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Abstract—From first principles, we show that two non-isotropic
radiators with a specific and uniquely determined far-field pattern
can be modeled consistently as two uncoupled isotropic radiators,
provided one is willing to accept a non-linear distortion of the
geometry. This shows that the, per se, non-physical model of un-
coupled isotrops can have physical meaning in correctly describ-
ing the behavior of special non-isotropic radiators. The necessary
distortion of geometry and its consequences are discussed.

1. INTRODUCTION

A model of a system of at least two radiators must take into
account the self- and mutual coupling of and between all radi-
ators, in order to be consistent with physical law [1]. Therefore,
considering two isotropic radiators as being uncoupled does
not correctly model the behavior of two real isotropic radia-
tors. Yet, such a model may still describe correctly the behav-
ior of a different system: namely two non-isotropic radiators
cascaded with a lossless linear matching four-port. It turns out
that this is indeed possible, provided the far-field pattern of
the non-isotropic radiators is chosen properly. However, one
has to accept a certain discrepancy between the distances and
angles within the model of the uncoupled isotrops on the one
hand, and the real system of the non-isotropic and, of course,
coupled radiators, on the other.

It might be noted that the model of uncoupled isotrops is
widespread in signal processing and information theory (see,
e.g., [2]). Yet, that this model does not describe isotropic radia-
tors at all, but rather two non-isotropic radiators with distorted
geometry appears to have been overlooked. In the following,
we first summarize our key results before deriving them.

II. MAIN RESULTS

Consider two non-isotropic radiators in free space as shown
in Figure 1. The radiated power Py,4, and received power Prec
in a point P well in the far-field in direction 6 are given by:

" a(0) - 40) ek |
(1)
Herein the superscripts T and /' denote the transposition and
the complex conjugated transposition, respectively. Moreover,
ia=[ia1 iaa]" is the vector of complex excitation current
envelopes, and a(0) the array steering vector, while d denotes
the separation between the two non-isotropic antennas, and
|g(0)]? is their beam-pattern, which we assume depends on
0 only. As usual, k = 27/A denotes the wavenumber, with A
being the wavelength. The real and symmetric matrix A is a
result of the mutual antenna coupling, and depends on the
beam-pattern |g(0)|* and the distance d. Let us now assume

Prag ~ iNAiy, Prec ~ |ixa()
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Figure 1: Array of two non-isotropic radiators with lossless
decoupling 4-port, and point P in far-field.

that two ports of a loss-less linear decoupling four-port are
connected to the antennas excitation ports. By treating the
remaining two ports as the excitation ports of a virtual array
with complex excitation current envelopes 7; and i, we can
show that (1) can be written equivalently as:

10/ 1
» a (6 ) = |:e—jkd’c059’:|’ (2)

where i = [i; i,]". Note that (2) describes two uncoupled and
isotropic radiators, which are placed a distance d’ apart, and
where the direction angle to the point P in the far-field is 6/,
for which holds the following non-linear relationship:

, 1 e—jkdcosG _(
COSG = Warg(l_(e_m) 5

where ( is only zero when d is an integer multiple of half the
wavelength, and otherwise is the non-zero root of

tan 1+(2 E + —(+1 anE

1-02 2 (-1 2

in the interval (-1,1). Because 6’ must be real-valued, it fol-
lows from (3) that d’ cannot be allowed to be too small:

d > tA/[2m,

JH. . 2
Poag ~ i, Prec ~ |1Ta'(9')

(3)

(4)

(5)

is necessary for 0’ to be real-valued for all real 6. Since 7 > 2.33,
it follows that, in no circumstance, the distance d’ may drop
below 0.371. In other words, if d’ < 0.37), there is no far-field
pattern |g(0)|* to make (2) equivalent with (1). Thus, the right
far-field pattern |g(0)|* either does not exist (when d’ is too
small), or otherwise, as it turns out, is uniquely given by:

1- (2 1- (2
|g( 6) |2 = 2 2 °
1+ {21+ {%-2{cos (kdcosB)
In summary, two radiators with far-field patterns given by (6)

can be modeled as two uncoupled isotrops provided one obeys
the non-linear relationship (3) of geometric angles.

where 2arctan(7) =7, and 7>0,

(6)
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III. MuTtUuAL ANTENNA COUPLING

When there flows an electric current with complex envelope
ia at the excitation port of a thin wire antenna, it excites, in
a point P well in the far-field, an electric field strength which
is proportional to |iA~g(9,(/>)e*jk’/r| (see e.g., [3], page 135)
where r is the distance of P to the antenna (assumed large
compared to the wavelength and the size of the antenna) and
£(6, ¢) is an antenna-dependent function of the elevation and
azimuthal angles at which the antenna sees the point P. The
constant j is the imaginary unit, i.e. j> = -1 In the following
we assume for simplicity, that g(60, ¢) = g(8), so that there is
only dependence on one angle (6). When two such antennas
are placed in the same orientation a distance d apart, and ex-
cited with possibly different currents of complex envelopes i ;
and i ,, the resulting electric field is a superposition of the
two individual fields. In the point P, the electric field strength
& is proportional to |ix1g(0)e ¥ [r+ix,g(8)e ¥ [¢'|, where
r and 7’ are the respective distances of P to the first and sec-
ond antenna. Thus,

. 18(9)]

r

. 7)

iA,l + iA,

oo ’_
s L ek
r

When 0 is defined as in Figure 1, then 1" ~ r + d cos 8. Thus,
for r > d there is r/r' ~ 1, and (7) turns into

£ =8O Jiy v ipae | < afifa@)/r ®

where we have introduced the antenna-specific constant factor
a, and the antenna excitation current vector ij = [i Al D A,Z]T,
while the array steering vector a(6) was already defined in (1).
Because the power density (power per unit area) in the far-
field is proportional to the square of the electric field strength
it holds for the power P,,q which is radiated by the antenna:
(9)

Pg ~ f £2dA.

closed surface
around array
in far-field
It is easiest to integrate over the surface of a sphere which
contains both antennas and which radius is large enough such
that its surface is well in the far-field. From (8) and (9) we
thus obtain

Prag ~ irAiy, where A :/ a(0)a™(0)sin(0)d6, (10)
0

where * denotes complex conjugation. Clearly, A = A", so that
Pyaq is real-valued, as it must be. Thus, one can also write
Prag ~ inA¥iy, or
allal,
Prad :RlA [a 1]1A)

R>0, (11)

with a properly chosen, real-valued and positive factor R > 0
of proportionality. By substituting the definition of a(6) from
(1) into (10), it follows with the help of (11) that the mutual
coupling coefficient, a, depends on the beam-pattern, |g(0)|*,

of the two individual antennas, as well as on their distance, d:

f |g(0)|* cos (kd cos 0) sin(0)d6

a= p (12)
J 1g(0)[?sin(0)do
0
Note that a is real-valued, and furthermore
-1<a<l, (13)

such that P,,q > 0 for every excitation vector i, is granted.

IV. VIRTUAL ARRAY OF UNCOUPLED ISOTROPS

Now let us assume we connect the two ports of the antenna
array to two ports of a loss-less linear 4-port, which is de-
signed such that its other two ports then become electrically
decoupled and look like resistances of value R > 0. This setup
is shown in Figure 1. If we call i = [i) i,]T the vector of the
port currents of these two decoupled ports, then the power
entering the 4-port through these two ports is given by:

Py = R|it| + R|iof* = Ri"i. (14)

Since the 4-port is loss-less, this power must leave through the
other 2 ports and flow into the antenna array. Assuming the
antennas have no heat-loss either, the power P;, is radiated:

(15)

1
Prag = Pin = Riti = Rii[aﬂi‘*'

This is a nice property, because the radiated power is propor-
tional to the squared Euclidean norm of i, for every distance
d of the antennas, and every beam pattern |g(6)[*. Because
the 4-port is linear, the relationship between i and i, is linear:

ir = Ti, (16)
where T e C**% Substituting (16) into (15), it follows that
. -1/2
a
T = [a 1] Q  where QQ"=Q"Q=L.  (17)

Recalling (8), the electric field strength in a point in the far-
field was given by € = a|ija(0)|/r. Now it would be nice, if
the same electric field strength could be expressed by

E=ali'a’(0")|/r, where a'(6") =y [ejkdl,mer], (18)

where y is a suitably chosen constant. Notice that the vector
a’ is the steering vector of an array of two isotropic radiators
which are spaced a distance d’ apart (which my be different
from d). Moreover, the angle between the axis of this array of
isotrops and the radius vector to a point P in space is called
0’, which may be different from 6. Therefore, it is proper to
say that the decoupling 4-port presents us with a virtual array
of isotrops, that may require a distorted geometry in the sense
that the angle 6’ may be substantially different from the angle
0 which we use for the real array of non-isotropic antennas in
Figure 1. Because of the action of the loss-less decoupling 4-
port, the two isotrops of this virtual array act as if uncoupled,
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independent of the value of the virtual distance d’, or even the
real distance d. In summary, we can say that the decoupling
network provides a virtual array which is mathematically ex-
actly described as an array of two uncoupled isotrops. In the
following we will see that this requires a special relationship
between the angles 6’ and 6, as well as a very specific beam-
pattern |g(6)|* of the real individual antennas.

V. THE BEAMPATTERN

Comparing (8) and (18), we see that iy a(0) = i'a’(6") must
hold (up to a unimodular factor, which one can absorb into
y in (18)). With the help of (16) it therefore follows that

1 _ 1
|:ejkdc059:|g(6) = yT ! |:ejkd'c050':|‘ (19)
To simplify the notation, let us define:
¢=-kdcos®, u=-kd'cos®’, ¢,ucR. (20)
Then, (19) is re-written as:
1. A B 1
o [epl[ 4] e
N —
yT™"

where we have written the matrix yT~" in terms of its four
components (A, B, C, and D), and where

(p) :g(arccos (— (p/(kd))). (22)

By dividing the second line of (21) by its first line, we see that:

C + Del*
—— | =1 VpeR.
A+ Belr He (23)
This must hold for every real-valued p. Let us write
C+De# C 1+nel
B T4 1 AT where #=D/C, &=B/A. (24)
In order that (23) can hold true, we must have
1+ nelt
T+ e |~ K =const, VuceR,
which can be written alternatively as:
L+ |l + 2[n| cos(u + angle(r7)) =
(25)

K? (1 +]&* +2|&| cos (u + angle(f))),

Since the cosine terms on each side of the equality must cancel,
we must have angle(#) = angle(&), and |5| = K*|€|. Substitut-
ing these relationships into (25), we find that

VueR.

K* = K*(1+ 7)) + |n* = 0, (26)

must hold. This is a quadratic equation in K which yields the
two solutions: K7 =1, and K2 = |5]% Recalling || = K*|£|, and
angle(#) = angle(£), there are, thus, two possible relationships
between # and &, such that (25) holds true: either # =&, or
n =1/&* The first solution means that B/A = D/C. However,
this implies that the two rows of T~ " are linearly dependent.

Thus, yT~" cannot be inverted and the electric current trans-
formation matrix T is incomputable. Therefore, the only feasi-
ble solution is given by 5 =1/&* Using this in (24) we find:

C+Del#  C &+l
—— = —. (27)
A+ Belt Al 1+ &ei
As |EF +eH|/|L + EeI#| = 1, for all y, (23) requires:
Del# , * 4 el
mié:eja~£ +e‘ , where aeR, £€cC. (28)
A+ Belt 1+ &Eelu
From this follows that
T _ 1 ¢
yT _A[E*ej“ ej“]’ where AeC (29)
is an arbitrary complex constant. Now let use define:
=8 (30)

Because |{| = ||, the Gramian of (29) computes to

YPTTT = [AF (14 F) [2(* ey O '5'2)].

(31)
On the other hand, from (17), we obtain
2T 2| 1@
Wt [L5] (52)
By comparing (31) with (32), it follows that
CeR, PRE-AP (140, a- . Gy)
1+ (2

The last equation for a is going to play a key role later, because
it relates the logical parameter { with the physical parameter
a (the mutual coupling coefficient). From (29), (30) and (33),
the electric current transformation matrix T follows as:

1+ 1 =¢e®
=g [-¢ e
Note from (34) that the matrix T does not depend on the pa-

rameter A from (29). Therefore, we may set it to a convenient
value. It will become clear later that

A= ! (35)

Vie g

is a reasonable choice. With (33) this implies that

T =e ], where  o,f,(ecR. (34)

lyl =1 (36)

With (29), (30) and (35), we can re-write (21) as:

L. 1 1¢ 1
[ej¢]g(¢) = \/T—(Z [( 1] |:ej(”+"‘):|’ where «, (e R.
(37)
When we divide the second line of (37) by its first line, we

obtain: e? = ({ +e/(#*®)) /(1 + {e/#+%)). Thus,

el(ura) _ >
1- ei?

(38)
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Figure 2: Numerical solution of (42).
The first line of (37) therefore becomes:
) 1 -0
g(?’) - m 1- (ejq)' (39)
Recalling (20) and (22), it follows from (39):
- 1-
|g(0)|2 (40)

T1+8 1+ -2{cos (kdcos )

This is the desired beam pattern of each of the real individual
antennas. It depends, besides on kd, on the logical parameter
(. It has the property that it does not change when ( is replaced
by 1/{. This property will come in handy later and is a conse-
quence of our choosing the value of A according to (35). Now
let us substitute (40) into (12) and carry out the integrations.

e, (120K m
20 4larctan (% tan %) .

Note that (41) does not depend on the specific choice of A
that we have made in (35). This is because A only enters as
a scaling factor into the beam-pattern |g(6)|*, and therefore
cancels out in (12). The result (41) is therefore independent of
our particular choice of A in (35). Now (41) is not the only
equation we have for a. In (33) we have already obtained an-
other one. By equating the right hand side of the right-most
equation in (33) with the right hand side of (41), we find the
key equation for obtaining the possible values for (:

1+ kd (+1 kd
tan C— =
- 2

+ a an > 0.
Because tan(-x) = —tan(x), it is true that replacing { by 1/{
in (42) leaves the equation unchanged. Consequently, if ( is a
solution of (42), then so is also 1/{. Because the beam-pattern
(40) is also not changed by replacing ¢ with 1/{, both solu-
tions for { are equivalent! Without loss of generality, we may
therefore restrict the range of { to:

(42)

-1<{<1. (43)

A trivial solution is { = 0. However, from (33) we see that this
implies that the mutual coupling coeflicient a = 0. In general,
however, the mutual coupling coefficient is not going to be

2.0 FES djr =1/4
1.87 d/A=1/3 d/A=5/4
L6 d/x=1/2 '

Beam-pattern, |g(6)|*
S

d/A = 3/‘4

%20 40 60 80 100 120 140

Elevation angle 6 in degrees.

160 180

Figure 3: Beam-pattern of the real antennas.

zero, so that we need to look for another solution of (42) in
these cases. Fortunately, there exists another solution but it
appears to refuse analytical treatment, except in certain special
cases. For example, if kd = /4, one finds that { =1/\/2, ex-
actly. In general though, one must resort to numerical compu-
tation, the result of which is displayed in Figure 2 as a function
of the electrical distance d/A between the two real antennas
(recall k = 27/ with A being the wavelength). Note that { = 0
only happens when d is an integer multiple of half the wave-
length, or in the limit as d/A — oo. As the electrical distance
between the real antennas approaches zero, the value of { ap-
proaches unity from below. For small values of kd, one can
find the asymptotic solution by guessing from Figure 2 that

{—>1-kd/r, as kd—0, (44)

with a suitably chosen parameter 7 which one finds by substi-
tuting 1 - kd/7 for { in (42) and taking the limit kd — 0:

tan(7/2) — 7= 0. (45)

Despite appearance, it is difficult to solve for 7. Numerically,

(46)

Figure 3 shows the beam-patterns |g(60)|* which result from
using the solutions { from Figure 2 for different distances d in
(40). For d being an integer multiple of half the wavelength,
the pattern is isotropic. A narrower spacing than half the wave-
length makes the beam-pattern peak in the front-fire direction
(6 =90°). For larger spacing than 1/2, the beam-pattern have
got several peaks.

The directivity D of the beam-pattern is defined as the ratio
of the maximum value of |g(6)|* and its average value over
the unit sphere:

T = 2.33112237041442261366. . ..

max lg(0)

D= — : - (47)
= [ S8 (0)[2sin(0)d6dg

With { being a solution of (42) it can be shown that
D =max [g(6)[.

(48)

This shows once more that our choice of A in (35) is conve-
nient because it scales the beam-pattern just in the right way
to show the directivity in its maximum value.
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Figure 4: The minimum allowable separation d]; /A of the
two virtual isotrops. In no circumstance can d’ be allowed to
be smaller than 0.371A.

VI. DiSTORTED GEOMETRY
Now that we know the beam-pattern of the real antennas, let
us come back to the question of the relationship between the
elevation angle 6 of the real array, and the virtual elevation
angle 0 that we must use in (18) such that it yields the same
result as (8). We can find this relationship immediately when
we substitute (20) into (38) and solve for 0’

. a ) e—jkd cosf _ (
6" = arccos (W + k_d’ln (W > (49)

where « € [-7, ]. Note that:

—jkd cos O _ —jkd cos 0 _
jln ei'( = —angle ei'{ € [-m, n].
1- (e—]kd cos 6 1- (e—]kd cos 6
(50)
Because " must be real-valued for all 0 < 6 < 7, the argument

of the arccos function cannot be allowed to go beyond unity
in magnitude. Hence,

. —jkdcost _
o + max jln (f_(e,,ﬁ)
T <1, (51)
and also
o —jkdcos§ _
o+ min jln (W)
T > -1 (52)

For each angle 6 there is another angle 8, for which the co-
sine function returns a value of the same magnitude but of
opposite sign. From (50) it is clear that changing the sign of
the cosine function results in a complex conjugation (for {
is real-valued) and thus in a change of the sign of the angle.
Therefore,

) e—jkdcos@_( o e—jkdcosS_(
meaxﬂn — | = —mgm;ln — .

1— (ejkdcost 1— (eikdcost
(53)
Using this result in (52) leads with the help of (51) to
) ' eikdcosd _ ¢
kd 2|oc|+m0axﬂn(1_&_m). (54)

o

—
©
(=]

g 1600 77T % """""""" T
! — o 1 1
ED Lol A0’ = 6.16 R
2. g 120f A0 =19.25° SR
< — 1 1
5§D 100p-----f-nmmmmmmnaa- ( R
T §0Fccmcofocmmmee : o
g %D 80 1 1 1 1
S 60 o REE.
g 40f L A0 =107 D
5} L — — -
s 20 po A0 =10° |
%20 40 60 80 100 120 140 160 180

Physical array’s elevation angle, 6 in degrees

Figure 5: The relationship between the elevation angles per-
ceived by the physical array and the virtual array for d = 1/8
and d’ =31/8.

While the separation d’ of the virtual isotrops is a logical pa-
rameter that can be set rather freely and independently from
the separation d of the physical antennas, we see from (54)
that there is a minimum allowable separation of the virtual
isotrops. In order to have this minimum allowable separation
as small as possible, one should choose

a =0, (55)
resulting in ekdcoss _ ¢
/ .
kd 2m§1xﬂn(l_(e_m), (56)
and . ] efjkd cos 0 _(
0 :arccos(ﬁln(l_(e_m)). (57)

Now it turns out that for kd > 7, the maximum in (56) is 7,
such that then kd’ > 7. In the case kd < m, the maximum is
less than 7 and it occurs at 6 = 0. In total, we find:

d>d., (58)
where ik _ ¢
In| ——= for kd < m,
7 1- (e*Jkd
min — (59)

=l ==

for kd > .

The value of { which must be used depends on kd and can be
taken from Figure 2. Figure 4 shows the resulting minimum
allowable separation d/;./A of the virtual isotrops as a func-
tion of the separation d/A of the physical antennas. As long
as the physical antennas are spaced at least half a wavelength
apart, the virtual isotrops’ separation can be anything larger
than or equal to half a wavelength. However, as the physical
array becomes smaller than half a wavelength, we see that d] ;,
begins to drop monotonically approaching a finite value as
d/A — 0. This value is obtained by using (44) in (59) and then
taking the limit kd — 0:

ek 1+ kd/t
1= (1= kd/r)e ¥

lim jln (60)

1
= m—2arctan— = 1.
kd—0 T
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The last equality follows with the help of (45) and the fact that
1/tan(x) = tan(7/2 — x). Therefore, we obtain

lim d’ .
kd*)O min

= ZA~0371). (61)
2n
In any circumstance, the size d' of the virtual array of isotrops
must stay above about 0.371A, while the true physical array may
become arbitrarily small. Note that if one decides to make the
virtual array of isotrops nevertheless smaller than 0.371A, then
some of the angles & which the physical array sees would have
no real representation for the virtual array, because some real-
valued 6 would be mapped by (57) to imaginary-valued 6"
Figure 5 shows an example of the angle transformation (57)
which is obtained from setting d = /8, and d’ = 31/8. Note
that the angles 6 € {0,90°180°} are mapped onto themselves.
Yet, two lines which make an angle of A0 = 10°around 0 = 90°
from the physical array’s point of view, will make an almost
twice as large angle of A6’ ~ 19° from the viewpoint of the vir-
tual array of isotrops. This follows from the higher than unity
slope of 0’ with respect to 6 around 6 =90° as is apparent
in Figure 5. On the other hand, if the physical array sees the
same angle spread of A6 =10° centered around 6 =160° the
virtual array of isotrops will now see a much smaller angle
spread of about A8’ ~ 6.2° which is centered around 6’ ~ 168°.
This means that the virtual array of isotrops faces a distorted
geometrical situation compared to the real physical array. Both
the angle spreads and the center angles are substantially dif-
ferent for the physical and the virtual array.

VII. SUMMARY AND DISCUSSION

We have started with an array of two physical non-isotropic
antennas which are separated by a distance d and each have a
very specific beam-pattern given in (40), and which we repeat
for convenience:

1-¢* 1-¢?

2 _ .
8(0)]" = 1+¢% 1+ (2 -2{cos(kdcosf)

The factor ( also depends on d and has to be chosen according
to Figure 2. Examples of the resulting beam-patterns are dis-
played in Figure 3. Due to their spatial proximity the antennas
experience electromagnetic mutual coupling. This leads to the
fact that the radiated power is computed according to (11) as

allal.
Prad:Rlﬁ[a 1:|1A’

where the mutual coupling coefficient, a, depends both on the
separation d and the beam-pattern |g(6)|* of the antennas,
and is given explicitly in (12). The electric field strength £ in
a point in the far-field and the received power is given by (8):

(62)

R>0,

2
>

£ = 0c|i£a(9)|/r, Prec ~ |i£a(9)

(63)

where the last equation assumes that the received power is
proportional to the square of the electric field strength, as it
usually is in the far-field. The array steering vector a(6) is
defined in (1) as

a(6) = 40)| ks |

Now the antenna excitation ports are decoupled by means of
a loss-less linear decoupling 4-port. Calling i the excitation
current vector at the decoupled ports, the radiated power is

now given by (15) as

Proq = Ri"i. (64)

Moreover, the electric field strength and received power can
be given equivalently to (63) as

2
>

E=u |iTa,(0,)| /7’, Prec ~ |iTa,(6,)

(65)

where the new steering vector is given from (18) and (36) as:

1
al(el) = [ejkd'cos 0 ] .

The equations (64), (65) and (66) describe a virtual array of
two uncoupled isotropic radiators separated by the distance d’.
However, in order that (65) is indeed identical with (63) one
must accept a non-linear distortion of the geometry between
the physical and the virtual array according to (57):

: e—jkd cosf _
0" = arccos (ﬁln (W)) .
The factor { is the same as the one used in the beam-pattern
(62) and must be taken according to Figure 2. The effect of ge-
ometric distortion is visualized in Figure 5. One consequence
of this unavoidable distortion of geometry is that in every cir-
cumstance, the distance d' of the virtual array of uncoupled

isotrops must be chosen larger than or at least equal to a well-
defined lower limit:

(66)

d'> ) ~ 03711, (67)
2n

We remark that this constraint on the separation of the vir-
tual isotrops opens up a path to a novel explanation of the
mutual coupling effects on multi-antenna system performance.
Recently, it was shown that the presence of mutual coupling
in compact antenna arrays can lead to surprisingly good multi-
streaming capabilities [4], [5], high diversity [6] and a large
region of achievable rates in a Gaussian multiple access sce-
nario [7], despite the close proximity of the antennas inside
the arrays. Using the just developed model of a virtual array of
uncoupled isotrops, it is easy to understand these results quali-
tatively. At first, one does not have to worry about mutual cou-
pling, for the virtual array’s isotrops are uncoupled. However,
because of (67) we see that the aperture d’ of our virtual array
must be quite substantial even though the real physical array
which it models might be arbitrarily compact. The relatively
large size d’ > 0.3711 of the virtual array makes it understand-
able that multi-streaming, diversity and multi-user operations
may well be carried out perfectly despite the compact antenna
spacing of the real physical system which is being modeled. In
other words, the developed model of a virtual array of uncou-
pled isotrops provides a novel geometrical interpretation of the
effect of mutual antenna coupling by representing the latter by
constraints on the virtual antenna separation and by a certain
distortion of geometrical angles.
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Let us now look into an illustrative example. The physical
array’s antennas should be placed the distance d = 1/8 apart:

—  {=1/V2

Using this value for { in (62), we obtain the beam-pattern that
each of the physical antennas must have:

1
P = .
5(0)] 9—6\/§cos(%c059)

d=1/8

The pattern has its maximum in front-fire direction (6 = 7/2).
Its value equals the directivity

1
D=——
9-6v2

or 2.88dB. Hence, each of the individual physical antennas
must produce a 1.94 times larger power density in the front-
fire direction, than an isotropic radiator would if it radiated
the same power. On the other hand, in the end-fire direction
(6 € {0, 7r}) exactly 1/3 of the power density is generated com-
pared to isotropically radiating the same power, that is, about
4.77dB less. Using the value { = 1/\/5 in (33), we obtain for
the mutual coupling coefficient a = 21/2/3 ~ 0.943. Now let us
turn to the virtual array of uncoupled isotrops, which is ac-
cessed by the two decoupled ports of the decoupling 4-port.
Setting 3 = 71/2, we obtain with (55), (16) and (34) the electric
current transformation:

~ 1.94,

ia] [ Ve -V3][i

in2| | -V3 V6 || 2]
If we make i, = 0, then iy, = j\/gil, and iz, = —j\/gil, such
that both physical antennas are driven with different currents.
Together with the carefully chosen beam-pattern of the indi-
vidual physical antennas, this results in an exact isotropic radi-
ation. Driving only one of the decoupled ports with a non-zero
current, results in isotropic radiation. This follows immediately
from (65) and (66). What is the spacing of the virtual anten-
nas? From (59), we see that d; = %A. We choose for our
virtual array of isotrops this minimum separation
_3)
-5

Note that the real physical array is then exactly 3 times smaller
than our virtual array of uncoupled isotrops. The virtual array,
however, not just has different size from the physical array, it
also has a distorted geometry, because it perceives the angles
differently than the physical array. The mapping between the
physical array’s elevation angle 6, and the virtual array’s eleva-
tion angle 6" can be evaluated from (57). Figure 5 shows this
relationship. The virtual array is more sensitive for directions
around the front-fire, because

L
40 Jgny 9-6V2

It is interesting enough, that this is exactly the same number
as the maximum directivity of each individual element of the

d/

~ 1.94.

physical array. In the end-fire direction, the virtual array is
less sensitive:

d_@' = L ~ 0.577

do |,., V3
A small angle-spread in the real-world is perceived by the vir-
tual array by the factor 1.94 larger when it comes from the
front-fire direction, while the same angle-spread in the real-
world is perceived by the factor \/3 smaller by the virtual
array when it comes from the end-fire direction. This is why
there is an unavoidable distortion of the geometric picture of
the propagation channel. Let us now try to excite the virtual
array. For example, we choose:

a [ﬁ]A'

The decoupling 4-port converts this into the excitation of the

physical array:
(1+]) ﬁ]

iA:3A[ Ve

How much power is radiated?

! 2ﬂ/3]' R-9A%

w23 1T
Now let us see how much electric field strength is produced
in a distance r in the far-field in the direction 8 = 45°, as seen
by the physical array. From the virtual array’s point of view,
the angle is 6" ~ 29.14°. The virtual array’s steering vector then
becomes:

. 1 1
a'(29.l4 )= [ej(Sn/4)c0529.14°] N [ej2.05798 ]

P = Ri%i = Rifj[

The square of the electric field strength then computes as

£ = |aP|i%a’ (29.14%)" /¥ ~ 16.5af*/r.

Calculating the same thing from the physical array’s viewpoint,
we need to now the steering vector in the direction 6 = 45°:

o o 1
|g(45°)|* ~ 0.55867, a(45°) ~ [ej(ﬂ/4)cos450 ] 1/0.55867.
Then the square of the electric field strength computes as

£ = |aP |ila(45)[ /¥ ~ 16.5)a]/r.

As it should, the result is the same as when computed from
the virtual array’s point of view.

VIII. THE Loss-LEss DECOUPLING 4-PORT

Up to now it was just assumed that a loss-less 4-port really
exists, which will produce the right electric current transfor-
mation matrix T from (34), which becomes with (55):

1+ 01 =¢
1-¢2 [-¢1 [
where € R, and ( is taken from Figure 2. Furthermore, it

has to decouple the physical antenna array’s excitation ports
such that they look as individual resistors of value R. The

T =¢f

(68)
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ports of the physical antenna array can be described by their
impedance matrix Z,, such that

up =Zpia, (69)

where u, is the vector of the voltages that appear across the
physical array’s excitation ports. Assuming the antennas are
loss-less, the power which enters the antenna excitation ports
is radiated, hence:

Prad = Re{ufiA} = IIAI RG{ZA} iA. (70)

This comes about because antennas are reciprocal which re-
quires that Z, = ZX. Comparing (70) with (11) it follows that

Re{ZA} = R [1 “], (71)

al
where a is the mutual coupling coefficient. Let the decoupling
4-port also be described by an impedance matrix:

ol ]l

where u and i are voltage and current vectors of the two de-
coupled ports, and the matrices A, B and C are real-valued,
with A and C also being symmetric. Thus, the decoupling 4-
port is reciprocal and lossless [8]. From (69) and the second
row of (72) we have with i, = Ti that

(72)

T=j(Zs+jC)'B. (73)

Now let us choose

C=-Im{Z,}, B-= bRe{ZA}l/Z , (74)

where b e R -\/V/A, is a constant to be determined. Substi-
tuting (74) into (73), we find:

T? = —b’Re{Z,} ' =

b 1 1 —-a
R1-g2|-al

], (75)

where the last equality comes with the help of (71). With the
right-most term of (33) it follows:

_b_2 1+ [1+¢ -2¢
R(1-02)2| 201+

On the other hand, from (68) we must have

T? = (76)

g 1+ [1+0 -2
2 _ 2B
T =¢ (1_ (2)2 [ _2( 1+ (2 . (77)
Comparing (76) with (77) then shows that
. b2
2ip _ _ 7 8
€ R’ (78)

must hold true. Because b? and R are real-valued and non-
negative, it follows

B =+n/2, b=+VR. (79)
Thus,
NI+ ¢
T:iJW[—(l] (80)

From the first line of (72) and i, = T4, it follows with (73)
that

u=(ja+B" (2 +jC)"'B)i. (81)
Substituting (74) with b = +V/R from (79) then yields
u=(jA+RI)i, (82)

where I is the identity matrix. In order to obtain u = Ri, and
thereby ensure that the ports are decoupled, all we have to do
is to set:

A=0, (83)

where O denotes the all zeros matrix. Therefore, with A = O,
B-= i\/ﬁRe{ZA}l/z, and C = -Im{Z,}, the parameters of the
reciprocal and loss-less matching 4-port are defined. It imple-
ments both the desired electric current transformation matrix
(80), and decouples the output ports making them look like
positive resistances of value R.

IX. CoNcLUSION

We have analyzed to what extent the model of an array of two
uncoupled isotropic radiators can make physical sense. This is
indeed possible in the sense of a virtual antenna array which
is obtained from a real physical array and a loss-less decou-
pling network. For this to work out, it is necessary that 1) the
antennas of the real physical array are not isotrops at all, but
have a carefully chosen beam-pattern which we have derived
in closed-form, 2) the model distance between the antennas
of the virtual array is chosen large enough so that it is kept
above a well-defined lower bound of about 0.371 times the
wavelength, and 3) one has to accept a distortion of the geom-
etry between the real physical array and the virtual array of
uncoupled isotrops, which leads to a non-linear relationship
between the geometrical angles that are observed by the phys-
ical and the virtual array, respectively. These constraints on
separation and distortion of angles makes for a novel geomet-
rical representation of the effect of mutual antenna coupling.
This geometrical representation makes it easy to qualitatively
understand the effect of mutual coupling on multi-streaming,
diversity and multi-user performance of compact antenna ra-
dio communication systems.
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