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Abstract

We present dichotomy theorems regarding the computational complexity of counting
fixed points in boolean (discrete) dynamical systems, i.e., finite discrete dynamical systems
over the domain {0,1}. For a class F of boolean functions and a class G of graphs, an
(F,G)-system is a boolean dynamical system with local transitions functions lying in F
and graph in G. We show that, if local transition functions are given by lookup tables,
then the following complexity classification holds: Let F be a class of boolean functions
closed under superposition and let G be a graph class closed under taking minors. If F
contains all min-functions, all max-functions, or all self-dual and monotone functions, and
G contains all planar graphs, then it is #P-complete to compute the number of fixed points
in an (F,G)-system; otherwise it is computable in polynomial time. The theorem relies
on an evident conjecture for an open case. In contrast, we prove a dichotomy theorem
for the case that local transition functions are given by formulas (over logical bases). A
corresponding theorem for boolean circuits coincides with the theorem for formulas.

1 Introduction

Efforts to understand the behavior of complex systems have led to various models for finite
discrete dynamical systems, including (finite) cellular automata (see, e.g., [32, 33]), discrete
recurrent Hopfield networks (see, e.g., [17, 1]), and concurrent and communicating finite state
machines (see, e.g., [20, 23]). A fairly general class of systems was introduced in [6]. There, a
finite discrete dynamical system (over a finite domain D) is defined as: (a) a finite undirected
graph, where vertices correspond to variables and edges correspond to an interdependence
between the two connected variables, (b) for each vertex v, a local transition function that
maps tuples of values (belonging to D) of v and v’s neighbors to values of v, and (c) an update
schedule that governs which variables are allowed to update their values in which time steps.
Formal definitions can be found in Sect. 2.

A central goal in the study of dynamical systems is to classify them according to how easy it
is to predict their behavior. In a finite, discrete setting, a certain behavioral pattern is consid-
ered predictable if it can be decided in polynomial time whether a given system will show the



pattern [10]. Although the pattern reachability problem is, in general, an intractable problem,
i.e., at least NP-hard (see, e.g., [15, 26, 4]), many tractable classes of patterns and systems
have been identified. However, there is still a serious demand for exhaustive characterizations
of islands of predictability.

A fundamental behavioral pattern is the fized point (a.k.a., homogeneous state, or equilib-
rium). A value assignment to the variables of a system is a fixed point if the values assigned
to the variables are left unchanged after the system updates them. Note that fixed points are
invariant under changes of the update regime. In this sense, they can be seen as a particu-
larly robust behavior. A series of recent papers has been devoted to the identification of finite
systems with tractable/intractable fixed-point analyses [5, 29, 27, 28, 18]. Precise boundaries
are known for which systems finding fixed points can be done in polynomial time. For the
fixed-point counting problem this is far less so.

Contributions of the paper. We prove dichotomy theorems on the computational complexity
of counting fixed points in boolean (discrete) dynamical systems, i.e., finite discrete dynamical
systems over the domain {0,1}. For a class F of boolean functions and a class G of graphs,
an (F,G)-system is a boolean dynamical system with local transition functions lying in F and
a graph lying in G. Following [18], Post classes (a.k.a., clones) and forbidden-minor classes
are used to classify (F,G)-systems. In Sect. 4 we state the following theorem (Theorem 8):
Let F be a class of boolean function closed under superposition and let G be a minor-closed
graph class. If F contains all min-functions, all max-functions, or all self-dual and monotone
functions, and G contains all planar graphs, then it is #P-complete to compute the number
of the fixed points in an (F, G)-system; otherwise it is computable in polynomial time. Here,
the local transition functions are supposed to be given by lookup tables. In fact, we prove
a conditional version of the theorem requiring an evident conjecture for the only open case.
In addition, we prove a dichotomy theorem (Theorem 18) for the case that local transition
functions are given by formulas (over logical bases). Moreover, the corresponding theorem for
boolean circuits coincides with the theorem for formulas. The theorem has a significantly more
complicated structure than for lookup tables.

Related work. There is a series of work regarding the complexity of certain computational prob-
lems for finite discrete dynamical systems (see, e.g., [15, 26, 5, 2, 3, 29, 27, 4] and the references
therein). The problem of counting fixed points of boolean dynamical systems has been studied
in [29, 27, 28]. To summarize: counting the number of fixed points is in general #P-complete.
So is counting the number of fixed points for boolean dynamical systems with monotone local
transition functions over planar bipartite graphs or over uniformly sparse graphs. We note that
all system classes considered here are based on formula or circuit representations. That is, if
they fit into our scheme at all, then the intractability results fall into the scope of Theorem
18 (and are covered there). Detailed studies of computational problems related to fixed-point
existence have been reported in [5, 18]. In [18], a complete classification of the fixed-point
existence problem with respect to the analysis framework we use in this paper was shown.

2 The Dynamical Systems Framework

In this section we present a formal framework for dynamical systems. A fairly general approach
is motivated by the theoretical study of simulations. The following is based on [8, 6, 7, 18].
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The underlying network structure of a dynamical system is given by an undirected graph
G = (V, F) without multi-edges and loops. We suppose that the set V' of vertices is ordered.
So, without loss of generality, we assume V' = {1,2,...,n}. For any vertex set U C V let
N¢(U) denote the neighbors of U in G, i.e.,

Ne(U) =qet { j | j ¢ U and there is an i € U such that {i,j} € E }.

If U = {i} for some vertex i, then we use Ng(i) as a shorthand for Ng({i}). The degree d; of
a vertex i is the number of its neighbors, i.e., d; =qet || Ng(7)]|-

A dynamical system S over a domain D is a pair (G, F') where G = (V, E) is an undirected
graph (the network) and F = {f; | i € V'} is a set of local transition functions f; : D%+t — D.
The intuition of the definition is that each vertex i corresponds to an active element (entity,
agent, actor etc.) which is always in some state x; and which is capable to change its state, if
necessary. The domain of S formalizes the set of possible states of all vertices of the network,
i.e., for all i € V| it always holds that z; € D. A vector ¥ = (x;);ey such that x; € D for all
1 € V is called a configuration of S. The local transition function f; for some vertex ¢ describes
how ¢ changes its state depending on the states of its neighbors Ng(7) in the network and its
own state.

We are particularly interested in dynamical system operating on a discrete time-scale. A
discrete dynamical system S = (S, «) consists of a dynamical system S and a mapping « :
{1,...,T} = P(V), where V is a set of vertices of the network of S and 7" € IN. The mapping
« is called the update schedule and specifies which states updates are realized at certain time-
steps: for t € {1,..., T}, a(t) specifies those vertices that simultaneously update their states
in step t.

A discrete dynamical system S = (.S, @) over domain D induces a global map Fg : D" — D"
where n is the number of vertices of S. For each vertex i € V', define an activity function o,
foraset U CV and ¥ = (21,...,2,) € D" by

. f’i('xi17""xidv+1) leEU
AN =ac { T o
where {i1,49,...,9g,41} = {i} U Ng(i). For a set U C V, define the global transition function
Fs[U] : D" — D" for all ¥ € D" by

Fs[UI(T) =aet (e1[UI(T); - - ., nlUN(T)).
Note that the global transition function does not refer to the update schedule, i.e., it only
depends on the dynamical system S and not on §. The function Fs : D™ — D" computed by
the discrete dynamical system S, the global map of S, is defined by

T
Fs =ar | [ Fsla(k)).
k=1

The central notion for our study of dynamical systems is the concept of a fixed point,
i.e., a configuration which does not change under any global behavior of the system. Let
S = (G,{fi | i € V}) be a dynamical system over domain D. A configuration & € D" is said
to be a local fized point of S for U C V if and only if Fg[U](Z¥) = Z. A configuration ¥ € D" is
said to be a fized point of S if and only if # is a local fixed point of S for V. Note that a fixed
point does not depend on a concrete update schedule: a configuration ¥ € D" is a fixed point
of S if and only if for all update schedules « : {1,...,T} — P(V), it holds that F(g.)(Z) = Z.
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3 The Analysis Framework

In this section we specify our analysis framework for (F,G)-systems. Following [18], local
transition functions are classified by Post classes, i.e., superpositionally closed classes of boolean
functions, and graphs are classified using the theory of graph minors as a tool. In the following
we gather relevant notation.

3.1 Transition Classes

We adopt notation from [9]. An n-ary boolean function f is a mapping f : {0,1}" — {0,1}. Let
BF denote the class of all boolean functions. There are two 0-ary boolean functions: ¢y =qef 0
and ¢; =qer 1 (which are denoted in formulas by the symbols 0 and 1). There are two l-ary
boolean functions: id(x) =gef  and not(z) =gef 1 —  (which are denoted in formulas by x for
id(z) and T for not(z)).

We say that a class F is Post if and only if F contains the function id and F is closed under
the introduction of fictive variables, permutations of variables, identification of variables, and
substitution (see, e.g., [9] for definitions). It is a famous theorem by Post [21] that the family
of all Post classes is a countable lattice with respect to set inclusion. In particular, each Post
class is the intersection of a finite set of meet-irreducible classes, which are the following:

e The classes Ry and Ry. For b € {0,1}, a boolean function f is said to be b-reproducing if
and only if f(b,...,b) = b. Let R, denote the class of all b-reproducing functions.

e The class M. For binary n-tuples @ = (aq,...,a,) and b = (b1,...,b,), we say that
(a1,...,a,) < (b1,...,b,) if and only if for all i € {1,...,n}, it holds that a; < b;. An
n-ary boolean function f is said to be monotone if and only if for all Z, ¢ € {0,1}", Z < ¢
implies f(Z) < f(¢). Let M denote the class of all monotone boolean functions.

e The class D. An n-ary boolean function f is said to be self-dual if and only if for all
(x1,...,2,) € {0,1}", it holds that f(z1,...,x,) = not(f(not(xy),...,not(x,))). Let D
denote the class of all self-dual functions.

e The class L. A boolean function f is linear if and only if there exists constants ay, ..., a, €
{0,1} such that f(xy,...,2,) = ag® 121 & - -+ & a,z,. Note that & is understood as
addition modulo 2 and zy is understood as multiplication modulo 2. Let L denote the
class of all linear functions. The logical basis of L is {&, 0, 1}.

e The classes S, and SE. For b € {0,1}, a tuple set T C {0, 1}" is said to be b-separating if
and only if there is an i € {1,...,n} such that for (¢;,...,t,) € T holds t; = b. A boolean
function f is b-separating if and only if f~1(b) is b-separating. A function f is called
b-separating of level k if and only if every T C f~1(b) such that ||T|| = k is b-separating.
Let S, denote the class of b-separating functions and let S} denote the class of all functions
which are b-separating of level k.

e The classes E and V. We denote by E the class of all AND functions, i.e., the class of all
functions f, the arity of which is n, such that for some set J C {1,...,n}, the equality
f(z1,...,x,) = mingey x; is satisfied for all zy,...,x, € {0,1}. The logical basis over E
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is {A,0,1}. Dually, we denote by V the class of all OR functions, i.e., the class of all
functions f, the arity of which is n, such that for some set J C {1,...,n}, the equality
f(z1,...,x,) = max;ey x; is satisfied for all zy,...,z, € {0,1}. The logical basis of V is
{Vv,0,1}.

e The class N. An m-ary boolean function f is a projection if and only if there is an i €
{1,...,n} such that for all 1, ...z, € {0,1}, it holds that f(x1,...,2,) = 2;. A boolean
function f is the negation of a projection if and only if there is an i € {1,...,n} such
that for all zy,...,z, € {0,1}, it holds that f(z1,...,x,) = not(z;). A boolean function
f is constant if and only if there exists a b € {0, 1} such that for all z4,...,x, € {0,1},
it holds that f(xy,...,z,) = b. Let N denote the class of boolean functions which are
projections, negations of projections, or constant functions.

Note that the classes possess the following inclusion structure (see, e.g., [9]):
S C--CSECSyC--CSFCRy
¢S C--CShCSTC...CS2TCR,
e ECMand VCM
e NCL

No other inclusions hold among these classes. Moreover, all Post classes have a finite logical
basis. Particular relevance for our studies have the following classes:

Dy =4t DNM with logical basis {(x Ay) V (z A 2) V (y A 2)}
Dy =4e¢ DNRoNRy with logical basis {(x Ay) V (z AZ)V (yAZ)}
Soo =det So "M N Ry with logical basis {z V (y A 2)}

S10 =daef SINMNR, with logical basis {z A (y V 2)}

Es =4t ENSyo with logical basis {A}

Vo =qet VN Soo with logical basis {V}

3.2 Network Classes

We adopt notation from [13]. Let X and Y be two undirected graphs. We say that X is minor
of Y if and only if there is a subgraph Y’ of Y such that X can be obtained by contracting edges
of Y. Let < be the relation on graphs defined by X <Y if and only if X is a minor of Y. A
class G of graphs is said to be closed under taking minors if and only if for all graphs G and G,
if G € G and G' < G, then G’ € G. Let X’ be any set of graphs. Forb<(X) denotes the class of
all graphs without a minor in X (and which is closed under isomorphisms). More specifically,
Forb<(X) =4 {G | G # X for all X € X }. The set X is called the set of forbidden minors.
Note that Forb<(0) is the class of all graphs. As usual, we write Forb<(Xj, ..., X,,) instead of
Forb<({X1,...,X,}). Forbidden-minor classes are monotone with respect to <, i.e., X XY
implies Forb<(X) C Forb<(Y). The celebrated Graph Minor Theorem, due to Robertson and
Seymour [25], shows that there are only countably many network classes closed under taking
minors: A class G of graphs is closed under taking minors if and only if there is a finite set X’
such that G = Forb4(X).



Two graph classes are particularly relevant to our study: planar graphs and graphs having a
vertex cover of size one. Let K" denote the complete graphs on n vertices and let K, ,, denote
the complete bipartite graph having n vertices in one component and m vertices in the other
component. The well-known Kuratowski-Wagner theorem (see, e.g., [13]) states that a graph
G is planar if and only if G belongs to Forb< (K33, K°). Moreover, a graph X is planar if and
only if Forb<(X) has bounded treewidth [24]. As we use the treewidth of a graph only in a
black-box fashion, we refer to, e.g., [13] for a definition. A class G of graphs is said to have
bounded treewidth if and only if there is a k € IN such that all graphs in the class have treewidth
at most k. Let G = (V, E) be a graph. We say that a subset U C V' is a vertex cover of G if
and only if for all edges {u,v} € E, it holds that {u,v} NU # (). It is known that the class of
graphs having a vertex cover of size at most k is closed under taking minors [11]. Moreover, G
has a vertex cover of size one if and only if G belongs to Forb<(K?® @ K?) [11], where for graphs
G and G', G @ G’ denotes the graph obtained by the disjoint union of G and G’. A class of
graphs is said to have bounded degree if and only if there is a k € IN such that all graphs in the
class have a maximum vertex-degree of at most k. It is known that a graph X has a vertex
cover of size one if and only if Forb<(X) has bounded degree (cf., e.g., [18]).

4 Islands of Tractability for Fixed Point Counting

In this section we are interested in the computational complexity of the following counting
problem. Let F be a class of boolean functions and let G be a class of graphs.

Problem: #FIXEDPOINTS(F, G)

Input: An (F,G)-system S, i.e., a boolean dynamical system S =
(G,{f1,..., fn}) such that G € G and for all i € {1,...,n}, f; € F

Output: The number of fixed points of S

The complexity of the problem depends on how transition functions are represented. We
consider the cases of lookup table, formula, and circuit representations. The corresponding
problems are denoted by #FIXEDPOINTST, #FIXEDPOINTSE, and #FIXEDPOINTSc. It is
obvious that all problem versions belong to #P. We say that a problem is intractable if it is
#P-hard (with respect to Turing reductions, as described in, e.g., [16]), and it is tractable if it
is solvable in polynomial time.

4.1 The Case of Local Transition Functions Given By Lookup Tables

We start by identifying tractable counting problems.
Lemma 1. #F1XEDPOINTST(L, Forb<(()) is solvable in polynomial time.

Proof. Notice that for a linear function f(z1,...,z,) = ag @ a122 B agxy @ -+ & a,,, the
proposition x; <> [ag B a122 ® asxs O - -+ D a,x,] is true if and only if ag ® a122 B asrs @ - -+ B
anTn, O x; @ 1 is satisfiable. So, each dynamical system with linear, boolean local transition
functions constitutes a system of linear equations over Z,, for which the number of solutions
can be computed in polynomial time using Gaussian elimination (cf. [12]). O
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In [18], it has been shown that the decision version of #F1XxEDPOINTST(BF, Forb< (X)) for
planar graphs X can be solved in polynomial time. This result is obtained by a reduction to a
certain type of constraint satisfaction problems. Actually, the reduction establishes injections
between the fixed points of a dynamical system and the satisfying assignments of the corre-
sponding constraint satisfaction problem. Consequently, the numbers of fixed points and the
numbers of satisfying assignments are equal.

Lemma 2. Let X be a planar graph. Then, #FIXEDPOINTS(BF, Forb< (X)) is solvable in
polynomial time.

Proof. By inspection of [18] and noting that counting satisfying assignments for constraint
satisfaction problems having constraint graphs of bounded treewidth can be done in polynomial
time (cf. [14]). -

We turn to the intractable fixed-point counting problems. Let H be a 2CNF such that
each clause consists of exactly one positive and one negative literal. H is called a Horn-2CNF
formula. Moreover, suppose H has a planar graph representation, i.e., the graph I'(H) = (V, F)
with vertex set V = {xy,...,2,,C1,...,Cp}, where the x;’s are the variables and the C;’s are
the clauses of H, and edge set £ = {{z;,C;} | w; is a variable in C;} is planar. Then, H is
called a planar Horn 2-CNF formula. #PLANAR HORN-2SAT is the problem of counting all
satisfying assignments of a given planar Horn-2CNF formula.

Proposition 3. #PLANAR HORN-2SAT is #P-complete even if each variable is allowed to
occur in four clauses only.

Proof. In [30], it has been shown that the following problem is #P-complete: #4A-PLANAR
BIPARTITE INDEPENDENT SET, i.e., compute, on a given bipartite graph G = (V, E) with
maximum vertex-degree at most four, the number of independent sets U C V. Let G = (V, E)
be a bipartite graph, V =V, UV, and E C Vj x V5. Define H to be the 2CNF given by clauses
(2, VT) for all w € Vi, v € V, such that {u,v} € E. Clearly, H is a Horn-2CNF formula.
Moreover, if G is planar and the maximum degree is at most four, the graph representation
of H is planar and each variable occurs at most four times in H. Finally, it is easily seen
that there is a bijection between the independent sets of G and the satisfying assignments
for H (cf., e.g., [22, 19]). Hence, #4A-PLANARBIPARTITE INDEPENDENT SET reduces to
#PLANAR HORN-2SAT with each variable occuring in at most four clauses. O

Lemma 4. #FIXEDPOINTST(Ey, Forb< (K33, K°)) is #P-complete.

Proof. We reduce from #PLANAR HORN-2SAT assuming that each variable occurs only four
times in the formula. Let H = C; A --- A C,, be a planar Horn-2CNF formula. Define a
dynamical system S = (G, F') as follows. G = (V, E) is given by V =q¢t {1,...,n} and E =g
{{i,j} | (@ Vz;) =C, for some r € {1,...,m} }. Since H has a planar graph representation,
G is planar, i.e., G € Forb<(K33, K°). The local transition functions are specified in the
following way. For a vertex ig € V' let {iy,...,i,} be the set of all vertices such that (Z;, V) is a
clause in H. Then, f;, is the function given by the formula H;, = z;, Ax;, A---Ax;,. Notice that
all local transition functions belong to E; and also notice that the maximum degree of a vertex
in GG is four. Thus, we can compute the lookup tables in polynomial time depending on the size
of H. Moreover, it is easily seen that (v, <> \\_; ;) = N,_,(Ti; V 2;,). Hence, the number
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of satisfying assignments of H is equal to the number of fixed-point configurations of Sy. This
shows that #PLANAR HORN-2SAT reduces to #FIXEDPOINTST(Ey, Forb< (K33, K°)). O

Lemma 5. #FIXEDPOINTST(Vy, Forb< (K33, K°)) is #P-complete.

Proof. Again we reduce from #PLANAR HORN-2SAT assuming that each variable occurs only
four times in the formula. Let H = C1 A---AC,, be a planar Horn-2CNF formula. We construct
the same network as in the proof of Lemma 4 on a given planar Horn-2CNF formula H having
the variables z1, ..., x,. However, the local transition functions are specified as follows. For a
vertex 49 € V, let {i1,...,i,} be the set of all vertices such that (73 V z;;) is a clause in H.
Then, f;, is the function given by the formula H;, = x;, V z;, V - -- V z;. which clearly belongs
to V. It remains to verify the number of satisfying assignments of H equals the number of
fixed-point configuration of Sy. This follows from (z;, < \/_, zi;) = N,_;(Ti; V x;;). Hence,
#PLANAR HORN-2SAT reduces to #F1XEDPOINTST(Vy, Forb< (K33, K°)). O

Proposition 6. #FIXEDPOINTSt(Dy, Forb< (K33, K°)) is #P-complete.

Proof. We reduce from the #PLANAR HORN-2SAT version where each variable occurs only
up to four times. Let H = Cy A --- A (), be a planar Horn 2CNF formula having variables
T1,...,Z,. We define a dynamical system Sy = (G,{f1,...,fn}) as follows. The network
G = (V, E) is given by

V =4 {1,....,n,n+1,...n+m}
E =4 {{i,j}]| (@ <n)and (j>n)and (z; is a variable in clause C;_,)}.

That is, G is isomorphic to the graph representation of H. Hence, GG is a planar graph.
Moreover, the maximum degree of G is at most four. First, assume that G is connected. The
local transition functions are specified as follows. For each i € {1,...,n}, let {j1,...,75,.} =
Ng(i). Define

Z; ifﬂ?jl:"‘:ij

not(x;) otherwise

fi(xiaxjp oo 7xjr) —def {

It is easily seen that for each ¢ € {1,...,n}, fi € D;. Note that, since G is connected and
because each x;, is an argument to exactly two of these functions, the above functions require
that all variables z; for j € {n+1,...,n +m}, ie., all clauses, be equal in order to have a
fixed point. For each i € {n +1,...,n+ m}, let (without loss of generality) C; = (T, V z4,).
Define a formula

Hi(x;,x;, Ti,) =der & — .
7,( 1y V11 22) e xilvxiQ lf.szzl

Let f; be the function represented by H;. Truth-table inspection shows that for each i &€
{n+1,....,n+m}, fi € D;. Note that the lookup tables for the local transition functions
have at most 2° entries. Also, it is easy to check that for every satisfying assignment of H
there are exactly two fixed points in Sp, i.e, the number of fixed-point configurations of Sy
is equal to 2 - #,(H), where #,(H) is the number of satisfying assignments of H. To see

this, note that a configuration 7 is a fixed point exactly when z,,1 = -+ = 2,1, = 1 and
the values zy,...,x, are a satisfying assignment to H, or when z,,1 = --- = x4, = 0 and
Z1,...,%, are a satisfying assignment to H’, the formula that is the same as H except that each



literal is negated (so, e.g., literals with negations in H no longer have negations in H'). Now,
assume that G is not connected. Then, the arguments apply independently to each connected
component of G, so the total number of fixed points becomes 2°-#, (H ), where s is the number
of connected components G has. All in all, this shows that #PLANAR HORN-2SAT reduces
to #FIXEDPOINTST(D;, Forb< (K33, K°)). O

The remaining case of Dy functions is special. We conjecture that the fixed-point counting
problem for dynamical systems with local transition functions in Dy and planar networks is
intractable. This is based on the following weaker proposition.

Proposition 7. #FIXEDPOINTS1(Dy, Forb<(0)) is #P-complete.

Proof. We reduce from the #PLANAR HORN-2SAT version where each variable occurs only
up to four times. Let H = Cy A --- A (), be a planar Horn 2CNF formula having variables
x1,...,T,. We define a dynamical system Sy = (G,{f1,..., fn}) as follows. The network
G = (V, E) is given by

V =4t {1,...,n,n+1,...,2n}
E =4 {{i,j}| @V or (z;V7T;)is a clause of H }
U {fisi+n} i€l n}} U {1} G e {m. . 20— 1)

The local transition functions are specified as follows. Set fo, (2, Toan—1, Ton) =def T2n, for1(T1,
Tpil, Tnt2) =def Tni2, and for n+1 < i < 2n, define f;(x;_p, i1, Ti, Tiv1) =def Tiz1. Fori € U,
let {0,41,...,i.} = Ng(i) U {i} and let J; denote the set of all vertices j € Ng(i) N {1,...,n}
such that (Z; V z;) is a clause in H. We define a formula

T; A /\jeJi z; fxi,=0

Hi(Tiys ooy Ty Tigen) =det { BV @y i = 1
Let f; be the boolean function represented by H;. It is easily seen that for all ¢ € V, we
have f; € Dy. Note that the lookup tables for the local transition functions have at most 2°
entries. Thus, Sy is computable in time polynomial in the size of H. Moreover, a simple
analysis shows that the number of fixed-point configurations of Sy is equal to 2-#, (H ), where
# . (H) is the number of satisfying assignments of H. For this to obtain, observe that any
fixed-configuration 7 satisfies x,,; = --- = x,. Thus, #PLANAR HORN-2SAT reduces to
#FIXEDPOINTST (Do, Forb<(0)). O

Finally, we combine the results to obtain the following conditional dichotomy theorem.

Theorem 8. Let F be a Post class of boolean functions and let G be a graph class closed un-
der taking minors. Under the assumption that #FIXEDPOINTS(D,, Forb< (K33, K°)) is an
intractable problem, the following holds: If (F 2 Vo or F 2 Eg or F 2 Dy) and G 2
Forb< (K33, K°), then #F1XEDPOINTST(F, G) is intractable, otherwise #FIXEDPOINTST(F, G)
1$ tractable.

Proof. If (F 2 Vy or F D Ey or F 2 Dy) and G D Forb<(K33, K°), then #FIXEDPOINTST
(F,G) is #P-complete by Lemma 4, Lemma 5, and by the assumption made for Dy. Suppose
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the premise is not satisfied. First, assume that F € V,, F € Ey, and F € Dy. The maximal
Post class having this property is L. By Lemma 1, #FIXEDPOINTST(L, Forb<(0)) is tractable.
It remains to consider the case G 2 Forb< (K33, K°). That is G C Forb<(X) for some planar
graph X. Lemma 2 shows that #FIXEDPOINTST(BF, G) is solvable in polynomial time. ]

4.2 Succinctly Represented Local Transition Functions

In this section we prove a dichotomy theorem for the fixed-point counting problem when tran-
sition are given by formulas or circuits. As usual, the size of formula is the number of symbols
from the basis used to encode the formula, the size of a circuit is the number of gates (from
the basis) it consists of (including the input gates). Both succinct representations of functions
lead to the same result. We only prove special results for the case of formula representations.
The corresponding results for circuit representations follow easily.

Again we start with gathering the tractable cases.

Lemma 9. #FIXEDPOINTSE (L, Forb<(0)) is solvable in polynomial time.

Proof. Similar to the proof of Lemma 1 by noting that each boolean circuit C' over the base
{®,1,0} can be easily transformed (in polynomial time in the number of gates of C') into the
described system of linear equations over Z,. O]

Lemma 10. Let X be a planar graph. Then, #FIXEDPOINTSE(E, Forb< (X)) is solvable in
polynomial time.

Proof. Since X is planar, there exists a k& € IN such that for all G € Forb<(X), the treewidth
of G is at most k. Let S = (G,{f1,..., f.}) be a dynamical system such that G = (V, E) €
Forb<(X) and for all i € V, the local transition function f; is one of the constant functions cq
or i, or is represented by a formula H; = A,_; z;, where J; C Ng(i) U {i}. Without loss of
generality, we may assume that there is no ¢« € V' such that f; = ¢; or f; = ¢o. (Otherwise,
an obvious procedure exists to eliminate such vertices.) We define the directed graph A(S) to
consist of S’s vertex set V and the edge set E' =qer { (4,7) | 4,7 € Vii € J; }. Note that A(S) is
allowed to have loops. Observe that for all vertices i, 7 € V' and all fixed-point configurations ¥
it holds that if z; = 0 then x; = 0. An easy consequence is that if C' = {4y, ..., } is a strongly
connected component of A(S) and Z is a fixed-point configuration, then z;, = --- = z;_ . Let
{C1,...,Cy} be the set of all strongly connected components of A(S). Then, the number of
fixed-point configurations of S is equal to the number of satisfying assignments of the constraint
satisfaction problem CSP(S) = (W, D,C) defined by W =g4¢¢ {21,..., 20}, D =4t {0,1}, and
C =qet { Ex;z; | there are u € C; and v € C; such that (u,v) € E’ } where for all 4, j such that
Ex;x; € C, Ejj =qet { (0,0),(1,0),(1,1) }'. Note that the constraint graph of CSP(S) (up to
being oriented) is a minor of the network of S. It follows that the constraint graph has treewidth
at most k. Hence, using the algorithms in [14], the number of fixed-point configurations can be

LA constraint satisfaction problem (CSP) consists of triples (X, D,C), where X = {xy,...,2,} is the set
of variables, D is the domain of the variables, C is a set of constraints Rx;,,...,z;, having associated cor-
responding relations R;, . ;.. The set C of constraints is listed by pairs (Rx;,,..., %, Ri; .. 4.). A solu-
tion for (X,D,C) is an assignment I : X — D such that (I(z;),...,I(z;,)) € Ry, . for all constraints
Rz, ...,x;, € C. The (primal) constraint graph for (X, D,C) consists of the vertex set X and the edge set
{{zs,2;} | ; and z; occur in the same constraint of C}.
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computed in polynomial time. Consequently, #FIXEDPOINTSE(E, Forb<(X)) can be solved in
polynomial time. O

Lemma 11. Let X be a planar graph. Then, #FIXEDPOINTSE(V, Forb< (X)) is solvable in
polynomial time.

Proof. The case of V is dual to the case of E. Indeed, suppose we have a dynamical system
S = (G,{f1,..., fu}) such that G = (V, E) € Forb<(X) and for all i € V, f; is constant or rep-
resented by a formula H; = \/,; x; where J; C Ng(i)U{i}. Replace each V by A, 0 by 1, and 1
by 0. Obviously, this gives a dynamical system having the same number of fixed-point configura-
tions as S. Thus, #FIXEDPOINTSE(V, Forb< (X)) reduces to #FIXEDPOINTSE(E, Forb<(X)).
Hence, by Lemma 10, #F1XEDPOINTSE(V, Forb< (X)) can be solved in polynomial time. [

Lemma 12. Let X be a graph with a vertex cover of size one. Then, #FIXEDPOINTSE
(BF, Forb< (X)) is solvable in polynomial time.

Proof. Let X have a vertex cover of size one, i.e., Forb<(X) has bounded degree. So, it is
easily seen that for all classes F of boolean functions, #FIXEDPOINTSg(F, Forb< (X)) reduces
to #FIXEDPOINTS1(F, Forb<(X)). As X is also a planar graph (note that K* & K? < Ks3
and K3 & K? < K°), #FIXEDPOINTSR(BF, Forb< (X)) is solvable in polynomial time using
Lemma 2. [l

We turn to the #P-complete cases.
Lemma 13. #FIXEDPOINTSy(E,y, Forb< (K33, K°)) is #P-complete.

Proof. An inspection of the proof of Lemma 4 shows that the local transition functions specified
there are in fact, represented by formulas. Thus, the proposition follows from the proof of
Lemma 4. O

Lemma 14. #F1XEDPOINTSy(Vy, Forb< (K33, K°)) is #P-complete.
Proof. Similar to Lemma 13 by inspecting the proof of Lemma 5. O]

Let H be a 2CNF formula such that each clause consists of positive literals only. H is called
a positive 2CNF. It is well known that the counting problem #Pos 2SAT | i.e., counting the
satisfying assignments of positive 2CNF, is #P-complete [31].

Lemma 15. #FIXEDPOINTSF (S, Forb<(K? & K?)) is #P-complete.

Proof. We reduce from #Pos 2SAT. Let H = C; A --- A C), be a positive 2CNF formula
having variables z1, ..., x,. Let #,(H) denote the number of satisfying assignments of H. Let
S10(2, Y, 2) =det ( A (y V 2)) denote the only element in the logical basis of Sip. Define Sy to
be the dynamical system consisting of the network G = (V, E'), where V' =gt {1,...,n,n+ 1}
and E =ge { {i,n+ 1} | i € {1,...,n} }, and the local transition functions are specified as
follows. For i € {1,...,n} set Pj(x;, ni1) =qet S10(Ts, T4, x;) and let f; be represented by P;.
For i = n+ 1, we first define auxiliary formulas A; for j € {1,...,m} by A;(z1,...,Tnt1) =der
SlO(zn—s—l» T11, Ilg) and for k > 1 by Ak(l'l, Ce ,an+1) —def SIO(Ak—l(xlu c. ,[En_H), Tk, Ikg)
where Cy = (xp1 V x2). Finally, set Poi1(21, ..., Tpy1) =det Am(T1,-..,Tpy1) and let fr 4
be represented by P, 1. Certainly, Sy is an (Syg, Forb<(K? & K?))-system computable in time
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polynomial in the size of H. Moreover, note that P, 1(x1,...,Tu11) = Tpi1 A /\;":1 C;. It fol-
lows that the number of fixed-point configurations of Sy is #.(H) + 2". Hence, #Po0s 2SAT
reduces to #FIXEDPOINTSE (S0, Forb<(K? & K?)). O

Lemma 16. #FIXEDPOINTSF(Sgg, Forb<(K? & K?)) is #P-complete.

Proof. Again we reduce from #Pos 2SAT. Let H = Cy A---AC,, be a positive 2CNF formula
having variables zy,...,z,. Let #,(H) denote the number of satisfying assignments of H.
Let Soo(x,y,2) =aet (z V (y A 2)) denote the only element in the logical basis of Spy. We
define Sy to be the dynamical system consisting of the network G = (V, E), where V' =g
{0,1,...;n,n+ 1} and E =4 { {i,n+ 1} | ¢ € {0,...,n} }, and the set of local transition
functions specified as follows: for i € {0,...,n}, set Pi(x;, Tni1) =det Soo(i, i, x;) and let f;
be the function represented by P;. For i = n+1, i.e., the center of the star G, we first introduce
auxiliary formulas A, (zo,21,...,2,) for k € IN; and j; < --- < j;, inductively defined by
Ai(xo, @1y .oy Tn) =det Soo(Tiy, Tiy, Tiy), such that C; = (25, V x4,), and

Aji e (Zoy - -+ Tn) =aet Soo(To, Ajl,...,jW% (0, - -+ Tn), Ajtkmﬂ,...,jk(l’o? e Tn))

We finally define P,11(zo, ..., Znt1) =der Soo(Tos A1,..m(To, ..., Zn), Tny1). Clearly, Sy is an
(So0, Forb<(K? @& K?))-system computable in time polynomial in the size of H. Moreover, as
is easily seen by induction it holds that

Ajlw-:jk (Co, T1y... ,.Tn) = /\];:1 Cg and A]'1,~~~7jk (Cl, L1y .. ,ZEn) =C.
This leads to the following numbers of fixed-point configurations of Sg:

- there are 2" fixed-point configurations & such that zo = 0 and x,,; = 0,
- there are #,(H) fixed-point configurations & such that o = 0 and z,.1 = 1,
- there is no fixed-point configuration & such that zo =1 and x,,,; = 0, and

- there are 2" fixed-point configurations ¥ such that xg =1 and z,,; = 1.

Hence, the number of fixed-point configurations of Sy is just #., (H) + 2"™'. Consequently,
#Pos 2SAT reduces to #FIXEDPOINTSg (S0, Forb< (K3 & K?)). O

Lemma 17. #FIXEDPOINTSg(Dg, Forb<(K? @ K?)) is #P-complete.

Proof. We reduce from #Pos 2SAT. We construct the same network as for the case Sgg in
the proof Lemma 16 on a given positive 2CNF formula H = Cj A --- A C,, having variables
T1,...,%,. Let #,(H) denote the number of satisfying assignments of H. The local transition
functions are specified as follows. Let Dy(x,y, z) =qef (x Ay)V (xA2)V (y A z) denote the only
element in the logical basis of Dy. For i € {0,...,n} set Py(z;, Tpni1) =aer D2(x;, 2, ;) and let
fi be represented by P,. For i = n+1, we again introduce auxiliary A;, _j, (zo,Z1,. .., Tn, Tni1)
for k € IN; and j; < -+ < jj inductively defined by A;(zq,...,Tnr1) =der D2(Tiy, Tiy, Tny1),
such that C; = (z;, V x;,), and

Ajl,...,jk ('T07 cee 7$n+l) —def DZ(A]'L...,ij/QJ ('IO; o axn-i-l); A]'Lk/QjJﬁla"wjk ('T()a cee 73371-&-1)7 'CEO)'
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be computed in time polynomial in the size of H. Moreover, by induction over the formula
structure of P,,; we easily obtain the following equivalences:

Po1(0,21,...,2,,0) = AL 2
Poi1(0,29, ... 2, 1) Aty (za V z)
Poi(1,2q,...,2,,0) Vit (za A z)
Poa(Lxy,...,xn,1) = Vi o

Thus, the number of fixed-point configurations of Sy is exactly 24, (H) + 2"*1 — 2. Hence,
#Pos 2SAT reduces to #FIXEDPOINTSE (D, Forb< (K3 & K?)). O

Finally, we combine all results to obtain the following dichotomy theorem.

Theorem 18. Let F be a Post class of boolean functions and let G be a graph class closed under
taking minors. Then, #FIXEDPOINTSE(F,G)) is intractable if one of the following conditions
18 satisfied.

1. (F 2 Spo or F 2 Sip or F 2 Dy) and G 2 Forb<(K? @ K?).

2. (]—" DVyorFD Eg) and G 2 Forb< (K33, K°).

Otherwise, #FIXEDPOINTSE(F,G) is tractable. Moreover, the same classification is true for
#FIXEDPOINTS((F, G).

Proof. 1f for F and G the first conditions is satisfied, then the intractability follows from Lemmas
15, 16, and 17. If G 2 Forb<(K?® @ K?), then, as argued in [18], there is a graph X having a
vertex cover of size one such that G € Forb<(X). Lemma 12 shows that #FIXEDPOINTSy(BF,
Forb<(G)) is solvable in polynomial time. Assume that F 2 Sgo, F 2 S0, and F 2 Dy. The
maximal Post classes satisfying this are V, E; and L. Thus, we only consider subclasses of these
three classes. If F and G satisfy the second condition, then the Lemmas 13 and 14 establish
the intractability. Suppose the second condition does not hold. The maximal class F such that
F 2 Vyand F 2 Ey is L. Lemma 9 states that for L counting fixed-points can be done in
polynomial time. If G 2 Forb<(Kj33, K°), then we know that G € Forb<(X) for some planar
graph X. Lemmas 10 and 11 imply that #FIXEDPOINTSE(E, G) and #FIXEDPOINTSE(V, G)
are solvable in polynomial time. O]

5 Conclusion

Fixed points are an important and robust (in the sense that they exist independently of any
update schedule) feature of discrete dynamical systems. We presented two dichotomy theorems
on the complexity of counting the number of fixed points in such a system. Both results
demonstrate that the linear boolean functions are the only function class such that fixed point
counting is tractable independent of representations and of degrees of variable dependency.

The main open issue of this paper is resolving the intractability conjecture for fixed point
counting in systems with local transition functions from D, over planar graphs. More gener-
ally, it is tempting to apply our analysis framework (Post classes and forbidden minors) to a
precise identification of islands of predictability for more schedule-based behavioral patterns,
e.g., gardens of Eden, predecessors, or fixed-point reachability.
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