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ABSTRACT. We study the pricing of spread options and we obtain a Margrabe type for-
mula for a general bivariate jump diffusion model. Moreover we study the robustness of
the price to model risk, in the sense that we consider two types of bivariate jump diffu-
sions: one allowing for infinite activity small jumps and one not. In the second one an
adequate continuous component describes the small variation of prices. We illustrate our
computations by several examples.

1. INTRODUCTION

Recent considerations in finance have led to an increasing interest in multidimensional
models with jumps taking into account the dependence between components (see for in-
stance Cont and Tankov [9]). In this context one is interested in finding closed form for-
mulas for the value of options written on such models. Eberlein et al. [15, 14] introduced
the so-called duality principle. This principle aims at simplifying valuation problems that
depend on several variables by associating them to the corresponding dual option pricing
problem. Their approach allows in particular, to reduce an option pricing problem involv-
ing two random variables to an option pricing problem involving just one random variable
under a dual measure.

In this paper we focus on spread options. These are options written on the difference of
two underlying assets. As illustration, the holder of such a European call option receives
at maturity T" a payoff given by

max(SW(T) — S(T) — K,0),

where SM(t), S?(t), 0 <t < T are the asset prices and K is the strike.

Specifically, we assume that the price process (SM(t), S (t))o<i<r is a bivariate jump-
diffusion and the strike K = 0. In this case these options are also called exchange options
(see e.g. Margrabe [22]). We derive a Margrabe-type formula for the spread option price
using the approach of Eberlein et al. [15] and specifically, we provide explicit formulas when
the underlying price process is a two-dimensional stochastic volatility model and when the
price process is a two-dimensional exponential Lévy model driven by a bivariate normal
inverse Gaussian (NIG) distributed Lévy process. Both cases are popular models in the
finance and energy literature (see e.g., Barndorff-Nielsen and Shephard [3] and Benth et
al. [4]).
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Moreover, we study the robustness of the option price towards model risk, in the sense
that we consider two types of jump-diffusion models: one allowing for infinite activity small
jumps and one not. In the second case, an adequate continuous component models the
small variations of prices. Our results show that the pricing of spread options is stable to
such model risk.

The Margrabe formula is based on an appropriate change of measure which allows to
move from pricing the spread option written on a bivariate process to pricing a European
option written on a one-dimensional process. In Margrabe [22] spread options are evaluated
assuming that the asset prices are geometric Brownian motions and using a measure change
induced by treating one of the assets as numéraire. See also Carmona and Durrleman [10]
for an overview about spread options in continuous models. In our case, we choose the
price processes to be modeled by bivariate jump-diffusions since such models describe better
some features of prices in financial and commodity markets. See, e.g. Cont and Tankov
[9] and Benth et al. [4], for the use of models with jumps.

The pricing of financial derivatives is set in the non-arbitrage framework and technically
is performed under a risk neutral pricing measure. Under this measure the discounted prices
of the underlying primaries are martingales. However, in the context of energy derivatives,
the underlying may be electricity which cannot be stored. Then the classical non-arbitrage
arguments by hedging cannot be performed. Hence pricing of energy derivatives does not
require that the pricing measure is a risk neutral measure as in classical financial markets
(see e.g. Benth et al. [4] for more details on this). Thus in our computation we first
value the option as the discounted expectation of the terminal payoff under the real-world
measure, then we use the duality measure to derive a Margrabe type formula for the spread
option price. This accommodates the pricing of energy derivatives on electricity. Following
the approach by Eberlein et al. [15], we describe the density between the original and the
dual measure by an Esscher change of measure (see Kallsen and Shiryaev [20]).

On other hand, when pricing derivatives in a financial market, the real-world measure
must first be transformed into a risk neutral measure, and then a second appropriate mea-
sure change is performed to find the Margrabe formula. We recall that a market modeled by
a jump-diffusion process is in general incomplete and there exist many equivalent martin-
gale measures. A specific martingale measure is usually chosen according to some criterion
minimizing the risk associated with (partial) hedging of the derivative. See Schweizer [26]
for an overview about equivalent martingale measures in incomplete markets. In our ex-
amples we choose risk-neutral Esscher measures as they are structure preserving (see e.g.,
Gerber and Shiu [16]) and for consistency with the duality methods for spread options
introduced above.

From the modeling point of view, one can approximate the small jumps of a jump-
diffusion by a continuous martingale appropriately scaled. This was introduced by As-
mussen and Rosinski [1] in the case of Lévy processes. Benth et al. [6, 8] studied con-
vergence results of options written in one-dimensional jump-diffusion models. They also
studied the robustness of the option prices after a change of measure where the measure
depends on the model choice. From a simulation point of view, one may truncate off the
small jumps and use an appropriate compound Poisson process to approximate a Lévy
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process. However, when the Lévy process has infinite variation, it was proved in Cohen
and Rosinski [11] that adding a small-variance Brownian motion to a compound Poisson
process improves the approximation in general.

The main contribution of this paper is to apply the Margrabe formula to prove the
robustness of the spread option prices towards model risk. By approximating the small
jumps by a two-dimensional Brownian motion appropriately scaled, we compute a rate for
the convergence of the approximating spread option price to the underlying option price.
This rate turns out to be proportional to the variance of the small jumps.

The paper is organised as follows: in Section 2 we define our market model and recall
a Margrabe type formula for the spread option written on a bivariate jump-diffusion price
dynamics. Moreover, we present several examples in which we give explicit formulas for
spread option prices. In Section 3 we prove the robustness of the spread option prices and
compute the convergence rate in the case the price process is driven by a bivariate Lévy
process.

2. PRICING OF SPREAD OPTIONS IN A JUMP-DIFFUSION FRAMEWORK

In this section we describe our model for the financial market and introduce necessary
notation. Let R? denote the 2-dimensional Euclidean space. The Euclidean scalar product
between two vectors u, v € R? is denoted by (u, v) or u*v, where .* denotes the transpose of a
given vector. The Euclidean norm is denoted by |u|. Let (€2, F,P) be a complete probability
space equipped with a filtration {F;}icpo,r, (T > 0) satisfying the usual conditions (see
Protter [23]). Consider a process Y = Y(t), 0 < t < T, with left continuous (cag)
trajectories. We denote by P the o-algebra on Q x [0,7T] generated by all cag adapted
processes Y and by M,.(IP) the space of P local martingales M, with M (0) = 0. Heareafter
we follow the notation of Jacod and Shiryaev [18]. We consider a 2-dimensional general
semimartingale H = (H(t), H?(t))*, 0 < ¢t < T, on the given probability space. Every
semimartingale has the canonical representation (see 11.2.34 in Jacod and Shiryaev [18]).

H(t) = H(0) + B(t) + H(¢ // j—v) //z— ),
where

(1) H(0) is finite-valued and Fy-measurable,

(2) h:R? — R?is a truncation function, i.e. a bounded function with compact support
that behaves like h(z) = z in a neighborhood of zero. A canonical choice of h is
h(z) = 21{2/<a} , (for some a > 0),

(3) B=B(t),0<t<T,is an R%valued predictable process of bounded variation,

(4) H® = H(t), 0 < t < T, is the continuous martingale part of H, H® has the
predictable quadratic characteristic (H¢) = C, which is a predictable R?*2-valued
process of bounded variation, whose values are nonnegative symmetric matrices,

(5) v = v(w;dt,dz) is a predictable random measure on [0, 7] x R2. It is the compen-
sator of the random measure of jumps p = p(w;dt,dz) of H.
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The processes B, (', and the measure v are called the triplet of predictable characteris-
tics of the semimartingale H associated to the truncation function A with respect to the
probability measure P and will be denoted by

T(H[P) = (B,C,v).

In addition there exists an increasing predictable process A, predictable processes b, ¢, and
a predictable kernel F' from (Q x [0, 7], P) into (R? B(R?)) such that

t t

B(t) = / b(s)dA(s),  C(t) = / o(s) dA(s)

0((0,4] x E) = //F(s,dz) dA(s), E e B[R

(see Proposition 11.2.9 in Jacod and Shiryaev [18]).

If the characteristics (B, C,v) are absolutely continuous, which means A(t) = t, then the
triplet (b, ¢, F') is called the differential characteristics of the semimartingale H.

Notice that an R%-valued Lévy process L, is a semimartingale with L(0) = 0 which
has a version with differential characteristics (b, ¢, F') that does not depend on (w,t) (see
Prop. 2.3 in Kallsen [19]). That is, T(L|P) = (B, C,v), where

B(w;t) =bt, C(w;t) =ct, v(w,dt,dz)=dtF(dz).

2.1. Description of the model. We choose H = (H(l) H®)* to be of the form
t t

H(t) = H(0) + / b(s)ds + / 2(s / / ) (ds, dz)

0

2.1) // (=) (ds, d2),

where H(0) = (0,0)%, b(t) = b(w;t) € R2, ¢2(t) = 2 (w;t) € R2*% is given by
(22) C% (t) _ (Ull(t) 012(t)) , 0<t< 777

Ulg(t) O'QQ(t)
W = W(), 0 <t <T,is a standard 2-dimensional Brownian motion, and the jump-
measure £ is a compound Poisson process with compensator v([0,¢] x E) =t [, F(dz), for
E € B(R?). The Lévy measure F satisfies [p,(]z[* A 1)F(dz) < co. Notice that the triplet
T(H|P) is absolutely continuous with differential characteristics (b, ¢, F'). We assume for
i=1,2,
T

(2.3) / <|bl(s)| + Z |a,~j(s)|2> ds <oo, P—as.

0
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The latter condition implies that the integrals in (2.1) are well defined.
We consider a price process given by the stochastic exponential of the semimartingale
H (see Shiryaev [27]). That is

S(t) = S(0)E(H),

(2.4) = 5(0) exp {H(t) — %(Hc)t} H (1+AH(s))e 2HE) 0<t<T.

0<s<t

Here (-) denotes the predictable quadratic variation and S(0) € R%. To ensure positive
prices we restrict our attention to semimartingales H for which AH(s) > —1 for all s. In
this case there exists a semimartingale X with X (0) = 0 such that

S(t) = S(0)E(H), = S(0)e*?,  0<t<T.
X is called the logarithmic transform of H and it is explicitly given by

(2.5) X = log £(H) = H — ~(H) + 3" llog (1+ AH(s)) — AH(s)] .

2
0<s<-

The latter may be written in the form
1
X =H— 5 (H + (log(1 +2) — 2) % p,

where g is the random measure of jumps of H and & * i1 denotes the stochastic integral with
respect to u. Later we shall use £ % (1 — ) to denote the stochastic integral with respect
to the compensated random measure 4 —v. From (2.5), one can see that the characteristic

triplet of X is absolutely continuous, that is, T(X|P) = (B, C, ), with

Bt) = /Z(s> ds,  B=b— 5+ (h(log(1 +2)) ~ h(2)) * F

(2.6)  p(dt,dz) =dt F(dz), 1% F=14(log(l1+2))*F, AecBR>\{0}).

The process X can be expressed for i = 1,2 as follows

AXO(0) = {0(t) = 5030+ o) + [ I (1 +2)) = ()] Fdandza) {

on(®) AWD () + o (t) AW (1) + / h(2) (1 — P)(dt,dzy , dz)
(2.7) + / (zi — hi(2)) w* (dt , dzy , dz), 0<t<T,

R2
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X9D(0)=HD(0) =0,

where pX is the jump measure of X. L
The semimartingale X with triplet T(X|P) = (B, C,7) can be associated to the Laplace
cumulant process denoted by K (w) = K (u);, 0 <t < T, defined for u € R? by

-~ 1~
K(u) := (u, B) + §<u, Cu + (e<“’1°g(1+z)> —1—(u,h(log(l+2))) *v.
Moreover, we have that K(u); = f(f k(u)sds, where

~ 1

(28)  w(w) = (w,b) + 5 (m,7u) + / (e®1es2) — 1 — (u, h(log(1 + 2)))) F(dz).
R2

The Laplace cumulant process satisfies the following property

*
euX

E(K (w))
for all u € R?, assuming that £(K(w)) never vanishes (see Cor 11.2.48 in Jacod and
Shiryaev [18]). Moreover, K (u) denotes the logarithmic transform of the cumulant process

K (u), that is £(K (u)) = exp(K (u)).

Note that the cumulant of a Lévy process is continuous and deterministic. We denote it
by K. Hence £(Kp(u)) = eX:™ and never vanishes. In addition, we have for all ¢ € [0, T']
and u € R?

(29) S Mloc(P) )

E[eimL(t))] — oKr(=iw:

2.2. Margrabe formula. In the sequel, we consider a spread option of European type
written on the difference of two underlying assets whose values are driven by the jump-
diffusion (2.4). Eberlein et al. [15] simplify the valuation problem of an option written on
two random variables to a problem involving just one random variable exploiting a change
of measure technique. We state the following result from Eberlein et al. [15] in which the
density between the original and the dual measure is described by an Esscher transform.

Theorem 2.1. Let X be as in (2.5), (2.7), and u,v € R%. Define the measure P, via the
Radon-Nikodym derivative

dP, -
= exp {v"X(T) = K(v)r .
assuming that e XKW ¢ M(P). Then the process X* with X" = u*X, is a one-
dimensional semimartingale with absolutely continuous characteristic triplet (with respect

to a truncation function h) T(X"[P,) = (BY,CY vl) having differential characteristics
given by

b* = u*b + u*cv + (h (u*log(1 + 2)) e 1502 — y*h (log(1 + z))) * F,
cy =u'cu,
(2.10) FYE) = 1g (u*log(1 + 2)) e 1080+2) [ E € B(R\ {0}).
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The spread is defined by the difference of the two underlying asset prices SM(¢) — S®@)(t),
t > 0. Thus, the payout function of a European call spread option with strike K = 0 at
maturity date T' (sometimes called a zero-exercise spread option) is given by

(2.11) max(S(T) — S(T),0) .

This means that the buyer has the right to be paid at the maturity date T" the difference
SU(T) — S@(T) whenever it is positive and zero otherwise. We choose the risk-free
instantaneous interest rate r(t) = r(t,w) to be an Fi-adapted stochastic process. Moreover
we assume that it is Lebesgue integrable on any compact subset of the positive real line.
We denote the value of the spread option by

M(SO(T), S (T)) = E [e % max (SO(T) - $&(T),0)|

In the following, we state a Margrabe type formula for a spread option written on the
process (2.4). The result is taken from Eberlein et al. [15].

Theorem 2.2. Assume that the asset price process evolves as in (2.4). Then we can relate
the value of a spread option and a put option via the following duality

(2.12) M(SD(T), SO(T)) = SV (0)Es5 [ ST (e~ )dsmax(l—S“(T),O)],

where S* := S@ /SW a(s) = bi(s) + [a{z1 — )}F( 2), the measure P =P, , and the
characteristics (BY, C’;j, V') of X" = log (5*S¢ ( )/S®(0)) are given by Theorem 2.1 for
v= (1,0 and u = (—1,1)*.

Applying Theorem 2.1 with v = (1,0)*, we get the density for the dual measure associ-
ated with X as dP/dP = exp {Y(T)}, where

t

Y(t) = —3 / (011(s) + o1a(s)) ds —i—t/ [h1 (In(1 + 2)) — z1] F(dz,dzs)

0 R2
t t

+/011(s) dW(l)(3)+/012(3) dW®@(s)

0

n / [ ) (0 = P)(as ez

(2.13) + //(21 — hi(2)) p*(ds,dz,dz,), 0<t<T.
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Furthermore, the dynamics of X* = X® — X® under the measure P are given by

t t

t) = /{bg(s) —bi(s)}ds — % /(011(8) — 012(3))2 ds + / (o12(8) — 022(5))2 ds

0 0

+t/ {h (log(i i Z)) (14 21) + hy(z) — hg(z)} Pz, dz)

t t

+ / (012(s) — o11(5)) dW~(1)(s) + / (092(s) — 012(8)) dW%Q)(S)

// (u* —v)(ds,dz) + //z— “(ds,dz), 0<t<T,

where W5 is a two-dimensional Brownian motion under the dual measure P and w* is the
jump measure of X,

Remark 2.3. In the calculations above we have applied P as pricing measure, without
assuming that the underlying discounted price process S is a martingale under P. This
means that we are not assuming that P is a risk neutral measure. In this case the Margrabe
type formula (2.12) is suitable for markets in which the underlying is not tradable in the
usual sense. This is the case, for example, of weather or electricity markets. See e.g. Benth
et al. [4] for more details.

In the case we consider a financial market, then we work under a risk neutral measure,
say Q ~ P, and the discounted price process S will be a martingale under Q and thus the
dynamics of S under Q correspond to (2.4) with

t)+ t/{zl — hi(2)} F(dz) = ba(t) +t/{z2 — ho(2)} F(dz2)

(2.14) =r(t), a.s. forallt.

In that case we apply Theorem 2.2 with the dynamics of S written under Q and the price
of the spread option is given by the formula

(2.15) M(SM(T), SEN(T)) = SM(0)Eg [max(1 — $*(T),0)]

where d@ld@ = exp{Y(T')} and the process Y is given by equation (2.13). Note that the
measure Q with respect to the real world measure P can be defined by dQ/dP = dQ/dQ x

dQ/dP as a composition of two measure changes. We develop these arguments further in
Section 2.4 using the Esscher transform and we give an example where the logreturns follow
a normal inverse Gaussian process in Section 2.4.
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2.3. Application: Stochastic volatility model. We price a zero-strike spread option
in case of a two-dimensional stochastic volatility model for the price S. The dynamics of
the volatility are given by a Barndorff-Nielsen and Shephard model (see Barndorff-Nielsen
and Shephard [3]).

To this end, we assume that the price process S = (S, S?) is already given under
a risk neutral measure Q ~ P, see Remark 2.3. Moreover, we assume S = S(0)E(H),
S®(0)=1,1i=1,2, where the differential characteristics of H are given by

[ r(t 1. (o(t) 0 _
b(t)—(r(t)>, c2(t)—( 0 @(t)), F=0, 0<t<T
and H(0) = (0,0)*. The process r is the risk-free instantaneous interest rate and the
volatility is modeled by
(2.16) do?(t) = —No2(t)dt +dLO(t),  ¢2(0)>0,i=1,2, 0<t<T,

where A; and )y are positive constants and L = (LY, L®) is a two-dimensional Lévy
subordinator, that is, a two-dimensional Lévy process which is non decreasing in each of
its coordinates. Note that the marginal Lévy processes L") and L can be dependent. We
suppose that the Lévy process L has no drift and the Lévy measure has density p(z1, 22)
under @, so that the Laplace cumulant functions K@) (0) := K (0); = log E@[egL(z)(l)]
0 € R, whenever they exist, take the form

Kpi(0) = /(eezi — 1D)p(z1, 22) dzy dzy i=1,2.

Y

#
Notice that S = e¥, where
t . t
XO(t) = /(7’(3) - 501-2(3)) ds + /Ji(s) AW (s), 0<t<T.
0 0

We assume for simplicity that W1 and W are independent. Note that a subordinator has
paths of finite variation since it is monotone increasing. It therefore has to be independent
of W and W® | which are processes with paths of infinite variation.

The solution of (2.16) is given by

t

ol(t) = e Ma2(0) + /e_’\"(t_s) dL9(s), i=1,2, 0<t<T.

7

0

We denote the integrated variance over the time period [0, 7] by ¢;2(T) := fOT o?(t)dt. A
simple computation shows that

2

T
(2.17)  H(T) = o2(0)(1 — e M)A\ + /(1 — e NI ALO (), i=1,2.
0
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The risk neutral valuation of the spread option price is given by

M(S®T), SP(T) = Eq [ &7 max (50(7) — $@/(T), 0)]

In the context of Theorem 2.1, we define the measure @ by

(2.18) % L= exp{Y(t)}, 0<t<T,
where
1 t t
Y(t)== [ o%(s)ds — [ a1(s)dWD(s).
2

Notice that the processes L) and L® remain Lévy processes under the new measure @
In fact Eg [e20LM)] = Eg[e®L®)]. To explain, we have

t t

. . 1
E@[elw’L(”)] =Eg |0 exp 5/0%(3) ds—/al(s) dw ™ (s)

0 0

Denote by Fk% the o-algebra generated by L up to time 7. Therefore conditioning on Fk,
we get

t t

. . 1
]E@[e’lw’L(t»} = Eg |Eg |eXF®) exp 5/0%(5) ds—/al(s) dw® (s) |.7:%
0 0
— Eg[et®H0)],
In particular the Laplace cumulant function is preserved: log Egle!® ")) = K. (f). We

obtain the following Proposition for the price of the spread option.

Proposition 2.4. Let f(z) = max ((1 —e”),0). Denote by . the Fourier transform of a
giwen function h. Then for R < 0, the price of the spread option written on S is given by

M(S™(T), SP(T))

= % / f(le — u) exp {_U%<O)gl(u7 0) — 05(0)g2(w, O)}

X exp /{Kun (91(w,8)) + Kpe (g2(w, 8)) bds | du,

where gi(w, ) == —1(iu— R)(2u— R+ 1)(1 — e MT=NAT! go(w s) := —L(2u— R)(tu—
1

R+1)(1—e TN\ and K ), Ky are the Laplace cumulant functions of LW, L),
resp.
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Before stating the proof of this Proposition, let us recall a general result on pricing
options by the Fourier transform: suppose the payoff at time T of an option can be
expressed by functions f and ¢ such that

(2.19) FY (D)) = g(e",0<t <T),

where ¢ is the option’s payoff function (a call, say) and S(t) = e¥'® = S(0)eX® 0 <t < T,
is the price process of the underlying asset of the option. Then the following result holds
(see Eberlein et al. [13] for this Theorem and its proof):

Theorem 2.5. Let Y be a jump-diffusion in R and L} .(R) denotes the space of bounded
continuous functions in L*(R). Let f be as in (2.19). Assume that for some R € R we
have

(1) e f(z) € Ly (R),

-~

(2) ur E[elfi—m Y(T)] (LR —u) € L'(R),

Then we have

2
R

BIF(Y(T))] = 5= [ B = ™)F(aR ~ u)du.

Proof of Proposition 2.4. From Theorem 2.2 and Remark 2.3, the risk neutral formula for
the spread option price is given by

M(SU(T), S®N(T)) = Eg [max(1 — $*(T),0)] .

Here Q is defined in (2.18) and S* = exp(X*), where

t t

/ s) + a2(s)) ds — / o1(s) AWL(s) + / 03(s) AW (s).

0 0

l\')l»—t

Notice that the option price takes the form M(SW(T), S®(T)) = Eglf(X*(T)], where
f(z) = max(1l — ¢”,0). Eberlein et al. [13] show that for R < 0, condition (1) holds true
and f(]‘lR — ) € L*(R), for this particular choice of f. Thus to show (2), it is enough to
check that Egle#)X*(M)] is bounded in u by a constant. We have

[Eg[e(R—X"D]| < FgleRX"T)

To check that the latter is finite is similar to analogous computations that we will perform
below, so we do not detail the argument here. Thus, applying Theorem 2.5, we get for
R <0,

~

M(S(T), ST) = 5= [ Bofel™ =X D5k — ) du

R
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Therefore to compute the spread option price, we need to compute Eg [e(R=2X*(T)] - To
this end we see that
T

]E@[e(R—iu)XU(T)] =Eg |exp{ (R — 1w —% /(0‘%(3) +02(s))ds — /01(3) de)(S)

+ /0'2(8) de)(s)

Conditioning on F%, and recalling the expressions of ¢}2(T) and o32(T) in (2.17), we get

E@ [e(Rfiu)X“(T)]

~ B o { = RNGT) + 032 }

xEg exp q (lu— R) /01(3) de)(s) - /02(3) de)(s)

Thus we have

]E@ [e(R—:ELu)X“ (T)]

= exp {%(m— R)(iu— R+ 1)o7 (0)(1 — e M)A

L. : 2 AT y—1
+§(1M—R)(1M—R+1)0'2(0)(1—e A2y \2 }
<Eg e ? [ 9)dWs) + [ galm)dL(s

Using an extension of the key formula in Eberlein and Raible [12], it holds that
E@[G(R_ju)XU(T)] = exp {_J%(O)gl ('El.l, 0) - O'S(O)gg (111, 0)}

X €Xp /{KL(I)(QI(Ma s)) + Kpe (92(w,5))} ds

and the result follows. O

Next we consider a spread option written on an asset price dynamics defined by an
exponential bivariate Lévy process.
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2.4. Application: Exponential Lévy processes and Esscher transforms. We sup-
pose that the risk-free rate of return is given by a positive constant, that is r(t) =r > 0,
for all 0 <t <T'. We consider a price process

(2.20) S(t) = S(0)e!®  0<t<T,

where S(0) = (1,1) and L is a bivariate Lévy process with differential characteristics
(b,c, F'). We define a probability Py by means of the Esscher transform of a parameter
0 € R? as follows (see Gerber and Shiu [16])

(2.21) 0 exp{0 L(T) ~ K2 (0)r)

where K () is the cumulant function of the Lévy process L. We first apply an Esscher
transform with parameter ¢ such that the corresponding measure Py is risk neutral for the
price dynamics (see Gerber and Shiu [16]) and the spread option price M(S™M(T), S&)(T))
can be written as an expectation under Py. Afterwards, we apply the Margrabe formula as
in Theorem 2.2 and Remark 2.3 and we write M(S®"(T), S®(T)) as an expectation under
the dual measure Py. Furthermore, we explore the relations between the real world measure
P, the risk neutral measure Py and the dual measure Py in terms of Esscher transforms. In
fact, the dual measure can be specified with respect to P directly through a single Esscher
transform with parameter # + 1;, where 1; denotes the first unit vector as we see in the
computations below.
Suppose there exists a constant ¢ > 0 such that

(2.22) /e<m’z> F(dz) < o0, for all |z| <ec.

R2
This condition ensures finite exponential moments for L(1) up to order ¢. Thus the Radon-
Nikodym derivative in (2.21) is well defined. We define the parameter 6 such that, for

i = 1,2, the discounted price process e 'S (¢) is a martingale. We denote by E4 the
expectation under the new measure Py. Hence

S@0)=1=Ey [e‘”s(") ()],
which is equivalent to
(2.23)
e = Byle”" "] = Ep [exp{ L7 (t) + 0* L(t) — K1(0),}] = exp (Kp(Li +0), — KL(0),),

where 1; denotes the ith unit vector. The existence and uniqueness of the parameter 6
which verifies (2.23) is proved in Gerber and Shiu [17]. By the risk neutral valuation rule,
the price of the spread option is then given by

M(SUN(T), SP(T)) = e "By [SW(T) max (1 — S*(T),0)] .
Let v = 1;. We define
P
(2.24) @ _ exp{v*L(T) — K7 (v)r},
dP,
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where K% (v)7 = log Egle?"L™)]. Using (2.23), we deduce dPy/dPy = exp{—rT + LO(T)}.
Furthermore, we get
APy dPy dPg
dP  dPy dP
= exp{—rT + LY(T)} exp{0* L(T) — K1(0)r}
= exp {(11 + 8)*L(T) — KL(ll + H)T}
. d]P)9+11
dp -

Thus ]?’9 corresponds to the measure Py, 4, defined through an Esscher transform with
respect to the real world measure P. Then applying Theorem 2.2 and Remark 2.3, it
follows

(2.25) M(SM(T), SP(T)) = Egya, [max(1 — $(T),0)] ,

where S* = el | L% := w*L, and u = (—1,1)*. The differential characteristics of L* under
the new measure Py 1, are given by (b§,,,,¢c,1,, F4'1,), where (see Theorem 2.1)

b1, = w'b+uc(0+ 1;) + (h(u*z)e(aﬂl)*z —u*h(z)) * F,
Cop1, = U'cu,
(2.26) Fploy (B) = 1p(ut2)e™) =« F EeBR\{0}).

Now we consider an example in which we apply the Esscher transform approach pre-
sented above for the evaluation of spread options.

Ezxample: Normal inverse Gaussian Lévy process. Given the parameters of the distri-
bution of a normal inverse Gaussian (NIG) Lévy process under the real world measure P,
one can derive parameters under a risk neutral measure Py using the Esscher transform
as in Benth and Henriksen [5]. The bivariate NIG distribution has parameters a > 0,
BeER? uecR?§>0, and A € R**2, where A is a positive definite matrix with de-
terminant 1 (see Barndorff-Nielsen [2] and Rydberg [24] for more about bivariate NIG
distributions). Let L be a Lévy process such that L(1) ~ NIG(«, 3, it,0,A) under P. In
this case L(t) ~ NIG(a, B,tu, to, A), for all t > 0. The density function of L(1) takes the
form

) «a
2.27 2)=— | ——= ] exp(p(2))Ks(agq(z)),
(2.27) ) = 5 (=5 ) (o) aal)
where K 3 is the modified Bessel function of second kind of order % and

p(2) =0V a? = BFAB + (2 — p),
q(2) = VO + (2 — p)* ALz — p).

The parameters have the following interpretation: « corresponds to the tail heaviness of
the marginals and ¢ is the scaling of the distribution. The centring is described by p and

N|w
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[ controls the skewness. The dependency structure between the marginals is modelled by
A. We define ¢ (s) := Kp(—1s); = logE[e*5F(M)] s € R?, to be the exponent of the
characteristic function of L(1). Then vy, is given by

(2.28) =6v/a2 — AL — 6y/a? — (B + 15)*A(B + 1s) + 1s*u.

The price dynamics for the stocks are given by SW(¢) = exp{LM(¢)} and S?(t) =
exp{L®(t)}, i = 1,2. Define a probability measure Py ~ P, for # € R? through the
Esscher transform as in (2.21). Calculating the characteristic function, it follows that
under Py,

L(1) ~ NIG(a,8+0,11,5,A).
We choose the parameter 6 such that we have risk neutral dynamics. In this case the

discounted price process is a Py martingale, where discounting is done using the risk-free
interest rate > 0. Hence from (2.23), we have

The latter condition is equivalent to the following system of equations,

+1+40
T:M1—5\/QQ—[ﬁ1+1+917ﬁ2+92]A|:51 524'9;]

+5\/a2_[g1+91,ﬁ2+92m { g;j:g; }

B+ 6
o 2 _
= s 5\/a [51+91,52+1+92]A{52+1+92]

+5\/0‘2_[51+91,52+92]A[g;iz;] :

We define the measure Py, ;, = P, as in (2.24). Notice that dPy,4,/dPy = o THLIT) T4
follows that under Py, q,

(L(l)(l)a L(Z)(l)) ~ NIG(CK, ﬂ9+117 , (57 A) 5

where (g1, = 3+60+1,. We are interested in the characteristics of S* = exp{L?® — L1}
under the measure Py, q,. We observe that

1s(L(3) (1)—L (1)
qﬁi‘&%l—un (8) = 1nIE@-i—h[e ==L (1))] = @Z}(e]j_(})l’L(z))(_S,S))

where ¢ (s, 55) is given by (2.28) with skewness (541,. Thus we have

(2.29) weg}l Lo (5) = /@ — B = 5\/a2 — (B + 1) + 857,

where § = 6,/z;, &% = =(a® = B4, ABoya, +32), By = 5=, =2 — 1, 21 = utAu,
2o = W APpr1, + 69+11Au, and u = (—1,1)*. Hence wﬁg}iun(s) is the exponent of a
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characteristic function of a NIG-distribution with parameters a, 3y, i, 6. We conclude that
L® — LW is a NIG Lévy process under Psyq, and one can compute the price of the
European spread option by means of Fourier transform. We can follow the same approach
as in Proposition 2.4, however, with a different characteristic function for (L™, L(?)).

3. ROBUSTNESS OF SPREAD OPTIONS

In this section we consider two models to describe the dynamics of the price process. The
first model is a jump-diffusion dynamics, where the driving Lévy process may be of infinite
activity. In the second model we replace the small jumps by a continuous martingale
which is chosen such that the variance is preserved with respect to the original model. The
second model can be viewed as an approximation of the first one. The aim is to study the
robustness of spread option prices towards the model choice of jumps. We refer to Benth
et al. [6] Section 3.2 for a discussion on the relationship between the Brownian motion
in the price dynamics and the Brownian motion of the approximating dynamics from the
point of view of an efficient computation of option prices.

3.1. Robustness of a bivariate Lévy process. We first consider a pure-jump bivariate
Lévy process (LW, L®?) with differential characteristics (0,0, F'). From now on we choose
the truncation function h(z) = z1y.j<13. We assume that the Lévy measure satisfies

/sz(dzl,d22)<oo, i=1,2.
R2

We define F.(d2) = 1{.j51 F(d2) and F.(dz2) = 1{,j< F(dz). We can write (L1, L®?)) as
the sum of the two following Lévy processes

LO() ) L) L)
3.1 = Le + 2 , 0<t<T,
&y (2o ) = (i )+ 2oy
where (LQ, LQ), (Léls), L(22€)) have the differential characteristics (0,0, £.), (0,0, F.), resp.
We allow the processes L") and L® to be dependent. Thus the processes L§1§ and LQ are

dependent. The same holds true for Lglg and L@ We denote the characteristic function

of a bivariate Lévy process L by
D (z) = Efe=EO)] vz eR? 0<t<T.
It is easy to see that the characteristic function of the process (L), L®?)) is given by

(32 Puwmrom@nr) = Rum e e @) w6 e (T 72),

from which we conclude that the couples (Lgls), LQ) and (Léls), ngg) are independent. The

: : : 1 @y .
variance-covariance matrix of (L; ., Ly]) is given by

(3.3) Y(e) = / (21, 22) (21, 20)* Fo(dzy, d2n) = <Z28 Z;zg)
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We approximate the Lévy process L by a two-dimensional Lévy process (Lél), LEQ)) with
differential characteristics (0, ¢(¢), F.) . We choose ¢(¢) = %2 (¢) . The approximating Lévy
process is thus given by

g oy, (1
(3.4) < 252)8 ) = c(¢) ( %(2)23 ) + ( Lg)g ) , 0<t<T,

£

where W and W® are two independent standard Brownian motions.

In Asmussen and Rosinski [1] it is shown that the jumps smaller than ¢ of a one-
dimensional Lévy process behave (asymptotically) very similar in distribution to a Brow-
nian motion scaled with the standard deviation of the small jumps. Cohen and Rosinski
[11] extended this result to a multidimensional setting. Kohatsu-Higa and Tankov [21]
showed that for many Lévy processes, replacing the small jumps by a scaled Brownian
motion, gives better convergence rates for the related option prices compared with simply
truncating the small jumps in the approximation. This provides a rationale for our choice
of the matrix c(¢). Indeed our aim is to keep unchanged the variance-covariance matrix of

(L(l) L(Z))
l,er ~1l,e/"
We first show that the coefficients of the matrix ¢(e) vanish when e goes to 0. We have

s (R )R-

Since WM and W® are two independent Brownian motions, (3.5) is equivalent to

e (0 o (S0) - e

and we get the following set of equations for the coefficients ¢; (), c2(e), and c3(¢)
ci(e) +c3(e) = aii(e),
c1(e)ea(e) + ca(e)es(e) = o12(e)
(3.6) c5(€) + c3(e) = a3y(e) -

We know that o (g), 03,(¢), and 02, (g) vanish when & goes to 0. Therefore c(g), cz(e),
and c3(e) converge to 0 when & goes to 0. We use this fact to prove the following result.

Proposition 3.1. Let the process L, L. be as defined in (3.1), (3.4), resp. Then, for every
0<t<T,

lim(L(1), LE () = (LD(8), L2(1), P —a.s.
In fact, the limit above also holds in L*(Q), F,P) with

LY®)] < (e1(e) + eae) + on(e)) Vi,
LA®)] < (ea(e) +e3(e) +o(e)) VE,  0<t<T

E [ILO(1)
(3.7) E[|L2 ()

m KPMG Center of Excellence
in Risk Management



19

Proof. The P-a.s. convergence follows directly from the proof of the Lévy-Kintchine formula
(See Theorem 19.2 in Sato [25]). Concerning the L'-convergence, we argue as follows.
Applying the triangle and Cauchy-Schwarz inequalities, we get

E[ILM@®) - LO@)|] =E |cl(e)W( J(t) + (e / / 21 (p—v)(ds, dz1, dz)|

0 |z|<e

<a(E (WO D] + ca(e)E [W2(D)]]

+E ‘// w—rv)(ds le,dZQ)‘

0 |zI<e

gq@mﬂwm&»ﬂ%+q@EUWQ@Mﬂ

1
t 2
+E ‘/ / zl(n—y)(ds,dzl,dzg)‘2

RCREES
< (e1(e) + ea(e) + on(e)) V.

We can prove (3.7) in the same manner and the result follows. O

NI

3.2. Robustness of the price process. Recall the expression of H in (2.1). We ap-
proximate H by a process H. which has differential characteristics under P given by
(b,c+ X(¢), F.), where X(¢) is as in (3.3) and F.(dz) = F(dz)1{>e. That is

t

HJ@:/E@ms+j£a)nw) b// v.) (ds, dz)

0 R2
(3.8) //z— ) e (ds,dz), 0<t<T,

where I is a two-dimensional standard Brownian motion independent of W, u. is a Poisson
random measure with compensator v.([0,t] x E) =t [, F.(dz), E € B(R?). We consider
the approximating price process

(3.9) Se(t) = S(0)6(He)r,  0<t<T.
We know that it exists a semimartingale X, such that
(3.10) S.(t)=S(0)eX® 0<t<T.

The differential characteristics of X, are given by

b = b= g(c+ 5(e) + (h(log(1 + 2)) — (=) « It

m KPMG Center of Excellence
in Risk Management



20
c.=c+X(e),
(3.11) 14 Fo =14(log(1+2))« F., Ae B(R>\{0}).

We state the following lemma which shows the boundedness of S and S.. The proof is
similar to the proof of Lemma 3.2 in Benth et al. [6].

Lemma 3.2. Let S, S. be as in (2.4), (3.9), resp. Then we have
ISO@IE ISPz <C(T), ¥V 0<t<T, i=1.2,
where C(T') is a positive constant depending on T and independent of .

In the following proposition we prove the convergence of S% o SO in L?(2) with rate
o2(e),i=1,2.

Proposition 3.3. Assume

(3.12) sup |bi(s)| < Cy, sup |oj(s)| < Cy 4,j=1,2, P—a.s.,
0<s<T 0<s<T

where Cy and Cy are positive constants. Let S, S. be the solutions of (2.4), (3.9), resp.
Then we have, for every 0 <t <T < o0

1SW (@) = SO @3 < AT)ot (e),
ISP () = SP (D)3 < A2(T)o3,(e)

and A1 (T') and Ay(T') are positive constants depending on T and independent of €.

Proof. We prove the result for the process SM. The proof for S@ follows the same lines.
From Protter [23], Chapter II, we know that we can write S®) and SM as follows
t

SW(t) = 5(0) + / SW(s—)dHW(s),

SW(t) = 5M(0 /Sl —)dHWD(s), 0<t<T.

Hence,

5(1)( t) — 5(1)(75)

/{S(l) — SW(5)} by(s)ds — cy(e) /Sél)(s)dw(l)(s) —co(e) / S (5)dW @ (s)
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MW (s—) = S (s=)Yhy(2) (e — v)(ds, dz
w [ A8 s) = S0 a(a) o - v)(ds 02

0 |z|>e

/ / {SM(s-) = SD(s—)} (21 — ha(2))u(ds, dz)

// (= v)(ds, dz)

|z|<e

We denote 02, (00 fR 2F(dz1,dz;). Applying Holder’s inequality and the It6 isometry
we get

IS (@) = SO @)]3

<TE /{SW SO(s) Bl ds | + {6 + ENE | [(50(s))ds

t

TR / (51(s) = SU(5))? (4 (5) + ) ds | + h (O | [ (S0(s)Pds

T (207 (00) + 0%y (00))E / {5M(s) — 5D (s)}2ds

From (3.12) we know it exists a positive constant C' such that

t

IS0 — SO < € / I59(s) = S )[3ds + () + o)) [ IS IEds

0
‘1“‘711 /HS ||2d5

Observing that c?(g) + c3(g) = 07, () (see (3.6)) and applying Lemma 3.2 and Gronwall’s
inequality, the result follows. (|

3.3. Robustness of the Margrabe formula: jump-diffusion. We suppose that we
work under a martingale measure Q and that the dynamics of the price process S, S, are
given under Q by (2.4), (3.9), resp. We assume S(0) = (1,1)*. Thus the parameters of S
verify (2.14) and the value of the spread option written in S is given by (2.15). Let X,

be as in (3.10). Denote by K. the cumulant process of X.. Define the measure Q, ., for
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v € R?, via the Radon-Nikodym derivative
dQ...
dQ

where I?E(v) denotes the logarithmic transform of the cumulant process K.(v). Applying
Theorem 2.2 and Remark (2.3), the value of the spread option written in S, is given by

(3.13) M(SI(T), SPU(T)) = Eg,_ [max(1 — SX(T),0)] ,

= exp{v*Xs(T) - I?E(U)T)} )

where Q. = @v,aa for v = (1,0)*, S* := S@(0)eX: /S (0), X* = uX,, and u = (—1,1)*.

From Theorem 2.1, the differential characteristics (b, ¢, ., v, ) of X2 are given by

bye = Wb, + u*(c+ B(e))v
(1 (" Tog(1 + 2)) & 96+, (log(1 + 2)) * F
(3.14) Cye = u (c+X(e))u,

Fj‘a(E) =1p (u*log(l+ 2)) eVt los1+2) y o E € B(R\ {0}).

We present the following technical lemma which is used in the forthcoming convergence
result for spread option prices.

Lemma 3.4. Let X, X, be as in (2.5), (3.10), resp. Assume
(3.15) Eg, [elFIX2 0] , Eg, [/ FIX 0] < 00
Then fort € [0,T] and u, R € R, we have
Eg [e®=X0] <C(T,R),  Eg " =X"0] <CO(T,R),

where C(T, R) and C(T, R) are positive constants depending on T and R.

Proof. From the characteristics of X* in (3.14), we deduce

(R-2)X2(0)]

)

g [

IN

Eg, ("]

< exp {m/ [h(log(i i Z))u +21) o+ I(2) = ho(2)] Fa(dar, d2)

R2
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t

/ 71(5) = ra(5)ds + [ (a(s) = ral) AW (s)

0

l\DI»—

0
t
+ / 092(8) — o12(8))2dW 2)(5)
0
< exp {2T|R||R— 1|

TR [+ ) ()" = 1) + ) = a2

1 Ty F(le ,dZQ)}

t t

Ejexpq R /(52(5) — bi(s))ds — %/(011(3) — 012(s))?ds

_ %/(011(3) - 012(3))2(13 + /(022(3) — 012(8))2dW(1)(8)

+ /(022(8) — 015(5))2dW 3 (s) :
0
and the result follows for X! since the latter expectation is finite. Moreover, the statement
follows for X* by observmg that [Eg [eF X" O] | < g [|eX"0)]]. O
We conclude now with the following convergence result.
Proposition 3.5. Let S, S., be as in (2.4), (3.9), resp. Assume (3.15) holds. Then

Jim M(S((T), S&(T)) = M(S"(T), 5@(T)).

Proof. We first write the Margarbe formula in terms of Fourier techniques as in Theorem
2.5. Let f(z) = max(1l —e”,0). We know that for R < 0, condition (1) of Theorem 2.5
holds true and f(iR — -) € LY(R) (see Eberlein et al. [13]). Moreover from Lemma 3.4,
we know that Eg [eli=m)X(T)] is bounded uniformly in m by a constant. Thus we have,

for R<0
1 -~ - u
(3.16) M(SI(T), SP(T)) = > / f(R — tn)Eg [ XM du.

Applying Lemma 3.4 again we know that Eg_ [e(fi=m)XX(T)] is hbounded uniformly in €. Next,

applying the dominated convergence theorem we can take the limit inside the integral in
(3.16) to obtain

lim M(S!(T), S¢ =3 /f — au)Eg [eF3X M)y,
m

e—0
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Hence, the result follows easily from Lemma 3.4.

U

The convergence in Prop. 3.5 can be quantified with a rate in terms of ¢, which is
reported in the next proposition:

Proposition 3.6. Let S, S, be as in (2.4), (3.9), resp. Assume (3.15) holds for R = 2.
Then
IM(SIN(T), SP(T)) = M(SU(T), SP(T))| < C(T)E(e)

where C(T) is a positive constant depending on T and

£(e) = ali(e) + a(€) + |ona(e)| + |ea(e)] + [ea(e)] + [es(e)]
-+ ‘ / {log(i i ZQ)(l + Zl) + 21— 22} F(dz)‘

21
|z|<e
1 + 29 2
+ / {log(1+zl)(1+zl)} F(dz).
|2|<e

Proof. Recall the function f(z) = max(1 —e”*,0). Note that we can write
Eg [f(XA(T))] = Eglf(X*(T)] = E[f(XX(T)) = F(X*(T))],

where the characteristics of X*, X are given under Q, Q. by (2.10), (3.14), resp. The
function f(x) is not differentiable in 0. However since the expectation is null in a negligible
set, we can apply the mean value theorem to f(z) and we know there exists a random
variable Z.(t) € Lxu(),xu@) , i-e. the line connecting X*(t), X*(¢), such that

[Bg, [F(XA(T))] - Bglf(X*(T))]
< E[e?MXHT) - X*(T)]]
< E[X#MRE[| XX(T) - X“(T)")> .

Applying Lemma 3.4, we know that E[e??<(T)] < C(T). Moreover writing X*(T) and
XX(T) explicitly in terms of their characteristics, we get

|[Eg, [f(X(T))] - E~[f(X“(T))]]
H B Jll e) - 3032(5) +012(2)) — (e1(e) — ea(e))WH(T)

— (e3(g) — ea(e))W(T // 2(pt —v*)(ds, dz)

0 |zl<e

LT / { 1og(1 i Z)a o) 4 (2 — 22)}F(dz))2]

[N

|z|<e
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<c@)(|-3oh) - §a§2<e> +01(0)] + ler(€) — () BT (T[]

+ les(e) — ea(e) [B[[WE(T) )2 +E ‘/ / z(p* —v*)(ds,dz) }
|2]<e
+‘ / lo (1+zl)+21—22}F(d2)D

|z|<e

< C(T) (Ufl(é) +05a(€) + lona(e)] + Jea(e)| + lea(e)] + les(e)]

+ ‘ / {log(1 +ZQ)(1 +21) + 21 — 22}F(dz)‘

1+Zl

|2|<e

+ / {log(i i Z)u + zl)}2F(dz))

|z|<e

and the result follows. O

Notice that a Taylor series expansion around (0,0) of z — log( 1+Z2) shows that

log(i i zi)(l +21) + 21 — 22 & Cy (071(€) + 055(€) + 012(€))
{logG 200}~ Ca (0h6) + oh0) + 0ule)

Thus £(2) ~ C (03, (¢) + 03,(2) + o1s(e) + e1(2)] + ea(e)| + [es(2)]), where €y, C, and €
are positive constants.

So far we have considered the approximation of a general price process after having per-
formed a measure change. That is we approximated the jump-diffusion dynamics specified
under the martingale measure and then studied the robustness of the Margrabe formula.
In the following subsection we consider a more specific price processes, namely a two-
dimensional exponential Lévy process. For this model, we approximate the small jumps
under the real world measure before defining the martingale measure for the approzimating
process through an Esscher transform. For this we can apply the duality measure to com-
pute the Margrabe formula, which is then used to prove the rate of convergence. We refer
to Benth et al. [8] for robustness studies of options under different martingale measures in
the univariate case.

3.4. Robustness of the Margrabe formula: geometric Lévy process. Let S be as
n (2.20). We approximate L by a Lévy process L. that has differential characteristics
(b,c+3X(¢e), FL), where X(e) is given by (3.3) and F.(dz) = F(dz)1y.j>-}. We consider the
price process

(3.17) S.(t)y=el®O  0<t<T.

m KPMG Center of Excellence
in Risk Management



26

For simplicity, we omit L in the notation of the cumulant function of the Lévy process.
Thus we denote K = K and K. = K7_. Let 6° € R?, for 0 < € < 1 be such that

(3.18) e = exp (K.(1; +6°); — K.(0°);), 0<t<T,

where r is the risk-free rate of return. Benth et al. [8] proved the existence and uniqueness
of the parameter #° when L. is a one-dimensional Lévy process. With similar computations
one can prove the existence and uniqueness of the parameter 6° in our case. We define a
new measure Py, 1, as follows

dPpe 1,

dPP

Applying Theorem 2.2 and Remark 2.3, we get the price of the spread option written on
S, as follows

(3.20) M(SI(T), SP(T)) = Ege g1, [max(1 — SX(T),0)]

(3.19) = exp {(11 + 6°) L(T) — K.(1; + 6°)1} .

where S* = els | L% := u*L., and u = (—1,1)*. The differential characteristics of L* under
the new measure P-4, are given by (by. 4, (€), cge 1, (€), Fgt 1), where (see Theorem 2.1)

p-11,(6) = wb+u(c+X(e))(0° + 11) + (h(u*z)e(eaﬂl)*z — u*h(z)) x F |
(3.21) Cheyq, (€) = u(c+ X(e))u,
Ftog (B) = 1p(ur2)e ™) =« || E € B(R\ {0}).

Before we prove the robustness of the Margrabe formula, we need the following lemma in
which we prove the convergence of the Esscher parameter 6. to # when ¢ goes to 0. Notice
that the same type of result was proved in a paper by Benth et al. [8] in the case of a
one-dimensional Lévy process. We present the proof for the sake of completeness.

Lemma 3.7. Let 0, 6° be as in (2.23), (3.18), resp. Then |65|, i = 1,2 is bounded uniformly
in e € (0,1). Moreover, we have

(3.22) 07 — 0i < Co(o1,(e) +owa(e)l),  i=1,2,

where Cy is a positive constant depending on 6 and 0;;(€), i,j = 1,2, are the components
of the matriz ¥(e) defined in (3.3).

Proof. We introduce the function G.(x), z € R as follows
Ge(z) = 07,(e)x + 012(€)02 + (07; + 01a)x + (011012 + T12022)09
+ /exz1+92z2(ez1 —1—= hl(Z))FE<d2) + /hl(z)(exz1+92z2 _ 1)F5(d2).
R2 R2

By the dominated convergence theorem, we deduce that G.(z) is differentiable and the
derivative is given by

GL(z) = 0?,(e) + (03, + 02y) + /zlemwm (e —1)F.(dz) > 0.

]RQ
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It follows that G.(z) is a strictly increasing function. Thus the inverse G- !(z) exists and
its derivative is given by (GZ'(z)) = 1/G.(x). From (2.23) and (3.18), we deduce that 6
and 6. verify the following two equations

) 1 1
G(05) =7 —b1 — 5“%1(5) - 5(051 +01,)
1 1
G.(0h) =7r—b — 50%1(5) - 5(0%1 + 013) 4+ 011(€)01 + 012(€) b2
_ / 691z1+92zz (ez1 — 1= Zl)F(dZ) _ / Zl<691zl+92zz _ 1>F(dZ> .
|z|<e |z|<e

Hence

1 1
61— 65] = |G (7 = b1 = 50%(0) = 5(0% + 0h) + 01 ()01 + 012(e)0

2
B / 012140222 (ez1 ] Zl)F(dZ) _ / zl(e01z1+0222 — 1)F(d2>>
|2]<e |z|<e
— G-t r—b—12 Lo !
5 1 2‘711(5) 2(“11"‘“12) :

Let 011 > 0 or 013 > 0. In this case (GZ'(x)) < 1/(0% + 0%,). Then applying the mean
value theorem to the function GZ!(z), we get
0, — 0] < —— oh€)(6: + Ly | oa(e)0
1 1= 0%1 + 0_%2 11 1 2 12 2

+ / (@ a1 _ (g 4 1)} (d2)

|z|<e

_ / (D510 _ 1 _ 50} F(d2)

|z|<e

Applying the mean value theorem to the function 6, — 1179222 _ 1 _ 2,0, we know there
exists a; € Ly, p+1 such that

1
0 — 051 < (10061 + 31+ @l + [ Jaller= ~ 1|F(22))

|2|<e

0%y + oty
Let U be an open set in R2. Suppose a; and y are two points of U such that U contains
the line segment from (0,0) to (aj,6s). Applying the mean value theorem to the function

(ay,B) — emr51H0222 1 we know there exists @, ap such that

5 1 1
61 = 051 < ——— (1 ()11 + 51+ lona(0)] 6]
o11 12
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b [ ket a6+ 1] + ] 0)F(02)
|2|<e
< C0) (o11(e) + lona(e)])
which proves the result for #; in the case 017 > 0 or 15 > 0. In the case 011 = 012 = 0, we
derive the result using the fact that (GZ'(2))' <1/ [, zeh1#1t0222 (et 1) F(dz). Similar
computations lead to the result for 5. O

In the following proposition we show that the drift of the Lévy process L! converges to
the drift of the Lévy process L™.

Proposition 3.8. Let by, , by () be as defined in (2.26), (3.21), resp. Then we have
1b6e 11, (€) = Dgyq, | < Co(011(e) + aa(e) + |on2(2)])

where Cy is a positive constant depending on 6 and 0;;(€), i,j = 1,2, are the components

of the matriz ¥(e) defined in (3.3).
Proof. First, define
Fy(dz) == e@rtatlezpidy) - Fp(dz) = ettt p(qz) |

where 0,6° are as in (2.23), (3.18), resp. Let U be an open set in R?. Suppose that 6° + 1,
and 6 + 1; are two points of U such that U contains the line segment L from 6° + 1; to
6 4+ 1,. Then applying the mean value theorem to the function 6 — e +1)=1+0222 e haye

|e(91+1)21+9222 - e(@1+1)z1+9222| S e(a1+1)z1+a222 (|Zl||9i _ 91' + |22||9§ _ 92|) ,
where (a1,ay) € L. Applying Lemma 3.7, we get
(3.23) |[Fpe (dz) — Fp(dz)| < el FDare (1] 4 |5]) Cy(o7,(e) + |o1a(e) ) F(dz) ,

where Cy is a positive constant depending on 6.

Now, let U’ be another open set in R?. Suppose that 6 + 1, and (—1,0)* are two points
of U’ such that U’ contains the line segment L’ from (—1,0)* to # 4+ 1;. Then applying the
mean value theorem to the function @ — e +=a1+0222 e get

(3.24) jelfrttzttem | < eldHDataa (|2,110) + 2| + [2||62) .

where (a},ay) € L.
To prove the statement of the proposition, we compute

’bge+11(5) - g+11’
< (11 — 012)2 + (011012 — 012092) ([0 — 04
+ (011 — 012)2 + (011012 — 012022) |05 — 02

+ [011(e) = 012()][05 — 01| + [035(2) — 012(2)]|65 — 65|
+ ] / {h(zy — 2)ePT 0250522 4 by () — Ry (2)}Fu(dz)
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- /{h(zz — 2)e DR (hy(2) + ha(2))}F(dz)

< Co(o1y(e) + lon2(e)]) + / A2y — 20)el® D502 — (hy(2) + hu(2))|F(dz)
|z|<e
+ / |h(z2 — 21)|| Fp: (dz) — Fy(dz)|,
|z|>e
where in the latter we used Lemma 3.7. Observing that h(zs — 22) = (22 — 22)1{jzp—z|<1}

and {|zo — 29| <1} N{|z| < e} ={]z] < ¢} and applying (3.23) and (3.24), we get

’b9€+11( ) g“rll’
< Cy(o11(e) + loa(e)]) + Ci / (|22 + |2 [*)el D+ F(dz)
|z|<e

+ Co(0%1(e) + lonz(e)) /(122!2+|21!2)1{|ZQ21s1}e(“1+1)Z1+“mF(dZ)>

|z|>e
where Cy and Cy are two positive constants depending on §. Moreover, since (af, a}) € L',
then el@1tDatarze < oCollziltlz2l) < 2% for |2| < e. Finally a Taylor series expansion of

z +» elatDzita2z2 around the point (0, 0), shows that the function (|zp|?+ |2 |?)elaTDztazz
is integrable in R? with respect to F(dz). Hence

106 1, (€) — bgy1, |
< Cy(ot1(g) + |ona(e )|)+Ce(0 21(8) + 055(e))

+69(011 +|012 /|Zg| —F‘Zl’ 1{|22 Zl‘<1}e(a1+1)21+a222F(d2’)
R

and we proved the statement. Il

In the following proposition we show the robustness of the Margrabe formula and we
compute a convergence rate.

Proposition 3.9. Let S, S. be as in (2.20), (3.17), resp. Then it holds that
SA(T)) = M(SD(T), S(T)) .

r e

E@()M(SSMT)
Moreover
IM(SM(T), SP(T)) — M(S(T), S®(T))| < C(0, T)é(e)

where £(g) = 02,(€) + 035(€) + |o12()| + |e1(e)| + |ca(e)] + |e3(e)| and C(0,T) is a positive
constant depending on 6 and T.
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Proof. We follow the same steps as in the proof of Prop. 3.6. We apply the mean value
theorem to f(z) = max(1 — e”,0). Hence we know there exists a random variable L.(t) €
Livy,ru@ ie., the line connecting LY(t) and L"(t) such that

[Eg, [f (LU(T)] — Eglf(LY(T))]]
< E[e*r=D)zE[| L(T) — L“(T)|].
From the differential characteristics of L*, L¥ in (2.26), (3.21), resp., we get
[Eg, [F(LY(T))] - Eglf(L“(D))]|
1, 1,
< OO b2, () = b, | + (1 = 505(6) = 500() + 002(2)])
+leie > — (&) [E[[WD(T) ]2 + |es(e) — ea(e) [E[[WE(T)])2

+IE ‘// Uy (ds, dz) T},

|z|<e
where pj is the jump measure of L*. Hence from Prop. 3.8, we get
|Eg, [f (L (T))] — Eglf (L(T))]]
< 0(97T)<011( ) + 05(€) + loua(e)| + ler ()] + lea(e)] + [es(e)]

+| /T / (2 = 20)el B F(d)|)

Applying the mean value theorem, we can show that

[ [ = et st < Gutohi(e) + o (0)

and the result follows. O

Ezample: Normal inverse Gaussian Lévy process. We consider the case where (L"), L(2))
follows a bivariate normal inverse Gaussian Lévy process as in Subsect. 2.4. For this case
we investigate the behavior of 0% (¢) and o3,(¢), the entries of the variance-covariance
matrix (3.3) of the small jumps. Using Proposition 8.9 in Sato [25] we know that the Lévy
density of L(1) is given by

nlw

6) = - (e ) e (32K (aVFET)

Using the fact that for z — 0, IC%(Z) ~zT

g(z) ~ (FA712) 722,

3
2, we deduce
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It follows
0%1(5)7032(5) ~eln(e) +¢,
0-%2(5) ~ 6a

giving the speed of convergence in terms of the truncation level e. With L’Hopital’s rule
it is easy to see that eln(e) vanishes when € goes to 0.

4. CONCLUSION

In this paper we considered spread options written on a two-dimensional jump-diffusion
model. We applied the duality principle introduced by Eberlein et al. [14, 15] to express
the spread option price in terms of the price of a put option under the dual measure. We
applied this approach to derive an explicit formula for the value of a spread option in
the case of a bivariate geometric Brownian motion with stochastic volatility following the
Barndorff-Nielsen and Shephard model. In addition, we also considered a two-dimensional
geometric Lévy process for the dynamics of the price process. We first applied the Esscher
transform to derive a risk neutral measure. Then, we applied the duality principle to derive
the Margrabe formula.

As for the study of robustness, we approximated the small jumps in the Lévy process
by a two-dimensional Brownian motion scaled with the variance-covariance matrix of the
small jumps. We first considered the approximation under the martingale measure and we
proved the robustness of the Margrabe formula. Next, in the specific case of a geometric
Lévy process, we considered the approximation under the real world measure. In this
situation the Esscher transform as well as the duality measure become dependent on the
approximation. For this choice of dynamics, we proved the robustness of the Margarbe
formula and we computed the convergence rates.
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