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ess.1 Introdu
tionThe aim of this paper is to dis
uss the problem of estimating the number of 
hange points ina general 
ontext. It extends work of Yao (1988) and Lee (1995) 
on
erning only sequen
esof independent normal random variables. In parti
ular, we 
ombine an auxiliary result ofYao (1988) for i.i.d.-normal random variables with an invarian
e prin
iple for partial sums toimprove a later result of Yao and Au (1989) where an i.i.d.-sequen
e with a more restri
tivemoment 
ondition was 
onsidered.As in many other asymptoti
 studies of 
hange-point problems it turns out that 
ertaininvarian
e prin
iples are very useful and allow for redu
ing the statisti
al analysis to that ofan asymptoti
 Gaussian model. Re
ently, Horv�ath and Steineba
h (1999) pursued this idea ina general vein by simply taking advantage of a weak invarian
e prin
iple in the testing of a
hange in the mean or varian
e of a rather general sto
hasti
 pro
ess. In parti
ular, 
ases ofdependent observations are in
luded in this framework.Assume that we observe a sto
hasti
 sequen
e (Zn(i))i=1;:::;n having the following stru
ture:Zn(i) := ( a1i + b1Y (1)n (i) : 1 � i � n1Zn(nj�1) + aj(i� nj�1) + bjY (j)n (i� nj�1) : nj�1 < i � nj; j = 2; : : : ; l + 1 (1.1)where aj 6= aj�1, bj and nj = [�jn℄, 0 = �0 < �1 < : : : < �l < �l+1 = 1, are unknownparameters, and where �Y (j)n (i)�i=1;:::;nj�nj�1 are unobservable sto
hasti
 sequen
es satisfying a(uniform) weak invarian
e prin
iple. Namely, we assume that, for every n � 1 ; there existl + 1 independent Wiener pro
esses fW (j)n (t) : 0 � t � nj � nj�1g, j = 1; : : : ; l + 1, su
h that,if ne
essary after re-de�nition on a suitable probability spa
e,1



max1�i�nj�nj�1 ���Y (j)n (i)�W (j)n (i)��� = OP (n�) (n!1) (1.2)with some � < 1=2 :That means we have a pie
ewise linear fun
tion with an additive measurement noise. Variousstatisti
al models satisfy 
ondition (1.2) above as will be demonstrated by a few examples:Example 1.1 (Partial sums) For every n � 1 ; let fX(j)i;n : i = 1; 2; : : :g; j = 1; : : : ; l + 1,be l + 1 independent sequen
es of i.i.d. (independent, identi
ally distributed) random variableswith PfX(j)i;n � xg = PfX(j)1;1 � xg for all x 2 IR ; n � 1 ; EX(j)1;1 = �j, V ar(X(j)1;1) = �2j > 0 ;being �xed. For some 0 = �0 < �1 < : : : < �l+1 = 1 ; 
onsider fZn(i) : 1 � i � ng as in (1.1)with aj = �j , bj = �j , andY (j)n (i) := Pik=1(X(j)k;n � �j)=�j : 1 � i � nj � nj�1; j = 1; : : : ; l + 1 :If, in addition, EjX(j)1;1 j2+� < 1, for some � > 0, then the Koml�os, Major and Tusn�ady(1975) strong approximation implies (1.2) for fY (j)n (i) : 1 � i � nj�nj�1g, with � = 1=(2+�) :Example 1.2 (Renewal Pro
esses) Let the random variables X(j)i;n be as in Example 1.1, butwith P (X(j)1;1 � 0) = 1. Set aj = 1=�j ; bj = �j =�3=2j ;N (j)n (t) := max8<:i � 0 : X1�k�iX(j)k;n � t9=; ; 0 � t <1 ;
Y (j)n (t) := N (j)n (t)� t=�j�j=�3=2j ; 1 � i � nj � nj�1; j = 1; : : : ; l + 1 :Then (1.2), with � = 1=(2 + �) ; follows dire
tly from Example 1.1 in 
ombination withTheorem 3.1 of Cs�org}o, Horv�ath and Steineba
h (1987).Motivated by a 
hange-point analysis of time series, the following generalization of Example1.1 is of parti
ular interest. It also demonstrates that, although the in
rements of the observedpro
ess fZn(i) : 1 � i � ng may have a spe
ial dependen
y stru
ture before and afterthe 
hange-points nj; the approximating Wiener pro
esses fW (j)n (t) : 0 � t � nj � nj�1g,j=1,. . . ,l+1, 
an be 
hosen to be independent.
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Example 1.3 (Linear pro
esses) Consider fZn(i) : 1 � i � ng as in (1.1), but with bj = �jA,and Y (j)n (i) := Pnj�1+ik=nj�1+1 ek;n=(�jA) : 1 � i � nj � nj�1 ;where fau : u = 0; 1; : : :g is a real sequen
e su
h thatA = 1Xu=0 au 6= 0 :Let ek;n = 1Xu=0 au"k�u;n ;where f"k;n : k = 0;�1;�2; : : : ; k � n1g and f"k;n : k = 0; : : : ; n;nj�1 < k � njg, j=2,. . . ,l+1are l + 1 independent sequen
es, ea
h i.i.d. (white noise), with E"k;n = 0 ;Var("k;n) = ( �21 : k � n1;�2j : nj�1 < k � nj; j = 2; : : : ; l + 1;�2j > 0, and Ej"k;nj2+� < 1 (for some � > 0) : We further assume that there exists anexponent � > 3=2 so thatau = O �u��� (u!1) : (1.3)If, in addition, the "k;n's have smooth densities and fau : u = 0; 1; : : :g satis�es someregularity 
onditions, then the invarian
e prin
iple (1.2), with � = 1=(2 + �) follows fromHorv�ath (1997). For details and exa
t 
onditions 
onfer Lemmas 2.1 and 2.2 of Horv�ath (1997).We need an additional te
hni
al 
ondition: For all j = 1; : : : ; l + 1 and " > 0 there exist~n; C0; C1 > 0 su
h that for all n � ~n:P 0�C0n � nj�nj�1Xi=1 �Y (j)n (i)� Y (j)n (i� 1)�2 � C1n1A � 1� " (1.4)This is obviously ful�lled for Example 1.1. For a veri�
ation 
on
erning Example 1.2 andExample 1.3 
onfer K�uhn (1999), pp. 52-55.For any k, let ĵ(k) = (ĵ1; : : : ; ĵk) be the ve
tor whi
h minimizesS (j1; : : : ; jk) = kXi=0 ji+1Xj=ji+1nZn(j)� Zn(j � 1)� �Zn(ji; ji+1)o2 (1.5)3



subje
t to j(k) := (j1; : : : ; jk); ji 2 IN0; 0 = j0 < j1 < : : : < jk < jk+1 = n, where�Zn(a; b) := 1b� a fZn(b)� Zn(a)g :We de�ne�̂2k := S(ĵ(k))n := minj(k) S(j(k))n :Using a 
riterion similar to that of S
hwarz (1978), we estimate l, the unknown number of
hange points, by l̂ whi
h maximizes the fun
tionSC(k) := �n2 log �̂2k � kdnsubje
t to k � lu. Here kdn is a penalty term in order to avoid over-�tting.Our main result is as follows:Theorem 1.4 Consider Zn as in (1.1) satisfying (1.2), 0 < � < 1=2, and (1.4). Let lu be aknown upper bound for l, and assume the penalty fa
tor dn to in
rease su
h thatdnn2� !1 (n!1); (1.6)but dnn ! 0 (n!1): (1.7)Then we haveP �arg maxk=0;:::;lu SC(k) = l�! 1 (n!1):Remark. In the 
ase of i.i.d.-in
rements (Example 1.1) Theorem 1.4 improves Theorem 3 inYao and Au (1989) in two ways. First, we only require a (1=�)-th moment (� is an arbitrary realnumber < 1=2) for the in
rements (instead of the sixth moment). Se
ond, the penalty fa
tordn only has to in
rease faster than n2� instead of n4� whi
h was the 
orresponding 
onditionin Yao and Au (1989) translated into our notation.To prove Theorem 1.4 we need three lemmas.
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Lemma 1.5 Let d0(n) := minj=1;:::;l+1 jnj � nj�1j and a < nj1 < : : : < nj2 < b with minfja�njj; jb � njjg � d0(n)2 for j with j1 � j � j2, then there exist 
 2 [nj1; nj2 ℄ and Æ > 0, onlydepending on the jumb hights, but not on n, su
h thatj�a;b(
)j � b� a(
� a)(b� 
)d0(n)Æ;where �a;b(
) := �n(
)� �n(a)
� a � �n(b)� �n(
)b� 
and, for i = 1; : : : ; n, �n(i) := Pl+1j=1 aj((i ^ nj) � nj�1)+ represents the "systemati
 part" ofZn(i).The proof is exa
tly the same as for Lemma 2 in Lee (1995) be
ause we only 
onsider the"systemati
 part" �n of Zn (whi
h we get by setting Y (j)n � 0 in (1.1)).Lemma 1.6 Suppose that (1.2) with � 2 (0; 1=2) and (1.4) hold. Thena) max0�k1<k2�n; k1;k22IN fZn(k2)� �n(k2)� (Zn(k1)� �n(k1))g2k2 � k1 = OP �n2�� : (1.8)b) It holds, uniformly over all 
r; 
r+1 2 f0; : : : ; ng with no 
hange-point nj in between, and all
 2 (
r; 
r+1):S(
1; : : : ; 
k)� S(
1; : : : ; 
r; 
; 
r+1; : : : ; 
k) = OP �n2�� :PROOF OF LEMMA 1.6: a): We want to derive the assertion from Lemma 1 in Yao (1988)
on
erning i.i.d.-normal r.v.'s by taking (1.2) into a

ount. We havemax0�k1<k2�n; k1;k22IN fZn(k2)��n(k2)�(Zn(k1)��n(k1))g2k2�k1= max0�k1<k2�n; k1;k22IN nPl+1j=1 bjnY (j)n ((k2^nj�nj�1)+)�Y (j)n ((k1^nj�nj�1)+)oo2k2�k1= max0�k1<k2�n; k1;k22IN nPl+1j=1 bjnW (j)n ((k2^nj�nj�1)+)�W (j)n ((k1^nj�nj�1)+)o+OP (n�)o2k2�k1= max0�k1<k2�n; k1;k22IN nPl+1j=1 bjnW (j)n ((k2^nj�nj�1)+)�W (j)n ((k1^nj�nj�1)+)oo2k2�k1+max0�k1<k2�n; k1;k22IN ���Pl+1j=1 bjnW (j)n ((k2^nj�nj�1)+)�W (j)n ((k1^nj�nj�1)+)o���k2�k1 �OP (n�) +OP (n2�)= OP (logn) +OP �plogn n��+OP (n2�)= OP (n2�) 5



b) : We haveS((
1; : : : ; 
k))� S((
1; : : : ; 
r; 
; 
r+1; : : : ; 
k))= (
� 
r)(
r+1 � 
)
r+1 � 
r � �Z
r;
 � �Z
;
r+1�2= (
� 
r)(
r+1 � 
)
r+1 � 
r  Zn(
)� �n(
)� (Zn(
r)� �n(
r))
� 
r�Zn(
r+1)� �n(
r+1)� (Zn(
)� �n(
))
r+1 � 
 !2= (
� 
r)(
r+1 � 
)
r+1 � 
r 0� 1
� 
r + 2 1q(
� 
r)(
r+1 � 
) + 1
r+1 � 
1A| {z }�4 �OP �n2��= OP (n2�)Lemma 1.7 For all k 2 IN , " > 0, there exist ~n, C0, C1 > 0, su
h thatP (C0 � S(j(k))n � C1 8j(k)) � 1� " 8n � ~n: (1.9)PROOF OF LEMMA 1.7: Here, we need the additional assumption (1.4).STEP 1 : (,, � ") :S(j(k)) � S(j(0))= nXi=1(Zn(i)� Zn(i� 1)� Zn(n)n )2= l+1Xj=1 b2j nj�nj�1Xi=1 (Y (j)n (i)� Y (j)n (i� 1)� Y (j)n (nj � nj�1)nj � nj�1 )2+ l+1Xj=1(nj � nj�1)(bj Y (j)n (nj � nj�1)nj � nj�1 + aj � Zn(n)n )2� l+1Xj=1 b2j nj�nj�1Xi=1 nY (j)n (i)� Y (j)n (i� 1)o2| {z }=OP (n); due to (1:4)+ l+1Xj=1 (Tj � Tj�1)(bj Y (j)n (nj � nj�1)nj � nj�1 + aj � Zn(n)n )2| {z }=OP (1)= OP (n): 6



STEP 2 : (,, � ") :S(j(k)) � S(j(k) [ fn1; : : : ; nlg)= S((n1; : : : ; nl)) +OP �n2��= l+1Xj=1 b2j nj�nj�1Xi=1 (Y (j)n (i)� Y (j)n (i� 1)� Y (j)n (nj � nj�1)nj � nj�1 )2 +OP �n2��= l+1Xj=1 b2j nj�nj�1Xi=1 nY (j)n (i)� Y (j)n (i� 1)o2 + lXj=1 b2i nY (j)n o2 (nj � nj�1)nj � nj�1| {z }=OP (1) +OP �n2��� C0n:The O's are uniformly valid for j(k) (k �xed) and the last inequality is true with a proba-bility smaller than a given " > 0 for n big enough. The 
onstant C0 is derived from assumption(1.4) and depends on ".PROOF OF THEOREM 1.4 ( Compare Lee (1995) ): We want to show that SC(k)stri
tly in
reases on f0; : : : ; lg and stri
tly de
reases on fl; : : : ; lug with a probability tend-ing to 1 if n tends to in�nity. This implies that SC(k) takes its maximum at l, i.e. l̂ :=argmaxk=0;:::;lu SC(k) is a 
onsistent estimator of l. We analyze the di�eren
e SC(k+1)�SC(k)and get:SC(k + 1)� SC(k) = n2 �log �̂2k � log �̂2k+1�� dn= n2 log S(ĵ(k))S(ĵ(k + 1)) � dn= n2 log 1 + S(ĵ(k))� S(ĵ(k + 1))S(ĵ(k + 1)) !� dnDue to Lemma 1.7 the denominator S(ĵ(k + 1)) is of order n (uniformly in k = 1; : : : ; lu).Sin
e there are "1 > 0, "2 > 0, su
h that for all x 2 IR+minf(1� "1)x; "2g � log(1 + x) � x; (1.10)it is suÆ
ient to show:1:) S(ĵ(k))� S(ĵ(k + 1))� dn for k < l: (1.11)2:) S(ĵ(k))� S(ĵ(k + 1))� dn for k � l: (1.12)7



where � means that the quotient tends to zero if n tends to in�nity.CASE 1: k < lWe start with an optimal solution ĵ(k) in the minimization of (1.5) for k and add one morepoint to ĵ(k). Due to the fa
t that S(ĵ(k + 1)) is minimal for given k + 1, the amount theleast squares S(ĵ(k)) de
rease is a lower bound for S(ĵ(k))�S(ĵ(k+1)). Consequently, if it ispossible to 
hoose this additional point in su
h a way that the order of the de
rease is biggerthan dn, then (1.11) is proved.Let ĵ(k) = (
1; 
2; : : : ; 
k). Suppose one plugs in an additional point 
 between 
r and 
r+1.Then: S((
1; : : : ; 
k))� S((
1; : : : ; 
r; 
; 
r+1; : : : ; 
k))= 
r+1Xi=
r+1 �Zn(i)� Zn(i� 1)� �Z
r;
r+1�2 � 
Xi=
r+1 �Zn(i)� Zn(i� 1)� �Z
r;
�2� 
r+1Xi=
+1 �Zn(i)� Zn(i� 1)� �Z
;
r+1�2= (
� 
r) � �Z
r;
 � �Z
r;
r+1�2 + (
r+1 � 
) � �Z
;
r+1 � �Z
r;
r+1�2= (
� 
r) 
r+1 � 

r+1 � 
r!2 � �Z
r;
 � �Z
;
r+1�2 + (
r+1 � 
) 
� 
r
r+1 � 
r!2 � �Z
r;
 � �Z
;
r+1�2= (
� 
r)(
r+1 � 
)
r+1 � 
r � �Z
r;
 � �Z
;
r+1�2 : (1.13)On a

ount of k < l at least one of the l disjoint intervals �nj � d0(n)2 ; nj + d0(n)2 � ; j =1; : : : ; l, 
overs no element of f
1; : : : ; 
kg. Consequently, there exists an r 2 f1; : : : ; k� 1g su
hthat 
r < ni1 < : : : < ni2 < 
r+1 with minfj
r�nij; j
r+1�nijg � d0(n)2 for i with i1 � i � i2. So,Lemma 1.5 
an be applied and there is a 
 for whi
h the following estimation of the de
reaseof S holds (here we also make use of (1.13) and Lemma 1.6(a) where the uniformity is neededbe
ause 
r and 
r+1 are random):S((
1; : : : ; 
k))� S((
1; : : : ; 
r; 
; 
r+1; : : : ; 
k))= (
� 
r)(
r+1 � 
)
r+1 � 
r � �Z
r;
 � �Z
;
r+1 � �(
) + �(
)�2� (
� 
r)(
r+1 � 
)
r+1 � 
r j�(
)j �j�(
)j � 2 ��� �Z
r;
 � �Z
;
r+1 � �(
)����� d0(n)Æ( 1
� 
r + 1
r+1 � 
! d0(n)Æ � 2 ��� �Z
r;
 � �Z
;
r+1 � �(
)���)= d0(n)Æ ( 1
� 
r + 1
r+1 � 
! d0(n)Æ �  1p
� 
r + 1p
r+1 � 
!OP (n�))� d0(n)Æp
� 
r (d0(n)Æpn +OP (n�))+ d0(n)Æp
r+1 � 
 (d0(n)Æpn +OP (n�))8



� 2d20(n)Æ2n (1 +OP  n�+1=2d0(n) !)= 2d20(n)Æ2n f1 + oP (1)g� dn:The last estimation holds be
ause of d0(n) / n together with (1.7). This proves (1.11).CASE 2: k � lNow we start with an optimal solution ĵ(k + 1) for given k + 1 and redu
e the number ofpoints to k. It turns out that this does not 
hange too mu
h. First we add the l (theoreti
al)
hange points to be able to apply Lemma 1.6(b) and then we take out l + 1 other points. So,S(ĵ(k + 1)) � S(ĵ(k + 1) [ fn1; : : : ; nlg)= S(n1; : : : ; nl) +OP �n2��� S(ĵ(k)) +OP �n2��ThusS(ĵ(k))� S(ĵ(k + 1)) = OP �n2��and therefore (1.12) in view of assumption (1.6). This 
ompletes the proof of Theorem 1.4.A
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