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Chapter 1

Introduction

In almost all fields of applications, viz. the natural sciences, economics, engineering, medi-
cine, the social sciences, etc., one is often confronted with time series, i.e. sequences of
observations on some variables of interest over time. In order to understand the ongoing
processes and to be able to make forecasts these have to be analysed and modelled. The
penultimate goal, when analysing time series, is usually to find a tractable and paramet-
ric stochastic model describing the empirical observations well. In most cases the primary
aim is to transform the observed values in such a way that the use of a linear time series
model, i.e. an ARMA one (see e.g. Brockwell and Davis (1991)), is possible. A so-called
ARMA (p,q) processes is defined via a white noise sequence Z;,t € Z, and a set of para-
meters ®,...,P,,0,...,0, € R. If a stochastic process X; satisfies

Xt - (1)1th1 — ... (I)pthp == Zt + @1Zt,1 + ...+ @th,q, (11)

then it is called an ARMA((p,q) process.

When fitting some parametric model to empirical data, one is often confronted with
the problem that one obtains rather excellent fits over short periods of time, but that
the quality of the fits deteriorates considerably when increasing the time span. Moreover,
when looking at plots of time series, one often, even with the bare eye, detects break-
points, i.e. points of time, where the behaviour of the series changes. Using statistical
tools one can actually find apparent structural breaks in many observational series.

The purpose of Markov-switching models is to provide a tractable model with nice
probabilistic properties that over shorter time horizons behaves like a simple, e.g. an
ARMA, model, but allows for structural breaks. Furthermore, such a model should allow
for structural breaks at random times, since, if the behaviour has changed in the past,
one should clearly allow for this to happen in the future as well in order to obtain realistic
forecasts.

To exemplify what Markov-switching is all about, let us consider the so-called Markov-
switching ARMA processes. Here the idea is in principle to use (LI to describe the
evolution of a time series, but to allow the used parameters ®,,...,®,,0;,...,0, to
change over time. In order to get a flexible, but still rather tractable model, one employs a
Markov chain to describe the variation of the parameters over time. As realizations of such
processes look like ones of an ARMA process when considering short time horizons and the
parameters change in a Markovian way, the term “Markov-switching ARMA” processes
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MS-AR(1) process X
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Figure 1.1: MS-AR(1) process X; = &1, X; 1 +¢; with two regimes (i.e. possible parameter
values for ®;;) &) = —0.9 and ®® = 0.8. The probability of remaining in the current
regime is 0.95 throughout and ¢, ~ N(0, 1) is an i.i.d. sequence. As is shown in Section
5.4.1 the process is actually stationary, although the path behaviour changes dramatically
at regime shifts. The time horizon considered is 800 to 1000 in order to ensure stationarity.

arises naturally as a name for such models. If the parameter sets for the different times
are actually an i.i.d. sequence, the term “random coefficient ARMA” is used to stress that
this is a rather special case.

Figure [[.T] depicts a simulation of an MS-AR(1) process. One can clearly observe the
structural breaks in the path behaviour due to switches in the driving parameter chain
from one state to the other. In between parameter changes the path looks like paths of
an AR(1) process corresponding to the respective parameter values. The times of the
switches were 826, 867, 873, 903, 909, 941, 979 and 998 and the original parameter at
time 800 was @) = —0.9,

When intending to use GARCH models, one is often confronted with the same problem
that the fit over short periods is very good, but the data seems to exhibit structural breaks.
Thus, Markov-switching GARCH models enter the scene. A Markov-switching GARCH
process is basically again described by the usual GARCH equations, but the parameters



change over time in a Markovian way.

Let us now give a brief overview on the results on and use of Markov-switching models
in the existing literature. The first area where Markov-switching ARMA processes appear
to have been used extensively is electrical engineering (see Tugnait (1982) or Doucet,
Logothetis and Krishnamurthy (2000) and references therein), where the first papers on
this topic appeared in the 1970s. The main emphasis is on inference and estimation there.
Also in the 1970s the interest in random coefficient autoregressions arouse in statistics,
as can be seen from the monograph Nicholls and Quinn (1982). In econometrics the two
papers Hamilton (1989) and Hamilton (1990) started a whole industry of papers using
Markov-switching ARMA models to fit observational series from more or less all the
different fields of economics. For an overview over the early work see Hamilton (1994).
Krolzig (1997) contains a lot of useful information on Markov-switching processes, the
related statistical tools used in econometrics and some detailed studies of actually ob-
served time series. For some recent applications see e.g. Hamilton and Raj (2002). In
the statistical literature the theoretical properties of maximum likelihood estimators in
Markov-switching models like consistency were first discussed in Francq and Roussignol
(1998) and Krishnamurthy and Rydén (1998), who both considered driving chains with
finite state space. Only very recently the case of a possibly uncountable, yet compact
state space was addressed in Douc, Moulines and Rydén (2004). References to probabil-
istic work on MS-ARMA and related processes will be mentioned later when studying
these processes.

It is noteworthy that the Markov-switching ARMA models we shall consider later fall
into the hidden Markov model framework as analysed in the recent paper by Fuh (2004),
for example. However, they are more general than the more classical Hidden Markov
Models (HMM) as discussed e.g. in Poskitt and Chung (1996) and the references given
there.

The use of MS-ARCH models has begun in the econometric papers Cai (1994) and
Hamilton and Susmel (1994). General GARCH models have then been studied in Gray
(1996) and Dueker (1997). Wong and Li (2001) consider GARCH models with i.i.d. coeffi-
cients and Klaassen (2002), Rossi and Gallo (2003) and Haas, Mittnik and Paolella (2004)
various different Markov-switching GARCH formulations. Consistency of the maximum
likelihood estimator has been considered in Francq, Roussignol and Zakoian (2001) and
we shall study an extension of the Markov-switching GARCH specification given there
later.

In this thesis we intend to study Markov-switching processes from a theoretical and
probabilistic point of view. The previously known results are rather scattered over the
literature and there seems to be no comprehensive treatment on the theoretical probabil-
istic properties so far. In particular, two somewhat different lines of research have been
established. On the one hand Markov-switching models with driving chains of finite state
space have been considered by econometricians, statisticians and engineers and employed
to model various time series, whereas probabilists on the other hand have studied either
random coefficient models or general stochastic recurrence equations with i.i.d. or ergodic
input. As far as possible, we try to unite the two lines by studying Markov-switching
models with a driving Markov chain that may have a non-finite and even uncountable
state space.
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The outline of the thesis is as follows. Markov-switching models are not considered
before Chapters 5 and 6, as we first develop all the necessary tools for the analysis in
order to be able to give a streamlined account on Markov-switching ARMA and GARCH
processes.

Chapter 2, in particular, summarizes the employed notions and notations and provides
many probabilistic results needed later. Especially Sections 2.1- 2.3 are just rather short
overviews. In Section 2.4 we develop the theory of general LP-spaces, i.e. spaces of functions
assuming values in some normed space and being p-times integrable. This is a topic that
is rarely found in the literature, but it is essential for our later studies. Section 2.5 is
on ergodicity in the general measure theoretic meaning and related concepts. It lays the
necessary foundations for analysing stationarity of Markov-switching processes. Finally,
we introduce the necessary notions from general classical Markov chain theory and the
concept of strong mixing of stochastic processes in Section 2.6. The results we report there
will only be used in Section 5.5. Moreover, the implications of strong mixing for extreme
value theory are briefly recalled.

In the third chapter we give first a short account on vague convergence of measures,
as we shall employ this notion in order to define multivariate regular variation of random
variables and sequences in general. In the second section of this chapter we introduce and
analyse several notions of regular variation, which is the essential tool we shall use later
to study the tail behaviour. It is noteworthy that the general definition we give and most
of the reported results are rather recent. The last section summarizes results on certain
combinations and transformations of regularly varying random variables. The very last
theorem is a new extension of previously known results and later enables us to analyse
regular variation of certain processes with regularly varying noise.

The fourth chapter is on the stochastic difference equation Y, = A,Y,,_1 + C,, with
stationary and ergodic input (A, C,,). Formulating Markov-switching processes as such a
random recurrence equation will be a key step in their probabilistic analysis later on. We
first review stationarity and ergodicity results. Then we study the finiteness of moments
and conclude by analysing the tail behaviour, where we focus on cases in which regular
variation appears in the tails. Our results on the finiteness of moments for such a stochastic
recurrence equations in more than one dimension and the analysis of the tail behaviour
in the presence of a regularly varying noise, that is not restricted to be non-negative in
all components, have, to the best of our knowledge, not been considered elsewhere yet.

Markov-switching ARMA models are considered in detail in Chapter 5. We start by
giving a definition of Markov-switching ARMA processes driven by a general state space
Markov chain. After a discussion of sufficient stationarity conditions we give sufficient
conditions ensuring the existence of moments in Section 5.2. The results on driving Markov
chains with general state space and on general moments are not to be found in the
existing literature, which only allowed for a finite state space and focused mainly on
the first and second order moments. Thereafter we discuss feasible ways of checking the
previous conditions in Section 5.3. The norm condition, in particular, seems to be new. The
following Section 5.4 explores the relationship between the stationarity of the Markov-
switching ARMA process and the stationarity of the ARMA processes related to the
individual parameter sets possible. Previously only second order stationarity issues were
considered in this respect. In Section 5.5 we give criteria, for when a Markov-Switching



ARMA process is geometrically ergodic, and in the last section of this chapter we again
turn to the tail behaviour and examine several cases in which regularly varying tails
show up. The general geometric ergodicity results and the ones on the tail behaviour in
the presence of a regularly varying noise are again new. Some simulations of real-valued
MS-AR(1) processes are to be found in Sections 5.6.1 and 5.6.2.

Finally, we conclude the thesis by looking at Markov-switching GARCH models in
Chapter 6. Again we give a definition of such processes driven by general state space
Markov chains and a short discussion of sufficient conditions for stationarity and the
finiteness of moments.
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Chapter 2

Preliminaries

In the following we introduce briefly the notation used and give expositions of some general
concepts and results employed later in the thesis.

2.1 General Notions and Notation

The natural logarithm is abbreviated as log and empty sums, i.e. sums like Z,::lo a;, are
defined to be equal to the zero element in the appropriate space obvious from the context.
Likewise, empty products, i.e. products like H,;:lo a;, are understood to be equal to the
unit of the appropriate algebra. The same convention is used for products of the form
a1 -+ ay_p with k£ < 0.

2.1.1 Set Operations

I4(+) stands for the indicator function of some set A. The symmetric difference of two sets
A and C is as usually defined as AAC := (A\C)U(C\A). Algebraic manipulations of sets
also have to be understood in their usual meaning, for example, if A, C' are two sets, then
A+C={a+c:a€ AceC}and AC = {ac:a € A,c € C} (with the multiplication
operation that is obvious from the context).

2.1.2 Algebras

The term “algebra” is used both in its algebraic (cf. e.g. Heuser (1992, p.113)) and measure
theoretic (see below) definition. From the context it is in the following obvious which
definition we refer to. In a unital algebra (in the algebraic sense) I denotes the unit
element. Recall that in measure theory one defines an algebra in the following way:

Definition 2.1 (cf. Bauer (1992, Satz 1.4)) Let Q) be a set. A system &/ of subsets
of 1 is called algebra, if

Q e o,
Aco = A°e & and
A Beo = AUBec.W.
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As usual we define the complement A° of some set A as 2\ A. The difference between an
algebra and a o-algebra is that the later contains countable unions, whereas an algebra
only contains finite unions.

2.1.3 Expectation Operator

The expectation operator E(-) always operates solely on its argument inside the bracket,
which means that e.g. E(Y)? is understood to mean (E(Y))P. In contrast to this the
occasionally used EY? corresponds to F(Y?) and E(YP)" to (E(Y?))".

2.1.4 Product Measures

Suppose that (E, &) and (Es, &) are two measurable spaces and that we have a measure
von (F; X Ey,0(& x &) that is the product of the two measures v on (FEy, &) and
Vo on (FEy, &), then we either use the notation v = 11 ® 15 or a symbolic dx notation,
viz. v(dzy,dxs) = vi(dwy)ve(dxs) = va(drg)vi(dey), which is sometimes more convenient.
Note that the order in which the marginal measures appear in the dx notation does not
matter. It should be obvious, how this notation generalizes to products of more than two
spaces. In the section on multivariate regular variation we shall consider in particular R*
and view it as the k-fold product of R?. So a symbolic notation like v(dw1, dxs, . . ., dxy) =
Vg(d$2)€0m(k71)d<d$1, dzxs, ...,dzy), where ¢ is the Dirac measure w.r.t. 0, is equivalent to
I/ZEORd ®U2®50Rd ®"'®60ROL'

~~

(k—2) factors

2.2 Vector Spaces, Norms, Metrics, Linear Operators
and Matrices

The m x n matrices over R (C) will be denoted by M,, ,(R) (M,,,.(C)). If n = m, we
will use the notation M, (R) (M,(C)) and M, (R) (M,F(C)) for the symmetric positive
semidefinite matrices. The unit in M,, is denoted by I,,. The adjoint (transpose in the
real case) of a matrix M will be written as M. All matrices defining our models in the
chapters to follow will be in M,,(R). However, some manipulations (Schur decomposition
etc.) may lead to complex valued matrices. Thus, when necessary, M,,,(R) is simply
regarded as a subset of M,,,(C) and identified with linear operators acting on complex
vector spaces. This is in particular done when considering the spectrum o (M) of a matrix
M and its spectral radius p(M).

R? is always thought to be equipped with a norm || - || and || - || will also denote
the induced operator norm on My(R). Standard norms used on R? (C%) are || - ||; :

(@1, @a) " = Zle il [l (21, za) T V ZL j2i? and || [l * (21, ., 7a)" —
maxXxj<i<d ’%z‘

On a finite product X = [['_, X; of normed spaces (X;, || - ||;) the norm is understood
tobe |- || : X = R, (2;)iz1,.n — iy ||lzi]ls, if not indicated otherwise.
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All vector spaces are understood to be R-linear or, sometimes, C-linear spaces and the
dual space of a topological vector space X is X*.

Recall that two normed spaces X and Y are isomorphic, if there is a bijective linear
map 7' : X — Y and constants M > m > 0 such that m|z| < |[|[Tz| < M|jz||Vx € X (cf.
Werner (2002, Def. I1.1.9)). T is referred to as an isomorphism. This concept is generalized
to metric spaces in the following definition:

Definition 2.2 Two metric vector spaces (X,d) and (Y, d) are said to be isomorphic, if
there is an isomorphism T : X — Y and constants M > m > 0 such that md(zy,xs) <
d(Txy, Txe) < Md(xy,x5) for all x1, x5 € X. They are said to be isometric, if m = M = 1.

Using the € —  characterization for the continuity of functions between metric spaces, it
is clear that a mapping T" with the above given properties and its inverse are continuous.

Furthermore, analogously to the familiar definition of a semi-norm (see e.g. Werner
(2002, p. 1)), we call any function d : X x X — [0,00) (where X is some set) a semi-
metric, if it has all properties of a metric except that d(z;,x2) = 0 does not necessarily
imply 1 = x2 (cf. Werner (2002, p. 472)). The topology induced by a semi-metric does
in general not have the Hausdorff property.

In any metric space (X, d) we set, as usual, Bs(x) = {y € X : d(x,y) < ¢} for the
open ball with radius 0 > 0 around =z € X.

2.3 Random Variables and Processes

Throughout this thesis we assume the existence of a probability space (2, F, P), where
all occurring random variables are defined on, i.e., for instance, all R? valued random
variates are F — B%-measurable mappings from  into R?, where B? denotes the usual
Borel-cg-algebra on R?. Likewise random variables taking values in M,, ,(R) are F — B™"-
measurable mappings from €2 into M,, ,(R), where B™" is the Borel-o-algebra on M,, ,,(R)
induced by any norm. Recall that all norms induce the same topologies and thus the same
Borel-o-algebras on finite dimensional spaces. Equality in law (distribution) of two random

variables X and Y is denoted by Z and convergence of a sequence of random variables

(Xn)nen in law to a random variable X by X, 7 X.

Since our random variables often take values in a product of measurable spaces, let
us give a brief reminder on general product spaces. Let I be an arbitrary index set and
{(%, F5) }ier be a family of measurable spaces. Then the product space [[,.; €; is under-
stood to be equipped with the product o-algebra [[,.; F;, which is the smallest o-algebra
on the product space, such that all projections m, : [[.c; 2 — Qn, (Wi)ier — wn,n €
I, are measurable. As is well known from basic measure theory, [],., F; is generated

Vs = {(7% oy ) HA) vy, i€ T AE [[_, Fi,,n e N}
(note that H;L: W Fi, =0 ({H?Zl Ci, : Cy, € ]:ij})) as well as by the rectangular sets
Riryie, = {m(A)N..nm (Ay) cin,... in€ [, A €Fy, ..., Ay € Fiyyn € N} (cf.
Loeve (1977, part 1, 1.7 and 4.2), Shiryaev (1996, ch. II §3) or Bauer (2001, § 9)).

For some set E equipped with a o-algebra £ an E-valued random process on Z (i.e.
in discrete time) is a sequence Z = (Z;);ez of random variables defined on a measure

by the cylinder sets 2,
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space (€2, F, P) assuming values in the measurable space (F,£). Z can also be regarded
as a measurable mapping from (2, F) to (E% E%). An immediate consequence of the
definition of the product of measurable spaces is that Z : Q — EZ is F — £%-measurable,
ift 7, : Q — FE is F — E-measurable for all ¢ € Z. Furthermore, the distribution of Z is
determined by its finite-dimensional marginals. Thus, the two ways of looking at random
sequences are equivalent. Confer any standard text on probability theory (e.g. Shiryaev
(1996) or Bauer (2001)) for the details.

In time series analysis the back-shift operator B is usually the map sending X; to X;_;.
However, we shall use the analytically convenient definition usually employed especially
in connection with ergodic theory as a linear operator acting on the whole sequence. So,
let (E,£) be some measurable space, then we define B as the right-shift operator on EZ,
ie. B: EZ — EZ (2)icz — (2i-1)iez- The rationale behind this definition is that we
get m(X) = X; and m(BX) = X, for any ¢t € Z for an E-valued random sequence
X, where 7, t € Z, are the coordinate projections. It is noteworthy that B is bijective
and B~! is the left-shift operator, i.e. the forward-shift operator in a time series context.
Furthermore, B as well as B~! are obviously measurable and map cylinder sets to cylinder
sets.

A random sequence X = (X;);cz assuming values in a measurable space (E, £) is called
stationary, if the distributions of (Xy,,..., Xy, ) and (X3, —p, ..., Xt —n) are the same for
all t1,...,tx, h € Z and k € N. This is obviously equivalent to P(X € A) = P(B"X € A)
forall h € Nand A € Zzz or A € Zez, since both the cylinder and rectangular sets are
closed under intersection (cf. Brandt, Franken and Lisek (1990, A 1) who use the left-shift
operator).

2.4 General L’-spaces

The theory of the spaces of p-integrable real valued random variables, which can be found
in most textbooks on measure and probability theory (e.g. Loeve (1977), Bauer (1992),
Shiryaev (1996)) or functional analysis (e.g. Werner (2002)), can be extended to random
variables assuming values in an arbitrary normed space (see e.g. Dunford and Schwartz
(1958)). The following brief discussion of this generalized theory presumes familiarity
with the usual LP spaces of random variables assuming values in R at the level of Loeve
(1977) and the basic concepts of functional analysis to be found e.g. in Werner (2002). We
only consider probability measures, but extensions to more general measures are obvious.
Throughout this section (€2, F, P) is some fixed probability space.

The definitions and results below are later useful when studying the moments of solu-
tions to a stochastic difference equation and Markov switching models. Although, we
only consider R? or My(RR) valued random variables in those sections, we consider gen-
eral normed vector spaces here, since it seems worthwhile to give a rather general and
comprehensive discussion, as this is rarely to be found in the literature. Moreover, most
results and their proofs do not get any simpler by restricting attention to R? and M(R).

Definition 2.3 Let (X, || - ||) be a normed space, p > 0 and B the Borel o-algebra of
(X1
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Then
LLELF,PX ) = {Y :Q — X Y F-B-measurable, / Y (w)||PdP(w) < oo},
Q
LYMNF,PX | -|) = {Y:Q— X:Y F-B-measurable,IK < oo s.t. |Y| < K a.s.}.

Moreover, define N ={Y : Q — X : Y F-B-measurable, |Y|| =0 a.s.}.

Note that, since we only use the norm of an X-valued random variable in the above
definition, all integrands are real valued and we thus do not have to discuss a notion of
integrating functions which assume values in a general normed space (see Dunford and
Schwartz (1958) for a thorough discussion on integrating Banach space valued functions).

The following lemma, which is obviously implied by the definition, allows us to deduct
most properties of the above defined spaces from the properties of the well-known special
case with X = R.

Lemma 2.4 Let (X,| - ||) be a normed space, p € (0,00] and Y be an X valued random
variable. ThenY € LP(Q, F, P, X, ||-|) & ||V € £P(Q, F, P,R). Furthermore, Y € N &
Y =0 as.

Since LP(Q2, F, P,R) is a vector space, the above lemma and the properties of a norm
imply:

Proposition 2.5 £P(Q,F, P, X, ||-||) is a linear space and N is a subspace of LP(Q, F, P,
X, || 1I) for all p € (0, 00].

As in the classical situation this enables us to define LP spaces:

Definition 2.6 Let (X, || -||) be a normed space. Define for p € (0, <]
LP(Q,f’ P X, || ’ ||) = 'Cp(QwFa P X, || ’ ||)/N> (2'1)
forY,Z € LP(Q, F, P, X, | -1)

Y llee = EQYIP)? for 1<p< oo, (2.2)
|V =inf{K e R* : |[Y| < Ka.s.} for p=oo, .
A (Y, 2) = E(IY = ZIP) for p<1 (2.4)
and for equivalence classes [Y],[Z] € L*(Q, F, P, X, - ||)
I Uze = Y [le  for 1<p<oo, (2.5)
dip([Y], [Z]) = dwo (Y, Z) - for p<1. (2.6)

Moreover, Lemma [24] shows together with the inclusion relations for the LP(Q, F, P, R,
| - |) spaces the inclusion relations for L? spaces over general normed spaces:

Corollary 2.7 Let (X, || - ||) be a normed vector space. Then

£S<Qaf7P7X7”'H) - ﬁr(Q,f,P,X,H-H)
LS(Q,f,P,X,H-H) - LT(Q,.'F,P,X,H-H)

for 0 < r < s < co. In particular, if Y € L* for s > 1 then ||Y||r < ||V
r € [1;s].

s for all
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Note that despite the above inclusion relation it is still possible to have E(||Y|") >
E(|Y|IF),if Y € L, s € (0,1] and r € (0,s). So the second part of the above corollary
can not be generalized to include s < 1.

In the following we briefly analyse the analytic properties of the above defined L
spaces.

Proposition 2.8 || - ||z» is a semi-norm on LP(Q, F, P, X, | - ||) and a norm on L? for
1 <p<oo.Inthe case 0 < p<1dp(-,-) is a semi-metric on LP and a metric on LP.

As usual we will not distinguish between random variables in £? and the corresponding
equivalence classes in LP. Hence, we will from now on only use the symbol L”. However,
one should bear in mind that £? with the above defined semi-norm/metric is in contrast to
LP not a Hausdorff topological vector space and limits are only unique up to a.s. identity.
Proof: Apart from the triangle (Minkowski) inequalities all properties of a (semi)-norm,
resp. -metric are obvious. The triangle inequality follows from the triangle inequalities in
LP(Q, F,PR,|-|): Let V.Y, Z € LP(Q, F,P, X, | -||), then

1Z+ Y = E(Z+Y|)Y" < B(Z]+ 1Y) < B(1Z|")Y + E(Y[P)?
= N2l + 1Y [lze

for 1 < p < o0, respectively,

dpp (Y, Z) = E(|Y = Z|]") < E((Y =V + [V = Z]))")
< E(Y =VIP) + E(IV = ZII") = dwo (Y, V) + dio (V, 2)

for 0 < p < 1. For p = oo observe that, if Y is a.s. bounded by K and Z by K', Z+Y is
a.s. bounded by K + K. O
In the classical set-up L? is a Hilbert space. This can be reproduced in higher dimensions:

Theorem 2.9 Let (X, (-,-)) be an inner product space (with || - || denoting the canon-
ical norm). On L*(Q, F, P, X, | - ||) define a bilinear form {-,-) . by setting (Y, Z),. :=
E(Y,Z)). Then (-,+) ;2 is a scalar product and induces the norm ||-| 2. Moreover, for all
Y, Z e L*(Q,F, P, X, |-

|V, 2) 2 | S E(YIHIZID) < WY N2 121 2

Proof: It suffices to show the last two inequalities. This shows that (-, -);. is well-defined.
That (-,-);. has all properties of a scalar product and induces the L*-norm can be seen
immediately. But the left inequality is simply the Cauchy Schwarz inequality in (X, (-, -))
and the right inequality is the Cauchy-Schwarz (Holder) inequality in L*(Q, F, P, R, |- ),
since |Y |27 px 00 = 1Y 20,7, p5 ) -
The following two theorems give natural extensions of the Holder inequality to higher
dimensional spaces. One comes from viewing the real (complex) numbers as an algebra,
the other one from identifying them with the linear automorphisms over themselves.

Theorem 2.10 Let (X, || -||) be a normed algebra and 1 < p,q < oo such that 110 —l—% =1.

ForY e LP(Q,F,P, X,| -||) and Z € L2, F,P, X, || -||) the Hélder inequality holds:
Y2l = E(YZI) < EAYIIIZ1) < Y[z ][ 2] zo-
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Proof: The first inequality holds, since X is a normed algebra, and the second one is the
usual Holder inequality for R-valued random variables. O
The random variables occurring in the following proposition take values in different
normed vector spaces. All norms are denoted by || - ||.

Theorem 2.11 Let X and V be two normed vector spaces and B(X,V) be the space
of bounded linear operators from X to V ( equz’pped with the induced operator norm).
Moreover, let 1 < p,q < oo be such that 1 =1. ForY € LP(QF,P,X,| - ||) and
Ae LYQ,F,P,B(X,V),| -|) the Holder mequalzty holds:

[AY ||pr = E([[AY)) < E([A[IY]]) < [[Y [0 [ All 2o,
ie. AY € LNQ,F, PV, - ||)

Proof: The first inequality holds due to the definition of an operator norm and the second
one is the usual Hélder inequality for R-valued random variables. O
The Riesz-Fischer theorem is also extendable to random variables assuming values in a
Banach space.

Theorem 2.12 (Riesz-Fischer) Let (X,| -||) be a Banach space. Then (L*(Q, F, P, X,
=10, 1| - [lz¢) is a Banach space for p > 1 and (LP(Q, F, P, X, || -||),drs(+,)) is a complete
metric space for 0 < p < 1.

For 1 < p < oo this result can be found in Dunford and Schwartz (1958, I11.6.5). The
proof given there is a straightforward extension of the proof for L?(Q2, F, P,R,|-|). Below
we give a proof of Theorem that is an extension of the proof given in Loeve (1977, p.
163) for real valued random variables and finite p. We use the following auxiliary result:

Lemma 2.13 Let (X, || - ||) be a normed space. Let Y, be a sequence in LP(Q2, F, P, X,
|- 1]) and Y be an X-valued random variable. If ||Y,, — Y ||z» — 0, resp. dp»(Yy,Y) — 0,
for some p € (0,00], then' Y is in LP(QY, F, P, X, | - ||)-

Proof: Note that Y, is a Cauchy sequence in the respective norm/metric. For finite p we
have E(||Y, =Y ||”) — 0. Thus the triangle inequality implies E(|||Y,| —[|Y[||?) — 0. From
Y.l € LP(Q, F, P,R,| -|) and Loeve (1977, 9.4 d.) we thus have ||Y|| € LP(Q, F, P, R,
| - |) and an application of Lemma [2.4] concludes the proof.

For p = oo one similarly obtains ||||Y,] — Y |||z« — 0. From the completeness of
L>(Q,F,P,R,|-|) one thus has ||Y| € L>*(Q2,F,P,R,|-]), so that Lemma [24] again
shows the claim. O

Proof of Theorem Only completeness remains to be shown: Let (Y},),en be a
Cauchy sequence in LP(Q, F, P, X, | - ||).

For finite p this implies E(||Y;, — Y,||?) — 0 with m,n — oco. From the Markov
inequality we thus obtain for every e > 0:

1
P(||Y, = Yol =€) < —pE(HYm —Y,||?) — 0 with m,n — oo
€
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Hence, ||Y,, —Y,|| converges to 0 for m,n — oo in probability and a.s. along a subsequence
(Y., Jken- So, since X is a Banach space, there is some Y such that Y,,, — Y a.s. for k — oo.
E(||Y; — Yo, |IP) — 0 with m, k — oo now implies using Fatou’s Lemma:

E(||Y,, = Y|P) = E(lilgninf 1Yo — Yo, ||P) < li;ninfE(HYm Y, |I”) = 0 as m — oo.

This shows that (Y;,) converges to Y in LP and the completeness employing the last
lemma.

For p = oo we have from ||Y,, — Y,,||L~ — 0 that for any € > 0 there is an N € N such
that ||Y,, — Y,|| < € (%) a.s. for all m,n > N. Thus Y,, is a.s. a Cauchy sequence and so
there is a random variable Y against which Y,, converges a.s. By (x) this convergence is
uniform and so taking the limit for n — oo in (%) and applying the last Lemma shows
that Y,, = Y in L*® and Y € L*. O

In order to answer the question, whether an R%-valued random variable is in L? (over
R?) provided its components are in L? (over R) and vice versa, we give some general result
on the relation between the L” spaces over isomorphic normed spaces.

Theorem 2.14 Let (X, ||-||) and (Y,||-]|) be two isomorphic normed vector spaces. Then
the spaces LP(Q, F, P, X || -||) and LP(Q,F, P,Y,| - ||) with the norm || - ||1», Tesp. metric
dre, are isomorphic for all p € (0,00]. If X and Y are moreover isometric, so are the
respective LP spaces.

The explicit construction of the isomorphism in the proof below shows that for two equi-
valent norms || - ||; and || - ||2 over some vector space X the sets LP(2, F, P, X, || - ||1) and
LP(Q,F, P, X,| - |l2) agree.

Proof: Let T : X — Y be an isomorphism between X and Y such that m||z| < ||Tz| <
M||z|| V2 € X with some constants 0 < m < M, then T~! : Y — X is an isomorphism
from Y to X and MYyl < [T 'y|| < m™|y||Vy € Y. On LP(Q,F, P, X,| - ||) now
define S : LP(Q,F, P, X, | ) — LP(QF,PY,|-|),Z — TZ and R : LP(Q),F,P)Y,
-1 — LP(Q,F,P,X,| -|),Z — T 'Z. The linear operators are well defined and
bounded, since for S we have m?E(||Z||?) < E(||TZ|]?) < MPE(||Z]|?) for p € (0, 00),
resp. m||Z||pee < ||[TZ|| e < M||Z]| o for p = o0, for all Z € LP and likewise results hold
for R. The bijectivity property follows from the obvious RS = [ and SR = I. Finally,
the claimed isomorphicity, resp. isometricity, are an immediate consequence of the above
inequalities as well, noting that m = M = 1 can be chosen, if X and Y are isometric. O

Corollary 2.15 Let X = (X1, Xs,..., Xq)" be an Ri-valued random variable, || - || any
norm on R? and p € (0,00]. Then X € LP(Q, F, PL,RL || - |), iff X; € LP(Q, F, P,R,|-|)
fori=1,...,d.

Consequently the sets of p-integrable R%valued random variables are independent of the
particular norm on R¢,

Proof: “=7: Assume first || - || = || - ||o- Then X € LP obviously implies X; € LP for
alli =1,...,d. For general || - || the identity operator on R? is an isomorphism between
(R4, || - ||) and (R%, || - ||oo). Using the Theorem before (and the comment thereafter), one
thus has, that X € LP(Q, F, P,R%, | - ||) implies X; € LP.
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“<”: Assume now first that || - || = || - ||,. Then, since X; € L? implies Y0, | X,| € L?,
X € L? is an immediate consequence of X; € L for all i. That for a general norm || - ||
on RY X € LP(Q, F, P,RY || -||) is implied by X1,..., X, € LP, is now shown by applying
the last Theorem on the identity operator from (R?, || - ||) to (R%, || - [|1). O

2.5 Ergodicity

In order to prove stationarity conditions for a stochastic difference equation and con-
sequently Markov switching ARMA models, we shall employ the theory of ergodic random
sequences, a subject to be found in most books on probability theory, e.g. Loeve (1978,
ch. X) or Shiryaev (1996, ch. V). A comprehensive monograph on ergodicity is Krengel
(1985). In the following we provide an overview of the results needed later, following
mainly Ash and Gardner (1975). A somewhat similar but shorter summary is Appendix
1.2 of Brandt, Franken and Lisek (1990). Yet, unlike them we will state the results more
generally than only for random sequences.

The basis of ergodicity theory is formed by some special classes of sets and functions.

Definition 2.16 (cf. Ash and Gardner (1975, pp. 113, 117, 119)) Let (2, F, P)
be a probability space.

(i) An F-measurable map T : Q — Q is called a measure preserving transformation
(P-preserving or preserves P), if P(T7*(A)) = P(A)VAe F.

(i) A set A € F is said to be invariant under a measure preserving transformation T,
if A=T"1(A), and almost invariant, if P(AAT1(A)) = 0.

(i1i)) An F — B(R)-measurable function g : Q — R is called invariant under a measure
preserving transformation T, if g(Tw) = g(w)Vw € Q, and almost invariant, if
g(Tw) = g(w) holds almost surely.

(iv) A measure preserving transformation T is said to be ergodic, if either P(A) =0 or
P(A°) =0 for every invariant set A.

(v) A measure preserving transformation T is said to be mixing, if for all A,C € F

lim P(ANT(C)) = P(A)- P(C).
Sometimes the term metrically transitive is used instead of ’ergodic’ (cf. Shiryaev (1996,
p. 407). To define ergodicity and the mixing property for a random sequence we use the
back-shift operator on the image space defined in Section 2.3.

Definition 2.17 A sequence X = (X,)icz of (F, E)-valued random variables defined on a
probability space (0, F, P) is called ergodic (mixing), if the back-shift operator B : EZ —
E7Z is an ergodic (mixing) transformation on (E% E% Px = Po X71).

In Brandt, Franken and Lisek (1990) sequences are said to be ergodic, if the forward-
shift operator is an ergodic transformation on (E%, EZ, Py = P o X~ 1). To see that both
definitions are equivalent, we need the following lemma.
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Lemma 2.18 Let (2, F, P) be a probability space, T : Q@ — € be measurable and bijective
and & = T(&) for some subset & C F with o(&) = F. Then T~ is measurable. Moreover,
if T is measure preserving (ergodic), T' is measure preserving (ergodic).

Note that & = T(&) is equivalent to & = T~1(&).
Proof: Let A € &, then (T"!)"!1(A) = T(A) € & and this shows the measureability of
T (cf. Bauer (1992, Th. 7.2)).

Let now T' be measure preserving and A € F, then

P((T7)7H(A) =P (T (T71)(A))) = P(4),

so T~! is measure preserving. An under T invariant A € F is invariant under 7! as well
and vice versa. Hence, 77! is ergodic, provided T is ergodic. O
Since the back-shift operator B and the forward-shift operator B~! are measurable
and map the cylinder sets of £Z onto themselves, the above lemma implies the equivalence
of the definitions.
It is also possible to characterize stationarity via a measure preserving property of the
back-shift operator.

Proposition 2.19 (cf. Ash and Gardner (1975, pp. 114f)) A random sequence
X (Q,F) — (E%,E%) is stationary, iff the back-shift operator B : EZ — E? preserves
Px.

Proof (adapted from Ash and Gardner (1975, pp. 114f)): Let B preserve Px and
be A € Zzz. Then P(X € A) = Px(A) = Px(B™'A) = ... = Px(B™*A) = P(B*X € A)
for all natural k& and this implies stationarity of X as noted in Section [2.3]

Conversely, the above equation shows that Px(A) = Px(B'A) for all A € Z¢z, if X
is stationary. Since G := {A € £%: Px(A) = Py(B7'A)} is also a Dynkin system (note
that EZ is a cylinder, B7}(A¢) = (B71A) and let A; € £Z,i € N, be disjoint, then we
have that B~'A;,i € N are disjoint), one obtains G = EZ (cf. Bauer (1992, Th. 2.4)),
because Z¢z is closed under intersections, and thus B preserves Py. O

The following lemmata and theorems summarize the properties of ergodic transform-
ations and sequences. Their proofs can be found in Ash and Gardner (1975).

Lemma 2.20 (Ash and Gardner (1975, Lemmata 3.2.2, 3.2.3, 3.2.4))
Let (2, F, P) be a probability space.

(i) For every almost invariant set A € F there exists an invariant B € F with

P(AAB) = 0.

(i) A measure preserving transformation T is ergodic, iff P(A) = 0 or P(A°) = 0 for
every almost invariant set A € F.

(iii) Let T be measure preserving. Then the following are equivalent:

(a) T is ergodic.
(b) Every almost invariant function is a.s. constant.

(c¢) Every invariant function is a.s. constant.
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(iv) Let T be measure preserving and A € F. Then the following are equivalent:

(a) A is almost invariant.
(b) P(T71(A)\A) = 0.
(c) P(A\T'(A)) = 0.

Now we show that the mixing property implies ergodicity.

Theorem 2.21 (Ash and Gardner (1975, Th. 3.2.6)) Let T be a mizing transform-
ation on a probability space (0, F, P). Then T is ergodic.

Proof (Ash and Gardner (1975, p. 120)):

Let A € F be invariant. Since T-"(A) = A, we obtain P(A) = P(ANA) = P(ANT"(A)).

Letting n — oo and employing the mixing property of T', one gets P(A) = P(A)?. Thus

P(A) =0 or P(A°) = 0 showing the ergodicity of 7. O
To show that a measure preserving transformation is mixing, it is only necessary to

verify the mixing condition on a generating algebra as the next theorem points out.

Theorem 2.22 (Ash and Gardner (1975, Th. 3.2.7)) Let T be measure preserving
on (F,P) and F C F an algebra such that o(F) = F. If lim,_..c P(ANTC) =
P(A)P(C) for all A,C € F, then T is mizing.

A simple example of mixing random sequences are i.i.d. sequences. The following is a
generalization of the result given in Ash and Gardner (1975, p. 123).

Proposition 2.23 Let X = (X;);cz be a sequence of i.i.d. random variables into a meas-
urable space (E,E) having common distribution P, then X is mixing.

Proof: Since X is obviously stationary, the back-shift operator B is a measure preserving
transformation on (E%, %, )., P) (cf. Prop. 2Z19). For some A, C' € 2%z, we have that
A = (my,...,m, ) (A for some iy,...,i, € Z, m € N and A’ € F™ and likewise
C = (mjy,...,m; ) H(C") for some ji,...,jm € Z, M’ € N and B’ € F™. This gives
for all n € Nyn > max{ji,...,jm} — min{iy,... iy} that Px(AN B™"C) = P(X €
A X eB"()=PXeAB'Xc(C)=P(Xy,....X;,) € A (Xj_n,....X; ,_n) €
C'") = P((Xi,....X;,) € A)P(Xj,—n, .., X ,n) €C') = P(X € A)P(B"X € C) =
Px(A)Px(C). This shows that the mixing condition holds for all cylinder sets, which
implies via Theorem that B is a mixing transformation on (E%, €%, &), P), because
the cylinder sets clearly form an algebra. a

Mixing sequences are especially important, since they can be combined with an ergodic
sequence to build an ergodic sequence in the product space. A proof of the following result
is to be found in Brown (1976).

Theorem 2.24 (Brown (1976, Prop. 1.6), Brandt, Franken and Lisek (1990,
Th. A 1.2.6)) Let Y1 = (Yin)nez and Yo = (Yo, )nez be two independent stationary
random sequences assuming values in measurable spaces (E1,&1), (Fa, &) respectively. If
Y1 is ergodic and Yy is mizing, then Y = (Yo)nez = (Yin, Yon)nez s a stationary and
ergodic sequence of random variables in (Ey X Eq, & X &s).
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Another way to obtain ergodic sequences from other ergodic sequences is given in the
following lemma.

Lemma 2.25 (cf. Brandt, Franken and Lisek (1990, Lemma A 1.2.7)) Let X =
(Xi)iez be a stationary and ergodic sequence of (E,E)-valued random variables and g, :
(EZ,E%) — (F,F), n € Z, be a sequence of measurable functions such that g, 1 =
gn o BV n € Z, where B is the back-shift operator on EZ. ThenY = (g, (X))nez is also a
stationary and ergodic sequence.

Proof: (adapted from Brandt, Franken and Lisek (1990, p. 303))

B will in the following denote the back-shift operator on both E% and F%. Choose some
heNand A= (m,,...,m,) (A for some iy,...,i, € Z, m € Nand A’ € F™. Then
P(BhY < A) = P<Bh<gn(X))n€Z S A) = P((Qﬂwh(X))nEZ S A) = P((gn(BhX>)n§Z €
A) = P((g,(B"X).....0:,(B"X)) € A) = P(B"X € (gi,.....g5,) 7 (4)) ~ """
P(X €(gi,,--,9:,,) Y(A)=...=P(Y € A) and so Y is stationary.

Let now A € FZ be invariant under B. Then we obtain B~ ({x € E : (g, (7))nez € A})
={z € E: (gn(Bx))nez € A} = {2 € E: (gn-1(2))nez € A} = {z € E: (g9(2))nez €
B-1A} A {0 € Bt (go(2))ner, € A}, hence the pre-image of A, ie. {z € E :
(gn(2))nez € A} € EZ, is invariant. Thus the ergodicity of X implies via Py(A) =
Px ({x € E: (gn(2))nez € A}) the one of Y. O

The importance of measure preserving or ergodic transformations is due to the fact
that the (conditional) expectation of a real valued functional f on the probability space
can be calculated by averaging over (f o T"(w))nen. In terms of random sequences this
means that ergodicity implies that a strong law of large numbers holds. These results and
their implications are the subject of the following theorems.

Theorem 2.26 (Birkhoff’s ergodic theorem, see e.g. Ash and Gardner (1975,
Theorems 3.3.6, 3.3.7)) Let T' be a measure preserving transformation on a probability
space (Q, F, P) and f € LY(2, F, P,R). Then there exists an f € L' such that

A= {®

k=0

almost surely and in L'. )
If for some 1 < p < oo f is also in LP, then f € LP and the above convergence holds
also in LP.

It is immediate to see that the (almost) invariant sets form o-algebras (cf. Ash and
Gardner (1975, p. 117), Shiryaev (1996, p. 407)).

Theorem 2.27 (Ash and Gardner (1975, Lemma 3.3.8, Th. 3.3.9,3.3.10)) Let
the map T be a measure preserving transformation on a probabzlzty space (0, F,P), [ €
LY, F, P,R) and be f the function from Theorem [2.20. Then f 15 almost invariant and
G — B(R)— measurable, where G denotes the o- algebm of all almost invariant elements in
F. Moreover, we have f = E(f|G).

If T is even ergodic, f = E(f) holds a.s.
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Proposition 2.28 (cf. Ash and Gardner (1975, p. 135)) Let the transformation T
be measure preserving on a probability space (Q,F, P) and be F C F an algebra such
that o(F) = F. Then the following are equivalent:

(i) T is ergodic.

n—1

(ii) %Z F(T ) ™S B(f) for all f € LY(Q, F, P,R)
k=0
n—1

(iii) %Z Ii(T*w) %5 P(A) for all Ae F

. 1 — k a.s. or
(iv) - ZIA(T w) = P(A) forall A e F

n—1

(v) —ZP (ANT*C) — P(A)P(C) for all A,C € F
k=0

n—1

(vi) = ZP (ANT*C) — P(A)P(C) for all A,C € F

For later reference we repeat the above results for the special case of random sequences.
Note that stationarity of a sequence implies that B is measure preserving on the image
space as shown before.

Theorem 2.29 Let X be a stationary (E, €)-valued random sequence and f € L'(E*, 7,
Px,R). Then there exists an f € L' such that

n—1
L3 B ()
k=0

almost surely and in L'. A
If for some 1 < p < oo f is also in LP, then f € LP and the above convergence holds
also in LP.

Theorem 2.30 Let X be a stationary (E, £)-valued random sequence and f € L*(E%, EZ,
Px,R) and be f the function from Theorem [2.29. Then f is almost invariant and G —
B(R)— measurable, where G denotes the o- algebm of all almost invariant elements in EZ.
Moreover, we have f(X) = E(f(X)|G).

If T is even ergodic, f(X) = E(f(X)) holds a.s.

Proposition 2.31 (cf. Brandt, Franken and Lisek (1990, Th. A 1.2.2)) Let X be
a stationary random sequence assuming values in (E,E) and be & C EZ an algebra such
that o(&) = EZ. Then the following are equivalent:
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(i) X is ergodic.

(ii) The back-shift operator B is ergodic on (E%,E%, Px).

n—1
(ii4) %Zf(BkX) B E(f(X)) for all f € LN(E%,E%, Px,R)
k=0
n—1
(iv) %ZIA(BkX) Y% Px(A) for all A € EF
k=0

1 n—1 s
(v) - § I4(B*X) %3 Py(A) forall A€ &
k=0

n—1

(vi) %Z Px(AN B™C) — Px(A)Px(C) for all A,C € &
k=0

n—1
(vii) ! Z Px(ANB*C) — Px(A)Px(C) for all A,C € E*
n
k=0

Note that the cylinder sets of £ can be taken as & above and that the back-shift operator
B can be replaced by the forward-shift operator B~!. Furthermore, the ergodicity of the
forward-shift operator B~! can be added to the equivalences.

To conclude this introduction to ergodicity, we state briefly the ergodicity criteria
for Markov chains with at most countable state space. Note that initial distributions
are not an issue in our set-up, since we deal with doubly-infinite sequences and thus
any of the Markov chains considered are necessarily assumed to be stationary. Usually,
positive recurrent, irreducible and aperiodic Markov Chains are called “ergodic” in the
literature on countable state space Markov Chains (see e.g. Resnick (1992), Asmussen
(2003)) irrespective of, whether the chain is stationary or not, since these texts deal
with chains starting at time zero with some initial distribution. For a countable state
space Markov chain to be ergodic in the sense defined by us, it needs to be stationary,
irreducible and positive recurrent (cf. Asmussen (2003, p. 19), Ash and Gardner (1975,
section 3.5)), as shall briefly be shown below. So, aperiodicity is not required of a Markov
chain to be ergodic in our set-up. Furthermore, on a finite state space any recurrent chain
is automatically positive recurrent (cf. Resnick (1992), Asmussen (2003)).

In Ash and Gardner (1975, section 3.5) ergodicity criteria are unfortunately only
proved for Markov chains on a countable state space starting at time zero using the forward
shift operator B~!. We will now show that a doubly-infinite stationary, irreducible and
positive recurrent Markov chain is ergodic using the following result of Brémaud (1999),
which is an immediate generalization of a result to be found in all standard texts (e.g.
Resnick (1992, Proposition 2.12.4)). Brémaud (1999) also works solely with Markov chains
starting at some time “zero”, but it is obvious that this does not affect the validity of the
result.



2.6. GEOMETRIC ERGODICITY, STRONG MIXING AND EXTREME VALUES 21

Lemma 2.32 (cf. Brémaud (1999, Corollary 4.1)) Let A = (A;).ez be a stationary,
irreducible and positive recurrent Markov chain with countable state space E (equipped
with o-algebra £). Let L € Ny and be g : EL™ — R a function in LY(EF ELTL
A, R, |- |). Then for any fized ty € Z

1
lim — Z 9 Xkttor Xkt14t0s - - - » XarLtto) = E(g) a.s. (2.7)

n—oo M,
k=1

A proof is to be found in Brémaud (1999) and note that we can view (A;);>¢, as a Markov
chain starting with its stationary distribution at time “zero” (t).

Theorem 2.33 Let A = (Ay)iez be a stationary, irreducible and positive recurrent Markov
chain with countable state space E (equipped with o-algebra £). Then A is ergodic.

Proof: According to Proposition 2.3T] and the remarks thereafter it suffices to show that
for any cylinder set A in £%

n—1
1 a.s
= Iu(BTFA) %3 PA(A)
k=0
holds.
Let A be in 2z then there are tg,m € Ny and A’ € £™*! such that
A= (41, s Trgpmn)  (A).
Hence, I4(:) = La((mg41, - - - » Ttgrm+1)(+)) and so using the last lemma
1 n—1 1 n
n Y Ia(BFA) = n > Lu(Bigins s Dkmtg) = Pag,..an(A) as
k=0 k=1

But the stationarity of A implies Pa,,.. a,.)(A") = P, At0+m+1)<A/) = Pa(A) and
thus A is ergodic. O

2.6 Geometric Ergodicity, Strong Mixing and Extre-
me Values

The aim of this section is to give a brief outline of the concepts of geometric ergodicity of
Markov chains and of strong mixing of random sequences. Furthermore, we review briefly
the basic results from extreme value theory for stationary random sequences presuming
knowledge of the basics of extreme value theory for i.i.d. sequences. In the following
the necessary terminology from general Markov chain theory is introduced, but without
any detailed discussions. For more details the monograph Meyn and Tweedie (1993), for
instance, could be consulted. Throughout we presume the considered Markov chains to
be homogeneous and to have a subset of R? with appropriate d or of a topologically
isomorphic vector space as state space. Moreover, the g-algebra over the state space is
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assumed to be the restriction of the natural Borel o-algebra to the state space. As usual,
P(-,-): ExE — |0, 1] denotes the n-step transition kernel. Furthermore, we shall employ
the total variation norm, ||-||rv. Recall that for two measures u; and ps on a measurable
space (E,E) this is defined as

card(P)
|11 — pallry := sup Z |1 (Ajp) — p2(Ajp)l
PeP ST

where P is the set of all countable measurable partitions P = {A; p, Asp, ..., Acara(p),p}
of E.

The properties for Markov chains put forward in the following definition are mainly
of interest when dealing with Markov chains that have not begun in the infinite past or
started with their stationary distribution, but with some arbitrary initial distribution at
time zero. Yet, it will turn out that these criteria are very helpful in order to study the
concept of strong mixing for Markov-switching processes.

Definition 2.34 (cf. Feigin and Tweedie (1985) or Basrak (2000)) Let X = (X;)
be a Markov chain with state space E that is equipped with o-algebra €.

(i) X is said to be a weak Feller chain, if F (g(X1)|Xo =y) is a continuous function
iy € E for all bounded and continuous functions g : E— R.

(ii) If p is some nondegenerate measure on (E,E) and for all x € E the following

implication holds for every A € &€

pu(A) >0 = ZPn(m,A) >0,
n=1

then X is called p-irreducible.

(i1i) Provided there is a probability measure m on (E, &) such that for allx € E
177G, ) = 7l — 0
as n — 00, X is said to be Harris ergodic. If there is even a p € (0,1) such that
PP ) = Ol — 0
as n — 0o, X is referred to as being geometrically ergodic.

Note that Harris ergodicity in particular implies ergodicity in the sense of the previous
section when dealing with stationary versions of a Markov chain. The following theorem
is often used to show geometric ergodicity of Markov chains.

Theorem 2.35 (Feigin and Tweedie (1985, Th. 1)) Let X = (X;) be a weak Feller
chain on (E,&) and assume the existence of a measure u and a compact set K € £ with
w(K) > 0 such that
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(i) X is p-irreducible and
(ii) there exists a non-negative continuous g : E — R satisfying

glx)y>1Vee K

and

E(g(X1)[Xo=y) < (1-9)g(y) Vy € E\K
with some & > 0.

Then X is geometrically ergodic.

A particular concept formalizing the idea of weak dependence for a stochastic process
is strong mixing. For a detailed discussion of this concept and related ones confer, for
instance, Doukhan (1994).

Definition 2.36 (cf. Leadbetter, Lindgren and Rootzén (1983, p. 52), Basrak
(2000, Def. 2.2.1) and Basrak, Davis and Mikosch (2002b)) A discrete time sta-
tionary stochastic process X = (X, )nez is called strongly mixing, if

ap:=sup {|P(ANB) — P(A)P(B)|: Ae F°,,B€ F*} — 0

as | — oo, where F° == o (..., X 9, X 1,Xy) and F* = o (X}, X111, Xi42,...). The
values oy are called mixing coefficients.

If there are constants C € RT and a € (0,1) such that oy < Ca', X is said to be
strongly mixing with geometric rate.

Any strongly mixing process is in particular mixing, as an application of Theorem 2.22] to
the cylinder sets shows. The following observation is immediate from the definition, but
later turns out to be essential.

Proposition 2.37 Let (X, Y, )nez be a bivariate stochastic process that is strongly mizing
(with geometric rate). Then both the univariate processes (X, )nez and (Yy)nez are strongly
mixing (with geometric rate).

The following relation between geometric ergodicity and strong mixing for Markov chains
is very well-known. Details on the necessary arguments are to be found in Basrak, Davis
and Mikosch (2002b, Section 2), for instance.

Proposition 2.38 Let X = (X,))nez be a geometrically ergodic and stationary Markov
chain, then X is in particular strongly mixing with geometric rate.

The strong mixing property of a random process has important implications when
studying its extremal behaviour, since it implies the so called condition D and thus D(u,,)
for any sequence u,, (cf. Leadbetter (1974), Leadbetter, Lindgren and Rootzén (1983)).
Under these conditions the Fisher-Tippett theorem, viz. that any non-degenerate limit-
ing distribution of the linearly transformed maxima can only be of Gumbel, Fréchet or
Weibull type, is valid for stationary random sequences, see Leadbetter, Lindgren and
Rootzén (1983, Th. 3.3.3) or Embrechts, Kliippelberg and Mikosch (1997, Th. 4.4.1).
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Moreover, these conditions are essential when employing the concept of extremal indices
(cf. in particular Leadbetter, Lindgren and Rootzén (1983, Section 3.7)). Actually, Loynes
(1965) showed the validity of the Fisher-Tippett theorem for stationary random sequences
under strong mixing originally. For an up-to-date overview of extreme value theory for
stationary random sequences see Embrechts, Kliippelberg and Mikosch (1997).



Chapter 3

Vague Convergence and Regular
Variation

In this section we first give a brief summary on vague convergence of measures and then
apply this concept to define and study regular variation of random variables in R? for
arbitrary d € N. The later is often also referred to as multivariate regular variation, as
opposed to univariate regular variation, i.e. regular variation on R.

3.1 Vague Convergence of Measures

Vague convergence is a mode of convergence for measures intrinsically linked to, but
generally weaker than the more familiar weak convergence (convergence in distribution).
Apart from the book by Resnick (1987) a highly readable account on this concept can be
found in Bauer (1992). The following brief introduction is based on these two references.
For an alternative introduction we refer to Lindskog (2004).

E shall in the following denote any space that is endowed with a topology € such
that (E, €) is a locally compact polish (i.e. complete, separable and metrizable) space. By
p(+, ) we denote a metric inducing € and £ is the Borel o-algebra (w.r.t. €). Furthermore,
M, (E) denotes the set of all non-negative Radon measures (i.e. the locally finite measures
that are regular from within and defined on the Borel o-algebra) on (E, ). We define
C.(F) to be the set of all real valued continuous functions with compact support, i.e.
CAFE) = {f € C(E) : supp(f) = {r€ E: f(x)# 0} compact}. Now we topologise
M, (FE) by defining M (E) to be the weakest topology that makes the maps p — u(f) =
[ fdp from M, (E) to R continuous for all f € C.(E). Thus a fundamental system of
neighbourhoods in M, (E) is given by the system of sets

Upy o fuie(bt0) = {p € My (E) : |u(fi) — po(fi)] <ei=1,...,n}

forn € N, e > 0and fi,..., f, € Co(E). We call M (F) the vague topology on M (E).
Note that, since for fixed f € C.(F) the mapping pu — u(f) behaves very similar to a
linear functional on M, (FE), this concept is strongly related to a general weak topology
as discussed e.g. in Werner (2002, Section VIL.3). The main difference is that M, (E) is
not a vector space, but only a convex cone. A simple consequence of Riesz’ represent-
ation Theorem (cf. Bauer (1992, § 29)) is that (M, (E),9M (FE)) is a Hausdorff space.

25
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This is also part of the following much more powerful result, which also shows that in
(M, (E), M, (E)) only sequences rather than nets need to be studied.

Proposition 3.1 (Resnick (1987, Proposition 3.17)) (M, (E), M, (E)) is a polish
space.

The above result is also part of Bauer (1992, § 31.5). At this stage it is necessary to state
that the definitions of the vague topology we use (based on Bauer (1992)) and the one in
Resnick (1987), where C;f(E) (i.e. the non-negative functions in C,(E)) is used instead of
C.(F), are equivalent. To see this one just has to note that obviously a function f : £ — R
is in C.(F), iff both f, and f_ are in Cf(E), where f, is given by fi(z) = max{f(x),0}
and fo = (—[)4.

We are now in a position to define the needed concept of convergence of measures:

Definition 3.2 Let (E, €) be a locally compact polish space. A sequence (pin)nen of non-
negative Radon measures on E is said to be vaguely convergent to a Radon measure p,
denoted by pu, — i, if b, —> @ in the vague topology.

From the above discussion we have:

Lemma 3.3 (cf. Resnick (1987, p. 140), Bauer (1992, Def. 30.1)) Vague limits
are unique and (i, — 1, iff

lim Efdun = /Efdqu € C.(FE).

n—oo

Two important characterizations of vague convergence, which we shall employ later, are
given in the following proposition.

Proposition 3.4 (Resnick (1987, Prop. 3.12), Bauer (1992, Satz 30.2)) Let y €
M. (E) and (pn)nen be a sequence in M (E). Then the following are equivalent:

(i) pin = 1t for n — oo.

(i) pn(B) — w(B) forn — oo for all relatively compact B in the Borel-o-algebra € that
are p-boundaryless, i.e. (0B) = 0.

(111) limsup,,_, o pn(K) < p(K) and iminf, o 1, (G) > u(G) for all compact K € &
and all open relatively compact G.

The p-boundaryless sets are henceforth denoted by %4, i.e. %, :={B € £ : u(0B) = 0}.

To end this brief introduction into vague convergence we show that a continuous map
from one locally compact polish space under some additional assumptions induces a map
between the Radon measures on these spaces that is continuous w.r.t. the vague topologies.

Theorem 3.5 (Resnick (1987, Proposition 3.18)) Let (Ey, €;) and (Es, &) be loc-
ally compact polish spaces and T : Ey — FEy be a continuous mapping such that T~(K)
is compact for every compact K C Fy. Define T : M, (Ey) — M (Fy) by T(p) = po TV
Then T is continuous with respect to the vague topologies. In particular,

pn <> 0= Tpn) = T(p). (3.1)
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We include a proof of this result, since, as we shall show by a counterexample below, one
topological assertion used in the proof given in Resnick (1987) does not hold in general.
However, apart from correcting for this we follow the lines of proof given there.
Proof: Due to Proposition B1lit suffices to establish (3.1]). Let thus (u,)nen be a sequence
of Radon measures on E; converging vaguely to a Radon measure p. For any f € C.(Es)
and v € M (E;) we have by the transformation theorem of elementary integration theory
that

fdT(w)= | fdlvoT V)= [ foTdw. (3.2)

Es Eo Ey

It is immediate that {z € Ey: foT(z) #0} =T ({y € F2: f(y) # 0}) and thus

supp(foT) = {ze€Ey:foT(x)#0t=T""1({y € Ex: f(y) # 0})
c Tt ({y €Ey: fly) # 0}> =T (supp(f)).-

The inclusion relation is shown as follows: For each z € T ({y € Ey : f(y) # 0}) there
is a sequence z,, € T~ ({y € Ey: f(y) # 0}) such that z, — z. From the continuity of
T one obtains that the sequence T'(z,) € {y € E» : f(y) # 0} converges to T'(x) €

[y € By f(y) £ 0} and, hence, z € T-(T(x)) C T ({y c B fy) 2 0}).
From the above inclusion, the property that pre-images of compact sets under 1" are
compact and the fact that supp(f oT') is closed by definition, we obtain that supp(foT)

is compact using the well known fact that closed subsets of compacts are compact (see
e.g. Rudin (1976, Th. 2.34)). Thus foT € C.(E1). Using Lemma B.3 and (3.2)) this shows

lim [ fdT(pu,) = lim [ foTdu, — | foTdu= [ fdT(u)
n—oo [p n—oo [p o) o
and again from Lemma B3 it follows that T'(1,) — T'(s1). O

In the proof to be found in Resnick (1987) the identity supp(f o T) = T (supp(f)) is
used. This equality does, however, not hold in general as the following counterexample
shows. R with the usual topology is a locally compact polish space. Define f : R — R by

flz) = { sin(z) for z € (0,7) '

0 otherwise

Obviously f € C.(R) and even f € CF(R). Moreover, consider the map 7" : R — R given
by
T for 2 € (0, 00)
T(x)=1 0 for z € [-1,0]
r+1 forze (—oo,—1)

Then T is continuous and thus 7~1(A) is closed for all closed sets A. One sees immediately
that moreover T7!(B) is bounded for all bounded sets B. Hence, T~*(K) is compact for
all compact sets K. But we have:

yeR: f(y) #0} = (0,m),
supp(f) = [0,7],
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H((0,m) = (0,m),

(o, 7)) = [-1q],
Supp( T) = T'{y eR: f(y) #0}) = [0, 7],
T~ (supp(f)) = [-1,7].

Thus supp(foT) # T~ (supp(f)), so the inclusion supp(foT) C T~ (supp(f)) employed
in the above proof is strict for this choice of Ey, Es, f and T

3.2 Multivariate Regular Variation

To extend the well-established concept of regular variation from the classical univariate
framework to a multivariate one, vague convergence is employed. In the following we briefly
review the concept of multivariate regular variation of random vectors, mainly based on
Basrak (2000) and Mikosch (2003) (see Resnick (1987, Section 5.4.2) for an earlier account
and Lindskog (2004) for a very thorough introduction emphasizing especially the geometry
of the employed spaces). An extension of the concept to stochastic processes is Hult and
Lindskog (2004). We presume familiarity with the basics of univariate regular variation
(see Bingham, Goldie and Teugels (1989), Resnick (1987) or Embrechts, Kliippelberg and
Mikosch (1997)). Recall in particular that for a function f : RT — R univariate regular
variation at infinity means that for large x € R the function behaves roughly like ¢ for
some o € R, which is called the index of regular variation. Formally we have the following
definition:

Definition 3.6 (Regular variation on R") A Lebesgue measurable function f : RT —
R* is said to be regularly varying at infinity with index o, if for all z > 0

lim f(tx) =x%
t=oo f(t)
In the case o = 0, we speak of slow variation.
An R-valued random variable X with distribution function F is said to be regqularly
varying with index o > 0, if F(z) := 1 — F(z) is reqularly varying with index —«a at
nfinity.

(3.3)

In the following we will employ the space R4\ {0}. For d = 1 this is obtained as follows:
Take the space R with the usual topology and form the usual two point compactification
by setting R = RU{o0, —oo} and adding the neighbourhoods of +00, i.e. the sets [—oc0, a)
and (a,o00] with a € R, to the basic open sets. Then take R\{0} and remove the open
neighbourhoods of 0 from the topology. This is also referred to as one point uncompac-
tification. For the d-dimensional case one takes the two point compactification R4, which
is simply the d-fold product of R, and the product topology. Then one removes the point
0 from R? and the open neighbourhoods of 0 from the topology. One can interpret this
procedure as interchanging the roles of zero and infinity. In R%\{0} compact sets can by
characterized by being closed (in the usual sense) and bounded away from zero. By this
procedure we obtain a locally compact polish space, actually a possible metric on R\{0}
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is given by d(z,y) := |t7! — y~!| (cf. Resnick (1987, p. 225f)). For the construction of a
possible metric on R?\ {0} see Lindskog (2004, Th. 1.5), for instance.

Now we can define multivariate regular variation following Basrak (2000, p. 27ff) with
a slight, but necessary, modification due to Lindskog (2004, Th. 1.21), viz. to demand
nondegeneracy of the limiting measure. The reason, why one needs to exclude py = 0 is
that otherwise Proposition (ii) is violated for the zero measure, as an inspection of

the arguments given in Basrak (2000) shows.
Definition 3.7 (Regular variation on R?)

(i) Let X be an R%-valued random variable. If there exists a non-zero px in M, (R4\{0})
with px(RAR?) = 0, a relatively compact set E in B(RY), i.e. a Borel set, and a
dense subset T' C (0,00), such that tE € B, NVt e T and

_ PXet)
Mx,t(') = P(X—EtE) — pix ()

in M (RN{0}) fort — oo, then X is said to be (multivariate) regularly varying.

(i) A random sequence (X,)nez 1s said to be (multivariate) regularly varying, if all its
finite dimensional distributions are reqularly varying.

It is important to note that not any Radon measure px can appear, when X is regularly
varying:

Proposition 3.8 (cf.Basrak (2000, Th. 2.1.4)) If X is a regularly varying random
variable, then there exists an o > 0 such that px(uS) = u*ux(S) for all S € A, and
u > 0. Moreover, 0Bs(0) € AB,,,, for all § > 0. In particular, px has no atoms.

That a has to be strictly positive rather than only non-negative as demanded in Basrak
(2000) is observed in Lindskog (2004), since @ = 0 and a non-zero ux would result in
a contradiction to px(R?\R%) = 0. This applies also to all other theorems taken from
Basrak (2000).

Several equivalent ways can be used to define multivariate regular variation, for a
first account see Mikosch (1999). The following theorem combines the results given in
Basrak (2000, Th. 2.1.8, p. 31) and Lindskog (2004, Th. 1.8, 1.14, 1.15 and 1.21). As
usual || - || below denotes an arbitrary, fixed norm on R? and S9! the unit sphere in R,
i.e. St = 9B (0), w.r.t. to this norm || - ||.

Theorem 3.9 Let X be an R¥-valued random variable. Then the following are equivalent:
(i) X is regularly varying.

(ii) There exists an S™'-valued random variable 0 such that for some o > 0 and every
u>0
X

E{E R

in M, (S%1) for t — oc.
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(iii) There exists an S '-valued random wvariable 6 and a positive sequence (ay)nen,
a, — o0, such that for some o > 0 and every u > 0

nP (HXH > Uy, ) = u *P(f € )

X S
X
in M (S%Y) for n — oo.

(iv) There exists a positive sequence (ap)nen, an — 00, and a non-zero vy € M, (@\{0})

with vy <@\Rd> =0 such that
nP(X € a,) = vx (")
in M, (@\{O}) for n — oo.

If (iv) holds, then there exists an o > 0 such that vx(tA) = t=“v(A) for all Borel sets A
and 0Bs(0) € B, for all 6 > 0. In particular, vx has no atoms.

a is called the index of regular variation, P(f € -) € M (S%!) the spectral measure
of regular variation of X and vx the measure of regular variation of X.

Note that our definition of regular variation and (iv) is norm-free. This implies that one
can take any norm in (i7) and (iii). However, the spectral measures and, of course, the unit
spheres are different for different norms, see Hult and Lindskog (2002) for a discussion of
the implications of using different norms.

Moreover, one deducts from (ii) that for a regularly varying random variable X and
any norm || X || is regularly varying with the same index. In particular, one has for every
u > 0 that lim;_, o % =u"“
Proof: The equivalence of (i) — (4i7) is shown in Basrak (2000) and that (iv) holds for
regularly varying X can be found in Mikosch (2003), indeed, it is intuitively rather obvious
from (i27). The equivalence of (i7) and (iv), as well as the implications of (iv) for vy are
shown in Lindskog (2004). Below we give an alternative proof that (iv) implies (i7) that
we developed in temporary ignorance of the work by Lindskog (2004).

Note that due to the scaling relation vx(tA) = t~*v(A) and the nondegeneracy of

vx, we have, if (iv) holds, that there exists a relatively compact K € B (@\{O}) with

vx(K) > 0 or equivalently that vy ((1,00]S?') > 0. (Recall the definition of the product
of two sets given in Section 2.1.1])

We will now briefly show (iv) = (i7).

For all sufficiently large ¢ € R there is an n € N such that a,, <t < a,4; (w.l.o.g. one
may assume a,, is strictly increasing). For any set S € B(S?™1) with (1,00]S € %, (see
Figure [3.1] for an example of such a set) we have

n(n+ VP (I X] > uan, X/ X[ € 5)  _ PIX] > ut, X/]|X]| € 5)
(n+ DnP([| X]| > an) B P(l|X][ > ¢)
(n+ )nP (| X|| > ua,, X/||X]| € 5)
B n(n+ 1DP([X] > an+1) '
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(u, 00]S

L R Lhas

Figure 3.1: A set of the form (u,0c]S with S € B(S') and v € RT.

For any r € R* obviously (r, ]S € %,, and, moreover, (r,00]S*! € 4, since
9 ((r,00lS*") = r§*! = 9B,(0).

From (iv) and Proposition B4l it follows that for ¢ — oo (implies n — o)

(n+ P ([[X] > uansr, X/|| X] € 5) — vx ((u,00]5)
nP(| X[ >a,) — vx((1, 0] S~ 1)
P ([[X]| > uan, X/ X[ € S) — vx ((u,0]S5)
(0 DP(IX] > anr) — v (L oclS™).

Hence for ¢t — oo:

PX] > ut, X/[|X][ € 5)  vx ((w,00]5) _ wwx ((1,09]5)
P(IX] > 1) vx ((1,00]871)  wx ((1,0081)

Setting
vx (1,00 4)

S (A —
M) = (oD
for all A € B(S?!) defines a (Radon) probability measure fi on S ie. fi(:) = P(0 € )

for some S? !-valued random vector 6, since by (iv) the ‘denominator does not vanish.
Using the obvious S € %; < (1,00|S € A, ((1,00]05US = 9((1,0]S) and vx(S) = 0)
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Proposition 3.4 gives (7). O

In the following we will mainly rely on the last characterization of regular variation
given in the above theorem. To compare some of our results to previous ones we need to
compare our notion of regular variation to another one which dates back to the work of
Kesten (1973) and has frequently been used when studying the tail behaviour of random
recurrence equations (e.g. LePage (1983), Kliippelberg and Pergamenchtchikov (2004)
and Saporta (2004a)). The basic idea of this notion of multivariate regular variation is
to demand that all linear functionals of an R%valued random variable are univariate
regularly varying. Formally this means:

Definition 3.10 (cf. Basrak, Davis and Mikosch (2002a)) An R¢-valued random
variable X 1s called regularly varying in the sense of Kesten, if there exists an o > 0 and
a slowly varying L : (0,00) — R such that for all x € R?

lim P ({x,X) > u)
U—00 u=*L(u)

= w() (3.4)

exists and there is one xo # 0 with w(zg) > 0.

(-, ) denotes the Euclidean scalar product and « is again called index of regular variation.
In most cases our notion of regular variation is equivalent to the one of Kesten. Problems
occur, however, when « is an integer. The best known result linking the different notions
is given in Basrak, Davis and Mikosch (2002a).

Theorem 3.11 (Basrak, Davis and Mikosch (2002a, Th. 1.1)) Let X be an R?-
valued random variable.

(i) If X is regularly varying with index o > 0, then it is reqularly varying in the sense
of Kesten with the same index.

(1) If X is reqularly varying in the sense of Kesten with a noninteger index o > 0,
then X 1is reqularly varying with the same index and the spectral measure is uniquely
determined.

(iii) If X assumes values in [0,00)% and satisfies ([3.4) for all x € [0,00)"\{0} with a
noninteger o > 0 and w(zy) > 0 for some o € [0,00)\{0}, then X is regqularly
varying with index o and the spectral measure is uniquely determined.

(iv) If X assumes values in [0,00)¢ and is reqularly varying in the sense of Kesten with
index a that is an odd integer, then X s reqularly varying with the same index and
the spectral measure is uniquely determined.

From the remark after Theorem and the well-known results on univariate regu-
larly varying random variables (cf. e.g. Embrechts, Kliippelberg and Mikosch (1997)) we
immediately infer:
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Proposition 3.12 Let X be an R¥*-valued multivariate reqularly varying random variable
with index . Then:

XelP Vo<f<a
XeLl Vp>a

Observe that X may or may not be in L®. We shall briefly show this for the case d = 1:
Let X be an RT-valued random variable with regularly varying tail of index az > 0. There
exists a slowly varying function [(x) such that P(X > z) = l(z)z~* and

BOXP) = [ POXP > )i

= / P(|X| > zY*) da
0

> 1
= (") = dax.
[

Thus it suffices to show that the very last integral can be finite as well as infinite. Consider
[(z) = (log(z*)) ", =22,
then [(+) is slowly varying, since I'Hospital’s rule gives

1 1
lim 8@ oy Yy o

y—oo log(yz®)  y—oo 2%/ (yz®)
and thus

(log(t°0) e log(y) ¥ _
t=oo  (log(t)) % (1og(y:va)> :

for any z > 0. One obtains

> 1 <1 <1
—dx:/ eydy:/ —dy < o0.
/; $(10g$)2 log 2 eyy2 log 2 y2

Thus it is possible for the above integral to be finite and thus E|X|* < oo. That the
integral can as well be infinite is obvious using e.g. I(z) = 1.

3.3 Transformations of Regularly Varying Random
Variables

Now we summarize results on the regular variation of combinations and transformations
of regularly varying random variables. Finally, we will give a new theorem on the be-
haviour of series of linearly transformed regularly varying i.i.d. random variables, which
is a considerable, but (at least in our set-up) straightforward extension of Resnick and
Willekens (1991, Th 2.1).

We first note some well-known result on the combination of i.i.d. multivariate regularly
varying random variates. As usual ¢, denotes the Dirac measure w.r.t. 0.
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Lemma 3.13 Let X1, Xs,..., X}, with k € N be i.i.d. reqularly varying R-valued ran-
dom wvariables with index «, measure vx and normalizing sequence (a,) such that (iv) in

Theorem [ holds. Then X = (X[,..., X7 is a reqularly varying R*-valued random
variable with index o and measure

v(dry,...,dxy) = vx(dzry)e(drs,dxs, ... dxy) + vx(drs)eg(dey, dxs, dxy, . . ., dzy,)
+ ...+ uvx(deg)eo(dey, daa, . . . drg_1)

(where vx is assumed to be extended to RY by setting vx ({0}) = 0 and the usual convention
000 =0 is employed).

Recall that any relatively compact set is bounded away from zero (in R*?) and thus for
a relatively compact set of the form A; x ... x A, with A; € B(@), i.e. a “rectangle”,
there is at least one index j such that A; is bounded away from zero (in R?) and, thus,
assuming j = 1, one has v(A; x ... x Ay) = v(A1)ep(A2 X ... x Ag). In particular, if there
is also an [ € 2,... k such that A; does not contain 0, then v(A; x ... x Ag) = 0. This
shows that v concentrates on the “axes”. For d > 1 this means that it concentrates on
(Rd X Oga X Oga X ... X ORd)U(ORd x R? x Oga X ... X ORd)U...U(ORd X ... X Opa X Rd).
Figure exemplifies this fact that for two independent real-valued regularly varying ran-
dom variables (in this example symmetric Cauchy ones, i.e. the index of regular variation
is one) the measure of regular variation concentrates on R x {0} and {0} x R, which means
that the two random variables are never both “large” at the same time.

Unfortunately a proof in full rigour seems to be lacking in the literature (the necessary
arguments are, however, briefly stated in the proof of Lindskog (2004, Th. 1.28) and for
the case of Rt-valued random variables in Resnick (1987, p. 227)). We need the following
auxiliary result:

Lemma 3.14 (cf. Lindskog (2004, Lemma 1.10 and remark thereafter)) Let
[y s fho, - - be in M (RAN{0}) such that p(RAR?) = 0 and p(uB) = u=*u(B) holds
for all w > 0 and Borel sets A with some a > 0. Assume that

i ([a1,b1) X [ag,bg) X ... X [ag,bg)) — w([a1,b1) X [ag, by) X ... X [ag,bq))

asn — oo for all ay,ag, ..., aq,b1,bs,...bg € R with a; < b; such that [ay,b1) X [ag, bs) X
. X [ag, bg) is bounded away from zero (in R?) and p-boundaryless. Then i, —> yu.

Lindskog (2004, Lemma 1.10) states the above result assuming only that (ay,...,a;)"
and (b, ...,by)T are non-zero instead of demanding that the rectangles be u-boundaryless.
This is due to the fact that he concludes in the arguments leading to the above Lemma that
for any pu satisfying the above conditions all rectangles bounded away from zero are ne-
cessarily p-boundaryless. Unfortunately, this does not hold in general. A counterexample
can be given using the set-up of Lemma [B.I3l Take d = 1,k = 2 and [ay, b;) C R bounded
away from zero and such that vy ([ai,b;)) > 0. Note that nP((X;, X5)T € -) plays the role
of u,, and v as defined in Lemma [3.13] satisfies all conditions on x in the above Lemma.
Take now as = 0 and by > 0. Then [ay, b;) X [ag, by) is bounded away from zero in R? and
we have 0 (a1, b1) X [az,b2)) = {a1} X [ag, ba]U{b1 } X [az, ba]U[ay, bi] x {as}U|ay, by] x {ba}.
Noting that v ([a1,b1] x {a2}) = 1 - vx([a1,b1)] > 0, we see that [a1,b;) X [az,bs) is not
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Figure 3.2: Scatter plot of 10.000 simulations from a pair (X, X5) of independent standard
Cauchy random variables

v-boundaryless. By the way, the same result is obtained when choosing bs = 0 and ay < 0.
The crucial point is that {0} x [ay, b;] is not contained in any appropriately scaled unit
sphere (w.r.t. || - ||oo)-

Proof of Lemma [B.I3t Note that by the definition of v we have that v(R?\R%) = 0 and
the scaling property v(u-) = u~“v(-) holds with @ being the index of regular variation of
the random variables X;. Hence, we can apply the above Lemma. For some set A of the
form [all,bll) X [alg,blz) X ... X [ald,bld) X [agl,bgl) X [agg,bgg) X ... X [agd,bgd) X ... X
(a1, br1) X (a2, bra) X . . . X [aga, bra) Which is bounded away from 0 in R* there is at least
one index j such that A; := [a;1,b;1) X [aj2,bj2) X ... X [ajq, bjq) is bounded away from 0
in R?. For the ease of notation assume w.l.o.g. j = 1. Now only two cases may occur.
Either there is an [ € 2, ...,k such that A; is bounded away from 0 and so we have

TLP(Xl € CLnAl)nP<Xl € anAl) N

nP(X € a,A) <
n

as n — 00, since nP(X; € a,A;) — vx(A;) < oo and nP(X; € a,4;) — vx(4;) < oc.
This gives nP(X € a,A) — v(A).

Otherwise Ay x ... x A contains the zero in R*~Y? Now we again distinguish three
cases. If 0 is in the interior (w.r.t. RF=D9) of A; x ... x Ay, then

lim P((Xg,...,X]1)T €a,(Ay x ... x Ay)) =1

n—oo

and so

nP(X € a,A) =nP(X, € a,A)P((Xg,..., X)) € an(Agx...xAL)) — vx(4;) = v(A).
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If vx(A;) = 0, we have that
nP(X € a,A) <nP(X; € a, A1) — 0

and thus nP(X € a,A) — v(A). The case remaining to consider is that vx(A;) > 0 and
0 is on the boundary (w.r.t. R*¥=D9) of A, x ... x Aj. Then A; x {Ogx-1a} C OA, but
v(Ar X {Oga-1a}) = vx (A1) and thereby A is not v-boundaryless, so the behaviour of
nP(X € a,A) does not matter when considering vague convergence to v.

A straightforward application of the foregoing Lemma now concludes the proof. O
The following extension can be shown using basically the same arguments, but a slightly
more tedious notation.

Lemma 3.15 Let X1, X5, ..., X}, with k € N be independent reqularly varying R*-valued
random variables with common index o, measures vx,, ..., Vx, and a common normalizing
sequence (a,,) such that (iv) in Theorem[Zd holds. Then X = (XT,..., X7 is a reqularly
varying R¥-valued random variable with index o and measure

v(dey,...,dzxy) = vx,(dzi)eo(dxe, dxs, . .. dxg) + vx,(dxe)eo(dry, des, dxy . . ., dzy)
+ ...+ Vx, (dl'k)Go(dﬂjl, dx'g, Ce ,dl’k,1)

(where vx, is assumed to be extended to Re by setting vy, ({0}) = 0 and the usual conven-
tion 0 - 0o = 0 is employed).

It should also be obvious that the above result can be extended to the case where X;
assumes values in R% for possibly different d;. Since we do not at all need such a result
later, we refrain from stating it in its details.

Furthermore, it can be shown that comparatively light-tailed random linear transform-
ations preserve regular variation. This extension of a result from Breiman (1965) to the
multivariate set-up is due to Basrak, Davis and Mikosch (2002b) (see also Basrak (2000,
Prop. 2.1.18, Cor. 2.1.19)).

Theorem 3.16 (cf. Basrak, Davis and Mikosch (2002b, Prop. A1), Basrak (2000,
Cor. 2.1.19)) Let X be an R¥-valued random variable that is reqularly varying with index
o, measure v and normalizing sequence (ay), i.e. nP(X € ay-) — v(-). Assume that A is
an Myq(R)-valued random variable independent of X and A € LY for some v > «. Then

nP(AX € a,) =5 0(-) = E(v o A7'(+))

in My (R1\{0}).
In particular, provided there is a relatively compact K € B (@\{O}) such that

E (v (AY(K))) >0,

AX s regularly varying with index o, measure v and normalizing sequence (a,).
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Figure 3.3: Scatter plot of (X1, X;/2 — X3/2) using the 10.000 simulations from a pair
(X1, X3) of independent standard Cauchy random variables from Figure

Note that A~! does not mean the inverse of the matrix A, but that the pre-image under the
linear map A is taken. A does not have to be invertible or of full rank. Note, moreover,
that the pre-image of a set not containing 0 under a continuous linear mapping never
contains zero and pre-images of sets bounded away from zero are bounded away from
Zero.

To exemplify this result, Figure depicts the independent Cauchy random variables

simulated for Figure 3.2 after applying the deterministic linear map A = ( 1}2 _? /2 ) :

A straightforward calculation shows that the measure of regular variation of the trans-
formed pair (X1, X;/2 — X3/2) concentrates on (1,1/2)"R and {0} x R.

Proof: For a proof of the first, i.e. the vague convergence, part we refer to Basrak, Davis
and Mikosch (2002b).

The second part is to be found in Basrak (2000). However, as the proof is rather
short and adds some important insights, we include it here. Note that v (@\Rq) =0
is implied by the fact that v(R¥\R?) = 0 and every element of M_,(R) maps R? to
R?. The assumption of the existence of a relatively compact K € B (R7\{0}) such that
E (v(A7Y(K))) > 0 gives that v is non-zero. 1 is a Radon, i.e. locally finite, measure, since
any relatively compact K is contained in a set of the form (7, 00]S?™! for an appropriate
r > 0 and

7((r,00]ST™Y = E (1/ (A_l((r, oo]Sq_l))) =F (1/ (A_l((r oo]Sq_l)) Iqu(R)\{O}(A))
E (1/ (HAHfl('r, oo]Sqfl) Ing, o \{0}(A))
E (JJA]1*v ((r, 00]ST™") Ing, g0y (A)) = v ((r,00]S*) E (|| A]|*) < o0

IN
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using that A=1((r,00]S?™!) =0, if A =0, and A7((r, 00]S?™) C ||Al|7}(r, o0]S?™! other-
wise. Combining these facts shows that (iv) in Theorem B9 holds and so AX is regularly
varying with measure  and normalizing sequence (a,,). Moreover, for any « > 0 and Borel
set C we have v(uC) = E(v(A™ ' (uC))) = E(v(uA~(C))) = E(u*v(A71(C))) and thus

the index of regular variation is a. a

By combining the previous results we can now show that finite sums of appropriate
random linear transformations of independent multivariate regularly varying random vari-
ables are again regularly varying. This is an extension of Resnick and Willekens (1991,
Eq. (2.4)) and can also be interpreted as a generalization of Davis and Resnick (1996,
Lemma 2.1) (cf. also Resnick (1987, p. 225)) to the multivariate random case, a similar
one is given in Konstantinides and Mikosch (2004, p. 10). Whereas the previous results
were formulated for random variables in (R™)?, respectively RT, only, we consider general
R%valued random variables. However, the reasoning in the proof given below is basically
the same as for the previous results except that using Theorem rather than the more
general Theorem shortens the argumentation.

Theorem 3.17 Let X1, Xy,..., X, with k € N be independent reqularly varying R?-
valued random wvariables with common indexr o, measures vx,,...,vx, and a common
normalizing sequence (a,) such that (iv) in Theorem holds. Assume, moreover, that
Ay, ..., Ay are M(R)-valued random variables independent of X = (X],..., X1 and
A, e L'Vie{l,...,k} for somey > «. Then

up (Z AX, € ) o) = 3D (v, 0 A7)

i=1

in M, (Re\{0}).

In particular, provided there is a relatively compact K € B (@\{0}) and an index
j€{l,...,k} such that E (v, (A;l(K))) >0,Y = Zle A; X; is reqularly varying with
index o, measure v and normalizing sequence (ay,).

One possible immediate extension is that the random variables X; are R%-valued with
possibly different d;. Furthermore, note that the matrices A;,..., A, are not assumed
to be independent, but may have any dependence structure as long as {4;};i—1,
{Xi}iz1. x are independent. This actually is the crucial fact, why this theorem will turn
out to be most helpful in later sections.

Proof: By Lemma[B.I5 we have that X = (X[, ..., X])7 is a regularly varying R*-valued
random variable with index «, normalizing sequence (a,) and measure

v(dry,...,dxg) = v, (dry)eog(dxs, dxs, ... dxg) + vy, (drs)eo(dry, drs, dxy . . ., dxy)
+ ...+ ux, (deg)eg(dey, dxg, . .. dag_q).

By setting
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we obtain an M, y4(R)-valued random variable that is independent of X and in L (using
Th. 214 and Cor. 2ZI5]). Thus Theorem gives that

nP(AX € a,) =nP (Z A X, € an-> Zv()=E@mo A7),

=1

Now we only need to analyse v. Let C be any measurable subset of R7\{0}. It is immediate
that A_l(C) = (AII(C) X OR(k—l)d)U(ORd X A;l(C) X OR(k—Q)d)U. . .U(OR(k—l)d X A,;%C))U
UL, Uf:z 1 Cij for appropriately chosen sets Cy; € R*¥ such that Cj; N ROV x Opa X
R*=0d = @ as well as Cj; N RUD? x 0pa x R*=94 = () holds. In other words Cj; is
the part of A~*(C) where both the i-th and j-th (“d-dimensional”) coordinates are dif-
ferent from zero. Note that necessarily 0 ¢ A;'(C) and thus the sets A7 (C) x Ogae-1d,
Opa X Ay H(C) X Ogee—2yd, - - -, Ogs—nya X A, 1(C) are pairwise disjoint. Furthermore, it follows
from the way we have selected the C;; that 7(C;;) = 0. Hence, we obtain

k

k
vo AHC) = Y v (ATHC) = Y vy 0 AT(O).

1=1

Since C' was arbitrary, taking the expectation gives

k k
nP <Z A X € an~> Sv()=E (Z vx, © Af(-)) :

=1

The other claims are now shown as in the proof of Theorem [3.16] O

We now aim at generalizing the last theorem to series of linearly transformed i.i.d.
random variables that satisfy an appropriate summability condition. It will turn out
that a straightforward extension of Resnick and Willekens (1991, Th. 2.1), who consider
(R*)4-valued random variables, to general R%-valued ones is possible. Basically all their
arguments carry through in our set-up. Below we shall give a proof for the general case,
which basically imitates the second part of the proof in Resnick and Willekens (1991) and
uses Resnick and Willekens (1991, Th. 2.1) for R*-valued random variables. Thereby we
avoid repeating the highly technical first part of Resnick and Willekens’ proof employing
Pratt’s lemma. Let us thus first recall the result on (RT)4. || - || denotes any fixed norms
on R? and R? and their induced operator norm. By M_4((R*)?) we denote the real ¢ x d
matrices that have only non-negative entries.

Theorem 3.18 (cf. Resnick and Willekens (1991, Th. 2.1)) Let X = (Xy)gen, be
a sequence of i.1.d. reqularly varying (R*)d-valued random variables with index o, measure
v and normalizing sequence (a,) such that (iv) in Theorem[3.9 holds. Assume, moreover,
that A = (Ag)ken, is a sequence of My(R™)-valued random variables independent of X .

If a < 1, assume that there is an 0 < n < a with o +n < 1 such that Ay € L*™ for
all k € Ny and

ZE (JJAR]|*F") < o0 as well as ZE (JJAR[|*) < o0. (3.5)

k=0 k=0
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If @ > 1, assume that there is an 0 < n < « such that A, € Lt for all k € Ny and

ZE HA ||a+17 1/(atm) < oo, Z ”A ||a 77 1/(a+n) < o0, (36)
k=0 k=

Then the tail behaviour of Y = >".°  Ax Xy is given by

np (z A, € ) L p()i= Y E(vo A7'()

k=0 k=0

mn My ((R+)q\{0}) When taking pre-images the linear operators Ay are regarded as

mappings Ay, : (RT)* — (RT)4.

In particular, provided there is a relatively compact K € B((R+)9\{0}) and an index
j € Ny such that E (v (AJ_I(K))) >0,Y =77 Ap Xy is regularly varying with index o,
measure U and normalizing sequence (ay,).

For a proof of the vague convergence part we refer to Resnick and Willekens (1991). In
the case ¢ = d = 1 we can regard the matrices A, as mappings from R to R. Note that
the equivalence of all norms over finite dimensional linear spaces ensures that condition
B.5), resp. (8.6), is independent of the actually employed norm.
Proof: We shall only show that v is locally finite, since the remainder is obvious in view
of the arguments given for Theorem [3.16l

First we note that for all £ € N

[ ARl|* < max{[|Ag[|*™", | Akl *™"} < JA)*T7 + || Agl*"

which implies
E([Ax[*) < E(J ARl + [ Axl*™").

For a < 1 one thus immediately obtains

> E A
k=0

from ([B.5). For a > 1 the same follows using (3.6]) after noting that for large enough &
one has that E(||Ag[|“"" + || Ax||*~") < 1 and so

E(1A:l*) < EARI™ + [ Axll*™)
< B[ AR+ [ Ag] oyt
< B( Al YD B(| AV,

because |a+ b|" < |a|" + [b]" for all a,b € R and 0 < r < 1 (see e.g. Loeve (1977, p. 157)).
As in the proof of Theorem it suffices to consider the sets (r, oo]Sifl for r > 0,
where ST! := ST 1N (R*)? is the “unit sphere” in (R*)?. From the above result we obtain

7 ((r,00]ST) ZE (r, 00|84 1)))

k=0
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= ZE H((r, 00IST) Iata(n oy (Aw))
< ZE (1 ARlI ™, 00ISE) Tagya( o3 (Aw))

= > E(IAl*v ((r, 00l ) Tng, 403 (Ar))
k=0
= v ((r,00]S1" 1 ZE | AkI?)
k=0

using that A ((r,00]S4") = 0, if A, = 0, and A '((r,00]S5") C || Ag| = (7, 00]SE!
otherwise. a
Getting rid of the positivity restrictions on the matrices Ay and i.i.d. X} we obtain:

Theorem 3.19 Let X = (X3)ren, be a sequence of i.i.d. reqularly varying R*-valued
random variables with index o, measure v and normalizing sequence (a,) such that (iv)
in Theorem holds. Assume, moreover, that A = (Ag)ren, is a sequence of M,q(R)-
valued random variables independent of X.

If a < 1, assume that there is an 0 < n < a with o +n < 1 such that A, € L*™" for
all k € Ny and

ZE | A||*F7) < oo as well as ZE | Al|*) < o0. (3.7)
k=0 k=0

If @ > 1, assume that there is an 0 < n < « such that A, € Lt for all k € Ny and

o

ZE | Ay Ha-i—n 1/(a+n) < o0, Z HA o 17 1/(atm) < 00, (3.8)
k=0 k=

Then the tail behaviour of Y ="}, A Xy is given by

nP(ZAkaEan>—>V :iE vo AZl() (3.9)

k=0 =0

in My (R1\{0}).

In particular, provided there is a relatively compact K € B (@\{0}) and an index
j € Ny such that E (V (Aj_l(K))) >0,Y =577 A Xy is regularly varying with indez a,
measure U and normalizing sequence (ay,).

Again condition (B.7), resp. (8.8), is independent of the norm used. The proof below
indicates that under appropriately adapted summability conditions one should be able to
extend the result to independent (X}) that are regularly varying with common index and
normalizing sequence, but different measures vy, , and further to the case of R¥%-valued X;
and Myq, -valued A;, with possibly different d;. Since such extensions are of no relevance
in our later studies, we do not pursue them.
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Proof: We only prove (3.9). The other assertions are shown as in Theorems and
B.I8

To prove (B3) we employ Proposition B4l Let K be a compact subset of R4\ {0}. Let
¢ := dist(K,0) denote the distance of the set K from 0 w.r.t. || - [|. For 0 < 0 < € the set
Ks ={z e R?: dist(K,z) <0} UK is compact in R?\{0} (the union with K is taken to
avoid notational ambiguities for K HR_d\]Rd # (). The event >~ Ay Xy € a,K is part of
the event that Z£:0 Ap Xy, € a K5 or at HZEO:LH AkaH > ¢ for any integer L. From
the triangle inequality it is immediate that a,,' HZ;O:L-H AkaH > ¢ is in turn part of the
event » 1 [ Ak||[| Xk]| > and. Thus:

) L o0
nP (ZAka S anK> S nP (ZAka € CLnK(;) +TLP < Z ||Ak||||Xk|| > an5>

k=0 k=0 k=L+1

Letting n — oo we can apply Theorem BT in connection with Proposition 3.4 (iii) on
the first and Theorem BI8 (with d = 1) in connection with Proposition B4 (ii) to the
second term:

o) L
lim sup nP (Z AL X € anK> < limsupnP (Z ALX € anK5>

n—oo n—oo

k=0 k=0
" nmsupnp( > ||Ak||||Xk||>an6)
n—oo k=L+1
L oo
< Y E(vo AN (Ky)) + 0 w((1,00]) Y E([|AK]Y).
k=0 k=L+1

As in Theorem BI8lit is shown that >~ E(]|Ax||*) < oo and so the second term vanishes
for L — oo. Since Radon measures on polish spaces are regular (cf. Bauer (1992, Def. 25.3
and Korollar 26.4), it holds that E (v o A;'(Ks)) — E (v o A, (K)) for § — 0. Moreover,
for all § < e it is immediate to see that Y ;- F (1/ o A,;l(K(;)) is finite and monotonically
increasing in ¢. Thus letting first L — oo and afterwards ¢ — 0:

lim sup nP (Z ALX; € anK> < ZE (V o A,;l(K)) )
k=0

Consider now any open relatively compact subset G of R?\{0}. There exists a sequence
(G,n) of open relatively compact sets of G such that G,, C G,, C Gy / G (strict
inclusions). This implies dist(G,,, G°) > 0 and so for fixed integers L, m there exists an
€ > 0 which only depends upon m such that, if

Z AL X,

k=L+1

< apé,

L
Z Aka € a,G,, and
k=0

then N
D AL € anG

k=0
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holds.

Therefore
nP (Z AL X, € CLnG) > nP ZAka € a,G ms Z A X
k=0 k=L+1

npP ZAka € anGm) —nP (

k=0

< ay,€ >

Z AL X,

k=L+1

v

> &n€>

L 00
> nP (Y AXie€ anGm) —nP ( > 1Al > ane) ,

k=0 k=L+1

where we used P(AN B) = P(A\B¢) > P(A) — P(B°) in the second and the triangle
inequality in the last step. Letting n — oo we can apply Theorem B.17 in connection with
Proposition 3.4 (iii) on the first and Theorem 318 in connection with Proposition B4 (ii)
to the second term and obtain:

L
liminf nP (Z AL X, € anG> > liminfnP (Z AL X, € anGm>

k=0 k=0
— liminf nP ( > ARIXK] >ane>
e k=L+1
L 00
> Y E(vo A (Gn)) — e w((1,00]) Y E(| A%
k=0 k=L+1

For L. — oo the second term vanishes as before. Since 7 is a Radon measure, one ob-
tains that Y - E (v o A, (G)) is finite and due to the regularity E (v o Ay (G)) —
E (1/ o A,;l(G)) as m — oo monotonically A bounded convergence argument thus es-
tablishes Y 1o E (v o Ay (Gn)) — Yoo E (v o ALY (G)) as m — oc. Thus letting first

L — oo and afterwards m — oo:

liminf nP (Z A Xy € ay, ) > ZE (1/ o A,;l(G)) .
k=0

Combining the above results for compact and open relatively compact sets gives (3.9)
using Proposition B.4] (iii). a
The criteria involving the finiteness of series in the foregoing two theorems are more or
less motivated by the lines of proof, they are minimally necessary for the used arguments
to work. However, one will in general prefer more straightforward sufficient criteria. A
first step is the following.

Lemma 3.20 Assume that (Ag)ken, is a sequence of My(R)-valued random wvariables
and that there is an 3 > 0 such that A, € LP for all k € Ny. If, moreover,

limsup B ([ A]?) " < 1, (3.10)

k—o0
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then it holds for all 0 <~ < (3 and T > 0 that

Y Bl <
k=0

and

> E (| AlMYT < oo
k=0

Note that condition (B.I0) is independent of the employed norm. Similar conditions are
used heavily throughout the thesis.
Proof: Jensen’s inequality applied to the concave map z — x7 gives E(||A]?) <
E(HAkHﬁ)%. Noting that for any positive sequence (¢x) and arbitrary r > 0 we have
that

limsuper <1 & limsupcy, < 1,

k—o0 k—o0

all claims immediately follow from the root criterion of standard analysis. O

Lemma 3.21 Consider the basic set-up of Theorem [3.19. If, moreover, for some 3 > «

limsup E ([ A]?) " < 1, (3.11)

k—o0

then the condition (377), resp. (338), is satisfied for all admissible n with n < — c.



Chapter 4

A First Order Stochastic Difference
Equation

In this section we first give a general theorem on the existence of a unique stationary
solution to a general stochastic difference equation of the form Y, = A,Y,,_1 + C,, due to
Brandt (1986) (cf. also Brandt, Franken and Lisek (1990, Section 9.1)). The version we
give below is a straightforward extension of Brandt’s result and has first been noted in
Bougerol and Picard (1992b). Later on the existence of moments is studied.

4.1 Stationary Solutions to Y,, = A,Y,,_1 + C,

Our aim is to establish a general theorem for a stochastic difference equation of the type
Y, =A,Y,_1+ C, to have a stationary and ergodic solution:

Theorem 4.1 (cf. Brandt (1986, Th. 1), Bougerol and Picard (1992b, Th. 1.1))
Let (A, Cy) € My(R)xRY, n € Z, be a stationary ergodic process with finite E(log™ || Ao||)
and E(log™ ||Col|) (where log™ (z) := max(0,log(x))). Assume furthermore that

1
= inf E(log||AgA_1---A_ ) 4.1
vim inf (B Goglldnd-r ALl ) <0 (@)

Then the stochastic process X = (X,,)nez defined by

Xn = Z AnAnfl ce AnkarlCnfk = Cn + Z AnAnfl te AnkarlCnfk (42)
k=0

k=1

is the unique stationary solution of the stochastic difference equation Y, = A,Y,_1 + C,.
Moreover, X is ergodic and the series in equation ([{.3) converges almost surely absolutely.

Let Vi be an arbitrary R%-valued random variable defined on the same probability space
as (An, Cp)nez and define (Vy,)nen recursively via V,, = A,V,—1 + C,, then

1 X, — V|l 230 with n — oo (4.3)

and, ©n particular,
V., 2 X, with n — oo, (4.4)

i.e. the distribution of V,, converges to the stationary distribution of X,,.

45
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| - || denotes any norm on R¢ and the induced operator norm on My(R). Furthermore, +
as defined in (1)) is usually called (top) Lyapunov coefficient or exponent (in the special
case d = 1 we have 7 = infuen, ((1/(n + 1)) Y5, B(log|A_])) = E(log |A])). Generally
a simple condition ensuring v < 0 is E(log ||Ao||) < 0. Unfortunately, this condition is
too restrictive to be of use in most interesting cases with d being greater than one. To be
able to prove the above result we need the following lemma on the behaviour of ergodic
sequences of random matrices, which is Theorem 1 of Furstenberg and Kesten (1960)
slightly adapted to our set-up. An inspection of the proof in Furstenberg and Kesten
(1960) immediately gives (L) and shows that their result holds for any algebra norm
and not only for the column-sum norm they employ.

Lemma 4.2 (cf. Furstenberg and Kesten (1960, Th. 1)) Let A = (A,)nez be an

My(R)-valued stationary random sequence and let ||-|| denote any algebra norm on My(R).
Then
. : 1
Jim ——— E(log || ApA-y -+ A-nll) = inf (n—HE(log [ApA g - A—nH)) =17 (45)

and, provided A is also ergodic and E(log™ || Ao||) < oo,

1
lifln_)solip i log ||Am - Apmnl| <7 as. Vm € Z (4.6)
and
lim sup log [[Apsn -+ Apll <7 a.s. Vm € Z. (4.7)

n—ooo M+ 1

Moreover, «y is independent of the algebra norm used and E(log™’ ||Ao||) is finite for all
norms, if it is finite for only one.

We prove below only the very last claim. The proof of the other results proceeds totally
along the lines of the proof of Theorem 1 in Furstenberg and Kesten (1960) and is thus
omitted. The first assertion (A1) is a consequence of the submultiplicativity of || - || and
a lemma on subadditive sequences to be found e.g. in Hille and Phillips (1957):

Lemma 4.3 (Hille and Phillips (1957, Lemma 4.7.1)) Let (a,)nen be a subadditive

sequence of real numbers, i.e. ayym < ap + @y, for alln,m € N, then JLIEIO l%n = irelg%.
The second assertion (.6]) then follows from the first one by using the properties of ergodic
sequences given in Section 2.5

Actually, it can be shown that in (£0) and (£7) “limsup” can be replaced by “lim”
and that equality holds (see Furstenberg and Kesten (1960, Th. 2)), but the proof of this
result is rather involved and for our purposes ({.G) suffices. Note, however, that (4.0 with
equality is also an immediate consequence of the results on general subadditive processes
reported in Kingman (1968) and Kingman (1973).
Proof of Th. 4.2k As said before, only the fact that + is independent of the algebra norm
and that finiteness of E(log™ || Ag||) for one norm implies finiteness for all norms are to be
shown.
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Let || - || and || - ||« be two norms and E(log™ ||Ag||) < co. There exists a finite M >
0 with [| - |l. < M]| - ||. Thus E(max(0,log ||Aoll+)) < E(max(0,log ||Ao|| + log M)) <
E(max(0,log || Aol|)) + | log M| < cc.

Assume now that || - || and || - ||« are algebra norms. There exists also a 0 < m < M
such that || - ||« > m|| - ||. This gives for all natural n
1 logm 1 1 log M
log [|Ag--- Ay, < log [|[Ag -+ A_p|l« < log [|[Ag--- Ay, :
g Ay A 4B < oAy ALl < oAy AL [+
Hence,
1 1
li E(log||Ag---A_,||) = lim ——FE(log||Ag--- A_,||«
T Bllog | Ay AL ) = lim - B(log | Ay A
and so 7 is independent of the particular algebra norm used. a

Proof of Theorem [4.J: (adapted from Brandt (1986) and Bougerol and
Picard (1992b))
Step 1: Convergence of the series in (4.2).
E(log™* ||Co||) < oo implies via

Ellog" [Goll) = [ Pllog™ [Coll > ahdo = =] [ Pliog™ [Coll > ~Js)ds
0 0

the stationarity of (C,) and the integral comparison criterion from standard analysis that

s k
Sop <1og+ 1Chll > —77) < .

k=0
Since
1 * n— - 1 * n— -
limsupqw € Q: 08" [|Cn k()] S D <w e Q:limsup 08" [|Cn-(w)] > - ,

the Borel-Cantelli lemma implies that

1
lim sup z log™ |Cri]l < —% a.s.

k—o0

Together with Lemma and the stationarity of (A, ),ez we thus obtain

. 1 . 1
lim sup % log||An -+ Ap—k11Ch—k|| < limsup % (log || An -+ - Ap—gsa ] +1og || Crkl|) <

k—o00 k—o0

B2

a.s. This yields

limsup || 4, - - -An_kHCn_kHl/k < exp (%) < 1la.s.

k—oo

and so by the root criterion from standard analysis the series ZZO:() AnAn 1 Ap ki 1Chk
converges almost surely absolutely.
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Step 2: X is a solution of Y,, = A,,Y,,_1 + C,,.

Aan—l + Cn = An (Cn—l + Z An—l te An—kCn—k—l) + Cn
k=1

= Cn + AnCn—l + Z An T An—k+lcn—k = Xn

k=2

Step 3: Stationarity and Ergodicity of X

On the range D C (My(R) x RY)% of (A,,Cy,)nez define for n € Z the functions g, as
Gn((@i, Ci)iez) = D peo @n -+ * An—k+1¢n—k- The sequence (g, (Ai, C;)iez)nez is according to
step 1 a.s. a sequence with all elements being finite, since Z is countable, and we have
X = (gn ((As,Ci)icz)) ey Moreover, each g, is obviously a limit of measurable functions
and thus measurable. A trivial calculation shows that ¢, 1 = g, o B with B being the
back-shift operator on (My(R) x R%)Z. Now Lemma shows that X is stationary and
ergodic.

Step 4: Uniqueness of the solution.

Let X = (X,,) and Z = (Z,,) be two solutions of Y,, = A,)Y,,_1 + C,. For k € N we have

HXn - Zn” = HAn o 'An—k<Xn—k—1 - Zn—k’—l)” < HAn o 'An—k“ : (HXn—k—lu + HYn—k—lu)

and from 0 > v > limsup,_, . log(||A, - - - An—k||)/k we get

1A, - - Al = exp (log(|| Ay - - An g ])/B)F =5 0 as.

This gives that [[Ay, - Ap_k| - (|| Xn—k-1]] + |Yn—k-1]|) converges to zero in probability
(use e.g. Brockwell and Davis (1991, Prop. 6.1.1 (ii))) and thus a.s. along a subsequence.
Hence, || X,, — Z,|| is necessarily a.s. zero, so X = Z.
Step 5: Convergence to the stationary solution for arbitrary starting values V4.

The recursive definition of (V},),en immediately gives for all n € N:

n—1
Vn = Cn + Z AnAn—l e An—k+1cn—k + An e Alvb (48)
k=1
Thus
“Xn_vn” - ZAn"'An—k+ICn—k_An"'Al%
k=n

Ap - Ay <00+ Z AO"'An—k—&-lCn—k_‘/())H

k=n-+1
= [[An--- Ar(Xo — Vo)
< JAn- - Ay(Xo + Yo) 25 0 with n — oo,

since || A, -+ A;|| = exp (log(||A, - Ai]])/n)" == 0 a.s. as argued above. (&) now is
implied by the standard theory on convergence in distribution (see e.g. Brockwell and
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Davis (1991, Prop. 6.3.3)), since X, 4 Xo for all n € Z. O
The following result on the Lyapunov exponent is sometimes useful to show that strict
negativity of v is a necessary condition for some particular stochastic recurrence equation
to have a solution.

Lemma 4.4 (Bougerol and Picard (1992b, Lemma 3.4)) Let (A,)nez be an er-
godic and stationary sequence of random matrices in My(R). If E(log™ || Ao||) is finite and
lim, o0 [[A0A_1 -+ A_,|| =0 a.s., then the top Lyapunov exponent

. 1
v= it (oA AL

15 strictly negative.

4.2 Existence of Moments

In the following we give conditions ensuring that the solution of Y,, = A,Y,,_1 + C,, with
stationary and ergodic(A,,, C,) is in LP for some p > 0. For a stochastic difference equation
with (A,,C,) being a sequence in R? some results are already to be found in Karlsen
(1990b). Saporta (2004a) briefly mentions conditions for the existence of moments, if (A,,)
and (C),) are assumed to be independent, and the one dimensional case is further shortly
studied in Saporta (2004b). First we note that instead of considering the limit behaviour of
the logarithm of the norm of a product of random matrices (i.e. the Lyapunov coefficient)
one can look at any positive power.

Lemma 4.5 Let A = (At)iez be an My(R) valued stationary random sequence and || - ||
be any algebra norm over My(R). If for some s > 0

lim sup E([| Ag - - Ay |/ =1 9, < 1

or
limsup || Ag - - -A_n||1L/o£>n+1) =! Yoo < 1,
then .
lim 1E(log||A()---A_n||) < 0.
n—oo N,

All limits above are independent of the algebra norm used.

Obviously, one has limsup,, . E(|[Ag--- A_,[|*)Y/"*) < 1, if and only if limsup,, .. || 4o
ALY <1 in the case 1 < s < oo.

Proof: The independence from the algebra norm employed is again an immediate con-

sequence of the equivalence of any two norms and the fact that we have lim,,_,o m"/ ") =

1 for any m > 0.

Assume now that the L°°-condition above holds. Then for some € such that v, <
¢ < 1 there is an N € N such that ||Ag--- A_,||"/") < ¢ < 1 as. ¥n > N. Taking
the logarithm, the expectation and the limit for n — oo (which exists by Lemma [1.2)
concludes the proof.
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If the asymptotic moment condition holds for some s > 0, we get from the concavity
of the logarithm, Jensen’s inequality and again Lemma

1
0 > glimsuplog (E(“AO'"A—n||s)1/(n+1)>

: s . 1
> limsup mE(loglle---A_nH ) = lim ——E(log||Ao--- A-ul).

O
In some cases it is possible to replace the limes superior by a limit in the Lemma above.

Lemma 4.6 Let A = (At)iez be an My(R) valued stationary random sequence and || - ||
be any algebra norm over My(R).

(i) If Ag € L™,

Yoo = lim [ Ao+ Al = nf (Ao Ao |V

(11) If (Az) is an i.i.d. sequence and Ay € L* for some s € R, it holds that

Vs = nh—%lo E(|Ag--- A_n—i-l”s)l/n = 71LI€1£] E(||Ag--- A_n+1||5)1/n.

Note that for notational ease we often writelim sup generally in the following, even if the
above Lemma is applicable.
Proof: In the case (i) we have

log [[Ag - -+ A_nimy+illLee < log|lAg- - Aopiallzee +log[[Ap - Aopomoia || Lo
= log|[Ao- -+ Aniallre +log [[Ag -+ - Apsall e

and this gives via Lemma

.1 . .
lim —log || Ao A_pir|[ze = lim log|[Ag - A_par||¥2 = inf log [|[Ag - -+ A_pir|| V2.
n—oo n, n—o00 neN

The continuity and strict monotonicity of the exponential function now shows (i). For (ii)
one observes

log E(| Ao A-uemys1|?) < 1og B[ Ay ALyt ) +10g B(I Ay Ay [
= log E(| Ao+ Ais|*) +log Bl Ao~ - Ay )

and proceeds analogously. O
The next Theorem gives an extension of Theorem [L1] by considering moments of the
solution of the difference equation and is a straightforward extension of Karlsen (1990b,
Th. 3.1) to the multidimensional set-up.
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Theorem 4.7 Let (A,,C,) € My(R) x R%, n € Z, be a stationary ergodic process with
finite E(log™ || Ao||) and E(log™ ||Col]) (where log™(z) := max(0,log(z))). Assume fur-
thermore that

) 1
vim it (B g lAeds AL ) <o (19)
that Ay -+ A_p1C_ € LP holds for all k € Ny and some p > 0 and that for 1 < p < 00
Z Ao+ Ak 1 Ci|| e, (4.10)
k=0
respectively for 0 < p <1
Y E(JAo- - A knCoill?) =Y dia(Ag -+ A 410, 0), (4.11)
k=0 k=0
converges. Then the stochastic process X = (X,)nez defined by
Xy = Z AnAn—l toe An—k—i—lCn—k = Cn + Z AnAn—l toe An—k—i—lon—k (412>
k=0 k=1

1s the unique stationary solution of the stochastic difference equation Y, = A, Y,_1 + C,.
Moreover, X is ergodic and in LP and the series in equation ({{.13) converges almost surely
absolutely and in LP.

It is clear that, if (£10) holds for some p > 1, it holds for all r € [1, p| as well. However, if
(4.11)) holds for some p € (0, 1) this does not imply that it holds for all smaller values of p as
well. Yet, of course, if X € L? for some p > 0, then X € L" for all r € (0, p]. Note, however,
that the asymptotic conditions given in the next lemmata are much better behaved.
If there is one p € (0,00] that fulfils the asymptotic condition, then the asymptotic
conditions for all s € (0, p|] are satisfied as well (use Jensen’s inequality as in the proof of
Lemma [3.20]).
Proof: Only the convergence of the series in L? needs to be shown, since this implies that
(X;) is a sequence of random variables in L?. Furthermore, due to the stationarity only
X needs to be considered. If 1 < p < oo, the assumed absolute convergence (in L?) (4.10)
of the series immediately gives the convergence of the series defining X, in LP, since LP
is a Banach space for such p.

Consider now the case 0 < p < 1. The following properties of d;» are obvious from
the definition:

d(X,Y) = dp(X —Y,00VX,Y € L”, (4.13)
A (X +Y,0) = dpp(X,=Y) < dp(X,0) +dp(Y,0)V X, Y € LP.  (4.14)

So one obtains for m,n € N, m > n,

drp (ZAO"'A—k+10—k,ZA0'"A—k+10—k) = dr» ( Z AO"'A—k-i-lC—kaO)
s

k=0

< Y dp(Ag- A Cy,0).
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Thus the assumptions imply that (3" Ao~ - A_x11C 1), is a Cauchy sequence in L?
and hence convergent, since by Theorem 2.12] L” is complete. O
The next theorems are concerned with conditions ensuring (4.I0), resp. (£.I1]). A simple
consequence of the root criterion of standard analysis is:

Lemma 4.8 Let 1 < p < oo, resp. 0 < p < 1, and assume that

limsup || Ag - - -A_k+10—k||1L/pk <1
k—o00
resp.
limsup (E(||4g - - - A_k+10—k||p))1/k <1,

k—o0

holds. Then ({.10), resp. ({.11)), is fulfilled.

Note that for finite p > 1 one has

limsup Ao -+ A1 Copl 13" < 1 lim sup (£(]| Ao Apn Co )Yt < 1

k—o0

Using the Holder inequality one can give a criterion to check (£I0), resp. (EITl), that
also ensures the negativity of the Lyapunov coefficient. For the one-dimensional case a
similar result is Karlsen (1990b, Corollary 3.1).

Proposition 4.9 Let p € (0,00). If there exist r,s > 1 with 1/r + 1/s = 1, such that
Ag---A_py € LP"VE €N, limsup,_ . E(|[Ao- - A_j 1 ||P)V* < 1 for 0 < pr < oo, resp.
limy,_o || Ao - - - A,kHHlL/o].f <1 for pr = 00, and Cy € LP*, then (4.9) and (4.10) forp > 1,
resp. ({4-11) for 0 < p < 1, hold.

Proof: (49) is implied by Lemma L5 The Holder inequality gives
E([[Ao- -+ AprrCil”) < | Ao+ Acira [ Lor IOkl 7o
which implies

lim sup E([[ A - - 'A—k+1c—k||p)1/k < lim sup <HA0 o ‘A—k+1||%]:||c—kH%’]z> <1

k—oo k—oo

Thus the assumptions of Lemma are fulfilled and this gives that (Z10), resp. (@I,
holds. O
An important consequence is that, provided Ag--- A_jy1 € L™ for all natural &k, which
especially is the case, if the stationary distribution of A,, has bounded or finite support,
and limy_ || Ao - - -A_k+1||2/£ < 1, the solution (X,,) to the stochastic difference equation
has a p-th moment, if the noise sequence (C,) has one.

It remains to give a criterion for X,, to be in L*>:

Proposition 4.10 If Ay € L™, limy_.oo || Ao -+ A_pi1|[}F < 1 and Cy € L™, then ([79)
and ({{.10) with p = co hold.
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Proof: Ay € L™ gives Ag--+A_ k11 € L™ for all £ € N and (49) is implied by Lemma
4.5l Furthermore, we have

timn sup | Ap -+ A1 Ci X < i sup (I140- - A s IO %) < 1.

k—oo

Thus the assumptions of Lemma [4.8 are fulfilled with p = oo and this gives that (Z10)
holds. a

It is straightforward to obtain a very simple condition ensuring

Jim [ Ag - A [ < 1.

Lemma 4.11 Ifthereis ac < 1 such that | Ao|| < ¢ a.s., then limy_, || Ag - - A_k+1||1L/o].f <
1 holds.

The proof is trivial and unfortunately the above lemma is too restrictive to be (at least
straightforwardly) applicable in most interesting cases. Note that || Ag|| < c a.s. with ¢ < 1
is equivalent to || Ag||L=~ < 1. Furthermore, it may at a first glance look strange to demand
| Ao|| < ¢ a.s. for some ¢ < 1 instead of ||Ap|| < 1 a.s.. But in the later case it is possible
to have ||Ao||L~ = 1 and even ||Ag-- -A_k+1||}3{f§ = 1 for all natural k£ (a simple example
is that (A;) are i.i.d. random variables drawn from the uniform distribution on (0;1)).

4.3 Regularly Varying Tails

The aim of this section is to study the tail behaviour of the stationary solution of the
stochastic difference equation Y, = A,Y, 1 + C, with stationary and ergodic input
(A,,C,) € Myg(R) x R% We restrict ourselves to two important and essentially differ-
ent cases when regularly varying tail behaviour shows up. In both cases we cannot work
with a general stationary and ergodic input (A4, C,,) but need rather heavy independence
assumptions.

4.3.1 Regularly Varying Noise

For the remainder of this section we assume (C),)nez to be an i.i.d. regularly varying noise
sequence and further that the sequences (A, ),ez and (C,)nez are independent of each
other. However, no restrictions whatsoever are imposed upon the dependence structure of
(A;,). Our results obtained in the following are a generalization of Resnick and Willekens
(1991, Sec. 3), who demand that also (A4,) be i.i.d. They are also similar to those of Grey
(1994) and Konstantinides and Mikosch (2004), where the one dimensional case with the
joint sequence (A, Cy,)nez being assumed to be i.i.d., but possible dependence between
A,, and C,, is studied. Another related paper is Davis and Resnick (1996) who studied
bilinear processes.

Using Theorem [4.]]it follows rather immediately from Theorem that under appro-
priate technical conditions the stationary distribution of the solution X to the stochastic
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difference equation is regularly varying with the same index and normalizing sequence
as the noise Cy. For d = 1 this means, in particular, that the distributions of X, and
€p are tail equivalent and, provided the upper tail is nondegenerate, both belong to the
maximum domain of attraction of the Fréchet distribution ®,, where « is the common
index of regular variation (see Leadbetter, Lindgren and Rootzén (1983), Resnick (1987,
Sec. 1.2, 1.5) or Embrechts, Kliippelberg and Mikosch (1997, Sec. 3.3.1)). Note that at
least one of the two tails is always non-degenerately regularly varying.

Theorem 4.12 Let A, € My(R), n € Z, be a stationary ergodic process and C,, a se-
quence of i.i.d. reqularly varying R*-valued random variables with index o > 0, measure
v and normalizing sequence (a,) such that (iv) in Theorem holds. Assume that the
sequences (Ap)nez and (Cp)nez are independent of one another and, furthermore, that

= inf
v nlélNo (n

If @ < 1, assume there is an 0 < n < o with o +n < 1 such that Ag- -+ A_j41 € LT
for all k € Ny and that

> TE(J Ao A ]|*T) <00, D E(JAg- - At |*77) < o (4.16)
k=0 k=0

If a > 1, assume there is 0 < n < « such that Ag--- A_py1 € L* for all k € Ny and

STE ([0 A )T <00, STE(JAg - A7) VT <00, (417)
k=0 k=0

Then the assertions of Theorem [{.1] hold. Moreover, X, (and therefore the “one”-
dimensional marginal distribution of X = (X,)nez, i.e. the unique stationary solution of
the stochastic difference equation'Y,, = A,Y,_1+C,) is multivariate reqularly varying with
index o, normalizing sequence (a,) and measure

=Y E(vo(ApA---A ) () =v()+ > E(vo(ApA--A ) (1)
k=0 k=1
(4.18)
Moreover, X is in LP for all 0 < 3 < «. If Cy € L®, then also X, € L.

Proof: It mainly remains to show that all conditions of Theorems . Tland B.19 are satisfied
under the assumptions made. Proposition and Theorem give that (A,, Cp)nez 18
a stationary and ergodic sequence. Since Ay € Lo+, E(log™ || Ao]|) is finite (because log(x)
is for large x ultimately bounded by any positive power of x). As Cj is regularly varying
with index o, Cy € LP for all 0 < 8 < « (cf. PropositionB.12) and thus E(log™ ||Co|) < oo.
From (4.I8]) it is obvious that 7 > v. So the nondegeneracy of v ensures that there is a
relatively compact K with 7(K) > 0.

X € B for all 0 < § < « is an immediate consequence of Proposition .12l This could
alternatively be shown using Theorem [£.7]
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Assume now Cy € L*. For a > 1, (£I7) implies immediately that
D Ao Al e < o0

Using the independence of (Ay) and (Cy) this gives

D Ao+ A i Coglize < [ICollpe D Ao+ A gyallre < o0
k=0

For 0 < a < 1, (£I0) implies immediately that

> E(lA0- - Agia ) < o0
k=0

Using the independence of (Ay) and (C}) this gives
S E (Ao A Cil) < E(IColl*) Y D E (| Ao+ At [|¥) < 00
k=0 k=0

So Theorem .7 gives that X, € L* and that the series defining X,, converges in L*. O

The above theorem naturally raises the question, whether the regular variation of the
“one”-dimensional marginal distribution of the series X = (X, ),ez is all that can be
shown or whether one can also establish regular variation of the whole sequence X. For
the later one needs to show that all finite dimensional distributions of X are regularly
varying. Unfortunately, a short proof along the lines of Basrak, Davis and Mikosch (2002b,
Cor 2.7) cannot be given in our case, since (A;);>, does not have to be independent of Xj.
However, one can still give a rather straightforward but notationally tedious proof using
Theorem 319

Theorem 4.13 If the conditions of Theorem[{.13 are satisfied, the solution X = (X, )nez
15 even reqularly varying as a sequence with indez «.

Proof: It remains only to show that all finite dimensional distributions of X = (X,,) are
regularly varying. We restrict ourselves to show that the “two”-dimensional marginals are
again regularly varying. It should be obvious that the very same arguments can be used for
all higher dimensional marginals, but the general case is notationally most burdensome.

W.l.o.g. we only consider the joint distribution of Xy and X, for h € N. From
the series representations of Xy = Cy + Zzozl AgA_1 - A p1C . and X, = Cp +
S ApAp_1 - Ap_j1Ch_i, We can construct a series representation of (XJ,X)T as
follows. Set

Oy (m)
A= ¢ fork=1,2,...,h—1
" (AhAh1 A kﬂ) SET S
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_ 1a
AO_(AhAh_1-~A1)

AogAy - Apga
Ah_k_(AhAh_l"'Ah_k_H) fOI"k‘—h—f-l,h—f—Q,
Obviously one has (X, X )T =322 Ay_xCh_k and that the sequences (Aj_k)ken, and
(Ch_1)ren, are independent of each other. On R*¢ now consider the norm || - ||, defined via
the norm || - || used on R by ||(«], 2d)T|| = max{||z1]], ||x2||}. For any matrix A € My 4(R)
with A = (A], AJ)7 where Ay, Ay € My(R) it holds that || All. < max{||A;],] 42|} <
| A1l 4 || A2||. Using (AI6)), resp. (EIT), we thus obtain from the definition of Aj_; that
Ay,_; € Lo for all 1 € Ny and

7B (A ) < o0, S0 B (A ") < oo,
k=0 k=0

if a < 1, respectively

ZE (”Ah—k||a+n)1/(a+n) < 00, ZE (||Ah_k|’a7n)l/(a+n) < 00,
k=0 o

if & > 1. So Theorem gives that
nP (X XDT € ar) 5 9() = 3B (vo A7)
k=0

as n — o0o. Since A} ' (Oga x K) = K for all K C R?, the nondegeneracy of v ensures the
nondegeneracy of 7 and, in particular, that (XJ, X7)T is multivariate regularly varying
with index «, measure 7 and normalizing sequence (a,,). a
Employing the Lemmata B.21] and we obtain the following result from the above
two theorems which will usually suffice to deal with almost all situations one actually
encounters.

Corollary 4.14 Let A, € My(R), n € Z, be a stationary ergodic process and C, a
sequence of i.i.d. reqularly varying R*-valued random variables with index o > 0, measure
v and normalizing sequence (a,) such that (iv) in Theorem holds. Assume that the
sequences (Ap)nez and (Cp)nez are independent of one another and furthermore that there
is a 3> o such that AgA_,---A_, € LP for alln € Ny and

limsup E ([ AgA_y - A_,[|)/" ™ < 1. (4.19)

n—oo
Then the assertions of Theorem [.1] hold. Moreover, Xy (and therefore the “one”-
dimensional marginal distribution of X = (X,)nez, i.e. the unique stationary solution of
the stochastic difference equation 'Y, = A, Y,_1+C,, ) is multivariate reqularly varying with
index o, normalizing sequence (a,) and measure

P() =Y E(vo(AgA-— A ) () =v()+ > E(vo(AgA - An) ' ().
= = (4.20)

The whole sequence X is also reqularly varying with index c.
Furthermore, X is in LP for all0 < B < . If Cy € L%, then also X, € L°.
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4.3.2 Light-Tailed Noise

A by now classical result of Kesten (1973) (and the accompanying paper Kesten (1974))
is that very light-tailed noise can result in a heavy-tailed stationary solution of the ran-
dom difference equation Y, = A,Y, 1 + C, with (4,,C,) € Myz(R) x R? being an i.i.d.
sequence, provided A, can have operator norm greater one. Extensions are to be found
in LePage (1983), Saporta, Guivarc’h and LePage (2004) and Saporta (2004a). A very
detailed discussion for the special case d = 1, including an alternative proof, is given
in Goldie (1991). Furthermore examples that light-tailed noise can as well result in a
light-tailed stationary solution, if A, is bound to be a contraction, are to be found in
Goldie and Griibel (1996). Recently results in the spirit of those of Kesten were given
in Kliippelberg and Pergamenchtchikov (2004) and the accompanying paper Kliippelberg
and Pergamenchtchikov (2003) together with a streamlined proof. As they focused on
the tail behaviour of autoregressive processes with random coefficients, we will not dis-
cuss their results here, but come back to them in a later section on the tails of random
coefficient ARMA processes.

Let us now briefly repeat the main results below. Note that these results play an im-
portant role in many recent papers, e.g. Davis and Mikosch (1998), Mikosch and Starica
(2000), Basrak (2000), Basrak, Davis and Mikosch (2002b), Fasen, Kliippelberg and Lind-
ner (2004) and Lindner and Maller (2004) to name a few. As the proofs are rather lengthy
and technical we omit them and refer to the original literature instead. To compare the
results to the ones from the previous section, where we analysed the case of a regularly
varying noise, one only needs to employ Theorem [B.I1l It is most noteworthy that the
noise (C,) in all the coming theorems can be basically arbitrarily light-tailed. This in-
dicates that the regular variation encountered in the stationary solution of the stochastic
recurrence equation is not at all related to the noise, but emerges due to the possible
occurrence of consecutive “large” values in the sequence (A,). Moreover, all following
theorems presume that the joint sequence (A, Cy,)nen is i..d., but for fixed n the random
variables A,, and C,, may well depend upon each other.

The following summary of Kesten’s results under the assumption that (A,,C,) are
positive is taken from Mikosch (2003).

Theorem 4.15 (Kesten (1973, Theorems 3, 4)) Let ((A,, Cp))nez be an i.i.d. se-
quence of random matrices A, € My(R) with non-negative entries A;; and of (R*)?-valued
random variables C,, # 0 a.s. Assume that the following conditions are satisfied:

(i) There is some n > 0 such that E(||A1]|3) < 1.
(i) Ay has no zero rows a.s.
(iii) The set
{log |anan_1---ai|la:n € Nyapa,—1---a; >0 and a,,ap_1,...,a1 € supp(Pa,)}

generates a dense subgroup in R with respect to summation and the Euclidean topo-
logy. Here Py, denotes the distribution of Ay and an,a,—1---a; > 0 means that all
entries of the matriz are strictly positive.
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(iv) There exists a k > 0 such that

and
E (| A1ll5 log™ [|A1]l2) < oo.

Then the following statements hold:

(1) There exists a unique solution i € (0, k] to the equation

1 i
lim —log B([[ A, -~ Aull) = 0.

n—oo

(2) If E(||Cy1||5) < oo, there exists a unique stationary solution (X,) to the stochastic
recurrence equation Y, = A,Y,_1 + C, which is given by ({-3).

(3) If E(||Cy]|5) < oo, then Xi has the following regular variation (in the sense of
Kesten) properties:
For all z € RIN\{0}, lim; o, t*P((z, X;) > t) = w(x) exists and is strictly positive
for all (RT)%-valued vectors x # 0.

In particular, all components of X, are reqularly varying with index k.

Observe that condition (i) implies strict negativity of the top Lyapunov coefficient.
Unfortunately, the general case, where the A,,C, are no longer restricted to be

non-negative, is considerably more involved. Below we first repeat the results for the

d-dimensional case from Kesten and then the one-dimensional ones of Goldie (1991).

Theorem 4.16 (Kesten (1973, Theorem 6)) Let ((An, Cy))nez be an i.i.d. sequence
of matrices A, € My(R) and Ré-valued random variables C, # 0 a.s. Assume that the

following conditions are satisfied:

(i) E(log™ ||A1]]2) < oo and the top Lyapunov exponent

1
v = inf (—E(logllAlAz'“An”?))

neNg n
18 strictly negative.
(i1) A is invertible a.s.

(iii) For every open set U € S*! and x € S there exists an n € N such that

JZTAlAQ"'An )
P ceU])>0.
(HJJTA1A2 Ao
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() There exists ann € N, a cube K C RY and an n > 0 such that the distribution of
A1 Ay -+ A, (after using an obvious isomorphism from My(R) to R ke vec) has a
non-singular (w.r.t. the Lebesgue measure on RdQ) component with a density f such
that f(z) >nVzre K.

(v) The set
{log||an@n—1---aill2 : n € Nayan_1---a1 € M, and a,,an_1,...a1 € supp(Pa,)}

generates a dense subgroup in R with respect to summation and the FEuclidean to-
pology. Here P, denotes the distribution of Ay and M, C My(R) are the d x d
matrices over R that have the spectral radius as an algebraically simple ergenvalue
and all other eigenvalues are strictly less in modulus.

(vi) P(Cy = (I;— Ay)r) <1 for all r € RY,

(vii) There ezists a k > 0 such that

2l (™))

E([Ad]lzlog™ [[Ai]l2) <
E([[Ch]3)

v
—_

3

A
8

Then the following statements hold:

(1) There exists a unique stationary solution (X,,) to the stochastic recurrence equation
Y, =AY, 1+ C, given by (43).

(2) Some i € (0, K] exists such that X, has the following reqular variation (in the sense
of Kesten) properties:
For all z € RIN\{0}, lim; o t*"P({x, X1) > t) = w(x) exists and is strictly positive.

In particular, all components of Xy are regularly varying with index k.

For refinements see LePage (1983) and Saporta (2004a) and note that the above definition
of the top Lyapunov exponent is equivalent to the one we used previously.

Theorem 4.17 (Goldie (1991, Theorem 4.1)) Let ((An, Cp))nez be an i.i.d. sequence
of R-valued random variables A, and C,,. Assume that there is some k > 0 such that:

(i) E(JAi]") =1,
(i) E (|As]*log™ |A,]) < oo,
(ii) E(|C1]") < co.

If, moreover, the conditional law of log|A;| given Ay # 0 is non-arithmetic, i.e. not
concentrated on any lattice rZ for some r € R, then the following statements hold:

(1) There exists a unique stationary solution (X,,) to the stochastic recurrence equation

Y, = A Y,1+ C, given by ({3).
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(2) X1 has the following regular variation properties:

P(Xy>1) ~ K™ t— oo (4.21)
PXy<—t) ~ K.t7" t— o0 (4.22)

with some constants K, > 0 and K_ > 0. Furthermore K, + K_ > 0, iff P(Cy =
(1 —Ay)r) <1 for each fized r € R.

Let (A, C) z (A, Ch) be independent of X z Xi. If A >0 holds almost surely, then

_ E(((C+Ax)")" - ((Ax)1)")
fe = <E(JA og A 429)

 E((C+4AX)7)" - ((4x)7)")
e = <E( A og ] 424

and else E(1C 4 AXI* — LAX|*
K= g = PO+ AXP—AX])
2w E([A] Tog | A])
As usual ~ denotes asymptotic equivalence and (z)~ = max{—z,0}. Observe that K, >

0, resp. K_ > 0, imply that the upper, resp. lower, tail of the stationary solution is
regularly varying with index . Of course, we do not have to resort to multivariate regular
variation above, but use the one-dimensional Definition [3.0l

From the results of all three theorems above one can under appropriate conditions
rather immediately conclude that the solution (Y},),ez of the stochastic difference equation
is regularly varying as a sequence (see Basrak, Davis and Mikosch (2002b, Cor. 2.7) for
the details). In particular one needs to have that Y] is regularly varying in the sense of
Kesten, i.e. the limits in the above theorems have to be non-zero, and that the conditions

of Theorem [B.11] (ii), (iii) or (iv) are satisfied.



Chapter 5
Markov-Switching ARMA Models

The aim of this chapter is to introduce (multivariate) Markov switching autoregressive
moving-average (MS-ARMA) time series models, provide conditions for the existence of
a stationary solution of an MS-ARMA equation and study some of their properties.

5.1 Definition

In time series analysis a stationary stochastic process X; € R% ¢ € Z, is said to be a
d-dimensional ARMA (p, q) process (cf. Brockwell and Davis (1991, Definition 11.3.1 and
Definition 3.1.2 for the univariate case)), if

Xt - q)lXt—l .. T (I)pXt—p - Zt + ®1Zt_1 + ...+ ®th—q (5].)

holds for all ¢ € Z, where ®4,...,9,,0;,...,0, € My(R) are the parameters and
(Zi)tez ~ WN(0,%) is d-dimensional white noise, i.e. a sequence of uncorrelated ran-
dom variables in R? with common mean 0 and covariance matrix ¥. The parameters
®y, ..., P, and Oy,...,0, are called AR and MA coefficients, respectively. (5.]) is said to
be an ARMA equation. The definition above implies that an ARMA process has mean 0.
If a process (X;)ez has mean p € R? and (X; — p1)sez is an ARMA(p, q) process, one calls
X an ARMA(p, q) process with mean p. There are also extensions of ARMA processes to
the case where (Z;) is not (square) integrable (see e.g. Brockwell and Davis (1991, Section
13.3)).

ARMA (p, q) processes are highly tractable and their behaviour and properties are
well-known, see e.g. Brockwell and Davis (1991) and references therein. Yet, they are
incapable of modelling non-linearities in time series. To deal with time series that exhibit
only piecewise linear behaviour, several modifications of the ARMA model have been
used. One such modification are MS-ARMA processes, where the ARMA coefficients are
allowed to change over time according to a Markov chain. Another one is the autoregressive
threshold (TAR) model (see e.g. Brachner (2004) and references therein), where the AR
coefficients vary dependent upon the current value of the process.

Definition 5.1 (MS-ARMA (p, q) process) Letp,q € Ng, p+q>1 and

A= (Mt; Xty Py 7q)pt7 Oy .- -, @qt)tez (5-2)

61
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be a stationary and ergodic Markov chain with some (measurable) subset E of the linear
space R x My(R)™P*4 as state space. Moreover, let € = (€;)iez be an i.i.d. sequence of
Re-valued random variables independent of A and set Z, = Y. (i.e. the matriz-vector
product of ¥ and ;). A stationary process (X;)iez in R? is called MS-ARMA (p, ¢, A, €)

process, if
X=Xy g — =0 Xy p =+ 2+ O 1+ +OuZiy (5.3)

holds for all t € 7Z.
Furthermore, a stationary process (Xy)iez is said to be an MS-ARMA (p,q) process, if
it is an MS-ARMA(p, q, A, €) process for some A and € satisfying the above conditions.

If p, respectively ¢, is zero, it is implicitly understood that the autoregressive, respectively
moving-average, terms vanish. Actually, we shall presume p > 1 from now on in order to
avoid degeneracies in the employed representations. This does not effect the generality of
our results, as we can always simply set ®;; = 0, whenever p was zero otherwise.

The different values that the Markov chain A can assume are called regimes and
w.l.o.g. one can take the sequence (&) to have zero mean, if ¢, € L'. If ¢ is even in L2,
one has cov(Z;|3;) = Sicov(e) X[

The above definition is mainly taken from Francq and Zakoian (2001). Yet, it is, in
some respects, more general, since we do not require the Markov chain A to have only
a finite state space and the noise to have a finite variance. But on the other hand we
restrict ourselves to an i.i.d. noise sequence (¢) instead of a d-dimensional white noise
sequence. Note, however, that the results in the next sections on stationarity conditions
can immediately be extended to the case of € being not an i.i.d. but a stationary and
mixing sequence. The above definition is motivated by our interest in studying MS-ARMA
processes in the presence of a noise sequence, that may have no finite second moment,
and the fact that the results on the existence and uniqueness of a stationary solution
to equation (B.3) for given A and €, given e.g. in Francq and Zakoian (2001), carry
immediately over to the more general situation characterized above as well. To the best
of our knowledge, MS-ARMA (p, q) processes with driving Markov Chains that may have
non-finite state spaces have not been discussed explicitly in the available literature so far
from a probabilistic point of view. However, regarding maximum likelihood estimation a
compact state space has been allowed in Douc, Moulines and Rydén (2004). Note that
the above definition implies that autoregressive models with i.i.d. random coefficients, as
studied for example by Nicholls and Quinn (1982) or Kliippelberg and Pergamenchtchikov
(2004), are special cases of MS-ARMA models.

5.2 Stationarity and Basic Properties of MS-ARMA
Processes

In this section we will prove conditions under which there exists a unique stationary solu-
tion to an MS-ARMA equation (5.3]) for a given parameter chain A and noise sequence
€. This issue has already been studied by several authors under the assumption of a finite
state space Markov chain A. Francq and Zakoian (2001) give the general stationarity
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condition, which we shall show to be valid for our set-up in the following. Moreover, they
also give conditions for the solution to be second order stationary. Yao (2001) studies
the existence of stationary and square-integrable MS-AR(p) (i.e. MS-ARMA(p,0)) pro-
cesses and Yang (2000) solely studies covariance stationary processes and gives sufficient
conditions that can be considerably weakened, as pointed out in Francq and Zakoian
(2002). The L*-stationarity and -structure of MS-ARMA models has also been considered
in Zhang and Stine (2001). Related work is furthermore Yao and Attali (2000), who study
non-linear MS-AR processes, i.e. processes that satisfy X,, = fa, (X,_1)+e€, for a Markov
chain A and a noise sequence €. They especially look at the cases of sublinear or Lipschitz
continuous functions fa,. The ergodicity and stationarity of certain non-linear Markov
switching autoregressions is furthermore considered in Francq and Roussignol (1998).

5.2.1 Sufficient Conditions for the Existence of Stationary MS-
ARMA Processes

Using the general results on stochastic difference equations of the form Y,, = A,)Y,,_1+C,,
we are in a position to give sufficient conditions for the existence of a unique stationary
and ergodic solution to a d-dimensional MS-ARMA (p, ¢, A, €) equation given by (5.3)),

X =@y Xe 1 — . =P Xy p =+ Zy +OuZs 1 + ...+ Op sy,

where as in Definition BT A = (¢, Xy, @1y, - .., Ppt, O11, - .., Oge)rez is a stationary and
ergodic Markov chain with some subset of R x My(IR)!PT4 as state space, (e)sez is an
i.i.d. sequence of R?valued random variables independent of A and Z; := X,¢,.

The basic idea is to employ a higher dimensional representation, partly similar to
the state space representation for ARMA-models (see e.g. Brockwell and Davis (1991,
Examples 12.1.5, 12.1.6)), since then the result of Brandt (1986) given previously can be
applied straightforwardly. Note that all zeros appearing below denote the zero in M, ,,(R),
resp. RY, with the appropriate dimensions m, n, resp. d, being obvious from the context.
We define

Xi
Xia
X, = | X;pn | eRrRWHD, (5.4)
Z
Zt—q+1
M
0
m, = o | e RiPHD, (5.5)
0
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)"
0)
coop—1
0
X = > ’ € Md(p+q),d(R)> (5_6)
Ot \
copa—1
0
J
Py Ppory Py
I; 0--- e 0
b, = 0 . . : € Mdp(R), (5.7)
0 0 1, 0
Ou O-1)t O
0 . 0
©: = 0 € Map,aq(R), (5.8)
0 .. 0
0 R 0
I; 0 0
0 0 I O
Dy (I)(p—l)t q)pt O1; @(q—l)t @qt
I; 0 . 0 0 - 0
0 0 0
A, = 0 0 Iy 0 0
0 0 0 ces 0
0 0 I 0 0
' 0 .0
0 0 0 .0 I, 0
o, O
- < - ) € Map+q).dip+o)(R), (5.10)
C, = my+ e (5.11)

(In the case of a purely autoregressive MS-ARMA equation, i.e. ¢ = 0, it is impli-
citly understood above that J; and ©; vanish, X; = (XJ,XJ_I,...,XtT_pH)T, Y =

(ZI, 0r,... ,OT)T and A; = ®,. Moreover, recall that we presume p > 1 w.l.o.g.)
Then (5.3) has the representation

Xt == AtXt—l + Ct (512)

in this higher dimensional set-up. We obviously have that any (stationary) solution of
(B3) leads via the above transformations to a (stationary) solution of (B.12]) and, vice
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versa, that the first component of a (stationary) solution of (5.12) is also a (station-
ary) solution of (53). Moreover, an ergodic solution of (BI2]) gives also an ergodic
solution of (B3], as a straightforward application of Lemma to the map X; =
(Xiyoo oy Xipi1, Zty oy Zi—gr1) " — X, shows.

Proposition and Theorem imply that the joint random sequence (A, €) =
((Ay, €))ez is stationary and ergodic and thus an obvious application of Lemma
shows that the transformed sequence (A, C) = ((A¢, Cy))iez is stationary and ergodic.
Hence, we obtain the following result from Theorem [A.1] stating sufficient conditions for
(53) to have a solution.

Theorem 5.2 The MS-ARMA (p,q, A, €) equation [53) has a unique stationary and er-
godic solution, if E(log® ||Aq||), E(log™ ||Col|) are finite and the Lyapunov exponent sat-
isfies

teNg

i 1
Y= inf <1’,‘—|——1E (log ||A0A—1 U A—tH)) <0.

The unique stationary solution X = (X;) is formed by the first d coordinates of
Xe=) A A Coy, (5.13)
k=0

which is the unique stationary and ergodic solution of (5.12). The series defining X con-
verges absolutely a.s. (cf. Francq and Zakoian (2001, Th. 1))

Let Vg be an arbitrary RUP+9 yalued random variable defined on the same probability
space as (A, €t)iez and define (Vy)en recursively via (513) (or let Vo, ..., V_pi1, Zo, . . .,
Z_q1 be arbitrary R valued random variables and define (V;)ien via (53), Vi = (Vi, ...,
‘/t—p+17 Zt, ey Zt_q+1)T). Then

X, — V|| 250 as t — o0 (5.14)

and, ©n particular,
V, 2 X, as t — oo, (5.15)

i.e. the distribution of V; converges to the stationary distribution of X;.

Note that in view of Lemma it suffices to verify that E(log™ ||Ayl|), respectively
E(log™ ||Coll), holds for some arbitrary norm on My,1q(R), respectively R4P+9)  and

1
%nlg E 1 (log [|[AgA_1---A_]|) <0 for some (possibly different) algebra norm in order
S

to be able to employ the above theorem. The next technical lemmata will lead to the
insight that it is sufficient to study the behaviour of the AR-coefficients (®,) to be able

1
to judge, whether %nlg t—i——lE (log ||AoA_1--- A_;]|) is strictly negative or not. We follow,
S

with some minor differences, the sketch provided in Francq and Zakoian (2001), who give
only the main ideas but no detailed proofs.
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Lemma 5.3 (cf. Francq and Zakoian (2001, p. 343)) For allk € N and t € Z:

AAp Ay =

k—2
PP, Py @thfl + lz_; PP, - q)t—k+l+2®t—k+l+1‘]l (5.16)
0 Jk
If, moreover, k > q+ 1:
q—1
AA Ay = B Pk ZZ(; P PreOnd
0 0
(5.17)

Proof: For k = 1 (5I6)) is the definition of A; given in (5.I0). Assume now that (5.16)
holds for some k£ € N. Then we have for k + 1

k—2
d.Pp, ;.- P, e,.J + b.P, .- P, O, J!
At"'At—k _ t¥i-1 t—k+1 t lz_; t¥1—1 t—k+14+29t—k+1+1

0 J*
Dy Oy
(%)
k—2

BBy POk + OT Y By By 10O I
0 le—&ql
k—1
By By OJN LD By Ry 1Oy T

=0
0 gt

Hence, (5.10) is shown by induction. (5I7) immediately follows by noting that J is nil-
potent with index ¢, i.e. J9 = 0. O

Lemma 5.4 (cf. Francq and Zakoian (2001, p. 343)) For all natural k > g+ 1 and
t € Z the following identities hold:

P, 0 P, ., 0 P, 0
At"‘At—k-‘rl:( Ot 0)( 61 0)< t16+q+2 O)At—k+q+1"'At—k+1>

(5.18)
(38)- (")

b, 0 b, 0
= AtAt_l---At_Hm( o 0)( o 0) (5.19)
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Proof: For k = ¢+ 1 the first identity (5.I8]) obviously holds. Assume now that (5.18]) is
valid for some k > g+ 1 and all ¢, then using (5I8]) for ¢ — 1 and & one obtains for k + 1:

®, 0 P, , 0 P, 0
( g O)( = 0)( etiriars O)At ettt A st =

P, 0
= ( Ot 0 ) Ay Ak

EID ( ®; 0 ) ( Dy Py ?:_01 D P 11201k )

0 0 0 0
_ ( Dy 1 Py (i1 oo PePiot o (i) 1112O 0 (k1) 411 )
0 0
A Ay
This shows (B.I8]).

(5.19) is a simple consequence of (5.16):

@ _ O @ . 0
AtAt—l"'At—k+q+2( ! %ﬂﬂ 0 ) ( t0k+1 ; )

G198 Dy Py * D g1 P O _ PPy O
0 * 0 0 0 0

_ ®; 0 ® , 0 D k11 O
0 0 0 0 0 0 )"

Proposition 5.5 Assume that E (log™ ||Ao||) is finite, then for arbitrary algebra norms
on Mapiq(R) and Mg, (R):

O

.1 .1
Jim ~E (log Ao~ A_psal]) = lim +E (log [ o+ Bpra]).

Proof: W.l.o.g. we can assume that | - || is an operator norm (cf. Lemma H2]) on
Mypiq(R). For all k > ¢ + 1 (5.I8) gives

1
E(log ||Ag--- Al

k

1 b_

EE (10g ( ) ( k+q+2 ) A g A )

< e ©- ’“*‘I” E log || A_ A

S % 0g + ~E (log [|A_kygs1- k)
1
k

<

(5 8- (5 D)oo Goetng)

Since klim (¢g+1)E ( log™® || Aol | = 0, we thus obtain

Crn) (o))

i 1 . 1
lim B (Elog Ao --A_kﬂn) < lm B (Elog
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Noting that the operator norm properties ensure

'1)0 0 (I)o @0 .
I3 5= 0 5=

an analogous argument using (5.19) shows

o1 d, 0 ® 40 0 o1
— e < — e
khm k:E (log ( 0 0 ) < 0 0 < khm kE(log | Ao A_ki1]])-

Hence,

1 B, 0 0 0\ _ . 1
;}LTOEE(IOg ( 0 0)"'( o o)) = HmpEdoeAe- Akl

The operator norm || - || on Mg iq)(R) induces an algebra norm on Mg,(R) by setting
X 0 . . X 0 Y 0
1 X || = ( 0 0 )‘ for X € My,(R). Since obviously || XY = H( 00 > < 0 0 ) :

one obtains
1 o1
Jim —E (log Ao+ Agal]) = lim —E (log [@o -+ Bpra]).

Using this induced algebra norm and an application of Lemma concludes the proof.
O

Corollary 5.6 (cf. Francq and Zakoian (2001, p. 343)) Assume that E (log™ ||Aol|)
is finite, then for arbitrary algebra norms on Mgpyq)(R) and Mg,(R):

teNp

. 1 ) 1
inf (H—lE(IOgHAOA—l'”A—t”>> _tleIIl\Ifo (H_—lE(log||<I>0‘I>_1---<I>_t||)) (5.20)

Proof: Combine Proposition and Lemma (.21 O

This shows that the Lyapunov coefficient of (A;) can be replaced by the Lyapunov
coefficient of (®;), the autoregressive part, in our sufficient conditions for the existence
of a stationary solution of (5.3]). For later reference we restate Theorem with these
modified conditions.

Theorem 5.7 The MS-ARMA (p,q, A, €) equation (2.3) has a unique stationary and er-
godic solution, if E(log® ||Aq||), E(log™ ||Col|) are finite and the Lyapunov exponent sat-
1sfies

. 1
Y= inf (t—{-—]_E (log ||@0(I)_1 e (P—tH)) <0.

teNg

The unique stationary solution X = (X;) is formed by the first d coordinates of
X =Y AA 1A g Coy,
k=0

which is the unique stationary and ergodic solution of (513). The series defining X con-
verges absolutely a.s. (cf. Francq and Zakoian (2001, Th. 1))
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Let Vg be an arbitrary R4+ yalued random variable defined on the same probability
space as (A, €t)iez and define (Vi)en recursively via (513) (or let Vo, ..., V_pi1, Zo, .. .,
Z_q1 be arbitrary R valued random variables and define (V;)ien via (53), Vi = (Vi, ...,
‘/t—p—l—la Zt, N Zt_q+1)T). Then

X, — V|| 250 as t — o0 (5.21)

and, in particular,
V, 2 X, as t — o0, (5.22)

i.e. the distribution of V; converges to the stationary distribution of X,.

5.2.2 Analysis of the Sufficient Conditions

The above theorem shows that, once the conditions E(log™ [[Agl]), E(log™ [|Co|) < oo
are satisfied, only the behaviour of the AR part matters. This is comparable to the con-
ditions for classical ARMA models (see Brockwell and Davis (1991, Th. 3.1.1+Remark 1,
Th. 11.3.1)) to have a causal solution, which only impose restrictions on the AR coeffi-
cients. Note that the solution we obtain above for the MS-ARMA equation is also causal
in the sense that it is constructed solely from the past and present of (A e€). That we
need the condition Elog™ ||Ag|| < oo is due the fact that our ARMA coefficients are
random. Elog™ ||Ag|| depends on both the AR and MA coefficients. If the Markov chain
A has only finitely many states or the state space is bounded, Elog™ ||Ao|| < oo is
automatically fulfilled. Likewise, E(log* ||Cyl|) < oo is basically a condition on the noise
sequence comparable to the condition for classical ARMA models (with infinite variance)
that the noise is square integrable (cf. Brockwell and Davis (1991, p. 78)) or has Pareto-
like tails (see Brockwell and Davis (1991, § 13.3)). Actually, assume that po and 3, are
bounded and (¢) is a sequence of i.i.d. random variables in L° for some (finite) § > 0 (this
is fulfilled by a square integrable noise or one with Pareto-like tails), then we have that
Cy = my+3Xgey € L° and thus Flog™ [|Cy| < oo, since log™ is ultimately bounded by any
positive power (for any J > 0 using 'Hospital’s rule:gclii]élQ log(z)/(2°) = J;ILDQO 1/(62°) = 0).

Furthermore, it follows, using Holder’s inequality and Corollary 215, that C, € L?°,
if oy € L° Yy € L°" and ¢ € L% for some r,s > 1 such that %—1—% = 1, since
E([[2060l1?) < E(([Zolllleoll)?) < E(IIZ0ll) " E([leo]|**)'* < o0.

If the AR coefficients are not random but constants, 4 < 0 translates into p(®g) =
lim,, . [|®@2]|*™ < 1 (for any algebra norm), which is equivalent to require that det(I,, —
2®) # 0 for all 2 € B;(0). This is just the condition on a state space model to be
causal (or stable) as defined in Brockwell and Davis (1991, p. 467). Moreover, for d = 1
det(Iy, — 2®) # 0 for all z € B;(0) is obviously equivalent to the condition that the
AR-polynomial 1 — @,z — ... — ®,2” vanishes nowhere on the closed unit disc; this is the
sufficient condition for a classical ARMA-process to be causal (see Brockwell and Davis
(1991, Th. 3.1.1 + Remark 1 and especially p. 468)).

The above considerations show that, if an MS-ARMA (p,q) model actually is an AR-
MA (p,q) model, the sufficient conditions for the existence of a stationary (“causal”) solu-
tion become the sufficient conditions for the ARMA (p,q) model to have a causal solution.
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Note that the latter are also necessary provided the AR and MA polynomial have no
common Zeros.

So far we have, however, no condition feasible in general, for when 4 (or ) is actually
strictly negative. For a constant AR part ®; we have seen above that a spectral radius
less than one gives 7 < 0. From the representation of 74 as an infimum it obviously follows
that F(log || ®ol||) < 0 suffices to ensure 4 < 0 (recall from the remark after Theorem [A.T]
that for p = 1 and d = 1 one even has 4 = E(log|®¢|)). Naturally, ®, can be replaced
by Ay and 7 by v in this considerations. At a first glance this condition seems to be only
helpful for MS-ARMA(1,q) processes, since for p > 1 the matrix ®( used in the higher
dimensional representation is of the form

* ek *
I; 0 0
0 -

0 0 I; O

and will thus have operator norm one or larger for all norms on R%, which assign the same
length to all vectors in the canonical basis, and all usual norms satisfy this condition. When
discussing feasible conditions for 4 to be negative in a later section, we shall, however, see
that this observation is most valuable, since under certain conditions norms on R? can
be constructed such that a matrix of the above form has operator norm strictly less than
one. Conditions requiring that matrices with a structure very similar to ours above may
have (operator) norm less than one are heavily used in Basrak (2000, Section 3.2). Yet,
Basrak (2000) does not discuss possible norms for which the conditions can actually be
fulfilled. Similarly, E(log ||®¢---®_,||) < 0 for some n € N ensures ¥ < 0 using Lemma
4.2

To the best of our knowledge there are no general necessary and sufficient condi-
tions known for the existence of a stationary solution to a MS-ARMA (p,q) or a general
stochastic difference equation of the type Y,, = A,Y,,_1 + C,,, so it is hard to say, whether
or not our sufficient condition that the Lyapunov coefficient is strictly negative is close
to necessity. For the stochastic difference equation Y, = A,Y, 1 + C, with (A, Cy)nez
being an i.i.d. sequence in My(R) x R? Bougerol and Picard (1992b) show that under
some technical conditions the strict negativity of the Lyapunov coefficient actually is ne-
cessary for the existence of a stationary solution that can be represented as a function of
past and present values of (A,,C,) (i.e. a “causal” solution). This indicates that in our
more general Markov chain set-up there is hope for our sufficient conditions to be close
to necessity. Yet, generalizing the results of Bougerol and Picard (1992b) to a Markov
Chain set-up seems to be rather involved and will not be pursued in the present thesis.
Goldie and Maller (2000) give necessary and sufficient conditions for the existence of a
stationary solution to the stochastic recurrence equation Y, = A, Y, 1 + C,, with i.i.d.
input (A,,C,) in the one-dimensional case, i.e. that all random variables assume values
in R. Their conditions are considerably weaker than ours, since they do not demand that
the solution should be “causal”. However, in our Markovian and the usual linear time
series set-up it appears to be natural to study stationary solutions that are representable
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by past values of (A,,C,). Thus we have chosen not to discuss other possible solutions.
Related earlier work is also Vervaat (1979).

5.2.3 Existence of Moments

In the theorems to follow sufficient conditions for the existence of moments of an MS-
ARMA(p, q, A, €) process are inferred from the general results given in Section It is
immediate that Lemmata and can be applied to both the sequences (A;) and
(®,). Observe that we now use p when considering the finiteness of moments, as p denotes
already the autoregressive order of the MS-ARMA process.

The general Theorem 4.7 becomes for MS-ARMA processes:

Theorem 5.8 Assume the conditions of Theorem[5.2 or[5.7 are fulfilled. If moreover for
some p € (1, 00

D Ao A1 Coillws (5.23)
k=0
or for some p € (0,1)
> E(|Ac- Ak Cil?) (5.24)
k=0

converges, then the solution X; of the MS-ARMA equation (2.3) and its higher dimen-
sional representation X; are in LP. Moreover, the series defining X; (as given in Theorem

(5.2 or[5.7) converges in LP.

It is clear that, if (5.23) holds for some p > 1, it holds for all r € [1, p| as well. However, if
(5:24) holds for some p € (0, 1) this does not imply that it holds for all smaller values of p as
well. Yet, of course, if X € LP for some p > 0 then X € L" for all r € (0, p|. Note, however,
that the asymptotic conditions given in the next lemmata are much better behaved.
If there is one p € (0,00] that fulfils the asymptotic condition, then the asymptotic
conditions for all s € (0, p] are satisfied as well (use Jensen’s inequality as in the proof of

Lemma [3.20]).

Proof: Combine Theorems [5.2)/5.7 and F.7 to obtain the results on X;. X; € L? is now a
consequence of X; € L? and Corollary O
For later reference we also restate Propositions and [£10 for the special case of MS-
ARMA processes.

Proposition 5.9 Let p € (0,00). If there exist r,s > 1 with 1/r + 1/s = 1, such that
Ag---A 1 € LP"VE € N, limsup, ., B(||Ag--- A_p1]|P)YE < 1 for 0 < pr < oo,
resp. limg o ||Ag - --A_k+1\|}:/o§ < 1 for pr = oo, and Cy € LP*, then v < 0 and (5.23)
for p > 1, resp. [(5-29)) for 0 < p < 1, hold.

Again one especially obtains that, provided Ag € L (and thus Ag---A_;y1 € L™)
and limg_oo || Ao+ A1 HlL/;f < 1, the MS-ARMA process X; and its higher dimensional
representation X, are in LP, if Cy € LP. Note again that the condition Ay € L™ is
automatically satisfied, if Ay has a finite or bounded state space.
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Proposition 5.10 If Ag € L® Vk € N, limj_o [|[A¢- - A_p1]VF < 1 and Cy € L™,
then v < 0 and (5.23) with p = oo hold.

Furthermore, note again that [|Ag|| < c a.s. for some ¢ < 1 implies the validity of
limy o0 || Ao - - -A,kHHlL/ol.f < 1 (cf. Lemma .11 and the brief discussion thereafter). If we
have that A = (A;) is a sequence of independent random variables (as it is for example
the case in the random coefficient autoregressive models studied in Nicholls and Quinn
(1982), Kliippelberg and Pergamenchtchikov (2004) and other papers), E(]|Aq||?) < 1
ensures limy_o E(||Ag--- A_j1]|P)V/* < 1, since || - || is submultiplicative. These obser-
vations may seem to be of limited interest now, especially in view of the discussion in
Section [5.2.2] but later on in the discussion of feasible sufficient conditions they turn out
to be helpful.

The most straightforward moment conditions are obtainable under the assumption
that A = (A;) and C = (C;) are independent. This happens, if 3; and p; are constants
or at least independent from the other components of the Markov chain A. In this case
one obtains the following simplification of Proposition 5.9l

Proposition 5.11 Let AgA_1--- A_r1 be independent of C_y, for all k € N and p €
(0,00). If Ag---A 41 € LPY k, Cy € LP and limsup,_, E(||A¢---A_,1|P)Y/* < 1,
then (5.23) for p > 1, resp. (5.24) for 0 < p < 1, holds.

The prerequisite independence is in particular satisfied, if A and C are independent or
(Ag, Ci)rez is an i.i.d. sequence.

Proof: Proceed along the lines of the proof of Proposition[4.9] but instead of the Holder in-
equality use the independence, which gives E(|[Ag- -+ A_;11C_x||P) < E(||Ag -+ A_x11]P)
E(IColl?). -
Just as the Lyapunov coefficient v formed by the sequence (A;) could be replaced by 7,
the one formed by the AR-part (®,), when discussing the existence of stationary solutions,
the asymptotic moment conditions on (A;) can be replaced by analogous conditions on
(®;). This relation is strongest in L.

Proposition 5.12 Let Ay € L. Then limy_.o ||Ag--- A_ k+1“};/o}-f (UFPMagp g R < 1,

o 1/k
iff limg oo || g - - - P k+1||L/oo (Q,F,P,Map(R), ) < L

Note that in view of Lemma [5]it does not matter which algebra norms || - || are actually
used on Mgy(yiq) and Mg,. Moreover, in view of (5.I8) and (5.19) there is a k € N such
that Ag---A_,, = 0 a.s. Vm > k, iff there is a k¥’ € N such that ®q---®_,, = 0 a.s.
Vm > k’. Hence, we presume in the proof of this and the following propositions w.l.o.g.
that there is no £ € N such that Ag---A_; =0 a.s.

Proof: By Theorem 2.14] and Corollary ® is in L*°. Furthermore, for all £ € N we
have Ag-+-A_jy1 € L™ and ®g--- P,y € L. (I8 gives:

. n P_, 0
lim [[Ag--- A2 < MH( )( 0 o)

X A nigir - A

~>1

1/n

Lo
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C o || B0 O B O
25000 o o 0.

i (0 0o Eeann O[T
25000 o o 0)||,.

1/n

. & 0 ® .1 0
JLIEO(O 0) < 0 0)

Since an analogous argument using (5.19) shows the above inequality with “>" instead
of “<” we get using Lemma and the same arguments as in the proof of Proposition

Lo

lim [[Ag- - A || = lim [|@o - @7
—00 k—oo

O
Literally the same proof can be used for general positive p instead of oo given (Ay) is an
i.i.d. sequence. In this case one obtains:

Proposition 5.13 Let (A;) be i.i.d, p € (0,00) and Ay € LP.

Then limy .. F (HAO e A—/Lz+1||ﬁ)l/]~C <1, iff limy_ F (||‘I’0 e ‘I’—kHHﬁ)l/k

< 1.

For general Markov-switching models one has to employ the Holder inequality in one
direction. This leads to the need of stronger assumptions and we cannot show equivalence
of limsup,_. E(|[Ag- - A_1]P)* < 1 and limsup,_ . E(||®o- - ® 11 |[P)* < 1 in
general.

Proposition 5.14 Let p € (0,00) and Ag--- A_py1 € LP for all natural k.

(i) Iflimsupy o B(| Ao A1)V < 1, then limsup, oo E([8- - By [P)1V <
1.

(it) If there are r,s € [1,00] with ®---®_j 1 € L"Vk € N, Ag---A_, € L and
limsup, .. E(||®o--- ®_r1||P")V/* < 1 for pr < oo, respectively limy_.o || ®o - - -
® 1|1 < 1 for pr = oo, then limsup, ., E(||Aq- - A_pa||P)V* < 1.

Proof: Corollary 2.15] and Lemma ensure ®¢---®_; ., € LP for all natural k. From
Lemma one moreover obtains for any operator norm:

d,---P_ 0
H( 0 0 k+1 ())HSHAO'”A_HIH'

Using an induced algebra norm as in the proof of Proposition and the asymptotic
independence from the norm as given in Lemma 5] this gives (i).
To prove (ii) choose a strictly increasing sequence (k,,)nen such that

lim E([|Ag- -+ Ay, a]|P)/* = Timsup E(||Ag - Ay |7)*

k—oo

IG5 0) (")

and
1/kn

Liv
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converges in R. Using (5.18) and the Holder inequality we get
P

n—oo

lim E(|Ag- - Ak, |P)* < limsupE (H( (I())O 8 ) ( (I)fk6+q+2 8 )

~ 1/kn
%A frgr s A gnl)

5k
i P, 0 D pigr2 O 8
< nTq
—JEEOH(O 0) ( 0 0/,
< Ag--- A, |75
1
5/ (kn—q—1
— m || B0 O ). Pthmg-nrr O ity
n—oo 0 O O O Lpr
< limsup || ®g--- (I)karlHIZS’: <1

k—o00

using once more Lemma and the construction from the proof of Proposition 5.5 O
The following corollary shows that, if (A;) has a bounded (finite) state space, then it
makes generally no difference, whether one studies the asymptotic behaviour of (A;) or

(®,).

Corollary 5.15 Letp € (0,00) and Ay € L. Thenlimsup,_ . E(||Ag--+ A_p1||P)V* <
1, iff limsup, . E(||[®o--- ®_ps1]|P)F < 1.

Proof: Obviously Ag--- A_;; € L? for all natural k. Now the result follows immediately
from Proposition [5.14] since r = 1 and s = oo can be chosen in (ii). O
The above theorems show that in many cases, especially those usually occurring in applic-
ations, only the long run behaviour of the autoregressive part matters in the conditions
ensuring finiteness of some moments of an MS-ARMA process.

5.3 Feasible Sufficient Conditions

In the previous section we have given conditions ensuring the existence of stationary
MS-ARMA processes and the finiteness of moments. However, whereas most of the con-
ditions involving only Ay, ®¢ or Cy are straightforward to check, it is in general far
from trivial to check the essential conditions like lim,, %HE (log ||Ag---A_,]) <0 or

limsup,, .. F(]|Ao---A_,11]?)"/™ < 1. Thus, the aim of the present section is to study
some rather easy to check conditions, which imply these complicated ones. Yet, it should
be obvious that all of these simplifications may well fail to indicate the existence of a
stationary solution to an MS-ARMA equation, although there actually is one. The next
section will then address the question of whether there is a general relation between the
stationarity properties of the individual regimes and those of the overall Markov switching
process.
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5.3.1 Norm Conditions

In 522l we already noted that E(log ||Al|) < 0, resp. E(log ||®o]|) < 0, for some algebra
norm would ensure the strict negativity of the Lyapunov coefficient ~y, resp. 7. Similarly
we saw in the section on moment conditions that ||Ag| < ¢ a.s. for some ¢ < 1 or
E(||Ao||®) < 1 in the case of i.i.d. (A;) would ensure the validity of critical conditions for
the finiteness of moments. Yet, we already noted that all norms over R? usually considered
have the property that they assign the same “length” to all the canonical basis vectors and
thus lead to Ay and ®, having operator norm of at least one, if one has a MS-ARMA(p,q)
model with p or ¢ being greater than one (resp. as far as ®, alone is regarded, if p > 1).
Yet, the following theorem shows that norms can be given such that a given matrix is
within the unit circle provided all of its eigenvalues are less than one in modulus. Since
the spectrum is involved, we study complex matrices and automatically consider My(R)

as a subset of M(C).

Theorem 5.16 (Ciarlet (1989, Th. 1.4-3)) Let A be any matriz in My(C) with spec-
tral radius p(A) < 1. Then for every ¢ > 0 there is a norm || - | on C% such that
|Alle < p(A) + € holds, where || - ||c also denotes the induced operator norm.

Note that as pointed out in for a classical ARMA model the stationarity condition
is exactly that Ay has spectral radius smaller than one. Since the above Theorem shows
that for any matrix with spectrum within the unit circle there is an operator norm such
that the matrix has norm less than one, the classical ARMA condition is equivalent to
demand that E(log||Ayl||) < 0 for some operator norm.

Furthermore one should bear in mind that the definitions of A; and ®; immediately
imply o(A;) = o(®;) U {0} and that ®, is invertible, iff ®,, is invertible, whereas A; is
never invertible (for ¢ > 0).

Proof (cf. Ciarlet (1989, pp. 29f)): For A € M,(C) there is a unitary U € My(C)

such that
AMotig o tig
U AU = O
: K ta—1,4
0 --- 0 g

with 0(A) = {A1,... \a} (Schur decomposition). For some ¢ > 0 choose § > 0 so small
that Z;l:iﬂ |697"; ;] < efor 1 <i<d—1 and set

5 0 - 0
2
no| 0
R (]
0O --- 0 &
A straightforward calculation gives
S 2R AR AT L
iy 0 :
Dy'UTAUDs = | _ _ = (Cij)i<ij<d

: ' by 1 0% (@)
0 e 0 g
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with ¢;; = \iy ¢ = t;;077" for j > i and ¢;; = 0 for j < 4. This gives

d
| D5 'U AU Ds|| oo = max (|)\Z| + Z |5j_iti,j|> < p(A) +e

j=it+1

by the choice of §. Define || - |4 : My(C) — R, B +— ||(UDs) ' B(UDs)||0o, then || - || 4 is
obviously an algebra norm over M;(R) with ||Al|4 < p(A) + €.

So it remains to show that || - || 4 is an operator norm. To this end define a norm || - || 4
over C?¢ via ||z]|a := ||(UDs) 2| «. We have for all B € My(C) and z € C?

|Br|la =

I(UDs) ™' Bit||loo = [[(UDs) ' B(UDs)(UDs) ']
< |

|
[(UDs) ™ B(UDs)||o|l(UDs) " @lloc = || Bll a2l a-

Moreover, for B € My(C) there is a ugp # 0 € C? such that ||[(UDs) ' BUDsup|le =
1(UDs)™* BU Ds||oo||uB]|0o- Set vg = UDsug, then vg # 0 and

|Buglla = [[(UDs)™" BUDsug|lso = |(UDs) ™" BU Dsl|so||usllso = | Bllallvs|a-

So || - ||.4 is the operator norm induced on My(C) by the norm || - || 4 on C¢. O
The above results suggest the following possibility to check the existence of a stationary
solution to an MS-ARMA (p, ¢, A, €) equation provided the state space of (A;), resp. (®,),
contains a matrix with spectrum within the unit ball. Take one such matrix from the
state space of (A;), resp. (®;), and an operator norm || - || such that this matrix has
norm less than one (e.g. the one explicitly constructed in the above proof), then check, if
E(log ||Ao]|) < 0, resp. E(log ||[®¢]|) < 0, using this norm. In general there will be many
matrices in the state space of (Ay), resp. (®,), that satisfy p(-) < 1, since in applications
one will choose most (though probably not all) regimes to be stationary ARMA regimes. In
principle one can repeat the procedure for all of those regimes, until the crucial stationarity
condition on E(log ||Ao||), resp. E(log [|®o]|), is fulfilled, since the outcome will in general
be different for the different norms, as the norm constructed in the above proof is highly
dependent on the individual matrix. If (A;) is an i.i.d. sequence one can proceed similarly,
to find an operator norm ensuring E(||Ag|]*) < 1. If Ay, resp. ®¢, has almost sure only
eigenvalues of modulus less than one (i.e. all individual regimes are stationary), one may
also try to find an operator norm giving ||Ag|| < ¢, resp. ||®o|| < ¢, a.s. for some ¢ < 1. It
is clear that the search for such a norm is bound to fail, if there is a positive probability
for the spectral radius to be greater than or equal to one.

However, there is also a simple negative result regarding the search for an appropriate
norm making it straightforward to show that the Lyapunov exponent is strictly negative:
Suppose the state space of Ay contains two matrices A1) and A® such that p(AM) < 1
and p(AM) < 1, but p(ADAP) > 1 (for a concrete example of such matrices see Section
[5.42), then there obviously cannot be any algebra norm || - ||, such that [|A®M||, < 1 and
|A@ ], < 1. Otherwise ||AM AP, < 1 would be a contradiction to p(AMA®) > 1 and
the classical result of Beurling and Gelfand (cf. Werner (2002, Satz 1X.1.3(e))) that the
spectral radii of the elements of a Banach algebra are less than or equal to their norm.

One may still regard the above construction of an operator norm ensuring that some
matrix is within the unit ball as rather complicated. Indeed, we think that the high degree
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of dependence of the obtained norm on the individual matrix is a major drawback. On
the other hand no information on the special structure of Ay, resp. ®g, is used above.
Thus, we will now focus on the possibility of constructing operator norms that ensure
that a (possibly uncountable) set of matrices, which has this very special structure, has
norm less than one. Yet, this can, at least as it seems to us, only be done under rather
restrictive conditions. In the end, however, this will give a criterion for the stationarity of
an MS-ARMA process that is equivalent to the best known general stationarity criterion
for TAR-models (cf. An and Huang (1996), Brachner (2004)). Actually, our results are
slightly more general, since the TAR literature is on R-valued processes only. In our
general vector valued case we obtain some additional freedom from the possibility of
choosing different norms. To the best of our knowledge the criterion we give below is new
in the context of MS-ARMA processes, as are the constructions of the specific norms we
give in the following two theorems.

Since it is notationally less involved and illustrates the basic idea, we study matrices
with the structure of ®, first.

Theorem 5.17 Let d,p be natural numbers and A C My, (R) a set of matrices such that
for each A € A there are A1(A),..., A,(A) € My(R) with

Ai(A) e Apn(A4) Ap(A)
I, 0-- . 0
A= ,
0 - .. :
0 --0 1y 0
Assume moreover that there is a norm || - |4 on R and a ¢ < 1 such that
sup Z |Ai(A)|la < ¢
holds for the induced operator norm. Then there is a norm || - ||, on R? = (R*)? and a

c <1 such that
sup [|All, < ¢
AeA

i the induced operator norm.
Especially, | XoX1 - Xil, < () for all natural k and sequences (X, )nen, with
elements in A.

Proof: Choose ¢i,...,c, € Rsuch that 1 =¢; > ¢y > ... > ¢, > c. Then
||A ||d 1A(Alla _
sup — < 1.
AGAZ Z <
Now define a norm || - ||, on (]Rd)p via ||(z],..., 2 = max{ci||z1]|a, - - -, ¢pl|zpla} and

|
P
identify B((R?)P) with Mgy,(R). For some (z],...,

> iy Ai(A)z;

T

!
z,)" € R?” and A € A we have

T

p Tp—1
P p
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= max {01

p

> A A

i=1

s Caflzalla, - 7cprcp1Hd}

d

p
C C
= max< | Azl =erllzilla -~ cpillzp—illa
i=1 g Cp-1
p
< max oA T
< max{ . lA@(A)DCz ’zlgfg(p{ck 1}H( ) Hp}
1= d

and, moreover,
IIA ”d
ZHA Mallzilla < max{eif|za, . . Cpllfvplld}z

IIA i
< Il 2T, Z a

From this one deduces
HA Ma { Cr }
sup || A < max< su E max ¢ ——
AEBH ”p o {Aegl Ta<k<p | cp_q

C C ’
< max<{ —, max { — =c <1
Cp 2<k<p ( Ck—1

which concludes the proof. O

IN

d

Under an additional assumption the above theorem can be generalized to matrices
with the structure of A;.

Theorem 5.18 Let d,p, q be natural numbers and A C Myp1q)(R) a set of matrices such
that for each A € A there are A1(A),..., A,(A), Bi(A),..., B,(A) € My(R) with

A(A) o Ai(A) AfA) BiA) - Bya(4) ByA)
I, 0-- 0 0 0
0 0 0 :
A= 0 0 Iy 0 0 :
0 : 0 0 0
0 0 I, 0 0
: ) ) : 0 0--- :
0 0 0 -0 I 0
Assume moreover that there is a norm || - |4 on R and a ¢ < 1 such that

Supz [Ai(A)|la < ¢ and sup Z |Bi(A)[la < o0
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hold for the induced operator norm. Then there is a norm || - ||, on RIP+) = (R?)P+a)

and a ¢ <1 such that

i the induced operator norm.
Especially, || XoX1 - X, <
elements in A.

Proof: Choose cy, ...,

Supz A

AeA

(C/)k-H

cpeRsuChthat1:01>cg>...

||d Z | A; ||d <
— < 1.
Cp

sup [|All, < ¢
AeA

So, choose moreover M € (¢/c,, 1) and é € R* such that

supz LAl

AeA;
and cpy1,...,Cprq € R with ¢y > ...
via
T T
[[C R AN

Ma Z | B;

> ¢piq > ¢. Now define a norm | - ||, on (R%)P*e

g lp = max{es[2ala. .-,

and identify B((R?)P*9) with Myp1q)(R). For some (z7,...,z,

and A € A we have

f 1 Ai(A)z; + Z Bi(A)y;
X1 A
T Tp—_1
A P _ i
n 0
: Y
Yq » :
yq—l »
P q
= max{cl ZA A)xi+ZBi(A)yi sl ||as - -
i=1 i=1 d
0, Cp+2||yl||da e 7Cp+q||yq—1Hd}
q
&)
= Az, B;(A =
max{ )xl—l—z i ,Clclﬂled,
i=1 d
Cpi2 C
02l gl
p+1 Cp+q—1
q
< ax { A)z; + Z Bi(A ,
i=1 d
max
{2 b,

2<k<p+q,k#p+1

T
) p7y17"'

Hd<M<1

cpllzpllas corallynlla, - -

73/;—7 cee ?y;—)THP}

for all natural k and sequences (X, )nen, with

> ¢, > c. Then

CprallYalla}

)T € R+

s Cpllzp-allas

c
) _pcpflnxpfl”dv
p—1
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and, moreover,

q
Ayzi+ ) Bi(A < ZHA ||d||xz||d+Z||B allylla
=1 d
A a <~ [1Bi(A)la
< (z +3- 1B
pti
XmaX{Clllﬁlld,-- Cp||$p||d70p+1||y1||d,-~70p+q||yq||d}
1Ai(Alla 5~ IBi(A)lla
< (iAol 5 IRl
p+i
T
XHxl,...,xp, el

From this one deduces

||A ) Z ||B Ma { Ck }
su A < max Ssu —|— su max —
Aep H Hp = { p § : p

AeA AeA T2<k<prak#ptl | cpq
Ck
< max< M, max —— = <1
2<k<p+qk#p+1 | Ck—1
which concludes the proof. a

It is now straightforward to deduce conditions for the strict negativity of the Lyapunov
coefficient and the existence of moments of Markov-switching models.

Corollary 5.19 Assume there is a ¢ < 1 and a norm ||-|| on R? such that Y1, ||| < €

a.s. Then ¥ < 0, ®y € L, limy_. ||Py--- <I>_k+1||};/o]§ < 1 and limsup,_, . E(||®¢- -
& 1||)V* <1 for all s € RT.

Proof: Apply Theorem [5.I7 on the subset A = {®q: > 5 | [|P;0|| < &} of the state space
of @ to obtain an operator norm || - || which ensures ||®¢|| < ¢’ a.s. for some ¢ < 1. This
immediately implies the above claims. O
An analogous result for (A;) follows from Theorem B.I8

Corollary 5.20 Assume that there is a ¢ < 1, M € R" and a norm || - || on R? such
that Y0 |l < € and Y1 ||©nll < M a.s. Then it holds that v < 0, Ay € L,
limy oo | Ao+ A1 < 1 and limsup, ... E(||A¢--- A_pi1||¥)V* < 1 for all s € RY.

Recalling Theorem B.8, Proposition and the comment thereafter leads to the follow-
ing theorem giving feasible sufficient conditions for the existence of a stationary solution
of an MS-ARMA equation and moments thereof. The condition on Y 7, ||| corres-
ponds to the general stationarity condition for TAR models given in e.g. An and Huang
(1996) and Brachner (2004), as promised above. The additional condition on Y7 | ||©0]|
is only necessary because we in general consider models that may have a moving average
component, whereas TAR models are purely autoregressive ones.
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Theorem 5.21 Assume that there is a ¢ <1, M € RT and a norm || - || on R? such that
P %ol <€ and D1, O] < M a.s. Let, moreover, E(log™ ||Col|) be finite. Then
all conditions of Theorem or [5.7 are satisfied and thus there is a unique stationary
and ergodic solution X = (X3) to the MS-ARMA (p,q, A, €) equation (523).
If Cy € LP for some p € (0,00], then the solution X; of the MS-ARMA equation (5.3)
and its higher dimensional representation X, are in LP. Moreover, the series defining X,
(as given in Theorem 5.2 or[5.7) converges in LP.

Although the above results on norms seem to be tailor-made to obtain Theorem [(.2T]
they can also be of use, if Y7, ||®;o]] < € with ¢ < 1 does not hold almost sure. However,
assume the latter condition is satisfied for a subset A of the state space of A;, resp. ®,,
that has a positive probability. Then one can use the above results to construct a norm
such that [|A]] < ¢, resp. || ®]] < ¢, for some ¢ < 1 on this subset and calculate e.g.
E(log||Aol|), resp. E(log ||®o]|), for this norm, since there now clearly is some hope that
the latter are less than zero, especially if the probability of A is close to one.

5.3.2 A Spectral Radius Condition

Now we turn to studying conditions ensuring stationarity and finiteness of moments of
MS-ARMA processes that presume a finite state space of the driving Markov chain A.
Note that in the literature (apart from the ML-estimator discussion in Douc, Moulines
and Rydén (2004)) only this finite state space case has been discussed and used for
modelling purposes until now. The spectral radius condition we give below and some
similar conditions have to the best of our knowledge first appeared in Karlsen (1990a)
and have been heavily used in several papers (e.g. Zhang and Stine (2001), Francq and
Zakolan (2001), Francq and Zakoian (2002)) to obtain wide sense stationarity, i.e. the
expected value, variance and covariances are independent of time (see e.g. Brockwell
and Davis (1991, Definition 1.3.2)), of an MS-ARMA(p, ¢, A, €) process. The only work
employing such a condition to ensure (strict) stationarity seems to be Yao (2001), who
studies MS-AR(p) processes driven by a finite state space Markov chain. For non-linear
Markov switching autoregressions somewhat similar conditions are used in Francq and
Roussignol (1998) and Yao and Attali (2000). Restricted to linear autoregression their
approach means replacing the tensor products appearing below by norms.

For the remainder of this section we presume that the stationary and ergodic Markov
chain A has [ possible states A® given by A® = (u® £, @gi), 00, @5"), - @gi))
for i+ = 1,2,...,l. Moreover, the stationary distribution of A is called m and in the
usual notation for a finite state space Markov chain we write 7 = (70, 73 .. 7®)
and P = (pij)i<ij<i With p;; = P(A, = AV|A,_; = AW) for the transition matrix.
Furthermore, we define

o) v, @y
, I; 0--- - 0
) = (;l _ T | e My (R), (5.25)
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o) @ i o ... e ey
I, 0 .0 0 - 0
0 0 0 :

A _ 0 -0 I, 0 0 N (5.26)
0 v i 0 0 .- 0
0 0 I, 0 0

0 . 0.
0 0 0 -0 I, 0
. . . T
n0 - (E@T,o,...,0,2<Z>T,o,...,o) € Mygprg)a(R) (5.27)
and
(0 ol T pdoa)

m :(u ,0,...,0) € RIP+), (5.28)

We also need some more notions from standard matrix algebra. In the following ®
denotes the tensor (Kronecker) product of matrices, tr(-) the trace of a square mat-
rix and vec(-) the vectorized form of a matrix (recall vec ((aij)1<i<mi<j<n) = (11, a21,
ey Q1 Q12 - - A ) T, cf. e.g. Nicholls and Quinn (1982, p. 11)). Observe that we have
tr € B(My(R),R), respectively B(My(C),C), and vec € B(My,,(R),R™), respect-
ively B(M,,n(C),C™). vec is actually a topological isomorphism (regardless of the ac-
tual norms used). Moreover, one obtains a scalar product over My(R) (My(C)) by set-
ting (A, B) = tr(ABT) for A,B € My(R) (My(C)). The norm induced by this scalar
product (sometimes called Froebenius norm) is an algebra, but not an operator norm
(see Heuser (1992, pp. 126, 128)) and will be denoted by || - ||; in the following (note
1(ai;)I7 = >, lai;|*). Since we finally look at the spectral radius, we again simply regard
the real matrices as a subset of the complex ones.

Via a technical lemma we shall now show that the Lyapunov coefficient v is strictly
negative, if

AL o AD 0 e 0

Or = O A® ‘® A®) : (PT ® I(d(p+q))2) (5.29)

0 . 0 AO ; AD
piAD @ AD prAD @ AD e AL @ AW
p12A? @ A : :
= : y . pl(l_l)A(l—l) @ Al-D
puAD @ AD p(l_l)lA(l) QAW mAY @ AY
or

M) g M) 0 e 0

Qs = 0 P2 .® H(2) 0 (PT ® [(dp)2) (5.30)

0 . 0 30 g a0
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p1 @D @ &1 py @M @ M) ... @M @ &)
p12®? @ &) ' :

: - pz(z_1)<1>(l_1) ® &1
pu @0 @ O . p(z—1)z¢’(l) @ ®&W pu®® @ W

has spectral radius less than one. Furthermore, we will show that this also implies that
the MS-ARMA process is square integrable, if ¢, is so.

Lemma 5.22 Set Tp = (Lag+q)2 lawia: - liwra)?) € Mo dpsa) and le =
(I(dp)z, Lgpy2, .. ., [(dp)2) € M ap)2 i(ap)2- Then the following identities hold for allt € Z and
ke No.'

1Wpec ([AOADT

FE ('Uec (AtAt—l s At_kA;r_k s A;r_lA;r) I{A(l)}(At)) -
E(vec (AAir - A b AL ALLAT) Iy (D) | o 7@vec (AP AR
. — WA )
E (vec (AjAy_1--- Ay Al - AT AT I{Au)}(At)) D pec (A(z)A(l)T>
(5.31)

1) dLOPMT
E (vec (®®_1 - @y ®] ) B B ) Iaay (D)) e
o]

E (vec (@1 -+ @y @], - P ®]) I{A(2)}(At)) N @pec (@7
. = Q‘I)
E (UeC ((I)t(I)tfl T ‘I)tfk‘l);r_k T (I’;,rfl‘l);r) I{AU)}(At)) 1Ovec <q)(l)<I)(l)T>
(5.32)
1Wvec ([AOADT
(2) ADADT
m\lvec
E (vec (AjAy_y - Ay AL - AL AT)) =T1AQ% _ (5.33)
7D pec ( A®D A(l)T>
and
7Wyec (@OHMT
1yec (@7
E (vec (®®y_y - By @, - @_1®))) =1sQ% . . (5.34)

Dvec (q><l>q><l>T)

Proof: We only prove the claims regarding A, since the results on ® are obtained along
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the same lines. (5.31]) and the definition of I, immediately give (5.33):

mMyee (AOADT

| m@vee (A®A@T
HAQA

Dvec ( AD A(wT)
l
= Y e E (vec (AiA - A Al - AT AT) Iaoy(A)

=1

l
= E (vec (AA 1 A AL ATA]) ZJ{A<i>}(At)>
=1

= E(vec (AjA - A Al AT AT

Obviously (5.31]) holds for £ = 0 and else is equivalent to

mMyee (AOADT
T@vec (APA@T

Dyec ( A A(lﬂ)

l
) 17T<ik>pikik_1pik_lik_2 pivec (Au)A(m A AT A@TADT
11,22, =
! . . . . \T T T
Z W(lk)pikik,lpik,lik,g .. 'piIQ'UeC (A(2)A(Z1) e A(Zk)A(Zk) e A(Zl) A(2)

= 11,82, ,0 =1

!
> T i Diy iy Piivec <A(l)A(“) A AT -A("l)TA(”T>

11,82, 05 =1

which we establish by an induction argument. For k equal to one we have

1Wvec ([AOADT

1 1 1 1
AV @ AL o g AD @ AWM @vec (AOADT

puAD @ AD A @ AD :
7Oyec (A(”A(Z)T)
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S 7l AD @ ADyec <A(z’1>A<n>T>

i1=1

S 7ip A @ A@yec ( Alin) A(inT)

= i1=1

l
S 2, AD © ADyec < Alin) A(za)T)
i1=1

The general identity vec(ABC) = (CT ® A)vec(B) (cf. Nicholls and Quinn (1982, Th.
A11)) gives AW @ AU)yec (A(il)A(il)T> = vec <A(j)A(i1)A(i1)TA(j)T> and thus the
above claimed identity is established for £ = 1.

Assume now that the identity holds for some k € N. Then

T Wvec ([AOADT a1Wvec [AOADT
ot | 7@vec (A®ART 0.40" mpec (ADART
A . — WAWA
7Ovec (A(’)A“)T> Oyec (A<l>A<l>T)
pAD @AM oo p A @ AD
piAD @ AD A @ AD

l
S wlepy pai e pivec ( AMAG2) ... Al Alin)

12,835yt +1=1

l
> mp P, e Pigavec (A@)A(w) o Al Al T .A<i2>TA<2>T)

X 12,350 1=1

. .A(ig)TA(l)T>

l
D> 17T<ik+1>pik+1ikpikik_l...pwec (A(l)A(iz)... Al AT A(ia)TAuﬂ)
12,83,y k1=

l
S alep panpni AD @ ADvec ( Al Lo Aliken) Alike)

11,0250yl 41 =1

!
Z W(ikﬂ)pikﬂik .. 'pizilpiﬂA(Z) R A@ypec (A(il) .. .A(ikﬂ)A(ikﬂ)T e A(il)T>

= 11,8250yt +1=1

T

T...Am))

1

S alep pn i AD @ ADvec ( AGD) Al Al T A(za)T)
il,l‘2 ..... ik+1:1

and using again vec(ABC) = (CT @ A)vec(B) to obtain AY) @ AWvec (A ... Alir+)
A(ik-‘rl)T PN A(Zl)T) = vec <A(])A('Ll) P A(ik+1)A(ik+1)T P A(ll)TA(])T> ﬁnally Concludes
the proof. O
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Theorem 5.23 Assume that p(Qa) < 1 or p(Qa) < 1. Then it holds that v =4 < 0 and
limsupy_oo E([[ @0 @41 [|)* < 1, limsup, oo E([Ag- - A |H)F < 1.

The converse implication does not hold, as will be exemplified in Section 5.4.1.
Proof: By Corollary we have v = 4 and as a consequence of Corollary [5.15 we have
limsup, .. E(||®o-- ®_r1||H)V* < 1, iff limsup, . E(||Ag---A_r1||))V* < 1. Thus
in view of Lemma [£.5 it suffices to show that p(Qa) < 1 implies

limsup E(||Ag - -+ A ||*)/* < 1

k—o0

and p(Qe) < 1 gives
limsup B(||®g--- ® 1 [|))* < 1

k—o0
for some algebra norm. We only show the first implication, since for the other one one
proceeds totally analogously.
From the last lemma and the fact that ¢r and vec are linear mappings we obtain

E(lAo- A i) = E(tr(Ag-—-A AT, - AD)
tr (B(Ag- Ay AT, - AJ))
= tr (vec™" (E (vec(Ag- - A AT, -+ A]))))
7Wyec (AMAMT

1@vec (AQAT

= tr | vec ' | TAQK!
Opec (A<l>A<l>T)

7Wyec (AOADT

. k-1 @pec (ADADT
< ltrovec™ oIall[|@Q4 |l

+Dyec ( AD A(l)T)

for k € N. So there is a C' € RT such that E(||Ag--- A_,1||?)V/*F < CV*||Q5||V/*. Since
limy oo [|Q57HIM* = p(Qa), this gives limsup,, .. F(|[Ag- - A_p1]|2)V* < 1. O

Actually it is irrelevant whether one studies Qa or Qg as the following result from
Francq and Zakoian (2001) shows.

Lemma 5.24 The spectral radii of Qa and Qg are the same.

Proof: see Francq and Zakolan (2001, Appendix A) O

We now turn to establishing that p(Qa) < 1 also implies that the MS-ARMA process
is square integrable, if the noise sequence (¢;) is so. We follow the discussion in Francq and
Zakotan (2001) who showed that this condition implies wide side sense stationarity (called
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second order stationarity by them). However, they did not observe that this condition also
gives strict stationarity, although our above calculations are very similar to theirs. For MS-
AR(p) processes Yao (2001) obtained strict stationarity and the existence of the second
moment under the condition that the matrix

M) o M) 0 e 0

@ & ) :

GEYTI) 0
0 . 0 &0 a0

has spectral radius less than one. But since 0(AB)\{0} = 0(BA)\{0} for any two matrices
A, B € M,(R) this is equivalent to p(Qa) < 1.

Lemma 5.25 (cf. Francq and Zakoian (2001, pp. 344fF)) Assume that ¢, € L? and

E(er) = 0. Set Ta = (Iaq)?: lara: - lawra)?) € Miara)?idp+a)>- Then the
following identities hold for allt € Z and k € Ny:

1) ('UGC (AtAt—l tee At—k+1ct—kc;rka;rfk+1 cee A;r_lA;r) I{A(l)}(At))
1) ('UGC (AtAt—l tee At—k+1ct—kc;rka;rfk+1 cee A;r_lA;r) I{A(2)}<At))

E (U@C (AtAt—l cee At_k+1Ct_kCg—7kA;l—7k+1 s A;r_lA;r) ]{A(l)}(At))

AOR0 g 50 AOm® & m®
AN o 2O AOm® o m®

= Qk : vec(E(epe)) + . ;
020 & 50 A0m® & mO

and

E (vec (AjA, 1 -~ Ay 41Cr 1 CLL AT, -~ AT AT))

7OU¥1) o 2l 7Om® @ m®
[ sz oz ) D m® & m®

= T.0Q% : vec(E(eo€y)) + .
050 & 50 A0m® & m®

Proof (cf. Francq and Zakoian (2001, pp. 344ff)): Again the second identity follows
immediately from the first. For the first we employ an induction argument. For £ = 0 and
all t € Z:

E (vec (CiCT) Iamy (Ay))
E (vec (CiCf) Ia@y(Ay))

E (vec (CiC) Iawy (Ay))
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E (vec (m(l) + E(l)et) (m(l) + 2(1)€t)T ]{A(l)}(At)
E (vec (m(z) + E(Q)Et) (m(z) + E(Q)Gt)T Iiamy(Ar)

E ('U@C ((m(l) + E(I)Et) (m(l) + E(Z)Et)-r> [{A(l)}(At)>

Mpec (mOmO" + m® (SOE())" + TOE(e)mOT + SO E(ge] )07

7@vec (MPm@T + m® (E(Z)E(et))T + E(Z)E(et)m(Q)T - E(Q)E(etetT)Z(Q)T

7Wvec (m(l)m(”T +m® (E(Z)E(et))T + E(Z)E(et)m(l)T + E(l)E(etez—)EU)T>

7Wyee (mOmO" + SO E (¢, )=OT

7@vec (m@m®" + 2(2)E(etetT)E(2)T

Oyec ( DT 4 50 Elese] >z<l>T)

AO50 ¢ w0 AOm® @ mO)
50 o 7 2Om® o m®

- . vec(E(epe))) + : )
0RO g 5O A0m® & mO

where we again used vec(ABC) = (CT ® A)vec(B) (cf. Nicholls and Quinn (1982, Th.
A.1.1)) and, moreover, the obvious vec (m(j)m(j)T> = m) @ m. So, the identity is
established for £ = 0. Assume now that it holds for some k € Ny. Then

AOR0 g RO AOm® @ m
@%@ g 0 @m® © m®
i T 1m m
w ; vec(E(eoeg)) + :
Z0%0 g 50O A0m® & mO
A @ AW o op AL @ A
puAY @ AO  o p, AD @ AD

FE ('Uec (At—lAt—Q s At—kct—k—lcz—_k_lA;r ke A A ) ]{A(l)}(At—l))
A

t—
« FE ('Uec (At—lAt—2 s At—kct—k—lc;r_k_lA;r B A;r ) ]{A(Q)}(At—l))

E (Uec (At—lAt—Z tee At—k’ct—k’—lc;r_k;_lA;r_k s A;F_QA;I-_I) I{A(l)}(At—l))
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l
pilA(l) & A(l)E (U€C (At—l ce At_kCt_k_lctT_k_lAtT_k ce A;I;l) I{A(i)}(At_l))
i=1

1=

l
Z pZQA.(Q) & A(Q)E (UGC (At—l ce At_kCt_k_lctT_k_lAtT_k cee A;r_l) I{A(i)}(At_l))
i=1

l
Z p,ZA(l) ® A(l)E (U€C (At—l te At—kCt—k—lc;r,kflA;r,k te A;r_l) I{A(i)}(At_l))
i=1

FE (U@C (AtAt,1 cee At,kct,k,lc;r_k_lA;r_k cee A;IllA;r) [{A(l)}(At)>
FE (U@C (AtAt,1 cee At,kct,k,lcg_k_lA;r_k cee A;IllA;r) [{A(2)}(At)>

E ('UGC (AtAtfl s At,kCt,k,lc;r_k_lA;r_k cee A;IllA;r) I{A(l)}<At))

In the last step one uses (exemplified for the first coordinate):
!
> piAY @ ADE (vee (Azy -+ Ay Cr i CF AL - A) Tawy (D)
i=1

l
.
— S puE (vec (A<1>AH o Ay, Crp 1 CT AT AT A ) I{M}(At,l))
=1

!
T . .
= Z pir E (Uec (A(I)At_1 ...... AtT_lA(l) ) I{A(i)}(At—1)|At—1 - A(J)) )
ij=1 N ~ 4
’ =0 for i#j
l
* T : .
o Z E (UBC (A(l)At—l """ ALAD ) La@y (A1) Iiamy (Ag)|Ag = A(J)) w0
ij=1

l
.
= Z E (vec (A(I)At—l -G aCLy - AL AW ) ]{A(i)}(At—l)I{A(l)}(At)>
i=1
.
- E <Uec (A<1>AH Ay Crp i CT AT - AT A )I{Nl)}(At))

In (x) we used pji = E(la0y(A)[Ar1 = AD) and the independence of A; from
At—k‘—la ey At—l given At—l'
Thus the claimed identity is proved for all £ € Ny by induction. O

Theorem 5.26 Assume that A has a finite state space, ¢g € L*, E(eg) = 0 and p(Qa) <
1. Then all conditions of Theorem or [0.7 are satisfied and thus there is a unique
stationary and ergodic solution X = (X;) to the MS-ARMA(p,q,A,€) equation ([2.3).
Furthermore, the solution X; of the MS-ARMA equation (2.3) and its higher dimensional
representation X, are in L* and the series defining X; (as given in Theorem[5.2 or[5.7)
converges in L.

Proof (cf. Francq and Zakoian (2001) for the L? part): The finite state space and
€0 € L? imply E(log ||Agl|) < oo and E(log™ ||Cy||) < oo as already noted in Section
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622 v < 0 and 4 < 0 follows by Theorem [5.23l So, it only remains to show (5.23]) with
p = 2. It is clear that Ay --- A_, 1 C_, € L? for all natural k. To be able to apply Theorem
5.8 it thus suffices to show limsup, .. F(|[Ag - A_x1C_i||)"* < 1 (cf. Lemma ES)
and the later is obviously independent of the particular norm employed. Noting that
|z||3 = tr(zx") for any x € R we obtain:

E(|Ag--- A p i Cll3) = E(tr (AgAi---A 1 C4CLAT - AT A7)

= trovec ' (E (vec (AgA_;---A_111C_,CLAT - AT/A[)))

O3RN0 g nO AOm® @ mO
AR 5N i 2Om® o m®
= trovec ' | 1aQ% , vec(E(epey)) + _
050 ¢ ¥ A0m® & mo
O3RN0 g 5O A Om® @ mO
@%@ g RN @m® © m®
i T m m
< ltr ovec™ o Iz |[|Q4 ] : vec(E(epe))) +
2030 g 50O 0m® & mO

So there is a C' € RT such that E(||Ag- - A_x 1 C_¢||2)YV* < OVF||Q% ||'/* for all natural
k. Since limy, o |Q% [|'/* = p(Qa), this gives limsup,_. F(|[Ag--- A 11 C_¢|*)V* < 1.
O

A thorough discussion of this spectral radius condition for second order stationarity
is to be found in Francq and Zakofan (2001), which also contains several examples. In
particular, it is shown there that p(Qa) < 1 is also a necessary condition for the existence
of a second order stationary solution to an MS-ARMA(1,1) equation under some tech-
nical assumptions. Some explicit moment calculations can also be found in Timmermann
(2000). A thorough discussion on this topic is, however, beyond the scope of the present
thesis focusing on theoretical properties of MS-ARMA models. Yet, in Section 5.4.1 we
will give an example showing that p(Qa) can be greater one, although the Lyapunov
coefficient is strictly negative.

5.3.3 Simulation

Another way to check, whether the stationarity or moment existence conditions are sat-
isfied for a particular model, is to use simulations. Below we only briefly state the main
ideas as a more thorough analysis is again beyond the scope of this thesis.

For the top Lyapunov coefficient it seems to be advisable to use that

lim
n—oon + 1

log [|A,, - Agl| =7 a.s. (5.35)

as shown in Furstenberg and Kesten (1960, Th. 2), since for this it is sufficient to simu-
late only one realization of the chain (A, )nen,. The simulation of —<log|[|A,--- Agl
should be stopped when the sequence appears to have converged or alternatively one
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can use the results of Goldsheid (1991), who studies the asymptotics and gives a central
limit theorem, to decide when to stop the simulation and even to construct confidence
intervals. Unfortunately, it is less straightforward, how to verify the moment conditions
like limsup,,_, o E(|[Ao- - A_ 1 C_¢||P)Y* < 1, limsup,_.. E(||A¢--- A_1]|P)* < 1or
lim sup, . | Ao~ A_1|[12F < 1 via simulations. In general no simple simulation scheme
seems to be possible and to the best of our knowledge this question has not been addressed
in the literature until now. Hence, any further analysis should be very welcome. However,
if A is an i.i.d. sequence Lemma (ii) is applicable and as the “limsup” now actually
is a real limit that is even equal to the infimum over the whole sequence, it seems to
be advisable to simulate E(||Ag--- A_,41]|*)Y/™ for fixed (large enough) n € N and check
whether this gives a value strictly less than one. All the usual Monte Carlo simulation tools
(see e.g. Asmussen (1999) for an overview) are available in order to improve the quality of
the simulations, to draw inferences and, especially, to give (asymptotic) confidence bands.
As the L™ case involves studying an (essential) supremum, a similar approach using

Lemma [0 (i) seems not to be possible to analyse lim sup,_, . [[Ag - - A,kHHIL/o].f <1

5.4 Global and Local Stationarity

The aim of this section is to analyse the relation between local stationarity and the global
stationarity of an MS-ARMA (p,q) process. By local stationarity we mean that each regime
corresponds to a causal ARMA process and by global stationarity that the overall MS-
ARMA process is stationary and expressible as a measurable function of past and present
values of (A;) and (), i.e. X¢ = f(Ay, A¢o1y.. ., €, €21, ...). Extending standard ARMA
terminology we also call such an MS-ARMA process causal. It will turn out that local
stationarity is neither sufficient nor necessary for global stationarity in the sense that the
MS-ARMA process is defined by the causal series representation given in Theorem [5.21
For the sake of notational ease we will restrict ourselves to d = 1, i.e. one-dimensional
processes. It is, however, obvious how the results carry over to d > 1.

5.4.1 MS-ARMA(1,q): Local Stationarity Sufficient but not Ne-
cessary

Let us first consider the MS-ARMA(1,0) case and assume local stationarity, i.e. each
regime is of the form Y; = ®4,Y; 1 +p;+36; with |®q4| < 1. Then E(log |®y]) < 0 and thus
the top Lyapunov coefficient is strictly negative and we obtain global stationarity (given
E(log™ | o + Yool) is finite). To illustrate that local stationarity is not necessary let (A;)
have only two possible states and stationary distribution (7™, 7). Then E(log|®o|) < 0
translates into 7 log |®M| + 7 log |®®| < 0 and this is equivalent to |®® ™"

|<I>(2)|*”(2). From the last equation it is immediate to see that |®(!)| can be arbitrarily
large provided |®®)| is close enough to zero (and vice versa). So local stationarity is not
at all necessary for global stationarity. But things are slightly different, if second moments
are considered. In Francq and Zakoian (2001, p. 351) it is shown that the spectral radius
condition of the previous section is necessary for an MS-ARMA(1,0) process (with finite
state space of A) to be second order stationary. For a special transition matrix structure
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the domain of (®(), ®?)) giving second order stationarity (provided (C;) is independent
of (A;) and has finite second moment) is studied in Yao (2001) and depicted in Figure 1 of
this article. It is clear that the second-order stationarity condition is more restrictive than
the above one ensuring only the top Lyapunov exponent to be strictly negative. Especially,
the results of Yao (2001) give that for a fixed transition matrix of A the possible set of
(@M, @) ensuring finite second moments is bounded, whereas above we obtained that
one of the @@ can be arbitrarily large.

Let us illustrate the relations between the individual stationarity conditions by some
examples. For the sake of simplicity we presume ¥; = 1, y; = 0, that there are two possible
states @1 and @ and that the transition matrix is given by

P:(pn P12)2< D 1—]5>
P21 D22 l-p p
for some p € [0,1). Then the stationary distribution is given by (7, 7?)) = (1/2,1/2).
Recall that for the real-valued MS-AR(1) v = E(log |®14|), so we can actually calculate
the Lyapunov coefficient rather easily.
Example 1: Take p = 3/4, @) = 1/2 and ®? = 11/10. We obtain E(log |®y,|) =
(1/2)log((1/2) - (11/10)) = (1/2)log(11/20) < 0. For the condition from Theorem [(.23]
one calculates p(Qa) = (219 + v/23761)/400 ~ 0.9328650868 (using Maple) and for the
one from the upcoming Lemma 528 p(Q4)) = 3/5 + v/34/20 = 0.8915475948. So, all
three conditions show strict negativity of the Lyapunov coefficient.
Example 2: Let us examine the effect of increasing the probability of remaining in the
current regime. Take p = 49/50, @) = 1/2 and ®? = 11/10. We obtain E(log |®y|) =
(1/2)log((1/2) - (11/10)) = (1/2)log(11/20) < 0 again. However, for the condition from
Theorem one calculates p(Qa) = (3577 4+ +/5534929) /5000 ~ 1.185928596 and for
the one from the upcoming Lemma p(Qa)) = (98 + V1354)/125 ~ 1.078373912.
So, all two spectral radius conditions fail to show the strict negativity of the Lyapunov
coefficient, although FE(log|®q;]) < 0 holds.
Example 3: Let us now examine the effect of increasing the explosiveness of the second re-
gime. Take p = 3/4, @) = 1/2 and ®® = 3/2. We obtain E(log |®1;]) = (1/2) log((1/2)-
(3/2)) = (1/2)log(3/4) < 0. However, for the condition from Theorem [5.23] one calculates
p(Qa) = (154 3v/17)/16 ~ 1.710582305 and for the one from the upcoming Lemma 528
p(Qua)) = (3 ++/3)/4 ~ 1.183012702. So, all two spectral radius conditions fail to show
the strict negativity of the Lyapunov coefficient again, although F(log |®14|) < 0 holds.

Observe that, actually, one has E(log|®y|) < 0 for any value of ®®2 strictly less
than two in modulus, if ®" = 1/2. The above calculations show that both spectral
radius conditions considered may well fail to show the strict negativity of the Lyapunov
coefficient. As p(Qa) < 1 under some technical conditions is shown to be necessary for
the existence of a second moment of an MS-ARMA(1,1) process in Francq and Zakoian
(2001, Example 3), the above Examples 2 and 3 lead, apart from degenerate cases, to
stationary, but not second-order stationary MS-ARMA processes when the noise ¢; is in
L?. Some simulations of the above considered processes are to be found in Sections 5.6.1
and 5.6.2.

To sum up the above discussion, we note that for an MS-ARMA(1,q) process local
stationarity is sufficient but not necessary to ensure a strictly negative v and thus global
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stationarity.

5.4.2 General MS-ARMA (p,q): Local Stationarity neither Suf-
ficient nor Necessary

Let us now turn to the case p > 1. From Theorem [(.21] one obtains that under rather
heavy additional conditions local stationarity gives the global one. Later we will give an
example showing that local stationarity is generally not sufficient. However, let us first
briefly discuss that local stationarity is not necessary for the global one either.

Non-necessity

For the sake of simplicity let us again assume that A has only two possible states and
give a concrete example. Let

Since 1/4 4+ 1/8 < 1/2 < 1 it is clear that it is a causal ARMA(2,q) regime. Using the
proof of Theorem [F.17 we construct a norm such that ®1) is within the unit circle. To

this end choose ¢ = 1/2,¢; = 1,¢ = 3/4 in the construction there. The obtained norm
is thus given by ||(z1,22)7|| = max(|z1|, (3/4)|z2|) and ||®@V|| < 3/4. Let now ®® be of

the following form
(2) _ a 0
= (11)

where a is greater than or equal to one. So the second regime corresponds to a non-causal
ARMA(1,q) process (note p(‘IJELQ)) = a). Elementary calculations immediately give that
H<I>((12)|| = a and the sufficient condition E(log||®o||) < 0 ensuring v < 0 is equivalent
to a™” < (4/3)". The latter gives that there indeed are possible values for a strictly
greater than one which result in global stationarity of the MS-ARMA process and the
applicability of Theorem in particular. It may be unsatisfactory that the second regime
was restricted to an ARMA(1,q) one. Yet, from continuity arguments it is immediate that
one can also combine the first regime with regimes of the form

2 [a b
- (18)

where a is greater than one and b sufficiently close to zero. For small |b| this gives a
non-causal ARMA(2,q) as second regime, but still a strictly negative Lyapunov exponent
for the MS-ARMA(2,q) process.

Non-sufficiency

We now turn to an example showing that despite local stationarity, i.e. all regimes corres-
pond to causal ARMA processes, the Lyapunov coefficient can be non-negative and the
series representation in Theorem [5.2] may not give a stationary solution to the MS-ARMA
equation. Under square-integrability conditions on the noise any causal ARMA process
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is also second order stationary. This may lead to the idea that, provided all regimes are
causal ARMA processes, the overall MS-ARMA process should also be causal and, espe-
cially, be square-integrable for an L? noise. That local stationarity does not necessarily
result in L? stationarity for MS-ARMA is demonstrated in Francq and Zakoian (2001).
Let us briefly repeat their counterexample. Assume that we have a stationary and ergodic
Markov chain A with only two possible states and transition matrix

P — P11 P12

P21 P22
and a zero-mean L? noise sequence €. Note that for all stochastic matrices with p;; #
1, i = 1,2, there exists a two state ergodic and stationary Markov chain having it as

transition matrix (recall that aperiodicity is not required for ergodicity in our sense). Let
further the regimes A® and A® be given by the following two regimes

X, =0ox,  +0VX, 5+

and
X, = 00X, +¢,

each of which shall correspond to a causal ARMA process. Assume now that there exists an
MS-ARMA(2,0) process (X;) that is stationary, in L? and solves the MS-ARMA equation
(53) with the above given A and e. Moreover, assume that X is a causal solution, i.e.
X, can be represented as a measurable function of A;, Ay;_1,... and €, €,_1,.... Then the
conditional expectation E (X7?|A, = AW A, ; = A®) exists and is the same at all times
t. One calculates:

E (XA =AY A, = AP)

2
—F ((<<1>§1>q>§2> + <I>§1>> X o+e+ @(ll)et_1> A= AU A, = A@))
2 2
= b (((q)gl)q)gz) + (bgl)) Xt—2) + (a + @gl)et_1>
+ <<I>§1)<I>§2) + @é”) X o (Q + ‘bgl)et_1> A, =AW A, = A(2)> '

Using that X; o and {¢;, €1}, as well as A and € are independent and that ¢, has zero
mean, we obtain:

E(X2|A, = AD A, = AD)
2 2
B E (((@gl)q)f) + (I)él)> Xt—z) + (et + @gl)et,l) A = A(l), A, = A(2)>

2
> (o0 + o)) B (X7,1A =AW, A, = AP)

2
2 . .
- (cp?)cb?) + <1>g”) Y P (Ao = AD Ay = AD|A, = AV, A, = AD)
ij=1

xE (XtQ—2|At = A(l), JAVEREE A(2)7 Ay = A(i), A 3= A(j)) )
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2
> <<1>§1>c1>(12) + <1>§1>) E (X700 = AW A = AP A, =AW Ay = AD)
XxP (Ary =AY A3 = AP A, = AW A, = AD)

Y

A Markov 2
Nk (‘Pgl)@(f) + ‘I)gl)> E (XE_2|At—2 = A(l), Az = A(Q)) P12P21

2
= (q)gl)q)gz) + q)§1)> pizpan B (Xf‘At = A(l)a Ay = A(Q)) .

2
Thus it must hold that (cbg”@?) + <I>§”) p12p21 < 1. Yet, take e.g. ¢>§1) = 9/5, ‘I)gl) =

—9/10 and ¥ = —1/5. This gives (@gl)fbf) + ®51)>2 = (63/50)%, which implies that
prapar < (63/50)72 ~ 0.630 needs to hold. For pya, pa; € [0.8,1] the latter is, however,
obviously violated. Thus there cannot be any stationary, causal MS-ARMA process with
finite second moments for the above chosen parameter values. But note that one obtains
p(®M) = |(9/10) + (3/10)i| = 3/3/10 < 1 and p(®®@) = 1/5 and thus both regimes cor-
respond to causal ARMA ones. In Francq and Zakolan (2001) a simulation is undertaken
to examine this explosive behaviour. From the simulated path they conclude that the
critical changes leading to the explosion occur, when the regime switches, which is rather
often the case for the above parameters. The precise reason will become obvious when
we now study this counterexample further. For a very concrete and thus highly tractable
example we show below that the series representation for a solution to an MS-ARMA
equation as given in Theorem does not converge a.s. and thus the Lyapunov exponent
is non-negative, although the individual regimes are causal.
For the above studied parameters we have

a0 — < 9{5 —9({10 >

~1/5 0
@ _
® _( ; 0).

The crucial observation now is that

—63/50 0
— W@ _
R:=3V® _( Vs o>

and

and

~9/25  9/50
— PPl —
5= ene —( 0/5 —9/10)

both have spectral radius 63/50 > 1. Since &) and ®? have spectral radius less than

one, ®0" is a contraction (i.e. has operator norm less than 1) for all large enough k € N
and all norms on R?. That is why, there is a causal solution to the respective ARMA
equations representable by an absolutely converging series as in Theorem [5.2] But if we
switch between the two regimes regularly no contraction but an explosion may be obtained
in the long run, since R and S have —63/50 as an eigenvalue. This seems to be the precise
reason, why there was no “causal” second-order stationary solution possible above.
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Fixing p12 and po; to the value one, we obtain an ergodic and periodic Markov chain
A, which has stationary distribution (7, 7(?)) = (0.5,0.5). Let us further assume that
the noise € is not random at all, but ¢, = 1 for all times. For this model we now study the
series

Xi=) AAci A G, (5.36)
k=0
that is the stationary and ergodic solution of an MS-ARMA process as obtained in The-
orem [5.2] in some more detail. Note that

A =@ and C, = (1,0)".

W.l.o.g. we can restrict attention to X,. One readily calculates for n € N

weu=( -—1(@_6&?)1—1 )

5 50

—1 (=63\"
A(Z)R”CO — ( 5 (Egg)n ) )
(%)
So, both R*Cy and A® R"C, diverge and even escape to infinity in norm for n — oco.

Since our Markov chain A switches necessarily all the time between its two states, there
are only two possible, mutual exclusive, cases having probability one half each. In the first
case we have A_o, = AW and A_g,,1 = A® for all k € Ny. Hence, Ay A_5,1C_op =
R*C, for k € N. In the other case A_o, = A® and A_o,.1 = AW for all k € Ny. Thus,
AgA_ - A_9.C_g_1 = AP RFC, for k € N. This shows that in any case the summands
of the series in equation (5.36) do not converge to zero. Hence, the series (5.36]) is almost
sure divergent.

This result shows that the series (5.36) does not provide a stationary solution to the
MS-ARMA equation. So it is possible to combine causal ARMA regimes in such a way
to an MS-ARMA equation that there is no stationary and causal solution in the sense of
Theorem (2]

Above we used a trivial deterministic noise, since this allowed for relatively simple
explicit calculations. However, in the above example one also concludes immediately from
Theorem 5.2 that the Lyapunov coefficient cannot be strictly negative (otherwise Theorem
would imply absolute convergence of (5.36)). Thus, for the above used Markov chain
A and any i.i.d. noise sequence ¢ Theorem cannot be applied to obtain a solution to

the MS-ARMA (2,0, A, €) equation.

and

5.5 Geometric Ergodicity and Strong Mixing

Since strong mixing has important consequences for extreme value analysis as recalled in
the preliminary Section 2.6l we now turn to analysing, when an MS-ARMA process is
strongly mixing. To this end, we study the geometric ergodicity of an appropriate Markov
chain. Our results extend the ones for random coefficient autoregressions dating back to
Feigin and Tweedie (1985), which will be briefly discussed later on, and partly those of Yao
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and Attali (2000) to driving Markov chains with a state space that is not necessarily fi-
nite. However, while Yao and Attali (2000) studied possibly non-linear Markov-switching
autoregressions, we restrict ourselves to the linear case and only employ geometric er-
godicity, since being mainly interested in extremal behaviour V-uniform ergodicity, as
considered by Yao and Attali (2000), seems to add only rather limited extra value in our
eyes.

It is obvious that X; = A;X;_1 + C; = A X;_1 + m; + X,¢ is in general not a Markov
chain, since the transitions do depend upon the state the driving chain A is in. One may,
however, note that for an i.i.d. driving chain A the sequence X = (X;) is indeed a Markov
chain. To obtain general results it is necessary to study the process (X;, A;) as in Yao
and Attali (2000). It is immediate to see that (X, A;) is a (homogeneous) Markov chain.
Actually, the same is true for general stochastic difference equations with Markovian
input, but we shall restrict ourselves to MS-ARMA processes. The results we give in the
following can, however, also be extended to this more general case with the necessary
changes being rather straightforward. For the sake of simplicity we shall denote the state
space of A by E (recall that this is a subset of R? x My(R)*P*9) and the Borel-c-algebra
restricted to E by €. Thus, the state space of (X;, A;) is R¥PT9) x E and equipped with
the o-algebra B(RP+9)) x £.

Moreover, we formulate the results of this section in such a way that they can be
employed to the case where the chain (X;, A;) is started at time zero with initial (possibly
random) values (Xg, Ag). However, this applies solely to this section.

Below we summarize first the results of Yao and Attali (2000) for the case of a fi-
nite state space F, as the results we obtain for the general case later need considerably
more technical conditions. In particular, we will in the general set-up first study the weak
Feller property and irreducibility in some detail before turning our attention to geomet-
ric ergodicity and strong mixing. Finally, we repeat the results for random coefficient
autoregressions for our particular set-up.

5.5.1 Geometric Ergodicity and Strong Mixing for a Finite State
Space Chain A

In this paragraph we again employ the notation introduced in for A having a finite
state space and throughout presume A to be a positive recurrent and stationary Markov
chain. Furthermore, we omit any proofs and refer the interested reader to Yao and Attali
(2000), since all theorems given are just adaptations of their results to the linear case.

Theorem 5.27 (Yao and Attali (2000, Th. 1)) Assume that the state space E of A
1s finite, that ¥y = 15 and that €; has a strictly positive density w.r.t. the Lebesque meas-
ure on R and is in L" for some n > 0. If there is a norm || - || on R¥P+9 such that
E(log||A1]]) <0, then (X4, A¢) is geometrically ergodic.

In particular, if (Ay)ez is stationary and ergodic, then all conditions of Theorem [5.2
are fulfilled and the chain (Xy, Ay)iez, the higher dimensional representation X of the
MS-ARMA process as well as the MS-ARMA process X itself are strongly mizing.

Proof: E(log||A4||) < 0 gives v < 0. That the other conditions of Theorem are sat-
isfied, is obvious from the finiteness of E and €; € L". For the remainder of the proof see
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Yao and Attali (2000). 0

The following result is in some respect very similar to ours from Section [5.3.2] and can
be used as another feasible way to check the strict negativity of the Lyapunov exponent
when considering only finitely many states for the driving chain A. Define

HA(l)H 0 0

0 [A® T

Qla) = , . P

: - - 0

0 0 ||AD
pulAW - pa|| AW pul|AD]]

_ | pellAD :
f ) - peey[ACY]
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Lemma 5.28 (cf. Yao and Attali (2000, Lemma 2)) [t holds that

E(log [|A4]]) < log p(Qay)-
Thus p(Q)a) ensures E(log ||A+]) < 0 and, moreover, v < 0.

As noted already in Section 5.4.1, the converse implication does not hold, i.e. E(log || A4]|)
can be strictly negative and p(Q)a)) positive.

5.5.2 The General State Space Case

In this section we return back to the general case for the state space E. The first step is
to study, when the chain (X, A;) is weakly Fellerian. The following two propositions give
a necessary as well as a sufficient criterion, but unfortunately we have not been able to
provide a necessary and sufficient condition.

Proposition 5.29 (Necessary condition) Assume that (A1]Ag, Xo) Z (A1]Ag) (i.e.
given Ag the random wvariables Ay and Xq are independent). If (Xy, Ay)iez is weakly
Fellerian, then A = (Ay)ez is a weak Feller chain.

The conditional independence assumption is, in particular, satisfied, if either the chain
(X4, Ay) has been started with independent Ay and Xy or X, can be represented as a
measurable function of the presence and infinite past of the driving chain A and the noise
e, ie. Xg = f(Ag,A1,A 5, ... €,€6_1,€6_9,...). In all considerations of the previous
sections in this chapter we have only looked at MS-ARMA processes with the latter
property.

Proof: Let g : E — R be bounded and continuous. Define § : R¥**+9 x F — R via
g(x,0) = g(9). Then g is bounded and continuous and

E(Q(A1)|A0 = 5) = E@(Xh A1)|X0 =x,Ag = 5)

is continuous, since (X;, A;) is weakly Fellerian. Thus A is a weak Feller chain. a
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Proposition 5.30 (Sufficient Condition) Assume that there is some measurable func-
tion F such that Ay = F(Ay_1,u) holds, where (u;)iez is an i.i.d. sequence assuming
values in a measurable space (G,G) and F(-,u) is continuous for any fired u € G. Then
(X4, Ay) is a weak Feller chain.

To demand the existence of a function F' such that A; = F(A;_1,u;) may seem to be
rather restrictive. Yet, one should note that the condition is still very flexible and many
Markov chains are of this type (cf. Meyn and Tweedie (1993, Sec. 2.2 and Ch. 7) and
Duflo (1997, p. 183)). Compared to the non-linear state space models studied in Meyn
and Tweedie (1993, Sec. 2.2 and Ch. 7) our assumptions are even weaker, since we do
not request any continuous differentiability. If A, = F(A;_1, u;) holds, then A is weakly
Fellerian as pointed out in Meyn and Tweedie (1993, Prop. 6.1.2). This should also become
obvious when inspecting the proof of the above proposition below. Furthermore, if A has
a countable state space consisting only of isolated points, then the above condition is
satisfied. Recall also that A and € are always assumed to be independent.

Proof: Since projections are continuous, there are functions Fa, Fi,, Fx such that A; =
Fa(Ai1,u), my = Fr(Ay1, 1), By = Fss(Ay_1,w;) and Fa, Fy,, Fs, are continuous in
A;_1. Thus, we obtain that

(Xt, Ar) = (Fa(Aro1, ug)Xio1 + Fin (A1, ue) + Fs (A1, ue)er, F(Ar—1,ur))

is a continuous function of (X;_1, Ay_1).
Let g : RUP*9) x £ — R be bounded and continuous and denote P, ,, the distribution
of (€&, up), then

E (g(X17 A1)|)(0 =z, A = 5) = / g (FA(57 U)ZL‘ + Fm(& u) + FE<5> U)n) dP€0,uo(777 u)
RIXG

is a continuous function of (x,d), as the continuity lemma from standard integration

theory (see, for instance, Bauer (1992, Lemma 16.1)) shows. O

Now we turn to giving a sufficient condition for the existence of a measure p such that

(X¢, Ay) is p-irreducible. In the following A" denotes the Lebesgue measure on R”.

Proposition 5.31 Let P} denote the transition kernel of the Markov chain A and be pa
a nondegenerate measure on (E,E) such that for any A € € with ua(A) >0 and x € E

i P2(z, A) > 0 (5.37)

n=p+q

holds. Assume that ey has a strictly positive density w.r.t. \® and, moreover, that ¥, is
invertible for all possible states of A;. Then (X, Ay) is AP+ @ pa-irreducible.

Proof: Condition (537) immediately implies that A is pa-irreducible. Inspecting the
iteration X; = A;X;_; + C, it is obvious that under the above assumptions X, 44+ can
reach any set of positive Lebesgue measure for all £ € Ny with strictly positive probability
regardless of the value (Xg, Ag) and the evolution of the chain (A;). Combining this with
the fact that for every set A with positive measure pua there is an n > p + ¢ such that
PR (z, A) > 0, yields the result. O
The crucial condition is (537]), but, actually, in many cases of interest it should suffice to
demand that A be (u)-irreducible, for instance:
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Lemma 5.32 Assume that A has a countable state space E and is irreducible. Then
(5-37) is satisfied.

Proof: The case card(E) = 1 is trivial. Let thus A®) and A® be two different possible
states of A. Then there are m,n € N such that P™(AM, A®) > 0 and P"(A®, AM) >0
and thus PFm¢=bn(AM A > 0 and PHmH(AM ADY > 0 for all k € N. O

Now we give a theorem on the geometric ergodicity of (X;, A;) under rather tech-
nical conditions that appear to be the weakest necessary for our proof to work. Ways of
actually checking the Feller chain and irreducibility conditions are given in the previous
propositions.

Theorem 5.33 Assume that (Xy, Ay) is a weak Feller chain, (A1]Xo, Ao) Z (A1]A) (),
the state space E of A is compact and there exists a nondegenerate measure pua on (E,E)
such that (Xy, A,) is AP+ @ pa-irreducible. If, moreover, there is ann € (0,1] and ¢ < 1
such that

E(||[A1]MAg=6)<cVIEE (5.38)

for some norm || - || on RUP+D and e; € L", then (Xy, A;) is geometrically ergodic.

In particular, if (Ay)ez is stationary and ergodic, then (x) is automatically satisfied
provided all other conditions are. Moreover, all conditions of Theorem[5.2 are fulfilled and
(Xt, At)iez, the higher dimensional representation X of the MS-ARMA process as well as
the MS-ARMA process X itself are strongly mizing (with geometric rate).

The condition for the very last assertion is due to the fact that we temporarily allowed
for starting the process at time zero with initial value (Xg, Ag) in this very section. (£.38))
appears to be very restrictive. Yet, note that the conditions of Yao and Attali (2000, Th.
1) are (in our linear set-up) equivalent to assume the existence of an 0 < 7 < 1 such that
E(]|A1]]") < 1, as can be immediately seen from the results given in Basrak (2000, p. 78).
The reason, why we have to resort to using a condition involving conditional expectations,
is that arguments involving suprema over the state space, which were employed to prove
the finite state space results of Yao and Attali (2000), do, as far as we can see, not
necessarily work in the non-finite state space case. Unfortunately, we have not been able
to find any nicer general conditions.

Proof: Consider the continuous function g : R¥P*9) — R* x — ||z||” + 1 and note that
we have ||a + b||"7 < ||la]|” + ||b]|" for all a,b € R¥P*+9 as 0 < 5 < 1 (cf. Loeve (1977, p.
157)). Thus, for any z € R¥P*9) and § € E

E(HXlHn + 1‘X0 =X, AU = 5) = E(HAlll =+ (31”77 —+ 1|X0 = ZC,AO = 5)
< E([[A1]]"[Ag = 6)[|z]|" + E([[C1[|"|Ag = 0) + 1.

As F' is compact and €; € L", there is a M > 0 such that E(||Cy||"|A¢ =0) < M — 1 for
all 6 € E. Hence,

E(IXq]|"+ 1|Xg =2,A0 =0) < cf|z]|7+ M.

Choose now 7 > 0 with 1 — 7 > ¢ and then set R = (L)l/n and C' = Bg(0) (the ball

l—-7—c

with radius R in R¥P+9). For all z € (Bg(0))® we have that (1 — 7 — ¢)||z||” > M and
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therefore
E(IXq)"+1[Xo =2,A0 =0) < cllzf|"+ (1 —7—c)fz[|"= (1 —7)[z[|" < (1 —7)g(x).

Setting K := C' x E we obtain a compact set that together with g and 7 satisfies (i7)
of Theorem [2.35l Thus, Theorem shows the claimed geometric ergodicity of (X;, A;).

Assume now that (A;);ez is stationary and ergodic. The compactness of E and the
fact that e; € L" ensure the finiteness of E(||Cy||") and thus E(log™ ||Col|). Likewise,
(538) gives E(]|A1]|") < ¢, which implies E(log™ ||Agl||) < oo and v < 0. So, all condi-
tions of Theorem are satisfied and () is now a consequence of X, having the series
representation given there.

The strong mixing properties stated are now established applying Propositions .37
and 2.38. 0
Using Meyn and Tweedie (1993, Th. 16.1.2) one should be able to show V-uniform ergodi-
city of (Xy, A;) under similar conditions with V' being the above considered g. Since this
would necessitate the introduction of even more technical notions from general Markov
chain theory, we refrain from carrying this out in the present thesis.

Naturally, the last theorem raises the question, whether there are some rather easy to
check conditions for (5.38)) to hold. A straightforward one is the existence of a norm || - ||
and a ¢ < 1 such that ||A;|| < ¢ for all possible states of A;. Again Theorem [5.1§ turns
out to be helpful, since the following is an immediate consequence:

Proposition 5.34 Assume that E is compact and that there is a norm ||- |4 on R? and a
¢ <1 such that >%_, ||®i1]| < € for all possible states of Ay, then there is a norm || - || on
RYP+D) gnd a ¢ < 1 (both explicitly constructed in the proof of Th.[518) with ||A|l4 < c
for all possible states of Ay. In particular, (2.38) is satisfied.

Recall that the same conditions are used in Theorem [5.2]] to ensure finiteness of some
moments of the MS-ARMA process.

5.5.3 Random Coefficient ARMA Processes

Regarding geometric ergodicity and strong mixing, everything becomes easier when leav-
ing the truly Markovian MS-ARMA and turning to random coefficient ARMA processes,
as considered in Nicholls and Quinn (1982) or Kliippelberg and Pergamenchtchikov (2004),
for instance.

The crucial simplification is that for an i.i.d. sequence A the sequence (X;) itself
becomes a Markov chain, as already mentioned in the introduction to this section on geo-
metric ergodicity. Originally, geometric ergodicity for random coefficient autoregressions
has been studied in Feigin and Tweedie (1985). The following theorem is an adaptation
of Basrak (2000, Prop. 3.2.9) to our set-up.

Theorem 5.35 Assume that (A;) is an i.i.d. sequence, €, has a strictly positive density
w.r.t. A (the Lebesque measure on RY) and ¥ is invertible for all possible states of A.
If, moreover, there is an n € (0,1] such that C; = my + X6, € L" and

E([[A4]]") <1 (5.39)
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for some norm || - || on R¥P+9) | then (X,) is geometrically ergodic.
Furthermore, when considering doubly infinite A and €, i.e. A = (Ay)ez and € =
(€¢)iez, all conditions of Theorem 2.2 are fulfilled. Moreover, the higher dimensional rep-

resentation X of the MS-ARMA process as well as the MS-ARMA process X itself are
strongly mizing (with geometric rate).

Proof: Let g : R“?*9) — R be bounded and continuous, then
E(9(X1)[Xo =2) = E(g(A1z + m; + Xy€1))

is a continuous function of x € R¥P+9) as the continuity lemma from standard integration
theory (see, for instance, Bauer (1992, Lemma 16.1)) shows. So, (X;) is weakly Fellerian.
Using the same arguments as in the proof of Proposition (.31 we see immediately that
(X,) is AP+ irreducible.

Now we consider the continuous function g : R¥ P9 — R¥ 7 s ||z||” + 1 and note
that we have ||a + b[|" < |la||” + ||b||" for all a,b € R¥P+D as 0 < n < 1 (cf. Loeve (1977,
p. 157)). Thus, for any z € R4 ¥+

E(Xa"+1Xo =2) = E([[Awz+Cyf” +1)
< E([[AMI=]" + E(IC") + 1.

As C; € L", there is a finite M > 0 such that E(||C,]|") < M — 1. Hence,
E(|Xy]"+1Xg=2) < cfz||"+ M.

Choose now 0 > 0 with 1 — ¢ > ¢ and then set R = (%)l/n and C' = Bg(0) (the ball
with radius R in RYP+9), For all x € (Bg(0))¢ we have that (1 —§ — ¢)||z||" > M and

therefore
E(IXq"+1[Xo=2) < cffzl|"+ (1 =6 —c)|lz]|" = (1 = 9)[|=||” < (1 - 6)g(x).

So, C'is a compact set that together with g and § satisfies (i7) of Theorem [2.35 Thus
Theorem shows the claimed geometric ergodicity of (X;).

Assume now that we consider doubly infinite sequences. The fact that C; € L7 ensures
E(log* ||Co||). Likewise, (5.39) gives E(log™ ||Agl|) < oo and v < 0. So, all conditions of
Theorem are satisfied.

The strong mixing properties stated are now established applying Propositions 2.37]
and [2.38] O

5.6 Regularly Varying MS-ARMA Processes

In this section we study several cases when the stationary distribution of an MS-ARMA
process is regularly varying. As when studying regular variation of the general stochastic
recurrence equation Y, = A,Y,,_1 + C, in Section 3] there are basically two different
situations in which regular variation appears.



5.6. REGULARLY VARYING MS-ARMA PROCESSES 103

5.6.1 Regularly Varying Noise

Assume first that (C;)icz is an i.i.d. sequence independent of (A;);ez. This holds, in
particular, if the components p; and >; evolve independently of the rest of the Markov
chain (4A;) as a joint i.i.d. sequence (g, 3¢). If, moreover, C; is regularly varying, one can
apply Theorems 12| T3] and Corollary T4l For the details of this case see thus Section
4.3

In our eyes it is more interesting to study a regularly varying generic noise sequence
¢ = (&) and a general Markov chain A;, where ¥; is not independent of the other com-
ponents as assumed above. For the sake of simplicity, we shall, however, assume p; = 0
in the following. The results regarding regular variation obtained in the following can be
extended to the case with general p; under an appropriate condition ensuring relative
light-tailedness of > ;- J AgA_;--- A_py1m_; using Basrak (2000, Remark 2.1.20).

Noting that

X = Z AA_, - At—k—i—lzt—ket—k
k=0

Theorems and B.19 imply the following result.

Theorem 5.36 Let yuy, = 0 for all t € Z and (&)iez be a sequence of i.i.d. regularly
varying R¥-valued random variables with index o, measure v and normalizing sequence
(a,) such that (iv) in Theorem holds. Assume further that the Lyapunov exponent
satisfies

. 1
Y= inf (t—]——lE (10g ||AOA—1 e A—tH)) <0.

teNp

If a < 1, assume that there is an n with 0 < n < « and o« +n < 1 such that
Ay A_ 12 € L for all k € Ny and that

ZE (HAU . A*k+127kHa+n) < 00 as well as ZE (HAO .. 'AkarlEkaain) < .
k

(e}

0 k=0

(5.40)
If a > 1, assume that there is an n with 0 < n < « such that Ag--- A_j 1 X_p € LT
for all k € Ny and that

ZE (J[Ag - A_k+12_k||a+n)1/(a+n) < 00 as well as

k=0

S E (Ao A S )V < oo, (5.41)
k=0

Then the MS-ARMA (p,q, A, €) equation [53) has a unique stationary and ergodic
solution. The unique stationary solution X = (X;) is formed by the first d coordinates of

X = Z AA,_ - 'At—k+1 Y k€—k,
k=0
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which is the unique stationary and ergodic solution of (5.12). The series defining X con-
verges absolutely a.s.

Moreover, the tail behaviour of Xo (and thus of the “one”-dimensional marginal dis-
tribution of X = (Xy), i.e. the higher dimensional representation of the solution to the
MS-ARMA((p,q, A, €) equation) is given by

nP(Xg € ay) S o() =Y E(vo(Ag-- A 4) ' (). (5.42)

For Xo (and thus for the “one”-dimensional marginal distribution of X = (X;), i.e. the
solution to the MS-ARMA (p,q, A, €) equation) it holds that

nP(Xo € ay) > o()=> E(volAy--- AT 4) " (), (5.43)

where 1 := (14,0,...,0) € Mg piqa(R).

Provided there is a relatively compact K € Rw+9) with E (v o 7' (K)) > 0, X, and
Xo are regularly varying with common index o, normalizing sequence (a,) and measure
v, respectively v.

Furthermore, if eg € L, then Xo and Xo are in L%.

Proof: All assertions regarding X follow by combining Theorems [5.2] [3.19 and the argu-
ments given for Theorem BT2l (543) follows by another application of Theorem BI6] or
by considering

X = Z TAA; 1 Ay o1 B e
k=0

The nondegeneracy of 7 under the assumption E (voXg'(K)) > 0 for some relat-
ively compact K is immediate, noting that E (v o 35" (A; X Ay X -+ x Ayy)) = E(vo
Zal(Al N Apﬂ))e%d(pﬂ—z) (Ag X oo X Apy X Apy X -+ Apyg) for A; € B(Rd)- O
Along the lines of reasoning that lead to Theorem .13 we obtain:

Theorem 5.37 If all conditions of Theorem[2.30 are satisfied, then X = (Xy)iez as well
as X = (Xy)iez are even regularly varying as a sequence with index cv.

Obviously we can again apply Lemmata B.21] and to obtain a version of the above
theorem that will suffice in most cases encountered.

Corollary 5.38 Let iy = 0 for all t € Z and (€)icz be a sequence of i.i.d. reqularly
varying R:-valued random variables with index o, measure v and normalizing sequence
(an) such that (iv) in Theorem [3.9 holds.

Assume that there is a 3 > o such that Ag---A_j 13 _r € LP and Ag--- A_pq € LP
for all k € Ny and that

limsup E (|| Ag - - A_n+12_n|]ﬁ)l/(n+l) <1 (5.44)

n—oo
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as well as ,

limsup E ([Ag--- A, ||)" < 1. (5.45)
Then the MS-ARMA (p,q, A, €) equation [5.3) has a unique stationary and ergodic solu-
tion. The unique stationary solution X = (X;) is formed by the first d coordinates of

X = Z AA A Bk,

which is the unique stationary and ergodic solution of (513). The series defining X con-
verges absolutely a.s.

Moreover, the tail behaviour of Xo (and thus of the “one”-dimensional marginal dis-
tribution of X = (Xy), i.e. the higher dimensional representation of the solution to the
MS-ARMA (p,q, A, €) equation) is given by

p()=nP(Xo€ay) > E(vo(AyAaX ) (). (5.46)

k=0

For Xy (and thus for the “one”-dimensional marginal distribution of X = (X;), i.e. the
solution to the MS-ARMA (p,q, A, €) equation) it holds that

17() nP Xo € (In io:E V O HAO A_k+12_k,)*1 ()) , (547)

where 1 := (14,0,...,0) € My piqa(R).
Provided there is a relatively compact K € Riw+a) with E (vo 5'(K)) > 0, X, and
Xo are regularly varying with common index o, normalizing sequence (a,) and measure

v, respectively v. (X;) and (X;) are also reqularly varying as a sequence with index .
Furthermore, if eg € L%, then Xy and Xo are in L.

A considerable simplification occurs, if 3_; is independent of Ay --- A_;; for all natural
k. In this case ¥y € L% and Ay --- A_, 4, € LP for all natural k give Ag---A_, 1 X, € L
VEk € Ny and then (5.45]) implies (5.44).

Note that for one-dimensional positive valued random coefficient autoregressive models
similar results were already obtained in Resnick and Willekens (1991).

The above results show, in particular, that a Markov switching ARMA process is tail
equivalent to its driving noise sequence under appropriate conditions. So, provided the
upper tails are nondegenerate, for d = 1 the distribution of ¢y and Xy both belong to the
maximum domain of attraction of the Fréchet distribution ®,. Moreover, note that almost
all results of Sections B.2.3] and [5.3] can be used or straightforwardly adapted to verify
(544)) or (B45). In particular, we immediately obtain the following using the arguments
that led to Theorem [5.211

Lemma 5.39 Assume that there are ¢ < 1, C,M € R* and a norm || - || on R? such
that Y8 || Pioll < ¢, D1, @il < M and ||So]] < C a.s. Then (544) and ({(5F3) are
satisfied.
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i.i.d. 1.5-stable noise
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Figure 5.1: Simulation of an i.i.d. symmetric 1.5-stable noise sequence

Note, moreover, that the nondegeneracy condition, viz. that there exists a relative com-
pact K with (1/ o X MK )) > 0, is only a minor technical condition, since it suffices for
the latter that ¥ has a strictly positive probability of being invertible (If ¥ is invertible,
we have that $g'(By(1)) C [|S5"||Bo(1), hence Eg" ((1,00]S1) = (Z5'(Bo(1)))" 2
(1= H]l, 00]S4! and thus v o 5" (1, 00]S* X Ogae-1) X (1,00]S*™* X Oga-1)) = v o
25" ((1,00]S*71) > 0 due to the nondegeneracy of v.).

It is very interesting to compare our above obtained results with those from Brachner
(2004) for TAR models in R with regularly varying noise. For the general TAR(q) O-
regular variation is obtained employing considerably stricter conditions than we give in the
above lemma to ensure regular variation of MS-ARMA (p,q) processes. Results comparable
to ours are, however, obtained for TAR(1) models with only two possible regimes. In this
case the sufficient conditions for regular variation and tail equivalence given in Brachner
(2004) are comparable to the assumptions of Lemma [5.39. The crucial difference seems
to be that due to the regime selection procedure powerful regular variation results like
Theorem cannot be used for TAR-models.

To conclude this section let us give some simulation examples done with the S-Plus
software. We shall consider real-valued MS-AR(1) processes with p; = 0 and ¥; = 1, i.e.
our model is given by Y; = ®1,Y,_1 + €. As noise we shall consider an i.i.d. sequence
¢; that has a symmetric 1.5-stable distribution, cf. Figure G.1] for an example of such a
sequence. In particular, this noise is nondegenerately regularly varying in both tails and
the index of regular variation is 1.5. As in Section 5.4.1 we presume that there are two



5.6. REGULARLY VARYING MS-ARMA PROCESSES 107

MS-AR(1) process X

0 500 1000 1500 2000

Time
Figure 5.2: Simulation of the MS-AR(1) process in Example 1

possible states @) and & and that the transition matrix is given by

P:(Pn p12):< P 1—]7)

D21 P22 l—-p p

for some p € [0,1). Then the stationary distribution is (7(!), 7(?) = (1/2,1/2). The strict
stationarity of the following examples has already been established in Section 5.4.1 or is
immediate, because @) and ®@ are both less than one in modulus.

Example 1: Take p = 3/4, ®1) = 1/2 and ®® = 4/5. Then all conditions of Theorem
or Corollary are obviously satisfied. The simulation in Figure illustrates the
fact that the MS-AR process is regularly varying (with index 1.5) and the stationary
distribution is tail equivalent to the noise, as a comparison with Figure [5.1] shows.
Example 2: Take p = 3/4, ®) = 1/2 and ®® = 11/10. As one calculates p(Qa) =
(219 + /23761)/400 ~ 0.9328650868 for the condition from Theorem [5.23] one obtains
from this theorem that (5.45]) holds with 8 = 2. Thus, all conditions of Theorem
or Corollary are obviously satisfied. Again, the simulation in Figure [5.3] illustrates
the fact that the MS-AR process is regularly varying (with index 1.5) and the stationary
distribution is tail equivalent to the noise, as a comparison with Figure [5.1] shows.

The importance of this example lies in the fact that ®® is greater than one. Thus, it
shows that Theorem or Corollary are not only applicable in the case of Lemma
in practice, but even in the presence of an explosive regime.

Finally, observe that in both above examples one deducts immediately from (5.40])
that both tails of the stationary distribution of the MS-AR(1) process are nondegenerately
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Figure 5.3: Simulation of the MS-AR(1) process in Example 2

regularly varying, since this holds for the noise ¢;.

5.6.2 Light-Tailed Noise

As in the general case of Section [1.3.2] light-tailed noise may lead to regularly varying
MS-ARMA processes provided the sequence (A;) satisfies appropriate technical conditions
ensuring the appearance of consecutive “large” values. Observe that again the noise can
be arbitrarily light-tailed in all cases below. In the following we summarize the results
of Kliippelberg and Pergamenchtchikov (2004) for random coefficient AR(p) models (R-
valued MS-ARMA (p,0) processes with ¥; = 1, iz = 0 and (A;) = (®;) being an i.i.d.
sequence) and of Saporta (2004b) for one-dimensional Markov-switching AR(1) processes
(R-valued MS-ARMA(1,0) processes with ¥; = 1, i = 0 and a finite state space of
(A)). Observe that it is also possible to employ the results of Section directly on
X, =AX, 1+ C,.

All these results indicate that under appropriately adjusted technical conditions light-
tailed noise may well also lead to regularly varying MS-ARMA processes in the general
MS-ARMA (p,0) case with coefficients that follow a general Markov chain. However, prov-
ing this appears to be very involved. In particular, neither the approach by Kliippel-
berg and Pergamenchtchikov (2004) seems to be rather straightforwardly adaptable to a
Markovian dependence structure nor the one by Saporta (2004b) to orders p > 1 or a
non-finite state space of (A;), as in all cases powerful new renewal theorems appear to be
necessary.
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Random Coefficient AR(p) Processes

Kliippelberg and Pergamenchtchikov (2004) considered the one-dimensional, i.e. R-valued,
special case of our general MS-ARMA (p,0) model, where, moreover, the autoregressive

-----

coefficients @14, Py, ..., Py are in the following assumed to be given by

(I)it = (I)it+0-i77it for i = 1,...,p,
where (®y,...,P,)" € RP, (04,...,0,)7 € (RT)” are constants and n; = (914, ..., 7pt) "
is an RP-valued i.i.d. sequence. Moreover, we presume that the sequences n = (7;)iez
and € = (€)iez are independent. Furthermore they are centred and of unital variance,
i.e. E(eg) = E(nio) = 0 and E(e2) = E(n%) = 1. The following is a reformulation of

the results given in Kliippelberg and Pergamenchtchikov (2004) applying to stationary
random coefficient AR(p) processes.

Theorem 5.40 (Kliippelberg and Pergamenchtchikov (2004, Th. 2.4)) Let a ran-
dom coefficient AR (p) model with the above described properties be given and assume that
moreover the following conditions are satisfied:

(i) p(E(Ag® Ag)) < 1.

(i) The random wvariables {ny,i = 1,2,...,p; t € Z} are i.i.d., have a symmelric
(around 0), continuous and positive density ¢(-), which is non-increasing on RT,
and moments of all orders exist, i.e. 9y € L™V m € N.

(iii) There is an m € N such that E ((®10 — ®1)*™) = oi™E (n7) € (1, 00).
(iv) € € L™ for all m € N.

(v) For any non-zero real sequence (cg)ren € l1, i.e. 0 < Y p |ex| < oo, the random
variable T =Y, | cre has a symmetric density that is non-increasing on R .

(vi) 2402 > 0.

Then there exists a unique stationary solution to the random coefficient AR(p) equation
(Z3), which is given by (513) employing the usual higher dimensional representation X,.
Furthermore, there exists a unique positive solution Xy to the equation

. 1/n
A\ = Tim (B (A5 ALR)) " =1
and some probability measure v on SP~' (w.r.t. to the Euclidean norm || - ||2) such that

K= [ BT A wds).

It holds that N\ > 2 and with some strictly positive and continuous function w : SP~1 — R
the random wvariable Xy has the reqular variation property

tlim tP({z,Xo) > t) = w(z)Vr € S,
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1.e. Xo 18 reqularly varying in the sense of Kesten. In particular, the univariate marginal
distribution of the stationary random coefficient AR (p) process X is reqularly varying with
mndex Ag.

All densities above are understood to be with respect to the Lebesgue measure and recall
from SectionB.3.2/that ||| is the Froebenius norm given by ||A||; = \/tr(AAT). Condition
(1) ensures strict negativity of the Lyapunov exponent v, (i) implies, in particular, that
o1 > 0 needs to hold and the very last one gives that A; is a.s. invertible. As condition
(v) appears to be rather complicated to verify, the following Lemma is very useful.

Lemma 5.41 If ¢; has a bounded, symmetric and continuously differentiable density f
and f" is bounded and non-positive on [0,00), then condition (v) of the last theorem is
satisfied.

Provided the conditions of Theorem B.IT] (ii), (iii) or (iv) are satisfied, the above
theorem implies the regular variation of X, and one may deduct again using Basrak,
Davis and Mikosch (2002b, Cor. 2.7) that the process (X;)icz is regularly varying as a
sequence. The results of Kliippelberg and Pergamenchtchikov (2004) were also briefly
discussed in Saporta (2004a).

MS-AR(1) Processes

Naturally the above result raises the question whether something similar is obtainable

under a Markovian dependence structure of the AR coefficients. The only paper on this

subject is, as far as we know, Saporta (2004b) where the R-valued AR(1) case is studied.

The renewal theory necessary to prove the results has been developed in Saporta (2003).
In this section we now consider the MS-AR(1) model given by:

Xt = AtXt—l + € (548)
where (A;)iez is an R-valued finite state space Markov chain and € = (€;) ez an i.i.d.
sequence of real random variables independent of A = (A;). The number of states,
which A; can assume, is denoted by m and A, A@ .. A are as previously the in-

dividual possible states, which are all assumed to be different from zero. The state space
is B = {AW A® A and P the transition probability matrix. As the necessary
assumptions for a stationary solution with regularly varying tails are different dependent
on whether E C R™ or not, we now state the results as two separate theorems. One of
the main conditions is formulated in terms of the matrix

AO P JADPpar - AP

' A 2)|A A 2) A . A 2) A o

P\ = diag (‘A(Z)‘/\> PT = | ‘ Pz | ) e ) | | P
‘A(m)pplm ’A(m) !Apm . ’A(m)ppmm

with A € RT.

Theorem 5.42 (Saporta (2004b, Th. 1)) Consider the above given set-up and let the
Markov chain (A;) be irreducible, aperiodic and stationary with state space E C RT\{0}.
Assume that the following conditions are satisfied:
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(i) E(log Ay) <0 and E(log™ |eg|) < 0.
(i) There is a Ao > 0 such that p(Py,) = 1.

(iii) The numberslog(AW), i =1,2,...,m, are not integral numbers of the same number,
i.e. there is no r € R such that {log(A(i))}i:Lg ,,,,, m C 1.

(iv) There is a § > 0 such that ¢y € L.

Then the unique stationary solution of (5.48) is formed by
Xi = Z ApAp - A 1€k
k=0

and the following reqular variation property holds for all s € S* = {—1,1}:

tlim tMP(sXy > t) = L(s)
where L(1),L(—1) > 0 and L(1) + L(—1) > 0. In particular, at least one tail of the
stationary distribution of the MS-AR(1) process is reqularly varying with indezx Ag.
Ifeg > 0 a.s., then L(—1) =0, L(1) > 0 and, vice versa, if ¢¢ < 0 a.s., then L(1) =0,
L(—-1) > 0.

Observe that

1Pl =, g (Z <A“’>Apﬁ) <X m e, ((49)7) = e ((49)7)
=1

7777 .
=1

and, since p(Py) < [|P:||1, (i7) and E(log Ag) < 0 thus imply that there is at least one
state A0 > 1, i.e. one state that is explosive.
In order to study the general case a concept called ¢-irreduciblibility is introduced.

Definition 5.43 (Saporta (2004b, Def. 3)) Let A = (a;;) € My(R) be a matriz with
non-negative entries a;; and 0 < ¢ < d—1 be an integer number. A is said to be (-reducible,
if there is a (possibly trivial) partition (I,J) of the set {1,2,...,d} such that:

, i€l=a;=0vj5€]
<i<i: ! v :
.FOT’CLH]._Z_E ZeraZJ:OvjE[

» iel=a;=0Vj€el
<i<d: ' v ; '
e Foralll+1<i<d ieJ=a;=0vj€eJ]

If A is not (-reducible, then it is called ¢-irreducible.

For a result linking the above concept to the standard one of irreducibility of matrices see
Saporta (2004b, Proposition 6).
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Theorem 5.44 (Saporta (2004b, Th. 1)) Consider the above MS-AR(1) set-up and
let the Markov chain (A;) be irreducible, aperiodic and stationary with state space E =
{AW AC) AL C R. Let the elements of E be sorted such that there is an { €
(0.1, m — 1} with AV, A A® > 0 and AED, A4 < 0 (¢ =
means that all possible states of A, are negative). Assume that the following conditions
are satisfied:

(i) E(log|A|) < 0 and E(log™ |eg|) < oo.
(ii) There is a Ao > 0 such that p(Py,) = 1.

(iii) The numbers log (|A(i) ), 1 = 1,2,...,m, are not integral numbers of the same
number, i.e. there is no r € R such that {log (‘A(i)‘)}izm ,,,,, m C 1.

(iv) There is a § > 0 such that ¢g € L %2,

Then the unique stationary solution of (5.48) is formed by
X, = Z AAy - A€ g
k=0

and the following regular variation property holds for all s € S = {—1,1}:
lim t* P(sXy > t) = L(s)

t—o0
where L(1),L(—1) > 0 and L(1) + L(—1) > 0. In particular, at least one tail of the
stationary distribution of the MS-AR(1) process is reqularly varying with indezx \g.
If P is (-irreducible, then L(1) = L(—1) > 0 and thus both tails are reqularly varying
with index \g.

Observe that again condition (i7) implies that there has to be at least one explosive state
|AG0)| > 1. Moreover, it is noteworthy that the f-irreducibility is only needed to ensure
non-degenerate regular variation in both tails.

Unfortunately, we have not been able to extend the above results to regular variation
of (X;) as a sequence. An approach motivated by Basrak, Davis and Mikosch (2002b,
Cor. 2.7) fails, since we lack the necessary independence, and one can neither use similar
arguments as in the proof of Theorem [£TI3] as this would mean that one has to leave
the one-dimensional setting. The crucial point, why it appears to be hard to extend the
results of Saporta (2004b) to higher orders, resp. the multivariate case, seems to be that
S? is a finite set, whereas S*™! is uncountable for all d > 2.

Let us conclude this section on regular variation in the presence of (relatively) light-
tailed noise with some simulations. As previously, we presume that there are only two
possible states A and A® and that the transition matrix is given by

P:(pn p12)2< D 1—27)
P21 P22 I-p p

for some p € (0,1). Then the stationary distribution is (7™, 7®) = (1/2,1/2) and the
Markov chain is irreducible and aperiodic. E(log|Ag|) < 0 and thus the strict stationarity
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i.i.d. standard normal noise

0 500 1000 1500 2000

Time

Figure 5.4: Simulation of an i.i.d. standard normal noise sequence

of the following examples has already been established in Section 5.4.1 or is immediate,
because AM and A® are both less than one in modulus. First we shall consider a standard
normal noise sequence ¢, as then all conditions of Theorems and [5.44l on € are always
satisfied. Figure [5.4] depicts a simulation of such a noise sequence.

Example 1: Take p = 3/4, AV = 1/2 and A® = 4/5. Then the conditions of Theorem
cannot be satisfied, as there is no explosive regime. The simulation in Figure also
shows no signs of regularly varying tails.

Example 2: Take p = 3/4, @) = 1/2 and ®? = 11/10. For condition (i) in Theorem
numerical calculations show that it holds with Ay = 2.88775. So, Theorem
gives that the MS-AR(1) process is regularly varying with index Ao provided (iii) is
also satisfied. Unfortunately, we have not been able to find a feasible way of actually
checking (7i7). Yet, the simulation in Figure seems to indicate that the MS-AR(1)
process is indeed heavy-tailed and probably regularly varying. Recall from Section 5.4.1
that the sufficient second-order stationarity condition from Francq and Zakoian (2001)
was satisfied and so the regular variation (if present) has to be of index two or larger.
Example 3: Let us look at what happens, when increasing the probability of remaining
in the current regime. Take p = 49/50, @) = 1/2 and ®® = 11/10. For condition (i) in
Theorem [5.42 numerical calculations show that it holds with A\g = 0.1846475. So, Theorem
gives that the MS-AR(1) process is regularly varying with index Ay provided (ii7)
is also satisfied. Yet, the simulation in Figure [5.7] seems to indicate that the MS-AR(1)
process is indeed heavy-tailed and probably regularly varying. Recall from Section 5.4.1
that the sufficient and in this case necessary second-order stationarity condition from
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MS-AR(1) process X
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Figure 5.5: Simulation of the MS-AR(1) process in Example 1

MS-AR(1) process X
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Figure 5.6: Simulation of the MS-AR(1) process in Example 2
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Figure 5.7: Simulation of the MS-AR(1) process in Example 3

Francq and Zakolan (2001) failed, which fits in with regular variation of order less than
two.
Example 4: Let us look at what happens, when increasing the explosiveness of the second
regime. Take p = 3/4, @) = 1/2 and ®® = 3/2. For condition (ii) in Theorem
numerical calculations show that it holds with A\g = 0.34028. So, Theorem gives that
the MS-AR(1) process is regularly varying with index Ay provided (i) is also satisfied.
Yet, the simulation in Figure 5.8 seems to indicate that the MS-AR(1) process is indeed
heavy-tailed and probably regularly varying. Recall from Section 5.4.1 that the sufficient
and in this case necessary second-order stationarity condition from Francq and Zakoian
(2001) failed, which fits in with regular variation of order less than two.
Example 5: Let us reconsider Example 4 in the presence of an i.i.d. symmetric 1.5-
stable sequence. As this noise has finite moments of orders smaller than 1.5 and 1.5 >
Ao = 0.34028, Theorem gives that the MS-AR(1) process is regularly varying with
index Ao provided (7ii) is also satisfied. Yet, the simulation in Figure also seems to
indicate that the MS-AR/(1) process is indeed heavy-tailed and probably regularly varying.
Moreover, it appears to be qualitatively rather similar to Figure 5.8

Actually, we conjecture that (i7i) of Theorem was satisfied in the above examples
and thus the MS-AR(1) processes of Examples 2-5 are indeed regularly varying. A com-
parison of Examples 2 and 3 then shows that the finiteness of moments does not only
depend on the possible states and stationary distribution of the AR parameter, but also
on the transition probabilities.
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Figure 5.8: Simulation of the MS-AR(1) process in Example 4
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Figure 5.9: Simulation of the MS-AR(1) process in Example 5



Chapter 6
Markov-Switching GARCH Models

Let us now turn to the analysis of Markov-switching GARCH models in this chapter. We
will briefly state two possible transformations into a stochastic recurrence equation of the
type Y, = A,Y,_1 + C,, and stationarity and moment existence conditions based upon
the results of Chapter 4.

6.1 Definition

The autoregressive conditional heteroskedasticity (ARCH) model has been introduced in
the seminal work of Engle (1982) and extended to generalized autoregressive conditional
heteroskedasticity by Bollerslev (1986). Strict stationarity issues have been studied in
Bougerol and Picard (1992a) and for results regarding the tail behaviour and sample
autocorrelations see Basrak, Davis and Mikosch (2002b). The tail behaviour of an autore-
gressive process with ARCH(1) errors is analysed in Borkovec and Kliippelberg (2001)
and for some existence of moments results see Chen and An (1998) or Carrasco and Chen
(2002), who also consider some mixing properties.

Recall that the GARCH(p,q) model with p,q € No,p + ¢ > 0, is defined by a set of
positive parameters ag, a1, . . ., &y, 81, B2, . .., By and an i.i.d. sequence (Z;);ez of R-valued
random variables. The solution X; to the system of equations

p q
O't2 = O + Z O‘ithfi + Z ﬁjO’ffj (62)
i=1 7j=1

is then called a GARCH(p,q) process. In the case ¢ = 0 the term ARCH(p) is used. As
o? determines the conditional variance of X? given o7, provided Z; € L?, we refer to (o?)
as the variance process. In most papers one presumes E(Z;) = 0 and E(Z?) = 1. In this
set-up it was shown in the original paper by Bollerslev that the GARCH equations have
a second-order stationary solution, iff

p q
ZO@ + Zﬁj < 1.
i=1 j=1

117
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Using a stochastic recurrence equation representation, which we shall consider in detail
later when studying the Markov-switching GARCH, Bougerol and Picard (1992a) showed
that the GARCH equations (6.]), (62) have a strictly stationary solution, if and, provided
ag > 0, only if the associated top Lyapunov exponent is strictly negative, and that this is
satisfied in the case analysed in Bollerslev (1986). Observe that for ap = 0 one has that
X;=0,0}Vt e Zis a trivial solution.

By letting the parameters change over time as a Markov chain we now define Markov-
switching GARCH processes. Again we allow the parameter chain to have arbitrary state
space, whereas previous papers restricted the state space to be finite.

Definition 6.1 (MS-GARCH(p, q) process) Let p,q € N, p+q > 1 and

A= (04015, Aty - - -, Ot Bits Boty - - - 7ﬁqt7 Tt)teZ (6-3)

be a stationary and ergodic Markov chain with some (measurable) subset E of the cone
(RH)PTI72 45 state space. Moreover, let € = (€,)ez be an i.i.d. sequence of R¥*-valued

random variables independent of A. A stationary process (X;)iez in R? is called a Markov-
switching GARCH, MS-GARCH(p, ¢, A, €), process, if

Xy = \/thet (64)

p q
o7 = ag+ Z anXi ;i + Zﬁjtgf—j (6.5)
i=1 Jj=1

holds for all t € Z.
Furthermore, a stationary process (Xy)iez s said to be an MS-GARCH(p, q) process, if
it is an MS-GARCH(p, ¢, A, €) process for some A and € satisfying the above conditions.

The above definition is basically the same as for the MS-GARCH models driven by a
finite state-space chain analysed in Francq, Roussignol and Zakoian (2001) and Francq
and Zakoian (2004). In our opinion this appears to be the most natural formulation of
MS-GARCH processes. We included also 7 into the driving Markov chain and (64) to
allow specifications somewhat similar to the MS-ARCH process of Hamilton and Susmel
(1994). Some other extensions of GARCH to Markov-switching models like the one of
Haas, Mittnik and Paolella (2004) do, however, not fit into our above framework.

6.2 Stationarity of Markov-Switching GARCH pro-
cesses

Having defined MS-GARCH processes above, we now turn to higher dimensional repres-
entations leading to easy-to-handle first order stochastic difference equations in order to
analyse stationarity properties of MS-GARCH processes.

Results regarding (strict) stationarity of MS-GARCH processes are to the best of
our knowledge only contained in Francq, Roussignol and Zakoian (2001) and Francq and
Zakoian (2004) as far as the existing literature is regarded. However, both papers only
consider finitely many states of the Markov chain and focus on the L? structure. The
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notion of the top Lyapunov coefficient is only used in Francq, Roussignol and Zakoian
(2001) and restricted to establishing that (07,07 1,...,07 . 1)iez 15 & stationary
random sequence.

The following multidimensional representation is the analogue of the one employed e.g.
in Bougerol and Picard (1992b) or Basrak, Davis and Mikosch (2002b) for the standard

GARCH.

Define
T —
Xi = (000,070, 3 O iy XE X2, X ) € (R
C: = (@4+1,0,0,... ,O)T e (R+)p+q71
aren e + Bt Boarr 0 Bymienr Bgasn Qo Qzern o Qe

! 0 o 0 0 0 0 - 0

0 1 - 0 0 0 0 - 0
A, = 0 - 0 1 0 0 o o 0 7

Tgﬁ% O 0 0 O O 0

A, € My, (RY).

To avoid any degeneracies we presume w.l.o.g. that p,q > 2. This presumption shall
always be valid, whenever we use the above representation later, and can be ensured by
simply including higher order terms with GARCH coefficients equal to zero.

Using the same arguments as for MS-ARMA equations, one then immediately obtains
that

Xt — AtXt—l + Ct (66)

has a stationary and ergodic solution, iff the squared system of the MS-GARCH equations

©.4), @.9), viz.
X? = oltle (6.7)
p q
ol = ag+ Z auX? , + Z Bioi_, (6.8)
i=1 j=1
has one. Moreover, the solutions can be transformed into one another by the above for-

mulae.
In the following we shall use the above representation. Another possibility is to define

X, 2 2 2 2 2 2 T +\p+
Xt - (Xt7Xt—17"'7Xt—p+1’0-t7o-t—17"‘70t—q+1> < (R )p !
C 2 2 T
Ct = (OZOtTt €t707 s 707a0t70a s 70) € (R"")IH‘Q

—— N——

p—1 q—1
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uTiE e i TE ap T PBuTiel oo Baotie BaTie
1 .. 0 0 0 ... 0 0
~ 0 . 1 0 0 - 0 0
At -
Qg s Op—_1t Qpt Bt T ﬁq—l,t 5qt
0 . 0 0 1 . 0 0
0 0 0 0 1 0

Ay € €My, (RY)

as in Basrak (2000) or Francq and Zakoian (2004) and to consider the stochastic difference
equation _ L _
Xt - Atthl —|— Ct7 (69)

which again is equivalent to (6.7), (6.8)). The upcoming theorems can also straightfor-
wardly be formulated using this set-up. Note that the first representation is only p+q— 1-
dimensional, whereas the second is in RP*?. Moreover, the “noise” C; does not depend on
€ in the first one. On the other hand the second representation has the advantage that no
time ¢ 4 1 variables are involved.

As in the MS-ARMA case Proposition 2.23] and Theorem imply that the joint
random sequence (A, e€) = (Ay, €)iez is stationary and ergodic and thus an obvious ap-
plication of Lemma shows that the transformed sequence (A, C) = (A4, Cy)iez is
stationary and ergodic. Hence, we obtain the following result from Theorem 1] stating
sufficient conditions for (6.7) and (6.8]) to have a solution.

Theorem 6.2 The (squared) MS-GARCH(p,q,A,¢) equations (0.7) and (68) have a
unique stationary and ergodic solution, if E(log® ||Ao||), E(log™ ||Col|) are finite and the
Lyapunov exponent satisfies

) 1
~v = inf 1 (E (log||[AgA_1---A_4]])) <O.

teNo T +

The unique stationary solution (X?,0?) = (X2, 02)iez is formed by the (q+1)th and the
second coordinate of

Xi=) AhAri A Coy, (6.10)
k=0

which is the unique stationary and ergodic solution of (6.6). The series defining X con-
verges absolutely a.s.

Let V be an arbitrary (R+)p+q_1—valued random variable defined on the same probab-
ility space as (A, €;)iez and define (V)ien recursively via (6.8). Then

1X; — V|| 250 as t — oo (6.11)

and, in particular,
V, 2 X, ast — oo, (6.12)

i.e. the distribution of V, converges to the stationary distribution of X;.
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The above theorem constructs a unique stationary and ergodic solution (X?, 0?) to equa-
tions (6.7) and (G.8), whereas we are actually interested in a stationary and ergodic
solution (X, 0?) to the system of equations (6.4]) and (E3). It is obvious that a solution
of (€3] leads to a solution of ([6.7]) by simply taking squares. Thus instead of searching
for a solution for (6.4) and (6.5]), we can equivalently consider a solution of the three
equations

Xt = O't2’7't€t (613)

X} = oirle (6.14)
p q
O't2 = oo + Z OéitXtQ_i + Z 6jt0't2_j. (615)
i=1 j=1
Assume the assumptions of the above theorem are satisfied. From the representation of the
unique stationary and ergodic solution X; = (07,1,07,...,07 40, X7, X7 1, ... ,Xf_p+2)T
to the equations (G.I4) and (GI5]) given in (G.I0) and Lemma 225 we can conclude
that (Xy, 74, ¢) = ((JEH, OF sy O g XE, X7, ,Xf_erz)T Tt et> is a stationary and

ergodic sequence, as (A, €) is stationary and ergodic. But setting X; = \/O'_tQTth also solves
(6.13) and another application of Lemma 225 then gives that (X;, 0?) is a stationary and
ergodic sequence. That this is a unique solution to the original MS-GARCH equations
([6.4) and (6.5) is clear in view of the uniqueness of (X2, 0?) ensured by the last theorem.
Let us summarize these conclusions in the following theorem:

Theorem 6.3 The MS-GARCH(p,q, A, €) equations (6.4) and (6.3) have a unique sta-
tionary and ergodic solution, if E(log™ ||Al), E(log™ ||Col|) are finite and the Lyapunov
exponent satisfies

. 1

The unique stationary and ergodic solution (X,0?) = (X;,0%)cz is formed by X; =
\Voirie; and the second coordinate Uf of

Xi=) AAri A Crg, (6.16)
k=0

which is the unique stationary and ergodic solution of (6.6). The series defining X con-
verges absolutely a.s.

It is even possible to show that the strict negativity of the top Lyapunov coefficient
v is necessary for the existence of a stationary solution to (G.6) under some technical
conditions. The crucial difference to the MS-ARMA case is that all involved matrices and
vectors are non-negative. The proof of the following result is a straightforward adaptation
of the proof given in Bougerol and Picard (1992a) to the Markov-switching case. A similar
result on a stochastic difference equation for (07,07 y,...,07 .. 0, vy)" can be found in
Francq, Roussignol and Zakoian (2001).
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Theorem 6.4 Assume that E(log™ ||Ag||) < oo and that there are constants ag, ay, as, . . . ,
ap, b1, b2,...,bg > 0 such that oy > ag, 0 < ag, 030 < as, ..., 0 < ap, By < b1, P <
ba, ..., By < by a.s. fort € Z. Then a necessary condition for equation (6.4) to have a
stationary solution is strict negativity of the Lyapunov coefficient

. 1
v= inf (H—lE (10g HAOAfl U At”)) :

teNp

Observe that no restriction is imposed upon «y; and that as usual || - || may be any norm
on RPta-1,

Proof: Assume that (Y;):ez is a stationary solution of (6.6]) and recall that all coefficients
of A;, C;, Y, are non-negative. We have for any n € N

Yo = A()Y_1 + C()
== A0A71Y72 + C() + A(]C,I

n—1

= A)A_ - A Y_, 1 +Cy+ Z ApA_,---A_;,C_,
k=0
and so the non-negativity gives
n—1
Yo>) AA AL Copy
k=0

for all n € N, where > is to be understood componentwise (as in the remainder of this
proof). Hence, the series

n—1
> AcA - ALCo
k=0

converges a.s. and thus

lim A()A_1 cee A_nC_n_l =0 a.s. (617)
Let now {e;}i=1.. p+q—1 by the canonical basis vectors of RFT¢! ie. e; = (1,0, ,O)T,

es = (0,1,0,... ,O)T, etc. We shall now subsequently show that

Hm AgA_, - A_,e; =0 (6.18)

for all i € {1,2,...,p+ ¢ — 1}. This implies that
|AgA_1---A_,|| = 0asn — oo (6.19)

and therefore an application of Lemma, [4.4] concludes the proof.
So let us turn to establishing (6.18)). As C_;_1 = o _re1 > apes, (6.17) gives

lim AgA_;---A_,e; =0 as. (6.20)

n—oo
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Moreover, A_, e, = By —n+161 < bgeq and thus

lim A()A_1 cee A_neq =0 a.s.,

as A_,e, = By _nt+1€1 < bgeq implies AgA_1---A_,e, < AgA_,---A_,11b,e; — 0 and
ApA_;---A_, e, > 0 due to the non-negativity of all involved vectors and matrices. Using
A_nej_1 = Bj—1-nr1e1 + €5 < bj_je; +¢; for all 2 < j < g, backwards induction starting
with 7 = ¢ and arguments analogous to the above give

lim AoA_1 cee A—nei =0 a.s.

n—oo

forall 2 <i <gq.
The very same line of argumentation based on the relations

A _epig-1 = p_pni1€1 < apey

and
A nlqij-1 = Qjny1€1 + gy < aje1 + gy

for all 2 < j < p shows
lim AoAfl ce A,nei =0 a.s.

n—oo

for all g+ 1 <i < p+ q— 1. Thus, ([GI8) is established.
To conclude the proof let us give precise arguments for ([G.19). Obviously it suffices to

show this for any particular norm on RPT4~!. We take w.l.o.g. || - ||oo. Now we have
lim |AgA_1-- Al = lim  sup  (JJAjA_1 - A_,7]x)
e Tzl = 1,
z € RpHa-1
ptg—1
< lim > JAA A el =0 as.
i=1

O

In order to check the strict negativity of the Lyapunov coefficient for a given model
the simplest approach appears to be to try to get E (log||Aol||) < 0 for some algebra norm
|| -||. Using the alternative stochastic recurrence equation representation (6.9) Francq and
Zakoian (2004) have again given a spectral radius condition ensuring strict stationarity
and finite second moments in the finite state space case.

6.3 Existence of Moments

To study the existence of moments of MS-GARCH models the results of Section 4.2] can
be applied to the stochastic recurrence equations of the previous section. For the reader’s
convenience we summarize the results below, but do not give any detailed proofs as they
can either be found in Section or are analogous to the ones in Section [(.2.3] Again we
use p to denote orders of moments, as p is already employed to denote the ARCH order.
It is immediate that Lemmata and can be applied to the sequence (A;).
The general Theorem (.7 becomes for MS-GARCH processes:
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Theorem 6.5 Assume the conditions of Theorem[6.2 are fulfilled. If, moreover, for some
p e (1,00]

S Ao A C il (621)
k=0
or for some p € (0,1)
> E(|A¢-- A Ci|P) (6.22)
k=0

converges, then the solution (X7, 0?) of the (squared) MS-GARCH equations (6.7), (6.8)
and its higher dimensional representation X, are in LP. Moreover, the series defining X,
(as given in Theorem [6.2) converges in LP.

Observe that X? € LP, of course, implies X; € L? for the solution of the MS-GARCH
equations (6.4), (G.0).

It is clear that, if (6.2I) holds for some p > 1, it holds for all » € [1,p] as well.

However, if (6.22) holds for some p € (0,1) this does not imply that it holds for all
smaller values of p as well. Yet, of course, if X € L? for some p > 0 then X € L" for all
r € (0,p]. Note, however, that the asymptotic conditions given in the next lemmata are
much better behaved. If there is one p € (0, oo] that fulfils the asymptotic condition, then
the asymptotic conditions for all s € (0, p] are satisfied as well (use Jensen’s inequality as
in the proof of Lemma [3.20).
Proof: Combine Theorems and 7] to obtain the results on X;. (X2, 02) € LP is now
a consequence of X; € LP and Corollary 2.T5 O
We restate also Lemma [£.8 and Propositions 4.9, [£.10l for the special case of MS-GARCH
processes. For all the following results one should keep in mind that A, is formed by
components of both A and e, whereas C; is solely determined by A. One important effect
of this is that A, can, apart from degenerate cases, only be in L, if ¢g € L.

Lemma 6.6 Let 1 < p < oo, resp. 0 < p < 1, and assume that

limsup ||[Ag - - - A_k+1C—k||2/ﬁk <1,

k—o0
resp. =\ 1/k
limsup (E(][Ag--- A_11Ci ) <1,

k—o0

holds. Then (6.21), resp. (6.23), is fulfilled.

Proposition 6.7 Let p € (0,00). If there exist r,s > 1 with 1/r + 1/s = 1, such that
Ag---A 1 € LP"VEk € N, limsup, .. E(||Ag--- A_p1]|P)YE < 1 for 0 < pr < oo,
resp. limy_o0 HAou-A,kHHi{i < 1 for pr = oo, and Cy € LP*, then v < 0 and (6.21)
for p>1, resp. (622) for 0 < p < 1, hold.

Again one especially obtains that, provided Ag € L (and thus Ag---A_;y1 € L™)
and limy o [|Ag- - A1 |1 < 1, the squared MS-GARCH process (X2, 02) and its
higher dimensional representation X; are in LP, if Cy € LP. The latter is equivalent to
Qo € LP.
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Proposition 6.8 If Ay € L®Vk € N, limy_o0 |[Ag - -+ A_ir1||i% < 1 and Cy € L, then
v < 0 and (621) with p = oo hold.

If we have that A = (A;) is a sequence of independent random variables (which is the
case, if (1) and (aay, . .., apt, B, - - -, Bge) are 1.i.d. sequences independent of one another),
E(||Ao|P) < 1 ensures limy, .o E(]|Ag- - A_j1]|P)/* < 1, since || - || is submultiplicative.

The most straightforward moment conditions are obtainable under the assumption
that A = (A;) and C = (C;) are independent. This happens, if g, is a constant or at
least independent from the other components of the Markov chain A. In this case one
obtains the following simplification of Proposition [6.7]

Proposition 6.9 Let AgA_1---A_;.1 be independent of C_y for all k € N and p €
(0,00). If Ag---A 4y € LPY k, Cy € LP and limsup, . E(||Ag---A_,1|P)Y*F < 1,
then (6.21) for p > 1, resp. (6.22) for 0 < p < 1, holds.

The prerequisite independence is in particular satisfied, if A and C are independent or
(Ag, Ck)rez is an i.i.d. sequence.

Proof: Proceed along the lines of the proof of Proposition 4.9 but instead of the Holder in-
equality use the independence, which gives E(|[Ag- -+ A_;11C _¢||P) < E(||Ag-- - A_j11]P)
E(]|Col[”).- O

6.4 A Note on the Tail Behaviour

Regarding the tail behaviour there is one fact that causes considerable problems, namely
that A; as well as A; are built form both the driving chain A and the noise sequence
€. Moreover, C; is formed solely by the driving Markov chain and A is also a main
ingredient in C;. So there is no “regularly varying” noise case to be considered, at least
none that appears natural. (To assume ayg; is regularly varying and independent of the
other components of A; would be possible, but this seems to be a rather artificial case.)
If A actually is an i.i.d. sequence one can use Theorem .I5] to study the tails. Such an
analysis should be rather similar to the one of the standard GARCH in Basrak, Davis
and Mikosch (2002b), which is also based on the results of Kesten. As we focus on “truly”
Markovian parameters, we refrain from discussing this in its details.
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