
Appli
ation of Survival Analysis Methods to Long Term CareInsuran
eClaudia Czado Florian Rudolph�Abstra
tWith the introdu
tion of 
ompulsory long term 
are (LTC) insuran
e in Germany in1995, a large 
laims portfolio with a signi�
ant proportion of 
ensored observations be
ameavailable. In �rst part of this paper we present an analysis of part of this portfolio using theCox proportional hazard model (Cox (1972)) to estimate transition intensities. It is shownthat this approa
h allows the in
lusion of 
ensored observations as well as the in
lusion oftime dependent risk fa
tors su
h as time spent in LTC. This is in 
ontrast to the more
ommonly used Poisson regression with graduation approa
h (see for example Renshaw andHaberman (1995), where 
ensored observations and time dependent risk fa
tors are ignored.In the se
ond part we show how these estimated transition intensities 
an be used in amultiple state Markov pro
ess (see Haberman and Pita

o (1999)) to 
al
ulate premiums forLTC insuran
e plans.Keywords: Cox Proportional Hazard, Survival Analysis, long term 
are insuran
e, multiplestate Markov model

�Both at Center of Mathemati
al S
ien
es, Muni
h University of Te
hnology, D-80290 Muni
h, Germany, email:

zado�ma.tum.de, rudolph�ma.tum.de, http://www.ma.tum.de/stat/1



1 Introdu
tionDue to in
reasing life expe
tan
y long term 
are (LTC) insuran
e be
omes more and moreimportant in all industrialized 
ountries. In Germany this type of insuran
e forms part of theso
ial se
urity system sin
e 1995. For the insurers this has meant that all provider of healthassuran
e were obliged to underwrite this new type of business without any medi
al exam.The 
onsequen
e of this 
ompulsory 
hara
teristi
 was, that from the beginning insurers hadto manage a large 
laims portfolio, whi
h normally does not o

ur due to the underwritingsele
tion.In this paper, we analyze part of the LTC-
laims portfolio of a German health insuran
e.Our main goal is to assess the in
uen
e of fa
tors like severeness of a disease, gender and typeof 
are (i.e. 
are at home or in a nursing home) on the survival 
urve of the observed 
laims. Forthis purpose we utilize the semiparametri
 proportional hazard model proposed by Cox (1972)in 1972 for our data. Cox assumes that the hazard fun
tion �(t) of the survival 
urve 
an bemodeled as a produ
t of a general, all observations underlying baseline hazard fun
tion �0(t)and a 
ovariate dependent fa
tor.Renshaw (1988) investigated ex
ess mortality with a similar approa
h. The main di�eren
ebetween the approa
h taken in this paper and his approa
h is that Renshaw identi�es thelikelihood of the Cox proportional hazard model with that of a Poisson regression with o�setsdepending on the unknown underlying baseline hazard. Estimation of these unknown o�sets isfa
ilitated by using life tables, a pro
ess Renshaw 
alls graduation. In 
ontrast, we estimate thebaseline hazard rate dire
tly from the observed data using Breslow's estimator (Breslow 1974)of the baseline hazard rate. This has the advantage that we 
an use all available data, eventhe 
ensored data, while Renshaw has to model 
laims durations to 
onstru
t the required lifetables. With help of the 
ounting pro
ess interpretation of the Cox proportional hazard model,we are able to assess the quality of our model using martingale based residuals (see Therneau,Grambs
h, and Fleming (1990)).Using the estimated hazard rates of the Cox proportional hazard model as transition inten-sities in a multiple state Markov model, we are now able to �t a multiple state insuran
e model.In the work of Renshaw and Haberman (1995) a similar model was used for health insuran
e.There the main interest was the estimation of re
overy rates of insured persons using abovementioned graduation te
hniques.The paper is organized as follows: Se
tion 2 gives the ne
essary foundations for the Cox2



proportional hazard model. The estimation of required transition intensities using the Cox pro-portional hazard model for a large data set from the German 
ompulsory long term insuran
eprogram is given in Se
tion 3. Se
tion 4 introdu
es a multiple state spa
e model and ne
essarya
tuarial setup to 
al
ulate premiums for spe
i�ed long term 
are plan. The paper 
loses witha dis
ussion and summary se
tion.2 Cox Proportional Hazard ModelAs an important tool in survival analysis for modeling the dependen
y of the survival time on
ovariates serves the proportional hazard model, proposed by Cox (1972). This semiparametri
approa
h assumes that the hazard fun
tion for the random life time T�(t) := limdt!0 P (t � T < t+ dt)jT � t)dt (2.1)is the produ
t of a baseline hazard �0(t) and a spe
i�
, 
ovariate-dependent s
aling fa
tor, whi
henters in the form �(tjZ = z) = �0(t) exp(�tz); (2.2)where z 2 Rp denotes the observed 
ovariate ve
tor and � 2 Rp the unknown regression 
oeÆ-
ient. Assume that Ti denotes the life time of subje
t i; i = 1; � � � ; n. Sin
e we allow for 
ensoringwe a
tually observe Yi = (min(Ti; Ci); Æi); i = 1; � � � ; nwhere Æi = 8<: 1 Ti � Ci0 otherwise ;is the 
ensoring indi
ator for the subje
t spe
i�
 
ensoring time Ci. In the 
ase of no ties amongthe observed ordered death times t1 < � � � < tk, let Rj denote the set of subje
ts, whi
h havesurvived until tj�. Under the proportional hazard assumption (2.2) the partial likelihoodLp(�) := kYj=1 P (i dies at time tj ji survives until tj�)P ( a death in Rj at time tj)= kYj=1 exp(�tzi)Pl2Rj exp(�tzl)is independent of the unknown baseline hazard fun
tion and 
an be maximized to yield anestimate of �. We denote this estimate with �̂. Cox (1975) 
laimed that the partial likelihood3




ontains most of the information about �, whi
h has been supported by empiri
al work in smallsamples by Efron (1977) and Oakes (1977). In the 
ase of ties among the observed death timesthe partial likelihood 
an be adjusted (see Klein and Moes
hberger (1997)). Various authors(see e.g. Andersen and Gill (1982)) 
onsidered the original model of Cox in the 
ontext of
ounting pro
esses and they were able to prove asymptoti
 
onsisten
y and normality of thepartial likelihood estimator under regularity 
onditions.In addition, the intensity pro
ess �(t) is suÆ
ient for determining the survival fun
tionS(t) := P (T > t) = 1� F (t) (F (t) is the distribution fun
tion) sin
e following the relationshipS(t) = exp��Z t0 �(t) dt� (2.3)holds.To estimate the underlying baseline hazard �0(t) we use the Breslow estimator (Breslow1974) �̂0(t) for the 
umulative baseline hazard rate �0(t) = R t0 �(s) ds whi
h is de�ned as�̂0(t) :=Xti�t diPj2Ri exp(�̂tZj(ti)) ; (2.4)where di the number of events in ti and Ri the risk-set at time ti.
3 Data Analysis for Compulsory Long Term Care Insuran
eIn 1995 the German government introdu
ed 
ompulsory long term 
are (LTC) insuran
e. Thisrequired part of the German welfare system paid bene�ts for home 
are sin
e April 1, 1995. FromJuly 1, 1996, the bene�ts were extended to 
are in a nursing home as well. The LTC-
laimantsre
eive their bene�ts a

ording to a three-level-system, whi
h represents a s
ale for the severityof a 
laim. The de�nition of the levels is given as follows� Level 1: The LTC-
laimant needs at least 90 minutes help per day to manage his/hera
tivities of daily living (like going to bed, washing, eating, ...)� Level 2: The LTC-
laimant needs at least 180 minutes help per day to manage his/hera
tivities of daily living� Level 3: The LTC-
laimant needs at least 300 minutes help per day to manage his/hera
tivities of daily living 4



Home Nursing Home
ens. dead re
ov. Level 1 Level 2 Level 3 Level 1 Level 2 Level 3HomeLevel 1 1012 279 28 { 444 75 118 71 34HomeLevel 2 877 598 1 47 { 296 9 208 59HomeLevel 3 308 632 2 2 20 { 0 4 87Nursing HomeLevel 1 248 85 3 11 1 0 { 108 26Nursing HomeLevel 2 451 263 2 1 6 1 7 { 116Nursing HomeLevel3 376 437 0 1 1 6 2 9 {Table 1: Number of observed transitions in the LTC dataThe basis for our statisti
al inferen
e on LTC was a large data set from a German privateinsuran
e 
ompany. The data was re
orded between April 1, 1995 and De
ember 31, 1998. It
ontained data on 5603 re
ipients of bene�ts from the 
ompulsory LTC insuran
e. 3511 (2092)re
ipients were female (male). For ea
h re
ipient, the data 
ontained information about age,gender, 
laim severity (Level 1-3), 
are required (at home/in a nursing home) and disease 
ausingLTC. In addition, transition times between 
are levels, 
are required (home to nursing home andvi
e versa) and between states of LTC 
laimant (
laiming LTC to healthy and LTC 
laimingto death). There was no information available 
onsidering the transitions from healthy to LTC
laiming and healthy to death. Table 1 gives the observed transitions. Note that a single person
an have several transitions. The transition to death is denoted by dead, while a 
ensoredtransition was re
orded when the person remained in a parti
ular LTC level until De
ember 31,1998. It 
an be seen that 
ensoring 
annot be ignored and the estimation method utilized forthis data set has to be able to a

ount for this. Re
overy from LTC is a very rare event.The data analysis will pro
eed in two steps. First we have a look at the survival of LTC
laimant, i.e. we will 
onsider the state transitions from LTC-
laiman
e to death. In the se
ond5



step, we will 
onsider the transitions between di�erent types of 
are (i.e. transitions between
are levels) as well as transitions between 
are at home and 
are in a nursing home.3.1 Analysis of the Survival of LTC ClaimantsWe �t the Cox proportional hazard model (2.2) for modeling the survival of bene�t re
ipients,where we 
onsidered the 
ovariatesZSex := 8<: 1 female0 maleZAge(t) := Age of 
laimant when a state transition o

urs at time tZLevel i(t) := 8<: 1 
are at level i at time t0 otherwise ; i = 2; 3Znh(t) := 8<: 1 
are in a nursing home at time t0 otherwiseInitially, we �tted a model with all possible intera
tions of the above 
ovariates. We usedAkaike's (Akaike 1973) information 
riterion (AIC) to �lter out 
ovariates with highly signi�-
ant in
uen
e on the transition intensities. This 
riterion 
onsiders the partial log-likelihood aseviden
e of signi�
an
e and is de�ned asAIC := �2 log(Lp(�̂)) + np;where log(Lp(�̂)) is the partial log-likelihood evaluated at the estimated 
oeÆ
ient ve
tor �̂, pthe number of 
ovariates in the model and n an integer. The 
hoi
e of n depends on whetherone likes to �t a 
onservative model that in
ludes only 
ovariates with highly signi�
ant terms,or a model that in
ludes more 
ovariates with less important terms. In our 
ase, we have 
hosenn = 2.After eliminating 
ovariates with no signi�
an
e, we get a 
ovariate dependent representation ofthe hazard rate as follows�(t) = �0(t) exp[�1 ZAge(t) + �2 ZSex + �3 Znh(t) + �4 ZLevel2(t)+ �5 ZLevel3(t) + �6 ZAge(t)� ZSex + �7 ZAge(t)� Znh(t)+ �8 ZSex � Znh(t) + �9 Znh(t)� ZLevel2(t)+ �10 Znh(t)� ZLevel3(t)℄: (3.1)6



In Table 2 we give the estimated regression 
oeÆ
ients �̂i and its estimated standard errorse(�̂i), the estimated multiplier exp(�̂i), the Wald statisti
 Wi = �̂ise(�̂i) for testing H0 : �i = 0and the 
orresponding p-value (e.g. Rao (1965)).Covariate �̂ exp(�̂) se(�̂) W p-valueZAge 0.02421 1.025 0.0025 9.78 < 10�15ZSex 0.3202 1.377 0.2811 -1.47 2:5 � 10�1Znh -0.5969 0.551 0.4063 1.14 1:4 � 10�1ZLevel2 0.8180 2.266 0.0729 11.22 < 10�15ZLevel3 1.7553 5.785 0.0734 23.91 < 10�15ZAge � ZSex -0.0065 0.993 0.0035 -1.89 5:9 � 10�2ZAge � Znh 0.0162 1.016 0.0047 3.45 5:7 � 10�4ZSex � Znh -0.4405 0.644 0.0989 -4.46 8:4 � 10�6Znh � ZLevel2 -0.3320 0.717 0.1446 -2.30 2:2 � 10�2Znh � ZLevel3 -0.6753 0.509 0.1391 -4.86 1:2 � 10�6Table 2: Estimated Regression CoeÆ
ients in Model (3.1)We want now to assess the �t of Model (3.1). This will be done for quantitative and qualita-tive 
ovariates using separate graphi
al diagnosti
 tools. For quantitative 
ovariates martingaleresiduals M̂ will be utilized. These are de�ned for ea
h observation as followsM̂i(t) := Ni(t)� Z t0 Yi(s) exp(�̂tZi(s)) d�̂0(s);where Ni(t) is the 
ounting pro
ess of the observed events up to time t for individual i. Yi(t)denotes the indi
ator fun
tion de�ned asYi(t) = 8<: 1 subje
t i under observation at time t0 otherwise :Here, �0(t) denotes the 
umulative baseline hazard rate, Zi(t) the 
ovariate ve
tor at time t and�nally �̂ the estimated regression 
oeÆ
ient. The martingale residuals 
an be interpreted to bethe di�eren
e between observed events and expe
ted events due to the model. If the model is
orre
t ea
h residual is a martingale. They are used to 
he
k whether a quantitative 
ovariatefollows the proportional hazard model. If proportional hazard assumption (2.2) is 
orre
t, a7
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Figure 1: Martingale residuals (grouped by gender)smooth of the residuals plotted against the value of the quantitative 
ovariate should be 
onstant0. For further details on the appli
ation of this type of residuals, see Therneau, Grambs
h, andFleming (1990). Figure 1 gives the martingale residuals, separate for women and men againstthe quantative 
ovariate ZAge. We 
an observe that until the age of approximately 80 yearsthe plot follows roughly the 
onstant null line, whereas for higher ages the line is in
reasing forwomen as well as for men. This shows that there are more deaths observed than expe
ted fromthe model. Therefore we add two new 
ovariates Z�f and Z�m whi
h are de�ned as followsZ�f(t) = 8<: 1 if ZAge(t) � �f and ZSex = 10 otherwise ;as well as Z�m(t) = 8<: 1 if ZAge(t) � �m and ZSex = 00 otherwiseand maximize the partial log likelihood for the proportional hazard model�(t) = �0(t) exp[�1 ZAge(t) + �2 ZSex + �3 ZStat(t) + �4 Zlevel2(t)+ �5 Zlevel3(t) + �6 ZAge(t)� ZSex + �7 ZAge(t)� ZStat(t)+ �8 ZSex � Znh(t) + �9 Znh(t)� Zlevel2(t)8



+ �10 Znh(t)� Zlevel3(t) + �11 Z�f(t) + �12 Z�m(t)℄ (3.2)with respe
t to the variables �f and �m. A des
ription of this approa
h 
an be found in Klein andMoes
hberger (1997) pp. 334 - 336. We �nd, that the partial likelihood has a global maximum at�f = 91 and �m = 75:25 years. The �t of Model (3.2) with �f = 91 and �m = 75:25 is presentedin Table 3. Covariate �̂ exp(�̂) se(�̂) W p-valueZAge 0.0279 1.028 0.0036 7.68 1:6 � 10�14ZSex 0.7637 2.146 0.3202 2.39. 1:7 � 10�2Znh -0.3724 0.689 0.4035 -0.92 3:6 � 10�1ZLevel2 0.8101 2.248 0.0730 11.10 < 10�15ZLevel3 1.7521 5.767 0.0734 23.87 < 10�15Z�f 0.2146 1.239 0.0737 2.91 3:6 � 10�3Z�m -0.1401 0.869 0.1041 -1.34 1:8 � 10�1ZAge � ZSex -0.0138 0.986 0.0045 -3.08 2:1 � 10�3ZAge � Znh 0.0134 1.014 0.0047 2.87 4:1 � 10�3ZSex � Znh -0.4374 0.646 0.0993 -4.40 4:4 � 10�5Znh � ZLevel2 -0.3254 0.722 0.1447 -2.25 2:5 � 10�2Znh � ZLevel3 -0.6733 0.510 0.1391 -4.84 1:3 � 10�6Table 3: Estimated Regression CoeÆ
ients in Model (3.2) with �f = 91 and �m = 75:25We assess now the model adequa
y of qualitative 
ovariates. Here, we use the so 
alled An-dersen plots. The basi
 idea of this method is to 
onsider the interesting 
omponent Z1 of the
ovariate ve
tor Z = (Z1; Zt2)t (Z2 2 Rp�1 is the ve
tor of the remaining p � 1 
omponentsof the 
ovariate ve
tor). We assume Z1 takes a �nite number of values (the values are w.l.o.gf1; :::;Kg). To 
he
k the proportional hazard assumption (2.2), we group our data with respe
tto the values of the 
ovariate of interest Z1 and estimate the 
orresponding baseline-hazard rates�0i(t) i = 1; :::;K separately for ea
h group. At ea
h time, when an event of interest happenst1 < ::: < tk we plot the 
umulative hazard rate �0i(t) (x-axis) against the 
umulative hazardrate of another group �0j(t). If the proportional hazard assumption holds, the plot should followa straight line. In Figures 2 to 4 these plots are examined for the qualitative 
ovariates ZSex,Znh, ZLevel2 and ZLevel3, respe
tively. 9
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Figure 2: Andersen Plots grouped by Gender, x-axis: female, y-axis: male
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Figure 3: Andersen Plots grouped by Type of Care, x-axis: at home, y-axis: in a nursing home10
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Figure 4: Andersen Plots grouped by Level of Care, x-axis: Level 1, y-axis: Level 2, Level 3(dotted line)From these Figures we see that espe
ially the 
ovariate ZLevel 3 does not satisfy the propor-tional hazard assumption; in the �rst years after the begin of LTC-
laiman
e the relative riskof dying for a person is higher than in later years. This means, that the value of the regression
oeÆ
ient is 
hanging with time. This means we need to estimate a unknown regression fun
tion�(t). A �rst approa
h is to �t step fun
tions for �(t), whi
h 
orresponds to �tting a pie
ewise
onstant model in disjun
t time intervals. As a further simpli�
ation we now estimate separate
oeÆ
ients for times T � t0 and T > t0 where t0 will be optimized. For example, if we 
onsiderthe 
ovariate ZLevel3(t) we introdu
e a new 
ovariateZt0(t) = 8<: 1 if t � t00 if t > t0The 
orresponding hazard fun
tion has now the following representation�(t) = �0(t) exp[
ZLevel3(t) � Zt0(t) + �tZ(t)℄;where Z(t) is the 
ovariate ve
tor of Model (3.2) and 
 2 R; � 2 R12 the are unknown regression
oeÆ
ients to be estimated. 11



For ea
h of the 12 
ovariates Zi(t) in Model (3.2), we now �nd an optimal t0 by 
onsidering thepartial log likelihood when the 
ovariate Zi(t)�Zt0 is added as a fun
tion of t0 and �nding thet0 value whi
h maximizes this partial log likelihood. In Figure 5 the partial log likelihood as afun
tion of t0 is shown. From this we see, that there is a strong improvement in the partial loglikelihood for the 
ovariates for age, as well as for Level 2 and Level 3. From Table 4 we see thatall these improvements are highly signi�
ant.Covariate Maximum t0 LL (Model for T � t0, T > t0) LL (Model(3.2)) p-valueZAge 400 -15829.59 -15874.79 < 10�15ZLevel2 75 -15866.69 -15874.79 5:6 � 10�5ZLevel3 125 -15845.82 -15874.79 2:7 � 10�14Table 4: Maximum of the Log Likelihood for Separate Estimation of the Covariates for Age,Level 1 and Level 2 (grouped by duration of LTC T � t0 and T > t0)These results motivate us to add the 
ovariates Z75(t), Z125(t) and Z400(t) to the Model (3.2)whi
h are de�ned by Zt0(t) = 8<: 1 t � t0; t0 = 75; 125; 4000 otherwiseand to 
onsider their intera
tion with the 
orresponding 
ovariates for Age, Level 2 and Level3. For this model the log likelihood is improved to the value of 15801.4. The estimated regres-sion 
oeÆ
ients for this model 
an be found in Table 5. These 
oeÆ
ients will be used in the
al
ulations in later se
tions.3.2 Analysis of the State Transitions between Care at Home and Care in aNursing HomeUntil now, we only 
onsidered the event "death of a LTC 
laimant" and its dependen
y onvarious risk fa
tors. In this se
tion we extend the model and 
onsider a multiple state Markovmodel for the three states: 
are at home, 
are in a nursing home, death. In a �rst step weestimate the transition intensities �ij , i 2 1; 2; 3, j 2 1; 2; 3 (see Appendix) 
orresponding to thestates that are illustrated in Figure 6.Using the �nal model of the previous se
tion, we 
an estimate the transition intensities �13(t)(�23(t)) by setting Znh(t) = 0(Znh(t) = 1). Therefore, we are now interested in estimating �12(t)12
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Figure 5: Partial log likelihood as a fun
tion of t0 for ea
h Covariate Zi(t) of Model (3.2) withadded Covariate Zi(t)� Zt0(t)and �21(t). For this we de�ne the following 
ounting pro
essesN12(t) = # transitions from at home to nursing home until time tN21(t) = # transitions from nursing home to at home until time tand �t a proportional hazard model for the transition intensities using the remaining 
ovariatesZSex, ZAge(t), ZLevel2(t) and ZLevel3(t). Again, we �tted �rst a model with all possible intera
-tions and then we took Akaike's information 
riterion to redu
e the model to highly signi�
ant
ovariates.For the transition intensities �12(t) our �nal model is given by�12(t) = �120(t) exp[�1 ZAge(t) + �2 ZSex + �3 ZLevel 2(t)+ �4 ZLevel 3(t)℄: (3.3)13



Covariate �̂ exp(�̂) se(�̂) W p-valueZAge 0.0401 1.041 0.0041 9.65 < 10�15ZAge � Z400 -0.0327 0.968 0.0035 -9.47 < 10�15ZSex 0.7986 2.222 0.3214 2.49 0:01Znh -0.0531 0.948 0.4004 -0.13 0:89ZLevel2 0.8011 2.228 0.0733 10.93 < 10�15ZLevel2 � Z75 -0.8080 0.446 0.4982 -1.62 0:10ZLevel3 1.6420 5.165 0.0752 21.83 < 10�15ZLevel3 � Z125 1.135 3.113 0.1828 6.21 5:2 � 10�10Z�f 0.1815 1.199 0.0743 2.443 0:02Z�m -0.1206 0.886 0.1052 -1.15 0:25ZAge � ZSex -0.0141 0.986 0.0045 -3.13 1:8 � 10�3ZAge � Znh 0.0093 1.009 0.0047 1.99 0.05ZSex � Znh -0.4257 0.653 0.0996 -4.27 1:9 � 10�5Znh � ZLevel2 -0.3420 0.710 0.1448 -2.36 0.02Znh � ZLevel3 -0.6533 0.520 0.1393 -4.69 2:7 � 10�6Table 5: Estimated CoeÆ
ients in Model (3.2) with Separate Estimated CoeÆ
ients for T � t0and T > t0 for Age and Level of CareThe 
orresponding estimated regression 
oeÆ
ients are presented in Table 6.For transitions from 
are in a nursing home to 
are at home none of the 
ovariates togetherwith possible intera
tions exhibit signi�
ant in
uen
e. A reason for this is the extrem low numberof transitions between these states. Therefore we de
ided to ignore the 
orresponding transitionintensities (i.e. to set �21(t) = 0 8t) and to 
onsider the state "
are in a nursing home" as a stri
tytransient state, from whi
h one 
an only enter in the state death. This allows us to 
al
ulateanalyti
ally the transition probabilities in the model by using the Kolmogorow equations (5.1)given in the Appendix.3.3 Analysis of the State Transitions between Levels of CareSimilarly, we now investigate transitions between levels of 
are. In Table 7 we display the 
or-responding observed transitions. Also in this 
ontext we note, that there were many more tran-14



1: at
home

2: nursing  

3: death

home

�12(t)�21(t) �23(t)�13(t)
Figure 6: Markov Model with States Care at Home, Care in Nursing Home and DeathCovariate �̂ exp(�̂) se(�̂) W p-valueZAge 0.0305 1.03 0.0038 7.99 1:2 � 10�15ZSex 0.3842 1.47 0.0956 4.02 5:9 � 10�5ZLevel2 0.3191 1.38 0.0912 3.50 4:6 � 10�4ZLevel3 0.1661 1.18 0.1279 1.30 1:9 � 10�1Table 6: Estimated Regression CoeÆ
ients for the Transition Intensity �12(t) as given by Model(3.3)sitions to a worse level and only few observation, where the level improved. This motivated usto build our model as shown in Figure 7. Again we �t a proportional hazard model for theLevel 1 Level 2 Level 3Level 1 { 624 135Level 2 64 { 472Level 3 5 34 {Table 7: Number of Observed Transitions between Levels of Caretransition intensities �12, �23 and �13 allowing for 
ovariates and possible intera
tions. Withrespe
t to transitions between levels of 
are, we also observed that the need of LTC in most
ases grows (we note a low number of transitions to better levels) and therefore we assume againthat the transitions intensities �32, �31 and �21 are zero. For transitions between Level 1 andLevel 2 the best �tting model is given by�12(t) = �120(t) exp(�1 ZAge(t) + �2 ZSex + �3ZStat(t)+ �4 ZAge(t)� ZSex + �5 ZAge(t)� Znh(t)15



1: Level 1 2: Level 2

4: death

3: Level 3

�13(t)
�24(t) �34(t)�14(t) �23(t)�12(t)

Figure 7: Markov Model with States Level 1, Level 2, Level 3 and Death+ �6 ZSex � Znh(t) + �7 ZAge(t)� ZSex � Znh(t)) (3.4)Covariate �̂ exp(�̂) se(�̂) W p-valueZAge 0.0143 1.01 0.0047 3.06 0:002ZSex -0.8544 0.43 0.5588 -1.53 0:130Znh -10.7437 2:6 � 10�5 3.5743 -3.01 0:03ZAge � ZSex 0.0099 1.01 0.0069 1.42 0:150ZAge � Znh 0.1221 1.13 0.0407 3.00 0:003ZSex � Znh 11.7833 1:31 � 105 3.7654 3.13 0:002ZAge � ZSex � Znh -0.1323 0.88 0.0429 -3.08 0:002Table 8: Estimated Regression CoeÆ
ients for �12(t) given by (3.4)From Table 8 we noti
e the large intera
tions between the 
ovariates. For the transitionintensities �13(t) and �23(t) the model sele
tion pro
edure �nds a model that was only depend-ing on the 
ovariates ZSex and ZAge, i.e. that 
orresponding hazard fun
tions had followingrepresentation: �13(t) = �130(t) exp[�1 ZAge(t) + �2ZSex℄; (3.5)�23(t) = �230(t) exp[�1 ZAge(t) + �2 ZSex℄: (3.6)The 
orresponding estimated regression 
oeÆ
ients are given in Tables 9 and 10With this set of 
ovariate dependent hazard rates, we were now able to �t a
tuarial models.16



Covariate �̂ exp(�̂) se(�̂) W p-valueZAge 0.035 1.04 0.0087 3.98 7 � 10�5ZSex -0.368 0.70 0.1873 -1.97 0:05Table 9: Estimated Regression CoeÆ
ients for �13(t) given by (3.5)Covariate �̂ exp(�̂) se(�̂) W p-valueZAge 0.035 1.04 0.0087 4.06 4:8 � 10�5ZSex -0.359 0.70 0.1865 -1.92 0:06Table 10: Estimated Regression CoeÆ
ients for �23(t) given by (3.6)4 A
tuarial Appli
ation4.1 Model Des
riptionIn this se
tion we apply the results of the data analysis presented in the previous se
tion to amultiple state insuran
e model. We follow the approa
h taken by Haberman and Pita

o (1999)and we sket
h now the ne
essary setup. The development of an insured risk is modeled as atime 
ontinuous Markov pro
ess S : T � 
 7! f1; :::; ng with �nite state spa
e Z = f1; :::; ng.Here T = [0; �) denotes the interval from poli
y begin to poli
y end. The insuran
e pro
ess ismodeled by a random 
ash-
ow fun
tion between the insurer and the insured.De�nition 4.1 (Cash 
ow fun
tions) For the insuran
e pro
ess S we de�ne following 
ash
ow fun
tions(i) pi(t): A 
ontinuous premium, payed by the insured while the risk is in state i.(ii) bi(t): A 
ontinuous annuity payed by the insurer while the risk in state i(iii) 
ij(t): A lump sum paid by the insurer at time t be
ause a state transition from state i tostate j o

urs(iv) di(t0): A lump sum paid by the insurer be
ause the risk is in state i at time t0Equiped with an adequate interest stru
ture we 
an now de�ne random present values. Wesuppose the for
e of interest Æ to be 
onstant and set v = e�Æ.17



De�nition 4.2 (Present values) For the 
ash 
ow fun
tions given in 4.1 (i) - (iv) we de�nefollowing present values:(i) The present value of a 
ontinuous premium pj to be paid in [u; u+ du℄ at time t < u is:Y pjt (u; u + du) := vu�tI(S(u) = j)pj(u) du:The present value for the interval [u1; u2) mit t � u1 < u2 is:Y pjt (u1; u2) := Z u2u1 vu�tI(S(u) = j)pj(u) du:For a 
ontinuous annuity bj at time t for the interval [u1; u2)Y bjt (u1; u2) = Z u2u1 vu�tI(S(u) = j)bj(u) du:(ii) The present value of a lump sum 
ij when a transition from state i to state j o

urs attime u is Y 
ijt (u) = vu�tI(S(u�) = i ^ S(u) = j):(iii) Finally we de�ne the present value of a single payment dj(t0), payed by the insurer if therisk is in state j at time t0 asY djt (t0) = vu�tI(S(u) = j)dj(t0):Finally, we have to de�ne a
tuarial values, whi
h provide the basis for 
al
ulating premiumsand reserves.De�nition 4.3 (A
tuarial Values) A
tuarial values are expe
ted present values. Let us sup-pose that at time t the insured risk is in state i, then the a
tuarial values are given as 
onditionalexpe
tations of the present values, i.e. we are interested in E[Yt(u)jS(t) = i℄ for lump sum pay-ment and E[Yt(u; u+ dt)jS(t) = i℄ for annuities. Therefore, we de�ne:(i) The a
tuarial value of a 
ontinuous premium pj for the in�nitesimal interval [u; u + du)is given by E[Y pjt (u; u+ du)jS(t) = i℄ = vu�tPij(t; u)pj(u) du:For the interval [u1; u2) the a
tuarial value isE[Y pjt (u1; u2)jS(t) = i℄ = Z u2u1 vu�tPij(t; u)pj du:18



(ii) Similiarly for a 
ontinuous annuity bj(t), the a
tuarial value isE[Y bjt (u1; u2)jS(t) = i℄ = Z u2u1 vu�tPij(t; u)dj du:(iii) For a lump sum 
jk(u), payed by the insurer be
ause a transition of the insured risk fromstate j to state k o

urs, the a
tuarial value isE[Y 
jkt (u)jS(t) = i℄ = vu�tPij(t; u)�jk(u)
jk(u) dufor the interval [u1; u2) the a
tuarial value isE[Y 
jkt (u1; u2)jS(t) = i℄ = Z u2u1 vu�tPij(t; u)
jk(u)�jk(u) du(iv) Finally for a lump sum dj(t0), payed by the insurer be
ause the insured risk is in state jat t0 the a
tuarial value isE[Y dj (t0)jS(t) = i℄ = vt0�tPij(t; t0)dj(t0)The 
al
ulation of premiums is now based on the equivalen
e prin
iple, i.e. the expe
ted amountof premiums has to equal the expe
ted amount of bene�ts. For the 
ash 
ow between insurerand insured this means, that at poli
y begin (t = 0) the a
tuarial value of all bene�ts has to bethe same as the a
tuarial value of the premiums. This equivalen
e prin
iple 
an now des
ribedas follows:De�nition 4.4 For the insuran
e pro
ess S(t) with poli
y end at � we de�neBi(t; �) := Z �t vu�t 24Xj2S Pij(t; u)bj(u)35 du+ Z �t vu�t 24Xj2SXk 6=j Pij(t; u)�jk(u)
jk(u)35 du+ Xu:u�t vu�t 24Xj2S Pij(t; u)dj(u)35to be the sum of all expe
ted bene�ts at time t, given S(t) = i and similarlyPi(t; �) = Z �t vu�t 24Xj2S Pij(t; u)pj(u)35 duto be the expe
ted value of all premiums at time t, given S(t) = i.19



This allows us to des
ribe the equivalen
e prin
iple formallyDe�nition 4.5 (equivalen
e prin
iple) For an insured risk with poli
y end at � and initialstate S(0) = 1 the equivalen
e prin
iple is satis�ed if and only ifP1(0; �) = B1(0; �) (4.7)This prin
iple does not yet de�ne a �xed premium amount, be
ause it only has to be satis�edat poli
y begin. There exist many examples in life assuran
e, where premiums are growing forhigher ages due to the in
reasing risk of death. To get 
onstant premium for the whole poli
yduration we have to build up reserves (i.e. in the �rst years the insured has to pay higherpremium that will bee used later to 
over the risk in the last years). For Equation (4.7) thisimplies that at ea
h time t � � , P1(t; �) � B1(t; �) has to be satis�ed.The di�eren
e between the a
tuarial values of premiums and bene�ts is 
alled the prospe
tivereserve at time t V i(t; �) = B1(t; �)�P1(t; �):With these preparations and the estimation of the transition intensities, we are now able to
al
ulate premiums for a multiple state model in long term 
are insuran
e. The two modelswhi
h we 
onsidered already in the previous are shown in Figures 8 and 9. In the �rst modelwe fo
us our attention to transitions between the di�erent types of 
are (at home - nursinghome). The transitions surrounded by the dotted line 
an be estimated from the data, whilethere is no information available in the data about the transitions 1 ! 2, 1 ! 3 and 1 ! 4.Therefore, we have to 
onstru
t the remaining intensities from other data sour
es. The mortalityrates for healthy individuals we derived from the Bavarian Lifetable 1986 - 1988, in
iden
erates for LTC (i.e. transition intensities from healthy to LTC 
laiman
e) we took from a tablepublished by the Custodial Insuran
e, Japan (see for example Rudolph (2000), Appendix C.1).This might be problemati
, sin
e the de�nition of LTC varies in the di�erent 
ountries. To
al
ulate transition probabilities of hazard rates for the model shown in Figure 8 we have tosolve the following Kolmogorov di�erential equations for the transition probabilities Pij(z; t)(see (5.1) in the Appendix)):ddtP11(z; t) = �P11(z; t)(�12(t) + �13(t) + �14(t));ddtP12(z; t) = P11(z; t)�12(t)� P12(z; t)(�23(t) + �24(t));ddtP13(z; t) = P11(z; t)�13(t) + P12(z; t)�23(t)� P13(z; t)�34(t);20



1: healthy2: 
are at home3: 
are in a nursing home4: dead4
2
1

3Figure 8: State transitions in LTC insuran
e - type of 
are1: healthy2: 
are level 13: 
are level 24: 
are level 35: dead
5

2
1

3 4
Figure 9: State transitions in LTC insuran
e - level of 
areddtP14(z; t) = P11(z; t)�14(t) + P12(z; t)�24(t) + P13(z; t)�34(t); (4.8)with solution P11(z; t) = exp��Z tz [�12(u) + �13(u) + �14(u)℄ du� ;P22(z; t) = exp��Z tz [�23(u) + �24(u)℄ du� ;P33(z; t) = exp��Z tz �34(u) du� ;P34(z; t) = 1� P33(z; t);P23(z; t) = Z tz P22(z; u)�23(u)P33(u; t) du;P24(z; t) = 1� P22(z; t)� P23(z; t);P12(z; t) = Z tz P11(z; u)�12(u)P22(u; t) du;P13(z; t) = Z tz [P11(z; u)�13 + P12(z; u)�23(u)P33(u; t)℄ du;21



P14(z; t) = 1� P11(z; t)� P12(z; t) � P13(z; t): (4.9)For the model shown in Figure 9 a similar system of di�erential equations had to be solved.Sin
e in life insuran
e premium 
al
ulation is based on 1-year transition rates we have to derivea set of 1-year transition probabilities from our estimated transition intensities.For every 
ombination of LTC-duration d and age x we 
al
ulate one year transition rates fromstate i to state j. Let pi;j(x; d) denote the one year transition probability from level of 
are i tolevel of 
are j of a x-year old person who has been a LTC-
laimant for d years:pi;j(d; x) = P (S(d+ 1) = jjS(d) = i; ZAge = x)We use now the estimated transition intensities given in Se
tion 3 and the fa
t that for asurvival fun
tion F with dis
rete hazard rates �ti the following holds:P (t1 � T < t2jT � t2) = F (t1)� F (t2)F (t1) = 1� Yt1�ti<t2(1� �ti) = Xt1�ti<t2 �ti Yt1�tk<ti(1� �tk):Therefore we 
an estimate the one-year transition probabilities aspij(d; x) = Xd�tk<d+1 �̂ij(tk; ZAge = x) Yd�tl<tk(1� �ij(tl; ZAge = x)); (4.10)where �̂i;j(t) are the estimated transition rates for LTC-
laimants.In order to simplify the notation in the following we will denote the transition probabilitiesonly in dependen
y on the insuran
e duration n. For the model shown in Figure 8, it followsthat pij(n) = P (S(n+ 1) = jjS(n) = 1) i 2 f1; 2; 3; 4g; j 2 f2; 3; 4gand pij(n) = 0 for j � i. Note that these transition intensities still depend on age, gender, levelof 
are (model shown in Figure 8), respe
tively type of 
are (model shown in Figure 9). Forexample in the model that distinguishes between 
are in a nursing home and 
are at home, wehave for the transition probability from State 2 (
are at home) to State 4 (death) for an x-yearold female person:p2;4(d; x) = Xd�tk<d+1 �̂24(tk; ZAge = x;Znh = 0; ZSex = 1)Yd�tl<tk(1� �̂24(tl; ZAge = x;Znh = 0; ZSex = 1)):22



With (4.10) we are now able to determine easily the a
tuarial values for this model. Let B1;
1j (0),j 2 f2; 3g denote the a
tuarial value at the beginning of insuran
e 
ontra
t for an individualwith entry age x where a lump sum 
1j is payable at the moment when an a
tive live 
hangesto "
are at home" (State 2) or to "
are in a nursing home" (State 3). Let ! denoting thea
tuarial end-age, i.e. for the random variable life time T we de�ne P (T > !) := 0. Re
all thatPij(n;m) = P (S(m) = jjS(n) = i) for n � m, whi
h 
an be 
al
ulated by using a dis
retizedversion of (4.9). In parti
ular, the following holdsB1;
1j (0) = !�x�1Xi=0 P11(0; i)p1j(i)vi
1jIn this formula we 
onsider the probability of an insured person for a transition to state j in yeari P11(0; i)p1j(i) and multiply this probability with the dis
ounted a
tuarial value of the bene�tvi
1j . Building the sum over all years i gives us the expe
ted value of the payments.Similarly for a annuity bj , payable while an insured person is in state j, j 2 f2; 3g we haveB1;bj = !�x�1Xi=0 P1j(0; i)vibj:Here we 
onsider the probability of a person of being in state j after i years P1j(0; i) and multiplythis value with the dis
ounted a
tuarial value of the annuity bj. Finally, the a
tuarial value ofthe expe
ted total payment to be payed by the insuran
e is given by P3j=2(B1;bj (0) +B1;
1j (0))whi
h has to be equal to P1;� by the equivalen
e prin
iple. This determines the annual premium�. The a
tuarial value of the payments for a single annual premium � is given byP1;�(0) = !�x�1Xi=0 P11(0; i)vi�:
The same approa
h 
an be used to 
al
ulate the a
tuarial values for the model presented inFigure 9. For further details of the 
al
ulation see Rudolph (2000).4.2 Cal
ulation of PremiumsIn this se
tion we 
al
ulate premiums for the Long Term Care-plan "PET" sold by a Germanhealth insurer. For this purpose a 
omputer program in C was written, that 
al
ulated theappropriate premiums based on the estimated intensities of the Cox proportional hazard model23



presented earlier together with the a
tuarial model given above. Input parameters were annuities,whose values 
ould vary depending on the level and type of 
are required. In the plan "PET",an insured person 
an 
ontra
t a �xed amount that serves as a daily 
ash allowan
e. In 
ase ofLTC whi
h requires 
are at home, the individual re
eives a 
ertain per
entage of this allowan
e.In parti
ular, the individual is payed 25 % of the agreed allowan
e in Level 1, 50 % of the agreedallowan
e in Level 2 and 75 % of the agreed allowan
e in Level 3. For 
are in a nursing home,an insured individual re
eives 100 % of the agreed allowan
e.Sin
e the data does not in
lude any information with respe
t to the transition intensities froma
tive to disabled and from a
tive to death, we used the life table for Bavarian males andfemales (1986-1988), as well as the LTC in
iden
e rates of 
ustodial insuran
e, Japan. Sin
ethese in
iden
e probabilities are 
ommer
ial rates and therefore subje
t to high loading, a dire
t
omparison of the 
al
ulated premium rates and the ones o�ered by the German health insureris not very reasonable (see Table 11). However, we see that the premium rates based on the Coxproportional hazard model behave similar with respe
t to age and the proportion between thegenders to the premium rates o�ered by the German health insurer.5 Dis
ussionIn this paper we have shown, that not only graduation te
hniques, but also the dire
t appli
a-tion of the proportional hazard model is an appropriate tool for estimating hazard intensitiesin a
tuarial models. The advantage of this approa
h is in addition to the in
lusion of informa-tion 
ontained in 
ensored observations the availability of a number of graphi
al and analyti
almethods for 
ontrolling the model. With splitting observation time into several disjoint inter-vals and estimating 
oeÆ
ients for ea
h of those intervals separately, we a
hieved a signi�
antimprovement over the basi
 model. This improvement would have been diÆ
ult to a
hieve withthe Poisson approa
h followed by Renshaw and Haberman (1995). In future works, e�orts willbe put in developing models in whi
h time 
ontinuous regression 
oeÆ
ients, perhaps modeledas polynomial splines, 
ould be in
luded. Sin
e for the data used we also have information aboutthe diagnosis whi
h leads to LTC, we also want to in
lude this information.have seen that not only age, but also the time spent in LTC, as well as other fa
tors like severe-ness of the 
laim and type of 
are o�ered have signi�
ant in
uen
e on the survival of a patient.24



Premium based on Cox Premium o�ered byProportional Hazard Model German Health InsurerAge Female Male Female Male20 2.81 2.31 2.12 1.7025 3.50 2.89 2.92 2.3330 4.41 3.65 3.90 3.1035 5.63 4.67 5.05 4.0140 7.28 6.06 6.44 5.1345 9.48 7.91 8.16 6.5250 12.49 10.42 10.39 8.3655 16.67 13.93 13.32 10.8660 22.56 18.90 17.31 14.4065 30.98 26.04 22.01 18.8470 42.91 36.40 29.04 25.71Table 11: Comparison of monthly payable premiums for DM 10 daily allowan
e 
al
ulated for theplan "PET" of a German Health Insurer. Left 
olumns: Premiums 
al
ulated using the MarkovModel shown in Figure 8, Right 
olumns: Premiums o�ered by a German Health Insurer.Appendix: Time-
ontinous Markov Chains with Countable StateSpa
eTo obtain an a
tuarial basis for premium 
al
ulation we need some basi
 
on
epts of thetheory of time-
ontinuous Markov 
hains with numerable state spa
e. A des
ription of a
tuarialmethods in the 
ontext of Markov Chains 
an be found in Chapter 1 of Haberman and Pita

o(1999). Let S : T � 
 7! Z be a time 
ontinuous Markov 
hain, where T := [0;1) is theparameter spa
e and Z � N a 
ountable state spa
e. Consider now the transition probabilitiesPij(z; t) := P (X(t) = jjX(z) = i)de�ned for all z � t and t; z 2 T and i; j 2 Z. The 
orresponding transition intensities are givenby �ij(t) = limdt!0 Pij(t; t+ dt)dt :25



Furthermore we de�ne with �i(t) :=Xj 6=i �j(t)the intensity for leaving state i. Important relationships between transition probabilities andtransition intensities are given by the forward Kolmogorov-di�erential equations (e.g. Karlinand Taylor (1981), Chapter 14):ddtPij(z; t) = Xk:k 6=jPik(z; t)�kj(t)� Pij(z; t)�j(t) (5.1)Referen
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