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1. Introduction

1.1. Overview

The objective of this thesis is to contribute to the mathematical theory of hysteresis. Loosely
speaking hysteresis describes phenomena where the evolution of a system depends not only on
its current state but also on its past evolution. We are going to study both hysteresis operators,
which are the mathematical building brick of describing systems with hysteresis, as well as a
class of evolution system, in which hysteresis occurs as a part of the problem.

The mathematical description of hysteresis phenomena at least goes back to the beginning of
the 20th century. Among the first to work in this field were Prandtl [84]], who described plastic
deformations using hysteresis, and Preisach [85), who studied magnetic effects. The systematic
mathematical study of hysteresis however was initiated only around 1970 by the group around
the Russian mathematician M.A. Krasnoselskii, see e.g. [51},150]. Their efforts resulted in their
seminal monograph [52]]. A key element of their studies which was to understand hysteresis as
an operator acting on functions defined over a time interval [0, T']. We are going to use a refined
definition due to A. Visintin, see e.g. [103]. Let M (0,T’; X) be the set of all maps mapping the
time interval [0, T'] to a state space X. An operator W : D(W) C M(0,T;X) — M(0,T;Y)
is called an hysteresis operator if

e W is rate-independent, i.e. for all f € D())) and all monotone increasing functions
¢+ [0,T] — [0, T] with ¢([0,T]) = [0, T] it holds

W(fo¢)=W(f)oo
e and W has the Volterra property, i.e. forall g, f € D(W) and t € [0, T] it holds

gl = floyg = W) =W()(?).

The latter property makes ¥V a memory operator, as the current state is only determined by past
but not by the future. Rate-independence assures that the ’speed’ or rate of the input does af-
fect the output only insofar as it changes its rate in the same way. Hysteresis operators are the
basic building blocks of systems including hysteresis, of which one can find in nature many.
Apart from plasticity and magnetism, hysteresis occurs also in phase transitions, the modeling
of shape memory alloys or can be artificially added into a system in order to control it, as for
example using thermostats. These phenomena are described by ordinary or partial differential
equations in which the hysteresis operator is one element. Hysteresis operators and systems with
hysteresis have been the subject of quite some research. Following the book by Krasnoselskii
and Pokrovskii quite a number of monographs have been written. We would like to point out
those by Mayergoyz [68]], P. Krejci [54]], A. Visintin [[105], and M. Brokate and J. Sprekels [19].
They cover the main analytical aspects of dealing with hysteresis, namely the description and
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modeling of hysteresis phenomena, the study of hysteresis operators and the analysis of evolu-
tion systems with hysteresis.

With the present thesis we would like to contribute to two of the three above topics, namely
we are going to study a special type of hysteresis operator, the quasivariational sweeping pro-
cess, and analyze evolution systems with hysteresis, the so called doubly nonlinear differential
inclusions. The methods we use are fairly different. For the former one we utilize what one
may call the classical toolbox of calculus, e.g. convex analysis, a Riemann type integral and
the Banach fixed point theorem. For the latter we employ more recent concepts, such as direct
methods from the calculus of variations and a fair amount of measure theory. The focus of our
study are situations where either due to the given data or degeneration effects the solution are
now longer continuous but allow for jumps. If solutions do have jumps the classical concepts of
solution fail. They often require at least absolute continuity. It is hence that new notions of what
constitutes a solution have to be developed. This is a field of active and ongoing discussion. In
the following we give a short introduction to the problems we are going to address. It is more
intended to give a short impression of the problem than to properly present the problem and our
main results. We will postpone this to the first chapter of the corresponding parts of this thesis.

1.2. Structure of the thesis

This thesis is split into into three parts. First we introduce mathematical preliminaries needed in
the sequel. The second part is devoted to the study of the quasivariational sweeping process. In
the final part we are going to apply variational methods to analyze doubly nonlinear differential
inclusions. Notice that Part|Il| and [l1I| are independent from each other.

1.2.1. Part[[- Mathematical preliminaries

The mathematical preliminaries address four topics. First we are going to dwell on convex anal-
ysis. After recalling some elementary definitions and properties of convex sets we consider the
projection in Hilbert spaces. We then spend a section on convex functions and their properties.
We finish the chapter with basics on maximal monotone operators. The second chapter is re-
served for the theory of classical function spaces. We start by recalling the definitions of spaces
such as functions of bounded variation and the space of regulated function and their properties.
Subsequently we introduce the Kurzweil integral, a Riemann-Stieltjes type integral which allows
for the integration of a BV function against a non-continuous function. The next chapter is con-
cerned with measure theory especially with regard to Banach spaces. We are going to introduce
vector valued measures and subsequently talk about the measurability of Banach space valued
functions. There we are going to present apart from the usual Radon-Nikodym theorem on re-
flexive Banach spaces also a weaker version which is suited to the duals of separable spaces.
Finally we are going to talk about the extension of Young measure theory to Banach spaces. In
the short last chapter we are going to recall Gronwalls Lemma and prove two discrete analogues.



1.2. Structure of the thesis

1.2.2. Part[ll- Quasivariational sweeping processes on functions of
bounded variation

The sweeping process was introduced by J. J. Moreau [78, [79]] in the 1970s. Given a time
dependent convex set K (¢) in a Hilbert space X and an initial value & € K (0) it seeks for a
solution to the problem

—£(t) € Ny (€1) ,  €(0) =&.

Here N (z) is the normal cone of K in the point z. To better visualize the problem, imagine the
following: You put a raisin on a table, turn a cake form upside down and put it over the raisin.
Where does the raisin go, when the cake form is moved? This is what the sweeping process
describes. The interest in the sweeping process comes from two angles. First it is an interesting
mathematical problem, being a special and extremal case of

—a(t) € A(tu(t)

for a family of maximal monotone operators A(t). It can hence serve as a first approach to solve
the more general inclusion problem. Second it is of interest in applications, as it is a build-
ing brick to describing more complex problems, such as elastoplasticity. In the special case of
K(t) = u(t) — Z the sweeping process is equivalent to the play operator, one of the basic oper-
ators of the theory of hysteresis.

The quasivariational sweeping process is an extension of the sweeping process. It allows for
the shape of the convex set to depend not only on time but also on the current state £(¢). In other
words we are looking for solutions satisfying

—&(t) € Ngrey) (1)) 5 €(0) =&

This problem was originally posed by M. Kunze and M. D. P. Monteiro-Marquez in [64].In the
above picture replace the cake form by a modern, silicone one. Also, exchange the raisin with
a small stone. Then when moving the cake form around it shape will change, when it hits the
stone. Already in the original paper existence of a solution has been proven. Uniqueness however
is more involved and to our knowledge the first result was proven by M. Brokate, P. Krejc¢i and
H. Schnabel in [18] six years later. Further results in this direction are to be found in [[71,95,[100].

We are going to study the problem, when the convex set K (-,£) may jump. Then one can

no longer expect that the solution is smooth, but has to assume that it jumps as well. When
developing a concept of solution which allows for that the essential degree of freedom one has is
to decide what happens at the jump points. Below the notion of Kurzweil solutions is employed.
Loosely speaking at jump points this concept determines the solution by projecting the state
before the jump onto the convex set after the jump. It turns out that proving uniqueness depends
strongly on the geometry of the convex set. We treat two different settings, one where K is a
polyhedron with moving faces and two where K is a convex set with smooth boundaries.
The blueprint of our approach is roughly the following. Using time discretization and a limiting
procedure we show a continuity result for the map v — 1, where 7 is the solution of the sweeping
process with input K (¢,v(t)). Employing these results with Banach’s fixed point theorem to
deduce existence and uniqueness for the quasivariational case. The main tool for our analysis is
besides limiting theorems, a good understanding of the projection.
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1.2.3. Part/[lll- Variational approach to doubly nonlinear differential
inclusions

The term doubly nonlinear differential inclusion was coined by P. Colli and A. Visintin in their
paper [21]]. It stands for the following class of evolution problems. Let X be a Banach space and
X* its dual. Given two maximal monotone operators A, B : X =2 X*, aload f : [0,7] — X*
and an initial value ug € X we seek for a solution u : [0,7] — X such that

Au(t) + Bu(t) > f(t), u(0)=ug.

Existence of a solution has been proven, in case one of both operators is cyclic, i.e. the subdif-
ferential of a convex function. If A = 9V for some 1-homogeneous function W, then the above
problem implicitly includes a hysteresis operator (see Section[9.1). Doubly nonlinear differential
inclusions are used to model phenomena such as elastoplasticity or fracture. Hence they attracted
quite a bit of attention. Most generalizations consider problems of the type

A (u(t)) + VE(u(t)) 50, (1.1)

where W is a convex function, often called the dissipation functional, and £ is a time dependent,
possibly non-convex energy function. Especially in the case when ¥ is 1-homogeneous one can
not necessarily expect the solution to be continuous. A method to solve these problems is the
vanishing viscosity approach. Roughly speaking one adds to the left hand side a term of the type
€0V (1), where ¥ convex function satisfying sufficient growth conditions. These systems are
easier to solve and one tries to obtain the solution to the original problem by taking the limit
e —=0.

It is this procedure that gave rise to the problem we are going to study. The question we are
going to ask is: given a family of maximal monotone operators (s, ),, . and an energy functional
&. Let u,, be the solutions of

an (Un(t)) + VE (un(t)) 2 0.
If o, — «, do the limit points u of the sequence (u,,) solve the limit problem
a(u(t)) + VE (u(t) 30.

in some sense? We will show below that this indeed is the case if o, — « in the sense of graph
convergence. In the case the space X is reflexive Banach we will be able to allow for general
maximal monotone operators. If the X however is not reflexive we need to restrict ourselves to
oy, which are the subdifferential of a convex function. A rather obvious generalization is to allow
for a sequence of energy functionals (&,,) converging to some £ and now ask the same question.
It turns out that a convergence a,, — « and &, — & alone is not enough, instead there needs
to be an interplay between these two convergences. We will give a sufficient condition on how
they need to interact, such that limit points of the sequence of solutions, indeed solve the limit
problem.

In order to prove our results we take an approach that is maybe somewhat surprising. We rein-
terpret the evolution problem as a minimization problem on the space of functions f : [0,7] —
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X. This is possible due to the structure of the problem. We thereby enter the realm of the cal-
culus of variations. Our question now translates to: assume there is a sequence of functionals,
are limit points of their minimizers, also minimizers of the limiting functional? This problem
has already been intensively studied and we will make use of the toolbox developed during these
studies to solve our question.



Part I.

Mathematical preliminaries



Introductory remarks, notation and a guide
through theses preliminaries

The present part of this thesis aims to provide the mathematical framework for the sequel studies.
Many concepts and results we present here are well known. Others are small extensions of
already established results which however are necessary for our considerations. And some are
new but fit better into the context of the preliminaries than in the following parts. This is why
they are located here.

Notation

In general we follow current conventions with regards to our notation. Especially we denote by
LP(Q) the (equivalence class of) p-integrable functions on a set Q2. W*P(Q) denotes the Sobolev
space of all k-times weakly differentiable p-integrable functions whose weak derivatives up to
order k are also elements of LP((2).

For any Banach space ) we denote by V* its dual. Moreover the dual pairing is denoted by
{*;*)y+ y- The respective norms will be denoted by ||y, and |-|,.. If no confusion can arise the

indices may be left out. If H is a Hilbert space we denote the inner product simply by (-, -). The
1/2

norm on H is then given by |h| = (h, h)
For any n € N we will write [n] to indicate the set {1,2,...n}. Moreover let I be an index set.
We shall at times sloppily write (x;);c; C Z when we mean that (x;);cs is a family of elements
indexedby¢ € I and x; € Z forall¢ € 1.

The remaining notation will be introduced in the sequel chapters.

A short guide through the preliminaries

If the reader is only interested in certain parts of this thesis and wishes to read only the necessary
preliminaries we offer a short guide.

Part[Ml] The necessary mathematical tools for the second part of this thesis will be provided in
the sections which contains some basics in convex analysis, chapter [3| which introduces
"classical’ function space theory and a special Riemann-type integral. In chapter [5 some useful
discrete analogous of Gronwalls inequality are proven.

Part [ITI} For the third part we suggest to read the following: Sections [2.3}j2.4] provide ba-
sic knowledge on convex functions and maximal monotone operators and chapter |4| contains a
number of useful results concerning measure theory on Banach spaces.



2. Convex analysis

This chapter is dedicated to an introduction of concepts and methods of convex analysis. We do
this with a certain depth which might seem a little exceptional for these preliminaries. However
as these tools and methods of convex analysis will come into play throughout the whole thesis
and are at points at the very core of our study we feel that this is appropriate. Convex analysis is
the subject of many textbooks and most if not all the results presented here can be found in one
of them. We would like to point out the monographs [92} 134, 47| and the lecture notes [[17]] as our
main references. Many results are presented without proof and we will indicate the appropriate
reference instead.

Throughout this chapter ) is a real Banach space and )* its dual. We indicate their dual pairing

by (-, )y« y- The respective norms are denoted by | - [y and | - [y+. Furthermore we set X to be
1/2

a Hilbert space with scalar product (-, -) and norm |z| = (x, x)

2.1. Convex sets
Definition 2.1 (Convex sets). A set Z C ) is called convex if
Vo,y e Z, VA e (0,1): e+ (1—-Nye Z.

In other words, a set Z is convex if the line segment between two points of Z lies entirely in
Z. Therefore the whole space ) as well as any affine subspace of ) are convex. The empty set is
convex, too. Another example for convex sets are polyhedra. They are the intersection of finitely
many subspaces. To be precise we shall give the definition.

Definition 2.2. A set P C ) is called a polyhedron if there exist n € N, (a;);; C Y* and
B8 € R"™ such that

P={ye¥:(ayyy<hi}. @

Definition 2.3. Let y € YV and Z C ) be a convex set. Then we define the distance between y
and Z by
dy,Z) :=min{ly —z|: z € Z} . (2.2)

There are several ways to define the distance between two convex sets. Throughout this thesis
we are going to use the Hausdorff distance.

Definition 2.4 (Hausdorff distance of convex sets). Let Z7, Zs be two convex sets. Then the
Hausdorff distance between Z; and Zs is defined as

dy(Z1,Z2) = max{ sup d(z1,Z2), sup d(Zz,Zl)} : (2.3)

21€271 20€ 2o
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2.1. Convex sets

Notice that the Hausdorff distance is always well defined in [0, +oc] and symmetric. We just
mention that another common notion of distance is the so called Minkowski distance. It will
however not be used in the present thesis.

Definition 2.5 (Polar set). To each Z C ) we associate its polar set Z* C )* which is defined
by
* / * /
7 = {y ey .<y,y>y*7y§1Vy€Z}. 2.4)

For any Z the set Z* is non-empty, convex and closed with respect to the norm on )*. For
example the polar set of the closed ball with radius ¢ > 0 and centered in the origin

B.(0) :={yeY:|yly <1}
is the closed ball with radius ¢! and center 0 in V*.

Definition 2.6 (Normal cone). Let ) # Z C X be convex. Then the normal cone of Z in a point
z € Z is defined by

Nz(x) ={ye X : (y,xr—2) <0 Ve e Z}. (2.5)
As the name already indicates, the normal cone is indeed a cone, that is a set C' C ) such that
Yye C,VA>0: dyeC.

From the definition one directly obtains that the normal cone of a point = € int(Z) is in fact {0}.
For ¢ > 0 and |z| = c we have Np_(g)(z) = {Az : A > 0}. One can also explicitly calculate the
normal cone of a polyhedron.

Lemma 2.7. Let ) # P C X be a polyhedron. For z € P we denote by
Ip(z)={i€n]: (a;,z) =05} (2.6)

the set of active constraints. Then

Np(z)=(w= Z agng : ap >0 . 2.7
kel'p

This result is due to V. Lovicar and has been published in [55, Lemma 7.3].

Definition 2.8 (Recession cone). Let Z C )Y be convex. Then the recession cone of 7 is the set
rec(Z)={yeY:[Fz€Z: 24+ ye ZVA>0]}.

As one can easily see, the recession cone is indeed a cone. One can show that y € rec(Z) if
and only if 2 + Ay € Z forall A > 0 and all z € Z. Therefore the recession cone is the set of
all directions in which Z is unbounded. Consequently the recession cone of a bounded set is the
empty set.

Proposition 2.9. Let Z C ) be convex and non-empty. Then if Z is closed then so is rec(Z).

11



2. Convex analysis

2.2. Projection onto convex sets in Hilbert spaces

Definition 2.10 (Orthogonal projection). Let ) # Z C X be a closed convex set and u € X.
The point x € Z which satisfies

VzeZ: |lu—z| <|u—z|
is called the orthogonal projection of u onto Z. We shall denote it by Q7 (u) := z.
The following result is well known.

Proposition 2.11. For any closed convex set ) # Z C X and any uw € X the orthogonal
projection Qz(u) exists and is unique. Furthermore it satisfies the variational inequality

(u—Qzu),Qz(u)—z) >0 Vze Z. (2.8)

We furthermore define the complementary map Pz by
Pz :=ldx —Qz. 2.9

We are aware that it might appear unintuitive to denote the projection by ¢ and its complement
by P. It is however consistent with the notation in the study of hysteresis and especially the
play operator, see e.g. [35,58]. Our work here is in that context. It even more relies on the
aforementioned articles. We hence decided to follow this notation.

Due to Proposition we see that Pz(u) € Nz (Qz(u)). A number of further properties of
the projection and its complement are part of the upcoming Lemma.

Lemma 2.12. Let ) # Z C X be closed and convex. It holds

(1) Qz is Lipschitz continuous with constant 1, that is

Vu,v € X 1 |Qz(u) — Qz(v)| < |u—1vl,

(i) (Pzz — Pzy,Qzr — Qzy) > 0,
(i) Qz(Qzx + APzx) = Qzxr YA >0,
v) (zeZ, (yyx—2z) >0Vze€Z) < (r=Qz(x+vy), y=Pz(x+vy)).

The proof of the above assertions heavily relies on the characterization (2.8)). In the special
case of a projection onto a linear subspace of X we obtain a few additional properties.

Proposition 2.13. Let X" C X' be a linear subspaces of X. Then the following holds true:
(i) Vo € X : Qx»(Qxz) = Qxn(7) = Qx/(Qxr7)
(i) Vo € X : |Pyx]? = |z* — |Qx x|?
(i) VAeR,z € X : Qx/(\x) = \Qxx

vy Ve X,ve X : Qx/(z+v) =Qx/(x) +v

12
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V) VeeX,ze X': (z,z) = (2,Qxx)
Vi) Ve e X,ze X' |z =1: |(z,2)| < |Qxz| < |z]

Proof. Since we were not able to find a reference for the above assertions, we prove them here.

ad (i): The second equality is trivial since Qx~(z) € X” C X’. For the sake of notational
simplicity we set z := Q xx and 2’ := Q x» (Qx x). Forany y € X" wehave y+ 2 — 2’ € X'.
Hence we have
<x—z,z’—y> > 0 and <z—z’,z’—y> >0.

Adding both inequalities leads to (z — 2/, 2’ — y) > 0 for all y € X" and therefore 2’ = Q x»x.

ad (ii): It suffices to show that (Pxz, Qx x) = 0. To this end notice that X" is a linear space
and therefore 0 and —2Q) x-z are in X'. Applying (2.8) to both points implies the claim.

ad (iii): For A = 0 we notice that ) x/(0) = 0 and the assertion is proven. For A # 0 and
y € X’ we have that A~y € X’ and due to (2.8) we obtain

0< A {2z —Qx/(z),Qxz— A"y) = Az — A\Qxa, \Qxw — ) .
This directly implies that Q x/(A\x) = AQ x/x.
ad (iv): For any z € X’ also z — v € X’. Hence
0<(z—-Qxz,Qxzr—2) =&+v—(Qxx+v),Qxx+v—2)) Vz€ X .
ad (v): Notice that x = Q x'x + Pxsx and (Px/z,z) = 0 forall z € X'.

ad (vi): The first inequality is a consequence of (v) and the second inequality of (ii). O

2.3. Convex functions
Definition 2.14 (Convex functions). A function f : J) — (—o0, c0] is called convex if
Ve,ye Z, VA e (0,1): f(Az+ (1 =Ny) <Af(2) + (1 =A) fy).

The connection between convex sets and convex functions becomes apparent in the following
well known result, see e.g. (34}, Proposition 2.1].

Proposition 2.15. A function f : ) — (—o0, 00| is convex if and only if the epigraph
epi(f) == {(z,y) e Y xR: f(z) <y}
is a convex subset of Y x R.

The following result can be found in [37, Proposition 4.34].
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2. Convex analysis

Proposition 2.16. Let J C R be an interval and g : J — (—o0,+0o0]. Then g is convex if for
every tog € J with g(tg) < 400 the difference quotient

9t — glto)
t—to

is nondecreasing in J \ {to}.
A simple example for a convex function is the so called indicator function.

Example 2.17. Let Z C Y and define its indicator function /z by

0 ifyeY
+o0o else.

rat) = {

Then Iz is convex if and only if Z is convex. The function I is indeed not the only function
that goes under the name of indicator function. Also the function xz(x), whichis 1 if z € Z
and 0 else, is known as an indicator function. For clarity of notation whenever we shall use one
of these letters we will mean the respective function defined above.

Definition 2.18. Let )’ be a Banach space. We say a function f : JV — (—o0,00] is lower
semicontinuous with respect to the strong (weak / weak-*) topology on ), if for any sequence
(Yn)pen C Y with

Un =Y W = y/y0 =)

it holds
lim inf f(yn) > £(y).

Proposition 2.19. A convex function f : Y — (—o00,400] is lower semicontinuous if and only
ifepi(f) is closed in the strong topology of ¥ x R.

Definition 2.20. For f : ) — (—o0, oo] we define its effective domain by

dom(f):={yeY: f(y) < +oo}.
A function f is called proper if dom(f) # 0.

For example the indicator function Iz is proper if and only if Z is nonempty. Its effective
domain is Z.

Definition 2.21. Let 0 € Z C Y be a convex set. The function My : ) — (—o0, 0], defined
by
Mz(y)=inf{t>0:t"'ye Z} (2.10)

is called the Minkowski functional of Z. By convention the infimum of the empty set is 4-oc0.

Example 2.22. The Minkowski functional of the unit ball B1(0) = {y € Y : |yly < 1} is
exactly the norm on )/, in formula

Mp, 0y(y) = lyly -

The following results are well known.

14



2.3. Convex functions

Proposition 2.23. For any Z C Y convex with 0 € Z the Minkowski functional My is well
defined. It is a proper, convex function and has the following properties:

() If Mz(y) <ltheny € Z. If Mz(y) > 1 theny ¢ Z.
(i) If Z is closed, then Mz(y) <1<y € Z.
(iii) Mz is 1-homogeneous, i.e. VA > 0 and y € Y it holds Mz(\y) = AMz(y).

Definition 2.24 (Legendre-Fenchel conjugate). Let f : ) — (—o00, 00| be a proper function.
The function f* : Y* — (—o00, 00| defined by

) =suw{(y" y)y., — fy) :y €V}
is called the (Legendre-Fenchel) conjugate of f.

Proposition 2.25. Let f : ) — (—o0, 0] be a proper function. Then the conjugate f* is well
defined, convex and lower semicontinuous.

For a proof of this result see [17, Lemma 6.4]. Notice that due to the definition of the conjugate
function we have

VeV, y eV fy)+ (V) =W )y y - (2.11)

Example 2.26. The indicator function and the Minkowski functional are related through the
concept of conjugate functions. Indeed it holds that

(i) for0 € Z C Y convex (Mz)" = Iz« and
(i) for Z C Y convex (Iz)" = My-.

Proposition 2.27. Let ) be a reflexive Banach space, and f : Y — (—o0,00]. Let f** be the
conjugate function of f*. Then the following assertions hold

O f~<r
(ii) If f is proper, convex and lower semicontinuous then f** = f*.

Corollary 2.28. Let Y be a reflexive Banach space and f : ) — (—o0, +00| be a proper, convex
and lower semicontinuous function. Then

7 = sw L)y - £}

yl Ey*

Definition 2.29 (Subgradient and subdifferential). Let f : ) — (—o00, o] be a proper convex
function and let z € ). A vector y € V* is called subgradient of f in x if

VyeY (v y—12)y. 5 < fly) - fla). (2.12)

The set of all subgradients in x is the subdifferential of f in x. It is denoted by Of(x). The
domain of 0f is defined as

dom (0f) ={zx €Y :0f(x) # 0} .

15



2. Convex analysis

As a direct consequence from the definition we see that for any = € ) with f(x) = +oo we
have df(z) = (), hence dom(9f) C dom(f). If f is differentiable in y € ) then df(y) =
{Vf(y)}. The connection between the subdifferential and the conjugate function is part of the
following theorem, see also [[17, Theorem 7.6].

Theorem 2.30. Let f : Y — (—o0, 00| and y € ). Then

y €0fly) = fW)+f (¥) = )y y - (2.13)
Remark 2.31. In light of we also have that
y €0f(y) = fW)+ I (¥) W ¥y y - (2.14)

Example 2.32. Let ) # Z C X be a convex set. Then the subdifferential of the indicator
function of Z in x is identical to the normal cone of Z in x, in formula

8[2(33) = Nz(x) .

Definition 2.33 (Recession function). Let f : J) — (—o0, oo be a proper convex function. The
recession function of f is defined by

Y- [—o0,0], z—=sup{f(w+2z)— f(w):w e dom(f)} .

The following theorem shows the connection between the recession function and the recession
cone defined above. Indeed it holds that the recession cone of the epigraph coincides with the
epigraph of the recession function.

Theorem 2.34. Let f : Y — (—00, 00| be a proper convex function. Then its recession function
[ is a positively 1-homogeneous, proper convex function and

epi () = rec (epif) -

Moreover if f is lower semicontinious, then so is f* and

foo(z) = sup f(w +t2) — f(w) — lim f(w +tz) — f(w>
t>0 t t—oo t

Vw € dom(f). (2.15)

A proof for the case )V = R can be found in [37, Theorem 4.70]. However we could not
find a proof for Banach spaces, and thus shall present it below. It relies heavily on the afore
mentioned proof due to Fonseca and Leoni.

Proof. Observe that f°° is convex as a point wise supremum of a family of convex functions.
Therefore epi (f°°) is convex as well. It then holds that

(z,t) €rec (epif) < V(w,s) €epif: (w,s)+ (2,t) € epif

Vw € dom(f),s > f(w): flw+z2) <s+t
Vw € domf : f(w+2) < f(w) +t

[z <t

(2,t) € epi (f7)

Tt e
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2.3. Convex functions

Since f°(z) > f(w + z) — f(w) the function > does never attain the value —oco. Moreover
since f*°(0) = 0 it is also a proper function. For positive 1-homogeneity notice that for any
(2, f>(z)) € epi (f*°) and ¢ > 0 we have that also epi(f) + t (2, f>°(2)) € epi(f) because of
the definition of a recession cone . Therefore for any w € dom(f) we have

flw+tz2) < f(w) +tf>(2) (2.16)

and hence f°(tz) < tf°°(z). For the reverse inequality it suffices to replace z and ¢ with ¢z and
% respectively.

As for the lower semicontinuity of f°° we first remark that due to Proposition epi(f) is
closed if f is lower semicontinuous. Using Proposition then also rec (epif) is closed and
therefore f°° is lower semicontinuous.

It remains to prove (2.15).Following Proposition [2.16]it suffices to show that

fOO(Z) = sup f(w+tz) _f(w)

>0 t

for all w € dom(f) and z € ). To this end first notice that due to formula (2.16) we have

oy T+ 12) = )
>0 t

< f2(2).

For the reverse inequality observe that if

Supf(ertZ)—f(w) C e
>0 13

then there is nothing to prove. Hence we may assume that

o 104 12) ~ @)
£>0 t

<s

for some s € R. Consequently for all ¢ > 0 we have f(w + tz) < f(w) + s - t and we obtain
(w+tz, f(w)+s-t) €epif.
Therefore (z, s) € rec (epif) which readily implies f*°(z) < s. As the choice of s was arbitrary

we have shown that i )~ fw)
w+tz) — f(w
®(z) < su
f7@) < t>18 t

which completes our proof. O

Corollary 2.35. Let f : Y — (—o00, 0] be a proper, convex and 1-homogeneous function. Then

fe=1r

Proof. Let (z,y) € epi(f), thatis f(x) < y. Due to the 1-homogeneity we have for all A > 0 :
f(Az) = Af(x) < Ay. Hence (Az, \y) € epi(f). Therefore we obtain epi (f) C rec (epif).
Since f is 1-homogeneous f(0) = 0. Hence for any (z,y) € rec(epif) it holds (0,0) + (z,y) €

epi(f), i.e. (x,y) € epi(f). Therefore epi(f) = rec (epif) and Theorem implies the
claim. [
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2. Convex analysis

2.4. Maximal monotone operators and variational notions of
convergence

In this short section we shall give a few basic facts about maximal monotone operators and some
related notions of convergence. For a more thorough introduction of the topics we discuss below
we refer to the monographs [10]] and [4] and references therein. An operator o : Y = V* is a set
valued map which to each y € ) associates a set a(y) C V* we denote the graph of « by the set

Jo i= {(y,y’) ey xy* :y'€a(y)} . (2.17)

There is of course a one-to-one connection between each operator and its graph. Hence we will
denote both by o and when we write (z,y) € o we mean (z,y) € g,. For any « we denote its
domain by

D(a) ={y €Y :a(y) # 0} . (2.18)

Definition 2.36. A operator « : )) == Y* is said to be monotone if
V(ZL‘, y) ca: <y —Y0,T — ZL’(]});*,)} > 0 v(an yO) cal . (219)

« is said to be maximal monotone if it is monotone and there exists no monotone operator /3 such
that

Jo C g3 (2.20)

Let f : Y — (—o00, 0] be a convex, proper and lower semicontinuous function. Then the map
df : Y — Y* is a maximal monotone operator. The set of all maximal monotone operators of
the type O f can be characterized.

Definition 2.37. Let o : ) == Y* be a maximal monotone operator. Then « is called cyclic
monotone if for all families (y;, y,)!_, with (y;,y;) € a it holds

|
—

n

(iryi — yi+1>y*’y + (Y Yn — 2/0>X*7X >0. (2.21)

Il
o

7

Theorem 2.38 (Rockafeller [91]]). Let o : Y == YV* be a maximal monotone operator. Then
a is cyclically monotone if and only if there exists a convex, lower semicontinuous function
f:Y — (—o0, 00| such that

a=0f. (2.22)

Moreover for a given maximal monotone and cyclic « the function f is uniquely determined up
fo a constant.

We also define the inverse of an maximal monotone operator c.

Definition 2.39. Let ) be a reflexive Banach space and « : )V = Y* be a maximal monotone
operator. Then the inverse of « is denoted by a~! : * = ) and defined by

Wyeal <= Wy eca (2.23)

18



2.4. Maximal monotone operators and variational notions of convergence

It is simple to see that ! is also a maximal monotone operator.
We shall finish this chapter by introducing a few notions of convergences that are important in
the sequel. The first is a notion of convergence for convex sets and convex functions.

Definition 2.40 (Mosco convergence ([80])). Let (Cn)neN be a family of sets C,, C V. We say

that C, converges to a set C' C ) in the sense of Mosco convergence, in formula C), M, oif
(i) for all families (yn)neny C Vs Yn € Cp, yn — yitholds y € C and
(ii) for all y € C there exists a family (y,,)nen C YV, yn € Cy, such that y,, — y.

Let (fy),cn be a family of functions f,, : Y — (—o0,00]. We say f, converges to f : ) —

. . M_ . . .
(—o0, o] in the sense of Mosco convergence, in formula f,, — f if the following two condi-
tions are met

(i) (lim inf-inequality). For all sequences (Y, )nen C Vs yn — v it holds

liminf fr, (yn) > f(y) - (2.24)

(ii) (Existence of a strong recovery sequence). For all y € ) there exists a sequence
(Yn)nen C YV, yn — y such that
limsup fr, (yn) < f(y) - (2.25)

n—oo

The notion of Mosco convergence has been developed by Umberto Mosco in the late 60s
in order to study variational inequalities. We will list a number of well known and important
properties of this notion of convergence.

Proposition 2.41. Let (fy.),cy be a family of convex functions f, : Y — (—oc,00]. Then it
holds

fo 25 = epi(fa) s epi(f).

On reflexive Banach spaces Mosco convergence of a sequence of functions carries over to its
convex conjugate functions.

Theorem 2.42 ([4, Theorem I11.3.18]). Let Y be a reflexive Banach space and ( fn)neN be a
family of proper, convex and lower semicontinuous functions f, : Y — (—00, c0|. Then it holds

A related notion of convergence for maximal monotone operators is the so-called graph con-
vergence.

Definition 2.43 (Graph convergence). Let ) be a reflexive Banach space. Let (), be a
family of maximal monotone operators «,, : Y = V*. We say that «,, converges to a maximal
monotone operator « in the sense of graph convergence, o, s a, if for all (y,y') € «a there
exists a family (yn, ¥, )nens (Yn, Yl,) € oy, such that

Yn =y N yp— (2.26)
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2. Convex analysis

Notice that by its very definition if o, == o then also a;;' 5 a1

Proposition 2.44 ([4, Proposition 111.3.59]). Let ) be a reflexive Banach space and (o, ),,cy

be a family of maximal monotone operators oy, Y = YV*. Assume ay, 25 «. Then for any
sequence (Yn, Yo )neN, (Yn, Yh,) € au, with either

Yn =Y A Yy =Y or
Yo=Yy A Yo=Y
it holds (y,y') € a.
The connection from graph convergence and Mosco convergence is the following.

Theorem 2.45 ([4, Theorem I11.3.66]). Let Y be a reflexive Banach space and (fy),cy be a
family of proper, convex and lower semicontinuous functions f, : Y — (—o0,00]. Then the
following two are equivalent:

@ fo 2L f

(ii) Ofy g, Of and there is (y.y'), y' € 0f(y) for which a family (yn, Y}, nen> (Yn, yh) € On
exists such that
Yn =y A Y=y A falyn) = fy).
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3. Classical function spaces and integration theory

We are going to introduce ’classical’ notions of function spaces and corresponding notions of
integration. The concepts we are going to present here are used in Part[[T] of the this thesis.

3.1. Classical function spaces: BV, G and S

In this section we are going to introduce the spaces of functions of (essentially) bounded variation
BV (BV), of regulated functions G' and of step functions S. For a thorough investigation of
these spaces and many of the proofs we omit in the sequel we refer to the book by Aumann
[S]. Throughout this section we will assume that —oo < 7 < s < oo and ) is a Banach space
equipped with norm | - |.

Definition 3.1 (One sided limits). Let f : [r,s] — ). Fort € [r,s) assume that an f;¥ € )
exists such that for any sequence (hy,)nen, by — 0 with h,, > 0 and t 4+ h,, < sforalln € Nit
holds

fif = lim f (t+hn) . 3.1)

If such an f;" exists we call it the right side limit of f at ¢ and shortly write f(¢+). Analogously
we define for any ¢ € (r, s] the left side limit f(¢—) if it exits.

By convention we will set f(s+) = f(s) and f(r—) = f(r).

Definition 3.2 (Regulated functions). A function f : [r,s] — Y is called regulated if for all
t € (r,s] the left hand side limit f(t—) and for all ¢ € [r,s) the right hand side limit f(¢+)
exists. Furthermore we denote the space of all regulated functions on [r, s| with valued in ) by

G(r,s;)).

Of course, if we are to work with this function space, we will need a suitable norm on it. To
this end we choose the well known supremum norm. Just to remind ourselves: For f : [r,s] — )
we denote by

[flloo = sup{[f(#)] : ¢ € [, s]} 3.2)

the sup-norm of f. We say that f is bounded with respect to || - ||oo if || f|lco < 0. If we at times
laxly state that ’ f is bounded’ then we imply that it is bounded with respect to this norm.

Proposition 3.3. Forany f € G(r,s;Y) it holds || f||cc < 00. Furthermore || - ||oo is a norm on
G(r,s;Y) and (G(r,s;Y), || - ||s) is @ Banach space.

Definition 3.4. For —oco < 7 < s < oo we denote the set of all finite partitions of [r, s| by
Prs ={(tr)ieg:nEN, to=7,t, =5 N (VE€[n]:tp_1 <ty)} .

We will write P for Pjg 7.
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3. Classical function spaces and integration theory

Definition 3.5 (Step function). A function f : [r,s] — ) is called a step function, in formula
S(r,s; ), if there exists a partition (t1,);;_q € Py and (fx)p—; , (f)j—o such that

FO =D Xttty O I + D Xy () fi - (3.3)
k=1 k=0
Lemma 3.6. For any regulated function f € G(r,s;)) and any € > 0 there exists a partition
(tk)i—g C Py, such that
Vk € [n]:Vt,s € (tp—1.t) : |f(t) — f(s)] <e. 3.4
Especially the set of step functions S(r, s; ) is dense in G(r, s; Y) with respect to || - || co-
A proof of this Lemma can be found in [5} p. 2371].

Definition 3.7 (Variation and Essential Variation). For f : [r, s] — ) its variation is defined by

Var(f, [r, s]) := sup {Z f (t) = f (tr—1)] = () o € P[r,s}} : 3.5
k=0
If f € G(r,s;)) then we define its essential variation by
W(f? [73 8]) ‘= Sup {Z ’f (tk_) - f (tkfl"")‘ : (tk)Z:U € P[r,s]} . (36)
k=0

Notice that whereas the variation can be defined for any f : [r, s] — ) the essential variation
does only make sense if f € G(r,s;)). Once again if [r, s] = [0, 7] we shall just write Var(f)
and Var(f) respectively. A useful property of the variation is the following

Proposition 3.8. Let (f,,)nen be a sequence of functions fy, : [r,s| — ) such that f,, — f with
respect 1o || - ||oo. It then holds that

Var(f,[r, s]) < linniiorgf Var(fp,[r, s]) . (3.7)

Definition 3.9 (Functions of (essentially) bounded variation). We define the space of functions
of bounded variation to be

BV(r,s; V) ={f:[r,s] = Y : Var(f,[r,s]) < o0} (3.8)
and the space of functions of essentially bounded variation as
BV(r,5;Y) = {f € G(r,5Y) : Var(f,[r,s]) < oo} (3.9)
The relation between all the spaces introduced so far is content of the following theorem.

Theorem 3.10. It holds
S(r,s;Y) C BV(r,s;)) CBV(r,s;Y) C G(r,s;)) (3.10)

where each injection is dense with respect to the sup-norm.

22



3.1. Classical function spaces: BV, G and S

The classical way to equip BV with a norm and make it a Banach space is the following.

Proposition 3.11. For any f € BV(r,s;)) we define

1fllBv = |£(0)] + Var(f, [r, s]) - (3.11)

Then || - ||gv is a norm on BV and (BV(r,s;Y),| - ||sv) is a Banach space. Moreover there
exists an C' > 0 such that for any f € BV(r,s;))

[flle < ClfllBV - (3.12)

We are also going to make use of a norm on BV, which is defined in terms of a ‘weighted
total variation’.

Definition 3.12 (Weighted total variation). Let w : [0,7] — R~ be monotone decreasing. We
call

N
Var,(y) := sup {Z [y(te—1) = y(te)lw(te)] : (t)ilo € D} (3.13)

k=1

a weighted variation on [0, T'] with weight w.

One can generalize this definition to positive functions w which are bounded away from zero.
However in our subsequent analysis we only employ this notion with monotone decreasing func-
tions. Hence we restrict ourselves to this case and avoid some technical difficulties in the up-
coming proofs.

Proposition 3.13. Let w : [0, 7] — Rso be monotone decreasing. Then

[Ylw == |y(0)| + Vary(y) (3.14)

is a norm on BV (0, T; X') which is equivalent to | - |gy, i.e.

min{1, w(T)}y|pv < |ylw < max{w(0),1}|y|v - (3.15)
We call | - |, a weighted norm with weight w.

We omit the proof; it is straightforward. Let us point out that any space closed with respect to
| - | By is also closed with respect to | - |,,. We need the following (lower semi-) continuity results
for the dependence of | - |,, on its weight.

Proposition 3.14. Let (wy,)nen, w be a (sequence of) monotone decreasing functions

wp,w : [0,T] = Rsyg. (3.16)
Assume wy, — w with respect to || - || 0. Then for ally € BV (0,T;))

Var,, (y) — Var,(y) . (3.17)

Furthermore assume (Yn)neny C BV (0,T;Y) with Var(yy,) < C' for some C independent of n
and yp, — y w.rt. || - ||oo, then

Vary,(y) < liminf Vary,, (y5) - (3.18)

n—o0
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3. Classical function spaces and integration theory

Proof. Lety € BV (0,T;)). Note that

Var(y)||wn — wl|oo

N N
> [y (1) = y(t)lwn(te)] =D [ly(te—1) — y(tr)lw(ts)]
k=1 k=1
for all (t;) € D. Thus
Var(y)||wy, — wl||co > Vary, (y) — Var,(y) (3.19)
and by the same method we derive
— Var(y)||wy, — wl||eo < Vary,, (y) — Var,(y) . (3.20)
Both together imply the first statement via
[Vary, (y) — Var, (y)| < Var(y)[[wn — wl|oo - (3.21)

For the second claim notice that Var,, is lower semicontinuous with respect to the || - || . There-
fore we have

lim inf Var,, (y,) > hm mf (Vary, (yn) — C||lw, — w||so) > Vary (y) . (3.22)

n—oo

O]

For any of the spaces introduced above we indicate its subspace of left continuous functions,
i.e. functions f : [r,s] — Y such that f(t—) = f(¢) for all t € (r,s], by the index L. A
subspace which will play an important role in the sequel is the space of left continuous functions
of bounded variation, whose size of discontinuities is bounded.

Definition 3.15 (BV functions with small jumps). Let ¢ > 0, r < s. Then we denote by
BVS(r,s;Y):={f €BVL(r,s; V) :Vt € [r,s) : |f(t) — f(t+)] < ¢} (3.23)

the space of all left continuous functions of bounded variation such that the size of every discon-
tinuity is less than c.

If ¢ = 0 then any function in BVY is continuous, that is BV{ = CBV. As this space is
of some importance in the sequel we shall spent some time analyzing it. For convenience we
therefore shall set [r, s] = [0,7]. However the results we are going to show can be derived for
arbitrary [r, s] by a straightforward transfer of arguments.

Proposition 3.16 (Closedness of BVY). Let ¢ > 0 and (up)nen C BVS(0,T;Y) with either
Unp ”M U or (3.24)
Var(uy,) < C and uy, lﬁ? U (3.25)

then v € BVS (0,75 Y).

24
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ll-llog

Proof. If u, ”H—By u then Var(u,,) is bounded and u,, — w. Thus it suffices to prove the second
assertion. First of all u € BV(0,7";)) since

Var(u) < liminf Var(u,) < C'. (3.26)

n—o0

Now choose ¢ € (0, T arbitrary. For each £ > 0 there exists some d,, > 0 such that

Vs <t:|t—s| <dn: |un(t) — un(s)] g% (3.27)
Furthermore choose NV € N large enough such that
tn — ul|oe < g Vn > N. (3.28)
Thus for all s < ¢ with |t — s| < dy we have
lu(t) —u(s)| < e (3.29)

and we infer that v is left continuous. It remains to show that the jump size is bounded by c.
Since u,u, € BV} we know that u,, and v admit a right hand side limits at every point. For
t € [0, T) therefore there exist d, §,, > 0 such that

IN

[un, (t+) — un(s)] Vs >t:|t—s| <6, and

MWl m

u(t+) —u(s)] <

Vs>t:|t—s| <4.

Choose N as above and set ¢/, :== min{d,,d}. Then for all n > N and s > t with |s — ¢| < &/,
we have

() — wn(t4)] < Ju(t4) — u(s)| + Jun(t+) = wn(s)] + [un(s) — uls) <. (330)
Therefore u, (t+) — u(t+) for all t € [0, 7] and we obtain

Ju(t) — u(t+)] < Hminf |up () — un(t4)] < c (3.31)

to complete the proof. O

Lemma 3.17. For any u € BV{(0,T;Y) and any € > 0 there exists a partition (t,)N_, € P
and values (ﬂn)fLo C Y such that for

N
u(t) = UOX{O} Z X (tn_ 1,tn] (3.32)
the following conditions are satisfied:
|t — ulleo < e, Var(u) < Var(u) and (3.33)
vVt €[0,T] : Var(u, [0,t]) + ¢ > Var(u, [0,t]) > Var(u, [0,t]) — 2¢ . (3.34)
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3. Classical function spaces and integration theory

Proof. The idea of the proof is based on a classical proof by Aumann [5, p. 257f]. It relies on
two facts: There exists a sequence (s,,)>", € P such that

Ny

> Ju(sn) — u(sn-1)| > Var(u) — (3.35)

n=1

and for every u € BVL,(0,7;)) and for every ¢ > 0 there exists a partition (rn)gio € P, with
ro = 0 and ry, = 7" such that

Vn € [Na] : Vs, t € (rp—1,mn] : |u(s) —u(t)| <e. (3.36)

The first fact is plainly due to the definition of the variation whereas the second fact can be
derived from Lemma The choice of the half-open interval (r,_1,7,] is due to the left-
continuity of u.

Let (t,)Y_, € P suchthat {t,, : n € [N]} D {s, : n € [N1]} U {ry, : n € [N2]} and define

N
ﬂ(t) = U(O)X{O} (75) + Z (u(tn_l—'_)X(tn,l,t"_lH”] (t) + u(tn)X(tn_l+tn ,tn] (t)) .

2 2
n=1

It is easy to see that u € BVLC/6(O,T; X) and ||z — ulloc < €. For each n € [N] choose a
sequence T,’f dtn_1ask - cowitht,_1 < Tff < t,. Then

N
> (lultn-1) = ()| + |u(rF) = ultn)]) < Var(u) (3.37)

n=0

and the lower semicontinuity of the norm gives (3.33). For ¢ = 0 and ¢t = T (3.34) is straight-
forward; for the latter use the choice of s,,. For ¢t € (0,7) there exists some n € [N] such that
t € (tp—1,t,] and we have

Var (@, [0, t]) = Z |u(tp—1+) — u(te—1)| + |u(tk—1+) — u(ty)| < Var(u,[0,s]) + ¢
k=1

for any s € (t,—1,t]. Here we use |u(tr—1+) — u(tx)| < € and a limit argument similar as for
(3.37). It remains to proof the second inequality. Once again let ¢ € (0,7") and choose n € [N]
such that t € (t,,—1,ty]. Fort = ¢, we get

Var(u, [0, t,,]) > Var(u, [0,T]) — e — Var(u, [t,, T]) . (3.38)

Using Var(u, [0, T]) = Var(u, [0, t])+ Var(u, [t, T']) and the definition of u we see that Var(u, [t,, T']) <
Var(u, [t,, T']). Therefore

Var (i, [0, t,]) > Var(u, [0,2,]) — €. (3.39)
Fort € (t,—1,tn) use the above equation,
Var(u, [0, t]) > Var(u, [0,t;]) —e and Var(u, [0,t]) < Var(u, [0, t]) (3.40)

to obtain the desired inequality. O
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3.2. Kurzweil-Henstock Integral

Remark 3.18. As a direct consequence of (3.34) we have that for any [r, s] C [0, 7]
Var(u, [r, s]) + 3¢ > Var(u, [r, s]) > Var(u, [r, s]) — 3¢. (3.41)

Corollary 3.19 (Approximation with step functions). For any ¢ > 0 and v € BVf(0,T;Y)
there exists either a sequence

(Un)nen € S(0,T5;Y)NBVF(0,T;Y) ife>0 or (3.42)
(un)nen € S(0,75Y) N BVE(0,T;Y) ife=0 (3.43)
with § > 0 arbitrary such that

Var(u,) < Var(u) and u, — u. (3.44)
In both cases (up,)nen can be chosen such that Var(u,, [0,t])—Var(u, [0, t]) uniformly in [0, T'.

Proof. Foru € BVf(0,T; X) and n € N construct u,, as in Lemma(3.17|with ¢ = min{1/n, c}
ifc>0and e =min{l/n,0}if c = 0. O

3.2. Kurzweil-Henstock Integral

The Kurzweil-Henstock integral (or Henstock / Henstock-Kurzweil / Kurzweil integral) is a
Riemann(-Stieltjes) type of integral which allows the integration of non necessarily continu-
ous functions with respect to a BV function. It has been introduced independently by the Czech
mathematician Jarsolav Kurzweil in [65] and shortly afterwards by the English mathematician
Ralph Henstock in [42]. Whereas for the former it was a means to an end, namely the study of
parameter dependent ordinary differential equations, the latter developed a thorough theory for
this notion of integration, see e.g. [43] 44} 45]. In so far as we do not show new results, our
presentation here is based on the article [59]] by Pavel Krejci.

Before we can formally define the Kurzweil-Henstock integral, we shortly need to introduce
some concepts and notation. First let —oco < a < b < 4o00. Then we set
I(a,b) :={d:[a,b] = R:0(t) >0Vt € [a,b]} (3.45)
the set of gauge functions. Furthermore for a gauge 6 € I'(a, b) and ¢ € [a, b] we write
Is(t) == (t —0(t),t+d(t)) . (3.46)

Using this notions we shall define the set of §-fine partitions. Note that there is a little ambiguity
with the concept of partitions as a d-fine partition indeed is not a partition, but in fact based on
two partitions.

Definition 3.20 (d-fine partitions). Let (t;);_ € P, be a partition and 6 € I'(a,b) a gauge.
We say that the family
D = (73, [ti—1, i)y (3.47)

is a d-fine partition if
Vi€ [n]: 7€ [tic,t]andVi € [n] + [ti—1,t] € IsTi (3.48)

The set of all J-fine partitions D is denoted by F(a, b, d).
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3. Classical function spaces and integration theory

For a given d-fine partition D = (7, [t;—1,t;]);,; we define the following shorthand for the

"Kurzweil sum’
n

Kp(f,9)=Y_{(f(r),9(t:) = g(ti-1))yy - (3.49)

i=1

We are now able to introduce the Kurzweil-Henstock integral.

Definition 3.21 (Kurzweil-Henstock integral). Let f : [a,b] — Y* and g : [a,b] — ) be given.
A value J € R is said to be the Kurzweil-Henstock integral of f with respect to g over [a, b], in

formula
b

T =) [ (0. dg(®)y- (3.50)

a

if for every € > 0 there exits a gauge 6 € I'(a, b) such that for any J-fine partitions D € F(a, b, d)
it holds

|[Kp(f,g)—J|<e. (3.51)

Notice that due to Cousin’s theorem ([22}, p. 22], [46, p. 425]) for any gauge ¢ there exists a
0-fine partition. Hence the last condition indeed is sensible.

The following existence result can be found in [61, Theorem 1.9].

Theorem 3.22. Let either f € G(a,b,Y*) and g € BV (a,b;)) or f € BV (a,b,Y*) and
g € G(a,b;Y) then the Kurzweil-Henstock integral

b
(K) / F(E), dg(t)) e 5

exists and the satisfies the inequality

b

(K) / (f(£),dg(t))y- y < min{]|f]loc Var(g, [a,b]), (|f(a)ly + [f(b)|y + Var(f, [a, b])) [gloc} -

a

Unlike for the Riemann-Stieltjes integral the Kurzweil-Henstock integral allows for the inte-

gration of non-continuous functions with respect to a BV -function. This is a key feature needed
in our subsequent study of sweeping processes and therefore is the reason why we use this notion
of integration.
Until we say otherwise we shall denote the Kurzweil-Henstock integral by fab (f(?), dg(t)) - y-
However we point out that later on in this section we have to go back the original notation as
we introduce a further notion of integration. The Kurzweil-Henstock integral enjoys the usual
linearity properties 61, Proposition 1.3 & 1.4].

Proposition 3.23. Let f, f1, fo : [a,b] — Y* and g,91,92 : [a,b] — Y. Furthermore let
s € (a,b) and \ > 0. Then the following assertions hold:

28



3.2. Kurzweil-Henstock Integral

(1) Iff; (fr(2), dg(t»y*,y andf; (f2(), dg(t)>y* y exist then alsof (fi(t) + fa(t), d (t)>y*,y

exists and it holds

b b

b
/u«w+hax@a»my:/uumdmmyy+/lh@~mwwm,ejm

(i) Iff )> dg1(t)) yandf ), dg2(t))y« y exist, then f: (f(), d(g1+g2) (1))y= y
exists as well and it holds
b b b
[, a0+ @) Oy y = [ O dn®)yey+ [ (GO, dgal0)y- y 353
(iii) Iff; (f(t), dg(t))y y exists, thensodof (AL(#), dg(t)) yandf )s dAAG(E))yx 3

Furthermore it holds

b b b
A/«m»@@wwzjhvwwwmyyz/amx&amyy (3.54)

(iv) Ifff (f(t), dg(t))y- y exists, then [ (f(t), dg(t))y- y and f ), dg(t))y y do as
well.
V) If [7(f(¢), dg(t))y« y andf ), dg(t))y y exist, then also f )> dg(t))y y ex-

ists. It holds
b s b
/<ﬂmdmmyy=/<ﬂmdamyy+/<ﬂmdmmyy (3.55)

In order to obtain some consistency in the extremal case s = a and s = b we set

[ @) gty =0 356

forall f : [a,b] — YV*and g : [a,b] — Y. Furthermore the Kurzweil-Henstock integral has
following continuity property [61, Proposition 1.11].

Proposition 3.24. Let (fy,),cn C G(a,b; V"), f € G(a,b;Y*), (gn),eny € BV (a,b;)) and
g € BV(a,b;)). If

| frn— flloo =0 A [3C >0:Vn e N: Var(g,) <C] A ||gn — glloc = 0 (3.57)
then
b b
T [ (fu dga®)ye = [ (£ dg(®)y- (3.58)

Furthermore the following rules (see [61, Proposition 1.5]) help calculating the Kurzweil-
Henstock integral in some concrete cases.
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3. Classical function spaces and integration theory

Proposition 3.25. Forevery g : [a,b] = Y, a <r < s <bandy € YV* it holds

/<3//X{s}(t)v dg(t)>y*7y = <U»g>y*,y (s+) — <U79>y*7y (s—) and (3.59)

[ ®. gy = @8-y (57) = (0,05 5 () (3.60)

provided the limits on the right-hand sides exist, using the convention that

(v, 9>y*,y (a—) = (v, 9>y*,y (a) and (v, 9>y*,y (b+) = <Uvg>y*,y (b).

Corollary 3.26. Let f € S(a,b;V*) be a step function and choose (t,)N_, € Pla,y) such that

N N
= FaX(tnrt) ) D Fax{ta}(t) . (3.61)
n=1 n=0
Furthermore let g € G(a,b;)). Then one can evaluate the Kurzweil-Henstock integral as
b
[ gty , - (.62
a
N N
Z (Fn 9 (tn=) =0 (tumr 0y y D (T (tn) =g (1))
n=1 n=0 ’
Proof. This is a consequence of coupling Proposition (i) with Proposition O

The following decomposition result will be of some interest in the sequel. It has been proven
by the author in [88, Appendix B].

Lemma 3.27. Letu € G(0,T;Y*), £ € BV(0,T;Y) and [r,s] C [0,T] withr < s. Define

R E(r+) ift=r
E:lrs] =Y, t— < &(t) ift € (r,s) (3.63)
{(s—) ift=s.
Then
T s
[ wOx 050, = [ (utt). D). 364
0 r

Proof. Tt suffices to prove the above for step functions u € S(0,7; V*). In that case there exists
a partition (tn)fl\’:0 € Djo,)> to = 7, tn = s such that

DX (rs) (¢ Z WXt ) () + Z "X,y (1) (3.65)

n€e[N] ne[N—1]
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3.2. Kurzweil-Henstock Integral

for some (u™)N_,, (@")N-}! € Y*. Then we have for the left hand side integral
T
/ (u®)X(r,5) (), (1)), 5, (3.66)
0

= Y W) — Eltum1 )y y + D (T E(tnt) — EEn—))pey -

ne(N] ne[N-1]

For the right hand side we get

S

/ (ut.d€0) (3.67)
- nez[]jﬂ<u",§<tn—>—2<tn1+ . +ne[;1< ") ~Elta))

+ (ur). 804 = Em) .+ (uls)h €)= E6) -

Due to the definition of §A the last two terms are zero and the former sums agree with the ones
above. Thus for all u € S(0,7';)) equation (3.64)) holds. Now let u be in G(0,7T; )). Then there
exists a sequence of step functions (uy, )nen such that u,, — u w.r.t. || - ||~ and the continuity of
the Kurzweil integral grants the statement. O

Proposition 3.28. Let f : [a,b] — YV* andy € Y. For any s € |a, b] it holds

0 if s € (a,b)
/<f(t), d(yx(())y.y =4 —F(@sy)y-y Fs=a (3.68)
<f(b)ay>y*,y ifs=b.

Moreover for a < r < s < bit holds

G0 4 ®))yy = ) = 1)1y (3.69)

The Kurzweil-Henstock integral in its original form however suffers one essential shortcom-
ing: It has been shown by J. Kurzweil and P. Krej¢i in [56] that it is not possible to integrate any
regulated function with respect to any function of bounded variation. This however is a property
which is indeed needed for our study. It for example is satisfied by the Young integral. To over-
come this problem for the Kurzweil-Henstock integral P. Krej¢i proposed in [59] a modification,
which we shall now present.

Definition 3.29 (Negligible sets). Let —co < a < b < co. N C 2[*t is called a system of
negligible sets of the interval [a, b] if

VAe N : [a,b]\ A=a,b] (3.70)

VA,BeN: AUBeN. (3.71)

Examples for systems of negligible sets are the set of all Lebesgue measurable subsets of [a, ]

with measure zero or the set of all countable subsets of [a, b]. With the notion of negligible sets
we may now introduce (9, A)-fine partitions.
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3. Classical function spaces and integration theory

Definition 3.30 ((0, A)-fine partitions). Let A/ be a system of negligible sets and A € N. A
delta fine partition D is called (0, A)-fine, in formula D € F(a,b,d, A), if

Vie[n—1\{1}:7; € (tj-1,t;)
Ti=ti1=>j=1ATi=ti=j=n (3.72)
Vien—1]:t; €la,b\ A. (3.73)

Now we have assembled all necessary preparations to introduce the extension of the Kurzweil-
Henstock integral.

Definition 3.31 (Kurzweil-Henstock integral with exclusion of negligible sets). Let A be a sys-
tem of negligible sets. Let furthermore f : [a,b] — Y and g : [a,b] — V* be given. A value
J € R is said to be the Kurzweil-Henstock integral with exclusion of negligible sets, or as a
shorthand (KN)-integral of f with respect to g over [a, b], in formula

b

7= &N [ (70 dg(0)y- (3.74)

a

if for every e > 0 there exits a gauge § € I'(a,b) and A € N such that for any (6, A)-fine
partitions D € F(a,b,d, A) it holds

|Kp(f.g) —J|<e. (3.75)

The Kurzweil-Henstock integral with exclusion of negligible sets indeed is a generalization of
the usual Kurzweil-Henstock integral, as the following simple proposition shows.

Proposition 3.32. Let N be a system of negligible sets and f : [a,b] — YV and g : [a,b] — V*
be given. Assume that the Kurzweil-Henstock integral

b

(K) / (1), dg(6)) 3

a
exists. Then also the (KN)-integral of f with respect to g exists and

b b

(KN) / (1), dg(t))ye y = (K) / (1), dg(t))ye 5 - (3.76)

a a

Proof. Forany A € N and § € I'(a,b) the inclusion F(a,b,0, A) C F(a,b,d) holds. By
definition of the Kurzweil integral for any ¢ > 0 there exists an 6 € I'(a, b) such that for any
D € F(a,b,d) we have

b

Kp(f,9) ~ () [ 70 dg(0)y- | <. 3.77)

a

Consequently this inequality also holds for any D € F(a, b, , A) and the proof is complete. [
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3.2. Kurzweil-Henstock Integral

Due to the above proposition all results which were established for the Kurzweil-Henstock
integral also hold for the (KN)-integral. Throughout this thesis we will always assume that the
system of negligible sets A\ is equal to the set of all countable subsets of [a, b]. The following
existence results justifies the introduction of this new concept of integration.

Theorem 3.33. Let f € G(a,b;V*) and g € BV(a,b,Y). Then

b
(KN) / (F(8), dg(t))y- y

exists and it holds

b
‘(KN)/ (f(t), dg(t)b*,y' < || fll< Var(g, [a,]) - (3.78)

This result has been proven in [58, Corollary 2.6] in the special case of ) being a Hilbert space.
The proof in the present case works essentially in the same way. For the sake of completeness we
will present it below. To this end we introduce the following Lemma which contains the essential
ingredient of our proof.

Lemma 3.34. Let (f,), f : [a,b] — V* such that || fr, — f|leoc — 0 and g € BV(a,b;)). If for
all n € N the integral (KN) f; (fn(t), dg(t))y« y exists then (KN) f: (f(t), dg(t))yn y exists
and it holds

b b

(KN)/U‘(??)? dg(t))y.y = lim (KN)/<fn(t)a dg(t))y-y - (3.79)

n—oo
a a

A one-dimensional version of this Lemma has been proven in [58, Theorem 2.5].

Proof. Define
b

T 1= (KN)/(fn(t), dg(t))y.y YneN. (3.80)

a
Our first aim is to show that (J,,),en is a Cauchy sequence. Let A be the set of all points of
discontinuity of g. Since g € BV(a,b,)), A is countable and hence contained in . Now for
any n € N there exists a d,, € I'(a,b) and A C A,, € N such that for all D € F(a,b, by, Ay)

1

[KD(far9) = Jnl < (3.81)

For any m,n € N set 0, ,(t) := min {0,,(¢), 0, (¢)}. Then 0, € I'(a,b). Furthermore set
Ay = Am UA, € N. Then any F(a,b, 6mn, Amn) C F(a,b,on, Ay) N F(a,b,0m, Am).
Hence for all D € F(a,b, 0y, Am,pn) it holds

(3.82)

1 1
n m

We then can estimate

IN

|Jn — Il |Jn — Kp(fn; @)l + |Jm — Kp(fm: 9)| + [Kp(fa — fm, 9)|

1 1 _
ﬁ + E + ||fn - meooVar(g, [CL, b]) .

IN
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3. Classical function spaces and integration theory

This implies that (.J,,),en is a Cauchy sequence. We set J := lim J,,. Moreover we now can
n—oo
estimate for any D € F(a,b, d,, A,) that

|KD(f7 g) - J’ < ’KD(f - fnvg)‘ + ‘KD(fnvg) - Jn’ + ’Jn - J‘
< = FllocVar(g, o, B]) + 41— J].

Therefore for any £ > 0 we may choose n such that || f,, — f| Var(g, [a,b]) < £, 1 < £ and
|Jn — J| < §. Setting § := 6, and A := A, we then obtain that for all D € F(a,b,d, A) the
estimate |KD(f, g) — J| < € holds. Therefore J = (K )f; (f(t), dg(t))ys y- O

Proof of Theorem Using Theorem [3.10|we approximate the function f uniformly with step
functions f,, € S(a,b;Y*). Then due to Corollary the integral (K) f: (fa(t), dg(t))y« y

exists and by virtue of Proposition so does E (KN) [, (fu(t), dg(t))y« 5 Applying Lemma

3.34{we then know that (KN) fab (f(t), dg(t))y~ y exists. Due to formula (3.62) we can estimate
that

b
KN) [ (100 00y | < Vel 1) 689
We then obtain (3.78)) by applying the convergence result (3.79). O

Lemma 3.35. Let f € BV(a,b; V*) and g, gy, : [a,b] — Y such that lim ||g, — g|lcc = 0. If the
integral (KN) f: (f(t), dgn(t))y y exists for alln € N, then (KN) f; (f(t), dg(t))y- y exists

as well and it holds
b b

(KN) / 1), dg))yey = Tim [ (F(1), dga(®)) e y (3.84)

n—oo
a a

For real valued functions this result has been shown in the second part of [58, Theorem 2.5].

Proof. The proof is similar to the proof of Lemma First set

b
/ ), dga(®))ye y - (3.85)

Then for each n € N there exists a gauge d,, € I'(a, b) and a negligible set A,, € N such that for
any D € F(a,b,0p, Ap)

1
’KD(fvgn) - Jn‘ < ﬁ .

For m,n € N choose 0y, and A,, ,, as above. Then for any D € F(a,b, 0y, n, Am, p) it holds

|Jn - Jm| < |Jn - KD(fvgn)| + |Jm - KD(fygm)’ + |KD(f7 9n — gm)|
1 1
e L @)+ 170+ Var(F 0, 8) g — gl

IN
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3.2. Kurzweil-Henstock Integral

Thus the sequence (J,,)nen is a Cauchy sequence and we shall denote its limit by J. We then
can estimate that for any D € F(a,b, 6, Ay)

\Kp(f,9) —JI < |Kp(f,9—9a)l +KD(f,9n) = Jn| + |Jn — J|
(If (@) + [f(B)] + Var(, [avb]))Hgn—gHoo‘i‘%"f"Jn_‘]‘

IN

and we deduce the desired result arguing as in the last part of Lemma[3.34] ]

The following theorem is a generalization of Proposition to the (KN) integral. A version
for real valued function is to be found in [58} Proposition 2.10].

Theorem 3.36. Let f,,, f € G(a,b;V*) and g, g € BV(a,b;Y). If
I fn = flloo = 0 A [3C > 0:Vn € N: Var(gy, [a,b]) < C] A [|gn — glloc — 0

then
b b

(KN) / (fa(6), dgn(B)) e 5 — (KN) / (1), dg(t))ye -

a

Proof. Choose any w € S(a, b; Y*). Then

b b

(KN) / (), dga(®)) 3y — (KN) / (1), dg(B))ye

b

b
< |(&N) / (Falt) = £(2), dga(6))ye 5| + |(KN) / (t) = w(t), d(g — gn)()ye 5

b

i (KN)/<w(t), d(g — gn)(t))y« y| -

a

Due to we can estimate the first two terms by C||f,, — flloo and 2C/||f — w|| s respec-
tively. The third term can be estimated by using both Proposition [3.32] and Theorem [3.22] by
(2||wl|oo + Var(w, [a,b])) ||lgn — gllo- Letting n go to infinity we deduce that for any w €
S(a,b;Y) it holds

b b
T (&N [ (Aale), dgn(®)y- y — (KN [ (7(0), dg(t)y 5| < 2CT0 = Fll. G380
Thus by applying Theorem [3.10| we conclude the proof. O
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4. Measure theory for Banach spaces

As a standard notation for a topological (€2, 7) we use 5(£2) to denote the Borel sets of {2 w.r.t.
to the topology 7.

4.1. Vector measures

A rather straightforward generalization of the concept of signed measures are measures with
values in R™: Just take a vector of n signed measures. To define a measure on a Banach space
Y is however more involved. We introduce measures with values in Banach spaces and present
some of their properties. We aim to provide some tools which are necessary in the analysis we
plan on doing in Part[IT] of the present thesis. For a thorough introduction and deeper insight into
these topics we point out the monograph [32]] and references therein.

Definition 4.1 (Vector measure). Let (€2, 3) be a measurable space and ) be a Banach space. A
function y : ¥ — ) is called a (Banach space valued) vector measure, if

o0
V(Ai)en - Ai €, [i# 7= A;NA;j=0] itholds u (U AZ-> => p(A). @D
i€N i=1
Here the convergence of the series on the right hand side has to be understood in terms of the
norm of ).

Notice that unlike in [32]] we require a vector measure to be o-additive instead of only finitely
additive. Though the latter setting is more general it suffices for our purposes to use this more
restricted setting. We shortly assemble basic properties of vector measures.

Proposition 4.2. Let p be a vector measure on a measure space (Q,Y). Then p(0) = 0 and
VA, Be X, ANB=0:u(AUB)=pu(A)+ uB). 4.2)
Moreover for all A, B € X the identity 1(A) = p(A\ B) + u(A N B) as well as the inclusion,

exclusion formula
(AU B) = u(A) + u(B) — p(AN B)
hold.

To deduce u(() = 0 just take A; = 0 for all i € N in (4.1)). Finite additivity then follows from
o additivity by setting A; = () € X for ¢ > 2. The remainder assertions are a consequence of

@.2).
Definition 4.3 (Variation of a measure). Let (€2, X)) be a measurable space, )’ a Banach space

and p : X — ) a vector measure. Then the variation of u, denoted by ||u|| : ¥ — [0, 00], is
given by

|4l (A) = sup {Z Ay (Adien €%, (JAi=A, Vi j: AinA;= (D} (4.3)
=1

1€N
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4.2. Measurability of Banach space valued functions

forall A € ¥. If ||u||(©2) < oo then we say p is of bounded variation.

Indeed ||| is @ measure on (£2,X), see [32, Proposition 1.1.9]. We remind ourselves of the
definition of absolute continuity of two measures.

Definition 4.4 (Absolute continuity and singularity of measures). Let (€2, %) be a measurable
space and p : ¥ — ) be a vector measure and v : ¥ — [0, 00] be a (real valued, positive)
measures. We say that p is absolutely continuous w.r.t. to v, in formula p < v if

VAEE:[V(A):O — A =0]. “.4)

Two (real valued, positive) measures p and v are singular, in formulas ;L v if there exist
B1, By € ¥ with By U By = Q and B; N By = () such that

VAeX: w(A)=p(AnBy) AN vA)=v(ANB,). 4.5)

It is easy to see that < ||u1]|. The following generalization of the Lebesgue decomposition
theorem has been proven in [32, Theorem 1.5.9].

Theorem 4.5 (Lebesgue decomposition theorem). Let (2, X2) be a measure space, . be a Banach
space valued measure of bounded variation and A a real valued, positive measure. Then there
exists two unique vector measures [iqe, (ts on (€2, %), which are of bounded variation, such that

[Hacll <Ay [lpsll LA and = prac + ps - (4.6)

4.2. Measurability of Banach space valued functions

We introduce several concept of measurability for functions with values in Banach spaces.

Definition 4.6 (Weak and weak star measurability). Let ({2, Y) be a measure space, )) a Banach
space and V* its dual. A function f : 2 — ) is weakly measurable if the map

Q53w+ <y’, f(w)>y* y is measurable for all y € Y~ 4.7
Moreover we say that a function g : 2 — Y* is weakly star measurable if the map
Q35w (g(w), y>y*7y is measurable for all y € ). (4.8)

In both cases measurability has to be understood as the measurability with respect to (R, B(RR)).

Definition 4.7 (Simple functions and strong p-measurability). Let (€2, X)) be a measurable space
and ) a Banach space. A function f : 0 — ) is called simple, if

H(Ai)?:bAi € Za (yi)znzla Yi € Y f(w> = ZXAi (w)yl .
=1

Let (2, %, 1) be a measure space. Then a function f : 2 — J is called strongly p-measurable if
there exists a sequence f, : {2 — ) simple such that

fn(w) = f(w) for u — almost every w € Q.
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4. Measure theory for Banach spaces

Definition 4.8. Let (€2, 3, 1) be a measure space and f : 0 — ). f is called p-almost separable
if there exists a set N € X with p(N') = 0 such that the range f(Q \ V') = 0.

Now strong p-measurability can be characterized in terms of almost separability and weak
measurability.

Theorem 4.9 (Pettis theorem [82] Theorem 1.1]). Let (2, X, pu) be a measure space, Y a Banach
space and f : 2 — Y. Then f is strongly u-measurable if and only if f is p-almost separable
and weakly measurable.

Due to the above theorem in separable Banach spaces weak measurability is equivalent to
strong measurability. If the space moreover is reflexive then also weak star measurability is
equivalent to strong measurability.

Notice that if f,, is a sequence of simple functions such that f,, — f w almost everywhere.
Then the function w > [fn(w) — f(w)|, is measurable. Thus we can define the Bochner inte-
gral for Banach space valued functions. This notion of integration was introduced by Salomon
Bochner in his article [[12]].

Definition 4.10 (Bochner integral). Let (€2, 3, 1) be a measure space with £(€2) < oo and Y
n

be a Banach space. For a simple function f : Q@ — Y, ie. f(w) = > x4,(w)y; the Bochner
i=1

integral of f w.r.t. i is defined by

JECLTEES SNt (49)
Q =1

Let f : Q2 — Y be strongly p-measurable, such that there exists a sequence of simple functions
(f n)nGN with

fo— f p—ae. and /|fn—f\yd,u—>0 (4.10)
Q
then f is Bochner-integrable w.r.t iz and the Bochner-integral of f is defined by

[ 1@ due) = tim [ @) dnte). @i
Q Q

Notice that a function f is integrable if and only if it is strongly measurable and w — |f(w)]|y
is integrable. We just state a few of the properties the Bochner integral has.

Proposition 4.11. Ler (0, X, 1) be a measure space, then it holds

= / f(w)du(w) is linear on the space of n — Bochner-integrable functions. — (4.12)
Q

Moreover if f is u-Bochner integrable then

/ f(w) dp(w)| < / F@)ly du(w). 4.13)
Q y

Q
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4.2. Measurability of Banach space valued functions

Let X be a Banach space and T : )Y — X be a bounded linear operator. If f : Q0 — Y is
u-Bochner integrable then so is T f : Q — X and it holds

[ ri@ane) =1 [ 1) dnto). (4.14)
Q

Q

Remember that the essential supremum of a function f : {2 — R with respect to a measure p
is defined via

esssup,(f) :=inf{a e R: p({w e Q: f(w) >a}) =0} . (4.15)
We now can define LP spaces of Banach space valued functions.

Definition 4.12. Let (€2, X, 1) be a finite measure space and ) a Banach space. For 1 < p < oo
we define

LA Y) == f:Q — Y : fisstrongly u — measurable and /|f|§, dpu <oop . (4.16)
Q

Furthermore we define
Ly () = {f:Q— Y: fis strongly 4 — measurable and ess sup,, ([fly) < oo} . (4.17)

The L? spaces are Banach spaces with respect to the usual norms

1
P d ’ 1<p<oo,
1l ) = <f§ 71y “> =0
ess sup, (|fly) p = oo.

If Q = (0,7), ¥ = B((0,7)) and p is the Lebesgue measure on (0,7") we simply denote the
space of p-Bochner integrable functions by LP(0,7; ). A further helpful result is a generaliza-
tion of Lebesgue’s differentiation theorem to Banach space valued functions. In order to be able
to state it we remind ourselves of the following definition.

Definition 4.13. Let {2 be a topological space and (€2, 3, ;1) a measure space. If

B(2) c X, wp(K)<ooforall K C Q2 compact
VA C Qopen: u(A) =sup {u(K): K C Acompact} and
VAe X : u(F)=inf {u(A): A D E open}

then y is called a Radon measure.

Theorem 4.14 (Generalized Lebesgue differentiation theorem [35, Theorem 2.9.9]). Let pu be a
Radon measure on ((0,T),0.(0,T)) where o,(0,T) is the o-algebra of all Lebesgue measur-
able subsets of (0,T). Furthermore let f € LL(O, T;Y). Then for 1 almost every ty € (0,T)

. 1 -

1(B(to,£)N(0,T))
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4. Measure theory for Banach spaces

We also introduce the concept of weak derivatives and Sobolev spaces for Banach space valued
functions.

Definition 4.15.

(i) Let), X be Banach spaces and Y — X. Let f € L'(0,T;Y) and v € L'(0,T; X). Then
v is called a weak derivative of f if for all ¢ € C§°(0,T') the identity

/ F)d(t)dt = — / v(t)¢(t)dt  holds.
0 0

Here the identity has to be understood in such a way that the left hand side is embedded
into the space X'. We denote the weak derivative of f by f.

(i) For 1 < p < oo we denote by Wl’p((), T; V) the space of all p-integrable functions who
possess a weak derivative, which is also p-integrable, that is

WiP(0,T;Y) = {f € LP(0,T;Y) : f exists and f € LP(0, T y)} .

It is easy to see that if a weak derivative exists it is unique. Moreover for any 1 < p < c©
space W1P(0,T;)) is a Banach space when equipped with the norm

1
. p
<f|f§,+|f|§,dt> 1<p< o

Q

esssup (|f]y +fly) p=oo

1 lwre o,y

Remember that a function f : [0, 7] — ) is absolutely continuous if for every ¢ > 0 there exists
a ¢ > 0 such that for all sequences [z, yx|3> ; of pairwise disjoint integrals with

Z lyx — x| it holds Z |f(yr) — fzr)]y <e.
k=1 k=1

Unlike it is the case in finite dimensions for Banach space valued functions f absolute continuity
does in general not imply f € Wh1(0,T;)). Banach spaces ) for which this assertion is true
are called Banach spaces with Radon-Nikodym property.

Definition 4.16 (Radon-Nykodym property [32, Definition III.1.3]). A Banach space ) has the
Radon-Nykodym property if for every finite measure space (€2, X, ;1) and every vector measure
v < p there exists a function f € Li(Q, Y) such that forall E € ¥

v(E) = /f(w) dp(w) . (4.19)
E

The function f is then called the Radon-Nykodym derivative of v with respect to 1 and denoted
by %.
o
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4.2. Measurability of Banach space valued functions

Banach spaces which possess the Radon-Nykodym property are for example separable dual
spaces V* (Dunford-Pettis theorem [32, Theorem II1.3.1]) and all reflexive Banach spaces ([32,
Corollary I11.2.13]). Prominent examples for spaces which do not have the Radon-Nykodym
property are L'() and L>(£2) for open and bounded 2 C R™. A way we use to overcome this
problem are weak star derivatives. To this end we use the following result, see [32, p. 84].

Theorem 4.17 (Weak-star representation theorem). Let ) be a Banach space and Y* be its
dual. Let (2,3, ) be a finite measure space and T : L}L(Q) — V* be bounded linear operator.
Then there exists a weak star measurable function g : 0 — Y* such that for each y € Y and

f € L},(Q) it holds

TGy y = [ F6)(9@).v)ye  duo). (4.20)
Q

This result makes it possible to deduce a weaker version of the Radon-Nykodym theorem
which holds for all dual spaces.

Theorem 4.18 (Weak star densities). Ler (2, X, 1) be a finite measure space, Y a Banach space
and Y* it’s dual. Then for every Y* valued measure v of bounded variation with v < i there
exists a weak star measurable function g : Q — YV* such that forally € Y and all E € ¥

(E), 4y y = / (9(©), )ye y dii(w). (421)
E

We call g the weak star density of v with respect to ji. Notice that w +— (g(w), y)y« y is in
LEe().
I

This result is obtained by following the proof of [32, Theorem III.1.5] and employing Theorem
417

Proof. The idea is to show that a Radon measure generates a bounded linear operator acting on
Li(Q) with values in )*. To this end remember that the variation ||v|| is a positive measure on
(€2,3). Moreover ||| vanishes on x null sets and therefore we obtain that ||| < p. Due to
the Radon-Nykodym theorem for real valued measures (see e.g. [15, Theorem 2]) there exists a
function h € L}L(Q) such that

lv||(E) = /h(w) du(2) forall E € ¥.
E

Define for n € N the set £, := {w € Q:n —1 < h(w) < n} € 3. Since both ||v|| and p are

positive measures it holds & > 0 p-almost everywhere. Moreover E, N E,, = () for n # m and
k

UN E,, = Q. For any n and any simple function f = QGiXAi’ A e, AinAj=0ifi#j
ne 1=
we define
k
To(f) = (B, Ai). (4.22)
i=1
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4. Measure theory for Banach spaces

We then can estimate that

k n

Ta(Dly < D el [V(En 0 Ai)lys <Y laillvI(Ba N A) < nllfllpy)-  (423)
i=1 k=1

Hence T, can be extended to a bounded linear operator from L}L(Q) to YV*. Due to Theorem
there exists a weak-star measurable function g, : £ — Y* such that for all y € ) and
feL,©

Tl 50y y = [ 1) (0a(). 0]y i) @.24)
Q
and especially for all £/ € X

VENE) )y y = [ (0a(). 0]y di). (425)
E

We define the function g : @ — Y* by g(w) = gn(w) for all w € E,,. Then for any y € ) we
have

/ (@2 9)) oy | ) < (U uly (4.26)

En
1

it

and hence w — (g(w, y))yx y isin L}L(Q) Moreover since v is o-additive we have forall F € X

<V(E>vy>y*,y = n%gnoo <V (Em (U En)) 7Z/>
n=1 V=,

Y
= g [ )y y dulew) = E/ (9(0, )y y dia(e)

m— 00
m

200 En)

where the last equality is due to the dominated convergence theorem. 0

4.3. Young-measure theory in Banach spaces

The concept of Young measures was introduced by L. C. Young [106/ 107, [108] in order to pro-
vide existence results in optimal control theory. Subsequently it was successfully applied to a
vast number of problems in the calculus of variations, such as the analysis of micro structures in
continuum mechanics, see [81]] and references therein.

Given a set  and a family of measurable functions u; : Q@ — R? the Young measure v
generated by the sequence (uy) is a family v = (v,),ecq of (sub-)probability measures which
give insight in the limiting behavior of uj as k — oo. Roughly speaking for some zg € €2 and
A C R?% measurable v, (A) is the probability of lim uy(z) € A for x close to o’ ([97, Section
5.6]). This is formulated in a precise way in the fundamental theorem of Young measures.
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4.3. Young-measure theory in Banach spaces

Theorem 4.19 (Fundamental theorem of Young measures [81, Theorem 3.1]). Let Q@ C R"
be a measurable set with finite measure and (uy)neN be a sequence of measurable functions
Up : Q — R Then there exists a subsequence (nk)ken and a weak-*-measurable map v : Q) —

M(R) such that
(i) vy > 0and v, (R?) < 1 for almost every x € (),

(ii) forall f € Co(R?) it holds

where
flz) = / f(2)dve(z), (4.27)
R4
(iii) if K c R? is compact, then
dist(uy, , K') — 0 in measure = supp{v,} C K, (4.28)

(iv) vz(R%) = 1 for almost all x € Q if and only if

lim_sup [{z : Jun, ()] > M} =0, (4.29)
M—o0 N

(v) if @29) holds, if A C 2 is measurable, if f € C(R?) and if
f(un, ) is relatively weakly compact in L*(A), (4.30)

then

flun,) = f (4.31)

where f is defined as above,
(vi) if .29) holds then (iii) is in fact an equivalence.

Condition is for example satisfied if wu,, is bounded in LP(Q,RY) for some p > 1.
From a mathematical point of view especially properties (ii) and (v) are very interesting as they
characterize weak (-star) limits of nonlinear functions of w,,, . Remember that even if a weak(-
star) limit of a sequence (u,, ) exists it provides no information of the weak (-star) limit of the
sequence f(up, ) if f is nonlinear.

It is apparent that such a tool would also be helpful in the study of evolution equations. A
typical framework for these problems would contain a family functions (u,,) mapping a (finite)
time interval [0, 7] into a Banach space ). The first result obtained in this direction has been
obtained by E. Balder [8]], who proved a fundamental theorem of Young measure in a very general
setting. We also point out the lecture notes [104, |9] for a comprehensive introduction to this
topic. However, these results have been proven for spaces endowed with a metrizable topology
and can therefore not directly be applied to Banach spaces endowed with their weak topologies.
This problem has been overcome by R. Rossi and G. Savaré in [94, Theorem 3.2] who proved
a fundamental theorem of Young measures for weak topologies in separable Hilbert spaces. We
shall go a small step further and provide this result for the topology induced by the weak-star
convergence in the dual of a separable normed space. Before we start, a short definition is needed.
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4. Measure theory for Banach spaces

Definition 4.20. A £ x B ()*)-measurable function i : (0,7) x Y* — (—o00,00] is called a
weakly-star normal integrand if the map

V* 34" — h(t,y') is weakly-star lower semicontinuous for a.e. t € [0, 7.

A sequence (y))nen C LY(0,T;Y) is called weakly-star tight, if there exists a non-negative
normal integrand h : (0,7") x Y* — [0, o) such that

lim h(t,y') = +oo forae.t € [0,7] and

ly'| =00
T
sup/h(t,un(t))dt < 00
N
0

Theorem 4.21 (Fundamental theorem for weak-star topologies). Let ) be separable normed
space and Y* be its dual. Then for any weakly-star tight sequence (y;,), cy in LY0,T; %)
there exists a subsequence (y,/lk) keN and a family of parametrized measures v = (I/t)te(oj),
vy € M(Y*) such that for almost all t € (0,T) it holds

n(Y*) =1, lir]?T sup |y, (t)
oo

ye <00 and supp() C ﬂ {vp, M) k>34} . (432)
j=1

Moreover for every weakly-star normal integrand h : [0,T] x Y* — (—o0,00| such that
h~ (', y{zk ()) is uniformly integrable it holds

*

T

T
likrggéf / h(t,y,, (1) dt > / / h(t,y') dn(y')dt. (4.33)
0y

0

The proof follows the lines of [94, Theorem 3.2].

Proof. Since Y is separable there exists a sequence ¥y = (Yn)neny C Y with |y,| = 1 for all
n € N such that

Y = span{y, : n € N}. (4.34)

We now define the [|-||,, via

o
19/l = 3227 | wn) e | (4.35)
n=1
Then ||-||,, is a norm with [|/[|,, < [¢/'[~ and for any sequence (y;,)nen bounded with respect to
| - |y~ it holds ¢/, = ¢/ if and only if ||y, — 1/ Iy, — 0 ([13, Theorem 1]). Therefore any bounded
ball {y’ € Y* : [y[y« < ¢} C Y* is compact with respect to [|-||,. Because of [33, Theorem
1.6.15] any bounded ball is therefore separable with respect to |-, [|Now define the space

E:={(y,w) e Y xR:|yly» <w} c Y xR (436)

"Note that on bounded subsets the weak star topology of J* is the same as the topology induced by ||-|| - We would
like to point out a small peculiarity: The separability of J* w.r.t. the weak-star topology does not guarantee the
separability of a bounded ball in J* w.r.t. the same topology, see [27].
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4.3. Young-measure theory in Banach spaces

and the function
d:ExFE—[0,00), ((yi,w1), (yé,wQ)) — Hyi — yéHy + |wp — we|. 4.37)

Following our above considerations d is a metric on £ and it holds that
d
V(Yo walnen C B+ [(fhrwa) =5 (sw) & yp 29/ A wn—w] . @38)

Therefore F is complete and separable with respect to the metric d and bounded weakly-star
closed subsets of F/ are compact with respect to d. Moreover for any closed ball B C V* x R it
holds B N FE'is a Borel set of E. This implies that

BCB(Y*xR)= BNE € B(E) (4.39)

and hence any Borel measure on E can be trivially extended to a Borel measure on J* x R.

We now may apply Balder’s theorem [8, Theorem 3] to the sequence (uy,),, = (yl,, |ys|y+),, C
E. It grants the existence of a subsequence (uy, ), and a family of parameterized measure
= (1t);e[0,7) such that for almost all ¢ € [0, T

[e.9]

supp(p1e) C () {ume (1) - K = J} - (4.40)
j=1

Moreover for any £-normal integrand g for which g~ (-, up, (+), |un, (+)|) is uniformly integrable
the inequality

T

lim inf / qg (t, Un,y, (t)a ’unk
k—0

0

T
dt>/ / (t, 9, w) dpe (v, w) | dt (4.41)
0 E

holds. Defining the parametrized measure v = (Vt)te[o’T] via
(B) = (B x [0,00)) VB € B(Y*) (4.42)

we see that v fulfills (@.32) and @.33). O

In applications it might also be of interest to generalize a result due to U. Stefanelli [101}
Theorem 4.3] who provided a lim inf-inequality in terms of Young measures for the I' — lim inf
of a sequence of functionals.

Theorem 4.22 (I' — lim inf result in weak star topologies). Let ) be separable normed space
and Y* be its dual. Furthermore let (y,,), o be a weakly-star tight sequence in LY(0,T; V%)
and gn, g : [0,T] x Y* — (=00, 0] be weakly star normal integrands such that for all y' € Y*
and almost all t € [0, T

g(t,y') <inf {lirginf gn(t,yl) syl =y in y*} . (4.43)
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4. Measure theory for Banach spaces

Then there exists a subsequence (ny)reN and a family of parametrized measures v = (I/t)te(o )

vy € M(Y*) such that for almost all t € (0,T)

v(V*) =1, limsup |y, ()

kToo

ye <00 and supp(vy) C ﬂ {ygk (t) : k> j}w . (4.44)
j=1

and if the sequence g,, (', y;zk ()) is uniformly integrable it holds

T

T
lim inf / Iny, (t,, (1)) dt > / / g (t,y) de(y')de. (4.45)
0

k—o0
0 y

*

The proof is just a straightforward adaption of the proof of [101, Theorem 4.3], just make
use of the norm ||||,,, and shall therefore be omitted here. Notice that condition (#.43) says that
g(t,-) is for almost every ¢ € [0, T less or equal than the I" — lim inf of the sequence g, (¢, -).

The results stated here contain the previous mentioned results [94, Theorem 3.2] and [101}
Theorem 4.3]. These have been proven in the setting of weak topologies of either separable
Hilbert spaces or separable and reflexive Banach spaces. To see this just remember that the weak
star topology of a reflexive Banach space is just the same as the weak topology and that if a
reflexive Banach space is separable so is its dual.
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5. Gronwall’s inequality

In the vast toolbox for the study of evolution equation Gronwall’s inequality certainly takes a
prominent role. Proven in [39] more than 90 years ago it is nowadays still an indispensable and
widely used instrument. Today quite a big number of variants of this inequality are in common
usage. We shall state it in its original form here.

Lemma 5.1 (Gronwall’s Lemma). When, for o < x < 9+ h, the continuous function z = z(x)
satisfies the inequalities

OSZS/MZ—FAdx

zo

where the constants M and A are positive or zero, then
OSZSAhth, vo<ax<zo+h.

The proof of this Lemma is well known and shall be omitted here. Instead we are going to
present two discrete analoga of this results, which are needed in the sequel. The first one has
been proven in a joint work with P. Krej¢i [62, Lemma A.1].

Lemma 5.2. Let N € N, (6;,)2_0, (ck)i_y. (ax)a_; C R be given sequences. Assume that
Op — Op—1 < ¢ + apdp_1 Vk € [N] . 5.1
Then for all n € [N] it holds
0n < exp (Z ak> (50 + Z ck> 5.2)
k=1 k=1

Proof. We have by hypothesis

J Ok
k - - k_lk - < — o <c¢, Vke|[N]. (5.3)
[l (A +a) Loy (T4a)  Thizi(1+a)

Summing up over k € [n] we obtain

n n

5o < T[01+ a0 (ao . zck) ,

i=1 k=1

and the inequality 1 + a; < exp(a;) completes the proof. O

The second discrete version of Gronwall’s inequality has been proven by the author in [90,
Lemma A.1]. It is adapted to the framework, in which it shall be applied in the sequel, and
might, at first glance, appear to have little in common with the original inequality. However it is
little more than yet another variation of Lemma 5.1}
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5. Gronwall’s inequality

Lemma 5.3. Let N € N, (&)8_, (k) 1o C X, (be)hos (ar)n—g C R0 with
| Akl + Axb < ag (I€k—1| + |nk—1]) + 0| Awn| VK € [N] (54

for some 0 < § < 1. Here Ayf indicates the difference fi — fr_1 for all k € [N] and
f € {&m,b,a}. Assume furthermore that by = 0 and {o = ng = 0. Then there exists ¢ > 0 and
0 < p < 1 such that for

k
1
= —— Vk e [N 55
wy, = exp{ 5;%} € [N] (-5)
it holds
N N
D 1Ak wr < p > [Apnfwg . (5.6)
k=1 k=1
Proof. Choose any ¢ < (1 — §)/2 and set
5
=0T oy (5.7)
1-¢

We multiply both sides of (5.4)) by wy. Since wy, is a decreasing sequence and by = 0 we have
N N-1

Z (Apb) wy, = bywy + Z (W — wiy1) — bowy > 0. (5.8)
k=1 =1

Therefore we obtain

N N N
> 1Ak <> apwy (|&—1] + Ine—1]) + 8D [Agn|wy . (5.9
k=1 k=1 k=1

We estimate the first term on the right hand side via

£0=0

N N 4 k-1

< — )
Y agwiléea| < €Y ~ Ok Wk Z A€
k=1 k=2 =1

N-1 Ny
= EZ‘Aj§| Z 2 KWk
j=1 k=j+1

Furthermore we can calculate

N
: X
AR N 1
Z —arw < / exp(—z)dx < exp {— Zak} = w; (5.10)
kel © €=

o =
M

ag

k=1

by interpreting the left hand side as a Riemann sum. Proceeding in exactly the same way for
> agwi|nk—1| we obtain

N N N
Do 1Ak wr < Y (JAKE+ [Apn]) wy + 8 [Agn|wy. (5.11)
k=1 k=1 k=1
This completes the proof. O
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Part Il.

Quasivariational sweeping processes on
functions of bounded variation
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6. Introduction and main results

We establish existence and uniqueness results of quasivariational (or implicit) sweeping pro-
cesses on functions of bounded variation on a separable Hilbert space X . To extend the sweeping
process to BV we make use of the so-called Kurzweil formulation. The results we are able to
prove depend on the shape of the involved convex sets. If the convex sets is a polyhedron, we
prove - under suitable conditions - existence and uniqueness on the whole space of functions of
essentially bounded variation. If the convex sets are smooth we are able to establish this result
for functions of bounded variation with small jumps. Indeed in the latter case we provide a coun-
terexample to uniqueness in case the jumps are too big.

6.1. The sweeping process

The sweeping process has been introduced by J. J. Moreau in two seminal articles [78[79]] in the
1970s. He proposed the following evolution problem:

Given a moving convex set K (¢) and a point £(¢) we assume that the evolution of the point £(t)
is governed by the evolution of K (t) through two rules. First £(¢) has to stay within K (¢). And
second if £(¢) moves then it moves only in the opposite direction of the normal cone of K () at
point £(t). Especially if £(¢) is in the interior of K (¢) then it does not move. The question we are
going to ask is: Does there exist an unique solution to this problem? Or to write it down more
precisely:

Problem 6.1 (Sweeping process). Given a time dependent convex set K(t) C X and an initial
value & € K (0), does there exist an absolutely continuous function & such that £(0) = & and

—&(t) € Oy (§) ae in[0,T] (6.1)
hold?

Moreau provided an existence and uniqueness result for this problem in [79] under suitable
conditions on the convex set. Laxly formulated the condition is that the convex set K (t) does
evolve with absolutely continuous speed. One might wonder whether solutions of are dif-
ferentiable. In general this not the case. To illustrate this fact consider a simple example.

Example 6.2. Let X = R, K(t) = [-1+t,1+t] and {x = 0. Then the solution to the sweeping

process is given by
0 ift <1
f(t)_{ t—1 ift>1

which is clearly not differentiable in ¢ = 1.
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6.2. Extending the sweeping process to BV

As in [18] we shall slightly rewrite the problem: Let Z(r) be a family of convex sets indexed
by elements r of an reflexive Banach space R, u € W1(0,T; X) and r € W10, T; R). We
look for absolutely continuous functions & such that £(0) = £y and

u(t) —&(t) € Z(r(t)) YVt €[0,7] and

(), u(t) ~€() ~y) 20 Wy € Z(r(1)) forae.t € 0,T]. 6.2)
This is nothing but a reformulation of (6.1) where K (¢) takes the form K (t) = u(t) — Z (r(t)).
Note that every problem formulated in terms of u, 7 and Z can be formulated in terms of K (t)
and vice versa. One direction we have just shown and for the other direction set R = R, Z(t) =
—K(t), v = 0 and r(t) = t. The use of is motivated by applications where it often
appears in a natural way. In the special case of Z(r) = Z the map u — £ which maps the
input u to the solution of the sweeping process £ is exactly the play operator from the theory of
hysteresis. This theory has been developed from the late 1960s by the Russian school around
M. A. Krasnosel’skii (see e.g. [51,150]). Their efforts culminated in the seminal monograph
[52] which opened the path to a rigorous mathematical treatment of hysteresis. Indeed we will
make use of many methods developed for the study of multidimensional play operators. For an
extensive study of these we refer to [55]] and references therein. For the study of one dimensional
hysteresis operators and especially the one dimensional play, which exhibits a few additional
interesting properties, we refer to the book [[19].

6.2. Extending the sweeping process to BV

When extending the sweeping process to functions of (essentially) bounded variation, i.e. allow-
ing u and r and consequently also the solution £ to be in this space, one encounters a difficulty:
The formulation of (6.1) or (6.2)) can no longer be applied as £ might no longer have a weak
derivative. Therefore one must come up with a different formulation. It is then natural to ask for
two conditions to be satisfied:

1. If the input functions » and r are absolutely continuous, then the solution £ of the new
formulation must also solve the original problem.

2. The formulation may only contain concepts which have a meaning on BV'.

However this does not uniquely determine a way to extend the sweeping process to functions
of bounded variation. The degree of freedom one essentially has, is to decide what happens at
points where the functions jump. This has been solved in different ways. The first concept is
already due to J. J. Moreau [79] who proposed to use the weak derivative with respect to the
underlying Radon measure of the function &.

For the study of play operators two other approaches have been developed. P. Krejc¢i and
Ph. Laurengot proposed to use an integral formulation of the variational inequality (6.2). This
approach was later on extended to sweeping processes in [61]. A different proposal is due to
V. Recupero [I86, 187, [88]]. Here the evolution at the jump points is determined by, roughly speak-
ing, ’filling in’ the jump with a function that connects the starting point with the end point of
the jump. The solution is then determined by letting the evolution run on the *filled in’ function.
We however will follow the concept of P. Krej¢i and Ph. Laurencgot, which is nowadays known
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6. Introduction and main results

as the Kurzweil formulation. It is named after the Czech mathematician Jaroslav Kurzweil, who
developed the integral which plays a crucial role in this formulation (see Chapter [3.2)). We will
now shortly introduce the idea behind this approach. For simplicity we restrict ourselves to the
play operator. Afterwards we state the sweeping process in its Kurzweil formulation and prove
the existence of a unique solution.

Before we proceed a short remark on our wording is in order: We will talk about a ’sweeping
process on BV’ when we want to say that the input and output functions are allowed to be in
BV. One might argue this to be an odd wording, as it might appear more natural to talk about a
"sweeping process on X’ as X is the space in which the convex set moves. However, as we have
now stated what we mean by our choice of words, we hope that it is acceptable.

By definition ¢ is the output of the play operator if u(t) — {(t) € Z and
<5(t),u(t) —E(t) - y> >0 Wye Z, forae te0,T].

In [55] it has been shown that this condition is equivalent to an integral inequality, namely

T
[ () -0~ vie.é0) =0 vy e cO.132).
0

The idea now is to substitute the above integral by an integral where the right side of the inner
product is a generalized derivative of a BV function. Probably the first integral that comes into
ones mind is the well known Riemann-Stieltjes integral. However it is not the right choice here
as it asks for the left side to be continuous, which in general will not be the case. Still one can
stay in the realm of ’classical theory’ and does not have use integrals based on measures - this of
course is also a possible path. Our choice is to employ the Kurzweil-Henstock integral (Chapter
[3.2). Additionally we extend the space of admissible test functions to all regulated functions,
that is functions which allow left and right side limits at every point, with values in Z. One now
might be tempted to ask for functions £ € BV(0, T’; X) satisfying u(t) — £(¢) € Z and

T
/ (ult) — £(t) — y(t), dE()) >0 Vy € G(0,T; Z). 6.3)
0

This however is a bad choice. Indeed in general there will be no function £ which can satisfy this
inequality, as the following example shows.

Example 6.3. Choose Z = [—1, 1], zp = 0 and define

0 t=0
u(t):{2 t>0

Assume ¢ is satisfies (6.3). Then it holds that {(0) = 0. We choose the test function y to be
defined as

z t=20
y(t) :{ u(t) —£() £>0
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6.2. Extending the sweeping process to BV

with z € [—1,1]. By plugging this into (6.3) we obtain (—z,£(0+) —£(0)) > 0 for every
z € [—1, 1], which can only be satisfied if £(0+) = £(0) = 0. However, since £ is a solution we
especially have £(¢) — u(t) € Z. By choice of u this means (t) > 1 for all ¢ > 0, which is a
contradiction.

As this is an unsatisfying state, it is necessary to tweak (6.3)) in order to obtain a better suited
condition. Indeed the correct condition reads

T

/ (u(t+) — £(t+) — y(t), dEE) > 0 Wy € G(0,T; Z). 64)
0

Assume that £ has a jump at any point s € [0,7]. We choose the testfunction y as y(t) =
u(t) — &(t) if t # s and y(s) = z € Z. Then the integral inequality reduces to

(u(s+) = &(s4) — 2,8(s+) = &§(s—)) 2 0.

This inequality can be fulfilled namely by setting £(s+) = Qz (u(s+) + &(s—)). Indeed this
formulation can be generalized to sweeping processes and it then reads as follows:

Problem 6.4 (Sweeping process). For given input functions u € BV(0,T; X), r € BV(0,T; R)
and initial condition xo € Z(r(0)), we look for a function ¢ € BV(0,T; X ) such that

2(t) = u(t) — () € Z(r(t)) Ve [0,T], 6.5)
2(0) = 0, 6.6)
/ C(e(t4) — y(t), dE@®) > 0 ©.7)

forall s € [0,T) and every y € G(0, s; X) such that y(t) € Z(r(t+)) for every t € [0, s].

Of course the question arises whether and under which condition a solution to this problem
exists. We settle this question with, at least for our purposes, sufficient generality in the following
theorem.

Theorem 6.5. Let Z(r) be a family of closed convex sets indexed by a parameter r € R. Assume
that
dp (Z(r), Z(s)) < L|r — sllz -

Then for every u € BV(0,T; X), r € BV(0,T;R) and xy € Z(r(0)) there exists a unique
solution ¢ € BV(0,T; X) to Problemand

Var(€) < Var(u) + LVar(r) . (6.8)

Furthermore the sweeping process is locally %-H&lder continuous with respect to || - || sc-

Up to our knowledge this result has not been proven or at least published under these precise
assumptions. However there are a number of related results: For the play operator existence and
uniqueness of a solution has been shown in [60]. Unique solvability of a slightly more general
problem was shown in [61]], however only for left-continuous functions of bounded variation. A
closely related result has been shown in the lecture notes [58]] for right continuous functions. Our
proof relies on the methods developed in these articles and is written down mainly for the sake
of completeness.
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6. Introduction and main results

Proof. We proceed in three steps. We first establish a continuity result which will also imply
the uniqueness of a solution. We then explicitly calculate solutions for stepfunctions and thus
establish the existence. Finally we expand the result to the whole space BV.

Step 1 - Holder continuity: Let u,v € BV(0,T; X), r,s € BV(0,T;R), 7o € Z(r(0)) and
Yo € Z(s(0)). Assume that £ € BV(0,7; X) and n € BV(0,T; X) are both solutions to the
sweeping process with data u, r, o and v, s, yo respectively. Let ¢y € [0, 7] and define

() = {QZ<r<t+>(v(t+)—n(t+)) t < to

' Q1) (v(t0) = m(t0))  t=1to
) = {Qz<s<t+><U(t+)£(t+)) t< to
’ Qz(s(t0) (ulto) —n(to))  t=1tg

and

Notice that z and z are admissible test functions for for £ and 7 respectively. Indeed
z(t) € Z(r(t+)) for all t € [0, tp] by construction. Furthermore notice that for any sequences
2" — z,7" — ritholds Qz(ny(2") — Qz(y)(2). Hence z is a regulated function. Analogous
arguments can be applied to z. By testing with these two functions we obtain

to to

/ (ult+) — £(+) — 2(t), dE(t)) > 0 and / (0(t+) —n(t+) — (), dn(t)) > 0.

0 0

Therefore we can deduce
to
[ttt = e, atg - )

0
to to

< /<U(t+)—’0(t+)7 df(t)>+/<v(t+)—77(t+)—3(t)7 dé(t))

0 0
to to

+ [ o) — ute), dn@) + [ (a0~ (u(ed) - €(e+). dn(o)

0 0

< (Var(¢) + Var(n)) <||u—v||oo+ sup dpy (Z(T(t),Z(S(t)))>

t€(0,to]
< (Var(€) + Var(n)) (lu = vlloo + L |7 = sl,)

‘We hence have

%HE =% < (Var(§) + Var(n) (Ilu = vlloo + LI = sll0) + 2o — ol + [u(0) — v(0)].

This indeed proves local Holder continuity of the sweeping process - and thereby uniqueness -

should a solution exist.

Step 2 - Existence of a solution for stepfunctions: Let w € S(0,7; X ) and r € S(0,T; X)

n

be stepfunctions with respect to the same partition (t;));_,, i.e. there exist (u;);, C X,
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6.2. Extending the sweeping process to BV

(W)iy C X and (r;);; C R, (T3);, C R respectively such that

N
u(t) = Y ixg(t +Zuzxt, 1t)(t) and
=0

r(t) = Z?Z’X{ti}(t) + Z TiX(ti—l,ti)(t)
=1

1=0

Then the unique solution to the sweeping process is also of the form

N N
t) = Z giX{ti}(t) + Z EiX(chti)(t)
i=0 i=1
where £y = 1y — 20 and

=& =Qz) ( - 50) A& —& = Pz (ul fo)
Vi<k<n: Uk:_fk—QZrk (ur = &k—1) N & — &1 = Py (uk — 1)
Vi<k<n: G —§&= Qze,) Uk — &) A & — & = Py (U — &) 69)
Indeed let s € (0,7] and y € G(0,T;X) such that y(t) € Z(r(t+)). Remember that by
convention for ¢ = s this implies y(s) € Z(r(s)). By applying the calculus of the Kurzweil
integral we obtain that

[ i) = e+ - 0. de )
0
= <U1 —& —y(0+),& — §)> + > (= G — y(te), G — &)
ke[n]:tr <t

+ (u(s) — &(s) —y(s),£(s) = &£(s—))

The first two terms are greater or equal zero due to (6.9). If s # ¢ for all k& € [n], then the last
term is zero, since £(s) = £(s—). Otherwise if there exists an k € [n] such that s = ¢; then we
obtain

(u(s) = €() = y(s). §(s) = &(s=)) = (i — & — y(te), & — &)

which is also non negative. Therefore £ is the, by the first step, unique solution to the sweeping
process with input « and 7. Now one can easily calculate that

&k — &h—1] < |ug — up—1|+du (Z(r%), Z(r5-1)) < 2up — up—1|+ L7 — 11|l (6.10)

We therefore can estimate
n
Var(€) = Y 1€ — 1| < Var(u) + LVar(r). (6.11)
k=2
Step 3 - Existence on BV: Let u € BV(0,7; X), r € BV(0,T;R) and xyp € Z(r(0)). Then
due to Theorem there exist sequence (u"), .y C S(0,75X) and (r"), .y C S(0,T;R)
such that

Var(f") < Var(f) and [[f" = flloc =0,
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6. Introduction and main results

for f € {r, s}. Without loss of generality we may assume that "*(0) = r(0) and «"(0) = u(0).
Let £" be the solution of the sweeping process with data u™, 7™, xg. Then we know that

Var(£") < Var(u") + C'Var(r"™) < Var(u) + CVar(r) . (6.12)

Since (r"), ey and (u"), o are Cauchy sequences with respect to || - [|oo. Due to the first step
so is (£,),cn- Hence there exists a function £ such that || — £]|, .y — 0. In view of (6.12)
we obtain that £ € BV(0,7; X) and ¢ satisfies (6.11). Notice that u"(t) — £"(t) € Z(r"(t))
and the strong convergence of £"(t), u™(t) and r"(t) implies u(t) — &(t) € Z(r(t)). It remains
to show that the variational inequality is satisfied. Therefore let s € [0,7] and choose
y € G(0,s; X) such that for all ¢ € [0, s) it holds y(t) € Z(r(t+)) and y(s) € Z(r(s)). Define
test functions y" by
yn(t) — { QZ(T"(t+))(y(t)) t<s
QZ(T"(S)) (y(S)) t=s.

For all t € [0, s) we can estimate
ly" () —y()| < dm (Z (r"(t4)), Z (r(t+))) < Clr" = 7floc -

A similar estimate can be made for t = s. We therefore obtain ||y — y||oc — 0. Arguing as in
Step 1 we furthermore obtain y™ € G(0,T; X). Hence y™ is an admissible testfunction and
holds with »™, £ and ™. Due to the continuity properties of the Kurzweil integral, see Theorem
[3.36], we may pass to the limit and obtain that also holds true for y, u, £ and r. Hence £ is
an admissible solution to Problem [6.4] U

Remark 6.6. In case we allow for u, r and £ to be left (or right) continuous only condition (6.7)
can be simplified. It is then equivalent to ask for the inequality to hold for s = T

6.3. Quasivariational sweeping processes

Quasivariational sweeping processes extend the sweeping processes in the following way. The
shape of the convex set K does now no longer depend only on time ¢ but also on the current state
&(t). Figuratively spoken: Put a small stone on a table, turn a cake form upside down and put it
over the stone. Then if the cake form is moved, the stone is moving as well. This is the sweeping
process. Now for a quasivariational sweeping process the cake form is no longer a classical one
but made out of silicon. Then if the stone is heavy enough the shape of the silicon cake form
depends on where the stone is. Formally the problem can be written as follows

Problem 6.7 (Quasivariational sweeping process). Let K : (t,&) — K(t,£) C X where K(t,€)
is convex for all (t,£) € [0,T] x X. For an initial value & € K(0,&y), does there exist an
absolutely continuous function & such that £(0) = &y and

—&(t) € Ok ey (&) ae in[0,T] holds?

This problem was first proposed by M. Kunze and M. D. P. Monteiro Marquez in [64]. Therein
they also provided a first prove of existence of a solution under fairly general assumptions.
Uniqueness of the solution however is more involved. Here the first results are due to M. Brokate,
P. Krej¢i and H. Schnabel in [[18]] in the case of smooth and bounded convex sets. Here smooth
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6.3. Quasivariational sweeping processes

has to be understood in such a way that roughly speaking the outer normals depend Lipschitz
continuous on both the position and the current state. This result was later on generalized to
smooth and unbounded convex sets by A. Mielke and R. Rossi [71]. Also due to R. Rossi and
U. Stefanelli are uniqueness results which do not make use of the smoothness of a solution. In-
stead in [95],[100] a certain order principle for the convex sets was assumed. In the former of the
two papers up to the authors knowledge the term 'quasivariational sweeping process’ was used
for the first time. It is probably derived from the seminal book [7] where the term ’quasivaria-
tional inequality’ was coined to describe problems of the type

find u such that (u,v) < f(v) forallv € K(u).

As in the case of the sweeping process there are several possibilities to extend the quasivaria-
tional sweeping process to functions of (essentially) bounded variation. We are going to employ
the Kurzweil formulation. To make this precise let us shortly formulate the problem in the setting
we want to analyze it.

Problem 6.8 (Quasivariational sweeping process on BV). Consider a family Z(r) C X of
closed convex sets parameterized by elements r of a reflexive Banach space R. Assume that
u € BV(0,T;X), g € BV(0,T; CYH(X x X;R)) and xo € Z(g(0,u(0),2(0) — u(0))) are
given. We look for a function & € BV (0,T; X) such that

x(t) = u(t) —&(t) € Z(g(t,u(t),&(t))) vVt € (0,77, (6.13)

z(0) = zo, (6.14)
T

/0 (x(t+) — y(t), dE(1)) > O foreveryy € T(E). 6.15)

where
T(€) :={y € G(0,T;X) : y(t) € Z(g(t+,u(t+),£(t+))) Vt € [0, T]}

is the set of all admissible testfunctions.

Our aim is to prove existence and uniqueness of a solution to the above problem. However we
are not able to treat any family Z(r) of convex sets. Therefore we have to restrict ourselves to
two cases. In the upcoming Chapter we are going to study the case where the convex set Z(r)
is a polyhedron. Chapteris dedicated to the analysis of Problem where Z(r) is assumed to
be smooth. The precise conditions are going to be stated below.

In both cases we are able to prove existence and uniqueness of a solution (under some restric-
tions). Indeed the rough strategy is the same, we make use of Banach’s contraction principle.
However the techniques employed to deduce the desired estimates are different and depend very
much on the shape of the convex sets.
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polyhedral characteristics

In this chapter we consider quasivariational sweeping processes where the convex sets Z(r) are
polyhedra. Remember that a polyhedron is the intersection of finitely many subspaces. In other
words P is a polyhedron, if there exist m € N, (a;)/"; C X and 8 € R™ such that

P={xe€ X :{a;,z) <G} .

One reason to study quasivariational sweeping processes with polyhedral characteristics is that
the play operator with polyhedral characteristics enjoys remarkably good continuity properties.
It is globally Lipschitz continuous with respect to both the norm on W! and the || - || (see
[83, 155, 31]). Also the Skokhorod process, a generalization of the sweeping process, has been
studied for polyhedra and global Lipschitz continuity again with respect to both the above norms
has been obtained [57, 53]. In this case however the dependence of the convex set on the pa-
rameter r is of a very special type. The faces of the convex sets are only allowed to move along
their normal direction but may not be rotated. We also will stick to this assumption and provide
existence of a unique solution to the quasivariational sweeping process. However we will not
use the methods introduced in the latter paper. Instead we will use the approach due to I. Picek
[83] for the play operator and generalize it in order to show global Lipschitz continuity of the
sweeping process. We shall then use this result to provide existence and uniqueness of a solution
by a contraction argument.

This chapter is organized as follows. We are first going to fix notation and assumptions and
introduce the main results in the upcoming section. Section will be dedicated to proving
the global Lipschitz continuity of the sweeping process. Thereafter we are going to prove ex-
istence and uniqueness of the quasivariational sweeping process in Section We shall also
demonstrate the sharpness of our conditions in dimensions less or equal then two.

7.1. Main result

Let us start by fixing our assumptions on the convex set.

Hypothesis 7.1. There exist m € N, (a;);", C X with |a;| = 1 for all i € [m] and a map
B : R — R™ such that for allr € R

Z(r) ={v € X : (ai, x) < Bi(r)} - (7.1)
Furthermore we assume that X = span{a; : i € [m]}.

As indicated before this assumption implies that the faces of the polyhedron can move only
along their normal directions but are not allowed to rotate. The last assumption, namely that
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7.1. Main result

we require that the outer normals are a generating system of X, seems to be very restrictive. It
appears as if we were only able to handle finite dimensional Hilbert spaces. However this is not
the case. If X # span{a; : i € [m]} we decompose X =Y @ Y+, where Y = span{a; : i €
[m]}. Then for z € X there exist unique Z, 7 € X such that

TeY,iteYt:a=T+17

~ L —~
It is then immediate that if £ is a solution to the sweeping process (5 (t)) = §0i. Assuming

that £ solves the quasivariational sweeping process. By definition it solves the sweeping process
with 7(t) = g(t, u(t),&(t)). Hence by rewriting

o~ ~

g(t,u(t), €)= 7 (1. a(), 7 (1), &), (1)) =7 (1 (1), €0))

we reduce the problem to solving the quasivariational sweeping process for E with input data g, u
and Eo on Y. In general, if conditions are imposed on g, we subsequently need to check whether
any conditions on 7+ and eventually on u need to be made. As we will see below, in the present
case, we do not need to do so. Before we are able to start we need a further definition.

Definition 7.2. Assume Hypothesis|7.1/holds. Set N = dim(X) and Ay = {{0}} C 2¥. For
k € [N] we define A, C 2% by

Aj :={X"=span{a;, : j € [n]}: neN, Vj € [r]:i; € [m], dim(X') = k} (7.2)
Here m is the number of normal vectors defining Z(r), see Hypothesis A, in other words

is the set of all £ dimensional planes in X, which can be generated from the family of normal
vectors (a;)!™ . Furthermore set My := 0 and define for all k € [N]

ex = max{|Qxa;| : X' € Ay, a; ¢ X'} (7.3)
and
. 1/2
Mk =T (1 + M;?_l + 25k71Mk71) . (7.4)
L—ep

Now everything is in place to state the main result of this chapter.
Theorem 7.3 (Existence and uniqueness). Let Hypothesis[7.1| hold and let My be defined as in
Definition Assume that 3 : R — R™ is Lipschitz continuous with Lipschitz constant C. Let
g9 € BV(0,T; C\(X x X;RYy)), u € BV(0,T; X) and x € Z(g(0,u(0),u(0) — o)) with
CMyA=:0<1. (7.5)

Then there exists a unique solution & of Problem|[6.8}

We will show that (7.5)) is sharp for dim(X) < 2. The main tools of the proof are Banach’s
contraction principle and the global Lipschitz continuity of the sweeping process.
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7. Quasivariational sweeping processes with polyhedral characteristics

Theorem 7.4 (Global Lipschitz continuity). Let Hypothesis[/. 1| hold and let My be defined as
in Definition[7.2] Assume that 3 : R — R™ is Lipschitz continuous in the sense that

18(r) = B(s)loe < Cllr — slI= - (7.6)
Then for all r € BV(0,T;R), v € BV(0,T;X) and xog € Z(r(0)) there exists a unique
solution £ € BV(0,T; X) to the sweeping process. Furthermore let v,s € BV(0,T; R), u,v €

BV(0,T;X), g € Z(r(0)) and yo € Z(s(0)). Let £&,m € BV(0,T; X) be solutions to the
sweeping process with input u,r, T and v, s, yg respectively. Then

1€ = lloc < My (lu = vlloc + Cllr = sllo + |20 = yol) - (1.7)
The fact that the sweeping process is globally Lipschitz continuous is not new. It has already

been shown for an even more general problem in [57,53]. However there the Lipschitz constant
could not be explicitly calculated which we can do here by using Definition

7.2. Global Lipschitz continuity of the polyhedral sweeping
process

Let Z(r) satisfy Hypothesis Let us just shortly remember that as in Lemma we define
the set of all active constraints at some point = € Z(r) by

Lz () := {z € m]:(a;a)x: x = Bi(r)} .
We start our path to proving Theorem [7.4]by making a simple observation.

Proposition 7.5. Let the assumption of Theorem[7. 4\ hold. Forallr,s € R, v = u — & € Z(r)
andy = v —n € Z(s) it holds that

Vie Lypy(2): (@i, & —n) <|u—v|+Clr —slr (7.8)
Proof. Notice that y € Z(s) directly implies (y — (8;(r) — 8i(s))a;, a;) < Bi(r). Therefore
(= (y = (Bi(r) = Bi(s))ai) , ai) = 0= (€ = n,a:) < (u—v,a:) + Bi(r) — Bi(s).

The proof is completed by remembering that |a;| = 1 and 3 is Lipschitz continuous with constant
C. O

Now let u, v, 7, s be step functions on the same partition (¢1)7_, € Do 7). In other words we

assume that for there exist (ug)—y , (Vk)g—y € X (7k)g—1 > (sk)p—=1 C Rand (Uk)g—g , (Ur)—o C
X, (Tk)p—o » (5k)p—o C R such that

F& =" X i@ + > Fexgu 1), (7.9)
k=1

k=0
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7.2. Global Lipschitz continuity of the polyhedral sweeping process

where f stands for u,v,r,s. Let &, n be solutions to the sweeping process with input u, r, g
and v, s, yo respectively. Then also £ and 7 are step functions with respect to the same partition
(tk)}_, and can be denoted in the fashion of (7.9). Furthermore it holds that {y = %y — ¢ and

ur — & = Qzr) (Ul - go) A& &= Pzr) (Ul — go)
VI<k<n: up—& =@z (ur = &k-1) A & —&-1= Py (ur — &-1)
VI<k<n: U —&=Qzr) (Uk — &) N & — & = Py (U — &k)

(7.10)
Respective equations hold for . We now introduce the key element of our proof.
Definition 7.6. For any ¢ > ||u — v||o + C||7 — 5||oc + |20 — yo| We define
Ve(g) == max { M}c* + |Px:(g)| : X' € Ay, k € [N]JU{0}} (7.11)

where M), and Ay, are defined in Definition

Notice that due to Proposition we have V.(—g) = V.(g). In a certain sense the function
V. shall play the role of a Lyapunov function for the difference £ — . However we cannot assure
that V. is monotonic decreasing at all points but need to use a more subtle notion. We will make
this precise in the following Lemma, whose proof is the main effort in providing the Lipschitz
continuity result.

Lemma 7.7. Forany ¢ > ||[u—9||oo +C||7 — $||oc + |20 — yo| the function V.({ —n) is monotonic
decreasing in the sense that for g = & — 0 it holds that V. (g1) < V. (go) and

Vien]:Ve(gi) < Velgim1) N Ve(9s) < Velgi) -

Proof. The proof heavily relies on the properties of the projection onto linear subspaces, which
were assembled in Proposition [2.13] Our strategy is a proof by contradiction. If the assertion is
wrong then there exists ¢ > ||u — v]|oo + C||7 — 8||0o + |70 — Yol such that V.. (g1) > V. (go) or

Ji € [n]: Ve (gi) > Ve(gi-1) vV Ve(@i) > Vel(gs) -

We will assume that
Ve (gi) > Ve(gi-1) - (7.12)

For the other cases the proof works analogously. To simplify the notation we will drop the index ¢
and just write V. Furthermore we shall denote by A f the term f; — f;_1 whenever feasible. Now
remember that Ay = {X} and Px = 0. Hence V (g;—1) > M%c?and V (g;) = M2c*+|Pxrgil
for some k € [N—1]U{0} and X" € Aj. Especially for g; the maximum in is not attained
for k = N. Furthermore |Px» (g;)| > |Px» (gi—1)|. Our aim now is to show that

2
ME* + |Pxr ()| < Mge® + |Pyoy (9:)|]”  holds. (7.13)

This constitutes a contradiction. Indeed it is plainly impossible for k& = 0. However if & # 0
then V(g;) < MZc* + | Py (g;)|*, which cannot be due to (7.1T). To start we observe that

1
(Ag, gi) > |gil* — |gil lgi—1] > 3 (Igil2 - Igi71|2> : (7.14)
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7. Quasivariational sweeping processes with polyhedral characteristics

Furthermore remember that X" is a linear subspace and therefore also —Q x (g;) , —Qx (gi—1)
and their linear combinations are elements of X”. Therefore by definition of the projection we
obtain

(Pxr (9:),Qxn (9i) — 2Qx» (gi)) and
(Pxr (9i-1), Qx (9i-1) — (@x7 (9i-1) + @x7 (95))) -

Adding both inequalities we have

(Pxr (9i) — Pxn (9i-1) » —Qx (9i)) > 0.

Using Px» = 1d — @ x» we conclude

0 >
0 >

(Bg,~Qx (90) > 5 (1Qx0 90 1@ (g 1)) (1.15)

Combining this equation with (7.14]) we obtain, by using Proposition (ii), that

1
(g, P (9)) = 5 (1P (90)” = [P (gi-1) ) > 0. (7.16)

We now claim that either (A, Px» (g;)) > 0 or (An, Px» (—g;)) > 0. Assume that the
second assertion is wrong that is 0 > (An, Px» (—gi)) = (—An, Px» (gi)). Applying this to
we obtain that (A&, Py (g;)) > 0.

Without loss of generality we shall assume that (A&, Px» (g;)) > 0. For the other case it
suffices to interchange § and 7. Remember that A§ = Py, (&—1 + u;) and consequently
A§ € 0Iy(,,) (v;), where x once again denotes the term u — . Due to Lemma there exists
for every | € I'z(,.,)() some \; > 0 such that

Ab= D Na.

lEFZ(ri) (z)

Therefore we have that

> Ndan, Pxo (g:)) > 0

lEFZ('r,L')(x)
and thus there exists at least one j € I'z(,..)(z) such that {a;, Px~ (g;)) > 0.
Notice that a; ¢ X" since if a; € X" then also Qx» (g;) = n; € X”. Testing the variational

inequality defining the projection with both leads to (a;, Px» (¢;)) = 0, a contradiction. We
define X' := X" & span{a,}. There exist p,77 € R and v € X" such that |v| = 1 and

Qx' (g:) = pv + va; (7.17)
Employing Proposition [2.13] (i) we have
Qx (90)] = |@x (Qx (9i))] = (@x7 (gi) , v)| = |ag +b], (7.18)

where € = (v, n;). Due to (7.3) we furthermore know that |¢| < £;. Moreover due to Proposition
we have

c> (aj,9:) = (a;,Qx (9:)) = p+ ve. (7.19)
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7.2. Global Lipschitz continuity of the polyhedral sweeping process

Here the first equality is due to the fact that a; € X’ and Proposition (v), whereas the second
is owed to (7.17)). On the other hand by assumption we have

(aj, 9i) > (aj, Qxr (9:)) = (a5, @x» (Qx' (i) = plaj, Qxr (a;)) + ve, (7.20)

which by combination with the previous equation implies that p (a;,a; — Qx» (a;)) > 0. Since
(aj,a; — Qxr (aj)) > (|aj]2 — |Qx» (aj)\Q) /2 > 0 we derive that p > 0. We now employ

and to obtain
p—pet <c—ve—pe? <cH+le|lb+ag| <c+ el |Qxr (gm)| - (7.21)
By assumption and using Proposition [2.13](ii) we deduce
Mp, ¢ = |Qx ()| < Mi? —1Qxw (gi)] -
Furthermore we can estimate that

Qx: (g:)] = p* + 2pve + 17
(pe +v)* +p* (1 — &%)

< 1@ (9] + ale+ o] [@x (gm))

< 1 @]+ T e+ el Qs (g))?
L (@ 20kl Q0 ()] + Qe (00
<

o (2 22 1Qur (g + |27 (97

By putting both above inequalities together we obtain

M ¢? = M +1Qx ()] <

(¢ 20 @ (9] + Q0 (9m)F) - 722
Applying the definition of M} 1 we see that

ERMEE + 255 My — €3 |Qxn (9)|* < 2024 |Qxv (9)] -
By regrouping the terms and multiplying with z—:,;l we then derive

ek (MRS = Qo (90)) + ¢ (Mir = [ Qo (92)]) < 0. (1.23)

Since both £, and c are positive this can only be satisfied if Myc < |Qx~ (g;)| and consequently

<M 2 — |Qxr (gl)\Q) < 0. Employing Proposition [2.13|(ii) for a last time gives us

0 > M —|Qx» (g:)
2
= M+ |Pxr (90)f — (M3 — [Py (90)]°) .

where last equality is due to the fact that Pjgy = Id and My = 0. As explained at the beginning
this is a contradiction. Hence our assumption is wrong and consequently V' (g;) < V (g;—1). O
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7. Quasivariational sweeping processes with polyhedral characteristics

We are now able to show our main result of this section.

Proof of Theorem[7.4] The proof is divided into three parts. We first use the Lemma to es-
tablish global Lipschitz continuity for step functions. We then show existence and uniqueness
of a solution on the whole space BV by applying Theorem Finally we extend the Lipschitz
continuity result to the whole space of functions of essentially bounded variation by a density
argument.

Step 1 - Lipschitz estimate for step functions: Let u,v € S(0,7;X), r,s € S(0,T;R),
xg € Z(r(0)) and yg € Z(s(0)). Furthermore let £ € S(0,T; X) be the solution of the sweeping
process with input u, 7, zg and 7 the solution with input v, s, yg. Without loss of generality we
can assume that there exists a partition (tn)TJLO such that all functions can be written in the
fashion of by using the union of all partitions of the input functions. Now due to Lemma
[7.7| we know that for every ¢ € [0, T] and every ¢ > |[u — v||oc + C||r — 5|o0 + |z0 — yo| We
have

Vi (€(t) —n(t)) < Ve (£(0) — n(0)) -

From (7.11) we derive that |£(t) — n(t)|? < V. (&(t) — n(t)); set k = 0. On the other hand since
1£(0) — n(0)] < |u(0) — v(0)| + |zo — yo| < ¢ we have that forall k € [N — 1] and X’ € Ay,

Mie? + |Pxr (€(0) = n(0))] < (M +1) ¢ < Mg .
Hence V.(£(0) — 7(0)) = M%c? and we therefore obtain

£(t) —n(t)| < Mye.

Since this holds for all ¢ € [0,7] and ¢ > ||u — V|| + C||r — S|l + |Zo — yo| can be chosen
arbitrarily Theorem [7.4]is proven for all step functions.

Step 2 - Existence and uniqueness on BV: We apply Theorem to show existence and
uniqueness of a solution. In order to do so, we need to ensure that (6.5) holds. Indeed for
r, s € R we have

dy (Z(r), Z(s)) < MnC|r — sllr - (7.24)

One easy way to see this, is using the result from the first step: Let r,s € R and zo € Z(r).
Define on the interval [0, 1] the functions v = 0, 71 = 7 and 72(t) = 7X[0,1/2](t) + 5X(1/2,1](%)-
Let &1 and & be the solutions associated to u, r1, g and u, 9, xg respectively. From the first
step we deduce that ||{; — &|| < MnC||r — s||r. Remembering this inequality and u = 0
lead to dist(zo, Z(s)) = [|Qz(s)(w0) — @0l < MNC||r — s|[|r. The same argument can also
be applied to yo € Z(s). Taking the supremum over all zg € Z(r) and yg € Z(s) implies .

Step 3 - Lipschitz estimate on BV: Now let u,v € BV(0,T; X), r,s € BV(0,T; R), zg €
Z(r(0)) and yo € Z(s(0)). Then there exist sequences of step functions (u"),c , (v"),cny C
80,75 X) and ("), cn > (8" ) ey € S(0,T;R) such that

[Vn e N: f*(0) = f(0) A Var(f*) < Var(f)] A [[f" = flle =0 (7.25)

where f is subsequently replaced by u,v,r,s. Let £&", n™ and £,n be the associated solutions.
Due to Theorem [6.5] we furthermore have [|€" — £, — 0 and || — n||,, — 0. Due to our
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7.3. Uniqueness and non-uniqueness of the quasivariational sweeping process

above argument we know that for every n € N
1€ = 0" [loo < My ([Ju" = 0" [[oc + Cllr" = 8"[|oo + |20 = ol)

holds. Passing to the limit n — oo completes the proof. O

7.3. Uniqueness and non-uniqueness of the quasivariational
sweeping process

Due to our preparations in the previous section proving Theorem[7.3|is only little work.

Proof of Theorem[7.3} Let u € BV(0,T;X), g € W(O,T; Cg:i(X X X;R)) and Ty €
Z(g(0,u(0), ¢ — u(0))). Define the set 2 C BV(0,T; X) by
1(0) = zo — u(0) A }

Q= {77 €BV(0,T;X) : Var(n) < _C (Var( )+ (ﬁ + M) W(u))

Notice that due to {2 is closed with respect to the topology induced by the || - ||s-norm. Define
S:Q — BV(0,T;X) as the map S : n — £ where £ is the solution to the sweeping process
with inputs u, z¢ and r(t) = g(t,u(t),n(t)). We claim that S is a contraction on 2. We first
show that S(2) C (2. To this end let r be defined as above. First notice that since £ is a solution
we have £(0) = u(0) — x. Furthermore it is easy to see that

Var(r) < Var(g) + uVar(u) + AVar(n) . (7.26)
Applying this to (6.8) with L = My C (due to step 2 of the above proof) we obtain that

Var(€)

IN

Var(u) + MyC (Var(g) + pVar(u) + AVar(n))

MnC <55 + 1> Var(g)

IN

— 0 1
+ (1 + MnCpu) Var(u )+MN076 (MNC' ,u)V r(u)
MnC

T (Var(g) + (14 p)Var(u)) .

Indeed if £ is a solution to the implicit sweeping process then we can simply calculate
Var(€) < Var(u) + MyC (Var(g) + yiVar(u) + AVar(€))

and obtain that & € €. For nt,7% € Q we define r*(t) = g(t,u(t),n'(t)) for i € [2]. Then
|7t = 7|00 < AlIn' — 7?||oo and by applying Theorem [7.4] we get

15 (") =S ()l < 3lln" =l

This is the contraction property and Banach’s fixed point theorem yields the existence of a unique
¢ € Q such that S(§) = &. Thereby & is a solution to Problem Furthermore, since any
solution needs to be in 2, it is also unique. O
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7. Quasivariational sweeping processes with polyhedral characteristics

We will now show that condition is sharp in dimension less or equal two. This implies
that the Lipschitz constant in Theorem 7.4]is sharp with respect to ||r — s|| in these dimensions.
We thereby complement results for the play operator (see [55]]), which imply that the Lipschitz
constant is also sharp with respect to |ju — v||« in dimension less or equal to two. There are
no results for dimensions greater than two. Indeed even for the play operator it is not known
whether the Lipschitz bound is sharp for dimension three or higher.

We treat each dimension in a separate example. As can be expected the case dim(X) = 1 is
the simplest one and therefore we shall start with it.

Example 7.8. For N = dim(X) = 1 we can without loss of generality assume that X = R. For
simplicity also assume that R = R and define Z(r) by

Ziry={zeR:xz<r}.

This indeed is a polyhedron and we can denote it in terms of (7.1)) by writing x = = - 1 and
B(r) = r. We hence obtain C' = 1 and by definition My = M; = 1. We choose

a(tu, &) =A(u—¢€), u(t)=tandzg = 0.

For A <1 Theorem grants the existence of a unique solution, namely £*(¢) = ¢. In contrast
for A\ = 1 uniqueness is lost. Indeed both

&(t)y=tand & =0

are solutions to Problem (6.8). Since both functions are differentiable it suffices to show that
u(t) = &i(t) € Z(g1(t, u, &(t)) and &(t) € Olz(gy (tu(r) (1)) (w(t) — &(t)) for both i € [2]. The
first condition is simple; it is readily granted by the definition of Z(r) and g;. For & the second
condition is trivial as well. For any closed convex set K and any =z € K, it holds 0 € Ik ().
For &) notice that & = 1, Ol gy (z) = 0 for x # r and 0l 5,y (z) = (—0o0,0] for z = 7.

Remark 7.9. In the above example one can even show that for A = 1 any non decreasing function
¢ with £(t) < t is a solution to the implicit sweeping process.

For dim(X) = 2 the example is slightly more elaborate. The bigger Lipschitz constant is
owed to the possibility of the interplay of two faces, which we will make use of in our example.
Let us choose X = R2 = R. Note that we have to choose a norm for R, which can be more or
less arbitrary, as long at it is a norm. X, which has to be a Hilbert space, has to be equipped with
an Euclidean norm. We decide in both cases for the standard 2-norm. Let a1, as € R? such that
| (a1,a2) | # 1, or in other words choosing a1, as linearly independent, we define the set Z(r)
by

Z(r) = {z e R*: (a;,x) < 7;} . (7.27)
In other words we once again we set 3 : r — 7. We can explicitly calculate the value of M5 and
obtain
2

1 —[{a1,a2)|

Notice that the above term is finite by assumption. The way we need to exploit the interplay of
the two faces depends on the sign of (a1, as2). Roughly speaking, if it is positive then the faces
should move in the same direction, if it is negative they shall move in opposite direction. We
shall treat the cases in two separate examples.

My = (7.28)
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7.3. Uniqueness and non-uniqueness of the quasivariational sweeping process

Example 7.10. We set R = X = R?. We equip R with the || - || norm whereas we equip X
as an Hilbert space with the usual inner product. Due to our choice of norm we have C' = 1.
Assume that Z(r) is of form (7.27) and (a1, a2) < 0. Define the vector

a1 +a
' ]a1+a2\.

For the initial value we choose 2y = 0 € R%. We choose the function ¢ once again independent

of t as )
1
9(u,§) = E<U—§,U> < 1 ) .

Therefore to make notation simpler we drop the dependence of g on time as it obviously does
not depend on time. It is now a straightforward computation to see that

90,6) = 9wl < 5 (e =]~ 1€ =)

Thus we are once again in the critical case 6 = 1. Finally we choose the function u to be
u(t)y=t-v.

It is easy to see that {; = w is a solution of the quasivariational sweeping process. It is clear
that {1 — u = 0 is an element of Z(g(u(t),£1(t))). Also &1(t) = v € Ol z(g(u) 1 (1)) (0) due to
Lemma[2.7} On the other hand also {&; = 0 is a solution to the problem. Indeed on the one hand

we have that
ot (1Y, it lana) (1
g(u(t),&(t) = Mgﬁ( 1 > =t 2 < 1 )

and on the other hand we can calculate

<al,uQ(t)—£2(t)>:t<a a1+a?> 1+ (a1, az)

, =1\ ———— = (ag,us(t) — t)) .
e 102 — {3, 0a(0) — (1)
Therefore u(t) — &(t) € Z (g (u(t),&(t))). Since &(t) = 0 the differential inclusion is also
satisfied.

In the case (a1, a2) > 0 set
pi= B8 (7.29)
a1 — ag
and define g as above. Define u(t) = t-a; and choose 79 = 0 € R2. Then on the one hand ¢; = u
is a solution, since both &1 (t) —u(t) = 0 € Z (g(u(t),&1(t))) and also a1 € O y(gu(t). (1)) (0)-
Moreover

52 (t) =1 as (730)
is a solution. It is an easy computation to check that
u(t) — &(t) = tlar —az) € Z(g(t - a1,t-az)). (7.31)

Indeed it turns out that I' 7y (1.q, t-a0)) (t (a1 — a2) ) = {1,2} and hence also

&a(t) € A z(gu(r) ) (ult) — &2(1))-
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8. Quasivariational sweeping processes with
smooth characteristics

The aim of this chapter is to prove existence and uniqueness of a quasivariational sweeping
process for smooth characteristics on (left continuous) functions of bounded variations. This
generalizes a previous result due to M. Brokate, P. Krej¢i and H. Schnabel [[18] who studied
this problem for absolutely continuous functions. In the previous chapter the conditions which
were needed to establish the existence of a unique solution were the same both for functions of
bounded variation and for absolutely continuous functions. Here however things are different.
We cannot straightforwardly transfer the arguments of [[18]]. It turns out that we pay for allowing
BV functions by the need to employ additional structural assumptions. This is due to the fact
that at every point the solution jumps it has to satisfy a static quasivariational inequality, that is a
variational problem of the form

find £ such that (u — &, & —y) >0 Vy € Z(€).

We will show that the assumption of [18] do not suffice to guarantee the existence of an unique
solution for this problem. Therefore throughout the main part of our exposition we will limit
the size of the jumps. At the end we however will give examples for stricter conditions on the
convex sets that in exchange allow for arbitrary large jumps.

The idea of our proof here is the following: The BV functions are decomposed into intervals
in which only very small jumps occur and a finite number of larger jumps. We solve each part by
a contraction argument. For the first part a method similar to [[18] is used to show the existence of
a solution. This part is indeed quite technical as we have to use differences instead of derivatives
which allows a shorter and more elegant proof. For the larger jumps it suffices to analyze the
static quasivariational inequality. Here existence and uniqueness can only be guaranteed if the
additional structural condition is satisfied, e.g. when the size of the jumps is not too big. The
solution to the static problem gives the starting point for the evolution problem on the new time
interval. Since we are in BV, only a finite number of restarts have to be considered. The frame-
work of the Kurzweil solution is very suitable for this procedure as it easily allows to “glue” the
solutions of the different parts together.

Let us give a short overview over this chapter: In the following Section 8.1 we are going to
accurately introduce our main result. Section [8.2]is devoted to the analysis of the static quasi-
variational inequality. We would especially like to point out Proposition [8.9] which studies the
distance of the projections of a point onto two different convex sets under fairly general assump-
tions. We believe this result to be new and it might be of interest also outside the context of
this study. Afterwards, we are going to establish existence and uniqueness of a solution under
the assumption that the involved functions have only very small jumps. There, we will slightly
deviate from our main course and prove local Lipschitz continuity of the sweeping process on
BV. This might be of interest in applications. The proof of the main theorem is the content
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of Section In the final Section [8.5| we are first going to show that a condition on the jump
size is needed. We will then give examples how this can be overcome by additional structural
assumption on the convex sets.

The results we present here have been obtained and published in a joint work with P. Krej¢i
[62] and the article [90].

8.1. Introduction of the main result

We start by precisely formulating the assumptions on the convex sets imposed throughout this
chapter. Throughout this chapter we will write

M(r,z) == MZ(r) (z)
where Mz(x) is the Minkowski functional of Z evaluated in point z, see Definition

Hypothesis 8.1. There exists C > 0 such that 0 € Z(r) C B¢(0) for all v € R. Furthermore
the partial Fréchet derivatives 0, M (r,x) € R* and 0, M (r,z) € X exist for every r € R and
every x € X \ {0}. We denote B(r,z) = $M?(r, ). The maps

J(ryz) = 0,B(ryx)=M(r,z)0;M(r,x): X xR — X,
K(r,z) = 0,B(r,x)=M(r,x)0;M(r,z): X xR —-R"

allow continuous extensions to x = 0. Furthermore, there exist constants Ko, Cj, Ck such that
forall x,y € Bco(0), rys € R it holds

1K (r,z)l[r- < Ko,
[J(r2) = J(s,9)| < Crlle—yl+lIr=slr)
IK(r,2) = K(s,y)lr- < Ck (lz —y[+[Ir —sll=) -

In [18]] it was additionally assumed that all sets Z(r) contain a ball centered at 0 with some
radius ¢ > 0. However this is already a consequence of the other assumptions:

Lemma 8.2. If Hypothesis holds, then C;C? > 1. Furthermore for c := C’;l/ % we have
B.(0) € Z(r) forallr € R.

Proof. Forall z € X and r € R we have M?(r,z) = (J(r,z),x) and J(r,0) = 0. Hypothesis
8.1] then yields M?(r,x) < Cy|z|%. Using the implications |z| > C' = M(r,z) > 1 and
x| < 0;1/2 = M(r,x) < 1, we obtain the assertion. O

The assumptions we impose might be hard to understand in a geometrical context at first
glance. What we essentially ask for is that at every point z € 0Z(r) there exists a unique outer
normal vector n(r, x). Furthermore we want this vector to depend globally Lipschitz continuous
on both x and r. We shall present a prototypical convex set that satisfies these assumptions below

in Example

We denote by Culw(X x X;R) the space of functions f € C1(X x X;R), (u,&) — f(u,&)
such that ||0, f||lcc < w and ||0¢ f|loc < . The main result of this chapter reads:
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8. Quasivariational sweeping processes with smooth characteristics

Theorem 8.3 (Existence and uniqueness). Let u € BV (0,T; X), g € BVLC"(O7 T; C’ulw(X X
X;R)) and zo € Z(g(0,u(0),u(0) — x0)). Assume that Hypothesis|8.1]

0:=CKyy < 1 and 8.1)
(1-4)

C,;C(1+9) (8:2)

CKocg+ (1 + CKopw)e, <

hold. Then there exists a unique solution to Problem[6.8}

Remember that BV is the set of left-continuous functions of bounded variation whose jumps
are smaller than c. For a more thorough discussion of these functions we refer to Definition 3.1
and the analysis thereafter.

Remark 8.4. When allowing for absolutely continuous functions only, existence and uniqueness
has been shown in [[18] if (8.1)) holds. Our result covers this case: Absolutely continuous func-
tions have no jumps, i.e. discontinuities, and hence is always satisfied. It turns out that
(8.2)) is owed to the vectorial nature of our problem. For X = R it is superfluous, as we shall see
in Section

To verify that a given problem does indeed satisfy the above assumptions amounts in general
to tedious calculations. It has been done for the Gurson model with absolutely continuous func-
tions in [98]. That model, introduced in [40], describes the nucleation of voids in elastic and
ideally plastic materials. Here the convex sets are ellipsoids in the space of stress tensors, that is
symmetric tensors on R3, namely

Z(r) = {a e RS alld(0)]? + 7 (2cosh(b- tr(o)) — 1) < (1 — 7")2} ,
where tr(c) denotes the trace of o and d(c) the trace free deviator d(0) = o — $tr(o)Id.

In order to develop a feeling for what this theorem is able to do and to understand its limitations
we shall give an example of a problem we are able to handle with this result. The probably most
simple examples which do not reduce to a problem on the real line appear to be ellipsoids in R?.
This will also be the form of the convex set here.

Example 8.5. Choose X = R? and R = R. Furthermore let the set Z(r) be of the form
Z(r) = {z e R? : 27 + 223 < f(r)*}

with f : R — (0, oc0). First we need to ensure that the conditions of Hypothesis 8.1|are satisfied.

First we compute M (z,7) = (2% + 217%)“/ 2 /f(r). To give a concrete example let us assume
that

flr)= Z + %sin(r) .

Then it is easy to see that Z(r) C By(0). Furthermore

J(zr) = <i + isin(r)>_l ( o ) and

x? + 213

4 (% + %sin(r))?’

K(z,r) cos(r) .
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It is possible to choose Ko = 4, C; = 4 and C'xr = 28. Here the choice of C' is rough, however
as it does not appear in (8.1) and (8.2), its mere existence suffices. Due to the above estimates
we need v < i in order to be able to apply our theorem. Assuming that g does only depend on
¢ eg.

g(tv U, 5) =& (t) )

(1—4y)?
1) -

the jump size of u needs to be bounded by

8.2. The static quasivariational inequality

When trying to analyze a time-dependent problem, it is natural to consider the underlying static
problem first - in our case the quasivariational inequality. Apart from that being folklore wisdom
we have even more reason to do so: Let £ be a solution of Problem that jumps at some time
7 € [0,7"). Choosing the testfunction z in by 2(t) = u(t+) — &(t+) for t # 7 and
z(1) =y forsomey € Z(g(t+,u(r+),&(7+))) leads to

(u(t+) = &(7+) =y, &(7+) —&(7)) 2 0. (8.3)

Therefore at any time 7 where £ jumps it has to satisfy a quasivariational inequality. A short
study of it will be the subject of this section. Indeed this analysis is crucial in understanding the
jump size condition. Let us start by precisely formulating the problem we want to solve.

Problem 8.6. Let g; € Lip, (X x X;R), u; € X i € {0,1} and § € X such that xy =
ug — & € Z(go(xo,ug)). Find & such that

Yy € Z(g1(u1,&1)) : (ur —& —y, & — &) > 0. (8.4)

The above problem is called a quasivariational inequality. The set of admissible vectors to
test against depends on the state that is tested. These problems have been intensively studied
by C. Baiocchi and A. Capelo in their seminal monograph [7]]. They established existence and
uniqueness of solutions by employing order methods. However these results are not applicable
to our case. We proceed in a different way and try to establish existence and uniqueness of a
solution to Problem [8.6 by applying Banach’s contraction principle. To this end we rewrite the
(8.4) as find x1 € X such that

ur — &1 = Qz(g(u 1)) (To + Au) (8.5)

where Af = f1 — fo forany f € {u,g,&, x}. Here and for the remainder of this chapter we
denote by z(;) the term ;) — u(;). We point out that ()7 is the projection onto Z as defined in
Section[2.2] Our aim is to show that the map

{X - X
no o ur = Qz(g (ury)) (To + Au)

is a contraction. Hence our task is clear: Estimate the difference of the two projections
Q2(g1 (ur,m)) (0 + Au) = Qz(gy (uy 1)) (T0 + Au) .

It is perhaps surprising, that the difference does not only depends on the distance of the convex
sets and therefore on 17 — 72 but also on the length of the projection which means in the end it
depends on Ag and Auw.
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8. Quasivariational sweeping processes with smooth characteristics

8.2.1. The difference of projections onto two convex sets

We first establish an estimate on the difference of two projections (Proposition under rather
general assumptions on the convex sets. We believe this result to be of interest in its own right. It
has been originally obtained in joint work with Pavel Krejci [62]. We will then use the assump-
tions of Hypothesis [8.1]to derive the result adapted to our purposes in Corollary [8.13]

Hypothesis 8.7. Assume Z : R — 2% satisfies the following conditions: Z(r) C X is nonempty,
closed and convex for all r € R and there exist functions j : R x R — R, 1 : [0,00) — [0, 00)
such that

Iny —ns| < j(r,s) + ¢(lz —yl)
forallx € 0Z(r), y € 0Z(s) and n, € Ol 5(y(), ns € Ol 5(5)(y),

Notice that the outer unit normal does not need to be unique, i.e. ¥(0) = 0 is not required.
However 1) can be interpreted as a (generalized) modulus of continuity whereas j does not nec-
essarily need to be one.

ny| = Ins| = 1.

Remark 8.8. As a shorthand we shall from now on write dy (7, s) instead of di7 (Z(r), Z(s)) and
P, for Py ).
Our aim here is to prove the following result.
Proposition 8.9. Let Hypothesis([8.7 hold and let w € X be given. Then
Qr(u) = Qs(w)| < dp(r,s) + |[Prul(§(r, s) + ¢(du(r, 5)))

To prepare the proof of this statement we establish some helpful results.

Lemma 8.10. Let Z be a convex set and )z, Py be as in Section Let x,e € X, le| = 1 be
fixed and A C R be the set
A={AeR:x+ X e¢ Z}.
For A € A define
Pz(xz + Xe)
by := P, A A) = —_— ).
vi= Palat 00, 100 = (e )
Then for all p, A € A it holds that
bl + [bul | 0y b
o < DHL) Bl o ) - s, (5.6
2 ‘ Al ‘ u’
Especially, the function f is nondecreasing in A.
Proof. By Lemmal2.12] we have for every A, 4 € A that
Pz(CC + )\6)
e a——— Ae) — > 0
(i a0t 429 - Qe ) = 0
Pz(x + pe) >
L + pe) — +A > 0.
(TPt Qo+ 1) = @20
Summing up the two inequalities we obtain
b>\ bu > b>\ bu
7_77b)\_b S(A_/J/) 677_7 )
<|bA| [, : oAl [byl
which is precisely (8.6). O
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8.2. The static quasivariational inequality

Lemma 8.11. Under the assumptions of Proposition we have
1P ()] = | Ps(u)]] < dir(r, ).
Proof. We have
[P (u)] < |u—Qr(Qs(w))] < |u— Qs(u)| + |Pr(Qs(u))| < [Ps(u)| + du(r, s)
Interchanging the roles of r and s, we obtain the assertion. O
Now everything is in place to move to the main proof.

Proof of Proposition Ifue Z(r)UZ(s) or Qr(u) = Qs(u) the assertion is straightforward.
Thus set 2, = Q(u), s = Q4(u) and assume that

wr # s, u g Z(r)UZ(s), [Pr(u)] < |Ps(u)]. (8.7)

Set
P.(u) _ Py(u)

TR @ T Rl

Then n,., ns are unit vectors belonging to 91,y (w,), 01 () (xs), respectively, and we have

(8.8)

lzr —xs| = |Pr(u) — Ps(u)| = [|Pr(w)[ny — | Ps(u)|n|
< 1P ()] = [Ps()]] [ns] + [P (w)] (Inr — ns])
< dy(r,s) + |P-(u)| (In, —ns|) - (8.9)

In the last step we employed the result of Lemma[8.11] Put e := n,. and

zs(A) == Qs(xr + Ne), () = Qr(zr + Ne)

for A > 0. We have
|25(0) — 2, (0)] = |Qs(2r) — 2| < dp(r;s)
Furthermore for all A > 0 we have by Lemma (ii1) that

P.(z, + Xe) = Xe.
Assume that for some A € [0, |P-(u)|] we have z, + Xe € Z(s). Then

(Ps(u),zs —xp — X&) >0

hence
(P, o) = Py = A (P )
that is,
|Ps(u)]* < (Ps(u), Pr(u)) <1 ] Pr?u),) : (8.10)

By (8.7), we have | P, (u)| < |Ps(u)|. This is compatible with (8.10) only if A = 0 and z, — 25 =
Pi(u) — P,(u) = 0, which contradicts (8.7). Hence we have that

0, P(u)]] CAs={ NeR:z, + e Z(s)}.
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8. Quasivariational sweeping processes with smooth characteristics

For A € [0, |P(u)|] set

Pz + Xe) .
B Ae)]

We have for all A € [0, |P,(u)|] that
nr(A) € 0z (2 (X)), ns(X) € Ol ) (w5(N)), (8.12)

Py(x, + Ae)
A —=nsN)P=2(1—- (e ")),
e X ===v))
By Lemma8.10| we have for A > y that

[ (A) = s (V)P = [ (1) = ms ()
< _ |Ps(x, + pe)| + |Ps(xy + Ae) ' Py(zr +pe)  Ps(zr + Ae)
B A—p |Ps(zr + pe)|  [Ps(xr + Ae)|

Note that in agreement with (8.8)), for A\ = | P.(u)| we have ns(\) = ns, and for 4 — 0 we get
e (i) = ns(p)| — le = n5(0)]. Using | B (u)] < | Ps(u)| we get

|y — 715’2 <le— 715(0)’2 = [ns — nS(O))|2.

Pi(z, + Xe)

() Pulay 420

ns(A) = (8.11)

and

2

(8.13)

Especially we have
Inr —ns| < le =ns(0)| < j(r,s) +P(du(r,s)),

where the latter inequality is due to (8.2.1), (8.12)), and Hypothesis To complete the proof, it
suffices to refer to (8.9). 0

In order to apply Proposition[8.9]to our problem we need some results, which have been proven
in [ 18} Section 3].

Proposition 8.12. Let Hypothesis[S.1| hold, let ¢ be as in Lemma Then

|xC’<M(r,:U)<‘i’ V(r,z) e R x X, (8.14)

& <lra)l < - VreRVE€0Z(r), (8.15)
_ J(ra)

n(r,x) = 70| Vr € RVz € 0Z(r). (8.16)

We now can derive the following assertions.
Corollary 8.13. Ler Hypothesis[S.1|hold. Then
di(r,s) < CKollr — sl Vr,s € R, (8.17)
In(r,z) —n(s,y)| < C;C(|lx —y| + ||r — s|lr) (8.18)
Vr,s € RVx € 0Z(r)Vy € 0Z(s),
|Qr(u) — Qs(u)| < (CKy+ C;C(1+ CKy)|Pr(u)) |7 — sllr (8.19)
Vr,s € RVu e X.
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8.2. The static quasivariational inequality

Proof. Let z € Z(r) be arbitrary and assume that z ¢ Z(s). Then M (s,z) > 1, M(r,z) < 1,
and

dist(z, Z(s)) < |z — M(i,x) = M(s,x)(l@ M(s,a:))(MQ(S’:C) -1)
< c (;MQ(S,:L«) _ ;M2(r,a:)> < CKolr — s|w.

Interchanging the roles of r and s, we obtain (8.17). Using Proposition [8.12} it is easy to check
that (8.18) holds. Indeed, forall r,s € R, x € dZ(r), and y € Z(s), we have

[J(r,x) = J(s,9)]
VI, 2)] [T (s, )] ~

and the assertion follows from Hypothesis Hypothesis [8.7]is thus fulfilled with j(r,s) =
CyC||r — s|lr, ¥(p) = C;Cp, and 19) follows from Proposition[8.9] O

n(r;x) —n(s,y)| < ClJ(r,z) = J(s,9)]

8.2.2. Existence and uniqueness for the static quasivariational inequality
Let us start with a simple proposition.
Proposition 8.14. Assume ¢ € Z(s) and §1 — u1 = Q z(r)(z0 + Au), then
|AE| < |Aul + dg(r,s).
Proof. First note that A§ = xg + Au — x1. We therefore estimate
|AL] < [Py (z0 + Au)| < [Pz (0 + Au) — Pz (2o)| + [Pz (0)] -

Due to Proposition [2.12|(ii) the first term is less than |Au| and the second is by definition less
than dg (r, s). O

Using the above calculation we can estimate the "jump size’ |A&| of the solution.

Corollary 8.15. If Hypothesis[S. 1| holds and & is a solution to Problem then
|AS] < [Au| + CKo(|Ag| + ~|AE] + w[Aul) (8.20)
Proof. Usingwith s = go(uo, &) and r = g1 (u1, &) leads to
|AS] < [Au| + CKollr — s -
It remains to estimate || — s||, which is done in the usual way
llg1(u1, &) — go(uo, &o)llr < [lg1(u1, &) — g1(uo, L0)lI= + llg1(uo, &0) — go(uo, o) lIr

and the proof is complete. O

As in [18] we assume that C'Kyy =: 6 < 1. No matter how small the size of the jumps is this
condition is indeed necessary to obtain uniqueness as the following example demonstrates.
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8. Quasivariational sweeping processes with smooth characteristics

Example 8.16. Let X =R =Rand 0 < ¢ < 1 < co. Choose

Z(r) = [-1, max{min{1, 7}, c}]|
and g;(u,&) =u — ¢ fori € [2]. Then C = Ky =y = 1. For xg = £y = c and up = 1. Choose
u; = ¢ > 0. Thenany & € [max{0,u; —1}, min{e, u; — c}] is a solution to the quasivariational

inequality.

Proposition 8.17. Let Hypothesis[8.1land CKyy =: 6 < 1 hold. If & is a solution to Problem
then

1
AE] < ———(CKo|Ag] + (14 CKow)|Aul) =: S(|Ag], [Au)). (8.21)

Furthermore
Vi € Bg(ag),jau) (o) © Qz(g(nur)) (T0 + Au) € Bg(ag),jaul)(To) -

Obtaining the assertion is just a simple calculation. Finally we are now able to prove the
following

Proposition 8.18. Assume Hypothesis holds and CKyy =: 6 < 1. Furthermore let |Ag|
and | Au| be chosen small enough such that

(1)

CKylA 1+ CK Aul < ——— .

(8.22)

Then there exists a unique solution &1 to Problemwith r1=u —& € ES(\AgMAuD-

Proof. By Corollary we have for all , & € FS(IAQHAUD (x0) that

Q2 (g(6,u1)) (T0 + AU) — Qz(g(n,u1)) (T0 + Au)
< (CKoy + S(|Agl, |[Au|)C;C(1 + CKoy)) [€ — |
< (04 S(|Agl, |Aul)C;C(1 +0)) [€ —n].

Then (8.22) implies that
6+ S(|Ag|, |Au))C;C(1+6) =6 < 1

and we can apply the Banach’s contraction principle. O

Note that the condition imposed in Proposition [8.18| correspond to those imposed in Theorem
3.3} If they hold, then we denote the solution operator of the quasivariational inequality by

& =: (o, uo, 90, U1, 91) - (8.23)
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8.3. Existence and uniqueness of a solution for very small
jumps

In this section we establish the existence and uniqueness of a solution to Problem|[6.8]if the size of
the jumps is very small. The method of the proof is similar to the method used in [18]]. However
we cannot use weak derivatives, but approximate the BV functions by step functions. This turns
out to contain some quite technical and lengthy computations. The main result we want to prove
here reads as follows.

Theorem 8.19 (Existence and uniqueness for very small jumps). Assume that Hypothesis [8.1]
holds. Furthermore let
0:=CKypy <1 (8.24)
andu € BV{*(0,T;X), g € BV;*(0,T; Con (X X X;R)) and o € Z(g(0,u(0), 2o — u(0))).
Then there exists some v > 0 such that there exits a unique solution to Problem[6.8]if c,, ¢, < v.
We start by studying the sweeping process on step functions. What we essentially do is trying
to transfer the results of [18l Section 5] to our case by replacing the derivatives by differences.
This is however not always possible and additional terms occur which mainly involve jump sizes.
These are the main reason, why we can only handle very small jumps with this approach. On the
way to the main prove we make a small deviation and prove that the sweeping process is locally
Lipschitz continuous with respect to the BV -norm (Section [8.3.2)). A reader not interested in
this result and its proof may skip the Section. However we recommend it as it is quite short and
instructive for the main proof which we finish in Section[8.3.3]

8.3.1. One step estimates

Assume that u,v,r, s are step functions on the same division (t;)7?_, € P. More specifically,
assume that elements uy, vy, € X, 1, s € R for k = 0,...,n are given, and that

F&) = foxgop(®) + D Xt (1) (8.25)
k=1

where f stands for u, v, 7, s. The solutions &, x corresponding to u, 7 and initial condition xg,
and 7, y corresponding to v, s and initial condition yg, are given by formula (8.25) as well, with
f replaced successively by &, n, , y, where &y = ug — g, 70 = vg — Yo, and

T = Qry (Th—1 + D), & = 1 + Pry (up — &k—1) (8.26)

and similarly
Yk = Qs (Yr—1 + Axv) Nk = M1 + Poy (v — Mi—1) , (8.27)
for k € [n], where we denote Ay f := fr, — fr—1 forall k € [n].

Lemma 8.20. For k € [n] set
Aglryu] = (J(ry, or), i) -
Then Ag[r,u] > 0 for all k € [n]. If moreover A& # 0, then

A
el ] 5T ks ). (8.28)

Bk = | (7, 1)
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Proof. If A& = 0, the inequality is trivially fulfilled. Let Ag& # 0. It follows from (8.8)),
(8.16)), and (8.26) that

Arg
ARE = n(ry, z) | ARg| = ]Jér:x‘ )’J(?”k,wk%
hence
Aglr,ul = [A€| [ (rk, zi)| 2 0,
and formula (8.28)) holds. O

We now define B(ry, zx,) := M (ry, z))% and similarly B(sy, yy) for s, y.

Lemma 8.21. Let Hypothesis|8.1|hold. Then for every k € [n] we have

|Ak(& = )| < CLARENI (i, mk) = J (8, y1)| + ClAk[r, u] — Ag[s, ]|, (8.29)
and
Ag|B(r,x) — B(s, y)| + [Ax[r, u] — Ag[s, v]| (8.30)
< (Cyl|Agul + Ck [[Agr|lg +2Cs [Akg]) epax I — sill=
+ (Crc | Awrlle +2Cs ([Awul + 1 Ansllz + [Ary] + [AKED) | max  f2: = yil

2C5 (||Aa A P — U
420y (| Al + [ Aeyl) _mase = v

1
+ Ko [[Ak(r — s)llr + p |Ak(u—v)].
Proof. At the heart of this proof lies a careful case analysis.

Case I - Ap§ = 0 = Agn: The first inequality is trivial. Furthermore we have Ag[r,u] = 0 =
Apg[s,v]. By the mean value theorem, there exists some \ € [0, 1] such that for

T Tk Tr-1
(DY _ (1 o )\) Tk + A Tk—1
Yx Yk Yk—1
S\ Sk Sk—1

it holds (note that Apx = Apu, Ary = Agv)

(B(rg, xi) — B(sksyk)) — (B(rk—1,p-1) — B(Sk—1,Yk—-1)) (8.31)
= (T (o), Agu) + (K (rx, 20) , Arr)re g — (T (5x,52) , Do)
+ <K (SAa y)\) ’AkS>R/’R) .

Taking the norm on both sides and using the notation introduced above and estimates from Propo-
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sition [8.12| we derive

|B(r%, z1) — B(sk, yr)| (8.32)
< [(I(ra ) = J(sayn), Akw) [+ (T (sx,90) , Agu — Agv) |
(K (ra, za) — K (sx,90) s Apr)gr g |+ [ (K (50, 90) , Agr — Ags) s 1 |
+HB(rg—1,Tr—1) — B(sk—1,Yk—1)|

< CylAgul (lra = sallr + lzx — yal) + [ (sx, yn) || Ax(u — v)]
+ CrllArr||l= (Irx = sallr + |lzx — yal) + 1K (sx,ya) [|== [[Ak(r — 5)]I
+|B(rg—1,Tk—1) — B(Sk—1, Yk—1)|
1
< CylAgul (llra = sallr + |zx —yal) + E!Ak(u — )|

+ Cr||Arrllr (7 — sallr + [zx — yal) + Ko | Ax(r — 5)|I
+ |B(rk—1,k—1) — B(Sk—1,Yr—1)| -

Then by definition of ), 7, Yy, s) we have

|B(rk, vx) — B(sk, )| (8.33)

< (Cy|Awu| + Cx |A s, N
< (@1l + Cxllawrle) ( _max lin— sl + _nax o= i

1
+ Ko [[Ag(r — 8)[lg + p |Ag(u —v)|
+ |B(rk—1, Tk—1) — B(Sk—1,Yk—1)| -

This implies the desired inequality (8.30).

Case 2 - A€ # 0 = Agn: Then xy, € 0Z(ry). By (8.28) and the inequality |J (ry, zx)| > %

we have
| Ag[r, u|

| (re, o)
and the first inequality is proven. The second inequality is slightly more involved. First we notice
that B(rg, z) = % > B(sk,yr). As above we can write

|ARE| = < C|Ag[r, ul|

(B(rk, k) — B(sk,yk)) — (B(rk—1,2k—1) — B(Sk—1,Yk-1)) (8.34)
= (J(ra,xn), Agz) + (K (ra, 20) s Apr) o e — (T (53,90)  Ary)
+ (K (5x5,07) , Ars)rr )
= (<J (ra, ), Agu) — (J (sx,yn) ,Akv)) + ((K (ra, ) ,Akr)R,R
— (K (53:00) s Aks) o m ) — ((T (ras22) , AkE) = (T (3, 90) , Agm) )

We add Ag[r,u] — Ag[s,v] on both sides of this identity. Apart from the same term that we
already estimated on the right hand side of (8:31)), it remains to estimate on the right hand side

of (8.34) the term

(Ag[r,u] — Ag[s,v]) = ((J (ra, z2) , D) — (J (sx, ), Axm)) - (8.35)
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Though Ag[s,v] = 0 = (J (sx,yr) , Arn), we decide to work with this term as well to have the
estimate at hand for the general case.
First we rewrite (8:33) as

(J (i o) = J (S, 96) — J (ra, a) + J (82, U0) 5 AxE) (8.36)
+ <‘] (Sk’yk) —J (5/\7y>\) 7A/€(§ - 77)> .

From the triangle inequality it follows
[T (1, 2) = J (s, yk) — I (ras2a) + I (sx,90) , Akd)|

< 20 i — si — il ) 1AkE]
< J<i€£%xl}!!r 31“72"‘1,6%%)51}’*%1 yz>\ g

and

[(J (st ) = J (sx,90) s Ar(€ = )| < C ([[Awsllr + [Axyl) |1A:(E —n)] -

Furthermore we make use of the following simple inequality
[Ak(& —n)l <2 <i£2}51} i = il & max s - v¢|>
Thus by putting the identity
|B(r, k) — B(sk, yk) + Ag[r, u] — Ag[s,v]| = B(rg, xr) — B(sk, yr) + Ag|r, u]
= |B(re, z) — B(sk, yr)| + [Ar[r, u] — Agls, ]|
in what we calculated above we have
|B(rk, @) — B(sk, yi)| + |Ak[r, u] — Ag[s, v]|

< (CylAgul + Ck ||Agrllg +2C7 |AkE]) iefﬁ%}fl} |7 — sillr

+ (Ck [|Akr|lg +2C 7 (|Agu| + [|Ars|lz + |Ary| + |A’“§|))ie§§%§1} |z — vl

120 (|| Agslr + |A L —
7 (1Akslim + |Akyl) | max i =i

1
+Ko [[Ap(r — s)|lr + p |Ag(u — )|
+|B(1k—1,uk—1) — B(sk—1,v6-1)| ,

which is precisely (8.30).
Case 3 - A& = 0 # Agn: This case is analogous to case 2.

Case 4 - A& # 0 # Agn: For the first inequality we proceed as in the proof of [[18, Lemma
5.3]:

Ag[r, u] Ag[s, v]
A —n)|=|——= 0k 21) — ——5J (s,
|AR(E —n)] T )P (Ths Tt e 00 (5% Yk
J(r, zk) J (%, Yk) 1
A — A — A
< Al — | g b~ e
PAVRY - 1 A 4
= |J(8k7yk)| ’J(rkuxk) J(skayk)’ + ’J(rkaa;k:)" k[T’, U] k[S,’U”
< ClARE|T (rk, xk) — J (ks Yr)| + ClAR[r, u] — Ag[s, v]|.
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8.3. Existence and uniqueness of a solution for very small jumps

We derive the second inequality exactly as in the cases before, having in mind that B(ry, xx) =

%+ = B(sy,yx). Lemma(8.21|is proved. O
As a direct consequence of Lemma [8.21] we get the following result. For simplicity, we use
in the formulas below suitable positive constants «, s, . .. depending only on C, C, C5, Ky,

and denote
Vi = [ Arrllg + 1Akl + [Arul + [Ago] . (8.37)

Corollary 8.22. Under the conditions of Lemma it holds for every k € [n]
|Ak(€ =)+ CAR[B(r,z) — B(s,y)|
C
< CKol[Aw(r = s)lig +  [Ar(u = v)| + a1 Vi |21 = yp—1]

v v+ (14 V) = silr ) -
raa (_max fus il + (14 V) _max - sile)

Proof. By multiplying the second inequality of Lemma [§.2T| with C and adding it to the first
inequality we derive the estimate

|Ak(‘£ - 77)| + CAk|B(T7 .%') - B(S,y)‘

< a3V, max T — S 4+ max |r; —y;|+ max |u; —v;
< aai (e Iri—siln b _max o ul+ e - o)

C
FOKy [0 = 9l + — [An(u =)
Furthermore, due to Proposition[8.13] we have

|z — yk| = |Qr (Tr—1 + Agu) — Qs (yp—1 + Ag)|
< Jmpo1 = Ykl + Ak (u = )| + aa(1+ [ArED Ik — skllr
< op—1 —yp—1] + 2 max |u; — vi| + aa(l + |ARE))|Ire — skllr ,
ie{k,k—1}

and we thus obtain the desired inequality. O

8.3.2. Excursion: Local Lipschitz continuity of the sweeping process

It is at this stage only a small step to show that the sweeping process depends locally Lipschitz
continuous on the input data. We hence do not want to deprive the reader from the proof. First be-
cause this result might be of interest of itself in applications. And second because of the method
of the proof. To show the result we first establish the assertion for stepfunctions by employing
a variant of Gronwall’s Lemma. We then extend it to the whole space of functions of bounded
variation by a density argument. In a certain sense this is a technically much more simple proto-
type of the proof of Theorem [8.19|and might therefore be instructive to read. However, as it is
not needed in the sequel, it may also be skipped.

Theorem 8.23. Let Hypothesis (8.1 hold. Then there exist constants «, 3,y > 0 depending only
on C,Cy,Ck, Koy such that for all u,v € BV(0,T;X), r,s € BVL(0,T;R), o € Z(r(0)),
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8. Quasivariational sweeping processes with smooth characteristics

yo € Z(s(0)), the solutions &,n corresponding to (u,r, o), (v,s,yo), respectively, satisfy the
inequality

Var(§ —n) + C|B(r(T), 2(T)) — B(s(T), y(T))| (8.38)

< aexp(BV) (Var(r — s) + Var(u — v))
+7 exp(BV)(L+V) (lzo — ol + lu = vlleo + (L +W)[r — slloo)

where || - ||oo denotes the sup-norm, and
V =V(r,s,u,v) := Var(r)+ Var(s) 4+ Var(u) + Var(v),
W =W(rs,u,v) = |[[rlloo+ lIslloc + l[ulloo + [|v]loo -

Proof. Corollary 8.22] yields
|Ax(z — y)| + CAx|B(r,z) — B(s, y)|
C
< CKol|Ak(r —s)[lg + (1 + C) |Ag(u —v)[ + a1 Vi [wr—1 — yr—1]

v = v+ (14 V —sillz ) -
+az k(iemﬁ}\uz vil + (L4 Vi) _max | lr: &Hn)

Using the inequality |xx—1 — yr—1| < |zo — yo| + Zf;ll |Ai(z — y)|, we are in the situation of
Lemma[5.2 with

arp = o1V,

k
o = Z‘Ai(m_y)’+C’B(Tkvl’k)_B(3kayk)|v

=1
C
C, = CKOHA]C(’I“—S)HR-F 1+; ]Ak(u—v)|+a1Vk|x0—y0|
Vi i —vil+ (1+ Vi i = S :
+as k<i€{mk’%xl}|u vl + (L4 Ve) max I SHR>

Therefore we have

Zak = oV,
k=1
do = C|B(ro,70) — B(s0,%0)| < as(||r(0) — s(0)[|r + |70 — yol) ,

CKoVar(r — s) + (1 + f) Var(u — v)

(]
=
IN

+agV ([lu = vlleo + (1 + W) [|ri = silloo + 20 = wol) -

Inequality (8:38) thus holds for all step functions u, v, r, s.
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8.3. Existence and uniqueness of a solution for very small jumps

Now letu,v € BV(0,T;X),r,s € BV(0,T;R) be arbitrary. Choose (u")>2, (v™)22; C

n=1-

Sp(0,T; X), ("), (s")22, C S(0,T;R) such that {f7(t) : ¢t € [0,T]} C {f(t) : t €

n=1»

[0,T]}, f™(0) = f(0), and
(Var(f") < Var(f)) A (I1F" = flleo =57 0),

where f stands successively for u, v, r, s. Moreover following the construction of [5, p. 237f] it
is possible to choose (u™, v™, 1", s™),en such that Var(u™—v™) < Var(u—v) and Var(r"”—s") <
Var(r — s). Let £™,n™ be the respective solutions associated with (u",r™, o) and (v™, s™, o).
Then, according to [61], Var(£™), Var(n™) are bounded independently of n, and

n—o0 n—oo

1€" =&l "= 0, 0" =nllc =70,

where £, ) are the solutions corresponding to the data (u, r, o), (v, s, Yo ), respectively. Inequal-
ity (8.38) holds for all elements of the sequence. Now notice on the one hand that Var(.) is lower

semicontinuous with respect to the norm || - ||o; on the other hand, ||u" — v" || — ||t — V]| 00>
Ir™ — s"||co = ||7 — $|loo and Var(u™ — v™) < Var(u — v), Var(r™ — s™) < Var(r — s). Hence,
we may pass to the limit in (8.38)) as n — oo to finish the proof. O

8.3.3. Proof of Theorem|[8.19

Assume that there exist stepfunctions u’,n* € S(0,7;X), i € [2] and g € S(0,T;CL_ (X x
X;R)) are stepfunctions with respect to the same subdivision such that they can be written in
the form of (8.23). Let u! = u? := w and x{ = 23 := ¢ and set

rt 0, T] >R, t— g(t,u(t),ni(t)). (8.39)

Then both *’s are step functions which also can be denoted in the fashion of (8.25). We set ¢ to
be the solutions of the sweeping process associated with inputs u, r* and xy,.

Corollary 8.24. Assume that Hypothesis [8.1) holds, let ¢ be as derived in Proposition[8.2] and
denote
Vi i= || Akgllg + | Aen' |+ |Akm?| + [Agul - (8.40)

Then there exist constants 31, P2 depending only on C, Cy, Cj, Ko, and ~y such that for every
k € [n]

|AR(E" = &)+ CAk|B(r!, ") — B(r?, 2?)]

< CKoy|Ac(n' = n*)| + BuVi |61 — &y
+BoVie (L+ Vi) (|niy — iy | + [Ak(n* —n?)]) .

1 = 42 all terms concerning u cancel and especially z}. — z7 = &2 — £}

Proof. Note that since u
Note furthermore that

iegﬁl,%)fl} Ir} = 77ll= < Hrz‘l—l - ri{lHR + HAi(Tl - TQ)HR '

Applying the definition of r* we can simply estimate the first term of the right hand side by

Hril—l - 7"2‘2—1HR < Hgi—1(uz'—1,772~1_1) - gi—l(ui—lanz‘z—l)HR <7 ‘771'1—1 - 77@'2—1
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8. Quasivariational sweeping processes with smooth characteristics

It remains to derive an estimate for HAi(rl —7?) HR This is easily done by

At =)

lgi(wi,ni) — gi(ui,n?) — gioa(uwim1,miq) + gica(wiz1,m71) ||
v (Inf = n?| + |miy = mia)

YA =)+ 2y [niy — i -

IN A

Now plugging all of this into Corollary [8.22) we obtain the estimate. O
Now everything is at hand to proceed to the main proof.

Proof of Theorem[S8.19 1f £ € BV, (0,T; X) is a solution of the quasivariational sweeping pro-
cess then

V[r,s] C [0,T] : Var(, [r, s]) < S(Var(g, [r, s]), Var(u, [r, s])) . (8.41)
Here S is the function defined in (8.21)). Therefore let us define

Q:={¢ e BVF(0,T;X): £(0) = u(0) — z¢ and (8.41) holds} .

It is yet another straightforward proof to show that €2 is closed with respect to the BV -norm.
Furthermore for any € Q and ¢ € [0, T it holds that

In(t+) —n(t)| < ﬁ(CKng(H) — 9@+ (1 + CKow)|u(t+) — u(?)]).

We define the operator A4 : Q@ — BVy, A : n — &, which maps any 7 to the solution of the
sweeping process with input u, g(-, u(-),n(-)) and zo. Our aim is to prove that .A is a contraction
on €2 with respect to a weighted BV -norm. First note that A(£2) C Q. Now choose n!,7% € Q

and e > 0. Let (tf Y o be the corresponding approxrmatlng partition as constructed in Lemma
of f e {u, g} Furthermore choose a partition of (/)" | be a partition of [0, 7] such that
to =0,t, = N and

¥n € [Ni] : Vs, € (t—1, 8] : ['(s) —n'(D)] <&
Let (tn) _o € P contain all above partitions, that is

{th :n e [NJU{0}} D {t" :r € {f,9,1,2} An € [N,]JU{0}} .

We now construct the approximating step functions ffor f € {u,g,n',n?}. To not overload the
notation we drop the dependence on . We choose the sequence (t,,))_; such that N := 2N and

(%\(n—l)/2 + /t\(n_l,.l)/Q) for n odd.

NN

ty, = tAn/Q for n even and t,, =
Now define J?by

]? B f(tk/Q) for k even
k= f(t(k 1)/2+) for kodd.
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8.3. Existence and uniqueness of a solution for very small jumps

Let @ be the corresponding solutions of the sweeping process with input functions g, @, 7}'.
Due to Corollary [8.24| we have

AKE = &)+ CayBE,7) - B,

< (CKoy+ BoVi (1 + Vi) |[Ax(@ +7%)]
+51 Vi ‘&71 - ngl‘ + BoVi (1 + Vi) |7/7\i1—1 — 7 -

where Vi, = |Ax@] + |Argl + | A | + |Ax7?|. For k > 1 odd we get

\Akﬁi’ = " (tg—1y/2) — 7' F—1)/2+))

~

< S (lgCw-1)2+) — 9Ca-1)2)|, [uEg-1)2+) — u(tg—1)/2)])
< S(eqg,cu) -

If k is even we have
AT | = [0 (ty2) — 0* (Ep—1)j2+)]
< S(Var(g, (t—1)/2- try2]), Var(u, (t—1) /2, trya]))) -
Thus we estimate V;, < Y7k with

(|g(t(k n/2+) — (t(k 1/2)ls for k odd
_ ~ ~ [u(t 1)) — ult )|)
Vie = |Vigl + | Vit| +

S(Var(g, (t—1)/2, try2)),

for k even .
Var(u, (t(,—1)/2: tk/2])))

Assume that ¢y, ¢, < v and choose € < %V. Then by means of @ we have
Var(g, (t(r—1)/2: tr/2)) < v and Var(u, (tx—1)/2: trs2])) < v.
Now we choose v such that
§+ B2+ S(vv)(1+2w+ Svr))) =6 <1. (8.42)
Then (CKW + 52‘7k (1 + %)) < ¢’ and applying Lemmawe get

N

N
ST IAKE — ) w, < p D 1AE — 77w (8.43)

k=1 k=1

for some p < 1 and
k
1 -
Wy = exp {—ﬂZVZ} .
with ¢ small enough. For the given € and (¢)Y_, define Vi [0,T] — Rby

Vet Var (f,[0,t5—1]) + [ f(tk—1) — f(tk—1+)| fort € (tr_1,tx], k odd
fe Var (f, [0, tx]) fort € (tg—1,tx), k even.
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8. Quasivariational sweeping processes with smooth characteristics

Then (8.43) can be rewritten into

Varg (€' — &) < pVarg (7' — 7?)
where @ := exp (—(1/8)V(t)) and V : [0, T] — RY ) is defined by

V() = Var(g, [0,]) 4 Var(@, [0,]) + S (V3 (£), Vi (1)) -

Letting e — 0 we have

and consequently also @ Hﬂgo &. We now prove that

sy (8.44)
where V' is defined by

V(t) = Var(g, [0,t]) + Var(u, [0, t]) + S(Var(g, [0,t]), Var(u, [0, t])) i

First remember that Var(f, [0, -]) I lee Var(f,[0,]) for f € {g,u} by the choice of the approx-
imating sequence. Due to the construction of f we have for t € (tg—1,1tr) that Var( 7, [0,t]) =
Var(f,[0,t]) if k is odd and Var(f,[0,#]) = Var(f,[0,ts_1]) + |f(ts—1+) — f(tx_1)| for k
even. Hence we can estimate

[Var(F, [0,]) = VF(8)]lo0 < 2

and deduce V5 I = Var(f,[0,-)). Since S(-,-) is nothing but a sum of two linear terms this

implies |b Therefore we have

@1 1 = exp {—(1/0)V (1)}
and due to Proposition [3.14] we obtain
Var, (¢! — €2) < 1imaianar@(El — &),
To estimate the right hand side we use
lim sup(Varg (i7" — ) — Vary (' —n?))
€
< limsup(Var, (7! — %) — Var,(n' —n?))
e

+ lim sup(Varg (7' — 7%) — Var, (7' — 7%)) .
€

The second term tends to zero as a consequence of (3.2T). Due to the choice of 7}’ we can
calculate

N
Var, (7" = 7%) = > w(te1+) |7 (tk) — 77 (tr) — (7" (te—1) — 7% (te—1))| -
k=1
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8.4. Proof of Theorem

For the sake of readability let us denote n' — n? by 7. If k is odd we have

7' (tk) — 77 (tk) — (0" (te—1) — 7 (te—1)) | = [0 (ta—1+) — 60> (tp—1)]

and if k£ is even we can evaluate that term to

|7 (tr) — 02 (tk) — (7" (te—1) — 7 (th—1)) | = [o0(tr) — On(tp—ot)] -

Furthermore we can bound the weighted total variation of ¢! — £2 from below by

Varw(fl - 52)

> > w(tg—1+) [0n(tk—1+) — on(tr—1)|
{k€[N]:k=2r—1,reN}

+ > w(th_14) [67(tr_o+) — 0n(te_1+)]
{k€[N]:k=2rreN}

+ S wlte) |on(te—i+) — onlty)] -
{k€[N]:k=2r,reN}

Therefore we can estimate

Var,, (" — %) — Var,(n' —n?)

< > (w(th-1+) —w(tr)) [69(tk—14) — on(tr)]
{k€[N]:k=2rreN}

< e(w(T)—w(0)) .
and finally obtain
Vary, (€1 — €%) < pVaru(n' — %)

This indeed is the contraction property and the Banach fixed point theorem grants the existence
of a unique solution to Problem[6.8] within the set (2. O

By simple translation one can proof Theorem on any time interval [r, s] with —oo < r <
s < oo. Under the above conditions we denote the corresponding solution operator S, that is

S(xo —u(r),u,g,[r,s]) =& (8.45)

where £ is the unique solution of the quasivariational sweeping process with initial value xg and
input u, g on the time interval [r, s].

8.4. Proof of Theorem

We finally prove the main theorem (Theorem [8.3) of this chapter. We divide this task into the
classical two parts. First we show the existence of a solution (Proposition [8.26) and afterwards
prove its uniqueness (Proposition[8.28). We start by remembering the following simple property.

Proposition 8.25. Letu € BV (0, T; X) then for each e > O there existsan N = N (g, Var(u)) €
N such that
#{t € [0,T): |ut) —u(t+)| >} < N.
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8. Quasivariational sweeping processes with smooth characteristics

For proving the existence of a solution to Problem|[6.8] we are now going to explicitly construct
it.

Proposition 8.26. Assume that Hypothesis (8.1) and (8.2) are satisfied. Then there exists a
solution to the quasivariational sweeping process.

Proof. Choose v such that (8.42) is satisfied. By Proposition we can choose (t,))_, €
D[O,T} such that g = 0, ¢ty = T and

Vn € [N]: Vt € (th-1,tn) : |Ju(t) —u(t+)| <v A Jg(t) —g(t+)] < v. (8.46)

For any f € G(0,7; X) and each n € [N| we denote by

N [tn—lv tn] — y
e (@) fort € (tn—1,tn]
b { Fta_1+) fort=t, 1

a restriction of f to [t,—1,t,] with no jump at its initial time. We set {y = u(0) — zp and k& = 1.
While £ < N do

L &y = (-1, ulti—1), 9(th—1), ulti-1+), g(th-11))
2. gg = S(Zk,l,ak,/g\k, [tk—latk])
3. & = EF(ty) k =k +1
We define ¢ : [0,7] — X by
o §0 ift =0
£ '_{ En(t) it € (fy, bl

It remains to prove that ¢ is a solution to Problem First we note that £ € BV (0,T; X).
This is due to

N
Var(¢) < Z (Var ({Ak, [tk_l,tk}) + [&k—1 — 1)

k=1
and the left-continuity of £¥. Due to (8:20) we have for all n. € [N]

{(tn1t) = gn(tnfl'*') = gn(tnfl) =&p1- (8.47)
For z € T (£) we compute

T

/ (u(t+) — E(t+) — (1), dE (D))

0

N T
> ( [ {Gut) = 6(64) = 2000 gy 0 (0
0

n=1

+/<(U(t+) —£(t+) — (1)) X(tn_1,tn)(t)7d§(t)>> :
0
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8.4. Proof of Theorem

The first term within can be evaluated by

T
/ ((u(t+) — £(+) — (1) xgo_1y (£), dEE)
0
= (u(tn—1+) = &(tn-1+) — 2(tn-1),E(tn—1+) — &(tn-1))
> 0.

Remember that 2(t,,—1) € Z(g(tn—1+,u(tn-1+),&(tn-1+))). The inequality is due to (8.47)
and the definition of &,,_;. For the second term we make use of Lemma to see that

T

[ {Gue) = 604 = 200) Xty (0: 50)

0
= [ (@) - 8 = 20) X 0.0
-

Here the inequality is a consequence of the fact that 2” is, by definition, a solution of the quasi-
variational sweeping process on the interval [t,,_1, t,,]. Thus we have for any z € T () that

T
/ (u(t+) — E(t+) — 2(2), dE(1)) > 0
0

and the proof is complete. O

We now show that the solution constructed above is indeed a unique solution. Before we can
do that we need another tool.

Lemma 8.27. Let £ € BV (0,T; X) be a solution of the quasivariational sweeping process on
[0,T]. Choose any [r,s| C [0,T] and define for f € {g,u,&} f : [r,s] — Y (where ) is the
appropriate space) by

s He) it=r

f‘t'_){ f(t)  else

Then & solves the quasivariational sweeping process on [r, s| with input functions g, u and initial
value £(r+).

~

Proof. Obviously £(t) has the desired initial value. Choose any z € G(r, s; X ) such that Z(¢) €
Z(g(t+,u(t+),£(t+))). Define

Z(t) = (u(t+) - €<t+)) X[0,T)\(r,s) (t) + jz\<t)X(7“,s) (t)
Then due to Lemma|3.27|- note that £ is left continuous - we have

T s

0 [ (ult) - &(t+) - 2(0).5(0) = [ (utes) - Ele+) ~ 20),d20))
0 T
Thus E satisfies the quasi-variational inequality and the proof is complete. O
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8. Quasivariational sweeping processes with smooth characteristics

Proposition 8.28. Assume that Hypothesis[8.1|holds. Furthermore let (8.1)) and (.2) be fulfilled.
Then the solution to Problem|[6.8]is unique.

Proof. Let (t,)N_, be the partition of [0, 7] corresponding to (8:46). Assume that £,7 €
BV.(0,T; X) solve Problem [6.8| with 7 # &, that is there exists some ¢ € [0,7] such that
§(t) # n(t). Let
7:=1inf{t € [0,T]: &£(t) #n(t)}.

We make the convention that 7 = T if £ = 7. This is motivated by the fact that £(7) = n(7).
If 7 = 0 it is immediate, otherwise it is a consequence of the left continuity. We first show that
if 7 € (t,—1,tn], then 7 = t,. First notice {(t) = n(t) for all t € (t,_1,7] and especially
&(tn—1+) = n(tn—1+). Due to Lemmaboth €™ and 77" solve the quasivariational evolution
equation with initial value £(¢,,—1+). By Theorem we know the solution to be unique, in
other words R

= S(f(tn,1+), u",g", [tnfla tnD = "7/R :
Therefore £(t) = n(t) for all t € (t,—1,t,] and we can safely assume that 7 = ¢,, for some
n € [NJUO. If n = N we already have £ = 7). Otherwise by testing inequality with

2(t) = (u(t+) = EEH)X0,0\ {3 (B) + UX (2,3 (2)
forany y € Z(g(tn+, u(tn+), g(tn+))) and the respective function for  we derive that

E(tnt) = E(E(tn), ultn), g(tn), ultn+), 9(tnt)) = n(tnt) .

Due to Lemma we know that E”H and 77" solve the quasivariational evolution equation
on [ty, tn+1] with initial value £(¢,,+). Since its solution is unique we know that £(t) = n(t) for
allt <t,41,hence 7 > t,11 - a contradiction. Therefore 7 =ty =T and £ = 7. ]

8.5. On the jump condition

In this section we discuss condition restricting the jump size in Theorem and whether
it is necessary. We start by showing that (8.1)) alone is not sufficient to guarantee uniqueness.
However in some cases (8.2) can be replaced by different structural conditions for which we will
give two examples. As we see from the above proof it suffices to consider Problem 8.6 which is
the critical part. If we can guarantee a unique solution for it, we can guarantee a unique solution
for Problem[6.8] as well.

We give an example of non uniqueness of the quasivariational inequality for C' K~y arbitrarily
small. Thus condition (8.)) is not sufficient and an additional one has to be chosen.

Example 8.29. Choose f € C*°(R) such f(z) =z in [-1/2,1/2], || fllcc < 1 and || f']|cc < 1.

We furthermore choose the spaces X = R? with R = R. Consider polyhedra of the following

type
Z(r)={z¢e R? : A(r)z < w(r)}

with
1 0 1
an=| o L lem=| |
fr) L )2
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8.5. On the jump condition

The real number [ > 1 remains to be chosen. Note that for [ > 1 we have 0 € Z(r) and we
can calculate the Minkowski functional of Z(r) by

a; - T .
M(r,z) = max{ " RS [4}} .
Here a; denotes the i-th row of A. Therefore it is easy to compute that
() () one
Oy ,T) = —
R (e ) B (e (O

if 4 € argmax { Gt j e [4}} and O otherwise. For [ > 2 we have

Wy

1/4]ag(r)|? = 1/4f(r)2 + 1/412 < 1)212 < (1 — £(r)?)”

and therefore B /5(0) C K(r). Moreover we see that B2(0) D K (r). Thus we can set C' = 2.
Using Lemma 3.1 of [18] we have M (r,z) < 2|z| for any € R? and therefore M (r,x) < 4
for all x € B(0). Therefore and by our above calculations we can estimate

|K(r,z)| <c

-1

where c is a suitable constant. Setting g : R? x R? — R, (u, &) — u — & we have 4 = 1. Thus
we finally obtain

=CKyy < .
6=C 07 = e

Choosing [ arbitrary large we can make § arbitrary small. However setting 2° = (0,1), u° =
(0,0), u' = (0,1) we have that any ' = (z,1) with z € [~1/2,1/2] is a solution to

Il = QZ(g(ul,ul—:L‘l))(xO + Au).

Note that the set Z(r) a polyhedron and thus does not satisfy Hypothesis However by
smoothing the edges (let’s say for |z1| > 3/4) there is no essential change in the behavior and
the aforementioned conditions are satisfied.

As the above example shows a condition on the jump size is in general necessary. This however
may in certain applications be unpleasant. Therefore we will present two examples where this
condition can be replaced or dismissed if stronger assumptions on the convex sets Z(r) are made.
The perhaps the simplest possible example is the restriction

Z(r) = Bp(0).
where B),((0) = {z € X : |z| < |r[} is the closed ball with radius |r|. Furthermore we set
9: X =R g(@) —g)| < |z —y| Vo,ye X,z #y.
Proposition 8.30. For anyy € X there exists a unique solution to the problem: Find £ such that

§=Qzye)(Y)- (8.48)
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8. Quasivariational sweeping processes with smooth characteristics

Proof. For uniqueness assume that both £,n solve the above problem. Without loss of generality
let |€| < |n|. Itis straightforward to see that

Y Y
§ = [¢l and n = =[]
Y] vl
with [£], [n] < [y|. Therefore if £ # 0, then || < [n| < |y|. In this case Qx(ye))(y) # y and we

immediately derive |{| = ¢g(§). Furthermore by definition |n| < g(n). We then derive

& —n| < Inl =1l < g(n) —g(&) <|n—¢,

a contradiction. To prove existence, denote by Y = {Ay : 1 > A > 0} the line between 0 and y.
Let A: X — Y be the continuous operator which maps 2z + Q z(4(.))(y). Since Y is compact
by the Schauder fixed point theorem .4 has a fixed point £ € Y, which solves (8.48). O

Things work out so smoothly since the problem reduces to a problem on the real line. In fact
by a similar method one can show that the implicit sweeping process on the real line always
has a unique solution for BV input functions provided that C Ky < 1. This should cause to
no surprise since every closed convex set on the real line is an interval and hence a polyhedron.
Therefore this case in fact is already covered by the results of Chapter|[7]

However the above condition on Z(r) clearly is a toy example for which little application
comes in mind. We are going to present a condition, which allows for a greater variety of convex
sets. We assume that for all » € R there exists some ¢ > 0 such that

In(r,z) —n(r,y)| > Yz —y| Yo,y € 0Z(r). (8.49)

In other words what we are asking for is that the curvature of the boundary is uniformly bounded
from below for all ». With this we can sharpen the condition (8.1)) such that a restriction on the
jump size is no longer necessary. It in a certain sense shows that the Example [8.29] is indeed
prototypical for all situations where the jump size plays a role as we made use of the fact that we
project onto a straight line segment of the convex set.

Proposition 8.31. Letr Hypothesis[8.1|and (8:49)) hold. If
(CKy+97'CC;(CKy+2)) v <1
then there exists a unique solution to Problem

Proof. The proof relies on a careful examination of the proof of Proposition[8.9] For r, s € R let
Qs denote the orthogonal projection onto Z () and Z(s) respectively. Our aim is to prove that

1Qr(z) — Qs(2)| < (CKo +91CCH(CKy +2)) [|Ir — s|r - (8.50)

If z € Z(s), the left hand side can be estimated from above by the Hausdorff distance dg (r, ).
Lemma then grants the claim. The same holds for z € Z(r). If x ¢ Z(s) U Z(s) we use
equation (8.13), where it was shown that

n (1, Qr (x)) —n (s, Qs (x))| < |n (7, Qr () = n (5, Qs (Qr (2)))] -

Due to Proposition [8.13| we can estimate the right hand side from above by

n (r, Qr () = n (s, Qs (Qr (1)) < CC(du(r,s) + [Ir = sl|r) -
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8.5. On the jump condition

On the other hand the left hand side can be estimated from below by

0 (. Qv (2) — (5, Qs ()|
J(rQ. () (@) I(.Qu ()
(@ () = 176 0 @) ’ 'urczs(:c)) 765, Qs (@)

>

Note that the outer normal is only defined at the boundary, but the term ‘ﬁ )| is defined ev-

erywhere in X, coincides with the outer normal on the boundary and is 0- homogeneous. For
v =1/M(r,Qs(z)) we have vQs(z) € 0Z(r). Therefore we can estimate

J (r, QS
@ ) i
> 9[Qu(x) - Qule)| - ﬂAMWm Qula)) 1]

Since z ¢ Z(s) we have Qs(z) € 9Z(s). Using [18, Lemma 3.1] we get M (r, Qz(w) )> 0oL,
If M(r,Qs(x)) > 1 then

M2(r, Qu(x)) — M(s, Qs(2))? > M(r, Qs(x)) =1 >0,
ifM<Ta Qs(l')) < 1 then

M2(r, Qu(z)) = M%(s, Qu(x)) < M(r,Qu(z)) 1 <0.

Thus we have

M (r,Qs(2)) — 1| < [M?(r, Qs(2)) — M(s,Qs(2))?| < Kollr — sll»

and we finally obtain

n (r, @r (2)) = n (s, Qs ()]
> 0Qr(r) = Qs(x)] = VCK|r — sllr = CsCllr — s[l» .

Putting all together we derive (8.50). An application of Banach’s fixed point theorem now grants
a unique solution to Problem 3.6 O

Going through the computations we see that under the conditions of Proposition [8.31] there
exists a unique solution to Problemfor allu € BVL(0,T;X), g € BVL(0,,T;CL (X x
X;R)) and xg € Z(g(0,u(0),u(0) — xp)). However we refrain from doing so here as this
would only result in more computations but at least in our opinion no new insight. Concluding
this section we see that, if we allow for functions of bounded variation instead of only absolutely
continuous functions, we pay by imposing a structural assumption in addition to the conditions
of [[18]]. These additional assumptions can be either on the involved functions, as in the main part
of our exposition, or on the convex sets, as we showed here.
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Part lll.

Variational methods for doubly nonlinear
evolution equations
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9. Introduction

Let ) be a Banach space, o : ) = Y* a maximal monotone operator and £ : [0,7] x ) —
(—o00, 00| a lower semicontinuous energy functional. The topic of the present part is the study of
doubly nonlinear differential inclusions

a(u(t)) + 0ué (u(t)) 30 ae.in[0,7]. 9.1)

In fact we are interested in approximation or as one might say stability results for the above
evolution system. The question we are going to ask is what happens if the dissipation operator
« is approximated (in a sensible way) by a family (ay,). If (u,) is a family of corresponding
solutions, do the limit points solve the (9.1) in some sense?

We will give positive answers to these questions in two settings.

e If ) is a reflexive Banach space and («,) a sequence of general maximal monotone opera-
tors converging the graph sense to «w. Then all limit points of the sequence of corresponding
solutions u,, solves the limit equation.

e If ) is not reflexive we need to assume that () is a sequence of cyclic maximal monotone
operators. This means that for each «,, there exists a convex function ¥,, such that o, =
ov,,. If ¥,, converges to ¥ in the sense of Mosco convergence then we are able to prove
similar results. As ) is not necessarily reflexive quite a few useful properties are missing.
Therefore a number of technical points need to be addressed.

In the following we shall go into more detail about doubly nonlinear differential inclusions
and how they can be approached by variational methods. The precise statement of the results
will be part of the following two chapters. Part of the results presented here has been obtained in
joint work with Riccarda Rossi and Ulisse Stefanelli.

We would like to remark that the notation used here differs from the notation of the previous
part. The differences and reasons therefore are described in Section [9.4] For a reader only
looking at this part and used to the notation employed by e.g., Mielke, Rossi, Stefanelli, Visintin
and others in the context of rate-independent systems the notation will appear familiar.

9.1. Doubly nonlinear differential inclusions

The term doubly nonlinear differential inclusions goes back to the seminal article [21] by P. Colli
and A. Visintin. They studied equations of the form

Au(t) + Bu(t) > f(t) ae.in[0,T], 9.2)

where both A and B are maximal monotone operators and at least one of them is cyclic, i.e. the
subdifferential of a convex function. Existence of a solution was shown provided both operators
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satisfied growth conditions of the form

V(y,y') € B: <y',y>y*,y >Cly*—c¢ and
V) €A (Y )y y 2 all +ealy|? e

for some p,q > 1. A number of papers later on studied generalizations of the above equation.
The main attention focused on equations of the type

oV (u(t)) + 0u&(u(t)) 20, foraa.te 0,7 9.3)

where VU is a convex, lower semicontinuous functional and £ a possibly non convex energy
function. The operator 0, is meant to be a generalized, possibly set valued derivative with respect
to state of the time dependent energy function £. This focus was mainly driven by applications,
such as elastoplasticity [48, [89, 41} 25|, fracture propagation [26} 49, [14]], phase transitions in
shape memory alloys [77, (75, 6]] and many others. On an abstract level it has recently been
proven by A. Mielke, R. Rossi and G. Savare [[69] that if the potential ¥ has superlinear growth,
ie.

v(z)

2|00 ||

= +o0, (9.4)

the above differential inclusion has a solution under very general assumptions on the energy
functional £. Also the same authors studied an extension of doubly nonlinear inclusions to
metric spaces [93]]. To define a rate independent evolution in a metric space they generalized the
framework of extending gradient flows to those spaces, see e.g. the recent monograph [3]]. From
an applications point of view, the limiting case of convex, 1-homogeneous WV, i.e. potentials
satisfying

YA>0: Y(A\x)=\VU(z),

is of strong interest. It corresponds to the case where the evolution is rate independent. Indeed let
u be sufficiently differentiable and p € C'*(0, T') be a monotone increasing map with ([0, T]) =
[0,T]. Then assume u(t) satisfies then also u o ¢ satisfies the doubly nonlinear inclusion
with energy £, (;). To see this remember that if W is 1-homogeneous, then its subdifferential O
is 0-homogeneous, meaning that for all A > 0 it holds OV (Az) D dV¥(x). Hence for almost all
te[0,7T)

o ((i“ (s@(ﬂ)) = O (i (1)) £(0)) 3 DE(u()) o (8).

Notice moreover that
Oy (u(p(t))) = Oul(y(ul-)) o p(t) -
Hence if (9.3)) is satisfied it as well holds that

ov <§tu (go(t))) + 0y (u(p(t))) 20, foraa.te[0,T]

A different interpretation is given by the following observation. Remember that

EedVl(u) <= wued¥ ().
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9.2. Representative functions

Moreover if U is lower semicontinuous, bounded from below and 1-homogeneous, then there
exists a closed convex set K € X such that U(x) = Mg (x). Here My is the Minkowski
functional of K. In other words equation (9.3) is equivalent to

it) € I~ (—DuEs(u(t))) - ©.5)

This resembles the sweeping process we discussed in the section before. It is indeed nothing but
the sweeping process in the case & (u) = 1u® — f(t)u.

The 1-homogeneous case is however mathematically challenging. The reason is that in lack
of condition the solution v may contain jumps, see e.g. [102]. Hence as (absolutely)
continuous solutions can no longer be expected, a new concept of solution is necessary to allow
for jumps. The first such notion we are aware of was proposed by A. Mielke and F. Theil in their
seminal article [[76]. They proposed the so called energetic solution, which reads as follows. A
function w : [0, 7] — X is called an energetic solution to if and only if it satisfies

vie[0,T]:  &(u(t) < &(z) + ¥(z —ul(t)) (9.6)
Vte[0,T]:  &(u(t)) + Dissy(u, [0,t)) = E(u(0)) + /8558(u(3)) ds. (9.7)
0

Here Dissy is essentially the variation of u with respect to W. The first condition is called the
stability condition. It states that at the the energy of the state u(¢) has to be less than the energy
of any other state plus the amount of energy that would be dissipated by spontaneously jumping
to this state. The second condition is an energy equality. The energy of the system at time ¢
plus the energy dissipated until that point is equal to the initial energy plus the applied work.
This formulation does not include any time derivatives of w and thus allows for solutions with
jumps. It has been applied to a number of problems, see e.g. [63, 166, 96, [103]. However the
energetic formulation has some drawbacks. Assuming once more that ¥ = M the stability
condition (9.6) implies that —9,,&;(u(t)) € K* but the converse is not true - a counterexample
can be found in [102]. This enforces the system to jump early. Other notion of solutions have
been proposed, e.g. [72, [2, [73]]. We start from a notion of solution for absolutely continuous
functions. In the passage to the limit we arrive at a BV function and conditions this function has
to satisfy. One may take these conditions to define a solution on BV'.

9.2. Representative functions

The main theme of the calculus of variations is broadly speaking the study the existence and
properties of (local) minimizers of functionals Z : ) — (—o0, oo]. The interest dates back to
Bernoulli . Since then a vast toolbox has been developed. We are interested in the so called di-
rect methods, which allow the direct study of the minimization problem, without the use of e.g.
Euler-Lagrange equations. Key elements of this theory are lower semicontinuity, different types
of convexity and coercivity. For a thorough introduction we refer to the monographs [23}[37]].

In order to apply methods of the calculus of variations to the evolution problem (9.1)) we need
to rewrite it as a minimization problem. To this end let us shortly assume that « is a cyclic
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operator. Then there exists a convex function ¢ : ) — (—o0, 00| such that o = 9. Moreover
let ©* be the usual convex conjugate. The following equivalence is well known (see Remark
2.31))

y € 0Y(x) == P(x) + ¢ (y) < (Y, 2)y-y - 9.8)
Moreover for any (z,y) € Y x Y* itis true that ¢)(z) + 1" (y) > (y, T)y 3. Therefore for any
given x the problem to find y € )* such that y € a(z) is equivalent to find y € )* such that

I(y) :== ¥(x) + " (y) — (y,2) <I(2) VzeY* A Z(y)=0. 9.9)

In fact the differential inclusion y € 9v(z) is not equivalent to a pure minimization problem.
We also require that the minimizer of Z takes value is 0. The concept of Fitzpatrick functions
provides a possibility to generalize the equivalence (9.8)) to general maximal monotone operator.
In fact what we are looking for is a function f : ) x Y* — (—o0, o0] such that

f:Y xY* = (—o0,00]is convex and lower semicontinuous,
V(z,y) €Y x Y*: f(2,y) > (y,2)y., and (9.10)
yE O[(l‘) — f(x,y) = <?/,513>y*,y .

Definition 9.1. Let o : )) = Y* be a maximal monotone operator with D(«) # (). A function
f:Y xY* — (—o0,00] is called a representative function (of the operator «) if the conditions

(9.10) are met.

It was S. Fitzpatrick in his work [36] who - to the authors knowledge - first developed a
function which satisfied the above conditions. Its definition is as follows

Definition 9.2 (Fitzpatrick function). Let ) be a reflexive Banach space and )* its dual. Let
a @Y = Y* be maximal monotone. The Fitzpatrick function f, : J x Y* — (—o00, 0] of v is
defined by

f(z,y) ;== sup {(y,xob*,y = (Y0, 20 — )y y 1 70 € D(a),y0 € (xo)} . (9.11)

Let us first remark that f,, indeed satisfies the property (9.10). We shall in the following gather
basic properties of Fitzpatrick functions needed in this work.

Notice that in general the Fitzpatrick f, of a cyclic maximal monotone operator &« = 0
does not coincide with ¢(§) + ¢*(£*). For example consider ) = R = )* and set « to be the

subdifferential of 1(z) = $22. Itis easy to see that ¢*(y) = 3 (y)?. However the Fitzpatrick is

1, 1, 1
= 224 2y + Zay. 12
fou(z,y) 15ty gy (9.12)

This clearly shows that for a given maximal monotone operator « the function f satisfying
(9.10) is not unique. Indeed there are a number of functions which satisfy these properties. One
prominent and important example are the so called Penot functions.

Definition 9.3 (Penot function). Let o : ) = Y* be maximal monotone. Then the Penot
function of « is defined by p,, : Y x V* — (—o00; 0] as

Po 1= (<-,->y*7y+fa(-,-))** 9.13)

Here 1, is the indicator function of the graph of «.
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Remark 9.4. Among the representative functions the Fitzpatrick and the Penot are extremal, in
the sense that for any given « and any representative function f it holds

Ja < f<pa- (9.14)

Moreover both functions are dual in the sense that

f; = Pa—1 A PZ = foe—l . (9.15)

Proposition 9.5. Let 1) : ) — (—00, 0] be convex, lower-semicontinuous and 1-homogeneous,
ie.

Ve e D(),A>0: Az € D) A p(Ax) = \p(x).

Then the Fitzpatrick of the subdifferential of 1 coincides with the sum of 1 and its convex conju-
gate, in formula

V(EET) € Y x V™ foy(€,€7) = (&) +¥7(&7).

Proof. For all 1 convex, lower-semicontinuous and 1-homogeneous there exists a closed convex
set 0 € K C Y such that (&) = Mg (&). Therefore we know that ¢*(£*) = Ix+(£*). Notice
that if £* € OM (x) then

(T, 2% )y y = Mi () + Ix+(2). (9.16)
By definition of the Fitzpatrick we obtain

foy(&: &) = sup{(€*, o)y y — MK (§0) +(€5: )y y — Ik (&) + &6 € OMK(§0)} (9.17)

SIpex(8%) <Mk (€)

This implies that fa, (&, &) < Mg (&) + Ix+(£*). For the opposite inequality first assume
that £* ¢ K*. Then there exists an {; € K such that (§*, o)y > 1. Choose an arbitrary
&y € OMK (€) = OMg (XE) for any positive A > 0. Then

<§*a >\§O>y*,y — Mg + <€Sa€>y*,y - IKfEJk
>\ (<£*,§o>y*,y — 1) +(£5,8)ye y = +o0 (A = 0)

Therefore fa,(&,&*) > Ix+(£*). On the other hand choosing £y = 0 we obtain OMk (&) = K*
and deduce that

fou(€:€) = sup {{65, &)y y 1 &5 € K"} = Mic(€). 9.18)
In total we now obtain that f5,,(&,&*) > Mg (§) + Ik« (£*), which concludes the proof. O

The use of representative functions for our approach will be elaborated in the following. First
we shall introduce another notion of variational convergence, the so called I"-convergence. This
particular notion of convergence was introduced by by Ennio de Giorgi in the 70s [30,29]. For a
thorough introduction to I'-convergence and its applications we refer to the monographs [[16} 24].
For our purposes we need the following definitions

Definition 9.6. Let ) be a Banach space. Let (f,), oy be a family of functions f, : J —
(=00, 00].

99



9. Introduction

e A function f is called the weak (strong) I' — lim inf of the sequence ( f;,),, ¢y in formula
f =T, — liminf f, (f — T, — liminf fn) (9.19)
n—o00 n—0o0
if it holds for all y €
fly) = inf {lggggf fo(n) = WUn)pen €V Yn = y} or
fly) = inf {hnrgloréf JnWn) : Wn)pen CVs Yn — y} respectively.

e A function f is called the weak (strong) I'-lim sup, in formula

f=Ty —limsup f, <f =TI — limsup fn) (9.20)

n—oo n—o0

if for all y € ) it holds

fly) = inf {limsup S (Un) * (Un)pen C V5 Yn — y} or

n—oo

n—oo

f(y) = inf {lim sup frn (Un) : Wn)peny C V5 Yn — y} respectively.

e f is called the I'-limit of ( f,,) with respect to the weak (strong) topology on ) if

I'y —liminf f, =f= Ty —limsupf, or
n—00 n—00

I's —liminf f, = f= TIs—limsupf, respectively.
n—o0 n—00

Remark 9.7. Notice that if f = I'y — limsup f,, then it holds for all y € ) that

n—oo

f(y) = min {limsup fo(n) * (Yn)pewy C Vs Yn — y} :

In other words the minimum is always attained. To this end let y € ) such that f(y) < oco. If
f(y) = oo the claim is trivial. Then for each & € N there exists a sequence (y,, i )nen such that
Ynk — Y asn — oo and

limsup £, (yn,e) < f(y) +27"

n—oo

Showing that the minimum is always attained is now a simple diagonal sequence argument.

Theorem 9.8. Let Y be a reflexive Banach space and (o), be a family of maximal monotone
operators oy, : Y = V*. Let a : Y == Y* be also maximal monotone. Then the following are
equivalent

(1) oy Iy a
(2) fo <I'yy —liminf f,,
n—oo

(3) Pa Z Fs — lim Sup Pa,,

n—oo
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Here a,, —— « indicates graph convergence as introduced in Definition Up to the
authors knowledge the above theorem is new. A similar result that may spring to mind is the
classical theorem that mosco convergence of a convex functions is equivalent to the graph con-
vergence of their derivative, see e.g. [4, Theorem 3.66]. For a special class of representative
functions (so called selfdual representatives) Ghossoub and coworkers moreover proved that I'-
convergence to a selfdual function implies Graph convergence of the represented operators to a
maximal monotone operator [38]].

Proof. Step 1. We first show that (1) = (2). To this end let (yy, ¥}, )neny C Y x Y* be a family
such that

Yn ) = (y,y)) inY x Y. 9.21)

This is equivalent to y,, — y and y},, — y. Moreover choose (z,z’) € «. Then as «,, s«
there exists a sequence (zn, ), cn»> (Tn, T,) € oy such that z,, — x and z;, — 2’. We hence
can deduce that

v

hnIIl)g.}f <<y;p xn>y*,y - <x;z’ Tn — y">y*,y)

= <y,a $>y*7y - <:L‘/7:E - y>y*7y .

liminf fo, (yo ¥),)

Taking the sup over all (z,z’) € « we deduce that (2) holds.

Step 2. To prove that (1) = (3) we use a little trick. First notice that o, —— a implies
;! <, o', Hence we deduce from the prior step that

Ty — ]igr_lg)réf fa# > fo-1.

Furthermore notice that as ) x V* is reflexive we can simply take the convex conjugate to obtain
that

po > (P — lim inf fagl)*

n—oo

It then follows from [4), Theorem II1.3.7] that

Pa Z Fs — lim Sup Pa,,

n—oo

Step 3. We will now show that (3) = (1). To this end fix (y,y’) € a. Then there exists a
sequence (Y, Yn )neN C YV X V* such that y,, — y, y,, — 3 and

Emsup pa, (Y Yn) < Pa(y:y') = (Y ¥)ypu y, - (9.22)

n—oo

Such a sequence exists due to the prior remark. In particular there exists a sequence (£,,),,cy C
[0, 00), €, — 0 such that

P Un>Yn) < (Y3 Y) ey T En (9.23)

Now notice that for all n € N it holds p;, = f, -1 and thus

Pon W ¥) Z Y W)y y N Lot () Z (W) gy - (9:24)

-1
n
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A generalization of the Bronstedt-Rockafellar approximation Lemma due to M. Marques Alves
and B. F. Svaiter [67, Theorem 3.4] now grants that for all n € N there exists (z,, 2],) € an
such that

|Tn — Yl < Ve Azl — ] < Ven. (9.25)

Then one can easily see that ,, — y and z/, — 3’ which completes the proof.

Step 4. It remains to show that (2) = (1). Here we once again use the little trick from before.
Indeed by a similar argument as we used in Step 2 we know that (2) implies

pa-1 = s —limsupp,, -1 (9.26)

n—o0

and we thus obtain from our most recent step that o, ! 25 o~ L. This however already implies
g
o, — o O

9.3. Doubly nonlinear evolution equations as minimizations
problems

The idea to write doubly nonlinear evolution equations as minimization problems is not new. It
has been done for rate independent evolutions e.g. by U. Stefanelli [101] as a generalization of
the Brezis-Ekeland principle. We will illustrate the idea behind this in a simplified example.

Let £ € C*([0,T] x V) and o : Y = Y* be maximal monotone. Assume furthermore that
u € WH1(0,T; ). Then by the properties of the Fitzpatrick function

a(u(t) 3 =Vé(ut) <<= falu(t), =VE(u(t))) < (=VE(u(t)), i(t))y«y

)

Then as for all (y,y’) € Vitholds fo(y,y") — (¥',y)y+ y > 0 we obtain that

Fa (a(2), —Vé’t(u(t))) < (~VE(ult)),i(t))y. , ae. in[0,T]

— / o C(t), ~VEu(t))) + (VE(u(t)). 5(6))y 5 At < 0.

Finally the integrating over (V& (u(t)), u(t))y- 5, we deduce that u solves (9.1) if and only if

T T
Er(u(T)) +/fa (a(t), —VE(u(t))) dt — Eo(u /atgt )t <0.
0 0
Moreover it holds for all v € W11(0,T;)) that
T
Er(o(T) + [ fa (6(0), ~VE(D) dt ~ / DE((B) a1 > 0.
0
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Now we can define the functional Z : W1(0,7;Y) — [0, o0] by

T

T
I:v HgT(U(T))"i_/fa (0(t), =VE&(v(t))) dt — Eo(u(0)) —/0t€t(v(t))dt~
0 0

Then finding a solution to (9.1]) is equivalent to searching for a minimizer of Z with the additional
condition that the minimizer has to attain the value 0.

9.4. Remark on notation

An avid reader will notice that there is a change of notation in this part compared to the previous
part. Whereas in the previous part the external load was described by the variable u(¢) and the
state of the system by £() in this part it is different. Here the state of the system is denoted by
u(t) and the adjoint state by £(). It is certainly uncommon to change the notation between two
parts of the same work. So why has it been done here?

The main reason for this choice is to adhere to the conventions of the respective research areas.
Though both parts are discussing rate independent processes the former part concerning ’clas-
sical’ approaches is mainly investigate by the group around Pavel Krej¢i and Martin Brokate.
The approach in the present part using variational techniques has been shaped by the Alexander
Mielke and coworkers. Thus slightly different notations arose. Most readers are - at least in the
authors mind - probably only interested in one part. In order to make it easier for those readers
to follow this thesis we decided for the change in notation.

To summarize, in the following the unknown state of the system will be denoted by u(t). By

&(t) we will denote an element of the (generalized) subdifferential of & (u(t)) with respect to the
state u.
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10. Approximation of maximal monotone
operators on reflexive Banach spaces

Throughout this section we assume that Y is a separable, reflexive Banach space. Our aim is
to give a very general setting of assumptions. Let £ : [0,7] x V — (—o00,00] be an energy
function, F' : [0,7] x Y — Y*and P : [0,T] x ) — R be its generalized state and time
derivatives respectively. We are going to study

a (i(t)) + Fy(u(t)) 50 ae. in[0,T] (10.1)

In the next section we will provide the framework in which we want to study the problem. Espe-
cially we are going to define what precisely is considered to be a solution of the above inclusion.
We will then state the main result of this chapter. Roughly speaking it states that if (v, ),, oy is a

family of maximal monotone operators with av, -5 aand (un )nen is a corresponding family of
solutions, then every limit point u will solve the limit equation. Before this result can be shown
some preparations have to be done. This will be content of the third section. We will conclude
this chapter by proving the main theorem.

10.1. Basic assumptions

For any function g : [0,7] x X — Y where spaces X, Y are some spaces we are going to write
g+(+) when we are referring to g(¢,-). Let us start by introducing the setting in which we are
going to study the problem. We first formulate our precise assumptions on the energy functional.

Assumption 10.1 (Assumptions on the energy). Define G(u) := sup {&(u) : t € [0, T]}. The
triple (&, F, P) has the following properties:

Non degeneracy and lower semi continuity: The domain of £ is of the form D(€) = [0, T| x D
and F': [0,T] x D = Y* for some Borel set D. Furthermore we assume

u— &(u) is Ls.c. forall ¢ € [0, 7],
ACy > 0: Y(t,u) € [0,T] x D : &(u) > —Cj and (10L&y)
graph(F') is a Borel set of [0,7] x Y x YV*.
Coercivity: For all t € [0, 7] it holds
u — & (u) has compact sublevels (101&1)

Lipschitz continuity: There exists C; > 0 such that for all w € D and s, ¢ € [0, T it holds

€t (u) = E(u)] < Cr&(u)|t — 5] (101€2)
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10.1. Basic assumptions

Conditioned one-sided time-differentiability: There exists a function P : graph(F’) — R and
a constant Cy > 0 such that

Errn(u) — E(u)

. < Py(u, €) < C2G(u) ([0&5)

t h(F) : liminf
V(t,u,§) € graph(F) i in

Chain rule inequality: Let u € BV(0,7;)) and ¢ € L'(0,T; V*) such that

sup &(u(t)) < oo and &(t) € Fy(u(t)) fora.a.t € [0,7]. (10.2)
te[0,T

Then the map e : ¢ — & (u(t)) is of bounded variation. Furthermore let du denote the Radon
measure induced by u and de the Radon measure induced by e then

de < du + £|[O,T] 54)
Moreover for almost all Lebesgue points ¢ of 4. and é,. it holds
€ac(to) = (§(t0), Uac(to))y= y + Pi (ulto), €(t0)) (0Es)

Weak closedness: For all t € [0,7] and for all sequences (up)neny C Y, &n € Fi(up), E, =
gt(un) and Pn = Pt(um gn) with

u, »uin), & —&inY*, p, > pandE, - EinR (10.3)

it holds
(t,u) € D(F), £ € Fy(u), p < P(u,&) and E = & (u). (101&6)

Remark 10.2. We should take notice of the following facts
e There exists C' > 0 such that for all (¢,u) € [0,7] x D itholds G(u) < C&(u).

e Moreover there exists come C' > 0 such that for all (¢, u, §) € graph(F') itholds P;(u, §)
CG(u). To prove this it suffices to show that there exists C' € R such that P;(u, )

C|G(u)|. This however is a direct consequence of combining (I0[&3)) and (10[53).

e The set of all Lebesgue points of both .. and é,. has full measure.

IV IA

e The above set of assumptions implies the assumptions of [69, Section 4.1] bar the varia-
tional sum rule. Indeed it needs to be shown that the chain rule inequality (4.E5) of the
aforementioned paper holds. To this end let v € W1(0,T;Y) and ¢ € LY(0,T;Y*)
such that is satisfied. Then due to the map ¢ — & (u(t)) is absolutely con-
tinuous. The set of Lebesgue points of both .. and é,. has full measure and especially

the weak derivatives %u(t) and %Et(u(t)) coincide almost everywhere with . and ég4.

respectively. Therefore implies the chain rule inequality of [69].
At some points stronger results can be shown if the chain rule inequality (TO[E5) is replaced
by the stricter chain rule equality

éaC(tO) - <§(t0), 7v'%w(to»y*,y + Pto (u(t0)7§(t0)> 5;)

We will now precisely define what we understand to be a solution of the doubly nonlinear
differential inclusion.
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10. Approximation of maximal monotone operators on reflexive Banach spaces

Definition 10.3. Let (€, F, T') satisfy Hypothesis and assume that « : Y = Y* is a maximal
monotone operator. Choose ug € D. A function tuple (u, &) € WH1(0,T;Y) x L1(0,T; V*) is
called a solution to the Cauchy problem

a (a(t)) + Fr(u(t)) 2 0, u(0) = uo
if and only if it satisfies u(0) = wug, {(t) € Fi(u(t)) for almost all ¢ € [0,7] and the energy

identity
t

¢
E(u(t)) + [ fa (ils), =E(s)) ds = E(u(0)) + [ Ps(u ) ds (10.4)
/ o e
holds for all ¢ € [0, T].

Proposition 10.4. [f the tuple (u,&) € W0, T;Y) x LY(0,T; V*) satisfies the above defini-
tion then for almost every t € [0, T it holds
a(u(t)) > =E(1). (10.5)

Proof. First notice that since u € Wh! due to (TO[Ey) the map t — & (u(t)) is absolutely
continuous as well. By definition we know that

T
/ fo (1), —£(1)) dt
0

T T
< & (u0) & (T) + [ Pru(e).€0) dt < [ (-€(e)a(0)y. y .
0 0

The last inequality is a result of (T0[E3). Hence due to (9.10) it holds that for almost all ¢ € [0, T]]
we have

o (a(t), =€(1)) = (=€(1), a(t)) y- y

which is equivalent to our assertion. O

The above result can be strengthened if one uses a stronger assumption on the chain rule.

Proposition 10.5. [f the tuple (£, F, P) satisfies Assumption where (I0[E)) is replaced by
(TOLEZ)) then a tuple (u, &) € WH1(0,T; V) x L1 (0, T; V*) is a solution in the sense of Definition
[10.3)if and only if

&(t) € —a(u(t)) N Fy(u(t)) forae te|0,T].

Proof. One direction of the proof can be directly taken from above. The other direction uses the
fact that now indeed

/tfa (a(s), —&(s)) ds = /t ))y-y ds
0 0
= & (u(0) + 0/ Ps ds
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10.2. Main result

The second equality is due to (I0[E7]). This implies that (u, ) satisfies the conditions of Defini-
tion[10.3 O

Remark 10.6. Definition [10.3]can be understood as a minimization problem. Indeed it holds for
all (v,n) € WH1(0,T;Y) x L'(0,T; Y*) that

/h ), —n(s)) ds > Eo(v /p ) ds

Hence when we subtract the right hand side, Definition[I0.3]|can be interpreted as a 0-minimization
problem.

10.2. Main result

As a last prerequisite before stating the main theorem of this chapter we need to state our as-
sumptions on the family of maximal monotone operators (v, ).

Assumption 10.7. Let (o), cn» n : Y — V* be a maximal monotone operator with 0 € a,,(0)
for all n € N. Then we assume there exists ¢y, ca,c3 > 0,p > 1 and ¢ > 1 independent of n € N
such that

Vn € N:Vx € D(an),y € an(z) : (y,2)y« y > 1|z’ + coly|? —cs. (10 cvo)
Let us shortly make the following remark: If the family (cv,) complies with Assumption
and v, —-» o than also « satisfies the growth condition

Ve € D(a),y € a(z) : (y,2)y y > 1]z’ + caly[? —c3. (10.6)
Our main result reads as follows.

Theorem 10.8. Let the triplet (£, F, P) comply with Assumption[10.1] Furthermore let (0w, )pen
be a sequence of maximal monotone operators such that Assumption [[0.7] is satisfied. Let
(Un, En)neny € WHH0,T;Y) x LY(0,T;Y) be a family of functions such that (uy, &,) solves
the differential inclusion

an(Un(t)) + Fi(un(t)) 3 0,u,(0) = ug (10.7)

in the sense of Definition m Assume that o, — . Then there exists a pair of functions
u € BV(0,T;Y) and ¢ € L*(0,T; YV*) with u(0) = g, £(t) € Fy(u(t)) for almost all t € [0, T
such that up to a subsequence

un(t) = u(t) vt € [0,T], i - L) — du € M(0,T; %) (10.8)

Notice that the generalized derivative du is a Banach space valued measure. The pair (u,§)
satisfies for almost all t € [0, T the energy inequality

t
N /0 Fo (e (7). —£(r)) dr + / 122 (its(7), 0) I( i), (7)
< &(u /p ))dr. (10.9)

Here (du)s is the singular component of the Radon measure induced by .
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10. Approximation of maximal monotone operators on reflexive Banach spaces

Notice that since f;° is 1-homogeneous (see Theorem [2.34) the result holds irrespective of the
parametrization of the measure ( di)s. One can replace 45 and ||(du)s|| by v : [0,7] — ) and
v € M(0,T) respectively as long as (du)s < v and (du)s = v - v.

Remark 10.9. Notice that we do not state any existence results for solutions to (9.1)). This is not
in the scope of our analysis. The author is aware of only two existence results which extend the
original setting by Colli and Visintin [21]] for general maximal monotone operators. Those are
due to A. Segatti [99] and G. Akagi [1]].

10.3. A selection argument on Young measures

Before we can proceed to the proof of Theorem [I0.8] we need to introduce two Lemmas. First
we present a small variation of Theorem B.1 from [[69].

Lemma 10.10. Let u € BV(0,T; ) satisfy

sup &(u(t)) < oo, (t,u(t)) € dom(F) fora.a. t € (0,T) (10.10)
te[0,7

Moreover let (0¢),c(0 1) C M(Y* X R) be a family Young measures such that
foraa t€[0,T] V(€,p) € supp(or) - € € Bi(u(t), p < Pult),£(1)  (10.11)

T
I faliae(s), —¢) do(¢, p)ds < oo (10.12)
0 Y*xR

Then the map e : t — & (u(t)) has bounded variation and it holds for almost all t € [0, T that
t is Lebesgue point of €,. and 4. and it holds
o) 2 [ (Gl +pdon(Cop). (10.13)
Y*xR

Proof. Let K(t,u(t)) C Y x R be the set of all ({,p) € Y x R such that £ € F;(u(t)) and
p < Pi(u(t),&(t)). Then there exists a family &,,, py, of strongly measurable functions such that
for almost all ¢ € [0, 7] it holds

{6n(®),pn(0)} C K(t,u(t)) € {€a(t), pu(t)} - (10.14)

This has been shown in the first step of the proof of [69, Theorem B.1]. Furthermore it can be
shown that the family (&, p,,) can be chosen such that

Vn € N:§&, € LY0,T;Y*) and sup/ fa(tiae(t), —&n () dt < oo (10.15)
neN

To this end we define the function
g(t) == inf{ fo (Uac(t), —C) : (¢,p) € K(t,u(t))} foralmostallt € [0, T] (10.16)
Notice that due to (10.14)) it holds

9(t) = inf {faliiae(t), ~€a(t))} for a. t € [0,7] (10.17)
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10.3. A selection argument on Young measures

and hence g is measurable. Moreover

T

T
g(t)dt < Falitac(t), —C) doe(C,p) dt < . (10.18)
fava=] |

0 YxR

Following the argument of [69] Theorem B.1] and [94, Lemma 3.4] we obtain (10.15). From
there we deduce by using the chain rule inequality that the map e : t — & (u(t)) is of bounded
variation. Now there exists a set 7,, of full measure such that

Cac(t) = (€alt) Ttac(t)) e 3+ Dult) - (10.19)

Setting 7" = (),,cry Tn» Which still has full measure, we deduce by density and convexity that for
anyt € T
€ac(t) > (€, tac(t))y y + 1 (10.20)

for all ({,p) € conv K (t,u(t)) which readily implies (I0.13).
O

The following lemma is a variation of [69, Lemma B.2]

Lemma 10.11. Let the triplet (€, F, P) comply with Assumptions and the dissipation op-
erator « satisfy the growth condition (10.6). Furthermore let v € BV (0,T; V) such that (10.10)
holds. Suppose that the set

S (t,u(t), tac(t)) = {(¢;p) € YV* xR: (€ Fy(u(t)), —C € allac(t)),p < Pi(u(t), ()}
(10.21)
is nonempty for almost all t € (0,T). Then there exist measurable functions & : (0,T) — V*
andp : (0,T) — R such that for almost all t € [0, T

(£(@®), p(t)) € argmin { fo(tac(t), =C) = p : ((,p) € S (t, u(t), thac(t))} - (10.22)

Proof. The proof follows closely the lines of the proof of Lemma B.2 in [69] and only takes
small deviations in order to account for the fact that « is not a cyclic operator. We shall first
show that

argmin { fo (tac(t), =C) — p : ((,p) € S (¢, u(t), Uac(t))} # 0 foraa.t €[0,7]  (10.23)
To this end choose (Cn, ) ey C S (t, u(t), itae(t)) such that
Jim fo(tac(t), =Cn) = pn = nf {fa(tac(t), =C) = p: (C,p) € S (£, u(t), tac(t))} (10.24)
Then there exist some constants C, C’ > 0 such that
faltiae(t), =) < C+pp < C+ P (u(t), () < C (10.25)

The first inequality is due to the definition of ((,,p,), the second follows from the fact that
(Cnypn) € S(t,u(t),iac(t)). To see the last inequality notice that due to (I0[3) it holds

P (u(t),Cn) < CaG(u(t)). As &(u(t)) < oo we can apply (IO[E) in order to see that
G(u(t)) < oo. Applying the growth condition (T0.6) we can now deduce that the family ((n),,cn
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10. Approximation of maximal monotone operators on reflexive Banach spaces

is uniformly bounded in )*. Also the family (py, )nen is bounded in R as one easily obtains from

(10.25) that
-C<p, <C' -C.

Hence there exists a (non relabeled) subsequence ((y, Pn),,cpy and (Z, ﬁ) € YV* x R such that
¢, — Cand p, — p. Notice that due to the weak closedness condition it holds ¢ €
Fi(u(t)) and p < P; (u(t), (). Moreover —( € « (1i4.(t)) as the graph of a maximal monotone
operator is strongly-weakly closed. Hence we obtain that ((,p) € S (¢, u(t), tac(t)). As the
function f,, is weakly lower semicontinuous we deduce that

fa (uac(t)a _Z) —-p < lim foz(uac(wv _Cn) — Pn
n—oo
Hence we obtain that

(¢,p) € argmin { fo (tac(t), —¢) —p: (¢,p) € S (t,u(t), tac(t)} (10.26)

Moreover notice that the set

8= {(t,0,C.p) € [0,T] x Y x Y x ¥* x R: ¢ € Fo(u) N (—a(v)) .p < Po(u, )}
(10.27)
is a Borel set of [0,7] x ¥ x Y x Y* x R. This is due to the fact that both graph(F") and
a are Borel sets of [0,7] x Y x Y* and ) x Y* respectively and P : graph(F) — R is
a Borel function. Moreover by assumption there exists a set 7 C [0,7] with full measure
such that S(t,u(t),uq.(t)) # 0. We define the graph of the multivalued function t € T
S (t,u(t), tac(t)) C Y* x Rby

S:={(t,¢,p) €T x V" xR:({,p) € S(t,u(t),ta(t))} . (10.28)
Using the definition of S from above we can see that the following identity holds
S={(t¢p) €T x V" xR :(t,u(t), tac(t)S, p) € S} . (10.29)

Moreover notice that the function w : (0,7) — Y and 14, : (0,7') — Y* are Borelian up
to choosing a suitable representative in the equivalence class of 1,.. Then the existence of a
measurable selection (&, p) as defined in (10.22) is a consequence of [20, Theorem III.6 and
Corollary II1.3]. O

10.4. Proof of the main result

The proof of Theorem [10.8] combines ideas of the finite dimensional lower semicontinuity the-
orem [37, Theorem 5.27] and selection arguments from the proof of Theorem 4.4 in [69]. As
usual we are going to use a constant C' which may change from line to line but is independent of
n.

Proof of Theorem Step 1 - A priori estimates and compactness: Due to the assumption
that 0 € «,,(0) it holds for all n € N that f,, > 0. Writing E,,(t) = & (uy(t)) we hence obtain

En(t) < 50(U0) + /C3En($) ds Vte [O,T] .
0
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10.4. Proof of the main result

Employing Gronwall’s Lemma we get sup{E,(¢) : t € [0, ]} < (. Using both assertions
from Remark we obtain that ess sup{|P; (u,(t),£(t)) | : t € [0,T]} < C. Moreover due to

(TO[EG) and (T0[ag) and the above estimates

T

/cl\un(sﬂ + c2|én(s)]9ds < Ep(up) + /CgEn(t) +Co+c3.
0

Therefore it holds [t |10 7,y) + 1€n(8)|La(o,rsy+) < C. Using u,(0) = ug we deduce that
|un|Bv(0,1;vc) is bounded. For the sake of simplicity we set py,(s) := Ps (un(s),&n(s)). Now

notice that
t

B+ > 4 (un (1)) — /pn(s) ds
0

is monotone decreasing. To see this choose 0 < s < ¢ < T and subtract the energy identity
(10.4) for s from the energy equality for ¢. We then obtain

t
t) = ha(5) = = [ fa (). ~a(r)) dr <
Therefore we can easily compute

T
Var(hy,) = E(ug) — Er(un(T)) +/ pn(s)ds < C'.
0
Moreover since p,, is uniformly bounded in L°°(0,T") we know that || (un(t))]lgy < C.

Applying the Helly principle we can choose a subsequence (n)ren and u € BV(0,7;)),
E € BV(0,T) such that

(1t €0 (1, (1)) = (u(t), E(t) in Y x R,

Passing to an additional (not relabeled) subsequence we know that there exists A\ € M(0,7;))
such that

Uny - LN (10.30)
Here L denotes the Lebesgue measure on the interval [0, T']. Due to a generalization of Lebesgue’s

decomposition theorem [32, Theorem 9] there exist \,e, As € M(0,T; ) such that
Macll <L A Al LL A A= Xae+ As. (10.31)

Since ) is reflexive it has the Radon-Nykodym property. We define the following Radon-

Nykodym derivatives
Doe . dAs

ac T A

Finally an additional (not relabeled) subsequence grants a Young measure (0¢);c(o,7], 0t €
M(Y x R) such that for all ¢ € [0, 7] it holds that 04()) x R) < 1 and for almost all ¢ € [0, T

Uge “—

111



10. Approximation of maximal monotone operators on reflexive Banach spaces

it holds

O't(yXR) =1
supp (o) ) el ({(€n (1), Pn (1)) : b > j}) -

JEN
Here cl is the closure with respect to the weak topology on J* x R. Moreover it holds

~

b () — / Cdoy(C,p) = €(t) in L9(0,T;Y") and
YV*xR

AEun(t)) / pdoy(C,p) = B(t) in L%(0,T).
VxR

Step 2 - Existence of generalized derivatives: From now on, for the sake of simplicity, we shall
write instead of ny, plainly k. Choose ¢ such that uy(t) — u(t), & (uk(t)) — E(t) and

supp (0¢) C () el ({(n (1), P (1) = & > 7} -

jeN

The set of all ¢ € [0, 7] violating any of the above conditions has Lebesgue measure 0. Choose
(¢,p) € supp (o¢). Then there exists a further subsequence k; such that (&, (t), px; (t)) — (¢, p)-
Due to (I0[&s) we then obtain that for almost any ¢ € [0, 7 it holds

(t,u(t)) € D(F)
E(u(t)) = E(t)
supp (0r) C {(¢,p) € V" xR: ¢ € Fy(u(t)), p < Pi(u(t),)}-

Hence for almost all ¢ € [0, T it holds that

{(¢;p) € V" xR: (e Fi(u(t), p< F(u(t), )} # 0.

Step 3 - lim inf result for the Fitzpatrick: Notice that

t > foy (Ug(t), —Ek(t))

is bounded in L'(0,T). Therefore there exists a measure € M (0,T) such that (up to a
subsequence)

fock (uk()7 _§k<)) L = 1% in M<O7T)
Employing [37, Corollary 1.116] we obtain that there exist fiqc, fts, (01 in M(0,T') such that

fac < L, ps < [|Aslls pr L L+ [[As]| and
B = Hac + Hs + 1

Since fq, (1x(t), —€k(t)) > 0 we obtain 41, > 0. For any ¢ € [0, T'] we define
€ €

te) = <t _ty f).
Q(t,e) 0~ 5t + 5
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Choose to € (0,7) such that o, (V* x R) =1,

d:“’ac . . :U’( (t, ))
ag o) = lm o, )0 Ao <

) = g%ﬁ(Q(to, N[0, 7)) /f dt and
toelte) = lim QU090 [OvT])

=0 L (Q(to,e)N[0,T7])

The set of ¢y for which at least one of these condition fails is a Lebesgue null set. Since o s
also a,;l 25 o' in the graph sense and we can apply Theorem i to obtain that for p_ o=
fa,, the I's — lim sup inequality holds as k — oco. Therefore for any (z,2*) € Y x V* there

exists a sequence (T, Ty ), oy Such that (xg, zj) — (z,2") and

limsup p,, -1 (g, x) < po—1(z,x¥). (10.32)

n—o0

Choose a sequence €, such that for all m € N
1 (0Q(to, ) N[0, T]) = A(9Q(to,€) N [0,T]) = 0. (10.33)

Also notice that
L(Q(to,¢))
€
for all tg € (0,7). Choose (z,z*) € Y x Y*. Without loss of generality we assume that
Pa-1(x, %) < co. Furthermore choose a sequence (i, 7},), oy C Y X Y* such that (zy, v3) —
(z,2*) and (10.32) is satisfied. We now may compute

-1

dptac
AL (to)

= lim lim ¢, ~1 / Jou, (T, —€x(t)) dt

m—0 k—oo
Q(to,em)N[0,T]

v

liglﬁir(}f likn_1>i£f e ! / (T W) oo x + (=), Th) x+ x — pa;1(:vk,x7;) dt
Q(to,em)N[0,T]

From the weak star convergence (10.30) we get

(5 ) o — / (2, dAE)) e x - (10.34)
Q(to,em)N[0,T] Q(to,em)N[0,T]
Since x; — x we also deduce

(Er(t), 2p) x- x db — / <§(t),x> dt

X*. X
Q(to,em)N[0,T] Qlem)
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and thus obtain by using the definition of E that

d ac * . *
o t0) 2 @t x4 [ (G x dou () = o (o)
YV*xR

for any (z,2*) € Y x Y*. Therefore

duac / Ja (Tac(to), —C) dog, (¢, p) - (10.35)

Y*xR

Furthermore choose to € [0, T such that it satisfies

d:u's (t) — lim M([Q(tOﬂs) [07T])
d[As =0 [|As [ (Q(to,€) N[0, T7)
u (tO) — lim A(Q(t(),&‘) [07 ])

’ =0 [|As [ (Q(to,€) N[0, T1)
o L(QU) N [0.T)
=0 [ Al (Q(to, ) N[0, T7)

< 00,

and

The set of all ¢( failing any of the above assumptions is a || As||-null set. As before we may choose
a vanishing sequence (&, ),,c such that (I0.33)) is satisfied. Similarly choose (z,z*) € Y x V*.
Then there exists a sequence (g, T} ),y C YV X V* such that (zy,, 2},) — (z,2") and is
satisfied. We also can assume that p,-1(z, x*) < co. We now compute that

dps
dl[As]]
= Jmfim (@) NOTD) T [ i —6ale)

Q(to,em)N[0,T]

(to)

1
lim inf lim inf )
m—o0 k—oo || As|| (Q(to, €m) N[0, T])

V

(@ ) oo x + (€6 (1) Th) x+ x dt — L(Q(to,em) N[0, T])pg, (Tk, 1)

Q(to,em)N[0,T]

Once again we can see that

/ () o — / (27, dA(8)) o x and

Qlem) Q(em)
/ ((t), k) xo x dt — / <§(t),fc>X*7X dt.
Qem) Qem)
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10.4. Proof of the main result

By assumption we then know that

. 1 . L
B s rewemrerie o I BEECRT OISR LN IO

Q(to,em)N[0,T]

1 ~
lim —£(t),x dt =0 and
m—o0 ||| (Q(to, €m) N[0, T7) / < ®) >X*,X
Q(to,em)NI[0,T]

lim £(Q<t07€m) N [O7T]) p*
m—so || As]| (Q(to, em) N[0, T]) 7"

(x,z%)=0.

Hence we obtain

dps * .
S 4) > (1))
dH/\SH( 0) - <‘T y U ( 0)>X , X

for all (z,2*) such that ;' (z, 2*) < co. Due to [37, Proposition 4.77] we then obtain

o) > £ (i(t0).0).

We hence may deduce that

ligninf tfak (tx(s), —&k(s)) ds

— 00 0
t t
> /OJ}*ZR fa (tac(8), —C) dos(¢, p) ds—i—/o 130 (4s(s),0) d||As]| (10.36)

We thus have now proven that for almost all ¢ € [0, T']

£ (u(t)) + / / f (itae(5), —C) do(C,p) ds + / 12 (i15(5),0) |

Y*xR
t
< Eo(u(0)) + / / pdoy(C,p)ds.  (1037)
0
YV*xR

Step 4 - Selection argument: We are now going to prove that for almost all ¢ € [0, T'] it holds

supp (0¢) C {(¢,p) € YV* xR : (€ Fy(u(t)) N —C € a(u(t)), p < d&(u(t))} .
Especially we have to prove that —¢ € «(u(t)) for almost every ¢t € [0,7]. To this end notice
thatforall 0 < s <t <T

S

E(t) — E(s) + u([s,t]) = /p(s) ds. (10.38)
0

Notice that due to Lemma|10.10{¢ — &£ (u(t)) is of bounded variation. For the sake of notational
simplicity set e : ¢ — & (u(t)). Let T C [0, 7] be the set of all ¢y such that ¢ is a Lebesgue
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10. Approximation of maximal monotone operators on reflexive Banach spaces

point of p,
Qe - pllte—e to+20[0,T))
et = : <
t0+6/2
1
) = m> [ e,
to—e/2
A([to — &, ¢ T
aac(tO) = lim ([0 & O+€]m[0, ]) and
e—0 e
t ) _ t—§
Caclly) — lime( +2) e( 2)'
e—0 13

Then 7 has full measure. Choose a sequence (¢,,), &, J 0 such that (10.33) holds and & .., /2 (u(to®

en/2)) = E(to+ey/2). Then from (10.38), (10.33)) and Lemma[10.10|we obtain that for almost
any tg € 7 it holds

/ fa(tae(t0), —C) doy (¢ p)
YV*xR

< _éac(tO) + / de’tO(C,p) < / <_C7uac(t0))>X*,X dato(Cvp)

YV*xR YV*xR
and hence deduce that for almost any ¢y € T (and hence for almost any ¢ € (0,7")) it holds
(=G tacto)) x« x — faltac(to), —C) dot, (¢, p) > 0
Y*xR
This enables us to deduce that for almost all ¢ € (0,7T)
supp (0¢) C {(¢,p) € V" x R: (€ Fy(u(t)), —¢ € a(tac(t))and p < Py(u(t), ()}

Thus we meet the conditions of Lemma [[0.11] and deduce that there exist measurable functions
€:(0,T) = Yandp: (0,7) — R such that for almost all £ € (0,7")

£(t) € Fy(u(t)), —&(t) € atac(t)) and p(t) < Py(u(t), &(1)) -
such that (10.22) holds. From there we deduce that for almost all ¢ € [0, T']

Faltia(t), —€(1)) — plt) < / falitac(t), —C) — pdoy(C.p)
Y*xR

Applying this result to (T0.37)) we then deduce that

E(u(t)) + /0 fo (iiae(s), —£(s)) ds + /O 152 (iis(5), 0) ][]

0

< Eo(u(0)) + / p(s)ds < E(u(0)) + / P, (u(s), £(s)) ds.
0

This completes the proof. O
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10.4. Proof of the main result

Let us finish this chapter by making a few remarks. First, by a simple subsequence argument
for any limit point u of the family (uy),, .y there exists a function { € L9(0,T'; Y*) such that
is satisfied. Moreover if  is an absolutely continuous limit point of the family (uy,),,cy
then there is a corresponding function ¢ € L%(0,7'; )) such that (u, £) solves (I0.1) in the sense
of Definition [10.3
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11. Approximation of dissipation potentials on
non-reflexive Banach spaces

In the case that Y is a possibly non-reflexive Banach space we are not able to provide results in
the full generality as above. The Fitzpatrick formalism is no longer valid. Therefore we need to
confine ourselves to the case of cyclic operators. That is we are going to study doubly nonlinear
differential inclusions of the type

AV ((t)) 4 0u& (u(t)) 0. (11.1)

These types of equations are of considerable interest in applications as one will often find dissipa-
tion functionals of the type [[-[| ;1 (¢ for some open bounded set €2. The prototypical application

P P 1 14
we have in mind are approximations of the form || - || Lite(q) a € = 0. Whereas these func-

tionals can all be defined on the space L'(2) the natural spaces for their conjugates to be defined
on are L(1+9)/2(Q). Another example would be considering the limitin | - || 11 (q) + ]| - HZLQ(Q).
For these functions the natural space the dual can be defined on would be the Hilbert space
L?(2). We will use these two examples as a means to test our assumptions for applicability.

In order to be able to deal with these types of problems, especially the fact that different ’state
spaces’ are required, we need to provide a more involved setting. This will be done in the first
section. However still a number of problems arise when we allow for non-reflexive Banach
spaces. Most notoriously among them is the loss of the Radon-Nikodym property. We shall
present a way how this problem can be overcome. To do so a relaxation of the state space is
needed and the concept of metric derivatives is introduced. Also useful properties of the Mosco
convergence are lost. We will address these obstacles in the third section. Based on our analysis
in these two sections we can then state our main result. Its proof will be part of the last section
of this chapter.

11.1. Basic setting of the problem

Our aim is to allow for solutions of the approximating equations to be in different spaces. There-
fore we start by defining what families of ’state spaces’ are deemed to be admissible for our
analysis.

Definition 11.1 (Admissible families of state spaces). Let H be a separable Hilbert space and
Y a separable Banach space. Moreover let (), )nen be a family of Banach spaces. The triple
(Y, H, (Vn)nen) is admissible if and only if

(1) For all n € N it holds
HS Y, &5y (11.2)

where each embedding is continuous.
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11.1. Basic setting of the problem

(i) What is more, there exists a C' > 0 such that for all n € N it holds that
’jn(y)b) < C’y‘yn (11.3)
(iii) Moreover for all m, n € N it holds

We denote the thus uniquely defined embedding H < ) by i and assume that i(H) is
strongly dense in ).

Throughout this chapter we will identify an element y € ), with the corresponding element
in(y) € Y if no confusion can arise.

We will now present our assumptions on the energy functional. These assumptions are similar
to (T0.1)) but need to be refined in some points in order to account for the more general setting
introduced above.

Assumption 11.2 (Assumptions on the energy). Let £ : [0,7] x H — [—o0, 0] be and energy
functional, F' : D(F') — H be its generalized state derivative and P : D(P) — R be its gener-
alized time derivative. For a function u : [0,7] — H define G(u) := sup {&(u) : t € [0,T]}.
The triple (€, F, P) has the following properties:

Non degeneracy and lower semi continuity: The domain of £ is of the form D(E) = [0, 7] x D
and I : [0,T] x D =% H for some Borel set D. Furthermore we assume

u— & (u)is Ls.c. forall ¢ € [0, 7],
ACy) > 0: Y(t,u) € [0,T]) x D : &(u) > —Cp and (T1}&o)
graph(F') is a Borel set of [0,7] x Y x YV*.
Coercivity: For all ¢t € [0, T]
u +— & (u) has compact sub-levels (I11&1)
Lipschitz continuity: There exists C'; > 0 such that for all w € D and s, t € [0, T it holds

€i(u) = Es(u)| < Cré&(u)|t — s (&)

Conditioned one-sided time-differentiability: There exists a function P : graph(F’) — R and
a constant Cy > 0 such that

V(t,u, &) € graph(F) : lim inf Ern(u) — E(u)

hi0 h < Pi(u, &) < C2G(u) [Es)

Chain rule inequality: Let Z be either ), for some n € Nor Z = Y. Letu € WH1(0,T; Z)
and ¢ € LY(0,T; Z*) such that

sup &(u(t)) < oo and &(t) € Fy(u(t)) fora.a.t € [0,7]. (11.5)
t€[0,T]
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11. Approximation of dissipation potentials on non-reflexive Banach spaces

Then the map e — &;(u(t)) is absolutely continuous and for almost all ¢ € [0, 7] it then holds

é(t) = (§(t); thac(t))y- y + P (u(t), £(1)) (11&5)

Weak closedness: For all ¢ € [0, 7] and for all sequences (un)nen C H, &, € Fi(uy), E,, =
gt(un) and Pn = Pt(um gn) with

Up, > uin Y, &, = &in H,p, > pand E, - EinR (11.6)
it holds
(t,u) € D(F), £ € Fy(u), p< Pi(u,&) and E = & (u) . (I11&6)

Similar to the prior chapter we also need to state what we precisely understand to be a solution
of a doubly nonlinear differential inclusion (I1.I). Once again let Z be either ), for some n € N
orZ = ).

Definition 11.3. Let (&, F,T) satisfy Hypothesis and assume that ¥ : ) — [0, +o0]
be a convex, lower semi-continuous function. Choose ug € D. A function tuple (u,{) €
W0, T; Z) x L*(0,T; Z*) is called a solution to the Cauchy problem

AW (a(t)) + Fy(u(t)) 3 0, u(0) = ug (11.7)

if and only if it satisfies u(0) = ug, £(t) € F;(u(t)) and the energy identity

&:(U(t))Jr/‘P(@(S))+‘1’*(—§(8)) ds = Eo(u(0)) +/PS(U(S),§(S))d8 (11.8)
0 0

holds for all ¢ € [0, T].

Notice that if the space Z is reflexive any solution to (T1.1) in the sense of the above definition
also solves (11.1)) in the sense of Definition We are also able to state an analogue to
Proposition [I0.4]also in this setting it holds that

Proposition 11.4. If the tuple (u, &) € WH(0,T; Z) x LY(0,T; Z*) satisfies the above defini-
tion then for almost every t € [0, T it holds

ov (u(t)) 3 =£(1) . (11.9)
Moreover if (II[E5) holds with =" then also the converse assertion is true.

We refrain from giving a proof here as it exactly follows the lines of the prior proof of Propo-
sition Instead we will state the general conditions on the family of dissipation potentials
(5),en- that we are going to impose in the sequel. Once again the choice of our assumptions
is driven by the two model examples we have in mind.

Assumption 11.5. Let (), H, (),,)) be an admissible triple. We assume that the family of dissi-
pation potentials (V,,), - satisfies the following conditions.

Non degeneracy. For all n € N it holds

U, : Y, — [0,00) isconvex and lower semi-continuous. (11.10)
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11.2. Embedding of the state space and metric derivatives

Uniform growth. There exist c1, ca,c3 > 0, p > 1 and ¢ > 1 such that for all n € N it holds
V(@,a®) € Vo x Vit Wola) + () > 1 [in(@)lf + e i (@)% — ¢y (1L1D)
Moreover we assume that ¥,,(0) = 0.

Remark 11.6. Assume that we consider the family of potentials pinH - ||%, for some family
(pn) € [1,2] with p, | 1. Then we can choose Y = L2, ), = LP» and H = L? and
it is easy to see that the potentials satisfy the conditions of Assumption If one chooses
Wn(-) = || llzx + 2| - |2, then a natural choice would be Y = L' and H = Y, = L? for all
n e N.

Assume that (\Iln)neN was a family of convex, lower semi continuous functions on ). If )
were reflexive then

ov, %00 — U, LTV — vy (11.12)

A major part of the proof of Theorem[I0.8]was to show that equation (10.36)), a lim inf inequality
for the Fitzpatrick function, holds. A similar result will be needed in our context. One can easily
replace the Fitzpatrick of fsy, by the sum ¥, + ¥». If )} was reflexive we would now aim to
prove that

T
Jim inf / U, (in(t) At >

n—00
0

/
o> |

U (u(t)) dt  and (11.13)

i(t))
1iminf/x11;; (=& (1)) dt U (—£(8)) dt . (11.14)

n—00
0

v

for any limit point (u, £) of the family of solutions (£, ),,cn-Especially showing (IT.13) gives
rise to some concern. The first obstacle is that even if u is absolutely continuous there need not
to exist a weak derivative of u in L'(0, 7, ))). The second obstacle is the fact that the implication

v, Ly = Mg (11.15)

is in general no longer valid. In fact it has been shown by G. Beer and J. M. Borwein in [[11] that
if the above implication holds for all families of convex and lower semi continuous functions,
then the underlying Banach space is reflexive. In order to overcome these problems a number of
preparations are needed. We start by stating our precise assumptions on the energy functional.
We will address these problems in the following two sections.

11.2. Embedding of the state space and metric derivatives

In order to overcome the lack of the Radon-Nikodym property one can embed the state space
into a larger space which has a weak version of the Radon-Nikodym property. The results in
this section are are due to be published in an forthcoming article by A. Mielke, R. Rossi and
G. Savaré [74]. However as at the time this thesis was written the result were not yet published
available we shall present proofs here for which we claim no originality whatsoever.
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11. Approximation of dissipation potentials on non-reflexive Banach spaces

11.2.1. An embedding result of reflexive Banach spaces

Proposition 11.7. Let ) be a separable Banach space. Then there exists a separable space
X C Y* and an isometric embedding j : Y — X* such that j ()) is weakly - star dense in X *.

Proof. As ) is separable there exists a countable subset {y/, : n € N} C V* such that

ly| = sup {<y;,y>y*7y in e N} . (11.16)

We then define X := span{y/, : n € N}. Clearly X is a closed linear subspace of J*, moreover
X is separable. Define the embedding j : ) < X* by

0(¥) 2)x-x = (@ 9)y-y VreX.

We will now show that j())) is weakly-star dense in X*. Let X be the weak-star closure of
j(). Notice that the set of all continuous linear functionals on X* with respect to its weak-star
topology is exactly X. Now assume that 2’ ¢ X then there exists some z € X and o € R such
that

<a:’,a:>X*7X >a>(T,x)y.y ZE X.

)

As X is a linear space we obtain that
(@, 2)y. x <0 VEEX

Hence for all y € ) it holds
<1’>y>y*,y =0V

and thus « = 0 which is a contradiction. Moreover the embedding j : ) < X* is isometric.
This is due to the choice of the subspace X, especially (I1.16). O

Why does this result help? As X* is the dual of a separable space, it possesses a weak-star
Radon Nikodym theorem, see Section Hence if y : [0,7] — ) is absolutely continuous
then also the map y : ¢ — j (y(¢)) is absolutely continuous. Hence it has a weak star derivative
%@ € LI(O,T; X'). To see where this leads to we need to introduce the so called metric
derivatives.

11.2.2. Metric derivatives

Metric derivatives can be used to extend certain differential equations to metric spaces. We refer
to the recent monograph by L. Ambrosio, N. Gigli and G. Savaré [3] for a thorough introduc-
tion into gradient flows in metric spaces. This book also provides a solid introduction into the
necessary concepts for such a study. We also point out two articles by A. Mielke, R. Rossi and
G. Savaré [93| [72]] who studied doubly nonlinear differential inclusions and especially rate in-
dependent evolutions on metric spaces. These are topics of interest in their own right. Here
however the concept of metric derivatives serves merely’ as a technical tool allowing us to over-
come the problems at hand.
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11.2. Embedding of the state space and metric derivatives

For our study we require the possibility of non-symmetric distance functions. To this end let
us shortly define our assumptions. Let X be asetand d : X x X — [0, oo]. We say that (X, d) is
a (possibly asymmetric) metric space if

Vu,veX: du,v)=0<=u=v (11.17)
Vu,v,we X du,w) < d(u,v) + d(u,w) . (11.18)

Definition 11.8 (Metric derivative). Let (X, d) be a metric space and v : [0,7] — X. The metric
derivative of v at a point ¢ € [0, 7] is given by

[v/[a(t) = lim d(v(t), Z(t +h) (11.19)

should this limit exist.

A function v : [0,7] — X is called absolutely continuous if there exists a function m €
L*(0,T) such that

VO<s<t<T:dv /m (11.20)

Theorem 11.9 ([3, Theorem 1.1.2], [93] Proposition 2.2]). Let v € AC(0,T;X). Then for al-
most every t € [0, T the metric derivative |v'|4(t) exists. The function t — |v'|4(t) is integrable
and

VO<s<t<T:d(v /\v\d

Moreover for any function m € L'(0,T) satisfying (I1.20) it holds
[V |a(t) < m(t) forae. tel0,T].
To see how this relates to our problem let d be the metric induced by the norm on ).

Proposition 11.10. Let Y be a reflexive space and X C YV* be the separable space constructed
in Proposition[I1.7) Let y : [0,T] — Y be absolutely continuous. Then the map t — j (y(t)) is
in AC(0,T; X*). It thus has an weak-star derivative denoted by %j (y(t)) and it holds

d._. /
Hdty(t)H =y/|,(t) foraetel0,T).
X/

Proof. Indeed lety : [0,7] — Y be absolutely continuous. Then as the embedding j : J) — X*
is an isometry also t — j (y(t)) is absolutely continuous. For all 0 < s < ¢ < T it holds

O =yl = 1 we) =i W)l
= sup {1 (u(t) =3 (u(s)) @) x i ENY

where the family (x,,),cn can be taken from the proof of Proposition Notice that for every
n the set of all t € [0, T'] such that

d .
hﬂ%h <ds > d8_<dsy<t)’x”>x*,x
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11. Approximation of dissipation potentials on non-reflexive Banach spaces

has full measure. Hence for almost all ¢ € [0, T it holds that

1 d
hgngf 7 ly(t +h) —y(t)]y = H dt?f(t)HX

At the same time it holds for any 0 < r < s < T that

/S Hi?@HX, dt > [li(y(s)) = i)l = ly(s) = y()ly

This shows the claim. O

Example 11.11. Assume that J = L!(Q) for some open, bounded set §2. Then Y* = L>(1).
A natural choice for X would be the set of all bounded continuous functions on 2, Cp,(£2). The
corresponding dual is the set of all finite Radon measure M ((2).

11.3. Mosco convergence in non-reflexive Banach spaces

Let us interpret u as a function on X* and denote by %u its weak-star derivative. If we try to
prove an analogue of we immediately run into the problem that ¥ is only defined on ).
Hence one needs to find a way to extend this function to X™*. As we are trying to establish a
lim inf result it appears natural to relax ¥ to its lower semi continuous closure Wy : X* —
(—00, 0o] which is given by

U ei(2") = sup {<x',x>X*7X —U*(z):ze X C y*} ) (11.21)

We would then replace (IT.13)) by

n—0o0

lim inf /T U, (i (1)) dt > O/T Wy ((i(ju(t))) dt . (11.22)

To prove such an inequality an analogue of the limin f-inequality (2.24)) with respect to W, and
the weak star topology of X* is needed. To be precise we would desire that

Y(yn) C Y, j(zn) = 2" in X*: liminf ¥, (y,) > Upe(2). (11.23)

n—o0

However even if ¥,, M, the above inequality does not need to hold, as the following example
will show. The idea behind this example is due to G. Beer and J. M. Borwein [11]].

Example 11.12. Assume that)) = L'(—1,1). Then * = L°*(—1, 1) and one may choose X =
Cy(—1,1) and consequently X* = M(—1,1). Weierstrass theorem grants that X is separable
and it is simple to check that L' < M(—1,1) is weakly star dense. Choose g € Cy(—1,1) to
be g(x) = 1 — |z|. Then forall f € L*(—1,1) with || f|| 11—,y = 1 it holds

(0. F)yey = [ F@g()de < 1. (11.24)
21
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The reason therefore is that an L' function cannot concentrate its mass on one point. Now define
(An)neN by

An = {f S Ll(Q) : HfHLl(—Ll) - 1, <g7f>y*,y > 1— ]-} .

n

Notice that due to (11.24) the intersection of all A,, is empty, i.e.
ﬂ A, =0.
neN

Furthermore we define the sets C,, by
Cnp=co({0}UA,) .

Notice that A, is closed and hence so is C),. For n € N we define the functional ¥,, : X —
[0, +00] by ¥,,(z) := M, (x). First notice that M¢,, A, Moy First C, M, {0} in the sense
of Mosco convergence of convex sets. First, as 0 € C), for all n € N a strong recovery sequence
exits. Second let (z,,),,cy C X with z,, € Cp, and 2, — . Then as (Cy,),,cy is a decreasing
sequence of closed convex sets, we obtain that z € C,, for all n € N. Due to [Borwein - Lemma
3.1] we obtain that z = 0. As Mosco convergence of a family of convex functions is equivalent
to Mosco convergence of their epigraphs we deduce that M¢, MM {0}

Define the sequence (fy,),cny C L'(—1,1) by fn(z) = %X( ) be a sequence of functions. It

is simple to see that || f,,|| ;1 = 1 and

11
n’n

fu- L2568 in M(—1,1),

where ¢ is the Dirac measure on 0. Moreover for all n € N it holds

1 1/n
non 1
/f(m)g(x)da; / 5—5195\(195*1—%
-1 —1/n

Then as f,, € A, it also holds f,, € C,,. Moreover for all m € N and A > 1 it holds A f,, # C,,
as [[Afnll;1 = A > 1. Thus

U, (fn)=1.

However as ¥ = M {0} We obtain that also W, = M {0} and hence Wil (09) = +o00. Therefore
the lim inf inequality is not satisfied.

Before we further discuss this topic note that for any y € Y it holds that W, (j(y)) < ¥(y).

However one can not be certain that also equality holds. This can be overcome by adapting the
choice of X.

Proposition 11.13. Let Y be a separable Banach space and V : ) — [0, 00| be a proper, convex,
lower semi continuous function such that ¥(z) = 0 iff x = 0 and

V(y,y) ey x Y : Uy + ¥ (y) > clyly + caly'[5. — 3. (11.25)

for some c1,co,c3 > 0, p > 1and q > 1. Then there exists a separable subspace X C YV* and
an isometric embedding j : Y — X* such that j ()) is weakly star dense in X* and

vy eV W(y) =sup {(y,y)y.y — V() iy €X} (11.26)
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Proof. Step 1 - Convex conjugate. First we are going to show that for all y € ) there exists
some 3" € Y* such that

/ /
(y) =¥\ y)ypey — T ()
To this end notice that as W is proper, convex, and lower semi continuous it holds that

U(y) = sup { (4, y) ey~ O (W) 1y € y*} .

Let y € Y* be fixed. Then for n € N choose y/, € Y* such that

1
The family (y;,),,cy i uniformly bounded in J* because
W) yey =V () || lyl =2 |y|" +e3 = =00 as [y/| = oo.

Hence there exists a subsequence (1 )ren such that y;, Xy for some i’ € YV*. As U* is lower
semi continuous we obtain that

U(y) < limsup (g, )y, = O (Un,) + o YY)y =V () < V(y).

k—o0

Step 2 - Choice of subspace. We will now prove that there exists a separable subset X C V*
satisfying (TT.26)). To this end let (y, ),y be strongly dense in ). For all n € N choose y/, such
that

Moreover let (7;,),,c be the sequence satisfying (TT.16). We then define

X =span({y,, : n e N} U{y], : n € N})

Obviously X is a closed, linear and separable subspace of J*. Moreover for all y € ) it holds
that

U(y) > sup {(x,yb*’y —U*(z):x € X} .

For any y € ) there exists a subsequence (yn, ),y such that y,, — y. Let (y;, ), be the
corresponding sequence in X. Due to the lower semi continuity

Notice that the family (ygk) is uniformly bounded in ). This is due to the observation that

k
/ roa
and the fact that |y,, | < C for some C' > 0. Hence there exists a subsequence (y’ k')k such
J

n
that

rE
ynkj y

. . / / . . / /
4 hkxggf <ynk’ y”k>)i*,)i - (y”k) - hgn—l>£f <y"kj »Yni >y*7y - <y”kj>
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11.3. Mosco convergence in non-reflexive Banach spaces

Moreover we have that ' € X. Hence we can deduce that

U(y) < (Y 9)yey — U () <sup {(@p)yey — V(@) s X}

Step 3 - Inclusion. We define inclusion j : Y < X* by

Ve € X : (i(y): %) x+ x = (T, Y) ey -

Showing that this inclusion is weakly star dense in X* has already been done in the proof of
Proposition The space defined there is contained in the space constructed here. It also
follows that the embedding is isometric. 0

We are now going to show that asking for (11.23) is equivalent to requiring that for all elements
of X there exists a strong recovery sequence for ¥*.

Proposition 11.14. Let (V,,),, . be a family of convex, uniformly proper and lower semi con-
tinuous functions V,, : Y — [0, 00) such that ¥,,(0) = 0. Let g : X — [0, 00) be convex, proper
and lower semi continuous. Then the following two are equivalent

i) Forall (yn)nen C Y withi (yn) — 2’ in X* it holds

liminf ¥, (y,) > ¢*(2') . (11.27)

n—oo
ii) Forall x € X there exists a sequence y,, € Y* such that

yp =@ inY* A limsup ¥, (y),) < g(=) (11.28)

n—o0

Proof. ii) = i). This direction is the easier one. Choose (4, )nen C Y such that j(y,) — ' for
some =’ € X. Moreover choose z € X and a corresponding sequence (y,,)nen C V* such that
(T1.28) is satisfied. Then

lim inf Wy, (yn) > Hminf (g5, yn ). 5, = V5 ()

n—oo

Notice that by assumption

liminf -} (y;,) = —limsup ¥}, (y;,) > g(z).

n—o0 n—00

Moreover as j (y,) — 2 in X* we have |j (y,)| y is uniformly bounded and as j is an isometry
S0 is |yn|y. We furthermore obtain that

W)y = () 5
< o= 2l lynl + [(i(wm) — 2", 2) | 0,

Hence we deduce that
liminf ¥, (y,) > <x’, x>X* ¥ —9().

n—oo
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11. Approximation of dissipation potentials on non-reflexive Banach spaces

Taking the sup over all z € X we obtain the claim.

i) = ii). In order to establish this direction we follow an approach by A. De Acosta [28, Ap-
pendix B] who showed for separable, possibly non-reflexive Banach spaces that ¥}, Mg =

M . . .
W, — V. In fact he assumed that ¥, * was an increasing sequence. However following the
lines of his proof one can easily see that it already suffices to assume Mosco convergence.

For ¢ > 0 we define ¥,, . by
c
‘I/n,c(y) = ‘;[jn(y) + §|y‘2 .

Moreover we set g. : X — [0, 00) to be
_ / * C AV *
gc(x)—sup{<x,:v>x*7X—g (l’)—§‘$| reX }

Claim 1. It holds that
Ve X : limsup V¥, .(z) < ge(z).

n—oo

Without loss of generality we may assume that g.(x) < oco. Moreover we choose ny, to be the

subsequence such that lim sup ¥;, () = lim ¥}, .(z). We can also assume that

*
nk,C

lim ¥y (z) > —o0.
k—o0

Otherwise the claim is trivially satisfied. Choose y,, € ) such that

C 2 1 C 2 1
0< \Ilj;k,c(x) < <xaynk>3}*,y = Uy, (Yn,,) — 9 Y, |” + TTk < [2||yn,| — 5 |yn,l” + 7”Tk

Hence we may deduce that
1

where the constant C' is independent of k& but depends on x and c. We therefore deduce that y,,,
is uniformly bounded in ) and hence as well in X*. Therefore there exists a 2’ € X* such that
up to a further subsequence y,,, X 2. Using the weak star lower semi continuity of the norm on

X* and the liminf inequality we hence deduce that

1

. . . c
lim sup \I]n,c(aj) < limsup <9573/nk>y*,y - \Ij"k (ynk) - 5 ’ynk‘z + Fk

n—00 k—o00
. c
< <x,ax>X*7X -9 (.’El) - §|.’IJ/‘2 < gc(l') :
Moreover it also holds that sup,.q gc(z) = g(x). Indeed
c l|2

/ x( 1
supge(x) = sup sup (', z),. « — g (2) — =|x
c>0 C( ) c>0 x'eX* < ’ >X X ( ) 2

/ %/ 1 C\ 12
= sup sup{x, ).  — g (&) — =|2'|* = g(x).
' eX* c>0< >X X ( ) 2‘ ’ ( )

The latter equality is due to the fact that for any Banach space X and any convex, proper, lower
semi continuous function g it holds g** = g. We hence obtain that

limsup lim ¥ (z) < g(x).

c—=0 N>
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11.3. Mosco convergence in non-reflexive Banach spaces

Using a diagonalization argument there exists a function ¢ = ¢(n), ¢(n) — 0 such that

limsup ¥, .,y (z) < g(x). (11.29)
n—00 ’
Notice that for all n € N there exists a g}, € ) such that
i () + oy [ =2l < Voo (@) 4 (11.30)

This readily implies that
limsup ¥ (yn) < g() .

n—o0

It remains to show that y/, — . This is a direct consequence of (T1.29) and (T1.30) because
otherwise

. « 1 2
lim sup (\I/n (y;) + m }y; - x‘ ) =0

n—oo

This concludes the proof. O

If ¥ is a 1-homogeneous function then W is a pseudo norm on Y. We also can define a possibly
non-symmetric metric on ) by

dy(u,v) = V(v — u) Yu,v € Y. (11.31)

Now assume that the function y : [0, 7] — ) is absolutely continuous w.r.t the norm on ). Then
due to the isometry of j the map ¢ — j (y(¢)) is absolutely continuous with respect to the norm
on X*.

Proposition 11.15. Let -3 (y(t)) be the weak-star derivative of j (u(t)). Then it holds that

Ul <jtj (y(t))) = ||, (t) foraetel0,T]. (11.32)

Here |u'|y, (t) denotes the metric derivative with respect to the metric dy.

Proof. Showing this is similar to before. If ¥ is 1-homogeneous then there exists some /' C X
such that ¥ = M. Define K = K* N X and due to (T1.26)) it holds

W(y) =sup { (1), @)y x 17 € K}

We hence obtain forall 0 < ¢t <t+h<Tandx € K that

)

Wyt +1) =) 2 G+ 1) =) 600 o) x = [ +h<dj<y<s>>,x> s
t

Taking the limit ~ — 0 we deduce for almost every ¢ € [0, T'] that

g U0 g (S50

Moreover one has for 0 < r < s < 7T that

s

¥ (y(s) ~y() < [ W (jt, (y(t))) at.

r

This suffices to conclude that (I1.32)) holds. O
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11.4. Statement of the main result

We will now state our main result. We especially have to define which precise assumption we
have to make for the convergence ¥,, — W. We are not able to prove a result while assuming
only Mosco convergence. Because of the problems mentioned in the prior section, we instead
have to develop a stronger notion of convergence. To see that this notion is still feasible for
applications we are going to show that they are met for the two model examples we introduced
at the beginning. As a last preparation we will state our assumption on the limiting potential W.

Assumption 11.16 (Assumption on the limit dissipation potential). We assume that the potential
U : Y — [0, +00) is a proper, convex and lower semi continuous function. Moreover it satisfies
U(0) = 0 and there exist ¢1, c2,c3 > 0, p > 1 and ¢ > 1 such that

V(y,y) ey x Y : U(y) + T*(y) > clyly + caly'[5. — 3. (11.33)
Let us now state the main theorem of this chapter.

Theorem 11.17. Let (y, (Vn)nen» H ) be an admissible family of state spaces. Let the triplet
(&, F, P) satisfy Assumption Let (Vy,),cn be a family of convex, lower semi continuous
potentials V,, : Y — [0,+00] satisfying Assumption Let (Un,&n),en be a family of
functions (up, &) € WHL(0,T;V,) x LY(0, T, V) such that (uy, &,) is a solution to

OV, (Un(t)) + Fi (un(t)) 20, upn(0) =wup

in the sense of Definition Moreover choose V such that Assumption holds. Define
X C Y* such that the conditions of Proposition|l 1. 14|are met. If

vz € X*, (Yn)peny €V 1 5(yn) BN liminf U, (y,) > Wp(z) (11.34)
Vhe H:3(hn)yeny C H, |hn —hly —0:  limsup ¥, (h,) < W(h)  (11.35)

then there exists a subsequence (ny,),cy and a tuple (u,§) € BV (0,T;Y) x L9(0,T; Y*) such
that
Un, (t) = u(t) Vtel0,T] AN &) € Fi(u(t)) ae in0,T].

Moreover the tuple (u, &) satisfies u(0) = ug and it holds for all t € [0, T] that
t . ¢ . t
Eu(t) + [ o (ttac(r) ) dr+ [ 035 ((7)) dINII(R) + [ 97 (=€(7)) dr
0 0 0
< & (u(0)) + [ Pr (u(r). (7)) dr. (1.36)
0

Certainly a few remarks are in order to explain the convergence conditions (11.34)) and (T1.33]).

First of all we shall point out that these two conditions imply that ¥, 2, . For the lim inf-
inequality just note that 3, — y implies j(y,) — j(y). For the existence of a strong recovery
sequence notice that D(¥) = ). Hence W is continuous on ). Moreover H < ) is dense. For
any y € ) choose a sequence (hy,),,c such that

nlglgo |hn —yly =0.
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11.4. Statement of the main result

For each h,, there exists a sequence (hy, 1), cn such that lim |hnk — hnlg = 0 and the lim sup
inequality (T1.33) is satisfied. Now remember that convergence with respect to the H-norm im-
plies convergence with respect to the }J-norm. A strong recovery sequence for y can hence be
obtained by extracting a diagonal sequence.

As the convergence conditions (11.34) and (11.35) are stronger than Mosco convergence one
may ask whether these are actually met in ’interesting’ cases. To argue in favor of these two
conditions let us shortly show that the two examples from above satisfy these conditions.

Proposition 11.18. Let Q C R"™ be an open, bounded and connected set. Define Y = L'(Q) and
H = L?*(). Choose ¥ = || - 21 (q)- The set X = Cy(Q) satisfies the condition of Proposition
11.14} For any sequence (cp,),, oy C (0, 1] such that £, — 0 it holds that both families

1
V()= — - kg and WR0) = llove) +enll - 20
n

satisfy the convergence conditions (11.34) and (11.33)) with respect to .

Proof. ad Wl. To see that condition lim inf-condition holds choose a measure 1 € M(Q)
X*. Take any family of function (yy),cy C L*() such that y, - £ = p. If y, ¢ L1 (Q)
then ¥} (y,) = +oc. Otherwise

1 1 / 1+e / €n
Vo) = 1 [ @) de > [ (el de = o L(0)
Q Q

This is a consequence of Holders inequality. Notice that 172~ L(2) — 0as n — co. Moreover
it holds that

lynll i) = lyn - Ll pme) -

Then (T1.34) is a consequence of the weak-star lower semi continuity of the norm on M (€2). In
order to find a recovery sequence choose any h € L?(€2). Then ¥,,(h) < co. Moreover it holds
that

()" = |h(z)| forae zeQ.

From the dominated convergence principle we then deduce that W,,(h) — W (h).
ad V2. The proof is similar. The liminf condition follows immediately from the fact that
V2 (y0) > gl e -
For the recovery sequence one may once more choose any h € L2(2). Then

‘I’%(h) = HhHLl(Q) +én HhHLZ’(Q) - HhHLl(Q) (asn — 00).
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11.5. Proof of the main theorem

Before we can prove Theorem [T1.17] we need to prove another selection principle.

Proposition 11.19. Assume (&, F, P) satisfies the Assumption and U satisfies Assumption
Moreover let w € BV (0,T;)) such that

foraa.t€[0,T]: (t,u(t)) € dom(F) A sup{& (u(t)):t€[0,T]} <4oo. (11.37)
Assume that the set
S(tu(t)) ={(Cp) e HxR: (e F(ut)),p< P (ult),)} (11.38)

is non-empty for almost all t € [0, T). Then there exist two measurable functions § : (0,T) — H,
p:(0,T) — R such that

(&(t),p(t)) € argmin {¥*({) —p: ({,p) € S(t,u(t))} ae in[0,T] (11.39)

This is in fact a simplification of [69, Lemma B.2]. Hence the proof is simpler. The reader
might be familiar with the structure of the proof also from Lemma[I0.11]

Proof. We start by showing that
argmin {U*({) —p: ({,p) € S(t,u(t)} #0 forae. te[0,T] (11.40)
Choose some ¢ € [0, T such that S(¢, u(t)) # 0. Without loss of generality we assume that
inf {¥*(¢) —p: (¢,p) € S(t,ut))} < +oo.

Otherwise the argmin coincides with the set S(¢,u(t)). Now let ((,,p,) be an infimizing se-
quence. Then analogous to (10.23)) we obtain that both p,, and ¥*((,,) are uniformly bounded.
We hence obtain that ¢;, is uniformly bounded in J* and there exists a subsequence ((y, , Pn;, ). eN
such that

Cng LC and pp, —Dp.

Especially it holds that ¢, — ¢ with respect to the weak topology in H as well. Thus due to
(TT[E) we have (¢, p) € S (¢,u(t)) and also obtain that

(¢, p) € argmin {¥*({) —p: (¢,p) € S (t,u(t))}

Now showing that the existence of measurable selection follows the same lines as in the proof of
[69, Lemma B.2]. It is even simpler as there is no dependence on #(t). First we define the set

S :={(t,u,(,p) €[0,T] x Y x HxR:¢€ Fi(u),p < P(u,()}

This is a Borel set as graph(F’) is a Borel set and the map ¢ :— P;(u, () is a Borel function. By
assumption there exists a set 7 C [0, T'] of full measure such that

S(t,u(t)#0 VteT.

We then define the multivalued map ¢ € 7 — S(¢,u(t)). Using the fact that u is a Borel
function we then obtain once again from [20, Corollary III.3 and Theorem II1.6] that there exists
a measurable selection which satisfies O
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We are now able to prove our main result.

Proof of Theorem The steps we follow are similar to the proof of Theorem [10.8

Step 1 - A priori estimates and compactness. For n € N we define
E,:[0,T] >R, tw & (un(t)) . (11.41)

As U, Ur > (0 we deduce that
t
&@g%+q/&@®. (11.42)
0

Employing Gronwall’s Lemma we obtain sup{ E,,(t) : t € [0, 7]} < C for some C' independent
of n. Consequently we have

ess sup {| P (un(t), &, (1)) : t € [0,T]} < C. (11.43)
From this we get
T
[ Gt + 0 (-6t @t < € (11.44)
0

The growth condition (11.11]) now implies

T

/01 i (B)]y + 2 €(1) . At < C (11.45)
0

Therefore (uy),,cry and (&), are uniformly bounded in L' (0,T;Y) and L9(0, T; H) respec-
tively. Finally analogous to the proof of Theorem we obtain that ¢t — E, () is uniformly
bounded in BV (0, T).
Hence passing to an appropriate subsequence (ny)ren we find functions £ € BV (0,7), u €
BV (0,T;)) such that

(En(t), un(t)) — (B(t),u(t)) Vtel[0,T]. (11.46)

Additionally there exists a family of Young measures (O’t)tE[O’T], oy € M (H x R) satisfying
Theorem Especially we can deduce that ||o;|| = 1 almost everywhere and

supp (0¢) C ) e1{ (&, (1), Py, () 1 & > 5} (11.47)
jeN

where cl is meant to be the weak closure in H x R. Finally notice that },, — X* forall n € N.
Define forallt € [0,7] and n € N

Un(t) == (un(t)) . (11.48)

Any absolutely continuous function on ) is absolutely continuous on X*. Furthermore let Un
be the weak-star derivative of u,, which exists due to Theorem Then @, (t) = j (un(t))
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for almost every ¢ € [0,7]. Furthermore the family \, = U - L is uniformly bounded in
M(0,T, X*). To see thislet 0 < r < s < t. Then

A ([ sD)e = sup { ([, 1) ) o <1 (11.49)
We then can estimate that for all z € X with |z| < 1 it holds

(A ([r,s]) 7$>X*7X = (J (un(s)) = (un(r)) a$>X*,X

S

— (uns) = w1y y < [ lin(e)y

T

Applying (I1.3)) we hence know that for any closed set [r, s] C [0, T it holds
S
e ([ ) 5 < C/]un(t)\yn dt (11.50)
T

It is thus an immediate consequence of (11.45) that \,, is uniformly bounded in M (0, T; X™).

Hence there exists a further not relabeled subsequence (1), such that

Aoy, = A in M(0,T; X*). (11.51)

Step 2 - lim inf-inequality for the dissipation potential. We are now going to show that

n—oo

lim inf O/ U, (i (1)) dt > 0/ Wi (fne(s)) ds + O/ 3 (00) e a1

We shall first pass to a non-relabeled subsequence such that the lim inf is indeed a limit. Notice
first that due to (T1.44) the family

Fu it Uy (in(t) (11.53)

is uniformly bounded in L'(0,T). There exists a subsequence (ny),.y and a measure f1 €
M(0,T) such that
fn- L2320 (11.54)

Hence there exist measures Age, As € M(0,T; X*) and piqe, pts, i1 € M(0,T) such that

Aacll <L A Al LL A A=A+ Ase and (11.55)
fae <L A ps <Al A pr LA A o= pae + ps + po (11.56)
For the sake of notational simplicity we shall simply write the index k instead of (ny). Define

as before Q(tg,¢) = (to —5,t0+ %) For any countable family (z;);eny C X there exists set
T C [0, T] of full measure such that for all ¢ty € 7 and all ¢ € N it holds

g D (Q0,) N[0, T]) i) e x
By L (Q(to, ¢))

_ <ﬁac(to),a:i> . (11.57)

X*,X
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If one chooses (x;);cn to be strongly dense in X a simple limit argument shows that the above
equality holds for all z € X . Moreover for almost every ¢ € [0, 7] it holds that

1 (Q(to,€) N[0, T])

d/iac Y
az ) = I St o) < (11.58)

Now choose x € X such that U*(2) < +oo. Then as a consequence of Proposition
there exists a strong recovery sequence (y,.) C V* such that y;, — = and ¥ (y;) — ¥*(z).
Furthermore we can choose a subsequence &, such that &,,, — 0 and X (0Q(to, &) N [0,T]) =
w1 (0Q(to,em)) = 0. It then holds that

dptae . . 1 .
— lim | v
ac o) mor00 koo £ (Q(to, em) N[0, T7]) / k(i ()) dt

Q(to,em)N[0,T]
. . 1 . . /. * /
e 2@ e N0, T]) R / (U 1k (8)) 3 3 At = W (9) - £ (Qlto,Em) {

Q(to,em)N[0,T]

Y

We then can write

/ (Vo Wk (1) )y, dE = / (@, 1k (8))ype 5 dt
Q(to,em)ﬂ[O,T} Q(t075m)m[07T]
+ / (yj, — x,un(t)>y*7y dt
Q(thEm)

For the first term we obtain
(m,uk(t»y*y dt
Q(tQ,E‘m)m[O,T}

- G (1)), 2) yex dt = (A(Q (to, ) N[0, T]) @)y x -
Q(to,em)N[0,T]

The second term can simply be estimated by

/ ‘(yg - x,uk(t)>y*,y‘ dt < |yi, — x|y, lin(®)ll 1o gy = 0. (11.59)
Q(t07877L)m[07T]
Letting m — oo we finally deduce that
hac 40 <a (to) a:> — T (2) (11.60)
dc =N\ xe x
and taking the supremum over all x € X we obtain
dﬂfac > B
a’ (tO) > Wi (uac(t0)> . (11.61)
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Now let 75 C [0, T be the set of all £y such that

1 (Q (to,€) N [0,T7) _ dps
@001 — ] (16
AQ (o) N[0T 2)xex /o
lim Tl (Q (o, 2) N 0.7 = <us(t0),x>X*7X Vo e X and (11.63)
liy SQU0N0T) (11.64)

=0 [[ A (@ (o, €) N[0, T7)

Then the set [0, 7]\ 7T is a || As||-null set. Once again let us choose a sequence (€ ),,,cpy Em — 0
such that A (0Q(to,em)) = p (0Q(to,em) N[0,7]) = 0. Choosing z € X with U*(z) < 400
and a corresponding strong recovery sequence (¥ ),y We NOW may compute

dps 1 / .

t = lim lim U (0 (t)) dt

ac (to) m=—oc ko0 || As|| (Q(to, €m)) k(1 (1))
Q(to,Em)ﬁ[O,T}

> hmlnfhkmlnf (1]l (Q(to, em) N[0, T])) "
—00

— 00

[ G ®)ye y dt - L@z 0 [0.T) W ()
Q(to,Em)ﬂ[O,T}

Analogous to our prior calculations we obtain that

<y§€,uk(t)>y*7y dt — (M (Q (to,em) N[0, T]) , ) x- x - (11.65)
Q(to,em)ﬁ[o,T]

Moreover as m — oo we deduce that

Q0 Em) N[0, TN 2) xe x — £(Q(f0,€m) N[O, TN U () /.
lim inf : = <us(t0),x> .
m—reo [As[1 (Q(to, em) N[0, TT) X* X
(11.66)
Hence taking the supremum over all x € X we finally deduce that
dps -
dlz (to) = Wi (us(to)) : (11.67)

Inequality (I1.52)) now is a consequence of integration over [0, 7] and the fact that as ¥,, > 0
also u > 0.

Step 3 - lim inf-inequality for the Young measure It follows from the weak strong closedness

(TT[E) that
supp (o¢) C {(¢,p) : ¢ € Fy(u(t)),p < P(u(t),()} ae. in[0,T]. (11.68)

Moreover we obtain that for almost every ¢ € [0, 7] it holds that (t,u(t)) € D(F') and E(t) =
Et(u(t)). It remains to show that

hmmf/ * (—&n(s ds>//HXR ¢)dos(C,p)ds (11.69)
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This is a consequence of Theorem 4.22} if we can show that for all families (h;,),, .y € H* = H,
h!, — R’ it holds that

lim inf U* (B)) > U*(1). (11.70)

n—o0

To see this choose any h € H. Then there exists a family (h,),.y C H, hy, — h such that
(11.33)) is satisfied. Then it holds that

liminf W (k) > liminf (b, hy) — W, (hn) > (K, h) . 5, — @ (h) .

n—oo n—oo

Taking the fact that H — ) dense and the fact that W is continuous as it is defined everywhere
on )Y we deduce that

vh' e H*\Y*: sup (k' k)., —VU(h) =+c0.
\ heIIu)(< >y,y (#)

On the other hand for all A’ € Y* C H* it holds that

sup <h', h> — U(h) = sup <h/7 y>
heH yey

This implies (11.70).
Step 4 - Selection argument and conclusion of the proof. Finally we obtain from Proposition
11.19|that there exists a pair of functions (£, p) such that

ey o

U (1)) — plt) < / T(¢) - pdor(C,p)

HxR

Now combining all the above results and integrating and integrating over [0,¢) we deduce that
for almost all ¢ € [0, T'] it holds

t

E(u(®) + [ Via (fiae(r)) ar + IR (B(m) dinlir) + [ (=) dr

< & (u(0)) + OfPs (u(s),£(s)) ds.

11.6. The case of rate-independent limits

We will finish this chapter with a few remarks concerning the rate independent case. Assume
that U is a 1-homogeneous function. Then there exists a convex set K C ) such that U = My
and it holds that W* = Ig«. It follows from

T T
/\p* (—€(t)) dt = /IK* (—€(t)) df < +oc
0 0
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that —£(t) € K™ for almost every t € [0,7]. In the terminology of rate-independent processes
this means that the function « satisfies the local stability condition. Moreover also W, is also
1-homogeneous and it holds W] = W,. Then the limit inequality (11.36) reads

Eu(t) + [ W (fiae(r)) dr 4 [ W (f(m) dinlier +fIK* (~¢(7)) dr
0 0

t
< & (u(0)) + [ Pr (u(r),&(7)) dr.
0
In order to give context to this equation in the purview of solution concepts for rate independent
systems we need the following proposition.

Proposition 11.20. Let ) be Banach space and V : Y — [0, +0o0] be a proper, 1-homogeneous,
convex and lower semi continuous functional satisfying Assumption Let X C Y* satisfy
the conditions of Proposition Let U, be the relaxation of ¥ to X* according to (I1.21).
For a function u € BV(0,T;)) define

Dissy (u, [0,t)) :=
sup {Z U (u(ti—) —u(tior+)) + 3 U (u(tit) — ulti=)) : (ti)ig C [0,8), tio1 < tz} .
=0

Then it holds that

Dissa(u,[0,8)) = [ W (Guc(r)) dr+ [ War () Al 17

[0,) [0,t)
where X\, \g, Ayc and ﬁac, ﬁs are defined as in the above proof.

We now can rewrite the limit equation in the rate-independent case as

£,(u(t)) + Dissy (1, [0,t))+/IK* (—€(7)) dr < & (u +/PT ) dr.
0 0

In the language of rate independent systems such a function pair is called a local solution to the
evolution equation (TT.T)), see e.g. [73]]. It is one of the weakest notions of solutions for rate in-
dependent systems. Especially in general uniqueness cannot be expected [[102]. Approximating
rate independent processes has been considered in a number of works, see e.g. 61} 72} [73] [70].
Whereas in these cases a more precise understanding of what happens at jump points has been
obtained the form of the approximation was limited to specific families of dissipation potentials.
The benefit of the above result is that the family of dissipation potentials is rather arbitrary. How-
ever one pays for this by loosing information on what happens when the solution jumps. One
could argue that the above theorem shows that the minimal requirement for a solution of a rate
independent system should be that it is a local solution.

As the final act of this chapter let us prove Proposition [IT.20]
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Proof. Every w € BV (0,T;)) admits left and right hand side limits at every ¢t € [0, 7. For
convenience we set u(0—) := u(0) and u(T+) := u(T). Therefore the above definition of Dissy
is sensible. Moreover we define ut : [0,7] — Y by u™ : t — u(t+) and u™ : [0,7] — ) by
u” :t— u(t—). As ¥ is 1-homogeneous there exists a convex set K C ) such that ¥ = My
and consequently U* = Iy.. Set K = K N X. Then as a consequence of (TT.21) we obtain that
Vel = (1) *. Moreover due to it holds

Dissy (u, [0, t]) = Dissg,, (j(u), [0,t]) .

Note that Dissy is a left continuous function of bounded variation. Let ;1 be the Radon measure
induced by Dissy. Notice that as Dissy is monotone increasing i > 0. Moreover there exist
measures A\ge, As € M(0,T; X*) and fiqc, pts, 1 € M(0,T) such that

Aacll <L A Al LL A A=A+ Ase and
Pae < LN ps < [ Xsll A pr LLAA A g = plae + s+ pL

Notice that 1, > 0. Then for £-almost all ¢y € [0, 77 it holds

(A (Q(to,€)) :5’3>X* X

<aac(t0)’li>x*7X = ;E}(l) ﬁ(Q(tOﬁg)) | and
dftac T (Q(to,¢))
a’ (to) = allg(l) m =

Without loss of generality we may assume that ¢ty € (0,7"). Choose € small enough such that
[to — 8/2,t0 + 6/2] S [O,T}. Then

dftac P .
e (to) > 11gL151f5 Ly (u™(to +¢/2) —ut(tg — £/2))
.. -1 RS
> liminf e (A (QUt0.2)) @)y = (Faclto))

Taking the sup over all z € K it holds

d(f “(t0) 2 Wi (Taelto)) -

We proceed analogous for ¢ € supp (||As]|). It holds for || As||-almost every ¢ € [0, T'] that

=0 X[ (Q (to, ) N[0, T7) dl[As]
. <)‘ (Q (t07€)ﬁ[0>T])7x>X*,X o BN
ey @ n By~ (o), VeeX.

However in this case we cannot simply assume that to € [0,7]. For ¢ty € {0,7} a small
case distinction is necessary by considering either ¥ (u(0 + £/2) — u(0)). Apart from that the
estimate works as above and we deduce that

dps EY
to) > Uy (1s(to)) -
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Integration over [0, ¢) we obtain that

Dissy (u, [0,)) > / Wiel (a\ac(T)) dr + / el (as(7)> d[[As[I(7) -

[0,¢) [0,¢)
The other inequality is simple as it holds for all 0 < s < ¢ < T that

U (u(t=) — u(s+))

= sup (A((s,1)),2)x+ x
TeK*

= s [ [ ()i [ (i), i

)

(s5t) (s,t)
< [ swp (fulr)a) v+ [ swp (e) - dlno)

reK* reK* )
(s,t) (s,t)

And a similar argument holds for W (u(t+) — ¥ (u(t—)).
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