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Abstract

Even though parallel multiple-input multiple-output (MIMO) broadcast channels are known to be

separable from an information theoretic point of view, performing separate encoding and decoding on

each of the parallel channels has been shown to be potentially suboptimal in broadcast channels with

linear transceivers. In this work, we show that suboptimality of such a carrier-noncooperative transmission

also occurs in broadcast channels with zero-forcing and quality of service constraints if time-sharing is

not allowed. The proof is given by constructing a minimal example and identifying a rate tuple that

is achievable using carrier-cooperative zero-forcing with a certain sum power, but requires a higher

sum power with carrier-noncooperative zero-forcing. This observation is of practical relevance since

zero-forcing without time-sharing is a popular assumption in the design of low-complexity optimization

algorithms.

I. INTRODUCTION

There are many practical communication systems where a base station serves a set of users with

individual data streams by transmitting over a set of orthogonal resources, such as (groups of) subcarriers

of a frequency selective channel or time intervals in a fading channel. Assuming Gaussian noise at

the receivers, such systems can be modeled as parallel Gaussian broadcast channels. In such a setting,

Copyright (c) 2012 IEEE. Personal use of this material is permitted. However, permission to use this material for any other

purposes must be obtained from the IEEE by sending a request to pubs-permissions@ieee.org.

The authors are with the Associate Institute for Signal Processing, Technische Universität München, 80290 München, Germany,

Telephone: +49 89 289-28516, Fax: +49 89 289-28504, e-mail: hellings@tum.de, st.herrmann@mytum.de, utschick@tum.de.

March 7, 2013 DRAFT

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at http://dx.doi.org/10.1109/TSP.2013.2254482

Copyright (c) 2013 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



2

transmission can either be performed separately on each resource, which is called carrier-noncooperative

(CN), or jointly by spreading data streams across several resources, which is called carrier-cooperative

(CC) transmission [1], [2]. A mathematical definition of CN and CC transmission is provided together

with the system model in Section II.

The concept of parallel broadcast channels shall not be confused with the case of interfering broadcast

channels (e.g., [3]). The latter describes the case where several base stations have to share the available

resources when communicating with their respective sets of users. Such a setting is an interference

channel scenario, where techniques such as interference alignment [4], [5] are needed to exploit all

possible degrees of freedom, and where separate transmission on each carrier (i.e., CN transmission) is

known to be suboptimal [6]. By contrast, the model of parallel broadcast channels includes only one base

station, and the term parallel only refers to the fact that transmission is carried out on several orthogonal

resources (e.g., carriers) in a parallel manner. In such a classical broadcast scenario, interference alignment

is not a feasible strategy, and results concerning the suboptimality of CN transmission in interference

channels (cf. [6]) do not apply. Also note that the considerations in this paper differ from the recent

results in interference channels in that they are not based on a degrees of freedom analysis, but hold for

the case of finite signal-to-noise ratio.

Even though it is the less general concept, CN transmission is known to be capacity achieving in

parallel single-antenna [7], [8] and multiantenna broadcast channels [9], [10]. Therefore, many algorithms

to optimize transmit strategies in parallel MIMO broadcast channels (e.g., [11]–[14]) are based on the

assumption of CN transmission. However, if the transmit strategy is restricted to linear transceivers,

CN transmission is no longer optimal, i.e., a gain in system performance can be achievable with CC

transmission [15].

In this paper, we consider systems employing zero-forcing beamforming without time-sharing (ZFBF),

which is a popular technique to design efficient optimization algorithms (e.g., [11], [12], [16]–[18]). With

time-sharing, we refer to the technique of dividing the total transmission time into an arbitrary number

of intervals with arbitrary length and applying different transmit strategies one after another. Then, only

the time averages of the per-user data rates and the sum transmit power are considered instead of the

instantaneous values. This can lead to a better performance, but, on the other hand, implementing a

system that allows arbitrary numbers of variable-length time slots is difficult and involves high signaling

overhead. The high practical relevance of linear precoding without time-sharing can also be seen from

the fact that this assumption is made in a high number of publications (e.g., [1], [11], [12], [19]–[23]).

In this paper, we compare CC zero-forcing strategies without time-sharing to CN zero-forcing strategies
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without time-sharing, i.e., both types of transmission are restricted to not apply time-sharing. For the case

where time-sharing is allowed in both types of transmission, the question whether or not CN transmission

is optimal cannot be answered by means of the minimal example used in this work and is left open for

future research.

From the existing literature, it is not possible to answer the question whether CN transmission is

optimal or suboptimal in broadcast channels that are constrained to zero-forcing strategies. In particular,

the answer to this question cannot be derived from the result presented in [15]: therein, it was shown that

the optimal CN strategy out of the set of all linear strategies (i.e., without zero-forcing constraints and

without a restriction to transmission without time-sharing) might be outperformed by some linear CC

strategy. However, the set of ZFBF strategies is only a subset of the set of all linear strategies. Therefore,

we cannot conclude whether there can exist CC strategies out of the ZFBF subset which outperform the

optimal CN ZFBF strategy. Also from our previous work [2] and our companion work [24], it is not

possible to draw conclusions about the optimality or suboptimality of CN transmission in the ZFBF case

since these works only consider the question of algorithm design and perform numerical studies, but do

not contain analytical results about the suboptimality of CN transmission.

The main contribution of this work is presented in Section III, where we show that suboptimality of

CN transmission can also occur in the ZFBF case if problems with quality of service (QoS) constraints

are considered. The proof is given by constructing a minimal example and identifying per-user rates that

are achievable with a certain sum transmit power using carrier-cooperative (CC) ZFBF, but require a

higher transmit power using carrier-noncooperative (CN) ZFBF.

To get more intuition about why this suboptimality occurs, we continue the study of the minimal

example in Section IV, where we briefly sketch a method to compute the optimal CC ZFBF strategy in

the considered scenario. The considerations in that section reveal that for certain channel realizations,

which we call spectrally similar channels, the transmit power needed for one user must be traded off

against the power needed for the other user. The optimal trade-off might require carrier cooperation.

These observations are very helpful to also draw conclusions about larger scenarios as can be seen in

our companion work [24], where numerical simulations show significant gains for CC ZFBF in larger

systems if the channels have a certain spectral similarity.

The paper is rounded off by Section V, in which we show that suboptimality of CN transmission can

also occur if zero-forcing combined with dirty paper coding (DPC-ZF, e.g., [10]–[12], [16]) is considered,

and by some concluding remarks in Section VI.

Notation: We use •T to denote the transpose, •∗ for the conjugate, •H for the conjugate transpose, IL
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for the identity matrix of size L, 0 for the zero vector, and ei for the ith canonical unit vector (1 as ith

entry and 0 elsewhere).

II. SYSTEM MODEL

A set of C parallel MIMO broadcast channels with M transmit antennas, K users, and Nk receive

antennas for user k can be described by

x̂k = GH
k








H
(1)
k

. . .

H
(C)
k








︸ ︷︷ ︸

Hk

K∑

j=1

Bjxj +








η
(1)
k

...

η
(C)
k








︸ ︷︷ ︸

ηk

(1)

where H
(c)
k ∈ CNk×M is the channel matrix of user k on carrier c, and η

(c)
k ∼ CN (0,C

(c)
k ) is additive

circularly symmetric complex Gaussian noise. In this setting, Sk ≤ min{NkC,MC} streams of Gaussian

data symbols are intended for user k, i.e., xk = [xk,1, . . . , xk,Sk
] ∼ CN (0, ISk

).

If all beamforming matrices Bk ∈ CMC×Sk and receive filters GH
k ∈ CSk×NkC can be decomposed as

Bk = blockdiag
(

B
(1)
k , . . . ,B

(C)
k

)

(2)

GH
k = blockdiag

(

G
(1),H
k , . . . ,G

(C),H
k

)

(3)

matching the block-diagonal structure of the channel matricesHk, the transmission is carrier-noncooperative.

However, if the matrices Bk and GH
k have arbitrary structure, data streams might be spread across several

resources c, which is a carrier-cooperative transmit scheme (e.g., [1], [2]).

If we define zero-forcing in a strict manner as in [12], an estimate x̂k,s of the sth stream of user k

may not contain interference of any other data stream, including streams of the same user, i.e.,

gHk,sHkbℓ,t = 0 ∀k, s, ℓ, t : (ℓ, t) 6= (k, s) (4)

where gHk,s is the sth row of GH
k and bℓ,t is the tth column of Bℓ. A weaker zero-forcing constraint

requiring only suppression of interference between streams of different users, i.e.,

gHk,sHkbℓ,t = 0 ∀k, s, ℓ, t : ℓ 6= k (5)

was used, e.g., in [17]. The results of this paper hold for both definitions of zero-forcing.

In this paper, we only consider systems that do not employ time-sharing, i.e., we do not allow averaging

transmit powers and data rates over several transmit strategies. Thus, the transmit strategy is completely
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described by the choice of the matrices GH
k and Bk for all k, and the sum transmit power is given by

P =

K∑

k=1

tr[BkB
H
k ]. (6)

The QoS constraints can be formulated in terms of minimum rate constraints as

Sk∑

s=1

log2
(
1 + γk,sb

H
k,sbk,s

)
≥ ̺k (7)

where ̺k is a constant specifying the required rate of user k, the product γk,sb
H
k,sbk,s is the signal-to-noise

ratio (SNR) of stream s of user k, and

γk,s =

∣
∣
∣gHk,sHkbk,s

∣
∣
∣

2

gHk,sCkgk,sb
H
k,sbk,s

(8)

with Ck = blockdiag(C
(1)
k , . . . ,C

(C)
k ) is the subchannel gain, which is invariant to scaling of bk,s and

gHk,s. Since we assume that the QoS constraints are to be fulfilled without time-sharing, a user selection

(e.g., as in [18]) is not possible and all users have to be served simultaneously.

III. SUBOPTIMALITY OF CARRIER-NONCOOPERATIVE TRANSMISSION IN BROADCAST CHANNELS

WITH ZERO-FORCING

The main result of this paper is stated in the following theorem.

Theorem 1: In parallel MIMO broadcast channels with zero-forcing constraints (4) or (5) and quality

of service constraints (7) where time-sharing is not allowed, carrier-noncooperative transmission does not

always achieve the minimal feasible sum power.

Proof of Theorem 1: We provide a proof by construction. We first choose the system parameters and

rate requirements of an example system and compute the sum power needed with carrier-noncooperative

(CN) transmission. Then, we derive a carrier-cooperative (CC) transmission scheme which yields a lower

transmit power. Note that the statement is proven if we manage to identify a single system configuration

for which we can construct a CC zero-forcing strategy that achieves lower transmit power than the optimal

CN zero-forcing strategy for that configuration. Thus, we can restrict the following considerations to a

system with small dimensions and a very simple channel realization without loss of generality. Similar

proof techniques were, e.g., applied in [6] and [15].

Consider a system with C = 2 carriers, M = 1 transmit antenna, and K = 2 users with Nk = 1

receive antenna.1 In this case, the noise covariance matrices C
(c)
k and channel matrices H

(c)
k are reduced

1Note that this is a (very simple) special case of parallel MIMO broadcast channels and, thus, a valid system to prove the

theorem. Constructing a larger example with M > 1 and Nk > 1 would be possible, but not more insightful.
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to scalars C
(c)
k and H

(c)
k , which we choose to be

C
(c)
k = 1 ∀k, ∀c

and Hk =




H

(1)
k

H
(2)
k



 =




1

0.1



 ∀k. (9)

We choose the minimum rate requirements ̺k = 1 for all k.

For CN ZFBF with zero-forcing defined either as in (4) or as in (5), only one user can be served on

each carrier due to M = 1. On the other hand, both users have to be served due to the QoS constraints,

i.e., a different user has to be scheduled on each of the carriers. As the scenario is symmetric with respect

to the two users, we can choose to schedule user k on carrier c = k without loss of generality. Omitting

the stream index s of the only data stream of user k, we have γk = |H(k)
k |2, and (7) simplifies to

log2

(

1 +
∣
∣
∣H

(k)
k b

(k)
k

∣
∣
∣

2
)

≥ ̺k ⇔
∣
∣
∣b

(k)
k

∣
∣
∣

2
≥ 2̺k − 1
∣
∣
∣H

(k)
k

∣
∣
∣

2 . (10)

Thus, the minimal sum transmit power fulfilling the QoS constraints of the two users with CN ZFBF is

PCN =

K∑

k=1

∣
∣
∣b

(k)
k

∣
∣
∣

2
=

K∑

k=1

2̺k − 1
∣
∣
∣H

(k)
k

∣
∣
∣

2 = 1 +
1

0.01
= 101. (11)

To prove the theorem, we now have to find a CC ZFBF strategy that fulfills the QoS constraints with

a lower sum transmit power. We use Sk = 1 data stream per user and again omit the stream index s.

Given some receive filters gHk , we can express any two-dimensional transmit filter vector that fulfills the

zero-forcing constraints (4) and (5) for the minimal example by

bk = τkPHT
ℓ g

∗
ℓ with P =




0 1

−1 0



 (12)

where ℓ 6= k, and τk is a scaling factor. Inserting these filter vectors into (8), we get

γk =

∣
∣gHk HkPHT

ℓ g
∗
ℓ

∣
∣2

gH
ℓ HℓH

H
ℓ gℓg

H
k gk

=

∣
∣gHk Pg∗ℓ

∣
∣2

gH
ℓ




100 0

0 1



 gℓg
H
k gk

(13)

where we have used (9) and the identity PHP = I2. The QoS constraints can be fulfilled with

PCC =

K∑

k=1

bHk bk =

K∑

k=1

2̺k − 1

γk
=

1

γ1
+

1

γ2
. (14)

We now have to find a choice of gHk that leads to a sum transmit power lower than PCN. A possible

choice are the unit-norm receive filters

gHk =
[

(−1)k cos
(
π
3

)
sin
(
π
3

)
]

=
[
(−1)k

2

√
3
2

]

(15)

March 7, 2013 DRAFT

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at http://dx.doi.org/10.1109/TSP.2013.2254482

Copyright (c) 2013 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



7

which achieve the subchannel gains

γk =
3
4

25 + 3
4

∀k (16)

and the sum power

PCC = 2
25 + 3

4
3
4

=
206

3
< 101 = PCN. (17)

This proves the theorem.

The fact that CC transmission can be necessary to achieve the optimal performance in parallel MIMO

broadcast channels with zero-forcing constraints is not restricted to the power minimization problem. In

particular, above theorem has the following corollaries concerning throughput maximization under QoS

constraints (e.g., [12], [25], [26]) and rate balancing (e.g., [10], [27]).

Corollary 1: CN transmission is not always optimal for a throughput maximization with sum power

constraint P ≤ Pmax, zero-forcing constraints (4) or (5), and quality of service constraints (7).

Proof: Consider the system used in the proof of Theorem 1 and assume that Pmax is chosen such that

PCC < Pmax < PCN. Then, the optimization is feasible with CC ZFBF, but infeasible with CN ZFBF.

Corollary 2: CN transmission is not always optimal for rate balancing with sum power constraint

P ≤ Pmax and zero-forcing constraints (4) or (5).

Proof: In an optimal CC rate balancing solution with per-user rates rk, the power constraint must be

active, i.e., PCC = Pmax since otherwise, the rates could be increased at the cost of an increased transmit

power. If PCN > PCC is needed to achieve the same per-user rates with CN transmission, which can

happen due to Theorem 1, all per-user rates have to be reduced by a common factor to obtain a feasible

CN rate balancing solution with r′k < rk and P ′
CN = Pmax.

IV. POWER TRADE-OFF

As in the case without zero-forcing discussed in [15], the optimization of carrier-cooperative (CC)

strategies is much more involved than the carrier-noncooperative (CN) case. One reason for this is that

an optimization problem in far more variables has to be solved since also the off-diagonal blocks of the

filter matrices need to be optimized. Another challenge is that many existing optimization algorithms

are not able to find CC solutions [2]. Therefore, it is necessary to understand under which conditions

a significant gain can be expected so that performing the more complex CC optimization is worth the

effort. In this section, we present a first approach towards this goal by further studying the minimal

example introduced above.
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We consider the subchannel gain of user 2 as a function of the subchannel gain of user 1, i.e.,

γ2(γ1) = max
g1,g2

∣
∣gH2 H2PHT

1 g
∗
1

∣
∣2

gH1 H1H
H
1 g1g

H
2 C2g2

s.t.

∣
∣gH1 H1PHT

2 g
∗
2

∣
∣2

gH2 H2H
H
2 g2g

H
1 C1g1

= γ1. (18)

for the minimal example with C = 2 carriers, M = 1 transmit antenna, and K = 2 users with Nk = 1

receive antenna (cf. Section III). This optimization can be tackled by introducing the parametrization

gHk = Γk

[

e− jβk cosαk sinαk

]






1√
C

(1)
k

1√
C

(2)
k




 (19)

where we can choose Γk = 1, β2 = 0, and αk, β1 ∈ [0, π] without loss of generality.2 Introducing a

Lagrange multiplier λ ∈ R for the equality constraint, we get the Lagrange function

L =

∣
∣gH2 H2PHT

1 g
∗
1

∣
∣2

gH1 H1H
H
1 g1g

H
2 C2g2

+

λ

( ∣
∣gH1 H1PHT

2 g
∗
2

∣
∣2

gH2 H2H
H
2 g2g

H
1 C1g1

− γ1

)

(20)

and the KKT conditions (e.g., [28])

∂L

∂α1
= 0,

∂L

∂β1
= 0,

∂L

∂α2
= 0,

∂L

∂λ
= 0 (21)

which can, after some algebraic manipulations, be rewritten as a system of four polynomial equations

in the variables x = tanα1 cosβ1, y = tanα1 sinβ1, z = tanα2, and λ. Solving such a polynomial

system, i.e., finding all its roots, is a well investigated problem and can be done using a solver such as

PHCpack [29].

To perform the change of variables described above, we have to exclude all cases where αk = π
2 for

some k. However, such a choice of αk corresponds to CN transmission, for which the two fractions

in (18) can be easily calculated. Comparing the value of the objective function at these potential CN

solutions and at all roots of the polynomial system (i.e., at all KKT points), we can find the global

optimum of the maximization in (18), i.e., we can evaluate the function γ2(γ1).

2Due to the special structure of Hk and P , only the difference β1 − β2 plays a role. Choosing β1 ∈ [0, π] is sufficient since

adding a value of π to β1 is equivalent to replacing α1 ∈ [0, π] by α′

1 = π − α1 ∈ [0, π].
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Let us now consider channel realizations where the order of the carriers according to the channel

quality is the same for all users, i.e., there exists a permutation π such that
∣
∣
∣H

(π(1))
k

∣
∣
∣

2

C
(π(1))
k

≥

∣
∣
∣H

(π(2))
k

∣
∣
∣

2

C
(π(2))
k

≥ · · · ≥

∣
∣
∣H

(π(C))
k

∣
∣
∣

2

C
(π(C))
k

∀k. (22)

We call such channels spectrally similar. For the minimal example with C = 2 carriers, this definition

reduces to ∣
∣
∣H

(c)
k

∣
∣
∣

2

C
(c)
k

≥

∣
∣
∣H

(d)
k

∣
∣
∣

2

C
(d)
k

∀k ∈ {1, 2} (23)

for some carrier c and d 6= c. In this case, the highest possible gain γk = γk,max =
|H(c)

k
|2

C
(c)
k

for user k is

achieved in the minimal example by inserting gk = ec and gℓ = ed for ℓ 6= k into (13), which implies

that the gain γℓ = γℓ,min =
|H(d)

ℓ
|2

C
(d)
ℓ

is achieved for user ℓ. Note that this extreme case corresponds to CN

transmission. It can be easily shown that every CC strategy must fulfill γk ≤ γk,max ∀k and, in order to

lead to a power reduction, should also fulfill γk ≥ γk,min ∀k. Between these two boundaries, we have

the following behavior.

Proposition 1: For the minimal example with C = 2 carriers, M = 1 transmit antenna, and K = 2

users with Nk = 1 receive antenna with spectrally similar channels (23), γ2(γ1) defined in (18) is strictly

decreasing for γ1 ∈ [γ1,min, γ1,max].

Proof of Proposition 1: Let us replace the equality constraint in (18) by an inequality constraint, and

suppose that this constraint is inactive in an optimal solution, i.e., γ̃1 > γ1 with γ̃1 =
|gH

1 H1PHT
2 g∗

2 |2
gH
2 H2H

H
2 g2g

H
1 C1g1

.

In this case, the optimal value would be equal to the optimum of the corresponding unconstrained

optimization, which is γ2,max. However, as γ2 = γ2,max implies γ̃1 = γ1,min in the case of spectrally

similar channels (see above), this contradicts the assumption γ̃1 > γ1 ∈ [γ1,min, γ1,max]. Consequently,

the constraint is active, and the optimization with inequality constraint is equivalent to the original

optimization. Moreover, since the inequality constraint is active, increasing γ1, i.e., making the constraint

more restrictive, must lead to a decrease of the optimal value γ2(γ1).

The monotonicity can also be observed in Fig. 1, which shows γ2(γ1) for the channel realization (9). A

consequence of the monotonicity is that the required sum transmit power P considered as a function of

γ1 is the sum of a decreasing function P1(γ1) and an increasing function P2(γ1) [cf. (14)]:

P (γ1) =
2̺1 − 1

γ1
︸ ︷︷ ︸

P1(γ1)

+
2̺2 − 1

γ2(γ1)
︸ ︷︷ ︸

P2(γ1)

. (24)
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γ1

γ2

γ1,max = 1

γ2,max = 1

γ1,min = 0.01
γ2,min = 0.01

Fig. 1. γ2(γ1) for the spectrally similar channels (9).

γ1

P

γ1,max = 1

PCN = 101

γ1,min = 0.01

PCC = 206
3

Popt ≈ 60.5
P1(γ1)

P2(γ1)

P (γ1)

Fig. 2. P (γ1) for the spectrally similar channels (9) with ̺k = 1 ∀k.

Therefore, by modifying the value of γ1, we can trade off the transmit power needed for user 1 against

the power needed for user 2. An example can be seen in Fig. 2 for the channel realization (9) and the

rate requirements ̺k = 1 ∀k.
In the figure, we see that even a sum transmit power Popt slightly lower than PCC from (17), which was

used in the proof of Theorem 1, can be achieved in this scenario. To find this optimum numerically, we

can apply the branch-reduce-and-bound algorithm from [30] since (24) can be written as the difference

of increasing functions.

Note that we can also find scenarios with spectrally similar channel realizations for which P (γ1), despite

being a difference of monotonic functions, is monotonic for γ1 ∈ [γ1,min, γ1,max] (e.g., for ̺k ≫ ̺ℓ). If

this is the case, the sum transmit power is minimized at one of the extreme points, which correspond to

CN transmission.
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γ1

γ2

γ1,max = 1

γ2,max = 1

γ1,min = 0.01
γ2,min = 0.01

Fig. 3. γ2(γ1) for the spectrally dissimilar channels (25).

We have seen that CC transmission might or might not be beneficial if the channels are spectrally

similar. On the other hand, if the channels are not spectrally similar, CC never leads to a reduction of

the sum power.

Proposition 2: If the channels are not spectrally similar according to definition (23) in the minimal

example with C = 2 carriers, M = 1 transmit antenna, and K = 2 users with Nk = 1 receive antenna

(cf. Section III), CN transmission achieves the optimal sum transmit power.

Proof of Proposition 2: Without loss of generality, let
|H(k)

k
|2

C
(k)
k

>
|H(d)

k
|2

C
(d)
k

for all k and d 6= k. In this

case, the highest possible gain γk = γk,max =
|H(k)

k
|2

C
(k)
k

for user k is achieved by inserting gk = ek and

gℓ = eℓ for ℓ 6= k into (13), which implies that the gain γℓ = γℓ,max =
|H(ℓ)

ℓ
|2

C
(ℓ)
ℓ

is achieved for user ℓ.

Since this is a CN strategy and no strategy can achieve γk > γk,max for any k, CN transmission achieves

the minimal sum transmit power [cf. (14)] in this case.

An example can be seen in Fig. 3 and 4, where we have used the spectrally dissimilar channels

H1 =




1

0.1



 , H2 =




0.1

1



 . (25)

Above observations have an interesting implication for practical systems. Still considering the minimal

example, let us assume a scenario where the receivers encounter strong interference from another com-

munication system on one carrier c, but not on the other carrier d. Such a situation could, for example,

happen in a cellular network with inter-cell interference or in a system that operates in an unlicensed

band. Treating this interference as additional noise, we obtain C
(c)
k ≫ C

(d)
k for both users, and it is very

likely that the condition (23) for spectral similarity is fulfilled. In this case, CC transmission might lead

to a significantly reduced sum transmit power.

These considerations, which are extended to larger scenarios in our companion work [24], show that
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γ1

P

γ1,max = 1

200

γ1,min = 0.01
2

P1(γ1)

P2(γ1)

P (γ1)

Fig. 4. P (γ1) for the spectrally dissimilar channels (25) with ̺k = 1 ∀k.

spectral similarity is not only a theoretical construct, but a phenomenon that can indeed occur in a realistic

scenario. Therefore, even though the propositions stated in this section only apply to a very limited special

case, they provide important insights that also hold for the general case.

V. DIRTY PAPER CODING WITH ZERO-FORCING

If zero-forcing is combined with dirty paper coding (e.g., [10]–[12], [16]), the zero-forcing constraints

in (4) can be relaxed to

gHk,sHkbℓ,t = 0 ∀k, s, ℓ, t : π(ℓ, t) > π(k, s) (26)

where π is the encoding order of the data streams. If π(ℓ, t) < π(k, s), the data stream (k, s) is encoded

after the stream (ℓ, t) and does not encounter interference from the stream (ℓ, t) since this interference

can be precompensated by means of DPC. Therefore, zero-forcing for π(ℓ, t) < π(k, s) does not need to

be performed by means of the transmit and receive filter matrices.

Theorem 2: In parallel MIMO broadcast channels with dirty paper coding, zero-forcing constraints

(26), and quality of service constraints (7) where time-sharing is not allowed, carrier-noncooperative

transmission does not always achieve the minimal feasible sum power.

Proof of Theorem 2: We provide a proof by construction using the same minimal example as in the

proof of Theorem 1. The key point of the proof is to observe that also with DPC-ZF, only one user can

be served on each carrier in the case of CN transmission. Therefore, PCN,DPC = PCN = 101 also holds for

DPC-ZF. As optimal DPC-ZF cannot perform worse than ZFBF, we can achieve PCC,DPC ≤ PCC < PCN.

This proves the theorem.
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Note that just like the proof of Theorem 1, this proof is valid for the general case, even though the

provided example is only a special case of parallel MIMO broadcast channels.

Obviously, due to Theorem 2, the corollaries of Theorem 1 can be directly extended to the case of

DPC-ZF, i.e., CN transmission can be suboptimal for throughput maximization with quality of service

constraints and for rate balancing in parallel MIMO broadcast channels with DPC and zero-forcing.

Note that in the minimal scenario under consideration, the gap between CC and CN transmission is

much more pronounced for DPC-ZF than for ZFBF: using carrier-cooperative DPC-ZF with an appropriate

choice of the filter vectors, PCC,DPC ≈ 20 can be achieved.

VI. DISCUSSION AND OUTLOOK

By constructing a minimal example, we have proven that carrier cooperation can reduce the transmit

power in parallel MIMO broadcast channels with zero-forcing (ZF) constraints and minimum rate con-

straints if time-sharing is not allowed. This case is of high relevance for the design of practical systems

since time-sharing is unattractive for practical implementation due to its high signaling overhead. The

results of this paper hold for linear zero-forcing beamforming (ZFBF) as well as for zero-forcing combined

with dirty paper coding (DPC-ZF), and they extend to throughput maximization with quality of service

constraints and to rate balancing.

In the minimal example studied in this paper, carrier cooperation can achieve a power saving of more

than 2dB for ZFBF and 7dB for DPC-ZF, and it is easy to construct examples with even higher gains.

However, an important question is whether such significant gains can also be achieved in systems of

larger dimensionality (more users K > 2, more carriers C > 2, and more antennas) with more realistic

channel realizations (instead of constructed ones). In this case, additional questions can be taken into

consideration. For instance, it could be studied whether or not carrier-cooperation across small groups of

carriers instead of across all carriers suffices to obtain most of the performance gain. Another topic for

future research would be to extend the study to (weighted) sum rate maximization problems or to the

case where time-sharing is allowed.

In addition to trying to analytically quantify the performance gains possible with CC ZFBF in more

general scenarios as a topic of future research, a quantification can also be given by means of numerical

studies. Therefore, in our companion work [24], we develop a CC ZFBF algorithm, which can on average

indeed achieve significant gains compared to state-of-the-art ZFBF algorithms based on CN transmission.

Moreover, by extending the notion of spectrally similar channels to larger systems, we perform numerical

simulations with a channel model that assumes inter-cell interference whose power varies as a function of
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the carrier index. In the simulations presented in [24], the proposed CC ZFBF algorithm is able to close

half of the gap between the CN reference algorithm from [12] and the DPC optimum. As this improved

performance comes at the cost of an iterative optimization (instead of a purely successive method such

as the one used, for example, in [12]), future research should investigate whether similar gains are also

achievable by optimizing CC ZFBF transmission with a purely successive algorithm.
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