustion

Darrieus-Landau Thermo-diffusive ?

Palm-Leis&Strehlow (1969)
Markstein (1964)

Clavin et al. (1990)

Quinard (1990)

Clanet & Searby (1998)
Searby et al. (2001)

Growth rates are relatively weak : in many practical
systems other mechanisms dominate
Exception : Oxy-fuel welding torch D-L instability



e - | Acoustic induced combustion

instabilities
%@3 Flame dynamics
(C) _
— Flow -l Combustion
(A) Acoustics (B)
Burner N
acoustics a

=



e - | Organ pipe

Stable regime Unstable regime
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Turbulent fluctuations High amplitude self-sustained cyclic oscillation.
Small amplitudes The frequency depends on:
Broad band noise - the flame position within the tube

- the tube length
Combustion noise - the boundary conditions



e - | Industrial configurations

New technologies favor acoustic coupled problems :

High pressure Increase efficiency High energy densities

Compact design Weight gain Highly reflective

Lean combustion Low NOx Stabilization problems
~ 10 KW th

~ 100 MW th ~1 MW th

-




e - | First example

Domestic boiler

During unstable regime, walls are
“breathing”: large pressure fluctuations
within the burner



e - | Second example

Multipoint injection
swirled burner

S. Barbosa, S. Ducruix,
P. Scouflaire (2007)

Stable regime: combustion zone (luminous zone) features small
stochastic fluctuations around its mean location. Radiated noise remains
weak and broad band : “combustion roar”.

Unstable regime : Large synchronized motions with a peak noise
emission. Intensification of luminosity near the wall : higher heat fluxes
transfered. Induce flame flashback.



e | Roadmap

1. Elementary mechanisms
2.

3.



e - - | Heat release rate fluctuations

Premixed and partially premixed flames

d)((I), 6) Reaction rate per unit

. o flame surface area
Q — / w((I), E)CZA((I), V) - equivalence ratio
A - stretch effects

dA(P,v) Flame surface area
- equivalence ratio

- velocity

o)

J w1(@, €)dAg N [ dA, (P, V)

(2(') w() [ dA() / (ZA()
local reaction rate |ocal reaction rate flame surface area
fluctuations fluctuations fluctuations

Cho & Lieuwen CB (2005)



e - | Interactions leading to heat
release rate fluctuations

1. Flame interactions with flow perturbations
Unsteady strain rates

A. Reviews :

B. Organized flow structures Candel (2002)

C. Velocity perturbations Ducruix et al. (2003)

D. Mixture composition oscillations Lieuwen & Culick (2005)

2. Flame interactions with solid boundaries

E. Combustion chamber walls confining the flame
F. Anchoring devices used to stabilize the flame

Boyer & Quinard (1990), Dowling (1999),
Durox et al. (2002), Birbaud et al. (2007),
Kornilov et al. (2007)



| Strain rate effects

Flame surface area

Flame surface density > = — |
V Fluid volume

Turbulent wrinkled
and corrugated
flames

Strain rate

Turbulent

Q O flow

2

Planar strained laminar flame (1_1‘ = e, — BX°



e - | Strain rate oscillations

A. Fluctuations of flame surface density
(12()

_ ‘ 2 N2
Equilibrium — =0 0 = €02o — Bodj
at
Perturbations € = €y + €] cos(wt) =X+ 2
Perturbed d>q
€021 = |€1 cos(wt)| 2
balance equation dt e [ - (W )] “
| Flame surface density
Low frequency limit & o Bl cos(wt) fluctuations are frequency
quency ¥ oy N dependent.
X1 € High f i |
. i S st gh frequencies are low
High frequency limit S 1 sin(wt) sass filtered

Candel (2002)



e - | Strain rate oscillations

B. Fluctuations of the local reaction rate
W \/E Non premixed flames Law (1988)

Response of the local mass rate consumption to strain rate oscillations

F(w) = (lil(w',)}); 1}10> (F :UFD) J \\

Limit of infinitely fast chemistry : a —
A | 1
Flw) = % f
21+ i(w/ -ﬂ))
Local reaction rate fluctuations are Cut-off frequency

frequency dependent : wn = 2
. : . Wy — 4€(
High frequencies are low pass filtered Candel (2002)



e - | Velocity perturbations

Bulk flow oscillations f=10 Hz
Acoustic wave vy = Uy cos(wt — ky)
k — W/C() kL <« 1

Compact treatment
Fleifil et al. (1996), Ducruix et al. (2000)

Flow perturbations f=150 Hz

Convective wave v; = U1 cos(wt — ky)
= w/ug kL ~ 1

Non compact treatment V- V] = 0

Baillot et al. (1992), Schuller et al. (2002)




o | Velocity perturbations

Collection of flames anchored on a perforated plate

—

Convective waves are often
present near solid boundaries
used to stabilize the
combustion zone as soon as
the flame is not perfectly flat.

20

rJ

oC

Length (mm)
L.ength (mm)

They constitute an important
component which determines
the time lag of the flame

- [ — response
Length (mm) Length (mm) N()iray et al. (2006, 2007, 2008)
Kornilov et al. (2009)

®=0.85,V,=5.2m/s, v'=1.35 m/s, f= 500 Hz Altay et al. (2009)

Axial Velocity (m s

-




| Anchoring point dynamics

Vibrating rod Acoustic Ring Acoustic
modulation modulation modulation

S
(@)

Petersen & Emmons (1961) Boyer & Quinard. (1996) Kornilov et al. (2007)

Ring modulation and acoustic waves produce the same type of
wrinkles along the flame front



e - | Interactions with solid boundaries

Modulated flame oscillates in
a breathing mode : anchor
point and flame tip feature a
bulk oscillation.

Flame anchoring point and
flame tip dynamics are
responsible of strong
nonlinearities

Dowling (1999), Birbaud et al. (2009)

L)
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| Kinematic description

Numerical modelling tools
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Combine a kinematic
description of the flame front
with a prescribed perturbation
field

oG
ot
Schuller et al. (2002)

+v-VG = S,|VG]

Nonlinear response
Lieuwen (2005), Preetham et al. (2008)

Turbulent flames

Preetham & Lieuwen (2007),
Hemchandra & Lieuwen (2010)



| Kinematic description

Modelling elements

Flame response is easier to analyze in
a reference frame attached to the flame

front

Interference integral for flame
front perturbations

L > X=X X
£(X,t) = = / V (X’.l - = ) dX' + & (x ~ )
| U Jo U U

Perturbed velocity field Anchoring point
contribution dynamics

Boyer & Quinard (1990), Schuller et al. (2003), Lee & Liewen (2009)



e - | Mixtures composition oscillations

Affect both the local reaction rate and flame surface area

2 & N 2 ; . .
Q= / St AhrdA 2 : < Q,?,_ n Q;.,_ ) (2_.\
7 Q Q Q Q
paeote Three contributions :
A
Lauvergne & * Fluctuations in the flame speed

St Wgolfopoulos (2000) Quasi-steady approach
I 0 2. Fluctuation in the heat of reaction
=

| .
- Use of correlations

Flame speed describes
cycles around steady
conditions for increasing
modulation frequencies Cho & Lieuwen (2005)

3. Fluctuation in flame surface
Kinematic approach



e - | Mixtures composition oscillations

Unsteady Navier-Stokes simulations : Modulated V flame

1.2

1.1

Q/Q

% 100

Mixture composition oscillations are convected

and wrinkle the flame ( velocity unchanged). 0 0002 0004 0.006 0.008 0.0
Temps (s)

Fluctuations in the burning speed, local heat
reaction and flame wrinkling result in large heat Birbaud et al. (2008)
release rate fluctuations (nonlinear)



e - | Coherent structures

Vortex generation at the flame holder unit

Insulating x:m:cn;z.‘ o .I: - 535 HZ
Flame holders ( ""'." .
\;;a — e Poinsot et al. (1987)
N |
Air -:"\ﬁ%
propane | é’} .
Quartr Stamless

window steel

Vortices entrain hot combustion products, collisions with adjacent
vortices induce large flame surface annihilations and a large pressure
pulse.

J D N~—" Langhorne (1988)
Bloxidsge et al. (1988)
4—»‘0
/\

choc plate



| Coherent structures

Acoustic - convective coupling

Inlet screen
7

7K

. u’
l\\\\ \\L(u:m‘\.zxmr : L N * '_M"—— 4> & ' &
— O d j 1

S

AN IR g

— | —]

Variable geometry combustor Yuetal. (1991)

Resonant frequencies selection rule

1 T 3
< —<

Shear layers are very
sensitive to acoustic
perturbations over a
broad range of
frequencies

AN —1 — 77 — 4N —.

3 Crow&Champagne (1971)

N is the mode of oscillation and t, is the time for vortices to be
convected from inlet to exhaust with T, being the feedback time taken for
a pressure disturbance to travel up the inlet system and back.



e - | Coherent structures

Flame vortex interactions with solid boundaries

Vortex synchronized by a
longitudinal mode

Collision with walls induces
rapid burning of the fresh
reactants entrained

Large L: delayed reactants
combustion within large
structure

, Small L: flame wall interaction
Zsak et al. (1991), Sterling et al. (1991)



| Flame vortex interactions

»
('

Pres. Hliet. p

Flame Surface S (ecm™)

() . ' O
0 5 10 15 20 25 W
Time (ms)

@ VF : fo. = 100H:. ¥ = 23ms
Vs =0.6ms~t, $=1.11

Vortices generated in the shear layer are responsible of rapid flame surface
destruction when impacting the flame periphery (strong nonlinearity)

Durox et al. (2005)



e | Swirled Flames

Presence of the swirler must be taken into account

In progress

« Swirl number and swirl number fluctuations
 Mode conversion
 Coherent structures



| Practical burners

Additional difficulties : many competing mechanisms

ro(’)‘ F+O -3 ‘:-'}'ollcx
Flame/ | 0 —> = 1~ Complex geometry
i B — =/~ | F+O ||
| —— . 5 '-’-‘1'") Turbulent flow
\ | / ) “ame
(a) lpl ' . (h) I l| (_i.)' p Complex
swirler \ jv— ~— boundaries
nozzle

L+O Fl llk

Pl alc

( nI “I ”"% H""“ It is important to
( ‘-\, . .
/ i identify the

Equivalence

ratio (ey F4OL ”’, N 2\ ) Prine dominant one(s)
perturbation acoushic .

l’l.mc. Plane vaves In each

acoustic acoustc

waves waves configuration



e | Roadmap

1.
2. Flame dynamics

3.



| Flame Transfer Function

Non premixed systems
Candel (2002), Tyagi (2007), Balasubramanian (2008)

Premixed/partially premixed systems

Flame frequency responsg relating Ql f widAg f dA,
heat release rate fluctuations to - = T A
incoming flow perturbations Qo woAg 410
represented :
H ngwm . . L") / ) .

o Mixture composition oscillations 1 (@ 1) —_— Q 1
o Velocity fluctuations d A, (@1: V1)

Q1 oh 01

( ‘) :Fl(w l() ()() ll) ‘|’E,(w l() ()() ()1)
Q() 2 0%

velocity input mixture input




e - | Flame Transfer Function

Example 1 : Premixed conical flame FTF submitted to incoming
velocity perturbations in a CH4/air mixture

. PAI
systeme . y
o émission filtre ('“.\
laser | |I w

Argon

PN

“lllr l;l\a‘l

brulem

\}.'xi c"“[c'

Ducruix et al. (2000) haut-parlew d acquisition



e - | Flame Transfer Function

Mixture kept at constant equivalence ratio
Modulation level kept constant  ®=0.95, v,=1.20 m/s, v, .=0.19 m/s

3.2 . 0.6 3.2¢ 0.6
k & lﬁc ] 5] \'L 4 .
— & -t 0&% ’ - %f
2.454?- " B :
; h___~ 7 :‘)t‘ .‘.)4 :‘-
- -~ = 4 -
= — = 1L.6F — -—
~ b ¥ ] =
-~ :“ ” 12- "‘) > o
08k t=10Hz N8k f=30Hz '
0.4} 0.4F
0.0 : : - . - (0.0 0.0 v 0.0
0 40 S0 120 160 200 240 0 40 80

t(ms) tims)

The velocity input is harmonic and the flame response (heat release
rate fluctuation) remains also harmonic

Linear response independent of the modulation level (in these two
cases)



e - | Flame Transfer Function

C l | U | : - ;- ,
2 —(w) = Fy(w, l() ®o, lil) l ' . \\‘\. - :
(2() U ” | "";: s.'. o
_ ; < P § 06} s
Fl) — G(“}) ('Xp(l‘*r’) 0 ,1:q)=1_()5, “.
] 1 Vo=1.20 m/s, \ 'y
Gain : Vims=0.19 m/s A
. . . "y VoR e
* relative fluctuation amplitude 0f rs
* G>1 amplification " by
» G<1 attenuation [ Mam
* Low pass filter M
g | -‘,‘."4{
Phase : S W .
e timelag ¥ — WT | s

e convective

* saturation
Schuller et al. (2002), Schuller et al. (2003), Kornilov et al. (2007)



| Flame Transfer Function

The flame response depends on the type of perturbations

and initial flame geometry

,./ﬂ). S -lfx - - - ; B a : _/°J. /J l -
=S \ ™ N7 f- ~ \ V' " i) a : e /4‘\‘/ - : /‘\\'/ & /‘ t" A
s I \ \ . 7 [ | By
- \ , N ) 2 v J | ) r
2 3% V V v = =

- < - S }
£ § & B
= ! ' L 16k | -7
|
- - f' -
il 13 15 ( 4 ) 15 ) 5 (L
Fime (1




e - | Flame Transfer Function

Example 2 :

Premixed “V” flame submitted

to incoming velocity
perturbations in a CH4/air
mixture

Mixture kept at constant
equivalence ratio

Modulation level kept constant

ACE  MF—VF  CCH
o = —_— "
{ \ "\7\ "'3 % { i l
Micro. _PM
~ - - b l |
/ & OH* hilter
‘/
rod |
(MFVF) = 7,
methane --J | methane
Al — = an
> -

loudspeakesr

Durox et al. (2005)



| Flame Transfer Function

The velocity input is harmonic, but the flame response is
nonlinear and depends on the modulation level

40 1.2
ih
|
- - '
e
) 0 R
N e :—-.
g & -
& 20 . Yo
» 1.6} z
. e
y i S Hz 04
08t 0.3
)4t
‘:' |.l
0 20 40 )
tims)

The FTF should be defined using
spectral analysis tools examined
at the forcing frequency :
Principal harmonic analysis

v (mJs)

=¥ |
in
-
R

®=0.8

‘
-
-
]
.
|
i

s 0 W D 5

V1 rms

100 H2

Vy=1.64 m/s,
=0.19 m/s

™ V)

1VA .

FTF =

-
)

Lims)

Xy

XX

Cross power
spectral density

Power spectral
density



| Flame Transfer Function

©)

(O

Ql . (& 1
( ') — }:;(ub v .C)()q lzl)
Qn 0 1
F, = G(w)exp(s
Gain:

* relative fluctuation amplitude

 Large overshoot G>1

« Gain reduces with increasing v

* Low pass filter

Phase :
timelag ¢ = wT

» convective indepedent of

the input level

Gain

Phase Difference (rad)

N
—

N
=

2 =

T rrrr L
—a—v, =0.14 m/s|;
==y, =0.20 m/s|;
. ~&-v;=0.30 m/s|

" —or-vy = 0.38 m/s| 1

unstable 4

/ﬁ‘?ﬂ unstable -

unstable -

100 200 300 400
Freq (Hz)

Durox et al. (2005)



e - | Flame Transfer Function

®=0.8, V=187 m/s
v',=0.15m/s , f= 150 Hz

V

max|

5 15

r (mm)

The flame front motion is controlled by the shear layer dynamics. The
time lag corresponds to the travel time taken by a vortex to impinges the
flame front ( convected at about V. _./2 ). This time lag is barely affected
by the input level.



e - | Flame Transfer Function

Modulation level effect for the same mean flow
operating condition

=0.14 m/s Vrms= 0.38 m/s

Vv

rms

When the perturbation level increases saturation occurs : energy is
transferred to higher harmonics and the gain examined at the forcing
frequency drops.



Gain
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e | Roadmap

1.
2.

3. Linear and nonlinear stability analysis



e - | Linear stability analysis

Example 1: Self-sustained oscillation of a premixed
jet flame impinging on a plate

stable

lllcrmm'nuplc cooled pl.‘alc

M3 /

Jone

_mixture of
g:l\C\

N/~ loudspeaker

Schuller et al. (2002), Durox et al. (2002)




e - | Linear stability analysis

Instability frequency Signals time traces

11H

) ;ﬂ/\[/\ /AJ\ F\/\

1 _
0 20

arb.uanit)

M
«HONWP

- WCH*).

1IN QIe) 1pat

Oscillation frequencies lie around Heat release rate oscillations and
one of the burner acoustic modes velocity fluctuations at the base of
(here Helmholtz mode f) : the flame are nearly in phase
Acoustic-convective interaction opposition

Necessity to have a knowledge of the burner eigenmodes



e - | Linear stability analysis

Burner frequency response

. é g \hntll h‘; ‘I'I\.'lr h.! f
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Helmholtz resonance = bulk oscillation Wy =

VL,



e - | Linear stability analysis

Burner frequency response
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e - | Jump conditions across a flame

How flow perturbations are affected by the flame?

Hypothesis
Low Mach flow M1
Compact 1D flame U)\ i> ((?ha
Composition changes neglected p/pY = exp(s/cy)
Perfect gas k=0
No thermal conductivity v =1
No viscosity
: R
G = G = = 1



e - | Jump conditions across a flame

Transport equations for low Mach flow perturbations

Py reactants r t
.! ””v v flame  products
‘M i B

; )\. . ] [)1 [)1
3 V/q u b
% X vy v;

{ ’.N ‘ (

' {1 gU S’b
9] 51

(M I"‘-'.I‘:'



e - | Jump conditions across a flame

Separation for density fluctuations

o) 1
p=p(p,s) [)—/} = — [@] _ _Po
OP]s=s, €0 s L1 P e,
X)
1 —/) +/>€1 — )1>1—/—%1

l ()’ /)” ()‘-sl
) £ +/’UV vi=UU , l /’(]V \1—“

cH (M Cp I
v )1 =0
0= - = —V['l : P1 .
- l)f ().‘-.'1 o (/l

10



| Jump conditions across a flame
N )s ‘.
/u“ l FpoV - vy =0 (1) —— V. .v= “, :
cp O pocplo
pr=0 (2 p1=0
()51 1 ()51 1
— 3) — | =0
Fo Ot 1() ) & M I
unburnt  flame  burnt
. v — 1
U ' R . iy ()
vy v s ¥
Lo i 1 TPoA
U E | b ? = pt
pi Ut Fl = Vi

————————

Dowling (1995), Candel et al. (1996)
Blackshear (1956)



| Identification methods

Flame transfer matrix FTM

. ] %
0 il f
b DY Ti1 Tyo U Uy
(l)tl») ="z (1)1) where 7 = ! 1“‘| ['““
) 1y F |7y Ty b u
U1 U4 ‘7}1 ]:« /)] :/'l
Flame transfer function FTF
sall
1)117 1 () P K = :r() T |
= 17U
('ll’ 0 1+ KF| \v TU
Q1/Qo

: UL U . (b u o : :
Qo = povg Aocy(Ty — Ty') U ;1/ U (I)I



e - - | Identification methods

In practical systems, pressure and other flow perturbations
are difficult to measure close enough from the reaction
region : non compact

u

1

b
1

b
77" 7;) ‘1

SEeNsSors

SEeNsSors

Additional terms that depend on
the burner geometry and sensor

locations

where 7T = 1,757,

Truffin & Poinsot (2005)



| Identification methods

Politke et al. (2001)

Experimental determination of FTM =t 2002.2004)

4 unknowns 2 independent states are necessary
- - b Ka I R u
/ ’ plu I“ IJ'-) 0 U pln.
e [H10ds Al T T 0 0 [
Tor T Py 0 0 Tu Twf |p}
- - il |0 0 Ty Toa| \w}y
Difficulty

o Perturbation states should be well separated to obtain a well posed
mathematical problem

o Flames are very sensitive to any slight modification
Boundary condition modifications
Perturbations from upstream or downstream



e - | Linear stability analysis

Network of acoustic elements

bumer and flame

area change

hood
P
—
P s |
i,
Plenum

det [\ — M] =0

_——

Keller (1995)

Hubbard & Dowling (1998)
Paschereit et al. (1999)
Poinsot & Veynante (2001)

g

nozzle choked exit

chamber

P2 P3 Py
| F ¢ E
Il:,_ .'13 11‘
Flame u, Combustion Fxit

Find the complex roots of the network and
examine the imaginary component



| Linear stability analysis

Modern developments Nicoud and coworkers (2005,2006, 2007)

Helmholtz acoustic solver LES or experiments

)
7

V- (c2V wipr =0 p
(coVp1) +w’p1 —
—z'wp()'vl + Vpl = () g

=7

— —_—

vy

Real burner geometry
Real operating conditions
Extract FTM

Complex geometry - entire combustor + BC
Mean field computed from RANS or LES
Prediction of combustor 3D eigenmodes

Linear stability analysis of the modes of practical combustors
No interaction between mean flow and acoustics



e - - | Nonlinear stability analysis

Prediction of acoustic coupled combustion instabilities
limit cycles oscillation levels

frequency shifting
triggering Micro.
mode switching omm 22090702
hysteresis ' Q{:": e f‘-‘
1\ ) g, ;.I
Non linear stability analysis
required L

Noiray et al. (2008)




Experimental Setup

Burner sketched

Microphone M; and F]
Photomultiplier ames anchored on

/- the perforated plate
O

Hot wire §| °
probe _Ji

,. g

Resonant cavity u p

([ )

(. Di . N
Equivalence ratio : & = (.86 Diameter D : 70 mm

Volumetric flow rate : m = 5.41073kg s || ° Depth L easily adjustable : from 90

Thermal power : 14.4 kW t0 750 mm :
\_ ) \_° hon-confined reaction layer y




e | Combustion regime

Depending on the burner depth L combustion can be stable
or unstable.




e - - | Flames dynamics

Oscillation cycle (=530 Hz) in a typical unstable
situation
(SPL=110 dB, 40 cm away from the flames)
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o - | Effect of the cavity depth

Depth L (m) Unstable regime : stable oscillatory
0 0.2 04 0.6 0%  equilibrium (nonzero amplitude)
P LT TR table regime :

120 Unstable ‘ _ 35cm Stable .eglme
— % ’ non oscillatory
= | Wad r\/\,\\/\ : _ stable equilibrium
D Micro.
3 100 < —) o
.8 u - -

~ L &

L SO0 é 5/4 1 . r':. :
- ~ : |
< =
8 c‘x'b - ~. \~ 1 T
Q . ~. - .
> | " Son : ® Peak noise and flame
o)) . .
& 400p / 4' 3 /Zm * oscillation frequency
0 0.2 0.4 06 0 8 ~ 7 Burner acoustic modes

Depth L (m) (quarter wave type resonator)



e - | Instability mechanism

Flame transfer function
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e - | Burner acoustics
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e | Flame Transfer Function
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The flame response features a time
lag which is favourable to self-
sustained oscillations



e - - | Combustion noise
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Each of the N flames behaves like an acoustic monopole
located at a distance i from the perforated plate

Acoustic pressure radiated on the perforated plate p’ result from the contribution of
each of the N flames

N N : (E-1)SL
/ _Z / _ZP(E_l)SL d.Aj, }p':—zwap A’
P(®:t) = k:lp (dayks t) = c~ Amdg @l g oo

The coefficient o« features the collective effect encountered :

Computation of the coefficient X :
Collective effect in the

T radiated pressure field

Lool—




| Dispersion relation
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( Burner acoustics \
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e - - | Linear stability analysis

Roots of the dispersion a’ = de~™* where w = w;, + iw;
relation are sought for a wp = 2nf tilfrezluency
single perturbation level for ~ ©% " 8OV A

the FTF
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| Nonlinear flame response
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e - - |Flame Describing Function

w'])

F (wrs [t]) = G (wr, [1/]) e*(<r



Roots of the dispersion relation are

|Nonlinear algorithm
H(wr + tw;) — F (wr, u'])| =0

sought for increasing perturbation
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For each length and for
each mode (1/4,3/4 et 5/4),
this yields a complex
frequency solution of the
dispersion relation as
function of the input level



| Solutions of the dispersion
relation
f 056
Set of solutions for each mode Wy = w-r(|’ll-/\)

and for each length wi = w;([])
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| Growth rates cartography
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Two types of trajectories can be identified

/
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| Linearly unstable mode

Type 1 trajectory in the state-space
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e - | Nonlinearly unstable mode

Type 2 trajectory in the state-space

[L — 20 Cm] Negative growth rate for an infinitesimal
1/4 wave perturbation. Positive growth rate above
mode 1 wav a certain perturbation threshold and then
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Frequency shift during growth of perturbation

| Measurements Modelling
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Good estimation of the limit cycle amplitude as well as the
frequency shift during the phase of growth



e - - | Hysteresis phenomena
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| Hysteresis prediction

(a) Cavity size L
progressively increased
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e - - | Hysteresis prediction

Length is fixed at a position where 2 stable equilibria
coexist

U

The initial equilibrium is perturbed in a sufficiently jerk way in order
to leave the system evolve to the second possible stable state



e - | Hysteresis prediction
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e - - | Mode hopping, triggering
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e | Conclusions
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